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Abstract

The aim of the thesis is to study the potential theory of some subordinate Brownian
motions. More precisely, we establish the asymptotic behaviour of the Green function
and the Lévy density of some subordinate Brownian motions. We study the tools and
techniques used in [4] and use similar methods to prove the asymptotic behaviour of the
Green function and the Lévy density of two new subordinated Brownian motions. We

also try to compute the asymptotic behaviour using an alternative approach.
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Chapter 1
Introduction

In recent years subordinated stochastic processes are getting increasing attention due to
their wide applications in finance, statistical physics and biology. Subordinated stochas-
tic processes are obtained by changing the time of some stochastic process called as
parent or outer process by some other non-decreasing Lévy process called subordinator
or the inner process. Note that subordination is a convenient way to develop stochastic
models where it is required to retain some properties of the parent process and at the
same time it is required to alter some characteristics. Some well known subordinated
processes include variance gamma process [21, 22], normal inverse Gaussian process [23],
fractional Laplace motion [24], multifractal models [25], Student processes [26], time-
fractional Poisson process [27, 28, 29, 30] and space-fractional Poisson processes[31, 32]
etc. In this work we deal with the potential theory of some subordinate Brownian motion
where the parent process is Brownian motion and the subordinators are geometric stable

subordinator, tempered stable subordinator and inverse Gaussian subordinator.

The term “potential theory” has its origin in the physics of 19th century, where a
dominant belief was that the fundamental forces of nature were to be derived from po-
tentials which satisfied Laplace’s equation [33]. This theory has its origin in the two
well known theories of physics namely Gravitational and Electromagnetic theory. The
term potential function was first associated with the work done in moving a point charge
from one point of space to other in the presence of another external charge particle. The
basic potential function varies as é, where d is the distance between the particles and the
dimension of the space is greater than or equal to 3. This function has a property that

it satisfies Laplace equation and such functions are called harmonic functions. From a



mathematical point of view, potential theory is basically the study of harmonic functions
[35]. Potential theory has intimate connection with probability theory. One important
connection is that the transition function of a Markov process can be used to define the
Green function related to the potential theory. In this project, we study the potential
theory of some subordinate stochastic processes by realizing them as Brownian motion
subordinated with different subordinators. Precisely, we study the asymptotic behaviour
of potential density and Lévy density associated with different subordinators and also
Green function and Lévy density associated with the subordinate processes. In easy lan-
guage, potential measure represents the average time stay of a subordinator in a Borel
subset of real numbers and Lévy measure quantifies the density of the number of jumps
per unit time of the subordinator. The Green function denoted by G(z,y) = G(z — y)
for the Markov process is the expected amount of time spent at y by the Markov process
started at z (see e.g. [34, 36]). The potential measure may be of interest to an investor,

who is concern for the average time the stock prices stay in a particular price range.

The content of this thesis work is organized as follows. In Chapter 1, we give an
introduction of the thesis work. In Chapter 2, we state all the basic definitions and
theorems which are used later in subsequent chapters. We have provided examples related
to the definitions and also have proved some of the examples. In Chapter 3, we prove
the results taken from [4] in more details. We use definitions and theorems from Chapter
2 to prove the results of section 3.1 of this chapter. Section 3.1 of this chapter deals
with the asymptotic behaviour of potential density and Lévy density associated with
the geometric stable subordinator which are used further to establish the asymptotic
behaviour of Green function and Lévy density associated with the Geometric stable
process in the next section. In Chapter 4, we use all the tools and techniques from
chapter two and Chapter 3 to prove the similar results for two new subordinated processes
namely Brownian motion time-changed by tempered stable subordinator and normal
inverse Gaussian process which are known to have financial applications. We also use
an alternative approach to prove these results. As per our knowledge, all the results

mentioned in chapter four are new. Atlast, we talk about our future work.



Chapter 2

Preliminaries

2.1 Definitions

In this section we state all the important definitions. We first define Infinite divisible
distributions. These distributions are very important since they play an important role in
heavy-tail modelling of economic data, also, they are related to Lévy processes which we
define next. The sequence of random variables of a Lévy process are all Infinite divisible
random variables and with every Infinite divisible distribution we can uniquely define a

Lévy process.

Definition 2.1.1 (Infinite Divisibility). A real-valued random variable X with a cumu-
lative distribution function F' is said to be Infinite divisible if for each n > 1 there exist
independent identically distributed random wvariables Xy, Xo, ..., X, with a distribution
function F,, such that

XLX +Xo+.. 4+ X,

Example 2.1.1. Normal distribution, Poisson distribution, x? distribution are some

examples of Infinite divisible random variables.

Definition 2.1.2 (Lévy Process). A stochastic process X = (X, : t > 0) taking values

in R? is called a Lévy Process in R® if
1. XO - 0
2. X has independent increments i.e for every s,t > 0, X1y — X is independent of X;.

3. For any t,s >0, Xiis — Xy has the same distribution as X;.



Example 2.1.2. Brownian motion, Poisson process, gamma process, inverse gamma

process, inverse Gaussian process are some examples of Lévy processes.

Poisson Process Sample Paths with arrival rate 0.010000

Standard Brownian Motion Sample Paths
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(a) Poisson Process (b) Brownian Motion

Figure 2.1: Sample paths of Poisson process and Brownian motion and see appendix for

the python code for the sample paths.

Definition 2.1.3 (Lévy Khintchine Representation). Lévy-Khintchine formula([8]): A
probability law p of a real valued random variable is infinitely divisible with characteristic

exponent 1,
| e (i) utd) = exp (~(6)
R
for 0 € R, if and only if there exists a triplet (a,b,0), a € R, b > 0 and [ is measure
concentrated on R — {0} satisfying [,.(1 A 2?)l(dx) < oo, such that

1
V(0) = iaf + §b202 + / [1— exp (—ifz) + i0x1),)<1] L(dx)
R

for every 6 € R. [ is called the Lévy measure and it is unique.

Lévy process has the property that for V ¢ > 0,

Elexp (i0X;)] = exp(—=¢1(0)) = exp(—t(0)),

where () := 11 (0) is the characteristic exponent of X, which has an infinite divisible

distribution. () is also called the characteristic exponent of Lévy process.



Next we show that the Lévy—Khintchine triplet of a drifted Brownian Motion is given
by (a7 b? l) = (k7 0-27 0)'

Let X; = kt + oB;,Vt > 0 be a drifted Brownian motion, where B; is the standard
Brownian motion. As we know B; is same in distribution as N(0,t), where N(0,¢) is
a normal random variable with mean 0 and variance t, therefore, kt + 0B, will be dis-
tributed as N(kt,o%t). We know the exact form of characteristic function of a normal
random variable, which gives 1 (6) = exp (iktd — $026%t). Now after comparing this
equation with the general form of Lévy—Khintchine formula for a Lévy process we get

the Lévy—Khintchine triplet to be (a,b,1) = (k,0?,0).

Next, we define subordinators since they play a very important role in the theory of
stochastic processes. Composition of a stochastic process with a subordinator is known as
subordinated stochastic process and subordinated stochastic processes have applications

in various areas of Mathematical finance.

Definition 2.1.4 (Subordinator). A subordinator is a 1-dimensional non-decreasing Lévy

process. A subordinator S = (S; : t > 0) is characterized by its Laplace transform

E[(~AS))] = exp (—t6(N))..

The function ¢ is called the Laplace exponent.
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(a) Poisson Process (b) Gamma Process (c) Inverse Gaussian Process

Figure 2.2: Sample paths of Poisson, gamma and inverse Gaussian subordinators and see

appendix for the python code for the sample paths.



