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Notations

Unless stated otherwise, the following conventions and notations are used

e Greek indices vary from O to 3 over the usual 4-D spacetime indices

e Capital Latin indices vary over O to 3 and 5, where 5 corresponds to the extra spatial

dimension
e Natural units are used, i.e. h = ¢ = 1, unless otherwise stated
e the signature of the metric gy is (1,-1,-1,-1,-1)
e g refers to the determinant of g5,y and g™ to the inverse of gn
e warped extra dimension refers to the metric:
ds? = gyndeMdaN = e_zA(y)nuudx“dx” — dy? (1)
And Randall-Sundrum(RS) metric refers to the case A(y) = ky

e Dirac matrices are used in chiral representation:

0 o# 5 10
V= andry” = )
gt 0 0 —1
with 0 = (—1,0%) and 6 = (-1, —0") with o’ being the Pauli matrices:
0 1 0 —¢ 1 0
) G e L)
10 t 0 0 —1
e Square brackets over indices indicate anti-symmetrization, e.g.
ApAy =AA, - AJA, 4)

e The domain of extra dimesional coordinate is [0, 27 R|, which under Z; orbifolding

reduces to [0, 7 R]
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Abstract

There are many cases in the Standard Model in which there is a huge hierarchy between
parameters with no explanation in the fundamental theory. Consider, for example, the range
of fermion masses: varying from 0.511 MeV for an electron to around 173 GeV for the top
quark. “Naturally”, we would have expected their masses to be of the similar order since

they arise from similar interactions in the Standard Model.

We also have a huge hierarchy between the Electroweak symmetry breaking scale(~246
GeV) and the Planck scale(~ 10'® TeV). The whole void between these two scales is not
understood at all. And it would be nice if these two scales can somehow be linked to each
other, so that the Physics at intermediate scales can also be understood. An elegant way to
resolve these is to consider the possibility of extra dimensions, which forms a part of this
project. Both large extra dimensions and warped extra dimensions are considered in this

project

The way out of such hierarchies in the Standard Model is not just extra dimensions. One
other way to resolve hierarchies is the clockwork mechanism, which is a 4-D mechanism
involving certain type of interactions between different fields. The results of this mecha-
nism are, in a certain sense, similar to extra dimensional theories. As such, in this project,
this mechanism implemented on a large number of fields is compared to a five-dimensional
theory with a certain metric and the extra coordinate discretized. There exists a correspon-
dence between the two in the sense that the continuum limit of the discrete theory matches
the de-constructed five dimensional free field theory. This correspondence is further ex-

plored in the project and certain limitations are found.






Chapter 1

Extra Dimesions

1.1 Introduction

There are two fundamental energy scales one encounters in Fundamental Physics. The first
being the Electroweak scale ~ 246 GeV which describes the energy scale at which the
weak force and the electromagnetic forces are unified. And the second being the Planck
scale~ 10' GeV, which is the scale associated to Newton’s gravitational constant and
hence, naively, corresponds to the scale of gravity. Even though we have a good theo-
retical understanding of Physics at the Electroweak scale, we do not understand Physics
at the Planck scale, which is essentially understood as an extension of the theories at the
Electroweak scale. Even the Physics at the intermediate scales is only understood by ex-
trapolation. The ratio between the two scales is huge (~ 10%%), and indicates the difference
in the scales at which different forces become effective. The fact that the scales of these
fundamental forces are so different is often referred to as the hierarchy problem, something

that indeed deserves an explanation.

The nature of the Electroweak scale(m gy ) is different from that of the Planck scale(Mp;)
in the sense that the former is an experimental scale whereas the latter is an extrapolation of
the Classical Gravity. A simple way to resolve this is by introducing 'n’ extra dimensions
[Arkani-Hamed 98]. To accommodate that we do not observe them, these can be considered
to be compact with small enough radius ~ R(as in Fig 1.1), just like a cylinder which when

viewed from distances much greater than it’s radius looks like a one-dimensional wire. In
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such a scenario, the gravitational potential

is given by:
1Mo
Vi)~ ————,(r< R) (1.1) I
MP;Ei+n)Tn+1 ! l!
and Al
- Il }
V)~ g (r>R) (12)
MP?Ei—i—n)RnT ;

L

Thus the effective 4-D Mp; is given by

M3~ MEZ R (1)

By varying n and R, Mp;(41,) can be tuned

to be close to Mp;. For n=1, R ~ 10'3¢m, Figure 1.1: Illustration of an extra compact
which can be eliminated directly. But the dimension [Ponton 13]

case n=2 is interesting since it corresponds to radii, R ~ 10%um. The current constraints
are at R ~ 37(44)um [Kapner 07], [C. Patrignani 16],[Giudice 08] and hence extra dimen-
sions, if any, are n > 2. Although gravity has been tested only upto these distances, the
Standard Model fields have been tested at the Electroweak scale and at distances ~ m
accordingly. Thus all the Standard Model fields must be localized across the extra dimen-

sion. Some ways to do so are discussed in the following sections.

4 <

Bulk fields

0 |"VVVVIE

.)&fanes”

Figure 1.2: Extra dimensional models often consider SM fields to be localized to a brane

or a finite width in 5-D[Ponton 13]



By bringing the two fundamental energy scales close to each other in the higher dimen-
sional fundamental theory, the void between m gy and Mp; is killed and along with it the
whole model building freedom to resolve issues related to neutrinos, flavor puzzles, etc.
in Particle Physics. But the extra volume that these extra dimensions provide can help in

building new mechanisms to resolve such problems[Arkani-Hamed 02].

But in the Arkani-Dimopolous-Dvali model, there still exists a hierarchy between the com-
pactification scale(~ 1/R)and the Planck scale. There is an alternative approach to resolve
the hierarchy by Randall-Sundrum[Randall 99a], in which they propose a background 5-D
metric:

ds? = gynda™da™ = ety datda” — r2de?; (1.4)

where y = r.¢ corresponds to the extra dimension. The above metric can be shown to be
a solution to the Einstein’s equations in a certain scenario [Randall 99b]. Comparing the

Einstein-Hilbert action in 5-D and the effective(flat) 4-D theory, we get:

M3
Mpy = =22 (1= e em) (1.5)

Considering the (visible) fields to be confined to 4-D (a 3-brane), we have:

Uvb —Z7
rane = IR brane

y=20

Figure 1.3: A depiction of the RS setup,in the sense that SM fields being at IR brane

generate hierarchy[Ponton 13]

Sypis D / d*ze krem (pre?krer D YD, H — M(|H|? — v3)?) (1.6)

which after a field redefinition gives v = vye *"<™, which further results in the same expo-

nential suppression in mass parameters. In this way, Mp; can be viewed as a fundamental
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scale with the “warping” factor resulting in the TeV scale, the additional advantage being

that there is no hierarchy between Mp; and the compactification scale.

