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Abstract

This thesis focuses on the experimental creation and detection of different types of
quantum correlations using nuclear magnetic resonance (NMR) hardware. The idea of
encoding computational problems into physical quantum system and then harnessing
the quantum evolution to perform information processing is at the core of quantum
computing. Quantum entanglement is a striking feature exhibited by composite quan-
tum systems which has no classical analog. It has been shown that quantum entan-
glement is a key resource to achieve computational speedup in quantum information
processing and for quantum communication related tasks. Creation and detection of
such correlations experimentally is a major thrust area in experimental quantum com-
puting. Main goals of the studies undertaken in this thesis were to design experimental
strategies to detect the entanglement in a ‘state-independent’ way and with fewer ex-
perimental resources. Experimental schemes have been devised which enables the
measurement of desired observable with high accuracy and these schemes were uti-
lized in all the investigations. Experimental protocols were successfully implemented
to detect the entanglement of random two-qubit states. Further, the schemes for the
experimental detection as well as classification of generic and general three-qubit pure
states have also been devised and implemented successfully. Detection of quantum cor-
relations possessed by mixed separable states, bound-entanglement for states of 2 ® 4
systems and non-local nature of quantum systems were also investigated. In all the
investigations, results were verified by one or more alternative ways e.g. full quantum
state tomography, quantum discord, negativity and n-tangle.

Content of the thesis has been distributed in seven chapters and the chapter-wise ab-
stract is as follows.

Chapter 1

This chapter briefly introduces the field of quantum computation followed by the main
features of NMR quantum processor architecture. Latter part of the chapter describes
the theory of entanglement detection and experimental realization on various hardware.
Chapter concludes with goals and motivations for the work undertaken in this thesis.
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0. Abstract

Chapter 2

This chapter focuses on the entanglement detection of random two-qubit states. Ran-
dom local measurements have recently been proposed to construct entanglement wit-
nesses and thereby detect the presence of bipartite entanglement. We experimen-
tally demonstrate the efficacy of one such scheme on a two-qubit NMR quantum-
information processor. We show that a set of three random local measurements suffices
to detect the entanglement of a general two-qubit state. We experimentally generate
states with different amounts of entanglement and show that the scheme is able to
clearly witness entanglement. We perform complete quantum state tomography for
each state and compute state fidelity to validate our results. Further, we extend previ-
ous results and perform a simulation using random local measurements to optimally
detect bipartite entanglement in a hybrid system of 2®3 dimensionality.

Chapter 3

In this chapter the focus is on a more general kind of quantum correlation possessed
by separable states. A bipartite quantum system in a mixed state can exhibit non-
classical correlations, which can go beyond quantum entanglement. While quantum
discord is the standard measure of quantifying such general quantum correlations, the
non-classicality can be determined by simpler means via the measurement of witness
operators. We experimentally construct a positive map to witness non-classicality of
two-qubits in an NMR system. The map can be decomposed in terms of measurable
spin magnetization so that a single run of an experiment on an ensemble of spins suf-
fices to detect the non-classicality in the state, if present. We let the state evolve in
time and use the map to detect non-classicality as a function of time. To evaluate the
efficacy of the witness operator as a means to detect non-classicality, quantum discord
was measured by performing full quantum state tomography at each time instant and
obtain a fairly good match between the two methods.

Chapter 4

This chapter details the experimental detection of the entanglement present in arbitrary
three-qubit pure quantum states on an NMR quantum information processor. Measure-
ments of only four observables suffice to experimentally differentiate between the six
classes of states which are inequivalent under stochastic local operation and classical
communication (SLOCC). The experimental realization is achieved by mapping the
desired observables onto Pauli z-operators of a single qubit, which is directly amenable
to measurement. The detection scheme is applied to known entangled states as well
as to states randomly generated using a generic scheme that can construct all possible

viil



three-qubit states. The results are substantiated via direct full quantum state tomogra-
phy as well as via negativity calculations and the comparison suggests that the protocol
is indeed successful in detecting tripartite entanglement without requiring any a priori
information about the states.

Chapter 5

This chapter details the experimental creation and characterization of a class of qubit-
ququart PPT (positive under partial transpose) entangled states using three nuclear
spins on an NMR quantum information processor. Entanglement detection and char-
acterization for systems with a Hilbert space dimension > 2®3 is nontrivial since there
are states in such systems which are both PPT as well as entangled. The experimental
detection scheme that we employed for the detection of this qubit-ququart PPT entan-
glement was based on the measurement of three Pauli operators. The class of states
considered, in the current study, is an incoherent mixture of five pure states. Measuring
three Pauli operators, with high precision using our recently devised method, is crucial
to detect entanglement. All the five states were prepared with high fidelities and the re-
sulting PPT entangled states were prepared with mean fidelity > 0.944 using temporal
averaging technique.

Chapter 6

This chapter presents the experimental investigations of non-local nature of quantum
correlations possessed by multipartite quantum states. It has been shown that fewer
body correlations can reveal the non-local nature of the correlations arising from quan-
tum mechanical description of the nature. Such tests on the correlations can be trans-
formed to a semi-definite-program (SDP). This study presents the experimental im-
plementation of Navascués-Pironio-Acin (NPA) hierarchy on NMR hardware utilizing
three nuclear spins. The protocol has been tested on two types of genuine tripartite
entangled states. In both the cases the experimentally measured correlations were used
to formulate the SDP under linear constraints on the entries of the moment matrix. It
has been observed that in both the cases SDP failed to find a semi-definite-positive mo-
ment matrix consistent with the experimental data which is indeed the signature that
the observed correlations can not arise from local measurements on a separable state
and hence are non-local in nature. This also confirms that both the states under test
are indeed entangled. Results were verified by direct full quantum state tomography in
each case.
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0. Abstract

Chapter 7

This chapter summarizes the results of all the projects constituting this thesis, and the
key findings, with possible future directions of work.
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Chapter 1
Introduction

Being an intelligent species, modern human beings, i.e. Homosapiens, (meaning a
‘wise man’ in Latin), started using the first computing machine named the ‘Abacus’.
Records show that the earliest users of abacus were the Sumerians and the Egyptians
back in 2000 BC. The principle is as: a frame holding a series of rods, with ten sliding
beads on each. When all the beads had been slid across the first rod, it was time to move
one across on the next, showing the number of tens, and thence to the next rod, show-
ing hundreds, and so on (with the ten beads on the initial row returned to the original
position), (Fig.(I.T)). That is where technology of computation was stuck for nearly
3600 years until the beginning of the 17" century AD, when mechanical calculators
started appearing in Europe. Most notably, after John Napier invented logarithms, and
Edmund Gunter created the logarithmic scales (lines, or rules) upon which slide rules
are based, it was Oughtred who first used two such scales sliding by one another to per-
form direct multiplication and division; and he is credited as the inventor of the slide

fiﬁ\;

Figure 1.1: Abacus: The First Computer [[1].
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Figure 1.2: The Slide Ruler used in 17" century AD for Multiplication [2]].

rule in 1622, Fig.(1.2). William Oughtred (1574-1660) was an English mathematician
born in Eton and he was the person who introduced the symbol ‘%’ for multiplication
as well as sin and cos for trigonometric functions Sine and Cosine, respectively. The
slide rule is basically a sliding stick that uses logarithmic scales to allow rapid multi-
plication and division, (Fig.(I.2))). Slide rules evolved to allow advanced trigonometry
and logarithms, exponential and square roots.

A further step forward in computation occurred in 1887 when Dorr. E. Felt’s
US-patented key driven ’Comptometer’ took calculating into the push button age,
(Fig(1.3)). Further, the story of electronic calculator began in 1930 when world was
preparing for war. Such calculator were much in demand due calculation of trajectories
of bombs. During the Second World War, the challenges of code-breaking produced
the first all-electronic computer, Colossus. But this was a specialized machine that
basically performed “exclusive or” (XOR) Boolean algorithms. With the advent of
semiconductor-devices, in the mid of the 20*" century, the first generation of modern
days computers came into the existence which was a huge leap as compared the huge-
inefficient computation machines based on hundred of thermionic valves. Since then
the power of computing machines grows exponentially following the then proposed
Moore’s law. The law was described as early as 1965 by the Intel co-founder Gordon
E. Moore after whom it is named [5]].

There have been a large number of classical algorithms/problems posed which
seem unsolvable on these computing machines although the computational power was
expanding at an exponential rate. In computer science, the computational complexity
of an algorithm is usually ascribed to the time complexity which estimates the time
to run the algorithm as a function of order of input strings. Order of the input string
is generally denoted by n while the complexity of the computation is represented rep-



Figure 1.3: Comptometer: The Modern Day Calculator [3]].

resented using big O. For example, an algorithm with time complexity O(n) is a
linear time algorithm, O(n®) with o > 1 represent a polynomial time algorithm while
O(2P(™) represents the time complexity of an exponential time algorithm with p(n)
being polynomial of order n. Two extreme cases are the constant time (a sub-class
of polynomial time) and exponential time, termed as EXPTIME, complexity classes.
It is understandable that if an algorithm has its time complexity in EXPTIME class
then in order to run such an algorithm the required time scales exponentially with the
size of input string n. One may not wish to wait too long, e.g. few years, to run an
algorithm. Some of EXPTIME class of problems are the prime factorization problem,
optimization problems with large number of variables, matrix chain multiplication via
brute-force search and simulation of quantum systems using classical models. Then in
the early eighties Feynman proposed the idea of exploring quantum systems to simu-
late quantum systems [6]]. The idea of encoding computational problems into physical
quantum system and then harnessing the quantum evolution to perform information
processing is at the core of quantum computing and quantum information (QCQI) pro-
cessing [7]. There are various features, e.g. quantum superposition and quantum en-
tanglement, which enable computation utilizing quantum systems to outperform any
classical computing machine. These concepts will be briefly introduced in subsequent
sections after introducing the basic ideas of QCQI.
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1.1 Quantum Computing and Quantum Information Pro-
cessing

Classical information processing is solely realized by encoding the bit-strings into the
classical states of physical systems [8]]. For example high or low voltages in a digital
electronic circuit are used to represent the classical Boolean states ‘0’ or ‘1°, respec-
tively or light or no-light can be used to encode ‘0’ or ‘1’ in an optical computer.
Most of the digital information processing hardware available today performs classical
information processing by encoding the problems into binary strings and performing
logical operations governed by Boolean algebra [9]. Classical physical systems can be
either in ‘0’ or ‘1’ state at an instant of time, and this limits the information processing
achievable on such classical information processors. On the other hand the states of
quantum physical systems can exist in superposition of ‘0’ and ‘1°. allowing new pos-
sibilities for computation [[7]]. Later subsection of this chapter will address the issue of
physical realization of such quantum states. There a striking similarity between what
a classical computer does and how a physical system evolves. A computer performs
a computation on some input bit string under certain logical operations to yield the
output. Analogously, a physical system evolves from an initial state following the laws
of motion to give the final state. The idea of simulating classical as well as quantum
systems by encoding the problem as an initial state of the quantum system was put
forward by Feynman[6]]. Computation can be achieved by the quantum evolution and
the results get encoded in the final state of the quantum system which can be read. This
was radically a new way of performing the computation.

1.1.1 The Quantum Bit

Information can be encoded in the physical state of a quantum system and the minimum
dimension of the involved Hilbert space, to represent the states of such system, is two.
Such encoding can be achieved by using a two-level quantum system, e.g. a spin-half
system, generally termed as a quantum-bit or Qubit. The two eigenstates of such two-
level quantum systems representing the logical states ‘0’ and ‘1’ are |0) and |1) which
(1)] and [(1) respectively. The most general state 1) of a

qubit can be a superposition of basis vectors and can assume the polar form as

|t) = cos (g) 0) + €esin (g) 1) (1.1)

where the global phase is ignored in writing the above polar form as it does not have
any observable effect during quantum evolution or on measurement outcomes. The

represent the eigenvectors [
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Figure 1.4: The Bloch-sphere representation of a single quantum-bit.

most contrasting feature of the qubit from a classical bit is that a qubit can simulta-
neously exist in the basis states |0) and |1) and this quantum parallelism of quantum
systems gives them tremendous computational power which a classical computer may
never match [7]. Each value of the pair (¢, ¢) represents a valid quantum state on the
surface of a three-dimensional unit radius sphere, shown in Fig.(T.4), called the Bloch
sphere. The radius of the sphere is indeed related to the quantity (|ag|? + |a1|?) which
is unit due to normalization of state vector [¢). One can observe that the North (6 = 0)
and South (# = 7) poles of the Bloch sphere represent the basis states |0) and |1) re-
spectively.

Similarly one may have multiqubit quantum register. For the general case of an
N-qubit quantum register, the basis vectors of Hilbert space have dimension 2 and
can be obtained from the tensor product of individual qubit states as

V) = |¢1) @ [1h2) @ ... ® [n) (1.2)

It will be seen later that the most general N-qubit state can be put in the form

2N
T) =) ailay) (1.3)
=1

here |a;) is a N-qubit quantum register of form |b%b5.....b%) with b; € [0,1] and
>-: lai|* = 1. There exist multiqubit states which can be cast in the form of Eq.(1.3)
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and may not assume the form given by Eq.(I.2). Such states are called entangled states
and they play a major role in QCQI.

1.1.2 The Density Matrix Formalism

As discussed in the previous section, the state of a quantum system has one-to-one cor-
respondence with the vectors in Hilbert space. Consider a quantum system prepared
in a state [¢);) and we have n; such systems constituting a pure ensemble. Similarly
consider another ensemble composed of n, quantum systems, each of which is in the
state |1)7). If one mixes these two ensembles then how can one write the quantum state
of the resulting ensemble? The total number of quantum systems are Ny = n; + no.
Another important question is, if we now pick a quantum system from this ensemble
and measure it, what is the result? There are two probabilities for the action: (i) The
probability with which the chosen quantum system can come from ensemble |¢/1) or
|tho) ie. p1 = p = - and pp = 1 — p = £* and (ii) the probability with which, the
chosen quantum system after measurement collapses to |0) or |1). One thing is clear
that the state description of form Eq.(I.3) is not appropriate for this situation i.e. such
an ensemble can not be represented by vectors in a Hilbert space.

It has been shown that a more suitable state representation is the density operator
formalism [7, 10} [11} [12]]. For a pure state the density operator can be written as

p =) (1.4)

In order to write the density matrix one may choose a set of orthogonal basis vectors
|b;) and the matrix elements can be computed as p;; = (b;|p|b;). It can be shown that

> i = (bilplbi) =1 (1.5)

(2

This will lead to the condition Tr(p) = 1 independent of chosen basis. For pure states

ot = [OVWLI) (W] = [)(] = p and hence Tr(p?) =Tr(p) = 1. For a mixed
ensemble, the density operator of the ensemble can be written as

Pensemble = p|¢1><¢1\ =+ (1 - p)|¢2><?/12\ (16)

and this correctly incorporates both the probabilities mentioned earlier. The most gen-
eral density operator for a single-qubit system can be written as

p=> pilpwli  p =00 ) pi=1 (1.7)
Y j
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It may be noted that one-qubit mixed states i.e. states with Tr(p?) < 1 can be
represented with points inside the Bloch sphere in Fig.(1.4) and the center of the sphere
represents the maximally mixed state

1 (12 0
pmixedm,w - ﬁ - ( O 1/2) (18)

For a general N-qubit state the condition 2LN < Tr(p?) < 1is valid. The lower and
upper bounds on Tr(p?) are achieved by maximally mixed and pure states respectively.

1.1.3 Quantum Evolution

In quantum mechanics there are broadly two kinds of time evolution (a) the continuous
time evolution of the states of a closed quantum system as governed by Schrodinger
equation and (b) a discontinuous time evolution during a quantum measurement fol-
lowing Born’s rule for the probabilities of the possible outcomes. Following subsec-
tions briefly describe both of these time evolutions. A detailed description of quantum
evolution is given in Refs. [11}13].

1.1.3.1 Continuous Time Evolution: Unitary Evolution

Closed quantum system: The continuous time evolution of closed quantum systems
is unitary i.e. the time evolution operator can be represented by a unitary matrix U
obeying UUT = UTU = 1. Equivalently one can say that the state of a quantum system
at time ‘¢, transforms to the state at a later time ‘¢, + ¢’ via unitary transformation as

¥t + 1)) = Ul(to)) (1.9)

For a closed quantum system, described by the Hamiltonian H, the equation for state
evolution can be written as
L 0¢)

With minimal assumptions and considering the case of a time independent Hamilto-
nian one can solve the above differential equation. The result leads to a time evolution
operator of form U ~ e~**/" Important point to note here is that, once H is defined
and the resulting U is obtained, the state [¢)'(t + t,)) at all later times evolves contin-
uously in a predictable fashion via U. The advantage of the unitary evolution is that
such evolutions are always reversible.

Open quantum system: There can be situation that a system under consideration
interacts with its environment and usually termed as open quantum systems. Such a
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composite system can be assumed to be in a separable state pcomp = Psys @ Peny. There
can be three possible energy operators in this scenario (i) system Hamiltonian, H,,,
(i1) environment Hamiltonian, H.,,,, and (iii) the interaction Hamiltonian, H,,; due to
the interaction between system and its environment. Hence the Hamiltonian of the
composite system can be written as

Hcomp - Hsys + Hepy + Hiny (111)

The time evolution of density operator can be obtained from time-dependent Schrodinger
Eq.(L.10) as follows:

o) i oWl _ i
7——#7’@ N2 W—FL(WH (1.12)
For a pure state of form Eq.(T.4)
o _ oLl
ot ot
_ |9 ol
= %2 w4107 (1.13)
and on using Eq.(1.12)
oo _ i i
%~ L hgyl+ )l
op _ 1
%~ Ly (1.14)

Above is the Liouville-Von Neumann equation. Although, the above equation is de-
rived using pure state density operator but it can be shown that it is also valid for mixed
states.
For the composite system p.on, the equation of motion can be written as

Opeomp(t) 1

Hcompy pcomp(t)] (115)

ot h[

The solution to the above equation is of form peomp(t) = U(L)peomp(0)UT(t). Tt
is worth mentioning here that the unitary time evolution operator U(t) acts on the
composite system p.om, and one may be interested in the evolution of the system
state psys(t) only. The way out is that one may trace out the environment to get
Psys(t) = Treny(peomp). Evolution of py,s(t) can formally be derived using Lindblad
master equation formalism and we will not expand on this here. Another important
aspect here is that although the evolution of p.,, 1s unitary but the state of the system
Psys May evolve non-unitarily and irreversibly.
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1.1.3.2 Discontinuous Time Evolution: Quantum Measurement

During a quantum measurement process, the state of a quantum system, e.g. Eq.(I.3)),
abruptly collapses to one of the eigenstates, of the observable being measured, in an
unpredictable way. Quantum measurement is typically described by a set of measure-
ment operators { ), }. Here the index ‘m’ is the label of the measurement outcome
after quantum measurement M. If the state of the system before measurement is |1))
then the probability of getting the measurement outcome m, i.e. p(m), is given by

p(m) = (Y[ M, M|t)) (1.16)
while the renormalized state after obtaining the measurement outcome m can be writ-
ten as \

(| Mo M [9)

The sum of probabilities i.e. Y . p(m) = 1, is equivalently represented by the con-
dition that all the measurement operators sum to identity and usually referred as The
Completeness Condition:

> MiM,, =1 (1.18)
One of the commonly used measurement basis is the computation basis {|0), |1)} and
in such a scenario M, = |0)(0| and M; = |1)(1]. Hence if one measure the observ-
able e.g. o, on a quantum state given by Eq.(L.I)), the probability of getting ‘0’ or ‘1’
is given by p(0) = ([ MIMylv?) = (W[ Mole) = |aol? and p(1) = (| M{M;[) =
(| M, |p) = |a|? respectively. The most unsettling thing here is that there is no-way to
predict that after a measurement in which eigenstate the quantum system will collapse
to! The only thing quantum mechanics predicts is the probability with which a quan-
tum system, after measurement, will collapse to a certain eigenstate of the observable
being measured. This is the standard measurement scenario in quantum mechanics
and is one of the postulates of the theory. However in functional analysis of quan-
tum measurement theory, the quantum measurements are usually associated with a
positive-operator valued measures (POVMs). POVMs are positive operator on Hilbert
space and for a given measurement they sum to identity. Projective measurements on
a large system i.e. , measurements that are performed mathematically by a projection-
valued measure (PVM) will act on a subsystem in ways that cannot be described by a
PVM on the subsystem alone, the POVM formalism becomes necessary.
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1.1.4 Expectation Values

In quantum formalism, every observable is represented by a Hermitian operator, say
A. One may be interested in writing the average of an observable resulted from a large
number of measurements of such an observable on a state, say |¢'), and can be written
as

(A) = (IA[Y) (1.19)
One may choose some orthonormal basis {|a;)} to expand the state |¢)) as |¢)) =
> . &la;). On using this expansion, Eq.(1.19) yields

() = (WAlY) = (ar{aa| + az(agf + .. ) Aag]en) + aslag) + ...

= Z o a] |A\0¢

= Z ajo Ay (1.20)

Here A;; is the matrix representation of the Hermitian operator A in the basis {|a;)}
and the expansion coefficients can be obtained as a; = (a;|¢) and hence

aja; = (Y|ag) (o) = (a;|v) (Ylai) = (ajlplaq) (1.21)

Using above expression, Eq.(1.20) further takes the form

(A) = Z&f%ﬂij = {ajl) (Wlai)Ay = {ajlplai) Ay

= - (oleles)aslAloy) = > (oslo {Z |az-><air} Ales)
= Y (ajlpAlay) = Tr(pA) (1.22)

J
while the fact that an orthonormal basis follows the completeness property, i.e.

> i lai) (ol = I, is used in writing the last line of the above equation. Similarly,
for a mixed state of form Eq.(1.7), it can also be shown that (A) = Tr(pA).

1.1.5 Quantum Gates

In classical computation, there are logical gates to realize the logical Boolean oper-
ations e.g. OR, AND and NOT gate. There are other gates, composed of the three
basic logic gates, e.g. Exclusive-OR (XOR), NOR, NAND, bubbled-AND (~ OR) and

10
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bubbled-OR (~ AND) gates. Universal logic gates are those gates from which any ar-
bitrary logic gate can be realized. There are many universal gates available to achieve
arbitrary Boolean logic operations, with NAND and NOR being common examples.
Most of the multi-bit gates are irreversible in nature i.e. given the output of the logic
gate one may not always predict the input with certainty. Analogously, similar logic
gates can be constructed using quantum systems, via unitary evolution. Due to the uni-
tary nature, in principle, one can always retrieve the input state of the quantum system
if the output state after gate implementation is known. Similar to universal gates in
classical computation there are universal quantum gates. It was shown that a set of
gates that consists of all one-bit quantum gates [U(2)] and the two-bit exclusive-OR
gate which maps Boolean values (z,y) to (z,z @ y), is universal in the sense that all
unitary operations on arbitrarily many bits n [U(2")] can be expressed as compositions
of one-bit and two-bit XOR quantum unitary gates [14].

The Pauli X -Gate

The Pauli X-gate or NOT gate is the quantum analog of the classical NOT gate. This
single-qubit gate inverts the state of the logical qubit. The matrix representation of

NOT gate is
0 1
X = [1 O} (1.23)
One may observe the action of the NOT gate on the single qubit state of Eq.(I.1)) as
. 0 1 Go| |41
=1 o] o] - o) 124

Hence the resulting state is (ag|1) + a1|0)) which on comparison with Eq.(1.1] clearly
reflects the inverting effect of the NOT gate.

The Pauli Y-Gate and Z-Gate

Pauli Y and Z gates have the following matrix representation.

0 -1 1 0
Y = {1 0} Z = [0 _1] (1.25)
The Pauli Z-gate acting on |¢) results in (ag|0) — a1|1)) while the action of Y -gate
yields (—ag|1) + @1]0)). Hence the Z-gate introduces a relative phase between the

basis states while the Y-gate introduces a relative phase as well as inverts the basis
states.

11
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The Hadamard Gate

Another very important single-qubit quantum gate is the Hadamard gate or H-gate.
The matrix representation of H-gate is

1
o= % B _111 (1.26)

The action of H-gate on the computational basis states produces an equal superposition
of all the basis states e.g.

0) + 1)
V2

The Most General Single Qubit Gate

0) = 1)

H|0) = =

and HI|1) = (1.27)

The action of any arbitrary single qubit can be simulated using only three unitary op-
erations parametrized by four real numbers «;, 3, v and ¢ as following [7]]

) —iB/2 XY _ein(2 —i6/2
U(Q) — el |:€ . ei2/2:| |:COS(§; 527522)):| |:€ 0 ei?/2:| (1.28)

Here the parameter « introduces a global phase and has no observable effect on the
state of the quantum system.

The Controlled Not Gate

The controlled-NOT or CNOT gate is a two-qubit quantum gate. Action of this gate
is to perform a NOT operation on the target qubit depending upon the logical state of
the control qubit. The matrix representation of the CNOT gate is:

1000
0100

CNOT = | o o 1 (1.29)
0010

One can verify that the action of CNOT gate on two-qubit basis states, |0) ®|0) ~ |00)
and |01), is to leave them unaltered while interconvert the basis states |10) and |11).
Another example of a two-qubit gate is the SWAP gate which maps the state |01) <
|10) onto each other while leaving the states |00) and |11) unaltered. It can be shown
that the SWAP gate can be achieved using three CNOT gates as SWAP = CNOT 5.
CNOTjy;.CNOT,4, where CNOT;; represents a CNOT gate with ¢ being the control
qubit and j being the target.

12
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1.1.6 Quantum Computing

Quantum computing is a radical way of computation that utilizes the quantum mechan-
ical phenomena, such as entanglement and superposition, for computation. Classical
computation, in principle, can be thought of in terms of circuits built from universal
logic gates and one can analogously construct quantum circuit using various quantum
gates to process quantum information and hence quantum computation. Information
can be encoded in the physical states of the quantum systems. The requirement to
perform quantum computation is to implement the quantum gates efficiently. For the
physical realization of quantum computation there are certain benchmarks laid down
[15] and are briefly discussed as follows.

1.1.6.1 The DiVincenzo Criterion

The DiVincenzo criterion were devised as a set of requirements for any physical real-
ization of a quantum information processor [[135].

(i) A scalable physical system with well characterized qubits.

(ii) The ability to initialize the state of the qubits to a fiducial state, such as |000...).
(iii)) Long relevant decoherence times, much longer than the gate operation time.
(iv) A “universal” set of quantum gates.

(v) A qubit-specific measurement capability.

There are two additional requirements specifically on the physical realization of quan-
tum information processor to be utilized for quantum communications and quantum

cryptography.
(vi) The ability to interconvert stationary and flying qubits and

(vii) The ability to faithfully transmit flying qubits between specified locations.

1.1.6.2 Physical Realization

For the physical implementation of a quantum information processor, various hardware
have been tried. None of them satisfies DiVincenzo criterion completely. Following is
the list of a few physically realized quantum processor.

e Superconducting Josephson junctions as qubits [16].

13
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Quantum dot computer, spin-based: qubit given by the spin states of trapped
electrons [[17]].

Quantum dot computer, spatial-based: qubit given by electron position in double
quantum dot [[18]].

Optical lattices: qubit implemented by internal states of neutral atoms trapped in
an optical lattice.

Trapped ion quantum computer: qubit implemented by the internal state of
trapped ions.

Coupled Quantum Wire: qubit implemented by a pair of Quantum Wires coupled
by a quantum point contact [[19].

Nuclear magnetic resonance quantum computer: (NMRQC) implemented with
the nuclear magnetic resonance of molecules in solution, where qubits are pro-
vided by nuclear spins [20, 21}, 22].

Solid-state NMR quantum computers: qubit realized by the nuclear spin state of
phosphorus donors in silicon.

Diamond-based quantum computer: qubit realized by the electronic or nuclear
spin of nitrogen-vacancy centers in diamond [23]].