Example 2.1.3. Poisson process, gamma process, 5-geometric stable subordinator ex-

amples of subordinators.

Next, we define slowly varying and regularly varying function. These two functions
play an important role in Karamata’s and de Haan’s theory(for details see [1]). We use
Karamata’s and de Haan’s Tauberian theorem([1]) to compute the asymptotic results in

chapter 2 and 3 so it is useful to define slowly varying and regularly varying function.

Definition 2.1.5 (Slowly Varying Function). Let | be a positive measurable function,

defined on some neighbourhood [x,00) of infinity, and satisfying l()‘m)) — 1 as (x — o0)

YA > 0; then | is said to be slowly varying at infinity(in Karamata’s sense)(for details
see page 0, [1]).

Example 2.1.4. f(z) = ¢, where ¢ is a constant, f(x) = [log(z)]"* are some of the

examples of slowly varying functions.
Proposition 2.1.1. f(z) = [log(z)]™? is a slowly varying function at infinity.
Proof. For any A > 0 consider,

o FOD) L flog(h)
S ) o fog(@)] 2
)

% [ lgg&)]

1
1
= lim f}\ (Using L'Hospital’s rule)

T—00 —

I

=1
Thus, f(z) = [log(x)] " is slowly varying at infinity. O

Definition 2.1.6 (Regularly Varying Function). A measurable(Baire) function f > 0

satisfying L (’\x) — N as (x — o00) V A >0 is called reqularly varying[Baire regularly

varying] of index p; we write f € R,. Since f is Baire measurable therefore, f(x) = z*l(x),

where [(x) is slowly varying at infinity(for details see [1]).

We next define Bernstein and complete Bernstein functions. These functions are
usually related with Laplace exponent in probability theory. There is a chapter 2 which
involves complete Bernstein function. To understand complete Bernstein function, we

first define Bernstein function.



Definition 2.1.7 (Bernstein Function). Let ¢ : (0,00) — [0,00) be a C™ function.
Then ¢ is said to be a Bernstein function if (—1)"¢"<0 for all n € N,where¢™ is the
n'h derivative of ¢ (for details see [3] or [6]).

Example 2.1.5. f(z) =2*V a € (0,1], f(z) =1 — exp(—x) are some of the examples

Bernstein function.

We now show f(z) = 2%V a € (0, 1] is a Bernstein function.

Since

which implies

In general
f'(z) = (a)(a—=1)(a—2)..(a — (n—1))z> "
Thus,
(=1)"f"(2) = (=D)"(@)(a = D(a =2)..(a = (n = 1))z""".
Now «a and z*™™ both are greater than or equal to 0 and we can write (o — 1)(a —
2)..(a — (n—1)) as (=1)""'k where k is a positive constant. Therefore, (—1)" f"(z) =
(=)™ kaz* ™ = (—=1)*(=1kaz®™ <0

Hence, f(x) = 2* V a € (0,1] is a Bernstein function.

Remark 2.1.1. ¢ is a Bernstein function if and only if it has the representation i.e,
¢(x) = a+bx+ [;°[1 —exp(—at)] p(dt) where, a,b >0, and p is a o finite measure on
(0,00). p satiesfies [ (IAt)u(dt) < oo(for details see [3] or [6]).

Definition 2.1.8 (Complete Bernstein Function). A function ¢ : (0,00) — (—00,00)
15 called a complete Bernstein function if there exists a Bernstein function & such that
o(z) = 22LE(x) for x > 0, where LE is the Laplace transform of & (for details see [3] or

[6]).

Example 2.1.6. ¢(z) = 2 V a € (0,1], f(z) = 5, 6(x) = log(z +1),é(z) =

log (1 + x%) are some examples of Complete Bernstein functions.

7



Remark 2.1.2. Note that every complete Bernstein function is a Bernstein function but
converse is not true. For example- ¢(x) = 1 — exp(—=x) is a Bernstein function but not

a complete Bernstein function.

Properties of complete Bernstein functions(for details see [3] or [6]):

1. The family of complete Bernstein functions is closed under compositions.
2. ¢(x) : (0,00) = (0,00), the following are equivalent,

a. ¢ is a complete Bernstein function

b. x — % is a complete Bernstein function.

Proposition 2.1.2. Laplace exponent of a §- geometric stable subordinator, ¢(x) =

log (1 + x%) is a complete Bernstein function.

Proof. From discussion on page 12[13], we know that

o(z) =27 = %/m ( it) t271dt, Yo € (0,2]
0

™ i

and
T

¢(x) =log(z+1) = /0 ($ " t) t7 (1 o0y dt.

Therefore, these two functions are complete Bernstein and hence, their composition

o(z) = log (1 + x%) is also a complete Bernstein function(pagel2, [13]). ]

2.2 Some Important Theorems

In this section we state some important theorems which will be used later to prove other
theorems. We start with Tauberian theorems however, we are not going to prove these
theorems since the proofs are beyond of the scope of this thesis. For more details and
proof of these theorems please refer ([1], Theorems 1.7.1,1.7.2,1.7.1',1.7.2b,3.6.8 and
3.7.3). Tauberian theorems are useful when we want to know the asymptotic behaviour
at infinity and zero of a real valued non-decreasing function but we do not know the
exact form of it. However, we do know the exact form and asymptotic behaviour of its

Laplace transform.



Theorem 2.2.1.

1. (de Haan’s Tauberian theorem)(Theorem 3.7.3,[1])Let U : (0,00) — (0,00) be an
increasing function. If 1 is slowly varying at oo (resp at 04 ), ¢ > 0, the following are

equivalent:

a. Asx — oo (resp x — 0+) % — clog(\), VA > 0,

2 _ru(L
b. Asx — oo (resp v — 0+) w — clog(\), VA > 0.

2. (de Haan’s monotone density theorem)(Theorem 3.6.8,[1]) Let U : (0, 00) — (0, 00) be
an increasing function with dU(x) = u(z)dx, where u is monotone and non-negative
and, let | be slowly varying at oo (resp at 0+ ). Assume that ¢ > 0. Then the following

are equivalent:
a. Asx — oo (resp v — 0+) U(M—)(w) — clog(\), VA > 0,
b. Asx — oo (resp v — 0+) u(x) ~ cx™(x).
3. (Karamata Tauberian theorem)(Theorem 1.7.1,[1]) Let U be a non-decreasing right

continuous function on R with U(x) =0V x < 0. If | slowly varies and ¢ >, p> 0,

the following are equivalent:

cxPl(x)
L(14p)’

b. Asz — 0 LU(z) ~ ca™L ().

a. Asx — oo U(x) ~

4. (Karamata monotone density theorem)(Theorem 1.7.2,[1])Let U(z) = [ u(y)dy. If
U(z) ~ cxl(z)(x — o0) where c € R, p € R, 1 be a slowly varying functzon, and u 18

ultimately monotone, then u(x) ~ cpz~'l(z).

Theorem 2.2.2. Suppose that S = (S; : t > 0) is a subordinator whose Laplace exponent
d(N)=bA+ [7 [1 — exp (—At)] u(dt) is a complete Bernstein function. Assume thatb > 0
or 11 ((0,00)) = oo. Then the potential measure U has a density u which is completely

monotone on (0, 00).

The next chapter uses all the definitions and theorems stated in this chapter to prove

some of the results taken from [4].



Chapter 3

Potential Theory of (Geometric

Stable Processes

In Potential Theory of Geometric Stable Processes, we study the asymptotic behaviour
of potential density and Lévy density associated with different subordinators and also
the Green function and Lévy density associated with the geometric stable processess. All

the results mentioned in this chapter have been taken from [4].

In this thesis we use the following notation: If f and g are two function then f ~ g

means g converges asymptotically to 1.