In the following sections, the tools used in dealing with extra dimensions are illustrated

for scalars, vectors and fermions.

1.2 Scalar fields

Consider a scalar field ®(x*,y)[Tait 13], where z* are the coordinates corresponding to
usual 4-d space-time and y is the coordinate corresponding to the compact extra dimension.

With a flat metric, the action is:

1
S = /d4x/dy(§8M<I>aM<I> - v<<1>)> (1.7)
where M varies over all the five coordinates.
av 2R
_ 4 _ Mg _ 4
55—/d x/dy( D OM D —aq)>5<1> [/d xaycbacbh (1.8)

Since the extra dimension considered is compact, the boundary term cannot necessarily be

assumed to vanish and we need to choose the boundary conditions(B.C.) such that

[@,@5@} ~0 (1.9)

2R
0

Very often, to visualize the boundary conditions or to reduce the fundamental domain of

the theory, something called orbiflding is used
®(Oy) = 50(y) (1.10)

Here O and S are representations of a discrete symmetry on the Sth coordinate and the
wavefunction, respectively. For example, S'/Z, (which corresponds to imposing Z, over
a circle) may be implemented as (27 R — y) = £®(y), and hence reduces the domain to

[0, TR].

Kaluza-Klein Decomposition

Finally we would like to look at the effective 4-D theory for which something called the

Kaluza-Klein(KK) decomposition turns out to be very useful, which is similar to separation
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of variables
O, y) =D fM(y)e™ () (1.11)

Looking at the effective theory for @ , with V(®)=0, the action becomes:
2TR
S = Z / d%/ dy(fo™ fWaratma,0™ — o, ™, 0 grm g) (1.12)
m,n 0
A convenient choice of f(™s is one for which

/ dyfmfm =6, & / dyd, fR0,f™ =m2s, (1.13)

With the specific choice of periodic boundary conditions, this system of equations is solv-

able, giving constant solution for f(*) and sinusoidal solutions for other f);
S = Z/d4x(a“¢<")8u¢(”) _ miqﬁ(”)gb(")) (1.14)

thereby giving an effective theory which resembles an infinite tower of massive scalars in

(143)-d with the mass spectrum m,, = %

n=3
n=2 i I/R?
n=I1
n=0

Figure 1.4: KK mass spectra with periodic B.C. [Perez-Lorenzana 05]

Consider a \s_p®* interaction in (1.7), which would result in \s_p¢* terms in the 4-d

Lagrangian :
As—p
2R

which gives a coupling smaller than the fundamental one by a factor equal to the size of the

A—p ~ (1.15)

dimension. Thus we can see how working with an extra dimension may resolve hierarchies.

Equivalently, we could have approached (1.7) by finding the Euler-Lagrange equations,

substituting (1.11) in them and then assuming that ¢(™) satisfy the 4-d equations of motion:
(0"0, +m?2)p™ =0 (1.16)
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Consider this approach in the case of a warped metric, for which[Gherghetta 11]:
S = % / &Px/g(g"N 0pPON D — m>D?) (1.17)
Using (1.11) and (1.16) in the Euler-Lagrange equations, we get
— e 2Am2 ) _ 8y(e_4A0yf(”)) + e HMm2 ) = (1.18)

which gives exponential solution even for m,, = 0, which can help in addressing hierarchies

as discussed later in the case of fermions.

1.3 Fermionic fields

The action for a fermionic field is given by:
S = /d%(%(%#aﬂ — 0, U") — mU ) = /d”‘x(ﬂwﬂaﬂf —mU¥)  (1.19)
The spinor W is a (0,1/2)+(1/2,0) representation of the Lorentz group and can be decom-

posed as U = ( >f
(4

are the eigenstates to the projection operators P = %(1 +1~°), and are called the left-handed

) , where  is a (1/2,0) Weyl spinor and 1 a (0,1/2) Weyl spinor. These

and the right handed components of the Dirac spinor. The handed-ness/chirality does not
change under Lorentz transformations since [7°, ¥*] = 0, where £ = £[v* ~"] are gen-
erators of the Lorentz group. The significance of these representation lies in the fact that all

the Standard Model fermions are Weyl spinors.

1.3.1 In flat extra dimension
For a Dirac fermion in 5-D, the action is given by
S = /d%(%(qeraM\y — 9 ITMY) — I ) (1.20)

'™ follow the Clifford algebra: {I'™ TN} = 2™~ And T'* can be taken equal to
and I'> = ~°. But unlike 4-d, even though it may be defined, chirality is now not Lorentz
invariant since [['°, M °] # 0[Csaki 05][Quevedo 10]. However we may still separate the

two chiral parts into ¥(¢» = ") and (Y = x') as before:
, -1, - -
S = /d‘r’x(—bxa“@,m — ot + §(d) Osx — X0s¢) +m(vxy +xv))  (1.21)
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The finite boundary term in the action is given by

55 > / d%%(awﬁx DSy — Y Oeb — X O 6b) (1.22)
and thus a general B.C. that we impose must satisfy:
[—0ux + 9dx + 0x1 — Xoyl5 =0 (1.23)

We may choose an appropriate B.C. as per our needs, which serve as a tool for trivial

extensions of the model under study[Ponton 13]. Here, e.g. we can do away with the

chirality problem if
¢|O,L =0 — (85+m)x|0,L =0 (124)
We can solve for the EOM:
—Lc’f“@ux—ag,z/;jtmz[; =0; —LO‘MaMQZJ—l—a5X—|—mX =0
(1.25)

Just as before we can decompose each Weyl spinor into its KK modes, those of x be-
ing ¢, and f, being the KK modes of 1. On substituting 4-d EOM,i.e. —1o*0, X, and
—1019,1by, by —myb, and —my,x, resp., we get the KK mode profiles. In particular, the

zero(massless) modes are:

go = be "™ & fo = ce™ (1.26)

and equation (1.24) gives c=0. As such we are only left with one of the chiral components of
the massless(zero) mode. To be consistent with periodic B.C., additionally Z, orbifolding

may be imposed.

