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Abstract

This thesis deals with the study of novel aspects of quantum computational resources,
and the experimental implementations of various quantum computing protocols on
three-qubit, single-qutrit and hybrid qubit-qudit NMR quantum computers. The study
is conducted in two main parts. The first part focuses on different aspects of multi-
partite entanglement to gain insights about a three-qubit system. GHZ and W-classes
are the two inequivalent entanglement classes in a system of three qubits. While three-
party correlations in W-class of states can be uniquely and completely determined from
its reduced two-party correlations, GHZ class exhibits non-decomposable three-party
correlations. An NMR experimental implementation is carried out that supports a re-
cently exposed fact about a three-qubit W-superposition state that belongs to GHZ
class but does not possess any non-decomposable three-party correlations. This exer-
cise reveals various hidden aspects of multipartite entanglement in a system of three
qubits.

The second part is aimed at the study of contextuality, which is a purely quan-
tum concept and is exhibited by even the indivisible single-qutrit system. The intrin-
sic quantumness and hence the computational speedup in a single qutrit is attributed
to contextuality. This thesis focuses on developing the machinery for a single-qutrit
NMR quantum computer using a geometrical representation, followed by a single-
qutrit algorithmic implementation exploiting contextuality. Computational protocols
on hybrid-qudit systems are also discussed and implemented experimentally. A part
of the study is focused on NMR methodology development with an emphasis on the
applications of numerically optimized radio-frequency pulses for biomolecular NMR
and quantum gate optimizations.

The contents of the present thesis have been divided into seven chapters and an
appendix whose brief account is sketched below:
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Chapter 1

This chapter describes an introduction to the field of NMR quantum computation and
quantum information as well as the motivation behind the present thesis. In addition
to the basics of NMR, and quantum computation, recent developments in the field of
quantum computation and quantum information are discussed.

Chapter 2

In this chapter, a general pulse sequence to create a five-parameter based, three-qubit
generic pure state is proposed and experimentally implemented for various three-qubit
states with a non-trivial set of parameters. Experimental evidence is provided in
support of a recently proposed idea that three-qubit correlations can be completely
and uniquely obtained from a pair of its reduced two-party states (with a few excep-
tions). The experimental tests are performed for arbitrarily weighted generic-three
qubits states, maximally entangled GHZ and W-states, and a recently proposed W-
superposition state that is a coherent superposition of W-state and its obverse.

Chapter 3

This chapter describes the geometrical realization and dynamics of a single-qutrit, rep-
resented by a pair of points on the Majorana sphere in three-dimensional real space
(R3). This geometrical realization is used to develop an intuitive picture of a single-
qutrit magnetization vector. Single-qutrit dynamics is studied under SO(3) and SU(3)
transformations, which in the context of Majorana sphere leads to the development of
several interesting features. Close analysis of the single-qutrit dynamics on the Majo-
rana sphere leads to the development of NMR pulse sequences implementing single-
qutrit quantum gates. Thus using the insights gained via the Majorana representation,
basic operations such as the SWAP operations, phase gates and the 3-dimensional ana-
logue of the Hadamard gate are performed. Experimental implementations of these
basic computing elements are carried out on spin-1 oriented in a liquid crystal.
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Chapter 4

This chapter focuses on exploring single-qutrit contextuality, which is an intrinsic fea-
ture providing speed up in quantum computational tasks. Contextuality refers to the
context of a measurement, which states that the measurement of an observable may
bear different outcomes when measured in different contexts. In this chapter, various
theoretical protocols revealing single-qutrit contextuality are studied. An NMR experi-
mental test is proposed and implemented on a single-qutrit NMR quantum information
processor that provides evidence in support of the contextual nature of a single-qutrit,
using a set of four experiments. The quantum features of the single-qutrit are further
exploited by implementing a black-box based algorithm, that determines the parity of
a permutation among three objects by a single oracle call whereas its classical coun-
terpart requires two oracle calls. The NMR experiments on a single-qutrit are carried
out on a spin-1 oriented in a liquid crystalline matrix.

Chapter 5

This chapter describes the design and implementation of quantum gates for qudit-
computing using NMR, and the emulation of qubit-qubit-qutrit (QQT) QFT algorithm
on a four-qubit (QQQQ) NMR quantum information processor. The QQQQ system
used in this chapter possesses a peculiar coupling pattern giving rise to a spectrum that
resembles that of a QQT system. A non-trivial correspondence is described between
the QQQQ and the QQT systems. A general QQT tomography protocol is proposed
and implemented on the QQQQ emulator to reconstruct the resultant QQT state.

Chapter 6

This chapter deals with NMR methodology development, focused on the design and
implementation of GRAPE optimized numerical pulses. These numerical pulses are
optimized for the uniform and precise band-selective excitations in SOFAST-HMQC
experiments for biomolecular NMR, quantum gate optimizations for qudit QFT imple-
mentation on a qubit-qutrit system and in the simulation of low-temperature protein
dynamics.
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Chapter 7

This chapter contains a brief summary of the main results of the present thesis, their
applications as well as their possible future extensions.

Appendix A1

This appendix contains a brief description of the lyotropic liquid crystal sample prepa-
ration that provides an anisotropic environment to a spin-1 system. This sample is used
to perform qutrit quantum computing using NMR (as described in Chapters 3 and 4).
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Chapter 1

Introduction

Quantum computation and quantum information is an area of much recent interest,
that contains the study and implementations of quantum mechanics-based computa-
tional and information processing tasks [1, 2, 3, 4, 5, 6]. Explorations in this field of
research began with the idea introduced by Richard Feynman in his talk on “Quantum
physics and computer simulations” in 1981 [7]. The talk was inspired by the reversible
Fredkin and Toffoli gates, and was focused on the use of quantum particles to derive
computational tasks. A quantum information processor can perform some computa-
tional tasks more efficiently than its classical counterpart. The computational power is
attributed to intrinsically quantum properties of the system such as superposition and
entanglement. A quantum computational algorithm is first decomposed in the form of a
quantum circuit, that consists of a defined sequence of quantum gates. Quantum gates
are unitary operators and are hence reversible. Several quantum algorithms imple-
mented till date include the Deutsch-Jozsa algorithm [8, 9, 10, 11, 12], quantum Fourier
transformation [1, 13] which, alongwith phase estimation algorithm [1, 14] is used in
factorization algorithms [15]. A search algorithm introduced by L. K. Grover [16] that
provides a speedup of O(

√
N ) as compared to its classical counterpart to search an

item in an unsorted dataset of N elements. Quantum computation is also finding appli-
cations in quantum cryptography [1, 2] to generate various secure and robust protocols
for coding and decoding of the information, for quantum teleportation [1, 2, 3, 17]
the property of entanglement is exploited to teleport an unknown state. Several new
methods for quantum computing are also arising such as fault tolerant quantum com-
puting [18, 19] which is based on the creation of magic states [20, 21] and the use
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1. Introduction

of Clifford gates [22]. Also an idea of one-way quantum computing [23, 24] is in its
infancy that uses cluster or graph states to initialize the system. This is followed by
the use of single-qubit gates that implement a one way quantum circuit on the highly
entangled cluster state to accomplish the desired computational task.

Theoretical explorations in this field address issues like intrinsic computational re-
sources in a quantum system and the algorithmic developments, while experimental
research in the area deals with the search for scalable and physically realizable quan-
tum computational systems, and the experimental implementations of various compu-
tational tasks. Several experimental quantum computational systems [4, 25] that are
emerging, include trapped ions [26, 27], polarization states of light [25], Nitrogen-
vacancy centres [4, 28], ultracold atoms [29] and quantum dots [5, 30].

This thesis uses NMR as the experimental tool to perform quantum information
processing tasks. Nuclear spins based NMR quantum computer is one of the first
experimental realizations of the quantum information processor [31]. Although quan-
tum computing using NMR is not scalable beyond a certain limit, yet this technique
provides a testbed for several quantum algorithmic implementations, molecular sim-
ulations and quantum games [5, 6, 32]. The basic criteria for an experimental com-
putational model as provided by David P. DiVincenzo in 2000 [33] include a scalable
physical system, the ability to initialize the state, sufficiently long decoherence times,
a universal set of quantum gates, and the ability to make measurements.

The technique of Nuclear Magnetic Resonance (NMR) was developed indepen-
dently by F. Bloch [34] and E. M. Purcell [35] in 1946, for which they were awarded
the Nobel prize in 1952. The first method for calculation of the magnetic moments was
however proposed by O. Stern and W. Gerlach in 1924 [36], and the elegant idea of
resonance was introduced by I. I. Rabi in 1938 [37] in his single-page paper. This tech-
nique of NMR found vast applications after R. Ernst developed the concept of Fourier
transformation NMR spectroscopy [38], for which he was awarded the Nobel prize in
1991.

NMR is a highly developed and versatile technique that has been flourishing for
decades and is finding widespread applications in several areas of physics, chem-
istry, biology and medicine [6, 39, 40, 41]. New developments are arising in the
area of solid state NMR [42], liquid state NMR [43] as well as electron polariza-
tion enhanced NMR spectroscopy [44]. Present day NMR spectroscopy is very use-
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ful in protein structure determination [40, 43], evaluation of reaction dynamics [45],
metabolite studies [46], as well as in the pharma industry [47, 48]. Its use in Mag-
netic Resonance Imaging (MRI) and functional MRI [41] is a boon to the field of
medical diagnostics. NMR is also used in diffusion related studies [49], and NMR
studies in the earth’s magnetic field using portable NMR spectrometers [50]. Despite
all these applications, NMR methodology development is still progressing. There are
studies focusing on the relaxation mechanisms of NMR active nuclei [40, 51], deco-
herence of spin-states [52, 53, 54, 55], pure shift NMR spectroscopy [56], and advent
of new higher dimensional NMR experiments [40, 43, 57, 58]. A vast amount of work
is going on in the development of fast pulsing NMR experimental techniques such
as SOFAST [59, 60, 61], BEST [62], and ASAP [63] based pulse sequences, pro-
jection spectroscopy [64], Hadamard spectroscopy [65] and the idea of non-uniform
sampling [66].

Out of its numerous applications, NMR quantum computation is a recent one that
harnesses the intrinsic quantum properties of the nuclear spins, manipulated by specif-
ically tailored radio frequency pulses (quantum gates) to perform specific computa-
tional tasks [1, 5, 67, 68]. The main motivation of the present thesis is to implement
various quantum computing protocols on NMR qudits (d-level quantum systems), and
to explore their inherent quantumness and their ability to act as computational re-
sources which are responsible for efficiently performing a quantum computational task.

1.1 The phenomenon of NMR

The phenomenon of nuclear magnetic resonance [39, 40, 69, 70] is exhibited by a
nucleus with non-zero spin. When a nucleus with non-zero spin is placed in a magnetic
field (

−→
B ), it starts precessing about the magnetic field at a characteristic frequency (ω),

known as the Larmor precessional frequency. The Hamiltonian of such a system is
given by:

H = −−→µ .−→B (1.1)

where the magnetic moment µ is proportional to the angular momentum I (−→µ = γI)
and γ being the gyromagnetic ratio of the nucleus of interest. Assuming the magnetic
field (

−→
B ) to be along the z-axis (H = −γIzBz), the Larmor frequency ν = γBz

2π
. Thus
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1. Introduction

each nucleus type has its own characteristic Larmor frequency. However the nuclei
are surrounded by the electronic environment inside the atom, which further exhibits
several chemical bonds with various other atoms to form a molecule. This chemical
environment leads to shielding of the magnetic field, Beff = (1−σ)Bz, where σ is the
isotropic counterpart of the shielding tensor σij (i, j ∈ {x, y, z}) at the site of nucleus
giving rise to a quantity called the chemical shift. Thus the same nucleus, when placed
in different chemical environments, exhibits different values of chemical shifts. A few
examples of NMR active nuclei include: 1H, 13C, 15N, 19F, 31P which are the spin-1

2

nuclei while 2H, 14N, 23Na, 137Cs have higher values of spin. Nuclei with higher values
of spin possess asymmetrical distribution of electric charges, that further gives rise to
a quadrupolar moment.

A system of coupled nuclei when placed in a magnetic field exhibit several other
inter-spin interactions. The Hamiltonian for a system of coupled spins is given by:

H = Hcs +HJ +HQ +HD (1.2)

where the dipolar coupling term HD and the quadrupolar coupling term HQ get av-
eraged to zero in liquid state NMR. The only surviving terms are the chemical shift
(HCS) and the scalar coupling terms (HJ ). The scalar coupling between different nu-
clei arise due to the mediating electrons. In this thesis, single-qutrit NMR spectroscopy
is being used to perform the computational tasks. The experimental tool remains liq-
uid state NMR, however the spin-1 is oriented in a liquid crystal thus providing an
anisotropic environment. The anisotropic environment retains the quadrupolar effects
of the spin-1. This situation is treated in detail in Chapter 3.

NMR signal

The technique of NMR makes use of the rotating-wave approximation [71] wherein
the z-axis of the frame of reference coincides with that of the precessing magnetization
vector. T1 is the spin-lattice relaxation time, which corresponds to the time taken for
building up of the magnetization once the magnetic field is switched on, and T2 is the
spin-spin relaxation time that depends upon the decay of the transverse component
of the magnetization vector after the implementation of radio-frequency pulse. An
explicit treatment of the dynamics of a single spin-1

2
is analytically described by the
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1.2 NMR Quantum Computing

Bloch equations [69]. A simplified picture of an NMR signal acquisition is described
below:

When an NMR active nucleus is kept inside a magnetic field (say along the z-
axis), it begins to precess about the direction of the magnetic field. This is then acted
upon by an external field in the form of a radio-frequency pulse, through coils lying in
the xy-plane. The radio-frequency pulse makes the nucleus flip from its equilibrium
position. As soon as this radio-frequency pulse implementation is over, the spin tends
to regain its equilibrium position. Due to the corresponding change in the magnetic
field, the role of electromagnetic induction comes into play as a result of which a
voltage signal is developed. This voltage signal is the free induction delay (FID) in
time domain [39] that consists of an oscillating (ω dependent) and a decaying part (T2

dependent): f(t) ∝ eιωt exp−t/T2 . Fourier transformation of this signal transforms this
time-domain signal to the frequency domain spectral line, a Lorentzian. The signal
in NMR is acquired in the transverse plane along two perpendicular directions, that
captures the information regarding the phase of the line. One of the axes is thus referred
to as ‘real’ and another as the ‘imaginary’ axis. The NMR spectral line that consists
of only the real part is known as the absorptive Lorentzian, while the spectral line that
possesses only the imaginary part corresponds to a dispersive Lorentzian signal [39, 40,
70]. Ordinarily, an NMR spectral line is a combination of the absorptive and dispersive
Lorentzian functions. One can inter-convert these absorptive and dispersive spectral
lines by correcting the phase of the spectrum.

1.2 NMR Quantum Computing

Qubits in NMR are realized by spin-1
2

nuclei. A spin-1
2

nucleus when placed in a mag-
netic field has two possible orientations corresponding to spin quantum numbers ±1

2
.

One can associate the computational basis vectors |0〉 and |1〉 with these two spin-
states. A single NMR-qubit is governed by the Hamiltonian H = νIz, where ν = γB

2π

is the Larmor precession frequency and Ii = 1
2
σi (i ∈ {x, y, z}) is the single-qubit

product operator corresponding to the Pauli matrix σz. Thus +1
2
ν and −1

2
ν are the

energy eigenvalues associated with a single NMR-qubit corresponding to the eigen-
vectors |0〉 and |1〉 respectively. For the case of two-qubits, the Hamiltonian (under
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m

-1

0

+1
|00〉

|01〉 |10〉

|11〉

1

2 3

4

Figure 1.1: Two-qubit energy level diagram where energy levels numbered (1-4) are la-
belled with computational basis. Single quantum transitions between levels 1-2 and 3-4
correspond to second qubit, and the transitions between levels 1-3 and 2-4 correspond to
the first qubit.

secular approximation) of the system assumes the form:

H = ν1I1z + ν2I2z + J12I1zI2z. (1.3)

The elements of product operators in a system of ‘n’ qubits are obtained by the tensor
products [1] between the Hilbert spaces of individual qubits. For two qubits, I1i =
1
2
σi⊗I2×2 and I2i = I2×2⊗ 1

2
σi (I2×2 is the the 2×2 identity operator). The eigenvectors

and eigenvalues for two NMR qubits (Equation (1.3)) are given as: |00〉: 1
2
(ν1 + ν2 +

1
2
J12); |01〉: 1

2
(ν1 − ν2 − 1

2
J12); |10〉: 1

2
(−ν1 + ν2 − 1

2
J12) and |11〉: 1

2
(−ν1 − ν2 +

1
2
J12). Energy level diagram for a two-qubit system is shown in Figure 1.1 where the

states numbered (1-4) are shown labeled in the computational basis. Total spin (m)
of the two-parties corresponding to each energy level is shown on the right. As per
selection rule, ∆m = ±1, there are four single quantum transitions that correspond to
the spectral lines in NMR. Transitions of the first qubit occur at frequencies ν1± 1

2
J12,

which are shown as solid line in Figure 1.1. Transitions of the second qubit occur at
ν2 ± 1

2
J12 and are shown as dotted lines in Figure 1.1.

1.2.1 Initialization

In quantum computation with liquid state NMR techniques, the sample volume typi-
cally lies in the range of 400 - 600 µl. Thus considering the Avogadro number (ac-
cording to mole concept, 1 mole of a substance contains Avogadro number of parti-
cles, which is 6.023× 1023 [72]), at normal temperature and pressure (NTP: temp.=20
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1.2 NMR Quantum Computing

deg.C, pressure=1atm) there are approximately 1017 − 1018 copies of NMR qubits in
the sample [39]. At thermal equilibrium, these NMR qubits obey the Boltzmann dis-
tribution [1, 73]. Thus one can associate an occupation index or populations to each
energy eigenstate of an n-qubit system. The corresponding n-qubit state is therefore a
mixed state. However, for many quantum computational purposes, one requires pure
states. In NMR, a pure state requires zero temperature, at which the occupancy of the
lowest n-qubit energy eigenstate is 1, while all other eigenstates have zero occupation
index. However in NMR, the intensity of the transitions between two energy levels are
based on the population difference instead of the actual populations of the energy lev-
els. Thus NMR measurements are based on the relative populations and not the actual
populations, which provides a base to the concept of a pseudo-pure state.

A pseudo-pure state is a state in which one of the energy levels exhibits a different
population against a uniform background of populations. A pseudo-pure state (ρn) of
an n-qubit system corresponding to pure state |ψ〉〈ψ| is written as:

ρn =
1− ε
N

IN×N + ε|ψ〉〈ψ| (1.4)

where N = 2n is the dimension of the system, ε (∼ 10−5) is the purity associated with
the state ρn, and IN×N is the N ×N identity operator. Second term on the right hand
side of Equation (1.4) is the deviation density matrix, which is the pure component of
the pseudo-pure state (ρn). All the computational tasks are analysed considering only
the deviation part of the n-qubit density matrix.

A pseudo-pure state in NMR can be attained by several ways with the same under-
lying idea of equating the populations of N − 1 energy levels, while one energy level
is made to attain a different value of the population. Thus the system is initialized in
one of the basis states of n-qubit system. Different techniques to create pseudo-pure
states in NMR comprise: spatial averaging, temporal averaging and logical labeling.
Spatial averaging technique makes use of selective transitions (RF pulses) that perform
various unitary operations and gradients, that dephase the unwanted coherences such
that the ensemble average over space results into a pseudo-pure state [74]. Temporal
averaging technique uses fewer selective pulses performing a set of different experi-
ments, to obtain various different population distributions. The corresponding spectra
are then added with different weights to obtain the desired pseudo-pure state [1]. Logi-
cal labeling makes use of a larger Hilbert space, wherein the basis states are re-labeled
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alongwith a set of RF pulses. The re-labeling is done in such a manner that the Hilbert
space of interest gives rise to the desired pseudo-pure state [75].

The idea of n-qubit pseudo-pure states is extended to a hybrid-qudit system where
the pseudo-pure state assumes the same form as in Equation (1.4), however the total
Hilbert space dimension,N = Πn

i=1mi with ith (individual) qudit is of dimension ‘mi’.
In this thesis, spatial averaging techniques have been used to create pseudo-pure states
of three-qubit, single-qutrit, and qubit-qutrit systems.

1.2.2 Quantum gates

Quantum gates are unitary operators which, for a single qubit, can be decomposed as a
set of rotations in three-dimensional real space. This set of rotations is experimentally
implemented in NMR via radio-frequency pulses of specific energy causing the spin
to rotate by a specific angle about the desired axis. The quantum gates can be broadly
classified as: single qubit gates and multi-qubit gates. The brief description of these
two classifications are given below.

Single-qubit gates

A single-qubit gate acts on one qubit, which in NMR is realized by a set of spin-
selective pulses. In addition to an arbitrary rotation operator (which is the most general
form of a single-qubit gate), single-qubit gates include Hadamard gate, phase-shift
gate, and NOT gate.

• Hadamard gate creates the superposition of the bases states such that |0〉 →
1√
2
(|0〉 + |1〉) and |1〉 → 1√

2
(|0〉 − |1〉). An effective Hadamard operation in

NMR is implemented by a single spin-selective pulse of 90 degrees about y-axis
(π

2 y
). An explicit form of the Hadamard gates is given as:

H =
1√
2

(
1 1
1 −1

)
• A phase-shift gate creates relative phase between the two basis vectors of a

single-qubit. This is achieved by a z-rotation ((φz)) of the single-qubit. The
explicit form of the gate is given as:

Ph(φ) =

(
1 0
0 eιφ

)
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1.2 NMR Quantum Computing

• A NOT gate flips the populations between the two basis vectors. In NMR this is
achieved by a 180 degree pulse about x-axis (πx). An explicit form of this gate
is:

NOT =

(
0 1
1 0

)

Multi-qubit gates

A controlled-rotation gate (CROTij) is a two-qubit gate in which one of the qubits
controls the rotation of other qubit. An ideal controlled rotation gate CRij , where ‘i’ is
control and ‘j’ is the target qubit is implemented by the sequence [76]:
(θ)j−y (π

2
)i,jz

1
4Jij

(π)i,jy
1

4Jij
(π)i,jy (θ)j−y (π)i,jz ; where (θ)iα denotes an rf pulse of flip angle

θ and phase α applied on the ith qubit, (β)i,jα denotes an rf pulse of flip angle β and
phase α applied simultaneously on both the ith and jth qubits, and 1

4Jij
denotes an

evolution period under the coupling Hamiltonian (using standard NMR notation). For
θ = π

2
, and assuming (i < j), the above sequence decomposes to the controlled-NOT

(CN12) gate, whose explicit matrix form is given as:

CN12 =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 .

There also exist simpler sequences implementing a CN12 gate such as: (π
2
)2
x

1
2J

(π
2
)2
−y,

alongwith the development of certain phase differences. These phase differences can
be accounted for in the overall pulse-sequence.

This thesis rigorously uses two-qubit controlled rotation gates of various differ-
ent angles implemented about an arbitrary axis (n̂ = cos(φ)x̂ + sin(φ)ŷ). A specific
controlled-phase gate has been used in this thesis that corresponds to the controlled-
rotation about z-axis. In addition, in the second chapter of this thesis, certain novel
techniques have been introduced that simultaneously implement a three-qubit controlled-
controlled-phase gate and a controlled-controlled-rotation gate with a single transition-
selective pulse.
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1.2.3 Quantum state tomography

Tomography is the process of reconstruction of the complete density matrix of the
state of the system via a set of experiments. For an n-qubit system, the dimension
of operator space is (2n ⊗ 2n), thus each n-qubit state has 22n complex coefficients.
Under the constraints of Hermiticity (ρ† = ρ) and the normalization of a quantum state
(Tr [ρ] = 1), one is left with (22n − 1) number of independent real variables. Thus
complete characterization of an n-qubit state needs the determination of these (22n−1)
variables. The operator space basis for n-qubits is constituted by the tensor product
between the elements of single-qubit product operators (Ii = 1

2
σi; i ∈ {x, y, z}) and

the (2 ⊗ 2) Identity operator. Thus a most general n-qubit state is written by linear
combination of product operators serving as the bases, alongwith real coefficients. The
real coefficients correspond to the expectation values of the respective product-operator
elements in the given n-qubit state. Thus quantum state reconstruction is decomposed
to the evaluation of the various expectation values.

NMR signal in time domain for a state ρ (n qubits) is given as:

S(t) ∝ Tr[e−ιHtρeιHtΣn
k=1(Ikx + ιIky)] (1.5)

where H is the Hamiltonian of the system 1.2, and Ikx (Iky) is the product operator
element of the kth spin corresponding to Pauli x (y) operator. The NMR signal of a
given state corresponds to the expectation values of the eιHtIkxe−ιHt and eιHtIkye−ιHt,
which after Fourier transformation occur as the intensities of spectral lines at respec-
tive resonance frequencies [77, 78]. The static part of the Hamiltonian remains fixed,
however the RF part of the Hamiltonian can be modified via various radio-frequency
pulses to obtain the complete set of 22n − 1 expectation values. Various tomographic
protocols have been provided that adopt slightly different ways for state reconstruc-
tion [77, 78, 79]. This thesis makes use of the tomography scheme proposed in [78]
for state construction for two and three-qubit systems. For qutrit-tomography, and a
qubit-qubit-qutrit system the proposed tomography schemes are discussed in Chap-
ters 3 and 5 of the present thesis.

The experimentally reconstructed state is checked for its overlap with the theoret-
ically expected state, which is measured in terms of the fidelity. The fidelity measure
used to compute the resemblance of the experimental and theoretical density matri-
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ces [13] is defined by:

F =
Tr
(
ρ†theoryρexpt

)
√
Tr(ρ†theoryρtheory)

√
Tr(ρ†exptρexpt)

(1.6)

where ρtheory and ρexpt are the theoretically expected and experimentally obtained den-
sity matrices respectively. All through this thesis, Equation (1.6) has been used to find
the degree of overlap between the theoretically expected and the experimentally ob-
tained states.

1.3 Focus of the thesis

The main motivation of the present thesis is to implement various quantum computing
protocols on NMR qudits (d-level quantum systems), and to explore their inherent
computational resources which are responsible for efficiently performing a quantum
computational task. This study has been carried out in two main parts. The first part of
the thesis focuses on various aspects of multiqubit entanglement in a system of three
qubits. Entanglement [80, 81] plays a key role in various quantum computational tasks
and provides a speedup over their classical counterparts. A system of two-qubits is the
smallest system exhibiting entanglement [80, 81]. However the concept of multi-party
entanglement requires at least three qubits. In a system of three qubits, there exist two
entanglement classes namely: GHZ-class and W-class of states, which are inequivalent
under stochastic local operations and classical communication (SLOCC) [80, 81, 82,
83]. Adopting an NMR experimental approach, three-qubit generic pure states are
created and the GHZ-class and W-class of entangled states are studied. The purpose
of this study is to explore how a multi-party entangled state stores information in the
case of three qubits. Also an experimental evidence is provided for the unforeseen
entanglement properties in a recently proposed W-superposition state [84] of three
qubits which can be obtained from the GHZ state via SLOCC.

The second part of the thesis is focused on quantum computation with higher di-
mensional systems i.e. qudits (d-level quantum system, d > 2) with an emphasis on
a qudit with d = 3 (qutrit). A qutrit is the smallest indivisible quantum system that
provides speedup in quantum computational tasks. There is no role of non-locality in
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an indivisible system and thus a more profound computational resource is expected to
exist. A possible quantum resource is “contextuality” whose idea was first proposed by
E. Specker in 1960 [85]. Contextuality [86, 87] refers to the context of a measurement,
according to which a measurement of an observable in different contexts may yield
different results. The qutrit is the smallest quantum system possessing contextuality.
This property makes a qutrit a particularly important system for computation.

To begin with, Majorana representation [88] for a spin-1 is explored for geometri-
cal realization of a qutrit, and to study its dynamics under various quantum operations.
In the Majorana representation, a qutrit is represented by ‘2’ points on the Majorana
sphere. A geometrical realization of the single-qutrit magnetization vector is also de-
veloped in the context of Majorana representation. Ternary quantum gates for qutrit-
computing are related to the dynamics of a pair of points representing spin-1 on the
‘Majorana sphere’. A close observation of the trajectories of such pairs of points re-
sulting from various logic gates leads to the development of the corresponding NMR
pulse sequences. Quantum computational resource in single-qutrit computing, which
is attributed to contextuality is studied in detail, and verified experimentally on an
NMR qutrit. Further, exploiting the contextuality a single qutrit based quantum algo-
rithm is discussed that provides speedup over its classical counterpart. Moving towards
higher dimensional quantum systems, a qudit-specific implementation of the quantum
Fourier transform (QFT) is carried out, which is an important step toward the realiza-
tion of qudit-based quantum computers. The last part of the thesis is focused on NMR
methodology development using numerical pulses optimized using GRAPE [89, 90]
to carry out different computational tasks for a qudit computer as well as the SO-
FAST [57, 59] type of 2D NMR fast pulsing sequences.

1.3.1 Organization of the thesis

This thesis deals with the study of novel aspects of quantum computational resources,
and the experimental implementations of various quantum computing protocols on
three-qubit, single-qutrit and hybrid qubit-qudit NMR quantum computers. The con-
tents of the present thesis have been divided into seven chapters and an appendix.

Chapter 2 describes the creation of three-qubit generic pure state using NMR and
its tomographic reconstruction from its reduced two-party states. Using this general
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experimental protocol, three-qubit GHZ-state, W-state, and W-superposition states are
experimentally constructed and their entanglement properties are studied. This chapter
is summarized with an experimental evidence to the unique entanglement properties of
the W-superposition state. Chapter 3 focuses on the geometrical and the experimental
realization of the structure and dynamics of a single-qutrit . The geometrical pic-
ture of a single-qutrit is based on the Majorana representation, which is used to the
dynamics of a spin-1 under SO(3) and SU(3) transformations. An intuitive geomet-
rical picture of single-qutrit magnetization vector is also developed in the context of
Majorana representation. Chapter 4 discusses single-qutrit contextuality, which is the
quantum computational resource inherited by a single indivisible three-level quantum
system. Further, exploiting the contextual nature of a qutrit, a single qutrit based quan-
tum algorithm is discussed, that determines the parity of a permutation among three
objects. Chapter 5 is focused on the design and implementation of NMR pulse se-
quences for various single qudit and controlled hybrid qudits gates. This is followed
by the implementation of a hybrid quantum Fourier transform on a qubit-qubit-qutrit
NMR emulator. Chapter 6 is focused on NMR methodology development using nu-
merically optimized pulses. The usefulness of the numerical pulses is exploited to
optimize quantum gates for qudit computing and the implementation of 2D fast puls-
ing sequences for biomolecular NMR. Chapter 7 consists of the concluding remarks
and the possible future extensions of the research directions. Appendix A describes
the practicalities involved in the orientation of a single-qutrit in the anisotropic envi-
ronment of the liquid crystal.
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Chapter 2

Generic three-qubit states and their
reconstruction from two-party
reduced states

2.1 Introduction

A qubit is the smallest possible entity for quantum computation. As one proceeds
from one qubit to two qubits, there arises the concept of entanglement, which is an
interesting non-local property that makes an n−qubit system a useful computational
resource [5, 81]. Increasing the number of qubits, does not merely increase the di-
mension of the system, but also leads to new quantum features. The property of en-
tanglement cannot be associated with a single party, and in the case of two qubits,
there is only one unique way in which the two qubits can get entangled with each
other. The three-qubit system is the smallest system that possesses multipartite entan-
glement. Three-qubit states can be classified as separable (those which can be written
as a tensor product of constituents), bi-separable (two qubits out of three are entangled)
and non-separable states (which cannot be written as the product of constituent qubit
states) [91, 92, 93].

In three-qubit systems, there exist two entanglement classes namely the Greenberger-
Horne-Zeilinger (GHZ) class and the Werner (W) class of states [94], which are in-
equivalent under stochastic local operations and classical communication (SLOCC).
The entanglement of the GHZ state is fragile under qubit loss while the W-state resid-
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ual bipartite entanglement is robust against qubit loss. GHZ class of states possess
genuine three-party entanglement. Thus upon tracing out one of the parties in a GHZ
state, we are left with no more entanglement [80, 81]. On the other hand, the W-class
of states consist of both two-party as well as three-party entanglement. Three party
entanglement content in a W-class of states can be attributed to its non-zero tangle
(quantification of three-party correlations), while the non-zero values of its bipartite
concurrence measurements [80, 81] verify the involvement two-party entanglement as
well. Thus some of the entanglement in W-class of states is retained even if one of
the parties is traced out. Gaining the insights from the entanglement properties of the
GHZ and W-class of states, entanglement properties of a WW̄ state are studied. A
WW̄ state consists of a superposition of the maximally entangled W state and its ob-
verse W̄ (obtained by flipping 0s and 1s in the W state). Both these states (W and W̄)
belong to the W-class of states, however a recently unearthed fact states that a WW̄

state is inter-convertible with the maximally entangled GHZ state under SLOCC, but
it stores entanglement very differently [84].

In this chapter, the state space of three qubits is experimentally explored on an
NMR quantum information processor. This chapter has three main results: (a) A
scheme to create generic states of three qubits is proposed and is implemented on an
NMR quantum computer. (b) A curious fact about three-qubit states is demonstrated
experimentally, where for almost all pure states, the two-qubit reduced states can be
used to reconstruct the full three-qubit state [95, 96, 97]. This method of reconstruction
is experimentally demonstrated for generic three-qubit states, W-state, and WW̄ state
by comparing them with their directly tomographed three-qubit states. (c) It is exper-
imentally demonstrated that although the WW̄ state is inter-convertible with the GHZ
state, it stores entanglement very differently. Three-qubit entanglement in the WW̄

state can be obtained from its reduced two-party states whereas entanglement in the
GHZ state is irreducible in terms of two-party correlations. These interesting features
of multi-qubit entanglement namely, that two different entangled states belonging to
the same SLOCC class can yet have their correlations exhibiting contrasting irreducible
properties is demonstrated experimentally.
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2.2 Generic state construction

2.2 Generic state construction

A generic three-qubit state, also termed as a canonical state, was proposed by Acin et
al. [83], that exhibits minimal requirements to specify a three-qubit pure state. Every
three-qubit state can be obtained from this generic state via local (single qubit) unitary
operations. The permutation symmetric canonical (generic) state for three qubits is
given by:

|ψ〉 = a1|000〉+ a2|001〉+ a3|010〉+ a4|100〉+ a5e
iφ|111〉; ai ≥ 0;

∑
i

a2
i = 1

(2.1)
where, the coefficients ais are positive real numbers. Thus four of the basis vectors
of this canonical state have real coefficients while the phase φ ∈ [0, 2π] gives rise
to a complex coefficient of the vector |111〉. The normalization condition leads to
reduction of one parameter and hence the minimal construction of |ψ〉 state involves
five independent non-zero, real parameters (four moduli and one phase).

In this chapter, an experimental construction of three-qubit generic state is dis-
cussed using a set of single as well as multi-qubit gates on a three-qubit pseudo-pure
state. These gates are one-parameter unitary transformations that can be decomposed
elegantly in terms of NMR pulses. The global phase is not detectable in NMR experi-
ments and is thus ignored throughout in gate implementations.

A single-qubit unitary transformation is represented by an operator U j
2θ, which

is a separable, non-entangling transformation belonging to the SU(2) group which
implements a rotation by an arbitrary angle θ on the jth qubit, leading to a generalized
superposition state of the qubit involved. Operator U j

2θ = e−ι2θIjr (which rotates the
state by an angle ‘θ’) in NMR, is realized by a qubit-selective pulse on the jth qubit by
an angle 2θ about the rth axis.

A two-qubit quantum gate is a unitary transformation in which one of the qubits
controls the gate operation. A two-qubit controlled rotation gate (CR2θ

ij ) implements a
rotation by an arbitrary angle θ, on the jth qubit, with the ith qubit as control. The NMR
pulse sequence for an ideal controlled rotation implementation on the jth qubit by an
angle θ about y-axis is given as (i < j): (θ)j−y (π

2
)i,jz

1
4J

(π)i,jy
1

4J
(π)i,jy (θ)j−y (π)i,jz . This

sequence reduces to the controlled-NOT operation for θ = π
2
. As can be seen from

the above sequence, there are two z-rotations each on the control (ith) and the tar-
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get (jth) qubits. The implementation of z-cascades increases the experimental time
and introduces experimental imperfections. We instead implement a shorter pulse se-
quence composed of (θ)j−y

1
4J

(π)i,jy
1

4J
(π)i,jy (θ)j−x. This sequence creates the desired

state along with a relative phase among different spins which can be kept track of or
can be eliminated by spin-selective z-rotations. Further decrease in the experimen-
tal time is obtained by pairwise avoiding π pulses on ith and jth qubits at the end of
Jij-evolution evolution in controlled-rotation (CRij) and controlled-not gates (CNji).

A generalized three-qubit controlled-controlled-rotation gate is a three-qubit con-
trolled operation in which two of the qubits act as control and the third one serves as the
target. Depending upon the axis of rotation, it can be termed as a controlled-controlled-
rotation or a controlled-controlled-rotation phase-shift gate. CCN12,3 implements a
controlled-controlled-NOT (Toffoli) gate on the 3rd qubit i.e. it flips the state of qubit
3, if and only if both qubits 1 and 2 are in the |1〉 state; Phφ12,3 is a controlled-controlled-
phase shift gate with 1, 2 as control qubits and 3 being the target qubit. NMR pulse
sequence for the implementation of a three-qubit non-separable gate implementation
requires the three coupling evolutions to take place. However, the same result can also
be obtained effectively by the use of a transition-selective pulse [98, 99].

