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Notations

Unless stated otherwise, the following conventions and notations are used

• Greek indices vary from 0 to 3 over the usual 4-D spacetime indices

• Capital Latin indices vary over 0 to 3 and 5, where 5 corresponds to the extra spatial

dimension

• Natural units are used, i.e. ~ = c = 1, unless otherwise stated

• the signature of the metric gMN is (1,-1,-1,-1,-1)

• g refers to the determinant of gMN and gMN to the inverse of gMN

• warped extra dimension refers to the metric:

ds2 = gMNdx
MdxN = e−2A(y)ηµνdx

µdxν − dy2 (1)

And Randall-Sundrum(RS) metric refers to the case A(y) = ky

• Dirac matrices are used in chiral representation:

γµ =

(
0 σµ

σ̄µ 0

)
andγ5 =

(
ι1 0

0 −ι1

)
(2)

with σ = (−1, σi) and σ̄ = (−1,−σi) with σi being the Pauli matrices:

σ1 =

(
0 1

1 0

)
σ2 =

(
0 −ι

ι 0

)
σ3 =

(
1 0

0 −1

)
(3)

• Square brackets over indices indicate anti-symmetrization, e.g.

A[µAν] = AµAν − AνAµ (4)

• The domain of extra dimesional coordinate is [0, 2πR], which under Z2 orbifolding

reduces to [0, πR]
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Abstract

There are many cases in the Standard Model in which there is a huge hierarchy between

parameters with no explanation in the fundamental theory. Consider, for example, the range

of fermion masses: varying from 0.511 MeV for an electron to around 173 GeV for the top

quark. ”Naturally”, we would have expected their masses to be of the similar order since

they arise from similar interactions in the Standard Model.

We also have a huge hierarchy between the Electroweak symmetry breaking scale(∼246

GeV) and the Planck scale(∼ 1016 TeV). The whole void between these two scales is not

understood at all. And it would be nice if these two scales can somehow be linked to each

other, so that the Physics at intermediate scales can also be understood. An elegant way to

resolve these is to consider the possibility of extra dimensions, which forms a part of this

project. Both large extra dimensions and warped extra dimensions are considered in this

project

The way out of such hierarchies in the Standard Model is not just extra dimensions. One

other way to resolve hierarchies is the clockwork mechanism, which is a 4-D mechanism

involving certain type of interactions between different fields. The results of this mecha-

nism are, in a certain sense, similar to extra dimensional theories. As such, in this project,

this mechanism implemented on a large number of fields is compared to a five-dimensional

theory with a certain metric and the extra coordinate discretized. There exists a correspon-

dence between the two in the sense that the continuum limit of the discrete theory matches

the de-constructed five dimensional free field theory. This correspondence is further ex-

plored in the project and certain limitations are found.
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Chapter 1

Extra Dimesions

1.1 Introduction

There are two fundamental energy scales one encounters in Fundamental Physics. The first

being the Electroweak scale ∼ 246 GeV which describes the energy scale at which the

weak force and the electromagnetic forces are unified. And the second being the Planck

scale∼ 1019 GeV, which is the scale associated to Newton’s gravitational constant and

hence, naively, corresponds to the scale of gravity. Even though we have a good theo-

retical understanding of Physics at the Electroweak scale, we do not understand Physics

at the Planck scale, which is essentially understood as an extension of the theories at the

Electroweak scale. Even the Physics at the intermediate scales is only understood by ex-

trapolation. The ratio between the two scales is huge (∼ 1016), and indicates the difference

in the scales at which different forces become effective. The fact that the scales of these

fundamental forces are so different is often referred to as the hierarchy problem, something

that indeed deserves an explanation.

The nature of the Electroweak scale(mEW ) is different from that of the Planck scale(MPl)

in the sense that the former is an experimental scale whereas the latter is an extrapolation of

the Classical Gravity. A simple way to resolve this is by introducing ’n’ extra dimensions

[Arkani-Hamed 98]. To accommodate that we do not observe them, these can be considered

to be compact with small enough radius∼ R(as in Fig 1.1), just like a cylinder which when

viewed from distances much greater than it’s radius looks like a one-dimensional wire. In

3



Figure 1.1: Illustration of an extra compact

dimension [Ponton 13]

such a scenario, the gravitational potential

is given by:

V (r) ∼ m1m2

Mn+2
Pl(4+n)r

n+1
, (r � R) (1.1)

and

V (r) ∼ m1m2

Mn+2
Pl(4+n)R

nr
, (r � R) (1.2)

Thus the effective 4-D MPl is given by

M2
Pl ∼Mn+2

Pl(4+n)R
n (1.3)

By varying n and R, MPl(4+n) can be tuned

to be close to MPl. For n=1, R ∼ 1013cm,

which can be eliminated directly. But the

case n=2 is interesting since it corresponds to radii, R ∼ 102µm. The current constraints

are at R ∼ 37(44)µm [Kapner 07], [C. Patrignani 16],[Giudice 08] and hence extra dimen-

sions, if any, are n ≥ 2. Although gravity has been tested only upto these distances, the

Standard Model fields have been tested at the Electroweak scale and at distances ∼ m−1EW

accordingly. Thus all the Standard Model fields must be localized across the extra dimen-

sion. Some ways to do so are discussed in the following sections.

Figure 1.2: Extra dimensional models often consider SM fields to be localized to a brane

or a finite width in 5-D[Ponton 13]
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By bringing the two fundamental energy scales close to each other in the higher dimen-

sional fundamental theory, the void between mEW and MPl is killed and along with it the

whole model building freedom to resolve issues related to neutrinos, flavor puzzles, etc.

in Particle Physics. But the extra volume that these extra dimensions provide can help in

building new mechanisms to resolve such problems[Arkani-Hamed 02].