Kaplan-Tait model

An advantage of considering extra dimensional theories is that O(1) bulk mass(the mass
in 5-D Lagrangian) can lead to exponential hierarchy in 4-D fermion masses, such as in
the Kaplan-Tait model[Kaplan O1]. In this model, the Higgs is taken to be a 4-D field at
one of the boundaries, and depending on the sign of the 5-D Yukawa couplings, different
fermions may be localized at different boundaries. The profile (1.26) then implies expo-
nential suppression of Yukawa coupling in the effective theory. As such this can explain

the huge difference in fermion masses.



<H> (on brane)

Q
dE-
Q
11
IIII|IIIIIIIIIIIIIIII lelll%lllllllllllll
0 1 2 3 4 5 6 T 2 o 10
y

Figure 1.5: 0-mode profiles for some of the quarks, with Higgs at y=0 [Kaplan 01]

Consider, e.g., the following mass terms
L =6(y)Yy; (H) Gid; (1.27)

which in the effective theory in 4-D would result in

Myija—D

= Y398 (0)g5’ (0) (1.28)

The factors gg result in a relative hierarchy if different fermions(generations) are localized

at different boundaries, as depicted in the Figure 1.6.

Arkani-Hamed-Schmaltz Model

In this particular model[Arkani-Hamed 00] an auxiliary scalar field is introduced, which
has a Yukawa type interaction with the SM fermions. The scalar acquires a postion depen-

dent VEV such that the fermionic fields are localized across the 5th dimension. This also
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addresses fermion mass hierarchy from O(1) Yukawa interactions.

Consider the action:
S = /d4x/dy\if(L7M8M+(I>(y))\I/ with — (®) = 2u’y (1.29)

Decomposing V¥ as :

14075
2

U =" (y|Ln) Puipn(x) + Y (y|Rn) Prbn(x); Pr/s = (1.30)

where |Ln) and | Rn) are taken to be the eigenstates of afa and aa' resp. with eigenvalues
u2, where a is defined as a = 9, + (®). As such we again get two Weyl fermions and a

tower of Dirac fermions.

S = /d4x[¢LL7Mau¢L + @Z;RL/yuau@bR + Z @En(y}/uau + Mn)wn)] (131)
n=1
a and a' can be shown to follow the commutation relation: [a,a] = 4p2, and hence are

just like the creation and annihilation operators for a S.H.O. The zero modes can then be

obtained by using a |L,0) = 0 and a' |R,0) = 0

(y|L.0) = exp(~ / "(®) (s)ds) = (4] R, 0))"" (1.32)

In this case only (y|L,0) is normalizable and (y|R,0) = 0, and therefore only one Weyl

spinor survives.

\\

Figure 1.6: The overlap of different SM fermion profiles is in a tiny region resulting in

hierarchies[ Arkani-Hamed 00]

In a theory with multiple fermions, the zero mode of a fermion with bulk mass m gets local-

ized aty = % In the effective 4-D theory, this then results in an exponential suppression

11



in Standard Model type Yukawa interactions:

m2 — 22

/dy \\%Lefcp(—ﬁf)exﬂ — 1Py - 4_/f‘)2> ~ exp(—5—) (1.33)

1.3.2 In warped extra dimension

Consider a fermionic field in warped space with the action being given by
S = / d%\/g%(IIIFMDM\IJ — Dy UTY W) — mU0) (1.34)

Here the derivatives D), and the gamma matrices ['); need to be re-defined such that DW

transforms just like ¥ and {T'™ TN} = gM¥ (discussed in Appendix A).

Just as before, we can obtain the EOM, the natural set of B.C., decompose into Kaluza-
Klein modes and impose an appropriate B.C. so as to kill one of the chiral components
of the massless KK mode [Gherghetta 11]. A particularly interesting feature is that in the

Randall-Sundrum metric, the zero modes look like:

fiyr ~ exp((2k F m)y) (1.35)
Thus the effective kinetic term that we get from the action is:

S D /d4xe4kyekye2(2kymy)w_2*y“8uw% (1.36)

and there is an effective scaling by ea:p( (% — %)ky) As such whether ¢ = 7+ > 0.5 or
< 0.5 determines where it is localized. And the localization on different boundaries results
in an exponential suppression of couplings. This is more effective than (1.28) since for
slightly different bulk mass, the 0-mode can be localized on opposite branes, with the same

sign for all Yukawa couplings.

1.4 Gauge theories

The case of a pure gauge theory is significantly different from that of scalars and fermions.
It turns out that the massive KK modes of A5 are not physical and the effective theory re-
duces to that of a Kaluza-Klein tower of massive 4-D gauge fields and a scalar(As). And in

the low energy theory, a gauge field(A,,) in 5-D can be considered to contain a 4-D gauge

12



¢>1/2 c<1/2

c=1/2

Figure 1.7: The profile of the massless mode for different values of m/k [Ponton 13]

field(A,,) and a scalar(As).

For a local symmetry ©(x) — V(z)i(z), with t* being the generators of V(x), the ac-

tion for a gauge field is given by[Peskin 95]

1
S = tr / d%( _ ZFMNFMN) (137)

where the covariant derivative and the field tensor are given by:
DM = 8M - ZgAM, AM = A?\/lta (138)

L
Fyy = E[DM; Dy (1.39)

and F,n remains invariant under the transformation:

L

Ay, = nglDMQ; QcV(x) (1.40)

Now for both A, and A5, KK decomposition can be done. But, when compactified on
a circle, it turns out that with an appropriate choice of the gauge(1.41) only the massless
mode survives[Sundrum 05].

¢
0= Pexp(Lg/ dng’RA5(:E“,gb’))exp(—LgAéo)(x“)gb) (1.41)

0

where P refers to path ordering.