Definition 3.0.1. (Potential measure and density) The potential measure of a subordi-
nator Sy is defined by

U(A)=E [/ 1(steA)dt] :
0

where A is a Borel subset of (0,00). The potential measure has a density which known as

the potential density u of the subordinator.

We next define Stable distributions since it will be helpful to understand geomet-
ric stable distributions, which we define next. Stable distributions are known for their
applications in many economic and physical systems [18]. They provide important prac-
tical models for asset returns however, geometric stable distributions are more practical

models for asset return since we can also incorporate market crashes in the models.

Definition 3.0.2 (Stable Distribution). A random variable X is called stable, if for any
a, b € Rt, 3 ¢c € R" and d € R, such that aX; + bX, L X + d, where X; and X,

10



are independent copies of X and X LY means that X and Y have the same probability

distributions.

Example 3.0.1. Normal distribution, Cauchy distribution, Lévy distribution are some

examples of stable distributions.

Next, we show normal distribution is a stable distribution.

Let X be a normal random variable with mean p and variance 0% and X; and X, be
two i.i.d copies of X and ¢x(0) = E [exp(i#.X )| be the characteristic function of random
variable X. We know

E [exp(i0X)] = exp (mﬁ - %0202).
Now by the property of characteristic functions,
Paxi+bx,(0) = dx, (ab)dx, (b0)
= exp (i,ua@ — %02a292> exp <zpb0 — %0219202)
= exp (i,u(a +b)0 — %02 (a2 + bg) 02) .
If we take ¢ = v/a®> + b2 and d = (a + b — ¢)u, then
b, (a0) b, (b0) — exp(ifd) explipfe — 30%292) — Goxral0).

Hence, for every a and b, a X7 + bX5 2 X + d for some ¢ and d.

A geometric stable distribution has a similar property as stable distribution, but here

the number of elements in the sum is a geometrically distributed random variable.

Definition 3.0.3 (Geometric Stable Distribution). If X, Xs, X3,... are i.i.d random
variables taken from a geometric stable distribution, the limit of the sum Y = ay, (X1 +
Xo+Xs+ -+ XNp) + by, approaches the distribution of X;s for some coefficient ay,
and by, as p approaches 0, where N, is a geometrically distributed random variable with

parameter p independent of X;s. Its characteristic function, which has the form:
(0,0, B, N\, 1) = (1 4+ 20w — ),

where
1 —idtan(%*)Bsign(0) if a#0
1+ i231og(|6])sign(0) if a=0.

W =

11



3.1 Geometric Stable Subordinator

The Laplace transform of the Geometric stable subordinator is given by

1

E[(=ASy)] = m

In this section, we first show the existence of the potential density u of the geometric
stable subordinator. Next, we compute the asymptotic behaviour of potential density,
Lévy density and transitional density associated with the $-geometric stable subordina-
tor using Tauberian theorems. We also prove a lemma taken from [4] since the lemma is

useful to prove the results in the next section.

Now we use Theorem 2.2.2 twice to show the existence of potential density of poten-

tial measures of the geometric stable subordinator as it was done in [4].

As the case discussed in [4], b = 0 and for a §-geometric stable subordinator ¢(\)
= log(1 + A?) and /\lim ¢(A) — 0o. Because [1 —exp(—At)] is a bounded function on
—00
(0, 00), /\lim d(N\) — oo forces p ((0,00)) = oo, therefore, by above theorem the potential
—00

measure U has a density u which is completely monotone on (0, 00).

Since from proposition 2.1.2 we know , ¢(\) = log (1 + )\%) is a complete Bernstein
ﬁ is also a complete Bernstein function. Let T" be the sub-
ordinator with Laplace exponent ¢ and V' be the potential measure associated with it.

Since lim *Y = lim —L- =0 and lim () = oo, therefore, the Lévy measure v of T
Asoo A Asoo PN A—00

must satisfy (0, 00) = co. Hence, by theorem 2.2.2, the potential measure V' of T has a

function therefore, ¥(\) =

density v which is completely monotone on (0, c0).

We now start proving the results. As we know from Theorem 2.2.2 that the potential
measure of $-geometric stable subordinator has a monotone density u, so now we will

use Tauberian theorems to get the asymptotic behaviour of u.
Theorem 3.1.1. For any o € (0,2], we have

1. u(z) ~ z— 07,

azlog(x)?’

a

2. u(x) ~ %,x — +o0.

12



Proof.

1. We know from discussion on page 4, [4] that the Laplace transform of potential

measure of the -geometric stable subordinator is given by

LU(z) = ﬁ

Now
1 1 [ 1 1
lim (LU — | LU ( - = lim T~ 1
z—0+ xt T z—0+ d)(E) ¢(;)
T 1 1
N xifrél"' 1 _1 1 1 1 1
108 | + (zt) 2 og |1+ ()2
! 1 1
= l1m r a - a
=0t 15 | 1@ 2 log | @2
|98 [Tan® 1

= i — L 07
z—0 +(z +(z
o 254 s 27

log [ (xt)%g 1+(:2%:|
. @) (@3

+—0+ [log [1 + (mt)%} — log [(xt)%ﬂ [log [1+ (1')%} — log [(ac)%”
log(t?)

Slim, o+ log(:ct)] [0 — %zli}%h log(x)]

[0-
a logt
2

(3 i Tog(o)] | T 1og(e)

z—0t

2log(t)

5 <because as lir(r)l+ log(xt) ~ log(x)) :
z—
oz[ lim log(x)]

z—0t
Now if we take a slowly varying function {(z) = [log(z)] >, then

[LU(ﬁ)_l];Z@)} - glog(t). (3.1)

lim
a=0t  [log(z)

13



Applying Theorem 2.2.1(1), Chapter 2 in equation 3.1 we get

[U(zt) —U(x)] 2
lim [log(az)}_Q — o log(t), (3.2)

Now applying Theorem 2.2.1(2), Chapter 2 in equation 3.2 we get

~——— 0t.
™ ot
2. We know that LU (x) = m, now as z — 07, log (1 + 2%) ~ x2 therefore,
og T
1 _a
LU(z) ~ —& = 2l(x), (3.3)

where [(x) = 1V 2 € (0,00) be a slowly varying function at 0*. Applying Theorem
2.2.1(3), Chapter 2 in equation 3.3 we get
x2

YTy

(3.4)

Now applying Theorem 2.2.1(4), Chapter 2 in equation 3.4 we get
a1

u(z) =U'(z) ~ m

7

(using the properties of gamma function).

&)
€r2

r

—~

o3
2

]

Next, we compute the asymptotic behaviour of Lévy density of the $-geometric stable

subordinator. Before that we need to know the existence of the Lévy density.

Since the Laplace exponent of the §-geometric stable subordinator, ¢(z) = log (1 + x%)
is a complete Bernstein function therefore, the Lévy measure has a completely monotone

density p(z) (for details see [3] or [6]).

14



Theorem 3.1.2. For any o € (0,2], we have

() ~ 5=, 0 — 0",

o0 no

Proof. Let Ga(x) be a function. If Ga(z) = > ﬁ, then G () is a Mittag-Leffler
n=0 2

function(for details see [7]). Since

H(\) = / 1 — exp(—Aa)] u(de) = log (1 4+ A%).

differentiating both sides we get

(3.5)

Now

(by Dominated Convergence theorem).

