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Glossary of notations

k

v

C

N
dimV
codim V'
S*V
Kpa(B.V)
YC

D

K

g

HY(C, L)
hi(C, L)
Oc(D)
deg D
[r]

)07

G
[+G

det G
Ex
I'(C, L)

NG

a field.

finite dimensional vector space.

the field of complex numbers.

dual of a vector space.

dimension of a vector space.

codimension of a vector space.

symmetric algebra over a vector space.
(p,q)th Koszul cohomology group of a graded module.
Clifford index of a curve.

linear system of a divisor.

canonical line bundle on a curve.

genus of a curve.

cohomology group.

dimension of the cohomology group.

sheaf of holomorphic functions with divisor bounded by D.
degree of a divisor.

greatest integer part of a real number.
canonical map of a curve.

pullback of a vector bundle.

push forward of a vector bundle.
determinant of a vector bundle.

pullback of universal quotient bundle by the canonical map.
global sections of a line bundle.

exterior power of a vector bundle.

cone of locally decomposable sections.
projective space of dimension n.

Euler characteristic of a line bundle.
hyperplane section.

a linear system of dimension r and degree d.
graded betti numbers.

k- vector space of dim [3;;.

Eagon-Northcott complex.

n choose r.

graph morphism.

diagonal morphism.

special linear group of order 2 over C.
generated linear system.

end (or omission) of proof.






Chapter 1

Green’s conjecture

Introduction

In 1984, M.Green introduced Koszul cohomology in his paper [Gre84]]. In this foundational
paper, he introduced Koszul cohomology group K, ,(C, L) associated to a line bundle L over a
smooth projective variety C'. He studied various properties of these groups and established certain
vanishing theorems. In the appendix to this paper [Gre84]], the condition of vanishing of Koszul
cohomology group is related to a numerical invariant named as Clifford index of the projective
curve C.

The term Clifford index was defined by H.H. Martens for a smooth projective curve of genus g > 2
with H(C, L) > 2and H'(C, L) > 2.

Green [Gre84]| stated a conjecture that relate the Koszul cohomology of a smooth projective curve
over C to its Clifford index. This conjecture became an important guideline for future research. A
lot of work has been done on this conjecture. In 1988, K. Paranjape and S. Ramanan [PR&8] gave
an equivalent formulation to Green conjecture. In 1992, K. Hulek, K. Paranjape and S. Ramanan
[HPRO92| proved stronger version of Green conjecture for curves with Clifford index 1 and in 1998,
A. Hirshowitz and S. Ramanan [HR98|] gave new evidence for Green conjecture on syzygies of
canonical curve. Then in 2002, C. Voisin [Vo102] achieved a major breakthrough by proving Green
conjecture for curves of even genus lying on a K3 surface and in 2005, she [Voi05]] proved it for
curves of odd genus lying on K3 surface. Then finally in 2011, M. Aprodu and G. Farkas [AF11]]
couped with results of Voisin and Hirshowitz - Ramanan provided a complete solution to Green

conjecture for smooth curves on arbitrary K3 surfaces. In 2012, Eusen and Schreyer [ES12] gave
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a remark on conjecture of K. Paranjape and S. Ramanan.

This chapter is devoted to a review of a number of basic definitions and results on Koszul
cohomology and Clifford index, which are mainly included to fix the notations and to obtain a
self contained presentation. In §I.T] [I.2] and [I.3] Koszul complex, Koszul cohomology group
Kp.q(C, L) in algebraic and geometric context respectively [AN10], [Gre84]are defined. In

Clifford index and its various properties are given and in Green’s conjecture is stated.

1.1 The Koszul Complex

Let V be a vector space of dimension r + 1 over a field k. Given a nonzero element z € V7, the
corresponding map
(,):V =k

extends uniquely to an antiderivation
ig : NV = ATV
of the exterior algebra. This derivation is defined inductively by putting i,|y = (z,) : V — k and
ig(VAVI A ANvp_1) = (2, 0) 01 A== AUp_1 —V Nig(V1 A+ AUp_1).
The resulting maps
ip : APV — APTLY
are called contraction (or inner product) maps ; they are dual to the exterior product maps
Azt APTLVY 5 AP VY
and satisfy 7, o i, = 0. Hence we obtain a complex
Ko(@): (0= ATV = L5 APV 225 ALY 5 AP2Y s k 0)
called the Koszul complex .

Remark 1.1. Forany o € k¥, the complexes Ko (z) and K, (ax) are isomorphic. Hence the Koszul

complex K,(x) depends only on the point [z] € P(V")
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Lemma 1.1.1. Given nonzero elements £ € V, x € V7, let \¢ : AP~y A—£> APV be the map
given by the wedge product with &. We have

iz O Ag + Ag 0y = (x,€).id.

Proof: It is sufficient to verify the statement on decomposable elements.

(tzoXe) (Vi Ava A=~ ANvp) = ig(EANVIAVI A+ Avp)
= (2, v1 Ava A Aoy +

Z(_l)Fl@vvﬁf/\vl A== NOGA - ANy

i
(Coin) (1 Ava Ao Awp) = Y (=D)Hm,v) £ Avi Ao AGi A Ay
i
and the statement follows. O

Corollary 1.1.2. For any non zero element x € V", the Koszul complex K.(x) is an exact complex

of k- vector spaces.

Proof:: Choose £ € V such that (x,&) = 1 and apply lemma O

1.2 Koszul Cohomology in algebraic context

Let B be a graded module over the symmetric algebra S*V. Let i : APV — AP~V @ V be the
dual of the wedge product map A : AP~V “®V"— APV™. Since

ANV @V Hom(V™, /\p’1V)
Thus, under this identification, we have

APV 2 Al g

VIA-AYy = (g (v A Avp)).

The graded S*V module structure of B induces maps m, : V ® By — By for all g. Define
a map
dpg: NPV @ By — N7V @ By
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by the composition

AV @ BBV @ V @ B,

db lidom,

AP~y X Bq+1

Definition 1.2.1. The Koszul cohomology group KCp, o(B, V') of B is the cohomology at the middle

term of the complex
NV @ By 2L APV @ By -2 APV @ By
ie.
Kna(B.V) = g

Note 1.2. In defining d,, 4, we are using the convention N’V = 0ifp < 0orp > dimV

By above convention, we have automatically, /C, ,(B,V) =0ifp <0Oorp > dimV

An element x € V' induces a derivation

Oy : SV — S5*V

of degree —1 on the symmetric algebra, which is defined inductively by the rule

Op(vv1 ... vp—1) = 0z (V)1 ... Vp—1 + 0.0z (V1 ... Vp—1)
If we choose coordinates Xy, X1, ..., X, € V, with duals x; € V7, the resulting map
O, : SPV — SP7IV

sends a homogeneous polynomial f of degree p to the partial derivative aank'

Using the natural map

Sety 25 §aV @ V = Hom(V™, SV)



1.2. KOSZUL COHOMOLOGY IN ALGEBRAIC CONTEXT

which is given by
[ (e 0:())

and the wedge product map A : AP~V ® V — APV, we define the map

D : APV @ STy 5 APV @ SIV

as the composition

APV @ STV APy @ SV @ V 2 APV @ V @ 9V
D\) Deid
APV ® SV
Proposition 1.2.2. We have Ko o(S*V,V) = k and IC,, 4(S*V, V') = 0 for all (p, q) # (0,0).