Fullerene-based ESR quantum computer: qubit based on the electronic spin of
atoms or molecules encased in fullerenes.

Cavity quantum electrodynamics: qubit provided by the state of trapped atoms
coupled to high-finesse cavities.

Molecular magnet: qubit given by spin states [24].
Electrons-on-helium quantum computers: qubit is the electron spin.

Linear optical quantum computer: qubits realized by processing states of differ-
ent modes of light through linear elements e.g. mirrors, beam splitters and phase
shifters [25]].

Bose-Einstein condensate-based quantum computer.

In this thesis the physical realization of the quantum information processor is
achieved utilizing nuclear spins of a molecule on an NMR hardware.

14
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1.2 Basics of NMR Spectroscopy

The magnetic properties of an atomic nucleus forms the basis of NMR spectroscopy.
A nuclear spin as well as magnetic moment are quantized i.e. they exhibit discrete
values when measured. The total spin angular momentum of the nucleus is the vector
sum of all the spin and orbital angular momentum, of the constituting nucleons, and
in general complex to compute [26]. Similar to the electronic configuration used to
distribute electrons in atomic shells one can utilize the nuclear shell model to arrange
the nucleons (i.e. protons and neutrons) in nuclear energy levels [27]. From the knowl-
edge of the nucleon arrangement in the nucleus one can obtain the nuclear spin angular
momentum AI. In addition to nuclear spin, the nuclei also possess magnetic moment
1 which is related to the spin angular momentum as

[ = ~hl (1.30)

where -y is the nuclear gyromagnetic ratio and is a characteristic feature of the nucleus.
For an intuitive picture, such nuclei can be considered as tiny magnets and interact
with external magnetic fields in quite a similar way. The Hamiltonian for a magnetic
moment y placed in a magnetic field applied in z-direction, i.e. B = B,Z can be written
as

H=—-uB=—hl.B=—hB,I, = —hwrl, (1.31)

I, being the z-component of the spin angular momentum. The nuclear spin experi-
ences a torque due to the interactions of magnetic moment with the B, and dictates
the precession of the spin angular momentum, about 2, at a characteristic Larmor fre-
quency i.e. w;, = vB,. z-direction is defined by B and all the operators acts on the
vector space spanned by |m) where m = —I, —I +1,...,0,..., I — 1, I is the mag-
netic spin quantum number. The Cartesian components of the spin angular momentum
in the transverse direction i.e. (/) and (/,) exhibit oscillatory motion with frequency
wr, while longitudinal component, i.e. (I,), stays stationary [12]]. In this sense the nu-
clear magnetic moment is analogous to the classical magnetic dipole. See Fig.(1.5) for
the analogy [[12]. The energy eigenvalues of the Hamiltonian, Eq.(I.31)), acting on the
state space |m) can be computed as

H|im) = E,,|m) = —mhw|m) (1.32)

One may observe from the quantum formalism of angular momentum and above en-
ergy eigen equation that for a nucleus, with I # 0, the nuclear energy spectrum is
composed of (2] + 1) equally spaced energy levels and the energy gap between two
consecutive levels is Aiw. The lowest energy level is given by m = [ while the highest
is given by m = —I. The population distribution for an ensemble of identical nuclear

15
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Figure 1.5: The precession of a top spinning in the gravitational field analogous to the

nuclear spin precession in a magnetic field.

spin at high temperature is governed by the Boltzmann distribution [[10]. For exam-
ple, for I = % there are two energy levels correspond to m = i% and the population
of the energy levels characterized by m = % and m = —%, denoted by n, and n_
respectively, is governed by Boltzmann factor as

Mo o ~(B—BEy)/ksT _ ~hor/ksT (1.33)

ny
kp is the Boltzmann constant and 7 is the absolute temperature of the spin ensemble.
For ' H ensemble placed inside a magnetic field of 14.1 Tesla, the Boltzmann factor is
~ 10~° which implies only one in 10° spins is aligned in the external field direction
which makes the ensemble weakly paramagnetic in nature, (Fig.(1.6)). Nevertheless,
this slight difference between the populations of the energy levels gives rise to a total
magnetization in z-direction given by

’h’B
M, = B’ BB,
4kgT
where 1, is the magnetic susceptibility and not to be confused with magnetic moment
L.

(1.34)

1.2.1 Interaction of the Nuclear Spin with Radio Frequency: The
Nuclear Magnetic Resonance Phenomenon

The undisturbed spin ensemble in the presence of an external static magnetic field will
stay in thermal equilibrium with population of various energy levels following Boltz-
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1.2 Basics of NMR Spectroscopy

Figure 1.6: In an external magnetic field, more spins will be precessing around the direc-
tion parallel to the field than against it. This imbalance creates a macroscopic magnetiza-

tion which points in the direction of the field.

mann distribution. However, transition between the energy eigenstates of the Hamilto-
nian defined by Eq.(I.31)) can be induced using an oscillating magnetic field of appro-
priate Larmor frequency. For nuclear spins in a static magnetic field of few Tesla, the
Larmor frequency is of the order of MHz, and hence to induce the transition between
various energy levels a radio frequency (RF) field is required. In order to excite the
population one can consider the transverse RF magnetic field B, (¢) perpendicular to
the static magnetic field B as

B, (t) = 2Bicos(Qt + ¢)1 (1.35)

where () and ¢ are the frequency and phase of the RF field and i is the unit vector in
x-direction. The interaction Hamiltonian between nuclear spin and the RF field can be
written as

Hpr = —u.By(t) = —yhI,[2Bicos(Qt + ¢)] (1.36)

The Hamiltonian due to RF field can be considered as a perturbation to the Zeeman
Hamiltonian, Eq.(1.31), as the magnitude of By () field is a few Gauss as compared to
the B field magnitude. Under this consideration the effect of Hrpr can be investigated
using time-dependent perturbation theory [11]. To understand the key features of the
results of time-dependent perturbation theory one can assume that the linearly oscil-
lating magnetic field B (¢) is composed of two circularly polarized fields, with same
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amplitude and phase as that of B, (¢), precessing about z-axis in opposite direction i.e.

Bi(t) = Bi(t)+Bi ()
B (t) = Bilcos(Qt + ¢)i + sin(Q + ¢)7]
By (t) = Bicos(Qt + ¢)i — sin( + ¢)]] (1.37)

For {2 = w, i.e. on resonance, the B (¢) component rotates around z-axis in sync with
the nuclear spin. In a coordinate system rotating with angular velocity 2 = —Qk,
i.e. rotating frame the component B (¢) will appear stationary to the nuclear spins and
spins experience a torque. By controlling the RF exposure time to the spins they can
be excited from low energy eigenstate to higher energy eigenstates and this forms the
basis of the NMR signal [28].

1.3 NMR Quantum Information Processing

At the turn of twentieth century, NMR was proposed as a potential platform for the
physical realization of quantum information processor [20, 21, 22]. The NMR quan-
tum information processor utilizes the spin ensemble to encode and process quantum
information and the results of the computation are obtained via expectation values
of the observables. Since then NMR has been a useful testbed for the experimen-
tal demonstrations of quantum algorithms as well as quantum information processing.
NMR has been utilized for the experimental demonstration of Grover’s search algo-
rithm [29]], Shor’s algorithm [30]], Deutsch-Jozsa algorithm utilizing non-commuting
selective pulses [31], Order-Finding algorithm [32]], adiabatic quantum-optimization
algorithm [33]] and many more [34].

The following subsections reviews the capabilities of NMR as demanded by the
DiVincenzo criterion [15] discussed in Sec-(I.1.6.T).

1.3.1 Nuclear Spins as Qubits

As discussed earlier, the atomic nuclei with non vanishing nuclear spin placed in a
static magnetic field exhibit nuclear Zeeman effect, see Eq.(I.32)) i.e. degeneracy in
various energy eigenstates of the spin Hamiltonian is lifted in the presence of static
magnetic field. This generates an energy spectrum of (2/ + 1) levels. Minimum pos-
sible nuclear spin angular momentum i.e. / is one-half. Examples of spin-1/2 nu-
clei are 'H, 3C, N, ¥F and ' P. All such spin-1/2 nuclei are two-level quan-
tum systems and can encode the quantum information as a qubit. Although nuclear
spins with spin > 1/2 were utilized for NMR quantum information processing but
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1.3 NMR Quantum Information Processing

I ————

0)

Figure 1.7: Energy level diagram of a single spin-1/2 nucleus as a two-level quantum

system.

in general controlling higher-dimensional quantum systems in liquid state NMR is
much more complicated due to their very low coherence times. Nevertheless, NMR

qubits have been utilized extensively in the physical realization of quantum informa-
tion [20} 21} 22,129,130, 131} 132, 133, 34].

The energy eigenvalues of the spin Hamiltonian, given by Eq.(1.31)), are —/w /2
and hw/2 and corresponding eigenvectors are |I, : (m = +3)) and |I. : (m =
—1)) respectively. The eigenvectors, |1, : (m = +3)) and |, : (m = —3)), of
operator o, = 2I, serve as computational basis and usually denoted by |0) and |1)
respectively. See Fig.(1.7) for a schematic of NMR qubit. Further, there can be more
than one spin-1/2 nuclei in a molecule. Such spins can interact via direct magnetic
dipole-dipole interaction or indirectly via covalent bonds termed as scalar-coupling
or J-coupling interactions. Dipole-dipole interactions are direct interactions of the
nuclear magnetism and need no medium while J-coupling is through the interaction
of nucleus with the electronic environment of the bonded electron cloud to the other
nuclei [28]. The Hamiltonian for n such weakly interacting spin-1/2 systems is given
by

H=-Y h'Ti+ > 2nhJyIiI] (1.38)

i=1 ij=1

1<j
where J;; is the scalar coupling constant between i*" and j* spins. Usually the NMR
Hamiltonian, Eq.(1.38), is written in frequency units by letting Plank constant i = 1.
Intuitively one can interpret the second term of the Hamiltonian, Eq.(I1.38), as ad-
ditional magnetic field created by surrounding spins which further shifts the energy
levels of i*" spin by —24 if ;™ spin is in |0) state or by ZZ if j* spin is in |1) state.
Fig.(I.8) depicts the modification of energy levels in the presence of scalar J-coupling
between two spins. In this scenario, each spin transition splits up into two transitions at
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Figure 1.8: Energy level diagram for two J-coupled spins. Dashed lines are the energy
levels in the absence of J-coupling while solid lines are the energy levels modified by
J-coupling.

frequencies w' & % and results in doublet in NMR frequency spectrum. For a given sys-
tem the exact energy level diagram can be obtained by diagonalizing the Hamiltonian

given in Eq.(1.38).

1.3.2 Ensemble State Initialization

The next requirement of a quantum information processor is to initialize the quantum
register in a fiducial state i.e. a pure state. NMR deals with a large ensemble and in-
herently the ensemble is in a mixed state. Although mixed states are inadequate for
QIP, elegant procedures were devised independently by Cory et al. [20] and Chuang
et al. [21] whereby they have demonstrated that the spin magnetization can be manip-
ulated to prepare spin ensemble in an effective pure state termed as pseudo pure state
(PPS). The motivation behind such a construct is that in NMR, one can interact with
the deviation part of the ensemble density operator by means of RF fields. So once
such deviation density part of the ensemble is initialized similar to the deviation part
of pure state [¢)) (1| then such an PPS ensemble can mimic the pure state evolution
under unitary transformations achieved via RF fields.

As discussed earlier in Sec-(1.2), the NMR spin ensemble follows Boltzmann dis-
tribution law and thermal equilibrium state of the spin ensemble at temperature 7' in
the presence of magnetic field B can be written as follows

o—H/kpT

Pth = W (1.39)
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1.3 NMR Quantum Information Processing

The term in the denominator, i.e. Z = > e Fm/¥5T ig the spin ensemble partition
function. For the Zeeman Hamiltonian Eq.(1.32) and basis formed by eigenstates of
I, the diagonal entries, which are proportional to the energy level population, of the
thermal state can be simplified as

emhw/kBT

[Pt mm = ST (1.40)

Under high temperature limit i.e. hw << kg7 following approximation can be used
to simplify the expression of py,

e~ 14+ mA

and Y e &~ 2[+1 (1.41)
s=—1
where A = kBﬂT << 1 1is a measure of thermal magnetization of spin ensemble at

temperature 7' in the presence of magnetic field B. So in high temperature limit the
thermal equilibrium state can be recast as

_ I+ A
S 2I+1 2l +1

Pth I, (1.42)
One can observe that first the term on the right hand side of Eq.(1.42) is the uniform
background represented by identity operator I and only a tiny part (A ~ 107°) is in the
state having deviation part /.. Similarly the NMR ensemble can be initialized in PPS
of form Eq.(I.42)) and the state can be put in the form

(1-4A) A

o T on

) (¥ (1.43)

PPPS =

There are a number of techniques to prepare PPS in NMR e.g. temporal averaging
[35], spatial averaging [[12}136], logical labeling [21]], state initialization utilizing long-
lived singlet states [37] and NMR line-selective pulses[38]]. Generally such methods
of PPS preparation suffer magnetization loss due to non-unitary evolution achieved by
gradient pulses and remedies have been proposed to circumvent such difficulties [39].
Nevertheless, it is well established that the NMR ensemble can be initialized in the
PPS which mimics the pure state behavior and can be used for QCQI [20, 21, 22].
The next subsection details the type of evolution feasible with NMR and methods to
implement unitary operation utilizing RF fields.
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1.3.3 NMR Unitary Gate Implementation

In the computational basis the three spin angular momentum operators for spin 1/2 , in
h units, can be written as

o, 1j0 1 oy, L0 —i o, 1|1 0
5—7—§LJ @—7—5& J L—E—ﬁb—J (149

where ¢’z are the Pauli spin operators. From Eq.(I.42)), one can write the deviation
density matrix as

Apu, (1.45)

 hw |1 0
“TE b )
As discussed in Sec., the interaction of RF fields can be understood utilizing
rotating frame considerations. The lab frame density operator, p'*" can be transformed
to rotating frame density operator using rotation operator e ~“**/> and can be written as

rot —iQtl, '

P =e PP et (1.46)

The deviation density operator Apy, is invariant under the above transformation and
the superscript “rot” can be dropped for convenience. The total Hamiltonian for spin-
1/2 ensemble in the presence of magnetic field B being acted upon RF field B; is
the sum of Zeeman Hamiltonian in Eq.(1.31)) and RF Hamiltonian in Eq.(1.36) which
can be further transformed to rotating frame using the rotation operator. The resulting
effective Hamiltonian in rotating frame can be computed as

Hy = —h(w — Q)I, — hwy I, (1.47)

The striking feature of the above rotating frame Hamiltonian is its time independence.
For the case when RF frequency, (also termed as nutation frequency), w; >> (w —2),
rotating frame Hamiltonian can be approximated as H.g ~ —hw;[,. This approxima-
tion becomes true for the on resonance excitation i.e. for w = €). This approximation
becomes particularly suitable for small resonance offsets, i.e. |w — Q| ~ 0, and strong
RF pulse with irradiation time say ¢,. One can write explicitly the evolution operator
for the RF pulse as

U, = e iHhto/h — gortals — R (—4,) (148)

Here R,(—0,) is the rotation operator, in rotating frame, about z-axis through an an-
gle —0, dictated by RF irradiation time ¢,. One can write explicit forms of rotation
operators achievable in NMR as

>

coSs <3” —17 Sin

0,
Ra(6,) = —1 sin 0”) cos <9p3> (1.49)
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coSs <9§> sin %”
RyBp) = | %y 0 (1.50)
—Sin (7> cos (5
Op _ <9p> idp
CcOS > 7 S1n > e

Ry, (6,) = (1.51)

The last rotation operator is for RF pulse having a phase ¢, with x-axis in the rotat-
ing frame. Using above formulated rotation operators one can compute the resulting
state of the ensemble after the action of H.g¢, Eq.(1.47) on deviation density operator,
Eq(1.45). Considering w;t, = ¢}, = 7 it can be shown that

s s hw
Aplty) = Re (=2 ) Do Be (5) = 5. 152
A semi-classical description gives an intuitive picture that the initial deviation density
operator proportional to I, evolve to a density operator proportional to [, under a ro-
tation by an angle — /2 about z-axis in rotating frame which strikingly appears to be
a classical behavior!

Its interesting to note that a R, (7 /2) achieves the effect of Hadamard(H)-gate
while the NOT(X)-gate can be achieved by R, (7) rotation. Similarly a CNOT gate
can be achieved by exploiting the scalar J-couplings of the spins and a typical NMR
pulse sequence of CNOT gate, for two coupled spins, is as follows

oon = ()G () (G us

Here the time period 1/2.J is the free evolution for which spin system evolve under
NMR weak field Hamiltonian, Eq.(I.38)), to effectively achieve the non-local operation
of CNOT gate. Superscript on various rotations denote spin label. Also the z-rotation
can be achieved by cascading three z, y rotations. In nutshell the NMR technique is
equipped to achieve, in principle, any arbitrary unitary operator.

1.3.4 Measurements in NMR and State Tompgraphy

As mentioned earlier, NMR generally deals with the ensemble of spin-1/2 nuclei and a
typical NMR liquid state sample, having volume ~ 500-600 1/, contains ~ 10*® spins.
As governed by the Boltzmann distribution, these spins generate a bulk magnetization
in the presence of an external magnetic field, Fig-(I.6). External RF field can be used
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Figure 1.9: Precession of bulk magnetization in the presence of an external static magnetic
field induces current in the pick-up coils which further amplified and stored as a time

domain signal termed as free induction decay (FID) [4].

to manipulate this bulk magnetization. The net magnetization in the thermal equilib-
rium state, i.e. py,, 1S along z-direction and can be brought in zy-plane by applying RF
field of appropriate duration, using a rotation operator R,(—7/2). In the transverse
plane, the net magnetization undergoes Larmor precession about the —z-direction and
can be detected by induction coils. Changing magnetic flux induces an electromotive
force in the pick-up coils which in turn produces a detectable current. This induced
current is then digitized and stored as time-domain NMR signal and termed as free
induction decay (FID). FID typically has an oscillatory decaying nature due to various
NMR relaxation processes and one can obtain the frequency-domain NMR signal by
performing discrete Fourier transform (FT) on the digitized time-domain signal. Such
processing in NMR results in Lorentzian peaks correspond to transitions, (Fig-(1.8)),
between various energy eigenstate of NMR Hamiltonian, (Eq.(I.31))). Schematic of
NMR signal acquisition and processing is depicted in the Fig.(T.9).

The normalized intensities/amplitudes of NMR peaks are proportional to the re-
spective spin ensemble magnetization which in turn is proportional to the expectation
value of operator I, in the state of spin ensemble [28] i.e. (1.),. Its worth noting here
that NMR enables the measurement of ensemble average in a single experiment as the
net effect of the NMR measurement is equivalent of measuring, e.g. /., on individual
spins one-by-one and take the average.
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1.4 Quantum Entanglement

Any single-qubit density matrix, in the computaional basis, can be brought into the
form [[11]]

I
p= §+(wx—|—bay+caz (1.54)
which can further be written as
L_¢ a—=ib
_ |2
p {a—I—ib %—I—c (1.53)

One may observe that (0.), = Tr(po,) = c. Further, with an appropriate choice of
rotation operators one can measure the unknown parameters a and b as well and hence
can reconstruct the density operator p in Eq.(1.54). The process of reconstructing the
density operator from several experimental settings is known as quantum state tomog-
raphy (QST) and there have been numerous studies on developing schemes for QST
[40, 41]. In this thesis, methods have been developed for accurately measuring the
expectation values of two- and three-qubit Pauli operators in a given ensemble state
which can be generalized to higher-dimensional Hilbert spaces [42, 43, 44].

Typical hallmark of QCQI, the projective measurements, generally is not possi-
ble in NMR, although there have been few experimental studies reporting projective
measurements in NMR [45, 46] utilizing non-unitary evolutions by means of gradient
pulses.

1.4 Quantum Entanglement

Quantum entanglement first described by Erwin Schrodinger [47, 48] in 1935. Quan-
tum entanglement [48]] is a counter-intuitive feature exhibited by quantum particles
which has no analog in classical mechanics. Quantum entanglement arrises when for a
composite quantum system we are not able to describe the state of the quantum system
in terms of quantum states of the parts. It has been shown [49] that quantum entangle-
ment is a key resource to achieve computational speedup in quantum information pro-
cessing (QIP) [50] and for quantum communication related tasks [S1), 52, 53]]. Being
a fragile resource, prone to decoherence [34], there have been proposals and demon-
strations to store and protect entanglement [55, 56] as well as environment-assisted
enhancement [57]] of the entanglement.

Entanglement detection and characterization is of utmost importance for the phys-

ical realization of quantum information processors [38]. There have been a large num-
ber of measures proposed for the detection of quantum correlations [S9] and in partic-
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ular quantum entanglement [S8]]. In recent years, enormous experimental efforts have
gone in the creation of entanglement. Typically in such an experimental scenario one
would always be interested in queries like does entanglement actually get created in
the experiment and can one detect and quantify the entanglement. In general, these
questions are difficult to answer. There are many proposals to address such queries
such as positivity under partial transposition (PPT)[60] criterion, permutation based
measures of quantum correlations [61]], correlations in successive spin measurements
[62]], entanglement measures based on no-local-cloning and deleting[63] and isotropic
spin lattice entanglement characterization [64]. Entanglement detection utilizing en-
tanglement witnesses [65, 66l is also a well developed field where such detections
are explored from teleportation capabilities [67)]. Tripartite quantum states were char-
acterized [68] using monogamy scores as well as mutual information in permutation
symmetric states [69]. Universal bipartite entanglement detection using two copies
[70] as well as extent of entanglement by sequential observers [/1] have recently been
explored in a measurement-device-independent way [72].

Further, some of the experiments create entanglement between more than two sub-
systems and there are different classes [[73, /4] of entanglement that exist in such cases.
So entanglement characterization should be capable of distinguishing different classes.
It should be noted that entanglement characterization is much more challenging rather
than mere detection [S8]. The situation is even more complex [75] in case of mixed
states [[76] where geometric measures [77] have been resorted to for quantification of
quantum correlations in multipartite and mutidimensional [78]] cases.

Entanglement witnesses [79, [80] and approximation of positive maps [81, 82]
proved to be experiment friendly but lack generalization, since most of the experi-
ments focus on creation of a specific entangled state and witness-based detection pro-
tocols usually require the state information beforehand. In this thesis, the goals are
to explore the entanglement detection as well as characterization protocols and ex-
perimentally implement them in a state-independent manner using nuclear magnetic
resonance (NMR). NMR has been proposed as a promising candidate for realizing
quantum processors [83, [84]. NMR has been the testbed for the demonstration of
the Deutsch—Jozsa algorithm [85), [86], quantum No-hiding theorem [[87]] and parallel
search algorithm [88] as well as of foundational aspects such as delayed choice ex-
periments [89] and querying Franck-Condon factor [90]. Control of 5 to 8 qubits for
quantum information processing was achieved [91}92] and bench-marking of quantum
controls on a 12 qubit quantum processor was demonstrated [93]] using NMR systems.
Highly accurate control via radio frequency pulses made initialization of NMR system
[36} 94] and read out using quantum state tomography [41, 93] accessible, in contrast
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to other hardware.

As discussed above, quantum entanglement is a striking feature of quantum me-
chanical description of nature and was quickly followed by the demand of a physical
and more intuitive interpretation by Einstein-Podolsky-Rosen [96]. Quantum entangle-
ment proved to be a physical resource[7]] which can be utilized to accomplish quantum
computational tasks [50], which are impossible to perform using classical resources.

1.4.1 Bipartite Entanglement

Consider a quantum system consisting of two subsystems A and B. Quantum states
of A and B can be defined in respective Hilbert spaces H 4 and H g having dimension
d 4 and dp respectively. The states of the composite system are defined by vectors in
tensor-product of the Hilbert spaces {4 @ H g having dimension d 4dp. Any vector in
the joint Hilbert space H 4 ® H g can be expressed as

da,dp
W) = > eijla) @ [b;) € Ha®Hp (1.56)

ij=1

where {|a;)} is basis in H 4, {|b;) } is basis in H while ¢;; € C and normalization of
|4) requires Zf;‘:df |cij|* = 1. Now if [¢)) € 3 represents any general pure state of
the composite system AB and one can express it as

) = ¢") ® |¢”) (1.57)

where states |¢') € H 4 and |¢P) € Hp, then the state |+)) is separable else it is entan-
gled. Physically, the separable states are uncorrelated from statistics of measurement
outcomes perspective. In a more general case when the system can be in any one of
the states |¢;) € H with probability p; then mixed state of the system can be expressed
as

p= sz|¢z><¢z| (1.58)

with > .p; = 1 and p; > 0. If the state of a composite system can expressed as a
convex mixture, of the product states p ® p?, as

p= wipl®p! (1.59)

then p is separable otherwise it is entangled. These definitions of bipartite entangle-
ment can be generalized to multipartite cases as well.
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1.4.2 Entanglement Detection and Characterization

We review here the commonly used entanglement detection criteria for bipartite sys-
tems.

1.4.2.1 The Positive Under Partial Transposition (PPT) Criterion

The density operator of a composite bipartite system can be expanded in a chosen
product basis as

N M
p=3"3" pyuli) (Gl @ k) (1.60)
i,j=1k,l=1

here N and M are the dimensions of local Hilbert spaces of the bipartite state. Having
defined the above decomposition, one can write the partial transposition of the density
operator with respect to subsystem A as

N M
pt = Z Z pjik|i){j] @ [k) (] (1.61)

ij=1k,l=1

Partial transposition with respect to subsystem B i.e. p’# can be obtained by inter-
changing the indices k£ and [ instead ¢ and j. One may also use the fact that the usual
transposition p? = (p™)T8 = (p?5)T4 to obtain p’® = (pT)T. Partial transposition
depends upon the basis in which it is performed but the spectrum is independent of
the basis which is also true for matrix transposition. The density matrix in a basis has
positive partial transposition i.e. p is PPT, if its partial transposed density matrix does
not have negative eigenvalues and hence is positive semi-definite. If a density operator
is not PPT then it is NPT. Based on PPT there are two strong conditions satisfied by
separable states described as follows:

PPT Criterion: If p is a bipartite separable state then p is PPT.

PPT criterion has an intuitive description. As mentioned earlier, the information re-
garding the state of an entangled composite quantum system is stored in the joint state
of the system rather than its parts. State of a bipartite separable composite system can
be cast in the form of Eq.(I.59). Hence and partial transposition operation will inde-
pendently transpose the state of either subsystem A or B and always result in PPT p.
Here the fact, that the transpose of a positive semi-definite density operator will also
be a positive semi-definite, is used. Hence any state which is NPT is always entangled
[60] but a PPT state may be separable or entangled.
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Horodecki Theorem: If p is the density operator acting on a 2®2 or 2®3 Hilbert
space, then p’™4 > ( implies p is separable.

N M
p=Y_ ) piuli)(il @ k) (| (1.62)

ij=1k,l=1

For higher dimensional Hilbert spaces, i.e. > 2®3, this may not be the case [60]].
There are entangled states which do not violate Horodecki’s theorem i.e. PPT entangled
states. Such PPT entangled states makes an important class of states falls in the class
of bound entanglement, Sec{I.4.3]

1.4.2.2 The Computable Cross Norm or Realignment (CCNR) criterion

The PPT criterion in not a necessary condition for the density matrices acting on
Hilbert spaces having dimension greater than six. Although many stronger criteria
were proposed but its worth mentioning the CCNR criterion [97]. To describe the
CCNR criterion the concept of Schmidt decomposition is utilized. For a density ma-
trix p, the Schmidt decomposition can be written as

p=> MG ®GY (1.63)
k

where \; > 0 and G and G¥ are orthonormal bases of the observable spaces H 4 and
Hp. Such abasis consists of d* Hermitian observables satisfying Tr(G;'G)=Tr(GP GP)
:5ij-
CCNR Criterion: If the state p is separable, then the sum of all \; in Eq.(1.63)) is
smaller than 1 i.e.