Let Ax = u which implies dx = du thus,

/000 exp(—Ar)Ga(—z)dr = i /000 exp(—u)% (—Tu) N @du

Therefore,

/OOO exp(—Az)Ga(—z)dr = : (3.6)



Now using equations 2.5 and 2.6 we get

FON) =5 /0 " exp(—Ax)Gs (—)da.(3.7)

Also on differentiating ¢(A)= [;* [1 — exp(—Az)] pu(dz) w.r.t to A we get

) = [ res(-re)udn6H

On comparing equations 3.7 and 3.8 we get

(@) - 45 39
Now let
G(r) =1 - Ga(—)
_ i(_l)n_lf(f—f%)' (3.10)
Then

/ exp ( G(dx)
0

)\/Oooe 1—G5(—:c)}dx

)\/ exp (—Az) d:v+>\/ exp(—Az)Ga(—z)dz
0 0

_1+A%
1

IEESY
= exp [~ log(1 + \?)]
7)\51] )

=E [exp
Therefore, GG is the distribution function of S; and from equations 3.9 and 3.10 we get

ple) = - [1 - Gla)].

x
Hence,

lim p(x) = o [1 —lim G(z)| = iy

x—0 z—0 2x
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Theorem 3.1.3. For any o € (0,2), we have

p(z) ~ m,x — 0.

Proof. Since the potential measure V' (z) of the subordinator 7" has a Laplace exponent

PY(N) = m. Therefore,

1 log (1 + )\%)
(A A

Then applying Theorem 2.2.1(3), Chapter 2 in equation 3.11 we get

LV(\) = ~ AL A =0 (3.11)

=2

Y re Ty

, T — 00

Now using Theorem 2.2.1(4), Chapter 2 to get the asymptotic behaviour of the density

of the potential measure at infinity,

ay 1 o 1
0~ (1-g) 5 og) ~ gy

p((x,00)) ~ a—a),x — 00. (3.12)

Now applying Theorem 2.2.1(4), Chapter 2 in equation 3.12 we get

(67

202 (1 - 9)

p(x) ~ , T — 00,

]

We know(see for instance [11]) that the distribution G of S; is absolutely continuous
and has a decreasing density ga (z) on (0,00). The exact form of the density ga(z) is
known(page 7, [4]) for & = 2 but not for @ € (0,2). In the next theorem, we will compute

the asymptotic behaviour of ga () by using Tauberian theorems again.

Theorem 3.1.4. For any o € (0,2), we have

1. ga(x) ~ (1 )x%’l,x—)O—i—,

2. ga(x) ~2rT (1+§)sin (52) v 2 — o0,

17



Proof.

1. From theorem 3.1.2, we know that the Laplace transform of the distribution G of
S1,is LG(\) = - L. Using Theorem 2.2.1(3), Chapter 2 we get

+A2

N1}

G(z) ~

x
,x — 04.
1

r+3)

Now using Theorem 2.2.1(4), Chapter 2 we get

@
ax
all ,LL'—>0+
oy
a1
- x — 0+,

(Using the property of Gamma functions).

2. It is known that if Y = (Y; : t > 0) is a Lévy process with characteristic function ®
and an exponential random variable xy with parameter 1 independent of Y. Then
Z = (Y(x)) is a geometrically infinite divisible random variable. The characteristic

function of this random variable is m.

Therefore,
gg(x):/ exp (—t)qa (t, x)dt,
0

(where ge (t, ) is the transition density of §-stable subordinator)
2

) L T
= [Tew-nr (1.5).
0 ta

(using the scaling property of transition density page88-89, [15]).

We know (see for instance [14]) that

qa(1,z) ~ 27T <1 + %) sin (%) 27— o0

and
a3 (1a) <d (1A% ),

where d is a positive constant.

18



Now using Dominated convergence theorem we get

2

g5 () ~ / exp (—4)t2aT (14 3 ) sin (5 ) o7 dtw = ox,
0

N]])

ga(x) ~ 27T <1 + %) sin (%) 727z — oo

]

Now we proof the lemma taken from [4], this lemma will be used in the next chapter
to establish the asymptotic behaviour of Green function and Lévy density associated
with the Geometric stable process. Before proving the lemma, we will define an auxiliary

function. Let [ be a slowly varying function at infinity and g > 0, then define

'(3)
(

0 it y>

S

if y<

—~

<&

~—
|

fis(y,t) =

™|

Lemma 3.1.5. Suppose that w : (0,00) — (0,00) be a decreasing function satisfying the

following two assumptions:

1. There exist a constant ko > 0 and a continuous function | : (0,00) — (0,00) slowly
varying at +oo such that

k.
w(t) ~ — t — 07,

t(3)

2. Ifd =1 or 2, then there exist a constant ko, > 0 and v < %l such that
w(t) ~ koot t — 400.
Let g : (0,00) — (0,00) be a function such that
/00 t2 L exp (—t)g(t)dt < 0o
0

If there is B > 0 such that fi5(y,t) < g(t) for all y,t > 0, then

H(z) = /OOO (478) "% exp (-%)W)dtw koi§§)| |dz<1 1 ),m—m.
T en?

Proof. The assumptions of the lemma clearly shows that H(x) < occ.
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Let % = u which implies —mdt du. Therefore,

/O " (4rt)F exp (—%)w(t)dt: /: (47)"% exp(—u) (%>_ w

1 /oo g 2 <|$|2)
= w2 “exp(—u)w | — ) du
A7 s |z]d-2 Jo (=) 4u

1 ot d_2 |z Fd |z
= 47T%|x\d—2 [/0 w2~ exp(—u)w ( ™ ) du + /mle w2~ exp(—u)w (E) du| ,

(breaking the integral into two parts),

1
= (H, + H)

A |z|d-2

When d = 1 or 2, then by using the assumption (2), we know that w ('z‘ ) < k1

lw\

for some positive constant k; and V > ﬁ. Therefore,

Blz|? 4 ’]:‘2 y—1
H, < / w22 exp(—u)k (—) du
0 4u

2

2v—2 ol d_~y1 d—2
< kolz|*Y w2 7Nt = ks|x]| T,
0

and thus,

d—2

lim —; 1S a
=0 4772 |42 —— lol=0 4772 |42 —

efi1( 25) o1t )

Now for d > 3, we have w (|4| ) <w ( ) for I:r\ > ﬁ. Therefore,

Blz/|? iy 1
H §/ w2 “exp(—u)w <—> du
=/ (—u) 7
1 Blz|? 4
< = d o, _ d—2
<w (4ﬁ) /o w2 “du = ky|z|

Again following the same steps as for d = 1 or 2 we get

1

lim —;
lo=0 4772 | |42 —

H, =0 (3.13)

Now consider H:

1 1 o 2
——Hy, = d—/ M exp(—u)w (ﬂ) du
47r§|x|d—2 472 |x‘d—2 Blxz|? 4u
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= —F—~ w2 exp T
d 1 —_— 4t
ol (ks ) o B (EEY) (%)

From assumption (1), we know that

Lo () )
/ﬁ (—u) R

<k

for some constant k£, V u and z such that % < ﬁ. As we know [ is slowly varying at

infinity therefore,

=1,Vt > 0.

Because
J(L
L= sl )
l<4_‘t2> ) )
therefore,
w () 7 (2, w (L
d_q U || 41 i 2
Uz exp(—u) T ., = U2 exp(—u) 1 fl,ﬁ(m aU)
! (6) B
4u 4u 4u 4u

Using the assumption that f; g(|2|?, u) < g(u)] and
’/B

/ feu? 2 exp(—u)g(u) < oo,
0

(again from the assumption).