In this chapter, an explicit sequence of single and multiqubit gates is proposed that
lead to the construction of a three-qubit generic pure state starting from a three-qubit
pseudo-pure state. The sequence of gates with four real parameters α, β, γ, δ ∈ [0, π

2
]

representing the amplitude parameters a1 · · · a5 and the phase φ ∈ [0, 2π] leading to
the construction of a generic three-qubit state is detailed below:

|000〉 U1
2α−→ cosα|000〉+ sinα|100〉

CR2β
12−→ cosα|000〉+ sinα cos β|100〉+ sinα sin β|110〉

CN21−→ cosα|000〉+ sinα cos β|100〉+ sinα sin β|010〉
CR2γ

13−→ cosα|000〉+ sinα cos β cos γ|100〉+ sinα cos β sin γ|101〉+ sinα sin β|010〉
CN31−→ cosα|000〉+ sinα cos β cos γ|100〉+ sinα cos β sin γ|001〉+ sinα sin β|010〉
CR2δ

12−→ cosα|000〉+ sinα cos β cos γ cos δ|100〉+ sinα cos β cos γ sin δ|110〉
+ sinα cos β sin γ|001〉+ sinα sin β|010〉

CCN12,3−→ cosα|000〉+ sinα cos β cos γ cos δ|100〉+ sinα cos β cos γ sin δ|111〉
+ sinα cos β sin γ|001〉+ sinα sin β|010〉
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2.2 Generic state construction

Phφ12,3−→ cosα|000〉+ sinα cos β sin γ|001〉+ sinα sin β|010〉
+ sinα cos β cos γ cos δ|100〉+ eιφ sinα cos β cos γ sin δ|111〉

(2.2)

The system is initialized in a pseudo-pure state |000〉 which is the lowest energy three-
qubit state in the computational basis. A single qubit unitary operator U1

2α on the first
qubit by an angle α brings in a superposition of two energy eigenstates. The following
controlled rotation gate CR12(2β) rotates the second qubit by angle β about y−axis
with first qubit as control. The resulting state is in superposition of |000〉, |100〉, and
|110〉 eigenstates. In the next step, level |110〉 is transformed to |010〉 via operator
CN21. Further, a sequential implementation of a pair of two-qubit controlled rotation
gates CR13(2γ) and CN31 respectively results into a state containing superposition of
four energy levels |000〉, |100〉, |001〉, and |010〉. This state undergoes a CR12(2δ)

implementation which splits the basis vector |100〉 into the superposition of |100〉 and
|110〉. A transition-selective pulse on the transition |110〉-|111〉 of the third qubit gives
rise to a state with four desired parameters (four moduli) and resembles the generic
three-qubit state with real coefficients. A factor of phase φ in |111〉 is introduced by a
three-qubit controlled-controlled phase-shift gate Phφ12,3. The final state obtained is the
expected three-qubit generic pure state. The normalization condition is automatically
satisfied as the normalization will be preserved under these unitary operations.

Thus a three-qubit generic state with five independent parameters (α, β, γ, δ, φ) is
obtained using a sequence of unitary operators. Comparing the three-qubit generic
state in Equations (2.1) and (2.2), one can obtain the coefficients:

a1 = cosα,

a2 = sinα cos β sin γ,

a3 = sinα sin β,

a4 = sinα cos β cos γ cos δ,

a5 = eιφ sinα cos β cos γ sin δ,

(2.3)

where α, β, γ, δ ∈ [0, π
2
] and φ ∈ [0, 2π]. The general scheme to obtain a three-qubit

generic pure state, starting from a pseudo-pure state is shown in the quantum circuit in
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Figure 2.1(a).
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Figure 2.1: (a) Quantum circuit showing the sequence of implementation of the ro-
tation, controlled-rotation, controlled-NOT, controlled-controlled-NOT and controlled-
controlled-phase gates required to construct a generic state and (b) NMR pulse sequence
to implement a general three-qubit generic state; τij is the evolution period under the Jij
coupling. The 1800 pulses are represented by filled (black) and 900 pulses are represented
by unfilled (white) pulse shapes The other pulses are labeled with their specific flip an-
gles and phases. The last pulse (broad black) on the third qubit is a transition-selective
1800 pulse on the |110〉 to |111〉 transition about an arbitrary axis n̂ which is inclined at
angle (φ + 90) with the x-axis. The last two pulses on the first and second qubits are 900

z-rotations, to compensate the extra phases acquired (as described in the text).

The NMR pulse sequence to construct the generic three-qubit state starting from
the pseudo-pure state |000〉 is given in Figure 2.1(b). Refocusing pulses are used in
the middle of all J-evolution periods to compensate for chemical shift evolution. Pairs
of π pulses have been inserted at 1/4 and 3/4 of the J-evolution intervals to eliminate
undesirable evolution due to other J-couplings. The 1800 pulses are represented by
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2.2 Generic state construction

filled (black), and 900 pulses are represented by unfilled (white) pulse shapes while
the other pulses are labeled with their specific flip angles and phases. The two-qubit
controlled rotation (CRij) gates are implemented in NMR using the pulse sequence
given in section 2.2. The relative phase gained at the end of each controlled operation
is kept track of and is compensated by implementing z-rotations on the spins at the
end of the sequence. Three-qubit state that is obtained after the implementation of
transition-selective pulse is given as:

cosα|000〉+ sinα cos β sin γ|001〉+ ι sinα sin β|010〉
+ι sinα cos β cos γ cos δ|100〉 − eιφ sinα cos β cos γ sin δ|111〉 (2.4)

This state is close to a generic three-qubit state, despite relative phases between its
coefficients. These extra phases are removed by (−900)z pulses on first and second
qubits. These compensatory z-rotations eliminate all the unwanted phases acquired
in due course of the implementation of this sequence. The last two gates in the cir-
cuit, namely the controlled-controlled NOT (Toffoli) gate and the controlled-controlled
phase gate were simultaneously implemented using a single transition-selective π pulse,
applied about an arbitrary axis of rotation n̂ (wide black pulse in Figure 2.1(b)) [98,
99]. A three-qubit controlled-controlled NOT (Toffoli) gate can be experimentally re-
alized by a transition-selective (π)y pulse between energy levels |110〉 and |111〉. A
transition-selective pulse (π)n̂ about an arbitrary axis of rotation n̂ = cosφ

′
x̂+sinφ

′
ŷ,

on the other hand, introduces an extra phase of eιφ (φ′ = φ+π/2). Hence, (π)
|110〉→|111〉
n̂

when applied on the basis vector |110〉, results in the state eιφ|111〉. This is an inge-
nious method to reduce the experimental time, and comes in handy in completing the
circuit implementation before the decoherence begins to introduce significant distor-
tions.

A desired three-qubit state can be created by choosing different values of the non-
local parameters α, β, γ, δ ∈ [0, π

2
] and φ ∈ [0, 2π]. In this chapter, construction of

an arbitrary three-qubit generic state, a special WW̄ state (that belongs to the gener-
alized GHZ class of states) as well as the maximally entangled GHZ and W states is
performed on a three-qubit NMR quantum computer.
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2.3 A three-qubit NMR quantum computer
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Figure 2.2: (a) Molecular structure and NMR parameters (chemical shifts and J-coupling
in Hz) and 19F NMR spectrum of trifluoroiodoethylene. The three fluorine spins cor-
respond to the three-qubit system. (b) The 1D 19F NMR thermal equilibrium spectrum
obtained after a π

2 readout pulse. The NMR transitions of each qubit are labeled by the
corresponding logical states of the other two qubits.

The three-qubit system that is used here for NMR quantum information processing is
the molecule trifluoroiodoethylene. 1-Iodo-1,2,2-trifluoroethene or trifluoroiodoethy-
lene molecule is obtained by replacing three Hydrogen atoms of the smallest alkene
by three fluorine atoms, and the fourth hydrogen atom by another halogen iodine. Tri-
fluoroiodoethylene molecule (purchased from Alfa Aesar) is a small, light-sensitive
molecule with a boiling point of around 300 C. Three-qubit NMR quantum computer
is constructed by dissolving the trifluoroiodoethylene molecule in deuterated acetone,
where three qubits are encoded using the 19F nuclei. 19F nucleus is an NMR active
nucleus with sensitivity lying quite close to that of 1H, and exists in 100% natural
abundance. The gyromagnetic ratio of the 19 F nucleus is 40.052 MHz/T and it res-
onates at a frequency of 376 MHz in a magnetic field of 9.4 T (this value of magnetic
field corresponds to a 400 MHz NMR spectrometer).
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2.3 A three-qubit NMR quantum computer

The Hamiltonian of the three-qubit system in the rotating frame is given by

H =
3∑
i=1

νiIiz +
3∑

i<j,i=1

JijIizIjz (2.5)

where Iiz is the single-spin Pauli angular momentum operator, νi are the Larmor fre-
quencies of the spins and Jij are the spin-spin coupling constants. The coupling con-
stants recorded are J12 = 69.8 Hz, J23 = −129.0 Hz, and J13 = 47.5 Hz. The three
qubits here have long enough relaxation times (T1 and T2) so that decoherence is not
a major issue in this system. The average fluorine longitudinal T1 relaxation times are
of 5.0 seconds and T2 relaxation times are of 1.0 seconds respectively. The structure
of the three-qubit molecule as well as the equilibrium NMR spectrum obtained after
a π/2 readout pulse are shown in Figure 2.2. The resonance lines of each qubit are
labeled by the corresponding states of the other two coupled qubits.

2.3.1 NMR pulses

The three fluorine nuclei of trifluoroiodoethylene cover a very large bandwidth of 63
ppm (approximately). Due to problems like RF inhomogeneity and peak power limita-
tions, uniform excitation of such a huge bandwidth is a challenge. A possible solution
is the use of shaped pulses that are tailored to excite uniformly the specific frequen-
cies, and to incorporate RF inhomogeneity compensations. All the experiments with
this sample of three qubits hence use the shaped pulses for both selective as well as
non-selective excitations. The experiments were performed at room temperature on
a Bruker Avance III 400 MHz NMR spectrometer equipped with a z-gradient BBFO
probe.

Individual qubits are addressed using low power ’Gaussian’ shaped selective pulses
(from the standard Bruker directory). This spin-selective pulse of duration 265µs is
composed of a total of 1000 points exciting a bandwidth of 8000 Hz. Graphical repre-
sentations of the amplitude and phase profiles of this pulse are shown in Figure 2.3(A1,
A2). The pulses used are robust with good selectivity and uniform spin response in the
desired frequency range. The excitation profile of this pulse is uniform in approxi-
mately 6000 Hz of the bandwidth with very low-intensity tails extending upto±10000
Hz offsets as shown in Figure 2.3(A3, A4). In the trifluoroiodoethylene molecule, two
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Figure 2.3: Part(A) contains the description of spin-selective radio frequency pulse and
part (B) contains the details of the non-selective radio frequency pulse. (A1, A2) contain
the normalized amplitude and the phase profiles respectively vs the number of pulse points.
This is the pulse profile in time-domain where the pulse points correspond to the digitized
duration intervals. Similar pulse profiles for a non-selective rf pulse are shown in (B1, B2)
respectively. (A3, B3) show the Fourier transformation of the pulse profiles vs frequency
offsets of the spin-selective and the non-selective pulses respectively. The ordinate is the
amplitude of the rf pulse in KHz and abscissa is spin offset ranging from −10000 to
+10000 Hz in (A3) and −20000 to +20000 Hz in (B3) with the pulse profiles centered
at zero offset values. Parts (A4, B4) contain the amplitude of the excitation profile (for a
900) pulse vs spin offset, whereMx andMy are the x, y−components of the magnetization
vector. This spin response is simulated using a single spin Bloch model via NMRSIM.

nearest spin offsets are 9497 Hz apart, therefore a spin-selective pulse applied on a
single spin has negligible effect on its nearest neighbor, which is also reflected on the
frequency scale of the Fourier transformed pulse shape in Figure 2.3(A3).
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2.3 A three-qubit NMR quantum computer

A non-selective excitation is achieved via simultaneous excitation of all the three
spin offsets with three shaped pulses respectively of smaller bandwidths by the same
angle and about the same axis. The pictorial views of the amplitude and phase profiles
as a function of pulse time are presented in Figure 2.3(B1, B2). Standard ‘Gaussian’
shaped pulses (of duration 400µs) are frequency modulated to achieve uniform exci-
tation of all the three qubits by exciting three individual bandwidths simultaneously
at three different offsets. Excitations of small bandwidths at more than one location
reduce the RF inhomogeneity effects, making the pulse robust. Individual ‘Gaussian’
shaped pulse each of 400µs duration and consisting of 1500 pulse points, excite a band-
width of 5000 Hz centered at three spin offsets (9497 Hz, 0 Hz, and -13897 Hz) respec-
tively. Fourier transformation of the frequency modulated pulse shape depicts the three
resonances being excited simultaneously and uniformly (Figure 2.3(B3)). An exam-
ple of spin-response as a result of non-selective excitation by 900 flip angle is shown
in Figure 2.3(B4). This spin response is simulated via NMRSIM software provided
along with Topspin 2.1 assuming a single spin Bloch model. The graph shows (Fig-
ure 2.3(B4)) a nearly hat shaped amplitude of the excitation profile, obtained around
the respective spin offsets.

2.3.2 Pseudo-pure state

As described in Chapter 1, at thermal equilibrium, nuclear spins exist in mixed ensem-
bles, which is not suitable for quantum computation. The state of the system is hence
initialized in a pseudo-pure state. Pseudopure state used in this chapter is one of the
basis states of a three-qubit system, |000〉 whose density operator is given by,

ρ000 =
1− ε

8
I8 + ε|000〉〈000|, (2.6)

with a thermal polarization ε ≈ 10−5 and I8 being an 8×8 identity matrix. The pseudo-
pure state |000〉 is obtained in NMR by the spatial averaging technique [74]. Starting
with thermal equilibrium density operator, NMR pulse sequence for the creation of
pseudo-pure state is shown in Figure2.4. The scheme for three-qubit generic state
creation in this chapter is implemented on this pseudo-pure state (|000〉). The three
qubits are represented by three channels numbered as (1, 2, 3) and the fourth channel
in Figure 2.4 is for the gradient implementation. All the pulses are shaped pulses, such
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Figure 2.4: NMR pulse sequence to create a three-qubit pseudo-pure state |000〉. The 1800

pulses are represented by filled and 900 pulses are represented by unfilled pulse shapes.
The other pulses are labeled with their specific flip angles and phases. Gradient pulse
shapes are shown as dotted curves.

that the filled black shapes correspond to 1800 and the white pulse shapes correspond
to 900 flip angles. Gray shaded pulses are of varied angles as specified along with the
pulse phase. Gradients are represented as the wide dotted curves with gradient strength
gi, being used to dephase the transverse components of the magnetic field. This in turn
averages out the coherences at desired stages. The experimentally created pseudo-pure
state |000〉 was tomographed with a fidelity of 0.99 (discussed in subsection 2.3.3).

2.3.3 Tomography

All experimentally generated states were completely characterized by performing NMR
quantum state tomography [100]. In this chapter, the three-qubit tomography scheme
used is based on the protocol proposed by Leskowitz et al. [78]. According to this
scheme [78], a three-qubit state is completely reconstructed with a set of 7 operations
defined by {III,XXX, IIY,XYX,YII,XXY, IYY}. Here X(Y ) denotes a single spin
operator, and I is the identity operator. These operators can be implemented by ap-
plying the corresponding spin-selective π/2 pulses. Motivated by this tomographic
protocol, here an expanded set of 11 operations is used to determine all the 63 vari-
ables for a system of three qubits. The new set of tomography operations is given
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2.4 NMR implementation of generic state scheme

by:

{III, IIX, IXI,XII, IIY, IYI,YII,YYI, IXX,XXX,YYY}.

This set of operators is more convenient to implement on a system with rapidly de-
phasing, widely spaced qubits. This set of experimentally accessible measurements is
found sufficient to completely characterize the experimental density matrix with good
fidelity. The measure of the fidelity of the experimentally reconstructed density matri-
ces [13] is obtained using Equation (1.6).

2.4 NMR implementation of generic state scheme

2.4.1 Generic state implementation

The general scheme to create generic three-qubit states (section 2.2), is demonstrated
on a trifluoroiodoethylene molecule. NMR implementation of the general scheme is
carried out to create a state in which all the terms in the generic state expression given
in Equation (2.2) are involved in a nontrivial way. Chosen values of five experimental
parameters are: α = 450, β = 550, γ = 600, δ = 580 and φ = 1250. This set of
parameters leads to the creation of the generic state:

0.707|000〉+ 0.351|001〉+ 0.579|010〉+ 0.107|100〉+ 0.172ei(1250)|111〉 (2.7)

The three-qubit state thus created has three single quantum coherences with transition
label |00〉 (as per Figure 2.2) corresponding to each of the three spins. NMR spec-
trum of generic three-qubit state acquired without any detection pulse is shown in Fig-
ure 2.5 First order NMR spectrum of the generic state (with parameters: α = 450, β =

550, γ = 600, δ = 580 and φ = 1250) obtained without any detection pulse is shown in
Figure 2.5. The NMR spectrum is expected to have only one non-zero single quantum
coherence corresponding to transition label |00〉 on each spin. The expected single
quantum coherences of first, second, and third spins in the generic state assume values
0.07, 0.41, and 0.25 respectively. Intensities of respective spectral lines as shown in
the spectrum Figure 2.5 lie quite close to the theoretically expected ones for the second
and third qubits. The coherence of the first qubit is expected to have very low intensity
(0.07) that makes the spurious spectral lines look relatively prominent. The state thus
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Figure 2.5: First order NMR spectrum of the generic three-qubit state. This state is created
with parameters: α = 450, β = 550, γ = 600, δ = 580 and φ = 1250.

created is tomographed to completely reconstruct the final state density operator. The
tomograph corresponding to this state is shown in Figure 2.6, wherein the experimen-
tally tomographed state (Figure 2.6(b)) is compared with the theoretically expected
state (Figure 2.6(a)). The fidelity of the experimentally tomographed state in this case
is 0.92.

Let us consider another example of a three-qubit state construction which can be
obtained from generic three-qubit state by a non-selective z−rotation by 1800 on all
the three qubits. The parameters for the generic state (|ψg〉) construction are chosen
as: α = 450, β = 25.660, γ = 28.710, δ = 71.570 and φ = 0. The three-qubit state
thus obtained upon the implementation of local unitary operators (π)1,2,3

z is given as:

0.707|000〉+ 0.306|001〉+ 0.306|010〉+ 0.177|100〉+ 0.530|111〉 (2.8)

This state can however be obtained by a simpler sequence of operations. The corre-
sponding set of quantum gates implementations are explicitly worked and shown in the
set of Equations (2.9). The sequence begins with the implementation of a single qubit
quantum gate on the pseudo-pure state (|000〉) creating superposition of basis vectors
|000〉 and |100〉. This is followed by two sequential controlled-rotation gate imple-
mentations instead of the pairwise implementations of CRi,j and CNj,i (as described
in Equation (2.2)). This step makes the present scheme more feasible to implement,
however it restricts the set of three-qubit states. This scheme creates a subset of the
three-qubit generic states. Next is the implementation of two controlled-NOT gates,
at the end of which the desired three-qubit generic state is obtained. Also, there is no
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Figure 2.6: The real (Re) and imaginary (Im) parts of the (a) theoretical and (b) exper-
imental density matrices for the three-qubit generic state, reconstructed using full state
tomography. The values of the parameters are α = 450, β = 550, γ = 600, δ = 580, φ =

1250. The rows and columns encode the computational basis in binary order, from |000〉
to |111〉. The experimentally tomographed state has a fidelity of 0.92.

three-qubit controlled gate involved in the present sequence. The step by step imple-
mentation of quantum gates is given as:

|000〉
U1
2α′−→ cosα′|000〉+ sinα′|100〉

CR2β′
12−→ cosα′|000〉+ sinα′ cos β′|100〉+ sinα′ sin β′|110〉

CR2γ′
13−→ cosα′|000〉+ sinα′ cos β′ cos γ′|100〉+

sinα′ cos β′ sin γ′|101〉+ sinα′ sin β′ cos γ′

|110〉+ sinα′ sin β′ sin γ′|111〉
CN31−→ cosα′|000〉+ sinα′ cos β′ cos γ′|100〉+

sinα′ cos β′ sin γ′|001〉+ sinα′ sin β′ cos γ′|110〉+

sinα′ sin β′ sin γ′|011〉
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Figure 2.7: The real (Re) and imaginary (Im) parts of the (a) theoretical and (b) exper-
imental density matrices for the three-qubit generic state, reconstructed using full state
tomography. The values of the parameters are α = 450, β = 25.660, γ = 28.710, δ =

71.570, φ = 00. The rows and columns encode the computational basis in binary order,
from |000〉 to |111〉. The experimentally tomographed state has a fidelity of 0.92.

CN21−→ cosα′|000〉+ sinα′ cos β′ cos γ′|100〉+

sinα′ cos β′ sin γ′|001〉+ sinα′ sin β′ cos γ′|010〉+

sinα′ sin β′ sin γ′|111〉 (2.9)

Three-qubit state (2.8) is constructed by choosing the values of parameters: α′ = 450,
β′ = γ′ = δ′ = 600 and φ′ = 00. The state is constructed experimentally with a
fidelity of 0.92. Theoretically expected and experimentally obtained states are shown
in Figure 2.7.

2.4.2 GHZ state implementation

Generalized GHZ states are the three-qubit entangled states equivalent to the form,
a1|000〉 + eιφa2|111〉. A maximally entangled GHZ state has all the three qubits en-
tangled with each other, however there is no residual two-party entanglement if one
of the parties is traced out. For a maximally entangled GHZ state, the value of three
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2.4 NMR implementation of generic state scheme

tangle [80, 81] is found out to be 1 and the measure of entanglement [80, 81] between
the individual parties (concurrence) is found out to be zero. Thus there exist only
three-party non local correlations in a maximally entangled GHZ state.

A set of GHZ states can be obtained from the three- qubit generic state given in
Equation (2.1), corresponding to the parameter values α = α, β = γ = 0, δ =

π/2, φ = 0. The resulting state is thus of the form, cosα|000〉 + sinα|111〉. Since
β = γ = 0, this renders the controlled rotation operators CR12(2β) and CR12(2γ)

redundant. The scheme to create a three-qubit generic state (Figure 2.1(a)) is hence
reduced for preparation of a GHZ state. The effective quantum circuit to create a GHZ
state is shown in Figure 2.8(a). Starting with the pseudo-pure state |000〉, first quan-
tum gate implementation results into the superposition of the bases states |000〉 and
|100〉. Following multi-qubit controlled gates: CR12 and CCN12,3 convert the basis
state |100〉 to |111〉, however basis state |000〉 remains unaffected. Thus one obtains
a three-qubit GHZ state. The same effect however can be achieved via a simpler se-
quence consisting of a single-qubit rotation followed by two two-qubit controlled-NOT
gates. This simplified quantum circuit to create a GHZ state is shown in Figure 2.8(b),
A step by step detailed implementation of quantum circuit (Figure 2.8(b)) to create a
GHZ state is described in the following set of equations. An arbitrarily weighted GHZ
kind of entangled state can be prepared from the initial pseudo-pure state |000〉 by the
sequence of operations

|000〉 U1
2α−→ cosα|000〉+ sinα|100〉

CN12−→ cosα|000〉+ sinα|110〉
CN13−→ cosα|000〉+ sinα|111〉 (2.10)

For α = π/4, the above sequence leads to a maximally entangled GHZ state:

|ψGHZ〉 =
1√
2

(|000〉+ |111〉) (2.11)

The NMR pulse sequence to create an arbitrary GHZ-like entangled state beginning
from the pseudo-pure state |000〉 and ignoring overall phase factors is given in Fig-
ure 2.8(c). The CN12 and CN13 in the circuit are controlled-NOT gates with qubit 1 as
the control and qubit 2 (3) as the target. Since the target qubits are different in both
these cases, these gates commute and can be applied in parallel, leading to a reduction
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Figure 2.8: (a) Quantum circuit to implement a generalized GHZ state, derived from the
general circuit for generic state construction given in Figure 2.1(a). (b) Simplified circuit
for experimental implementation of the GHZ state. (c) NMR pulse sequence correspond-
ing to the circuit in (b). The τd = τ13−τ12

2 period is tailored such that the system evolves
solely under the J13 coupling term.

in experimental time. For our system τ13 > τ12, where τij = 1
2Jij

denotes the evolution
period under the Jij coupling term. Hence, during the period τ12, both qubits 2 and
3 evolve under the the J-couplings J12 and J13 (Figure 2.8(c)). The evolution in the
intervals τd =

τ13 − τ12

2
is solely governed by the J13 coupling term, and by the end

of the evolution period, the system evolves under J12 and J13 couplings for durations
1

2J12
and 1

2J13
respectively.

This NMR pulse sequence is implemented on a trifluoroiodoethylene molecule and
a maximally entangled GHZ state is created. The density operator for a GHZ state con-
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2.4 NMR implementation of generic state scheme

ppm
−115.2−115.4 ppm −152.2 ppm0.0 −0.425.025.4 −37.0

ωF (in ppm)

Spin 1 Spin 2 Spin 3

|11〉 |10〉 |01〉 |00〉 |10〉 |00〉 |11〉 |01〉 |10〉 |00〉 |11〉|01〉

Figure 2.9: First order NMR spectrum of the three-qubit GHZ state is shown, as obtained
by 900 spin-selective detection pulses on each of these qubits separately.

sists of elements at the diagonal (populations) and at positions |000〉〈111| (|111〉〈000|),
which correspond to the triple quantum coherences. Both populations as well as the
higher order coherences are not captured in an NMR spectrum, therefore NMR spec-
trum after GHZ state implementation does not contain any transition. NMR spectrum
for GHZ state obtained by implementing a 900

y spin-selective detection pulse is shown
in Figure 2.9. The state generated experimentally (Figure 2.10(b)) was tomographed
and lies very close to the theoretically expected state (Figure 2.10(a)) with a computed
fidelity of 0.97.

2.4.3 W-state implementation

Generalized W-states form another class of entangled three-qubit states which are in-
equivalent to GHZ states under local operations. For a maximally entangled W-state,
the value of 3-tangle is found out to be 2

3
and the concurrence among the reduced single

parties is calculated [80, 81] as 1
3
. Thus, these measures of entanglement conclude the

existence of both two party as well as three-party non local correlations in a maximally
entangled three-qubit W-state.

Generalized W-states are a special case of the generic state given in Equation (2.1)
corresponding to the parameter values α = π/2, β, γ ∈ [0, π/2], δ = 0, φ = 0. This set
of parameters leads to the state |ψ〉 = cos γ cos β|100〉+ sin γ cos β|001〉+ sin β|010〉.
The general quantum circuit for generic state construction Figure 2.1(a), here reduces
to the special form shown in Figure 2.11(a). A sequential action of the quantum gates
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Figure 2.10: The real (Re) and imaginary (Im) parts of the (a) theoretical and (b) experi-
mental density matrices for the GHZ state, reconstructed using full state tomography. The
rows and columns encode the computational basis in binary order, from |000〉 to |111〉.
The experimentally tomographed state has a fidelity of 0.97.

on a three- qubit pseudo-pure state |000〉 leads to:

|000〉 U1
π−→ |100〉

CR2β
12−→ cos β|100〉+ sin β|110〉

CN21−→ cos β|100〉+ sin β|010〉
CR2γ

13−→ cos γ cos β|100〉+ sin γ cos β|101〉+ sin β|010〉
CN31−→ cos γ cos β|100〉+ sin γ cos β|001〉+ sin β|010〉

(2.12)

The first gate is a single qubit unitary operator that leads to basis vector |100〉. The
next gate in the sequence is a controlled rotation gate (CR12(2β)), which implements
a rotation by angle β on the target qubit whenever the control qubit is in state |1〉. This

34



2.4 NMR implementation of generic state scheme

gate is followed by the implementation of CN21 operation, such that at the end of this
step, the resultant state is a linear combination of |100〉 and |010〉. The next pair of
gates CR13(2γ) and CN31, implemented in the given order leads to the basis vector
|001〉. The resultant state consists of the linear combination of vectors |001〉, |010〉,
and |100〉 with weights as functions of angles β and γ.
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(c)

|0〉

|0〉

|0〉

|1〉

|0〉

|0〉

|1〉

|0〉

|0〉

Uπ

R12(2β)

R13(2γ)

U2β

R13(2γ)

90y 90x 90y 90x

70.53y

45y 45x

τ12 τ13 τ13

T

O

M

O

G

R

A

P

H

Y

Figure 2.11: (a) Quantum circuit to implement the W-state, derived from the general
circuit for generic state construction given in Figure 2.1(a). (b) Simplified circuit for ex-
perimental implementation of the W-state. (c) NMR pulse sequence to experimentally
implement the W-state, starting from the initial pseudo-pure state |100〉. The first pulse on
the second qubit implements a U2

2β rotation, with 2β = 2 sin−1 (1/
√

3) ≡ 70.530.

There is a simplified scheme for the W-state creation as shown in Figure 2.11(b).
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ppm
−115.2−115.4 ppm −152.2 ppm0.0 −0.425.025.4 −37.0

ωF (in ppm)

Spin 1 Spin 2 Spin 3

|11〉 |10〉 |01〉 |00〉 |10〉 |00〉 |11〉 |01〉 |10〉 |00〉 |11〉|01〉

Figure 2.12: NMR spectrum of three-qubit maximally entangled W-state is shown. Spec-
trum of each of these spins is acquired separately by spin-selective 900 excitation pulse.
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Figure 2.13: The real (Re) and imaginary (Im) parts of the (a) theoretical and (b) exper-
imental density matrices for the W state, reconstructed using full state tomography. The
rows and columns encode the computational basis in binary order, from |000〉 to |111〉.
The experimentally tomographed state has a fidelity of 0.96.

As per this scheme, the first single qubit unitary gate on first qubit is dropped and the
implementation is carried out on a different initial state (|100〉). The next gate is a
CR12(2β) according to the general scheme (Figure 2.11(a)), where the first qubit acts
as the control qubit. The present case always has the control qubit in state |1〉, thus
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2.4 NMR implementation of generic state scheme

one can avoid implementing this two-qubit controlled gate (Equation (2.12)). Instead
a much simpler and faster U2

2β gate on the second qubit is implemented, which in this
case yields the same result. The modified circuit is shown in Figure 2.11(b). For
2β = 2 sin−1 (1/

√
3) and γ = 450, the circuit leads to implementation of the standard

W-state (upto a phase factor):

|ψW〉 =
1√
3

(i|001〉+ |010〉+ |100〉) (2.13)

One can get rid of the extra phase factor by a single-qubit z−rotation on the third
qubit. The NMR pulse sequence for the creation of an arbitrary W-like entangled state
beginning from the pseudo-pure state |100〉 and ignoring overall phase factors, is given
in Figs. 2.11(c).

NMR implementation of the maximally entangled W-state is carried out on a pseudo-
pure state |100〉, which is obtained with a fidelity of 0.99. Each of the three-qubits are
acted upon by the spin-selective 900

y pulses, and the corresponding NMR spectra are
acquired separately. From each of these three experiments, spectral lines of the those
spins are chosen on which direct detection pulse was being applied. These spectral
lines of individual spins are then collated together and shown in Figure 2.12. Due to
absence of single-quantum coherences, w-state NMR spectrum without any detection
pulse does not possess any spectral line. The maximally entangled W-state is created
and the complete quantum state tomography is performed. The experimentally recon-
structed density matrix (Figure 2.13(b)) matches well with the theoretically expected
values (Figure 2.13(a)), with a computed state fidelity of 0.96.

2.4.4 WW̄-state implementation

The WW̄-state is an interesting three-qubit state which belongs to the generalized GHZ
class of entangled states. This state can be obtained from a maximally entangled GHZ
state via SLOCC (Stochastic Local Operation and Classical Communication) [80, 81,
82, 83]. Stochastic local operations involve non-unitary single qubit operations with
probabilistic outcomes. Though the state belongs to the GHZ class of states, yet it
possesses entanglement features in contrast to that of the GHZ states.

This state can be represented as a permutation symmetric superposition of the W

state and its obverse W̄ = 1/
√

3 (|011〉+ |101〉+ |110〉) [84, 101]. The W̄ state also
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belongs to the generalized W class of states and can be obtained from the maximally
entangled W-state by single-qubit (1800)1,2,3

y rotations of all the three qubits. An ex-
plicit representation of WW̄ state is given by:

|WW̄〉 =
1√
2

(
|W〉+

∣∣W̄〉)
=

1√
6

(|001〉+ |010〉+ |011〉+ |100〉+ |101〉+ |110〉)

(2.14)

The WW̄ state is unitarily equivalent to the generic three-qubit state (Equation (2.2)),
with a set of parameters : α = 900, β = 16.780, γ = 17.550, δ = 71.570, φ = 1800.
The corresponding three-qubit generic pure state is given as:

|ψ〉 =
1

2
√

3
(|001〉+ |010〉+ |100〉)−

√
3

2
|111〉 (2.15)

The implementation of single-qubit Hadamard operators (U(π
2
)y) on all the three qubits

of the above state, gives rise to the required |WW̄〉 state.
Here a slightly different and more convenient approach to create this novel W-

superposition state is adopted. The sequence of gates to construct a WW̄ state, starting
from the initial pseudo-pure state |000〉 is given as:

|000〉
U1(−π3 )

y−→ 1

2

(√
3|000〉 − |100〉

)
CROT12(2cos−1(1/

√
3))

y−→ 1

2

(
√

3|000〉 − 1√
3
|100〉 −

√
2

3
|110〉

)
CROT21(−π

2
)y−→ 1

2

(√
3|000〉 − 1√

3
(|100〉+ |110〉+ |010〉)

)
CNOT13−→ 1

2

(√
3|000〉 − 1√

3
(|101〉+ |111〉+ |010〉)

)
CNOT23−→ 1

2

(√
3|000〉 − 1√

3
(|101〉+ |110〉+ |011〉)

)
U1,2,3(π

2
)y−→ 1√

6
(|001〉+ |010〉+ |011〉+ |100〉+ |101〉+ |110〉)

(2.16)

The quantum circuit to construct the WW̄ state on a three-qubit system is given in
Figure 2.14(a). The NMR pulse sequence to create the WW̄ state, starting from the
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Figure 2.14: (a) Quantum circuit showing sequence of gates required to construct the
WW̄ state, starting from the pseudo-pure state |000〉. (b) NMR pulse sequence to create
a WW̄ state. All the pulses are low-power selective pulses represented by shaped blocks.
Filled black shapes are π refocusing pulses, unfilled shapes correspond to pulses of π

2 flip
angle and the gray shaded shapes are labeled with their specific flip angles and phases.
Vertical dotted red lines show the correspondence between the quantum circuit and the
experimental pulse sequence. All pulses are of phase x unless otherwise labeled. The
values of the rf pulse flip angles used are α = π

3 , β = 2 cos−1 ( 1√
3
), γ = π

2 and The last
3τ12 period is used to compensate the extra phase acquired (as described in the text).

pseudo-pure state |000〉 is given in Figure 2.14(b). After the evolution interval τ23

and the [π
2
]y on the third qubit (corresponding to a CN23 gate), the state obtained is

√
3

2
|000〉− 1

2
√

3
(ι|101〉+ |110〉+ ι|011〉). There is an undesirable extra relative phase of

‘ι’ that has accumulated between two of the basis vectors. This undesired extra phase
factor is compensated for during the evolution interval 3τ12. The implementation of
the last module (simultaneous [π

2
]y pulses on all the three qubits) results in the desired

WW̄ state with no extra relative phase. The NMR spectrum of the WW̄ state thus
obtained is shown in Figure 2.15.
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ppm
−115.2−115.4 ppm −152.2 ppm0.0 −0.425.025.4 −37.0

ωF (in ppm)

Spin 1 Spin 2 Spin 3

|11〉 |10〉 |01〉 |00〉 |10〉 |00〉 |11〉 |01〉 |10〉 |00〉 |11〉|01〉

Figure 2.15: The 1D 19F NMR spectrum corresponding to the creation of the WW̄ state.
The NMR transitions of each qubit are labeled by the corresponding logical states of the
other two qubits.
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Figure 2.16: The real (Re) and imaginary (Im) parts of the (a) theoretically expected
and (b) experimentally density matrices for the WW̄ state reconstructed using full state
tomography. The rows and columns of the bar graphs depict the computational basis of the
three qubits in binary order from |000〉 to |111〉. The experimentally tomographed state
has a fidelity of 0.94.

As shown in Figure 2.15, each spin multiplet has two resonance peaks (as com-
pared to four resonance peaks for the thermal equilibrium state). The expected NMR
spectral pattern of an ideal WW̄ state should contain resonance peaks of equal mag-
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2.5 Three-qubit state reconstruction from two-party reduced states

nitude and phase, and deviations from ideal spectral peak intensities and phases in the
experimentally obtained spectrum, can be attributed to imperfections in the rf pulse
calibrations and to relaxation during the selective pulse durations.

Complete quantum state tomography of the three-qubit WW̄ state is performed
using a set of eleven operators as described in Section 2.3.3. The tomograph of the
experimentally constructed WW̄ state is shown in Figure 2.16. The experimentally
tomographed state was compared with the theoretically expected state and the density
matrices match well, within experimental error, with a computed state fidelity of 0.94
(the fidelity was computed from Equation (1.6)).

2.5 Three-qubit state reconstruction from two-party re-
duced states

This part of the chapter is focused on a salient feature of three-qubit pure states, accord-
ing to which, three-party non-local correlations can be decomposed as two-party corre-
lations. In other words, a three-qubit pure state can be completely reconstructed from
its reduced two party marginals [95]. However, there are certain exceptional states that
do not obey the above statement, namely states of the type: a|000〉 + beιφ|111〉. It
has been shown in [95] that only two, two-party reduced states, are sufficient to com-
pletely reconstruct a three-party pure state. This property has also been generalized
for N-qubit pure states, according to which N-party pure states can be completely con-
structed from its reduced N-1 party maginals [102]. There have also been attempts to
find out the upper limit over the knowledge of the quantum system required to com-
pletely reconstruct the N-party pure state. In [102], it has been proposed that knowl-
edge of somewhere between 0.189N to 0.667N number of N-1 party reduced states
are sufficient to obtain the N-party pure state completely and uniquely. Sufficient in-
formation required to obtain the higher order correlations requires the specification of
a fraction of N-1 party reduced states. Another bound over the minimum number of
parties required is presented in [103]. According to this, a little over N

2
number of N-1

party reduced states are sufficient to obtain the N-party pure state.

The present chapter deals with the three-party scenario and follows the ideas pro-
posed in [95]. The non-local correlations of various three-qubit entangled states, are

41



2. Generic three-qubit states and their reconstruction from two-party reduced
states

probed, to gain insights into how information is stored in multipartite entangled states.
In a related work [96], an explicit solution has been provided to completely character-
ize almost all generic three-qubit pure states, based only on pairwise two-qubit detec-
tors.