Z)\k <1 (1.64)
k

Hence if ), A\, > 1 then p is entangled.

1.4.2.3 The Positive Map Method

PPT criterion is an example of positive but not completely positive (PNCP) maps. One
may define PNCP as follows: Let the B(J;) be linear operators acting on the Hilbert
spaces Hp and H¢. A positive linear map, i.e. A : B(Hg) — B(He), will map
the Hermitian operators onto the Hermitian operators and satisfies A(XT) = A(X)?
and A(X) > 0for X > 0. A map A is completely positive (CP) if for an arbitrary
Hilbert space J 4, the map [ 4 ® A is also positive otherwise A is PNCP. For example,
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transposition is PNCP map: as transpose of a positive operator is positive but partial
transposition (equivalent to transposition after including extended operator space) may
result in negative operator. Having defined PNCP maps, the separability criterion can
be described as follows: For any separable state p and any positive map A following is
always satisfied [60]]

Is,®@A>0 (1.65)

Above condition is a sufficient criterion i.e. a state violating above criterion is entan-
gled but a state which doesn’t show violation may also be entangled.

1.4.2.4 The Majorization Criterion

For a general bipartite state p, one can obtain the reduced state of subsystem B by
tracing out the state of subsystem A i.e. pg = Trg(p). Let P = (p1, po,...) and
Q = (q1, ¢2,...) denote the sets of decreasingly ordered eigenvalues of p and pp
respectively. The majorization criterion states that if p is separable then

k k
D<) (1.66)
=1 =1

holds for all k£ [98]]. For separable p above condition also holds for the reduced state of
subsystem A i.e. for p4 = Tra(p).

1.4.3 Bound Entanglement

Generally maximally entangled two qubit states, i.e. singlet states, are needed to ac-
complish many tasks in quantum information theory e.g. teleportation, superdense cod-
ing and cryptography. But generally in an experiment, due to inadvertent noise, one
ends up with mixed states. It is a practical question that how one can create singlet
state from some given mixed states. This process of creating singlet or maximally en-
tangled state from given mixed states is called entanglement distillation. Entanglement
distillation can be described as follows: Consider two parties Alice and Bob, sharing
an arbitrary, but finite, number of copies of the entangled state p. Entanglement distil-
lation is the process of transforming available quantum resources/states, by performing
local operations and classical communications (LOCC), to a singlet state i.e.

1
PRp® .0 p 2 E(|oo>—|11>) (1.67)
—_—

If Alice and Bob can achieve the above task with k-copies of p then p is distillable else
p 1s bound entangled. Although there is no protocol which ensures entanglement distil-
lability but the sufficient conditions for undistillability [99]100] as well as distillability

k—copies
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[101} [102] have already been proposed. A special kind of undistillable entanglement
is PPT entanglement. It has been shown that

If a bipartite state is PPT, then the state is undistillable. If a state violates the re-

duction criterion (e.g. , due to a violation of the majorization criterion) then the state
is distillable.

One of the first PPT entangled class of states was proposed in Ref. [103] and
later more classes were discovered [104, 105, [106, [107]. Entangled states that are
undistillable are called bound entangled states and PPT entangled states is the most
important class of such states. Characterization of bound entanglement is an interesting
as well as challenging task in entanglement theory.

1.4.4 Entanglement Witnesses

All of the entanglement detection criteria discussed above require knowledge of the
density operator. However there is a sufficient entanglement criterion in terms of a
measurable observable termed as Entanglement Witness (EW) [60), 79, 108, [109]].

An observable W is an Entanglement Witness iff:

* Tr(psW) > 0 for all separable states p, and

* Tr(p.W) < 0 for at least one entangled state p,

holds. Thus entanglement of p, is witnessed by measuring W and establishing Tr(p. W)
< 0. It is worth mentioning here that constructing an EW is, in general, a diffi-
cult task. There may be the cases when a given EW unable to witness the entan-
glement. Tr(pW) < 0 confirms the presence of entanglement but for the case when
Tr(pW) > 0, p may be separable or entangled. EW is one of the most utilized concept
for the entanglement detection in experiments. Following has been proved [60] as a
strong criterion for entanglement detection in experiments.

Completeness of Witnesses: For each entangled state p,. there exists an entangle-
ment witness detecting it.

A few methods to construct an EW are:

¢ Consider an entangled NPT state p. whose partial transpose, i.e. pI4, has at least
one negative eigenvalue A_ and let |n) be the corresponding eigenvector. It can

be shown that
W = |n)(n|™ (1.68)
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can act as an EW for the detection of entanglement of p.. It can be proved as
Tr(pe W)=Tr(pe|n) (n|"™4)=Tr(p{* 1) (n])=A- < 0 hence p. is entangled.

* Consider a state p, violating CCNR criterion. Then by definition, there exists a
Schmidt decomposition given by Eq.(1.63)) with A\; > 0. In such cases, the EW
can be formulated [[110,[111] as

W=I-> MG @Gy (1.69)
k

with Gﬁ/ B are the local observables in Schmidt decomposition, (Eq. ).
One can see that Tr(p, W)=1->_, A, < 0 and hence detect the entanglement in

Pe-

* To construct the entanglement witnesses one can consider the states close to an
entangled state, which must also be entangled depending upon their overlap with
the original entangled state. For a pure entangled state |¢) the projector based
EW can be written as

W = al — [¢))(¢| (1.70)

Motivation for the above construct is that the quantity Tr(p|v)(¥|) = (¥|p|v)
is the fidelity of the state [¢) in the mixed state p and if this fidelity exceeds
the threshold value « then above EW ‘W detects the entanglement in p. « can
be computed [80] such that expectation value of W is non-negative for all the
separable states and given as follows:

_ _ 2
o= max Te(l)l) = max |(v}o) (1.71)

p is separable

The fact that a linear function takes its maximum on a convex set in one of the
extremal points has been used, and for the convex set of the separable states
these extremal points are just the pure product states. It has been shown [80] that
the above maximum can be directly computed and is given by the square of the
maximal Schmidt coefficient of |1)).

1.4.5 Entanglement Measures

Above discussed methods enables the detection of entanglement in a given state how-
ever one may be interested in quantifying the entanglement in the state. In order to do
so there exist a number of entanglement measures (entanglement monotone) [S0]. Its
worth mentioning the requirements of an entanglement measure (EM). First and basic
requirement for EM is that it should quantify the entanglement present in a given state
[112]:
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)
(i)

(iii)

@iv)

v)

An entanglement measure E/(p) should vanish for all separable states.

An entanglement measure should be invariant under local change of basis i.e. it
should be invariant under local unitary transformation of form:

E(p) = E(Uy ® UgpU', @ UL). (1.72)

Entanglement cannot be created or increased under LOCC so E(p) should not
increase under LOCC. If AFO€C is positive map that can be implemented using
only LOCC then

E(A™%(p)) < E(p) (1.73)

A stronger version of the above requirement is that F(p) should not increase on
an average under LOCC i.e. if LOCC operations maps p to p;, with probabilities
pi then

> pE(pr) < Elp) (1.74)

The monotonicity under LOCC in Eq. (1.73]), implies invariance under local
unitary transformations.

Entanglement decreases on mixing two or more states i.e.

E (ZPkPk) < ZPkE(Pk) (L.75)
A k

This condition requires that if one starts with an ensemble of states pj, and loses
the information about the single instance of py, then entanglement should de-
crease.

For the case when one have access to two or more copies of the states then
additivity of EM should obey

E(p®") = nE(p) (1.76)

Here Alice and Bob shares n-copies of the same state p. In case Alice and
Bob share different states, say p4 and pp then even a stronger requirement of
additivity requirement can be written as

E(pa® pp) = E(pa) + E(pp) (1.77)

Above additivity requirement is in general difficult to prove and satisfied by few
EMs [113].
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Various EMs have been proposed which satisfy partially the above listed require-
ments. Commonly used EMs are entanglement cost [[114], entanglement of formation
[115,116]], concurrence [[115], Negativity [[117,[118], relative entropy of entanglement
[119] and n-tangle [120]. Many of these measures are used in this thesis and their
details are given in the subsequent chapters where they have been introduced first.

Quantum discord (QD) captures the fact that even separable states can possess
quantum correlations [[121}[122]]. There have been intense theoretical and experimental
advancements [123, [124] utilizing QD to capture nonclassicality [125] and quantum-
to-classical transition [[126]. Dynamics of QD was studied [89] and used as a quantifier
of nonclassicality [127]]. Quantum correlation dynamics in a hybrid qubit-qutrirt sys-
tem was explored [128]] utilizing QD. The interplay between entanglement and non-
classicality was explored [129] in multimode radiation states. Invariant QD in hybrid
qubit-qutrit quantum system and tradeoff with entanglement display interesting fea-
tures [130]]. This thesis also explores the detection of nonclassical correlations pos-
sessed by separable mixed states using positive maps and QD. Certain quantum states
possess non-local nature of quantum correlations and violation [131]] of a Bell type in-
equality [132] may reveal such non-localities. It has been shown that W class of states
possess stronger non-locality than GHZ class of states[[133]. Such non-local correla-
tions need to be investigated from ease of experimental implementation as well as state
independence perspective.

1.4.6 Entanglement in NMR

As discussed in Sec{1.3.2] typically the state of NMR ensemble at room temperature
remains in the vicinity of maximally mixed state and hence it is not possible to create
a genuine entangled state of the nuclear spins in small thermally polarized molecules
in liquid state [134]. This has initiated a debate on the quantumness of the states in a
typical NMRQC experiments which argued that all the states produced by NMR are
classical. On the contrary any simulation of the dynamics of coupled nuclear spins
using any classical model has been proved unsuccessful and it is conjectured that al-
though the states in NMR may be in the vicinity of maximally mixed state but the
dynamics is truly quantum mechanical [[135]. This can be well observed from the dis-
cussion in Sec-(1.2) that dynamics of NMR ensemble follows the laws of quantum
evolution and as conjectured that the PPS perfectly mimics the behaviors of pure state
and indeed generates the observable NMR signal. The the state of the sub-ensemble,
e.g. in NMR, truly possesses all the quantum features like superposition and entangle-
ment. So with this understanding ensemble can be prepared in any desired state and is
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generally termed as pseudo to make a distinction from pure state.

1.5 Motivations and Organization of the Thesis

This thesis focuses on the experimental creation and detection of different types of
quantum correlations using nuclear spins and NMR hardware. Quantum entanglement,
being the most important and counter-intuitive, is one of the main types of correlation
considered in this thesis. One of the main goals of the studies undertaken in this thesis
was to design experimental strategies to detect the entanglement in a state-independent
way that are low on experimental resources. Core of all the detection protocols is
a novel method which enables the measurement of any observable with high accu-
racy. Although these methods have been implemented on NMR hardware but they
were developed in a hardware-independent manner and hence can be utilized on other
QCQI hardware. Experimental protocols have been successfully implemented to de-
tect the entanglement of random two-qubit states utilizing semi definite programming
to construct an entanglement witness and thereby detect the entanglement. This ran-
dom measurement based scheme to detect entanglement is also extended to a bipartite
hybrid qubit-qutrit quantum system. It is shown via simulations that a two parameter
class of qubit-qutrit entangled states get detected using only four local observables.
Further, schemes for the experimental detection as well as classification of generic and
general three-qubit pure states have also been devised and implemented successfully.
Protocol to detect and classify three-qubit generic entangled states utilized only four
observables and scheme require no prior state information. Three-qubit entanglement
detection scheme is further extended to the general case of three-qubit pure states and
the effect of mixedness present in the state is also investigated. This thesis also explores
the quantum correlations possessed by mixed and/or separable states e.g. non-classical
correlations. A positive map-based witness is used to detect the non-classicality in the
experimentally created non-classically correlated states. Results of non-classicality
detection are compared with the quantum correlation measure QD while the state is
evolving under free NMR Hamiltonian. The salient feature of the developed exper-
imental scheme is that a single-shot experiment is able to detect the non-classicality
present in the state under investigation. Schemes to detect pseudo-bound entanglement
in a qubit-ququart system are also explored. Only three observables suffice to detect
the entanglement in such PPT entangled states. In all the investigations, results were
verified by one or more alternative ways e.g. full quantum state tomography, QD, neg-
ativity and n-tangle.

Thesis is organized as follows: Chapter 2] describes the creation and detection of
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entanglement in arbitrary two-qubit states. Experimental creation and detection of
non-classical correlations possessed by mixed separable states is discussed in Chapter
Bl Chapter [ details the experimental entanglement detection as well as characteriza-
tion of three-qubit random states. In Chapter [5| a more subtle type of entanglement
possessed by mixed states undetectable by PPT criterion is discussed. The experimen-
tal explorations of quantum non-local nature of the quantum correlations are reported
in Chapter [f] Thesis concludes with Chapter [7] briefing the main results and future
directions of work.
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Chapter 2

Bipartite Entanglement Detection on
an NMR Quantum Processor

2.1 Introduction

Quantum entanglement [48]] is a striking feature exhibited by quantum systems and
have no analog in classical mechanics. It has been shown [49] that quantum entan-
glement is a key resource to achieve computational speedup in quantum information
processing (QIP) [S0] and for other quantum communication related tasks [S1,152,153]].
In general, the detection of entanglement is a hard problem in quantum mechanics
[S0]. It has been demonstrated that the entanglement classification and detection are
daunting tasks [38]]. There have been attempts to do so utilizing methods based on
Bell-type inequalities [[136, 137, 138], quantum state tomography [139,140]], dynamic
learning tools and numerical schemes [141]], entanglement witnesses [[79} 142, [143]],
positive-partial-transpose mixtures [[144, [145], and expectation values of Pauli opera-
tors [[146, [147]. The negativity under partial transpose (NPT) of the density operator
is a necessary and sufficient condition for the existence of entanglement in 2®2 and
2®3 dimensional quantum systems [60, [148]. For quantum states in higher dimen-
sional Hilbert spaces there are sufficient conditions available but complete entangle-
ment characterization is still an open problem [S8]].

The creation of entanglement in an experiment and then detecting the same is an
important theme in experimental quantum computing. Experimental detection and
characterization of entanglement was demonstrated using optical hardware [[149, 150,
151]. Entanglement was explored in an NMR scenario using an entanglement witness
[152], by measuring quantum correlations of an unknown quantum state, [[153] as well
as by a multiple-quantum coherence based entanglement witness [[154]]. It was shown
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2. Bipartite Entanglement Detection on an NMR Quantum Processor

that tomography is necessary for universal entanglement detection using single-copy
observables in a system of two qubits [155]. Single-copy here implies that not more
than one copy of the state was used in a single run of the experiment designed for en-
tanglement detection. Three NMR qubits were used to simulate the entanglement dy-
namics of two interacting fermions [[156]. Three-qubit entanglement was characterized
on an NMR quantum-information processor [[157,/158]], and the evolution of multiqubit
entangled states was studied with a view to control their decoherence [[159, [160].

To study entanglement, at least two quantum systems are required which can be
entangled, and to begin with one can choose two two-level quantum systems. The
resultant Hilbert space, of this 2®?2 system, is 4 dimensional. Although the NPT crite-
rion is necessary and sufficient to detect entanglement in this case, the pre-requisite is
that the full density operator is known [60} [148]].

A promising direction of research in the detection of quantum entanglement is the
use of local observables to find an optimal decomposition of entanglement witnesses
[161]. Although the method assumes some prior knowledge of the density matrix, it
can detect entanglement by performing only a few local measurements [[162,163./164]].
Entanglement detection schemes were designed for pure states with totally uncorre-
lated measurement settings that use only two copies of the state [[165]. These entan-
glement detection schemes were recently extended [166] to the case of completely
unknown states with no prior information. This scheme uses a set of random local
measurements and optimizes over the space of possible entanglement witnesses that
can be constructed thereof [166]].

In the current chapter, focus is on experimental use of a set of random local mea-
surements to detect bipartite entanglement of unknown pure entangled states. Partic-
ularly interest from an experimental point of view is that can one be able to detect
entanglement using a minimum number of experimental settings. Current experiments
demonstrate the optimality of using random local measurements to detect entangle-
ment in a system of two qubits on an NMR quantum information processor. The
expectation values of a set of local measurement operators are obtained and used in
semi-definite programming to thereby construct the witness operator to detect the pres-
ence of entanglement. It is shown that a set of three local measurements is sufficient to
unequivocally detect entanglement of most entangled states of two qubits. States with
different amounts of entanglement are generated experimentally and their entangled
(or separable) nature is evaluated by performing this optimal set of local measure-
ments. Further, results are validated by constructing experimental tomographs of each
state and negativity is computed as a measure of entanglement from them. With a view
to generalize these methods to larger Hilbert spaces, simulations were performed to
detect bipartite entanglement of unknown pure entangled states in a 2®3 dimensional
system, using a set of random measurements acting locally on the qubit and the qutrit.
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Sub-System Measurements

It is observed that by performing a few measurements, the entanglement of most states
gets characterized.

2.2 Entanglement Detection in a 22 Dimensional Quan-
tum System by Sub-System Measurements

Several protocols [58, 167 have been put forward to detect the entanglement and most
of them are based on full knowledge of the quantum state. Most of the proposed
protocols are not readily implementable i.e. they can not be measured directly in an
experiment. Entanglement witnesses are the observables which can give a ‘yes/no’
answer on the entanglement present in a state when measured in an experiment. For
witness-based experimental entanglement detection, knowledge about the state is re-
quired beforehand. One may argue that if the state is already known or has been
tomographed, then one can calculate its entanglement properties by using the witness.
In the present study a different approach is followed, where a priori state information
is not required but instead local measurements were strategically chosen. Semidefinite
programming (SDP) is used to obtain the relative weights of the expectation values of
these local measurements which are then used to build the entanglement witness for
the unknown state. Procedure outlined by Szangolies et al [166] is followed to con-
struct a class of decomposable entanglement witness operators for an unknown state
using random local measurements. In this protocol, once the set of measurements got
fixed, the witness is optimized to increase the possibility of detecting entanglement.

Consider a composite system in a Hilbert space H4p = H4 ® Hp. A witness
operator is a Hermitian operator 1/ acting on the composite Hilbert space, such that
Tr(W p) >0 for all separable p and Tr(1¥ p) <0 for at least one entangled p. A witness
is called decomposable if it can be written as linear a combination of two positive
operators P and () such that

W=P+Q"™ (2.1)

where the operation 7’4 represents the partial transposition with respect to subsystem
A. Further, since one would like to build the witness operator out of local measure-
ments, consider local Hermitian operators A; and B; acting on 34 and Hp respec-
tively. Indices ¢, j are the measurement labels that one wish to carry out for each local
system. Range of the indices ¢ and j depends upon the number of orthogonal opera-
tors spanning an arbitrary operator acting locally on the respective Hilbert spaces, (see
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2. Bipartite Entanglement Detection on an NMR Quantum Processor

Sec{2.2.2). One would therefore like the witness operator to be given as

2y
with ¢;; € R. It should be noted here that if one were to allow A; and B; to run over
a complete set of bases in the local operator spaces, then by Bloch decomposition, ev-
ery Hermitian operator can be written in the form given in Eq. [166]. However,
in present case first the measurements will be chosen which one wants to experimen-
tally perform and then witness operator optimized in such a way that the chances of
entanglement detection get maximized.

2.2.1 Semi Definite Program (SDP) for Entanglement Detection

Finding the expectation value of the entanglement witness operator W (given the set of
local observables A; and B)) is equivalent to finding the coefficients c;; subject to the
trace constraints on the witness operator. Let us define a column vector ¢ where one
can take the columns of ¢;; and stack them one below the other and similarly define a
vector m in which experimentally measured expectation values (A; ® B;) are stacked
to form a long column vector such that

Tr(Wp) = ) (A @ By) = c".m (2.3)
Lj

The SDP looks for the class of entanglement witness operators with unit trace that
are decomposable as P + 74, This is the most general witness capable of detect-
ing states with non-positive partial transpose as Tr(pWW) < 0 implies p4 z 0, since
Tr(pW) =Tr(Pp)+Tr(Qp™), which can only be smaller than zero if p™ is not pos-
itive. Hence this decomposition ensures the detection of bipartite NPT states. The
corresponding SDP can be constructed as [166]

Minimize : ¢T.m
s.t.
W = P+Qa
P >0
Q@ > 0
Tr(W) = 1 (2.4)

SDP is implemented using MATLAB [168] subroutines that employed SEDUMI [[169]
and YALMIP [170] as SDP solvers. MATLAB script and detailed code explanation,
using data in Sec{2.2.3]as an example, is given in Appendix{A]
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Sub-System Measurements

2.2.2 Measuring Expectation Values via NMR Experiments

This section describe the procedure followed to experimentally measuring the expecta-
tion values of various observables using NMR for a system of two weakly interacting
spin-1/2 particles. The density operator for this system can be decomposed as a lin-
ear combination of products of Cartesian spin angular momentum operators [,,;, with
n = 1,2 labeling the spin and © = x,y or z [28]. A total of 16 product operators
completely span the space of all 4 x4 Hermitian matrices. The four maximally entan-
gled Bell states for two qubits and their corresponding entanglement witness operators
can always be written as a linear combination of the three product operators 2/, /5.,
21115y, 21,.15, and the identity operator. The symbols O; (1 < ¢ < 15) is used to
represent product operators, with the first three symbols O, O; and O3 representing
the operators 211,15, 211,15, and 21,5, respectively. Need is to experimentally de-
termine the expectation values of these operators O; in state p whose entanglement
is to be characterized. The expectation values of these operators are mapped to the
local z magnetization of either of the two qubits by specially crafted unitary operator
implemented and are summarized in Table CNOT is the controlled-NOT gate
with first qubit as the control qubit and second qubit as the target qubit. X, X, Y and
Y represent local 5 unitary rotations with phase z, —z, y and —y respectively. Sub-
script on 3 local unitary rotations denotes the qubit number. The expectation values
are obtained by measuring the z magnetization of the corresponding qubit. The unitary
operations given in Table 2.1] implemented via NMR, transform the state via a single
measurement, which is completely equivalent to the originally intended measurement
of local operators, and considerably simplifies the experimental protocol.

Description of the quantum system used for experimental demonstration of the
entanglement detection protocol is as follows. The two NMR qubits were encoded in a
molecule of '3C enriched chloroform, with the 'H and '3C nuclei and encodes the first
and second qubits, respectively. The molecular structure, experimental parameters and
NMR spectrum of the thermal initial state are shown in Fig [2.1]

Experiments were performed at room temperature (293K) on a Bruker Avance III
600 MHz NMR spectrometer equipped with a quadruple resonance inverse (QXI)
probe. The Hamiltonian of this weakly interacting two-qubit system in the rotating
frame [28]] is

H=vyl? 4 vl + JogIP1¢ (2.5)

where vy, ¢ are the Larmor resonance frequencies; [ f , 1 ZC are the z components of
the spin angular momentum operators for the proton and carbon nuclei, respectively;
and Jo g is the spin-spin coupling constant.

The two-qubit system was initially prepared in the pseudo-pure state |00) using the
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2. Bipartite Entanglement Detection on an NMR Quantum Processor

Table 2.1: All 15 observables for two qubits, mapped to the local z magnetization of one
of the qubits. This mapping allows a simpler method to measure the expectation values

of the operators O; and is completely equivalent to the measurement of the original local

operators.
Observable Initial state mapped to
(01) =Tilp1.Ir.]  p1 = CNOT.Y3.Yy1.p.Y] .Y, CNOTT
<02> = Tr[pz.lgz] P2 = CNOTYQYlp()YI YECNOTT
<03> = Tr[pg.lgz] pP3 = (31\1()"]:‘p0(31\1()"111L
(O4) = Tripato.]  ps = CNOT.Xo.Y1.00. Y] X).CNOTY
(05) =Tr[ps.To.]  ps = CNOT.Y,.py.YI.CNOTT
(O7) =Trlpr. o] pr = CNOT.X;.po. XI.CNOT
<08> = Tr[pg.lgz] pPs = CNOTYQpO?;CNOTT
(Og) =Tr[pe.Ir.]  py = CNOT.X,.p0. X5.CNOTT
(O10) =Trlpio- 11 pro = ?1-P0-?§
(On) =Trlpn. 11,1 pu = Xi.00.X]
(O12) = Trlpo-I1.]  po is initial state
(O13) =Trlp13.1o.] p13 = ?2-/30-?;
(On) = Trlpra Dozl pra = Xo.po. X},
(O15) =Tr[po.I2,]  po is initial state

spatial averaging technique [36], with the density operator given by

1
poo = (1 — €)L + €/00)(00]

1 (2.6)

where € ~ 1075 is an estimate of the thermal polarization. One may note here that
NMR is an ensemble technique that can experimentally observe only deviation density
matrices (with zero trace). The state fidelity was calculated from the Uhlmann-Jozsa
relation 171} [172]

F= [Tr ( \/mpex\/mﬂg 2.7)

where py, and p,, represent the theoretical and experimentally measured density oper-
ators, respectively. The experimentally prepared pseudo-pure state was tomographed
using full quantum state tomography [41], and the state fidelity was computed to be
0.98 + 0.01.
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(a) '"H . = 4371.77 Hz, v = 11655.76 Hz
Jog = 215 £+ 0.15 Hz
130 T =7.10 £ 0.43 s

TH =0.17 £ 0.01 s
T¢ =17.20 £ 0.88 s
TS =3.10 £ 0.14 s

(b) g 130y
1 0 1 0
1) Qubit 1 1% b Qubit 2 )
A —
8.2 8.1 8.0 7.9 7.8 79.0 78.6 78.2 T7.8 T7.4
wi (ppm) wc (ppm)

Figure 2.1: (a) Structure of the 3C enriched chloroform molecule with the two qubits
labeled as 'H and '3C. Tabulated experimental NMR parameters with chemical shifts v;
and spin-spin coupling J;; in Hertz and relaxation times Tq and T3 in seconds and (b)
'H and '3C NMR spectra obtained at thermal equilibrium after a 5 readout pulse. The
spectral resonances of each qubit are labeled by the logical state {|0), |1)} of the passive
qubit.

The quantum circuit to implement the two-qubit entanglement detection protocol
is shown in Fig. [2.2(a). The first block in the circuit (enclosed in a dashed red box)
transforms the |00) pseudo-pure state to an entangled state with a desired amount of
entanglement. Control of the entanglement present in the state was achieved by con-
trolling the time evolution under the nonlocal interaction Hamiltonian. A controlled-
NOT (CNOT) gate that achieves this control is represented by a dashed line. The next
block of the circuit (enclosed in a dashed red box) maps any one of the observables
O; (1 < 1 < 15) to the local z magnetization of one of the qubits, with U and Ug
representing local unitaries (as represented in Table [2.1). The dashed green box rep-
resents the measurement. Only one measurement is performed in a single experiment.
The NMR pulse sequence to implement the quantum circuit for entanglement detection
using random local measurements, starting from the pseudo-pure state |00), is shown
in Fig. @Fb). Unfilled rectangles represent 7 pulses, while solid rectangles denote 7
pulses. Refocusing pulses were used in the middle of all J-evolution periods to com-
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Figure 2.2: (a) Quantum circuit to implement the entanglement detection protocol. The
first red box creates states with different amounts of entanglement. The second red box
maps the observables O; to the z magnetization of either qubit. Only one z magnetization
is finally measured in an experiment (inner green box). (b) NMR pulse sequence for the
quantum circuit. Unfilled rectangles represent 7 pulses, while solid rectangles represent 7
pulses. Tuning of the interaction between qubits is controlled by varying the 7; time period
and the z-pulse rotation angle (gray rectangle). Pulse phases are written above each pulse,
with a bar indicating negative phase. The 7 evolution period was fixed at ﬁ, where

Jcom 1s the strength of the scalar coupling.

pensate for undesired chemical shift evolution. Composite pulses are represented by z
in the pulse sequence, where each composite z rotation is a sandwich of three pulses:
xyT. The CNOT gate represented by the dashed line in Fig. [2.2(a) was achieved ex-
perimentally by controlling the evolution time 7; and the angle of z rotation (the gray
shaded rectangle); ¢¢ and gzﬂg are local rotations and depend upon which (O;) value is

being measured, and the 7 time interval was setto 7 = 5 JE‘H.