Proof: Ko o(S*V, V) = k follows from the definition.

To prove the second part, choose coordinates Xy, X1, ..., X, on V and note that

D : APV ® S9TYV — APHLY @ SV

is given by
r 6f
X, /\.../\Xl-p®f+—>ZXk/\Xi1 /\.../\Xl-p®8—Xk
k=0
and
dpg : NPTV @ SIV — APV ® S1T1V
is given by
p+1 A
X Ao AXip ®F > Xog A AXy A ANXG L, @ X, f
k=1
The Euler formula
T
of
> Xpoo =q.f
— 00X}

implies that
Dodpg+dpgoD = (p+q)id,

hence the Koszul complex is exact.
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1.3 Definitions in the geometric context

The above construction will be of interest to us primarily in the case

C a projective curve over C,
L—C a holomorphic line bundle,
V = H°(C,L) afinite dimensional vector space

Definition 1.3.1. The Koszul cohomology group K, ,(C, L) is the Koszul cohomology of the
graded S*V - module

B=EpHC, LY
P/

i.e. ICp4(C, L) is the cohomology at the middle term of the complex
ALY @ HO(C, L97Y) 2l vy g BO(C, L9) 20 APy @ HO(C, L9
where the differential
APV @ H(C, L9) -2 A1V @ HO(C, L7H)
is given by

dpq(i Ao Ay @8) =Y (1)1 A AB AL A, ® (v5.5).

i

Denote K, ,(C, L) = K, 4(B,V)

1.4 Clifford Index

The Clifford index is a numerical invariant associated with a curve of genus greater than or equal
to 2. In this section we will give the definition and some elementary properties of this invariant.
Let C' be a smooth projective curve over a field k. Let K be the canonical line bundle on C'. The

origin of this notion of Clifford index is in the proof of Clifford’s Theorem.

Theorem 1.3. Clifford Theorem [Nar92)]: Let D be an effective special divisor on C' (so that
hY(K — D) > 0). Let d be the degree of D. Then
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dim |D| < 3d = } deg D.
Moreover, if equality holds, then D must be 0, or D ~ K, or C must be hyperelliptic.

Definition 1.4.1. Let C' be a smooth projective curve of genus g > 2 over a field k.
H.H.Martens has defined the Clifford index v¢ of C' as

vo = min{deg(D) — 2dim|D|}
where D runs over all divisors of C such that h°(C, Oc(D)) > 2 and h'(C, Oc(D)) > 2.

Proposition 1.4.2. Let 0 < i < g — 2 (i € Z). Consider the following generalized Clifford
Inequality,

dimHO(C, L) < deelb)=i |y (C5)
Then the following are equivalent:
1. If h°(C, L) > 2 and h*(C, L) > 2 then (C;) holds.
2. Ifi <deg(L) < 2g — 2 — i then (C;) holds.
3. Ifi < deg(L) < 29 — 2 — i then (C;) holds.

The largest integer i such that every line bundle L satisfies the condition (1)(or(2)or(3)) of the
proposition is called the Clifford Index of C.

Proof: By Riemann-Roch theorem, we have

RO(C,L) — h'(C,L)=1—g+degL (1.1)
and by Serre’ duality theorem, we have
(O, K@ L") = h'(C,L)
Applying Riemann-Roch theorem on line bundle (K ® L~') and subtracting it from , we get

deg L

-1
hO(C, L) — > = WO, K @ L) — deg(K® L)

2
Thus the inequality (C;) for L is equivalent to the same inequality for K ® L~!.

The same is true for the hypothesis (1) — (3). Thus we may confine ourselves to the study of L
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suchthat 0 < degL < g — 1.
Assuming (1), we see that we need to check (2) only when dim H°(C, L) > 2. But then, using
0 < deg(L) < (g — 1), we have dim H'(C, L) > 2. Hence, in this case (1) implies (2). Since
(2) implies (3) is obvious we only need to check (3) implies (1). By (3) any line bundle of degree
(+1) has at most one section up to scalar multiples. Since any line bundle L with deg(L) < iisa
subsheaf of some line bundle M with deg(M) = (i+ 1), such an L cannot have 2 or more linearly
independent sections, hence does not come under the preview of (1). Thus, the assumption that
dim H°(C, L) > 2 implies that deg(L) > i. Since deg(L) < (g — 1) < g < (29 — 2 — i) by
assumption we have the required inequality (C;) for any such L.

O

Lemma 1.4.3. : Let d be the least integer with (v + 1) < d < (g — 1) such that there is a divisor
D of degree d with dim |D| = d—Tv Then d < (3 + 2), or what is the same dim |D| < (y + 1).

Proof: Suppose the assertion is false. Then we have dim |D| > ~ + 2 and we have dim | K —
D| > ~ + 2 as well. Choose any effective divisor D’ of degree v + 1 in D.
Then we can find effective divisors Dy and D5 containing D’ which are linearly equivalent to D
and K — D respectively with D1 # Ds.
Let
D" = ged(Dy, Do)

D"(a) = min(D1(a), Da2(a))
Now consider the exact sequence
0— O(D") = O(Dy) P O(D2) = O(Dy + Dy — D) = 0

Exact cohomology sequence gives

0 — H%(C, Opr) — H(C,0p,) @B H(C,0p,) — H(C,Op,4p,—pr) = ...
‘We have

dim |D//’ + dim ‘Dl + Dy — D”’ > dim ‘Dl‘ + dim |D2|
Since O¢ (D1 + Dy) = K, we have

deg D" — 2dim |D"| < deg D1 — 2dim |D;| = v
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Hence deg D" —2 dim |D”| = ~ and deg D" is strictly less than d. This contradicts the assumption
that dim |D| > ~ + 2. O

As an easy consequence of the lemma, we have

Corollary 1.4. 1. vo = 0iff C is a hyperelliptic curve.

2. v¢ = 1iff C is either a trigonal curve (C'is a degree 3 cover of P*) or a plane curve of
degree 5 (and g=6).

From the solution of the Brill-Noether problem on the existence of special divisors [ACGHS85],

we have
Lemma 1.44. : 7o < [97_1] for all curves C and equality holds for the general curve.

Proof: The existence theorems [ACGH85| say that

1. Every curve of genus ¢ has a divisor D with deg(D) = d and dim |D| = r, whenever
g>(r+1)(g+r—d).Ifd= [#] and r = 1, then this inequality is satisfied. Thus
d—2r= [97_1], which shows the first part.