13



Alternatively, to understand how such a gauge choice affects the quantization of the gauge
field, instead of fixing the gauge we may add gauge breaking(fixing) terms to the La-
grangian just as in [?¢ gauges[Csaki 05], but so as to cancel the bulk and boundary mixing

terms between A, and A;. Consider, e.g. the mixing term between A*& A°:
/ P’ d; ALOH A = / A’ 0" ALO; A — / d*zo" AL A (1.42)

The terms on right can be cancelled by a gauge fixing terms of the form, which also give
restrictions on As.
—1

___1 B) wAG a\2
Sor = 2§/dx(8 A% — £05A2) * %

/ d*z (0, A" F &AL oL (1.43)

Coming back to the previous approach, with the KK decomposition just being a Fourier

series expansion, the action can be written as:
T 1 uv 1 (0)\2 1 2
S=tr[d dgbR( — 2Fu " + S(DL AP + 5 (05A,) )
1 1 - 1 n
—tr / 27er4x< - §(a[uA§?>)2 + 5(a,ﬂ4go>)2 +Y° ( - §|8[MAI(I])|2 (1.44)
n=1
n? 2 3
+ AP +0(4h)
At low enough energies, we may as well just deal with the zero-mode:
j224

1 1
Sepp ~ tr / 27er4x< — JFFO 4 5(DMAS)W)?) (1.45)

Thus the effective theory is just that of a 4-D gauge field and a gauge charged scalar field,

both of which are unified in the full theory.
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Chapter 2

Clockwork mechanism

2.1 Introduction

In Particle Physics, we encounter several parameters that vary over several orders of magni-
tude with no dynamical explanation to their relative values. As such, it is natural to look for
explanations for these hierarchies through some extensions of Standard Model. Clockwork
is one such mechanism in which exponentially large interaction scales are generated from

fundamentally comparable ones.

In general it may be defined as a quiver theory which gives rise to exponentially sup-
pressed/enhanced couplings to a symmetry protected zero-mode from O(1) couplings in
the fundamental theory[Giudice 17a]. The setup contains N+1 copies of a particle P with
a symmetry G each. This symmetry keeps P massless: e.g. for a scalar it may be a Gold-
stone boson, for a photon the symmetry may be gauge invariance, etc. The overall system
thus has the symmetry with a subset GV 1. The particles labelled with ’i’ (varying from 0
to N) can be considered to be sites on a lattice. Then, N certain type of nearest neighbor
interactions, between P, and P; are introduced which break N copiesof the symmetry G.
As such we are left with a single symmetry group G and hence a massless particle, which is
a linear combination of F;s. With the interactions modelled in an appropriate fashion, this
massless particle has an exponential profile across the (N+1) particles we began with. The
other mass eigenstates, referred to as the clockwork gears, serve as an experimental test for

this mechanism.
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AMAN =q¢"A

Figure 2.1: Clockwork mechanism resulting in an exponentially suppressed/enhanced scale

[Giudice 17a]
2.2 Clockwork scalar

To implement clockwork mechanism for scalars, we may consider N+1 scalars, U;(z) =
e"i// where j varies from 0 to N, with a U(1) symmetry each, which gets broken sponta-
neously at a scale f leading to a Goldstone boson. The symmetry may be explicitly broken
by nearest neighbor interactions of the form U j U ]'-’ +1» Which may be considered as explicit
symmetry breaking terms. Alternatively, these terms may be considered to arise from spon-
taneous symmetry breaking which happens at a much lower scale than f leading to such
terms. The way that these can be accommodated is to consider some auxiliary fields, with
a certain charge(2.2) under the U(1)s, which acquire a VEV on spontaneous symmetry

breaking.

2 N m? 2 N-1
L= QUI0"U;+ == > (UJU].y +hc) 2.1)
j=0 j=0
where m? is the VEV of the j-th auxiliary field with charge
Qi[(mz)j] = 0ij — q0ij+1 (2.2)

It may be noted that there is a symmetry of the Lagrangian (2.1) in which U; — e/ Uj,

which corresponds to the generator:
Q=>" ] (2.3)

where (), is the generator of the U(1) corresponding to j-th particle U;(z). It can further be

checked that the auxiliary fields have zero charge under Q.
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In terms of 7,
1 N ; m2 Nl ,
£~§§0u7rj0 Wj_sz_;(ﬁj_qﬂ—j—l—l) (24)

where apart from kinetic and mass terms we have an interaction term of the type gm;m;,1.

This nearest neighbor interaction results in the mass squared matrix M?:

1 —q 0 . : 0
—q 1+¢ —-q . . . 0
MZ=m*| 0 —¢q 1+¢ . . . 0 (2.5)
1+¢ —q
0 0 . .. =q q?

This matrix can be diagonalized as in Appendix B. The mass eigenvalues m?, and the mass
eigenstates a; (k=0,1,...N) are given by:

km

w0 = 0; 2 —m2(1 2_9 2.6
Mao ;o oma,=m(14¢q qcosN+1) (2.6)
For the massive modes(k=1,2...,N), the profile is:
al jkm (G + Dk
ap = ;Nk [qsinN T SmN—H] M, 2.7)
and for the massless mode
N
ag — Z ?ﬂ'j (28)
§=0

The above exponential dependence is what makes clockwork an interesting tool. This can
be used to obtain exponential hierarchies between coupling parameters without resorting to

extra dimensions.

If we have an interaction of the form
1 -
LD —nnE,,(z)Fr(x) (2.9)
g

then at low enough energies, only interactions with the massless mode are significant. With
TN = 2—[1\9a0+sinusoidal combinations of higher mass modes, the coupling scale is enhanced
by ¢V, ie. g — 7\% g The clockwork mechanism was originally used in construction of
axions by enhancing the effective scale of the theory [Kaplan 16]. Axions have interactions
of the type (2.9) in Peccei-Quinn theory, which through the nature of effective couplings,

resolves the strong CP problem[Peccei 08].
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2.3 Clockwork fermion

In the case of fermions, the symmetry that can lead to masslessness is chirality. As such
taking N+1 massless Dirac fermions ;(j=0 to N), each with a left chiral part ¢;,; and a
right chiral part ¢r;, we may indeed implement clockwork through nearest neighbor inter-

actions such as @j%’ﬂ-

First let us consider, for example, N left chiral and N+1 right chiral fermions, with each
symmetry broken using parameters m; and (¢m);:

N-1

L= Lun—m Y (Yrjbr; — @rjrje + h.c)
jo (2.10)

= Liin — (QZLMwwR + h.c.)
The parameters m; and (gm); may agin be regarded as VEV of scalar fields with charges
(1,-1) under U(1)z; x U(1)gj and U(1)r; x U(1)pgj41 respectively, where U(1); is the
symmetry group of ¢ ;(with charge 1) and U(1)g; that of ¢g;.

