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Abstract

In this thesis we provide an introduction to the theory of modular forms. We aim
to show two major results. The first one shows that the space of modular forms is
finite dimensional. The second result is the “Converse Theorem of Weil” on L-functions
associated to modular forms. As we go on we will encounter some very interesting

mathematical objects such as modular curves, Hecke operators and L-functions.



Introduction

A modular form of weight k is a holomorphic function on the upper half complex plane
H, such that it is invariant up to an “automorphy factor” with respect to the action
of congruence subgroups of SL2(Z) on H. This transformation law is known as the
“modularity condition” (See Section 1.1). There are two parameters associated to a
modular form — its weight and the level. The weight is determined by the automorphy
factor and the level depends on the finite index congruence subgroup with respect to
which it satisfies the modularity condition. Modular forms are “holomorphic at the
points at infinity” known as “cusps”. This means that they have a power series expansion
about 0, when viewed as a function on the unit disc (See Section 1.2). Moreover, the
modularity condition implies that these functions are periodic. This gives us a Fourier

series expansion for the function which is exactly the above power series expansion.

Modular forms are one of the central objects of interest in the area of number theory.
They are studied extensively because of the much celebrated Taniyama—Shimura conjec-
ture which highlights a deep relation between these functions and special cubic curves
known as elliptic curves. This conjecture was the key to proving Fermat’s Last Theorem.
However, the classical theory of modular forms can be traced back to the works of Jacobi
and decades later when Ramanujan introduced the famous 7—function. He studied the
product 22, ¢(1—¢™)?* which can be expanded as a g-series given by >°°° , 7(n)¢". Ra-
manujan conjectured that the 7—function is multiplicative. Moreover he discovered that
") = r(p)r(p)
addition to the above properties, he considered the Dirichlet series Y 2, 7(n)n

—p''7(p"). In

—S

for a prime p, the coefficients satisfy the property: 7(p
and

believed that it has an Euler product representation.

Y ot =T =r(pp~* +p" %)

n=1 P
The answers to these remarkable results lie in the fact that the sum defined above with
7(n) as its coefficients is a modular form. In this thesis, we aim to provide the general

theory behind such results.



Introduction 2

To begin with, the first three chapters of the thesis is dedicated to proving that the
space of modular forms is finite dimensional. To that end, we will study modular curves.
Suppose I is a subgroup of SLy(Z) of finite index. A modular curve with respect to I is
the quotient space of orbits under the action of I' on H. We will see that every modular
curve is in fact a Riemann surface. We will add the points at infinity called “cusps”
to the modular curve so as to make it into a compact Riemann surface. We will see
that a weight 2k modular form with respect to I' can be viewed as a k-fold differential
form on the associated compact modular curve X (I'). The dimension is then calculated
using the Riemann Roch Theorem in terms of the known data of the modular curve (See
Theorem 2.13.5).

The answer to the first two results related to the 7—function is dealt by the Hecke theory
of modular forms. This is developed in Chapter 3. We study the space of modular forms
via a family of normal operators called “Hecke operators” acting on it. In particular
for the space of cusp forms we find a suitable basis of orthogonal “eigenforms” for the

family of Hecke operators.

The central object of study in chapter 4 is the L-function associated to a modular form.
Here we will look for an answer to the third property of the 7—function dealing with the
Euler product expansion of the Dirichlet series, in a much more general setting. Suppose
the g-expansion of a modular form f is given by > >° ; a,q". We associate the Dirichlet
series to f given by the sum ) 7, a,n~° known as its L-function. Furthermore, we will
show that the modular forms whose L-function have an Euler product expansion are

precisely the “normalized eigenforms”. (See Theorem 4.2.11).

The L-function of a cusp form can be analytically continued to the whole complex
plane. It also satisfies a functional equation. Hecke conjectured and later Weil proved
the Converse Theorem for L-functions associated to cusp forms of level N. Here we will
work with a family of “twisted L-functions.” More precisely these are Dirichlet series
of the form > >, x(n)apn™* where x is a suitable primitive Dirichlet charcter. Given
sufficiently many such L-series with analytic continuation and a functional equation,
along with appropriate growth conditions on the coefficients a,, the Converse Theorem
guarantees that the coefficients come from a cusp form ) 7, a,q¢™ of level N. (See
Theorem 4.4.6).

Our main references are the books A first course in modular forms by Diamond and

Shurman|2] and Automorphic forms and representations by Daniel Bump|1].



Chapter 1
The theory of modular forms

Definition 1.0.1 (The modular group). The modular group is the group of all invertible
2 by 2 matrices with integer entries having determinant 1. We denote it by SLo(Z).

The modular group acts on the upper half complex plane, H as follows: For any ~ €

a b
SLs(Z) such that v = < d) define:
c

ar +b
et +d

T =
Lemma 1.0.2. The modular group maps the upper half plane to itself.

Proof. Easy calculations show that Im(y7) = %

implies that Im(7) > 0. We therefore have that Im(y7) = Iifl(:l\)? > 0. O

. Since ad —bc = 1,7 € H

One can easily check the following to confirm that the action defined above is in fact a

group action.

1. I(7) = 7 where I denotes the identity matrix.

2. (79')r = ~v(+'7) for some 7,~ € SLs(Z)

Lemma 1.0.3. The modular group is generated by the matrices:
11 0 -1
T= and S =
01 1 0

. 1 n 9 a b
Proof. Notice that T" = 01 and S* = —I. Let v = p € SLy(Z). If ¢ =0,
c

then a = d = +1 so that v = +TY where b = +b. In this case, ¥ = T or S2T7. Next,
3
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assume that ¢ # 0. Observe that multiplying S with v switches the rows with a sign
change. Therefore without loss of generality we can assume that |a| > |c|, otherwise
we can multiply by S to interchange the rows. By the division algorithm, there exists

integers ¢ and r such that a = c¢q + r with 0 < r < ¢. Multiplying T~¢ with ~, we see

that
Ty — a—cq b—qd _(r b—qd
c d c d

Since r < |c|, we again switch the rows by multiplying by S to get

—c —d
ST 9y =
r b—aqd

Applying the division algorithm and repeating this process, at some point the lower left
entry will become 0 and we’ll be done by the previous case. It follows that, any arbitrary

matrix in SL9(Z) is obtained by multiplying suitable powers of S and T. O

The matrix T maps 7 to 7 + 1. In other words, it acts via translation by 1 on 7. The
second matrix takes 7 to —1/7. Under this transformation the points inside the unit
disc in the upper half plane are mapped to points outside the unit disc and vice versa.
These transformations will help us determine the fundamental domain for the action of
SLy(Z) on H in section 2.1.

1.1 Modular forms

Definition 1.1.1 (Modular form of weight k). Let k& be an integer. A modular form of
weight k, for the group SLy(Z), is a function satisfying the following:

1. f is holomorphic on H.

b
2. (Modularity condition) For all v € SLy(Z), vy = (a d)
c

f(yr) = (er + d)f f(7) for all 7 € H.
3. The function f is holomorphic at co. We will make this precise in section 1.2.

The first example of a modular form of weight k is the zero function. In fact one can

check that for odd weights, the zero function is the only modular form.
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To check the modularity condition for all the matrices of SL9(Z) is a very tedious job.
However the modularity condition reduces to the following when we check it on the

generators.
f(r+1) = f(r) and f(—=1/7) = 7Ff(7) for all T € SLy(Z). (1.1.2)

The next proposition helps us to conclude that checking the modularity condition for

all the matrices in SLo(Z) is equivalent to checking the condition on the generators. We

. . a b L
introduce some notation first. Suppose v = p € SLo(Z). Let y(v,7) = (cT + d)".

c
Denote (cr+d) "% f(y7) by f[7],.- The term j(v, 7) is called the automorphy factor, while
[v]k is called the weight k operator. The modularity condition for a modular form f is

now equivalent to the following statement: f[y], = f.

Proposition 1.1.3. Suppose that f is a modular form of weight k& and ~1,v2 € SLs(Z).
Then,

L g(v1v2, 7) = 3(v1, v27) (72, 7).

2. (fInle)zlk = flnrele-

The second part, tells us that, if the modularity condition holds for two matrices then
it holds for their product as well. Therefore it is now sufficient to look at the conditions
n (1.1.2).

Proof. Part 4.4.11 is a direct calculation. To see the second part, compute that

(Fle)2de() = 2(7,722) 372, 2) 7 f(1172¢)
= 1(mv2,2) f(11722)

= flm2lk

O]

It is easy to observe that the set of modular forms of weight k£ form a vector space over

C with the addition defined by the usual addition of functions.

1.2 The ¢g-expansion of a modular form

2miT

The map 7 — e is a surjective holomorphic map of the upper half plane to the

punctured unit disc. This transformation will help us view modular forms as functions
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on the unit disc instead of the upper half plane. Let ¢ = ¢?™7. Since modular forms are
periodic, it is well defined to set f(g) = f(log(q)/2mi) = f(7). The function f is now
defined on the open punctured unit disc via f Note that, as 7 — i00,q — 0. We say
that the function f is holomorphic at infinity if f~‘ can be analytically extended to the
whole unit disc, so that it is analytic at 0. The function therefore can be written as a

power series around 0. By abuse of notation we write:

fla)=f@)=>_ang".

n>0
1.3 First examples

For the matrix —I, the modularity condition implies that f(7) = (—=1)¥f(7). Therefore,
for odd weights the only modular form is the 0 function. For a non-trivial example of a

modular form of weight k, consider the double sum:

1
Gr(r) = > (mr )

m,nel
(m,n)#(0,0)

The series converges absolutely when k > 2. We see that when k& > 2,

Gir+1)= Y L — G(7)

k
st (m7T 4+ m+n)
(m,n)#(0,0)

The last equality comes from the fact that the series is absolutely convergent, thus we
can change the order of the sum over (m,n) to (m,m + n). One can similarly check
the second modularity condition. The series Gi(7) is known as the Eisenstien series of

weight k. A specific example of a modular form of weight 12 is the A function given by:
A(7T) = (60G4(7))? — 27(140(Gg))>.
The g-expansion of some Eisenstien series are given as follows:
Gu(q) = 1/240 + q + 9¢° + 28¢> + 73¢* + O(¢°)

Ge(q) = —1/504 + q + 33¢° + 2444 + 1057¢* + O(¢%)

The g-expansion of the A function is:

A(q) = q — 24¢% + 252¢% — 1472¢* + 4830¢° + O(¢°)
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Notice that the constant term ag of the g-series for the A function is 0. Such forms
are called cusp forms. These form a subspace of My(SL2(Z)), which we denote by
Sk(SLo(Z)).

1.4 Congruence subgroups of SLy(7Z)

We saw that there are no modular forms of odd weights with respect to SLa(Z). There
are also some modular forms which satisfy the modularity condition not for the whole

group but for a particular subgroup of SLy(Z). For example, the theta function

0(1) = Z r(n,4)emnT

n=0

is a modular form of weight 2 with respect to the subgroup generated by the matrices:

R

The coefficient 7(n,4) denotes the number of ways n can be written as a sum of four
squares. This is a non trivial result. The above fact and the fact that the space of
modular forms is finite dimensional is used to derive an explicit formula for r(n,4). We
won’t go into the details, but this gives us enough motivation to describe some subgroups

of SLy(Z) of particular interest to us. The subgroup I'g(V) is described by the following

o ={(2 ) esm] (¢ 2)= (5 %) o)

We also have the subgroup:
b a b 1 %
€ SLy(Z) = mod N
d c d 0 1

The principle congruence subgroup I'(IV) is defined as,

{2 o) s ()= ) )

We will work with a much generalized class of subgroups. These are called the congruence

set:

ﬂ
—_

2
S~—

Il
—
N
Q 9

subgroups.

Definition 1.4.1 (Congruence subgroup). A subgroup I' of SLy(Z) is a congruence sub-
group of level N if I'(N) C T for some positive integer N.
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When —1 ¢ ', modular forms of odd weights may exist with respect to I', unlike in the
case of SLo(Z).

Next, we move onto proving certain properties of the subgroups described above.

Proposition 1.4.2. The group SLy(Z/NZ) isomorphic to SLa(Z)/T(N).

This requires a small result to be proven first:

Lemma 1.4.3. Suppose (¢,d, N) = 1, where (¢, d, N) denotes the greatest common divisor
of ¢,d and N. Then there exists ¢ = ¢+ tN and d’ = d + tN for some integers s and ¢
such that (¢,d') = 1.

Proof. Let ¢; = (¢, N) so that ¢ = ¢ico for some ¢y. Now, (co, N) = 1. This implies that
there exists © and v € Z such that 1 = cou + Nv. Let m = v — dv. Then observe the

following;:

d+mN = d+ (v—dv)N

1 mod ¢

using the fact that Nv =1 mod ¢y. Let ¢ = ¢ and d +mN = d'.
Claim 1.4.4. (¢,d') = 1.

Suppose p | ¢ and p | d’ for some prime p. Then p | c1co and p | (d+mN). Thus p | ¢1 or
p|ce and p | (d+mN). Discard the case when p | c2 and p | (d +mN). This is because
ca | (d+mN — 1), and so p t (d + mM). Therefore, p | c; = (¢, N) and p | (d + mN).
Thus, p | (¢,d, N) = 1 proving that p = 1. O

Proof of Proposition 2.8. Consider the following homomorphism:
w:SLy(Z) — SL2(Z/NZ)

such that ¢(v) = v mod N. Using the lemma we will show that this map is a surjection.
a b . .

Let v = < d) € SLy(Z/NZ). Since ¢ and d € SLy(Z/NZ), (¢,d,N) = 1. Using
c

Lemma 1.4.3, we can find integers ¢ and d’ such that ¢ = c¢mod N and d =d mod N
and (¢/,d') = 1. We need to find k and [ such that there exists a lift of v given by
<a +kN b+IN
d d
condition is satisfied: (a + kN)d' — (b+ IN)c = 1. This is equivalent to saying that

) € SLy(Z). That is, we want integers k and [ such that the following

ad +bc + (kd' — )N =1 (1.4.5)
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Now ad’ — b = 1+ jN for some integer j. Substituting in (1.4.5), we see that, we
need integers k and [ which satisfy that j = I¢/ — kd’. Since ¢’ and d’ are co-prime, such

integers clearly exist. The kernel of the map is clearly T'(NV). O

Corollary 1.4.6. The subgroup I'(N) is normal in SLy(Z).

Proof. Being the kernel of a surjective homomorphism, this follows directly from the

proof of Proposition 1.4.2. O

Proposition 1.4.7. The group (Z/N7Z)* is isomorphic to T'o(N)/T'1(N).

Proof. Consider the homomorphism

Y :To(N) — (Z/NZ)*

a v
N — d mod N
c

To prove that this map is a surjection, let d € (Z/NZ)* with (N,d) = 1. This implies
b a
that there exist integers a and b such that bd —aN = 1. Take v = <N d) . This clearly

belongs to I'g(XN) and ¥(y) = d. The kernel of ¢ is clearly T';(N) and so the result
follows. O

The above proof also shows that I'; (/V) is normal in T'g(V).

Proposition 1.4.8. Any congruence subgroup I' is of finite index in SLs(Z).

Proof. Since I'(N) C T for some N and [SL2(Z) : T'(N)] is finite. Therefore, I" has finite
index. ]

We further develop the definition of a modular form with respect to a congruence sub-
group. In the usual definition of a modular form, the only thing which needs more work
is the “holomorphy at co” condition. We develop this definition keeping in mind the

following points:

1. Since I'(N) C T' for some N, each congruence subgroup I' of SLy(Z) contains

h
a translation matrix ( for some minimal h € Z". Therefore any modular
0 1

form with respect to I is h-periodic and therefore by the same argument in section
1.2, there exists a corresponding function f: D’ — C where D’ is a punctured

disc around 0. But now, f(7) = ¢, where g, = e?™m/h - As argued before f is
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holomorphic on H and so it is analytic on D’. We define f to be holomorphic at oo
if ]? can be analytically extended to the whole disc. Again, we will get a Fourier

series expansion on D’ given by the following expression:

F@) =7 angf.

n>0

2. Till now we have only defined the action of SLy(Z) on the points of H. However, we
will later see that in order to make the space of modular forms finite dimensional,
we need to define the action on the point “c0” as well and adjoin its “SL2(Z)
translates” to H. These are precisely the rational numbers Q as we will see in

section 2.5. We call the set {Q} U oo as cusps.

3. The crucial point to note is that we need the modular forms to be holomorphic at
cusps as well. We will prove in section 2.5 that each s € Q is of the form a(c0)
for some o € SLy(Z). Thus, holomorphy of f at the cusps is naturally defined in

terms of holomorphy of the function f[a]; at co.

4. In order to make sense of the last sentence of the previous point note that for
any 0 € SLy(Z), 6 'T'(N)§ = I'(N) by Corollary 1.4.6. This implies that T'(N) C
a~'T'a for some N. Thus, a~'T'a is a congruence subgroup. Notice that f[a]
satisfies the modularity condition with respect to the subgroup o 'T'a since for
any v € I, (f[a]x)[e'va]r = fla]x By the argument in 1, holomorphy at oo of
the function f[a] is precisely defined.

Definition 1.4.9. (Modular form with respect to I') Let I be a congruence subgroup of
SL2(Z) and let k be an integer. A function f : H — C is a modular form of weight k
with respect to I' if

1. f is holomorphic on H.

2. f satisfies the modularity condition for all matrices in I'.

3. The function f[a]i is holomorphic at oo for all a € SLy(Z).

In addition, if ap = 0 in the Fourier expansion of f[a]; for all & € SLy(Z), then f is a
cusp form of weight k with respect to I'.

For a modular form f with respect to SLs(Z), condition 3 in the above definition is
reduced to the usual definition of “holomorphy of f” at co. We denote the set of modular

forms with respect to I' as My(I") and similarly, the cusp forms as Si(T).

The following proposition is useful in checking the third condition mentioned in the

above definition of modular forms.
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Proposition 1.4.10. Let I" be a congruence subgroup of SLy(Z) of level N, and let gy =
e2™7/N for + € H. Suppose that the function f : H — C satisfies conditions 1 and 2
in definition 1.4.9. In the Fourier expansion f(7) = > ° ;anqy, let the coefficients for
n > 0 be such that |a,| < Cn" for some positive constants C' and r. Then f also satisfies
condition 3 in definition 1.4.9. Therefore, f € My(T).

Proof. For every o € SLy(Z), the function (f[a]x)(7) is holomorphic and weight k
invariant with respect to the subgroup o 'I'a. As pointed out in the above discussion,

we get a Laurant series expansion about 0.

In order to show that f[a]y is holomorphic for all v € SL2(Z), we show that the Laurant
series truncates from the left to give a power series. This amounts to showing that
limg, 0 | fla]k(T)gn| = 0. To that end, we begin by estimating the function f. Since

f= 22020 anqy, and |a,| < Cn'” writing 7 = x + 1y, observe that,

F(7)] < lagl +C Y ne /N, (1.4.11)

n=1

Consider the function g(t) = t"e~2my/N A little bit of calculus shows that g has only
one maximum at t = rN/2my. Also, g(0) = 0. So the graph of g increases from 0 to
rN/2my and then decays to 0. We estimate the sum in (1.4.11) using the area under the
curve of the function g. Suppose g(t9) = rN/2my such that ¢y lies between the integers
d and d + 1. Then the graph of the function g helps us conclude that,

IN

lao| + C(e™2™/N oo 4 de 2™ WIN (4 4 1) e 2 (YN o
lao| + C(/ g(t)dt + (d + 1)”6—27ri(d+1)y/N>
0

[£(7)]

IN

lao| + C ( /0 gyt + (rN/27ry)Ter>

This implies that |f(7)| < |ao| + C"( [y~ g(t)dt + (1/y)") for some constant C’. Next, we

estimate the integral of g(¢) from 0 to oco.

/ gt) = / tre=2mt/N gy
0 0

Writing « = 27yt /N and doing a change of variable we arrive at the following integral:

(N/2my)" ! / x"e " dx
0
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The integral in the above expression is the Gamma function denoted by I'(r) and for a
positive integer r it takes the value (r+1)! We will talk more about the Gamma function

in section 4.1.

It now follows that [°g(t)dt = O(1/y"™'). Combining all the observations we land
up with the following inequality for some positive constants ¢y and ci: |f(7)| < ¢o +

¢1/(Im7)". Moreover this implies that,
|f(ar)| < co+ ci/(Im(aT))” (1.4.12)

Using this and the formula for Im(a7) in the proof of Lemma 1.0.2, we compute:

tim [ f[a]i(r)ax

lim |j(c, 7) 7" f(aT)qn]
qN— gN—0

= lim|coy(a, )% + erg(a, )| F e 2my/N

Notice that |j(c,7)] = O(y?). Using the fact that exponential decay dominates polyno-
mial growth, and observing that as gy — 0,y — 0o, we see limg, 0 | f[a]k(T)gn| = 0.

The result now follows. O

1.5 Meromorphic modular forms

As the name suggests these are meromorphic functions on the upper half plane satisfying
the same properties as holomorphic modular forms. Meromorphy at co means that
the function is now allowed to have a pole at infinity and so f has a Laurant series

expansion around 0. To make this precise: Let h € Z™ be the smallest number such that

0
h. Suppose f has no poles in the region {7 € H | Im(7) > c}. Then f has a Laurant

1 h
( 1) € I'. Since f satisfies the modularity condition with respect to I', it has period

series expansion in the corresponding punctured disk about 0:

fl@)= " angy; Im(r) > c (1.5.1)

n=—oo

The function f is defined to be meromorphic at co if fN‘is meromorphic at 0, that is, the
series in 1.5.1 truncates from the left. Meromorphy at the cusps is defined in a similar

fashion as done previously.

Definition 1.5.2. (Meromorphic modular forms) Let I" be a congruence subgroup of
SLs(Z) and let k be an integer. A function f : H — C is a modular form of weight k
with respect to I' if
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1. f is meromorphic on H.
2. f satisfies the modularity condition for all matrices in I'.
3. The function f[a]; is meromorphic at oo for all aw € SLo(Z).

One of the first examples of a meromorphic modular form of weight 0 is the j function.

It is given by the following expression:

60G4)3
j(r) = 1728 A“) (7). (1.5.3)

The first few terms of the g-expansion of the j are:
j(q) = ¢~ + 744 + 196884¢ + 214937604 + O(q*) (1.5.4)

Notice that the j function is of weight 0, that is, it is SLy(Z) invariant. It follows that,
it is a well defined function on the space SLs(Z)/H. This space is called a modular curve
of level 1. We denote it by Y (1). We will elaborate more on modular curves in the next

section.

The set of meromorphic modular forms of weight k with respect to the subgroup I" also
form a vector space. We denote it by Ag (). It contains the subspace of holomorphic

modular forms which we denote by M (T).
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Modular curves and the

dimension theory

Throughout this chapter I' dentotes a subgroup of SLy(Z) of finite index.

Definition 2.0.1 (Modular curves). Define a modular curve Y (I') to be the quotient of
the upper half plane under the action of I'.

Two points 7 and 7/ are in the same orbit if and only if there exists some v € I" such
that y7 = 7/. We give Y(I') the quotient topology via the map II : H — Y(T"). This
means that U C Y(T) is open if and only if IT"}(U) is open in H. Note that II is an

open map.

We next state a very important proposition and its consequences which we will use
extensively later.

Proposition 2.0.2. Let 7 and 75 € H be given. Then there exist neighborhoods U; of 7
and Uy of 75 in H with the property that for any v € SLs(Z), v(U1) N Uz # ¢ implies
that v(71) = 7o.

In simple words, when we take 71 = 75 and U; = Us, the above proposition guarantees the
existence of a neighborhood for every point 7 € H, in which it is the sole representative
of its I'-orbit. As a direct consequence we have that:

Corollary 2.0.3. Let 7 € H. For any v € SL9(Z), there exists a neighborhood U such
that YU N U # ¢ implies that v belongs to I';, where I'; denotes the stabilizer of 7 in
SLo(Z).

In order to prove the proposition, we need a small lemma.

Lemma 2.0.4. For any compact sets A and B € H, the set S ={y €T | yAN B # ¢} is
finite.

14
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Proof. Let A and B be compact subsets of H. Then the set {Im7 | 7 € B} C [e1, ¢2]
in R with ¢; > 0. Suppose that 74 € A and 75 € B such that y7p = 74. Then
Im(74)/|eTa + d|? = Im(75) > ¢1. We also have that,

Im(74) < Im(7g)|cta +d|* < colera +df? (2.0.5)
Combining the two inequalities, we get
Im(74)/co < |eta +d* <Im(7a)/c1 (2.0.6)

Since A and B are compact, the imaginary parts of 74 and 7 are bounded below and
from above as well. Therefore, there are finitely many possibilities for tuples (c,d) € Z?
which satisfy the inequality (2.0.6). We next show that we have only finitely many
possibilities of matrices having the second row entries as (c,d) which satisfy (2.0.6).
This follows from the following claim:

. . ai b1 a9 b2
Claim 2.0.7. If two matrices v = p and § = g have the same second
c c

row entries (c,d), then vy~ = ((1) le) .

We need to show that for matrices in the above claim, a; = as + nc and by = by + nc
for some n. This is seen as follows: ai;d — bjc = asd — boc = 1. This implies that
¢/d = (a1 — a2)/(by — ba). Since (¢,d) = 1, we conclude that (a1 — az2)/n = ¢ and
(b1 — bg)/n = d for some n. It follows that a; = ag + nc and by = by + nc so that the

condition in the claim is satisfied.