But in the Arkani-Dimopolous-Dvali model, there still exists a hierarchy between the com-

pactification scale(∼ 1/R)and the Planck scale. There is an alternative approach to resolve

the hierarchy by Randall-Sundrum[Randall 99a], in which they propose a background 5-D

metric:

ds2 = gMNdx
MdxN = e−2krcφηµνdx

µdxν − r2cdφ2; (1.4)

where y = rcφ corresponds to the extra dimension. The above metric can be shown to be

a solution to the Einstein’s equations in a certain scenario [Randall 99b]. Comparing the

Einstein-Hilbert action in 5-D and the effective(flat) 4-D theory, we get:

M2
Pl =

M3
Pl(4+1)

k
(1− e−2krcπ) (1.5)

Considering the (visible) fields to be confined to 4-D (a 3-brane), we have:

Figure 1.3: A depiction of the RS setup,in the sense that SM fields being at IR brane

generate hierarchy[Ponton 13]

Svis ⊃
∫
d4xe−4krcπ(ηµνe2krcπDµH

†DνH − λ(|H|2 − v20)2) (1.6)

which after a field redefinition gives v = v0e
−krcπ, which further results in the same expo-

nential suppression in mass parameters. In this way, MPl can be viewed as a fundamental

5



scale with the ”warping” factor resulting in the TeV scale, the additional advantage being

that there is no hierarchy between MPl and the compactification scale.

In the following sections, the tools used in dealing with extra dimensions are illustrated

for scalars, vectors and fermions.

1.2 Scalar fields

Consider a scalar field Φ(xµ, y)[Tait 13], where xµ are the coordinates corresponding to

usual 4-d space-time and y is the coordinate corresponding to the compact extra dimension.

With a flat metric, the action is:

S =

∫
d4x

∫
dy
(1

2
∂MΦ∂MΦ− V (Φ)

)
(1.7)

where M varies over all the five coordinates.

δS =

∫
d4x

∫
dy
(
− ∂M∂MΦ− ∂V

∂Φ

)
δΦ−

[ ∫
d4x∂yΦδΦ

]2πR
0

(1.8)

Since the extra dimension considered is compact, the boundary term cannot necessarily be

assumed to vanish and we need to choose the boundary conditions(B.C.) such that[
∂yΦδΦ

]2πR
0

= 0 (1.9)

Very often, to visualize the boundary conditions or to reduce the fundamental domain of

the theory, something called orbiflding is used

Φ(Oy) = SΦ(y) (1.10)

Here O and S are representations of a discrete symmetry on the 5th coordinate and the

wavefunction, respectively. For example, S1/Z2 (which corresponds to imposing Z2 over

a circle) may be implemented as Φ(2πR − y) = ±Φ(y), and hence reduces the domain to

[0, πR].

Kaluza-Klein Decomposition

Finally we would like to look at the effective 4-D theory for which something called the

Kaluza-Klein(KK) decomposition turns out to be very useful, which is similar to separation

6



of variables

Φ(xµ, y) =
∑
n

f (n)(y)φ(n)(xµ) (1.11)

Looking at the effective theory for Φ , with V(Φ)=0, the action becomes:

S =
∑
m,n

∫
d4x

∫ 2πR

0

dy(f (m)f (n)∂µφ(m)∂µφ
(n) − ∂yf (m)∂yf

(n)φ(m)φ(n)) (1.12)

A convenient choice of f (n)s is one for which∫
dyf (m)f (n) = δm,n &

∫
dy∂yf

(k)∂yf
(n) = m2

nδk,n (1.13)

With the specific choice of periodic boundary conditions, this system of equations is solv-

able, giving constant solution for f (0) and sinusoidal solutions for other f (n);

S =
∑
n

∫
d4x(∂µφ(n)∂µφ

(n) −m2
nφ

(n)φ(n)) (1.14)

thereby giving an effective theory which resembles an infinite tower of massive scalars in

(1+3)-d with the mass spectrum mn = n
R

Figure 1.4: KK mass spectra with periodic B.C. [Perez-Lorenzana 05]

Consider a λ5−DΦ4 interaction in (1.7), which would result in λ4−Dφ
4 terms in the 4-d

Lagrangian :

λ4−D ∼
λ5−D
2πR

(1.15)

which gives a coupling smaller than the fundamental one by a factor equal to the size of the

dimension. Thus we can see how working with an extra dimension may resolve hierarchies.

Equivalently, we could have approached (1.7) by finding the Euler-Lagrange equations,

substituting (1.11) in them and then assuming that φ(n) satisfy the 4-d equations of motion:

(∂µ∂µ +m2
n)φ(n) = 0 (1.16)

7



Consider this approach in the case of a warped metric, for which[Gherghetta 11]:

S =
1

2

∫
d5x
√
g(gMN∂MΦ∂NΦ−m2Φ2) (1.17)

Using (1.11) and (1.16) in the Euler-Lagrange equations, we get

− e−2Am2
nf

(n) − ∂y(e−4A∂yf (n)) + e−4Am2f (n) = 0 (1.18)

which gives exponential solution even formn = 0, which can help in addressing hierarchies

as discussed later in the case of fermions.

1.3 Fermionic fields

The action for a fermionic field is given by:

S =

∫
d4x(

ι

2
(Ψ̄γµ∂µΨ− ∂µΨ̄γµΨ)−mΨ̄Ψ) =

∫
d4x(ιΨ̄γµ∂µΨ−mΨ̄Ψ) (1.19)

The spinor Ψ is a (0,1/2)+(1/2,0) representation of the Lorentz group and can be decom-

posed as Ψ =

(
χ

ψ̄

)
, where χ is a (1/2,0) Weyl spinor and ψ̄ a (0,1/2) Weyl spinor. These

are the eigenstates to the projection operators P = 1
2
(1±ιγ5), and are called the left-handed

and the right handed components of the Dirac spinor. The handed-ness/chirality does not

change under Lorentz transformations since [γ5,Σµν ] = 0, where Σµν = ι
4
[γµ, γν ] are gen-

erators of the Lorentz group. The significance of these representation lies in the fact that all

the Standard Model fermions are Weyl spinors.