2. If the general curve of genus g has a divisor D with deg(D) = d and dim |D| = r, then
g>(r+1)(g+r—d),sothatd —2r > T’:Tgl — r. Since y¢ = minimum of d — 2r over
all divisors of degree d < g — 1 with » > 1, we may assume that 2r < g — 1; but then it is

easily checked that ;"% —r > [%], thus proving the second part of the lemma.

O

The following result of E. Ballico [Bal86] which was conjectured by M. Green and R. Lazars-
feld [GLSS] follows from the theory of Limit Linear Series of D. Eisenbud and J. Harris [EH86]

Lemma 1.4.5. : Every integer vy in the range [0, %} is the Clifford Index of some curve of genus
g. Infact, if X is a general curve with a morphism to P! of degree v + 2, then its Clifford Index is

.
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1.5 Green’s Conjecture

Let C' be a smooth projective curve of genus g > 2 over C and K be the canonical line bundle on

C.
Proposition 1.5.1. [Gre84|] Let L be a line bundle such that h°(C, L) > 2, h*(C, L) > 2. Then
Kp1(C,K) #0forallp < g—yp — 2.

Proof: Put L1 = L, Ly = K ® L*, r; = r(L;)(i = 1,2),d = deg(L). By Riemann-Roch we
havero —r =g—d—1,hencer; + 1o —1 =g —d+2r(L) —2 = g — 1, — 2. Using Theorem
and Corollary given in appendix [Gre84]], we obtain

Kpi(C,K) #0forallp <g—~p—2.

O
The strongest non vanishing result of this type is obtained by taking the minimal value of .

This gives the implication
p<g—vc—2 = Kp1(C,K) #0. (1.2)

Green [Gre84]| conjectures that the converse of ((1.2)) holds.

Conjecture 1.5.1. [[Gre84] Let C be a smooth projective curve. Then

Kf‘p,l(CaK):O@ng_’YC’_l-



Chapter 2

Results for complete linear systems

Introduction

Let C be a smooth projective curve of genus g > 2 over a field k. Let K be the canonical
line bundle on C. As explained in §(I.5), chapter [T} In [Gre84]], Green made a conjecture
which relates two aspects Koszul cohomology (an algebraic aspect) and Clifford Index v¢ (a
geometric aspect) of a curve. Paranjape and Ramanan [PR88] made an effort to understand
Green’s conjecture. They studied the vector bundle Ex, where Ef is given by the pullback
of the universal quotient bundle on P9~ by the canonical map ®f : C — PY!. They gave an
equivalent formulation to Green’s conjecture: To prove Green’s conjecture is equivalent to prove
that the map A'T'(C, Ex) — T'(C, A'Ef) is surjective V i < 7¢.

Paranjape and Ramanan [PR&S] also studied the stability properties of vector bundle Ey. FE is
semi stable (even stable if C' is not hyperelliptic). The main result of [PR88] is that all sections
of A'Eg which are locally decomposable are in the image of A'T'(Ex) Vi < v¢. Thus, if
locally decomposable sections of A! Ex spans the space I'(A*E) then the map A'T(C, E) —
I'(C, N'Ek) is clearly surjective.

Let ZZ x be the cone of locally decomposable sections of A'Ef. Then, in view of all above

observations and results, Hulek, Paranjape and Ramanan [HPR92] stated a conjecture.
Conjecture 2.0.1. 3, ;- spans T'(A'Eg) Y i and for all curves.

This is stronger than Green’s conjecture. They proved it for curves with Clifford index 1
(trigonal curves and plane quintics). Conjecture [2.0.1]is trivial in case of hyperelliptic curves,

since F is the (g — 1)- fold direct sum of the hyperelliptic line bundle.

11
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In a remark to conjecture [ﬂif] Eusen and Schreyer [ES12]] asked a more general question, that if
N is a stable globally generated vector bundle on C'and ) _, ,; be the cone of locally decomposable

sections of A‘N then
Conjecture 2.0.2. 3, \ spans L(A'N) VY i and for all curves.

They gave counter examples to this more general conjecture [ES12].
In this chapter, we study conjecture[2.0.2]in the context of general linear systems on a hyperelliptic

curve C.

Theorem 2.1. [Andl] Let C be a smooth hyperelliptic curve of genus g > 2 and let L be a globally
generated line bundle on C of degree d > 2g + 1 such that H'(L @ T—2) = 0, where T is the

hyperelliptic line bundle on C. The evaluation map gives rise to an exact sequence
0—-FE" —>T(L)c—L—0 (2.1)

where E* is locally free of rank h°(L) — 1. Let >, be the cone of locally decomposable sections
of N'E. Then ", spans T'(A\'E) Y i.

From now onwards, throughout this chapter, C' is a smooth hyperelliptic curve of genus g > 2
and L is a globally generated line bundle on C of degree d > 2g + 1 satisfying HY(L®T~2) =0
and K is the canonical line bundle on C'.

Hyperelliptic curves have 2:1 map to P*. The bundle E and its exterior powers are the main object
of above stated theorem. So, taking advantage of this special feature of hyperelliptic curves,
sections of A’F on C will be related to sections of some suitable vector bundle on P!.

In §, we study the geometry of hyperelliptic curves and obtain a suitable vector bundle on P*
to which the sections of A'E are related.

In §2.2), syzygies of the curve C are computed and are used to compute the dimension of the
space of sections of A’E on C'. Also the dimension of the corresponding space of sections on P!
are computed.

Since ) ., the set of locally decomposable sections of A'E is a scheme defined by requiring that at
each point the sections satisfy the equations of the Grassmannian cone in its Plucker embedding.
They are obtained in the following way: Let F' be a subbundle of rank ¢ of £ and s € I'(detF).
Then s can be treated as a section of A'E as well, where it is locally decomposable. In §, we
construct such a subbundle F'.

In §(2.4), we provide the proof of the main theorem.



2.1. GEOMETRY OF THE HYPERELLIPTIC CURVE 13

2.1 Geometry of the hyperelliptic curve

Consider the following proposition

Proposition 2.2. [Har77] Let C' be a hyperelliptic curve of genus g > 2. Then C has a unique
gs If fo: C — P! is the corresponding morphism of degree 2 then the canonical morphism
f: C = P91 consists of fo followed by the (g — 1)-uple embedding of P* in PI~L. In particular,
the image C' = f(C) is a rational normal curve of degree g — 1, and f is a morphism of degree
2 onto C'. Finally, every effective canonical divisor on C'is a sum of g — 1 divisors in the unique

g3, so we write |K| = 397" g

O
In our case, since C' is hyperelliptic of genus g > 2. Thus by proposition gs on C is
unique. Let 7 : C — P! be the corresponding morphism of degree 2, T’ := W*Opl(l) is the
unique g3 and canonical line bundle on C' is given by 797!
Consider the rank 2 vector bundle W on P!, where W := 7, L.