The integer n is bounded since A and B are compact sets. This implies that there are

only finitely many possibilities for the entries of matrices in S. This makes S finite. [

Proof of Proposition 2.0.2. Suppose that 7 and m» € H and C; and Cs are closed neigh-
borhoods about 71 and 79 respectively. Let S(C1,C2) = {y € T'|yC1NC2 # ¢ and 11 #
T2}. By Lemma 2.0.4, this set is finite. If the set S(Ci,C3) is empty, then we can
take U3 C C7 and Uy C Cy both open to satisfy the condition stated in the proposi-
tion. For vU; NUs # ¢ will imply that 47 = 7. Now suppose that S(Cj,C2) is non
empty. Let v € S(C1,C3). As H is Hausdorff, we can find disjoint neighborhoods V;
and Vo of v7 and 7o respectively. We see that 7*1V1 is an open neighborhood of 74
and it contains a closed disc C] C C; around 7. Similarly, we can find a closed disk
CY, C VoNCy about 5. This implies that S(C7, Ch) C S(Cy, Cs). Observe that vC] C V4.
The intersection Vi N Vi = ¢, implies that vC] N C4 = ¢. Therefore v ¢ S(C1,CY) and
S(C{, CY) € S(C1,Cs). This set is again finite, and so we can keep repeating the process
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to get Cfn) and C’én) such that S(Cfn), Cén)) = . Now, by the argument in the beginning,

we get open neighborhoods about 7 and 7 with the property in the proposition. O

Corollary 2.0.8. The modular curve Y (I') is Hausdorff.

Before going on to proving the corollary we will need a small result.

Claim 2.0.9. Let Uy and Uy be open neighborhoods. Then II(U;) NII(Usz) = ¢ in Y(I)
if and only if I'(U;) N Uz = ¢ in H.

Suppose that yU1NUy = ¢ for all v € T'. To the contrary assume that II(U; ) NII(Usz) # ¢
Then there exists z € II(U;) NII(Us). Now, € II(U;) implies that IT-1(z) = U, er U1,
while x € II(Us) implies that there exists 7 € U, such that II(7) = =. Moreover this gives
us that 7 € II7!(z). Therefore, 7 € §U; for some § € I'. Finally, 7 € 6U; N Us which
is a contradiction to our assumption. Conversely, suppose that II(U;) N IL(U2) = .
We want to show that I'(U;) N Uz = . Suppose not. Then there exists 7 € Uy such
that y = 7’ for some 7/ € U; and v € . This implies that II(7) = II(7'). But then
II(r) € II(U;) N II(Uz), a contradiction.

Proof of Corollary 2.0.8. Let II(m;) and II(m2) be two distinct points in Y (I'). Take
neighborhoods U; and Us, as in Proposition 2.0.2. Since I'm; # 19, by Proposition
2.0.2, TU; N Uz = . By the previous claim 2.0.9, II(U;) N II(Usz) = ¢. Therefore, there
exists disjoint neighborhoods II(U;) and II(Uz) of II(7;) and II(72) respectively, in Y (T').
This proves that Y (T") is Hausdorff.

2.1 The fundamental domain

A fundamental domain for the action of I' on H is a region on the upper half plane such
that for every point 7 in H, the region contains exactly one point which is in the same

I-orbit as 7. In this section we will find out the fundamental domain for SLy(Z).

Proposition 2.1.1. The fundamental domain D for the action of SLy(Z) is the region
D={reH:|Re(r)| <1/2,|7| > 1}.

The region is shown in figure 2.1. Let .S and T be matrices as given in 1.0.3.

Proof. We first show that for every 7 € Z there exists 7/ € D such that 7 = 7’ for some
v € SLy(Z). This will show that any point in H is SLy(Z)-equivalent to a point in D.
Choose any 7 € H and apply the matrix 17" for some n € Z to translate 7 by n to the
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FIGURE 2.1: The fundamental domain

vertical strip {7 : |Re(7)| < 1/2}. If 7 translates to D, then we are done. If not, then
|7| < 1. Now, notice that Im(—1/7) = Im(7)/|7|. Thus when |7| < 1,Im(—1/7) > Im(7).
Therefore, the next step would be to repeatedly apply the matrix S until Im(7) > 1. We
need to make sure the above process stops at a finite number of steps. To see this, notice
that for any 7 there are only finite number of integer pairs (¢, d) such that |er +d| < 1.
Since Im(vy7) = Im(7)/|cT + d|?, there are only finitely many transformations such that

Im(y7) > Im(7). It follows that the above process terminates at some point. O

However, notice that the line Re(7) = 1/2 is identified with the line Re(7) = —1/2. The
two halves of the boundary arc 7 = 1 are also identified via 7 — —1/7. We next show

that these are the only two identifications.

Proposition 2.1.2. Suppose 7 and 7o are distinct points in D such that m» = ~7m for

some vy € SLy(Z). Then only the following cases are possible:

1. Re(r) ==+1/2and o =71 + 1

2. |m|=1and 7o = —1/7.

b
Proof. Without loss of generality, assume that Im(79) > Im(7y). Let v = (a d) #+ +1.
c

Using the fact that Im(7e) = Im(71)/|cT + d|?, we see that |cT + d| < 1. Observe that
lc|v3/2 < |e|Im(71) = Im(cry +d) < |erp +d| < 1 since 71 € D. We finally get that
lc| < 2/+/3. Thus, the only possibility for ¢ is that |¢] € {0,1}. We now divide the

argument into different cases as follows:
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1 b
1. Ifc=0,theny ==+ 0 1) . S0, 79 = T1+b which implies that Re(2) = Re(71)+b.

Further, we see |Re(72) — Re(71)| = |b| < 1 since 71 and 75 € D and so b = 1. It
follows that 7o = 71 + 1 giving us that Re(m1) = £1/2. Thus 1 is satisfied.

2. If |¢| = 1 then |ery + d| = |7 £ d| < 1. This implies that
(Re(r1) £d)? <1—Im(m)?<1-(V3/2)%=1/4. (2.1.3)

This gives us that | Re(m +d)| < 1/2. Since Re(7) < 1/2 for all 7 € D, we get that

|d| =1 or 0. Considering two sub cases:

(a) If d = 1 then |Re(7m1) £ 1| = 1/2. This is because |Re(71) = 1| < 1/2 implies
Re(71) > 1/2 which is not possible and so the equality holds. Therefore, in
this case Re(r1) = £1/2. The inequality (2.1.3) implies that Im(7;) = +/3/2.
This implies that |7{| is one of +1/2 4 v/3/2. We also have that cry +d = 1
which gives us that Im(7) = Im(72). Hence 7o = 1/2 + v/3/2 when 7, =
—1/2 ++/3/2 and vice versa. So in this case, both 1 and 2 hold.

(b) If d = 0, then |er + d| < 1 implies that |7| < 1. Since 71 € D, |11| = 1. As in
the previous case we again have that Im(7) = Im(72). By running the same

argument as in case 2 for vy~

instead of ~y, we again land in 2 cases depending
on the corner right entry of v~!. One sub case is already dealt with in point
(a). The other sub case for v, ' gives that |m| = 1 by the same reasoning
done for 7 above. Therefore, 71 and 75 are lie on the arc in D with the same
imaginary parts. This implies that Re(r;)? = Re(72)%. Since 71 and 75 are

distinct,Re(m1) = —Re(72). Thus 71 = —72. The matrix v in this case looks

-1
like + (c; 0 > . Finally what we have is the following:

Y71 =T2 = (a7‘1 - 1)/7’1

= (-am = 1)/(-72)

which gives us that —|m|?> = —1 = (—a7, — 1). Hence, a = 0 and in this case
as well, 2 holds.

O
The above discussion shows that up to some boundary identifications, the region D is

homeomorphic to Y'(1). In the proposition to follow, we find a suitable fundamental

domain for the action of any congruence subgroup on H.
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Proposition 2.1.4. Suppose I' is a congruence subgroup and the set {v;}; are the coset
representatives of {+I}I" in SLs(Z). That is, the group is decomposed as SL9(Z) =
U;{£1}y;. Then, U, {=I}y;D surjects to Y(I').

—e

The above proposition shows that up to some boundary identifications |J;{£}v,;D is

homeomorphic onto Y (T).

Proof. Taking inverse in the given decomposition of SLy(Z) we see that SLo(Z) =
U; 7;1{:&[ }T. In order to show that we get a surjection onto Y (I'), we show that for
any 7 € H, there exists some 7’ in (J;{#/}7;D such that 7 = 7' for some y € T".

Let 7 € H, then there exists some matrix 0 in SL2(Z) such that §7 € D. The matrix
§ lies in v, H{£}T for some j. Writing 6 = {&I}v;7 1/ for some 7' in I we see that
v'1 € {£I}~;D. This completes the proof of the proposition.

2.2 Realising a modular curve as a Riemann surface

A Riemann surface is a Hausdorff, second countable topological space, which locally
“looks like” the complex plane. In order to give modular curves a Riemann structure,
we need to make sure that every point on the modular curve has a neighborhood homeo-
morphic to an open set in the complex plane. These are called local charts which define
a local coordinate structure on the Riemann surface. More precisely, a Riemann surface

X consists of the following:

1. A collection (U;, Vi, ¢;)ier for some indexing set I, where U; are open in C, the
neighborhood V; are open in X and ¢; : V; — U; are homeomorphisms. We call V;
charts and the set {V;};cs, an atlas on X.

2. If the intersection of any two charts V; and V; is non-empty, then the map goj_l op; :

SOi(Ui N Uj) — ng(Ui N Uj) is holomorphic.

Condition 2 helps us to smoothly go from one chart to another via the intersection.
The simplest example of a Riemann surface is the complex sphere. The torus is also
a Riemann surface. In fact, any g holed surface is an example of a Riemann surface.
We will later see that when we compactify the modular curve Y'(1), it is topologically a

sphere.

It is simplest to define a coordinate chart around the points whose stabiliser consist only

of +1. We define local charts around such points as follows: Take a neighborhood U of 7
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which satisfies the condition in Corollary 2.0.3. Suppose V is its image in Y (I"). Define
¢ =ly.
Claim 2.2.1. The map ¢ : U — V is a homeomorphism.

Proof. The map ¢ is clearly a surjection. Let 7 and 79 be two points in U such that
II(71) = II(72). Then 71 = 72 for some v € I'. We know that the intersection v'UNU is
empty for all 7/ € T'/{£T}. Corollary 2.0.3 implies that v is I or —I. Thus 71 = 75. The
function ¢ is therefore an injection as well. Since II is an open map, we see that ¢ is a

homeomorphism from U to V. O

We have a slight problem when the stabilizer of a point 7 in the upper half plane is
a non trivial subgroup of the modular group. For example, consider the point i € H
and the transformation S given in 1.0.3. One can easily see that Si = i. If we take any

neighborhood around 4, the matrix S acts as a rotation by 7 around ¢. To see this, assume

1 —
that U is any neighborhood around i. Notice that the transformation é = (1 _ ) takes
i

i to 0. Thus 6(U) is a neighborhood around 0. Also, ¢ is a homeomorphism from U to
§(U). The transformation S fixes 4 if and only if S5~ fixes 0. Therefore S acts on the
point 7 in U in the same way as §S6~! acts on the point §7 in §(U). We can easily

calculate that 656~! maps z in 6(U) to —z, that is, it acts as a rotation by 7 about 0.

The above argument shows that we will always have I'-equivalent points in any neigh-
borhood around ¢ and we cannot use the previous argument to define a local coordinate.

In general, the points with a non-trivial stabilizer are called elliptic points.

Definition 2.2.2 (Elliptic point). We say 7 € H is an elliptic point if I';/{£I} is not
equal to {I}.

2.3 More on elliptic points

In this section we elaborate on elliptic points. We will give some idea on how to calculate

elliptic points for the modular curve Y (1).

2.3.0.1 Finding elliptic points for Y (1)

a b
Let v = < d) be a non-trivial matrix in SL9(Z) such that y7 = 7 for some 7 €
c

H. After solving the equation (a7 + b)/(cT + d) = 7, we get the quadratic equation
et +(d—a)T —b=0.If c =0, then a = d = £1 gives us that 7 + b = 7. This implies
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that b = 0 and v = +£1. Since we assumed v to be nontrivial, we have two distinct

solutions to the above quadratic equation given by:

—(d —a) £ +/(d — a)? + 4bc
2c

T =

The term (d — a)? + 4bc < 0 as 7 € H. On simplifying we get that |a + d| < 2. We
therefore have that a +d = +1 or 0.

Next, notice that the characteristic polynomial of «y is 22 — (a + d)z + 1. So the only
possibilities for the characteristic polynomial are 22 4+ 1,22 — 2 + 1 or 22 + z + 1. The
polynomial z? + 1 is a factor of 2% — 1 while 2> — z + 1 and z? + x + 1 are factors of
2% — 1. By Caley Hamilton Theorem, ~ satisfies its own characteristic polynomial. It
follows that 4% = I or 4% = I. Therefore the possible orders for v are 1,2,3,4 or 6. One
can easily check that v = £+1 when v has order 1 or 2.

The next theorem characterizes the matrices of order 3,4 or 6 in SLo(Z).

Theorem 2.3.1. Let v € SLy(Z). Denote the following matrices as:

S G EN ) R

1. if 4 has order 3, then ~ is conjugate to R*!.
2. if v has order 4, then v is conjugate to S*!.

3. if v has order 6, then ~ is conjugate to W+,

An immediate consequence of the above theorem is the following corollary:

Corollary 2.3.2. The elliptic points for SLy(Z) are the points SLo(Z)i and SLa(Z)us3

where p3 = €2™/3. The modular curve Y (1) therefore has just two elliptic points.

Proof. The matrices R and W fix us3, while S fixes i. Recall that any matrix that fixes
some point 7 € H is conjugate to R, S or W in SLy(7Z). Suppose § is a transformation in
SLo(7Z) such that § = vSvy~! for some v € SLy(Z). Then 6 fixes ~i. Similarly, we argue
for W and R and conclude that the elliptic points for the modular group are SLs(Z)i
and SLa(Z)us.

From the discussion in section 2.1 we know that the orbits of ¢ and p3 are not equal in
Y (1). Therefore, Y (1) has two elliptic points. O

Proof of Proposition 2.3.1. We give a proof of part 3 first and the rest will follow sim-

ilarly. Let v be such that v5 = I. Define a lattice L = Z? consisting of column vectors
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with integers. L can be made into a module over Z[ug] where g = €2™/% by defining

the action as follows: Let v be any vector in L. Then,
(a+bug) - v = (al +by)v

where the operation on the right hand side is the usual matrix multiplication. Now,
Z[ug] is a PID and L is finitely generated over Z[ulg. By the structure theorem for

finitely generated modules over a PID we have:
7 = P Zlue) /1
k

for some ideals Ij, in Z[ug]. Observe that every non-zero ideal of Z[ug) has rank 2 as an
abelian group This is because if I, = (x), then  and pgz are linearly independent. This
implies that Z[ug]/Ix is a torsion abelian group. However, L as an abelian group is free.
Thus, for each k, I is zero. It follows that Z? = Z[ug]. Using this isomorphism, we will
show that ~ is conjugate to the matrix W. Let

Oy Z[MG] — L

be the module isomorphism map such that ¢-(1) = u and ¢~ (us) = v. Let [u v] denote a
2 x 2 matrix with first column u and second column v. This is the matrix of the module

1

isomorphism. Therefore, [u v]™" exists and so det[u v] = £1. We make the following

claim:

Claim 2.3.3. The matrix v = [u v]W [u,v] ™!

Notice that yu = i - ¢,(1) = () = v. Similarly, v = gé, (o) = by (s — 1) =
—u + v. This is because jug satisfies the equation: p2 — pg + 1 = 0. We therefore have
uyr vV

that: y[u v] = [v — u+ v]. Writing [u,v] = <
U2 V9

) , one can check that

Yuvl=v —u+v]=[uv]W

which proves the claim. We similarly see that v = [v u]W~![v u]~!. Note that if [u v]
has determinant —1, then [v u] will have determinant 1. It follows that v is conjugate
to Wl in SLy(Z).

Proof of part 1 follows from doing the same trick with the ring Z[i]. Part 2 follows from
the fact that if v has order 3, then —v has order 6. By part 1, —v is conjugate to W*!
giving us that «y is conjugate to R*! in SLy(7Z). O
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It is easy to check the following corollary which explicitly calculates the stabilizers of

the elliptic points ¢ and us.

Corollary 2.3.4. The stabilizer of ¢ in SLy(Z)/{=£I} is the cyclic subgroup of order 2
generated by the matrix S. The stabilizer of g in SLy(Z)/{£I} is the cyclic subgroup
of order 3 generated by the matrix W.

Proof. The matrix S fixes ¢ and so the subgroup generated by S also lies in the stabilizer
a b

of i. For the other way round inclusion, suppose v # +1 fixes i. Let v = < d) such
c

that vi = (ai + b)/(ci + d) = i. With a little bit of manipulation, we get a = d and
b = —c. Thus, the stabilizer of 7 is the set:

()

As a and b € Z, the only possibilities for both are either 0 or +1. Once we put in possible

a2+b2:1,aandb€Z}

values of a and b, we will realize that the stabilizer of i is exactly the subgroup generated
by S.

On similar lines, we perform the calculation to find out the stabilizer of us. Let v =

b
(a d) so that yus = (aps+b)/(cus+d) = ps. This further implies that (a4 c—d)us+
c

(b+ ¢) = 0. This helps us to conclude that the stabilizer of uz consists of the following

()

Notice that a? + b?> — ab = 1 if and only if (2a + b)? + 3b> = 4. Since a and b are

set:

a2+b2—ab:1,aandb€Z}

integers, possible solutions to the equation are: ¢ = 0,b = £1 or a = +1,b = 0 or
a = F1,b = £1. When we substitute the possible values we get exactly the matrices in

the subgroup generated the matrix W. O

It follows that the stabiliser SL2(Z), of any elliptic point 7 are conjugates of subgroups
generated by S or W, hence they are cyclic of order 2 or 3.

Suppose T is any congruence subgroup of SLy(Z). The elliptic points of T" are a subset of
the points SLy(Z)i and SLa(Z)ps. Since I' has a finite index in SLy(Z), we can conclude
that the number of elliptic points in Y (I") is finite. Otherwise they would be in infinitely
many [-orbits in SLs(Z) which is not possible. For any elliptic point 7, the stabiliser
I'; is a subgroup of SLs(Z),. Therefore I'; is finite cyclic. From the above discussion

we arrive at a very important corollary:
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Corollary 2.3.5. Let T" be a congruence subgroup of SLy(Z). For each elliptic point 7 of

T, its stabiliser I'; is finite cyclic.

To each 7, we associate a positive integer e, such that e, counts the number of 7 fixing
transformations. Keeping in mind that —I acts trivially, e; = |I';| if =1 & I". Otherwise,
er = |I'7|/2, that is

er = {07 /{+1}]

Notice that e, > 1 if and only if 7 is elliptic. The integer e, is called the period of 7.

Remark 2.3.6. If 7 is an elliptic point, the only possibilities for the value of e, are 2 and
3.

2.4 Coordinate charts for elliptic points

The goal of this section is to define coordinate charts around elliptic points. We gen-
eralize the argument given for the point ¢ after the claim 2.2.1 to define a coordinate
chart around elliptic points. The idea is as follows: Suppose 7 is an elliptic point. We
will take a neighborhood U of 7 such that it contains no other elliptic points (such a
neighborhood exists, as we will see later). We space out the I'-equivalent points by a
fixed angle 27 /e,;. We then wrap the sector of angle 27 /e, of U around a disc V. This
will induce a homeomorphism from II(U) — V. Figure 2.2 shows the coordinate chart

around the elliptic point .

Claim 2.4.1. For any 7 € H, the period e, is well defined on the modular curve Y (I').

Proof. We need to show that for any 7 € H, the period of §7 is same as the period of 7
for all 6 € T'. Suppose v € I';. We then have that y7 = 7 if and only if §yd~1(67) = d7.
Thus 6,6~ = T's,. Notice that |6T';6!| = |[';|. Therefore, |I';| = |['s,| showing that

the periods of 7 and J7 are same. O

Suppose 7 is any elliptic point. Take a neighborhood U of 7 given in Corollary 2.0.3.

1
Consider the transformation 6, = ( -
-7

.
> . This takes 7 — 0 and T — oo acting as

the same way as the modular group. Notice that 6,(U) is a neighborhood around the
origin. The stabiliser of 6,7 is 6,70 1. We will use the following observation: I'; acts

on the point z in U in the same way as 6,6 acts on 6z.

The transformation 0,1';0 I fixes 67 = 0 and 67 = oo. Therefore, 01707 1 is a trans-

formation of the form z + ¢z for some complex number c. By Corollary 2.3.5, we know
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FIGURE 2.2: Coordinate chart around %

that 0,101 is a finite cyclic group of order e,. It is therefore the group of rotations by
27 /e, about 0. Thus I'; corresponds to a rotation of 27 /e, about 7. When we transform
U via the map d,, the I'-equivalent points are separated by a fixed angle. We next wrap
the sector around a disc V' via the map z +— 2°7. Call this map p. Define ) = p o §.
Since it is clear that ¢, is defined for a particular point 7, for simplicity, we drop the
subscript. Note that by the Open mapping theorem % is an open map. Our final claim

for this section is the following:

Claim 2.4.2. The projection II : U — II(U) and the map ¢ : U — V identify the same

points.

Proof. We need to show that for any two points 7 and 72 in U, II(71) = II(72) if and
only if 1(71) = ¢(m2). Notice that II(7;) = II(7) if and only if 73 € I'ry. Since U is a
neighborhood as in Corollary 2.0.3, we see that m € I';7». This happens if and only if
571 € 01,67 1(d7) if and only if 67 = e2mid/er 51, for some positive integer d. This implies
that II(7y) = II(72) if and only if (671)¢" = (dm2)¢ if and only if ¥ (71) = ¥ (12). O

The above claim helps us to induce an injection ¢ : II(U) — V such that the diagram
below commutes. In fact ¢ is an open map and a surjection as well since IT and 1) are

so. Therefore, ¢ is a homeomorphism from II(U) to V.
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We need to check that the map defined above agrees on the overlaps. This is seen as
follows: The reader is encouraged to draw a picture to have a better idea of what is

going on. We first need a small result:

Claim 2.4.3. The neighborhood U of the elliptic point 7 which satisfies the properties
of Corollary 2.0.3 does not have any other elliptic point.

Proof of claim 2.4.3. Notice that z = (az + b)/cz + d) is a degree two equation cz? +
(d—a)z—b = 0. This has only two solutions. If any matrix 7 fixes a point 7 in the upper
half plane, then it also fixes 7. Therefore, v will have only one fixed point in the upper
half plane. Now suppose U is a neighborhood around the elliptic point 7 as in Corollary
2.0.3. Suppose 7’ is another elliptic point in U such that 67/ = 7/. Then U NU # .
By Corollary 2.0.3, § € I'; that is § fixes 7. However, § cannot have two fixed points in

the upper half plane, and so 7/ = 7.

O

Next, let U; and Us be neighborhoods as above, of elliptic points 7 and 75 with periods
h1 and hg respectively. We need to check that the restriction of the map ¢o o d)fl on
the overlap ¢y (IT; (U1) NI2(Us)) is holomorphic. Let Vi o = ¢1((I11(Ur) NII2(Usz)) and
Vo1 = ¢2((I11(Ur) N1I2(Uz)). We then have the following commutative diagram:

H(Ul) N H(UQ)

o e

Vip — Vaa
¢2o¢1

For each x € II(U;) N II(Uz), it is enough to check holomorphy of the transition map
in some neighborhood of ¢1(z). Write 2z = II(71) = II(72) for some 71 and 79 in U; and
Us respectively, such that and 71 = y7 for some v € I'. Let Uy o = U N 7~1(Us). Then
II(U; 2) is a neighborhood of = in II(U;) NII(Uz) and so ¢1(II(Uy2)) is a neighborhood
of ¢1(x) in Vj 2. Keeping in mind the following local chart maps from U; and Us, we

divide the argument in 3 parts.

Part 1 of the argument: Suppose that ¢1(z) = 0. That is ¢1(II(71)) = 0. This im-
plies that ¥ (71) = 0. From the diagram above, we have that §;(m) = 0. Since d; is
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a homoemorphism from Uj, this implies that 71 = 7y is the elliptic point in U;. Let
q = ¢1(2') where 2z’ is any arbitrary point in the neighborhood II(U; 2) of x. Notice
that ¢ = 61(7' )h1 for some 7 € Ui 2. Finally the task is to check the holomorphy at
p2 0 ¢7 (p1(2")) = p2(2’). Notice that 7/ € Uy and so y7' € Us. Therefore it is well
defined to write ¢o(z') = po(Il(y7")) = ha(y7'). Write

pa(2') = ha(y7)
= da(r(r)
= (6278, )(61(7))"
= (62787 ) (g"/")"

If hy = 1, then we do not have a problem as g — (d270; D (¢") is a holomorphic map.
The case when h; > 1 is taken care of as follows: If h; > 1, then 7y is elliptic. Since
Ty = Y71, we see that 7 is elliptic with the same period. By construction, Us; is a
neighborhood as in Corollary 2.0.3 around the elliptic point 7». By claim 2.4.3, it has
only one elliptic point. This implies that 7 = 7 and hy = hq. Thus d2v6; lis a map
such that: 1
0 IL Ty N Ty »6—2> 0.
00 2 7 By B o,
As previously seen this implies that d2yd; 1(2) = ¢z for some complex number c. Finally

we get that ¢ o ¢1_1 is the map: ¢ — (cg!'/")"M = Mg which is clearly holomorphic.