1.3.1 In flat extra dimension

For a Dirac fermion in 5-D, the action is given by

S =

∫
d5x(

ι

2
(Ψ̄ΓM∂MΨ− ∂MΨ̄ΓMΨ)−mΨ̄Ψ) (1.20)

ΓM follow the Clifford algebra: {ΓM ,ΓN} = 2ηMN . And Γµ can be taken equal to γµ

and Γ5 = γ5. But unlike 4-d, even though it may be defined, chirality is now not Lorentz

invariant since [Γ5,ΣM5] 6= 0[Csaki 05][Quevedo 10]. However we may still separate the

two chiral parts into ψ(ψ = ψ̄†) and χ(χ̄ = χ†) as before:

S =

∫
d5x(−ιχ̄σ̄µ∂µχ− iψσµ∂µψ̄ +

1

2
(ψ
←→
∂5 χ− χ̄

←→
∂5 ψ̄) +m(ψχ+ χ̄ψ̄)) (1.21)

8



The finite boundary term in the action is given by

δS ⊃
∫
d5x

1

2
(δψ
←→
∂5 χ+ ψ

←→
∂5 δχ− δχ̄

←→
∂5 ψ̄ − χ̄

←→
∂5 δψ̄) (1.22)

and thus a general B.C. that we impose must satisfy:

[−δψχ+ ψδχ+ δχ̄ψ̄ − χ̄δψ̄]L0 = 0 (1.23)

We may choose an appropriate B.C. as per our needs, which serve as a tool for trivial

extensions of the model under study[Ponton 13]. Here, e.g. we can do away with the

chirality problem if

ψ|0,L = 0 =⇒ (∂5 +m)χ|0,L = 0 (1.24)

We can solve for the EOM:

− ισ̄µ∂µχ−∂5ψ̄+mψ̄ = 0; −ισµ∂µψ̄+∂5χ+mχ = 0

(1.25)

Just as before we can decompose each Weyl spinor into its KK modes, those of χ be-

ing gn and fn being the KK modes of ψ̄. On substituting 4-d EOM,i.e. −ισ̄µ∂µχn and

−ισµ∂µψ̄n by −mnψ̄n and −mnχn resp., we get the KK mode profiles. In particular, the

zero(massless) modes are:

g0 = be−my&f0 = cemy (1.26)

and equation (1.24) gives c=0. As such we are only left with one of the chiral components of

the massless(zero) mode. To be consistent with periodic B.C., additionally Z2 orbifolding

may be imposed.

Kaplan-Tait model

An advantage of considering extra dimensional theories is that O(1) bulk mass(the mass

in 5-D Lagrangian) can lead to exponential hierarchy in 4-D fermion masses, such as in

the Kaplan-Tait model[Kaplan 01]. In this model, the Higgs is taken to be a 4-D field at

one of the boundaries, and depending on the sign of the 5-D Yukawa couplings, different

fermions may be localized at different boundaries. The profile (1.26) then implies expo-

nential suppression of Yukawa coupling in the effective theory. As such this can explain

the huge difference in fermion masses.

9



Figure 1.5: 0-mode profiles for some of the quarks, with Higgs at y=0 [Kaplan 01]

Consider, e.g., the following mass terms

L = δ(y)Yij 〈H〉 q̄idj (1.27)

which in the effective theory in 4-D would result in

mij,4−D

v
= Yijg

qi
0 (0)g

dj
0 (0) (1.28)

The factors g0 result in a relative hierarchy if different fermions(generations) are localized

at different boundaries, as depicted in the Figure 1.6.

Arkani-Hamed-Schmaltz Model

In this particular model[Arkani-Hamed 00] an auxiliary scalar field is introduced, which

has a Yukawa type interaction with the SM fermions. The scalar acquires a postion depen-

dent VEV such that the fermionic fields are localized across the 5th dimension. This also

10



addresses fermion mass hierarchy from O(1) Yukawa interactions.

Consider the action:

S =

∫
d4x

∫
dyΨ̄(ιγM∂M + Φ(y))Ψ with 〈Φ〉 = 2µ2y (1.29)

Decomposing Ψ as :

Ψ =
∑
n

〈y|Ln〉PLψn(x) +
∑
n

〈y|Rn〉PRψn(x);PR/L =
1± ιγ5

2
(1.30)

where |Ln〉 and |Rn〉 are taken to be the eigenstates of a†a and aa† resp. with eigenvalues

µ2
n, where a is defined as a = ∂y + 〈Φ〉. As such we again get two Weyl fermions and a

tower of Dirac fermions.

S =

∫
d4x[ψ̄Lιγ

µ∂µψL + ψ̄Rιγ
µ∂µψR +

∞∑
n=1

ψ̄n(ιγµ∂µ + µn)ψn)] (1.31)

a and a† can be shown to follow the commutation relation: [a, a†] = 4µ2, and hence are

just like the creation and annihilation operators for a S.H.O. The zero modes can then be

obtained by using a |L, 0〉 = 0 and a† |R, 0〉 = 0

〈y|L, 0〉 ≡ exp(−
∫ y

0

〈Φ〉 (s)ds) ≡ (〈y|R, 0〉)−1 (1.32)

In this case only 〈y|L, 0〉 is normalizable and 〈y|R, 0〉 = 0, and therefore only one Weyl

spinor survives.

Figure 1.6: The overlap of different SM fermion profiles is in a tiny region resulting in

hierarchies[Arkani-Hamed 00]

In a theory with multiple fermions, the zero mode of a fermion with bulk mass m gets local-

ized at y = m
2µ2

. In the effective 4-D theory, this then results in an exponential suppression

11



in Standard Model type Yukawa interactions:∫
dy

√
2µ√
π
exp(−µ2y2)exp

(
− µ2(y − m2

4µ4
)2
)
∼ exp(

−µ2r2

2
) (1.33)

1.3.2 In warped extra dimension

Consider a fermionic field in warped space with the action being given by

S =

∫
d5x
√
g
ι

2
(Ψ̄ΓMDMΨ−DMΨ̄ΓMΨ)−mΨ̄Ψ) (1.34)

Here the derivatives DM and the gamma matrices ΓM need to be re-defined such that DΨ

transforms just like Ψ and {ΓM ,ΓN} = gMN (discussed in Appendix A).