The N x(N+1) mass marix My is :

1 —q O 0
0O 1 —-q . . . 0
My = (2.11)
. . .. —q O
0 0 B |

Solving for the singular vector of this matrix with singular value zero, we again get the
same profile as for the zero mode of clockwork scalar. Rather, since M:LM¢ = Mﬁ, the
eigenvalues in that case are the singular values in this case. Denoting the left and right
singular vectors as W, and W, U and vy are related the same way as a and 7 as in (2.7)&

(2.8) and for ¥, we have

2 gk
=ULv ULjk = ' 2.12
Yr VY, Lik N1 N (2.12)
A more natural choice of interactions would have been of the type ;1; 1 = —(¢rVRj41+

" rj¥Lj+1). But it may be noted that if both interaction terms are considered, then the zero
mode (2.11) would not result in an exponential profile. Further only N left chiral fermions

are used here instead of the general prescription of N+1 copies of it. Adding that extra
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fermion would not affect the profile of the zero mode and hence need not be considered.

The exponential profile of the zero mode as in (2.8) can have many applications such as
fermion masses hierarchy, in neutrino physics, etc. For around N=25, with the model
implemented for a right-handed neutrino, it can address the neutrino mass. It has been
found that N=2 to 4 resolves the hierarchy between the Standard Model fermion masses

and mixing[Patel 17].

2.4 Clockwork for Gauge fields

Clockwork for U(1) gauge theory is quite similar to that for the scalar. To obtain a clock-
work photon, we may consider N+1 U(1) gauge groups with N complex scalars ¢;(j=0 to

N-1).

N 1 A N-1
L=- Z ZFILF]W i Z[|Du¢j|2 = Xlo;1> = £2/2)7] (2.13)
j=0 j7=0

The scalars are taken to be charged (1,-q) under U(1); x U(1);41 so that D,¢; = [0, +
tg(A7, — qAl)]o;.

GG R

Figure 2.2: N+1 Gauge groups linked to each other by scalar fields[Bai 10]

As such after spontaneous symmetry breaking at the scale f, we obtain:

N | . 92f2 N-L . .
L=-)" TE "+ > (A) — gAY (2.14)
§=0 §=0

The above mass matrix is just the same as discussed in the case of scalar clockwork in Ap-

pendix B and thus has the same implications.

The massless mode has gauge invariance: A, — A(), + J,a(x). In terms of the original
fields, this becomes: 4;,, — A;, + 9, (Noa(z))/¢’. Thus, if there is a scalar field x that is

charged under the gauge group:
() + 1QAw)XI* = (9 + 1QNog ™ Ao)) X (2.15)

19



resulting in an exponentially suppressed charge.

An important feature of clockwork is that it is an Abelian phenomenon[Craig 17]. Con-
sider a gauge field, for which Aj, = ch‘(lo) .t >k cjkA‘(lk) .- The kinetic terms of the full

Lagrangian after a simple field redefinition can be written as:

1 a
L==% 12 Eiw)’

— Z ( a['uAa ) 4 fabca Aa AbMAcu 4= fabCfarsAb Ac ATMASV>

V=g Jv=

(2.16)

The terms corresponding to the massless gauge field are:

_ Z < a[u ) + C3fabca A(O)VAZ()SL)AES) + fabCfarsAb Ac A(TSL)ASV>
(2.17)

For the field A o) to be gauge invariant with a gauge coupling g(g), we need that:

T IR I a

which holds for ¢; € {0,1}, which in turn corresponds to the case ¢ = 1 and thus no
clockworking. That this is the only case in which (2.18) holds true is hard to show directly.
For that, with the generators 77 (with [T}, T]b] =f “bCT]?(Sij) corresponding to the symmetry
group at site j, the requirement of gauge invariance on the massless mode implies(with

generators Ty = >~ a;T7)
Z fabca?ijc _ Z fabcaijjc _— a? = a; (2.19)

which holds only for a; € {0,1}. This implies that the unbroken symmetry is equally
distributed among all the sites that have a component of it. Thus non-Abelian vector clock-

work, although can be done, would not lead to a meaningful theory for the massless mode.
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Chapter 3

Continuum Clockwork

3.1 Introduction

In the previous chapters, solutions of certain problems such as the fermion mass hierarchy
through extra dimensions and through clockwork were discussed. In this chapter, possible
relations between the two, in the sense that each particle(in 4-D clockwork) being associ-
ated to a site in the theory space, are explored. For this consider the N — oo limit of the

discrete clockwork. As such the mass spectrum is:

m2=0; m’=m?qg—1)>*+ (Nmfl)nQ (3.1

This similarity to a flat extra dimension, combined with the exponential dependence of
zero mode on the site, suggests that continuum clockwork can indeed be seen as an ex-
tra dimensional theory. In the following sections, the correspondence between the two is

investigated.

3.2 Continuum limit of Clockwork

One way to see clockwork as an extra dimensional theory is to just take the limit N — oo
in the Lagrangian (2.4). This limit would then correspond to a discrete extra dimension
with the index j of each particle P; taking the role of the coordinate y = ja(j=0,1,...N),

where a is the lattice spacing.[Choi 18][Craig 17]

Working on a circle with orbifolding, this corresponds to (N + 1)a = 7R and a — 0.
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For ¢ to be finite we need ¢ — 1, rather ¢ ~ 1 + 7ha. Even though it seems to lead to
no clockworking, ¢/ = (¢*/%)V is finite and hence ¢ — 1 does lead to clockworking in the
continuum limit. Similarly from the mass spectrum, we need m /N to be finite, implying

m — oo and since the choice of a is upto us, we may set ma = 1.

As such on replacing the discrete sum by integral over y and a field redefinition (2.4) be-

comes:

1

3 /dy <E)H7T6“7T — (Oym + ﬁ”m)2> (3.2)

Thus clockwork can be obtained from a 5-D Lagrangian density but it clearly does not
correspond to a covariant theory because of terms of the type w0,m. As such let’s take a
digression from continuum limit of the clockwork and investigate which type of a metric,

if any, can be considered as a viable 5-D theory.