Since,
X(L) = x(mL)
So,
deg W deg W
d+1—g=rk 1-— =2 1
F1—g = k(W) (B 1 - gp) =255+ 1)
which gives
degW =d—g—1
Thus,
detW = Opi(d—g—1)
W = W(d-g-1)
Since deg W = d — g — 1, thus there is a unique integer x < % such that
W = Opa (2) D Opi (d— g — 1 — ) (2.2)
Remark 2.3. 1. x is the least integer such that

H'W(-2—2)) = H'(m (-2 —2)) = H(L®T>7%) #0
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In particular, this implies that deg(L ® T~27%) < 2g — 2 and thus we have

d—2g—2<x<d—g—1
2 - = 2

. Since H'(L ® T~%) = 0, thus = > 0, so we have

d—2g—2
2

d—g—1

A1
maz.{1, 5

<z <

which implies both W and W (—1) is globally generated.

. Also, H'(L ® T—?) = 0 implies H'(L) = 0, thus by Riemann- Roch theorem, we have

RO(L)=d—g+1 (2.3)

andrank(E) = h%(L) —1=d—g >3 (sinced>2g+1landg > 2)

. We have

L(W(-1)) = I(m(LT™1))
~ INLeTh

HY L®T2)=0gves H(L®T 1) =0
Thus, by Riemann-Roch theorem, we have
LT HY=d-g-1

i.e., we have
RW(-1)=d-g—-1 (2.4)

Since W (—1) is globally generated and I'(W) = I'(L), so we have a surjection

D(L)pt — W — 0,

which is an isomorphism for sections. Since W (—1) is globally generated bundle on P!, W is

very ample, i.e., we get an inclusion

P(W*) — P(I'(L)*)) =: P. 2.5)
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Also we have a surjection
W —=L—=0

In other words, we have a subbundle of 7* (¥ *) that is isomorphic to L ~!. This gives a morphism
from C' to P(W*) with the property that the pullback of Oy (1) to C'is L. Also the composite of
this morphism with the projection p : P(W*) — P! is m. Since the induced map

D(P(W™), Ow (1)) = T(PL, W) = I'(C, L)

is an isomorphism. Thus C' is actually embedded in P(W*). Let us denote the image of P(1W*)
in P by S. We return to the ruled surface p : P(W*) — P!. By , there is an embedding
P(W*) C P = P(I'(L)*) with hyperplane section 7 = Oy (1). Note that 72 = deg W = d—g—1.
Since C'is a secant (2-section) of P(W™), its class is of the form Ow (2) ®p*Op: (m). To compute
m, we note that d = C.7 = 272 + m. Thus m = 2g — d + 2.

Altogether, we have the following proposition

Proposition 2.4. There are inclusions
ccScP

with the following properties:

1. the restriction of Op(1) to S is Ow (1);

2. the restriction of Op(1) to C'is L;

3. both restrictions induce isomorphisms of the corresponding linear systems;

4. the divisor class on S defined by C'is Ow (2) @ p*Op1 (—d + 29 + 2).

Notation: We will use the notation U for the vector space I'(L ® T~ 1), i.e. we have
r(w(-1)=U (2.6)

and by (2.4), we have
dmU =d—g—1 2.7)
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2.2 Computation of dimensions

In order to prove the conjecture, we want to relate the sections of A'E to the sections of a suitable
vector bundle on P*

Lemma 2.5. Let F be a vector bundle on P! that is globally generated. Then the evaluation

sequence is

0—=D(F(-1)) @ Opr(—1) = ['(F)p1 = F =0

Proof: F'is a sum of line bundles of degree > 0. Thus remains to check for line bundles,

which is easy.
O

We want to apply this lemmato W .
0—=T(W(-1)®Opi(-1) > T(W)p1 = W =0 (2.8)

Pulling back the evaluation sequence for TV on P! to C' and using lb and the fact that I' (7, L) =
I'(L), we get

0UQT ' —=T(L)c— W =0 (2.9)

Also, we have a surjective map W — L — 0, Let Y be the kernel of 7*W — L — 0
i.e. we have

0=Y >na"W =L =0

AN(T*W) =2 YL

™(ANTW) =2 YL

T(Opi(d—g-1) = Y®L
1

7971 ~ yg[
Y [ L—l ® Td—g—l

Thus, we have

0L '@T4 9 5 "W =L —=0 (2.10)



2.2. COMPUTATION OF DIMENSIONS 17

we get a following commutative diagram

0 0
0 — URT! E* Llgrd9l ——0
00— UT!' —TL)e — W ——— 0 (2.11)
L L
0 0
where the left vertical map is the evaluation map.
Dualise the diagram (2.11]), we get
0 0
0 —— LeT (@9l E U@T — 0
0 ——— W —— = (L) —— U QT —— 0 (2.12)
L—l L—l
0 0
The first line of (2.12) gives rise to an exact sequence
0= LT @9 VoA~ T 5 NE - AU QT —0 (2.13)

Since, 7*W* is a rank 2 bundle we only get a filtration consisting of the following two exact

sequences:

0= AN T*W* @ N2U* @ T2 — NT(L)g — Li — 0 (2.14)

0= T W QA U*QT ™ S5 L 5> NU* QT = 0 (2.15)
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Since the second horizontal sequence of (2.12)) is the pullback via 7 of the dual of the sequence
1) Thus both the above sequences come from P!, i.e. there exists a vector bundle L; on P!,

such that L; = 7* L/, and the sequences

0= AW @ANT2U* @ O(i — 2) = NT(L)pn — L = 0 (2.16)

0= W QAU Q0> —1) = L, = NU*® O(i) = 0 (2.17)

are such that (2.14)) and(2.135)) are pullback of (2.16]) and (2.17) respectively.
Dualising (2.1]), we have

0L '=T(L)E—E—0

Thus the map A'T'(L)§ — A'E is surjective.
Also we have A'T'(L)% — L; — 0. The maps A‘T'(L)§ — A'E — 0 factors through L; = 7* L.