Just as before, we can obtain the EOM, the natural set of B.C., decompose into Kaluza-

Klein modes and impose an appropriate B.C. so as to kill one of the chiral components

of the massless KK mode [Gherghetta 11]. A particularly interesting feature is that in the

Randall-Sundrum metric, the zero modes look like:

f 0
L/R ∼ exp((2k ∓m)y) (1.35)

Thus the effective kinetic term that we get from the action is:

S ⊃
∫
d4xe−4kyekye2(2ky−my)ψ̄0

Lγ
µ∂µψ

0
L (1.36)

and there is an effective scaling by exp
((

1
2
− m

k

)
ky
)

. As such whether c = m
k
> 0.5 or

< 0.5 determines where it is localized. And the localization on different boundaries results

in an exponential suppression of couplings. This is more effective than (1.28) since for

slightly different bulk mass, the 0-mode can be localized on opposite branes, with the same

sign for all Yukawa couplings.

1.4 Gauge theories

The case of a pure gauge theory is significantly different from that of scalars and fermions.

It turns out that the massive KK modes of A5 are not physical and the effective theory re-

duces to that of a Kaluza-Klein tower of massive 4-D gauge fields and a scalar(A5). And in

the low energy theory, a gauge field(AM ) in 5-D can be considered to contain a 4-D gauge
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Figure 1.7: The profile of the massless mode for different values of m/k [Ponton 13]

field(Aµ) and a scalar(A5).

For a local symmetry ψ(x) → V (x)ψ(x), with ta being the generators of V(x), the ac-

tion for a gauge field is given by[Peskin 95]

S = tr

∫
d5x
(
− 1

4
FMNF

MN
)

(1.37)

where the covariant derivative and the field tensor are given by:

DM = ∂M − igAM ; AM = AaM t
a (1.38)

FMN =
ι

g
[DM , DN ] (1.39)

and FMN remains invariant under the transformation:

A′M =
ι

g
Ω−1DMΩ; Ω ⊂ V (x) (1.40)

Now for both Aµ and A5, KK decomposition can be done. But, when compactified on

a circle, it turns out that with an appropriate choice of the gauge(1.41) only the massless

mode survives[Sundrum 05].

Ω ≡ Pexp(ιg
∫ φ

0

dφ′RA5(x
µ, φ′))exp(−ιgA(0)

5 (xµ)φ) (1.41)

where P refers to path ordering.
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Alternatively, to understand how such a gauge choice affects the quantization of the gauge

field, instead of fixing the gauge we may add gauge breaking(fixing) terms to the La-

grangian just as in Rξ gauges[Csaki 05], but so as to cancel the bulk and boundary mixing

terms between Aµ and A5. Consider, e.g. the mixing term between Aµ&A5:∫
d5x∂5A

a
µ∂

µA5a =

∫
d5x∂µAaµ∂5A

5a −
∫
d4x∂µAaµA

5a|L0 (1.42)

The terms on right can be cancelled by a gauge fixing terms of the form, which also give

restrictions on A5.

SGF =
−1

2ξ

∫
d5x(∂µAaµ − ξ∂5Aa5)2 +

−1

2ξb

∫
d4x(∂µA

µa ∓ ξbAa5)2|0,L (1.43)

Coming back to the previous approach, with the KK decomposition just being a Fourier

series expansion, the action can be written as:

S = tr

∫
dx
∫
dφR

(
− 1

4
FµνF

µν +
1

2
(DµA

(0)
5 )2 +

1

2
(∂5Aµ)2

)
= tr

∫
2πRd4x

(
− 1

2
(∂[µA

(0)
ν] )2 +

1

2
(∂µA

(0)
5 )2 +

∞∑
n=1

(
− 1

2
|∂[µA(n)

ν] |
2

+
n2

R2
|A(n)

µ |2
)

+O(A3)
)

(1.44)

At low enough energies, we may as well just deal with the zero-mode:

Seff ∼ tr

∫
2πRd4x

(
− 1

4
F (0)
µν F

(0)µν +
1

2
(DµA

(0)
5 )2

)
(1.45)

Thus the effective theory is just that of a 4-D gauge field and a gauge charged scalar field,

both of which are unified in the full theory.
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Chapter 2

Clockwork mechanism

2.1 Introduction

In Particle Physics, we encounter several parameters that vary over several orders of magni-

tude with no dynamical explanation to their relative values. As such, it is natural to look for

explanations for these hierarchies through some extensions of Standard Model. Clockwork

is one such mechanism in which exponentially large interaction scales are generated from

fundamentally comparable ones.

In general it may be defined as a quiver theory which gives rise to exponentially sup-

pressed/enhanced couplings to a symmetry protected zero-mode from O(1) couplings in

the fundamental theory[Giudice 17a]. The setup contains N+1 copies of a particle P with

a symmetry G each. This symmetry keeps P massless: e.g. for a scalar it may be a Gold-

stone boson, for a photon the symmetry may be gauge invariance, etc. The overall system

thus has the symmetry with a subset GN+1. The particles labelled with ’i’ (varying from 0

to N) can be considered to be sites on a lattice. Then, N certain type of nearest neighbor

interactions, between Pi+1 and Pi are introduced which break N copiesof the symmetry G.

As such we are left with a single symmetry group G and hence a massless particle, which is

a linear combination of Pis. With the interactions modelled in an appropriate fashion, this

massless particle has an exponential profile across the (N+1) particles we began with. The

other mass eigenstates, referred to as the clockwork gears, serve as an experimental test for

this mechanism.
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Figure 2.1: Clockwork mechanism resulting in an exponentially suppressed/enhanced scale

[Giudice 17a]

2.2 Clockwork scalar

To implement clockwork mechanism for scalars, we may consider N+1 scalars, Uj(x) =

eιπj/f where j varies from 0 to N, with a U(1) symmetry each, which gets broken sponta-

neously at a scale f leading to a Goldstone boson. The symmetry may be explicitly broken

by nearest neighbor interactions of the form U †jU
q
j+1, which may be considered as explicit

symmetry breaking terms. Alternatively, these terms may be considered to arise from spon-

taneous symmetry breaking which happens at a much lower scale than f leading to such

terms. The way that these can be accommodated is to consider some auxiliary fields, with

a certain charge(2.2) under the U(1)s, which acquire a VEV on spontaneous symmetry

breaking.