3.3 De-constructing Dimensions

Instead of going from clockwork to extra dimension, we may try going from extra dimen-
sions to clockwork. For this, consider discretizing an extra dimension with a metric given
by:

ds* = X (y)dz* — Y (y)dy* (3.3)

For a scalar field ¢ with the Lagrangian
1
S =3 / d°z/q(0nr 0™ ¢) (3.4)
upon field redefinition so as to obtain canonical 4-D terms in flat metric, we obtain
1 5 ,  X? 10) 2
7= /d x((a“gb) - \/}_/<ayX1/2Y1/4> -2)

Now discretizing the y coordinate, i.e. setting y = ja, taking a sum instead of integral( [ %y —

> ) and defining f;(z) = f(x,y) :

N N—1 Ryt ’

1 N2ZX. XY,

g ; /d41’ 20: <(9“<]§j(9“¢j — ZO (WQRQ;}-) (ébj - (W)@H) ) (3.6)
g i J+175+1

This is similar to the original clockwork Lagrangian. Comparing this Lagrangian with that

in (2.4) indicates that indeed there exists a correspondence between clockwork and an extra
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dimension with a certain metric.

1/21,1/4
‘= ];[2)2(j 1= Xi/2}/j1/4 (3.7)
et XV
For m? to be site independent, X; o Y; and for ¢V to be finite ( ¢V o e*™?)
4km Ry
S oncY}ocexp( 37;\[]) (3.8)

The setup that generates such a metric is discussed in [Cox 12].

In constrast to this, there is a major problem in comparing continuum clockwork fermion
to a de-constructed extra dimension, rather the problem is in de-constructing an extra di-
mensional fermionic theory in any metric [Bai 10]. Consider a fermionic theory in a met-
ric of the type (3.3) with X (y) = Y(y) = exp(4ky/3). As discussed in Appendix A,

'’ = e*%vM and the spin connections for the metric lead to
k 0 ot
D“ == @L + 1= 3 D5 - 05 (39)
3\ —a* 0

S = /d5 (UTM DU — Dy T W) (3.10)

The action is:

The contributions from the spin connections cancel and on decomposing into left and right

chiral parts we are left with:

_ 1 - _ _ _
= [ dta [yl e ) (18999, (Gndsin~Osbntin +Osinin—udsin)
(3.11)
The problem lies in the different terms involving derivative w.r.t the 5th coordinate, which

on discretizing (and appropriate redefinition to get canonical kinetic terms) lead to:
/ dﬁ“Z T ri — Pryary + hec) (3.12)

This is in contrast to the fermionic clockwork discussed in the previous chapter which
had only half the terms appearing here. This is a rather typical feature of fermions on a
lattice and can be resolved by adding an additional term[Rothe 87], which vanishes in the

continuum limit (with the old field definitions), since a — O.
Sodd = na/d5xi/(a5)2\11 (3.13)
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This when discretized and added to the previous terms we get:

S = /d%; (L@fy”(?u\Iffl—%e_‘lka/B ((—%ﬂ”?) VrjYrjs1+ (%4'77) ij—i-lej"‘h-C-)

(3.14)

M arss - _
+§(6 B /3¢Lj+1@/)Rj+1 +YrjYr; + h-C-)>

With the introduction of the new term, the redundant interactions can be removed by choos-
ingn = j:%. We are then left with standard clockwork Lagrangian for the fermionic case,

with m = 2/a and ¢ = e~**/3

3.4 Clockwork from geometry

To check that embedding the scalar field in such a metric works, we may compare the mass
spectrum and Kaluza-Klein modes of a 5-D scalar in this metric. For this we need to find

the equations of motion for (3.5) with X (y) = Y (y) = exp(4ky/3). This gives the mass

spectrum:
2 2 , N
mog=0; m, =k +ﬁ (3.15)
And the profiles of KK modes being:
kTR n (kR . ny ny
foly) = WQ fuly) = mnRe y(;smﬁ + COSE (3.16)

Combined with the factors coming from /g and g™V, e* f2d(y/mR) turns out to be

equivalent to the solutions in (2.8) and (2.7).

As such at the fundamental level of Lagrangian, the relation between continuum clockwork
and an extra dimension has been established. But this does not imply that the two theories
would lead to same phenomenological results. This is completely model dependent as il-
lustrated in [Giudice 17b] for the axion-like coupling in (2.9). Consider, for example, an

interaction term: [Craig 17]
1 .
SD /d5$5(y — yo)ﬁquW(x)F’”(:v) (3.17)
5

As such the effective interaction term in 4D Lagrangian will have the coupling constant
1/fs = fo/ fg / ? and the coupling is independent of the position of the brane where the

interaction is localized.
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Another thing that can be done is to add bulk mass terms to the 5-D Lagrangian with the

clockwork metric. To begin with, consider a scalar

1
S = 3 / P\ /g(gMN 0y POND — M>D?) (3.18)
in the metric
ds* = gyndeMda™ = eu%(nuydx“d:c” — dy?) (3.19)

From the action, we can obtain the equations of motion and hence solve for the KK modes

S = %/d{%x(e%y(aﬂ@ayq)(ayq)y) . elOky/BMQCI)Q)

— (mp + 0. + 2k0, — MQG%)fn =0

(3.20)

The solutions to these are:

foly) = e 2M[cy (sinhf — OcoshB) + cy(coshf + Osinhb)]

fo(y) = e Ml _g)(OT(1 — ¢) + 2l (T (1 + @)l (3.21)

9_362’“9/3771_ ¢_3«/k2—m%
2k N 2k

where I(z) is the modified Bessel function of first kind and I'(x) is the Gamma function.
These results are significantly different from the previous scenario(even though still leading

to exponential hierarchy) and hence put the correspondence into question.

Figure 3.1: Comparison of the two zero modes with k=3/2 and m=1(blue and orange) and

an exponential profile e2** (green)
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Let’s also look at a fermionic field in the clockwork geometry. Solving the action (1.20)
for the equations of motion lead to KK modes. For the particular metric at hand, the
contributions from the spin connections cancel and we are left with the Dirac equation

1T Dy = mU¥. Decomposing ¥ into its KK modes gives

= ( Xl (3.22)
n \ Unfon
2k 2ky
= Mafen F 5 fan F Osfen =me 3 fun (3.23)
The zero mode profiles are:
2k 3m
fro ~ e:vp( F3- %62’“’/3> (3.24)

which are again different from the exponential profiles obtained previously.