Consider a three-qubit pure state ρABC = |ψABC〉 〈ψABC |, with ρAB, ρBC , ρAC
being its two-party reduced states. The two-party reduced state ρAB is obtained from
the three-qubit pure state ρABC by tracing out the qubit ‘C’, i.e. ρAB = TrC(ρABC).
Similarly ρBC = TrA(ρABC) and ρAC = TrB(ρABC). ρABC is a pure state, however
its reduced two-party marginals may be mixed or pure depending upon whether the
three-party state is entangled or not. The single-qubit reduced states ρA, ρB and ρC
can be further obtained from the two-party reduced states in a similar way. Since ρABC
is pure, ρA and ρBC share the same set of eigen values, and can be written as

ρA =
∑
i

piA |i〉 〈i|

ρBC =
∑
i

piA |i;BC〉 〈i;BC| (2.17)

where {|i〉} are the eigenvectors of ρA with eigenvalues {piA}, and {|i;BC〉} are the
eigenvectors of ρBC with eigenvalues {piA}. The three-qubit states compatible with ρA
and ρBC are

|ψABC ;α〉 =
∑
i

eιαi
√
piA |i〉 ⊗ |i;BC〉 (2.18)

Using a similar argument, the set of three-qubit pure states obtained from ρAB and ρC
is given by

|ψABC ; γ〉 =
∑
k

eιγk
√
pkc |k;AB〉 ⊗ |k〉 (2.19)

where {|k〉} are the eigenvectors of ρC with eigenvalues {pkc} and {|k;AB〉} are the
corresponding eigenvectors of ρAB. Since the pure state |ψABC〉 is compatible with
both ρAB and ρBC , one can determine the values of αi and γk such that,

|ψABC ;α〉 = |ψABC ; γ〉 . (2.20)

The state thus created has been proved to be unique [96]. Almost all three-qubit pure
states can be completely and uniquely determined from any two of their corresponding
two-party reduced states. The set (ρAB, ρAC) or the equivalent sets (ρAB, ρBC) or (ρBC ,
ρAC) can be used to reconstruct ρABC .
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2.5 Three-qubit state reconstruction from two-party reduced states

Example 1

We now give an example to construct a three-qubit maximally entangled W state,
|ψ〉ABC = 1√

3
(|001〉+ |010〉+ |100〉). A pair of its reduced two-qubit states are given

as:

ρAB =
1

3


1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

 , ρBC =
1

3


1 0 0 0
0 1 1 0
0 1 1 0
0 0 0 0

 . (2.21)

Each of these reduced states have eigenvectors |ψ1〉 = 1√
2

(
0 1 1 0

)† and |ψ2〉 =(
1 0 0 0

)† with non-zero eigenvalues 2
3

and 1
3

respectively. These eigenvalues
are same as the eigenvalues of single party reduced states ρC and ρA respectively. The
other two eigenvalues of the state ρAB (ρBC) are zero, as the strength of a correlation is
always determined by the smaller party. The three-party states constructed using ρAB
and ρC is given as:

|ψABC ;φ1〉 = eιφ11

√
2

3

1√
2


0
1
1
0

⊗ ( 1
0

)
+ eιφ12

1√
3


1
0
0
0

⊗ ( 0
1

)
(2.22)

Similarly, the three-qubit state obtained through ρA and ρBC is given by:

|ψABC ;φ2〉 = eιφ21

√
2

3

(
1
0

)
⊗ 1√

2


0
1
1
0

+ eιφ22
1√
3

(
0
1

)
⊗


1
0
0
0


(2.23)

We have |ψABC ;φ1〉 = |ψABC ;φ2〉 to be satisfied, which in turn determines the angles
φ11, φ12, φ21, φ22. As can be seen clearly, the three-party states found in both the cases
are similar upto relative phase factors. The simplest solution corresponds to the angles,
φ11 = φ12 = φ21 = φ22 = 0. The three-qubit state thus obtained is given as

1√
3

(
0 1 1 0 1 0 0 0

)†
. (2.24)

Thus the maximally entangled W-state is completely constructed.
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Example 2

We give an example to construct a state belonging to the GHZ class, |ψ〉ABC =
1√
2

(
|000〉+ eιφ|111〉

)
. This state has got all the three two-party reduced states, pos-

sessing exactly same form of the density operators. The three two-party reduced states
are given as:

ρAB = ρBC = ρAC =
1

2


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 (2.25)

As can be clearly seen, the information about the phase factor φ is not retained in the
reduced two-party states. Thus three qubit correlations can not be found completely
from the two-party reduced states in this case.

These two examples correspond to two locally inequivalent maximally entangled
three-qubit states. The three-qubit correlations in case of example 1 are shown to be
found using only two two-party reduced states. However, the three-qubit correlations
in a GHZ state cannot be determined from the two two-party reduced states.

2.5.1 Experimental reconstruction of the three-qubit pure states

Corresponding to any three-qubit (pseudo) pure state constructed on a three-qubit
NMR quantum computer, partial quantum state tomography is performed to find the
two-party reduced density operators ρAB, ρBC and ρAC . Using a tomography scheme
by Leskowitz et al. [78], two qubit density operator is completely determined by a set
of four operations {II, IX, IY, XX}. In this case of partial tomography of the two-party
sub-systems of a three-qubit system, the extra qubit is always acted upon by an Identity
operator. The explicit set of tomography operations performed to experimentally re-
construct all three two-party reduced states include: {III, IXI, IYI, XXI} to reconstruct
ρAB; {III, IIX, IIY, IXX} to reconstruct ρBC and {III, IIX, IIY, XIX} to reconstruct
ρAC . Any two reduced party states can be chosen to completely construct a three-qubit
state. The three-party state ρABC is reconstructed here using the (ρAB, ρBC) set of
two-party reduced states. The reconstructed three-qubit state is compared with that of
three-qubit state obtained via complete quantum state tomography.
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2.5 Three-qubit state reconstruction from two-party reduced states

2.5.1.1 Generic state reconstruction
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Figure 2.17: The real (Re) and imaginary (Im) parts of the density matrix for the
generic state: (a) The two-qubit reduced density matrix ρAB . (b) The two-qubit re-
duced density matrix ρBC . (c) The entire three-qubit density matrix ρABC , reconstructed
from the corresponding two-qubit reduced density matrices. The parameter set includes
α = 450, β = 550, γ = 600, δ = 580, φ = 1250. The rows and columns encode the
computational basis in binary order, from |00〉 to |11〉 for two qubits and from |000〉 to
|111〉 for three qubits. The tomographed state has a fidelity of 0.90.

An arbitrarily weighted generic three-qubit state is experimentally reconstructed
from its reduced two two-party states. The set of parameters chosen for generic state
construction being: α = 450, β = 550, γ = 600, δ = 580, φ = 1250. Partial quan-
tum state tomography is performed that experimentally reconstructs the following two-
party reduced density operators,

ρAB =


0.54 −0.18 −0.14− 0.04i 0.07 − 0.02i
−0.18 0.15 −0.02− 0.02i 0.01 + 0.01i

−0.14 + 0.04i −0.02 + 0.02i 0.09 −0.02 + 0.02i
0.07 + 0.02i 0.01 − 0.01i −0.02− 0.02i 0.22


(2.26)
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ρBC =


0.56 −0.2 + 0.01i −0.17 + 0.02i 0.02 + 0.04i

−0.2− 0.01i 0.14 0.11 + 0.05i 0.02
−0.17− 0.02i 0.11 − 0.05i 0.14 0. − 0.01i
0.02 − 0.04i 0.02 0. + 0.01i 0.16


(2.27)

As per the protocol described in Section 2.5, the three-qubit density operator is com-
pletely constructed. Three-qubit density matrix (ρABC) for the generic state is explic-
itly given in Equation 2.28.

Density operators ρAB, ρBC as well as the three-qubit reconstructed state ρABC are
shown graphically in Figure 2.17. The two-party reduced states were able to recon-
struct this three-qubit state with a fidelity of 0.90, which compares well with the full
reconstruction of the entire three-qubit state given in Figure 2.6(b).

ρABC =



0.52 −0.24 −0.23 −0.08 −0.22 −0.01 −0.26
+0.07i +0.02i +0.05i −0.03i +0.08i +0.02i −0.06i

−0.24 0.12 0.11 0.04 0.10 0.01 0.11
0.07i +0.02i −0.01i +0.04i −0.04i −0.01i +0.06i

−0.23 0.11 0.10 0.03 0.10 0.01 0.11
0.02i −0.02i −0.02i +0.02i −0.04i −0.01i +0.04i

−0.08 0.04 0.03 0.02 0.03 0.01 0 0.03
−0.05i +0.01i +0.02i +0.02i −0.01i +0.03i

−0.22 0.10 0.10 0.03 0.09 0 0.11
0.03i −0.04i −0.02i −0.02i −0.03i −0.01i +0.01i

−0.01 0.01 0.01 0.01 0 0.01 0 −0.01i
−0.08i +0.04i +0.04i +0.01i +0.03i 0.04i

−0.02i +0.01i +0.01i +0.01i +0.01i

−0.26 0.11 0.11 0.03 0.11 −0.01 0 0.14
0.06i −0.06i −0.04i −0.03i −0.01i −0.04i −0.01i


(2.28)
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2.5 Three-qubit state reconstruction from two-party reduced states

2.5.1.2 W-state reconstruction

Another demonstration of this theoretical proposition (as described earlier), is provided
by the three-qubit W-state. Partial tomography of the two party parts of the W-state
gives rise to the following density operators,

ρAB =


0.36 0 0 0. − 0.01i

0 0.21 0.2 + 0.05i −0.01
0 0.2 − 0.05i 0.21 0.01

0. + 0.01i −0.01 0.01 0.22

 (2.29)

ρBC =


0.34 −0.01 0. + 0.01i 0
−0.01 0.3 0. + 0.24i 0.02
−0.01 0. − 0.24i 0.2 0

0 0.02 0 0.16

 (2.30)

These experimental tomographed density matrices were then used to reconstruct the
three-qubit W-state density matrix ρABC given by:

ρABC =



0 −0.01 0.02 0 0.02 0 0 0
−0.02i −0.01i

−0.01 0.36 0.02 −0.1 −0.01 −0.02 0
+0.02i +0.29i +0.37i +0.01i −0.02i

0.02 0.23 0.30 0.01 −0.01 0
+0.01i −0.29i −0.02i +0.08i +0.01i

0 0.02 0 −0.01 0 0 0
+0.02i +0.02i 0.02i

0.02 −0.10 0.30 −0.01 0.40 0.02 −0.01 0
−0.37i −0.08i −0.02i +0.02i

0 −0.01 0.01 0 0.02 0 0 0
−0.01i

0 −0.02 −0.01 0 −0.01 0 0 0
+0.02i −0.01i −0.02i

0 0 0 0 0 0 0 0


(2.31)
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2. Generic three-qubit states and their reconstruction from two-party reduced
states

The reconstructed density matrix for the W-state is shown in Figure 2.18, com-
puted from two sets of the corresponding two-qubit reduced density matrices. The
tomographed state has a fidelity of 0.97, which matches well with the fidelity of the
original three-qubit density matrix of the W-state (Figure 2.13(b)).
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Figure 2.18: The real (Re) and imaginary (Im) parts of the density matrix for the W-state:
(a) The two-qubit reduced density matrix ρAB . (b) The two-qubit reduced density matrix
ρBC . (c) The entire three-qubit density matrix ρABC , reconstructed from the correspond-
ing two-qubit reduced density matrices. The rows and columns encode the computational
basis in binary order, from |00〉 to |11〉 for two qubits and from |000〉 to |111〉 for three
qubits. The tomographed state has a fidelity of 0.97.

2.6 Reconstruction of three-qubit WW̄-state from its
reduced parties

An discussed earlier, an interesting feature of three-qubit pure states, according to
which there is no more information content in a three-qubit state than its two two-party
reduced states, has a few exceptions. The exceptional states are the generalized GHZ
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2.6 Reconstruction of three-qubit WW̄-state from its reduced parties

states (a|000〉+ beιφ|111〉), in which the information about relative phase between the
basis vectors is inaccessible through the two-party reduced marginals. Thus we can not
obtain the three-qubit GHZ state reconstruction using its reduced two party marginals.
Yet there is an interesting fact, which states that a WW̄ state which is obtainable from
GHZ state via SLOCC can be reconstructed from its reduced two party marginals.

Consider a three-qubit generic state |ψABC〉 = 1
2
√

3
(|001〉+|010〉+|100〉−3|111〉),

from where a WW̄-state is constructed by implementing a U1,2,3(π
2
)y operator. Two

reduced two-qubit states of |ψABC〉 are given as:

ρAB =
1

12


1 0 0 −3
0 1 1 0
0 1 1 0
−3 0 0 9

 , (2.32)

ρBC =
1

12


1 0 0 −3
0 1 1 0
0 1 1 0
−3 0 0 9

 (2.33)

Both ρAB and ρBC have eigenvectors:

|ψ1〉 =
1√
10

(
1 0 0 −3

)†
and |ψ2〉 =

1√
2

(
0 1 1 0

)† (2.34)

with non-zero eigenvalues 5
6

and 1
6

respectively. These eigenvalues are as the same
for two single party reduced states ρC and ρA. The other two eigenvalues of the state
ρAB(ρBC) are zero, as the strength of a correlation is always determined by the smaller
party. The three-party states constructed using ρAB and ρC is given as:

|ψABC ;φ1〉 = eιφ11

√
1

12


0
1
1
0

⊗ ( 1
0

)
+ eιφ12

1√
12


1
0
0
−3

⊗ ( 0
1

)
(2.35)
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states

Similarly, the three-qubit state obtained through ρA and ρBC are given as

|ψABC ;φ2〉 = eιφ21

√
1

12

(
1
0

)
⊗


0
1
1
0

+ eιφ22
1√
12

(
0
1

)
⊗


1
0
0
−3


(2.36)

We have, |ψABC ;φ1〉 = |ψABC ;φ2〉 to be satisfied, which in turn determines the angles
φ11, φ12, φ21, φ22. As can be seen clearly, the three-party states found in both the cases
are similar upto relative phase factors. The simplest solution corresponds to the angles,
φ11 = φ12 = φ21 = φ22 = 0. The three-qubit state thus obtained is given as

1√
12

(
0 1 1 0 1 0 0 −3

)†
. (2.37)

Thus this special three-qubit state is able to construct the three-party state from its
reduced two party states. This generic state gives rise to the WW̄-state under local
unitary operators (Section 2.4.4). Therefore, it can be concluded that three-qubit WW̄-
state has no irreducible three-party correlations.

2.6.1 Experimental reconstruction of WW̄-state

Experimentally constructed WW̄-state is obtained by quantum state tomography of its
reduced two-party states. The reduced density operators ρAB and ρBC are partially
tomographed to experimentally obtain 4× 4 dimensional reduced parties given as:

ρAB =


0.19 0.18 − 0.02i 0.17 0.02 − 0.06i

0.18 + 0.02i 0.34 0.35 + 0.07i 0.18 − 0.03i
0.17 0.35 − 0.07i 0.31 0.16 + 0.02i

0.02 + 0.06i 0.18 + 0.03i 0.16 − 0.02i 0.16


(2.38)

ρBC =


0.13 0.13 0.18 − 0.02i 0.01
0.13 0.31 0.29 − 0.08i 0.19

0.18 + 0.02i 0.29 + 0.08i 0.38 0.18 − 0.01i
0.01 0.19 0.18 + 0.01i 0.19


(2.39)

As per method described in the previous section, three-party state (ρABC) is completely
characterized using ρAB and ρBC from Equations (2.38) and (2.39) respectively. The
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2.6 Reconstruction of three-qubit WW̄-state from its reduced parties

three-party state thus reconstructed is given as:

ρABC =



0 0.01 0.01 0.01 0.01 0.01 0.01 0
−0.01i −0.01i −0.01i −0.01i −0.01i

0.01 0.19 0.16 0.19 0.15 +0.02i 0.21 0.01
+0.01i −0.01i −0.01i −0.02i +0.02i −0.06i

0.01 0.16 0.14 0.16 0.13 0.12 0.18 0
+0.01i +0.01i −0.01i +0.02i −0.04i

0.01 0.19 0.16 0.19 0.15 0.14 0.21 0.01
+0.01i +0.01i −0.01i +0.02i −0.05i

0.01 0.15 0.13 0.15 0.13 0.11 0.17 0
+0.01i +0.02i +0.01i +0.01i +0.03i −0.03i

0.01 0.14 0.12 0.14 0.11 0.1 0.14 0
−0.02i −0.02i −0.02i −0.03i −0.06i

0.01 0.21 0.18 0.21 0.17 0.14 0.24 0.01
+0.01i +0.06i +0.04i +0.05i +0.03i +0.06i

0 0.01 0 0.01 0 0 0.01 0


(2.40)

The graphical representation of the reconstructed density matrix (Equation (2.40)) for
the WW̄ state, using two sets of the corresponding two-qubit reduced density matrices
(ρAB, ρBC) is given in Figure 2.19. The two-party reduced states were able to recon-
struct the three-party WW̄ state with a fidelity of 0.92, which matches well with the
full reconstruction of the entire three-qubit state given in Figure 2.16(b). This experi-
ment provides an evidence for the reconstruction of non-local three party correlations
existing in WW̄ state from its reduced two-party states, which is in contrast with the
entanglement features of the GHZ class of states.
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Figure 2.19: The real (Re) and imaginary (Im) parts of the tomographed density matrix
for the state WW̄ state. (a) The two-qubit reduced density matrix ρAB . (b) The two-qubit
reduced density matrix ρBC . (c) The entire three-qubit density matrix ρABC , reconstructed
from the corresponding two-qubit reduced density matrices. The rows and columns in the
bar graphs encode the computational basis of the qubits, from |00〉 to |11〉 for two qubits
and from |000〉 to |111〉 for three qubits. The fidelity between the three-qubit state (ρABC)
reconstructed from the two-qubit density matrices and the three-qubit state obtained by
complete three-qubit state tomography is found to be 0.92.

2.7 Conclusions

An NMR-based scheme is proposed and implemented to construct a generic three-
qubit state from which any general pure state of three-qubits (including separable,
biseparable and maximally entangled states) can be constructed, up to local unitaries.
Full tomographic reconstruction of the experimentally generated states showed good
fidelity of preparation and we have achieved a high degree of control over the state
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2.7 Conclusions

space of three-qubit quantum systems. Generating generic three-qubit states with a
nontrivial phase parameter was an experimental challenge and we achieved it by craft-
ing a special pulse scheme. It has been previously shown that in a system of three
qubits, almost no irreducible three-party correlations exist (exceptions belong to GHZ
class of states) and that all information about such quantum states is completely con-
tained in the three two-party correlations. We have demonstrated this important result
experimentally in a system of three qubits. The three-qubit density operator ρABC is
obtained by complete quantum state tomography and compared with the same three-
qubit state reconstructed from tomographs of the two-party reduced density operators
given by ρAB, ρBC and ρAC . This part of the work has been published in Phys. Rev. A,
91, 022312 (2015).

The WW̄ state which belongs to GHZ class of states is experimentally imple-
mented. This state is able to construct the complete three-qubit density matrix from
a set of two-party reduced density operators (ρAB, ρBC). Thus, although the WW̄

state belongs to the same entanglement class as the GHZ state, the two states store
information about multi-party correlations in completely different ways. Experimental
demonstration of an interesting feature of multi-qubit entanglement is shown, namely,
that two different entangled states belonging to the same SLOCC class can yet have
their correlations exhibiting contrasting irreducible properties. This part of the work
has been published in Phys. Rev. A, 92, 022307 (2015).
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Chapter 3

Single qutrit dynamics using
Majorana geometrical representation

Nuclei with higher spins possess quadrupolar moments due to the lack of symmetry in
the distribution of electric charges [39, 42]. A spin-1

2
is analogous to a magnetic dipole

which starts precessing at its natural frequency when kept in a magnetic field. A spin-1
2

(qubit) is a two-level quantum system whose dynamics can be completely determined
from its Bloch sphere representation in three-dimensional real coordinate space (R3).
However the geometry of quantum systems become very complicated with increasing
dimension [104]. Thus even for a single spin-1, it is interesting to explore the feasible
geometrical models that can characterize its structure and dynamics. This motivates
the present chapter to obtain an intuitive geometrical realization of the spin-1 (qutrit)
magnetization vector and to study the dynamics of a qutrit.

The Bloch sphere representation of a qubit provides a geometrical picture of a
single-qubit, in which a state of a qubit in two-dimensional Hilbert space is mapped
onto a sphere in the three-dimensional real coordinate space(R3). This mapping en-
sures that every single-qubit pure state lies on the surface and mixed state in the inte-
rior of the Bloch sphere [1, 104]. This picture provides a geometrical representation
for the spin-1/2 magnetization vector. Extensions of such a physical picture to higher
spin systems are non-trivial.

A single-qutrit pure state is associated with a three-dimensional complex vector
space and thus its geometrical realization in the three-dimensional real space is not
possible. This chapter describes the geometrical representation of a qutrit, in which
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3. Single qutrit dynamics using Majorana geometrical representation

the pure state of a single-qutrit is represented by two points on a 2-sphere. There have
been various proposals for the geometrical representations of higher level quantum
systems [105, 106, 107, 108, 109, 110]. For instance, a three-level quantum system
has been shown to occupy an octant in eight-dimensional real space [105], another
piece of work deals in the generalization of the Bloch sphere for three-dimensional
Hilbert space [106, 108], and mapping N-qubit pure states onto a polynomial which is
further used to geometrically represent multi-qubit pure states [111, 112].

In a seminal paper by Ettore Majorana in 1932, a geometrical representation was
proposed, according to which, a pure state of a spin ‘s’ is represented by ‘2s’ points on
the surface of a unit sphere [88]. Henceforth, in this thesis, this unit sphere is referred
to as ‘Majorana sphere’. Though the paper [88] was originally aimed at atoms ori-
ented in a magnetic field and the calculation of probability of spin flips, the Majorana
representation for spin−s systems found widespread applications such as determining
geometric phase of spins [113, 114], representing N spinors by N points on the Majo-
rana sphere [101], geometrical representation and dynamics of multi-qubit entangled
states [101, 115], statistics of chaotic quantum dynamical systems [116] and charac-
terizing polarized light [117]. In the context of Majorana representation of polarized
light, the direction of propagation of light is along the bisector (or its reverse) of the
angle enclosed between both the points at the center of the sphere [117]. In this chap-
ter, the Majorana representation is adopted for geometrical realization of a single-qutrit
consisting of two points on the surface of a unit sphere, and to observe their dynam-
ics under SO(3) and SU(3) transformations, and for representing NMR pulses in an
intuitive way.

In qudit (d−level quantum system) based quantum computing schemes [118, 119,
120, 121, 122, 123, 124, 125], a single qutrit system (d = 3) is of particular importance.
This is the smallest system with inherent quantum properties such as contextuality [85,
86, 87]. Qudits in NMR can be modeled by naturally existing nuclei with spin > 1/2

or can be carved out of two or more than two dipolar coupled spin-1/2 nuclei. In
the context of NMR based quantum computing, decomposition of quantum gates for
qutrits is not well understood unlike for qubits [5, 67]. The decomposition of quantum
gates for a qutrit are proposed and their experimental implementations are carried out
on an NMR quantum information processor, in this chapter.

In this chapter, the Majorana representation is used to explore the dynamics of a
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single qutrit, discuss its various properties and draw a parallel with the ternary quantum
gates. The state of a qutrit is written in parametric form, also known as the ‘canonical
state’. This is the minimal representation of a state of a qutrit, which when subject
to SO(3) transformations alone, can span the complete state space of a qutrit. In the
context of Majorana representation, this state is composed of two points lying sym-
metrically about the z−axis in the plane x = 0. A most general pure state of a qutrit
is also defined that should ideally be composed of four parameters. This state can be
obtained from the canonical state via a set of three SO(3) transformations.

The magnetization of a pure ensemble of single qutrit states is discussed. The
corresponding magnetization vector is given a physical interpretation in the context
of Majorana representation. Further, the states of single-qutrit systems are broadly
classified as pointing and non-pointing states.

As the state of a qutrit evolves under the effect of different quantum operations, the
points representing the state move on the surface of the Majorana sphere. SO(3) trans-
formations correspond to the rotations in a three-dimensional real space, under which
the relative separation of two points representing a qutrit on the Majorana sphere is
invariant. Such operators are experimentally realized in NMR via spin-selective pulses
(which in the present case of a single-qutrit, is a non-selective pulse). The dynamics
of a pair of points on the Majorana sphere is also observed under SU(3) transforma-
tions generated by a complete set of eight Λ-matrices [105]. These transformations
are realized experimentally in NMR via transition-selective pulses. Observation of the
trajectories of the pair of Majorana points under SO(3) and SU(3) draw a correspon-
dence between the rotation operators and basic quantum gates. Various quantum gates
for a qutrit include swap gates, controlled phase shift gates and a three-dimensional
analogue of the Hadamard gate are realized. NMR experimental implementation of
these ternary quantum gates is followed by a complete quantum state tomography
of the single-qutrit system. A spin-1 deuterium nucleus of the deutrated-chloroform
molecule serves as a single-qutrit system. In order to obtain a well resolved pair of
single-quantum transitions in deuterium NMR spectrum, the chloroform-D molecule is
embedded in an anisotropic environment provided by a lyotropic liquid crystal. Simul-
taneous excitation of both the transitions correspond to the spin-selective excitations
(or non-selective as there is only one spin here), and the excitation of one transition at
a time corresponds to the transition-selective pulse.
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3. Single qutrit dynamics using Majorana geometrical representation

3.1 Majorana representation

Consider the state of a spin ‘s’ in 2s+ 1 dimensional Hilbert space (‘s’ can have both
integral as well as half integral values),

|Ψ〉 =
+s∑
j=−s

Cj|j〉 = C−s|−s〉+ · · ·+ C0|0〉+ · · ·+ C+s|+s〉 (3.1)

where |j〉s are the orthonormal basis vectors and Cjs are their respective complex
coefficients. Majorana introduced a polynomial of degree 2s,

a0ζ
2s + a1ζ

2s−1 + . . . · · ·+ a2s = 0, (3.2)

where
ar = (−1)r

Cs−r√
(2s− r)!r!

. (3.3)

This polynomial has ‘2s’ complex roots, which are plotted on the xy-plane (complex
plane with purely real roots lying on the x−axis and the imaginary ones on the y−axis).
Inverse stereographic projection of each of these roots with respect to the south pole
of the unit sphere, gives rise to ‘2s’ points on the surface of a unit sphere. These ‘2s’
points comprise the Majorana representation of a spin s. In case of a single-qutrit
(spin-1 system), |Ψ〉 = C−1|−1〉+C0|0〉+C+1|+1〉 and the corresponding Majorana
polynomial is a quadratic equation given by

a0ζ
2 + a1ζ + a2 = 0,

a0 =
C+1√

2
, a1 = −C0, =

C−1√
2
. (3.4)

The roots of this equation are plotted in the plane z = 0, which are represented
by points (P ′1(x′1, y

′
1, 0) and P ′2(x′2, y

′
2, 0)) in Figure 3.1(a). Their respective inverse

stereographic projections, lead to two points on the unit sphere that is centered at
O(0, 0, 0). In Figure 3.1(a), the stereographic projections are shown by dashed lines
passing through south pole of the unit sphere (S(0, 0,−1)) and the respective roots
shown as two black dots in the plane z = 0. These two dashed lines intersect the unit
sphere at two points (P1(x1, y1, z1) and P2(x2, y2, z2)) shown in red and blue colors
respectively. Thus a qutrit is represented by 2 points on the surface of a unit sphere in
Majorana representation. A few examples of the Majorana representation of a set of
single-qutrit basis vectors are given below:
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P
′
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′
2, y

′
2, 0)

S(0, 0,−1)

O

−→p1

−→p2

θ1

φ1

Figure 3.1: Majorana representation of a qutrit represented by two points P1 and P2, con-
nected with the center of the sphere by lines shown in red and blue colors respectively.
θ1, φ1 are the polar and azimuthal angles respectively corresponding to point P1 (simi-
larly there are spherical polar coordinates θ2, φ2 for point P2). (a) Roots of the Majorana
polynomial are shown in the plane z = 0 by points P ′1 and P

′
2, whose inverse stereo-

graphic projection give rise to the Majorana representation. Three examples are shown
corresponding to the Majorana representation of single-qutrit basis vectors (b) | + 1〉, (c)
|0〉 and (d) | − 1〉.

•

|ψ〉 = |+ 1〉 =

 1
0
0

 (3.5)

This leads to a0 = 1√
2
, a1 = 0, a2 = 0, and thus both the roots of the polyno-

mial in Equation (3.4) are found to be ‘0’,whose coordinates in the prescribed
xy plane are (0,0). Inverse stereographic projection w.r.t south pole, intersects
the Majorana sphere at the north pole of the sphere. Thus the Majorana repre-
sentation of the eigenvector of Pauli z-operator, Σz (in three dimensions) with
eigenvalue +1, consists of both the points at the north pole of the sphere, whose
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3. Single qutrit dynamics using Majorana geometrical representation

(x, y, z) coordinates in three-dimensional real space (R3) are given as (0, 0, 1),
(0, 0, 1). This is pictorially shown in Figure 3.1(b).

•

|ψ〉 = |0〉 =

 0
1
0

 (3.6)

This leads to a0 = 0, a1 = −1, a2 = 0, the Majorana polynomial

εζ2 − 1ζ = 0, ε→ 0, (3.7)

gives rise to two roots ‘0’ and ‘∞’, with coordinates in the xy plane (0,0) and
(∞,0) respectively. Inverse stereographic projection of these two points w.r.t
south pole, intersect the Majorana sphere at the north pole and the south pole
respectively of the sphere. Thus the Majorana representation of the eigenvector
of Pauli z-operator, Σz (in three dimensions) with eigenvalue 0, consists of two
points: (0, 0, 1), (0, 0,−1). This is pictorially shown in Figure 3.1(c).

•

|ψ〉 = | − 1〉 =

 0
0
1

 (3.8)

This leads to a0 = 0, a1 = 0, a2 = 1√
2
, the Majorana polynomial

εζ2 +
1√
2

= 0, ε→ 0, (3.9)

gives rise to two roots ‘±ι∞’, with coordinates in the xy plane (ι∞,0) and
(−ι∞,0). Inverse stereographic projection w.r.t south pole, does not intersect
the unit sphere anywhere else, other than the south pole of the sphere. Thus the
Majorana representation of the eigenvector of Pauli z-operator, Σz (in three di-
mensions) with eigenvalue -1, consists of both the points at the south pole of the
sphere, whose (x,y,z) coordinates in three-dimensional real space (R3) are given
as (0, 0,−1), (0, 0,−1). This is pictorially shown in Figure 3.1(d).
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3.1 Majorana representation

General state of a three-level system and its Majorana representation

As per Majorana representation of a qutrit, every pure state of a qutrit can be rep-
resented geometrically by a pair of points on a unit sphere. Conversely, given two
arbitrary points on a unit sphere, there always exists a pure quantum state of a qutrit
corresponding to the given pair of points.
Let us consider two points P1(θ1, φ1) and P2(θ2, φ2) chosen arbitrarily on the unit
sphere such that θi ∈ [0, π], φi ∈ [0, 2π]. As shown in Figure 3.1(a), x, y, z coordinates
of these points are written as:
P1(sin θ1 cosφ1, sin θ1 sinφ1, cos θ1) and P2(sin θ2 cosφ2, sin θ2 sinφ2, cos θ2).

Each of these points (P1, P2), when connected with the south pole of the sphere,
S(0, 0,−1) by a line, intersects the plane z = 0 at points P ′1(x

′
1, y

′
1, 0) and P ′2(x

′
2, y

′
2, 0)

respectively. Figure 3.1(a) shows the dotted plane z = 0 with dashed black boundaries.
A dashed blue line starting from the point S(0, 0,−1), and after passing through point
P2(x2, y2, z2) (which lies on the rear portion of the sphere and hence is represented by a
blue ring) is shown to intersect the plane z = 0 at point P ′2(x

′
2, y

′
2, 0) (when produced).

The point P1(x1, y1, z1), shown in red, when connected via a red dashed line with the
south pole of the sphere, intersects the plane z = 0 at point P ′1(x

′
1, y

′
1, 0) shown as

a black dot (Figure 3.1(a)). The coordinates of the points of intersection being x′i =

(sin θi cosφi)/(1 + cos θi), y′i = (sin θi sinφi)/(1 + cos θi), z′i = 0. As per Majorana
representation, these points (P ′i , i = 1, 2) correspond to the graphical representation of
the roots of the Majorana polynomial. Thus two roots of the second degree Majorana
polynomial for a qutrit are eιφi tan θi

2
, i = 1, 2. Finding the coefficients of the quadratic

Majorana polynomial, state of the qutrit in 3-dimensional Hilbert space is found out to
be

|ψg〉 = Γ

 √
2 cos θ1

2
cos θ2

2

eιφ1 sin θ1
2

cos θ2
2

+ eιφ2 cos θ1
2

sin θ2
2√

2eι(φ1+φ2) sin θ1
2

sin θ2
2

 (3.10)

where Γ =
√

2/
(√

3 + cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1 − φ2)
)

.

This state is the most general single-qutrit state whose Majorana representation is
given by points P1 and P2. Assuming values of θi ∈ [0, π] and φi ∈ [0, 2π], state |ψg〉
spans the complete qutrit Hilbert space. For example, taking θ1 = φ1 = θ2 = φ2 = 0,
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3. Single qutrit dynamics using Majorana geometrical representation

points P1, P2 are found to lie at north pole of the unit sphere and |ψg〉 is found out
to be | + 1〉, which is as expected. Similarly θ1 = 0, φ1 = 0, θ2 = π, φ2 = 0 and
θ1 = π, φ1 = 0, θ2 = π, φ2 = 0 result in states |0〉 and | − 1〉 respectively.

3.1.1 Rotations on the Majorana sphere

Rotations of the pair of points, representing a qutrit on the Majorana sphere, can
be achieved by the group of rotations in three-dimensional real space (R3). Con-
sider a single-qutrit state, |ψinitial〉 whose Majorana representation is given as points
P1(x1, y1, z1) and P2(x2, y2, z2) (Figure 3.1(a)). Joining each of these points with the
center of the sphere (O(0, 0, 0)), one obtains unit vectors

−−→
OP1 and

−−→
OP2, which are be-

ing represented as −→p1 and −→p2 respectively in Figure 3.1(a). Rotation of these vectors in
three-dimensional coordinate space (R3) is governed by the rotation operators, Ri(ξi)

with i ∈ {x, y, z} (giving rotation about i−axis by angle ξi):

Rx(ξx) =

 1 0 0
0 cos(ξx) sin(ξx)
0 − sin(ξx) cos(ξx)

 ,

Ry(ξy) =

 cos(ξy) 0 − sin(ξy)
0 1 0

sin(ξy) 0 cos(ξy)

 ,

Rz(ξz) =

 cos(ξz) sin(ξz) 0
− sin(ξz) cos(ξz) 0

0 0 1

 .

(3.11)

These are the SO(3) group of transformations, under whose action, the pair of points
move like a rigid object on the Majorana sphere, which in turn rotate the corresponding
single-qutrit state. In order to gain further insights into the Majorana representation of
a qutrit, it is interesting to find out the corresponding operations in the Hilbert space of
a single qutrit.
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3.1 Majorana representation

The operator space of a single-qutrit is completely spanned by eight elements of the
SU(3) group [126]. This set of elements of course span the much smaller single-qutrit
state space. However, a set of three-dimensional analogue of the Pauli matrices which
is a subgroup of the SU(3) transformations consist of only three elements. These three
elements act as generators for the SO(3) transformations. Explicitly, SO(3) transforma-
tions in 3−dimensional Hilbert space are generated by the three-dimensional analogue
of the Pauli matrices,

Σx =
1√
2

 0 1 0
1 0 1
0 1 0

 ,Σy =
1√
2

 0 −ι 0
ι 0 −ι
0 ι 0

 ,Σz =

 1 0 0
0 0 0
0 0 −1

 .

(3.12)
These Hermitian operators generate unitary transformations defined as:

Ui(ξ) = eιξΣi = ∆ + (cos ξ − 1) Σ2
i + ι sin ξ Σi (3.13)

where ∆ is the 3× 3 identity matrix.
These transformations span only a part of the Hilbert space of a qutrit, but possess some
interesting features. When Ui(ξ) acts on a single-qutrit state |ψ〉 in the 3−dimensional
Hilbert space, it leads to the rotation of the two points representing a qutrit on the Ma-
jorana sphere by angle ξ about i-axis. Explicit matrices for the unitary transformations
generated by Σx,Σy,Σz are respectively given as:

Ux(ξx) =
1√
2

 √
2 cos2( ξx

2
) ι sin(ξx) −

√
2 sin2( ξx

2
)

ι sin(ξx)
√

2 cos(ξx) ι sin(ξx)

−
√

2 sin2( ξx
2

) ι sin(ξx)
√

2 cos2( ξx
2

)

 ,

Uy(ξy) =
1√
2

 √
2 cos2( ξy

2
) sin(ξy) −

√
2 sin2( ξy

2
)

− sin(ξy)
√

2 cos(ξy) sin(ξy)

−
√

2 sin2( ξy
2

) − sin(ξy)
√

2 cos2( ξy
2

)

 ,

Uz(ξz) =

 eιξz 0 0
0 1 0
0 0 e−ιξz

 .

(3.14)
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3. Single qutrit dynamics using Majorana geometrical representation

The correspondence between the action of Ri(ξi) on the Majorana representation
in R3 and that of Ui(ξi) in three-dimensional Hilbert space can be revealed using the
following procedure:

• Consider a state of qutrit |ψinitial〉, and its Majorana representation P1(x1, y1, z1)

and P2(x2, y2, z2).

• Implement a unitary transformationUi(ξi) in the three-dimensional Hilbert space,
such that |ψfinal〉 = Ui(ξi)|ψinitial〉. Majorana representation of the final state
being Q1(x

′
1, y

′
1, z

′
1) and Q2(x

′
2, y

′
2, z

′
2).

• On the other hand, consider rotation of vectors −→p1 and −→p2 under the operator
Ri(ξi) on the Majorana sphere. This results in vectors −→q1 = Ri(ξi)

−→p1 and −→q2 =

Ri(ξ2)−→p1 . It is found that vectors −→q1 and −→q2 intersect the Majorana sphere at
points Q1(x

′
1, y

′
1, z

′
1) and Q2(x

′
2, y

′
2, z

′
2) respectively. These points are exactly

same as that of the Majorana representation of |ψfinal〉.

This step by step procedure is demonstrated explicitly for a general single-qutrit state
under the effect of a unitary transformation. Let us consider a general single-qutrit
state (|ψg〉) as the initial state:

|ψinitial〉 = Γ

 √
2 cos θ1

2
cos θ2

2

eιφ1 sin θ1
2

cos θ2
2

+ eιφ2 cos θ1
2

sin θ2
2√

2eι(φ1+φ2) sin θ1
2

sin θ2
2

 (3.15)

where Γ =
√

2/
(√

3 + cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1 − φ2)
)

.
The Majorana representation of this state is given by two points (Section 3.1):
P1(sin θ1 cosφ1, sin θ1 sinφ1, cos θ1) and P2(sin θ2 cosφ2, sin θ2 sinφ2, cos θ2).