L =
f 2

2

N∑
j=0

∂µU
†
j ∂

µUj +
m2f 2

2

N−1∑
j=0

(U †jU
q
j+1 + h.c.) (2.1)

where m2 is the VEV of the j-th auxiliary field with charge

Qi[(m
2)j] = δij − qδi,j+1 (2.2)

It may be noted that there is a symmetry of the Lagrangian (2.1) in which Uj → eιφ/q
j
Uj ,

which corresponds to the generator:

Q =
N∑
j=0

Qj

qj
(2.3)

where Qj is the generator of the U(1) corresponding to j-th particle Uj(x). It can further be

checked that the auxiliary fields have zero charge under Q.
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In terms of πj ,

L ≈ 1

2

N∑
j=0

∂µπj∂
µπj −

m2

2

N−1∑
j=0

(πj − qπj+1)
2 (2.4)

where apart from kinetic and mass terms we have an interaction term of the type qπjπj+1.

This nearest neighbor interaction results in the mass squared matrix M2
π :

M2
π = m2



1 −q 0 . . . 0

−q 1 + q2 −q . . . 0

0 −q 1 + q2 . . . 0

. . . 1 + q2 −q

0 0 . . . −q q2


(2.5)

This matrix can be diagonalized as in Appendix B. The mass eigenvalues m2
ak and the mass

eigenstates ak (k=0,1,...N) are given by:

ma0 = 0; m2
ak = m2(1 + q2 − 2qcos

kπ

N + 1
) (2.6)

For the massive modes(k=1,2...,N), the profile is:

ak =
N∑
j=0

Nk
[
qsin

jkπ

N + 1
− sin(j + 1)kπ

N + 1

]
πj (2.7)

and for the massless mode

a0 =
N∑
j=0

N0

qj
πj (2.8)

The above exponential dependence is what makes clockwork an interesting tool. This can

be used to obtain exponential hierarchies between coupling parameters without resorting to

extra dimensions.

If we have an interaction of the form

L ⊃ 1

g
πNFµν(x) ˜F µν(x) (2.9)

then at low enough energies, only interactions with the massless mode are significant. With

πN = N0

qN
a0+sinusoidal combinations of higher mass modes, the coupling scale is enhanced

by qN , i.e. g → qN

N0
g The clockwork mechanism was originally used in construction of

axions by enhancing the effective scale of the theory [Kaplan 16]. Axions have interactions

of the type (2.9) in Peccei-Quinn theory, which through the nature of effective couplings,

resolves the strong CP problem[Peccei 08].
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2.3 Clockwork fermion

In the case of fermions, the symmetry that can lead to masslessness is chirality. As such

taking N+1 massless Dirac fermions ψj(j=0 to N), each with a left chiral part ψLj and a

right chiral part ψRj , we may indeed implement clockwork through nearest neighbor inter-

actions such as ψ̄jψj+1.

First let us consider, for example, N left chiral and N+1 right chiral fermions, with each

symmetry broken using parameters mj and (qm)j:

L = Lkin −m
N−1∑
j=0

(ψ̄LjψRj − qψ̄LjψR,j+1 + h.c.)

= Lkin − (ψ̄LMψψR + h.c.)

(2.10)

The parameters mj and (qm)j may agin be regarded as VEV of scalar fields with charges

(1,-1) under U(1)Lj × U(1)Rj and U(1)Lj × U(1)Rj+1 respectively, where U(1)Lj is the

symmetry group of ψLj(with charge 1) and U(1)Rj that of ψRj .

The N×(N+1) mass marix Mψ is :

Mψ =


1 −q 0 . . . 0

0 1 −q . . . 0

. . . −q 0

0 0 . . . 1 −q

 (2.11)

Solving for the singular vector of this matrix with singular value zero, we again get the

same profile as for the zero mode of clockwork scalar. Rather, since M †
ψMψ = M2

π , the

eigenvalues in that case are the singular values in this case. Denoting the left and right

singular vectors as ΨL and ΨR, ΨR and ψR are related the same way as a and π as in (2.7)&

(2.8) and for ΨL we have

ψL = ULΨL, ULjk =

√
2

N + 1
sin

jkπ

N + 1
(2.12)

A more natural choice of interactions would have been of the type ψ̄jψj+1 = −(ψ̄LjψRj+1+

ψ̄RjψLj+1). But it may be noted that if both interaction terms are considered, then the zero

mode (2.11) would not result in an exponential profile. Further only N left chiral fermions

are used here instead of the general prescription of N+1 copies of it. Adding that extra
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fermion would not affect the profile of the zero mode and hence need not be considered.

The exponential profile of the zero mode as in (2.8) can have many applications such as

fermion masses hierarchy, in neutrino physics, etc. For around N=25, with the model

implemented for a right-handed neutrino, it can address the neutrino mass. It has been

found that N=2 to 4 resolves the hierarchy between the Standard Model fermion masses

and mixing[Patel 17].

2.4 Clockwork for Gauge fields

Clockwork for U(1) gauge theory is quite similar to that for the scalar. To obtain a clock-

work photon, we may consider N+1 U(1) gauge groups with N complex scalars φj(j=0 to

N-1).

L = −
N∑
j=0

1

4
F j
µνF

jµν +
N−1∑
j=0

[|Dµφj|2 − λ(|φj|2 − f 2/2)2] (2.13)

The scalars are taken to be charged (1,-q) under U(1)j × U(1)j+1 so that Dµφj = [∂µ +

ιg(Ajµ − qAj+1
µ )]φj .

Figure 2.2: N+1 Gauge groups linked to each other by scalar fields[Bai 10]

As such after spontaneous symmetry breaking at the scale f , we obtain:

L = −
N∑
j=0

1

4
F j
µνF

jµν +
g2f 2

2

N−1∑
j=0

(Ajµ − qAj+1
µ )2 (2.14)

The above mass matrix is just the same as discussed in the case of scalar clockwork in Ap-

pendix B and thus has the same implications.

The massless mode has gauge invariance: A(0)µ → A(0)µ+∂µα(x). In terms of the original

fields, this becomes:Ajµ → Ajµ + ∂µ(N0α(x))/qj . Thus, if there is a scalar field χ that is

charged under the gauge group:

|(∂µ + ιQAkµ)χ|2 ≈ |(∂µ + ιQN0q
−kA(0)µ)χ|2 (2.15)
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resulting in an exponentially suppressed charge.