Thus, by Dominated Convergence theorem we get

e G eI,
8 t

lim w2 exp w2 exp(—u) lim u

1 1

|2|—0 Blz|? e | 4t 2 || =0 —5—F—5~ 4
22, (1 = || =2, (=2 | | =5
(55 P\ L(55) C\ P

= / ug_lexp(—u)du
0
:kr(il).
2
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Therefore,
1

7 Hy
s x| d
lim 2T gr (—) . (3.14)

|z|—0 —)———— 2
W%\x|dl(ﬁ>
Now using equations 3.13 and 3.14 we get
H(z) koI (
d
2

lim =

()

Hence,

/om@w)g exp (‘(|x|)2>w(t)dt ) koFg

At

3.2 Geometric Stable Processes

Let a € (0, 2]. A Lévy process X = (Xi, P,) is called a geometric strictly a-stable
process if its characteristic exponent ¥ (0) = log (E, [(:6 (X1 — Xj)]) is given by ¥(6) =
—log (1+ ¢(#)), 0 € R, with exp(¢) being the characteristic function of some strictly
a-stable distribution. Let S = (S;, ¢ > 0) be a geometric §-stable subordinator and Y be
a d dimensional Brownian motion. Assuming Y and S to be independent, the symmetric
geometric stable process X can be obtained by X; = Y (.S;).

In [4] the author is mainly interested in the rotationally invariant geometric strictly

a-stable process in RY, that is, in the case when,
¥(0) = log (1+16]), € R™.

We next define a-potential of a function f associated with a standard process(for
details please see paged5, [19]]) X. For a = 0, the O-potential operator has a density

which is known as Green function associated with the standard process.

Definition 3.2.1. (a-Potential of a Function f or Potential Operator)(page 69, [19])
Let X be a standard process, f be a real valued function on R and o > 0. Then the
a-potential U*f of a function f is given by

Uf(x) =FE" {/ exp(—at) f(X;)dt |,
0
where the process is starting at x.

22



Now we define kernels as they are useful to transform a measurable function.

Definition 3.2.2. (Kernel)(page 303, [20]) Let Q2 be a subset of R"™ then a function
E:QxQ—R
1s called as kernel. It can be used to transform a measurable function
Q=R

to a new function
g: 1 —R
by putting
9(x) =/ k(z,y) f(y)dy, z € Q,
0

provided that the integral is defined.
Next, we define Green function and Lévy density associated with the subordinated
process. When the kernel is a Gaussian kernel then it transforms the potential density

and Lévy density associated with the subordinator into Green function and Lévy density

respectively associated with the subordinated process.

Let Y = (Y;,t > 0) be a d-dimensional Brownian motion with transitional density
given by

|z — gy’

pa(t,,y) = (4mt) "% exp (— m

) .,y € REE >0,
where py(t, z,y) is the Gaussian kernel.

Definition 3.2.3. (Green function for Markov process) The Green function for the
Markov process is defined by

G(z,y) = / p(t, z,y)dt,
0

where p(t, x,y) is the transition function of the Markov process. It is the expected amount

of time spent at y by the process started at x ([36]).

Definition 3.2.4. (Green function and Lévy density)(page 8, [4]) The potential operator
Gf(x) = E° [/ f(Xt)dt]
0
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of X has a density G(x,y) = G(y — x) with
G(x) = / pa(t, 0, z)u(t)dt,
0

where u(t) is the potential density of the subordinator S and G(z) is called the Green
function of X.

The Lévy density of X is given by

where p(t) is the Lévy density of S.

In this section we mainly deal with the Lévy density and the Green function of the

geometric stable process. We use theorems and lemma from the previous chapter to

prove the results of this section.

Theorem 3.2.1. For any a € (0, 2], we have

(¢
1. G(a) ~ —— d(2) 5 |2 = 0,
2a7? | x| [log (ﬁ)]
I (¢=«
2 Gy~ —— L) o o
220 T'(5)
Proof.
1. Since

G(z) = /0 " (art)F exp (-UZP )u(t)dt

therefore, we can apply lemma 3.1.5 with w(t) = u(t).

We know from Theorem 3.1.1(1) that u(t)w#g(t)g, as x— 0T. Taking ko = 2 and
a:%_l

I(t) = log*(t). Also Theorem 3.1.1(2), we know that u(x) ~ F(g),:v — +00, SO
2

_a d _ 1
v =5 < 5. Choose = 5 and




Define

log2(2t) . 1
g(t) _ log?(2) it t< 4
: 1
Now to apply the lemma, we will first show
log*(y)
frip(y,t) = —75 < g(t)vt > 0.
log" (#)

For 0 <t < { and 0 < y < 2t,both log?(y) and logQ(%) increasing are functions

2
but former is always greater than the latter therefore, fii,2(y,t) = % is an
g\ 1

increasing function thus,

We know that sup {l?gﬂ 0<y< Zt} > 1og2(z) by the definition of supremum

g? (L) log? (7)
and thus,

fi2(y,t) <gt) VO <t < }1-

For t = %1,

fl,1/2 (y, i) =1l=g (i) .

For t > i and 0 <y < 1, fi1/2(y,t) is a decreasing function for because log(y) >
log(¥) Vy > 0and k > 1 but log*(y) <log®(£) V 0 <y <1 and k > 1. Therefore,

log® log®
sup{L(y):O<y<mm{2t,1}} i 28wy

log” (#) v=0 log? ()
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which implies
1
fl,l/?(yat) S g(t)th Z Za
thus,

fui2(y,t) < g(t),Vy,t > 0.

11(; g;(ét)) is a bounded by an integrable function therefore,

> log?(2t
/ t51 exp(—t) 08 2( )dt < o0
0 log*(2)

Since ¢2~ ! exp(—t)

Hence,
r(3)

20 || [log (ﬁ)]

. As we know from Theorem 3.1.1(2) that u(t) ~ ;?—;;,t — 400, which implies 3 a
2
constant ty such that u(t) < t=1 Vg € (0,1). Therefore, 3 a constant D such that

u(t) < maz (¢4 ¢271).

G(z) ~

5, |z| = 0.

z|? z2
Let %:y == —%dt:dy

/Ooo (4mt) "% exp (—%)W)dt:/:(47T)—§exp(_y) (%)—Su(%> %xfdy

e y2 eXp _y U v dy
Ars|z]-2 Jo (=9) 4y

2 o
1 X a4, “(@) 12
- - o - d
4miT (5) |I|d‘0‘/0 st <|w|2>21 4y Y

v |
~—
8
Iy
Q
O\
3
<
vl
|
N1}
L
!
o
—~
<
S—
<
/N
4>|E
< [V}
N—

 2erdD (

Now let |z| > 2 then



<D [mam ((s%, 1)} ,

(because |z| > 2). Therefore,

oo ()
d_o_ Y
/ y2 2 exp(—y) —dy
0 1 (EE)Q
r(g) \ 4
® . D 2.1
S/ Y7~ exp(—y) <max1(82’ ))dy<oo,
0 T(S)

(because the integral is a gamma function).

Hence, applying Dominated Convergence theorem on the integral we get

1 > d o )
= lim —/ y2 2 lexp(—y ——dy
jz]—b00 Qa5 (%) 0 ( 1 (:c_P) 271

1 e
- —y)d
zawir(g)/o y2 2 exp(—y)dy
CON
20m2T (5)
Hence,
I (¢=a
) ~ — <§)|x|a_d, |z = oo
a2 T'(5)

Theorem 3.2.2. For every a € (0,2], we have

J() ~ ) 1 o,

2la|?