Part 2 of the argument: So far the argument assumes that ¢;(x) = 0, But it also covers
the case when, ¢o(x) = 0. In this case, the map to consider is gzbl_l o ¢o. However this is
just the inverse of the previous map ¢, 16 ¢;. Since inverse of a holomorphic bijection

is holomorphic, this case follows easily.

Part 3 of the argument: For the general case, take a local chart Us around x such that
¢3 : TI(U3) — V3 is the local map and ¢3(z) = 0. Write ¢pgo ;' = (¢20dz ) o (d30h7 ).
The map on the right hand side is a composition of holomorphic maps by part 1 and 2

and so the left hand side defines a holomorphic map as well.

2.5 Cusps

In order to make the modular curve compact, we add the points Q U {oo} to the upper

half plane. Call HU{oo}UQ the extended upper half plane and denote it by H*. Action
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of SLy(Z) on rationals is defined as:

a b m\ _ am+bn
c b n) cm+dn
The point oo goes to a/c. Also notice that —c/d goes to co. The point infinity is only

identified with rationals up to the action of SLo(Z) or any of its subgroups. This justifies
adding rationals to the upper half plane. Notice that the stabiliser of the point oo is the

SLa(Z)eo = {i ((1] T) ‘ m e Z}

These are exactly the translations in SLy(Z) as they take 7 to 7+ m.

subgroup:

Define the compact modular curve X (I') to be H*/T". The points {oo} UQ up to I'-

equivalence are called cusps of X (I).

Proposition 2.5.1. The modular curve X (1) has one cusp.

Proof. Let s = a/c be a cusp such that ged(a, ¢) = 1. Then there exist integers b, d such
that ad — bc = 1. Consider the matrix:

a b
Vs =
c d

Then ~s(c0) = s and s € SLo(Z). Thus every cusp is SLo(Z)-equivalent to the point

oo and we have just one cusp in X (1). O

Since any congruence subgroup I' has a finite index in SL9(Z), a similar argument as

done for elliptic points shows that X (I") has finite number of cusps.

2.6 Defining a topology on the extended upper half plane

In order to define coordinate charts around the cusps, we first need to define open sets
around them. For any arbitrary M > 0, define Njy = {7 € H | Im(7) > M}. Take
Ny U {oo} to be the open sets around the point infinity. For the rationals, we take all
the sets of the form a(Nys U {oo}) where aw € SLy(Z). The transformation a takes the
upper half plane at Im(7) = M to a disc tangent at a rational number s where s is such
that a(oo) = s. We next induce quotient topology to the modular curve X (I") via the
natural map II : H* — X(I").

Proposition 2.6.1. The modular curve X (I') is Hausdorff, connected and compact.
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Proof. Hausdorffness: We need to show any two points on the modular curve can be

separated by disjoint open neighborhoods. We will consider 2 cases here.

1. Let 1 = I's; where s1 € Q be a cusp and xy = 'y with 79 € H be a point of X (T).
We know that s; = «(o0) for some o € SLo(Z). Let Us be any neighborhood of 7,
with a compact closure K. We first want to show that the set {ImvK | v € SLa(Z)}

is bounded. In order to show this, we need a small result.

Lemma 2.6.2. Im(y7) < max{Im(7),1/Im(7)}.

Proof. To the contrary, suppose otherwise. By the proof of Lemma 1.0.2, we know
that Im(y7) > Im(7) implies that |cr 4+ d| < 1 while Im(y7) > 1/Im(7) implies
that Im(7) > |er + d|. Overall, we get

et +d| = >Im(ler +dJ)
= |e[Im(7)

> c||ler + d|

giving us that that ¢ = 0. The inequality in the beginning helps us conclude that
d=0. Withc=d =0, v ¢ SLy(Z), a contradiction. O

Coming back to the proof of the proposition, since K is compact, the set {Im(7) |
T € K} C e, o] with ¢; > 0. This gives us that Im(7) < ¢ and 1/Im(7) < ¢; for
all 7 € H. By Lemma 2.6.2 it follows that {Im(yK) | v € SL2(Z)} is a bounded
set. Therefore, we can find a suitable M such that SLo(Z)K NNy = ¢. Now take
the neighborhood Uy = (N U {o0}) of s;.

Claim 2.6.3. The neighborhoods II(U;) and II(Usy) of x1 and xo respectively are
disjoint in X (I").

Suppose II(Uy) N TI(Usz) # ¢ Then, there exists 7o € Uy C K such that II(m) €
II(Uy). This implies that there exists v € I" and 71 € Ny U{oo} with 79 = y(am).
But then 71 = a~ 'y~ 173, a contradiction to the observation that SLs(Z)K NNy =
&,

2. Let x1 = I'sy and x5 = I'sg both be distinct cusps of X(I'). There exists a; and
ag € SLy(Z) such that s1 = az(00) and sy = aa(00). Let Uy = a3 (Na U {o0}) and
Us = az(Ny U {oo}). We chose the neighborhood N3 because of the following two

observations which will be used in the proof and in the later sections as well.

Lemma 2.6.4. The region N in H has no elliptic points.
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Proof. Recall that the elliptic points of SLo(Z) are given by the set {~i,yus |

a
v € SLy(Z)}. Suppose v = (

C

Z) € SLy(Z). Then Im(vyi) = Im(i)/|ci + d|* =

1/(c® + d?)? < 1. Similarly we calculate

Im(yus) = Im(us)/|cps + df”
(v/3/2)/]e(=1/2 4+ V/3/2) + d|?

< 1/((d—¢/2)* + 3c?/4)?
< 1
Therefore all the elliptic points lie below A5. O

Lemma 2.6.5. Suppose 11 and 7o € N5 are distinct points such that 7 = ym for

some v € SLy(Z). Then ~ is a translation.

Proof. Observe that with the given conditions of the lemma, 7 and 7o correspond
to the same points in the fundamental domain D. Since 71 # 72, this implies that
they must differ by a translation, otherwise they would correspond to different

points in D. [

Coming back to the argument, we next prove that with U; and Us as defined
above, the intersection II(U;) NII(Uz) = ¢. Suppose not, then there exists v € T
and 7,70 € N such that y(a1(m)) = agm. It follows that a;lval(ﬁ) = 1.
Notice that if 71 = 79, then a 'y« fixes 71 implying that N5 has elliptic points.
This is not possible by Lemma 2.6.4 and so 7 # 72 and they correspond to the
same point in D. By Lemma 2.6.5, 042_17041 is a translation. Finally this implies
that a;lfyal(oo) = 00, giving us that vs; = so, a contradiction to the fact that

I's1 and I'sy are distinct points.

3. The case when both the points are in H* has been dealt with in Corollary 2.0.8.

Connectedness: Suppose that H* is a disjoint union of open subsets O; and Os. Consider
(01 UO2) NH. Since H is connected, H C O; (say) and Oz € QU {oo}. But then Oy is

open and so it has to be empty. It follows that H* is connected.

Compactness: We first show that DU {oco} = D* is compact. Consider an open cover of
D* in the subspace topology inherited by H*. One of the open sets, say U in the cover
must contain the point co and therefore, it must contain the neighborhood (N U{oco})N
D* for some M. Now D*\(Ny U {oo} N'D*) is closed and bounded, and so compact in
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H. Thus we have a finite sub cover of this space. This sub cover, together with U is a

finite cover of D*. Next, notice that
H* = SLy(Z)D* = | JT;(D")
J
where 7; are the coset representatives of I' in SLy(Z). This gives us that
X(I) = JH(;(0")
J

Since this is a finite union and II is a continuous map, we conclude that X (I") is compact.
O

We next define charts around cusps to make X (I") into a compact Riemann surface.

2.7 Defining coordinate charts for cusps

At the cusps, infinitely many sectors come together. See figure 2.3. Let s be a cusp. In
order to define a local coordinate at s, we first take the neighborhood N3 U {oc} of co.
Let § be a transformation such that s = co. Let U, be the neighborhood =1 (NyU{o0}).
In this case § straightens the neighborhood by making the identified sectors differ by a
“translation” by a positive integer h. We then act the transformation p = €27/ which
“wraps” the neighborhood of infinity into a disc with centre 0. To see this precisely, we

first introduce the notion of the width of a cusp.

Definition 2.7.1 (Width of a cusp). Suppose s is a cusp for the modular curve X (T).

Let 0 be a transformation taking s to co. We define:
hs = [SLa(Z)oo/ ({FIT6 ™ )ocl.
Proposition 2.7.2. The width hg is characterized by the following properties:
1. It is finite.

2. It is independent of the transformation d.

3. It is well defined on X (T').
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Proof of 1. Since I'(N) C T, for some N and I'(NV) is a normal subgroup of SLy(Z), we
have that 6 'T'(N)§ = T'(N) C 6~'T'(IV)8. This implies that

hs = |SLa(Z)oo/({£}6T0 1) oo
|SL2(Z) oo /({£}T(N)oo|

IN

1 mN

Since, £I'(N ) = {:I: <
0 1

hs is finite.

) ‘ m € Z}, the quotient has order N, giving us that

Proof of 2. We will show that hs = |SL9(Z)s/{x}Ts|, where SLs(Z)s; denotes the
stabiliser of s with respect to SLy(Z). Observe that if d(s) = oo and v € T, then
576~ (o0) = oo if and only if y(s) = s. Therefore, (6T'6~!)s = 6707, The width is

now expressed as:

hs = |SLy(Z)oo/({£}6T6 )|
= |6SLy(Z),67 /|(6{£}Ts071
’SLQ(Z)S/{:E}FS|

This shows that hg is independent of 6.

Proof of 3. We will show that if s € QU {oo} and v € SL2(Z), then hsr = hy(g) 4ry-1-
In particular, if v € I', then we get that hspr = hy () r. By part 2 above it follows that

hV(S)NFW*l = ‘SLQ(Z)'y(s)/“i}PYF’Yil)’y(s)‘
WSLa(Z)sy ™ /({£E3T sy ™)
|SLa(Z)s|/{=£}Ts|

= hy

O

Next, define 1 = p o d where p and ¢ are transformations described in the beginning of

this section. We next claim that:

Claim 2.7.3. The maps 9 and II carry out the same identification in the neighborhood
U, of s.

The argument given below will also help in realizing the geometric significance of hs.



Chapter 2 33

) — €Q7TiT/hs

S

FIGURE 2.3: Coordinate chart around a cusp s.

Proof. Suppose 71 and 79 are two points in U, then II(m;) = II(72) if and only of
71 = 7o for some v € I'. This happens if and only if §7y = (§v6~1)(672). Since 671 and
879 both lie in A5, the transformation 6v9~! is a translation. We can now conclude

that 070! € 6T 1 N SLy(Z)so = (T3 ) s. This is exactly the subgroup generated by
1 hs
+ (0 ) ) by the definition of the width. This implies that II(7) = II(72) if and only

if 6(11) = 6(m2) + mhy for some m € Z, if and only if ¥ (1) = ¥(72). O

As discussed at the beginning of the section, it is clear now that ¢ is spacing out the
I'-equivalent sectors by a translation by hs. Claim 2.7.3 helps us to induce an injection
1 as we did in the case of elliptic points, from II(Us) to V. Arguing similarly as before,

1 is a local homeomorphism from II(Us) to V.

In the case of cusps as well, we need to check that the transition maps are holomorphic

on the overlaps. The argument is divided into two cases.

Case 1: Suppose 71 is an elliptic point with period hy and ss is a cusp with width hs.

As done previously in case of elliptic points, let U; be the neighborhood around 77 with

| =

the corresponding map 6z, and Uy = 8, (N2 U {oc0}). Here, 07 = < z> and Jy is
1 —7

the transformation, which maps s to co. As before, for each x € II(Uy) N II(Us) write

x = II(m) = l(m) with 7 € Uy, 0 € Uy and 1 = ~y(11) for some v € I". We need to

check the holomorphy of the map ¢, o gbfl on the overlaps, but here ¢, and ¢, are maps

corresponding to the coordinate chart of an elliptic point and a cusp respectively. Let
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Ui2 = Uy Ny~ 1(Us), a neighborhood of 7, € H. Then ¢;(II(U;2)) is a neighborhood
of ¢1(z) in ¢1 (II(U1) NTIL(Uz). Suppose 2’ € H(U12). Let ¢ = ¢1(2) = 57(7')" where
7' € Uy 2 such that II(7") = 2/. We compute

¢201 ' (q) = ¢ala')
= $2(Il(y7))
= (1)
= exp(2midyy(1')/h2)
= exp(2midoyd H(0(1'))/h2)

(
= exp(27ri52’)/571 (ql/hl )/h2)

Since the map z — z2/" is analytic at all points except 0, the only case where the map
q +— ¢20¢7 '(g) might not be holomorphic is when h; > 1 and 0 € ¢ (TI(U; 2)). However
these two cannot happen at the same time. To see this we observe that if h > 1, then

71 ¢ Uy 2. Otherwise, d2(771) is an elliptic point in Ny. We conclude that if h > 1, then
0 ¢ (6:(Ur2)™ = (Ui ) = ¢1(IL(U12)).

Case 2: Suppose s; and so are both cusps with width h; and he respectively. Let
Up = 07 (N2 U {o0}) and Us = 6, (N U {o0}). Here 61(s1) = oo and d1(sg) = oo.
Suppose I(U;) NTI(Uz) # ¢. This implies that for some v € T, v~ 167 (N2 U {o0}) N
65 (No U {00}) # . Thus, d276; ' (1) = 72 for some 71 and 15 € Ny U {o0}. By Lemma

1 1 m
2.6.5, oy6; " ==+ 01 for some m € Z. We finally get that

Y(s1) = (67" (c0))

since v(s1) = s2 and hy = hy = h. Using the same notation as in case 1, the transition
map ¢9 0 ¢~ ! takes a point ¢ = II(¢1(7)) = ¢(7') = exp(2midi (') /h), where 7/ € Uy o
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to ¢2 0 ¢1—1(q) which is computed as follows:

P00 (q) = ¢2(q)

2midyy (') / by
= exp 271'2’(52’}/571(5(7'/))/}1)
= exp(2mi(d1(r) = m)/h)

= qexp(2mim/h)

The map g — gexp(2wim/h) is clearly holomorphic.

2.8 Genus

We have finally established a modular curve as a compact Riemann surface. We noted
in section 2.2 that a g holed surface is an example of a Riemann surface. We in fact

have that:

Fact 2.8.1. Every compact Riemann surface looks like a g holed surface for some positive

integer g. The number g is called the genus of the surface.

After doing the identifications on the fundamental domain, we see that the modular
curve Y (1) which is topologically equivalent to a punctured sphere. When we add the
cusp to make it compact, we get a sphere. Therefore X (1) is a surface of genus 0. In
fact the j function defined in section 1.5 is a well defined homeomorphism from X(I")
to the complex sphere. In order to prove this we first introduce some notions related to
maps between compact Riemann surfaces. We might need some results from complex

analysis which we will only state and not prove.

Lemma 2.8.2. Any holomorphic map between compact Riemann surfaces is either a

constant or a surjection.

Proof. Let X and Y be compact Riemann surfaces. Let f : X — Y is holomorphic.
Notice that X is compact and connected. Since f is continuous, f(X) is compact, and
hence, closed and connected. By the Open mapping theorem for compact Riemann
surfaces, f(X) is open. Therefore, the image being connected is either a single point or
all of Y. O
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We next characterize the non-constant maps. Since a Riemann surface locally “looks
like” the complex plane, we want to visualize how do these maps look locally. This is
given by a result known as the local mapping theorem which we explain below. Let f be
as before and U and V' be neighborhoods of points = and f(z) in X and Y respectively.
We have the corresponding local maps between open neighborhoods around 0 in C
as shown in the diagram. The local mapping tells us that diagram below commutes.
In other words, for each z, locally f is the map z — 2™ for some n, in a suitable
neighborhood of z.

v—t.v

o) s

U/ Vl

22"

Definition 2.8.3 (Ramification degree). For each = € X, the ramification degree e, of x
is the multiplicity with which f takes 0 to 0 in the local coordinate charts. That is, f is

an e, to 1 map around x.

We first claim that there are only finitely many points with ramification degree greater
than 1. This can be seen by realizing that the above definition is equivalent to saying
that if e, is the ramification degree then the function, f(z) — f(z) vanishes at = to
the order of e,;. Mathematically, this means that f(z) — f(z) = (z — z)%g(z) for some
function g(z). Suppose there are infinitely many points with ramification greater than 1.
Then f’(z) = 0 at these points. Since X is compact, we can find a converging sequence
of points where the derivative f’ vanishes, and hence, f'(z) = 0 for all z € X by the
Identity theorem for Riemann surfaces. So f is constant, which is not the case. Now,

for every y € Y, f~1(y) is discrete. Since X is compact, f~!(y) is finite.

Theorem 2.8.4. There exists a positive integer d such that

d:Zem

zef~(y)

This theorem asserts that |f~!(y)| is constant in the case when all the pre-images = €
f~(y) are unramified. For the points where ramification happens, we have to count the
multiplicity of the ramified points as well. When we do that, we again end up with the

same constant. We will call d, the degree of the map f.

Proof. Let S = {z € X | e; > 1} denote the finite set of ramified points. Let X’ = X\S
and Y/ = Y\ f(S) be the Riemann surfaces obtained by deleting these finitely many
points. Now, for each = € f~1(y), e, = 1, so there exists a neighborhood U, where f is

locally bijective. We can shrink these neighborhoods to make them disjoint. This implies
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that for every y, there exists a neighborhood U, such that f=1(U,) = Upef-1(y)Us)
where each U, is disjoint from the other and f|y, : U, — Uy is a bijection. Therefore,
y +— |f~1(y)| defines a continuous function from Y’ to Z. Since Y’ is connected, the
function has to be constant. To account for points which are ramified, we yet again look
at the definition of the ramification degree. If y = f(x) is the image of a ramified point
x € X, then definition 2.8.3 implies that every point 3’ in a small enough neighborhood

of y is the image of e, many points 2’ with e,» = 1 near z. Therefore in this case as well,

Yo =) =d

zef~y)

O]

Having introduced the degree of a map, let us get back to the j function. From the
definition given in (1.5.3), we know that the j function has poles wherever the A function
vanishes. Using the following theorem, we deduce that the j function is holomorphic at

all of H and meromorphic only at the cusp oo of X(I').

Theorem 2.8.5. The A function does not vanish for any 7 € H.

This is a non trivial result and comes from the theory of elliptic curves. One can refer
to the Appendix to see a brief idea of the proof. Since the A function is a cusp form,
it vanishes at the unique cusp oo of X(1). So the only pole of the j function is at co.
It follows that the j function is a well defined meromorphic map from X (1) to C and
so defines a holomorphic map to the Riemann sphere C.Asa map between Riemann
surfaces, by Lemma 2.8.2, it is a surjection. Its ¢ expansion given in 1.5.4 tells us that
the only pole it has, is simple. Therefore, it is a degree 1 map and hence an injection.
This completes the argument that the simplest modular curve we defined is a complex

sphere.

2.9 Order of modular forms on X(I)

Definition 2.9.1 (Order of f). Suppose f € Ai(I'). About any point 7 € V C H, the

function f has a Laurant series expansion

o0

)= an(z—1)" (2.9.2)

n=m

Define the order of vanishing at the point 7 to be m. We denote it by ord,(f).
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Clearly if f is holomorphic at 7 then ord,(f) > 0, otherwise if 7 is a pole then ord.(f) <
0.

Definition 2.9.3 (Order at the cusps). For a point s € QU {co}, define the order of f to
be ords(f) = ordso(f[a]r) where « is such that a(co) = s and o € SLy(Z).

We need to make sure the order at the cusps is well defined. To see that it is independent

of the transformation «, let § be another such transformation such that é(co) = s. Then
1
a~16 fixes co. This implies that § = « (O T) . So, (fI0]x)(7) = flag(T +m) and we

get that orde(flalr) = ords(f[0]x). To check that the definition of the order is well
defined on the quotient X (I'), notice that if v € I', then ords(f) = ord,s(f) because

flede = flyaly.
Remark 2.9.4. By definition, the order of f at a point 7 in H* is always integral. However,

when we define it on the modular curve, one sees that this may not hold true.

We know that any meromorphic modular form is not a well defined function on the
modular curve X (I'). In order to make sense of the order of vanishing of the modular

form at a point on the modular curve, we need to take the local structure into account.

1. Defining the order at a non cusp: Let II(7) € X(I') be a non cusp. Suppose the
Laurant series expansion of f about 7 is as given in (2.9.2) such that ord.(f) = m.
The local coordinate at II(7) is ¢ = (z — 7)¢ where e is the period of 7. In local

coordinates,
F(2) = amg™* + ...

We naturally define the order of f at II(7) to be

ordi(n) (f) = ordy (f)/e (2.9.5)

where e is the period of 7. Notice that for a non elliptic point, e = 1 and so the or-
der remains the same, in agreement with the fact that II is a local homeomorphism

in this case.

2. Defining the order at a cusp: We first work out the definition for the cusp II(c0).

Suppose the ¢ expansion of f about 0 is

o
Z anqp, ; where hp is the period of f

n=m

The local coordinates about the cusp are given by ¢, = e*™7/" where h is the

width of the cusp. In order to write f in terms of the local coordinate, we need
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to relate the period h; of f with the width of II(co). Recall that the width is

1 h
characterized by the index of the subgroup {£/}I'sc = {£} < <0 1) > sh € Zy.

Depending on whether —I belongs to I' or not, three cases arise.

1 h
(a) The subgroup I's = {£I} < (0 1) > ; Recall that the period hy of f is the

1 h
smallest positive integer such that the tranformation (0 ;) € T'. This,

along with the description of the subgroup I', above, gives us that h; = h.
So in terms of the local coordinates as well, we get the same ¢ expansion of
f about 0 and thus the order remains the same on X (I").

1 h
(b) When 'y, = <<0 1) > ; This case is similarly handled as in 1 and we get

the period f to be the same as h.

0 1
generator as y. Then notice that,

1 h
(c) f T = <— ( )>, This case arises only when —I ¢ I'. Denote the

flr+h) = flr) = (=1Ff(7).

When £k is even, we again get that the period is h. However, if k is odd, then
the period is 2h. In this case:

[e.e]

f(Q) = Z anqgh

n=m
and the order of f on the modular curve is m/2.

In general, for any cusp II(s), we take a transformation o which takes oo to s and

run the same argument with f[a]; instead of f and (o 'T'a)s in place of T's.

To summarize the above discussion:

1

ords(f)/2 if (a7 Ta)s = <— > and k is odd

ordr(s)(f) = 0 1 (2.9.6)

ords(f) Otherwise

When ordps)(f) is half integral, we call these cusps as irregular, otherwise they are

called regular cusps.

Having suitably defined the order on X(I'), we move on to studying a very important

relation between modular forms and differential forms on X (T').
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2.10 A formal introduction to differential forms.

Definition 2.10.1 (Meromorphic differential form). A Meromorphic differential form on
an open subset U of C is an expression of the form f(q)dg where f is a meromorphic

function on U.

Suppose ¢ : Uy — Us is a mapping between two open sets in C. Let g = ¢(q1), where
¢1 and g2 denote the local coordinates on U; and U respectively. Let w = f(g2)dgo
be a differential form on Us. We define ¢*(w) to be a differential form defined as
f(#(q1))¢' (q1)dqr on Uy. The differential from ¢*(w) is called the pullback of w.

Consider a differential form w = f(z)dz on H where f(z) is a meromorphic function.
b
Let v = (a d> € SLy(Z). When we pull back the differential w via the action of 7, we
c

get that:
v (w) = f(v2)d(vz) = f(y2)(cz + d) >

It follows that *(w) = w if and only if f(v2) = (cz + d)?f(z) i.e., f is a meromorphic
modular form of weight 2. We in fact have a one-one correspondence between mero-
morphic modular forms of weight 2 and meromorphic differential forms on H that are
invariant under the action of SLy(Z). These are precisely the meromorphic differentials
on X (1). We generalize this to weight £ modular forms with respect to the subgroup I
by formally defining differential forms of degree k.

Definition 2.10.2 (degree k differential forms). Define a differential form of degree k by
the symbol f(q)(dg)* on an open set U C C where f is a meromorphic function on U.

Denote the space of k-fold meromorphic differential forms on U by QF(U). This forms a

vector space over C under the natural definition of addition and scaler multiplication:
F(@)dq" + g(q)dq" = (f + 9)(g)(dg)"

c(f(@)(dg)* = cf(q)(dg)*

Since a Riemann surface also involves transition maps, as introduced before, we need to
define the pullback of local differentials from one open set to another. Any holomorphic

map ¢ : V13 — Vi, between open sets in C induces the pullback as follows:
¢* : QF (V1) — QF (W)

F@2)(da2)" = F(d(a1)) (¢ (a1))* (dar)
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Properties of the pullback are summarized with proofs in the following lemmas.

Lemma 2.10.3. The pullback is contravariant. This means that (¢1 o ¢2)* = ¢5 o ¢7.

Proof. Let ¢1 : Vi — Vo and ¢ : Vo — V3 be maps between open sets such that f(g;)dg;

are differential forms defined on each V; respectively for ¢ = 1, 2.