Considering an operator Uz(ξz = φ1), under whose action, the general single-qutrit
state gives rise to the final state,

|ψfinal〉 = Uz(φ1)|ψinitial〉 = Γ

 √
2 cos θ1

2
cos θ2

2

sin θ1
2

cos θ2
2

+ eι(φ2−φ1) cos θ1
2

sin θ2
2√

2eι(φ2−φ1) sin θ1
2

sin θ2
2

 (3.16)

where Γ =
√

2/
(√

3 + cos θ1 cos θ2 + sin θ1 sin θ2 cos(φ1 − φ2)
)

.
Majorana representation of state |ψfinal〉 is found to be the points: Q1 (sin θ1, 0, cos θ1)
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3.1 Majorana representation

and Q2 (sin θ2 cos(φ2 − φ1), sin θ2 sin(φ2 − φ1), cos θ2).
On the other hand, re-considering points (P1, P2), constituting the Majorana represen-
tation of state |ψinitial〉, and its corresponding unit vectors (−→p1 ,

−→p2) (Figure 3.1(a)).
Let us rotate each of these unit vectors about z−axis by angle (φ1) in the clock-
wise direction. The resulting vectors: −→q1 = Rz(φ1)−→p1 and −→q2 = Rz(φ1)−→p2 inter-
sect the unit sphere at points Q′1 and Q′2 respectively. These points are found out to be:
Q′1 (sin θ1, 0, cos θ1) andQ′2 (sin θ2 cos(φ2 − φ1), sin θ2 sin(φ2 − φ1), cos θ2), which are
exactly same as points Q1 and Q2 respectively. Thus a most general single-qutrit state
when acted upon by operator Uz(ξz) in H3, its corresponding Majorana representation
undergoes the rotation in R3 by same angle (ξz) about z−axis. This argument holds
for an arbitrary single-qutrit SO(3) transformation. This has been numerically tested
with randomly chosen single-qutrit states under the effect of arbitrarily chosen SO(3)
transformation operators.

Thus, it can be concluded that there is a one-one correspondence between the ac-
tion of Ui(ξi) in Hilbert space (H3) and Ri(ξi) in R3 for a single-qutrit. In general,
Ui(ξi) transformations in Hilbert space of a qutrit, induce rotations of the correspond-
ing ‘Majorana points’ like a rigid object on the ‘Majorana sphere’.

3.1.2 Canonical state of a three-level system

SO(3) group of transformations rotate the two points (representing a qutrit on the Majo-
rana sphere) together like a rigid body rotation in three-dimensional coordinate space.
Interestingly, these transformations rotate a single-qutrit as a whole, and are thus exper-
imentally implemented in NMR by non-selective radio frequency pulses. This makes
it more interesting to explore the SO(3) subgroup of SU(3) operations for a three-level
quantum system. A pair of Majorana points representing a qutrit and its rotations in R3

corresponding to the SO(3) transformations in a single-qutrit Hilbert space, are used as
a probe to explore many interesting properties of a qutrit. In three-dimensional Hilbert
space (H3) a pure state of a single-qutrit is represented using three complex parame-
ters or one can say six real parameters. One of these complex parameters can be made
purely real by taking out the global phase, thus reducing the total number of real pa-
rameters to five. Normalization further reduces the number of parameters giving rise to
a total of four independent real parameters to define a pure state of a qutrit. The Majo-
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3. Single qutrit dynamics using Majorana geometrical representation

rana representation of a single-qutrit does not take into account the global phase, thus
a given pair of points on the Majorana sphere represent infinitely many single-qutrit
states that are equivalent to each other upto a global phase. In other words, one can
omit the global phase of a single-qutrit state in the context of Majorana representation.
Thus, the discussion here is confined only to the four independent real parameters that
characterize a single-qutrit pure state.

A basic question arises: Is there a state of a three-level quantum system from which
each and every state in three-dimensional Hilbert space of a qutrit can be obtained by
SO(3) operators? The answer to this is of course ‘no’; however one can define a set
of parametric states. Such a set of single-qutrit states are termed here as ‘canonical
states’. A ‘canonical state’ of a single-qutrit can be represented as:

|ψc〉 =

 sinα
0

cosα

 , α ∈ [0, π/2]. (3.17)

Here Majorana representation is used in order to analyze that, while α ∈ [0, π/2];
canonical state, |ψc〉 (α) is able to span the complete 3-dimensional Hilbert space under
the action of SO(3) transformations. Majorana representation of |ψc〉 is composed of
two points, P1(0, yc, zc) and P2(0,−yc, zc) where

xc = 0,

yc =

√
2 sin 2α

sinα + cosα
,

zc =
sinα− cosα

sinα + cosα
. (3.18)

These points lie on the great circle in the plane x = 0, such that they have same value
of z− coordinates and equal and opposite values of the projection on y−axis as shown
in Figure 3.2. Angle enclosed between the points P1 and P2 at the center of sphere is
given as: η = 2 sin−1 yc. As α varies from 0 ≤ α ≤ π

2
, η assumes values 0 ≤ η ≤ 2π,

thus the two points P1 and P2 lie all along the great circle in the plane x = 0 as shown
in Figure 3.2.

Re-considering the Majorana representation of |ψc〉 (3.2), OO′ is the perpendicular
bisector of line joining the points P1, P2 as well as that of the angle η. Under the action
ofUi(ξi) transformation on a canonical state (fixing the value of α), correspondingOO′

in the Majorana representation rotates like an ordinary vector in the coordinate space.
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(a)

x

y

z

P1(0, yc, zc)
P2(0,−yc, zc)

η

O(0, 0, 0)

O
′

Figure 3.2: Majorana representation of canonical state, |ψc〉 shown as two points P1

and P2 in red and blue colors respectively. Dotted lines joining P1 and P2 with center
O(0, 0, 0), enclose angle η at the center of the sphere.

In general, a set of three rotations in R3 (example: Euler rotations) can help a vector to
assume all the possible orientations on a sphere in three-dimensional real space. Thus
a fixed value of the vector

−−→
OO

′ can span the surface of a sphere with radius |
−−→
OO

′|
in a three-dimensional real space under Ri(ξi). Also, the bisector OO′ attains values
ranging from −1 to 1, as α assumes the values: 0 ≤ α ≤ π

2
, which provides another

degree of freedom. Therefore the bisector of the pair of Majorana points (representing
a canonical state) assume infinitely many orientations on the Majorana sphere and
exhibit the magnitude of the bisector in the range [0, 1]. One degree of freedom (α)
of the canonical state, and the three degrees of freedom obtained from three SO(3)
transformations, are capable to provide a most general pure state of a qutrit as discussed
in Section 3.1.

3.1.3 A set of SO(3) operators that links the general qutrit state
with the qutrit canonical state

In this section, a set of three SO(3) operators are explicitly obtained with specific
angles and rotation axes, under whose action, general and canonical states of a single-
qutrit can be inter-converted. As discussed in section 3.1.1 there exists one to one
correspondence between the action of operators Ui(ξi) in three-dimensional Hilbert
space (H3) and Ri(ξi) in the three-dimensional space real coordinate space (R3). The

67



3. Single qutrit dynamics using Majorana geometrical representation

Majorana representation of the states (|ψg〉, |ψc〉) is used to find a set of rotation matri-
ces, Ri(ξi)s.

Considering two arbitrary points Pi(xi, yi, zi) (i = 1, 2) representing the state of a
qutrit on the Majorana sphere. These two points are rotated separately by same angle
and about the same axes on the Majorana sphere. As per Majorana representation, pair
of points representing a canonical state lie along the circumference of the great circle in
the plane x = 0. Therefore points Pi(xi, yi, zi) (i = 1, 2) are first brought to the plane
x = 0. This is achieved by β angle rotation about y−axis which is then followed by γ
angle rotation about z−axis. The values of angles β and γ are found in such a way that
x−components of vectors Rz(γ)Ry(β)

−−→
OPi = 0 (i = 1, 2). The equations obtained in

this case help in determining the values of β and γ. The state resulted previously is
then rotated about x−axis by angle ‘δ’ with constraints that the y-coordinates of the
final points are of equal and opposite values or z-coordinates of both the points are
equal. Thus one can arrive at the configuration of points as per definition of that of the
canonical state (ψc). The angles found explicitly, are given as:

β = tan−1 cosφ1 tan θ1 − cosφ2 tan θ2

sinφ1 tan θ1 − sinφ2 tan θ2

γ = cos−1±
√

cos2 θ1 − cos2 θ2

sin2 θ2 sin2(β + φ2)− sin2 θ1 sin2(β + φ1)

δ = tan−1 cos γ(sin θ1 sin(β + φ1) + sin θ2 sin(β + φ2)

cos θ1 + cos θ2

(3.19)

Corresponding operations in the Hilbert space leads us to the canonical state, starting
from the general qutrit state (or vice versa)

|ψc〉 = Ux(δ)Uz(γ)Uy(β)|ψg〉. (3.20)

Thus, the single parameter family of canonical states (|ψc〉α) alongwith the angles β,
γ, and δ completely span three-dimensional Hilbert space.

3.1.4 SU(3) transformations

SU(3) is a special unitary group whose elements can completely span the operator
space of a qutrit. A set of eight Λ matrices that are the generators of the SU(3) group,
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3.1 Majorana representation

are the Gell Mann matrices [126] which are also used in particle physics. A set of eight
Λ matrices and their properties [105, 126] given as:

Λ1 =

 0 1 0
1 0 0
0 0 0

 ,Λ2 =

 0 −ι 0
ι 0 0
0 0 0

 ,Λ3 =

 1 0 0
0 −1 0
0 0 0

 ,

Λ4 =

 0 0 1
0 0 0
1 0 0

 ,Λ5 =

 0 0 −ι
0 0 0
ι 0 0

 ,Λ6 =

 0 0 0
0 0 1
0 1 0

 ,

Λ7 =

 0 0 0
0 0 −ι
0 ι 0

 , Λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

 .

(3.21)

Such that the commutator,

[Λa,Λb] = 2ιfabcΛc where a, b, c ∈ {1, 2 . . . 8} (3.22)

The non-vanishing components of fabc are:

f123 = 1, f458 = f678 =

√
3

2

and f147 = f246 = f257 = f345 = f516 = f637 =
1

2
(3.23)

The anti-commutator,
{Λa,Λb} =

4

3
δab + 2dabcΛc. (3.24)

Where the non-zero components of completely symmetric tensor dabc are given as:

d118 = d228 = d338 = −d888 =
1√
3
,

d448 = d558 = d668 = d778 = − 1

2
√

3
,

and d146 = d157 = −d247 = d256 = d344 = d355 = −d366 = −d377 =
1

2
.

(3.25)
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3. Single qutrit dynamics using Majorana geometrical representation

Also Tr (ΛaΛb) = 2δab, thus it follows that: fabc = −1
4
ιTr (Λa [Λb,Λc]), and dabc =

1
4
Tr (Λa{Λb,Λc}).

The transformations that these matrices generate (UΛi = eιθΛi) target a two-level
subspace of the three-level quantum system. These operations can be experimentally
implemented via transition-selective pulses in NMR. A transition-selective pulse in
NMR is governed by the single transition operators [40], generating transformations:

eιξI
rs
k = I − Irs + cos

ξ

2
Irs + 2ι sin

ξ

2
Irsk , (3.26)

which is a unitary operator exciting transition between levels r, s about kth axis by
angle ξ. Irsk is the product operator element corresponding to the (r, s) subspace (r, s ∈
{1, 2, 3}: correspond to the three labels of the spin-1 energy levels, and |i〉, |j〉 are the
single-qutrit basis vectors) and k ∈ {x, y, z}. The explicit form of the matrix elements
of these transition-selective operators [40] is given as:

〈i|Irsx |j〉 =
1

2
(δirδjs + δisδjr)

〈i|Irsy |j〉 =
ι

2
(−δirδjs + δisδjr)

〈i|Irsz |j〉 =
1

2
(δirδjr − δisδjs)

〈i|Irs|j〉 =
1

2
(δirδjr + δisδjs) (3.27)

Using simple algebra, one can easily arrive at:

I12
x =

1

2
Λ1, I12

y =
1

2
Λ2, I12

z =
1

2
Λ3 (3.28)

I23
x =

1

2
Λ6, I23

y =
1

2
Λ7, I23

z =
1

2

(√
3Λ8 − Λ3

)
(3.29)

I13
x =

1

2
Λ4, I13

y =
1

2
Λ5, I13

z =
1

2

(√
3Λ8 + Λ3

)
(3.30)

Equations (3.28), (3.29),and (3.30) depict the direct link between single-transition
operators in NMR and the Gell Mann matrices. Correspondence shown in Equa-
tion (3.30) corresponds to the subspace of levels 1 and 3 of a qutrit. However, there is
double quantum associated with this type of transition, thus it can not be implemented
by a single transition. Correspondence shown in Equations (3.28) and (3.29) represents
the subspace containing levels (1,2) and levels (2,3) respectively.
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3.2 Spin-1 Magnetization vector

3.2 Spin-1 Magnetization vector

In this part of the present chapter, a physical picture of the single-qutrit magnetization
vector is introduced with the help of Majorana representation. Although a qutrit is a
higher dimensional object and is not realizable in R3, yet the magnetization associated
with a single-qutrit pure state is a vector in real three-dimensional space.

As per the analysis described in the previous section, any general single-qutrit state
can be brought to the canonical state via a set of three SO(3) transformations. Re-
considering the canonical pure state of a single-qutrit,

|ψ〉 =

 sinα
0

cosα

 , α ∈ [0, π/2]. (3.31)

Expectation values of the three-dimensional analogue of the Pauli operators (Σi) in
state ρ = |ψ〉〈ψ| correspond to the components of the spin-1 magnetization vector
along ith axes. Thus spin-1 magnetization vector is written as:

−→
M = 〈Σx〉x̂+ 〈Σy〉ŷ + 〈Σz〉ẑ. (3.32)

The expectation values in the given state are obtained as:

〈Σx〉 = 0,

〈Σy〉 = 0,

〈Σz〉 = − cos(2α). (3.33)

Thus, the magnitude of the magnetization vector,

|−→M | = | cos(2α)|. (3.34)

Special cases :

• At α = π
2
, |−→M | = 1,

• At α = π
4
, |−→M | = 0,

• At α = 0, |−→M | = 1.
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3. Single qutrit dynamics using Majorana geometrical representation

Thus the magnitude of the magnetization vector obtained, is as expected for the three
eigenstates of Σz. The magnitude of the magnetization vector remains unaltered under
the effect of SO(3) transformations. SO(3) rotations cause rotations of spin as a whole
without effecting the content of the magnetization (magnitude of the magnetization
vector). This can be easily proved as shown in the following subsection.

3.2.1 Invariance of the magnitude of magnetization vector under
SO(3) transformations

Consider an arbitrary single-qutrit state |ψ〉 in H3. Expectation values of the Pauli
matrices can be defined as:

〈Σx〉 = Tr〈ψ|Σx|ψ〉
〈Σy〉 = Tr〈ψ|Σy|ψ〉
〈Σz〉 = Tr〈ψ|Σz|ψ〉, (3.35)

and the magnitude of the magnetization vector is given as:

|−→M | = |
√
〈Σx〉2 + 〈Σy〉2 + 〈Σz〉2|. (3.36)

Consider the evolution of the state |ψ〉 under SO(3) transformations (U ) generated by
Σy (say) by an arbitrary angle θ. The final state is given as: |ψ〉f=exp(−ιθΣy)|ψ〉.
Re-considering the expectation values of the Pauli spin operators in state |ψ〉′,

〈Σx〉f = Tr〈ψ|U †ΣxU |ψ〉
= Tr〈ψ|(cos(θ)Σx − sin(θ)Σz)|ψ〉
= cos(θ)Tr〈ψ|Σx|ψ〉 − sin(θ)Tr〈ψ|Σz|ψ〉
= cos(θ)〈Σx〉 − sin(θ)〈Σz〉

〈Σy〉f = Tr〈ψ|Σy|ψ〉
= 〈Σy〉

〈Σz〉f = Tr〈ψ|Σz|ψ〉
= Tr〈ψ|(cos(θ)Σz + sin(θ)Σy)|ψ〉
= cos(θ)Tr〈ψ|Σz|ψ〉+ sin(θ)Tr〈ψ|Σy|ψ〉
= cos(θ)〈Σz〉+ sin(θ)〈Σy〉 (3.37)
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3.2 Spin-1 Magnetization vector

The magnitude of the magnetization vector for state |ψ〉′ is thus obtained as:

|−→M f | = |
√
〈Σx〉2f + 〈Σy〉2f + 〈Σz〉2f |

= |
√

(cos(θ)〈Σx〉 − sin(θ)〈Σz〉)2 + 〈Σy〉2 + (cos(θ)〈Σz〉+ sin(θ)〈Σy〉)2|

= |
√
〈Σx〉2 + 〈Σy〉2 + 〈Σz〉2| = |

−→
M | (3.38)

This verifies that the magnitude of magnetization of a qutrit in an arbitrary state |ψ〉
remains unaltered under SO(3) transformation generated by Σx operator. Similar is the
situation with that of transformations generated by Σy and Σz by arbitrary angles. This
leads us to the known fact that |−→M | is rotationally invariant.

Summarizing the properties of single-qutrit magnetization

• Projections of the magnetization vector of a given single-qutrit state on the x,y,z-
axes in R3 correspond to 〈Σx〉, 〈Σy〉 and 〈Σz〉 respectively.

• |−→M | is rotationally invariant, thus for a fixed value of α, one can obtain infinitely
many single-qutrit states with same value of the magnetization.

• As α varies between [0,π
2
], |−→M | assumes a continuous set of values ranging from

[0,1].

3.2.2 Majorana representation of the magnetization vector

Re-considering the single-qutrit canonical state and its Majorana representation. In the
context of Majorana representation, as per Figure 3.2, the length ‘lb’ of the perpendic-
ular bisector OO′ can be given as cos(η

2
) = zc.

lb =
sinα− cosα

sinα + cosα

=
−1

cos 2α
+

√
1− cos2(2α)

cos 2α

lb +
1

cos 2α
=

√
1− cos2(2α)

cos 2α
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3. Single qutrit dynamics using Majorana geometrical representation

Squaring both sides,

l2b +
1

cos2(2α)
+

2lb
cos(2α)

=
1− cos2(2α)

cos2(2α)

− cos(2α) =
2lb

(l2b + 1)
(3.39)

L.H.S. of Equation (3.39) is 〈ψc|Σz|ψc〉. Also, as seen in the previous section, 〈ψc|Σx|ψc〉 =

0 and 〈ψc|Σy|ψc〉 = 0. The magnitude of the magnetization vector of a single-qutrit in
state |ψc〉 is given as:

|−→M | = |〈ψc|Σz|ψc〉|
= | − cos(2α)|

=
2|lb|

(l2b + 1)
(3.40)

Therefore one can conclude that R.H.S. of Equation (3.39) is the magnitude of the
magnetization vector of a qutrit in state |ψc〉. Thus, in the context of Majorana repre-
sentation, |−→M | can be obtained from length ‘lb’ of the bisectorOO′ (Figure 3.2). Again

|−→M | = | cos(2α)| = 2|lb|
(l2b + 1)

(3.41)

Under SO(3) transformations on the Majorana sphere in R3, the points representing a
qutrit move like a rigid object on the unit sphere. Therefore the quantity ‘lb’ is invariant
under SO(3) transformations and so is the quantity 2|lb|

(l2b+1)
.

Re-considering the Majorana representation of the canonical state of a single-qutrit
(Figure 3.2), as angle α varies from 0 to π

4
, the length of the bisector (lb) varies from

‘1’ to ‘0’, and further changes from ‘0’ to ‘1’ with α varying from π
4

to π
2
. Correspond-

ingly the magnitude of the magnetization vector (|−→M |) also varies from ‘1’ to ‘0’, and
then from ‘0’ to ‘1’. Thus the magnitude of the magnetization vector (|−→M |) in a pure
ensemble of a single-qutrit can assume values in the range [0,1]. On the contrary, the
pure ensemble of a qubit always possesses unit magnitude of the magnetization vector
associated with it. Further, for a fixed value of angle α, the length (lb) and hence |−→M |
assume a fixed value in the range [0,1]. As discussed earlier, length of the bisector (lb)
and hence the magnitude of the magnetization vector are rotationally invariant, thus
under the effect of SO(3) transformations, one can obtain infinitely many single-qutrit
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3.2 Spin-1 Magnetization vector

Figure 3.3: This is a cross-section of the Majorana sphere. Circles of different radii cor-
respond to the surfaces of constant magnetization in a single qutrit. Red arrows pointing
towards different directions are few of the infinitely many magnetization vectors with con-
stant surface of magnetization shown in red.

states with same value of |−→M |. Therefore under the effect of a set of three SO(3) trans-
formations (Section 3.1.3), one obtains single qutrit states lying all over the Majorana
sphere, and the corresponding bisector (and so is the magnetization vector) traversing
a sphere with radius lb (|−→M |). Thus one can say that in case of a single spin-1, there
exist concentric spheres of constant magnetization (corresponding to given value of
α). Thus corresponding to a given value of the length of the bisector, one can assume
concentric spheres with continuously varying radii, whose surfaces are the surfaces of
constant magnetization. The radii of these spheres are equal to |−→M |, that vary in the
range [0,1]. Circular cross-section of the Majorana sphere depicting the magnetization
vector is shown in Figure 3.3 where an example with |−→M | = 1√

2
is shown as a red circle

inside the cross-section of a unit sphere.

3.2.3 Pointing and non-pointing states

Depending on whether a specific direction can be assigned to the qutrit state or not,
these states can be classified as ‘pointing’ or ‘non-pointing’. A single-qutrit state that
has a direction of orientation and also possesses a non-zero magnetization is termed as
a pointing state, while the states with zero magnetization and with no directional ori-
entation are termed as non-pointing states. In the context of Majorana representation,
non-pointing states are diametrically opposite points on the unit sphere, such that the
bisector of the angle enclosed at the center of the sphere vanishes. On the other hand,
pointing states have non-zero magnetization. Under SO(3) transformations, pointing
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3. Single qutrit dynamics using Majorana geometrical representation

states remain always pointing while the non-pointing states remain non-pointing.
Here are a few examples: Reconsidering the Majorana representation of |+ 1〉(| −

1〉), it is interesting to see that this state points along +z(−z) direction. On the other
hand |0〉 has diametrically opposite points in the Majorana representation and is a non-
pointing state.

In general, an eigenstate of Σi with eigenvalue +1 points along the +i direction
and an eigenstate of Σi with eigenvalue −1 points in the −i direction. States with zero
eigenvalue can be supposed to have a zero magnetization and thus do not have any
preferred direction of orientation.

3.3 Quantum computing with a single-qutrit

The quantum operations on a single-qutrit can be utilized to perform computing on a
single-qutrit system.

3.3.1 NMR qutrit

The simplest way to realize a qutrit in NMR is to use a nucleus with spin-1. Three
energy eigenstates of a spin-1 are mapped on to the three energy levels of a qutrit
labeled as (|+ 1〉, |0〉 and | − 1〉). There exist two single quantum transitions governed
by a set of Λ matrices (as described in Chapter-3). A qutrit in NMR can be obtained by
using a spin-1 nucleus. A spin-1 nucleus possesses electric quadrupole moment which
upon interaction with the electric field gradients give rise to a quadrupolar coupling
term in the Hamiltonian. NMR Hamiltonian of a spin-1 (with gyromagnetic ratio = γ)
in the presence of a static magnetic field (B0 = −ω0/γ) [39, 42] is given as:

H = −ω0Iz +
eQVzz

4I(2I − 1)
(3I2

z − I2) (3.42)

where ω0 is the Larmor precession frequency, Q is the quadrupolar moment and Vzz is
the average value of the uniaxial electric field gradient component over the molecular
motion. The second term on the R.H.S. of the Hamiltonian(H) in Equation (3.42) is
the quadrupolar coupling term, whose average vanishes in an isotropic medium, as
provided by liquid state NMR. Thus, only the Zeeman interaction term survives which
leads to equally separated three energy levels of a spin-1 resulting in two degenerate
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3.3 Quantum computing with a single-qutrit

transitions. The resulting overlapped pair of spectral lines in frequency space can no
longer be addressed separately. This renders the spin-1 nucleus useless for quantum
computation using liquid state NMR techniques.

This problem can be resolved by providing an anisotropic environment for the spin-
1 molecule so that the quadrupolar coupling does not average to zero. This is achieved
by inserting the molecule in a liquid crystalline matrix. Liquid crystals exist in liquid
phase and exhibit properties of crystals. The molecular components of a liquid crystal
have a preferred direction of orientation and thus exhibit anisotropy like a crystal (Ap-
pendix 1). Anisotropic molecular orientation with respect to the strong magnetic field,
gives rise to a finite quadrupolar coupling term in the Hamiltonian which is now given
by

H = −ω0Iz + Λ(3I2
z − I2) (3.43)

where Λ = e2qQS/4 is the effective value of the quadrupolar coupling, eq = Vzz de-
notes the field gradient parameter, and S is the order parameter of the liquid crystal.
Depending upon the order parameter of the liquid crystal, a non-zero quadrupolar cou-
pling value also termed as the effective quadrupolar coupling is obtained. This effec-
tive quadrupolar coupling term is responsible for the splitting between the previously
degenerate transitions and hence gives rise to the two lines in the NMR spectrum.

3.3.2 Experimental single qutrit system

Quadrupolar nuclei have fast relaxation rates, which are further enhanced by the anisotropic
interactions. Therefore a careful choice of spin-1 nucleus and the liquid crystal is im-
portant. Deuterium nucleus is a spin-1 system with least value of the quadrupolar mo-
ment and sufficiently long spin relaxation times. The spin-1 system used in this study
is a deuterated chloroform molecule oriented in a lyotropic liquid crystal, where the
deuterium nucleus serves as the single qutrit. The lyotropic liquid crystal is composed
of 25.6% of Potassium Laurate, 68.16% of H2O and 6.24% of Decanol, and 50 µl of
Chloroform-D is added to 500 µl of liquid crystal. The deuterium NMR spectrum of
oriented Chloroform-D was acquired at different temperatures (Appendix 1). This sys-
tem possesses a liquid crystalline phase for a wide range of temperature. Spin-lattice
and spin-spin relaxation times, and the effective quadrupolar moment of the 2D nucleus
were observed for a wide range of temperatures. Qutrit computing demands individ-
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3. Single qutrit dynamics using Majorana geometrical representation

ual transitions to be addressed separately, thus a sufficiently large relative separation
between the spectral lines is required. There is an interplay between the large effective
quadrupolar moment with increased anisotropy (here at lower temperatures) and the
slower relaxation rates at lesser anisotropy (here at higher temperatures). An optimal
temperature of 277 K was found at which T1 and T2 relaxation times are approxi-
mately 170 ms and 50 ms respectively. The relative separation of the single quantum
transitions is of 936 Hz.

Figure 3.4 shows the energy level diagram of the three-level system along with the
relative populations in the presence of a magnetic field B0. The energy levels are num-
bered as {1, 2, 3} corresponding to the qutrit eigenstates |+ 1〉, |0〉, | − 1〉 respectively,
and the single quantum transitions are labeled with arrows. Figure 3.4(c) shows the
deuterium NMR spectrum of oriented Chloroform-D; the spectral lines corresponding
to transitions 1-2 and 2-3 are labeled as Line 1 and Line 2 respectively.

D

(a) (b) (c)

Q = 936 Hz

1
|+1〉

✉ ✉ ✉2
|0〉

✉ ✉3
|−1〉

✉
✻
❄

✻
❄

16 14 12 10 8 6 4 2 0 ppm

✛ ✲936 Hz

ωD (ppm)

|0
〉
−

|−
1
〉

|+
1
〉
−

|0
〉

Line 2 Line 1

Figure 3.4: A single spin 1 (Deuterium nucleus) in anisotropic environment acting as a
single qutrit. (a) Schematic of Chloroform-D molecule oriented in a liquid crystal exhibit-
ing nematic phase, (b) Energy level diagram of a single qutrit with energy levels numbered
from 1-3 and labeled with the respective basis vectors. Relative occupation of the energy
levels is shown by black circles. (c) Deuterium NMR spectrum of Chloroform-D with both
the spectral lines labeled with the corresponding transitions. The spectrum is acquired at
278 K. ν is the chemical shift of Deuterium and Q is the effective quadrupolar splitting at
a given temperature.

78



3.3 Quantum computing with a single-qutrit

Experimental details

All the experiments were performed on a 600 MHz Avance III NMR spectrometer
equipped with a QXI probe, with the deuterium nucleus resonating at 91.108 MHz.
The deuterium relaxation times T1 and T2 were of the order of 170 ms and 50 ms re-
spectively. All the transition-selective pulses used in this work are 4ms long ‘Gaussian’
shaped pulses and the non-selective ones are ‘Sinc’ shaped pulses with a duration of
0.5ms.

3.3.3 Initialization

For the purpose of NMR quantum computation, one needs to initialize the quantum
system in a pseudo-pure state. A pseudo-pure state is obtained by a different population
in one of the energy levels over a uniform background in an ensemble of ∼ 1018 spins.
Thus at thermal equilibrium, a single-qubit system already exists in a pseudo-pure
state, however this is not the case with a qutrit. A qutrit has three energy eigenstates
and therefore, three possible pseudo-pure states : | + 1〉, |0〉, | − 1〉. These states are
obtained from the thermal equilibrium state using transition-selective pulses followed
by gradient pulse that dephases the coherences. Pulse sequences for the preparation of
all three pseudo-pure states is shown in Figure 3.5.
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Figure 3.5: Pseudopure state preparation scheme, resulting into states : (a) | − 1〉, (b) |0〉
and (c) | + 1〉. Channels ln1 and ln2 correspond to transitions 1-2 and 2-3 respectively.
The gradient pulse of strength g is shown in the third channel.

3.3.4 Tomography of a single-qutrit

The final readout of the experimental state is carried out by quantum state tomography.
Generators of SU(3) operators (Λ matrices) alongwith a 3 × 3 identity matrix form a
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3. Single qutrit dynamics using Majorana geometrical representation

complete set of orthonormal bases in the operator space of qutrit and are identified as
a basis for tomography of a qutrit. The state of the qutrit in general is ρ = 1

2

∑8
i=1 ciΛi

where cis are real numbers, explicit form of the qutrit state is given as

ρ =
1

2

 c3 + c8√
3

c1 − ιc2 c4 − ιc5

c1 + ιc2 −c3 + c8√
3

c6 − ιc7

c4 + ιc5 c6 + ιc7
−2c8√

3

 . (3.44)

State reconstruction requires all eight expectation values cis to be determined which
requires a minimum of four operations as given below alongwith their corresponding
NMR pulse sequences.

• Identity : No operation

• UΛ1(
3π
2

) : I1−2
x (−π)

• kill coherences, UΛ1(
π
4
) : Gradz, I1−2

y (π
2
)

• kill coherences, UΛ7(
π
4
) : Gradz, I2−3

y (π
2
)

Single-qutrit NMR spectrum consists of two lines which are single quantum coher-
ences ρ12 and ρ23. First experiment gives the values of (c1, c2, c6, c7), second exper-
iment interchanges the intensities of single and double quantum terms providing the
values of (c4, c5) and last two experiments give the diagonal elements and hence the
values of (c3, c8). Calculating all these values from the intensities of spectral lines, the
experimental density matrix (ρe) can be constructed. Equation (1.6) is used to measure
the overlap between the theoretically expected and experimentally constructed density
matrices.

The pulse sequence shown in Figure 3.5 is implemented experimentally on thermal
equilibrium state of a qutrit. The initial and final state density operators are then to-
mographed using the set of four operators. Experimentally reconstructed single-qutrit
states are shown in Figure 3.6. Pseudo-pure states | + 1〉, |0〉 and | − 1〉 are obtained
with the fidelities (Equation (1.6)) 0.99, 0.97 and 0.99 respectively.

3.3.5 Experimental implementation of Λ matrices

There are two single quantum transitions exhibited by a three-level quantum sys-
tem, each one of these transitions belong to a two-level subspace. The transition-
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Figure 3.6: Real (Re) and imaginary (Im) parts of the experimentally constructed single-
qutrit density matrices are shown for (1) thermal equilibrium state, and the pseudo-pure
states: (b) |+ 1〉, (c) |0〉, and (d) | − 1〉. These pseudo-pure states are created using pulse
sequences given in Figure 3.5. The pseudo-pure states |+ 1〉, |0〉, and | − 1〉 are found to
have fidelities of 0.99, 0.97 and 0.99 respectively.

selective pulses in NMR are governed by transition-selective operators as described
earlier (Equation (3.27)). Trajectory of the Majorana points representing a qutrit is
traced under the effect of SU(3) transformations, which results into the motion of only
one point at a time. Their experimental realization in NMR is achieved by addressing
the transitions selectively. UΛ1 , UΛ2 implementations require a selective excitation of
the transition between energy levels 1, 2 (Equation (3.28)) and for UΛ6 , UΛ7 (Equa-
tion (3.29)) a transition-selective radio frequency pulse between energy levels 2, 3.
UΛ4 , UΛ5 (Equation (3.30)) implementation require double quantum excitation which
is achieved using a set of three transition-selective pulses [98]. UΛ3 and UΛ8 corre-
spond to the z−rotations and therefore implemented using z−cascades. NMR Pulse
sequences for the UΛi(θ) implementations are shown in Figure 3.7 .

Coherence transfer operations

Experimental implementation of the pulse sequences described in Figure 3.7 is carried
out on a single-qutrit using NMR. As mentioned earlier, for θ = 1800, UΛ1(UΛ2), given
in Figure 3.7(a) effectively acts as swap12 gate. However a complete swap12 operation
is achieved by the sequence : (180)ln2

y (180)y(180)ln2
−y . Similarly θ = 1800 in Fig-
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Figure 3.7: NMR pulse sequence for the implementation of (a) UΛ1(UΛ2) giving rotation
θ
2 , using transition-selective pulses. θ = π swaps the populations between energy levels 1
and 2 of a single spin 1, (b) UΛ6(UΛ7) giving rotation θ

2 , using transition selective pulses.
θ = π swaps the populations between energy levels 2 and 3, (c) UΛ4(UΛ5) giving rotation
θ
2 , using a single spin selective pulse. θ = π swaps the populations between energy levels
1 and 3. Pulse sequences for the implementation of (d) UΛ3 and (e) UΛ8 matrices giving
rise to the relative phase shifts. All the black rectangular pulses are the shaped pulses with
angle of rotation mentioned at the top and the axis of rotation is mentioned at the bottom.
ln1 and ln2 stand for the transitions between levels 1-2 and 2-3 respectively.

ure 3.7(b) effectively leads to swap23 gate and that in part (c) gives rise to swap13 gate.
Swap13 gate is also implemented by a non-selective 1800 pulse. The sequence for ideal
swap23 operator being : (180)ln1

−y (180)y(180)ln1
y . These operators are implemented on

an ensemble of qutrits at thermal equilibrium and resulting states are completely re-
constructed using tomography protocols. The NMR experimental implementations of
swap gates are discussed in the next section.

Phase shift operations

Experimental implementation of the pulse sequences described in Figure 3.7(d,e) im-
plement the unitary transformations generated by Λ3 and Λ8 operators. These opera-
tions give rise to relative phases between the coherences. However, the diagonal states
remain unaffected under these unitary operations. These transformations are thus the
phase-shift gates, that are important from quantum computation point of view. The
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3.3 Quantum computing with a single-qutrit

details of the this sequence implementation and the results obtained are given in Sec-
tion 3.3.6.

3.3.6 Quantum Gates

Like qubits, quantum computation with qutrits uses single-qutrit and two-qutrit con-
trolled quantum operators as quantum gates.

Chrestenson gate

Chrestenson gate is the qutrit analog of the two-dimensional Hadamard gate. It is a
single-qutrit gate that creates uniform superpositions of the energy levels alongwith
relative phases between the basis vectors. Chrestenson gate for single-qutrit is written
as:

Ch =
1√
3

 1 1 1

1 e
2ιπ
3 e

4ιπ
3

1 e
4ιπ
3 e

2ιπ
3

 (3.45)
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Figure 3.8: Pulse sequence for Chrestenson gate implementation, where two channels
correspond to two transitions of a single-qutrit (Figure 3.4). Pulse angles and axes are
mentioned alongwith all the pulses.

Considering the action of Chrestenson gate on the non-pointing state |0〉 leads to the
state 1√

3

(
|+ 1〉+ e

2πι
3 |0〉+ e

4πι
3 | − 1〉

)
, which is a pointing state. Chrestenson gate

can not be obtained solely under SO(3) transformations. Therefore, the decomposition
of this gate requires a set of SU(3) operators which inturn require transition-selective
pulses for NMR experimental implementation. Non-trivial sequence of RF pulses for
the Chrestenson gate implementation in NMR is proposed, which is given in Figure 3.8
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Figure 3.9: Real and imaginary parts of the theoretically expected (a1, b1, c1) and experi-
mentally obtained (a2, b2, c2) tomographs of the resultant single-qutrit state after chresten-
son gate implementation on different initial states. The initial states corresponding to
different parts are: (a1, a2) |+ 1〉, (b1, b2) |0〉, and (c1, c2) | − 1〉.

This pulse sequence is applied on all three qutrit bases states and the final state
is completely tomographed. Final state density matrices are shown in Figure 3.9. As
seen from the Figure 3.9, theoretically expected and experimentally obtained single-
qutrit states match well after the Chrestenson gate implementation. The exact overlap
between the theoretically expected and experimentally obtained states (Equation (1.6))
is found out to be 0.99, 0.98, 0.98 corresponding to initial states | + 1〉, |0〉, | − 1〉
respectively.

Swap gates

Qutrit is a three-level system, therefore there are three possible swap operations be-
tween levels 1-2, 2-3 and 1-3. This is achieved by using transition-selective pulses.
Exact pulse sequences for NMR implementation of swap12, swap23 and swap13 are
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3.3 Quantum computing with a single-qutrit

shown in Figure3.10. However for θ = π, swap gates can effectively be conducted
by the unitary operators UΛj as described in earlier sections. The explicit matrices for
swap12, swap23 and swap13 are written as 0 1 0

1 0 0
0 0 1

 ,

 1 0 0
0 0 1
0 1 0

 ,

 0 0 1
0 1 0
1 0 0

 (3.46)

respectively.
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Figure 3.10: Pulse sequence for implementation of swap operations. (a) swap12, (b)
swap23 and (c) swap13. Transition selective pulses are shown by thick rectangles while
thin rectangles are the non-selective pulses.

All three swap gates are implemented experimentally on the thermal equilibrium
state. Complete quantum state tomography of the initial state as well as the states
obtained after swap operations is performed. The fidelities corresponding to swap12,
swap23, and swap13 implementations are 0.99, 0.99, 0.99 respectively. The tomographs
of the initial and final states are shown in Figure 3.11.