Proof. We know from Definition 2.1.13, Theorem 3.1.2 and Theorem 3.1.3 that
oo 2
J(z) = / (47r1§)_g exp (—uﬂ) >,u(t)dt,
0
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(6%
)~ —.t—0"

and
(t) @ T
~ —5 , 0.
Y s (1 - 2)

Therefore, applying lemma 3.1.5 with w(t) = u(t), v = =%, co = § and [(t) = 1.
Choosing § = % then fi1/0(y,t) =1,y < 2t. Let g(t) = 1 then fi1/2(y,t) =1 < g(t) V

y,t > 0.
Now - .
/ $a-! exp(—t)g(t)dt = / ta-! exp(—t)dt < oo,
0 0
(because it is a gamma function). Hence,
ol (¢
J(z) ~ | (Fl),]x\ — 0
x

Theorem 3.2.3. For every a € (0,2), we have

o T(H%), —d-a
J(x) ~ e F(1_%)| | x| = 00,

Proof. We know that
o
t)~—,t— 0"

and
(t) @ T
~ rey s OO,
M rr = g)

therefore, 3 a positive constant D such that p(t) < Cmax (¢7',t727") . Let % =y

128t = dy. Therefore,

which implies — ;5
e 2
/ (4mt) 4 exp <—|”C—|) u(t)dt
0 4t

° d 2\ 72 (el —Jaf?
— 4 2 — d
/oo(ﬂ) = y)(4y> M(4y> a2 Y
|z|

; e ( 2)
= — 27 exp(— — | d
/0 y p(—y)p )Y

B Ars || d-2
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T srir(1-g

(07 o Q+Q_1
= y2 2 exp(—y -
20175 (1 — &) |z|~d—a /0 (~9) o <|xl2) 2

Now let |z| > 2, then

~—
5|
| ’“|
D[R\ .
L
I
>
| —— |
S
Q
S
N
I
£|E
N——
w|R
\.I—‘
~
|

$)
o oo ()

S/ Y5 L exp(—y) S dy < oo,
0

(because the integral is a gamma function). Thus, on applying Dominated Convergence

theorem we get

lim #/w(élmf)_g ex —W (t)dt
|z|—00 ’.27‘70[76! 0 p 41 #

of?
* 1 n(5)
" O‘ )/ y*rE T exp(—y) ~
0

- 2a+1wis(1 —9) /o v ey
al (%)
~ atigdr (1-9)
Hence,
Iy~ 2 DO i o
2017 T (1 - §)



Theorem 3.2.4. For o = 2, we have

Proof. We know p(t) = % therefore,

J(z) = %/000 (47?15)_% exp <_(|Zz|f) ),u(t)dt

= %/000 (47rt)_% exp <_(|Zz|f> )t_l exp(—t)dt.

Let @ = u which implies —‘f—fdt = du. Then

)= 1 (1) e () (45) oo ()

oo 2
= 2_d_17r_g|x|_d/ us~l exp <—E — ﬂ) du.
0 4 u

Let
H(p) = H(|z|)
e (LY P
—/0 u exp( 1 u)du
= (Vu)? u p\
= — - = -—= d
exp( p>/o e (- (G- L)
Also, let
_vu _ P
V=% "
u—2p
2V/u
or )
V=
2y

which implies

(3.15)

(3.16)



or

or

du = ( du? )dy (3.17)

Since y = 7;75’ therefore,

(u = 2p)* = duy® (3.18)

or

u? 4 4p® — dup — 4wy =0

Using quadratic equation formula we get

u = 2p + 2% + 2y\/y? + 2p.

or

)
VPt 2p (3.19)

2y

Using equation 3.18 we get
(u+ 2p)* — Sup = duy?

or

u+2p = 2v/u\/y? + 2p

2 1
Vi _ (3.20)
u+t2p L\ Jy?+2p

From equations 3.16 and 3.19 we get

Vi=y+/EE D (3.21)

Using equations 3.17 and 3.20 we get

or

2udy

V2 +2p

du = (3.22)
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Using equations 3.15, 3.21 and 3.22 we get
d
H(p) = exp >/m(y+'y2+2p) SI———
p) = exp(—p exp(—y~)ay
—o0 u VY2 +2p
d
<evim)
= 2eXp(—p)/ ————cxp(—y")dy
—00 Yy +2p

+ Vi +2p
= 2exp(—p) y\/ny (y—i—\/y —1—2) exp(—y®)dy

=2ex CYEVY A y—2 exp(—y?
= 2exp(-p) | i P (\/]_0+ p+2> p(=y")dy

d—1

Now using Dominated Convergence theorem we get

Hp) (. y+Vyy*+2 [y y? 9
— T =2 Im ————x— —=+/— +2 exp(—y~)dy
—ooP Y2+ 2p VD P

lim =Y
= 2§+1/ exp(—y*)dy = Qgﬂﬁ.

d—1

p=exp(—p)p 2

Therefore,
H(p) ~ 25" /mexp(—p)p’7 ,p — oo,
or
H(|z]) ~ 251 y/mexp (—|z]) o] 7, [2] — oc.
Hence,
J(w) ~ 27 R 125 T exp(— )] T o] = oo,
or

o) 22 (|‘ S 1) e
xXr

]

In this chapter, we mainly computed the asymptotic behaviour of potential density

and Lévy density associated with the geometric stable subordinator and also the Green

function and Lévy density associated with the geometric stable process. The tools and

techniques used in this chapter to prove the results will be helpful to prove the same

results in the next chapter.

32



Chapter 4

Potential Theory of Brownian
Motion Time-Changed by Tempered
Stable Subordinator and Normal

Inverse Gaussian Process

In this chapter as per our knowledge, all the results mentioned are new and have never
been proved before. Precisely, we will find the asymptotic behaviour of potential density
and Lévy density associated with the two new subordinators and also the Green function
and Lévy density associated with the for two new subordinated Brownian motions. We
will try to use two approaches to prove the results. The first approach is same as what
we have used in previous chapter or the author have used in [4]. The other approach is
different. As we know Tauberian theorems are usually used for a non-decreasing function
whose exact form is not known but its Laplace transform’s exact form is known. So, in
the second approach we will try to compute the exact inverse Laplace transform of the
potential measure and then see its asymptotic behaviour. After knowing the exact form
of potential measure, we will try to compute the asymptotic behaviour of Green function

and similarly for Lévy density.

All the theorems in section 2.2 of chapter two are also valid for the two new processes

mentioned in this chapter.

The first process is Brownian motion subordinated with tempered stable subordinator
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and the second is Brownian motion subordinated with inverse Gaussian process.

4.1 Tempered Stable Subordinator

The Laplace transform of the Geometric stable subordinator is given by

E[(—=ASy)] = exp [t (A + 5)" = 87)] .

By the similar arguments of section 3.1, Chapter 3 to show the existence of the potential
density of the geomteric stable subordinator, we can also show the existence of potential

density of the tempered stable subordinator.
We now compute the asymptotic behaviour of the potential density of the tempered
stable subordinator using the first approach.

Theorem 4.1.1. For~y € (0,1) and B > 0, we have

—1

1. u(x) ~ %,x — 0t

Proof.

1. The Laplace exponent of the Tempered stable subordinator is given by

oA =(A+8)" =57,

where v € (0,1) and 8 > 0. Therefore, the Laplace transform of the potential

measure U of tempered stable subordinator will be

1 1
W =om = -5

Now (A + )" — g7 = p7 [(1 + %)7 - 1}, as A\ — 07 (1 + %)7 ~1+ %, therefore,
as A — 0F ¢(\) ~ 37 [(1 v %) . 1} — B,

Hence,

1
LU\) ~ ———, A — 0",
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Therefore, by Theorem 2.2.1(3), Chapter 2 the potential measure

1

V@~ e

T, T — Q.

Hence, by Theorem 2.2.1(4), Chapter 2 the potential density

1

~N T — 0.
VTR T

u(z)
2. As A ~ 00 ¢(A) ~ A7, therefore, LU(X) ~ 55. Thus, by Theorem 2.2.1(3), Chapter

2, we have
7

I'(1+7)
Therefore, by Theorem 2.2.1(4), Chapter 2, we have

Ulx) ~

, T — 00.