2.2.3 An Example To Demonstrate Entanglement Detection via SDP

Following is an explicit example to demonstrate how the SDP can be used to construct
an entanglement witness. Consider the Bell state |¢p~) = \/Li(|00> — |11)). The corre-
sponding density matrix can be written as a linear superposition of two spin product
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8.2 8.1 8.0 7.9 7.8
wp (in ppm)

8.2 8.1 8.0 7.9 7.8
wy (in ppm)

79.0 78.5 78.0 77.5
wc (in ppm)

Figure 2.3: NMR spectra of 'H and '3C nuclei, showing the experimentally measured
expectation values of (a) O1, (b) O, and (c) Os in the Bell state |¢~) = %(|00> —[11)).
The expectation values have been measured by the NMR pulse sequences given in Fig.

corresponding to respective unitary mapping operator in Table@

operators [28] as

I
p = Z —|— a2[l:0[2:c + le]_yI2y + CzjlzIQZ (2'8)

where b = ¢ = —a = % Since it is known that the given state is entangled, the
corresponding entanglement witness can be constructed as [S8]]

W¢>— - Copt]I - P
I
= Z — CLQILTIQI — bQIlyIQy - 62112122 (29)

where ¢, 1s the smallest possible value such that the witness is positive on all sepa-
rable states; for Bell states ¢,,; = . Noting that Tr(pW,-) = —1 < 0, by definition
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W¢~ detects the presence of entanglement in p. However, the detection protocol dis-
cussed in Sec{2.2]has to deal with the situation where the state is unknown. The ques-
tion now arises whether the SDP method is able to find the minimum value of cT.m
such that the correct Wy- is constructed.

For the Bell state |¢~), the expectation values (O;), (Oz) and (O3) yield — 1/2,
1/2, and 1/2 , respectively. The experimental NMR spectra obtained after measuring
(O1), (O) and (Os) in state |¢~) are shown in Fig. with measured expectation
values of —0.490 + 0.021, 0.487 £ 0.030, and 0.479 + 0.015, respectively (these
values correspond to the area under the absorptive peaks normalized with respect to
the pseudo-pure state). These experimental expectation values are used to construct
the vector m. The SDP protocol performs minimization under the given constraints
and, for this Bell state, is indeed able to construct W4 as well as the exact values of
a, b, and ¢ which make up the vector ¢. Since the minimum value of c.m < 0is
achieved, it confirms the presence of entanglement in the state. See Appendix{A|for
MATLAB code used for entanglement detection and the SDP result.

2.2.4 Entanglement Detection in Unknown 2®2 States

This section details the detection of entanglement in states with varying amounts of
entanglement. The entanglement detection protocol is implemented experimentally
on several different states: four maximally entangled states (labeled as B1, B2, etc.),
two separable states (labeled as S1 and S2), and 14 non-maximally entangled states
(labeled as E1, E2, E3, . . .).

To prepare the 14 entangled states E1 to E14 (having different amounts of en-
tanglement), the control on the amount of entanglement in the state was achieved by
varying the time interval 7; and the angle 6 of the z rotation [Fig. b)]. 0 = ng
and 7; = n% was used, with 1 < n < 14. These choices for § and 7; represent a
variation of the rotation angle in a two-qubit controlled-rotation NMR gate and led to
a wide range of entanglement in the generated states (as tabulated in Table [2.2)).

To characterize the amount of entanglement, the entanglement measure negativity

N [60] is used and is given as:

N=[p" =1 (2.10)

where pf'T denotes partial transposition with respect to one of the qubits and || - || rep-
resents the trace norm. A nonzero negativity confirms the presence of entanglement
in p and can be used as a quantitative measure of entanglement. The states prepared
ranged from nearly separable (E1, E2 with a low value of negativity) to nearly max-
imally entangled (E13, E14 with high negativity values). The experimental results of
the entanglement detection protocol for two qubits are tabulated in Table[2.2]
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Figure 2.4: Real part of the tomographed density matrix for the states described in Ta-
ble @ (a) to (d) Maximally entangled Bell states and (e) and (f) separable states. (g)
to (t) The tomographs represent states of different quotients of entanglement. The state

fidelity is written above each tomograph. The arrangement of the rows and columns of the
bar graphs is per the computational basis of the two-qubit system {|00), |01), |10), |11)}.

For some of the non-maximally entangled states, more than three local measure-
ments had to be used to detect entanglement. For instance, SDP required six local
measurement to build the vector m for the Eg state in Table [2.2] and to establish that
min(cT.m) < 0.

As is evident from Table [2.2] this method of making random local measurements
on an unknown state followed by SDP to construct an entanglement witness is able to
successfully detect the presence of quantum entanglement in almost all the experimen-
tally created states.
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2. Bipartite Entanglement Detection on an NMR Quantum Processor

Table 2.2: Results of entanglement detection via local measurements followed by SDP.
States are labeled as B, S, and E, indicating maximally entangled, separable, and non-
maximally entangled, respectively. The second and third columns contain the theoretically
expected and experimentally obtained values of the entanglement parameter negativity N.
The 4/ in the last column indicates the success of the experimental protocol in detecting

entanglement.
N
Entanglement
State | Theo. Expt. Detected
B; | 0.500 0.486 4+ 0.011 vV
B; | 0.500 0.480 + 0.013 Vv
B; | 0.500 0.471 £ 0.021 Vv
B, | 0.500 0.466 + 0.025 vV
Sy | 0.000 0.000 + 0.000 V
Sy | 0.000 0.000 + 0.000 V
E; | 0.052 0.081 &+ 0.005 X
E, | 0.104 0.088 + 0.024 X
E; | 0.155 0.177 &£ 0.015 vV
E;s | 0.203 0.182 4+ 0.031 V
E; | 0250 0.212 £ 0.029 Vv
Es | 0.294 0.255 4+ 0.033 Vv
E; | 0.335 0.297 4+ 0.045 vV
Es | 0.372 0.351 £ 0.039 vV
Ey | 0405 0.400 4+ 0.033 v
Eip | 0433 0.410 4 0.040 Vv
E;; | 0457 0.430 4+ 0.037 vV
Ei» | 0476 0.444 £+ 0.029 vV
Ei3 | 0489 0.462 £+ 0.022 v
Eis | 0497 0473 £+ 0.025 Vv

The protocol failed to detect entanglement in states E; and E, a possible reason for
this being that these states have a very low negativity value (very little entanglement),
which is of the order of the experimental error. In order to validate the experimental
results full quantum state tomography of all experimentally prepared states is also per-
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2.3 Entanglement Detection in a 23 Dimensional Quantum System

formed. The resulting tomographs and respective fidelities are shown in Fig. [2.4] and
the negativity parameter obtained from the experimental tomographs in each case is
tabulated in Table [2.2] Figures [2.2]a) to [2.2(d) correspond to the maximally entan-
gled Bell states B; to By, respectively, while Figs. [2.2(e) and [2.2(f) are tomographs
for the separable states S; and S, respectively, and Figs. [2.2(g) to [2.2(t) correspond
to states E; to Eq4, respectively. The fidelity of each experimentally prepared state is
given above its tomograph in the figure. Only the real parts of the experimental tomo-
graphs are shown, as the imaginary parts of the experimental tomographs turned out to
be negligible.

2.3 Entanglement Detection in a 23 Dimensional Quan-

tum System

The orthonormal basis states for a 2®3 dimensional qubit-qutrit system {|ij) : i =
0, 1, 7 = 0, 1, 2} can be written in the computational basis for the qubit {|0),
|1)} and the qutrit {|0), |1) and |2)}, respectively. It has been previously shown that
any arbitrary pure state of a hybrid qubit-qutrit 2®3 system can be transformed to one
of the states of a two-parameter class (with two real parameters) via local operations
and classical communication (LOCC) and that states in this class are invariant under
unitary operations of the form U®U on the 2&3 system [173]. The state for such a
bipartite 2®3 dimensional system can be written as [173]]

p = a[|02)(02] + [12) (12]] + B [l6 )" | + |6}~ + [vH) (6] + 71w |
(2.11)
where |¢*) = \/Lﬁ(|00):|:|11)) and [¢)*) = \/i?(|01>:|:]10>) are the maximally entangled
Bell states. The requirement of unit trace places a constraint on the real parameters «,
£ and ~y as
204+ 35 +v=1 (2.12)

This constraint implies that one can eliminate one of the three parameters, and one can
rewrite 3 in terms of o and 7y ; however, the entire analysis is valid for the other choices
as well. The domains for a and ~y can be calculated from the unit trace condition and
turn out to be 0 < o < 1/2 and 0 < v < 1. The Peres-Horodecki positive-partial-
transposition (PPT) criterion is a necessary and sufficient condition for 2®3 dimen-
sional systems and can hence be used to characterize the entanglement of p via the
entanglement measure negativity N . The partial transpose with respect to the qubit for
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2. Bipartite Entanglement Detection on an NMR Quantum Processor

the two-parameter class of states defined in Eq. (2.11) can be written as

o7 = afloyio2] + 1212+ CED (1667 + 10)10] + foryon]
¢ g 6 213

The negativity N(p) for the two-parameter class of states can be calculated from its
partial transpose and is given by [[173]

N(p) = max{(2a + 2y — 1),0} (2.14)

Clearly, states with 0.5 < a + v < 1 have nonzero negativity (i.e. , are NPT) and are
hence entangled. To extend the Bloch representation for qubits to a qubit-qutrit system
described by a 2®3 dimensional hybrid linear vector space an operator O operating on
this joint Hilbert space can be written as [[174]

3 8
=1 j=
where @ and ¥ are vectors belonging to linear vector spaces of dimension 3 and 8
respectively, I and I, are identity matrices of dimensions 2 and 3 respectively and
o, are the Pauli spin matrices used to span operators acting on the Hilbert space of the
qubit. \; are the Gell-Mann matrices [[175], used to span operators acting on the Hilbert
space of the qutrit; other isomorphic choices are equally valid. A Hermitian witness
operator can be constructed for every entangled quantum state, and the expectation
value of the witness operator can be locally measured by decomposing the operator
as a weighted sum of projectors onto product-state vectors [60, 80, [176]. The p for
the 2®3 system given in Eq. is NPT for 0.5 < (o + ) < 1. The eigenvalues
for p'T (where PT represents partial transposition with respect to the qubit) are c,
$(1—20—27), and £(1—2a+27). The eigenvalue §(1—2c—2v) remains negative for
NPT states, and the corresponding eigenvector is denoted by |n). The corresponding

entanglement witness operator can be written as W = (|n)(n|)FT with it’s matrix
representation
[1 0 0 0 0 0]
000100
00 0O0O0O0
W=3101000 0 (2.16)
000O0O0O0
0000 0 1]
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2.3 Entanglement Detection in a 23 Dimensional Quantum System

The entanglement witness W is capable of detecting entanglement of the 23 dimen-
sional p given in Eq. (2.T1). Once can explore the decomposition of the entanglement
witness W in terms of local observables, so that it can used to detect entanglement of
the two-parameter class of states of the 2®3 dimensional p. The explicit decomposi-
tion of W as per Eq. (2.15) results in the following:

0
0
0
0 0 L [t0o000000
7:0,7:0and, =-101 000000 (2.17)
0 0 21001000 0 0
0
1

The components of @ and ¥, ie. , wi(t = 1,2,3) and v;(j = 1,2,3,...,8) can be
obtained from u; = Tr[W(o; ® I3)] and v; = Tr[W (I, ® A;)]. Similarly, the el-
ements of the matrix 5 can be obtained from J3;; = Tr[W(o; ® A;)]. There are 35
real coefficients in the expansion in Eq. , of which 3 coefficients constitute 7,
8 coefficients constitute 7, and the remaining 24 are contained in the § matrix. Each
nonzero entry in 7, U, or 3 matrix is the contribution of the corresponding qubit-
qutrit product operator [28]] used in the construction of operator W. Hence one can
infer by inspection of the nonzero matrix entries in Eq. that one requires the
expectation values of at least four operators in a given state in order to experimentally
construct the witness operator W. While the maximum number of expectation values
required to be measured is four, the question remains if this is an optimal set or if one
can find a smaller set which will still be able to detect entanglement.

Fraction of entanglement was computationally detected by gradually increasing the
number of local observations, and the results of the simulation are depicted in Fig. 5(a)
as a bar chart. One may note here that even if only one observable [one element of the
$ matrix in Eq. (2.13)] is measured, half of the randomly generated entangled states
are detected. As the number of measured observables is increased, the fraction of
detected entangled states improves, as shown in Fig. 2.5(a). To generate the bar plots
in Fig. [2.5(), only one random local measurement is selected out of the maximum
35 possible measurements. Only those choices which will establish a decomposable
entanglement witness of unit trace are valid. For one such choice (denoted by W),
Tr(Wip) is plotted in Fig. 2.5(b) in the range 0 < o < 0.5 and 0< v <1. As s
evident, this Wy (based on only one random local measurement) does not detect all the
entangled states which were detected by W. The fraction of entangled states detected
by W; can be computed from geometry, i.e. , how much area that is spanned by the
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2. Bipartite Entanglement Detection on an NMR Quantum Processor

parameters « and y represents entangled states and how much of that area is detected
by the corresponding entanglement witness operator.

(a)

Fraction of Detected
Entangled States

0.2
0.0
4 0.2 )0.4
9);5 6 o 0 9-)/'5 1’0'0().20(

Figure 2.5: (a) Bar graph showing the fraction of the detected entangled states plotted as
a function of the number of local measurements from the simulation on the qubit-qutrit
system. Plots of (a) Tr(Wipag), (b) Tr(Wirpap), and (¢) Tr(Wirrpap) for 0 < a <
0.5 and 0 < v < 1. The entanglement witness operators Wy, Wy, Wiy are constructed
by choosing sets of one, two, and three random local measurements at a time, respectively.
A reference plane (gray shaded) at vanishing trace is also plotted to better differentiate

positive and negative values.

If one consider two random local measurements at a time to construct a valid entan-
glement witness [V in Fig.[2.5(c)], the detected fraction of entangled states improves
from 0.50 to 0.67 [the second bar in Fig. 2.5(a)]. One can observe from the geometry
that Wy; detects more entangled states than Wy, but this fraction is still smaller than
those detected by W. The result of choosing three random local measurements (denoted
by witness operator Wiyy) is plotted in Fig. 2.5(d), and it detects 83.3 % of the total
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2.4 Conclusions

entangled states [the third bar in Fig. [2.5(a)]. Increasing the set of random local mea-
surements hence increases the probability of detecting entanglement. The worst-case
detection fraction is shown in Fig. [2.5(a) when choosing random local measurements.
A fraction of 1 in Fig. [2.5(a) implies that the corresponding set of four random local
measurements will always be able to detect entanglement in the state if it exists.

2.4 Conclusions

This chapter was aimed at detecting the entanglement of a two-qubit state without any
prior state information and with minimum experimental efforts. It has been success-
fully demonstrated in an actual experiment that the scheme based on local random
measurements is able to detect the presence of entanglement, on a two-qubit NMR
quantum-information processor. An optimal set of random local measurements was
arrived at via semi-definite programming to construct entanglement witnesses that de-
tect bipartite entanglement. The local measurements on each qubit were converted into
a single measurement on one of the qubits by transforming the state. This was done
to simplify the experimental scheme and is completely equivalent to the originally in-
tended local measurements. Scheme based on random local measurements have been
extended to hybrid systems, where qudits of different dimensionality are involved. For
the particular case of a qubit-qutrit system, a simulation is performed to demonstrate
the optimality of the detection scheme. Characterization of entangled states of qudits
is a daunting task, and this work holds promise for further research in this direction.
Results of this chapter are published in Phys. Rev. A 94, 062309 (2016).
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Chapter 3

Non-Classical Correlations and
Detection in a Single-Shot Experiment

3.1 Introduction

In this chapter, the focus is on more generalized quantum correlations possessed even
by separable states. Such quantum correlations are best captured by a nonclassicality
quantifier “quantum discord”(QD) [122]]. Quantum correlations are those correlations
which are not present in classical systems, and in bipartite quantum systems are asso-
ciated with the presence of QD [7, 122, 177]. In quantum information theory, QD is
a measure of nonclassical correlations between the subsystems of a quantum system.
It includes correlations that are due to quantum physical effects and may not involve
quantum entanglement. QD utilizes the concept of mutual information. In a bipartite
system the mutual information is a measure of knowledge gained, by measuring one
variable, about the other and involves entropy in the observed statistics. In classical
information, theory there are two inequivalent expressions for the mutual information
which are equivalent for all classical probability distributions or statistics observed by
measuring systems possessing only classical correlations. In case, the system involved
possesses quantum correlations then one gets different mutual information, from two
expressions defined in the classical information theory, by virtue of the way they are
defined. This difference is indeed the QD as it arises due to the quantum nature of the
involved system to generate the statistics which is further used to compute QD. Formal
definition is given in Sec{3.2.4] Quantum correlations captured by QD in a bipartite
mixed state can go beyond quantum entanglement and therefore can be present even in
separable states [[178]. The threshold between classical and quantum correlations was
investigated in linear-optical systems by observing the emergence of QD [179]. QD
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3. Non-Classical Correlations and Detection in a Single-Shot Experiment

was experimentally measured in systems such as NMR, that are described by a devia-
tion density matrix [180, 181, [182]. Further, environment-induced sudden transitions
in QD dynamics and their preservation were investigated using NMR [[183| [184]].

It has already been demonstrated that even with very low (or no) entanglement,
quantum information processing can still be performed using nonclassical correla-
tions [185, [186]], which are typically characterized by the presence of QD. However,
computing and measuring QD typically involves complicated numerical optimization
and furthermore it has been shown that computing QD is NP-hard [187, 188} [189]. It
is hence of prime interest to find other means such as witnesses to detect the presence
of quantum correlations captured by QD [190]. While there have been several ex-
perimental implementations of entanglement witnesses [81} 182, [191]], there have been
fewer proposals to witness nonclassicality. A nonlinear classicality witness was con-
structed for a class of two-qubit systems [192] and experimentally implemented using
NMR [193]194] and was estimated in a linear optics system via statistics from a sin-
gle measurement [195]. It is to be noted that as the state space for classical correlated
systems is not convex, a witness for nonclassicality is more complicated to construct
than a witness for entanglement and is necessarily nonlinear [196].

In the this chapter two qubits were used to demonstrate the experimental detec-
tion of nonclassicality through a recently proposed positive map method [125]. Two
NMR qubits have been recently used to demonstrate very interesting QIP phenomena
such as the quantum simulation of the ground state of a molecular Hamiltonian [197],
the quantum simulation of the Avian compass [198]], observing time-invariant coher-
ence at room temperature [199]] and preserving QD [[153]. The map is able to witness
nonclassical correlations going beyond entanglement, in a mixed state of a bipartite
quantum system. The method requires much less experimental resources as compared
to measurement of QD using full state tomography and therefore is an attractive al-
ternative to demonstrating the nonclassicality of a separable state. The map imple-
mentation involves two-qubit gates and single-qubit magnetization measurements and
can be achieved in a single experimental run using NMR. Our implementation of the
nonclassicality witness involves the sequential measurement of different free induction
decays (FIDs, corresponding to the NMR signal) in a single run of the same experi-
ment. This is possible since NMR measurements are nondestructive, thus allowing
sequential measurements on the same ensemble. This feature was exploited to imple-
ment the single-shot measurement of the map value. The NMR pulse sequence used on
Bruker Avance-III spectrometer is given Appendix{B| Experiments were performed on
a two-qubit separable state (non-entangled) which contains nonclassical correlations.
Further, the state was allowed to freely evolve in time under natural NMR decohering
channels, and the amount of nonclassicality present was evaluated at each time instant
by calculating the map value. Results were compare using the positive map witness
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with those obtained by computing the QD via full state tomography, and a good match
was obtained.

Further, it was observed that beyond a certain time, the map was not able to detect
nonclassicality, although the QD measure indicated that nonclassicality was present in
the state. This implies that while the positive map nonclassicality witness is easy to
implement experimentally in a single experiment and is a good indicator of nonclas-
sicality in a separable state, it is not able to characterize nonclassicality completely.
In our case this is typified by the presence of a small amount of QD when the state
has almost decohered or when the amount of nonclassicality present is small. This of
course leaves open the possibility of constructing a more optimal witness.

3.2 Experimental Detection of Non-Classical Correla-
tion (NCC)

3.2.1 Nonclassicality Witness Map Construction

For pure quantum states of a bipartite quantum system which are represented by one-
dimensional projectors |¢)(1)| in a tensor product Hilbert space Ha ® Hpg, the only
type of quantum correlation is entanglement [38,, 200]. However, for mixed states the
situation is more complex and quantum correlations can be present even if the state is
separable i.e. it is a classical mixture of separable pure states and can be written as

Peep = Y _Wipl @ p} (3.1)
where w; are positive weights and p, pP are pure states in Hilbert spaces H 4 and

Hp respectively [148]. A separable state is called a properly classically correlated
state(PCC) if it can be written in the form [50]

prec = 3 pile) (e:] @ [eg) P (e (3.2)
ij

where pj; is a joint probability distribution and |e;)* and |e;)® are local orthogonal
eigenbasis in local spaces J{, and Hp respectively. A state that cannot be written in
the form given by Eq. is called a nonclassically correlated (NCC) state. An NCC
state can be entangled or separable. The correlations in NCC states can go beyond
those present in PCC states and are due to the fact that the eigenbasis for the respective
subsystems may not be orthogonal [201]. A typical example of a bipartite two-qubit
NCC state has been discussed in reference [202] and is given by:

o = 3 [100)(00] + [14+)¢1 + (3:3)
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with |[+) = \/% (|0) + |1)). In this case the state has no product eigenbasis as the eigen-
basis for subsystem B, since |0) and |+) are not orthogonal to each other. The state
is separable (not entangled) as it can be written in the form given by Eq. (3.1)); how-
ever since it is an NCC state, it has non-trivial quantum correlations and has non-zero
QD. How to pin down the nonclassical nature of such a state with minimal experi-
mental effort and without actually computing QD is something that is desirable. It
has been shown that such nonclassicality witnesses can be constructed using a positive
map [125].
The map W over the state space H = Hy ® Hp takes a state to a real number R

W:H —R (3.4)

This map is a nonclassicality witness map i.e. it is capable of detecting NCC states in
JH state space if and only if [125]:

(a) For every bipartite state ppcc having a product eigenbasis, W(ppcc) > 0.

(b) There exists at least one bipartite state pycc (having no product eigenbasis) such
that W(chc) < 0.

A specific non-linear nonclassicality witness map proposed by [[125] is defined in terms
of expectation values of positive Hermitian operators A, Ay ... Ap:

W(p) =c— (Tr(pA1)> (Tr(pAg)) ...... <Tr(pAm)> (3.5)

where ¢ > 0 is a real number. For the case of two-qubit systems using the operators
Ay =00)(00] and A, = |14)(1 + | a nonclassicality witness map can be obtained for

state in Eq. as:
Wo(p) = ¢ = (Tr(p[00)(00])) (Tr(p|1+){1 + ) (3.6)

The value of the constant c in the above witness map has to be optimized such that
for any PCC state p having a product eigenbasis, the condition W,(p) > 0 holds
[125]. In order to optimize value of ¢ in Eq. let us set 7 = [s)(s| ® p® with
|s) = \/Li(|0> + ¢?|1)); 0 be any angle and p® is a single qubit state. Then, f(ppoc) =
(Tr(p[00)(00])) (Tr(p|14+)(1 + |)) is maximized for a state written in the form of 7 i.e.

1
Copt = mTaXf(T) = max Z<O|pB|O><+\pB|+>
p

Further using

B a b
P _[b* 1—a}
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B

with 0 < a < 1 and b being a complex number. p° is positive requiring |b| <

va(l —a). So

2Re(b) + 1 142 1—
o g SRR EY alt 4 2/a(l —a]
a,b 8 a 8
After this step it is only a maximization process and the above expression takes its

maximum value when a is & = #ﬁ, which results in

all +24/a(1 —a)) _ 0.182158
g .

Copt =

The map given by Eq. (3.6) does indeed witness the nonclassical nature of the state
o as (Tr(p|00)(00|)) (Tr(p|14)(1 + |)) for p = o has the value 0.25, which suggests
that the state o is an NCC state [[125]. The value of a nonclassicality map, which when
negative implicates the nonclassical nature of the state, is defined as its map value
(MV).

3.2.2 NMR Experimental Setup For NCC Detection

In order to implemented the nonclassicality witness map W, on an NMR sample of
13C-enriched chloroform dissolved in acetone-D6; the 'H and '*C nuclear spins were
used to encode the two qubits (see Fig. [3.1]for experimental parameters). Unitary op-
erations were implemented by specially crafted transverse radio frequency pulses of
suitable amplitude, phase and duration. Since a heteronuclear 'H-'3C spin system was
used to encode the qubits, standard pulse calibration methods available on the dedi-
cated NMR spectrometer software were used for pulse optimization and gave accurate
results. A sequence of spin-selective pulses interspersed with tailored free evolution
periods were used to prepare the system in an NCC state as described below, written
using spin-angular momentum operators:
L+ L, @3 1) 41, AL, T,
Lok + 213,19y (ﬂi Loy + 214,15, (*ﬂ_/4>)§
V2 V2
(IQZ + IQX + 2IlZI2Z - 211Z12X)
2

One can begin with the system in thermal equilibrium and ignore the identity part of
the density matrix, which does not evolve under RF (radio frequency) pulses. The
RF pulses (a)} are written above each arrow, with « denoting the pulse flip angle,
i = 1,2 denoting the qubit on which the pulse is being applied and j = x,y, z being
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1
(a) H ), = 437177 Hz, ve = 11655.76 Hz
Jom = 215 + 0.15 Hz
13C TH =710+ 0435

TH# =0.17 £ 0.01 s
TC¢ =17.20 £ 0.88 s
TS =310+ 0.14 s

(b) lH ISC

1) [0) 1) Qubit 2

Qubit 1 "

8.2 8.1 8.0 7.9 7.8 79.0 78.6 782 T77.8 774

(c)

—

8.2 8.1 8.0 7.9 7.8 79.0 78.6 78.2 77T.8 T7.4
wp (ppm) wc (ppm)

Figure 3.1: (a) Molecular structure of 3C labeled chloroform with the two qubits encoded
as nuclear spins of 'H and '3C; system parameters including chemical shifts v;, scalar
coupling strength J (in Hz) and relaxation times T; and Ty (in seconds) are tabulated
alongside. (b) Thermal equilibrium NMR spectra of 'H (Qubit 1) and '3C (Qubit 2) after a
5 readout pulse. (c) NMR spectra of 'H and '3C for the o NCC state. Each transition in the
spectra is labeled with the logical state (|0) or |1)) of the “passive qubit” (not undergoing

any transition).
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(a)
Qubit 1 I-*—i

State
prep.