Phase gates

Phase shift gates in qutrits introduce relative phases between the base vectors of the
same qutrit. These gates are primarily z−rotations. These gates are described in earlier
sections, obtained by UΛ3(θ) and UΛ8(θ) implementations. Explicit matrix forms of
UΛ3(θ) and UΛ8(θ) are:

UΛ3 =

 eιθ 0 0
0 e−ιθ 0
0 0 1

 , UΛ8 =

 1 0 0
0 1 0

0 0 eι
√

3θ

 (3.47)

These gates are implemented with various values of θ on a single-qutrit using NMR.
The initial state (ρexpi ) is created by a non-selective 900 pulse on thermal equilibrium
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Figure 3.11: Real and imaginary parts of the (a) Initial state (thermal equilibrium) and
the states resulting after the implementation of (b) swap12, (c) swap23, and (d) swap13

operators. The states resulting after experimental implementation of swap12, swap23, and
swap13 gates have fidelities of 0.99, 0.99 and 0.98 respectively.

state, so that one begins with in-phase values of the single quantum coherences. Ac-
tion of UΛ3(θ) builds a relative phase difference of 3θ

2
between the two single quantum

coherences. This relative phase is the phase difference between the spectral lines in
a single-qutrit NMR spectrum obtained by UΛ3(θ) implementation on ρexpi . Second
column of the Table 3.1 shows the values of angles implemented (θ) as given in Fig-
ure 3.7(d), columns 3 and 4 contain the values of the theoretically expected (θth) and
experimentally obtained (θexp) values of the phase difference respectively.
A UΛ8(θ) builds a relative phase difference of

√
3θ between the two single quantum

coherences. Relative phase in the spectral lines of the first order single-qutrit spectrum
under UΛ8(θ) implementation (θexp)is shown in column 6 of the Table 3.1, column 5
contains the theoretically expected values of phase difference (θth) between the two
single quantum coherences.

NMR spectra showing single quantum coherences for different values of θ are
shown in Figure 3.12. Two spectral lines correspond to the two transitions. The ini-
tial state is a coherent state with equally intense, inphase spectral lines. Thus while
implementing the phase shift gates, recorded spectrum at each step depict the relative
phase being acquired between the coherences. The spectra are phase corrected in such
a manner that one of the transitions (one on left) remains in-phase in all the spectra
making the visual appearance of phase difference more prominent between the spec-
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3.3 Quantum computing with a single-qutrit

Table 3.1: Phase differences between the two single quantum transitions obtained corre-
sponding to different values of θ under Λ3 and Λ8 implementations. Columns 3 and 4
contain the theoretically expected and experimentally obtained values of the phase differ-
ence obtained in Λ3 implementations, and columns 5,6 contain the theoretically expected
and experimentally obtained values of the phase difference obtained as a result of Λ8 im-
plementations.

UΛ3 UΛ8

θ θth θexp θth θexp

1 0 0 0 0 0
2 30 45 39.95 30

√
3 47

3 45 67.5 62.4 45
√

3 70
4 60 90 84.2 60

√
3 110

5 90 135 139.05 90
√

3 168
6 120 180 203.3 120

√
3 220

tral lines (different spectra correspond to different values of θ). The exact values of
the phase differences obtained experimentally are given in Table 3.1. In each of these
spectra, zeroth order phase correction is performed in order to make one of the tran-
sitions a purely absorptive Lorentzian. Here the transition on the left (between levels
2,3 as per Figure 3.4) is used for this purpose. The interest here lies in finding out
the relative phase difference between the two spectral lines. Now that transition on
left corresponds to a real number, the phase of the complex single quantum term is
reflected by the peak on the right hand side (between levels 1,2 as per Figure 3.4). The
values of this phase difference are measured corresponding to different values of θ for
both Λ3 and Λ8 implementations. In the context of Majorana representation, under the
effect of transformations generated by Λ matrices, only one point moves at a time on
the surface of the unit sphere. In case of phase gates, the trajectory of the point falls in
the plane z =constant.
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Figure 3.12: Spectra acquired with different values of θ corresponding to pulse sequences
given in Figure 3.7(d,e). (a) The spectra acquired after Λ3 implementations corresponding
to θ=00, 300, 450, 900, 1200 respectively. (b) Spectra acquired as a result of Λ8 implemen-
tations for different values of θ.

3.4 Concluding Remarks

In this chapter, a geometrical representation of higher spin systems is studied and var-
ious aspects related to a spin-1 (qutrit) are explored. A qutrit is represented by two
points on a unit sphere as per Majorana representation. In this chapter two main direc-
tions are followed: the first one focuses on the geometrical picture of a single-qutrit
magnetization vector. Various features of the single-qutrit magnetization vector are
studied in context of Majorana representation. It is shown geometrically that the mag-
nitude of a single-qutrit magnetization vector assumes values in the range [0,1], with
three eigenvectors of Σz; | ± 1〉 and |0〉 possessing values 1 and 0 respectively. This
is further utilized in the geometrical interpretation of pointing and non-pointing states.
The second direction is focused on performing quantum computing with a qutrit. The
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decomposition of some single qutrit quantum gates in terms of the radio-frequency
pulses was not known (example: three dimensional analogue of the Hadamard gate)
unlike qubits. Close observations of the dynamics of points representing a qutrit on the
Majorana sphere under the action of various quantum gates are used to obtain the rf
pulse decompositions. Basic single-qutrit gates: swap gates, phase gates, Chrestenson
gate are implemented on a single-qutrit NMR quantum information processor. A pro-
tocol for quantum state tomography is also proposed and implemented. This chapter
provides new insights into the intrinsic features of a qutrit with the help of Majorana
representation as well as introduces various NMR quantum computing protocols for a
single qutrit.
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Chapter 4

Exploring contextuality and
determining the parity of a
permutation using an NMR qutrit

Quantum information processors exploit the intrinsic quantumness of quantum systems
to perform computational tasks more efficiently than their classical counterparts [1, 5].
A single qubit is the basic building block for quantum computation, however there are
no known single-qubit based quantum features that do not have a classical descrip-
tion. Multi-qubit systems on the other hand, exhibit properties such as entanglement
which does not have a classical analogue. In fact, the polarization states of a classical
beam of light provide a classical system with exactly the same properties as that of
a single qubit. Therefore, by manipulating the polarization states of a classical beam
of light via half-wave and quarter-wave plates, one can efficiently simulate a single
qubit [127, 128]. Thus one requires at least two qubits in order to perform a useful
computational task. Any quantum computational task is written as an algorithm ex-
ploiting quantum properties possessed by the system of interest. Proposals of new
quantum algorithms to obtain advantage over the corresponding classical algorithms
began with introduction of Deutsch’s algorithm [8, 129] and were further modified
to exploit entanglement as a resource [9]. Scaling issues in algorithmic implementa-
tions and achieving computational speedup without entanglement has been discussed
in [10, 68, 130]. Though a single qubit is not capable of providing a quantum advantage
in the computation, multi-qubit systems possess intrinsic quantumness that is capable
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of speeding up the computational task. Various multi-qubit quantum algorithms [15]
have been proposed that show an advantage over their classical counterparts.

However a single qutrit (unlike a qubit) possesses intrinsic quantumness. Another
notable fact regarding a qutrit is that, it is an indivisible system and hence the prop-
erty of entanglement cannot be associated with a single qutrit. The quantumness of a
qutrit and hence its utility as a computational resource may be attributed to ‘contextu-
ality’ [85, 86, 87, 131].

Contextuality refers to the context of measurement. According to non-contextual
hidden variable theories, one can pre-assign the values to measurement outcomes of
observables even before the measurement is actually performed [132]. In other words,
one can say that that the measurement outcome is pre-determined and is independent
of the other observables being co-measured. However it was proposed by E. Specker
in 1960 [85] that there exists a context among the measurement outcomes which is at-
tributed to the lack of joint probability distributions of more than two observables. This
is called the context of a measurement. More specifically, let us consider observables
A,B and C such thatA commutes with bothB and C, while [B,C] 6= 0; measurement
of A, B together and measurement of A alongwith C may lead to different measure-
ment results of A. Thus contextuality refers to the context in which a measurement of
an observable takes place.

This chapter explores and exploits the intrinsic quantum features of a single-qutrit,
to which the computational speedup in qutrit-computing is attributed. A detailed anal-
ysis for the verification of single-qutrit contextuality is carried out for two different
sets of observables composed of thirteen and nine elements respectively. On the basis
of a set of nine measurements, an experimental test is designed and implemented on
a single-qutrit based NMR quantum information processor to reveal the single-qutrit
contextuality. This involves recasting the original inequality in terms of observables
which can be actually measured in an NMR experiment. Further exploiting the quan-
tum features of a qutrit, the implementation of a qutrit-based quantum algorithm is
carried out on a single-qutrit NMR quantum computer. The algorithm is implemented
experimentally to determine the parity of a permutation of three objects.
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4.1 Single-qutrit contextuality

First test for contextuality was proposed by S. Kochen and E. P. Specker in 1967 [133],
in which they used a set of 117 rays to reveal the contextuality of a single-qutrit. A
ray here corresponds to the direction of the axis of measurement. The modification
to the procedure in terms of the number of observables was introduced by Peres in
1991 using 33 rays [134]. Since then, there have been various proposals to bring down
the number of observables that show the contextual nature of a qutrit. A pentagram
inequality known as KCBS inequality [135] was proposed in 2008, that makes use of
a set of only five measurements to reveal the contextuality of a single-qutrit. However
this is a state-dependent inequality. In case of a three-level system, a minimal set of
measurements for the state independent contextuality test is proposed by S. Yu and
C. H. Oh [87], which requires a set of 13 observables. Later Cabello et al [131]
proved this to be the minimum number of observables to reveal the contextuality in a
three level system. There came another proposal by Kurzynski et al in 2012 [86] in
which authors suggest a set of nine observables that prove the contextuality of almost
all the states of a single-qutrit. Experimental implementations of these contextuality
tests have been performed by different groups using the photonic qutrits [136, 137].
An experimental test based on solid-state NMR techniques has also been designed
to verify the contextuality in quantum systems [138]. This experimental scheme is
based on one clean qubit in NMR, and is shown to demonstrate the contextual nature
of a system of two qubits [138]. In this chapter, the experimental protocol involves
the recasting of the original inequality in terms of observables which can be actually
measured in an NMR experiment.

Following subsections discuss the state-independent single-qutrit contextuality test
for two different sets of measurements.

4.1.1 State-independent test with 13 observables

A state independent test for the single-qutrit contextuality was proposed by S. Yu and
C. H. Oh in 2012 that can verify the contextuality in all the states of a qutrit. This set
of 13 observables are obtained from a set of 13 rays that correspond to 26 points on
the surface of a magic cube [87]. A ray r = (ra, rb, rc) has one to one correspondence
with a normalized single-qutrit pure state (|ψr〉), such that |ψr〉 = ra| + 1〉 + rb|0〉 +
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rc|− 1〉, where {|+ 1〉, |0〉, |− 1〉} represent the set of single-qutrit basis vectors. The
set of rays is given as:

h0 = (1, 1, 1), y±1 = (0, 1,±1), z1 = (1, 0, 0),

h1 = (−1, 1, 1), y±2 = (±1, 0, 1), z2 = (0, 1, 0),

h2 = (1,−1, 1), y±3 = (0,±1, 1), z3 = (0, 0, 1),

h3 = (1, 1,−1). (4.1)

The orthogonality relations satisfied by theses rays is shown in Figure 4.1. The ver-
tices of the graph represent the rays (or equivalently the corresponding projectors in
three-dimensional Hilbert space of a qutrit), and the edges of the graph depict the or-
thogonality relations, such that two connected vertices of the graph are orthogonal.
Global unitary transformations of this set of rays also obey the same orthogonality re-
lations as per Figure 4.1. One can assign measurement outcomes to each of these 13
projectors as proposed by Kochen and Specker, in accordance with the non-contextual
hidden variable theories [133]. The Kochen-Specker value assignment is done in such
a manner that (a) one can assign only dichotomic values (0 and 1) to these projectors,
and (b) no two connected vertices can be assigned the value ‘1’ simultaneously be-
cause they represent orthogonal projectors. Following this value assignment, one can
find that only one of the projectors belonging to {h0, h1, h2, h3} can be assigned the
value ‘1’. As can be seen from the graph in Figure 4.1, each of the vertices occupied
by vectors hi (i ∈ {0, 1, 2, 3}) is connected to three other vertices occupied by y±n
(n ∈ {1, 2, 3}). Explicitly, the observables corresponding to projectors h0,h1,h2,h3

share context with the sets of projectors {y−1 , y−2 , y−3 }, {y−1 , y+
2 , y

+
3 }, {y+

1 , y
−
2 , y

+
3 }, and

{y+
1 , y

+
2 , y

−
3 } respectively. If one choses,

〈hi〉 = 〈hj〉 = 1, i 6= j, (i, j ∈ {0, 1, 2, 3}), (4.2)

the projectors to which they are directly attached will attain the expectation value ‘zero’
(as the connected vertices correspond to orthogonal projectors). There are six possible
combinations of his to which one can assign the same value ‘1’. It is interesting to see
that whichever combination one may choose, it always ends up in a scenario where
two pairs of y±n and y±m (m,n ∈ {0, 1, 2, 3}; m 6= n) exhibit value ‘zero’. Each of
the y±n also shares context with zn, and the three of these are mutually orthogonal.
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Figure 4.1: An orthogonality graph (G) showing the 13 projectors as the vertices and the
edges depicting the orthogonality relations between various vertices.

Correspondingly, there arise following situation:

〈zm〉 = 〈zn〉 = 1; m 6= n, (m,n ∈ {1, 2, 3}). (4.3)

Which is not possible, as the three zms are mutually orthogonal and thus only one of
these can exhibit the expectation value ‘1’. Therefore the initial assumption (Equa-
tion 4.2) is not appropriate. Thus it is concluded that,

3∑
i=0

〈hi〉G ≤ 1. (4.4)

Equation (4.4) is supposed to be obeyed by any non-contextual single qutrit state.
However using simple algebra, one can arrive at:

3∑
i=0

|hi〉〈hi| =
4

3
I (4.5)

where I is the 3 × 3 identity operator. Thus quantum mechanically for any state of a
single-qutrit,

3∑
i=0

〈hi〉Q =
4

3
. (4.6)

95



4. Exploring contextuality and determining the parity of a permutation using an
NMR qutrit

Therefore according to quantum mechanics, supplemented by non-contextual hidden
variable theories, any state of a single-qutrit violates the contextuality inequality given
in Equation (4.4).

This is an elegant and simple test for a state independent single-qutrit contextu-
ality [87]. An experimental implementation of this test has been performed using a
single photonic qutrit [137]. One can look for other experimental schemes for testing
the single-qutrit contextuality. In the given set of thirteen projectors, all the projectors
add up to give rise to identity operator alongwith a ‘multiple’ (number). The resultant
expectation value obtained from the inequality (Equation 4.6) that determines the con-
textual nature of the set of 13 operators is thus embedded in the ‘multiple’. The identity
operator can not be measured in NMR [1, 39], thus experimental implementation of
such a scheme on an NMR quantum information processor is not possible.

4.1.2 State-independent test with nine observables

6

3 8

2 7

5

1 4 9

Figure 4.2: An orthogonality graph(G) showing the nine projectors as the vertices and the
edges (E(G)) depicting the orthogonality relations between various vertices.

Let us consider another state-independent test for single-qutrit contextuality pro-
posed by kurzynski et al. [86]. This consists of nine measurements that can reveal
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the contextuality of all single qutrit states other than the maximally mixed state rep-
resented by identity. The set of nine projectors are represented as Πi = |ψi〉〈ψi|,
i ∈ {1, 9}, where a set of vectors ψis obey certain orthogonality relations shown in
the adjoining graph G. Vertices in the orthogonality graph G are occupied by the vec-
tors ψis and the edges connect the vertices occupied by mutually orthogonal vectors.
As per non-contextual hidden variable theory, one can consider the pre-assignment of
the dichotomous measurement outcomes (0, 1) to each of the projection operator Πi.
The projection operators obey the orthogonality relations depicted in Graph G, due to
which no two connected vertices in Graph G can be assigned the value ‘1’ simultane-
ously. Thus, sum total of the maximum value of the measurement outcomes that can be
obtained from Graph G is ‘3’. This set of projective measurements over an ensemble
of single qutrit states yields the following inequality

9∑
i=1

〈Πi〉 ≤ 3. (4.7)

Inequality in Equation (4.7) is violated by any contextual single-qutrit state. There is
no unique set of nine measurements that test the contextual nature of each and every
single-qutrit state. However, corresponding to every single-qutrit state (except maxi-
mally mixed state) one can always find such a set of nine measurements (Πi = |ψi〉〈ψi|)
that reveal its contextuality. One such example set is given as:

|ψ1〉 = (1, 0, 0)† , |ψ6〉 =
1√
3

(
1,
√

2, 0
)†
,

|ψ2〉 = (0, 1, 0)† , |ψ7〉 =
1

2

(√
2, 1, 1

)†
,

|ψ3〉 = (0, 0, 1)† , |ψ8〉 =
1

2

(√
2, −1, −1

)†
,

|ψ4〉 =
1√
2

(0, 1, −1)† , |ψ9〉 =
1

2

(√
2, −1, 1

)†
,

|ψ5〉 =
1√
3

(
1, 0, −

√
2
)†
. (4.8)

The orthogonality relation between these projectors is evident from the construc-
tion, and is consistent with that of graph G (Figure 4.2).

Introducing the dichotomous observables, Ai = I − 2Πi (assuming values ±1)
associated with the projection operators (Πi = |ψi〉〈ψi|). The projectors of the graphG

97



4. Exploring contextuality and determining the parity of a permutation using an
NMR qutrit

connected via an edge correspond to the mutually compatible observables. The edges
of the graph can be termed as context. Let us consider an edge corresponding to the
observables Ai and Aj . Measurement outcomes of Ai and Aj are mutually exclusive
and thus can be measured simultaneously. But at the same time, Ai(Aj) occurs in
more than one contexts. Pre-assignment of the measurement outcomes to each of
these observables, on the basis of a non-contextual hidden variable theory doesnot
consider the joint probability distributions of all those operators which are being co-
measured. Considering the non-contextual pre-assignments (as before) Equation (4.7)
is reformulated in terms of the contexts, represented as the correlations between the
compatible observables (AiAj). We have

Ai = I − 2Πi,
9∑
i=1

〈Ai〉 = 9〈I〉 − 2
9∑
i=1

〈Πi〉,

⇒
9∑
i=1

〈Ai〉 ≥ 3. (4.9)

Considering the measurement-contexts that are shown in Figure 4.2 as thirteen edges,

AiAj = (I − 2Πi)(I − 2Πj) = I − 2Πi − 2Πj, (∵ ΠiΠj = 0)∑
i,j(i<j)∈E(G)

〈AiAj〉 =
∑

i,j∈E(G)

1

2
〈I − 2Πi − 2Πj〉, (4.10)

where E(G) are the edges of graph G. There are a total of 13 edges and each combi-
nation is occurring twice, therefore first term on the R.H.S. of Equation (4.10) gives
number 13 (∵ Tr[ρ] = 1). Each one of the vertices numbered from 1− 8 in Figure 4.2
are connected to three other vertices while 9th vertex is connected to only two vertices.
Therefore second term on the R.H.S. of Equation (4.10), 1

2

∑
i,j∈E(G)〈2Πi〉 can be re-

placed by 3
∑9

i=1〈Πi〉 − 〈Π9〉 and so is the third term. Equation(4.10) is now written
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as (for i < j)

∑
i,j∈E(G)

〈AiAj〉 = 13〈I〉 − 6
9∑
i=1

〈Πi〉+ 2〈Π9〉,

= 14〈I〉 − 6
9∑
i=1

〈Πi〉 − (〈I〉 − 2〈Π9〉)

= 14〈I〉 − 6
9∑
i=1

〈Πi〉 − 〈A9〉

∑
i,j∈E(G)

〈AiAj〉+ 〈A9〉 = 14− 6
9∑
i=1

〈Πi〉 (4.11)

It is known from Equation (4.7)
∑9

i=1〈Πi〉 ≤ 3, second term on the R.H.S. ≤ −18.
The above equation takes the form

∑
i,j∈E(G)

〈AiAj〉+ 〈A9〉 ≥ −4 (4.12)

The inequality in Equation (4.12) is to be satisfied by the context independent single
qutrit states.

Equations 4.7 and 4.12 represent single-qutrit contextuality inequalities in terms of
the set of nine measurements and the measurement contexts respectively. Violation of
these inequalities is a test for the contextual nature of a single-qutrit state, correspond-
ing to a given set of nine measurements. An experimental test corresponding to this
scheme is designed and implemented on a single-qutrit NMR quantum information
processor in the next section.

4.2 Experimental test for single-qutrit contextuality

An experimental test to verify single-qutrit contextuality is designed for NMR quantum
information processor. The measurements and the measurement contexts are thus re-
defined in terms of the observables in NMR. This section focuses on the reformulation
of the contextuality inequality in terms of traceless Λ matrices (Section 3.1.4).
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4.2.1 Contextuality relations in terms of traceless observables

Considering the observables corresponding to the given set of nine projection oper-
ators, Ai = I − 2|ψi〉〈ψi|. These observables are written as a combination of a set
of eight Lambda (Λ) matrices and the 3 × 3 Identity operator. One can obtain the
single qutrit contextuality inequality in terms of traceless observables, independently
for equations (4.9),(4.12),(4.7) respectively. Explicit form the decompositions of these
nine (Ais) observables are given in terms of Λ matrices:

A1 = −Λ3 −
1√
3

Λ8 +
1

3
I

A2 = Λ3 −
1√
3

Λ8 +
1

3
I

A3 =
2√
3

Λ8 +
1

3
I

A4 =
1

2
√

3

(√
3Λ3 + 2

√
3Λ6 + Λ8

)
+

1

3
I

A5 =
1

3

(
−Λ3 + 2

√
2Λ4 +

√
3Λ8

)
+

1

3
I

A6 =
1

3

(
−2
√

2Λ1 + Λ3 −
√

3Λ8

)
+

1

3
I

A7 =
1

4
√

3

(
−2
√

6Λ1 −
√

3Λ3 − 2
√

6Λ4 − 2
√

3Λ6 − Λ8

)
+

1

3
I

A8 =
1

4
√

3

(
2
√

6Λ1 −
√

3Λ3 + 2
√

6Λ4 − 2
√

3Λ6 − Λ8

)
+

1

3
I

A9 =
1

4
√

3

(
2
√

6Λ1 −
√

3Λ3 − 2
√

6Λ4 + 2
√

3Λ6 − Λ8

)
+

1

3
I

(4.13)

Using the decompositions given above, the L.H.S. of Equation (4.9) becomes:

9∑
i=1

〈Ai〉 =
1

12
〈−2
√

2Λ1 − 3Λ3 + 2
√

2Λ4 + 6Λ6 −
√

3Λ8〉+ 3〈I〉 (4.14)

Substituting above expression in the inequality in Equation (4.9), (Tr[ρ] = 1) results
into:

〈−2
√

2Λ1 − 3Λ3 + 2
√

2Λ4 + 6Λ6 −
√

3Λ8〉 ≥ 0 (4.15)

This is an inequality composed of 3 × 3 traceless observables, that is to be obeyed by
any non-contextual single qutrit state. For any contextual single qutrit state, left hand
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side of Equation (4.15) bears a negative value, and thus violates the inequality.
Let us reconsider the contextuality inequality as derived from the correlations be-

tween the compatible observables. Following set of equations contain the explicit form
of the correlations (AiAj) in terms of Λ-matrices and 3× 3 identity operator.

A1A2 = − 2√
3

Λ8 −
1

3
I

A1A3 =
1

2
√

3

(
2Λ8 − 2

√
3Λ3

)
− 1

3
I

A1A4 =
1

2
√

3

(
−
√

3Λ3 + 2
√

3Λ6 − Λ8

)
− 1

3
I

A2A3 =
1

2
√

3

(
2
√

3Λ3 + 2Λ8

)
− 1

3
I

A2A5 =
2

3

(
Λ3 +

√
2Λ4

)
− 1

3
I

A3A6 =
1

3
√

2

(
−Λ1 +

√
2Λ3 +

√
6Λ8

)
− 1

3
I

A4A7 =
1

12

(
−6
√

2Λ1 + 3Λ3 − 6
√

2Λ4 + 6Λ6 +
√

3Λ8

)
− 1

3
I

A4A8 =
1

12

(
6
√

2Λ1 + 3Λ3 + 6
√

2Λ4 + 6Λ6 +
√

3Λ8

)
− 1

3
I

A5A7 =
1

12

(
−6
√

2Λ1 − 7Λ3 + 2
√

2Λ4 − 6Λ6 + 3
√

3Λ8

)
− 1

3
I

A5A9 =
1

12

(
6
√

2Λ1 − 7Λ3 + 2
√

2Λ4 + 6Λ6 + 3
√

3Λ8

)
− 1

3
I

A6A8 =
1

12

(
−2
√

2Λ1 + Λ3 + 6
√

2Λ4 − 6Λ6 − 5
√

3Λ8

)
− 1

3
I

A6A9 =
1

12

(
−2
√

2Λ1 + Λ3 − 6
√

2Λ4 + 6Λ6 − 5
√

3Λ8

)
− 1

3
I

A7A8 =
1

2
√

3

(
−
√

3Λ3 − 2
√

3Λ6 − Λ8

)
− 1

3
I

(4.16)

Using the description of the correlations given above, the L.H.S. of Equation (4.12) is
found out to be∑
i,j∈E(G)

〈AiAj〉+ 〈A9〉 =
1

4
〈−2
√

2Λ1 − 3Λ3 + 2
√

2Λ4 + 6Λ6 −
√

3Λ8〉 − 4I. (4.17)

Substituting it in Equation (4.12), one obtains
1

4
〈−2
√

2Λ1 − 3Λ3 + 2
√

2Λ4 + 6Λ6 −
√

3Λ8〉 − 4〈I〉 ≥ −4.
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Finally, the inequality assumes the form,

〈−2
√

2Λ1 − 3Λ3 + 2
√

2Λ4 + 6Λ6 −
√

3Λ8〉 ≥ 0 (4.18)

Also, the contextuality inequality as obtained from Equation (4.7), by substituting the
values of Πi = 1

2
(I − Ai) is given as:

〈−2
√

2Λ1 − 3Λ3 + 2
√

2Λ4 + 6Λ6 −
√

3Λ8〉 ≥ 0 (4.19)

From Equations (4.15), (4.18) and (4.19), it is concluded that a non-contextual single
qutrit state obeys,

〈−2
√

2Λ1 − 3Λ3 + 2
√

2Λ4 + 6Λ6 −
√

3Λ8〉 ≥ 0. (4.20)

The above inequality consists of the expectation values of the Λ matrices that can
be determined experimentally in an NMR experiment. All three equivalent forms of
the contextuality inequalities in Equations (4.7), (4.9) and (4.12) lead to inequalities
in Equations (4.19), (4.15) and (4.18) respectively. All these inequalities in terms of
traceless observables are same (with a constant factor) as shown in Equation (4.20).
Corresponding to any set of nine projectors as per graph G, one can always find such
contextuality inequality.

It is to be noted that this inequality corresponds to the set of nine vectors given in
Equation (4.8). A global unitary transformation of this set of vectors transforms the
L.H.S. of Equation (4.20) as well by same unitary operator.

4.3 NMR Experimental verification of contextuality

An experimental determination of the expectation values of Λ matrices is carried out
to evaluate the L.H.S. of the contextuality inequality given in Equation (4.20). For a
single-qutrit at thermal equilibrium (ρ = Σz; where Σz is the three-dimensional ana-
logue of the Pauli matrix [71]), the value of the L.H.S. of Equation (4.20) is ‘−2’. Thus
it is a contextual single-qutrit state. As depicted in [86], the set of single-qutrit mea-
surements corresponding to Equation (4.8) can reveal the contextuality of the diagonal
states. This test is performed for various initial states. Each of these single-qutrit states
are prepared from thermal equilibrium state and the contextuality test is performed on
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it. However, in order to ascertain the control over the system, each of these initial
states are allowed to evolve for certain time τ . During this free evolution of a qutrit,
the state of the qutrit decoheres and tend to achieve the state of thermal equilibrium.
The experimental contextuality tests are performed at various intervals of time. This
turned out to be a useful exercise to observe the (weighted) sum total of the expectation
values of various Λ matrices, that approach the value of ‘−2’ corresponding to thermal
equilibrium. The experimental scheme and other technical issues are addressed in the
following sections.

4.3.1 The NMR qutrit

A single-qutrit is a three-level quantum system that gives rise to two degenerate single
quantum transitions in liquid state NMR experiments. A naturally existing single-qutrit
is a spin-1 nucleus whose quadrupolar moment gets averaged to zero in the isotropic
environment, and the single-qutrit NMR spectrum thus results into one overlapped
line. However in the presence of an anisotropic medium to surrounding spin-1, an
effective quadrupolar coupling comes into picture and the spectral lines correspond-
ing to the two single-quantum transitions get separated in the frequency space. The
details of single qutrit NMR are discussed in Chapters 3 and 4 of this thesis. NMR
qutrit used here is a spin-1 deuterium nucleus (2H) nucleus of deutrated Chloroform
molecule oriented in a lyotropic liquid crystal. Energy level diagram depicting thermal
equilibrium population distribution and the single quantum transitions are shown in
Figure 4.3 alongwith first order NMR spectrum of a qutrit at 277 K. (The molecule
is shown in Figure 3.4 of chapter 3 of this thesis.) Transitions between levels 1 − 2

and 2 − 3 (Figure 4.3(a)) are shown as spectral lines labelled ‘Line 1’ and ‘Line 2’
respectively in Figure 4.3(b).

4.3.2 Experimental scheme

The set of eight Λ matrices form a basis in the space of operators in the qutrit Hilbert
space and therefore the state ρ0 is given by:

ρ0 =
8∑
i=1

〈Λi〉Λi, (4.21)
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(a) (b)

1
| + 1〉

✉ ✉ ✉2
|0〉

✉ ✉3
| − 1〉

✉
✻
❄

✻
❄

16 14 12 10 8 6 4 2 0 ppm

✛ ✲
936 Hz

ωD (ppm)

2− 3
Line 2

1− 2
Line 1

Figure 4.3: (a) Single-qutrit energy level diagram depicting the thermal equilibrium popu-
lation distribution of the eigen vectors labelled as {1, 2, 3}. (b) Deuterium NMR spectrum
of oriented deutrated chloroform molecule at 277 K. The spectral lines are labelled as
Line 1 and Line 2. At 277 K the anisotropic liquid crystalline environment is shown to
exhibit the effective quadrupolar splitting of 936 Hz.

where 〈Λi〉 is the expectation value of Λi in the state ρ0. The explicit form of the
single-qutrit density matrix is given by (Section 3.3.4):

ρ =
1

2

 〈Λ3〉+ 1√
3
〈Λ8〉 〈Λ1〉 − ι〈Λ2〉 〈Λ4〉 − ι〈Λ5〉

〈Λ1〉+ ι〈Λ2〉 −〈Λ3〉+ 1√
3
〈Λ8〉 〈Λ6〉 − ι〈Λ7〉

〈Λ4〉+ ι〈Λ5〉 〈Λ6〉+ ι〈Λ7〉 − 2√
3
〈Λ8〉

 (4.22)

As discussed in Section 1.2.3, the NMR spectrum depicts the single-quantum coher-
ences, such that the absorptive part of the spectral line corresponds to the real part,
whereas the dispersive part corresponds to the imaginary part of the single-quantum
coherence term. A single-qutrit density matrix has two single-quantum coherences oc-
curring as elements ρ0(1, 2) and ρ0(2, 3) of the density matrix ρ0. These terms have
direct correspondence with the NMR spectral lines resulting from transitions between
energy levels 1− 2 and 2− 3 (Figure 4.3) respectively. From Equation (4.22), we have

ρ0(1, 2) =
1

2
(〈Λ1〉 − ι〈Λ2〉),

ρ0(2, 3) =
1

2
(〈Λ6〉 − ι〈Λ7〉). (4.23)

Thus the expectation value corresponding to state ρ0: 〈Λ1〉ρ0 = Re{I(Line 1)}, is
determined from the intensity (I) of the real part (Re) of the first spectral line (Line
1), and 〈Λ2〉ρ0 = −Im{I(Line 1)} corresponds to imaginary part (Im). Similarly,
from second spectral line (Line2), one obtains, 〈Λ6〉ρ0 = Re{I(Line 2)} and 〈Λ7〉ρ0 =

−Im{I(Line 2)}.

104



4.3 NMR Experimental verification of contextuality

A set of four NMR experiments evaluate the L.H.S. of the Equation (4.20). The
experiments consist of transition-selective pulses (θr−sj ) of angle θ about jth axis on
transition between levels r−s, and the non-unitary z-gradient implementations. The set
of experiments are designed in such a manner that the directly inaccessible expectation
values of the density matrix (ρ0) appear at the sites of single-quanta in the final state
density matrix (ρk) of the kth experiment. The idea of finding the expectation values
is similar to that of the process used in tomography (Section 1.2.3), however in this
case one does not need to construct the complete single-qutrit density matrix. The aim
is to evaluate the (weighted) sum of the expectation values of the observables in the
L.H.S. of Equation (4.20), that contains only five expectation values of the given state
corresponding to the five Λ matrices with only real elements. The expectation values of
various Λ matrices are obtained (as discussed) in form of real (Re) and imaginary (Im)
parts of the spectral line intensities (I(Line 1) and I(Line 2)) in the NMR spectrum of
state ρk. This set of experiments is used to determine 〈Λ1〉ρ0 , 〈Λ3〉ρ0 , 〈Λ4〉ρ0 , 〈Λ6〉ρ0
and 〈Λ8〉ρ0 . The details of the experiments are given as:

• Exp-1: No operation
Result: 〈Λ1〉ρ0 = Re{I(Line 1)}exp1 and
〈Λ6〉ρ0 = Re{I(Line 2)}exp1

• Exp-2: (πy)
1−2; final state = ρ1

Result: 〈Λ4〉ρ0 = Re{I(Line 2)}exp2

• Exp-3: Gradz (π
2 y

)1−2; final state = ρ2

Result: 〈Λ3〉ρ0 = Re{I(Line 1)}exp3

• Exp-4: Gradz (π
2 y

)2−3; final state = ρ3

Result: 1
2
(〈Λ3〉ρ0 −

√
3〈Λ8〉ρ0) = −Im{I(Line 2)exp4}

or 〈Λ8〉ρ0 = 1√
3

[2Im{I(Line 2)}exp4 + Re{I(Line 1)}exp3]

The expectation values thus obtained experimentally are substituted into the L.H.S. of
Equation (4.20), to test single-qutrit contextuality. This set of experiments are shown
diagrammatically in Figure 4.4, where set of four experiments are shown as four in-
dependent modules (numbered from (i)-(iv)). All the pulses used are the transition-
selective pulses that are shown separately corresponding to the horizontal lines labelled
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‘ln1’ and ‘ln2’. RF pulses shown along ‘ln1’ correspond to the frequency offset of Line
1 (Figure 4.3), while ‘ln2’ correspond to that of Line 2. Gradient channel is shown as
a third horizontal line, labelled ‘Grad’, implementing gradients of strength gi along
z−axis. A meter in each experimental module is a symbol, depicting the measurement
of the corresponding line intensity. This set of measurements are made on various
single-qutrit states that are explicitly discussed in the next section.

All the experiments in this chapter were performed at 277 K on a 600 MHz Avance
III NMR spectrometer equipped with a QXI probe, with the deuterium nucleus res-
onating at 91.108 MHz. All the pulses used are the soft radio frequency pulses. All the
transition-selective pulses are ‘Gauss’ shaped pulses of duration 4000 µs composed
of a total of 1000 points exciting a bandwidth of 400 Hz (approximately). The non-
selective pulses are ‘Sinc’ shaped pulses of duration 500 µs composed of a total of
1000 points exciting a bandwidth of 3000 Hz. The offset for this rf pulse is kept in the
larmor frequency of the experimental qutrit. The soft pulses used are from the standard
Bruker directory and are robust with good selectivity and uniform spin response in the
desired frequency range. The gradient pulses are of ‘Sine’ shape applied for a duration
of 800 µs followed by a gradient recovery of 2000 µs.

ln1

ln2

Grad

ln1

ln2

Grad

y

π

ln1

ln2

Grad

g1

y

π
2

ln1

ln2

Grad

g2 y

π
2

(i) (ii) (iii) (iv)

Figure 4.4: NMR pulse sequences for a single qutrit contextuality measurements where
a single qutrit state is prepared which is followed by various blocks finding the desired
expectation values. Block (i) gives 〈Λ2〉 and 〈Λ6〉, (ii) 〈Λ4〉, (iii) 〈Λ3〉 and (iv) 〈Λ8〉.
‘ln1’ and ‘ln2’ correspond to the two single quantum transitions of a qutrit and ‘Grad’
is the gradient channel.Pulse angles are shown at the top and the axes of rotation at the
bottom of each pulse.
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4.3.3 Experiment and analysis

The experiments are performed on three single-qutrit pseudo-pure states and a Σx state.
The contextuality tests are performed at various intervals for all these states, and are
plotted. The plots are shown in Figure 4.5.
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Figure 4.5: Plot showing the values obtained (from L.H.S. of Equation (4.20)) as a result
of contextuality test for four different initial states at different intervals of time. Thin solid
line starting from -2 along the vertical axis correspond to state ‘PPS1’, dashed line with
triangular point markers represent ‘PPS2’, dotted line with squares represent ‘PPS3’ and
the thick dashed line correspond to the state Σx. The contextuality test is performed at
various time points, which are represented by the point markers, while the connecting
lines are not of much significance.

PPS1

PPS1 = |+ 1〉 =
1

6

 2 0 0
0 −1 0
0 0 −1

 (4.24)

This state is prepared by the sequence:
(
π
2

)(2−3)

y
, Gradz. Equation (4.20) is found to

have value −2 in this state, thus PPS1 is contextual. As this state evolves, it tends
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towards thermal equilibrium, however the contextuality-value remains −2 all through
this time. This is shown as a thick black curve in Figure 4.5.

PPS2

PPS2 = |0〉 =
1

6

 1 0 0
0 −2 0
0 0 1

 (4.25)

This state is prepared by the sequence:
(
π
2

)(2−3)

y
, Gradz, (π)

(1−2)
y . Equation (4.20) is

found to have value −1 in this state, thus PPS2 is contextual. As this state evolves, it
tends towards thermal equilibrium, which reflects in the dotted curve in Figure 4.5

PPS3

PPS3 = | − 1〉 =
1

6

 1 0 0
0 1 0
0 0 −2

 (4.26)

This state is prepared by the sequence:
(
π
2

)(1−2)

y
, Gradz. Equation (4.20) is found to

have value −1 in this state, thus PPS3 is contextual, and its changing contextuality-
value with time, depicts the decoherence of the state. This is shown as dotted curve in
Figure 4.5

Σx

Σx =
1

3
√

2

 0 1 0
1 0 1
0 1 0

 (4.27)

This state is obtained by a
(
π
2

)
y

non-selective pulse on the thermal equilibrium state.
It is clear from its explicit matrix representation, this state does not have any diagonal
term. The contextuality value for this state comes out to be +1.06. Thus this state is
non-contextual corresponding to the set of vectors in Equation (4.8). However as time
advances, this state tends to approach thermal equilibrium, which is seen in the plot
(Figure 4.5).