T

o _Jr +
u(z) 11<1+7),x—>0 .

]

We have tried to use the second approach to find the asymptotic behaviour of potential
density however, we were not successful. We tried to compute the exact form of the
potential measure but we were finally stuck at a point where we were unable to integrate
a function. We are still finding a way to compute the asymptotic behaviour of the
complicated integral we got. We now show the steps we have tried to reach the desire

result.

Theorem 4.1.2. For~y € (0,1) and B > 0, we have

in(m 00 xp(— i
U(t) = exp(—pBt)* grw fo [m2v+223(—2m£:(m)m]dx-

Proof. Let ¢(s) = f(s+ B) = (s + )Y — 87 be the Laplace exponent of the tempered
stable subordinator, where f(s) = s — 7. Then using the properties of inverse Laplace

transform we have

1 106 = 5| 0 =ew-snz | 5]

where L™'[LU(s)] is the inverse Laplace transform of the potential measure related to
the tempered stable subordinator.

Now to find the inverse Laplace transform of the potential measure we will first find
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—1 1
L [m

Figure 4.1: Contour C anti-clockwise, Figure 4.8, [2]

] (t) using complex inversion formula([2]). Since s = 0 is a branch point of +~

f(s)

so we take a branch cut along non-positive real line to make the function single valued as

shown in the figure 4.1. Inside and on the contour the function is analytic so by Cauchy’s

theorem

Now

also

1
1 exp(st) ds — 0.
270 Joo f(s)
1 t
explst) |

%C (s)

exp(st)d +L/ exp(st)ds
cD

1 exp(st) 1

ey W b M

1 exp(st) 1 exp(st) 1 exp(st)
2mi pe f(s) ds—i—% er f(s) ds—i—% ra f(s) B=0

exp(st) o — exp(st) 5 — exp(st) s =
/AB 7(s) " /CD 7s) ¢ /EF O

36

(4.1)



(see [2] for details). We know from [2] that as r — 0 and R — oo

O en, [
omi Jpa fls) {ﬂs)](”’ (4.2

therefore, from equations 3.1 and 3.2 we get

0 e )

exp(st) exp(st) _ [ exp(st)
/BC f(s) = /BC §7 — st /—R §7 — 57d8’

let s = zexp(im) then ds = —ds, thus,

/ exp(st) s — / _exp(—at) dz.
Bo 8T — B R ST

Taking the limits r — 0 and R — oo on both side of the above equation we get
t *° —at
/ explst) o / expl=rt) . (4.4)
Be ST — 7 o aTexp(iry) — B

-R
/ exp(st)ds _ / exp(st) s — / _exp(st) ds.
pe  f(s) pe ST =57 T
let s = zexp(—im) then ds = —ds, thus,
R J—
/ exp(st) s — / _exp(—at) dr.
DE s7 — B’Y r s7 — B’Y

Again we take the limits  — 0 and R — oo on both side of the above equation we get

/D explst) o /OOO exp(=at) . (4.5)

g5 — B T exp(—im) = B

Consider,

From equations 3.3, 3.4 and 3.5 we get
L[ 1 1 © exp(—uxt) /°° exp(—xt)
LV — | (t) = —— dr — d
{f(s)} ®) 27 {/0 Y exp(iny) — B7 . o xYexp(—imy) — B .

LT e 1 1

_ LT e T exp(=imy) — 67 — a7 exp(imy) — 5]
2w Jg o) [#7 exp(imy) + 5] [27 exp(—imy) — 7]
L L [ [exp(—imy) — exp(imy)]]
27 o p(=t) (227 + 527 — 27 [exp(—imy) + exp(iny)] |dx
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1 [ —2i sin(my)z?

=-—— —at
2mi J, exp(—at) (227 + %Y — 2 cos(my)zY] |dx
sin(7y) /°° exp(—xt)z?
= dz
T o [¥%7 4 527 — 2cos(my)x7]

Thus, the potential measure U(t) = L™ [LU(s)](t)=

sin(my) [ exp(—xt)z?
exp(—pt) T /0 [227 4+ 527 — 2 cos(my)x7]

Unfortunately, we could not find a method to compute the above integral although we
have tried to see the asymptotic behaviour(as ¢ — o0) of this integral using Watson’s
lemma, still we were unsuccessful because the integral is too complicated. We are still

finding a way to get the asymptotic behaviour of the above integral. O

4.2 Brownian Motion time-changed by Tempered Sta-

ble Subordinator

In this section we compute the asymptotic behaviour of the Green function and Lévy
density associated with the Brownian motion time-changed by tempered stable subordi-

nator.
Theorem 4.2.1. For~y € (0,1) and B > 0, we have

1 G) ~ S5 jp2rd g 5 0
75 49T () ’ ’

r(4=2
2 Gla) ~ 2o, Ja] - oo.

Proof.
1. As A = 00, ¢(N\) ~ A7, then it follows directly from Theorem 3.1 of [6] that
(2

2 ) ‘I|2’Y_d, |x’ _>0+.

T )

2. As A = 0%, ¢(\) ~ yB771, then it follows directly from Theorem 3.3 of [6] that

Lr()

G(x) ~ z|?, |z] = oo
)~ ey
or s
(&=
G(x) ~ —d( ) |2, |2] = oo.
A2y =N
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]

We now find the asymptotic behaviour of the and Lévy density J(x) of the subor-
dinated process. We can not use the same method as in [4] because the asymptotic
behaviour of Lévy density p(x) of the Lévy measure p associated with the tempered
stable subordinator does not follow assumption 2 of lemma 3.1.5 so we use the other
method. The exact form of Lévy density associated with the subordinator is already
known([16]).

Theorem 4.2.2. For~y € (0,1) and 8 > 0, we have

L J(x) ~ S (v +5) el 7O, Ja] 0,

2y—d+1 2y+4d-—1
2 BT 4

2. J(x) ~ 22— a5 exp (—v/Blz) L 2] = oo,

Proof. The Lévy density associated with the tempered stable subordinator is given

by ([16])

() = exg(ﬂﬁt)7

thus, the Lévy density associated with the subordinated process
I@) = [ palt.0.0ute)
0
= =L (|z])* cexp(—pt)
:/0 (4mt)”2 exp (— m pvs) dt
_ /00 t_(7+1+§) exp( (| |) )
2473 Jo

el (5

Let t = 2'3‘31 then dt = |2x\‘}11’ thus ,

N e
_ c% {ﬂ}—(m)/jy(wus)exp {_%\/Em (y+$>] dy
- 2(73)5;@%)435\—(%5) /OOO y=(1%8) oxp [_%\/Bm (y+ 5)] dy

_ ( 2>c’$‘—(7+§)2[()\<w)’ (4.6)

=~
=
[\
5 ‘ o
Nl
o\
3
| — |




where

K_\(w) = %/OOO y~ (1) exp [—%x/@!l’l (y + 5)} dy,
A= (y+ %) and w = /Blz|. Now K_,(w) is a modified Bessel function of third type and
Koz(w) = Kx(w)([17]).
1. As |z| — 0, w — 0 thus, using A.7 of [17] we get

d
) ~ T (74 5 ) 2Bl 040,

Using equation 3.6 we get

o(1-4) gh(r+4)
2a) ~ E a0 9ar (34 ) 4 Blal O, 0,
T2
or 4 41 J
g
J(z) ~ — (7 + 5) clx|~®FD |z] = 0.
T2

2. As |z] = 0, w — 0 thus, from [17] we get

1

) ~ /5 e (=Blel) (Vlel)

Using equation 3.6 we get

J(x) ~ 2@_;)%;(74_5) c|:p|7(7+%) \/jexp< \/_|m|> <\/,§|{L‘|>§ , || — o0,

T2

or
2y—d+1

ZTﬁ 1 _ 2y+4d—1
J() ~ a5 exp (= /Blal) ] - oo.

w2

2v+d—1

4.3 Inverse Gaussian Subordinator

The Laplace transform of the Geometric stable subordinator is given by

E[(-As)] =exp |-t (6 (V2XT2=9))] .