Thus we get the following commutative diagram with exact rows and columns:

0 0
7 T

0 — L@T (d9-1) g \i-1y* g Ti-1 AE ANU* QT — 0
T T [

0 —— T WA U @7 ————— 5 7L ————— AU RT! — 0
T T
Lfl ® /\iflU* ® Tifl Lfl ® /\iflU* ® Tifl
T T
0 0

(2.18)
where the top horizontal sequence is (2.13]), middle horizontal sequence is (2.15), left vertical
sequence is obtained by dualising (2.10) and tensoring it with A" 1U* @ T~ 1.
Let us compute the dimensions of the spaces T'(L}) and T'(A'E) for i < d — g (= rank E)

Lemma 2.6. When d > 2g + 1, we have
dim (L) = (479H) + (979" ) (d—i— g)

fori <d—g
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Proof: Consider (2.16)

0= AW @ANT2U* @ O(i — 2) = NT(L)pr — L = 0

Since
detW = OP1(d —g—1).
Thus
detW* = Op1(—(d — g — 1))
Thus, we get
0= AN2U*@0(G—d+g—1) = ANT(L)* = L, =0
Since,
i<d—g,h°O@Gi—-d+g—1)=0
Therefore,

RO(LL) = WONT(L)*) + B ANT2U* @ O(i —d + g — 1))

By (2.7), we have
dimU=d—-—g—1

and By (2.3)

RO(L)=d—-g+1
YOG —d+g—1)=d—i—g

Thus,
dim (L) = (“74+1) + (39" ) (d— i — g).

2.2.1 Syzygies of the curve

The syzygies of canonically embedded curves were computed by Schreyer [[Sch86]. Based on the

parallel idea, we compute the syzygies of the curve C'. For this, let

R= é I(C, L")
=1
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be the homogeneous coordinate ring of C' w.r.t L and
S = SymT(C, L) = @ T(Opa-s(n)).
n>0
Let
0O—=F—--—=F—R—0, (2.19)

be a minimal free resolution of the graded S- module R. Then F; = B, S(—j VWi =@ ; Mij @
S(—7), where M;; is a k- vector space of dim 3;; and S(—j) is the free S- module with one
generator in degree j.

The resolution 1' is equivalent to the free resolution of O¢ as an O]P)d— ¢- module:

0= P o(—j)le-sri = - P O(—=j)? — Oc — 0
J J

To find this resolution, one starts with the exact sequence
0—0s(—21+(d—-29—-2)f) - Os - Oc —0

(see Proposition (2.4)). The idea is to first resolve the sheaves Og and Og(—27 + (d — 29 — 2) f)
resp. as O]P,d— ¢ modules and then form a mapping cone . The result turns out to be a minimal
resolution of O¢.

Firstly, we will recall from [[Eis05]] the description of the syzygies of these sheaves.

Let £ = O(e1) @D O(ea) @ -+ @ O(es) be a locally free sheaf of rank s on P!, and let p; :
P(¢) — P! denote the corresponding P*~! bundle. A rational normal scroll X of type S(ey, ez, - - - , €5)
withey > eg > --- > e, > 0 and

f=ei+te+ - +e>2
is the image of P(¢) in P" = P(H(P(¢), Op e (1))):
J:PE) > XCPir=f+s—1

The Picard group of P(€) is generated by the hyperplane class H = [j*Opr(1)] and the ruling
R= [pZ(’)Pl(l)]:
PicP(¢) = ZH P ZR,

the intersection product is given by

H®=fH 'R=1R*=0.
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We recall from [[EisO35], the description of the syzygies of the sheaves

Ox(aH +bR) := j.Op(aH +bR), a,beZ

3
regarded as Opr- modules, at least in case b > —1.

Let
. F -G

be a map of locally free sheaves of rank f’ and ¢’, f > ¢/, respectively on a smooth variety V.
We recall from [BE73] the family of complexes ¢?,b > —1 of locally free sheaves on V, which
resolve the b~ symmetric power of coker ® under suitable hypothesis on .

Define the j*" term in the complex ¢? by

NF ® Sy_;G, for 0<j5<b
NTIIF @Dy 1G* @ NIG*, for j>b+1
and differential

b b
G = G

by the multiplication with ® € HO(V, F* @ G) for j £ b+ 1and A9 ® € HO(V, N9 F* @ N9 G)
for j = b+ 1 in the appropriate term of the exterior (AF'), symmetric (S.G) or divided power
(D.G) algebra.

Proposition 2.7. [Eis05] ¢b(a) for b > —1 is the minimal resolution of Ox(aH + bR) as an
Opr - module, where (*(a) = (* ® Opr(a)

2.2.2 Minimal Resolution of O

We have
CcScP=PI(C,L)")

C' is contained in a 2- dimensional rational normal scroll S of type S(e1,e2) and degree f =
e1tes=d—g—12>2.
C'is a divisor of class

C~2H—-(f—-(9g+1)R on S

The mapping cone [Sch86]
(It (=2) = ¢°
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is the minimal resolution of O¢ as an O]P)df ¢- module.
‘We consider
(P : F ® OPd—g(_l) — G ® O]P)d—g

be the map of locally free sheaves, where F' is a vector space of dimension f =d — g — 1 and GG

is a vector space of dimension 2

Firstly, we will compute
(It (—2) = (122 g 0(-2)
Now,

(d-20-2 _ N(F @ 0(=1)) @ Sg-2g-2-(G @ O), 0<j<d—2g—2
! NTHF @ O(-1)) ® Dj_g2g42-1(GRO)* @ NH(GRO)*, j>d—2g—1

Since 7 + 1 can be atmost d — g — 1. Thus, we have

cd-20-2 _ /\]:(F ® O(—1)) ® Sg—2g—2-j(G® O), 0<j<d—29—-2
/ NTF ®O(—1)) ® Dj—g12g+2-1(GRO)* @ N2 (GRO)*, d—29—1<j<d—g—2

(a2 _ N(F ®O(-1)) ® Sq_29-2-;(G® 0), 0<j<d—2g—2
J N(F@O0(-1)) @ Dj_g42(GRO* @ NG O)*, d—29—1<j<d—g-—1

Similarly we can compute ¢V,
CQ—{ N(F ®O0(-1) ® 50-;(G®© 0) i=0
J N F@O0(-1)@ D1 (G 0)*@ NX2(Ge0)* 1<j<d—g-—2
The minimal free resolution of O¢ is
0= O(—(d—g—1))9 — -+ = NTHFR0(-1))2D;_g12412-1(GRO)*@A*(GRO)* — -+ —

(2.20)
N(FRO(-1))®@S4-24—2-j(GRO) = -+ = NTHFR0(-1))@D;_1(Go0)* ®A*(GoO)*

== N(FRO(-1)© S ;(Ge0) = Oc =0

We will use this resolution to compute the dim I'(A?E). For this, consider (2.19)), the minimal
free resolution of R and recall the results from Chapter 1 section 2 of the Ph.D. thesis (1992) of
Prof. Kapil H. Paranjape (University of Bombay, Bombay, India), we have

M, piq = coker(NPTTV @ T(C, K ® L9™) — T'(C, \PE* @ LY))
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where My, g = (Torg((C, R))p+q
and dim(Torg((C, R))p+q = Bpp+a-
Since H*(L) = 0, so we have

My pio ~ HY(NHE* @ L)
My~ HO N E@ L7 @ K)
Lemma 2.8. When d > 2g + 1, we have
dmD(NE) = (741) + (495 )(d = i~ )
fori<d-—g
Proof: Consider @)