The map (¢2 0 ¢1)* : Q¥(V3) — Q¥ (1) acts as follows:

(¢20¢1)*(f(g3)(dgs)") = flg20di(qr))((d20 ¢1) (q))*(dgr)”
= f($2(¢1(q1)))(¢5(¢1(01))* (81 (q1))* (den )"
= 61(f(¢2(02)))(¢2(92))" (dgo)"
= (67 0 65)(f(g3)das)

)(
)(
Therefore, we conclude that (¢2 0 ¢1)* = ¢F o ¢5. O
Lemma 2.10.4. If V3 C V5 and i : Vi — V5 is the inclusion map between open sets, then

its pull back i* : QF(V3) — QF(17) is the restriction map, that is, i*(w) = wly; .

Proof. Let w = f(q)(dg)* be a differential form of degree k on V5. When we pullback w
on V5 we get that:

*(f(q)dg)* = f(i(q))(@(q))*(dg)®

Lemma 2.10.5. If ¢ is a holomorphic bijection, then (¢*)~1 = (¢~1)*.

Proof. Recall that if ¢ is a holomorphic bijective map, then by the theory of complex
analysis ¢! is also holomorphic. Let ¢; : V; — V5 be a holomorphic bijection be-
tween open sets. Then (¢~1)* : QF(V1) — QF(V3) is such that (¢1)*(f(q1)(dq1)¥) =
F(67Hq2)) (671 (g2)*(dg2)*. We will show that the inverse of ¢* is this map. Indeed, if

we compute:

¢* (671 (fla)(da)™)) = &"(f(¢™ (a2))
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Similarly one can easily see that (¢~!)* 0 ¢* = Ik O

Lemma 2.10.6. If w: V3 — V5 is a surjection of open sets in C, then 7* is an injection.
Proof. The map 7* : QF(Va) — QF(17) is given by:
F(g2)(dg2)* = f(m(an))m(a1)* (dar)*

Suppose that f(m(q1))m’(q1)"(dg1)* = g(w(q1))7'(q1)* (dg1)*. This implies that f(r(q1)) =
g(m(q1)). Since 7 is a surjection, f(q1) = f(g2). It follows that 7* is an injection.

O

Suppose X is a Riemann surface. Let (U;, V;, ¢;); be its coordinate charts with U; open
in X, the set V; open in H for each 7 and ¢; : U; — V; the local homeomorphism. We

define meromorphic differentials on X as follows:

Definition 2.10.7. A meromorphic differential of degree k, denoted by w on X is a
jeJ QF(V;) which satisfy the
following compatibility criteria: Let Vj = ¢;(U; N Uy) and Vi, ; = ¢5(U; N Uy). Then

collection of local meromorphic differentials (wj)jcs € []

the compatibility criteria says that when we consider the pullback of the transition map:
Gk =dkod; ' Vik = Vi

to pull back a differential form wy, restricted to Vj ;, we get exactly the differential form

on Vj restricted to Vj . In mathematical terms,

O (Wklvi ;) = wjlv;

We denote the set of differential forms of degree k on the modular curve X(I') by
QF(X(I)). This clearly forms a complex vector space. We next state a very important
theorem which helps us to associate weight 2k modular forms with k-fold differential

forms.

2.11 Viewing modular forms as differential forms

As seen previously, if f is a modular form of weight 2k with respect to I', then formally,
the weight k differential form f(q)(dg)" is T' invariant. Therefore, it is natural to guess
that modular forms can be viewed as differential forms on the modular curve X (I"). We

will make this explicit in this section.
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Theorem 2.11.1. Let k € Z. Let I' be a congruence subgroup of SLs(Z). Let I : H* —
X (T") be the projection map. Then the map:

Q8(X () — Az (T)

is an isomorphism of complex vector spaces. Under this isomorphism any meromorphic
modular form f + (w;)jes where (w;)jes pulls back to the differential form f(7)dr* €
QF(H*) via IT*.

We note that IT* : QF(X (")) — QF(H*) pulls back a differential form on X (T) to a

differential form on H*.

Proof. We start by mapping each meromorphic differential form w on X(I') to a mero-
morphic differential from f(7)(d7)* on H and we will see that the function f is in-
deed a meromorphic modular form. We define such an association as follows: Let
{II(U;) | j € J} be a collection of coordinate neighborhoods on X (I') where each U; C H*
is a neighborhood of a point 7; € H or of a cusp € QU {oo}. The corresponding maps

are as follows:

Let w = (wj)jes be a meromorphic differential on X (I'). For each j € J, let U; = U;NH,
Vi =9(U;) and v} = Wj|vj“ Observe that for all points except the cusps U; = UJ. Since
the above diagram commutes and ¢; is a homeomorphism from II(U;) to V}, the most
natural way to define IT*(w) locally on H is via the map *. Therefore, for all j € J

define:
I (@)l = (&)

Our first task is to check that IT*(w) gives a well defined global meromorphic differential
from on all of H. Consider the following commutative diagram, depicting the maps on
the overlaps.

U; NU

% ln w‘
Vik e I(U; N Uy) —5 7 Ve

J

Claim 2.11.2. Pulling back the differential form wk\vj’k via w;‘ and pulling back wj‘vk,j

via 97 gives us the same form on U; N Uy.
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By the commutativity of the above diagram, the map ¢ ; = ¢ o gzﬁj_l Vik — Vi
satisfies ¢y j o ¢; = ¢y on U; N Uy. Thus by Lemma 2.10.3, ¢ = 47 o QS;;J. Writing
Vie=1v;(U;NU) and V} ; = ¢y (U; N Uy), we have that:

Wlorhy ) = 930l )

= Ywlv,)

where the last equality is due to the compatibility criteria satisfied by the differential
forms on X(I).

Since the pullback agree on the overlaps, IT*(w) defines a global weight & differential
form on H which we denote by f(7)(dr)*. Next, we need to check that the function f is
a meromorphic modular form. The function f is clearly meromorphic. We check that it

satisfies the remaining two conditions in the definition of a modular form as well.

1. Modularity condition: For any v € I' such that v : H — H and v* pulls back a
differential form to H. The condition IT*(w) = (Il 0 y)*(w) = v*(IT*(w)) gives that

frdn® = *(f(r

It follows that f(7) = (f[v]er)(7) giving us that f satisfies the modularity condition
with respect to I'.

2. Holomorphy at cusps: This requires us to show that f[a]sx is meromorphic at oo for
any o € SLy(Z). Recall that the local structure at a cusp s is given by the composition

of the maps ¥ = p o d explained as follows.

T 2 5 g = 2™/

s—oo—0

Let 6 be the transformation which takes s to co. Suppose a = §~! such that s = a(c0).
Since w is a meromorphic at the cusps of X (), locally it is of the form g(q)(dq)* where
g is meromorphic at 0. Let II(U) denote the local chart around s and V' = ¢(U). The
differential form f (T)(dT)k|U\{S} we constructed above is the pullback of wly {0y via ¥*.
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This implies that,

fFOn)t = *(g(g)(dg)*) = g(u (7)) (' (7))* (dr)*
= 9(a)(p'(6(7))d'(7))" (dr)*
= g(q)q" (2mi/h)*s(5,7) 72 (dr)*
= fl0)ak(r)(dr)"

where f(2) = g(q)q"(2mi/h)*;q = €2™=/" This implies that f = f[6]os. Therefore
fladax = f[a(ﬂ ok = f Since g is meromorphic at 0, thus f, and so f[a]ay is meromorphic

at 0o.

We have established that every meromorphic differential form of degree k on X (I") pulls
back to a meromorphic differential form f(7)(dr)* where f is a meromorphic modular
form. We now show that the above association is in fact surjective. That is, given an
automorphic form f € Ag(I"), we construct a meromorphic differential form w such that
pulling back w under IT* gives the differential form f(7)(d7)*. By the following lemma
it is enough to construct local differential forms (w;);ecs that pull back to restrictions of

some meromorphic differential from f(7)(d7)¥ on H.

Lemma 2.11.3. Given a collection (wj)jes € [[;c; QF(V;) of local meromorphic differen-
tials on X (T'). As before, let U} = U; NH, V] = 4(U]) and w}; = wj’vj'- If wj|vjf pull back
under ¢} to the restriction of some meromorphic differential, say, f (7)(d7)* on H, then
(wj)jes satisfy the compatibility criteria. In other words, w = (wj) e is a well defined
differential form on X (T').

Proof. We will essentially repeat the argument done in the first half of the proof back-

wards. Since w} pulls back to a global differential form on H, the pullback under *

gives the same value on the intersection. This implies that w;;(wk|vk/ ) =3 (wj]V_/k).
3] J»

Again, using the commutative diagram above claim 2.11.2, we see that

Vi (wilvy ) = brlwrlvy ) = 95 (015 (welvy )

Since ¢;'<|Uj’ﬂU,Q is a surjection onto V]’ k> Lemma 2.10.6 implies that ¢ is an injection.

Therefore, wjly: = ¢} ;(wklyy ). This is exactly the compatibility criteria. O
Js ’ 2]

First we extend the weight k operator to matrices in GL;F (C) by the following definition.

(FIIR) () = (det 1) 25(v,7)7F f(y7)

for any v € GLj(C). We will later see that the extra factor of (det~)®/? is indeed

useful in this context. However when we introduce Hecke operators, we will redefine the
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operator and work with a different factor. Recall the local structure for elliptic points

and cusps shown in figure 2.2 and 2.3 respectively.

For an elliptic point: 7 022"

5 (Z) —e2miz/h
For a cusp: sy 0o T g

In both cases d; is invertible. So, let U} = U; N H. Then f(T)(dT)k\U/ is the pullback
67(Aj) where A; is the differential form obtained by the pull back of f(7 )(ah')’C by (6;1)*.
Let a = 5j ! then

Thus, fla]ak(2)(dz)® pulls back to f(7)(d7)* under §;. Next, we need to find a differential
form on V; which in turn pulls back to f[a]ox(2)(dz)* under px. Notice that the map
p is not invertible so we cannot do the same trick as we did in the case of ;. We
handle this part separately for an elliptic point and a cusp. Observe that the function
fla]ar satisfies the modularity condition for the subgroup a 'T'a = 6jF6]71. Thus, the
differential form \; = (f[a]ax)(2)(d2)" is 6jI‘(5j_1 invariant. In the case where 7; € U; is
not a cusp, d;(7;) = 0 and {£I}(5;I'd; Yo/{=£I} is cyclic of order h where h is the period
of 7;. The group is generated by the map rj, : 2 = ppz where pj, = e?mi/h Because Aj is
invariant under 5jF5j_1, we have that 77 (\;) = \; which gives us that (f[a]ax)(2)(d2)* =
(fledor) (unz)uy(dz2)* or equivalently 2*(f[alak)(2) = (unz)*(fla]2k) (un2). This implies
that 2*(flalar)(2) = g;(2") for some meromorphic function g;, using the fact that if
a meromorphic function ¢ satisfies the property that ¢(z) = t(upz), then t = g(z") for
some meromorphic function g. This can be seen by writing the Laurant series expansion
for ¢ and then plugging in the condition. Now define a local meromorphic differential w;

on Vj in the ¢ coordinate where ¢ = 2" in this case.

9i(q)
hq)*

(dg)* (2.11.4)

wj =

Claim 2.11.5. The pull back p*(w;) = \; where p is the map z — 2.
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9j
prly) = EESG

Therefore, 6*(p*(w;)) = 0*(A\j) = f(T)(dT)k|Uj/.

In the case when U; contains a cusp s;, we know that d;(s;) = co. Recall that (@Fé;l)o@

is the group of translations by mh where m € Z and h is the width of the cusp h.
1 h
This group is generated by t; = (O 1) which maps z to z + h. Arguing on similar

lines as above, we see that \; is t; invariant. The equaility ¢} (\) = A; implies that
flalar(2)(d2)* = flajox(z + h)(dz)F. Therefore, flaor(z) is of the form g;(e?™**/") for

some meromorphic function g;. Set

9i(q) k
_ d 2.11.6
where ¢ = €2™#/"_ Our final task is to check that w; is pulled back via p* to fla]ar(2),
where the map p; in this case is z — e?™#/h This is easily computed in the following
calculation.
91 ((2) i kg
N\ — d

— 2t/ )

= gilq)
= flodak(2)

It is clear that the above map between the space of meromorphic modular forms and
meromorphic differential forms is injective and C linear. It follows that they are isomor-

phic as vector spaces. O

In summary, we have established a remarkable correspondence between the set of mero-
morphic modular forms of weight 2k and the set of weight k differential forms on the
modular curve X (I'). We will use this isomorphism of vector spaces to find the dimension

of the space Moy (T).
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Let C(X(I')) denote the field of meromorphic functions on X (I'). For any fixed non zero
element f in Ag(T"), it is easy to deduce that Ag(T') = {fof | fo € C(X(T"))}. This is
because if g € Ag(T') is arbitrary, then g/f is a weight 0 meromorphic modular form
and so a well defined function on X (I'). From the isomorphism in Theorem 2.11.1, we

can conclude that Q*/2(X(I')) = C(X(T'))wp for some non zero differential form wy.

2.11.1 Order of a modular form and its corresponding differential form

We know that the local homeomorphism around the elliptic points “looks like” z +— 2€,
similarly for the cusps the local map looks like z — 2%/ Therefore when we look at
the corresponding differential form, the order of the differential form at the cusps and
the elliptic points will not be the same as the order of the modular form at those points.
This can be seen directly from the construction of the corresponding differential form

for a modular form we did in the proof of Theorem 2.11.1.

Let 7; be a non cusp and w; as given in (2.11.4) be the corresponding differential from

on V, then the order of vanishing at 0 of w; is given by
ordo(w;j) = ordo(g;) — k = ord..(f)/h+ k(1 —1/h) (2.11.7)

using the fact that g;(z") = 2" f[a)ak, to compare orders at the last step. Performing a
sanity check for h = 1 case, we see that for non elliptic points the order of f and its

corresponding differential form match.
On similarly lines, take s; to be a cusp and its corresponding differential form w; in
(2.11.6). Using that g;(e2™*/h) = fla]ox(2), we get

ordo(wj) = ordo(g;) —k = ords,(f) — k (2.11.8)

Remark 2.11.9. Since II(U) is homeomorphic to V, we can consider the differential form

to be on II(U) so that ordo(w;) = ordy,)(w;).

For even weights, putting together equations (2.11.7) and (2.11.8), along with the for-

mula in 2.9.6, we arrive at the following theorem:

Theorem 2.11.10. Let f € Agk(I") and let w be the corresponding k-fold differential form
on X (T'). Let II be the projection map as defined previously. Suppose 7 € H*.

L. If 7 is an elliptic point with period e, then ordy,)(f) = ordmy(w) + k(1 —1/e)
2. If 7 is a cusp point with width %, then ordy,)(f) = ordnqy(w) +k

3. If 7 is any other point then ordp,)(f) = ordp()(w)
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2.12 Divisors and the Riemann Roch Theorem

We next introduce the Riemann Roch Theorem. The aim of this section is to formally
develop the necessary definitions in order to make sense of the Riemann Roch Theorem.
We first state some facts regarding the zeroes and the poles of functions on a compact

Riemann surface X.
Fact 2.12.1. Any holomorphic function on X is constant.
Fact 2.12.2. A meromorphic function f on X has finitely many poles and zeroes.

Fact 2.12.3. Any meromorphic function f on X has the same number of poles as the

zeroes counting with multiplicities.

Definition 2.12.4 (Divisor). Let X be a compact Riemann surface. A divisor D on X is
a finite sum over the points of X formally written as ), n; - P; where n; € Z and P; are

points of X.

The divisor D = ) n; - P; is called positive if n; > 0 for all 7. In such a case we write
D >0.

Definition 2.12.5 (Order of f at a point). Let f be a meromorphic function on X. For
any point P € X, order of f at P is the order of the pole or zero at P. It is denoted by

ordp(f). It is positive if P is a zero of f, negative if P is a pole or zero otherwise.

Definition 2.12.6 (Divisor of f). Let f be a non zero meromorphic function on X. The
divisor of f is the formal sum Z ordp(f) - P. We denote it by div(f).
P

We note that the sum makes sense because of fact 2.12.2.

Remark 2.12.7. We will see in section 2.13.5 that the divisor associated to a holomorphic
modular form is not integral i.e., its coefficients are not integral. In such a case we take
the greatest integer of the coefficients. This makes sense because div(f) > 0 if and only
if [div(f)] > 0.

Definition 2.12.8 (Degree of a divisor). For any divisor D = ). n; - P;, the degree of D

is the sum ), n;.

The fact in 2.12.3 implies that the degree of a meromorphic function is 0.

We next associate a divisor to a differential form. Let P € X and U be a coordinate
neighborhood around P. Let z denote the local coordinate on U. The differential form on
U is of the form f(z)dz. Define the order of w at P by ordp(w) = ordp(f). It now makes
sense to write div(w) = Y pordp(w) - P. It is easy to see that div(fw) = div(f)+div(w).
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Let M(X) denote the set of meromorphic functions on X. For any divisor D on X, we
define the set
L(D) ={f € M(X) [ div(f) + D > 0} U {0}.

It is easy to see that this is a vector space. In fact L(D) is finite dimensional. Its

dimension is denoted by /(D).

Definition 2.12.9 (Canonical divisor). For any compact Riemann surface X, a canonical

divisor is a divisor div(w) where w is a one form on X.

The Riemann Roch Theorem helps us to calculate the dimension of the space L(D) for
any divisor D. In this way, given a specific number of zeroes and poles of a function
say fv, we can define a divisor D on X with appropriate coefficients so that the space
L(D) contains functions f vanishing with high enough order so as to make the product
f f holomorphic. The Riemann Roch Theorem helps us calculate the dimension of the

space of such functions. The following is the statement of the theorem:

Theorem 2.12.10 (Riemann-Roch). Let X be a compact Riemann surface. Let g denote
the genus of the surface. Then for any divisor D on X and K a canonical divisor on X,
we have that

(D) =deg(D)+1—g+I(K—D)

2.13 Consequences of the Riemann Roch Theorem

In this section we prove three immediate corollaries of the Riemann Roch Theorem which

will help us prove the dimension formula.

Corollary 2.13.1. A canonical divisor K has degree 2g — 2 and I(K) = g.

Proof. If we take D = 0, the space L(D) is the space of holomorphic functions. By fact
2.12.1, we have that L(D) consists of constant functions. Thus [(0) = 1. Substituting
everything in Theorem 2.12.10 we get that [(K) = g.

When we put D = K, then [(K) = deg(K) + 1 — g + 1(0). Putting I[(K) = 1, we have
that deg(K) = 29 — 2. O

Corollary 2.13.2. The degree of a k-fold differential form is k(29 — 2).

Proof. Suppose that A € Q}(X(T)) is a non zero 1-form. We know that its degree is
2g — 2. Notice that \¥ € QF(X(T)) and its divisor has degree k(2g — 2). This implies
that QF(X(T)) = C(X(T))A*. Since for all f € C(X(I")), deg(div(f)) = 0, it follows
that every non zero differential form w € QF(X(I)) has degree k(2g — 2). O
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Corollary 2.13.3. If deg(D) > 29 — 2, then {(D) = deg(D)+1—g

Proof. If deg(D) > 2g — 2, then deg(K — D) < 0. This implies that for any non zero
f e M(X), deg(f + K — D) < 0. Therefore, div(f + K — D) will never be a positive
divisor. Thus, L(K — D) = 0 so that {(K — D) = 0 and the result follows. O

Corollary 2.13.4. If deg(D) < 0, then I(D) = 0.

Proof. The proof of this corollary is along similar lines to the proof of Corollary 2.13.3.
O

Keeping the above corollaries in mind, we finally move on to find out the dimension of

the space Moy (T").

2.13.1 The dimension formula for even weights

All throughout this section, f is a modular form of weight 2k. The aim of this section

is to prove the following theorem:

Theorem 2.13.5. Suppose the modular curve X (I') has a genus g for some congruence
subgroup I'. Let €5 denote the number of cusps of X (I'). Let €2 and €3 be the number
of elliptic points of period 2 and 3 respectively on X (I"). Then the dimension of My (T)

is given by:

0 if k<O
dim(Mgk(F)) =41 ifk=0
(2k — 1)(g — 1) + eock + |k/2]ea + |2k/3)es it k>0

Proof. We will first characterize the image of the subspace Mok (T") C Agi(T) under the
isomorphism in Theorem 2.11.1. Suppose f € Ma(T"). Let w be its corresponding k-fold
differential form on X(I'). Since f is holomorphic, ord,(f) > 0 for all 7 € H*. Let wy
be a nonzero k-fold differential form so that w = hwy for some function h € C(X(I)).
Thus ordpy(;)(w) = ordy(y)(hwo). From the previous section relating the order of zeroes

and poles of w with f we get the following inequalities.
When 7 is an elliptic point: ordy,(h) + ordp(;)(wo) + k(1 —1/e) >0
When 7 is a cusp: ordpy(,(h) + ordp(;)(wo) +k >0

Otherwise: ordry(,y(h) + ordyy(;)(wo) > 0
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The above three equations characterize the subspace Mo (T'). Combining the three
equations and rewriting them in the language of divisors we arrive at the following

expression.

div(h) + div(wo) + > k-7+ > [k(1-1/e)] -7 >0 (2.13.6)

T cusp 7; elliptic

The symbol e; refers to the period of the elliptic point 7;. Let D be the divisor given by

D=div(w)+ » k-4 > [k(1-1/e)] 7 (2.13.7)
T cusp T; elliptic
Then the above condition characterizing the space of holomorphic modular forms reduces
to the following:
div(h) + D >0

In other words, because of the isomorphism in Theorem 2.11.1 we have a one to one

correspondence between the sets given below.
{f|feMy(D)} <+ {heC(X())|div(h+ D) > 0}.

We therefore deduce that L(D) = Mg, (I'). We are now ready to apply the Riemann
Roch Theorem to find the dimension /(D) which will give us the dimension for the space
M (T). Since wy is a k-fold differential form, its degree is k(2g —2) by Corollary 2.13.2.
This implies that deg(D) = k(29 — 2) + €xck + |k/2]€e2 + |2k/3]e3. Notice that when
k > 0,deg(D) > (2g — 2). This implies that I(D) = deg(D) — g + 1 by Corollary 2.13.3.
It follows that for k& > 0,

dim(Mox(T)) = U(D) = (2k — 1)(g — 1) + €k + | k/2] €2 + [2k/3]€3.

When k£ < 0,deg(D) < 0. By Corollary 2.13.4 [(D) = 0. In the case when k = 0, modular
forms are well defined holomorphic functions on the modular curve. By fact 2.12.1, they

are constant functions. Therefore dim(M(T")) = 1. O

Following a similar argument we compute the dimension of the subspace of cusp forms
Sk(T). For any cusp form f € Soi(T'), ords(f) > 1 where s represents a cusp in X(I').
As argued before, suppose w = hwyg is the corresponding differential form. In this case

div(f) — Z x; > 0 so that there exists a one to one correspondence between the sets:

T; cusp

[F1F €S} o {h e C(X(T))

div<h+D— > x,) 20}.

T; cusp
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where D is the divisor as given (2.13.7). It follows that the dimension of Si(I') =
Z<D— Z xz> Observe that deg (D— Z 1:2> = deg(D)—€x > 2g—2 when k > 1.

T; cusp T; cusp

By the Riemann Roch Theorem, dim(Sz;(I")) = dim(Mar(I')) — €. So(I') consists of

constant functions. We handle the case of Sy below separately.

Lemma 2.13.8. The space of cusp forms of weight 2, Sy(T") is isomorphic to the holo-
morphic differentials of degree 1 on X (T'), denoted by Q] (X (T)).

Proof. Let f € S3(T") and w be the associated 1 form on X (I'). Using Theorem 2.11.10
for the & = 1 case, we characterize the image of So(I') under the isomorphism map
between Mz (T") and Q!(X(T')). Observing the fact that ord,(f) > 1 at cusps, while it
is greater than or equal to 0 at other points, we see that, ordp,)(w) being integral is

greater than or equal to 0 at all points of X(I'). Thus, w € Q! (X (I)). O

Next, recall that Q' (X (T')) = C(X(I'))A where A is a non zero one form on X (T'). Define
a map as follows:
Q'YX () = C(X(I))

JoA = fo

This is clearly a well defined, vector space isomorphism. Any divisor foA € Q} ,(X(I))
if and only if div(foA) > 0 if and only if div(fp)+div(A) > 0 if and only if fo € L()\).
Thus, under the above isomorphism, €2} (X (T')) is mapped to L()). So dimension of
So(I") = I(N\) = g by Corollary 2.13.1.

To summarize the above discussion:

1 if k=0
dim(Sa,(T)) =< ¢ if k=1
(2k —1)(g — 1) + eao(k — 1) + [k/2]e2 + [2k/3]es  if k> 1

2.14 Dimension formula for odd weights

When —1I ¢ T', then odd weight modular forms may exist. The isomorphism in Theorem
2.11.1 made sense for even weights and not for odd weight forms. To take this into
account we will slightly modify the argument as done for even weights. Throughout this
section, we assume that f is a modular form of weight k& where & is an odd integer. Let
w € QF(X(T)) be the differential form which pulls back to the form f(7)2(d7)*. Recall
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that Ax(T) = {fof | fo € C(X(T))}. The space My(T') is identified to L(div(f)) since

M;(T) {fo | div(fof) = 0}

= {fo|div(fo)+div(f)) > 0}
= L(div(f))

We need to find [(div(f)). Essentially we will follow a similar argument as done for even
weights but with slight modifications. Observe that 2ord,(f) = ord,(w). As before,
Before writing the divisor of f in terms of the divisor of w, we make the following

observations for the case when —I ¢ T

1. Along with the regular cusps, X (I') might have irregular cusps as well.

2. The modular curve does not contain any elliptic points of period 2. This is seen
as follows: Suppose otherwise. Then any elliptic point of period two of the form
vi is fixed by an element vS7y~! with j € {1,3}, v € SLy(Z) and S as in 1.0.3.
But then either (7S~ )2 = —I € T or (75%y~!)2 = —I € I. This is not possible
when —I ¢ T

Keeping in mind Theorem 2.11.10 and writing everything in terms of divisors, we see

that

div(f) = 1/2div(w) + Y k/2-7+ > k/2-T+ Y k3.7 (214])
reg cusp irreg cusp 7 elliptic
Since the coefficients of the divisor are not integers, we need to study |div(f)]. This is

done case by case depending on whether 7 is a cusp, elliptic point or neither of the two.