Qubit 2

(b)

18
8

@ x
Qubit 1 ‘H

T
>

Qubit 2}
State prep.
I

Figure 3.2: (a) Quantum circuit and (b) NMR pulse sequence to create and detect an NCC

state. Unfilled rectangles depict 5 pulses, grey-shaded rectangles depict 7 pulses and
filled rectangles depict 7 pulses, respectively. Phases are written above each pulse, with
a bar over a phase indicating a negative phase. The evolution period was set to 715 = %.
The delay 7 is the time for which the NCC state is allowed to evolve before detection
and the group of pulses and delays labeled as CH gate implement a controlled-Hadamard
operation. The measurements of (Z1), (Z2) and (Z,) magnetizations in the circuit in (a) are
represented by an FID collection symbol at the corresponding points in the pulse sequence
in (b).

the axis along which the pulse is applied. Spatial averaging (denoted by Sp. Av.) is
achieved via a dephasing z-gradient. The NMR spectra of the thermal state and the
prepared NCC state are shown in Fig. [3.1|(b), and the corresponding pulse sequence is
depicted in Fig. [3.2)b). The quantum circuit to implement the nonclassicality witness
map is shown in Fig.[3.2(a). The first module represents NCC state preparation using
the pulses as already described. The circuit to capture nonclassicality of the prepared
state consists of a controlled-Hadamard (CH) gate, followed by measurement on both
qubits, a CNOT gate and finally detection on ‘Qubit 2°. The CH gate is analogous
to a CNOT gate, with a Hadamard gate being implemented on the target qubit if the
control qubit is in the state |1) and a ‘no-operation’ if the control qubit is in the state
|0). The NMR pulse sequence corresponding to the quantum circuit is depicted in
Fig.[3.2(b). The set of pulses grouped under the label ‘State prep.” convert the thermal
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3. Non-Classical Correlations and Detection in a Single-Shot Experiment

equilibrium state to the desired NCC state. A dephasing z-gradient is applied on the
gradient channel to kill undesired coherences. After a delay 7 followed by the pulse
sequence to implement the CH gate, the magnetizations of both qubits were measured
with 7 readout pulses (not shown in the figure). In the last part of detection circuit
a CNOT gate is applied followed by a magnetization measurement of ‘Qubit 2’; the
scalar coupling time interval was set to 75 = % where J is the strength of the scalar
coupling between the qubits. Refocusing pulses were used during all J-evolution to
compensate for unwanted chemical shift evolution during the selective pulses. State
fidelity was computed using the Uhlmann-Jozsa measure [171}[172](also see Eq. (2.7)),
and the NCC state was prepared with a fidelity of 0.97 £ 0.02.

To detect the nonclassicality in the prepared NCC state via the map W, the ex-
pectation values of the operators |00) (00| and |1+)(1 + | are required. Re-working the
map brings it to the following form [125]]

Wo(p) = Copt — 1—16 (14 (Z1) + (Zo) + (Z5)) x (1 = (Z1) + (Z2) = (Z3))  (B.7)
where (Z;) and (Z,) are the magnetizations of ‘Qubit 1” and ‘Qubit 2’ after a CH gate
on the input state p, while (Z,) is the magnetization of ‘Qubit 2’ after a CNOT gate.
The theoretically expected normalized values of (Z), (Zs) and (Z)) for state p = o
are 0, 1 and 0 respectively. Map value (MV) is —0.067862 < 0 and as desired this map
does indeed witness the presence of nonclassicality. The experimentally computed MV
for the prepared NCC state turns out to be —0.0406 £ 0.0056, proving that the map is
indeed able to witness the nonclassicality present in the state.

3.2.3 Map Value Dynamics

The prepared NCC state was allowed to evolve freely in time and the MV calculated at
each time instant, in order to characterize the decoherence dynamics of the nonclassi-
cality witness map. As theoretically expected, one should get a negative MV for states
which are NCC. MV was measured at time instants which were integral multiples of
% ie. %]—n (withn=0,1,3,5,7,9, 11, 13, 15, 20, 25, 30, 35, 40, 45 and 50), in order
to avoid experimental errors due to J-evolution. The results of experimental MV dy-
namics as a function of time are shown in Fig[3.3(a). Experiments were repeated eight
times to estimate the errors as depicted in the figure. As seen from Fig. [3.3(a), the
MYV remains negative (indicating the state is NCC) for up-to 120 ms, which is approxi-
mately the 'H transverse relaxation time. The standard NMR decoherence mechanisms
are denoted by T, the spin-spin relaxation time which causes dephasing among the en-
ergy eigenstates and T; the spin-lattice relaxation time, which causes energy exchange
between the spins and their environment. For comparison, the MV was also calculated

62



3.2 Experimental Detection of Non-Classical Correlation (NCC)

O

6 0.45
s -
o I 1 L 20.401" " =
£2 1
£ : I I 1 1 QE 0.35
[=9
2 = 0.30
4 II 50.25
6 0.20: _ - i
0.1 0.2 0.3 0.4 0.5 0.1 02 ) 0.4 0.5
Time(s) Time(s)
(b) (@)
6
4 i ¥ i i 1.0
g I
Z2 I . 0.9
~ 0 i b=
g ik g o8
S2p o3 2
4B 0.7
-6 0.1 0.2 0.3 0.4 0.5 06 0.1 02 0.3 0.4 0.5
Time(s)

Time(s)

Figure 3.3: (a) Experimental map value (in x 1072 units) plotted as a function of time.
(b) Map value (in x 102 units) directly calculated from the tomographically reconstructed
state at each time instant (c) Time evolution of quantum discord (characterizing total quan-
tum correlations present in the state) for the NCC state (d) Time evolution of state fidelity.
The red squares represent fidelity of the experimentally prepared NCC state ocxp(t) evolv-

ing in time, w.r.t. the theoretical NCC state at time t = 0.

directly using Eq. (3.6) with ¢ = c,y, from the state which was tomographically recon-
structed at each time instant via full state tomography [41]. The results are shown in
Fig.[3.3(b), which are in good agreement with direct experimental MV measurements.
The state fidelity was also computed at the different time instants and the results are
shown in Fig.[3.3](c). The red squares in Fig.[3.3|c) represent state fidelity of the exper-
imental state gep(;) €volving in time, w.r.t. the theoretical NCC state Ttheo(0) at time

t = 0 given in Eq. (3.3).

3.2.4 Quantum Discord Dynamics

Map value evaluation of nonclassicality was also compared with the standard mea-
sure of nonclassicality, namely QD [122, 203]. The state was reconstructed by peR-
Forming full quantum state tomography and the QD measure was computed from the
experimental data. Quantum mutual information can be quantified by the equations:

S(pa) +S(p) — S(pas)
S(PB) - S(PB|PA)

where S(pg|pa) is the conditional von Neumann entropy of subsystem B when A has
already been measured. QD is defined as the minimum difference between the two

I(paB)

Jalpas) = (3.8)
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formulations of mutual information in Eq. (3.8):

Da(pas) = S(pa) — S(pas) + S(ps|{I1}'}) (3.9)

QD hence depends on projectors {HjA}. The state of the system, after the outcome
corresponding to projector {HJA} has been detected, is

(II* @ Ig) pas (I @ 1)
Dj

pasl{Il'} = (3.10)
with the probability p; = Tr ((II* ® Ig)pas(Il* ® Ig)); Ip is identity operator on
subsystem B. The state of the system B, after this measurement is

pel{II}} = Tra (pas[{TI}}) 3.11)

S (p|{II}) is the missing information about B before measurement {II*}. The ex-
pression

S(ppl{II}) = ijs (pe{II}) (3.12)

is the conditional entropy appearing in Eq. (3.9). In order to capture the true quan-
tumness of the correlation one needs to peRForm an optimization over all sets of von-
Neumann type measurements represented by the projectors {HJA}. One can define
two orthogonal vectors (for spin half quantum subsystems), characterized by two real
parameters 6 and ¢, on the Bloch sphere as:

cos 0]0) + ¢ sin 4|1)
e "?sin 0|0) — cosf|1) (3.13)

These vectors can be used to construct the projectors Hﬁ ’2B, which are then used to
find out the state of B after an arbitrary measurement was made on subsystem A. The
definition of conditional entropy (Eq. (3.12)) can be used to obtain an expression which
is parameterized by 6 and ¢ for a given state pap. This expression is finally minimized
by varying 6 and ¢ and the results fed back into Eq. (3.9), which yields a measure of
QD independent of the basis chosen for the measurement of the subsystem.

To compare the detection via the positive map method with the standard QD mea-
sure, the state was let evolve for a time 7 and then reconstructed the experimentally
prepared via full quantum state tomography and calculated the QD at all time instants
where the MV was determined experimentally (the results are shown in Fig. [3.3(d)).
At 7 =0s, anon-zero QD confirms the presence of NCC and verifies the results given
by MV. As the state evolves with time, the QD parameter starts decreasing rapidly, in
accordance with increasing MV. Beyond 120 ms, while the MV becomes positive and
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hence fails to detect nonclassicality, the QD parameter remains non-zero, indicating
the presence of some amount of nonclassicality (although by this time the state fidelity
has decreased to 0.7). However, value of QD is very close to zero and in fact cannot
be distinguished from contributions due to noise. One can hence conclude that the
positive map suffices to detect nonclassicality when decoherence processes have not
set in and while the fidelity of the prepared state is good. Once the state has decohered
however, a measure such as QD has to be used to verify if the degraded state retains
some amount of nonclassical correlations or not. While the constructed nonclassical-
ity witness is not optimal and hence cannot be quantitatively compared with a stricter
measure of nonclassicality such as a measurement of the QD parameter, in most cases
the witness suffices to detect the presence of nonclassicality in a quantum state without
having to resort to more complicated experimental schemes.

3.3 Conclusions

In the work described in this chapter, nonclassical correlations were detected experi-
mentally in a separable two-qubit quantum state, using a nonlinear positive map as a
nonclassicality witness. The witness is able to detect nonclassicality and its obvious
advantage lies in its using much fewer experimental resources as compared to quantify-
ing nonclassicality by measuring quantum discord via full quantum state tomography.
It will be interesting to construct and utilize this map in higher-dimensional quantum
systems and for multi-qubits, where it is more challenging to distinguish between clas-
sical and quantum correlations. It has been posited that quantum correlations, which
can go beyond quantum entanglement (and are captured by quantum discord and can
thus be present even in separable states), are responsible for achieving computational
speedup in quantum algorithms. It is important from the point of view of quantum in-
formation processing, to confirm the presence of such correlations in a quantum state,
without having to expend too much experimental effort. The work described in this
chapter is a step forward in this direction. Results of this chapter are contained in
Phys. Rev. A 95, 062318 (2017).
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Chapter 4

Experimental Classification of
Entanglement in Arbitrary
Three-Qubit States

4.1 Introduction

This chapter extends the goal of entanglement detection from a bipartite scenario, re-
ported in Chapter [2] to multipartite case. Experimental characterization of arbitrary
three-qubit pure states is undertaken. The three-qubit states can be classified into six
inequivalent classes [73]] under SLOCC [204]. Protocols have been invented to carry
out the classification of three-qubit states into the SLOCC classes [205} 206]. A re-
cent proposal [207]] aims to classify any three-qubit pure entangled state into these
six inequivalent classes by measuring only four observables. Previously constructed
scheme [157] to experimentally realize a canonical form for general three-qubit states,
is used to prepare arbitrary three-qubit states with an unknown amount of entangle-
ment. Experimental implementation of the entanglement detection protocol is such
that a single-shot (using only four experimental settings) is able to determine if a state
belongs to the W class or to the GHZ class. Schemes are devised to map the desired
observables onto the z-magnetization of one of the subsystems, making it possible to
experimentally measure its expectation value on NMR systems [42]. Mapping of the
observables onto Pauli z-operators of a single qubit eases the experimental determi-
nation of the desired expectation value, since the NMR signal is proportional to the
ensemble average of the Pauli z-operator.

The protocol has been tested on known three-qubit entangled states such as the
GHZ state and the W state as well as on randomly generated arbitrary three-qubit
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states with an unknown amount of entanglement. Seven representative states belong-
ing to the six SLOCC inequivalent classes as well as twenty random states were pre-
pared experimentally, with state fidelities ranging between 89% to 99%. To decide
the entanglement class of a state, the expectation values of four observables were ex-
perimentally measured in the state under investigation. All the seven representative
states (namely, GHZ, W, WW, three bi-separable states and a separable state) were
successfully detected within the experimental error limits. Using this protocol, the ex-
perimentally randomly generated arbitrary three-qubit states were correctly identified
as belonging to either the GHZ, the W, the bi-separable or the separable class of states.
Full quantum state tomography is performed to directly compute the observable value.
Reconstructed density matrices were used to calculate the entanglement by comput-
ing negativity in each case, and the results compared well with those of the current
protocol.

4.2 Detecting Tripartite Entanglement

There are six SLOCC inequivalent classes of entanglement in three-qubit systems,
namely, the GHZ, W, three different biseparable classes and the separable class [73]].
A widely used measure of entanglement is the n-tangle [208,209] and a non-vanishing
three-tangle is a signature of the GHZ entangled class and can hence be used for their
detection. For three parties A, B and C, the three-tangle 7 is defined as

T = C,i(BC) — Cig — Cig 4.1)

with C, 5 and () being the concurrence that characterizes entanglement between A
and B, and between A and C respectively; C' A(BC) denotes the concurrence between A
and the joint state of the subsystem comprising B and C [120]]. It was shown [120] that
for a pure state of form |£) = Zij,k:o bik|ijk) with Z;’j’kzo |bijr|? = 1 the quadratic
expression in concurrence can be written as

C,Z(BC) — Cip — Cig = 4|dy — 2dy + 4ds| (4.2)
with

di = bygobliy + bgorbi1g + b1ob101% + bToobo,
dy = booob111b011b100 + booob111b1010010 + booob111b110b001

+b011010001010010 + bo11010001100001 + D1010010b110b001
ds = booobi10b101b011 + b11100010010b100 (4.3)
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4.2 Detecting Tripartite Entanglement

The idea of using the three-tangle to investigate entanglement in three-qubit generic
states is particularly interesting and general, as any three-qubit pure state can be written
in the canonical form [210]

[0) = ap|000) + a1 |100) + a|101) + az|110) + ay|111) (4.4)

where a; > 0, Y .a? = 1 and § € [0, 7], and the class of states is written in the
computational basis {|0),|1)} of the qubits. On comparing the coefficients of general
three-qubit pure state, |€) with the generic state |¢)) one can observe that bygy = ay,
bioo = a1€, bigy = as, b119 = as and by1; = a4 and hence can compute d; in Eq. .
On using resulting d; in Eq. the three-tangle for the generic state Eq. turns
out to be [207]]

Ty = 4aja; (4.5)

Three-tangle can be measured experimentally by measuring the expectation value of
the operator O = 20,,0,,03,, in the three-qubit state [1)). Here o, _ are the Pauli
matrices and ¢ = 1,2, 3 denotes qubits label and the tensor product symbol between

the Pauli operators has been omitted for brevity. One can compute

0 000 ao
0
0
0

a it
a2
as

L a4

(4.6)

(PIO|¥) =[ap 0 0 0 are™™ ay as a4
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and this results in (¢¥|O[¢)* = (O)7 = 47,. A non-zero expectation value of O
implies that the state under investigation is in the GHZ class [73]. In order to further
categorize the classes of three-qubit generic states three more observables are defined
as O, = 20,,05,05,, Oy = 20,,0,,05,, O3 = 20,,0,,04,. Experimentally measuring
the expectation values of the operators O, O, O, and O can reveal the entanglement
class of every three-qubit pure state [206,[207]. Tabled.T|summarizes the classification
of the six SLOCC inequivalent classes of entangled states based on the expectation
values of the observables O, O, O,, Os. The six SLOCC inequivalent classes of three-
qubit entangled states are GHZ, W, BS;, BS,, BS3 and separable. While GHZ and W
classes are well known, BS; denotes a biseparable class having B and C subsystems
entangled, the BS, class has subsystems A and C entangled, while the BS3 class has
subsystems A and B entangled. As has been summarized in Table 4.1|a non-zero value
of (O) indicates that the state is in the GHZ class and this expectation value is zero for
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Table 4.1: Decision table for the classification of three-qubit pure entangled states based
on the expectation values of operators O, O, O, and Oy in state |1)). Each class in the

row is shown with the expected values of the observables.

Class (O) (Op) (Oy) (Oy)
GHZ # 0 *

W 0 #0 #0 #0
BS; 0 70
BS, 0 0 40 0
BS; 0 #0 0 0

Separable | 0 0 0 0

* May or may not be zero.

all other classes. For the W class of states all (O;) are non-zero except (O). For the
BS; class only (Oj) is non-zero while only (O,), and (O;) are non-zero for the classes
BS, and BS3, respectively. For separable states all expectations are zero.

In order to experimentally realize the entanglement characterization protocol, one
has to determine the expectation values (O), (Oy), (O2) and (Os3) for an experimentally
prepared state |)). Next section describes the method to experimentally realize these
expectation values based on subsystem measurement of the Pauli z-operator [42] and
scheme for generating arbitrary three-qubit states [157]].

4.2.1 Mapping Pauli basis operators to single-qubit z-operators

A standard way to determine the expectation value of a desired observable in an ex-
periment is to decompose the observable as a linear superposition of the observables
accessible in the experiment [7]. This task becomes particularly accessible while deal-
ing with the Pauli basis. Any observable for a three-qubit system, acting on an eight-
dimensional Hilbert space can be decomposed as a linear superposition of 64 basis
operators, and the Pauli basis is one possible basis for this decomposition. Let the set
of Pauli basis operators be denoted as B = {B;;0 < i < 63}. For example, O, has
the form o,,0,,05, and it is the element Byg of the basis set B. The four observables
0, O, O, and Oy are represented by the elements By, Bos, Bog and B3 respectively
of the Pauli basis set B. Also by this convention the single-qubit z-operators for the
first, second and third qubit i.e. 0,,, 0,, and o5, are the elements Bsg, B2 and Bj
respectively.
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Figure 4.1: (a) Quantum circuit to achieve mapping of the state p to either of the states
Pa1> Pag» Pag OF pss followed by measurement of qubit 3 in the computational basis. (b)
NMR pulse sequence of the quantum circuit given in (a). All the unfilled rectangles denote
5 spin-selective RF pulses while filled rectangles denote 7 pulses. Pulse phases are written
above the respective pulse and a bar over a phase represents negative phase. Delays are

given by 7,; = ﬁij; 1, 7 label the qubit and J is the coupling constant.

Table details the mapping of all 63 Pauli basis operators (excluding the 8®8
identity operator) to the single-qubit Pauli z-operator. This mapping is particularly
useful in an experimental setup where the expectation values of Pauli local z-operators
are easily accessible. In NMR experiments, the z-magnetization of a nuclear spin in
a state is proportional to the expectation value of Pauli z-operator of that spin in the
state.

As an example of the mapping given in Table 4.2] the operator O, has the form
01,04,05, and is the element Bog of basis set B. In order to determine (O,) in the state
p = |1h) (1|, one can map the state p — poyg = Uyy.p.Uly with Uyy = CNOT,3.Y 5.
CNOT;,.Y;. This is followed by finding (5.} in the state p,y. The expectation
value (03,) in the state p,, is equivalent to the expectation value of (O,) in the state
p = |[¢)(1|(Table |.2); the operation CNOT}, is a controlled-NOT gate with k as the
control qubit and [ as the target qubit, and X, X, Y and Y represent local 3 unitary
rotations with phases =, —x, y and —y respectively. The subscript on 7/2 local uni-
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tary rotations denotes qubit number. The quantum circuit to achieve such a mapping is
shown in Fig. . 1](a).

It should be noted that while measuring the expectation values of O, O,, O, or O,
all the Y local rotations may not act in all these four cases. The mapping given in
Table 4.2]is used to decide which Y local rotation in the circuit a) will act. All the
basis operators in set B can be mapped to single-qubit z-operators in a similar fashion.
The mapping given in Table[4.2]is not unique and there are several equivalent mappings
which can be worked out as per the experimental requirements.

4.3 NMR Implementation of Three-Qubit Entanglement
Detection Protocol

The Hamiltonian [28]] for a three-qubit system in the rotating frame is given by
3 3

H==) wvilet Y Jyll (4.7)
i=1 i>ji=1

where the indices 7,5 = 1,2 or 3 represent the qubit number and v; is the respec-
tive chemical shift in rotating frame, J;; is the scalar coupling constant and /;, is the
Pauli z-spin angular momentum operator of the i*" qubit. To implement the entangle-
ment detection protocol experimentally, *C labeled diethylfluoromalonate dissolved
in acetone-D6 sample was used. 'H, °F and '3C spin-half nuclei were encoded as
qubit 1, qubit 2 and qubit 3 respectively. The system was initialized in the pseudopure
(PPS) state i.e. |000) using the spatial averaging [36] 211]] with the density operator
being

pooo = o3 “Is + €000)(000) (4.8)

where ¢ ~ 107° is the thermal polarization at room temperature and Ig is the 8 x 8
identity operator. The experimentally determined NMR parameters (chemical shifts,
T, and T, relaxation times and scalar couplings J;;) as well as the NMR spectra of the
PPS state are shown in Fig. d.2] Each spectral transition is labeled with the logical
states of the passive qubits (i.e. qubits not undergoing any transition) in the compu-
tational basis. The state fidelity of the experimentally prepared PPS (Fig. #.2]c)) was
compute to be 0.98+0.01 and was calculated using the fidelity measure [171, [172]
(also see Eqn. 2.7). For the experimental reconstruction of density operator, full
quantum state tomography (QST)[41, 212] was performed using a preparatory pulse
set {11, XXX, IIY, XYX,YII,XXY,IYY}, where I implies “no operation”. In
NMR a 7 local unitary rotation X (Y’) can be achieved using spin-selective transverse
radio frequency (RF) pulses having phase x(y).
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(a) 4 = 3335.60Hz, Jyc = 161.6Hz
vp = —1110998.38Hz, Jup = 47.5Hz
o = 12889.91Hz, Jpc = —191.5Hz
TH = 3.0+ 0.445, T = 1.4 £ 0.29s
T =3.3£0.15s, TS =1.34£0.22s
TS =3.24+0.38s, TS = 1.2 4 0.18s
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Figure 4.2: (a) Molecular structure of '3C-labeled diethyl fluoromalonate and NMR pa-
rameters. NMR spectra of (b) thermal equilibrium state (c) pseudopure state. Each peak is
labeled with the logical state of the qubit which is passive during the transition. Horizontal
scale represents the chemical shifts in ppm.
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Experiments were performed at room temperature (293K) on a Bruker Avance III
600-MHz FT-NMR spectrometer equipped with a QXI probe. Local unitary operations
were achieved using highly accurate and calibrated spin selective transverse RF pulses
of suitable amplitude, phase and duration. Non-local unitary operation were achieved
by free evolution under the system Hamiltonian Eq. (4.7), of suitable duration under
the desired scalar coupling with the help of embedded 7 refocusing pulses. In the
current study, the durations of % pulses for 'H, 'F and '*C were 9.55 us at 18.14 W
power level, 22.80 us at a power level of 42.27 W and 15.50 pus at a power level of
179.47 W, respectively.

4.3.1 Measuring Observables by Mapping to Local z-Magnetization

As discussed in Sec. 4.2.1] the observables required to differentiate between six in-
equivalent classes of three-qubit pure entangled states can be mapped to the Pauli z-
operator of one of the qubits. Further, in NMR the observed z-magnetization of a nu-
clear spin in a quantum state is proportional to the expectation value of o.-operator [28]
of the spin in that state. The time-domain NMR signal i.e. the free induction decay
with appropriate phase gives Lorentzian peaks when Fourier transformed. These nor-
malized experimental intensities give an estimate of the expectation value of o, of the
quantum state. Let O be the observable whose expectation value is to be measured
in a state p = |¢)(¢)|. Instead of measuring <@> »» the state p can be mapped to p;
using p; = U,. p.UiT followed by z-magnetization measurement of one of the qubits.
Table lists the explicit forms of U; for all the basis elements of the Pauli basis set
B. In the present study, the observables of interest are O, O,, O, and Oy as described
in Sec. 4.2.1] and Table 4.1l The quantum circuit to achieve the required mapping is
shown in Fig. 4.1[(a). The circuit is designed to map the state p to either of the states
Pa1s Pass Pag OF psq followed by a o, measurement on the third qubit in the mapped
state. Depending upon the experimental settings, (Bs) in the mapped states is indeed
the expectation values of O, O,, O, or Oy in the initial state p. The NMR pulse se-
quence to achieve the quantum mapping of circuit in Fig. d.1|(a) is shown in Fig.[4.1|(b).
The unfilled rectangles represent 7 spin-selective pulses while the filled rectangles rep-
resent 7 pulses. Evolution under chemical shifts has been refocused during all the free
evolution periods (denoted by 7;; = &_J_) and 7 pulses are embedded in between the
free evolution periods in such a way that the system evolves only under the desired
scalar coupling J;;.
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Table 4.2: All sixty three product operators, for a three spin (half) system, mapped to the

Pauli z-operators (of either spin 1, spin 2 or spin 3) by mapping initial state p — p; =

Observable Initial State Mapped via Observable Initial State Mapped via

(B1) =Tr[p1.13;] Uy =Ys (Bss) =Trlpss.Is-] Uss = CNOT13.Y3.X1

(B2) = Tr[p2.13:] Uz = X3 (B34) =Tr[p34.I3.] Usqs = CNOT13.X3.X1

(Bs3) = Tr[p3.13:] Us =1s (Bss) =Tr[p3s.13:] Uszs = CNOT13.X;

(Ba) =Tr[ps.1I2.] Us=Y> (Bse) = Trlpse-I2-1 Use = CNOT12.Y2.X1

(Bs) =Trl[ps.I32] Us = CNOT23.Y3.Y 2 (Bsr) =Trlpsr.I3.] Us7 = CNOT23.Y3.CNOT12.Y2.X1
<BG> :Tl‘[pg.lgz] U6 = CNOT23.X3.?2 <ng> = Tr[pgg.[gz] Ugg = CNOTQg.Xg.CNOTlg.?Q.Xl
(B7) = Trlp7.132] U7 = CNOT23.Y 2 (Bsg) = Tr[p3g.I3.] Usg = CNOT23.CNOT12.Y2.X3
(Bs) = Tr[ps.I2:] Us = X2 (Bao) = Tr[pao-I2:] Uso = CNOT12.X2.X;

<Bg> :Tl‘[pg‘lgz] Ug = CNOTQs.?g.XQ <B41> = Tr[p41.132] U41 = CNOTQg.?g.CNOT12.X2.X1
<Blo> =Tr[p10.132] Uig = CNOT23.X3.X2 <B42> =Tr[paz.13~] Ugo = CNOT23.X3.CNOT12.X2.X1
(B11) =Tr[p11.13.] U1 = CNOT23.X> (Ba3) = Tr[pas.I3.] Usz = CNOT23.CNOT12.X2.X1
(B12) =Tr[p12.I3.] U2 =1Ig (Ba4) =Tr[pga.I2:] Usqg = CNOT12.X1

(B13) =Trlp13.I3z] Uiz = CNOT23.Y3 (Bas) =Trlpas.I3:]  Uss = CNOT23.Y3.CNOT12.X1
(B14) =Tr[p14.13:] U1a = CNOT23.X3 (Bae) =Trlpas-I3:] Use = CNOT23.X3.CNOT12.X1
(B1s) =Tr[p15.I3:] Uis = CNOT23 (Bar) =Tr[pa7.I3.] Us7 = CNOT23.CNOT12.X1

(B1e) =Trlp16.11z1 Uie = X1 (Bag) =Tr[pag.I12] Usg =13

(B17) =Trtlp17.132] Uiz = CNOT13.Y3.Y1 (Bag) =Ttlpag.I3.] Usg = CNOT13.Y3

(Big) =Trlp1g.I3z] Uis = CNOT13.X3.Y) (Bso) = Trlps0.13:]1 Uso = CNOT13.X3

(Big) =Trlp19.I3.] Uig = CNOT13.Y (Bs1) =Tr[ps1.I3:]1 Us1 = CNOT13

(Bao) =Trlp2o.l2:] Uszp = CNOT12.Y2.Y1 (Bs2) =Trlps2.l2.]  Usz = CNOT12.Y2

(B21) =Tr[p21.I3.] Uszi = CNOT23.Y3.CNOT12.Y2.Y1 (Bs3)=Trlps3.I3.] Usz = CNOT23.Y3.CNOT12.Y2
<Bzg> = Tr[ngjgz] Uzo = CNOT23.X3ACNOT12.?Q.?1 <B54> = Tr[p54.132] Usyqy = CNOT23.X3.CNOT12.72
(Bas) =Trlpas.I3-] Uszg = CNOT23.CNOT12.Y2.Y1 (Bss) =Trlpss.I3:]  Uss = CNOT23.CNOT12.Y 2