0 LT W9 DAl Tt 5 ANE 5 ANTU*Q T — 0

1.e.
0= LT @970 g Ai-1* 5 ANNE 5 ANNU* QT — 0
Thus,
hO(/\ZE) — [hO(L ® T—(d—g—i)) _ hl(L ® T—(d—g—i))] (dzgl—l) + (df‘(gfl)h()(Ti)
o ( d—g—l )hl (Tl) + hl(/\iE)
() g—d+2i+ 1)+ () i+ 1) = (T4 ) (g — i) + 1 (NE)
Now,
HYAN'E) = HY AT 9'E*®L) (rankE=d—g)
= H'W\ 9 EeL'e K)*
Thus,
RYAE) = PN E @ L7 @ K)
Since

M*

o2 * HO(NTTEQ L7 @ K)
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Thus, we have
My g i 1d—g-iy1 = H (N E@ L' @ K)

We have d > 2g+1and i < d— g which implies ¢ < g. Thus, forj = (d—g—1)—i > d—2g—1,

we have from (2.20)),

dim M, ;14 g i1 = dim NI FRO(-1))@D,y—1-i(GRO)* @A (GR0)* = (<9 1) (g—9)

B P = (5 )(g )
Thus
dmT(A'E) = (99 ) (g—d+2i+1)+ (491 @E+1)
= ()@ —d+ 20+ )+ (T + 1) + () = ()
+

= () + (55 ) d—i—g)

Proposition 2.9. For i < d — g, the map T'(L,) — T(A\'E) induced by diagram (@) is an

isomorphism.

Proof: We get an exact commutative diagram

0 — D(L@T (9= D+-))y o A1y — T(A'E) — ANU* @ T(TY) — ...
OélT QQT agT
0 —— T(W*(i — 1)) @ ANTIU* ——— T(L)) — AU*@T(0®) — ...

where /s are induced by diagram (2.18).
* (7 is injective.
Consider the left vertical sequence of (2.18)
0 LIl o A-lU* @ 7! s 4™ @ A-LU* @ 71

S LT WD A1y T -0
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This gives rise to

0->T(L'eT ™Yo TlUr s T(W* (i — 1)) @ ATLU*

2L (LT Dy g ALy

Since

D(W* @ Opi(i—1)) 2= T(W & Opi(—d+g+1))
> T(m.L® Opi(—d+ g +1i))
= T(m(L @7 Opi(=d+ g +1i)))
> (L@ Opi(—d+g+1))
o F(L®T—d+g+i)

Thus «; is injective.

* a3 is injective by definition.

Hence a2 is injective and since both the spaces have the same dimension, the map I'(L)) —
['(A'E) is an isomorphism.
O

2.3 Construction of a subbundle of £

We want to prove theorem(2.1)). We shall first do this for ¢ = 2. The main point is to construct
sufficiently many locally decomposable sections that are not globally decomposable.

Consider p : P(W*) — P!, the natural projection. For every a € P!, the fibre I, = p~'(a) is a
secant of the curve C'. Let W/ be the fibre of W* at a. Since W is globally generated thus we
have I'(W)p1 — W — 0. W = m.L and I'(m, L) = I'(L) thus we have I'(L)p1 — W — 0,
which gives W* — F(L)fP’l and we can identify I'(L)* with I'(E’). Also, we have

0—-E"—-TI(L)c —L—0,
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which gives I'(L)7, — E'i.e. amap I'(E))c — E. Thus we get a map
(Wa)e = T(E)e —» FE

which is composite of the inclusion of W, in I'(E') and the evaluation map.

Let F'(a) be the subbundle of E generated by the image of W. A section of I'(E) is non-zero
at every point of C' if it corresponds to a point of P(I'(L)*) not on the curve C, while a section
corresponding to a point say € C' vanishes exactly at .

Hence the map W} — F'(a) is an isomorphism outside C' ([, but has rank 1 over C'([,.The
induced map AW — A2F(a) has simple zeros exactly over C'()[,. Hence F(a) has rank 2 and
A2F(a) =T.

The vector bundle F'(a) has W as its space of sections i.e. dimI'(F'(a)) = 2. On the other hand
dimT'(A?F(a)) = dimT(T) = 2. Thus we get a 2- dimensional subspace of I'(A2E) consist-
ing of locally decomposable sections of which only the 1- dimensional subspace A’T'(F(a)) C
I'(A%F(a)) consists of globally decomposable sections.

The next step is to globalise this construction, i.e. to vary the point a. We consider the graph
inclusion T' C C' x P! given by the map . This divisor belongs to the line bundle p;T'® p50p (1),
where p; and po are the natural projections to C, resp. P!. the direct image by po of the bundle
morphism p3W* — T'(E) pi yields the map W* — I'(E)p1, and hence a map AW —
NT(E)p:.

On the other hand the bundle homomorphism p;W* — I'(E) oxp' — P1E fails to be injective
precisely over I'. Thus, we get a morphism

Py (A2W*) @ O(T) — pi(A2E). Taking direct image by po gives a morphism

AN2W* @ T(T) ® O(1) — P(/\2E)]P’1‘ For every a € P! this induces a map I'(T') — P(/\2E)]P’1
and this gives exactly the space of locally decomposable sections described above.

Altogether, we get a commutative diagram

0 — NPW* — NPW*RT(T) ® Opi(1) = NP*W*® Op1(2) — 0
l { l (2.21)

0 — AT(E)pr —— D(A2E)pr —————— D%, ——— 0

2
where DIQPﬂ = igg(g
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where the top horizontal row is the evaluation sequence for O]P)I (1), which is
0— OP1(—1) — F(O]P)l(l)) ® O]P)l — O]P)l(l) —0
Tensoring with A2W* ® Op1(1), we get
0= NPW* = NPW*QT(T) @ Opi (1) = N’W* © Opa(2) = 0

and use I'(T") = I'(Op).

We have to show that the locally decomposable sections constructed above together with A2I'(E)
generate I'(A2E). For this, we consider the map A2W* ® Op1(2) = DIZP’l' We want to show that
this map is injective (as a bundle map) and that the resulting rational curve in P(D?) is the rational
normal curve of degree d — g — 3 (recall that dim D? = d — g — 2). This is sufficient since the
rational normal curve of degree n in P" spans P".

Our aim is to do this by entirely reducing the problem to computations on P!, resp. P! x P,

Lemma 2.10. [HPR92] Let Opi(—n) — I'(Op: (n))EDl be a non-zero Sly(C)- equivariant
morphism. Then this morphism defines an embedding of P into PI'(Op1(n)*)) as a rational

normal curve of degree n.