80
60

401
20 /

Figure 3.2: Comparison of the two zero modes with k=3/2 and m=1 (blue and orange) and

an exponential profile e>*(green)

Even though the zero-mode solutions would result in hierarchies just like clockwork, it
would not result in a UV (high energy) complete theory in which all the modes match. Even
for a massive field in flat geometry, we can get an exponential profile but it is not equivalent

to clockwork.
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As such clockworking a field in the continuum limit is equivalent to (3.19) but the met-
ric (3.19) is not equivalent to clockwork. The correspondence between clockwork and
geometry, however, is not limited to it. In a limited sense continuum clockwork scalar can
be seen as a 5-D scalar embedded in flat spacetime. For this, consider a field redefinition in

the Lagrangian (3.4) or equivalently look at (3.5) instead of (3.4). This gives:

5= [eo(@er - oo (325)

S = %/d%((a;@y — (050)” — K*¢* + 2/€¢85¢)
where the last term in the second equation can be written as J5(¢)?, implying
/dy2¢35¢ =¢*(y=mR) - ¢*(y=0) = 2/dy¢2<5(y —7R) = d(y—0)) (3.26)

and as such

S = % / d’x (@@2 — (050) — ¢ (k* + 2k6(y) — 2ké(y — WR))) (3.27)

which correspond to a scalar Lagrangian in flat space, with bulk and brane mass terms.
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Conclusion

Even though it is not fundamentally important to explain the hierarchy in the scales and
parameters in Particle Physics, it adds an aesthetic appeal to any physical theory. Some
approaches to address the hierarchy problem were studied in this project: extra dimensions
and clockwork. A common feature of such approaches is that they tend to generate an ex-
ponential profile which, in one way or another, explains the huge difference in fundamental
parameters. For example, both the models for extra dimensions discussed here try to bring
the Planck and Electroweak scale close through such a profile and also explain the fermion
mass hierarchy through the same profile. In the case of clockwork too, it is such an expo-

nential profile that is put to use in addressing phenomenological problems.

The similarity in the way both of these lead to such hierarchies along with the similarity
in the effective theory in each case motivates one to examine the correspondence between
the two. We began with the findings of [Giudice 17a], in which clockwork in the large N
limit is related to a 5 dimensional theory with a certain space-time metric. We tried inves-
tigating whether the inverse result holds, i.e. whether a theory in that particular metric can
be de-constructed to a clockwork like interaction. In particular, the metric fails to generate
clockwork like features in the discrete theory for massive field. As already indicated by

[Giudice 17b], such results are totally model dependent and cannot be generalized.
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Appendix A

Spin connections

While dealing with fermions in curved space, the first thing that needs to be redefined
is the set of Dirac matrices in the Clifford algebra. To do this, we need to consider

M

a non-coordinate basis e,y = €, es) where eM

a

are called the vierbeins [Weinberg 72]

[Carroll 04] [Yepez 11], with the properties:
gun = eptena;  eMent =0 e fe™ =67 (A.1)

As such general covariance reduces to Lorentz covariance in this basis.

Since the Dirac matrices I'™ must follow
{rM TN} = 2MN (A.2)

we can define

Y = eMnaa (A.3)

Additionally, in contrast to a scalar, the derivative of a spinor does not transform like the
product of a vector times a spinor. Thus the derivative of a spinor needs to be redefined in

a covariant form.

For our spin-1/2 field, we need that as e®,, — A%,e’,, and ¢ — S(A)v, the derivative

of fermionic field must transform as:
Dy — A,"S(A) Dyt (A.4)
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Thus if D, = e,M () + war), then
war — S(A)wnrSL(A) — (OuS(A)S 1 (A) (A5)

where S(A) = exp(3wap0o®™) if for an infinitesimal Lorentz transformation A = 1 + w

This suggests a choice of w,, to be:
1
Wy = §J“beaNVMebN (A.6)

where V,, is the covariant derivative for a vector.

For a metric of the type (3.3), the non-zero Christoffel symbols are(no summation over

repeated index):

19,4 oY 05X
5 _ Y5 . 5 _ Y4, _ Y5
Lo = oy s s = 5y By = ox (A7)
and the vierbeins are:
1 1
et =o' ——; e =85 — A.8
a a /X a a /Y ( )
The spin connections
1
Wy = inbb(eNaePbFﬁp — el ome)oa (A9)
in this case are:
05X
> ws =0 (A.10)

W, = —— ;
mT XY P
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Appendix B

Diagonalization of tri-diagonal matrices

Consider the matrix encountered in (2.4):

1 —q 0 0

—q 1+¢ —q 0
M=|0 —¢ 14¢ .. . 0 (B.1)

1+¢* —q

0 0 -q ¢

Diagonalizing such a matrix with arbitrary size might seem a difficult task at first but is

rather straightforward. First let’s simplify the situation by decomposing:
M =al+bT; where a=1+¢* b=—gq (B.2)

so that if M); = m;);, then T\; = (@))\j = t;)\;. Thus to diagonalize M it’s

sufficient to diagonalize T.

And for T we have:

qui + vy = tvy
Vi1 + Vg1 = tuy (B.3)
uN + aUN+1 =tun41
where the particular eigenvector at hand x with eigenvalue ¢ is taken as:
XT = <v1 Vo . . . UN+1> (B.4)
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Form; = 0,t = (1 + ¢*)/q and (B.3) thus gives recursion relations
(quis1 — v;) = (qus —v;—1)  with vy =1v1/q (B.5)

These give v; = 1/q¢'v; and v; can be chosen so as to get a normalized eigenvector.

For m; # 0, the second equation in (B.3) suggests an ansatz
v; = Asingl + Bcosjl (B.6)

since sin(j + 1)0 + sin(j — 1)8 = (2cosh)sin(j6). Putting this back in the rest of(B.3)
gives:

Agsin® = B(1 — qcosfl);  sin(N +1)0(¢* + 1 — 2qcosf) (B.7)
The first equation fixes the coefficients upto a normalization and the second implies that ¢

is a multiple of 7 /(NN + 1). Thus we have:

vj = sinjf — qsin(j — 1)0;  t =2cosh; 0 = (B.8)

34



Bibliography

[Arkani-Hamed 98]

[Arkani-Hamed 00]

[Arkani-Hamed 02]

[Bai 10]

[C. Patrignani 16]

[Carroll 04]

[Choi 18]

[Cox 12]

[Craig 17]

Nima Arkani-Hamed, Savas Dimopoulos & G. R. Dvali. The Hi-
erarchy problem and new dimensions at a millimeter. Phys. Lett.,

vol. B429, pages 263-272, 1998.