1. Suppose that II(7) is neither a cusp nor an elliptic point. In this case ordp,)(f)

is integral and so 1/2(ord () (w)) is integral.

2. When II(7) is an elliptic point of order 3 we write ordp(f) = m + j/3 where
meZand0<j<3.

1/2fordn () = 1/2(2ordnr (1) ~ 2/3k )
ji—k

= m—i—i

3

Since ordpy(-y(w) is integral, j = k mod 3. Therefore 1/2(ordy(;)(w)) is integral
giving us that

ordry(£)] = 1/2(ordniry @) + |5 |
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3. When II(7) is an regular cusp, we see that

1/2ordn @) = 1/2(2ordnr (1) - )
= OrdH(T) (f) - k/2

Since ordpy(;)(f) is integral and k is odd, 1/2(ordy(;)(w)) is half integral and so
lordry(7)(f)] = 1/2(ordpy(r)(w)) + k/2), a sum of half integers.

4. If TI(7) is an irregular cusp then we assume ordyy-)(f) = m/2 for some odd integer

m so that

1/2(ordnry(@)) = ordin(f) — k/2

m—k

2

Since k and m both are odd, 1/2(ordy(;)(w)) is integral giving us that |ordp ) (f)] =
1/2ordy(7)(w) + (k — 1)/2, a sum of half integers.

Let €8 and €2 denote the number of regular and irregular cusps respectively. Putting

together the above discussion, we conclude that

deg(ldiv(f)]) = k(g —1)+ [k/3]es + k/2e5E + (k — 1)/2e5°®
> (k—2)(g—1+4e€3/3+€x0/2)+29—2
> 29g—2whenk >3

We use a small observation that [k/3] < (k —2)/3 in the second inequality. Applying

Corollary 2.13.3 we arrive at the following result.
W(div(f)]) = (k= 1)(g — 1) + [k/3es + k/2€58 + (k — 1) /2¢1e8

To study cusp forms of odd weight, we need to consider the fact that at regular cusps

ord;(fof) > 1 and at irregular cusps ord,(fof) > 1/2. This amounts to studying the
divisor div{ f— Z T+ Z 7 ] |. Let us call this divisor D. Calculations similar

reg cusp irreg cusp
to those done in case of even weight help us conclude the following result.

(D)= (k—1)(g—1)+ [k/3]es + (k — 2)/258 + (k — 1)/2€8 (2.14.2)

We now state the final theorem of this section, summarizing our discussion above.

Theorem 2.14.3. Let k be an odd integer. Suppose I' is a congruence subgroup of
SLs(Z). Let g be the genus of X (I'), e3 be the number of elliptic points of period 3, ex

irreg

and € ° be regular and irregular cusps respectively. When k < 0, or if — € I', then
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M (T) = Sp(T') = {0}. If =1 ¢ T" and k > 0, then the dimension of My(I') and Si(I")

is given by the following expression:
dim(My(T)) = (k = 1)(g — 1) + (/2 + ((k — 1)/2)e=% + [k/3]eg  (214.4)
dim(Si(T) =(k—1)(g—1)+ ((k—2)/2)e8 + ((k — 1)/2)6?14.0“3g + |k/3]es (2.14.5)

With this result, we end this chapter and conclude the dimension theory. We move on

to studying modular forms via Hecke theory.
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The theory of Hecke operators

3.1 Modular curves and the corresponding Moduli space

We begin the chapter by establishing a very interesting correspondence between the

points of modular curves and the isomorphism classes of complex elliptic curves.

The theory of complex tori deals with viewing an elliptic curve as a complex torus.
In the process of establishing a one-one correspondence between the two mathematical
objects, we work with doubly periodic functions, more specifically, the Weierstrass o
function. For a brief introduction, one can refer to the Appendix. In the view of this
bijection, we will essentially consider the isomorphism class of elliptic curves as the class

of complex tori up to isomorphism.

Let A and A’ be lattices in C. We know that two complex tori C/A and C/A’ are
holomorphically isomorphic if and only if there exists a complex number m such that
A = mA’. Let A, denote the lattice generated by 1 and 7. We aim to show that if
7 and 7’ are points in H such that 7 = 7’ with v € SL9(Z), then A, is isomorphic
to A,. More generally, we will show this correspondence for the congruence subgroups
I'o(N) and I'1(N). However, to work in a general setting we will need to attach some
additional information with the isomorphism classes of elliptic curves. We begin by

defining relevant torsion data for the congruence subgroups.

Definition 3.1.1 (Enhanced elliptic curves for congruence subgroups). Let E denote an

elliptic curve, C' a cyclic subgroup of order N of E and @ a point of order N in FE.

1. The pair (F,C) is called an enhanced elliptic curve for the subgroup I'o(N). Two
pairs (E,C) and (E’, C") are equivalent if there exists some isomorphism from E to
E’ that takes C to C’. Denote the set of equivalence classes by So(N). An element
of Sp(NN) is written [E, C].

o7
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2. An enhanced elliptic curve for the subgroup I'; (V) is given by the pair (F, Q). Two
pairs (E,Q) and (E’,Q’) are equivalent if there exists some isomorphism from FE
to E’ that takes @ to Q. The set of equivalence classes is written as S1(N). An
element of S1(N) is denoted by [E, Q).

Each Sop(N) and S;(N) is known as the moduli space of isomorphism classes of elliptic

curves with N torsion data.

The theorem below describes the one-to-one correspondence between points of moduli
space and the modular curve mentioned in the beginning. We denote the modular curve
H/T'1(N) as Y1(N) and H/Tg(N) as Yo(V).

Theorem 3.1.2. Let N be a positive integer. Suppose E. represents an elliptic curve

biholomorphic to the complex torus C/A-.

1. The moduli space for I'; (V) is given by the set
S1(N)={[E;,1/N +A;] | T € H}

Two points [E;,1/N + A;] = [E-,1/N + Ap] in S1(N) if and only if T'y(N)7 =
' (N)7" in Y1(N). Thus there is a bijection

Y1 e Sl(N) — Yl(N) ; [C/AT,l/N—i-AT] — Fl(N)T

2. The moduli space for I'g(/N) is given by the set
So(N) = A{[Er, (1/N + Ar)] | 7 € H}

Two points [E;, (1/N + A;)] = [E+, (1/N + A)] in Sp(N) if and only if T'o(N)7 =
To(N)7" in Yo(N). Thus there is a bijection

¥1 2 So(N) = Yo(N) 5 [C/Ar, (1/N + A;)] v Do(N)r

Proof. We will prove the theorem for the subgroup I'1(N) and second part follows by a
similar idea. We first wish to show that for any class [F, @], we can in fact specifically

choose the representative and write it as [C/A;,1/N + A;]. Consider E = C/A, for

some 7' € H and Q = (CTJ,\,*H) + A.. We wish to show that there exists some element 7

in H and an isomorphism between the tori C/A, and C/A,» which maps @ to 1/N + A-.

Since @ has order N, (¢,d, N) = 1 so that ad — bc — kN = 1 for some a, b,k € Z. This
a

implies that (

C

b
d) € SLy(Z/NZ). Take a lift v of this matrix in SLg(Z). This will
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not change the order N point () because the entries are changed up to a multiple of N.

Let 7 =7’ = g:,ljr'g Let m = ¢’ 4+ d and so mT = a7’ + b. Observe that:

mA, =m(TZOZ) = (a7 +b)Z & (c7' + d)Z =77 D Z.

It follows that C/A,» = C/A,. Under this isomorphism of complex tori, the point % + A
maps to CT/T'Hi + A = Q. Finally this allows to write [E, Q] = [Er,1/N + A;]. Our next
task is to show that if two points are equivalent in S;(V), then the corresponding points

in the modular curve Y7 (V) are equivalent.

First suppose that [E;,1/N + A;] = [E;,1/N + A/] with 7 and 7" € H. Then C/A,/ =
C/A;. This means that for some m € C, mA, = A, such that, under this map

1 1
+Ar = =+ Ay

AT AT/; -
(z4+ A7) = mz+ v N

From Lemma A.1.3 we conclude that:

mr a by (7 a b
() () rmre Yo

This implies that m = ¢7’ + d and so CT/TM + A = % + Ay Therefore, (¢,d) = (0,1)
mod N. It follows that v € T'y (V). The expression in 3.1.3 shows that 7 = 7'

a
Conversely, suppose that 7 and 7/ € H such that 7 = 7’ for some v = (

Z) S Fl(N)

Assume m = c¢7’ + d. From the calculations done in the first part of the proof, we know

Cc

that mA; = A, and under the “multiplication by m map”, the point 1/N + A; maps
to CT,T+d + A.. Moreover, (¢,d) = (0,1) mod N implies that CT]/\,—*'d + A =1/N+ Ay
This helps us conclude that [E;,1/N + A;] = [E,1/N + A].

O]

Theorem 3.1.2 helps us to translate maps between modular curves to maps between the
corresponding moduli spaces. For example, since I';(N) C T'o(N), we have a natural
map from Y;(N) to Yp(N) taking the orbit space I'1 (V)7 to I'g(IN)7. The corresponding
map on the moduli space takes the point [F, Q] in S1(V) to the point [E, (Q)] in So(N).

The fact that I';(N) is normal in I'g(/N) is also used to define a map from Y;(NV) to
Y1(N) which maps the point I'1 (N)7 to I'1(N)y7 where v € I'o(N). The corresponding
map on the moduli space S1(N) turns out to be: [E, Q] — [E,dQ] where d corresponds
to the lower right entry of v modulo N. This map will reappear as a Hecke operator

which we introduce in section 3.4.
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3.2 Dirichlet characters and the Diamond operator

In this section, we aim to introduce certain functions on the multiplicative group (Z/NZ)*

called the Dirichlet characters. As we go on, we will see that they play a fundamental role
in our understanding of Hecke operators and L functions. For notational convenience,
we denote (Z/NZ)* as Gy.

Definition 3.2.1 (Dirichlet Character). A Dirichlet character modulo N is a group ho-

momorphism x : Gy — C*.

Since G is a finite group, the values taken by any Dirichlet character are finite order
elements in C*. These are precisely the roots of unity. The set of Dirichlet characters
mod N is a group under multiplication. To see this, let x and 1 be two Dirichlet
characters. Then, define the product x# as the function, x1(n) = x(n)¥(n). Under this
operation, the identity map is the trivial map I that maps every element of G to 1. The
inverse of any character x is the map Y which acts by conjugation, that is, x(n) = m

We denote this group by é;

If G is cyclic with a generator s, then any Dirichlet character x € é; is completely
determined by the image of x(s). Since s has order N, x(s) represents a N root of
unity. Therefore, it is easy to verify in this case that y — w is an isomorphism of C/JE

and (Z/NZ)*. In fact, in general we have the following proposition:

Proposition 3.2.2. The group é; is isomorphic to Gy.

The above proposition helps us conclude that the number of Dirichlet characters mod IV
is ¢(IV). We next prove two very important relations satisfied by the Dirichlet characters.
These are called the orthogonality relations, for reasons coming from representation

theory.

Proposition 3.2.3. The groups G and 5; satisfy the orthogonality relations given by

the following equations:

P(N) ifx =1

x(n) = (3.2.4)
nezc:N 0 if y £ 1
N) ifn=1

> x(n) = o ' (3.2.5)
eCn 0 ifn#1
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Proof. Suppose that y # L. To prove (3.2.4), we choose any ng € Gy such that x(ng) # 1.

Now notice that the sum

Z x(no)x(n) = Z x(nno)

neGn neGn

= > x(n)

neGyn

The last equality comes from the observation that for a fixed ng € Gy, as n runs over

Gpn, nng runs over G as well. This gives us that,

(xtm)=1) 3 xtm =0

neGn
hence proving the relation (3.2.4) for y # I. When x = I, then the sum is clearly ¢(N).

We proceed on similar lines to prove the next relation. It is clear that when n = 1, the
sum is ¢(N). When n # 1, let xo be a Dirichlet character, not equal to I. Then we have

the following equality of sums:

This implies that,

giving us (3.2.5) for n # 1. O

Every character y mod N extends to a function x : Z/NZ — C by defining x(n) = 0
for non invertible elements n € Z/NZ. This further extends to a function from Z to C
if we define x(n) = x(n mod N) for all n € Z. This way, x(n) = 0 for every n such that
(n, N) > 1. Observe that x is no longer a group homomorphism, but it still satisfies that
x(m)x(n) = x(mn) for m,n € Z/NZ.

3.2.0.1 Lift of a Dirichlet character

Let N and d be positive integers such that d | N. Observe that any Dirichlet character
x modulo d can be lifted to a Dirichlet character yny modulo N by simply defining
xn(n mod N) = x(n mod d) for all n € Z such that (n, N) = 1. In other words,

XN = x oIy 4 where Il 4 is the is the natural projection Gny — Gy.
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Other way round, we define the conductor of x modulo N to be the smallest possible
integer d such that y is the lift of some character x4 mod d. For example, consider the
character x modulo 12 taking 1,5 to 1 and 7,11 to —1. Then x has conductor 4 as
X = X4 o Il12 4 where x4 maps 1 to 1 and 3 to —1. However, it is not always necessary
that a character mod N comes from characters of lower levels. This is because xy mod

N will not necessarily give a character mod d by the usual projection where d | N.

Definition 3.2.6 (Primitive characters). A character x mod N is called primitive if its

conductor is 1. In other words, x is not the lift of any character.

Primitive characters will be very useful in the coming sections. One of the many inter-
esting properties of primitive characters is that we can extend it from a function on Z

to a smooth function on R. To see how this works, we introduce the Gauss sum.

Definition 3.2.7. Let x be a primitive Dirichlet character modulo N. The Gauss sum
T(x) is defined by the formula

We will need the following expression for Gauss sum.

> xm)erm N = x(m)r(x). (3.2.8)
n mod N

Proof of the expression in equation (3.2.8). First consider the case when (m,N) = 1.

Using the fact that x(m)x(m) =1, we write

Z X(n)€27rinm/N — Z X(n)x(m)me%m'nm/N

n mod N n mod N

(’ITL) Z X(nm)627rinm/N

n mod N

I
>

As n runs in Z/NZ, nm mod N runs over the same group as well and so the last

expression in the equality equals x(m)t(x) in this case.

Suppose that (m,N) = d with d > 1. Then x(m) = 0. It remains to show that the
left hand side of the expression in (3.2.8) vanishes. Let m = dM and N = dN;. We
first show that there exists some integer ¢ such that ¢ = 1 mod (N;) and (¢, N) =1
with the property that y(c) # 1. Suppose otherwise, then y(¢) = 1 for all ¢ such that
¢=1mod (N7) and (¢, N) = 1. This implies that if we have integers n and n’ relatively
prime to N such that n = n’ mod Ny, then x(n) = x(n') mod Nj. It follows that y is well
defined modulo ;. That is, x is a lift of a Dirichlet character modulo V7 contradicting
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the primitivity of y. Next, write:

Z X(n)€27rinm/N _ Z X(n)€27rinM/N1

n mod N n mod N
N1—1 N-1
_ § : < § : X(n)> 627TZ7‘M/N1
r=0 n=0

n=r mod Ni

The expression in the last equality is justified because for any integers ni and ns between
0 to N — 1, the expression 2™ M/Ni — 2minaM/Ni it and only if ny = ng mod Nj. So
for each r € Z/N1Z, we sum n from 0 to N — 1 with the condition that n = r mod N;
s0 as to club the coefficients with the same value of €2™M/N1_ For each r in 0 to N; —1,

consider the sum

x(n) (3.2.9)

The existence of an integer ¢ with the desired property allows us to do a change of variable
from n to cn. This just permutes the elements of Z/NZ as (¢, N) = 1. Moreover, since

¢ =1 mod Ny, it preserves the condition that n = r mod Ny. This allows us to write:

N—-1 N-1
Z x(n) = Z x(en) (3.2.10)
n=0 n=0
n=r mod Ni n=r mod Ni
This implies that,
N-1
x(n)(x(c) = 1) =
n=0

d
Since x(c) # 1, the sum in (3.2.10) must vanish, making the left hand side in (3.2.8)
equal to 0. O

We next show that the Gauss sum does not vanish. More explicitly, the following

proposition is true.

Proposition 3.2.11. Suppose ¥ is a primitive character modulo N and t(x) denotes the
Causs sum defined above. Then |t(x)| = v/N.

Proof. Consider the product:

(X e ) (T i)

n mod N n mod N
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We expand it as follows:

2

Z X(n)eQWinm/N

n mod N

C (5 s ) (5 )

nmod N n mod N
= Z X(nl)m62m(”1*n2)m/N

ni,mg mod N
(n1,m2,N1)=1

= (x(m)T(x) (x(m)t(x))

The last expression equals |t(x)?| if (m, N) = 1, otherwise it is 0. Summing over m €
Z/NZ we get,

(N)T(x)’| = Y. > x(m)x(ng)emimmn2m/N ) (3.2.12)

m mod N “nji,ng mod N

(n1,m2,N1)=1
Observe that
N—-1 .
Z 627riam/N _ 0 it N J( a
m=0 N if N | a

This helps us to conclude that the terms with N | (n; — ng) will contribute a factor of

x(n1)x(n2)N in the right hand side of equation (3.2.12). Since n; = ny mod N, and so
x(n1) = x(n2), the left hand side of the expression in (3.2.12) simplifies to

> N=¢(N)N
ni1=ng mod N
(n1,n2,N1)=1

On comparing the two sides we get that |t(x)?| = N. O

We need one more result about the Gauss sum which is easy to see:

T(x) = x(=1)t(X) (3.2.13)

Putting every thing together from the results in (3.2.8), (3.2.11) and (3.2.13) and doing

a little bit of algebra we arrive at the following expression:

x(n) = x(=rld) Z X(m)e2minm/N (3.2.14)

m mod N
Notice that the right hand side of the equation in (3.2.14) is defined for an arbitrary
real number n € R. Therefore, the expression in (3.2.14) allows us to interpolate the
character to view it as a function on R instead of just Z. We will need these results in
the later sections to come and for now leave the discussion on Dirichlet characters for a

while.
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Returning to modular forms, the results from now on will focus on the space My (I'1(N)).
The theory we develop in the next few sections will be dedicated to studying linear
operators on this space so as to decompose this space into eigen subspaces and find a
suitable basis of eigen vectors, which we call eigenforms. Once this is achieved, we will
start seeing very interesting properties of L functions associated to these eigenforms. To

that end, we start with defining the y — eigen space of My (I'1(V)).

Definition 3.2.15. For each Dirichlet character x mod N, the x-eigen space of My (I'1(N)),
denoted by My (N, x) is the subspace:

{f € Mp(T1(N)) [ fIvlk = x(dy)f for all v € To(N)} (3.2.16)

In order to motivate this definition, we introduce the diamond operator. The subgroup
I'o(N) acts on the space My(I'1(N)) via the weight k operator. Clearly I'1(N) acts
trivially. Proposition 1.4.7 helps us conclude that the action can be considered to be
of (Z/NZ)*. For any d € (Z/NZ)* denote the diamond operator as (d). Then for any

f e Mp(Ti(N)),(d)f = flv]x where v € T'g(N) is such that v = (a 5/) and d' =
c

d mod N. This action is independent of the lift v € I'g(/V) because of Proposition 1.4.7

as remarked earlier.

Now it is clear that the subspace in (3.2.16) is precisely the x-eigen space of the diamond
operator. We would like to decompose the subspace My (I'1(N)) into these subspaces.
In order to do this, for each Dirichlet character x mod N, we define an operator 7, on

the space My (I'1(V)) given by the following expression:
1 1
Ty = W Z x(d)~{d)
de(Z/NT)*

We wish to use the following theorem from linear algebra:

Theorem 3.2.17. Let I denote the identity operator and let E ... E}, be k linear operators
on a vector space V which satisfy the following three conditions.
1. Each FEj; is a projection.
2. BiE; =0for 1 <4, <kandi#j.
3. FA+---+E,=1
k
If W; is the range of E; for 1 < i < k then, V = @ Wi;.
i=1

We proceed by checking the three conditions in Theorem 3.2.17 for the operator .
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1. In order to check that 7T>2< = Ty, expand

2 _ - -1
w(f) = ( v X )

de(Z/NZ)*

5 x(d)1<d’>((d>f)>

de(Z/NZ)*

x(dd'>1<dd’>f)

)71
)* de(Z/NZ

)*

N)2
d'€(Z/NZ)* de(Z/NZ)*

- (
d'€(Z/NZ

x<d>-1<d>f)

For the second last equality we use the observation that for a fixed d’ € (Z/NZ)*,
as d runs over (Z/NZ)*, dd runs over (Z/NZ)* as well. This proves that the

operator m, is a projection.

2. We next show that 7,/ o m, = 0 whenever x # x'.

reom () = mo(sqm X )

de(Z/NZ)*

1

- YT ) )
o(N)? <d’€(%\7z)* dG(ZZ/Z:VZ)* )

- el X vt ¥ waey )
¢(N) d'e(Z/NZ)* de(Z/NZ)*
1

- (d)~Md) f "(d) " x(d)
e, 2, X0 @r)(| B X )

Since x’ # X, we can find some dy € (Z/NZ)* so that x(do) "' x(do) # 1. Observe

that the sum in the last equality can written as

S oX@)y @)= > X (dod) x(dod)
d'e(Z/NT)* d'€(Z/NT)*
This implies that

(% @) (¥ ) -1) =0

d'€(Z/NT)*

It follows that Z X' (d) "' x(d') = 0 and so (my o my)(f) = 0.
d'€(Z/NZ)*
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3. To check that the projections add up to the identity map we take the sum over
the set of Dirichlet characters modulo N.

(Zn)0 = X (G = x<d>—1<d>f)

xeGn x€GN de(Z/NZ)*

1
~ o), 2 ( 2 M >
€(Z/NZ)* *xeGyn
Using the orthogonality relation in (3.2.5), we get that the above sum is equal to

f[v1] where 7 is the lift in I'g(N) corresponding to d = 1. We can as well take

this lift to be identity to get that <Z 7Tx> (=1
X

Having proved the three conditions for our operators, our final task is to find the image
of these operators. Observe that if f € M (N, x), then m,(f) = f. We finally make the

following claim:

Claim 3.2.18. The image 7y (My(I'1)) € Mg(N, x).

Proof of claim. Let f € My(I'1(N)) and g € To(IN) with lower right entry congruent
to d’ modulo N. We wish to show that (my (f))[va]e = x(d')(my)f.

(re (M)l = ¢(1N) S x(@)Hdd)(f)
dez/N7*
X(d/) ’ n—1 /
- x(d'd)~ (dd')(f)
o),
= (d)mlf)
This implies that m,(f) € My(N, x). O

It follows that the projection is onto the space My (N, x). Theorem 3.2.17 now helps us

conclude the following theorem.

Theorem 3.2.19. Let N be a positive integer. Then My (I'1(/V)) decomposes into x —

= P Mu(N
X

eigen spaces as follows:

Similarly for the subspace Sk(T'1(N)), since the projection will be onto cusp forms we
see that Sg(I'1 (N EBSk y,X)-
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3.3 Double coset operators

Throughout this section I'; and I's denote congruence subgroups of SLy(Z). The group

GL; (Q) denotes invertible 2 x 2 matrices in Q with a positive determinant.

In addition to the diamond operator, we wish to introduce a special kind of operator
which we call as the T;, operator. It turns out that these two operators come under a
much generalized class of operators known as the Hecke operators. We will study these

via the theory of double coset operators.

Definition 3.3.1. (Double Coset) Let o € GL3 (Q). The set I'ial's = {y1a72 | 11 €
I'1,v2 € Ty} is called a double coset.

The subgroup I'; acts naturally on the double coset I'yal's by left multiplication. Let
I'\I'1aI's denote the orbit space under this action such that I'yal'y = U;I'; 8. Here, f;
denote the orbit representatives of the double coset.

Our first task is to show that this union is finite. This requires a series of small results,

which we prove below.

Lemma 3.3.2. Let I' be a congruence subgroup and let a € GLQL(Q). Then o 'Ta N
SLo(Z) is a congruence subgroup of SLo(Z).

Proof. We need to show that for some positive integer N > 1, the subgroup I'(INV) C
ala=!' N SLy(Z). Since T is a congruence subgroup, I'(M) C T for some M > 1. Let
[ denote the least common multiple of the denominators of the entries in the matrix
o and o !. Take N = MI. Then Na and No~! both belong to Mj(Z). Observe that

I'(N) CT.
Claim 3.3.3. Let N3 = N. Then I'(N) C al'a™! N SLy(Z).