We return to the bundle 1. Sequence (2.16) gives for i = 2 the following sequence:

0— A2W* — /\QF(W)EDI — Ly =0 (2.22)

Consider P! x P! together with projections ¢; and ¢ resp.
Taking pullback of via ¢ and g resp., we get amap g3 A2 W* — ¢} L, that vanishes along
the diagonal A C P! x P!,
Hence, we get a morphism
@ N W@ 0(D) — dr Ly

Applying g2, we get a map
NW*RT(0(1)) ® O(1) = T(Ly)pr

This gives rise to a commutative diagram
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0 0
" U
AW /\QF(W)EDl
| !
NW*@T(0(1) ® O(1) ———— [(Ly)pr (2.23)

| !

ANW* @ O(2) ——— HY(AN?W*) =T(A2W @ O(-2))*
1 l
0 0

where the left hand column is the Euler sequence on P! twisted by A2TW* @ O(1), the right
hand column comes from (2.22)) and the map A?W* — A2I'(W)* is the natural one. This diagram
is Sly(C) equivariant, where Sly(C) acts on P! in the usual way and on P! x P! by the diagonal
action. In particular the morphism A?W* ® O(2) — T'(A2W @ O(—2))* is Slz(C) equivariant,
by Lemma, it defines an embedding of P! into P(T'(A2W ® O(—2))*) as a rational normal

curve of degree d — g — 3.

Lemma 2.11. [HPR92|] Diagram gives rise to a commutative and exact diagram

0 — T(A2W ® O(-2)) ———— T(LY)* —————— AT(W) — 0

I ¢ 1

0 — T(A2W ® O(-2)) — T(A2W ® O(-1)) @ T(O(1)) — T(A2W) — 0 22
1 !
0 0

Proposition 2.12. I'(A2E) is generated by locally decomposable sections.

Proof: We have constructed maps p3(A2W*) @ O(T") — pi(A2E) on C x Pt and ¢5 A2W* ®
O(A) — qi Ly on Pt x P!, Consider the diagram

c & oxpt BB p!
I Loxia | (2.25)

P & pl xpt B pl
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Pulling the morphism ¢ A2 W* ® O(A) — ¢t L on P* x P! back to C x P!, we get a morphism
Py (A2W*) @ O(T) — pi(n*L,). By construction the diagram

P3(A2W*) © O(T) — pi(n*Lh)
I 1 (2.26)
p3(N*W*) @ O(T') — pi(A2E)
commutes where the map p}(7*L}) — p} A? E is the pullback via p; of the corresponding map
in diagram (2.18).Pushing this down via 7 x id to P! x P! leads to the commutative diagram

@ N2 W 0(A) gL
I {

@G NWERO(A) — ¢ N2 W* R (1 % id)O) — gt (merm* L) (2.27)
[ [ {

@AW R OA) — g3 A2 W* @ (1 x id) OT) — g (m, A2 E)

Now taking g2 of the outermost square we get

NW* @ T(Opi (1)) ® Opr (1) — T(P', Lb)

[ l (2.28)
NW*@T(Op1 (1)) ® Opi (1) — T(C,A\*E)

where the right hand vertical map is an isomorphism from Proposition [2.12]
Thus in order to compute the diagram
NW* — /\QF(W)fP’l
l { (2.29)
NW*@T(Op1(1)) ® Opi (1) — T(A’E)

we can compute
AW — AQF(W)ED1
l 1l (2.30)
NW*@T(Op1(1)) ® Opi (1) — T(Ly)p

and the result follows from Lemma[2.11] O
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2.4 Proof of main result

Main Result (Theorem Let C be a smooth hyperelliptic curve of genus g > 2 and let L be a
globally generated line bundle on C of degree d > 2g + 1 such that H*(L ® T~2) = 0, where T

is the hyperelliptic line bundle on C. The evaluation map gives rise to an exact sequence
0—-FE"—-TI(L)c—L—0

where E* is locally free of rank h°(L) — 1. Let >, be the cone of locally decomposable sections
of N'E. Then ", spans T(A'E) Y i.
Proof: We shall first show that for 2 < ¢ < d — g, there is a natural epimorphism

NTED(W)* @ T(Ly)pr = T(Li)pr = 0
Setting i = 2 in (2.16)), we get
0— A2W* — A%(L)fPI — Ly —0
Twisting with A"~2T'(W)*, we get an exact sequence
0 — ATZD(W)* @ A2W* — AT2D(W)* @ AP T(W)* — AT2I(W)* @ Ly — 0

(since I'(L) = I'(W')) Combining this with (2.16), we get a diagram

00— AT2T(W)* @ A2W* ——— A2 (W)* @ A2T(W)* — AT2ZD(W)* @ Ly, — 0

1 X y
0 — ANT2D(W(=1))* @ O(i — 2) @ A2W* —— NT(W)* L 0

2.31)

Here the middle vertical map is the canonical one and the left hand vertical map is given by

taking A?~2 of the dual evaluation sequence
0—->W"-T(W)"® Opr — rw-1))" OP1(1) —0
Taking A“~2 of the above sequence, we get
0= AW @ AP T(W(=1))* @ Opi (i = 2) = A" T(W)* = Fg — 0
0= Fiog = AD(W)* @ Op1 = A I(W(=1))* @ Opa (i — 2) = 0
Tensoring above sequence with A2V *, we get

0= Fia@NW* = N2 T(W) @0 @AW — A20(W (=1))*@0p: (i—2)@A*W* — 0
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Taking the associated cohomology sequence of (2.31)), we get the following commutative

diagram:
0 0
1 1
ANTID(W)* @ AT(W)* AT (W)*
- !
NT2D(W)* @ T(Ly) (L) (2.32)
3y 4y

HY (AN2D(W)* @ A2W*) — HYAT2D(W(=1))* @ O(i — 2) @ A2WF)
l 1
0 :
Here W is a rank 2 vector bundle on P! of degree d — g — 1.
detWW = O(d—g-—1)
detW* O(—d+g+1)
i.e. N2 W* O(—d+g+1)

I

I

Since 2 < d — g — 1, thus T'(A2W) = 0.

The top horizontal map is clearly surjective. The bottom horizontal map is surjective since H?2
vanishes on P!. By standard diagram chasing the middle horizontal map must be surjective thus
giving our first claim.

By construction the natural diagram

ANTIT(W)* @ T(LY) — ATI(E) @ T(AZE)
1 1 (2.33)
(L)) T(A'E)

commutes.

Since I'(W)* = I'(L)* and I'(L)* can be identified with T'(E). By proposition (2.12)), the
horizontal maps are isomorphisms. Hence the natural map A‘2['(E) @ T'(A2E) — T'(AE) is

surjective and our claim follows from Proposition (2.12).
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Chapter 3

Results for sub-linear systems

Introduction

In chapter[2] the conjecture[2.0.2]is studied in context of complete linear systems on a hyperelliptic
curve. In this chapter, we study conjecture [2.0.2]in case of sub-linear systems on a hyperelliptic
curve and some results are obtained in case of sub-linear systems with codimension 1.

I would like to acknowledge Prof. Peter Newstead for suggesting this question.