(B2a) =Trlp2a.I2:] Uszqy = CNOT12.X2.Y1 (Bse) = Tr[pse.I2:] Usg = CNOT12.X2

(Bas) =Tr[p2s.I3,] Uss = CNOT23.Y3.CNOT12.X2.Y1  (Bs7)=Titlpsr.I3,] Usy = CNOT23.Y3.CNOT12.X2
(Bag) =Trlpae.I3:] Uze¢ = CNOT23.X3.CNOT12.X2.Y1  (Bsg) =Trlpss.I3.] Uss = CNOT23.X3.CNOT12.X>
<B27> =Tr[p27.132J U27 = CNOng.CNOTlg.XQ.?l <B59> = Tl‘[pg,g.[gzj U59 = CNOT23.CNOT12.X2

(Bag) =Trlpes.I2:] Uszs = CNOT12.Y, (Beo) =Trlpeo.l2:]1 Uso = CNOT12

(Ba2g) = Trlp29.I3;] Usg = CNOT23.Y3.CNOT;2.Y (Bg1) =Trlpe1.I3.] Usi = CNOT23.Y3.CNOT12

<B30> =Tr[p30.132] U3() = CNOT23.X3.CNOT12.?1 <B62> = Tl‘[p@z.[gz] U62 = CNOT23.X3.CNOT12

<B'3,1> =Trl[p31.132] Uzl = CNOT12.CNOT23.71 <Bﬁg> =Trl[pe3.132] Ugz = CNOT23.CNOT12

(B32) =Tr[p32.112] Us2 = X1
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4.3.2 Implementing the Entanglement Detection Protocol

The three-qubit system was prepared in twenty seven different states in order to experi-
mentally demonstrate the efficacy of the entanglement detection protocol. Seven repre-
sentative states were prepared from the six inequivalent entanglement classes i.e. GHZ
(GHZ and WW states), W, three bi-separable and a separable class of states. In ad-
dition, twenty generic states were randomly generated (labeled as Ry, Ry, Raj,....... ,
Ry). To prepare the random states the MATLAB®-2016a random number generator
was used. A recent experimental scheme [157] was utilized to prepare the generic
three-qubit states. For the details of quantum circuits as well as NMR pulse sequences
used for state preparation see [[157]. All the prepared states had state fidelities ranging
between 0.89 to 0.99. Each prepared state p was passed through the detection circuit
a) to yield the expectation values of the observables O,0,, O, and O4 as described
in Sec.[d.3.1] Further, full QST [36] was performed to directly estimate the expectation
value of O, Oy, O, and O, for all the twenty seven states. The results of the experimen-
tal implementation of the three-qubit entanglement detection protocol are tabulated in
Table 4.4} For a visual representation of the data in Table 4.4 bar charts have been
plotted and are shown in Figld.3] The seven known states were numbered as 1-7 while
twenty random states were numbered as 8-27 in accordance with Table 4.4] Horizon-
tal axes in plots of Fig. d.3denote the state number while vertical axes represent the
value of the respective observable. Black, cross-hatched and unfilled bars represent
theoretical (The.), direct (Dir.) experimental and QST based expectation values, re-
spectively. To further quantify the entanglement quotient, the entanglement measure,
negativity [118, 213] was also computed theoretically as well as experimentally in all
the cases (Table[d.3). Experiments were repeated several times for error estimation and
to validate the reproducibility of the experimental results. All the seven representative
states belonging to the six inequivalent entanglement classes were detected success-
fully within the experimental error limits, as suggested by the experimental results in
first seven rows of Table .4 in comparison with Table @d.1] The errors in the experi-
mental expectation values reported in the Table [4.4) were in the range 3.1%-8.5%. The
entanglement detection protocol with only four observables is further supported by
negativity measurements (Table [4.3). It is to be noted here that one will never be able
to conclude that the result of an experimental observation is exactly zero. However it
can be established that the result is non-zero. This has to be kept in mind while inter-
preting the experimentally obtained values of the operators involved via the decision
Table 4.1l

The results for the twenty randomly generated generic states, numbered from 8-27
(R1-Ryg), are interesting. For instance, states Ryy and Ry; have a negativity of approx-
imately 0.35 which implies that these states have genuine tripartite entanglement. On
the other hand the experimental results of current detection protocol (Table #.4) sug-
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4.4 Generalized Three-Qubit Pure State Entanglement Classification

Table 4.3: Theoretically calculated and experimentally measured values of negativity.

Negativity — | Theoretical =~ Experimental || Negativity — | Theoretical Experimental
State | State |
GHZ 0.5 0.46 + 0.03 Rg 0 0.02 £+ 0.02
WW 0.37 0.35 +0.03 Rog 0.07 0.06 + 0.03
\% 0.47 0.41 £0.02 Rio 0.38 0.35+0.08
BS, 0 0.03 £ 0.02 R11 0.32 0.28=+ 0.06
BS» 0 0.05 £+ 0.02 Ri2 0.05 0.04+ 0.02
BS3 0 0.03 +0.03 Ri3 0.18 0.15+ 0.03
Sep 0 0.02 £+ 0.01 Ri4 0.08 0.07£ 0.02
R 0.02 0.04 £+ 0.02 Ris 0.34 0.32£ 0.06
R2 0.16 0.12 + 0.04 Rie 0.30 0.28+ 0.06
R3 0.38 0.35 £ 0.07 Ri7 0 0.03£ 0.02
Ry 0.38 0.34 £+ 0.06 Ris 0 0.02+ 0.02
Rs 0.03 0.04 £+ 0.02 Rig 0.39 0.36=£ 0.09
Re 0.21 0.18 +0.04 Rog 0 0.02+ 0.02
R7 0.09 0.08 +0.03

gest that Ry has a nonzero 3-tangle, which is a signature of the GHZ class. The states
Rs, Ry, Rg, R7, Ry4, Ry and Ry also belong to the GHZ class as they all have non-zero
3-tangle as well as finite negativity. On the other hand, the state R;; has a vanishing
3-tangle with non-vanishing expectation values of O, O, and O3 which indicates that
this state belongs to the W class. The states Ry, Ry3 and Ry5 were also identified as
members of the W class using the detection protocol. These results demonstrate the
fine-grained state discrimination power of the entanglement detection protocol as com-
pared to procedures that rely on QST. Furthermore, all vanishing expectation values as
well as a near-zero negativity, in the case of Rg state, imply that it belongs to the sep-
arable class. The randomly generated states Ry, R5, Ry7, Rig and Ry have also been
identified as belonging to the separable class of states. Interestingly, R;2 has vanishing
values of 3-tangle, negativity, (O2) and (O3) but has a finite value of (O;), from which
one can conclude that this state belongs to the bi-separable BS; class.

4.4 Generalized Three-Qubit Pure State Entanglement
Classification

Above experimental demonstration [43] of the three-qubit entanglement classification
scheme [207] is limited to five-parameter generic state, Eq. (#.4)) [210]. As two dif-
ferent three-qubit pure states of form |£) = le k=0 bije|ijk) can have same generic
state representation [210]. In order to detect and classify the entanglement in gener-
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States

Table 4.4: Results of the three-qubit entanglement detection protocol for twenty seven

states. Label BS is for biseparable states while R is for random states. First column

depicts the state label, top row lists the observable (Obs.) while second row specify if the

observable value is theoretical (The.), direct experimental (Dir.) or from QST.

Obs. — (0) (0y) (0y) (O3)

State(F) | The. Dir. QST | The. Dir QST | The. Dir QST | The. Dir QST
GHZ(0.95+0.03) | 1.00 091 0.5 0 004 003 0 007 005 0 007 -0.02
WW(0.98 £001) | 1.00 094 096 0 0.02 003 0 005 -002| 0  -003 005
W(0.96 £ 0.02) 0 005 004 | 067 060 062 | 067 061 069 | 067 059 0.3
BS1(0.95 & 0.02) 0  -003 002 0  -007 006 0 009 003 | .00 093 095
BS2(0.96 = 0.03) 0 0.04  0.04 0 006 -005| 1.00 090 095 0 005 005
BS3(0.95 £ 0.04) 0 008 -0.06 | 1.00 089 0.94 0 0.09  0.07 0 -004 002
Sep(0.98 £ 0.01) 0  -005 002 0 009 -004| 0O 0.04 003 0 008  0.07
Ry (091+002) | -002 -005 -005| 004 006 005 | 000 003 001 | 000 009 003
Ry (0944+003) | 006 009 008 | -022 -032 -033|-025 -046 -041 | -009 -0.13 -0.16
R3(0934+003) | -0.66 -076 -0.80 | 0.17 0.9 023 | -041 -0.63 -042 | -0.16 -023 -0.20
R4 (091£001) | 017 -025 -031 | -0.15 -025 -021 | -029 -037 -048 | 046 055  0.60
R5(094+003) | -005 -008 -008 | 000 002 005 | 004 006 004 | 000 005 0.07
R (090 +0.02) | -034 -065 -048 | 0.10 0.6 0.19 | -021 -029 -024 | -0.12 -0.19 -0.20
R7(093+£003) | -008 -0.14 -0.10 | 019 022 028 | 005 008 008 | -001 -0.09 -0.11
Rg (0.94+001) | 000 003 004 | 000 004 004 | 000 006 005 | 00l 004 -0.02
Ro (0954+0.02) | -0.13 -0.14 -0.17 | -002 -006 003 | -002 005 -0.03 | 0.03 006 004
Ri0 (0.924£0.03) | 064 084 073 | 003 006 005 | 0.00 007 -003 | -023 -041 -0.25
Ri; (093+£003) | 000 004 -006 | 026 047 038 | 0.16 0.8 031 | 089 1.0l 097
Ri2(0.89£0.02) | -0.02 -0.08 003 | 0.12 019 0.3 | 002 004 003 | 004 007 007
Ri3(0.924£0.03) | 007 -009 -0.10 | -0.17 -026 -020 | 032 044 043 | -033 -0.64 -0.53
Ris (0.94£004) | -0.15 -0.17 -0.19 | 0.02 001 -008 | 001 -005 003 |-002 -005 -0.06
Ri5(0.94+£003) | 008 016 012 | 0.12 016 0.5 | 048 051 068 | -037 -046 -0.61
Ri6 (0.934£0.02) | -0.12 -017 -022 | -008 -0.12 -006 | 062 -0.77 -071 | 0.13 0.18 022
Ri7(093+£004) | 000 007 004 | 000 002 005 | 000 005 005 | 000 009 -0.03
Ris (0.90£0.02) | -0.01 -0.08 002 | 000 004 -002| 000 009 011 | 000 005 0.9
Rig (0.944£0.02) | -0.19 -022 -027 | -0.63 -0.82 -0.86 | -048 -0.73 -054 | 013 020 0.16
R (0.93+£0.03) | 000 -007 -0.01 | 000 005 004 | 000 -004 006 | 000 007 -0.02
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wassaswassssmunzssa:

(01)

0.8
0.4H

lowssazsasasmmmsnsanas

-0.4
-0.8L

3 6 9 12 15 18 21 24 27
State Number

Figure 4.3: Bar plots of the expectation values of the observables O, O, Os and Os
for states numbered from 1-27 (Table [4.4). The horizontal axes denote the state number
while the vertical axes represent the values of the respective observable. Black, cross-
hatched and unfilled bars represent the theoretical (The.), directly (Dir.) measured from
experiment, and QST-derived expectation values, respectively.
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alized three-qubit pure states the proposal in Ref. [[146] is explored. For the experi-
mental demonstration concurrence [115} 214, [215] based entanglement classification
protocol [[146] is investigated. Core of the experimental procedure followed here de-
pends upon finding the expectation value of a desired Pauli operators efficiently and to
achieve this, the schemes described in Refs. [42, 43| 216]] were utilized. Further, ex-
perimental procedures [157]] were developed to prepare any desired three-qubit generic
states and used it in the current study to prepare states with arbitrary entanglement quo-
tient.

Consider a three-qubit pure state |¥). The state is fully separable if one can write
|U) = |¢1) ® |¢2) ® |13). In case |¥) is biseparable under bipartition 1|23 then it
is always possible to write [¥) = [t1)1) @ [i23) where second and third qubits are in
an entangled state |i23). Similarly one many have other two bipartitions as 2|13 and
3|12. In case |¥) can not be written as a fully separable or biseparable then the state
is genuinely entangled. There are two SLOCC inequivalent classes of genuine three-
qubit entanglement [73]] namely, GHZ and W class. Hence any three-qubit pure state
can belong to either of the six SLOCC inequivalent classes i.e. GHZ, W, three different
biseparable classes or separable [[73].

Following is the outline of the procedure [146] for generalized three-qubit pure
state entanglement classification. Entanglement measure concurrence [[115, 214, 215]
is utilized to identify the above mentioned biseparable states in three-qubit pure states.
The most general three-qubit pure state can be written as |¥) = Zzl k=0 Qigk|15K)
with Zimk:o laijk|> = 1. Concurrence for state p = |U)(¥| is given by C(p) =
/1 — (trpy)? where p; = try(p) being the reduced density operator of first party.
Squared concurrence for a three-qubit pure state under bipartiton 1|23 is given by

1 1 1
Clias(p) = <Z |a0jk!2> <Z |a1jk!2> - ’ > aoaiy,

J,k=0 J,k=0 7,k=0

2

4.9)

Further it was shown in [146]] that after a lengthy calculation the squared concurrence,
Eq. (4.9), can be written as a quadratic polynomial of the expectation values of Pauli
operators for three spin system. Let us symbolize 012|23(p) as G1(p) and it takes the
form

Gilp)= 5 (B— (000003)% — (000300)° + (030300)*
—3 {030000)* + (030003)? — (000303)* + (030303)>
=3 {o10000)* + {010003)? + (010300)* + (010303)>
=3 {090000)% + (090003)* + (090300)* + (090303)%)  (4.10)

with og = [0){0] + [1)(L], on = [0){1] + [1)(0], o2 = 2(|1){0] = |0)(1]) and o3 =
|0Y(0] — |1)(1| being Pauli spin matrices in computational basis. Similar expressions
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4.4 Generalized Three-Qubit Pure State Entanglement Classification

for squared concurrences under other two bipartitions i.e. C’22|13(p) and C32|12(p) can
also be written by permutation and symbolized by G2 (p) and G3(p) respectively [146].

As described in Theorem 1 of [146]], for any three-qubit pure state p = | V) (U],

(i) | W) is fully separable iff G;(p) =0, forl =2,30orl =1,20rl =1, 3.

(ii) | W) is separable between I'! qubit and rest iff G;(p) = 0 and G,,(p) > 0 with
I,m e {1,2,3} and [ # m.

(iii) | W) is genuinely entangled iff G;(p) > 0, forl =2,30orl =1,20rl = 1,3.

Hence computing the nonlinear entanglement witnesses G;(p), through experimen-
tally measured expectation values of Pauli operators in an arbitrary three-qubit pure
state p = | W) (|, can immediately reveal the entanglement class of the state.

4.4.1 Framework for Experimental Implementation

Experimental creation of arbitrary general three-qubit pure states is a non-trivial task
but one can resort to generic state [210] for the demonstration of above discussed
entanglement classification protocol.

It has been established [210] that any three-qubit pure state can be transformed to
generic state of canonical form [#.4] The idea of five parameter generic state repre-
sentation of three-qubit states was motivated from two-qubit generic states utilizing
Schmidt decomposition [217, 218]] where any two-qubit state was shown to have form
|W) = cos|00) 4 sinf|11) with 0 < 6 < 7/2, the relative phase has been absorbed
into any of the local bases. Although the three-qubit generic representation doesn’t
follow from Schmidt decomposition but it was shown that combining adequately the
local changes of bases corresponding to U(1)xU(3)xSU(2)xSU(2)xSU(2) transfor-
mations, one can always do with five terms, which precisely can carry only five entan-
glement parameters, leading thus to a non-superfluous unique representation.

It should be noted that the entanglement classification procedure outlined in Sec[4.2]
works for any three-qubit pure state but arbitrary generic states were chosen for exper-
imental demonstration. Two or more different states may have same generic canonical
representation [210]. Entanglement properties for the class of all such states can be
fully characterized resorting only to the SLOCC equivalent generic state representa-
tive of that class. Such choice of states further ease the experimental efforts as nearly
40% of the expectation values of Pauli operators appearing in the expressions of G(p)
(e.g. Eq. (.10)) vanish in the case of generic states (Eq. (4.4)). In the recent work
[216] discussed in the previous sections, the entanglement classification of arbitrary
three-qubit pure states was experimentally demonstrated. To do so only four observ-
ables suffice to classify the entanglement class. In contrast, the current classification
works not only for generic states but also for any arbitrary three-qubit pure state of
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form |U) = le k=0 Gijk|ijk) and not limited to the canonical form

Further, as per Theorem 1-(ii1) the current entanglement classification protocol en-
ables us to decide if a given pure state has genuine three-qubit entanglement or not
but doesn’t say anything if state belongs to GHZ or W class. To overcome this an
observable is defined as O = 20, 0,0, and use n-tangle [208, 209] as an entanglement
measure. For a three-qubit system, a non-vanishing 3-tangle, 7, implies it belongs to
GHZ class. One may easily verify that for a given generic state |V), the 3-tangle i.e.
Ty = (V|O|W)?/4, Eq. (4.6). Having defined O in addition to G;(p), the protocol is
equipped to experimentally classify any three-qubit pure state.

4.5 NMR Implementation of Generalized Three-Qubit
Entanglement Classification Protocol

To experimentally implement the entanglement classification protocol discussed in
Sec.d.4]the experimental setup discussed in Sec.d.2.1}4.3]is used. Three-qubit system
is prepared in twenty seven different states. Seven states were prepared from the six
SLOCC inequivalent entanglement classes i.e. GHZ (GHZ and WW states), W, three
bi-separable and a separable class of states. Three biseparable class states under parti-
tions 1|23, 2|13 and 3|12 are labeled as BS;, BS; and BS3 respectively. Additionally,
twenty random generic states were prepared and labeled as Ry, Ry, Ra,....... , Rog. To
prepare the random states the random number generator available at www.random.org
was used. To experimentally prepare the desired three-qubit generic state, procedure
outlined in [157] is followed. Ref. [157] details the quantum circuits as well as NMR
pulse sequences required to prepare all the desired quantum states in the current study.
All such prepared states were found to have the fidelity (F) in the range 0.88 to 0.99.
For each such prepared state the expectation values of the Pauli operators were found
as described in Sec. which in turn were used to compute G;(p) using Eq. (#.10).
(O) was also found in all the cases as it serves as an entanglement witness of the GHZ
class.

Experimental results of the three-qubit entanglement classification and detection
protocol are shown in Table 4.5 A bar chart has been plotted in Fig. 4] for a vi-
sual representation of the experimental results of Table To obtain the bar plots
of Fig. 4.4 the experimentally prepared states were numbered from 1 to 27 as per
the order shown in Table As detailed in Sec. the concurrence G;(p) acts as
the entanglement witness and the additional observable O helps in the experimental
discrimination of GHZ class states from rest of the states. In order to further validate
the results negativity [[118,213]] has been computed from experimentally reconstructed
state via QST [41] and the results are shown in the Table 4.6 In each case experiments
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Classification Protocol

Table 4.5: Results of the three-qubit entanglement classification protocol for twenty seven
states. Label BS is for biseparable states while R is for random states. First column depicts
the state label, top row lists the observable (Obs.) while the second row specifies if the

observable value obtained is theoretical (The.), from QST or direct experimental (Dir.).

Obs. — (0) G1 G2 Gs
State (F) | The. QST Dir | The. QST Dir. | The. QST Dir | The. QST Dir

GHZ(0.96+0.01) 1.00 096 091 | 025 023 022 | 025 024 021 | 025 022 024
WW(0.95+0.02) | 1.00  0.95 094 | 0.14 0.11 0.13 | 0.14 0.3 0.2 | 0.14 0.15 0.13

W(0.96+0.02) 0 0.03 0.02 | 022 019 021 022 024 025|022 025 023
BS1(0.98+0.01) 0 0.04  0.02 0 004 003 | 025 022 020 | 025 021 0.23
BS2(0.94+0.03) 0 0.04 003 | 025 021 0.24 0 002 003 | 025 024 027
BS3(0.95+0.02) 0 0.01 0.02 | 025 027 021 025 026 022 0 0.02 0.03
Sep(0.98+0.01) 0 0.01 0.02 0 0.03 0.01 0 0.02 0.02 0 0.03 0.01
R1(0.92+0.03) 0 0.02  0.02 0 0.01 0.02 0 0.01  0.03 0 0.01  0.02
R2(0.93£0.02) -043  -045 -040 | 0.17 0.15 0.18 | 023 025 022 | 024 026 027
R3(0.96+0.02) -027  -025 -025 | 008 0.07 009 | 007 008 009 | 0.06 0.08 0.09
R4(0.94+0.03) -0.13  -0.15  -0.17 | 0.12  0.11 0.15 0.13  0.13 0.15 | 0.14 0.16 0.12
R5(0.93£0.02) 056 060 055 | 015 0.15 0.18 | 0.15 0.14 0.7 | 0.14 0.17 0.16
Rg(0.8940.01) 0 0.03 0.02 | 022 028 0.025 | 0.17 0.19 020 | 0.11 0.10 0.13
R7(0.96+0.02) -0.16  -0.19 -0.18 | 0.09 0.10 0.12 | 008 0.10 0.10 | 0.09 0.11 0.12
Rg(0.93£0.02) 0 0.02 003 | 008 0.10 0.11 002 001 003 | 008 010 0.11
R9(0.9740.03) 0.23 020 025 | 016 0.14 019 | 016 015 0.16 | 0.14 0.13 0.13
R10(0.93£0.02) | -0.01  0.01 0.02 0 0.01 0.02 | 0.12 0.14 0.10 | 0.10 0.12 0.13
R11(0.94+0.01) 0.18 020 021 | 002 0.01 0.01 0.04 002 002 | 003 001 0.02
R12(0.95£0.02) 0.41 050 048 | 008 0.11 0.10 | 0.07 0.10 0.10 | 0.08 0.11 0.10
R13(0.93£0.01) 0.09 012 013 | 013 0.10 010 | 0.14 0.17 0.15 | 0.12 0.13 0.11
R14(0.94+£0.02) 0.05 0.03 0.02 | 015 0.17 0.18 | 020 022 021 | 020 0.19 0.17
R15(0.98+0.01) 0.04 002 0.02 | 002 0.02 001 0.04 003 003 | 003 001 0.02
R16(0.96£0.01) 0 -0.02  -0.02 0 0.01 0.02 0 0.01  0.03 0 0.01  0.01
R17(0.95£0.02) 0 0.01 0.02 | 0.05 0.08 0.08 | 0.10 0.08 0.11 | 0.08 0.10 0.09
R18(0.90£0.02) | -0.18 -0.20 -0.21 | 0.22 0.25 025 | 022 020 021 | 023 022 025
R19(0.94+£0.02) 0 0.01 0.01 0 0.03 0.01 023 025 022|023 021 020
R20(0.96£0.02) 0 0.02 0 0 0.01 0.02 0 0.02 0.02 0 0.01  0.02

83



4. Experimental Classification of Entanglement in Arbitrary Three-Qubit
States

Table 4.6: Theoretically calculated and experimentally measured negativity values for all

twenty seven states under investigation.

Negativity — | Theoretical =~ Experimental || Negativity — | Theoretical = Experimental

State | State |

GHZ 0.5 0.47 £ 0.02 Rg 0.22 0.21 +£0.02
WWwW 0.37 0.39 £ 0.02 Rg 0.39 0.37 £0.04
W 0.47 0.44 £ 0.01 Rio 0.03 0.01 £0.01
BS; 0 0.02 £ 0.02 Ri1 0.17 0.14 £+ 0.02
BS2 0 0.03 £ 0.01 Ri2 0.27 0.30 £0.03
BS3 0 0.02 £ 0.02 Ri3 0.16 0.12 £ 0.04
Sep 0 0.02 £ 0.02 Ris 0.42 0.37 £ 0.04
R1 0 0.01 £ 0.01 Ris 0.02 0.03 £0.01
Ro 0.46 0.43 £+ 0.04 Rie 0 0.01 £0.01
R3 0.26 0.24 £ 0.03 Ri7 0.26 0.22 £0.03
Ry 0.18 0.17 £ 0.03 Rig 0.47 0.41 £0.04
Rs 0.38 0.35 £ 0.02 Rig 0 0.02 £ 0.02
Rg 0.40 0.37 £ 0.04 R2o 0 0.03 £0.02
R7 0.29 0.31 £0.03

were repeated several times for experimental error estimates. Experimental errors were
in the range of 2.2% - 5.7% for the values reported in the Tabled.5] One may observe
from Table that the seven states, from six SLOCC inequivalent classes, were pre-
pared with experimental fidelity > 0.95. The entanglement classes of all these seven
states were correctly identified with the current protocol. It may further be noted that
the states RQ, Rg, R4, R5, R6, R7, Rg, Rg, R11, R12, R13, R14, R17 and ng have two
non-zero concurrences and hence are all genuinely entangled states. This fact is fur-
ther supported by negativity of these states reported in Table[d.6] As discussed earlier,
in order to discriminate GHZ class from the rest one can resort to the observable O.
Non-vanishing values of (O) in Table imply that the states Ry, R3, Ry, R5, R7, Ro,
Ri1, Ri2, Ry3 and Ry belong to GHZ class. In contrast genuinely entangled states Rg,
Rs, R4 and Ry7 have vanishing values of (O) and hence have vanishing 3-tangle as
well so they were identified as W class members. States Ry and R;9 have the vanish-
ing concurrence (; implying that state belong to BS; class. Also states Ry, Ry5, Ryg
and Ry, were identified as separable as all the observables have near zero values as
well as zero negativity.
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Figure 4.4: Bar plots of the expectation value of the observable O and the squared con-
currences G1, G2 and G35 for states numbered from 1-27 (Table @.4). The horizontal
axes denote the state number while the vertical axes represent the values of the respective
observable. Black, gray and unfilled bars represent the theoretical (The.), directly (Dir.)

measured from experiment, and QST-derived values, respectively.
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4. Experimental Classification of Entanglement in Arbitrary Three-Qubit
States

4.6 Effect of Mixedness in the Prepared States

While the proposed entanglement classification protocol assumes the state under in-
vestigation to be pure, the experimentally prepared states are invariably mixed. The
experimentally prepared density operator p. can be expanded in terms of its eigen-
values \; and corresponding eigenvectors |);) as p. = Z?:l AjlAj)(A;], obeying the
normalization condition Z?Zl Aj = 1. For a pure state p,, only one of the eigenvalue
can be non-zero, hence one can take A} = 1 and other eigenvalues to be zero. The
expectation value of the observable O can then be written as

(), = (M|OIAD) = Tr[p,.0] (4.11)

In an actual experiment the situation is different and several eigenvalues of the density
operator may be non-zero. The errors can arise either from the mixedness present
in the experimentally prepared state p. or in the experimental measurement of (@)
These errors are dominantly caused by imperfections in the unitary rotations used in
state preparation, rf inhomogeneity of the applied magnetic field, as well as Ty and T,
decoherence processes.

Let A\; be the maximum eigenvalue of the experimentally prepared state p.. Mixed-
ness is indicated by non-zero eigenvalues A; for j # 1. The expectation value of O can

be written as an equation similar to Eq. (@.T1).

8 8
(0)e = Tr(p.0] = > NTr[P.0] =) Ao (4.12)
7=1

J=1

The question is that if one approximate the state to be a pure state corresponding to the
largest eigenvalue \; and take <©>p — (\1|O|A1), how much error is introduced and
how do these errors affect the results.