By the similar arguments in section 3.1, Chapter 3 to show the existence of the potential
density of the geomteric stable subordinator, we can also show the existence of potential

density of the inverse Gaussian subordinator.

In this section we again prove some of the previous results for the Inverse Gaussian

subordinator using the approach mentioned in [4] using both the approaches.
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Theorem 4.3.1. For d,~v > 0, we have

~— +
1. u(x) 25F<%)ﬁ,x—>0 ;

2. u(x) ~ 3T L 00

Proof.

1. The Laplace exponent of the Inverse Gaussian subordinator is given by

o) =6 (VA7 —7).

where 7 € (0,1) and S > 0. Therefore, the Laplace transform of the potential

measure U of tempered stable subordinator will be

1

5<\/m—’y>'

LU(N) =

Sincec?(\/m—’y) = Jy {(14—3_2\)% _1] and as A — 0% (14—3/_/2\)5 - 1+%2,

1
therefore as A — 07, ¢(A) ~ oy [(1 + %) - 1} = %)\, thus,

2

LU\ ~ % A= 0F.

Therefore, by Theorem 2.2.1(3), Chapter 2 the potential measure

T, T — 00,

Y
U@~ 55

and hence, by Theorem 2.2.1(4), Chapter 2 the potential density

o
u(z) ~ m,x — 0.

2. As A\ ~ oo, ¢(N\) ~ 0v2), therefore, LU(\) ~ #ﬁ. Thus, by Theorem 2.2.1(3),
Chapter 1, we have .
U(z) ~ —<Vz,z — 0"
or (3)

Therefore, by by Theorem 2.2.1(4), Chapter 2, we have

o — 0.

1
TG NE
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]

We still need to find a way to find the asymptotic behaviour of the potential measure of
the inverse Gaussian subordinator. We now use the alternative approach to compute the

exact form of the potential measure associated with the inverse Gaussian subordinator.

Theorem 4.3.2. For d,~v > 0, we have

Proof. Let ¢(s) = f(s+ 72—2) = V26 ( 5+ g - \/li) be the Laplace exponent of the
f

inverse Gaussian subordinator, where f(s) = V26 <\/_ - \/ii) . Then using the properties

of inverse Laplace transform we get

L [LU(S) - %] () = exp (-%) L [ﬁ} (t), (4.7)

where L™'[LU(s)] is the inverse Laplace transform of the potential measure related to

the inverse Gaussian subordinator.

Now

_ ﬁ b% + % exp <772t> erf (—%)} (4.8)

using formula 128 on page 16 of [37]. Thus from equations 4.7 and 4.8 we get

[]

The Lévy density associated with the inverse Gaussain subordinator is already known
so Now we move to compute the asymptotic behaviour of Green function and Lévy density

associated with the inverse Gaussian subordinator.
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4.4 Normal Inverse Gaussian Process

The associated Lévy density of Normal inverse Gaussian process has a known exact form
but not the associated Green function has so, we compute the asymptotic behaviour of

Green function only using the first approach or the approach mentioned in [4].

Theorem 4.4.1. For d,~v > 0, we have

1 G 1 (%)) 1-d 0+
- Gla) ~ o o=t ] 0,

5 T(3)

a—2

2 Gla) ~ - T

472§ r)

|z|>74, |2| — oo.

Proof.

1. As A ~ 00, ¢(A) ~ dv2\, then it follows directly from Theorem 3.1 of [6] that

(4

1
G(z) ~ — 2
O T )

|m|1_d, |z| — 0r.

2. As A = 0%, ¢(N\) ~ 2\, then it follows directly from Theorem 3.3 of [6] that
v

RN )
Arss (1)

x|, x| — oo.

G(z)

]

In this chapter, we mainly computed the asymptotic behaviour of potential density
and Lévy density associated with the tempered stable subordinator and inverse Gaussian
subordinator and also the asymptotic behaviour of Green function and Lévy density
associated with the Brownian motion timed changed by tempered stable subordinator
and inverse Gaussian process. We used two different approaches to prove the theorems

in this chapter.

4.5 Future Work

We plan to rigorously study how harmonic, subharmonic and superharmonic functions of
Classical Potential theory are related to martingale, submartinagle and supermartingale
of Probability Theory and Stochastic processes. Further, we want to study how Transient
Markov processes are related to Potential theory([19], [20]). Further, we are still trying

to use the second approach to compute the asymptotic behaviour of the potential density
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associated with the tempered stable subordinator and inverse Gaussian subordinator and
hence, for their associated Green function also. Precisely, we need to use Theorems 4.1.2,
and 4.3.2 and Theorem 2.2.1(4), Chapter 2 to compute the asymptotic behaviour of the
potential density associated with the tempered stable subordinator and inverse Gaussian

subordinator.

It is a well known that marginals of a continuous-time Lévy process is always infinite
divisible and we want to study the infinite divisibility of marginals of processes which
are not Lévy and generally arise from subordination. Researchers have proved some
non-Lévy processes to be non-infinite divisible and some to be divisible. We need more
mathematical tools to prove the infinite divisibility of some non-Lévy processes and that
is also one of the motivation behind studying the topic of the thesis. At the begining of
the thesis work we thought by the end, we can prove infinite divisibility of some non-Lévy
processes but due to time constrained we were unable to. However, hopefully in future we
can prove infinite divisibility of some non-Lévy processes using the tools and techniques
used in this thesis work. Brownian motion time changed with inverse stable subordinator,
Fractional Brownian motion time changed with inverse stable subordinator, etc are some

of the examples of non-Lévy processes which we will try to prove infinite divisible.
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Appendix

This section contain the python codes used to generate figure 2.1 and 2.2.
import numpy as np

import matplotlib.pyplot as plt

import math

from math import sin, pow, pi, log

import pandas as pd

def poipaths(N = 1000, lam = .01, paths =5):
for i in range(paths):
rng = np.arange(0,1, 1.0/N)
rvs = np.random.poisson(lam*1.0/N, N)
incr = list(rvs)
incr.insert(0,0.0)
rng = list(rng)
rng.append(1.0)
ar = np.array(incr)
cms = ar.cumsumy()
ff = plt.plot(np.array(rng), cms)
plt.xlabel(’t)
plt.ylabel("N(t)")
title = "Poisson Process Sample Paths with arrival rate plt.title(title)
plt.show(ff)

def bmpaths(N = 1000, paths =5):
for i in range(paths):
rng = np.arange(0, 1, 1.0/N)
rvs = np.random.normal(0, 1, N)
incr = list(map(lambda x: x*math.sqrt(1.0/N), rvs))
incr.insert(0,0.0)
rng = list(rng)
rng.append(1.0)
ar = np.array(incr)

cms = ar.cumsumy()
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ff = plt.plot(np.array(rng), cms)

ub = list(map(lambda x: 3*math.sqrt(x), rng))

Ib = list(map(lambda x: -3*math.sqrt(x), rng))
plt.plot(np.array(rng), ub)

plt.plot(np.array(rng), 1b)

plt.xlabel(’t’)

plt.ylabel("B(t)’)

plt.title(’Standard Brownian Motion Sample Paths’)
plt.show(ff)
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