The main point of this chapter is the following question:

Question 3.1. Let C be a hyperelliptic curve of genus g > 2 and let (L, V') be a linear system
with L a generated line bundle of degree d > 2g + 1 on C such that H'(L @ T—2) = 0, where T
is the hyperelliptic line bundle on C and V' C HY(L) a linear subspace of dimension n + 1 which

generates L. The evaluation map gives rise to an exact sequence

0> E,—=>V®0:—L—0 (3.1)

where EY; is locally free of rank n. Let )" be the cone of locally decomposable sections of N Ey,
then Y, spans T(A'Evy) for all .

In this chapter, we discuss question [3.Ijn case of sub-linear system with codim 1. From now
onwards, throughout this chapter, C'is a smooth hyperelliptic curve of genus g > 2 and (L, V) a
linear system with L a generated line bundle of degree d > 2g-+1 on C such that H' (LT 2) = 0
and V C H°(L) alinear subspace of dimension n + 1 which generates L and codim V' = 1. K is

33
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the canonical line bundle on C.

The idea of the proof is similar to the case of complete linear systems with minor changes in
computation of the dimensions. In §(3.1]), we recall the arguments and results obtained in chapter
[2 that holds for sub-linear system too.

In §, we compute the dimension of the space of sections of the vector bundle on P! which is
related to the space of sections of the vector bundle A'Ey on C. In §, we will see that under

some assumptions, result holds for sub-linear system with codim 1.

3.1 Notations and Results obtained for complete linear

systems

We fix with the following notations of chapter 2]

C' is a hyperelliptic curve of genus g > 2,  : C' — P! is the associated 2- sheeted covering and
T :=n"0Op:(1)

Here (L, V) is a linear system with L a generated line bundle of degree d > 2g + 1 on C' and
W .= m.L.

By repeating the arguments given in §(2.1)), we obtain

degW =d—g—1

and
W(L)y=d—g+1 (3.2)

Since codim V' = 1 which givesn = d — g — 1 Thus,
rank(Fy)=n=d—g—12>2 (3.3)
The following results which are obtained in chapter[2]also holds in case of sub-linear systems.

1. W(—1) is globally generated.

2. There are inclusions
ccSckP
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where PP := P(V*) and S := image of P(W*) in [P with the following properties:

(a) the restriction of Op(1) to S'is Oy (1);
(b) the restriction of Op(1) to C'is L;

(c) both restrictions induce isomorphisms of the corresponding linear systems.

3.2 Computation of dimensions
Similar to we want to relate the sections of A’Ey to the sections of a suitable vector bundle
on P!,
Since L is generated by V' C H°(L). Thus we have the surjection map
VeoOe—L—0
Though W is globally generated, but if W is generated by V' C I'(L) = T'(W) then we have,
V®OP1—>W—>O (3.4)
Let Ky be the kernel of (3.4). Thus we have the evaluation sequence for W
0= Ky > V®O0p =W —=0 (3.5)
Pulling back the evaluation sequence for W on P! to C, we get
07Ky - VR0 —1mW —=0 (3.6)

Working on the parallel lines as for the complete linear system in §(2.2)), we obtain the following
sequences of vector bundles involving A’Ey, and M (the corresponding vector bundle on P

respectively.

0= LT @90 A1 K — AEy — AT K5 — 0 (3.7)

0— A2W* @ AN2K} — Aivﬂ;‘;l — M -0 (3.8)
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Sequences [3.7)and [3.§] refer to the corresponding sequences [2.13] and [2.16 respectively of the
complete linear system. Also, we get the following commutative diagram

0 0
T T

0= LT @9 AN 1K) ——— NEy ——— AN K5 — 0

T T I

0 —— TW* QNP K, ————— M) ——— A" Ky, — 0 3.9)
T T
L—l ® /\i—lﬂ.*K‘*/ L—l ® /\i_lTr*K‘*/
T T
0 0

which is similar to the diagram 1} , the vector bundle on P! is denoted by M. ! corresponding
to the vector bundle A’ Ey on C, which in case of A'E is denoted by L.

Consider (3.3)

O—>KV—>V®OP1—>W—>O

deg Ky = —degW = —(d—g—1)

and

rank Ky =dimV —rankW =(n+1)—2=d—g—2

Thus, Ky is a rankd — g — 2 vector bundle on P* of degree —(d — g — 1)

Ky 2 Opi(a1) @ Opr (a2) P - - D Opr (ad—g—2)

where

d—g—2

> w= g1

=1
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and a; < 0V ¢ which implies

Ky = @ Opl @ @ O]P)l @ O]Pl
= @ OP1 @ OP1

d—g—3
Ky = P op()Pop(2)
d—g—3
NTKY 2 D Op (i —2) P Opr (i — 1)
l m
where [ = (%79 ) andm = (479;?)

Let us compute the dimensions of the space I'(M]) fori < d — g — 1 = rank Ey.

Lemma 3.1. When d > 2g + 1, we have
dim (M) = (19) + (5% )(d =1 —g) = (17457)
fori<d—g-—1

Proof: Consider (3.8))

0= AW @ NT2KY = AV — M — 0

Since
detW = O]P)l(d —g—1).
Thus
detW™ = Opl(—(d —g—1))
Thus, we get

0= O(—d+g+1) RN 2Ky — ANVF — M =0
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Denote O(—d + g+ 1) ® A" 2K}, by B

B =2 O(-d+g+1) @ AN 2Ky}
O(—=d+g+1)® (P Opr (i — 2) P Op (i — 1))
l m

I

1%

P Opi(—d+g+i-1)EP Opi(—d+g+i)
1 m

>~ POp(i—(d—g+1)POpi—(d—g))
l m

Since,
i<d—g,h°(B)=0

rank B = (75;) = (4%?)

By Riemann- Roch Theorem, we have

deg B
°B)-hY(B) = k B 1-—
h*(B) — h'(B) ran (rankB+ 9pt)
0—h'(B) = degB +rankB
h'Y(B) = —deg(B)— rank(B)

So,
W (B)=—[(“92) i —(d—g+ 1)+ ("92) i — (d—9)] — (*7%7?)

Therefore,



3.3. PROOF OF MAIN RESULT 39

3.3 Proof of main result
If ford > 2g + 1,
dimT(A'By) = dim (M) = (©9) + (49%)d—1—-g) — (%,%,?)

foralli < d—g—1, then the map I'(M/) — I'(A*Ey ) induced by diagram (3.9) is an isomorphism.
(refer to proposition [2.9)

and we construct a subbundle F' of Ey . The construction is same as for the case of complete
linear system, all the arguments and results given in and [2.4 works for the sub-linear system.
We only make the replacements of vector bundle E by Ey, L} by M/ and I'(L) by V. Then the
answer to question 3.1is affirmative for sub-linear system with codim 1 (refer to with above

mentioned replacements).
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