In order to estimate the error in the value of <©> due to the mixedness, one can
define the fractional error as

A= M (1= ) — 32 Ai0s
<O>p 01

I

(4.13)

where 0;s depend upon the operator involved. The experimental states have a minimum
A1 = 0.88 while A\; > 0.92 in other cases. In case of all the four observables O, Oy, O,
and O3, A was computed for all the 27 experimentally prepared states and the obtained
values as percentage error were in the range 1.1% < A < 9.3%.

In the light of the errors introduced by the mixedness present in the experimentally
prepared states the detection protocol has to take A error values into consideration in
addition to the experimental errors reported in the Table {.4] for deciding the class of
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three-qubit entanglement. As is evident from the above analysis, in the worst-case
scenario the protocol works 90% of the time. To further increase the fidelity of the
protocol, one can repeat the entire scheme on the same prepared state, a number of
times.

4.7 Conclusions

This chapter is aimed at the experimental classification of arbitrary three-qubit pure
states. To accomplish the goal two different strategies were followed. In the first clas-
sification protocol only four observable were defined and measured experimentally
for the classification. In the second case, the entanglement measure concurrence was
measured experimentally to detect the class of three-qubit pure states. Former proto-
col has the limitation that it can only classify the entanglement class of the states in
generic form while the later is capable of detecting the entanglement class of any arbi-
trary three-qubit pure state. All the representative states from six SLOCC inequivalent
classes were detected by both the protocols. Detection/classification protocols were
further used to detect the entanglement class of twenty randomly generated three-qubit
pure states and both the protocols correctly identified the entanglement class within
the experimental error limits. Results were further verified and substantiated by full
quantum state tomography as well as negativity calculations which indeed confirms the
results obtained by both the protocols. Results of this chapter are contained in Phys.
Rev. A 98, 032301 (2018) and Quant. Info. Proc. 17, 334 (2018).
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Chapter 5

Detection of Qubit-Ququart
Pseudo-Bound Entanglement

5.1 Introduction

This chapter details the experimental investigations of a special type of entanglement
which is fundamentally different from the entanglement we usually encounter in QIP.
Entanglement exists in two fundamentally different forms [102, 103]]: “free” entan-
glement which can be distilled into EPR pairs using local operations and classical
communications (LOCC) [219] and “bound” entanglement which cannot be distilled
into EPR pairs via LOCC, as discussed in Sec-(I.4.3) . The term “bound” essen-
tially implies that although correlations were established during the state preparation,
they cannot brought into a “free” form in terms of EPR pairs by a distillation pro-
cess, and used wherever EPR pairs can be used as a resource. PPT entangled states
are a prime example of bound entangled states and have been shown to be useful
to establish a secret key [220], in the conversion of pure entangled states [221] and
for quantum secure communication [222]]. While the existence of “bound” entangled
states has been proved beyond doubt, there are still only a few known classes of such
states 103, 210, 223) 224]. The problem of finding all such PPT entangled states is
still unsolved at the theoretical level.

Experimentally, bound entanglement has been created using four-qubit polariza-
tion states [225) 226] and entanglement unlocking of a four-qubit bound entangled
state was also demonstrated [227]. Entanglement was characterized in bit-flip and
phase-flip lossless quantum channel and the experiments were able to differentiate be-
tween free entangled, bound-entangled and separable states [228]]. Continuous variable
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5. Detection of Qubit-Ququart Pseudo-Bound Entanglement

photonic bound-state entanglement has been created and detected in various experi-
ments [229, 230, 231]. Two photon qutrit Bound-entangled states of two qutrits were
investigated utilizing orbital angular momentum degrees of freedom [232]. In NMR,
a three-qubit system was used to prepare a three-parameter pseudo-bound entangled
state [1233]].

In the work described in this chapter, experiments were performed to create and
characterize a one-parameter family of qubit-ququart PPT entangled states using three
nuclear spins on an NMR quantum information processor. There are a few propos-
als to detect PPT entanglement in the class of states introduced in Reference [103]] by
exploring local sum uncertainties [146] and by measuring individual spin magnetisa-
tion along different directions [234]]. The proposal of Ref. [234] is implemented to
experimentally detect PPT entanglement in states prepared on an NMR quantum infor-
mation processor. The family of states considered in the current study is an incoherent
mixture of five pure states and the relative strengths of the components of the mix-
ture is controlled by a real parameter. Different PPT-entangled states were prepared
experimentally, parameterized by a real parameter. These states represent five points
on the one-parameter family of states. Discrete values of the real parameter were used
which were uniformly distributed over the range for which the current detection proto-
col detects the entanglement. In order to experimentally detect entanglement in these
states, three Pauli operators need to be measured in each case. Previously developed
schemes [42, 43| 44] were utilized to measure the required observables, which unitar-
ily map the desired state followed by NMR ensemble average measurements. In each
case full quantum state tomography (QST) [41, 1212] was also performed to verify the
success of the detection protocol as well as to establish that the experimentally cre-
ated states are indeed PPT entangled. This work is important both in the context of
preparing and characterizing bound entangled states and in devising new experimen-
tal schemes to detect PPT entangled states which use much fewer resources than are
required by full quantum state tomography schemes. It should be noted here that we
prepare the PPT entangled states using NMR in the sense that the total density operator
for the spin ensemble always remains close to the maximally mixed state and at any
given instance one is dealing with pseudo-entangled states [2335]].

5.2 Bound Entanglement in a Qubit-Ququart System
Consider a 3-qubit quantum system with an 8-dimensional Hilbert space H = H; ®

Ho ® Hs, where JH; represent qubit Hilbert spaces. If we choose to club the last two
qubits into a single system with a four-dimensional Hilbert space H, = Hy ® s, the
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5.2 Bound Entanglement in a Qubit-Ququart System

three-qubit system can be reinterpreted as a qubit-ququart bipartite system with Hilbert
space H = H; ® .

Formally one can say that the four ququart basis vectors |e;) are mapped to the log-
ical state vectors of the second and third qubits as |e;) <> [00), |e3) <> [01), |es) <>
|10) and |ey) <> |11) in the computational basis. With this understanding, we will
freely use the three-qubit computational basis for this qubit-ququart system, where all
along it is understood that the last two qubits form a ququart. For this system consider
a family of PPT bound entangled states parametrized by a real parameter b € (0,1)
introduced by Horodecki [[103].

7b 1

7h + 1Uinsep + b+ 1 |¢b> <¢b| (5.1)

Op =

with

3
2 1
Timsep = & Z [i) (il + §|011><011|7
i=1

o) = e (VIFHon) + VI=H).

i) = —(1000) +[101)),

) = —(1001)+[110)),

) = —((010) +[111) (52)

It has been shown in [103]] that the states in the family o, defined above are entangled
for 0 < b < 1 and is separable in the limiting cases b = 0 or 1. One can explicitly
write the density operator for the mixed PPT entangled states defined in Equation (5.1)
in the computational basis as

b 000 0 b0 0 ]
0b00 0 00b 0
00b0 0 00 b
1 |0o00b 0 00 0
BETEm 00 0 0 B oo P 5-3)
b 0OO0ODO 0 b0 0
0b00 0 00b 0
—_p2
00 b 0 Y2 g o @]
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5. Detection of Qubit-Ququart Pseudo-Bound Entanglement

It is interesting to observe that for b = 0, this family of states reduce to a separable
state in 24 dimensions while it is still entangled in the three-qubit space and the en-
tanglement is restricted to the two qubits forming the ququart.

Having defined the family of PPT entangled states in Eq.(5.3) parameterized by
‘b’, the method that used to experimentally detect their entanglement using a protocol
proposed in Reference [234] is described as follows. Although the family of states in
Eq. (5.3) is PPT entangled in 2 ® 4-dimensional Hilbert space, it is useful to exploit the
underlying three-qubit structure. For the detection protocol, we define three observ-
ables B;, with 7 = 1,2, 3 (here B; acting on the qubit space and B, and B3 act in the
state space of qubits 2 and 3 forming the ququart)

Bi=Lh®o,®0,, Bo=L®o,®0y, Bs=0,00,Q0, 5.4)

where o0, , . are the Pauli operators and I, is the 2 x2 identity operator. Although the
observables B; defined above are written in the three qubit notation, they are bonafide
observables of the qubit-ququart system. The main result of Reference [234] is that
any three-qubit separable state, p,, obeys the four inequalities given by

[(B1)p, £ (Ba)p, & (B3),,| <1 (5.5)

Therefore, if a states violates even one of the four inequalities given in Eq. (5.5), it
has to be entangled. It was shown numerically in [234] that the inequalities defined in
Equation (5.5) can be used to detect the entanglement present in the states o, defined
in Eq. |i for0 < b < \% Hence, the protocol briefed above is able to detect the
entanglement of this family of PPT entangled states in 2 ® 4 dimensions.

5.3 Experimental Detection of 24 Bound Entangle-
ment

Next is to proceed toward procedure followed to experimentally prepare several differ-
ent states from the family of states given by Eq. (5.3)), detect them by measuring the
observables defined in Eq. (5.4) and check if we observe a violation of the inequalities
defined in Eq. (5.5)). i In order to prepare the PPT entangled family of states in 2 ® 4
dimensions using three qubits, three spin-1/2 nuclei (*H, '°F and 'C) were chosen to
encode the three qubits in a *C-labeled sample of diethylfluoromalonate dissolved in
acetone-D6. See Sec4.2.T|for NMR parameters, PPS preparation and state mapping
details. Three dedicated channels for 'H, 'F and '*C nuclei were employed having %

92



5.3 Experimental Detection of 24 Bound Entanglement

b 6s)

(b)

Figure 5.1: (a) Quantum circuit to prepare |¢) from |000) pseudopure state. (b) NMR
pulse sequence for quantum circuit given in (a). Blank rectangles represent 5 RF pulses,
while black rectangles represent 7 spin-selective rotations. The gray rectangle represents
a rotation through § = Cos~'v/1 + b/v/2. The phase of each RF pulse is written above
the respective pulse. A bar over a phase implies negative phase, while the free evolution

time interval is given by (2Jp) 7.

RF pulse durations of 9.33 us, 22.55 us and 15.90 us at the power levels of 18.14 W,
42.27 W and 179.47 W respectively.

The experimentally prepared bound entangled states in the current study were di-
rectly detected using the protocol discussed in Sec. and full QST [41] was also
performed in each case to verify the results.

The next step was to experimentally prepare the PPT entangled family of states
given in Eq. (each with a fixed value of the parameter b) and to achieve this we
utilized the method of temporal averaging [36]]. The family of states o} is an incoherent
mixture of several pure states as given in Eq.(5.2)), and the quantum circuit to prepare
one such nontrivial state (|¢)) is given in Fig[5.1(a), where R, () represents a local
unitary rotation through an angle 7 with a phase x. After experimentally preparing the
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(a) ( . E
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Figure 5.2: (a) Quantum circuit to map o}, to the state o such that (B)q, = (I 3Z)0£. (b)

NMR pulse sequence to achieve the quantum circuit in (a). The unfilled rectangles denote
5 RF pulses, while the filled rectangles represent 7 spin-selective RF pulses. The phase of
each RF pulse is written above the respective pulse. A bar over a phase implies negative

phase and the free evolution time interval is given by ﬁ
FC

state, one can measure the desired observable in Eq. (5.4), by mapping the state onto
the Pauli basis operators.

The quantum circuit to achieve this is shown in Fig[5.2)a), and this circuit maps
the state o3, — o, such that (Bi),, = ([3.),;. The motivation for such a map-
ping (42, 43| 44] relies on the fact that in an NMR scenario, the expectation value
(1,), can be readily measured [28]. The crux of the temporal averaging technique re-
lies on the fact that the five states composing the PPT entangled state are generated
via five different experiments. The states of these experiments are then added with
appropriate probabilities to achieve the desired PPT entangled state. All the five states,
appearing in Eq.(3.2), i.e.  |¢), [¢1), [12), [¢)3) and the separable PPS state |011)
were experimentally prepared with state fidelities > 0.96. It is worthwhile to note here
that |¢,) is a generalized biseparable state while |i)1) and [¢3) are LOCC equivalent
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5.3 Experimental Detection of 24 Bound Entanglement

biseparable states with maximal entanglement between the first and third qubits and
|1, is a state belonging to the GHZ class. For the experimental demonstration of the

3.0 1.0
[ [] ¥ x
s
2.5
B Fidelity 0.8
® QST
A Direct
g 2.09 O Theory
= i 0.6
~ £
% —
-’ 1.5 0-’
: ! =
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g 0.4
3
0.2
0.5
0- T T T T 0
0.04 0.08 0.12 0.16 0.20

b—

Figure 5.3: Bars represent theoretically expected values, red circles are the values ob-
tained via QST and blue triangles are the direct experimental values for the inequality ap-
pearing in Eq.(5.4). Green squares are the mean experimental fidelities. Horizontal black
dashed line is the reference line for states in Eq.@ violating inequality of Eq.@.

detection protocol discussed in Sec5.2] values of b = 0.04, 0.08, 0.12, 0.16 and 0.20
were chosen and thereby prepared five different PPT entangled states. The quantum
circuit as well as the NMR pulse sequence to prepare |¢;,) is shown in Fig.. Other
states in Eq.(5.2) have similar circuits as well as pulse sequences and are not shown
here. The tomograph for one such experimentally prepared PPT entangled state, with
b = 0.04 and fidelity F = 0.968, is shown in Fig.(5.4).

In order to measure the expectation values of the observables appearing in Eq.(5.4)
our earlier work [42] was utilized. The idea is to unitarily map the state o} to a state
say 0y, such that (0),, = (Ii.),; where O is one of the observables to be measured in
the state ;. This is achieved by measuring /;, on o;.
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5. Detection of Qubit-Ququart Pseudo-Bound Entanglement

Table 5.1: Experimentally measured values of the inequality in Eq. lb showing maxi-

mum violation for five different PPT entangled states.

Obs. — Inequality value from:
State(F) | b | Theory QST Experiment
0p,(0.946£0.019) | 0.04 | 2.311 | 2.061£0.046 | 2.269+0.118
01,(0.947£0.022) | 0.08 | 1.876 | 1.660+0.027 | 1.784+0.090
0,(0.949£0.009) | 0.12 | 1.557 | 1.382+0.028 | 1.45140.086
01,(0.953+£0.007) | 0.16 | 1.327 | 1.179+0.028 | 1.213£0.065
01,(0.925+£0.009) | 0.20 | 1.150 | 0.807+£0.029 | 1.007+0.061
(a) Real Imag.

Figure 5.4: Real and imaginary parts of the tomograph of the (a) theoretically expected
and (b) experimentally reconstructed density operator for PPT entangled state with b =
0.04 and state fidelity F=0.968.

96



5.4 Conclusions

As an example, one can find the expectation value (B),, using the quantum circuit
given in Fig[5.2(a) and the NMR pulse sequence given in Fig[5.2(b) is implemented,
followed by a measurement of the spin magnetization of the third qubit. Such a nor-
malized magnetization of a qubit in the mapped state is indeed proportional to the
expectation value of the z-spin angular momentum of the qubit [28]].

Experimentally measured values of the inequality given in Eq. (5.5) with maxi-
mum violation are reported in Table{5.1] For all five states with different b values, full
QST was also performed and the observables [5.4] were analytically computed from the
reconstructed density operators. All the experimental results, tabulated in Table{5.1]
are plotted in Fig. (5.3). All the experiments were performed several times to ensure
the reproducibility of the experimental results as well as to estimate the errors reported
in Table It was observed that the experimental values, within experimental error
limits, agree well with theoretically expected values and validate the success of the
detection protocol in identifying the PPT entangled family of states. The direct QST
based measurements of the state also validate our experimental results.

5.4 Conclusions

The characterization of bound entangled states is useful since it sheds light on the rela-
tion between intrinsically quantum phenomena such as entanglement and nonlocality.
The detection of bound entangled states is theoretically a hard task and there are as
yet no simple methods to characterize all such states for arbitrary composite quantum
systems. The structure of PPT entangled states is rather complicated and does not eas-
ily lead to a simple parametrization in terms of a noise parameter. Work described in
this chapter reports the experimental creation of a family of PPT entangled states of a
qubit-ququart system and the implementation of a detection protocol involving local
measurements to detect their bound entanglement. Five different states which were
parametrized by a real parameter ‘b’, were experimentally prepared (with state fideli-
ties > 0.95) to represent the PPT entangled family of states. All the experiments were
repeated several times to ensure the reproducibility of the experimental results and er-
ror estimation. In each case it was observed that the detection protocol successfully
detected the PPT entanglement of the state in question within experimental error limits.
The results were further substantiated via full QST for each prepared state. It would
be interesting to create the PPT entangled family of states using different pseudopure
creation techniques and in higher dimensions. The results of this chapter are contained
in Phys. Lett. A, (2019), doi:10.1016/j.physleta.2019.02.027.
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Chapter 6

Experimental Implementation of
Navascués-Pironio-Acin Hierarchy to
Detect Quantum Non-Locality

6.1 Introduction

This chapter reports the experimental investigations of the non-local character of quan-
tum correlations in a hierarchy-based protocol. It is well established that quantum
computation has a computational advantage over its classical counterpart and the main
resources utilized for quantum computation are superposition, entanglement and other
quantum correlations [[7]. Entanglement plays a key role in several quantum computa-
tional tasks e.g. quantum cryptography protocols [236]], quantum teleportation [237],
quantum super dense coding [238], measurement-based quantum computation [239]
and quantum key distribution schemes [240, 241]. Creating entangled states in an ex-
periment and certifying the presence of entanglement in such states is of utmost interest
[S0, 58] and importance from the practical as well as the foundational aspects of quan-
tum physics. Most of the known entanglement detection schemes rely on experimental
quantum state reconstruction [S0]. It has been shown that quantum state reconstruction
is not cost-effective with respect to experimental and computational resources [242]
and further, the detection of entanglement of a known state is computationally a hard
problem [243]] and scales exponentially with the number of qubits. Methods to detect
entanglement have used violation of Bell-type inequalities [244, 245]], entanglement
witnesses [79, [142], expectation values of the Pauli operators [[146, 246] as well as
dynamical learning techniques [247]. Although a number of schemes exist for entan-
glement detection, but most of them lack generality.
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Quantum Non-Locality

The motivation of the investigation is to experimentally implement a non-local cor-
relation and thereby devise an entanglement detection protocol which can readily be
generalized to higher numbers of qubits as well as to multi-dimensional quantum sys-
tems. A promising direction is to experimentally observe the violation of Bell-type
inequalities [132} 248, 249]]. This is particularly suitable as such inequalities have re-
cently been proposed as a general method for certifying the non-local nature of the
experimentally observed correlations in a device-independent manner [250, 251, 252].
Work described in this chapter details demonstration of the experimental implementa-
tion of the Navascués-Pironio-Acin (NPA) hierarchy to certify the non-local correla-
tions arising from local measurements (250, 251} 252] on a three-spin system.

Consider a joint probability distribution F,g. The question addressed in Ref.[250]
is that can there be a quantum description of F,3 i.e. can one have a quantum state
p, acting on the joint Hilbert space H 4 ® H 5, and the local measurement operators
E,=FE,®Iand B3 = I ® Ej such that

Py = Tr(E,Ej.p) 6.1)

Here £, and Eg are local projection operators. This question can be used to design a
test for the detection of non-locality from the actual probability distribution P, . In or-
der to answer the above question, in general, one may need to search over all physical
p and projection operators £, which makes the problem computationally hard. A few
attempts have been made to solve this problem and the first one to find the maximum
violation of Clauser-Horne-Shimony-Holt (CHSH) inequality [249] by a quantum de-
scription was Tsirelson [253]. Such attempts were limited to the simplest scenarios
and were nowhere near generalization. Notable work has been done by Landau [254]
and Wehner [255]], where they have shown that the test of whether the experimental
correlations arise from quantum mechanical description of nature or not, can be trans-
formed to a semi-definite program (SDP). Solving such an SDP can reveal the local or
non-local nature of the observed correlations.

6.2 Brief Review of NPA Hierarchy

In order to define SDP, consider projectors corresponding to outcomes belonging to
same measurement M as E, and E,,. The projectors :

(i) are orthogonal i.e. E,E, =0forv,ueM, p#v

(i) sum to identity i.e. > .\ B, =1
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see 2 _ _
(iii) obey Eu = El = F,
(iv) obey the commutation rule (for projectors on subsystems A and B) as:

[Ea, E5] =0 (6.2)

It was assumed in Ref. [250] that such a p exists that satisfies Eq.(6.1) and (6.2)),
and then they looked for the implications as follows: It was observed that by taking
products of projection operators F,, and linear superposition of such products, one
may define new operators which may neither be projectors anymore nor Hermitian.
Let S = {S1, 59, ...., S, } be a set of n such operators. There exists an n X n matrix
associated with every such set S' and defined as

Ty = Tr(S!S;p) (6.3)
I" is Hermitian and satisfies
Z cijliyy =0 if Z CijS;rSj =0 (6.4)
1,7 i,j

> Ty = dagPag if > ;SIS = dusEakp (6.5)
1,] a,B 0, a,B

Further, it can easily be proved that I' is positive semi-definite i.e. I' > 0 [250]. So, if
a joint probability distribution P,z has a quantum description i.e. there exists a state p
and local measurement operators satisfying Eq.(6.1)) and (6.2) respectively, then find-
ing such a state is equivalent to finding the matrix [' > 0 satisfying linear constraints
similar to Eq. (6.4) and Eq. (6.5) and this amounts to solving an SDP problem.

Having introduced the NPA hierarchy, one can move on to the protocol outlined
in Ref. [252] that has been exploited in the current experimental study. The joint
probability distribution considered is assumed to arise from local measurements on a
separate state py. The state py is shared among N parties, each of them can perform
‘m’ measurements and each such measurement can have ‘d’ outcomes. Measurement
by i party is represented by M2 with 2; € {0,...,m — 1} being the measurement
choice and a; € {0,...,d — 1} being the corresponding outcome. By observing the
statistics generated by measuring all possible M7, one may write the empirical values
for the joint probability distributions

play, ...,ay|xy, ..., zn) =Tr(M;! @ ... @ MY py) (6.6)

The correlations observed by measuring M7 locally, get encoded in the conditional
probability distributions having the form (6.6). Similar expressions can be written for
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the reduced state probability distribution which may arise from local measurements on
a reduced system.

p(ail, ceey aik|xi1, ’xik) = Tr(M;fil ®..Q M;l:;:p“ 1k>

i1 &ttt Y ARG [P ...

with 0 < 4; < ... <4 < N, 1 <k < N and p;, ,, is the reduced density
operator obtained from py by tracing out an appropriate subsystem. Since we are
dealing with dichotomic measurements on qubits, it will be useful to introduce the
concept of correlators and their expectation values as follows

i1

(Me)! ® ... ® M;lf:) = Z(—l)zgczl‘“lp(ail, s @y | Ty e Ty (6.7)

The index k here dictates the order of the correlator while 0 < 4, < ... < i, < N with
7, € {0,m —1}and 1 < k < N. For k = 2 the correlator will be of second order

of form (M;?Méj?) while for k& = NN one can have the full body correlator. It will

be seen later that these correlators in the simplest case turn out to be multi-qubit Pauli
operators entering the moment matrix (Eq.(6.8))).

6.2.1 Modified NPA Hierarchy

Having discussed the main features of NPA hierarchy [250], the method for the detec-
tion of non-local correlation is described as follows. Consider a set O = {O;} with
1 <4 < k and O; are some product of the measurement operators {Mgi} or their
linear combinations. One can associate a k£ x k matrix with O defined by Eq.(6.3)
as I';; = TT(OJ O,.pn). For a given choice of measurements on a separable state (a)
I will be a positive semi-definite matrix, (b) Matrix elements of I satisfy the linear
constraints similar to Eq.(6.4)-(6.5), (c) Some of the matrix element of I" can be ob-
tained by experimentally measuring the probability distribution and (d) Some of the I
matrix entries corresponds to unobservables. Keeping these facts in mind, one can de-
sign a hierarchy based test to see if a given set of correlations can arise from an actual
quantum realization by performing local measurements on a separable state. One can
define a set O,, consisting of products of ‘v’ local measurement operators or linear su-
perpositions of such products. Once O,, is defined, one can look for associated I' > 0
satisfying constraints similar to Eq.(6.4)-(6.5) to see if a given set of correlations can
arise from actual local measurements on a separable state. If no solution is obtained
to such an SDP then this would imply that the given set of correlations cannot arise
by local measurements on a separable quantum state and hence the correlations are
non-local. One can always find a stricter set of constraints by increasing the value of v
i.e. testing the nature of correlations at the next level of the hierarchy.
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6.2 Brief Review of NPA Hierarchy

In the experimental demonstration, as suggested in Ref.[252], the set of commu-
tating measurements have been used to design the SDP i.e. an additional constraint
is introduced on the entries of I' such that local measurements also commutate. This
additional constraint considerably reduces the original computationally-hard problem
[252]. All the ideas developed till now can be understood with an example. Con-
sider N = 2, two dichotomic measurements per party at the hierarchy level v = 2.
Let the measurement be labeled as A, and B, with z,y = 0,1. Set of operators is
02 = {I7 1407 Al, Bo, Bl, A()Al, A()B(), A()Bl, AlBO, AlBl, B()Bl}. One can see the
corresponding moment matrix I’ can be written as

(Ao) (A1) (Bo) (B1) (AoBo) (AoBi) (A1B1)
1 (AoBo) (AoB1) (A1) (Bo) (B1) U3 Vs

1 (A1B1) e vh (Bo) (B1) V7
(AoBo) 1 3 (Ao) s (A1) vr (Bi)
(AoBy) (A1By) 1 vE (Ao) V3 (Ay) vg
(A1) Vg v3 1 (A1B1) w9 v10
(Bo) U3 Ao) Us 1 (AgBy)
(B1) 5 (Ao) (A1B1) 1 V14
v3 (Bo) (A1) vy Vg 1 (A1By)

(A1B1) (B1) v7 (A1) i 1

Vs % vy (B1) vs (AoB1) vy (A1Bq) 1

(6.8)
while following are the unassigned variables

v1 = (AgAy), vy = (BoBy), v3 = (Ao A1 By), vy = (Ao A1 By),

vs = (AgBoB1), v = (A1Ag A1), v7 = (A1 By By), vg = (B1BoBy),

vg = (A1 AgA1By), wvio = (A1AgA1By), v = (A1AoBoB1), wvi2 = (AgA1ByBy),
V13 = <A0AlBlBO>7 V14 = <AOBlBOB1>7 V15 = <AlBlBOB1>

One may note that by introducing local measurements commutativity i.e. [Ag, 41| =
[Bo, Bi] = 0 the matrix elements, of the I" matrix given by Eq.(6.8) were simpli-
fied. Particularly, the following reduction in the number of variables can be noticed :
v; = U;k for: € [1, ]_5] and vg = <A0>, vg = <B0>, vg = 14 = <AOB0>, Vg = <AoBl>,
v1s = (A1 Byp) and also vy; = w12 = vy3. For a visual representation, the variables
that become identical because of the commutativity constraints are represented by the
same color in Eq.(6.8). The hence generated SDP will check if the set of observed
correlations {(Ay), (By), (AxBy)} are local. This can be achieved by substituting the
experimental values of the correlators in I' matrix and leaving the unobservables as
variables. SDP will optimize over such variables to see if a given set of correlations
are local or non-local. It has been shown [251} 256] that this method converges i.e.
if a given set of correlations are non-local then the SDP will fail at a finite number of
steps v.
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6. Experimental Implementation of Navascués-Pironio-Acin Hierarchy to Detect
Quantum Non-Locality

6.3 Tripartite Non-Local Correlation Detection

To experimentally demonstrate the detection of correlations which can not arise from
local measurements on a separable state, a three-qubit system was used. It has been
shown [73] that a genuine three-qubit system can be entangled in two inequivalent
ways. CHSH scenario [249]] deals with (2, 2, 2) case i.e. N = 2, m = 2 and d =
2. Any correlation violating CHSH inequality exhibits non-local nature in a sense
that in principle one cannot write a local hidden variable theory which can reproduce
the observed statistics. In the current experimental study, the scenario is (3,2,2) i.e.

three parties with two dichotomic observables per party. The measurements of three
parties are labeled as A, , B, and C, with z, y, z € [0,1]. One can construct
set O, for three parties the way it was done in the previous section for N = 2. As
detailed in Ref. [252] to detect non-local correlations arising from W state one needs
to perform local measurements Méi) = 0, and Ml(i) = o, for all three parties for
the observables entering the moment matrix associated with O, defined above. Here
0 /y/- are the spin-half Pauli operators. Also for GHZ type state the measurements

to generate the statistics were chosen as Mo(i) = 0, and Ml(i) = MTSI . A full body
correlator is also introduced while detecting non-local correlations generated by GHZ
state as such states are not suitable for detection of non-local correlation using fewer
body correlators [252]].