An important feature of clockwork is that it is an Abelian phenomenon[Craig 17]. Con-

sider a gauge field, for which Aajµ = cjA
a
(0)µ +

∑
k cjkA

a
(k)µ. The kinetic terms of the full

Lagrangian after a simple field redefinition can be written as:

L = −
∑ 1

4g2
(F a

jµν)
2

= −
∑ 1

g2

(
1

4
(∂[µA

a
ν]j)

2 + fabc∂µA
a
jνA

bµ
j A

cν
j +

1

4
fabcfarsAbjµA

c
jνA

rµ
j A

sν
j

) (2.16)

The terms corresponding to the massless gauge field are:

−
∑
j

1

g2

(
1

4
c2j(∂[µA

a
ν](0))

2 + c3jf
abc∂µA

a
(0)νA

bµ
(0)A

cν
(0) +

1

4
c4jf

abcfarsAb(0)µA
c
(0)νA

rµ
(0)A

sν
(0)

)
(2.17)

For the field A(0) to be gauge invariant with a gauge coupling g(0), we need that:

g2

g2(0)
=
∑

c2j =
∑

c3j =
∑

c4j (2.18)

which holds for cj ∈ {0, 1}, which in turn corresponds to the case q = 1 and thus no

clockworking. That this is the only case in which (2.18) holds true is hard to show directly.

For that, with the generators T aj (with [T ai , T
b
j ] = fabcT cj δij) corresponding to the symmetry

group at site j, the requirement of gauge invariance on the massless mode implies(with

generators T a(0) =
∑
ajT

a
j ) :∑
fabca2jT

c
j =

∑
fabcajT

c
j =⇒ a2j = aj (2.19)

which holds only for aj ∈ {0, 1}. This implies that the unbroken symmetry is equally

distributed among all the sites that have a component of it. Thus non-Abelian vector clock-

work, although can be done, would not lead to a meaningful theory for the massless mode.
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Chapter 3

Continuum Clockwork

3.1 Introduction

In the previous chapters, solutions of certain problems such as the fermion mass hierarchy

through extra dimensions and through clockwork were discussed. In this chapter, possible

relations between the two, in the sense that each particle(in 4-D clockwork) being associ-

ated to a site in the theory space, are explored. For this consider the N → ∞ limit of the

discrete clockwork. As such the mass spectrum is:

m2
0 = 0; m2

n = m2(q − 1)2 +

(
mπ

N + 1

)
n2 (3.1)

This similarity to a flat extra dimension, combined with the exponential dependence of

zero mode on the site, suggests that continuum clockwork can indeed be seen as an ex-

tra dimensional theory. In the following sections, the correspondence between the two is

investigated.

3.2 Continuum limit of Clockwork

One way to see clockwork as an extra dimensional theory is to just take the limit N → ∞

in the Lagrangian (2.4). This limit would then correspond to a discrete extra dimension

with the index j of each particle Pj taking the role of the coordinate y = ja(j=0,1,...N),

where a is the lattice spacing.[Choi 18][Craig 17]

Working on a circle with orbifolding, this corresponds to (N + 1)a = πR and a → 0.
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For qN to be finite we need q → 1, rather q ∼ 1 + m̃a. Even though it seems to lead to

no clockworking, qj = (q1/a)y is finite and hence q → 1 does lead to clockworking in the

continuum limit. Similarly from the mass spectrum, we need m/N to be finite, implying

m→∞ and since the choice of a is upto us, we may set ma = 1.

As such on replacing the discrete sum by integral over y and a field redefinition (2.4) be-

comes:
1

2

∫
dy

(
∂µπ∂

µπ − (∂yπ + m̃π)2
)

(3.2)

Thus clockwork can be obtained from a 5-D Lagrangian density but it clearly does not

correspond to a covariant theory because of terms of the type π∂yπ. As such let’s take a

digression from continuum limit of the clockwork and investigate which type of a metric,

if any, can be considered as a viable 5-D theory.

3.3 De-constructing Dimensions

Instead of going from clockwork to extra dimension, we may try going from extra dimen-

sions to clockwork. For this, consider discretizing an extra dimension with a metric given

by:

ds2 = X(y)dx2 − Y (y)dy2 (3.3)

For a scalar field φ with the Lagrangian

S =
1

2

∫
d5x
√
g(∂Mφ∂

Mφ) (3.4)

upon field redefinition so as to obtain canonical 4-D terms in flat metric, we obtain

S =
1

2

∫
d5x

(
(∂µφ)2 − X2

√
Y

(
∂y

φ

X1/2Y 1/4

)2)
(3.5)

Now discretizing the y coordinate, i.e. setting y = ja, taking a sum instead of integral(
∫

dy
a
→∑

) and defining fj(x) = f(x, y) :

S =
1

2

∫
d4x

N∑
j=0

(
∂µφj∂

µφj −
N−1∑
j=0

(
N2Xj

π2R2Yj

)(
φj −

(
X

1/2
j Y

1/4
j

X
1/2
j+1Y

1/4
j+1

)
φj+1

)2
)

(3.6)

This is similar to the original clockwork Lagrangian. Comparing this Lagrangian with that

in (2.4) indicates that indeed there exists a correspondence between clockwork and an extra
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dimension with a certain metric.

m2 ≡ N2Xj

π2R2Yj
q ≡

X
1/2
j Y

1/4
j

X
1/2
j+1Y

1/4
j+1

(3.7)

For m2 to be site independent, Xj ∝ Yj and for qN to be finite ( qN ∝ ekπR)

=⇒ Xj ∝ Yj ∝ exp

(
4kπRj

3N

)
(3.8)

The setup that generates such a metric is discussed in [Cox 12].