The contextuality test for all the diagonal states of a single-qutrit can be performed
in a single shot measurement. If a state is prepared in a diagonal form, 〈Λ1〉 = 〈Λ4〉 =

〈Λ6〉 = 0. Therefore for testing contextuality, one needs to find only the non-vanishing
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expectation values 〈Λ3〉 and 〈Λ8〉. Thus contextuality inequality 4.20 in this case is
reduced to

〈−3Λ3 −
√

3Λ8〉 ≥ 0. (4.28)

Consider an NMR experimental test consisting of sequential implementation of two
unitary operators Λ6(π

4
)Λ2(π

4
) on the diagonal state ρd; one obtains,

ρf = exp
(
ι
π

4
Λ6

)
exp

(
ι
π

4
Λ2

)
ρd exp

(
−ιπ

4
Λ2

)
exp

(
−ιπ

4
Λ6

)
(4.29)

The line intensity I(Line 1) in the NMR spectrum of state ρf is given by:

1

4
(−3〈Λ3〉ρ0 −

√
3〈Λ8〉ρ0) (4.30)

Comparing Equations (4.29) and (4.30), the contextuality inequality decomposes to
finding of the line intensity in the NMR spectrum of single-qutrit state ρf . This new
inequality is given as:

Re{I(Line 1)}f ≤ 0 (4.31)

The violation of above inequality is a test for single-qutrit contextuality.
The NMR experimental evidence in support of the contextual nature of a qutrit is

further exploited to harness the intrinsic quantumness of a qutrit. Next section deals
with NMR experimental implementation of a single-qutrit based algorithm to deter-
mine the parity of a permutation.

4.4 Parity Determining Algorithm

Recently a qutrit-based black-box algorithm has been proposed to evaluate the parity
of permutation of three objects [139]. The classical counterpart of this algorithm needs
to query the black-box at least twice before returning the answer. However, this qutrit-
based quantum algorithm can accomplish the task in only one oracle call.

Consider a set of three objects {1, 2, 3}, that can arrange themselves in six possible
ways. These six different arrangements can be achieved through various exchange op-
erations. These exchange operations may or may not retain the cyclic order of the three
objects in the resulting arrangements. Whenever the resultant state retains the cyclic
order under the exchange operations the parity of the permutation is said to be even,
and if the cyclic order is destroyed, the permutation is said to be of odd parity. In other
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words, the parity of the permutation is termed as even or odd, depending on whether
the number of exchange operations performed is even or odd. The computational task
to be performed is to find the parity of a given permutation.

Considering the permutation as a function f(x) where x ∈ {1, 2, 3}, is a set of three
objects arranged in a specific manner. In order to solve this problem classically, one
needs to query at least twice. In classical approach, one can ask questions of the type
that after the permutation operation which specific object is at a particular position in
set x. Of course identification of a single object occupying a particular position can not
determine the parity of the permutation performed. Thus one needs to inquire about
the occupancy of one more position, knowledge of these two pieces of information
are enough to determine the parity of a permutation. Therefore the classical algorithm
accesses the black-box twice before concluding the result. However the task is shown
to be accomplished in a single step using the quantum counterpart of the algorithm.

As per quatum approach the three objects in the set x ∈ {1, 2, 3} correspond to
spin-1 eigen states of a single-qutrit labeled by its spin quantum number |m〉 where
m = 1, 0,−1. The action of permutations (f(x)) on these states are the bijective
maps f : {1, 0,−1} −→ {1, 0,−1}. The six possible maps can be written down
using Cauchy’s notation [140]. The three even maps and the corresponding unitary
transformations are given by:

f1 =

(
1 0 −1
1 0 −1

)
; U1 =

 1 0 0
0 1 0
0 0 1


f2 =

(
1 0 −1
0 −1 1

)
; U2 =

 0 1 0
0 0 1
1 0 0


f3 =

(
1 0 −1
−1 1 0

)
; U3 =

 0 0 1
1 0 0
0 1 0

 (4.32)

while the three odd maps and the corresponding unitary transformations are given
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by:

f4 =

(
1 0 −1
0 1 −1

)
; U4 =

 0 1 0
1 0 0
0 0 1


f5 =

(
1 0 −1
1 −1 0

)
; U5 =

 1 0 0
0 0 1
0 1 0


f6 =

(
1 0 −1
−1 0 1

)
; U6 =

 0 0 1
0 1 0
1 0 0

 (4.33)

A unitary transformation ‘U ’ is a part of the black box which is the quantum oracle
and performs a given permutation on the input state of the qutrit. A direct run of the
oracle on the eigen states of the qutrit is as good as a classical parity determining
algorithm and therefore is of no use. However, a quantum advantage is achieved if one
begins with a superposition state obtained by Fourier transforming the eigen states,
using the unitary transformation,

F =
1√
3

 1 1 1

1 e
2πι
3 e

−2πι
3

1 e
−2πι

3 e
2πι
3

 (4.34)

The various steps in the implementation of the algorithm are: (1) The system is first
initialized in one of the eigenstates (consider the state |ψi〉 = | − 1〉). (2) Initial state
|ψi〉 is then Fourier transformed resulting into the state F |ψi〉 = 1√

3
(|+1〉+e

−2πι
3 |0〉+

e
2πι
3 | − 1〉). Thus a linear superposition of the eigenbases is obtained. This step is

the soul of this algorithm and plays a major role in the computational speedup. (3)
The Fourier transformed state is then allowed to go through the black box. A black
box is an oracle call i.e. an operation where the unitary operator Uf (corresponding to
the function fk) is applied to the superposition state created by the quantum Fourier
transformation. Under even permutations (Equation (4.32)) resultant states are 1√

3
(|+

1〉+e−2πι/3|0〉+e2πι/3|−1〉), 1√
3
(+e−2πι/3|+1〉+e2πι/3|0〉+ |−1〉) and 1√

3
(+e2πι/3|+

1〉+ |0〉+ e−2πι/3| − 1〉) respectively.
When this state undergoes odd permutations (Equation (4.33)) the following states are
obtained: 1√

3
(e−2πι/3|+1〉+|0〉+e2πι/3|−1〉), 1√

3
(|+1〉+e2πι/3|0〉+e−2πι/3|−1〉) and

1√
3
(e2πι/3|+1〉+e−2πι/3|0〉+|−1〉) respectively. (4) The output state is then subjected to
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an inverse Fourier transformation which brings the state back to one of the eigen states
of the qutrit (up to a phase factor). Even permutations followed by the inverse Fourier
transformation return the qutrit eigenstate |−1〉with a global phase while output states
corresponding to odd permutations give rise to eigenstate |0〉 with a global phase. The

Black  box

    (1 − 6)
−1

F

I

S23 S12

S12 S23

U1 U4

U2 U5

U3 U6

F

S23

S13

S12

Figure 4.6: Quantum circuit to determine the parity of a permutation of three objects in
a single step. Quantum gates F and F−1 represent the Fourier transformation and inverse
Fourier transformation respectively. Black box is shown as a dotted rectangle and all the
permutation operations are elaborated in lower part of the diagram. ‘I’ is the identity
operator, while ‘S12’, ‘S23’ and ‘S13’ are SWAP operators describing a swap between
levels 1 − 2, 2 − 3 and 1 − 3 of a single qutrit respectively. The initial state is the pure
state of a single qutrit, | − 1〉.

final state for the case of an even function is orthogonal to the final state for the case of
an odd function and are thus distinguishable by a measurement on a single copy. The
result of such a measurement in the {|1〉, |0〉, | − 1〉} basis will thus reveal the parity
of the corresponding permutation. The quantum circuit for determining the parity of
a permutation of three objects is shown in Fig. 4.6. The circuit consists of the Fourier
(F ) and inverse (F−1) gates, sandwiching the black box operations. Six possible black
box operations are the permutations in accordance with Equations (4.32,4.33). These
permutations are achieved via a set of single qutrit swap gates, that swap two levels of
a single qutrit, interchanging the corresponding populations as well as coherences.
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4.4.1 Experimental implementation of the Parity Algorithm
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Figure 4.7: (a) Pulse sequence for the implementation of the parity algorithm on a single
qutrit. Channels labeled as ‘Line 1’ and ‘Line 2’ correspond to the two NMR transitions
of a qutrit. Pseudo-pure state | − 1〉 is created at end of gradient g1. The next three
pulses perform the Fourier transformation. (b) The black box carries out the six possible
permutations corresponding to the three even and three odd functions. The two channels
inside the black box correspond to the two NMR transitions of a single qutrit. A 300 non-
selective detection pulse preceded by a clean up gradient g2 is applied to evaluate the final
result of the computation. All the 900 pulses are shown in blue, 2700 in red and 1800

in black. Non-selective pulses are shown as a common rectangle for both the transitions.
Pulse angles and the axes of rotations are shown corresponding to each pulse. All the
pulses are shaped pulses.

The algorithm determining parity of a permutation in a set of three objects is exper-
imentally implemented on a single qutrit NMR quantum information processor (Fig-
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ure 3.4). Single qutrit quantum gates that constitute the quantum circuit given in Fig-
ure 4.6 are decomposed in the form of radio-frequency pulses to be implemented in
NMR. The corresponding NMR pulse sequence is shown in Figure 4.7. As seen in part
(A) of Figure 4.7, there are three channels, the channel labeled with ‘Line 1’ corre-
sponds to transition between the energy eigenstates |+1〉−|0〉 and the one with ‘Line 2’
corresponds to transition between the energy eigenstates |0〉 − | − 1〉. Third channel
is the gradient channel that implements a z-gradient pulse of prescribed strength for
a given duration. Gradient is a non-unitary operation and thus cannot be a part of the
quantum gates. First gradient (g1) is a part of the pseudo-pure state preparation and the
second gradient (g2) is a clean up gradient which is a part of the detection operation.
Since all the resulting states are not supposed to possess any coherences, this gradient
pulse precedes the non-selective detection pulse to obtain a cleaner final state.

The system is initialized in a pseudo pure state | − 1〉. First 900
y pulse on ‘Line 1’

(Figure 4.7) equates the populations of levels 1 and 2 of the qutrit (Figure 4.3). The
coherence created by this pulse is dephased by the implementation of gradient g1, and
a different population in level 3 is obtained over a uniform background of the popu-
lations. Thus desired pseudo pure state is created at the end of gradient g1. This is
followed by the implementation of Fourier transformation, which creates the superpo-
sition of all the bases states alongwith relative phases. Creation of superposition of the
bases states before performing the permutation operation is the key step in this algo-
rithm. Fourier transformation operation is achieved with the help of three non-trivial
transition selective pulses (270)Line 2

−x (109.47)Line 1
−y (90)Line 2

−y . This Fourier transformed
state is allowed to undergo the permutation operations applied by the black box. Ex-
perimental radio frequency pulses for the black box operations are shown in part (B)
of Figure 4.7. The pulse sequences for the black box operations are shown explicitly
corresponding to each permutation. Permutations inside the black box are the swap op-
erations being implemented by 1800 selective pulses with axes of rotations mentioned
at the bottom of each pulse. The two channels correspond to ‘Line 1’ and ‘Line 2’
respectively. There are no gradient pulses, so gradient channel has been omitted in this
part of the pulse sequence. The pulses shown on one of the channels are the transition-
selective pulses, while those shown as a common rectangle on both the channels are
the spin-selective (non-selective in this case) pulses. The state after the permutation
operation undergoes inverse Fourier transformation which is applied by a set of three
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transition-selective pulses. Fourier (or its inverse) transformation implementation is
the most crucial part of the pulse sequence. Cancelation of the Fourier and inverse
Fourier transformations, despite experimental imperfections is important for a precise
implementation of the algorithm. Finally the detection of the resultant state is carried
out by a non-selective 300 detection pulse preceded by a cleanup gradient g2.

4.4.2 Experimental analysis

15 10 5 ppm 15 10 5 ppm

(1)

(2)

(3)

(4)

(5)

(6)

Even Odd

ωD ( in ppm ) ωD ( in ppm )

Figure 4.8: The NMR spectra after implementing the parity determining algorithm on
a single qutrit. Spectra (numbered 1 to 6) correspond to the six possible permutations.
All the spectra were obtained by applying a 300 non-selective detection pulse on both the
transitions. Spectra 1,2,3 correspond to the state |−1〉 (resulting from an even permutation)
and spectra 4,5,6 correspond to state |0〉 (resulting from an odd permutation).

NMR spectrum of the resultant states obtained by the implementation of the given
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pulse sequence corresponding to all six permutations are shown in Figure 4.8. Labels
(1)-(6) of the spectra correspond to the respective black box operations (Figs. 4.6, 4.7).
As discussed earlier (section 4.4), resultant states in case of even parity of permutations
are eιφ|−1〉, and the ones resulting from the odd parity of permutations are eιφ|0〉. The
global phase of a quantum state is of no significance and can be ignored. The final state
NMR spectra are thus phase corrected to eliminate the global phase effects. The two
types of parities of permutations result into the respective orthogonal eigenstates of
a single qutrit which can be distinguished from each other through spectral signature
resulting from the implementation of a non-selective small angle detection pulse As
observed from Figure 4.8, the NMR spectra corresponding to even and odd parities of
the permutation operations are easily identified. The characteristic spectra of the spin-
1 eigenstates obtained by a small angle detection pulse, is a single step measurement
of the determination of a parity of permutation in a single qutrit.

Tomography

The experimental output states are checked for the quantitative measurement of the
state fidelities. Figure 4.9 shows the experimental tomographed density matrices af-
ter implementation of the parity-determining algorithm. Quantum state tomography
of a single qutrit is performed by a set of four experiments, using ‘Gaussian’ shaped
transition-selective pulses and z-gradients (gz). The detailed description of the tomo-
graphic protocol has been provided in Section 3.3.4 of Chapter 3. The fidelity measure
used to compute the resemblance of the experimental and theoretical density matri-
ces is obtained by the expression given in Equation (1.6). As seen from Figure 4.9,
the state tomography is able to reconstruct the density matrix well. The computed
fidelities of the resultant states for the six possible permutations with respect to the
theoretically expected states are found out to be (1) 0.98, (2) 0.95, (3) 0.98, (4) 0.95,
(5) 0.93 and (6) 0.92 respectively. Last three transition selective pulses correspond to
inverse Fourier transformation and the expected final state possesses only the popula-
tions and no coherence. During last 12 ms of the pulse sequence duration, coherences
are being pumped back to the populations. In case of operation (6) of the black box
(Figure 4.7), before applying the last pulse ((2700)Line 2

x ), there exists only one single
quantum coherence term at position 2,3 of the density matrix. As the final state density

116



4.4 Parity Determining Algorithm

Re Im

+1
0
-1 +1

0
-1

+1
0
-1 +1

0
-1

(1)

(2)

(3)

(4)

(5)

(6)

Even Odd

Re Im Re Im

Re Im Re Im

Re Im Re Im

+1
0
-1 +1

0 -1
+1

0
-1 +1 0

-1
+1

0
-1 +1

0 -1
+1

0
-1 +1 0

-1

+1
0
-1 +1

0 -1
+1

0
-1 +1 0

-1
+1

0
-1 +1

0 -1
+1

0
-1 +1 0

-1

+1
0
-1 +1

0 -1
+1

0
-1 +1 0

-1
+1

0
-1 +1

0 -1
+1

0
-1 +1 0

-1

Figure 4.9: Top tomograph shows the real (left) and imaginary (right) parts of the exper-
imental density matrix of the input state (|−1〉) used in the parity determining algorithm.
The real (left) and imaginary (right) parts of the final state density matrices corresponding
to the six possible permutations are shown below (numbered from 1 to 6). The state fideli-
ties for the six possible permutations are computed to be (1) 0.98, (2) 0.95, (3) 0.98, (4)
0.95, (5) 0.93 and (6) 0.92 respectively.

matrix in this case has non-zero ρ23 element, the last pulse could not have transferred
whole of this coherence to the diagonal position which is clear from the tomography.
In addition significant values of other population elements can be seen. Fidelities are
quantified in all the cases and this particular case is found to have lesser fidelity than
that of other operations numbered (1)-(5). As shown in Figure 4.9, tomographs labeled
(1), (2), and (3) correspond to the state |−1〉 (resulting from an even permutation) while
tomographs labeled (4), (5), and (6) correspond to the state |0〉 (resulting from an odd
permutation). The results of this chapter are described in Phys. Lett. A, 378, 3452

117



4. Exploring contextuality and determining the parity of a permutation using an
NMR qutrit

(2014).

4.5 Concluding Remarks

In this chapter, single-qutrit state-independent contextuality tests are explored for a set
of 13 and 9 observables respectively. NMR experimental test is proposed to reveal the
single- qutrit contextuality with a set of four experiments. This protocol is success-
fully implemented on a single-qutrit NMR quantum information processor for various
different states. A single-shot contextuality test is also devised for diagonal states of
a single-qutrit. Experimental test for the verification of contextuality in a single-qutrit
is an important step towards the understanding of the quantumness of this indivisible
quantum system.

An NMR experimental implementation of a single qutrit algorithm is also pre-
sented, which shows a speed up over its classical counterpart. Interestingly, the dy-
namics of a single qubit can always be efficiently simulated classically, and therefore
does not lead to a computational advantage for any quantum algorithm. A single qutrit
on the other hand, possesses contextuality, and can be used for quantum computation.
This toy algorithm paves the way for a new direction for computation with higher
dimensional spin systems.
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Chapter 5

Implementation of the quantum
Fourier transform on a hybrid
qubit-qutrit NMR quantum emulator

Fourier transformation is a linear transform with several applications to physical prob-
lems [141]. The subject began in eighteenth century with the representation of certain
functions as a trigonometric series and providing a solution to the problem of a vibrat-
ing string. A broader view to such solutions using the expansion of a function in the
form of an infinite series, was provided by Jean-Baptiste Joseph Fourier in 1822 by pro-
viding analytical solutions to the problem of propagation of heat through solids [142].
Representation of a piecewise continuous function which is periodic in a given interval,
as a sum of sine and cosine functions, is known as a Fourier series. Further generaliza-
tion is obtained by assuming the function to be periodic in a period of infinite extent,
thus introducing the concept of the Fourier integral [143]:

f(t) =

∫ ∞
−∞

[∫ ∞
−∞

f(t)e2πιstdt

]
e−2πιstds

or f(t) =

∫ ∞
−∞

F (s)e−2πιstds

and F (s) =

∫ ∞
−∞

f(t)e2πιstdt. (5.1)

where f(t) (function in t−space) and F (s) (function in s−space) are Fourier trans-
forms of each other. This generalized method of transforming the given function in

119



5. Implementation of the quantum Fourier transform on a hybrid qubit-qutrit
NMR quantum emulator

terms of more suitable variables is widely used in the context of transformations be-
tween time-frequency domains and for transformations between position-momentum
space [1, 141]. For discretized functions, the integral in Equation (5.1) is replaced by a
summation and the resulting expression is termed as a discrete Fourier transformation
(DFT),

Fs =
1√
N

N−1∑
t=0

exp

(
2πιst

N

)
ft. (5.2)

The advent of discrete Fourier transform is particularly important in case of numer-
ical computing, which requires the function to be digitized in order to perform any
operations.

Quantum Fourier transformation (QFT) is a special form of the discrete Fourier
transform, which is applied to the states of quantum systems and plays an important
role in quantum computation. Consider a ‘d’ level quantum system (qudit) in a set of
basis vectors |x〉. The QFT transforms the basis vectors to another set of basis vectors
represented as |y〉. The action of the QFT on the basis vectors of a hybrid qudit system
is given by [144, 145]:

QFT |x〉 =
1√
D

D−1∑
k=0

exp

(
2πιxy

D

)
|y〉 (5.3)

where the states |y〉 have the same form as |x〉, and D =
∏N

j=1 dj is the dimension of
N−qudit system. The coefficients of the vectors get discrete Fourier transformed. The
QFT operator can be explicitly written as a matrix which exhibits a specific pattern in
its elements. This matrix creates a linear superposition of the input basis vectors.

QFT is a key ingredient of several quantum algorithms such as factorization [15],
quantum phase estimation [146] and the hidden subgroup problem [147]. QFT has
been experimentally implemented by several groups on different physical systems [13,
148, 149, 150, 151]. A hybrid-qudit QFT implementation is hence an important step
towards the realization of qudit-based quantum computers. Decompositions of the
QFT for qudit systems have been worked out by several groups [14, 145, 152, 153].
In this chapter the quantum computing protocols for hybrid qudit systems (a system
of coupled qudits of different dimensions) is discussed on a qubit-qubit-qutrit based
NMR quantum information processor.
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Qudits in NMR are not trivial to realize. Quantum computation with naturally
existing NMR qudits demands the manipulation of coupled quadrupolar nuclei under
radio frequency fields. Small decoherence times of the quadrupolar nuclei make it
difficult to perform computational tasks efficiently. Also in the isotropic environment
of liquid state NMR techniques, effective quadrupolar moments average to zero due
to which several aspects of the quadrupolar nuclei remain hidden which hinders the
quantum computational tasks. However providing anisotropic medium to these qudits
further decrease their decoherence times due to which the state of the system decoheres
much faster. Faster decoherence rates become unafordable for certain computational
tasks, thus adding inefficacy to computing with hybrid-qudit systems. Qudits are also
realized in NMR by orienting magnetically equivalent qubits in an anisotropic environ-
ment. Magnetically equivalent nuclei exhibit dipolar coupling in the anisotropic envi-
ronment due to which the otherwise degenerate transitions get separated out in the fre-
quency space. An analogy is drawn between this splitting obtained in the magnetically
equivalent nuclei and that of the effective quadrupolar splitting [39, 42] of quadrupo-
lar nuclei. Thus a set of magnetically equivalent qubits mimic qudits in NMR. In this
chapter a slightly different way to realize coupled NMR qudits is adopted. A naturally
existing system of four qubits with specific degenerate transitions is used, that gives
rise to a spectrum resembling that of a qubit-qubit-qutrit system. In this chapter, the
experimental implementation of the hybrid qudit QFT on an NMR quantum emulator
is described, using four qubits to emulate a single qutrit coupled to two qubits.

5.1 QFT Decompositions

The state of a system ofN hybrid qudits each of a different dimension dp (p = 1 · · ·N )
can be written in terms of an orthonormal basis of product states

|x〉 = |x0〉 ⊗ |x1〉 ⊗ · · · ⊗ |xN−1〉
≡ |x0 · · ·xj · · · xk · · ·xN−1〉 (5.4)

where xj ∈ {0, 1, . . . dp}. For dp = d = 2, this reduces to an N qubit state, with
x =

∑N−1
j=0 xN−1−j2N−1−j , and xj ∈ {0, 1} being binary integers. However, x does

not retain this simple form for hybrid qudits with dp > 2.
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5.1.1 Qudit Gates

The quantum Fourier transform (QFT) of a qudit is a unitary transformation possessing
a quantum circuit decomposition [154] in terms of single-qudit and two-qudit quantum
gates. A set of hybrid quantum gates have been designed to act on qudits of different
dimensions, including the hybrid SUM, SWAP, Toffoli and Fredkin gates [144, 155].

The Fourier gate (Fp) is a single-qudit gate that creates a superposition of all basis
states of the qudit with equal amplitudes, with its action on the pth qudit in an N -qudit
system given by [144, 145]:

Fp|xj〉 =
1√
d

d−1∑
yk=0

exp

(
2πιxjyk

d

)
|yk〉

xj, yk ∈ [0, 1, 2, . . . (d− 1)] (5.5)

For d = 2 (qubit) and d = 3 (qutrit) the Fourier gate reduces to the Hadamard gate (H)
and the Chrestenson gate (Ch) respectively:

H =
1√
2

(
1 1
1 −1

)

Ch =
1√
3

 1 1 1

1 e
2πι
3 e

4πι
3

1 e
4πι
3 e

2πι
3

 (5.6)

For a system of N “hybrid” qudits, each of different dimensions d1, d2, · · · dN , the
action of a two-qudit hybrid controlled-rotation gate RH

j,k (with j being the control
qudit and k the target qudit) is given by [144, 155]:

RH
j,k|x0 · · ·xj · · ·xk · · ·xN−1〉 =

exp

(
−2πιxjxk∏k

p=j dp

)
|x0 · · ·xj · · ·xk · · · xN−1〉

(5.7)

where dp is the dimension of the pth qudit; k > j has been assumed here, in order to
explicitly define the action of the gate on the N -qudit basis state, however interchang-
ing j and k does not alter the gate operation. For dp = d = 2, the hybrid two-qudit
controlled-rotation gate reduces to the standard two-qubit controlled-rotation gateRj,k.
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5.1.2 Hybrid Qudit QFT

A system of hybrid qudits is composed of coupled qudits of different dimensions. The
circuit for implementing the QFT on N hybrid qudits can be decomposed as a set of
single-qudit Fourier gates interspersed with two-qudit controlled-rotation gates:
F1R

H
1,2R

H
1,3 · · ·RH

1,NF2R
H
2,3 · · ·FN−1R

H
N−1,NFN . For N qudits each of a different di-

mension dj , the total dimension of the Hilbert space is D =
∏N

j=1 dj , and it has to be
kept in mind while implementing hybrid controlled-rotation gates that the dimensions
of the control and target qudits may be different. After the implementation of the QFT
using the above decomposition, the bit values of the resultant state appear in the re-
verse order. A sequence reversal can be achieved by applying a series of multi-valued
permutation gates [156].

5.2 An ideal QQT emulator

A QQT system consists of a qutrit coupled to two qubits. This section characterizes a
four qubit (QQQQ) system that emulates a QQT system. Considering a QQT system
governed by the Hamiltonian [39, 42]

HQQT = ω1I1z + ω2I2z + Ω3S3z +DQ(3S2
3z − S2) + J12I1zI2z

+J ′23I2zS3z + J ′13I1zS3z (5.8)

where 1, 2 and 3 label the qubits and the qutrit respectively, Iiz(Siz) is the z-component
of the magnetization vector of the ith qubit(qutrit), S2

3 =
∑

j S
2
3j, j = x, y, z is the total

magnetization of the qutrit, and ω1, ω2,Ω3 denote their Larmor frequencies i.e. the free
precession of the qubits(qutrit) in a static magnetic field. DQ represents the effective
quadrupolar splitting of the qutrit levels. Jijs denote the scalar coupling strengths
between ith and jth qubits, and J ′ij represents an interaction term involving the qutrit.

Comparing the QQT system that belongs to 2 × 2 × 3 dimensional Hilbert space
with a system of four coupled qubits (QQQQ) that spans 2 × 2 × 2 × 2 dimensional
Hilbert space. The Hamiltonian of a four-qubit QQQQ system is given by

HQQQQ = ω1I1z + ω2I2z + ω3I3z + ω4I4z + J12I1zI2z + J13I1zI3z

+J14I1zI4z + J23I2zI3z + J24I2zI4z + J34I3zI4z (5.9)
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Assuming a model four qubit system in which two of the qubits are magnetically in-
equivalent and are not coupled to each other, however each of them is coupled to rest
of the spins with same coupling strength. Under these conditions, J13 = J14 = J

′
13,

J23 = J24 = J
′
23 and J34 = 0). Spins 3 and 4 of the four-qubit system are used

to mimic a qutrit, such that the qutrit subspace containing levels 1,2 is emulated by
the third qubit and the qutrit subspace with levels 2,3 is emulated by the fourth qubit.
Comparing Equations (5.8) and (5.9), chemical shifts of third and fourth qubits are
denoted as ω3 = Ω3 + DQ and ω4 = Ω3 − DQ. The Hamiltonian of the four-qubit
QQQQ system thus reduces to

HQQQQ = ω1I1z + ω2I2z + (Ω3 +DQ)I3z + (Ω3 −DQ)I4z + J12I1zI2z

+J
′
23I2z(I3z + I4z) + J

′
13I1z(I3z + I4z) (5.10)

where all the terms have their usual meaning. Comparing the QQT and the QQQQ
emulator Hamiltonians, it is found that free evolution of the qutrit (Equation (5.8))
under the effect of its own chemical shift and quadrupolar effects is equivalent to the
chemical shift evolutions of qubits 3 and 4 (Equation (5.10)) at frequencies Ω3 + DQ

and Ω3 −DQ respectively.
A four qubit system with such a configuration, gives rise to degenerate transitions

in the NMR spectrum. Each of the qubits 1 and 2, have two pairs of degenerate tran-
sitions, thus accounting for six transitions each, while qubits 3 and 4 together possess
a total of eight degenerate pairs of transitions. The spectrum thus resembles the first
order NMR spectrum of a QQT system (wherein each qubit multiplet contains six
transitions and the qutrit multiplet contains eight transitions). However the pattern of
intensities in the four qubit QQT-emulator differs from that of an actual QQT system.
Each qubit in the QQT system gives rise to six spectral lines of equal intensities while
in a four qubit QQT-emulator, the two lines of each multiplet (belonging to qubits
1 and 2) are of double the intensity. Figure 5.1 shows the energy level diagram of
the four-qubit QQT emulator (energy levels numbered from 1-16) and an actual QQT
system (energy levels numbered from 1-12). The energy levels are labeled in the com-
putational bases consisting of {|0〉, |1〉} for a qubit and {|0′〉, |1′〉, |2′〉} for a qutrit. All
the single-quantum transitions belonging to qubits 1 and 2 in Figure 5.1(a) are shown
in blue and brown colors respectively, and those corresponding to the third and fourth
qubits are shown in purple. Figure 5.1(b) exhibits the corresponding single quantum
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transitions of the QQT system.
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Figure 5.1: Energy eigenstates labeled in the computational basis and the possible single
quantum transitions are shown for a QQQQ and a QQT system. (a) A QQQQ system
showing 16 energy levels corresponding to four coupled spin-1/2 particles. Each energy
level is labeled by the spin state 0, 1. There are 32 single quantum transitions. Transitions
belonging to spins 1 and 2 are shown in blue and brown respectively while transitions
belonging to spins 3 and 4 are shown in purple. (b) A hybrid QQT system showing 12
energy levels and 20 transitions with energy levels labeled in the computational basis;
0
′
, 1
′

and 2
′

correspond to the qutrit spin states +1, 0 and −1 respectively. Each qubit
undergoes six single spin flips shown in blue (spin 1) and brown (spin 2) respectively.
Qutrit transitions are shown in purple.
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Figure 5.2: (a) Molecular structure of 5-Fluorotryptophan acting as a QQT emulator
The qubits of interest (three 1H nuclei and one 19F nucleus) are shown inside the dot-
ted rectangular block and numbered from 1-4. Qubits numbered 3 and 4 shown in same
color, together mimic a qutrit. The chemical shift values (in ppm) and indirect coupling
constants (in Hz) are tabulated alongside. (b) NMR spectrum of the thermal state of 5-
Fluorotryptophan. The 1H and 19F spectra are shown on the same scale. Colors of the
spectral lines correspond to the spin color given in the molecular structure. The spins
resonate at the frequencies ω1, ω2 and ω3, with Jij corresponding to the scalar coupling
constant between spins i, j.

A four-qubit system satisfying all the constraints described in section 5.2 is not straight-
forward to achieve. However in NMR, one can re-interpret the actual values of cou-
pling strengths in terms of the effective coupling strengths by tailoring the coupling-
evolution intervals. We use a 5-Fluorotryptophan molecule to emulate the QQT sys-
tem. Tryptophan is an amino acid consisting of an aromatic ring with four hydrogen
atoms, one of which is replaced by a 19F. These three 1H nuclei and one 19F repre-
sent a system of four qubits. However, two 1H nuclei which are at para positions with
respect to each other, have vanishing coupling strength, due to which this fluorinated
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amino acid exhibits degeneracy in certain resonance frequencies. The number of re-
solved resonance frequencies in this molecule is exactly same as that of required for a
QQT system. Besides, a peculiar coupling pattern makes 5-Fluorotryptophan a system
which is very close to a QQT emulator.
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Figure 5.3: The multiplet pattern of the NMR spectral lines corresponding to each of the
four qubits under the effect of the magnetic field manipulations at local scales. Part (a)
represents the splitting pattern of first qubit due to scalar coupling constants J12, J13, J14,
(b) second qubit due to J12, J23, J24, (c) third qubit due to J12, J23 and (d) fourth qubit
under the effect of J14, J24 of the four-qubit NMR emulator. The ratio of coupling con-
stants J12 : J13 : J14, J12 : J23 : J24, J13 : J23 and J14 : J24 is the same as in the 5-
Fluorotryptophan molecule. The line thickness is proportional to the spectral line intensity.
Labels below each line refer to the corresponding transition as marked in Figure 5.1(a).

The molecular structure and NMR parameters of QQQQ emulator are depicted in
Figure 5.2(a) and the thermal equilibrium 1D NMR spectrum is shown in Figure 5.2(b).
The T1 and T2 relaxation times for all four qubits range between 1.17 - 3.96 s and 0.82
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- 2.28 s respectively. The coupling pattern of 5-Fluorotryptophan is not in accordance
with the constraints of the ideal QQT emulator. However this point is resolved by
considering the effective J− values and not the actual ones (while implementing the
required gates). The multiplet patterns of all the four qubits of 5-Fluorotryptophan
are shown in Figure 5.3, leading to a spectrum resembling a QQT system. For an
ideal QQT emulator, the lines of the ith qubit occurring at ωi ± Ji3 ∓ Ji4 overlap
with each other, while in the 5-Fluorotryptophan molecule, Ji3 6= Ji4(i ∈ [1, 2]) and
the lines occurring at ωi ± Ji3 ∓ Ji4 are separated by 2 | Ji3 − Ji4 |. Labels below
each spectral line refer to the corresponding transitions as per Figure 5.1(a). Each
multiplet is centered around its chemical shift value (black lines representing ω1, ω2, ω3

and ω4 respectively), which is further split by scalar coupling interaction. The ratio of
coupling constants J12 : J13 : J14, J12 : J23 : J24, J13 : J23 and J14 : J24 is the same as
in the 5-Fluorotryptophan molecule. The line thickness is proportional to the spectral
line intensity. The mapping between the transitions (labeled Q1, Q2, T) of the QQT
system and the four-qubit QQT emulator (labeled q1, q2, q3, q4) is given in Table 5.1.

Table 5.1: Mapping between the transition frequencies of a QQT system (labeled Q1,
Q2 and T) and a four-qubit QQQQ system (labeled q1, q2, q3, q4) which acts as QQT
emulator.

Q1 q1 Q2 q2 T q3, q4

1-7 1-9 1-4 1-5 1-2 1-3, 2-4
2-8 2-10, 3-11 2-5 2-6, 3-7 2-3 1-2, 3-4
3-9 4-12 3-6 4-8 4-5 5-7, 6-8
4-10 5-13 7-10 9-13 5-6 5-6,7-8
5-11 6-14, 7-15 8-11 10-14, 11-15 7-8 9-11, 10-12
6-12 8-16 9-12 12-16 8-9 9-10, 11-12
– – – – 10-11 13-15, 14-16
– – – – 11-12 13-14, 15-16
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5.3.1 Experimental implementation of the QFT

Experimental implementation of the hybrid QFT on a QQT emulator was carried out
on a 5-Fluorotryptophan molecule dissolved in D2O. The experiments were performed
on a 600 MHz Avance III NMR spectrometer equipped with a triple resonance QXI
probehead . The corresponding 19F nuclei resonates at 564 MHz.

Hybrid qudit gates are interpreted in the form of radio frequency pulses for their
NMR experimental implementation. The hybrid QFT for a QQT system is imple-
mented by the sequence of gates:

QFT hyb = H1R12R
H
13H2R

H
23Ch3. (5.11)

The explicit forms of these gates are given in Equations 5.6, 5.7. The sequential im-
plementation of these gates as applied from left to right results in the desired quantum
Fourier transformation operator. The NMR pulse sequences for the hybrid QFT gate
implementations are given in Table 5.2.

Table 5.2: NMR pulse sequences implementing the hybrid qudit QFT operations. Second
and third columns contain the sequence of rotations that implement the quantum gates
given in first column. Spins in QQT system are labeled as (Q1, Q2, T ), while defining a
single spin operation.

Gate QQT system Four qubit QQT emulator

H1 (π
2
)Q1
y (π

2
)1
y

R12
1

2J12
(π

2
)Q1,Q2
z

1
2J12

(π
2
)1,2
z

RH
13 (π

3
)Q1
z (π

6
)Tz

1
6J ′13

(π
3
)1
z(
π
6
)3,4
z

1
6J13

1
6J14

H2 (π
2
)Q2
y (π

2
)2
y

R
′
23 (2π

3
)Q2
z (π

3
)Tz

1
3J ′23

(2π
3

)2
z(
π
3
)3,4
z

1
3J23

1
3J24

Ch3 (π
2
)Ty (π

2
)3,4
y

As shown in the Table 5.2, the pulse sequences for the hybrid gates implementation
is contained in column2. Column3 contains the respective pulse sequences correspond-
ing to the hybrid QFT implementation on a four-qubit QQT emulator. The operations
on the qutrit of the QQT system can be translated to operations on qubits 3,4 of the
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QQQQ system (QQT emulator). The NMR pulse sequence for the experimental im-
plementation of a hybrid qudit QFT on the four-qubit QQT NMR emulator is shown
in Figure 6.2. A hybrid controlled-rotation gate RH

j,k (where ‘j’ is the control-qubit
and ‘k’ is the target qutrit) can be realized by a z-rotation of the qutrit state by an
angle 2πxjxk∏k

m=j dm
(j ∈ [0, 1], k ∈ [0, 1, 2]). For the two qubits mimicking a qutrit, this

controlled-rotation can be obtained by rotating both the qubits by the same angle with
respect to the control qubit. Chemical shift offsets are chosen such that spins 1 and 2
always remain on resonance.

2
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τ14
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Figure 5.4: NMR pulse sequence for a hybrid qubit-qubit-qutrit QFT implementation on
a four-qubit QQT emulator. Flip angles and axes of rotation are displayed over each pulse.
Rotation axes n1 and n2 are aligned at angles θ1 = π

2 + 5π
6 and θ2 = π

2 + 2π
3 with respect

to the x-axis. The shaped pulses represent selective pulses while black rectangles represent
non-selective pulses; τijs represent time intervals of evolution under the scalar couplings
Jij .