Nima Arkani-Hamed & Martin Schmaltz. Hierarchies without sym-
metries from extra dimensions. Phys. Rev., vol. D61, page 033005,
2000.

Nima Arkani-Hamed & Savas Dimopoulos. New origin for approx-
imate symmetries from distant breaking in extra dimensions. Phys.

Rev., vol. D65, page 052003, 2002.

Yang Bai, Gustavo Burdman & Christopher T. Hill. TZopological
Interactions in Warped Extra Dimensions. JHEP, vol. 02, page 049,
2010.

Y. Gershtein C. Patrignani & A. Pomarol. Review of Particle
Physics. Chin. Phys., vol. C40, no. 10, page 100001, 2016.

Sean M. Carroll. Spacetime and geometry: An introduction to gen-

eral relativity. 2004.

Kiwoon Choi, Sang Hui Im & Chang Sub Shin. General Continuum
Clockwork. JHEP, vol. 07, page 113, 2018.

Peter Cox & Tony Gherghetta. Radion Dynamics and Phenomenol-
ogy in the Linear Dilaton Model. JHEP, vol. 05, page 149, 2012.

Nathaniel Craig, Isabel Garcia Garcia & Dave Sutherland. Disas-
sembling the Clockwork Mechanism. JHEP, vol. 10, page 018, 2017.

35



[Csaki 05]

[Gherghetta 11]

[Giudice 08]

[Giudice 17a]

[Giudice 17b]

[Kaplan 01]

[Kaplan 16]

[Kapner 07]

[Patel 17]

[Peccei 08]

[Perez-Lorenzana 05]

Csaba Csaki, Jay Hubisz & Patrick Meade. TASI lectures on elec-
troweak symmetry breaking from extra dimensions. In Physics in D
>= 4. Proceedings, TASI in elementary particle physics, Boulder,
USA, June 6-July 2, 2004, pages 703-776, 2005.

Tony Gherghetta. A Holographic View of Beyond the Standard
Model Physics. In Physics of the large and the small, TASI 09,
Boulder, Colorado, USA, 1-26 June 2009, pages 165-232, 2011.

G. F. Giudice & J. D. Wells. Extra Dimensions, Review of Particle
Physics. JPG, vol. 37, 075021, 2008.

Gian F. Giudice & Matthew McCullough. A Clockwork Theory.
JHEP, vol. 02, page 036, 2017.

Gian F. Giudice & Matthew McCullough. Comment on ”Disassem-
bling the Clockwork Mechanism”. 2017.

David Elazzar Kaplan & Timothy M. P. Tait. New tools for fermion
masses from extra dimensions. JHEP, vol. 11, page 051, 2001.

David E. Kaplan & Riccardo Rattazzi. Large field excursions and

approximate discrete symmetries from a clockwork axion. Phys.

Rev., vol. D93, no. 8, page 085007, 2016.

D. J. Kapner, T. S. Cook, E. G. Adelberger, J. H. Gundlach, B. R.
Heckel, C. D. Hoyle & H. E. Swanson. Tests of the Gravitational

Inverse-Square Law below the Dark-Energy Length Scale. Phys.
Rev. Lett., vol. 98, page 021101, Jan 2007.

Ketan M. Patel. Clockwork mechanism for flavor hierarchies. Phys.
Rev., vol. D96, no. 11, page 115013, 2017.

R. D. Peccei. The Strong CP problem and axions. Lect. Notes Phys.,
vol. 741, pages 317, 2008. [,3(2006)].

Abdel Perez-Lorenzana. An Introduction to extra dimensions. J.

Phys. Conf. Ser., vol. 18, pages 224-269, 2005.

36



[Peskin 95]

[Ponton 13]

[Quevedo 10]

[Randall 99a]

[Randall 99b]

[Rothe 87]

[Sundrum 05]

[Tait 13]

[Weinberg 72]

[Yepez 11]

Michael E. Peskin & Daniel V. Schroeder. An Introduction to quan-
tum field theory. Addison-Wesley, Reading, USA, 1995.

Eduardo Ponton. TASI 2011: Four Lectures on TeV Scale Extra
Dimensions. In The Dark Secrets of the Terascale: Proceedings,
TASI 2011, Boulder, Colorado, USA, Jun 6 - Jul 11, 2011, pages
283-374, 2013.

Fernando Quevedo, Sven Krippendorf & Oliver Schlotterer. Cam-

bridge Lectures on Supersymmetry and Extra Dimensions. 2010.

Lisa Randall & Raman Sundrum. A Large mass hierarchy from a
small extra dimension. Phys. Rev. Lett., vol. 83, pages 3370-3373,
1999.

Lisa Randall & Raman Sundrum. An Alternative to compactifica-

tion. Phys. Rev. Lett., vol. 83, pages 4690—4693, 1999.
H. J. Rothe. An Introduction to Lattice Gauge Theories. 1987.

Raman Sundrum. Tasi 2004 lectures: To the fifth dimension and
back, Many Dimensions of String Theory (TASI 2005) Boulder, Col-
orado, June 5-July 1. pages 585-630, 2005.

Tim Tait. TASI 2013, “Particle Physics: The Higgs Boson and Be-

yond”, Lectures on Extra Dimensions. 2013.

Steven Weinberg. Gravitation and Cosmology. John Wiley and
Sons, New York, 1972.

Jeffrey Yepez. Einstein’s vierbein field theory of curved space. 2011.

37



	    Acknowledgement
	    Notations
	    List of Figures
	    Abstract
	Extra Dimesions
	Introduction
	Scalar fields
	Fermionic fields 
	In flat extra dimension
	In warped extra dimension

	Gauge theories

	Clockwork mechanism
	Introduction
	Clockwork scalar 
	Clockwork fermion 
	Clockwork for Gauge fields

	Continuum Clockwork
	Introduction
	Continuum limit of Clockwork
	De-constructing Dimensions
	Clockwork from geometry

	    Conclusion
	Spin connections
	Diagonalization of tri-diagonal matrices
	    Bibliography