In constrast to this, there is a major problem in comparing continuum clockwork fermion

to a de-constructed extra dimension, rather the problem is in de-constructing an extra di-

mensional fermionic theory in any metric [Bai 10]. Consider a fermionic theory in a met-

ric of the type (3.3) with X(y) = Y (y) = exp(4ky/3). As discussed in Appendix A,

ΓM = e−
2ky
3 γM and the spin connections for the metric lead to

Dµ = ∂µ + ι
k

3

(
0 σµ

−σ̄µ 0

)
; D5 = ∂5 (3.9)

The action is:

S =

∫
d5x

ι

2
(Ψ̄ΓMDMΨ−DMΨ̄ΓMΨ) (3.10)

The contributions from the spin connections cancel and on decomposing into left and right

chiral parts we are left with:

S =

∫
d4x

∫
dy(e10ky/3)(e−2ky/3)

(
ιΨ̄γµ∂µΨ+

1

2
(ψ̄R∂5ψL−∂5ψ̄RψL+∂5ψ̄LψR−ψ̄L∂5ψR)

)
(3.11)

The problem lies in the different terms involving derivative w.r.t the 5th coordinate, which

on discretizing (and appropriate redefinition to get canonical kinetic terms) lead to:

S ⊃
∫

d4x
∑
j

1

a
e−4ka/3(ψ̄LjψRj+1 − ψ̄Lj+1ψRj + h.c.) (3.12)

This is in contrast to the fermionic clockwork discussed in the previous chapter which

had only half the terms appearing here. This is a rather typical feature of fermions on a

lattice and can be resolved by adding an additional term[Rothe 87], which vanishes in the

continuum limit (with the old field definitions), since a→ 0.

Sadd = ηa

∫
d5xΨ̄(∂5)

2Ψ (3.13)
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This when discretized and added to the previous terms we get:

S =

∫
d4x

∑
j

(
ιΨ̄jγ

µ∂µΨj+
2

a
e−4ka/3

((
− 1

2
+η
)
ψ̄LjψRj+1+

(1

2
+η
)
ψ̄Lj+1ψRj+h.c.

)
(3.14)

+
2η

a
(e−8ka/3ψ̄Lj+1ψRj+1 + ψ̄LjψRj + h.c.)

)
With the introduction of the new term, the redundant interactions can be removed by choos-

ing η = ±1
2
. We are then left with standard clockwork Lagrangian for the fermionic case,

with m = 2/a and q = e−4ka/3

3.4 Clockwork from geometry

To check that embedding the scalar field in such a metric works, we may compare the mass

spectrum and Kaluza-Klein modes of a 5-D scalar in this metric. For this we need to find

the equations of motion for (3.5) with X(y) = Y (y) = exp(4ky/3). This gives the mass

spectrum:

m2
0 = 0; m2

n = k2 +
n2

R2
(3.15)

And the profiles of KK modes being:

f0(y) =

√
kπR

e2kπR − 1
; fn(y) =

n

mnR
e−ky

(
kR

n
sin

ny

R
+ cos

ny

R

)
(3.16)

Combined with the factors coming from
√
g and gMN , e2kyf 2

n d(y/πR) turns out to be

equivalent to the solutions in (2.8) and (2.7).

As such at the fundamental level of Lagrangian, the relation between continuum clockwork

and an extra dimension has been established. But this does not imply that the two theories

would lead to same phenomenological results. This is completely model dependent as il-

lustrated in [Giudice 17b] for the axion-like coupling in (2.9). Consider, for example, an

interaction term: [Craig 17]

S ⊃
∫

d5xδ(y − y0)
1

f
3/2
5

φFµν(x)F̃ µν(x) (3.17)

As such the effective interaction term in 4D Lagrangian will have the coupling constant

1/f4 = f0/f
3/2
5 , and the coupling is independent of the position of the brane where the

interaction is localized.
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Another thing that can be done is to add bulk mass terms to the 5-D Lagrangian with the

clockwork metric. To begin with, consider a scalar

S =
1

2

∫
d5x
√
g(gMN∂MΦ∂NΦ−M2Φ2) (3.18)

in the metric

ds2 = gMNdx
MdxN = e

4ky
3 (ηµνdx

µdxν − dy2) (3.19)

From the action, we can obtain the equations of motion and hence solve for the KK modes

S =
1

2

∫
d5x(e2ky(∂µΦ∂νΦ(∂yΦ)2)− e10ky/3M2Φ2)

=⇒ (m2
n + ∂2y + 2k∂y −M2e

4ky
3 )fn = 0

(3.20)

The solutions to these are:

f0(y) = e−2ky[c1(sinhθ − θcoshθ) + c2(coshθ + θsinhθ)]

fn(y) = e−ky[c1I(−φ)(θ)Γ(1− φ) + c2I(φ)(θ)Γ(1 + φ)]

θ =
3e2ky/3m

2k
; φ =

3
√
k2 −m2

n

2k

(3.21)

where I(x) is the modified Bessel function of first kind and Γ(x) is the Gamma function.

These results are significantly different from the previous scenario(even though still leading

to exponential hierarchy) and hence put the correspondence into question.

Figure 3.1: Comparison of the two zero modes with k=3/2 and m=1(blue and orange) and

an exponential profile e2.5x (green)
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Let’s also look at a fermionic field in the clockwork geometry. Solving the action (1.20)

for the equations of motion lead to KK modes. For the particular metric at hand, the

contributions from the spin connections cancel and we are left with the Dirac equation

ιΓMDMΨ = mΨ. Decomposing Ψ into its KK modes gives

Ψ =
∑
n

(
χnf+n

ψ̄nf−n

)
(3.22)

=⇒ mnf∓n ∓
2k

3
f±n ∓ ∂5f±n = me

2ky
3 f±n (3.23)

The zero mode profiles are:

f±0 ∼ exp

(
∓ 2k

3
− 3m

2k
e2ky/3

)
(3.24)

which are again different from the exponential profiles obtained previously.