The motive of this hybrid QFT implementation is to observe the periodicity of the
transformation matrix, as reflected in the final state of the system of interest. The full
periodic pattern is seen if one begins with all possible pseudo-pure states of the hybrid
qudit system. As an example, if one begins with the QQT state |000〉 in the compu-
tational basis, the resultant state is a coherent superposition of all the basis vectors.
For any other initial state, the resultant state is a superposition of all the basis vectors
alongwith certain phase differences that are responsible for the pattern. The action of
the QFT in extracting state periodicity can be equally well demonstrated on an initial
thermal equilibrium state as on a pseudo-pure state and hence the QFT on a thermal
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equilibrium state [13] is demonstrated in this chapter. Beginning with the thermal equi-
librium density operator, the first

(
π
2

)1

n1
pulse implements a Hadamard gate on the first

qubit. The axis of rotation n1 = cos θ1x̂+ sin θ1ŷ (aligned at an angle of θ1 = π
2

+ 5π
6

with the x-axis) was chosen to obtain a z−rotation of the first qubit by an angle 5π
6

,
thereby circumventing the high time cost involved in implementing z−rotations. At
this point in the pulse sequence, the qubits 2, 3 and 4 do not have any coherence, and
thus single spin z−rotations are redundant in their case. The first evolution period
incorporates the controlled-rotation gates R1,2 and RH

1,3 for a time τij =
θij
πJij

(θij is
the desired rotation angle). The evolutions under the scalar coupling J12 by an angle
π
2
, under the scalar coupling J13 by an angle π

6
, and under the scalar coupling J14 by

an angle π
6

are achieved simultaneously during the first evolution period. Refocusing
pulses are introduced at appropriate points to obtain the desired rotation angles. The
next module of the hybrid QFT begins with a

(
π
2

)2

n2
pulse that implements a Hadamard

gate along with producing an effective z−rotation of 2π
3

on the second qubit (the axis
n2 is chosen to make an angle of θ2 = π

2
+ 2π

3
with the x-axis). This is followed by an

evolution under the couplings J23 and J24 during the second evolution interval. The ef-
fect of evolution on the first spin is refocused by a pulse in the middle of the evolution
period. The final Hadamard gate on the third and fourth qubits is performed by a

(
π
2

)3,4

y

pulse (which effectively mimics a single-qutrit Fourier gate). All pulses on qubit 1 are
Gaussian pulses of 13 ms duration and the simultaneous excitation of qubits 3 and 4 is
achieved using a 7 ms shaped pulse (Seduce.100). Qubit 2 corresponds to 19F, which
is being modulated by a different channel, thus all the pulses of second qubit are hard
pulses. Since qubits 3 and 4 are only 36 Hz apart it is difficult to individually address
them in an experiment, and hence the controlled-rotation gates on these two qubits
have been implemented without applying individual refocusing pulses on them. This
leads to certain deviations from the expected pattern of the final QFT state.

5.3.2 Tomographic reconstruction

It is known that an arbitrary quantum state of a d−level quantum system requires the
specification of d2 − 1 independent variables to be described completely as described
in Section 1.2.3. In NMR quantum computation, one obtains single quantum coher-
ences in the form of first-order NMR spectrum. Thus the method of quantum state
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tomography (QST) involves the projection of the information contained in the popula-
tions and higher order coherences onto the single quanta through various experiments.
Single quantum terms of the density operator are complex numbers which correspond
to the respective spectral lines of the NMR spectrum. A purely absorptive spectral
line correspond to a purely real number while a dispersive spectral line correspond
to a purely imaginary number representing single quantum term. An arbitrary phase
of the spectral line contains both absorptive as well as dispersive parts and thus rep-
resents a complex number. These real and imaginary parts of the complex number
corresponding to a single quantum term are obtained by measuring the intensities of
the spectral line without any phase correction and with a zero order phase change of
(−900) respectively. However, in this very system of four qubits, the baseline becomes
quite distorted at the end of the desired gate implementation. This leads to a genuine
problem of finding the spectral intensities. The solution to this problem is obtained
by considering the complex numbers in polar coordinates. Thus the task consists of
finding the total intensity of the line and its phase difference with respect to a purely
absorptive line. Total intensity of a line is proportional to the number of spins respond-
ing to a particular gate operation. This is obtained by making the line purely absorptive
by zero order phase correction before measuring its intensity. The intensities of all the
spectral lines are obtained in this way, thus reducing the errors due to baseline imper-
fections. The information regarding the phase is retained by measuring the angular
twist provided, while making the spectral line purely absorptive. Thus one obtains ‘r’
in the form of normalized total intensity of a spectral and the phase ‘θ’ as the phase dif-
ference between the actual line and the corresponding purely absorptive line, resulting
in a complex number ‘reιθ’ corresponding to each spectral line.

QQT tomography scheme

Partial tomography of the QQQQ system was performed in order to reconstruct the
desired QQT density matrix. First, a set of operators were designed to reconstruct
the full QQT density operator in d × d dimensional Liouville space (in this case d =

2⊗2⊗3). This set of operators was then extended to the analogous set of tomography
operations in a 16× 16 dimensional operator space of the four-qubit NMR emulator.

The complete characterization of a 12× 12 dimensional QQT density operator re-
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quires the determination of 143 variables. The 11 diagonal elements (populations) are
obtained by applying an appropriate z-gradient to kill off-diagonal elements, followed
by spin-selective rotations to project the diagonal elements onto experimentally mea-
surable parts of the density matrix. The remaining 132 elements are obtained by a set
of 19 operators: III′, YII′, XII′, IYI′, IXI′, IIY′, IYY′, IXY′, YIY′, XIX′, XXI′, YYI′,
XYI′, YXI′, XYY′, XXY′, YXX′, YYX′ and IIλ′-Gradz-IIΥ′, where I is the iden-
tity operator, X(Y) refers to a single spin operator and primed operators correspond to
qutrit operations. These operators can be implemented by applying the corresponding
spin-selective π

2
pulses (or a no-operation for the identity operator). The last tomog-

raphy experiment consists of a z gradient pulse sandwiched between two y pulses
represented by λ and Υ applied on the qutrit, of flip angles (−π

2
) and (π

4
) respectively.

The tomography scheme is designed to have only the spin-selective rotations, thus for
qutrit subspace of the QQT system, three dimensional analogue of the Pauli matrices
are used as generators of rotations. The explicit tomography protocol and the QQT
state reconstruction are described in Tables 5.3 and 5.4.

Table 5.3: A set of experiments performing partial tomography of a qubit-qubit-qutrit
system alongwith their respective pulse sequences for NMR experimental implementations
are shown. The pulse sequences compose of the angular twists with subscript referring to
the axis of rotation and the superscript corresponding to the spin number.

S.No. Experiment Pulse sequence S.No. Experiment Pulse sequence

1 III′ No operation 11 XXI′ (π
2
)1
x (π

2
)2
x

2 YII′ (π
2
)1
y 12 YYI′ (π

2
)1
y (π

2
)2
y

3 XII′ (π
2
)1
x 13 XYI′ (π

2
)1
x (π

2
)2
y

4 IYI′ (π
2
)2
y 14 YXI′ (π

2
)1
y (π

2
)2
x

5 IXI′ (π
2
)2
x 15 XYY′ (π

2
)1
x (π

2
)2
y (π

2
)3
y

6 IIY′ (π
2
)3
y 16 XXY′ (π

2
)1
x (π

2
)2
x (π

2
)3
y

7 IYY′ (π
2
)2
y (π

2
)3
y 17 YXX′ (π

2
)1
y (π

2
)2
x (π

2
)3
x

8 IXY′ (π
2
)2
x (π

2
)3
y 18 YYX′ (π

2
)1
y (π

2
)2
y (π

2
)3
x

9 YIY′ (π
2
)1
y (π

2
)3
y 19 IIλ′-Gradz-IIΥ′ −(π

2
)3
y Gz (π

4
)3
y

10 XIX′ (π
2
)1
x
π
2

3
x
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Table 5.4: Terms of the QQT density matrix obtained from various experiments.

This table contains the description of various terms as obtained from the given set of
experiments for QQT tomography. Second column contains the elements of the QQT
density operator written as ρr,c (r is the row number and c is the column number), third
column contains the list of QQT experiments used to determine the respective elements
(as per column 2) and last column contains the number of variables (η) found by the
corresponding combination of experiments.

Elements of ρQQT Experiment (as per Table 5.3) η

1 ρ1,2; ρ1,4; ρ1,7; ρ2,3; ρ2,5; ρ2,8; ρ3,6; Exp-1 40
ρ3,9; ρ4,5; ρ4,10; ρ5,6; ρ5,11; ρ6,12; ρ7,8;

ρ7,10; ρ8,9; ρ8,11; ρ9,12; ρ10,11; ρ11,12

2 ρ1,8; ρ1,10; ρ2,7; ρ2,9; ρ2,11; ρ3,8; ρ3,12; Exp-2, Exp-3 28
ρ4,7; ρ4,11; ρ5,8; ρ5,10; ρ5,12; ρ6,9; ρ6,11

3 ρ1,5; ρ2,4; ρ2,6; ρ3,5; ρ7,11; ρ8,10; ρh,12; Exp-4, Exp-5 16
ρ9,11

4 ρ1,3; ρ4,6; ρ7,9; ρ10,12 Exp-6, Exp-19 8
5 ρ1,9; ρ3,7; ρ4,12; ρ6,10 Exp-9, Exp-10 8
6 ρ1,11; ρ2,10; ρ4,8; ρ5,7 Exp-11, Exp-12, Exp-13, Exp-14 8
7 ρ2,12; ρ3,11; ρ5,9; ρ6,8 Exp-11, Exp-12, Exp-13, Exp-14 8
8 ρ1,6; ρ3,4; ρ7,12; ρ9,10 Exp-7, Exp-8 8
9 ρ1,12; ρ3,10; ρ4,9; ρ6,7 Exp-15, Exp-16, Exp-17, Exp-18 8

The set of experiments described in Table 5.3 transfer various elements of the QQT
density operator at the positions of single quanta, that are directly observable in the
respective first order NMR spectra. The detailed description of the subsets of exper-
iments determining various elements is given in Table 5.4. Once all the variables are
obtained complete QQT density operator is constructed.

Correspondence between the QQT and QQQQ density matrices

In this chapter a QQT state was reconstructed after Quantum Fourier Transform on the
thermal equilibrium state, thus there are no diagonal elements. The first-order NMR
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spectrum of the four qubit system (actual QQT emulator) matches with that of the
QQT system, and the above set of experiments project all the information of the state
on these single quantum lines alone. Thus as per mapping between the spectral lines of
QQT system and four-qubit QQT emulator described in Table 5.1 and Figure 5.3, the
intensities of the spectral lines of QQT system are obtained. An analysis is conducted
explicitly to present the correspondence between the spectral lines of QQT system and
that of the QQT emulator. There are some unwanted degenerate transitions (as in the
actual emulator Ji3 6= Ji4 and thus lines at ωi ± Ji3 ∓ Ji4 are not degenerate) in qubits
1 and 2 of the actual QQT emulator which is circumvented by using the constraint
that lines at ωi ± Ji3 ∓ Ji4 are of equal intensity. This assumption fits for the final
QFT density matrix as well as for the various tomography pulses. Therefore mapping
all the 20 lines of the NMR spectrum of the actual QQT emulator onto those of the
expected lines of a QQT system, one obtains various elements of the QQT density
matrix. Thus using the information gained from single quantum terms of the QQQQ
system at the end of various tomography experiments, a 12 × 12 QQT density matrix
is reconstructed.

Considering the intensities of spectral lines corresponding to a QQQQ system be-
ing designated as ‘Int(s,t)’, where ‘s’ and ‘t’ are the labels of the energy levels as per
Figure 5.1. Single quantum line intensities (Int) of QQT system are obtained from the
linear combinations of single quantum line intensities of QQQQ system. The detailed
list is given below, where intensities of the transitions on left hand side correspond to
the QQT system and those on the right hand side correspond to the QQQQ system.
Spin-1 (qubit)

1. Int(1-7) = Int(1-9)

2. Int(2-8) = Int(3-11)

3. Int(3-9) = Int(4-12) + Int(7-15) - Int(6-14); (assumption: Int(6-14) = Int(7-15))

4. Int(4-10) = Int(2-10) + Int(5-13) - Int(3-11); (assumption: Int(2-10) = Int(3-11))

5. Int(5-11) = Int(6-14)

6. Int(6-12) = Int(8-16)

Spin-2 (qubit)
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1. Int(1-4) = Int(1-5)

2. Int(2-5) = Int(2-6)

3. Int(3-6) = Int(4-8) + Int(10-14) - Int(11-15); (assumption: Int(10-14) = Int(11-
15))

4. Int(7-10) = Int(3-7) + Int(9-13) - Int(2-6); (assumption: Int(2-6) = Int(3-7))

5. Int(8-11) = Int(11-15)

6. Int(9-12) = Int(12-16)

Spins-3 & 4 (qutrit)

1. Int(1-2) = Int(1-3) + Int(2-4)

2. Int(2-3) = Int(1-2) + Int(3-4)

3. Int(4-5) = Int(5-7) + Int(6-8)

4. Int(5-6) = Int(5-6) + Int(7-8)

5. Int(7-8) = Int(9-11) + Int(10-12)

6. Int(8-9) = Int(9-10) + Int(11-12)

7. Int(10-11) = Int(13-15) + Int(14-16)

8. Int(11-12) = Int(13-14) + Int(15-16)

Intensities of NMR spectral lines of a QQT system are obtained in this manner for all
the tomography experiments. Various terms of the QQT density operators are obtained
from the set of experiments depicted in Table 5.4, thus final QQT density operator
is constructed from a given QQQQ system. It is to be noted that the assumptions
described while quantitative analysis of the line intensities are taken care of while
determining the tomography protocol.

A theoretical QQT density operator (ρQQT ) obtained after QFT implementation on
the thermal equilibrium state is shown in Figure 5.5(a). A QQT density operator is
simulated corresponding to QFT implementation on the QQQQ system using hybrid

136



5.3 NMR Implementation

qudit gates. During these gate implementations, qubits 3 and 4 are assumed to em-
ulate a qutrit. The final QQT state is reconstructed using the tomography protocol
described in previous action. The real and imaginary parts of the resultant density
operator (ρemulator) are shown in Figure 5.5(b).
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Figure 5.5: Real and imaginary parts of (a) ideal QQT density operator after QFT im-
plementation and (b) QQT density operator simulated by drawing mapping between the
spectral lines of QQQQ and QQT systems.

In order to determine the pattern contained after the QFT implementation, it is
more convenient to visualize the complex state of the system in polar form. Matrices
corresponding to the amplitude and phase parts of the polar form of ρQQT and ρemulator

are separately analyzed. Comparison of the density matrices showing amplitudes show
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a complete overlap. The phase differences as shown are found to follow a specific
pattern. Thus in the simulated density operator also the pattern is retained in a way.
The final state density operators (written in polar form, with the phase given in degrees)
of the QQT system (ρQQTamp , ρ

QQT
ph ) and the 12 × 12 dimensional reconstructed state of

the NMR emulator (ρemulatoramp , ρemulatorph ), after applying a hybrid QFT on a thermal
equilibrium initial state, are detailed below:

ρQQTamp =



0. 0.71 0. 0.12 0.31 0.38 0. 0. 0. 0. 0. 0.5
0.71 0. 0.71 0.31 0.25 0.31 0. 0. 0. 0. 0.5 0.
0. 0.71 0. 0.38 0.31 0.12 0. 0. 0. 0.5 0. 0.

0.12 0.31 0.38 0. 0.71 0. 0.38 0.31 0.12 0. 0. 0.
0.31 0.25 0.31 0.71 0. 0.71 0.31 0.25 0.31 0. 0. 0.
0.38 0.31 0.12 0. 0.71 0. 0.12 0.31 0.38 0. 0. 0.
0. 0. 0. 0.38 0.31 0.12 0. 0.71 0. 0.12 0.31 0.38
0. 0. 0. 0.31 0.25 0.31 0.71 0. 0.71 0.31 0.25 0.31
0. 0. 0. 0.12 0.31 0.38 0. 0.71 0. 0.38 0.31 0.12
0. 0. 0.5 0. 0. 0. 0.12 0.31 0.38 0. 0.71 0.
0. 0.5 0. 0. 0. 0. 0.31 0.25 0.31 0.71 0. 0.71
0.5 0. 0. 0. 0. 0. 0.38 0.31 0.12 0. 0.71 0.


(5.12)

ρemulatoramp =



0. 0.71 0. 0.12 0.31 0.75 0. 0. 0. 0. 0. 1.
0.71 0. 0.71 0.31 0.12 0.31 0. 0. 0. 0. 0. 0.
0. 0.71 0. 0.75 0.31 0.12 0. 0. 0. 1. 0. 0.

0.12 0.31 0.75 0. 0.71 0. 0.38 0.31 0.25 0. 0. 0.
0.31 0.12 0.31 0.71 0. 0.71 0.31 0.38 0.31 0. 0. 0.
0.75 0.31 0.12 0. 0.71 0. 0.25 0.31 0.38 0. 0. 0.
0. 0. 0. 0.38 0.31 0.25 0. 0.71 0. 0.12 0.31 0.75
0. 0. 0. 0.31 0.38 0.31 0.71 0. 0.71 0.31 0.12 0.31
0. 0. 0. 0.25 0.31 0.38 0. 0.71 0. 0.75 0.31 0.12
0. 0. 1. 0. 0. 0. 0.12 0.31 0.75 0. 0.71 0.
0. 0. 0. 0. 0. 0. 0.31 0.12 0.31 0.71 0. 0.71
1. 0. 0. 0. 0. 0. 0.75 0.31 0.12 0. 0.71 0.


(5.13)
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ρQQTph =



0. 0. 0. −60. 30. 120. 0. 0. 0. 0. 0. 90.
0. 0. 0. 30. 120. 30. 0. 0. 0. 0. 90. 0.
0. 0. 0. 120. 30. −60. 0. 0. 0. 90. 0. 0.
60. −30. −120. 0. 0. 0. 30. −60. −150. 0. 0. 0.
−30. −120. −30. 0. 0. 0. −60. 30. −60. 0. 0. 0.
−120. −30. 60. 0. 0. 0. −150. −60. 30. 0. 0. 0.

0. 0. 0. −30. 60. 150. 0. 0. 0. −60. 30. 120.
0. 0. 0. 60. −30. 60. 0. 0. 0. 30. 120. 30.
0. 0. 0. 150. 60. −30. 0. 0. 0. 120. 30. −60.
0. 0. −90. 0. 0. 0. 60. −30. −120. 0. 0. 0.
0. −90. 0. 0. 0. 0. −30. −120. −30. 0. 0. 0.
−90. 0. 0. 0. 0. 0. −120. −30. 60. 0. 0. 0.


(5.14)

ρemulatorph =



0. 0. 0. −120. −30. 60. 0. 0. 0. 0. 0. 0.
0. 0. 0. −30. −120. −30. 0. 0. 0. 0. 0. 0.
0. 0. 0. 60. −30. −120. 0. 0. 0. 0. 0. 0.

120. 30. −60. 0. 0. 0. 60. −30. −120. 0. 0. 0.
30. 120. 30. 0. 0. 0. −30. 60. −30. 0. 0. 0.
−60. 30. 120. 0. 0. 0. −120. −30. 60. 0. 0. 0.

0. 0. 0. −60. 30. 120. 0. 0. 0. −120. −30. 60.
0. 0. 0. 30. −60. 30. 0. 0. 0. −30. −120. −30.
0. 0. 0. 120. 30. −60. 0. 0. 0. 60. −30. −120.
0. 0. 0. 0. 0. 0. 120. 30. −60. 0. 0. 0.
0. 0. 0. 0. 0. 0. 30. 120. 30. 0. 0. 0.
0. 0. 0. 0. 0. 0. −60. 30. 120. 0. 0. 0.


(5.15)

Close observation of the polar form of the theoretical and the simulated QQT density
operators reveal the pattern created by the QFT operation on the thermal equilibrium
state. Theoretical and the simulated density operators differ only along the counter-
diagonal elements of the 3× 3 block matrices.
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5.3.3 Tomographic analysis of the QFT implementation
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Figure 5.6: Tomographs of the real and imaginary parts of the (a) theoretically expected
(ρtheory) and (b) experimentally obtained (ρexpt) final density operator obtained after ap-
plying a hybrid QFT on the thermal equilibrium state of the four-qubit QQQQ system
used as a QQT emulator. The rows and columns are labeled by the multi-valued logic
states (|000′〉 to |112′〉) of a QQT system.

A corresponding set of 19 operations can be used to determine the off-diagonal
elements of the four-qubit QQQQ system: IIII, YIII, XIII, IYII, IXII, IIYY, IYYY,
IXYY, YIYY, XIXX, XXII, YYII, XYII, YXII, XYYY, XXYY, YXXX, YYXX and
IIλλ-Gradz-IIΥΥ. The last tomography experiment on the QQQQ system consists of
a z gradient pulse sandwiched between two y pulses represented by λ and Υ, applied
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simultaneously on qubits 3 and 4 of flip angles (−π
2
) and (π

4
) respectively.

The theoretically expected and experimentally obtained tomographs of the real and
imaginary parts of the density matrices obtained after applying a hybrid QFT on the
four-qubit QQT NMR emulator are given in Figure 5.6. The theoretically expected
state considered here corresponds to the one without refocusing pulse implementa-
tions in qubits 3 and 4. On visual inspection, one can see that the general pattern of
the weights in the density matrices is quite similar, indicating the success of the QFT
implementation. Quantitatively, the fidelity of the reconstructed state was computed
using the measure given in Equation (1.6). The fidelity of the experimentally recon-
structed density matrix was computed to be 0.83. The loss in fidelity of the experi-
mentally reconstructed state can be attributed to several experimental factors, namely,
rf pulse imperfections, imperfect refocusing of chemical shift evolution of unwanted
coherences during the evolution intervals and rf field inhomogeneity.

5.4 Concluding remarks

In this chapter, a unique way is adopted for the physical realization of a qudit system
suitable for quantum computation. Here a four-spin system is used, which due to its
degeneracies cannot be treated as a potential QQQQ system. However its peculiar
coupling pattern makes it suitable for qudit computing. Thus the degeneracy in transi-
tions of this four qubit system is used to emulate a qubit-qubit-qutrit system. Further
the techniques of computing with NMR qudits is developed. QFT is one of the key
quantum circuits in several quantum algorithms and it is hence important to look for
decompositions of the QFT specifically designed for qudits and hybrid qubit-qudit sys-
tems. Qubit-qubit-qutrit QFT is implemented experimentally on the four qubit system
emulating a hybrid system of two qubits coupled to a qutrit. A tomography proto-
col for the reconstruction of a hybrid qubit-qubit-qutrit is proposed which is another
mandatory step in order to perform a hybrid qudit computation. A correspondence is
drawn between the tomography protocols of a QQQQ system and a QQT system for
the complete characterization of the emulator used. These non-trivial results are a few
steps towards the advancement of the area of qudit quantum computing on an NMR
quantum information processor. It is expected that these experiments will pave the way
for the implementation of full-fledged qudit-based quantum computing proposals.
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Chapter 6

Applications of numerically optimized
pulses in NMR

Nuclear Magnetic Resonance is a versatile technique that demands increasing precision
as its applications increase. Optimal control theory in the context of NMR is a field
of much recent interest, which deals in obtaining a good control over the experimental
systems [157]. Optimal control theory-based NMR experimental implementations fa-
cilitate nearly perfect coherence transfer amplitudes [158, 159], a precise uniform exci-
tation of spins [160], quantum gate implementations with a single rf pulse [5, 32, 161],
and the compensation of decoherence among spins [162]. This chapter describes a few
applications of numerically optimized pulses in NMR.

The experimental regime in NMR provides much flexibility in various operations,
and control over the system of nuclear spins. One can design a desired set of ra-
dio frequency pulses and delays in a specific order, and implement it on a system of
NMR-active nuclear spins [163]. Pulse parameters like pulse duration, pulse power,
and bandwidth depend upon each other, pulse duration and bandwidth are inversely
proportional to each other, while pulse power depends upon the angle of excitation.
Thus introducing the interplay between the pulse duration, pulse power and the band-
width even single transitions can be addressed precisely. However, during the actual
pulse implementations, experimental imperfections come into the picture leading to
signal distortion. Numerically optimized pulses are designed taking into consideration
these hurdles. Such numerical pulses that compensate the experimental imperfections,
prove to be very useful, and have various applications. Numerically optimized pulses
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specifically tailor the radio frequency profiles for a specific flip angle, uniformly ex-
citing a desired set of resonances. Gradient Ascent Pulse Engineering (GRAPE) [89]
provides an efficient way to generate a numerical pulse corresponding to state-to-state
transfer or operator optimization. In this chapter, the use of these pulses optimized
via the SIMPSON software program [90], is exploited for various purposes such as
qudit computing in NMR, betterment of 2D fast pulsing SOFAST type of sequences
for biomolecular NMR and the simulation of low temperature protein dynamics.

6.0.1 Numerical optimization using GRAPE

GRAPE [89] is an efficient algorithm for optimal pulse design. It is based on the
evolution of the state of the system under the effect of an RF field as per the Liouville
Von Neumann equation

∂ρ

∂t
= −ι[H(t), ρ(t)] (6.1)

The Hamiltonian of the system, Ht = H0 + Hrf consists of a static part (H0) (speci-
fying the system) and an RF part (Hrf ) which is optimized iteratively using gradient
ascent methods. The RF part of the Hamiltonian is divided into ‘N’ steps each of width
‘∆t’, such that T = N∆t is the total duration of the pulse. Corresponding to the jth

time step,

Hrf (j) =
m∑
k=1

uk(j)Hk (6.2)

where uk(j) is the amplitude of the control Hamiltonian (Hk) at jth time step cor-
responding to the kth spin type (e.g. 13C, 1H etc.). Assuming the amplitudes (RF
strength) to be constant in each time step, the vector uk(t) begins with a guess profile.
The state of the system is acted upon by Uj = Exp[−ι∆tHt(j)] corresponding to the
jth time step leading to a numerically attained final state

ρn = UnUn−1 . . . . . . U1ρ0U
†
1 . . . . . . U

†
n−1U

†
n (6.3)

At the end of each iteration, the fidelity φ = Tr(ρ†thρn) is calculated between the
theoretically expected (ρth) and the numerically achieved final density matrix. The
control amplitudes are updated as per the gradient ascent method in order to maximize
the fidelity. The entire protocol is iterated until the desired fidelity is achieved. The
control amplitudes at different time steps together form the pulse profile. In this chapter
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numerical pulses are optimized to implement a quantum gate and for band-selective
excitation using GRAPE. It is to be noted that the pulse profile obtained using GRAPE
is not unique; there can exist more than one GRAPE optimized pulse shape of the same
duration, exciting the same bandwidth and simulating the same operation.

6.1 Numerically optimized pulses for QFT on a hybrid
qubit-qutrit system

In order to re-implement hybrid QFT on coupled qudits as described in Chapter 5, let
us consider a hybrid qubit-qutrit system. The Hamiltonian of a such a system (Equa-
tion (5.8)) in the presence of a strong magnetic field

−→
B = B0ẑ is:

H = ω1Iz + ω2Sz + 2πJ1,2IzSz +Q(3S2 − Sz.Sz), (6.4)

where ω1 and ω2 are the resonance frequency offsets of the qubit and the qutrit respec-
tively, J12 is the scalar coupling strength, and Q is the effective quadrupolar moment
of the qutrit. Ik and SK (k ∈ x, y, z) are the elements of angular momentum opera-
tors corresponding to the qubit and the qutrit respectively. Explicitly, one can write
Ik = 1

2
σk ⊗ I3×3 and Sk = I2×2 ⊗ Σk respectively, where σk is the Pauli matrix for a

two-level quantum system and Σk is the three-dimensional analogue of the Pauli ma-
trix. I2×2 and I3×3 are the identity operators in two and three dimensions respectively.
The resultant Hamiltonian thus represents a six-level quantum. The six-dimensional
Hilbert space has six energy levels (labeled from 1-6 in Figure 6.1(b)). Corresponding
to an ensemble of spins at thermal equilibrium, relative occupation indices are shown
in Figure 6.1(b) above each energy eigenstate where r = γC

γD
≈ 1.63 is the ratio of

the gyromagnetic ratios of qubit (γC) and qutrit (γD). [|0′〉 , |1′〉 , |2′〉] represent the set
of orthonormal basis vectors for a qutrit, such that the angular momenta associated
with the spin states |0′〉 = +1, |1′〉 = 0 and |2′〉 = −1. The computational basis of
the qubit is [0, 1] with spin states |0〉 = +1

2
and |1〉 = −1

2
. There are seven single-

quantum transitions (obeying the selection rule ∆m = ±1) as shown in Figure 6.1(b).
Out of these transitions, three correspond to qubit flips and four to that of qutrit flips.
The qutrit has two degenerate pairs of transitions when experiments are performed in
an isotropic medium, like the liquid state NMR environment. As explained in Chap-
ters 3, 4 as well as Appendix A of the present thesis, the quadrupolar coupling strength
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Figure 6.1: (a) Molecular structure of Chloroform-D: 13C (spin 1/2) is the qubit while
2D (spin 1) is the qutrit. (b) Energy level diagram of 13C-2D qubit-qutrit system is shown.
There are six energy levels (numbered from 1-6) labeled with the basis vectors; the popu-
lations are given above each energy level (’r’ is the ratio of gyromagnetic ratios of 13C and
2D, r= γCγD ). Spectral line of a qubit under the effect of scalar coupling with a qutrit splits
into three lines which is shown by three transitions of qubit (blue line). The qutrit under
the effect of scalar coupling and quadrupolar moment, undergoes four transitions shown
in purple. (c) Pulse sequence to create the pseudo-pure state |00′〉 in a hybrid qubit-qutrit
system using transition selective pulses, followed by QFT. QFT implementation is carried
out with the numerically optimized pulses using GRAPE.

averages to zero (Q = 0) in an isotropic medium leading to overlap in the qutrit transi-
tions in frequency space. However the degeneracy in qutrit-transitions can be removed
by orienting the qutrit in an anisotropic environment (such as a liquid crystal). An
anisotropic environment retains the quadrupolar splitting between the spectral lines.
The splitting between the spectral lines of the qutrit (which are otherwise degenerate)
is attributed to the amount of anisotropy of the medium which is its ‘order parameter’.

The simulation of a qubit-qutrit system with parameters resembling a deutrated
Chloroform molecule CDCl3 is shown in Figure 6.1(a), where 13C is a qubit and the
spin 1 2D is a qutrit, together forming a six-level quantum system. This molecule is
simulated in NMRSIM software (Topspin 2.1) as per the Hamiltonian given in Equa-
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tion 6.4. Chemical shift values of 13C (ω1) and 2D (ω2) are taken as 77 ppm and 7
ppm respectively and the scalar coupling J12 is 32 Hz. The molecule is simulated in
an anisotropic environment providing effective value of quadrupolar moment of 2D to
be 120Hz. Thermal equilibrium spectrum of this system is shown in Figure 6.3(a).

6.1.1 Qubit-qutrit QFT

Quantum Fourier transform is a unitary transformation, which in its explicit form for a
six-level quantum system is given as:

QFT =
1√
6


1 1 1 1 1 1
1 ω ω2 ω3 ω4 ω5

1 ω2 ω4 1 ω2 ω4

1 ω3 1 ω3 1 ω3

1 ω4 ω2 1 ω4 ω2

1 ω5 ω4 ω3 ω2 ω

 (6.5)

where ω = e
−2πι

6 is the sixth root of unity. This matrix implements quantum Fourier
transform on a six-level quantum system. The decomposition of this QFT matrix in
terms of single spin and two-spin rotations are given as: H1R12H2. H1 is the Hadamard
gate on first the first spin(qubit),R12 is a controlled operation with first spin (qubit) acts
as control, and the second spin (qutrit) acts as target. Thus whenever the qubit is in
state |1〉, the target qutrit acquires a phase of e

2πιk
6 where k ∈ {0, 1, 2} depending upon

whether qutrit is in state |0′〉 or |1′〉 or |2′〉 respectively. Explicit operator representation
of this gate is given as:

R12 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0

0 0 0 0 e
2πι
6 0

0 0 0 0 0 e
4πι
6

 (6.6)

Finally H2 is the Fourier gate which is three dimensional analogue of the Hadamard
gate (also known as Chrestenson gate [164]). This is a single qutrit gate given as:
I2×2 ⊗ C where

C =
1√
3

 1 1 1

1 e
2πι
3 e

4πι
3

1 e
4πι
3 e

2πι
3

 (6.7)
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The NMR pulse schemes for the implementation of these gates have been worked out
in detail in chapter 5. In this chapter a different technique is adopted for the QFT
implementation on a hybrid qudit system. QFT implementation is achieved here by
numerically optimizing a single pulse corresponding to the explicit QFT matrix given
in Equation (6.5).
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Figure 6.2: Numerical pulse profile optimized for 13C and 2D of CDCl3 molecule, that
implements a hybrid quantum Fourier transform. The horizontal axis shows the pulse
duration in 100 steps of 280µs each. In (a1) and (b1), vertical axis represents the pulse
amplitude normalized to 100. Vertical axis in parts (a2) and (b2) show the phase of the
pulse (in degrees).

Here numerically optimized pulses using GRAPE [89] accessed through SIMP-
SON [90] are used to generate radio frequency pulse profiles for various unitary op-
erators. The explicit QFT= H1R12H2 is also a unitary operator and thus RF profile
for complete QFT matrix can be optimized numerically. In case of numerical opti-
mization, it is better to decompose the complex operators rather than finding the RF
profile for the full operator. However, the QFT for a qubit-qutrit system contains only
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6.1 Numerically optimized pulses for QFT on a hybrid qubit-qutrit system

one controlled operation (R12), therefore it is not difficult to optimize QFT operator
as a whole. Operator ’QFT’ is optimized with 100 pulse points, duration t = 28ms,
γBmax = 2459Hz obtaining a fidelity of 0.99. Figure 6.2 shows the amplitude and
phase profile for the deuterium and carbon spins respectively. The RF profile simu-
lating explicit QFT operator was simulated using (a) thermal state and (b) Pseudopure
state as initial states of the qubit-qutrit system.

6.1.2 Simulation of a hybrid QFT on a qubit-qutrit system

6.1.2.1 Pseudo pure state preparation

A qubit-qutrit pseudo-pure state, |00′〉 is prepared using transition selective pulses.
Applying a transition selective pulse [40] from levels ’r’ to ’s’ with populations pr and
ps respectively, shuffles the populations such that the respective final populations are :

p
′
r = pr cos2 θ

2
+ ps sin2 θ

2

p
′
s = ps cos2 θ

2
+ pr sin2 θ

2
(6.8)

The idea is to find the optimal angle corresponding to the desired final population
such that p′r, p

′
s fall in the range [pr, ps]. The pulse sequence for pseudo-pure state

preparation is shown in Figure 6.1(c). Optimized RF profile for QFT is applied to both
carbon and deuterium channels simultaneously. Simulated spectra of the final state are
shown in Figure 6.3. The pulse sequence for pseudo-pure state formation in the qubit-
qutrit system (all the angles are in degrees, the order is effective from left to right) is
given by: (52.37)1G1 (53.13)2,3 (180)3,6 (137.7)2,3 (126.87)4,5 (90)2,5G2. The initial
state of the system is taken as thermal equilibrium state: γCIz + γDSz. The first pulse
of the sequence is a spin-selective pulse acting on 13C (qubit) which is followed by a
non-selective z-gradient pulse (G1). At the end of this pulse, a fraction (=γD

γC
≈ 0.61)

of 13C spins are dephased, and hence no more contribute to the net NMR signal. This is
followed by several consecutive transition-selective pulses with final populations as per
Equation (6.8). The pseudo-pure state |00′〉 is created at the end of the cleanup gradient
G2 (which cleans up unwanted coherences). Upon detection with a small angle pulse,
the resulting pseudo-pure state gives rise to one spectral line corresponding to each of
the two spins. The spectrum obtained at the end of pseudo-pure state creation acquired
with a 300 non-selective detection pulse is shown in parts (c1) and (c2) of Figure 6.3.
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6.1.2.2 Qudit QFT Simulation

ωC (ppm) ωD (ppm)
678 ppm77.0 ppm

(a1) (a2)

(b1) (b2)

(c1) (c2)

(d1) (d2)

Figure 6.3: Simulated NMR spectra of 13C and 2D of CDCl3 molecule using NMRSIM.
The figure shows sequentially NMR spectra of (1) Thermal equilibrium state with small
angle detection, (2) QFT simulation on the thermal equilibrium, (3) Pseudopure state with
small angle detection and the (4) NMR spectrum obtained by QFT simulation on a qubit-
qutrit pseudo-pure state. This is the simulated spectrum of CDCl3 (qubit-qutrit system).
Three equispaced lines centered around 77ppm correspond to carbon nucleus(qubit) and
four lines centered around 7ppm correspond to Deuterium(qutrit). Part (a) contains the
spectra of thermal state for both nuclei, part(b) contains the spectrum obtained after simu-
lation of QFT on the thermal state. Part (c) contains the pseudo-pure state 00’ and the final
state spectrum resulted from QFT on the pseudo-pure state 00’ is given in (d). Pseudopure
spectrum is shown with a 300 detection pulse. Spectra in (b) and (d) are on the same inten-
sity scale for respective nuclei. Expected reduced intensity is obtained in (d) as compared
to (b).

The QFT simulation on thermal as well as pseudo-pure state of the qubit-qutrit
system is carried out using the numerically optimized pulse in SIMPSON. A single rf
pulse profile has been optimized numerically to implement full QFT operator. The re-
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sulting radio frequency pulse consists of separate pulse profiles for the carbon and the
deuterium channels. These two pulse profiles are implemented simultaneously in or-
der to perform the desired operation. RF profiles corresponding to each of the nucleus,
performing a hybrid QFT are shown in Figure 6.2. This section discusses only the sim-
ulation of the QFT in NMRSIM using the pulse sequences as per Figure 6.2. However,
the same sequence of operations can be used for experimental implementation of the
hybrid QFT on a qubit-qutrit system.

The numerically optimized RF profile is applied on the thermal equilibrium state
of a qubit-qutrit system. The resultant state is expected to have seven lines with all
the three qubit spectral lines of equal intensities (= 1√

6
) and same phase, and the four

qutrit spectral lines are in-phase with same values of intensity (= 1√
6
). However there

is a relative phase between the qubit and the qutrit spectra. The resulting spectrum is
shown in Figure 6.3(b1,b2). The spectrum corresponding to each spin is corrected for
phase, in order to provide a better spectrum.

QFT has also been simulated on |00′〉 pseudo-pure state of the qubit-qutrit system.
The expected spectrum after the QFT simulation possesses all lines with equal intensity
and same phase. NMR spectrum of the final state after QFT simulation on the pseudo-
pure state of a qubit-qutrit system is shown in Figure 6.3(d1,d2). The spectrum gives
in-phase lines with slightly varying intensities.