Consider the subgroup al'(N)a~! C (SLy(Z). We also have that:
al(N)a~! = al(N¥)a! C (I + N3My(Z))a~t. The last term further simplifies to:
I4+aN-N-MyZ)-Na—! = I+ N - My(Z) C I'(N). We finally have that oI'(N)a~! C

['(N). Therefore I'(N) C al'(N)a~! C al'a~!. This proves the claim. O

Lemma 3.3.4. Let o € GL;F(@) as above. Set I's = a 'T'ja N Tsy. Let ¢ be the map
defined as follows:
@ : I'y — Fl\l“lafg

v2 = I'iays

The above map induces a bijection from I's\I'y — I'1\I';al's. In other words, the set
{72,j} are the orbit representatives of I's\I'y if and only if {ays ;} represent the orbit
space I'1\I'1al's.
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Proof. The map is clearly surjective. To see that the map induces an injection from
the orbit space T'3\I' observe the following. ¢(v4) = ¢(72) if and only if 75y, ' €
a1TaNTy = Ty if and only if T3, = Ts7ye. O

Lemma 3.3.5. Let I'y and I's be any two congruence subgroups. Then the index [I'; :
I''n PQ] and [PQ I N Fg] is finite.

Proof. First, notice that if T'(N;) C I'; and I'(N2) C I'y for some positive integers Ny
and Ny > 1, then I'(IN1 N2) C T’y NI'e. We also have that,

L1 :TyNTo) < [y« (N1 Ng)]
< [SLa(Z) : T'(N1N2)]

which is finite. Arguing the same for I'y instead helps us conclude that [T’ : T'y N T9] is

finite as well. O

Let I'3 be as defined above. By Lemma 3.3.2, a 'T'aNSLy(Z) is a congruence subgroup.
Applying Lemma 3.3.5 to the subgroups a~'T'a N SLy(Z) and 'y, we get that T's\I's is
finite. Because of the bijection in 3.3.4, it follows that I'1\I';aI's is finite.

Having established the finiteness of the orbit space of the double coset under the actin
of I'1, we can finally move on to introducing the double coset operator acting on the
space My (I'y).

So far we have defined the weight k£ operator for matrices in SLy(Z). However in order
to work with double coset operator we need to define the weight k operator for any

arbitrary matrix in GL3 (Q).

Definition 3.3.6. Let 8 € GL3(Q) and k € Z. The weight k operator on a function
f:H — C is given by:

(f[B1k)(7) = (det B)*~5(8,7) " f(B7)

Definition 3.3.7. (Double coset operator) Let I'1,I's and « be as defined as above. Let
Bj be the coset representatives of I'{\I'1al'y such that I''al's = U;I'3;. Define the
double coset operator [I'1al's]; on My (I'1) as follows:

flC1als]), = Z f1Bilk

In order to justify the definition, we must prove that it is independent of the choice of

representatives ;. To see this, let v; be another set of representatives. Then ~; = a;/3;
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for some «; € I'1. This implies that,

Zf[%‘]k =Y (D) Bilk = > FBilk

J J

Lemma 3.3.8. The map [['1al's]x maps Mg (T'1) to Mg(T2).

Proof. We first show that (f[I'1al'2]x)[V2]x = f[['1al'2]k for any matrix vo € I's. Notice

)

that for each v € I's, the “multiplication by ~»” map
Y2 : Fl\FIOzFQ — Fl\FlaI‘g

'8 T8y

is well defined and bijective. Therefore, if the set {3;} represents the orbit space
I'1\I'al'y, then the set {872} represents it as well. Now, for any o € I'o,

(fIC1ala]k)[v2lk = Z fBirelk = fL1al2]y

We also need to make sure that the function f[I'jal's]g is holomorphic at cusps. This

requires a small result which will help in proving holomorphy at cusps:

a b
Claim 3.3.9. If v € GL$ (Q), then v = oy’ where o € SLy(Z) and 7' = r <0 d) for
some r € Q.

/

b/
Suppose v = ¢ (a/ d’> where a/,V/',d,d € Z and q € Q. Now let g and h be such
c

that a’/¢’ = h/g such that (h,g) = 1. This implies that a’g — ¢’h = 0. Also, there exists
integers h' and ¢’ such that hh' — g¢’ = 1. This helps us to find a matrix in SLy(Z) with

h WY\ (d V * %
q = .
g ¢ )\ d 0 =

Coming back to the proof, consider the function f[3;];. Using the above result we write

the desired property.

it as (fa;]k)[0;5]k for some o € SLy(Z) by the previous calculation. The modular form
f is holomorphic at cusps. By definition this means that f[y]x is holomorphic at co for

all v € SLo(Z). Therefore, we get a Fourier series expansion:

flogle = ane®™ /"

n=1
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b
Ifo; =r (g d) for some a,b,d € Z and r € Q, we have:

(flogli)[05]k = <Z ane ™/ h> 03]k = (d_’“(det 5)F71Y " anetminlem )/ dh)
n=1

n=1

oo
This is further equal to Za%e%m‘”/ v where al, = d~*(det §;)* La,e? /"4 This

shows that f[5;] is holo?nzolrphic at oo with period hd. Holomorphy of the function
f[T1als] =37, f[B;]x now follows from the following observation: If g1, ... gq are holo-
morphic functions on H, then their sum is holomorphic on oo as well. To see this,
assume that for every j, g; has a period h; so that g; = >, bne?™7/hi Let h be the least
common multiple of {h;}; and for every j, write {; = h/h;. This way, we can rewrite
each gj =) b e2™iinT/h  Now taking the usual term wise sum of the powers series of

gj, we get a power series expansion of the sum ) ;955 with period h.

Lemma 3.3.10. The map [I';al's]; maps Sg(I'1) to Sk(I'2).

Proof. If f € Sk(T'1), then the ag term in the Fourier series expansion of f[a]y is 0 for
all @ € SLy(Z). From the calculation done at the end of Lemma 3.3.8, we get that the
ap term of the Fourier expansion of f[3;], and hence that of f[I'jal'y] is 0. O

3.3.1 Special cases

In this section, we will see three special cases of double coset operators and prove that
any operator is a composition of these. The Hecke operators, which we introduce in
the coming section, are examples of these special cases. Throughout this section f €

M (T).

1. T9 CT'y and o = I: In this case I'yal'y = I'y. Therefore f[I'1als]r = f[I]x = f so
that [['yals]k : Mg(T'1) — Mg(T'2) is the usual inclusion map.

2. a”lTa = Ty ; a € GL2(Q): Here, I'ial's = Tja so that f[[1als), = flalk
gives us a map: My(T'1) — My(T'2). Notice that since I'y = al'sa™!, the operator
[[2aT ] = fla~ g is a map from My(T's) to M(T'1). These two are inverses of
each other and so My(I'1) is isomorphic to My(I'2).

3. I't € T's and o = I: In this case we have I'1al's = U;I'13; where 3; are the coset

representatives of the orbit space I'1\I's. Thus, [[al's] is the map >, f[B;lx.
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This is called the Trace operator. This map is a surjection onto My(I'2). To see
this, notice that Mg (T'2) € My (Ty). If f € My(T'2) then f[I'ial'e] = [y : T4]f.
Therefore, (1/[T'2 : T'1])f +— f via the trace operator.

Proposition 3.3.11. Any double coset operator is a combination of the operators de-
scribed in 1, 2, and 3.

Proof. Let T'1,T'y,T's and « be as described in Lemma 3.3.4. Suppose [['1al'9]y is any
arbitrary double coset operator. Let I'j = al'sa™! = T'1 Nnalsa™t. Now, T's C T,
I, CT'y and o 'Tha = Ts. If f € Mg(T'1), then via the operators described in 1, 2, and

3, f is mapped as follows:
fe £ flole =Y flava,lk
J

where 75 ; represent orbits of I's\I's. By Lemma, 3.3.4, {ay2 ;} represent orbits of I'1\I';aI's.
Therefore, f finally gets mapped to > f[B;]x = f[['1al's]y. O

3.3.2 Maps at the level of modular curves

As seen in section 2, to every space of modular forms, we can associate a modular curve
which is in fact a Riemann surface. We would like to geometrically translate the maps of
double coset operators from the space of modular forms to the corresponding modular
curves. This will help us to geometrically interpret the operators in terms of points on

the Riemann surface.

Let I'1,T'9, '3 and I'y be as described in the proof of Proposition 3.3.11. The following

diagram shows the composition of maps between groups as in Proposition 3.3.11.

F3 - Fg
Iy Iy

The isomorphism between I's and T' is the map given by v — aya~!. The corresponding

map on the modular curves is:
X3 — Xé

Pk

Xo X3
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Inclusions of congruence subgroups induce surjections m; and mo between the corre-
sponding modular curves. The isomorphism between the modular curve I's and I’ is
the map:

a: X3 — X}
T3t — FgO&(T)

We check that this map is well defined: If I'37 = I'37’, then there exists some v € I's
such that y7 = 7/. This implies that Tyar’ = I'bay(7). Recall that I's = a~'TjaNTy so
that v € I's is of the form a~'da where § € I'y. This gives us that [ay (1) = [4da(r).
Notice that § € 'y Nalsa™t = T and so [ar’ = I'jar. More explicitly, the map
on the points of the modular curve is described as follows: Let I's\I's = U;I'372 ; and
B; = avaj such that I''al's = U;I'33;. Each point of X» is taken to a set of points of

X1 via mamy, ! to a set of points described in the following diagram:

{Tav2,5(7)} —— {T38;(7)}

] |

Ia(7) {I'18;(7)}

We can see that the operator [I';al's]; does not induce a well defined map from X5 to
X1. However, when we view the operator at the level of divisor groups of the modular
curves, it is a well defined divisor group homomorphism from Div(X2) to Div(X;).
In the special cases of section 3.3.1, the corresponding map on the divisor groups are

described explicitly as follows.

1. When I'y C T’y and o = I, then I's = T'y = I';. In this case 72 ; = 8; = I and

7 = 1. The diagram above specializes to:

{Tyr} —L {Ty7}

- |

Tor {17}

This is the natural map I'e7 +— I'y7 which induces a surjection between the modular

curves and thus between the corresponding divisor groups.

2. If a 'T'ya = 'y, then I's = T'y and I', = T'y. In this case we have the following
diagram:
{Tor} —=—= {Thar}

- |

FQT {Fla’f}
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On the Divisor groups this is the map:
¢ : Div(X2) — Div(Xy)

I'or — TNar

There exists a well defined inverse from Div(X;) to Div(X2) given by,
i — FQOéflT

The composition of the two maps give us the identity map and so at the level of

divisor groups we get an isomorphism.

3. When I'y CT'g and a = I, then I's = I'; = I';. In this case 72, represent the cosets
of I'1 /Ty and j = [y : I'1]. On the divisor group we have the map:

¢ : Div(X2) — Div(Xy)

Tor — Z F1’727j7'
J

We claim that this is an injection of divisor groups. Suppose 7 and 7/ map to the
same set of points in X1, then for some j and k, I'1y2 ;7 = T'1y2,57’. So there exists
some § € I'; such that v ;7 = 0y9,7'. Since Iy C I'y and 2 ; € T'y, we see that

FQT = FQT/.

3.4 The T, and (d) Operators.

This section will be dedicated to defining the T}, operator and then studying its various
properties. Parallely, we will also study the diamond operator which we defined in

section 3.2.

Redefining the diamond operator in terms of double coset operators, we will see that we
get back same definition. Taking I'y = 'y = I';(N) and « € T'g(N) in definition 3.3.7, we
see that if f € Mg(T'1(N)), then, f[['1(N)al'1(N)]x = fla]x using the fact that T'o(N)
is normal in I'; (). Since I'1 (V) acts trivially, as discussed before the quotient acts on

My (T'1(N)). The action of « is therefore determined by its right entry d mod N.
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0

1
Next, to define the T}, operator, let I'y = I'y = I'|(N) and a = (0
p

> where p is a

prime. Define the T}, operator by the following double coset operator:

T(f) = f[n(N) (; 0) n(N)]k

p

Our task is to study this operator. We will make use of the following fact:

1
Fact 3.4.1. T'1(N)al'1(N) = {’y € My(Z) ‘ v = <0 *> mod N; det v :p}

p
In order to give an explicit representation of T), we need to first find out I's = a~1T'1 (NV)an
I'{(N). Once we have I's, we will find its coset representatives {2 ;}; in I'1(IV). By
Lemma 3.3.4, the set {ay2,;}; will represent the cosets of I'y(N) in I'y(N)al'1(N). To
that end, let T'°(p) be the following set.

(¢ -] )= e

Claim 3.4.2. Let T'Y(p) denote the subgroup I'’(p) NT1(N). Then I's = I'{(p).

N +1 b
Proof of claim. Let v = <a i P

cN dN +1
a~ 19 a for some matrix 4/ € T'; (V). Take 7' to be as follows.

, aN +1 bp
’y =
cNp dy+1
Clearly 7/ belongs to € T'1(N) and v = a~'y/a. I'Y(p). Conversely, it is easy to check
that if 6 is a matrix in I'1(N), then =16 € T'{(IV). This establishes the claim. O

) € TY(N). We wish to show that v =

Next, we find the coset representatives of I'{(p) in I';(V). Since the upper right entry

b is congruent to 0 mod p in I'{(p), our first guess for the representatives should be

1
V2,j = (0 ‘i) for 0 < j < p. With these, we check that for any arbitrary element

b
- (a b) € T'1(N), the matrix 77{5 € I'Y(p) for some 0 < j < p. If this is true, then
(&

{72,j}; is a complete set of representatives. If not, we would have to find more. Observe

that,
a b 1 =7\ (a b—aj
c d 0 1 c d—cj '
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This clearly belongs to 'y (V). For this matrix to belong in I'{(p), we need to find some
0 < j < p such that b — aj = 0 mod p. When p | N then, p { a. In that case j = ba~!
works. However when p | a, then b — aj # 0 mod p for any j. Otherwise, p | (b — aj)
implies that p | b, and so p | (ad — bc) = 1, which is not possible. Cases of p dividing

a might occur when p divides N. Therefore, in this case, {72 ;}; fail to be the complete
. . mp n
set of coset representatives. However to this set, add v2,.o = (N 1> where m and n

are chosen such that mp — nN = 1. It is easily seen that if p | a, then YVa, io e Y (p).
Thus in this case {y2,;}; U {7200} are the set of coset representatives of I'{(p) in I'y(N).
By Lemma 3.3.4, we multiply in each case, every element in the set by a to get the
representatives of I'; (V) in 'y (V)aI'1 (V). By the definition of a double coset operator,

we arrive at the following representation of 7, :

1 0
Theorem 3.4.3. Let N be a positive integer. Let 'y =T'y =I'1(N) and let a = (0 )
p
where p is a prime. Then the operator T), = [['jal's]x on My (T'1(IV)) is given by:

p—1 1 .

>0 0)

0 0 P k

T,(f) = ifp| N

p=l 1 g m n
Zf[ ] +f[ ];mp—nNzl ifpt N
j=0 0 p/) ik N p) ik

Proposition 3.4.4. The two Hecke operators (d) and T}, commute.

Proof. Suppose f € Mg(I'1(N)) and v € T'g(/N) with the lower right entry congruent to
d mod N. Then we want to show that,

(T ()K= Tp(f[1k)- (3.4.5)

Let (; denote the coset representatives of I'y in I'y(N)al'1(N) such that T}, acts as
>_i[Bjlk- Then the equation in (3.4.5) amounts to showing that,

Z fIBivIk = Z fBjlk (3.4.6)

This means we have to prove the following lemma:
10
Lemma 3.4.7. Suppose o = (O > such that the double coset I't (N)al'1 (N) = U; I'1 (V) 8.
p
Then for any matrix v € Io(V), U; T1(NV) 857 = U; T1(N)vB;.



Chapter 8 77

Proof of Lemma 3.4.7. By the representation of the double coset I'1 (IV)al'1 (N) in fact
3.4.1, it is easy to see that replacing o with any matrix in the given set does not change

the double coset. For any matrix v € T'o(N), one can check that,

1 1 =
yayT T = mod p
0 p

Lay € T1(N)al'1(N). Therefore replacing o with yary™

1

so that v~ in the double coset

and using the fact that I'o(N) is normal in I'; (N), we get that,

I (N)al'((N) = Ti(N)y tayl'((N)
= AT(N)al(N)y™!
= VUT1(N)5J"V_1

J
= Univysy™
j

On comparing the decomposition of the double coset, it follows that, ; I'(N)Bjy =
U; T1(N)vB;. o

This completes the proof of Proposition 3.4.5. O

We next determine the action of the T}, operator on the Fourier coefficients of a modular
11

form. This is a direct calculation using Theorem 3.4.3. Observe that ( ) eI'1(N)
01

and so any f € My(I'1(N)) has period 1.
Proposition 3.4.8. Let f € My(I'1(N)) such that the Fourier expansion of f is given by

the following expression:
e .
@)= an(f)d"; q=€.
n=0

Let Iy be the trivial character mod N. Then the Fourier expansion of T),(f) is given by

the expression below:
Tf(7) = anp(£)d" +In@)p" Y an((p) f)g™
n=0 n=0

Proof. We set some notation first. Let 35 ; with 0 < j < p and (3 o be matrices given

L
Ba,j = (0 ;) i B200 = (2 Z) (3.4.9)

below.
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The calculation splits into two parts, depending on whether p divides N or not. In the

former case,
p—1

To(f) =Y flBajlk (3.4.10)

§=0
In terms of the Fourier coefficients of f, the Fourier series of f[B32 ;] for every j is given

by the expression:

62,] Z an 27rin(7'/p)627rin(j/p) (3411)

Write ¢, = e2min(7/p) and p = e2™/P Summing over j in the expression (4.4.10) we get,

p—1 p—1
> sl = ( Zan ) S (3.4.12)
— §=0

Notice that, the geometric series Zj ,ugj evaluates to 0 when p { n while when p | n,

then it is equal to p. This gives us that the expression in (4.3.18) equals Y o2 anp(f)q"-

In the case p{ N, we need to also consider the term f[82 oo|k-

fBoocli = f[(ﬁ Z) (g’ ?)L
= S e
n=0

Clubbing the two, we get the required expression.

Next, suppose that f € My (N, x). Using Proposition 3.4.5, we see that,

(d)(Tpf) = T,({d)f)
= x()(Tpf)

This implies that T}, f € My(N, x). Proposition 3.4.8 can therefore be specialized for f
in My(N, x) to give the following corollary:

Corollary 3.4.13. Let x : (Z/NZ)* be Dirichlet character modulo N. Let f € My(N, x)

such that the Fourier expansion of f is given by the following expression:

e .
=Y an(f)g"; q=¢"",
n=0
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Then T),(f) € My(N, x) and the Fourier expansion of T),(f) is given by the expression

below:

Tpf(T) = Z anp(f)Qn + X(p)pk_l Z an(f)q"™"
n=0 n=0

A very useful property of the the Hecke operators is that they commute. We already
showed that (d) and T, commute with each other. We further prove the following

proposition:

Proposition 3.4.14. Let d and e belong to (Z/NZ)* and p and g be primes. Then the
operators (d) and (e) commute. That is, (d)(e) = (e)(d) Similarly, T,,7, = T,T,.

Proof. Because of Theorem 3.2.19, it suffices to check commutativity of the operators
for any f € My(N,x) where x is a Dirichlet character modulo N. This way the first

part is clear.

For the T), operator, using the calculations done in Theorem 3.4.8, we can write a, (T}, f) =

anp(f) + x(p)p*'a, /p(f) where a,, ,, is 0 whenever n/p is not an integer. Therefore,

an(Tp(qu)) = anp(Tpf) + X(p)pk_lan/p(qu) =
anpa(f) + X7 np /g (f) + X@)P  angp(f) + x(0)x(@) P0)* @ gp(f)

Since the last expression is symmetric in p and ¢, we would have landed up with the

same coefficient if we had computed instead T5,(T,f). O

3.4.1 Interpretation of 7), and (d) in terms of in terms of Divisor groups

of Moduli spaces.

Via the one one correspondence between the points on the modular curve and its cor-
responding moduli space observed in section 3.1, we can interpret 7}, as an operator

between the moduli spaces as well.

Let Div(S1(NN)) denote the divisor group of S1(N). Let 52 ; and (2, be matrices which

appear in the definition T}, given in (3.4.9). The modular curve interpretation of T}, is:
Ty, : Div(X1(N)) — Div(X1(N))

Ly(N)T ZF1(N)52,J'(T)
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We include f2 oo when p t N. The corresponding map on the moduli space is:

[C/A /N + Al ) [C/Ag, (), 1/N + Ag, ()]
j

Writing C/A; as E and the order N point @), we show that this map is equivalent to

the following map:
¥ : Div(S1(N)) — Div(S1(N))

[E,Q] — ) [E/C,Q+C]
C

where the sum is taken over all the order p subgroups C' C FE such that C N (Q) =
{Og}. In order to show this, to each (2 ;, we associate a subgroup to C; such that
C/Ag, ;(ry & E/Cj. We then show that these are all the subgroups of order p in £
satisfying C' N (Q) = {0g}. As a start, consider the lattice Ag, . = %JZ @ Z. We next

establish the following claim:

Claim 3.4.15. Let 0 < j < (p—1). Then HZ @ Z = =7+ 12 Z.

Proof of the claim. One way containment is clear. To show that %JZ + 72 DL C

%JZ ® Z, write T = w — j. Therefore,

T+

Tty ize7 = (Z+pZ)—jZ@Z.
p

p

- T+'7<Z+pZ> o7 —jZ
p

T+
b

YASY/

In the second last equality the jZ term gets absorbed in the right hand side, because, the

direct sum of two disjoint sets here is essentially the same as their complex addition. [J

It follows that Ag, ; corresponds to the set <%> + A, in C. This set contains A,

and hence, is a superlattice of A;. To see that it corresponds to the unique subgroup

Cj = <% + )\T> in C/A;, we may define a map,
1/1 : (C/AT — (C/Aﬁz,j(T)

z+ AT — 2+ A/327j(7.)

The map is clearly surjective and the kernel is the cyclic group Cj. When p { N, we need

to consider the lattice Ag,  as well in the sum.

Let y = Np7 + p. Then, yAg, . = (Np7 +p)Z & (mp7 + n)Z = Z @ (p7)Z. This gives
us that y/p(Ag, ) = (1/p)Z @ 77Z. Clearly, this is equal to the set (1/p) + A, in C. Let
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Coo = (1/p+ A;) in C/A;. Using the same argument done in the case of Ag, ;, we see
that F/Cy isomorphic to C/Ag, .

By noticing the non-trivial term of 7/p in every element of Cj, it is easy to see that
C;N(1/N+A;) = {0} for 0 < j < p. When p { N, we further show that Cc N
(1/N + A;) = 0. Suppose that n/p+ A, = m/N + A, for some integers n and m. Then
(nN —mp)/pN € A;. Thus, pN | (nN — mp) giving us that pNz = nN — mp for some
integer z. Since p{ N, p must divide n and so n/p+ A =m/N + A; =0in C/A;.

One can easily check that the p-cyclic subgroup C; for each 0 < j < p is disjoint from
Cs because of the non zero term of some multiple of 7/p in each element of C;. To check
that C; N C; =0 for 0 <i,j < p, and ¢ # j, write m(7 + j)/p+ Ar =n(r +1i)/p+ A;
for some integers m and n. This gives us that p | (m —n) and p | (jm — in). Write
m—n = pt and pxr = jm — ni for some integers ¢t and z. Substituting the first expression
in the second, it follows that either p | n or p | (j — 7). Since 0 < ¢ — j < p, the latter
case is not possible. Therefore, p | n and p | m giving us that C; N C; =0 in C/A;.

Finally we wish to show that if C' is any subgroup of E such that C = Z/pZ satisfying
that C'N @ = Og, then C has to be one C;;0 < j < p or Cy. This follows from the

following claim:

Claim 3.4.16. Let E.[p| denote p torsion points of of E, a subgroup isomorphic to
Z/pZ x Z/pZ. Then E;[p| =C1 & - - & Cu.

Proof of the claim. The number of elements in E,[p] is p?. Since the p cyclic subgroups
we discovered are pairwise disjoint with the only common element to be 0, counting
the number of elements in all of them comes out to be 1+ (p — 1)(p + 1) = p?. This
establishes that E.[p] = C1+Cy - - -+ C. Now, suppose that z € C;N(C1+---+Ci—1 +
Cit1+ -+ Cx). This implies that () = C; C (C1 + -+ Ci—1 + Ciy1 + - + Coo),
which gives us that |E-[p]| = [C1 + -+ Ci—1 + Cit1+ -+ + Coo| = p? — (p — 1). This is

a contradiction to the counting argument done at the beginning of the proof. O

From the discussion above, it now follows that 7}, as a map on the divisor group of
moduli spaces maps [E,C] to > ~[E/C,Q + C] where C are all the cyclic subgroups of

order p not intersecting (Q).

It is easier to view the map (d) on the divisor group of the corresponding moduli space.
Suppose v € T'g(IN) with lower right entry as d mod N. As seen before, the diamond

operator is the isomorphism:

X(T1(N)) = X(T1(N))
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LCy(N)T = Ty (N)yr
The corresponding map on the moduli space S;(N) is:
[C/Ar /N + A] = [C/ Ay /N + A

We show that this map is equivalent to the mapping: [E,Q] — [F,dQ]. Using the

methods outlined in section 3.1, we proceed in the same manner. Suppose that v =

cN d+ Nk
mAy; = NetZ & (at + (d + Nk))Z = Z @ 7Z. This implies that A, = A, under the

“multiplication by m” map. Under this map 1/N + A, — (¢N7 +d+ Nk)/N + A-.

b
( “ ) € I'g(N) be the representative of (d). Let m = Ner + (d + Nk). Then

This is exactly the point d/N + A;. It follows that the diamond operator maps the point
[E, Q] to the point [E,dQ] in S;(N).