Figure 3.2: Comparison of the two zero modes with k=3/2 and m=1 (blue and orange) and

an exponential profile e5x(green)

Even though the zero-mode solutions would result in hierarchies just like clockwork, it

would not result in a UV(high energy) complete theory in which all the modes match. Even

for a massive field in flat geometry, we can get an exponential profile but it is not equivalent

to clockwork.
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As such clockworking a field in the continuum limit is equivalent to (3.19) but the met-

ric (3.19) is not equivalent to clockwork. The correspondence between clockwork and

geometry, however, is not limited to it. In a limited sense continuum clockwork scalar can

be seen as a 5-D scalar embedded in flat spacetime. For this, consider a field redefinition in

the Lagrangian (3.4) or equivalently look at (3.5) instead of (3.4). This gives:

S =
1

2

∫
d5x

(
(∂µφ)2 − e2ky(∂5(e−kyφ))2

)
(3.25)

S =
1

2

∫
d5x

(
(∂µφ)2 − (∂5φ)2 − k2φ2 + 2kφ∂5φ

)
where the last term in the second equation can be written as ∂5(φ)2, implying∫

dy2φ∂5φ = φ2(y = πR)− φ2(y = 0) = 2

∫
dyφ2(δ(y − πR)− δ(y − 0)) (3.26)

and as such

S =
1

2

∫
d5x

(
(∂µφ)2 − (∂5φ)2 − φ2(k2 + 2kδ(y)− 2kδ(y − πR))

)
(3.27)

which correspond to a scalar Lagrangian in flat space, with bulk and brane mass terms.
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Conclusion

Even though it is not fundamentally important to explain the hierarchy in the scales and

parameters in Particle Physics, it adds an aesthetic appeal to any physical theory. Some

approaches to address the hierarchy problem were studied in this project: extra dimensions

and clockwork. A common feature of such approaches is that they tend to generate an ex-

ponential profile which, in one way or another, explains the huge difference in fundamental

parameters. For example, both the models for extra dimensions discussed here try to bring

the Planck and Electroweak scale close through such a profile and also explain the fermion

mass hierarchy through the same profile. In the case of clockwork too, it is such an expo-

nential profile that is put to use in addressing phenomenological problems.

The similarity in the way both of these lead to such hierarchies along with the similarity

in the effective theory in each case motivates one to examine the correspondence between

the two. We began with the findings of [Giudice 17a], in which clockwork in the large N

limit is related to a 5 dimensional theory with a certain space-time metric. We tried inves-

tigating whether the inverse result holds, i.e. whether a theory in that particular metric can

be de-constructed to a clockwork like interaction. In particular, the metric fails to generate

clockwork like features in the discrete theory for massive field. As already indicated by

[Giudice 17b], such results are totally model dependent and cannot be generalized.
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Appendix A

Spin connections

While dealing with fermions in curved space, the first thing that needs to be redefined

is the set of Dirac matrices in the Clifford algebra. To do this, we need to consider

a non-coordinate basis e(a) = eMa e(M) where eMa are called the vierbeins [Weinberg 72]

[Carroll 04] [Yepez 11], with the properties:

gMN = e a
M e

b
N ηab; eMae

a
N = δMN ; e a

M e
M
b = δab (A.1)

As such general covariance reduces to Lorentz covariance in this basis.

Since the Dirac matrices ΓM must follow

{ΓM ,ΓN} = 2gMN (A.2)

we can define

ΓM = eMa γ
a (A.3)

Additionally, in contrast to a scalar, the derivative of a spinor does not transform like the

product of a vector times a spinor. Thus the derivative of a spinor needs to be redefined in

a covariant form.

For our spin-1/2 field, we need that as eaM → Λa
be
b
M and ψ → S(Λ)ψ, the derivative

of fermionic field must transform as:

Daψ → Λ b
a S(Λ)Dbψ (A.4)
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Thus if Da = e M
a (∂M + ωM), then

ωM → S(Λ)ωMS
−1(Λ)− (∂MS(Λ))S−1(Λ) (A.5)

where S(Λ) = exp(1
2
ωabσ

ab) if for an infinitesimal Lorentz transformation Λ = 1 + ω

This suggests a choice of ωM to be:

ωM =
1

2
σabe N

a ∇MebN (A.6)

where∇M is the covariant derivative for a vector.

For a metric of the type (3.3), the non-zero Christoffel symbols are(no summation over

repeated index):

Γ5
µµ =

∂5X

2Y
ηµµ; Γ5

55 =
∂5Y

2Y
; Γµ5µ =

∂5X

2X
; (A.7)

and the vierbeins are:

eµa = δµa
1√
X

; e5 a = δ5a
1√
Y

(A.8)

The spin connections

ωM =
1

2
ηbb(e a

N e
P
bΓ

N
MP − ePb∂Me b

P )σab (A.9)

in this case are:

ωµ =
∂5X

4
√
XY

γ5γµ; ω5 = 0 (A.10)
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Appendix B

Diagonalization of tri-diagonal matrices

Consider the matrix encountered in (2.4):

M =



1 −q 0 . . . 0

−q 1 + q2 −q . . . 0

0 −q 1 + q2 . . . 0

. . . 1 + q2 −q

0 0 . . . −q q2


(B.1)

Diagonalizing such a matrix with arbitrary size might seem a difficult task at first but is

rather straightforward. First let’s simplify the situation by decomposing:

M = a1 + bT ; where a = 1 + q2; b = −q (B.2)

so that if Mλj = mjλj , then Tλj = (
1+q2−mj

q
)λj = tjλj . Thus to diagonalize M it’s

sufficient to diagonalize T.

And for T we have:

qv1 + v2 = tv1

vi−1 + vi+1 = tvi (B.3)

vN +
1

q
vN+1 = tvN+1

where the particular eigenvector at hand χ with eigenvalue t is taken as:

χT =
(
v1 v2 . . . vN+1

)
(B.4)
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For mj = 0, t = (1 + q2)/q and (B.3) thus gives recursion relations

(qvi+1 − vi) = (qvi − vi−1) with v2 = v1/q (B.5)

These give vi = 1/qiv1 and v1 can be chosen so as to get a normalized eigenvector.

For mj 6= 0, the second equation in (B.3) suggests an ansatz

vj = Asinjθ +Bcosjθ (B.6)

since sin(j + 1)θ + sin(j − 1)θ = (2cosθ)sin(jθ). Putting this back in the rest of(B.3)

gives:

Aqsinθ = B(1− qcosθ); sin(N + 1)θ(q2 + 1− 2qcosθ) (B.7)

The first equation fixes the coefficients upto a normalization and the second implies that θ

is a multiple of π/(N + 1). Thus we have:

vj = sinjθ − qsin(j − 1)θ; t = 2cosθ; θ =
kπ

N + 1
(B.8)
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