6.2 Numerically optimized band-selective pulses in SOFAST-
HMQC experiments for biomolecular NMR

Hetronuclear correlation experiments in 2D NMR such as HSQC, HMQC, HMBC,
HOESY, HETCOR etc are very useful in characterizing the molecular structure, con-
formation and dynamics [40, 43, 58, 165, 166, 167, 168]. Such standard 2D NMR
pulse sequences have been substantially improved over the years [169, 170, 171, 172,
173, 174, 175]. A 2D 1H-X HMQC (Hetronuclear Multiple Quantum Correlation) ex-
periment correlates 1H and X nuclei, and is well known for its simplicity, elegance
and usefulness [43]. The basic pulse sequence for 2D HMQC experiment begins with
a 900 excitation pulse on proton channel (1H) at thermal equilibrium. The coherence
thus developed is allowed to evolve under 1H-X scalar coupling strength. This is fol-
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lowed by an INEPT sequence that transfers the 1H polarization to insensitive X nu-
cleus. Finally there is another J(1H-X)-evolution for a fixed period of time ( 1

2J
) which

is followed by signal acquisition on the proton channel. The next scan can be ob-
tained after a relaxation delay (d1) during which the magnetization relaxes back to
equilibrium. The delay d1 is the most time consuming part of this sequence. Long
experimental times in case of biomolecular NMR experiments can give rise to serious
issues like sample degradation. There have been several propositions to mitigate the
issue of long experimental times, such as non-uniform sampling in the indirect dimen-
sion [66, 176, 177], use of Ernst angle excitation [178], BEST, ASAP and SOFAST
type of experiments [57, 59, 60, 62, 63, 179, 180] and several other schemes that obtain
the correlations with fewer number of scans [61, 64, 65, 159, 181].

Figure 6.4: SOFAST-HMQC pulse sequence with a dome shaped band-selective excita-
tion pulse with flip angle ‘β’. Rectangular pulses are 900 hard pulses applied on X nuclei,
while the shaded dome- shaped shaded pulse in the middle of the incremental delay is the
refocusing pulse applied on 1H channel. The inter-scan delay and the variable delay are
represented by d1 and d0 respectively, ‘∆ = 1/2J’ is the evolution period, ‘δ’ is the time
period compensating for evolution during the β angle pulse and G1, G2 are the gradient
strengths with values 11% and 7% (of the maximum strength) respectively.

The focus of the present part of this chapter is to incorporate the use of numerical
pulse in a SOFAST HMQC experiment. SOFAST-HMQC experiments overcome the
problem of longer experimental times by using a selectively optimized flip angle of the
first excitation pulse on the proton channel. SOFAST-HMQC experiments have been
designed that rely on both Ernst angle excitation [178, 181] (cosα = exp [−aq+d1

T1
]

where ‘α’ is the Ernst angle, ‘aq’ is the total time taken by the pulse sequence (in-
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cluding time for acquisition), ‘d1’ is the inter scan delay, ‘T1’ is the spin-lattice relax-
ation time) and longitudinal relaxation optimization. The NMR pulse sequence for a
SOFAST-HMQC is given in Figure 6.4 wherein a soft pulse of selectively optimized
flip angle for exciting 1H is shown by a shaped pulse of angle β. A β pulse does not
transfer whole of the longitudinal equilibrium magnetization to the transverse plane.
This brilliant idea keeps retaining a part of the longitudinal magnetization, which keeps
on growing throughout the sequence of operation. The value of the angle of excitation
is chosen in such a manner that every time one starts off with roughly same amount of
magnetization. Thus sensitivity enhancement in SOFAST-HMQC experiments is ob-
tained by modifying the angle of excitation which reduces the inter-scan delay. Hence
more number of scans are possible in lesser time, giving higher signal to noise ra-
tio [57, 59].

In conventional SOFAST-HMQC experiments, a band-selective excitation pulse
is preferred to perform a β angle excitation. An efficient and robust, conventionally
used band-selective excitation pulse is a polychromatic pulse (pc9) composed of nine
sinc functions [182]. In this pulse shape, the central lobe of each sinc function has
been placed on the first minima of the consecutive sinc function making a train of
nine such functions. The use of this pulse with SOFAST-HMQC experiments pro-
vides better sensitivity. However replacing this pc9 pulse with a numerically opti-
mized band-selective pulse is capable of providing even better sensitivity and lesser
phase distortions. This lack of relative phases inturn result into a better resolution of
the correlations in SOFAST-HMQC spectrum.

6.2.1 SOFAST-HMQC experiment with a numerical pulse

A detailed analysis of the SOFAST-HMQC pulse sequence is carried out (Figure 6.4)
with an emphasis on the possible sources of distortion in the final signal obtained.

Following set of equations summarize the explicit form of the magnetization com-
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ponents involved and their evolution under various operations.

(i) Iz + Sz
βIx−→

(ii) cos βIz − p(ω) sin βIy − q(ω) sin βIx + Sz
1
2J−→

(iii) cos βIz + 2p(ω) sin βIxSz − 2q(ω) sin βIySz + Sz
90Sx−−→

(iv) cos βIz − 2p(ω) sin βIxSy + 2q(ω) sin βIySy − Sy 2πΩSSz−−−−→
(v) cos βIz − 2p(ω) sin β cos θIxSy + 2p(ω) sin β sin θIxSx + 2q(ω) sin β cos θIySy

−2q(ω) sin β sin θIySx − cos θSy + sin θSx
90Sx−−→

(vi) cos βIz − 2p(ω) sin β cos θIxSz + 2p(ω) sin β sin θIxSx + 2q(ω) sin β cos θIySz

−2q(ω) sin β sin θIySx − cos θSz + sin θSx
1
2J−→

(vii) cos βIz − p(ω) sin β cos θIy + p(ω) sin β sin θIxSx − q(ω) sin β cos θIx

+q(ω) sin β sin θIxSx − cos θSz + 2 sin θIzSy (6.9)

assuming Ii and Sj (i, j ∈ [x, y, z]) to be the ith and jth components of the magne-
tization vector corresponding to 1H and ‘X’ nuclei respectively. Band-selective exci-
tation pulse with angle ‘β’ on first nucleus giving anti-clockwise rotation about x-axis
(Figure 6.4) should ideally bring the magnetization vector to yz-plane aligned at angle
‘β’ with the z-axis. However practically, magnetization vectors of spins at different
offsets begin to fan-out in the xy-plane instead of ending at the same point. Hence at
the end of step (i), one unexpectedly obtains significant magnitude of x-magnetization
as well. Symbolically, p(ω) and q(ω) be two functions of offset ‘ω’ representing magni-
tudes of y, x-components of magnetization respectively. In case both p(ω) and q(ω) are
constant functions, spin response can be considered as uniform (here p(ω)=1, q(ω)=0
is the requirement). State after ‘β’ angle excitation is given in step-(ii). At the end
of the sequence, final state given in step-(vii) contain detectable in-phase terms which
can be either ‘Ix’ or ‘Iy’ depending on the offset frequency (ω).

If ‘β’ angle pulse about x-axis on 1H uniformly flips all the spins in the desired
bandwidth, magnetization vector at all the offsets falling in the given bandwidth will
rest in the yz plane aligned at angle ‘β’ with +z axis which is an ideal case with p(ω)=1
and q(ω)=0. Hence final state (given in step-(vii)) should ideally contain only one in-
phase term ‘Iy’ and thus the final correlation spectrum is purely absorptive (with a
global phase). However practically there exists q(ω) also and therefore intensity of ‘x’
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and ‘y’ components of magnetization vector in the final state appears as a function of
offset. Presence of both absorptive and dispersive peaks at the same time lead to phase
distortion along 1H dimension in the final spectrum.

Use of a band-selective numerically optimized pulse for β angle excitation is ex-
pected to have a better response in terms of phase in the final spectrum. This expected
behaviour can be tested by performing a simulation of the spin response in a desired
bandwidth. A shaped pulse is optimized numerically using GRAPE [89] algorithm
accessed via SIMPSON [90] simulation tool. The pulse is optimized to excite a band-
width of 2500 Hz in 2 ms duration by an angle of 1200 with maximum RF strength
γBmax =1945.95 Hz. The resulting pulse profile is named as Numerically optimized
Band-Selective Excitation pulse II (NBSEP II).

Figure 6.5: Spin response obtained by the implementation of numerically optimized
NBSEP-II pulse in a given bandwidth of 2500 Hertz, used for 120 degree excitation start-
ing with initial magnetization along +z axis. x,y and z-components of the magnetization
vector are plotted as a function of offset. x,y,z-components of the spin response are shown
in red, blue and black colored lines respectively. All three curves clearly show that the
response is uniform in the given bandwidth (ranging from -1250 Hz to +1250 Hz).

NBSEP-II pulse is simulated using NMRSIM simulator (Topspin 2.1) assuming a
single spin Bloch model. This simulation tool assumes the single spin model and ig-
nores the effect of coupling between spins. Thus simulating the frequency response of
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a single spin at different offsets successively, is equivalent to simulating several spins
at the same time, resonating at different offsets. A band-selective pulse designed to
uniformly excite a bandwidth of ’∆ω’ of a given duration should ideally lead to a hat-
like spin response. Considering the initial magnetization to be along z-axis, applying
the pulse about x-axis (clockwise) takes the state to -0.5 Iz + 0.866 Iy (where Iy and
Iz are the components of magnetization vector along ’y’ and ’z’ axes respectively). As
can be seen in Figure 6.5, the x-component of the magnetization vector remains almost
zero in the region of interest, however wiggles can be seen beyond desired bandwidth.
A similar result is obtained for the y and z components. When confined to the region
of interest, the use of numerically optimized pulse gives nearly in-phase spin response.
Thus a nearly hat-shaped response of an arbitrary shaped pulse is obtained. Corre-
sponding spin response for the case of ploychromatic Pc9 pulse shape is also obtained
(Figure 6.6) As clear from the Figure 6.6 a standard Pc9 pulse gives a varying phase of

Figure 6.6: Spin response obtained by the implementation of numerically optimized Pc9
pulse in a given bandwidth of 2500 Hertz, used for 120 degree excitation starting with
initial magnetization along +z axis. x,y and z-components of the magnetization vector
are plotted as a function of offset which are shown in red, blue and black colored lines
respectively.

the resulting spectral lines. the x and y components of the magnetization are found to
keep oscillating while the amplitude

√
x2 + y2 remains constant. The final spectrum
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obtained in this case does not have the linear combination of x and y magnetization.
Comparing the spin response obtained with NBSEP II pulse (Figure 6.5) and the Pc9
pulse (Figure 6.6), one can conclude that the numerical pulse provides an in-phase
spectrum as per requirement posed in the set of Equations (6.9).

6.2.2 Experimental details

A set of 1H-13C and 1H-15N SOFAST-HMQC experiments with numerically optimized
band-selective pulses is performed on Ubiquitin. The model protein used in this study
is 13C, 15N labeled human ubiquitin purchased from Protera (1mM sample in D2O and
NaPi buffer of PH 7.0). Ubiquitin (PDBID 1UBQ) with 76 amino acids forming 3
alpha helices and 7 beta strands, is a regulatory protein serving as a tag that marks
specific proteins for degradation and is widely used as an NMR standard. All NMR
datasets were recorded at 220 C (otherwise specified) on a Bruker Biospin Avance-III
600 MHz spectrometer equipped with a triple resonance (HCN) probehead and actively
shielded X,Y,Z-axes gradients. Data processing was performed using Bruker Topspin
2.1.

A 1H −15 N SOFAST-HMQC experiment was obtained with 1024 and 128 com-
plex points at spectral widths of 10 and 30 ppm corresponding to acquisition times of
85.3 ms and 35 ms in the t2 and t1 time domains respectively. A relaxation delay of
0.3s was used. 16 transients were collected per stored FID corresponding to a total
experimental duration of 14min 25sec for each dataset. Gradient values, G1 and G2

are 5.3 and 3.37 G/cm respectively. The experiments were performed with two types
of band-selective excitation pulses: a standard polychromatic ’Pc9’ (Bruker name
Pc9_4_120.1000) and numerically optimized band-selective excitation pulse NBSEP-
II with durations of 3000 µs and 2000 µs respectively. For refocusing, pulses from the
’SNOB’ family (Bruker name Rsnob.1000) with a duration of 1 ms, were used. The
value of the coefficient compensating the chemical shift dispersion and evolutions dur-
ing the pulse duration (proportional to δ

τ
, where τ is the duration of the selective pulse

with flip angle ‘β’) was fixed at 0.529 for the Pc9 pulse and 0.0055 for the NBSEP-I
pulse. These compensatory values are experimentally optimized such that the band-
selective shaped pulse followed by an evolutionary delay gives rise to the expected
signal. Broadband adiabatic decoupling was achieved with a smoothed 1.5 ms chirp
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pulse ’Crp32,1.5,20.2’ for inversion and a decoupling supercycle given in the Bruker
library: ’P5m4sp180’ with offset at 115 ppm for 15N .

Numerically optimized band-selective pulses were also optimized and experimen-
tally implemented for relatively smaller bandwidths in case of 2D 1H-13C SOFAST-
HMQC experiments. Hetronuclear 1H-13C correlations in organic compounds exist in
the aliphatic and the methyl regions of the spectra. Ubiquitin is a 76 residue protein that
exhibits a large number of 1H-13C correlations with different intensities. These corre-
lations result in crowded spectral regions, leading to poor resolution. Here regions of
smaller bandwidths have been selectively excited to obtain cleaner spectra.

For 1H-13C SOFAST-HMQC experiments, a bandwidth of 1200 Hz centered around
0.5 ppm is excited by angle of 1200 in the case of the methyl region. For the aliphatic
region (1.5-3.5 ppm, including the methyl peaks), the proton transmitter frequency was
kept at 2.5 ppm with all other parameters unchanged. Pulses used were polychromatic
’Pc9’, and numerically optimized band-selective excitation pulse NBSEP-I with pulse
durations of 6260 µs and 5000 µs respectively. RSNOB pulses were used for refocus-
ing with a duration of 2 ms. The same set of 1H-13C experiments were also acquired
using Reburp (Bruker name Reburp.1000) refocusing pulse with duration 2.8 ms cor-
responding to a bandwidth of 1200 Hz (data not shown as spectra look similar to those
acquired using RSNOB refocusing pulses).

6.2.3 1H-15N SOFAST-HMQC experiment

1H−15N SOFAST-HMQC spectrum is acquired using a numerically optimized band-
selective pulse with angle of excitation β = 1200 on given sample of human ubiquitin.
The numerically optimized pulse of 1200 flip angle is of 2000 µs duration, and excites a
bandwidth of 2500 Hz. In 1H-15N SOFAST-HMQC experiment, this pulse selectively
excites the prescribed bandwidth centered around 8ppm in the 1H dimension. This
numerically optimized band-selective excitation pulse is being termed as NBSEP-II
in this thesis. 2D NMR spectrum of Ubiquitin resulting from the 1H-15N SOFAST-
HMQC experiment is shown in Figure 6.7. Peaks obtained corresponding to various
correlations have been labeled from 1-62.

As shown in Figure 6.7 sufficient number of peaks depicting 1H-15N correlations
have been numbered for subsequent use during the quantitative analysis. In the quan-
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Figure 6.7: NMR spectrum of 1H-15N SOFAST-HMQC experiment where peaks are la-
beled from 1-62.

titative analysis, peaks are henceforth addressed by their respective labels. As can be
seen clearly, using a numerically optimized shaped pulse in 1H-15N SOFAST-HMQC
experiment gives rise to a well resolved spectrum, acquired in less time as compared
to the experiment performed with conventional pulses.

Keeping the same constraints on acquisition time, bandwidths, flip angle and re-
laxation delay, 1H-15N SOFAST-HMQC experiment is also acquired with standard
pc9 pulse shape. The spectra obtained in this case is compared with that of the 1H-15N
SOFAST-HMQC spectrum acquired using NBSEP II pulse. Apart from the β angle
pulse shapes (and their corresponding parameters) all other experimental parameters
remain same. The spectra acquired in both cases are compared for resolution and sen-
sitivity differences. Insets in Figure 6.8 depict the variation of resolution of peaks with
experiments acquired with both the pulse types. One can conclude from the spectra in
Figure 6.8 that both the pulse types are quite efficient, however a spectrum acquired
with NBSEP II pulse shape leads to better resolution.

6.2.3.1 Quantitative analysis

Quantitative analysis of the 1H-15N SOFAST-HMQC experiment is carried out to com-
pare the spectra as obtained using NBSEP II and polychromatic Pc9 pulses for the β
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Figure 6.8: 1H-15N SOFAST-HMQC spectra obtained using (a) Numerically optimized
pulse band-selective excitation pulse NBSEP-II and (b) Standard polychromatic Pc9 band-
selective pulse for ‘β’ angle excitation are shown. Resolution of specifically marked re-
gions are shown as insets where (a1) and (a2) show the contours of the marked regions 1,2
respectively corresponding to spectrum (a), and insets (b1) and (b2) show contours of the
corresponding regions of spectrum (b).

angle selective excitation (Figure 6.4). Signal to noise ratios (S/N) of various peaks
as per labels in Figure 6.7 are calculated and compared with that of the correspond-
ing peaks of 1H-15N SOFAST-HMQC experiment acquired using polychromatic Pc9
pulse shape. A higher value of S/N corresponds to the better sensitivity of the peak.
S/N of the corresponding peaks of the 1H-15N SOFAST-HMQC spectrum is calculated
independently for both the pulse types. Relative difference in S/N ratio is obtained by
subtracting the S/N value of respective peaks using Pc9 pulse from that of NBSEP II
pulse and then divided by the S/N of same peak corresponding to that of Pc9 pulse.
Relative difference in S/N ratios has been calculated for various peaks of the HMQC
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Figure 6.9: Plot showing the relative increase in S/N of respective peaks (as labeled in
Figure 6.7) in 1H-15N SOFAST-HMQC experiment. The blue dotted curve with diamonds
shows the relative difference in S/N in case of NBSEP-II as compared to that of Pc9. The
dotted red line (y= 0.109) is the average value of the relative increase in the S/N ratio for
the pulse scheme using numerically optimized pulse shapes.

spectrum. These relative S/N ratios have been plotted against the peak label as shown
in Figure 6.9.

The horizontal line (y=0) in Figure 6.9 corresponds to the equal values of S/N of
respective peaks in the SOFAST-HMQC spectra with two different pulse types. A
positive value of S/N stands for higher sensitivity while negative value signifies lower
sensitivity of respective peaks in case of NBSEP II pulse. As can be seen clearly, a
positive value of relative S/N value is found to exist for most of the peaks. Average
value of this relative S/N values is represented by a horizontal dotted line at y=0.109.
Therefore one can say that a 10.9% of improvement in the sensitivity is seen in case
of a SOFAST-HMQC experiment with a numerically optimized pulse for selectively
optimized flip angle excitation. The explicit values of the relative changes in the S/N
ration of each peak is given in Table 6.1.
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6. Applications of numerically optimized pulses in NMR

Table 6.1: Relative variation in signal to noise ratio in 1H-15N SOAFST-HMQC experi-
ment corresponding to peak labels are as per Figure 6.7.

Peak label Relative S/N Peak label Relative S/N
(NBSEPII−Pc9)

Pc9
(NBSEPII−Pc9)

Pc9

1 -0.1201 27 0.0991
2 -0.1061 28 0.0535
3 -0.0874 29 0.0646
4 -0.2110 30 0.4703
5 -0.2804 31 0.3094
6 0.1762 32 0.6155
7 0.1539 33 0.5772
8 -0.0869 34 0.5028
9 0.0471 35 0.4017
10 -0.1052 36 0.3756
11 -0.0184 37 0.3144
12 -0.0820 38 0.2858
13 0.0527 39 0.0643
14 0.0876 40 0.2924
15 0.0690 41 0.2650
16 0.3229 42 0.3249
17 0.3167 43 0.3849
18 0.0654 44 0.4653
19 0.0022 45 0.4129
20 0.1498 46 -0.1306
21 -0.0097 47 0.0508
22 -0.0111 48 0.0927
23 0.1840 49 0.1355
24 0.2255 50 0.8108
25 0.2462 51 -0.0081
26 0.0682 52 0.1439
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6.2 Numerically optimized band-selective pulses in SOFAST-HMQC
experiments for biomolecular NMR

Figure 6.10: 2D NMR spectrum of Ubiquitin is shown corresponding to 1H-13C SOFAST-
HMQC experiment acquired using numerically optimized pulse shape NBSEP I.

6.2.4 1H-13C SOFAST-HMQC experiment

The 1H −13 C SOFAST-HMQC spectrum was acquired with numerically optimized
band-selective shaped pulse NBSEP I which is designed to excite a bandwidth of
1200Hz. Different parts of the aliphatic region ranging from (-0.5 to 1.5 ppm) and
(1.5 to 3.5 ppm) were acquired separately. A 1H-13C SOFAST-HMQC spectrum is
shown in Figure 6.10 where the various correlations have been numbered.

Keeping the same constraints on acquisition time, bandwidths, flip angle and re-
laxation delay, 1H-13C SOFAST-HMQC experiments in the given ranges are also ac-
quired with standard polychromatic Pc9 pulse shape. The spectra obtained in this case
is compared with that of the 1H-13C SOFAST-HMQC spectrum acquired using NBSEP
I pulse. Apart from the β angle pulse shapes (and their corresponding parameters) all
other experimental parameters remain same. The spectra acquired in different ranges
in both the cases are compared for resolution and sensitivity differences. Figure 6.11
contains the spectra resulting with both the pulse types. Figure 6.11(a,b) contain the
2D HMQC spectra of Ubiquitin acquired in the 1H spectral ranges of (1.5 to 3.5 ppm)
and (-0.5 to 1.5 ppm) respectively. Parts (c, d) of Figure 6.11 contain the correspond-
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6. Applications of numerically optimized pulses in NMR

Figure 6.11: 1H-13C SOFAST-HMQC spectra of ubiquitin is shown separately for differ-
ent portions of the aliphatic region. Spectra in (a,b) correspond to the 1H-13C SOFAST-
HMQC experiment using NBSEP I and (c,d) correspond to that of Pc9.

ing NMR spectra obtained as a result of 1H-13C SOFAST-HMQC experiment with a
polychromatic Pc9 pulse shape.

It is observed that by using the standard Pc9 pulse shape poorly resolved spec-
tral peaks are obtained, while peaks are much better resolved in case of numerical
NBSEP-I pulse. Several peaks in Figure 6.11(c) are found to be missing as compared
to Figure 6.11(a). This is due to the poor resolution which gives rise to a lumpy struc-
ture instead of distinguishable peaks. A glimpse of Figure 6.11 is enough to conclude
that use of NBSEP I pulse in 1H-13C SOFAST-HMQC experiment gives rise to a better
resolved spectrum.
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experiments for biomolecular NMR

6.2.4.1 Quantitive analysis

Figure 6.12: Plot showing the relative variation in the S/N ratios of various peaks (as
labeled in Figure 6.10) obtained using NBSEP-I as compared to a standard Pc9 pulse in
the 1H-13C SOFAST-HMQC experiment. The solid black line (y=0) is the reference, and
the solid red line (y= 0.574) is the average value of the relative increase in the S/N ratio in
case of numerically optimized pulse shapes.

Quantitative analysis of the 1H-13C SOFAST-HMQC experiment is carried out to
compare the spectra as obtained using NBSEP I and polychromatic Pc9 pulses for the
β angle selective excitation (Figure 6.4). Signal to noise ratios (S/N) of various peaks
as per labels in Figure 6.10 are calculated and compared with that of the corresponding
peaks of 1H-13C SOFAST-HMQC experiment acquired using polychromatic Pc9 pulse
shape. Relative difference in S/N ratios has been calculated for various peaks of the
SOFAST-HMQC spectrum. These relative S/N ratios have been plooted against the
peak label as shown in Figure 6.12.

The horizontal line (y=0) in Figure 6.12 corresponds to the equal values of S/N
of respective peaks in the SOFAST-HMQC spectra with two different pulse types. A
positive value of S/N stands for higher sensitivity while negative value signifies lower
sensitivity of respective peaks in case of NBSEP I pulse. As can be seen clearly, a
positive value of relative S/N value is found to exist for most of the peaks. Average
value of this relative S/N values is represented by a horizontal dotted line at y=0.574.
Therefore one can say that a 57.4% of improvement in the sensitivity is seen in case
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Table 6.2: Relative variation in signal to noise ratio in 1H-13C SOAFST-HMQC experi-
ment corresponding to peak labels are as per Figure 6.10.

Peak label Relative S/N Peak label Relative S/N
(NBSEPI−Pc9)

Pc9
(NBSEPI−Pc9)

Pc9

1 0.1118 11 0.8845
2 0.1599 12 0.4080
3 0.0324 13 0.9780
4 -0.22411 14 0.4074
5 -0.2073 15 1.5581
6 0.6673 16 0.2496
7 1.7936 17 0.8898
8 0.4577 18 0.9742
9 0.3266 19 1.6527
10 1.2028 20 1.7605

of a SOFAST-HMQC experiment with a numerically optimized pulse for selectively
optimized flip angle excitation. This huge improvement is mainly attributed to the lack
of existence of resolved peaks in case of polychromatic Pc9 pulse shapes. The explicit
values of relative change in the S/N values are given in Table 6.2.

6.3 Low Temperature Protein Dynamics

Another example in support of the versatility of a numerically optimized pulse is be-
ing presented here. Numerically optimized band-selective pulse (NBSEP II) is used
here in the 1H-15N SOFAST-HMQC experiment of human protein ubiquitin at differ-
ent values of temperatures. With decreasing temperature, various types of molecular
motions contributing to the protein dynamics get constrained. The dynamics of a small
molecule at lower temperature hence resembles the dynamics of a larger molecule at
higher temperature. It is well known that correlation time of a protein [43] at room tem-
perature is directly proportional to its molecular weight. Furthermore due to restricted
protein dynamics at lower temperature, the correlation time increases with decreas-
ing temperature. Hence smaller proteins at low temperatures can simulate the room
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6.3 Low Temperature Protein Dynamics

temperature dynamics of larger proteins. In this section, 1H-15N SOFAST-HMQC ex-
periments using NBSEP II are acquired at low temperatures ranging from 278-298 K
and hence simulating the dynamics of a bigger protein.

Figure 6.13: 1H-15N SOFAST-HMQC spectrum obtained using NBSEP II at three dif-
ferent temperatures: 298K, 288K and 278K. Expected shift in the resonances is observed
with decreasing temperature values.

Due to practical difficulties like resolution and sensitivity, complete characteriza-
tion of larger protein molecules is a challenge & different ways are adopted to study
the dynamics of large proteins [167]. In order to test the efficacy of numerically opti-
mized pulse profiles on large proteins with longer relaxation times, 1H−15N SOFAST-
HMQC experiments on the model protein ubiquitin were performed at lower tempera-
tures. Rotational correlation ( τc) of a molecule with hydrodynamic radius ‘r’, oriented
in a solvent with viscosity ‘η’ at temperature ‘T ’ time is given as

τc =
4πηr3

3kT
(6.10)

where ‘k’ is the Boltzmann constant.
1H-15N SOFAST-HMQC experiment of ubiquitin(13C, 15N) was acquired at five

different temperatures: 298 K, 293 K, 288 K, 283 K and 278 K. Spectra obtained at var-
ious temperature values were superimposed. Fixing the peak at (8.9ppm, 128.5ppm)
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6. Applications of numerically optimized pulses in NMR

as reference (as it does not shift in this temperature range [183]), the expected shift-
ing of all other resonances is observed [183, 184]. Figure 6.13 shows the spectra at
three temperatures values: 298K, 288K and 278K. A shift in the peaks towards higher
ppm values with decreasing temperature is clearly observed. This observation matches
with the known shift with temperature in the single quantum heteronuclear correlation
peaks [183]. Even at lower temperatures (and for "larger" simulated proteins), the nu-
merically optimized pulses perform well in terms of good signal-to-noise ratios and
uniform excitation over the desired bandwidth. A useful future application of these
numerically optimized pulses would hence be in designing correlation experiments for
large, multi-domain proteins.

6.4 Conclusions

This chapter mainly deals with NMR methodology development with an emphasis on
the numerically optimized shaped pulses optimized using GRAPE. GRAPE optimized
numerical pulses have good selectivity and are robust against rf inhomogeneity. In this
chapter, numerical pulses of desired angles, duration and bandwidths are optimized
using GRAPE, which is accessed via SIMPSON simulation tool. The simulations of
the spin response are carried out under the effect of various shaped pulse assuming
a single spin Bloch model in NMRSIM simulator. The numerically optimized pulse
is found to give a better spin response as compared to that of a conventionally used
shaped pulse (Pc9). In this chapter three applications of the numerically optimized
shaped pulses are discussed (1) To simulate a QFT on a hybrid qubit-qutrit system.
(2) Comparison of the NBSEP I and NBSEP II pulses with a conventionally used
band-selective pulse in 1H-13C and 1H-15N SOFAST-HMQC experiments respectively.
(3) Simulation of the room temperature protein dynamics of large proteins by smaller
proteins at low temperatures. In all the three cases, the numerically optimized pulses
perform quite well, as compared to spectra acquired with standard pulse shapes.
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Chapter 7

Summary and future outlook

This thesis is focused on the design and implementation of various quantum computing
protocols, and the study of the inherent resources that provide power for quantum com-
putational tasks. The experiments were performed on the nuclear spins based quantum
computers that harness the intrinsic magnetic properties of the nuclear spins, which are
manipulated by specifically tailored radio frequency pulses (quantum gates) to perform
the desired computational tasks.

This thesis begins with the study of novel aspects of multipartite entanglement, ad-
dressing a fundamental question: “how does a multipartite quantum system store infor-
mation?". This question is tackled in the context of a three-qubit system. A thorough
analysis of the two inequivalent entanglement classes: Greenberger-Horne-Zeilinger
(GHZ) and Werner (W) class of states is carried out. Experimental evidence is obtained
in support of the theoretical hypotheses that W-states do not have irreducible three-
party correlations whereas the three-party non-local correlations exhibited by GHZ
states are irreducible. This feature is contradicted by an interesting W-superposition
state, which is obtained from maximally entangled GHZ state by SLOCC, but its three-
party non-local correlations can be completely and uniquely obtained from the reduced
two-party correlations. This is an interesting development that adds to the existing
knowledge of multipartite entanglement.

Another major direction followed in the present thesis deals with higher dimen-
sional quantum objects for computation, with a focus on different features of a single-
qutrit system. A single-qutrit is the smallest, indivisible quantum system exhibiting
quantum features. This makes a qutrit an interesting system to be explored. The
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7. Summary and future outlook

study begins with the understanding of Majorana geometrical picture of a single-qutrit
in three-dimensional real coordinate space. Single-qutrit dynamics under SO(3) and
SU(3) transformations is studied and a correspondence is drawn between the single-
qutrit unitary transformations in three-dimensional Hilbert space and the rotations on
the Majorana sphere. The insights gained are used to obtain the decompositions of
single-qutrit quantum gates. An intuitive geometrical picture of a single-qutrit magne-
tization vector is also proposed, which provides a physical picture to the continuous
spectrum of values in the range [0,1] possessed by the magnitude of the magnetization
vector.

NMR experimental implementations of the basic building blocks for single-qutrit
quantum computing are implemented on a spin-1 system oriented in a liquid crystal. A
single-qutrit is also exploited to experimentally perform a useful computational task,
which is of determine the parity of a permutation among three- objects. Though this is
a toy algorithm, however it provides confirmation for the existence of the underlying
quantum resource in an indivisible system. The speedup in a single-qutrit quantum
computation is attributed to contextuality, which is explored in depth. An NMR exper-
imental test is performed that uses a set of nine-observables to reveal the contextuality
of almost all single-qutrit states.

Quantum computing protocols for higher dimensional systems are proposed and
implemented on a four-qubit quantum emulator. An explicit implementation of the
QFT is carried out on a qubit-qubit-qutrit system. The QFT is a key ingredient in sev-
eral quantum computational algorithms, and hence its implementation is an important
step towards hybrid-qudit computing. A part of the study is focused on NMR method-
ology development with an emphasis on the applications of numerically optimized
radio-frequency pulses for biomolecular NMR and quantum gate optimizations.

7.1 Future outlook

In the context of multipartite entanglement, the developments made in case of three-
qubit systems can be explored in n-party qubit systems say for the case of four-qubits
(which have nine inequivalent entanglement classes). Further, the theoretical proposi-
tions regarding reconstruction of three-qubit correlations from reduced two-party cor-
relations can be extended to higher dimensional three-party quantum systems. These
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7.1 Future outlook

future prospects of the problem are non-trivial tasks, however they may lead to some
interesting developments in the understanding of multipartite entanglement correla-
tions.

In the context of qutrit computing, this is an area of much recent research and
thus there can be several new directions to be followed. Few of these are summarized
below:

• In this thesis, Majorana representation of a single-qutrit is studied, which is given
by two points on the surface of a unit sphere. It is to be noted that this represen-
tation is provided only for pure single qutrit states. Thus one may think of the
possible extensions to the geometrical realization of single-qutrit mixed states.

• There are certain theoretical propositions that discuss single-qutrit based quan-
tum gates such as a three-box paradox. One may think of NMR experimental
implementations of such algorithms.

• From the NMR point of view, one may develop the analytic set of calculations
that explain the spin-1 dynamics. This can be further extended to a complete
study of spin-1 relaxation.
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Appendix A

Orienting spin-1 in a liquid crystal

A.1 Liquid crystal

Liquid crystal exists in a liquid phase and possess features of a crystal under given
circumstances. The molecular components of a liquid crystal have a preferred direc-
tion of orientation and thus exhibit anisotropy like a crystal [185]. Depending upon
liquid crystalline properties, they can be distinguished as : thermotropic, lyotropic and
metallotropic liquid crystals. Thermotropic and lyotropic liquid crystals consist of or-
ganic molecules while metallotropic liquid crystals have both organic and inorganic
constituents.

Thermotropic liquid crystals show liquid crystalline phase that varies with temper-
ature. Liquid crystalline phase in lyotropic liquid crystals is sensitive to both concen-
tration as well as temperature. Molecules of a liquid crystal may have one or more
preferred directions of orientation. The alignment of molecules is signified by a vector
‘director’ and the anisotropy is quantified by the ‘order parameter’. Therefore depend-
ing upon number of directions of orientation, liquid crystals may exist in a uniaxial or
biaxial phases. Liquid crystalline phases can further be classified as nematic, smectic
and chiral phases.

The liquid crystal of our interest is a lyotropic liquid crystal in a biaxial nematic
phase [186]. We use a lyotropic liquid crystal that consists of Potassium laurate
(25.96%), 1-Decanol (6.24%) and H2O (67.8%). A microscopic image of this anisotropic
liquid crystal at room temperature is obtained via polarization microscope (Fig. A.1).
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A. Orienting spin-1 in a liquid crystal

Figure A.1: Microscopic view of the lyotropic liquid crystal.

A polarization microscope image of the lyotropic liquid crystal at room temperature.
The presence of Maltese cross clearly indicates the existence of the liquid crystalline

phase. The images are acquired at two different resolving powers.

A.2 Details of the sample

Single qutrit used in this work is the deuterium nucleus (2D) of Chloroform-D molecule,
oriented in a lyotropic crystal. In order to obtain the lyotropic liquid crystal, the com-
ponents: Potassium laurate (25.96%), 1-Decanol (6.24%) and H2O (67.8%) are taken
in the prescribed amounts, and mixed together in a veyl. The components are mixed
properly to obtain a homogeneous mixture. Obtaining a homogeneous mixture is the
most crucial part of the protocol, thus one may consider to centrifuge the mixture back
and forth for several hours. This, after transferring to the NMR tube, is allowed to
sonicate until a clear solution is obtained. The sonication is done for several hours in
steps of 30 minutes each. The temperature of water bath is kept at a value > 400C.

In liquid crystalline phase, this solution appears to be a thick liquid with high
viscosity and turbid appearance. Once the liquid crystal is ready, 50 µl of CDCl3
(Chloroform-D) is added to 500 µl of the liquid crystal directly into the NMR tube.
The liquid crystal provides an anisotropic environment to the chloroform molecule
(CDCl3). In order to have a proper alignment, the temperature of the solution is raised
to 500C so that the liquid crystal exhibits an isotropic phase. Once chloroform is mixed,
the solution is brought back to the room temperature. The sample is again kept for son-
ication keeping in mind that the temperature of the water bath should not exceed the
boiling point of chloroform.

Decanol used in this sample is purchased from ‘Sigma-Aldrich’, ‘Deutrated Chlo-
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roform’ is an NMR solvent, though here is utilized in traces. This is purchased from
‘Merck millipore’. ‘Potassium Laurate’ is the potassium salt of the Lauric acid ob-
tained from ‘Viva corporation, Mumbai’ (Viva Corporation, India House No 1, Kemps
Corner, Bombay 400 026 INDIA.). The microscopic images of the liquid crystal were
acquired from the lab of Dr. S. K. Pal (Department of Chemical sciences, IISER Mo-
hali).

A.3 NMR analysis of the liquid crystalline phase

In lyotropic liquid crystals, the liquid crystalline phase depends upon the concentration
of the constituents. Further there is a change in the anisotropy with change in temper-
ature. The variation of anisotropy is studied here using deuterium NMR for a given
concentration of the liquid crystal.

Here liquid crystalline behaviour is observed by acquiring the NMR signal of small
molecule (CDCl3) oriented in the lyotropic liquid crystal. The nucleus of interest here
is Deuterium, therefore all the experiments on this sample are performed in the ‘un-
lock’ condition of the sample. Manual shimming in the ‘gs’ mode is performed. The
experiments were performed on triple resonance QXI or TXI probeheads and a broad
band BBO probehead on a 600 MHz Avance III spectrometer. The temperature control
is provided by the BCU unit which is capable of providing temperature of the ranges
-500 C to +800 C. It is advised to leave the sample in the magnet for a few hours before
performing the experiments, for stabilization.

The NMR signal of the liquid crystal is observed for a wide range of temperature.
The anisotropy of the liquid crystal is reflected in the relative separation between the
spectral lines. Fig. A.2 shows the NMR spectra of the Chloroform-D molecule oriented
in a lyotropic liquid crystal at different values of temperature.

As shown in Fig. A.2, NMR spectral lines depicting the degenerate single quantum
transitions of a qutrit overlap with each other at 313 K, named as ‘line 1’. Another line,
named ‘line 2’ corresponds to the isotropic part of CDCl3 that remained unoriented in
the liquid crystal. The position of line 2 remains unchanged with change of tempera-
ture. As the temperature begins to decrease, line 1 splits into two lines. The difference
between these two lines increases with decreasing temperature. Increased separation
is the signature of increased anisotropy. A suitable value of temperature is chosen, at
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which the sample is used to perform quantum computational tasks.
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Figure A.2: 2D NMR spectrum of the chloroform molecule oriented in a liquid crystal.
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