6.3.1 NMR Implementation of Non-Local Correlations Detection
Scheme

In order to experimentally demonstrate the detection of non-local correlations, NMR
hardware was used. Further, a three nuclear spin-% ensemble was utilized to initial-
ize the quantum system in prerequisite state on which local measurements were per-
formed. As already stated there are only two inequivalent classes [73]], under local
operations and classical communications (LOCC), of genuine tripartite entanglement
viz W-class and GHZ-class. So the system was initialized in the representative states of
both these classes, to be tested experimentally. In order to test the non-locality present
in experimental expectation values of the correlators following steps were followed for
a given state:

* Quantum system was initialized in one of the genuine tripartite pure states.
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6.3 Tripartite Non-Local Correlation Detection

¢ It was assumed that the correlations observed from local measurements on such
states will fail SDP formulated in Sec.46.2] at the second level of the modified
NPA hierarchy.

* At the second level (v = 2) of the hierarchy, the expectation values of all the
correlators were measured experimentally in the state under investigation.

* Once all the observables of the moment matrix I' Eq. were measured ex-
perimentally, they were fed in the matrix I', then the rest of the unobservable
entries were left as variables to be optimized via SDP to achieve [' > 0 under
linear constraints similar to Eq.(6.4)-(6.5) as well as commutativity relaxation
constraints [Ag, A1] = [Bo, B1] = [Co, C1] = 0 to NPA hierarchy.

* Above formulated SDP was solved using codes available at [257] by modifying
them for (3,2,2) scenario.

6.3.2 NMR Experimental Set-up and System Initialization

For the experimental realization 3C' labeled diethylflouromalonate sample dissolved
in acetone-D6 in liquid state NMR is used. Three spin-3 nuclei i.e. 'H, 'F and '*C
encode the qubit 1, qubit 2 and qubit 3 respectively. The free Hamiltonian of three
qubit system in the rotating frame is given by [28]]

3 3
H==) wly+2r Y Jyl.I. (6.9)
i=1

ij=1

with indices 7, j=1, 2 or 3 represent the qubit number, w; is the respective chemical
shift, /;, being the z-component of spin angular momentum and J;; is the scalar cou-
pling constant. System was initialized in the pseudopure state (PPS) |000) using spatial
averaging technique 36} 211]]

Pons = %Hg + €/000)(000]

where € ~ 107 is the room temperature thermal magnetization and IIg is 8 x 8 identity
operator. Details of the experimental parameters, state preparation and state mapping
can be found in Sec.{4.2.1] State mapping is used to measure the desired correlators
which happens to be Pauli operators in the current demonstration. Quantum circuits
and NMR pulse sequences to prepare the W and GHZ states are given in Ref.[157].
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6. Experimental Implementation of Navascués-Pironio-Acin Hierarchy to Detect
Quantum Non-Locality

6.3.3 Non-Locality Detection by Experimentally Measuring the Mo-

ments/Correlators

At the second level of the modified NPA hierarchy in (3, 2, 2) scenario the set Oy =
{H87 A07 Ah BO7 Bla CU: Cla A0A17 AOB(]7 AOBla A0007 AOCD A1B07 AlBla Alc(h Alcla
BOBlu BOCO7 BOC17 BICO7 BlCl, COCI}'
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Figure 6.1: Bar plots for the observable moments of the moment matrix I" for (a) W-state
and (b) GHZ-states. Bars represent theoretically expected values while green squares are

the experimentally observed values.

The moment matrix in this case is a 22 x 22 matrix with all diagonal entries as 1.
Further, the matrix has 26 observable moments while rest of the moments enter the
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6.4 Conclusions

moment matrix as unobservables and were left as variables to be optimized in SDP as
detailed in Sec. As an example, the moment/correlator I'y 12, in the case of W
state, is an observable 01,05,03, while the moment/correlator I'; 15 is —i05, which is
not an observable and hence entered the moment matrix as a SDP variable. The next
task was to find the expectation values of the correlators in the state under investiga-
tion. In NMR experiments the observed signal is proportional to the z-magnetization of
the ensemble which indeed is proportional to the expectation value of the Pauli z-spin
angular momentum operator in the given state. Hence the direct observable in typical
NMR experiments is the Pauli z-operator expectation values of the nuclear spins. In
recent works [42, 143]], schemes were developed to find the expectation values of any
desired Pauli operators in the given state. This was achieved by mapping the state
p— p = U. p.UlT followed by z-magnetization measurement. It has been shown in
[42, 43]] that the expectation value of o;, in state p; is indeed the expectation value of
the desired Pauli operator in the state p. The explicit forms of the unitary operators U,
as well as quantum circuits and NMR pulse sequences, for two and three qubit Pauli
spin operators are given in Refs. [42] & [43] respectively.

As stated earlier the information regarding local/non-local nature of the observed
correlations gets encoded in the measured correlators {(A,), (B,), (C.), (4.B,),
(A,C.), (B,C,), (A;B,C.)}. The hence formulated SDP in both the cases, i.e. W
as well GHZ state, failed to find I' > 0 at the second level of the modified NPA
hierarchy. This confirmed that the observed correlations can not arise from the local
measurements on a separable state and hence the states are genuinely entangled. A bar
plot for the observable moments of the moment matrix I' for W-state and GHZ-states
is depicted in Fig(6.I). In both the cases the SDP was also formulated directly from
experimentally reconstructed density matrices using full QST. This further verified and
supported the results of modified NPA protocol obtained by the direct measurements
of the correlators. It is interesting to note here the experimental protocol demonstrated
here was on pure states but the scheme is also capable of detecting non-locality of
states which are convex sum of white noise and pure states up to a certain degree of
mixedness [252]].

6.4 Conclusions

Modified NPA hierarchy was used to detect the non-local nature of the correlations per-
forming local measurements by means of a semi-definite program. A set comprising
of products and/or linear superpositions of such products was defined and an asso-
ciated positive semi-definite moment matrix was also defined. Non-local correlation
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6. Experimental Implementation of Navascués-Pironio-Acin Hierarchy to Detect
Quantum Non-Locality

detection protocols require measuring some correlator experimentally, to generate the
statistics to be tested. Once the moment matrix embedded with the empirical data is
obtained, the semi-definite program optimizes, under some linear constraints on the
entries of the moment matrix, to see if the observed correlations can arise from local
measurements on a separable state. The protocol has been tested experimentally on
three-qubit W and GHZ states utilizing NMR hardware. In both the cases, the SDP
successfully detected the non-local nature of the observed correlation, as the resulting
SDP was unfeasible at the second level of the modified hierarchy. These results were
also verified by direct full quantum state tomography. It would be interesting to see the
performance of the protocol in higher dimension as well as more number of parties on
an actual physical system, as the structure of the entanglement classes is much more
complex in such cases.

The subsystems involved in our experiments reside on the same molecule and there-
fore, strictly speaking it is not possible to achieve a space-like separation between the
events occurring in the different subsystem spaces. Therefore, the term “local” here
pertains to subsystems and non-local implies something that goes across subsystems
i.e. involves operators that are go beyond subsystems and refer to joint measurements.
This word of caution is important and therefore we explicitly mention it here.

108



Chapter 7

Summary and Future Outlook

This thesis is a step further in the direction of experimental detection of quantum corre-
lations including entanglement and discord. Most of the existing quantum correlation
detection protocols require the state information beforehand to yield the detection re-
sults. Also, most such protocols are cost-intensive on experimental as well as computa-
tional resources. The thesis begins with the experimental investigation of the quantum
entanglement in arbitrary bipartite states. In order to witness the entanglement the
concept of entanglement witness (EW) was utilized. The key feature of the detection
protocol is that it does not require any prior state information. A set of local measure-
ments was chosen in such a way that, after measurement, they helped in the construc-
tion of EW and thereby entanglement detection utilizing semi-definite programming
(SDP). It was demonstrated that only a three measurement setting sufficed to detect
the entanglement in the case of maximally entangled Bell states. The protocol was
also tested on a two-parameter class of qubit-qutrit entangled states and simulations
suggest that only four measurement settings can successfully detect the entanglement.
This work is an extension of the simulations on qutrit-qutrit entanglement detection
[166] and is a promising candidate for higher-dimensional bipartite entanglement de-
tection utilizing EW through SDP. Its worth mentioning that the a critical step is to
strategically choose the set of measurement settings and this in-turn ensure the optimal
entanglement detection.

The next experimental investigation was focused on the detection of quantum cor-
relations possessed by separable mixed states e.g. non-classical correlations (NCC). A
non-linear positive map was successfully implemented to detect the NCC present in
a two-qubit state. The key feature of the experimental implementation was that the
detection was achieved in a single-shot NMR experiment due to the non-destructive
nature of NMR measurements. The detection capabilities of the positive-map were
also explored by letting the state evolve. It was observed that at the transverse re-
laxation time, i.e. T scale, the map was unable to detect NCC which otherwise was
detected by direct quantum discord (QD) calculations. Nevertheless, this appeared to
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7. Summary and Future Outlook

be attributed to the fact that the positive map utilized very low state information to yield
‘ves/no’ answer on the status of NCC while QD requires full quantum state tomogra-
phy (QST). Scheme looks promising for the experimental exploration of mixed states
quantum correlations in higher-dimensional as well as multipartite quantum systems.

Entanglement detection as well as characterization in random three-qubit states
was also investigated experimentally. The detection protocol was tested on seven rep-
resentative states of six SLOCC-inequivalent classes and twenty randomly generated
states. The entanglement measure 3-tangle was utilized to differentiate between gen-
uine three-qubit entangled states, i.e. GHZ and W class of states, in a single experi-
ment. Only four experimental settings proved to be sufficient for the successful classi-
fication of the entanglement in the three-qubit pure generic states. Further, concurrence
based three-qubit entanglement classification protocol for the most general three-qubit
states was also implemented successfully. It would be interesting to explore the entan-
glement classification in more than three-qubit states, utilizing Pauli witness operators,
as the entanglement characterization is a challenging and non-trivial task.

Mixed states possess a more subtle type of entanglement, called the bound entan-
glement(BE), which is undistillable into EPR pairs via LOCC operations. Quantum
states possessing BE doesn’t violate PPT (positive under partial transposition) crite-
rion. The thesis also explored a single-parameter class of qubit-ququart BE states with
the aim of their detection using minimum experimental settings. The qubit-ququart
states were mapped on to three-qubit states as in both the cases the underlying Hilbert
space dimension is eight. BE detection method used the measurement of only three
Pauli observables to see the violation of standard quantum limit (SQL). BE was suc-
cessfully detected in several representative states from the single-parameter BE class
of states and QST was used to establish the PPT nature of the experimentally created
states. Key feature was that the BE was detected in the states lying near the entan-
gled/separable boundary by directly measuring the Pauli observables while QST failed
to detect BE.

There are entangled states whose measurement statistics can be simulated by a
local hidden variable model. Bell-type inequalities e.g. Clauser-Horne-Shimony-Holt
(CHSH) inequality in particular is suitable for experimental entanglement detection by
observing the violation of SQL. CHSH inequality is limited to (N = 2,m = 2,d = 2)
scenario i.e. two-parties, two-measurement settings per party with two outcomes for
each measurement setting. Experimental investigation for a general case (IV, m, d) was
considered utilizing Navascués-Pironio-Acin (NPA) hierarchy. Protocol was tested on
genuine three-qubit entangled states i.e. GHZ and W states. It was demonstrated that
the non-local nature of the quantum correlations was detected at the second level of
NPA hierarchy. This method is particularly useful as it can easily be implemented in
multipartite as well as higher dimensional cases.
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Appendix A

Semi-Definite Program to Detect
Entanglement in Random Two-Qubit
States

Following is the MATLAB script, used to detect entanglement using pre-chosen set of
measurements, utilizing SDP defined in Eq.(2.4) and data given in Sec{2.2.3] YALMIP
[170] and SeDuMi [[169] packages are required to be installed before running the fol-
lowing code. Following code as well as the ‘“mkstate’ function code are available at
https://sites.google.com/site/amandeepsidhuiiserm/codes?authuser=0.

% C,P and Q are initialize as SDP variables in YALMIP
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
% Below is the Entanglement Witness defined using only three observables
% "mkstate" is a function to genrate Pauli operators
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)=*mkstate('+1YY',0)+C(4,1)=*mkstate("
+177',0));
M=[1;—0.490;0.487;0.479;0;0;0;0;0;0;0;0;0;0;0;0]; % M vector built from experimental data
cf=C'%M; % This is the cost function to be minimize
prcn=le—5; % This will decide how negative "cf" is sufficient to establish entanglement presence
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % "F" is the set of constraints
optimize(F,cf); % YALMIP SDP optimization of "cf" under constraints "F" using SeDuMi as solver
if value(cf)+prcn<0
disp(" )
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=3');

disp(" ");
else

C=sdpvar(16,1);

P=sdpvar(4,4);
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Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate( '+1YY',0)+C(4,1)x*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY",0));
%the M vector built from experimental data
cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0
disp(" ")
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=4');
disp(" ")

else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate( '+1XX"',0)+C(3,1)*mkstate( '+1YY',0)+C(4,1)x*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY"',0)+C(6,1)*mkstate('+1XZ',0));
%sthe M vector built from experimental data
cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0

disp(* )
disp('The State is Entangled!');

disp('Number of Randome Local Measurements used=5');
disp(" ")

else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate( '+1YY',0)+C(4,1)x*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY',0)+C(6,1)*mkstate('+1XZ',0)+C(7,1)*mkstate('+1YX"',0)
)
%the M vector built from experimental data
cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0

disp(" ")
disp('The State is Entangled!');

disp('Number of Randome Local Measurements used=6');
disp(* )

else

C=sdpvar(16,1);

P=sdpvar(4,4);

Q=sdpvar(4,4);

W=C(1,1)*mkstate('+1II"',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY"',0)+C(4,1)=*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY',0)+C(6,1)*mkstate('+1XZ"',0)+C(7,1)*mkstate('+1YX",0)
+C(8,1)*mkstate('+1YZ',0));

%the M vector built from experimental data
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cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver

if value(cf)+prcn<0

disp(" ")
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=7');

disp(" ")
else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY"',0)+C(4,1)*

mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY"',0)+C(6,1)*mkstate('+1XZ',0)+C(7,1)*mkstate('+1YX"',0)

+C(8,1)*mkstate('+1YZ"',0)+C(9,1)*mkstate('+1ZX"',0));
%the M vector built from experimental data
cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0

disp(" ")
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=8');

disp(" ")
else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY',0)+C(4,1)*

mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY"',0)+C(6,1)*mkstate('+1XZ',0)+C(7,1)*mkstate('+1YX"',0)

+C(8,1)+mkstate('+1YZ"',0)+C(9,1)*mkstate('+1ZX"',0)+C(10,1)+mkstate('+1ZY"',0));
%the M vector built from experimental data
cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0
disp(" )
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=9');
disp(" ")
else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY"',0)+C(4,1)x*

mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY"',0)+C(6,1)*mkstate('+1XZ',0)+C(7,1)*mkstate('+1YX"',0)
+C(8,1)*mkstate('+1YZ"',0)+C(9,1)*mkstate('+1ZX"',0)+C(10,1)*mkstate('+1ZY"',0)+C(11l,1)=*mkstate

("+1XI',0));
%the M vector built from experimental data
cf=C'*M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
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optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0
disp(" ")
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=10');
disp(" ")
else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II"',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY"',0)+C(4,1)=*
mkstate('+1ZZ',0)+C(5,1)+mkstate('+1XY"',0)+C(6,1)*mkstate('+1XZ',0)+C(7,1)*mkstate('+1YX",0)
+C(8,1)*mkstate('+1YZ',0)+C(9,1)*mkstate('+1ZX"',0)+C(10,1)*mkstate('+1ZY"',0)+C(11,1)*mkstate
("+1XI',0)+C(12,1)*mkstate('+1YI',0));
%the M vector built from experimental data

cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver

if value(cf)+prcn<0

disp(" ")
disp('The State is Entangled!');

disp('Number of Randome Local Measurements used=11');
disp(" ");

else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate( '+1YY"',0)+C(4,1)x*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY',0)+C(6,1)*mkstate('+1XZ"',0)+C(7,1)*mkstate('+1YX",0)
+C(8,1)*mkstate('+1YZ"',0)+C(9,1)*mkstate('+1ZX"',0)+C(10,1)*mkstate('+1Z2Y"',0)+C(10,1)=*mkstate
('+1XI',0)+C(11,1)*mkstate('+1YI"',0)+C(12,1)*mkstate('+1YI"',0)+C(13,1)*mkstate('+12I"',0));
%the M vector built from experimental data
cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0
disp(" ")
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=12');
disp(* )

else

C=sdpvar(16,1);

P=sdpvar(4,4);

Q=sdpvar(4,4);

W=C(1,1)*mkstate('+1II"',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY"',0)+C(4,1)=*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY"',0)+C(6,1)*mkstate('+1XZ',0)+C(7,1)*mkstate('+1YX"',0)
+C(8,1)*mkstate('+1YZ',0)+C(9,1)*mkstate('+1ZX"',0)+C(10,1)*mkstate('+1Z2Y"',0)+C(10,1)*mkstate
("+IXI',0)+C(11,1)*mkstate('+1YI',0)+C(12,1)=*mkstate('+1YI',0)+C(13,1)x*mkstate('+1ZI"',0)+C
(14,1)*mkstate('+1IX',0));

%the M vector built from experimental data

cf=C'+M; %this is cost function to be minimize
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F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0
disp(" "),
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=13');
disp(" ");
else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY"',0)+C(4,1)x*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY',0)+C(6,1)*mkstate('+1XZ"',0)+C(7,1)*mkstate('+1YX",0)
+C(8,1)*mkstate('+1YZ',0)+C(9,1)*mkstate('+1ZX"',0)+C(10,1)*mkstate('+1ZY"',0)+C(10,1)=*mkstate
("+1XI',0)+C(11,1)*mkstate('+1YI',0)+C(12,1)*mkstate('+1YI',0)+C(13,1)*mkstate('+1ZI"',0)+C
(14,1)*mkstate('+1IX',0)+C(15,1)*mkstate('+1IY"',0));
%the M vector built from experimental data

cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0
disp(" ")
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=14');
disp(" ")
else
C=sdpvar(16,1);
P=sdpvar(4,4);
Q=sdpvar(4,4);
W=C(1,1)*mkstate('+1II',0)+(1/2)*(C(2,1)*mkstate('+1XX"',0)+C(3,1)*mkstate('+1YY',0)+C(4,1)*
mkstate('+1ZZ',0)+C(5,1)*mkstate('+1XY',0)+C(6,1)*mkstate('+1XZ"',0)+C(7,1)*mkstate('+1YX"',0)
+C(8,1)*mkstate('+1YZ"',0)+C(9,1)*mkstate('+1ZX"',0)+C(10,1)*mkstate('+1ZY"',0)+C(10,1)=*mkstate
("+1XI',0)+C(11,1)*mkstate('+1YI',0)+C(12,1)*mkstate('+1YI',0)+C(13,1)*mkstate('+1ZI"',0)+C
(14,1)*mkstate('+1IX',0)+C(15,1)*mkstate('+1IY',0)+C(16,1)*mkstate('+1IZ',0));
%the M vector built from experimental data

cf=C'+M; %this is cost function to be minimize
F=[W==P+pt_nonorm(Q,1,2), P>=0, Q>=0, trace(W)==1]; % set of constraints
optimize(F,cf); % YALMIP SDP usind SeDuMi as solver
if value(cf)+prcn<0
disp(" )
disp('The State is Entangled!');
disp('Number of Randome Local Measurements used=15');

disp(" ")
else
disp(" ");
disp('The State is Separable!');
disp(" ");
end
end
end
end
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end
end
end
end
end
end
end
end
end

Following is the output and SDP runtime parameters yielded by above written MAT-
LAB code.

SeDuMi 1.32 by AdvOL, 2005—2008 and Jos F. Sturm, 1998—2003.
Alg = 2: xz—corrector, theta = 0.250, beta = 0.500

Put 17 free variables in a quadratic cone

eqs m = 24, order n = 11, dim = 51, blocks = 4

nnz(A) = 69 + 0, nnz(ADA) = 576, nnz(L) = 300

it bxy gap delta rate t/tPx t/tDx feas cg cg prec
0 : 1.77E+00 0.000
1: 7.32E—01 3.86E—01 0.000 0.2178 0.9000 0.9060 0.77 1 1 1.3E+00
2 3.81E—01 1.03E—01 0.000 0.2661 0.9000 0.9000 2.07 1 1 2.6E—01
3: 4.80E—01 4.09E—03 0.000 0.0398 0.9900 0.9960 1.07 1 1 7.8E—03
4 4.78E—01 8.64E—05 0.000 0.0211 0.9900 0.9960 1.01 1 1 1.6E—04
5: 4.78E—01 1.86E—06 0.000 0.0215 0.9900 0.9960 1.00 1 1 3.5E—06
6 : 4.78E—01 3.99E—08 0.000 0.0215 0.9900 0.9960 1.00 1 1 7.6E—08
7 : 4.78E—01 8.58E—10 0.000 0.0215 0.9900 0.9960 1.00 1 1 1.6E—09
8 : 4.78E—01 1.84E—11 0.000 0.0215 0.9900 0.9960 1.00 1 1 3.5E-11

iter seconds digits CxX bxy
8 0.5 11.1 4.7800000001e—01 4.7800000001e—01

|Ax—b| = 3.6e—11, [Ay—c] + = 6.7E—12, |x|= 4.2e+00, |y|= 1.3e+00

Detailed timing (sec)

Pre IPM Post
3.090E—01 4.680E—01 7.200E—02
Max—norms: ||b||=1, ||c|| =1,
Cholesky |add|=0, |skip| =0, ||L.L|| = 1.03389.

The State is Entangled!
Number of Randome Local Measurements used=3
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Appendix B

NMR Pulse Program for Sequential
Measurements

Below is the 2D NMR pulse program used in sequential measurements, in order to
detect NCC using Eqn.(3.7), introduced in Sec{3|and Sec{3.2.1]

729

;avance—version (25/04/17)

;1D sequence

; Modified by: Amandeep Singh 25/04/2017
; For Sequential FID

; $CLASS=HighRes

; $DIM=2D

; $TYPE=

; $SUBTYPE=

; $COMMENT= For Sequential FID

;#define AMAN

#include <Avance.incl>
#include <Grad.incl>
#include <De.incl>

"d13=0.000581395" ;=1/8J
"d14=d13+8" i=2/]
"acqtO=—plx2/3.1416"
"d2=10u"

1 ze
2 30m
dl

; NCC State Prep. + CH BLOCK —M
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; Sequence to Prepare Sigma State from Thermal state from 1 to 6
; STEP 1 of sequence

d2 pl2:f2
11 p2:f2 ph2 ; ph2=0(+x)

; STEP 2 of sequence
d2 UNBLKGRAD

12 pl6:gpl
d16

; d2 BLKGRAD

; STEP 3 of sequence
d2 plil:fl

13 pl:fl ph3 ; ph3=1

; d2*0.5

; STEP 4 of sequence
14 di13
; Refocusing during evolution
plx2:fl phl
d2 pl2:f2
p2x2:f2 phl
d13
; Correcting phase introduced due to refocusing;
p2x2:f2 phl
d2 pll:fl
plx2:fl phl
d2%0.5

; STEP 5 of sequence
15 pl:fl ph2 ; ph2=0 (+x)
d2x0.5

; STEP 6 of sequence
16 plx0.5:f1 ph5 ; ph5=3 (—y)

v

;Delay to see capability of CH to detect sigma state
d10*3

; Steps 7 to 11 are implementation of CH on Sigma state
; STEP 7 (1 of CH Sequence)
71 d2x0.5

pl:fl ph4 ;ph4=2

d2*0.5

pl:fl ph5 ;ph5=3

d2%0.5

pl:fl ph2 ;ph2=0

d2%0.5
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pl:fl ph3 ;ph3=1

; STEP 8 (2 of CH Sequence)
82 d13x2
; Refocusing during evolution
pl*2:f1l phl
d2 pl2:f2
p2*2:f2 phl
d13%2
; Phase correction introduced by refocusing
p2*2:f2 phl
d2 pli:fl
plx2:fl phl

; STEP 9 (3 of CH Sequence)

93 d2x0.5
plx2:fl ph5 ;ph5=3
d2x%0.5
pl:fl ph2 ;ph2=0
d2x0.5

plx0.5:f1 ph5 ;ph5=3

; STEP 10 (4 of CH Sequence)
104 d13x2
; Refocusing during evolution
plx2:fl phl
d2 pl2:f2
p2x2:f2 phl
d13x2
; Phase correction introduced by refocusing
p2%2:f2 phl
d2 pll:fl
plx2:f1l phl

; STEP 11 (5 of CH Sequence)

115 d2%0.5
pl:f1l ph5 ;ph5=3
d2x0.5
pl:fl ph2 ;ph2=0
d2x0.5
plx1.5:f1 ph3 ;ph3=1
d2x0.5
pl:fl ph4 ;ph4=2
d2x0.5
plx2:fl ph3 ;ph3=1
d2x%0.5
pl:fl ph2 ;ph2=0
d2x0.5

—— Acquisition Pulse
pl:fl ph3 ;ph3=1
go=5
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3 10u pl2:f2

; Refocusing during evolution
p2x2:f2 phl
d2 pll:fl
plx2:f1l phl
d14x104.8
; Phase correction introduced by refocusing
plx2:fl phl
d2 pl2:f2
p2*2:f2 phl

——Undo the pi/2 Acq Command id FID#}——M——

; Undoing was't required as undo pulse
; cancels 1st pi/2 pulse of CNOT gate

; CNOT-
; pl:fl ph3 ;ph3=1
d13x2
; Refocusing during evolution
plx2:fl phl
d2 pl2:f2
p2x2:f2 phl
d13x2
; Phase correction introduced by refocusing
p2x2:f2 phl
d2 pll:f1
plx2:fl phl

d2*0.5
pl:fl ph5 ;ph5=3
d2x0.5
pl:fl ph2 ;ph2=0
d2%0.5

vd ; this is variable delay list with single entry of 1lus

; FID writing to ser file—m M8 ——
5 go=3 ph31l

30m wr #0 if #0 ivd
lo to 3 times tdl

exit

phl=1
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;ph1l=0 2 2 013 31
ph2=0
ph3=1
ph4=2
ph5=3
ph31=1
;ph31=0 226061331

;pl1l @ f1 channel — power level for pulse (default)
;pl : f1 channel — high power pulse

;d1 : relaxation delay; 1-5 * T1

;ns: 1 x n, total number of scans: NS x TDO

;d13=1/8]

;d16=200u (Gradient delay)

;d2=10u

;d10= delay to relax sigma state (multiples of a=2/])
;tdl: number of experiments = number of delays in vd—list
; FNMODE: undefined

;define VDLIST

;this pulse program produces a ser—file (PARMOD = 2D)

;$Id: zg,v 1.11 2017/04/25 17:49:31 ber Exp $
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