Therefore., there is more than one way to interpret the 7, and the diamond operator.
In addition to viewing them as operators on the space of modular forms, we can also
view them as maps between the corresponding moduli spaces. For the topics covered

ahead, we will however adopt the former interpretation of the operators.

3.5 The T, and (n) operator for n € Z*.

We aim to extend the definition of T}, and (d) to all the positive integers. In case of the
diamond operator, this is easily extended to any n € Z* with (n, N) = 1 by defining
(n) = (n mod N). For n such that (n, N) > 1, we define (n) to be just the 0 operator
on My (T'1(N)).

We extend the T}, operator inductively for prime powers, by defining the relation:

Ty =1; Ty =TT — p" Hp)T,

pr—1 forr>2 (3.5.1)

By induction on r and s, Proposition 3.4.14 helps us conclude that T)-Tys = TisT),r. For
all n € ZT, we extend the definition multiplicatively to all positive integers as follows:

Suppose n = [[, p;* where p; denote the distinct primes dividing n. Then define
T =[] Tpiei (3.5.2)
i
It follows that if n and m are positive integers with (n,m) = 1, then,

T = Ton T (3.5.3)
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We will need the relation between Fourier coefficients of T),(f) and that of f which we

compute below.

Proposition 3.5.4. Let f € My(I'1(N)) with the Fourier expansion given by the following

expression:

@)= an(f)g"; q=€.
n=0

Then for all n € Z*, the coefficients of the Fourier expansion of T, (f) is given by the

expression below:

an(Tuf) = D A" apne((d)f) (3.5.5)

d|(m,n)

In particular, if y is a Dirichlet character modulo N and f € My (N, x), then,

an(Tof) = Y X(d)d*  apnya(f) (3.5.6)

d|(m,n)

Proof. Because of the decomposition in Theorem 3.2.19, we just show the particular
case in (3.5.6). We first prove it for prime powers and then generalize the result for any
positive integer n. The result is trivially true when n = 1. When n = p, the right hand
side is given by the expression: }_; ., ) x(d)d*a,,, /a2(f). This equals ap,(f) when
p ¥ m. While, when p | m, we get that am(T,f) = amp(f) + x(p)P* 'ay/,(f). Putting
together the two cases we exactly the expression of a,,(T},f) as calculated in Corollary
3.4.13.

To see the result for prime powers, we use induction. Assume that the result holds
for n = 1,p,...,p"~!. For r > 2, we use the recursion formula in (3.5.1) to expand
am(Tyr f) = am(TpyTy-1f) — p*"am((p)Tyr-1 f). Using the formula for 7, we further

write this as:

amp(Tp’“—lf) + X(p)pk_lam/p(TpT—lf) - X(p)pk_lam(TpT—Qf)‘ (357)

At this stage we use the induction hypothesis to expand (3.5.7) to get three summands:

Z X(d)dkilamp’“/d2 (f) + X(p)pkil Z X(d)dkilampr—z/d2 (f)

d|(mp,pm—1) d|(m/p,pr—1)
—x@EP"T Y (@A ay-2)e(f)

d|(m.,p"=2)

We look at these three summands separately. Write the first summand as:

> XD () =ampr + Y XA a2 (f) (35.8)

d|(mp,pr—1) d| (mf,;{—l)
>
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Compute the last sum as:

X Y (@ e ()= Y x(pd)(pd)* a2 ()

d|(mpr=2) & d|(mpm=2) &

Changing the variable shows that this is equal to the sum as in (3.5.8):

Yo (W) ag (f)
h|(mp" ") !
h>1

and so it gets cancelled in the overall sum. Combining the calculations done so far we

get,

Am (Tpr) = Qmpr + X(p)pk_l Z X(d)dk_lampr—Q/dQ (f)

d|(m/p,p™—1)
= Qmpr + Z X(pd)(pd)k_lampT*Q/zﬂ(f)
d|(m/p,pm—1)
= g+ > X a2 (f)
h|(m/p,p" 1)
h>1

The last expression is exactly the result we want. To generalize to arbitrary n, take

(n1,n2) € ZT such that (n1,n3) > 1. Compute,

am(Toyny f) = Z X(d)dkilamnl/dQ(Tan)

d|(m,n1)

= D D> x(de)(de) iy a2 ()

de|(m,n1) e|(m,n1/d?)

= Y A g e ()

de|(m,ninz)

= > x(WE g2 (f)

h|(m,n1nz2)

The formula for a,,(T},) for any arbitrary n € Z* now follows clearly. O

3.6 A word on Eisenstein series of level N

The theory developed in the next few sections will focus more on the space of cusp
forms. This section provides some justification for this so that the reader does not
lose any continuity of thought. To that end, we digress a bit to make some remarks
on Eisenstein series discussed in section 1.3. These are modular forms with respect

to the whole group SL9(Z) and therefore we call them Fisenstein series of level 1. We
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explicitly calculate the Fourier series of G (7). In addition to giving some intuition about

Eisenstein series of level NV, it will also be useful in chapter 4. Write,

1
Gi(r) = Z (mr 1 n)F

m,ne’
(m,n)#(0,0)
- AT X (o)
n m nezl

From the above expression, we see that as 7 — ioco, Gy takes the value 2((k), where
the symbol ¢ denotes the zeta function Zn>0 . This is the first term ag of the Fourier
expansion of G for k > 3. To find out the other terms, we need the following formula

from complex analysis for 7 € H and k > 3:

1 —2mi)" -1, m T
Z(r+n):((k—1))!mzlmk ¢" 5 g = (3.6.1)

ne”L

Using the formula in 3.6.1, we see that G(7) can be written as:

—271)
Gk(T) - 2Ck+( - 4 ' Zznk 1 27rzn(m7')>

’ m>1n>1
2 27” k—1 2mwirT
= 2+ .z(zd )
r>1 N d|n
= +Ck20k—1
n>1
2(—2mi)k

In the last expression Cj = ==y~ and or-1(n) = X ap, d1.

For any integer k < 4, from the dimension formula, we know that the space My (SLy(Z)) =
{0}. In the case when k > 4, for any modular form f € My (SL2(Z)), we can find some
complex number ¢ such that f — ¢Gy € S;(SL2(Z)). This implies that My (SL2(Z)) =
Sk(SL2(Z)) @ CGy. In the case of level one modular forms, this decomposition is fairly

easy to see.

However, for subgroup I'(N), the space My(I'(N)) splits as a direct sum of the space
Si(T'(N)) and its complement which we call the Eisenstein space and denote by & (I'(V)).
We can explicitly find out a basis for this space. One can do the same for the subgroup
I'1(N) as well. The basis elements are variants of the Eisenstein series of level 1. We
state this below without any proof. To see the construction of Eisenstein series for I'( V)

and I'; (N), one can refer to chapter 4 of Diamond and Shurman [2].
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Theorem 3.6.2. Let k > 3 and v € (Z/NZ)? be a point of order N, then the Eisenstein
series for I'(N) are defined by the following:

= 1
G%(T) = Z &
(e,d)=v(N) (7 +d)
(e.d)#(0,0)
If v = (y,dy), where (cy,dy) is a lift of ¥ in Z?, then the Fourier expansion of G¥(7) is

computed as:

2(r) = 8(e) ¢ (k Zok () 5 g = 2™,
where,
life, =0 — 1
8(cy) = M) = Y
: d
0 otherwise d=d,(N)
d#0
and .
2(—2m - midym
Cp = ((k:—l))' ; Op—1(n) = Z sgn(m)mF=te2ridvm/N
’ m|N
n/m=cy(N)

The bases of the Eisenstein space & (I'(N)) are constructed from the elements described

in Theorem 3.6.2.

We know that the space My (T'1(N)) is decomposed into x-eigen spaces given in Theorem
3.2.19. The following theorem describes the Fourier expansion of Eisenstein series in the

space Mg (N, x).
Theorem 3.6.3. Let k > 3. Let ¢ modulo v and ¥ modulo v be any two Dirichlet

characters such that uv = N and ¢ is primitive, then the Eisenstein series for the

subgroup I'1(IV), denoted by E]?’W(T) is given by the following Fourier expansion:

EP9(r) = 6(¥)L(1 — k, ) +2Za n)gy ; ¢" = N,
where,
— > pn
= 3 wlnfm)plmimt s L1~ k) =3 £
m|n n=0
m|>0

The bases of &, (I'1(N)) for k > 3 are constructed from the elements mentioned in the
above theorem. For cases k = 1 and k = 2, a different process is followed to construct

Eisenstein series which is outlined in chapter 4 of [2].
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We conclude by remarking that the bases for the space of cusp forms are not so easy
write down explicitly, as in the case of the Fisenstein space. Therefore, we develop some

sophisticated machinery in order to study cusp forms in the next few sections.

3.7 Petersson inner product

The space of cusp forms can be equipped with an inner product, which will be defined
as an integral. In order for the integral to make sense, we work with a measure which is
invariant under the action of SLy(Z). Let V' € C be an open set. Consider the two form
onV :w = (dzAdz)/Im(z)% Writing 2z = x + iy, we get w = —2i(dx A dy)/y?. We show
that w is invariant under the action of SLs(Z). More generally, for any o € GL] (R), we
compute

(det av)?

- (Im(o‘z) ) e dz

Im(z)
We work with a suitable multiple of w given by the following expression:

—(dzNdz)  dzdy .
2tm(z)2 g2 Y (37

du(z) =

The measure du(z) is called the hyperbolic measure on the upper half plane. We first
study some properties of integrating functions on the upper half plane with respect to

this measure.

Remark 3.7.2. Since the set Q U {oo} is a countable set of measure 0, we can as well

integrate over the extended upper plane H*.

Lemma 3.7.3. Suppose ¢ : H — C is a continuous and bounded function and a €

SLy(Z). Then the integral [,. ¢(a(7))du(T) converges.
Proof. Let |p(7)| < M for all 7 € H. Then,

‘ / pla(m)du(r)| < / e(a(m))du(r)|

IN

M | du(r)
D*
1/2

= M / dxdy/y?
—1/2 JVTi=2?

Using elementary methods from calculus, one sees that the integral in the last equation

is equal to 3. O
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Let I' C SLy(Z) be a congruence subgroup and let {c;}; be the coset representatives of
the space {£I}I'\SLy(Z). We can write SLy(Z) = J;{=I}T'e;. Because of Proposition

2.1.4, it makes sense to define the integral of a function over X (I") in the following way.

Definition 3.7.4. Let ¢ be a continuous and bounded function on H. Suppose ¢ is T’

invariant. Define the integral of ¢ in the modular curve X (I") by the following expression:

/X(F) o(T)du(r) = /Uaj(D*) o(T)dp(r) = ZJ: /D* w(oyT)dp(T) (3.7.5)

Since ¢ is I invariant, the integral is independent of the coset representatives we choose.

Putting ¢ = 1 in definition 3.7.4, call Vp = fX(F) du(r), the volume of X(I"). Clearly,
VF = [SLQ(Z) : F]VSLQ(Z)7 where VSLQ(Z) = fD* du(’i').

Take f and g € Si(T"). In order to construct the Petersson inner product, we need to
cook up a continuous, bounded, and I'-invariant function with f and g. Consider the

following function:

(1) = f(1)g(7)(Im(r))"*
The function ¢ is clearly continuous. It is also I' invariant because for any v € T,

o(yr) = f(yr)g(ym) Im(yr)k

= (er + () er 1 d) g(7) Im(7)|er + d|*

= (1)

We would finally like to establish that ¢ is bounded on H. Since ¢ is I' invariant, it is
enough to show that ¢ is bounded on |J, o;D.

Lemma 3.7.6. For any a € SLy(Z), the function ¢ o a is bounded on D.

Proof. Since ¢ o  is a continuous function, it is bounded on any compact subset of D.
We only need to check that as ¢ is bounded as Im(7) — 0. This is seen as follows: For
any o € SLy(Z),

p(a(r) = (fladkglali) () Im(7)".

2mit/h with their ag

By definition, f[a]; and g[a]x have power series expansions in g = e
term equal to 0. Therefore, p(a (7)) = O(qn)O(qn)y*. Since |gn| — 0 when Im(7) — oo
and the exponential decay dominates polynomial growth, it follows that, as Im(7) —

o0, o — 0. This proves that ¢ o « is bounded on D. O

In view of the above discussion, we are ready to define the inner product on cusp forms.
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Definition 3.7.7 (Petersson Inner Product). Let I' C SLa(Z) be a congruence subgroup.

The Petersson inner product on Si(I") is given by:
() Sk(I) x Sp(I) = C

i ) g(T)Im () Fdu(r
7 [, g, SO i) )

From the definition it is easy to see that the inner product is linear in f, conjugate linear

in g and Hermitian symmetric. To see that it is positive we definite compute

S = — [ 1P du(r)
Vr Jxm)

- Vlf zj: /D |f () [* Im(j7)* dp(7)

Since D* is compact, | f(c;(7)| and Im(c;)(7) has a minimum value, making the integral

above greater than or equal to 0.

Lastly, we need to make sure that the Peterson inner product with respect to a subgroup
gives us the same value when we take it with respect to the smaller group. Indeed this

is true. In fact the normalizing factor Vip precisely helps in ensuring that.

Lemma 3.7.8. Let I" CT' C SLy(Z). Suppose f and g € Sk(T'). Then (f, g)r = ([, g)r-

Proof. Write SLy(Z) = J;({£I}")e; and I' = J,({£1}1")B; with a; € SLa(Z);1 < i <
[SLy(Z) : T]and B; € I';1 < j < [I': I']. This gives us that SLy(Z) = U, ;({£1}1") 8.
Computing the inner product of f and g with respect to IV we get:

_ 1 promy K
o = g [ @ )

= ‘}r' <ZZ/D f(/BjOéiT)g(ﬁjaﬂ)Im(ﬁjaiT)kdﬂ(T)>
= (S [ st e )

- w (X D*f<az-7>g<w>1m<w>’“d“<”)

7

= <f>g>F

In the third equality we use the fact that f(7)g(7) Im(7) is I'-invariant while in next one
we write 1/(V) = 1/(Vr[I : T7]). O
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3.8 Adjoints of the Hecke operators

In the next few sections, we restrict our attention to Sg(I'1(V)). We will show that the
Hecke operators 7T, and (n) commute with their adjoints when (n, N) = 1. In order to
show this, we will compute the adjoints of these operators with respect to the Petersson
inner product. By the Spectral Theorem from linear algebra, the space Si(I'1(N)) will
have an orthogonal basis of simultaneous eigenvectors for these operators. We will call

these eigen-vectors as eigenforms. We aim to establish the following theorem:

Theorem 3.8.1. The space Si(I'1(IV)) has an orthogonal basis of simultaneous eigenforms
for the Hecke operators {(n) | (n, N) = 1}.

Remark 3.8.2. From now on we will use the term “operators away from the level” to

refer to operators T, or (n) with (n, N) = 1.

To begin with, we need some technical lemmas and definitions.

Definition 3.8.3. Suppose I' C SLy(Z) such that SLy(Z) = [J,{£I}I'a; and a €
GL3(Q). Then for any continuous, bounded and o~ 'T'av — invariant function ¢ : H — H
define,

| etmautn) = > [ sttt

To see where this definition is coming from, consider the map « : H — H such that 7 —
at for a € GL3 (Q). It is easy to check that this induces a bijection from H* /o 'Ta —
X(I') where the map is given by [r] — [a7]. It is one to one and well defined because
[11] = [r] in H*/a T« if and only if 71 = a~'yar for some v € T if and only if
[a71] = [am] in X(T). It is clearly surjective as [a~ 7] maps to [r] in X (T). If SLy(Z) =
U;{#I}Ta;, then Proposition 2.1.4 and the above bijection imply that H* /o~ 'Ta =
U; a~la;(D*) up to some boundary identifications. Therefore, definition 3.8.3 makes

sense.

We will use the following three results in this section:

Lemma 3.8.4. Let T' C SLy(Z) be a congruence subgroup and let o € GL3 (Q).

1. Suppose ¢ : H — C is continuous, bounded and I'-invariant. Then,

/a—lr‘a plaT)du(r) :/ o(7)du(T).

X(I)

2. If a T € SLy(Z), then V, 1y, = Vr and [SLa(Z) : ™ 'Ta] = [SLa(Z) : T
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3. There exists B ...8, € GLF (Q), where n = [[': @ 'TanT] = [[: ala™t NT],

such that the double coset I'al’ is expressed as a disjoint union as follows:

Tl =g =BT

Proof. Part 1 comes directly from definition 3.8.3 and 3.7.4.

To see Part 2, let ¢ = 1 in part 1 to get the equality of the volumes of the two subgroups.
Writing [SLa(Z) : o 'TalVsp,z) = Va-1ra = Vo = [SL2(Z) : TVg1,(z) we get the other
equality.

Part 3 requires some work. By replacing I' with the subgroup I' N ™ 'T'«r, part 2 helps
us to conclude that the index of 'Na~!'Ta is same as the index of al'a~'NT in SLy(Z).
Using the fact that [SLy(Z) : T][l : T Na™'Ta] = [SLy(Z) : T Na~'Ta] and similarly
writing the relation for al'a™! N T, we see that the index of the two subgroups in I is

equal as well. This allows us to find v1,...v,, and 6 ...d, such that,

r= U TanT)y; = Jlefa ' nT)5; !
J

Setting 'y = I'; = T in Lemma 3.3.4, we see that Tal' = |J;Tay; and Ta™'T =
U; I‘ofléj_l. Taking the inverse in the second relation we conclude that I'al' = |, d;aT".
We are almost done since we have obtained two disjoint unions of one right and one left

coset space, representing the double coset,

Fal' = JTay; = J6;aT. (3.8.5)

r ,
In order to locate suitable representatives 8;, 1 < j < n, we prove that for every
J, Tay; Ndjal’ # ¢. Suppose otherwise. Then for some j, the intersection I'ary; N
djal' = ¢. It follows that T'ay; C (U, ; dial” and so I'al’ C |, ; d;ol; a contradiction to
the decomposition of the double coset into n orbits. From the non-empty intersection

TFaryj N ojal’, for each j we can choose 3; so that the relation (3.8.8) reduces to:

Tol' = JT8; =BT
J J
O

We now come to an important proposition which will help us to compute adjoint of the
double coset operator [I'al'|x. Specializing the proposition for I' = I'1 (N) and taking a

suitable « will help us to compute the adjoints of the Hecke operators.
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Proposition 3.8.6. Suppose I' C SLy(Z) be a congruence subgroup and a € GLJ (Q).
Let o/ = det(a)a~!. Then

1. If a T C SLy(Z), then for all f € Sk(T) and g € Si(a 'Ta), we obtain the

following;:
<f[a]kv g>a—1Fa = <f7 g[a/]k>F

In particular, if o 'T'a = T', then the adjoint of the operator [a]) denoted by [a]},

is equal to [a/].
2. For all f and g € S(T),
<f[FOZF}k,g>F = <f>9[r0/mk>r

Consequently, [I'aI']; = [T'a/T.

Proof of 1. To prove the first part, evaluate the left hand side to get,

<f[a]kvg>oﬁlf‘oc = 1/Va1Fa/ (f[a]k(T)m(Im(T))kd:u(T)

H* /o~ 1T«

Using part 1 and 2 of Lemma 3.8.4 the above equation equals:
1/VF/ det(a)*! f(m)s(a, a= (1)) P9l (7)) (Tm(a" (7)) dpu(r)
X(I)

Observe that the action of o is same as that of a~!. Replacing a~! with o/ and noting

that det(a) = det(a), expanding the above expression we get,

v [ derto =t (AR5 5 e U OV

(e, 7) 9(e, 7))

Observing that j(aa’),7) = det(a) and writing |3(e/,7)| = 2(¢/, 7)3(c/, T), cancelling

terms in the last expression gives us:

1/VF/ det(e)* f(7)g[@/T(r) Im(a™ ! (7)) Fdp(r) = (f, gla'])r.
X(I)
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Proof of 2. The second part requires us to compute (f[I'al'ly,g). Taking 3; given in

part 3 of Lemma 3.8.4, and keeping in mind Lemma 3.7.8 we compute:

(f[Callkg) = D (fIBlkg)r

J

= Z<f[/6j]k79>rmﬂj_1fﬂj

J

= Z<f79[5}]k>pmgjr5j*1

J

= > (f.918]k)r

J

The second last equality comes from part 1 of Lemma 3.8.4. We wish to conclude that
the expression in the last equality > .(f, g[8j]x)r equals (f, g[l'a/T). If we show that
IaT = Uj Fﬁ;, then we are done. This is seen as follows. Since I'al' also equals the
union of left cosets f;I', taking inverse and multiplying by det(c) in the expression
Pal' = {J; B;T', it follows that I'a’l’ = {J; F(det(a)ﬂj_l). Noting that det(a) = det(3;)

for all j, we see that B} are coset representatives of I'a/T" in T. O

With this we move on to computing the adjoints of the Hecke operators T}, and (d) away

from the level.

Theorem 3.8.7. In the inner product space Si(I'1(N)), the Hecke operators (d) and T,
for pt N and (d, N) = 1 have adjoints given by the following operators.

Proof. Let f,g € Sg(T'). Suppose o € T'y(NV) is the corresponding matrix for the operator
(d). Since I'1(N) is normal in I'g(V), it follows from the first part of Proposition 3.8.6
that (d)* = [a]; = [o/]x = (d)~". To compute the T operator, we need to look at the
0

p
this amounts to finding the representation of the operator [['y (N)o/T'1(INV)]x. Since p N,

1
operator [I'i(N)al'1(N)]; where o = (0 ) . By the second part of Proposition 3.8.6,

we can find integers m and n such that mp — nN = 1. Now express o’ in terms of « as

I O I (0 I

This helps us to find the decomposition of T'1 (N)a/T'1(N) in terms of the decomposition
of I'i(N)al'1(INV) into orbits of I't (V). Let I't(N)al'1(N) = |J; I'1(N)B;. Denote v =

follows:

L n p n I
and § = . Then v € I'1(N) and § € T'y(N). The relation in (3.8.8)
N mp N m
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and the fact that I'; (V) is normal in I'o(N) allows us to write,
1 (N)a'T1(N) = I'y(N)aly(N)6 (3.8.9)

Using the decomposition of I'i(NN)aI'1(NNV), we see that ;6 represent the coset space
I'1(N)/T1(N)a/T1(N). Finally note that m = p~! mod N and so we get,

L6 - Y5 (f; ;)L
)

O]

Therefore the Hecke operators away from the level commute with their adjoints. This
completes the proof of Theorem 3.8.1. The above computation of the adjoint of the T,
operator works only when (p, N) = 1. In general, if we wish to find a uniform expression
for the adjoint operator which works for all Hecke operators, we will have to introduce

0 -1
a new operator given by wy = [ ] .
N 0 k

Theorem 3.8.10. For any Hecke operator T'=T,, or T = (n), where n € Z, acting on
the space Sy.(T'1(IV)), the adjoint of T is the operator T* = wyTwy'.

0

N
subgroup I'1(N). That is, 6 'T'1 (V)8 = I'1(N). This allows us to view wy as the double

coset operator [I'1(N)6T'1(N)]g.

-1
Before beginning the proof we note that the matrix § = ( 0 ) normalizes the

Proof. First consider the operator (n). When (n, N) > 1, then (n) = 0 and so its adjoint
is the 0 operator as well. In the case when (n, N) = 1, we take the corresponding matrix -y
in Tg(N) with the right most entry n mod N. Observe that the matrix wyywy' € To(N)
and has rightmost entry congruent to n~' modulo N. We conclude that wva;,l =
(n)~! = (n)* by Theorem 3.8.6.

For the other type of Hecke operator we first establish the result for 7},, where p is now
any prime. As before, we need to characterize the double coset I'1 (N)a/T'1 (V). We follow
a similar approach in finding the decomposition of this double coset into orbits of I'1 (N),
but this time we use a small observation that o/ = §~'ad. Since J normalizes I'; (V)
and so does 6!, we have the equality I'1(N)§ = dT1(N) and I'1(N)§— = 67T (NV).
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Therefore, if I'1(N)al'1(N) = U, B;, then,

[ (N)a'Ti(N) = T1(N)d 'adTy(N)
= 5T (N)al1(N)§
= s JTu()B;6

j
= Url(N)CS_lﬁj(S
J

From the above calculation of the coset representatives we conclude that T, (f) =
2 FI671 B0k = wnT,wyt(f). The proof works for all prime p, regardless of the fact
that it divides N or not. By the definition of the T}, operator, the result extends to all
n e Zy. O

We will need the adjoint of the operator wy later.

Lemma 3.8.11. Let wy be the operator as given above acting on the space Si(I'1(N)).

Its adjoint is given by the operator w} = (—1)*wy.

Proof. Using Lemma 3.8.6, we see that w}, = [0']y where &' = det(d)d. More precisely,

, 0 1
0 = N 0 and so we compute:

wif = f1'le(r) =

3.9 Old forms and new forms

Till now we were working with modular forms of a particular level V. In this section we
would like to characterize the forms coming from lower levels. For example, if M | N, we
know that Si(I'1(M)) is sitting inside Si(I'1(IN)). There is yet one more way to embed
Sk(T'1(M)) in Sg(T'1(N)). Suppose d = N/M. Consider the transformation:

d 0
g =
01
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Claim 3.9.1. The weight k operator [ag4]y is an injective linear map from Si(I'1(M)) to
Sp(T'1 (V).

Proof of claim. Since fla]i(r) = d*~1f(dr), it is clear that the map is injective and
linear. To see that the operator lifts the level, we wish to show that flag]r € Sp(T'1(N)).

( a b
Suppose v =

Nd)EFﬂN)WMQ
C

flaaylk(r) = (eN7+d)"*d* f(d(yr)).

a bd
= "agle(T) 5 o = el (M).
S eale(T) 5 v ((:M d’) 1(M)
= floalk(7).
This takes care of the modularity condition. Moreover, the above calculation along with

holomorphy of f gives us that f[ag]x is holomorphic at the cusps. It follows that f[ag]x

is a modular form with respect to I'; (V). O

Given these two maps, in order to identify modular forms coming from lower levels, it
makes sense to take the sum of their images at every level M | N. This will give us the
following subspace of Si(I'1(N)).

{Z(fN/d + gnyalaalr) | fnya 9nja € Sk(Fl(N/d))}

dN

Combining the observations so far and writing everything in a fancy notation, we put

together the following definition:

Definition 3.9.2 (Oldforms). For each divisor d > 1 of N, let iy be the map,
iqg : Sp(I'1 (V) x Sp(I'1(N)) = Sk(I'1(N))

(f,9) = [+ gladlk-

Then the subspace of oldforms at level IV is:

Se(T1 (V)M =Y~ ip(Sk(T1(N)) x Sk(T1(N)))
p|N

prime

For level N = 1, define the space of old forms Si(SLo(Z))°'d = {0}.
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In the above definition it is enough to sum over primes because of the following ob-
servation: Suppose that p and h are divisors of n, where p is a prime. Notice that if
f,9 € S(T'1(N/ph)), then iy, (f, g) Cip(f, glon]). It follows that if d is any divisor of N
such that d = ph, then the image of i C image of 7,. Therefore, it is enough to consider
the prime divisors of V.

Definition 3.9.3. The orthogonal component of the space of old forms is known as the

new —

space of new forms with respect to the petersson inner product. That is, Sg(I'1(V))
(Sk(T1(N))H)+.

We aim to show that the Hecke operators respect this decomposition of S,(I'1(N)) into

old and new subspaces.

Theorem 3.9.4. The subspaces of S,(T'1(N))° and Sy, (I';1 (V)" are stable under the
Hecke operators T}, and (n) for all n € Z.

Proof. We prove this case by case. Let p | N. Using the decomposition of Theorem
3.2.19, it is enough to take f and g € Sk(N/p, x). Let xn modulo N denote the lift of
the Dirichlet character x modulo N/p.

1. Consider the diamond operator (d). In order to show that the operator (d) com-

mutes with the 7, map, we show that:

(D)njpf =] 5 {d)ngpg)lenlk = (d) v (glaplr). (3.9.5)

Here, the subscript under the operator symbol denotes the level at which it is
acting. Suppose f € Sp(N/p,x). Then (d)nf = f[0]x where § € T'o(N) with
rightmost entry equal to d mod N. Observe that 6 € T'g(/N) implies that ¢ €
To(N/d). It follows that f[0]x = x(d)f = xn(d)f. We conclude that f € Si(N, xn)
and so (d) N f = (d) n/p f-

Performing a similar calculation done in the proof of claim 3.9.1, it is easy to see
that if g € Sp(N/p, x), then, glay,|r € Sk(IV, xn). This proves the second equality.
Since (n) = 0, when (n, N) > 1, the Hecke operator (n) stabilizes the space of old

forms for all n € Z+.

2. Next, we show the same equalities in 3.9.5 for the operator T,y where p’ is a
prime different from p. Let T}y y/, denote the operator acting at level N /p. Using
the Fourier expansion of T, n/,(f) from Corollary 3.4.13 and noting that f €
Sk(N,xn), we see that Ty n/,(f) = Ty n(f). Further, we compute the Fourier
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expansion of (T, n/p(9))[pl:

(Tp’,N/p(g))[ap]k = pkil Z QAnp! (g)qnp + X(p/)p/k_l Z an<g>qnp’p
n=0 n=0

= Tp,N(g[a]k)

The last equality comes from the fact that p’ | N/p if and only if p’ | N and so
x(®) = xn (@)

3. In this case we will deal with the operator 7). The proof is slightly different as
T, individually does not commute with the natural inclusion map and the [oy]g

operator. However, for f,g € Sk(I'1(N/p)), we have that:

Ty N (ip(£:.9)) = ip(Tpnypf + 05 9, = (D) nypf)- (3.9.6)

Indeed, if we expand the left hand side, we get, T, N(f + glox) = Tpn(f) +
Ty~ (glaplk). Looking at the two terms separately, we see Ty nf = T, n/pf —
((p) nypf)laplk- This follows from the explicit representation of T}, in Theorem
3.4.3 and is true regardless of whether p | N/p or not. In the latter case we just

take (p)n/p = 0. The expression for T}, y(g[ay]r) is computed as:

Tpn(glople) = Zg[(ﬁ (1)) ((1) jo)h

J

()6 )

= Py
Combining the above calculations, we get (3.9.6). Points 2 and 3 together show
that the Hecke operator T}, stabilize the space of oldforms for all n € Z™T.

To show that the Hecke operators stabilize Si(I'1(N))"*"V it is enough to show
that their adjoints stabilize Sg(I'1(N))°'d. This is because (f,Tg) = 0 if and only
if (T*f,g) =0 for all f € Si(I'1(N))°'d and g € Si(I'1(N))"*¥. By Theorem 3.8.7,
when (n, N) = 1, (n)* = (n)~!. The discussion in 1 shows that the adjoint operator
stabilizes the space of oldforms. In the case when (n, N) > 1, there is nothing to
check.

4. To see the result for T}, we use the formula for the adjoint calculated in Theorem

3.8.10. Therefore, it is enough to check that the space of oldforms is stabilized by
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the operator wy given in Theorem 3.8.10. Compute,

wnip(fr9) = wn(f+gloylr)
0

It follows that wyiy(f, g) € Sk(T1(N))°d.

From the discussion in Points 1 — 4 we arrive at the following corollary:

Corollary 3.9.7. The spaces Si(I'1(N))°!d and Si(T';1(NV))™" have orthogonal bases of
eigenforms for the Hecke operators away from the level, {T},, (n) | (n,N) =1}

3.10 The Main Lemma

The theory in the next few sections is dedicated to eliminating the condition of (n, N) =1
to have an orthogonal bases for the space of newforms. To that end, in this section we
prove a very important lemma which helps us to see whether a modular form is an old

form, just by looking at its Fourier coefficients.

Define the map 24 to be a sort of normalization of the g operator.
1a = d" " Flagle : SeT1(M)) = Sp(T1(N)) 3 (1af)(7) = f(dr)

The map 2 acts on the Fourier expansion as:
oo o0
n dn
E anq — E anq
n=1 n=1

It follows that if f € Si(I'1(N)) is of the form f =3y, fp with f, € Sp(I'1(N/p)),
then, a, = 0 for all n such that (n, N) = 1. The Main Lemma gives us the converse of

this statement.



Chapter 8 100

Theorem 3.10.1 (Main Lemma). If f € S(I'1(IV)) has Fourier expression f(7) =Y an(f)q"
such that (n, N) =1, then f is of the form f =1,f, with f, € Sp(T'1(N/p)).

Using tools from previous theory and linear algebra, we will keep restating the Main
Lemma into different versions, finally reducing it to a known result in representation

theory.

Proof. (Sketch) As a first step, we change the subgroup we are working with. Let

TH(N) = {(Z Z) € SLy(Z) ‘ (‘: 2) = (i ?) mod N}

It is easy check that apTi(M)a,, = TH(N). By the special case in point 2, it fol-
lows that the double coset operator [T'y(M)a;, T (M)]x = [a;;]x which takes f(7) to
M*=1f(r/M) is in fact an isomorphism of Sg(I'1(M)) and Sy, (I'*(M)). After removing
the constant M*~1, we have the following isomorphism explicitly in terms of the Fourier

series of f.
lek[aM]k : Sk(Fl(M)) — Sk(l“l(M))

o0 o0
Z anq" = Z 6er(ﬁ\L/[
n=0 n=0

The above discussion leads to the following diagram:

Sk(T1(M)) — Si(T'1(N))

[ L

Se(I' (M) Se(I'(N))

In terms of the Fourier expansion, if we draw the diagram, we see that it commutes if
M = dN.
> oo ang" — > o ang™

l !

> oo Gndiy > Yopo andiy
This helps us to view the map 24 as an inclusion map and makes our life easier. More
precisely, since the diagram commutes, we reformulate the Main Lemma in terms of the
new subgroup as follows:
Theorem 3.10.2 (Main Lemma version 2). If f € Sg(I''(N)) has Fourier expansion
f(r) = 20lpang™ with an(f) = 0 when (n,N) = 1, then f, = 3> v fpo : fp €
Sk(TY(N/p)).
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Next step is to translate the Main Lemma in the language of linear algebra. Recall the

(e ) swen] (2= ) o]

For any divisor d of N, let Ty = T'1(N) NT%(N/d), a congruence subgroup of level N.

subgroup

Lemma 3.10.3. The set of coset representatives for the quotient I'(N)\T'y is

S:{((l) b]\i/d> ‘0§b<d}

Proof of Lemma 3.10.3. Let I' = (a §> € I'y. This means that a and § are congruent
c

to 1 modulo N; ad — fc = 1. Moreover, § = kN/d for some k € Z. Write k = qd + b

with 0 < 7 < d so that 8 = rN/d mod N. We claim that vy € ['(N) where o/ =
1 rN/d

L

0 ) € S. Indeed, if we compute v/, we get:

a B\ (1 -rN/d\ [a B—arN/d
(C 5) (O 1 ) a (C 5—CTN/d>
Call this matrix ;. Observe the following about the entries of ;. Since N | (a — 1), we
have that 8 — (arN/d) = (1 —a)N/d = 0 mod N. Similarly, 6 — ¢rN/d = 1 mod N.
Hence, v1 € T'(INV). It follows that for any arbitrary matrix in v € 'y, we can find a
matrix 4" € S, such that v € T'(N)v. It remains to show that the each coset space
['(N)y" with 4/ in S is distinct. This can be seen by realizing that every matrix in the

set T'(IV)4' has the top right entry congruent to bN/d determined 0 < b < d. Therefore

as coset spaces they are different. O

We next introduce a suitable operator defined by averaging over the weight k operators

corresponding to the representatives in S.

ma : Sp(T(N)) = Sp(I'(NV))

(]}

b=0
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To find out the properties of the operator, first note that the operator acts as identity

on the subspace Sk(I'y). Compute the following inclusion of subgroups:

-1
(1 bN/d) V) (1 bN/d)grd (3.10.9
0 1 0 1

bN/d
1
given on the left hand side of the relation in 3.10.4, helps us conclude that the image of

This, and the fact that f { ) ] is a modular form with respect to the subgroup
k

mq lands inside the subspace Si(I'y). This shows us two things. One, the map 74 is a
surjection onto Sk(T'y). Two, it is a projection, for, m4(f) € Sp(T'q) and so mg(my(f)) =

mq(f) from our first observation.

The map 74 is special to us because of the way it acts on f. More explicitly, we see its

action on the Fourier series of f. Let f = 0" angh.

_1/d(zanqN+Zanqn 2mn/d +Za qn 2mi(d— 1n/d>

Collecting together the terms corresponding to n = 0 first, then n = 1 and carrying on,

we get an infinite sum given by the following expression:
dag + a1qn (1 + /4 o 2D/ 4 gqd (14 2 - 2T 4

Observe that the geometric sum corresponding to a, with n { d, sums up to 0, while a,
for n | d, is multiplied with the sum (1 + 2™ 4-- - -+ e2™4=1) that adds up to d. Noting
that the whole expression is multiplied by the constant 1/d, what we finally get is the

following sum:

ma(f)= Y andi (3.10.5)

This shows that m; preserves coefficients which are multiples of d and kills everything

else. One more property of 7y is immediate. For dy and do positive integers,

Tdy (ﬂ-dz (f)) = Z angn = Tdy1dy (f) = Tdy (Wdl (f)) (3'10'6)

{n: didz|n}

Next, define 7 : Sg(I'(NV)) — Sp(I'(N)) given by 7 = [, 5(1 — 7p) where p denotes a
prime diving N. Using the property mentioned in (3.10.6), the operator expands as:

W:}I—pr—k Z Tpips —

p|lNV p1|N,p2| N
p2<p1



Chapter 8 103

Using the expression in (3.10.5) for m, and the principle of exclusion and inclusion we
see that,

(ZW 2 ”plpz—--->(f)= S audd

p|N p1|N,p2| N {n: (nN)>1}
p2<p1

Therefore, when 7 acts on f, it only keeps the coeflicients a,, away from the level.

= S audk

{n: (nN)=1}

Looking back at version 2 of the Main Lemma given in 3.10.2, the hypothesis of the
theorem is equivalent to assuming that f € Sp(I'}(N)) Nker(n).

Our next task is to find ker(7) = ker (leN(l — 7p)). We use the following result:
Lemma 3.10.7. Let 7, be the map defined above. Then,

ker (Hu — wp)> => (ker(1—m)) = > im(m,) (3.10.8)

p|N p|N p|N

In general, the above result is true for any set of commuting projections and not neces-

sarily .

Proof. We prove the first equality first. Observe that if 7 is a projection, then (1 — 7)
is a projection. Therefore, it is enough to show that given two commuting projections
m1 and 7o, ker(mymy) = ker(m1) + ker(m2). One way containment is easy to see. Suppose
x =z +y with z € ker(m) and y € ker(m). Then, 71 (me(x)) = m1(m2(z + y)) = 0 since
m1 and my commute. This implies that ker(m) + ker(my) C ker(mim3). For the other way
containment, let m (me(x)) = mo(m1(x)) = 0. Write mo(x) = y and = — mo(2z) = z so that
r = z+y. Clearly, y € ker(m). Compute m3(2) = m2(z) — 75(x) = 0. This shows that
x € ker(m) + ker(ma) as required.

To establish the second equality in (3.10.8), we show that im(7w) = ker(1 — 7). Indeed,
x € im(7) if and only if x = 7(y) for some y if and only if 7(y) = m(x) = = if and only

if x € ker(1 — ). O

The above lemma reduces the problem of finding the kernel of the map 7 to finding the
image of m, for each prime p. But we already know that 7, is a projection of Sy (I'(V))
onto Sg(T'p) = Sk(T'1(N) NTO(N/p)).

The Main Lemma is now reduced to the following: If f € S,(T''(IN))N 2o Sk (V)N
I'%(N/p)), then f € 2 opIN Sk(T1(N/p)). We in fact have that the two spaces mentioned

in the above version are equal. That is,
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Theorem 3.10.9 (Main Lemma version 3).

YN N SK(T(N)NTO(N/p)) = > ST (N/p)).
p|N p|N

We now simplify the above expression to finally give a final version of the Main Lemma

reducing it to representation theory.

Let G = SLy(Z/NZ). We know that the group SL2(Z) acts on Sg(I'(N)) from the
right, via the weight k& operator. Clearly the group I'(/V) acts trivially on this space and
therefore by Proposition 1.4.2, the action can be considered of the group SLo(Z/NZ).
Write N = [, p;" as product of powers of distinct primes. By the Chinese Remainder
Theorem, we can identify the group G with [[;"; G; where G; = SLo(Z/p;'Z) for each
1 <4 < n. The explicit map from G to []}"; G; is given by the following assignment:

> ( ()d P] g0 ey d p ) (3.1 .1 )

Further, for each 1 < i < n, Proposition 1.4.2 again helps us write G; ~ SLo(Z)/T'(p;")
so that,

n n
H 2(Z/pZ) ~ [[ SL2(Z)/T (v (3.10.11)
i=1 i=1
We now introduce two subgroups G; for each ¢ given by:
H; =T o) /T(p5) 5 K = (1) nTO(p§ 1)) /T (p5)

Let H = [}, H;. Denote by Si(I'(N))H, the subspace of Sg(I'(N)) fixed by H and
similarly for any other subgroup of G. We then claim that the version 3 of the Main

Lemma reduces to the following statement:

Hn zn:sk(r(zv))fﬂ = En:Sk<r(z\r))<HvKi> (3.10.12)

Before moving on to prove the claim, we need a small technical lemma.

Lemma 3.10.13. For any prime p and e > 1, we have,
(01 (), T1 () NI ) =T (p° ) (3.10.14)

Proof. Tt is fairly easy to show that (I''(p®), T (p?) NTO(p" ")) C I'(p~1). We show

the other way containment which is not so direct. Let I" denote the group on the left

b
hand side of the equality in (3.10.14). Let v = (a d) € I''(pe~1). We will show that
c
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for some matrices § and ¢ € T', 670’ € T'. Keep in mind that a and d are congruent

e—1

to 1 mod p while b is congruent to 0 mod p¢~!. The proof now goes by constantly

replacing v by matrices of the form ~;y7y2 with v1,v2 € I'. We start by observing that if
1 0
p | a, then p t b. Otherwise, p | (ad — bc) = 1 which is not possible. Therefore, (1 1)

satisfies that p 1 (a + b) and so we can as well take v such that p { a. Similarly, we can

10
take p 1 d by arguing the same with the product ( ) 5.
11

Next, we reduce the entries of v to have the property of p¢ dividing b and c. Since p 1 d,
it is invertible mod p. Let 8 = —bd~! mod p®. Notice the following:

1
B=0mod p¢ ' ; b+ Bd=0mod p° ; (0 f) e I (p9).

1
This gives us that (O f) v € TYp°®) C T and has the upper right entry equal to
b+ df = 0 mod p°. It is therefore enough to take b = 0 mod p° in . Similarly take

) as above to conclude that we can take the
w

1
w = cd~! mod p® and argue with ~y (
¢ entry in v to be congruent to 0 mod p®. Finally, we are reduced to the case where
has entries with the following properties.

ad—bc=1;a=d=1mod p* ' ; b=c=0mod p° (3.10.15)

Consider the matrix:

(Y

Using properties mentioned in (3.10.15), it is easy to see that the matrices in the product

individually belong to I'. Moreover, the matrix M is given as:

M- a+a(l—ad) 1—ad
ad—1 d

Observing that ad = mod p®, we see that M = v mod p°. This implies that M~~! €
I''(p®) CT and so y € T. O

Coming back to the proof of the Main Lemma, we need to prove the claim that Theorem
3.10.9 is equivalent to the statement in (3.10.12). This is seen as follows: We look at

the three terms given in 3.10.9 separately.
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1. First, consider the subspace Sg(I''(V)). This is equal to the subspace of Sy (T'(N))
fixed by the subgroup I''(N)/T'(IV). We wish to show that the subgroup I'y (V) /T'(N)
is identified to H under the mapping in (3.10.10). This is easily seen by noting

b
that any matrix in I''(N)/T'(N) is of the form ¢ p with entries satisfying the
c

following properties that a = d = 1 mod N and b = 0 mod N. Under the iso-
morphism map in (3.10.10), this is equivalent to saying that a = d = 1 mod p}’
and b = 0 mod p{* for all 1 < i < n. This is equivalent to saying that the matrix

Cc

tially shows that I''(N)/T(N) ~ [T, T (p;)% /T (p;)% = H and so Si(T*(N)) =
Sk(D(N)™.

a b e 1/,..\¢; ei . :
p mod p;* € I'(p;)/T(p;)® for all 1 < ¢ < n. This argument essen-

2. Next, we wish to show that:

D " Sk(T1(N) NTO(N/py)) Zsk . (3.10.16)

p|N

For each i, write S (1 (N) NTO(N/p;)) = Sp(L(N))F1MNATAN/p))/T(N) e fol-
b
low a similar argument as in 1. Any matrix (a ) belongs to the subgroup
c
(T1(N) N T%N/p;))/T(N) if and only if a = d = 1 mod N,c = 0 mod N

b
and b = 0 mod (N/p;). This is equivalent to the fact that <a d) mod p§ €
c

b e
(T1(py") NTO(pE ))/F(pf’) = K; and <a d) mod p,’ is the identity matrix for
c

§ # 4. This shows that (I'y(N) N T°(N/p;))/T(N) =~ K;. This proves the relation
n (3.10.16)

3. Finally, we move on to the term on the right hand side of the equality in (3.10.9)
givenby >- v Sk (TY(N/p)). For a fixed prime p;, consider the term S(T''(N/p;)) =
Si(D(N))T'/p)/T(N) Using the same argument as above, we identify the image of

b
I'Y(N/p;)/T(N) under the map in (3.10.10). The matrix <a d) e IT'Y(N/p;)/T(N)
c

ifand only ifa = d = 1 mod (N/p;) and b = 0 mod (N/p;). This happens if and only
b b € € e;
if (a d) mod p§* € T1(ps™1) /T (p¢) and (a d) mod p;” € I'(p;?)/T(p;’) for
c c
all j # i This implies that, the I''(N/p;) /T(N) equals T (p{* ™) /T(p§') x [],.; H;
Using Lemma 3.10.13 we see that:

/D) = (G5 /D), (T (5 0T (i) /T (051)
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This is exactly the subgroup (H;, K;). What we finally have is that I''(N/p;) /T(N) =
(H, K;). This completes the argument that:

D SkTHN/p)) =Y Sp(T(N)) KD

p|N p|N

The discussion in points 1, 2 and 3 shows that it is enough to establish statement in
(3.10.12). The proof of (3.10.12) now follows from a completely group theoretic result
stated below.

Theorem 3.10.17. Let V' be an irreducible representation of the group G =[], G;. Let
H = H; and K = K; be subgroups be subgroups. Then,

vHA Z vEi — Z v (H Kq) (3.10.18)
i=1 i

In order to apply the above theorem to S(I';(V)), we use yet another result from rep-
resentation theory: The vector space Sk(I'(N)) is a direct sum of subspaces irreducible

under the G-action.

Noting that if S(I'(N)) = @, W; is the decomposition of the vector space into irre-
ducible representations, then Si(T'1(N))? = @, W, the result in 3.10.17 can now be
applied to each individual irreducible component W; of Si(I'1(N)). This finally finishes
the proof of the Main Lemma.

3.11 Bases of newforms

Let f € Sg(I'1(N))*" be an eigenform for Hecke operators away from the level. We
show that f is in fact an eigenform for operators T, and (n) for all n € Z*T. When
(n,N) > 1, (n) = 0. Therefore, in this case f is an eigenform for these operators with
eigen value 0. Now we only have to deal with the 7T}, operator. From now on, we use the

terms “eigenform” and “newform” in a much general sense.

Definition 3.11.1 (Eigenform). A non-zero modular form f € My(I'1(NV)) that is an
eigenform for the Hecke operators T}, and (n) for all n € Z* is called a Hecke eigenform

or simply an eigenform.

An eigenform f =" anq"™ is normalised if a; = 1.

Definition 3.11.2 (Newform). A normalized eigenform in Sg(I'1(INV))"Y is called a new-

form.



Chapter 8 108

In the discussion to follow, we aim to prove the following theorem.

Theorem 3.11.3. Let f € Sk(I'1(N))™" be a non zero eigenforms for the operators T,
and (n) with (n, N) = 1. Then

1. The function f is a Hecke eigenform. Moreover, a suitable multiple of f is a
newform. Each such newform lies in an eigenspace Si(NN,x) for some Dirichlet
character x modulo N and satisfies T),(f) = an(f)f for all n € Z*.

2. The set of newforms in the space Si(I'1(IV))"" is an orthogonal bases of the space.

3. (Multiplicity One property) If f satisfies the same conditions as f, and has the

same T,, eigen values, then f = cf for some constant c.

Proof of 1. Let f € Sk(I'1(IV)) be an eigenform for the the Hecke operators away from
the level. This implies that for n such that (n, N) = 1, there exists eigenvalues ¢, and d,
such that 7,,(f) = ¢, f and (n)f = d,,f. Define a map x : (Z/NZ)* — C*;n + d,,. This
clearly defines a Dirichlet character modulo N and f € Si(N, x). Using the formula for

the Fourier coefficients of T,,(f) in Proposition 3.5.4, we see that,
a1(Tnf) = an(f) for alln € Z* (3.11.4)
Furthermore, f being an eigenform away from its level implies that,

ar1(Tu(f)) = cnar(f) (n,N) =1 (3.11.5)

The relation in (3.11.4) and (3.11.5) give us that for n with (n, N) = 1, a,(f) = chai1(f).
Therefore if a1(f) = 0, then a,(f) = 0 away form the level. By the Main Lemma, f
is an oldform. It follows that if f € Si(I'1(N))"*", then a;1(f) # 0. Therefore, we can
normalize f and take ai(f) = 1. It remains to show that f is a Hecke eigenform. To
see this, take g, = Tin(f) — am(f)f for any m € Z*. The function g, is clearly in

Sk(T'1(N))™Y and gy, is an eigenform away from the level. Compute:

ar(gm) = a1(Tn(f)) — am(f)ar(f)

= am(f) — an(f)
=0

By the discussion above a,(gm) = 0 when (n,N) = 1. By the Main Lemma, g,, €
Sk(T'1(N))°M N S (T'1(N))PeY = 0. This shows that Ty, (f) = am(f)f for all m € Z+.

Proof of 2. We already have an orthogonal basis of eigenforms which can be normalized

to give newforms. If we show that the set of all newforms are linearly independent,
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then by the above observation they form an orthogonal basis. Suppose there exists a

non-trivial relation,

Zcifi =0; ¢ € C (3.11.6)

7
with all the ¢; non zero and as many few terms as possible, necessarily at least two. For
any m € Z* applying the operator T}, — an(f1) to the relation in (3.11.7), we get the

following relation:

Zci(am(fi) —am(f1))fi=0; ¢ €C (3.11.7)

i>1
This has fewer terms than (3.11.7) and so it must be trivial. Since m was arbitrary, It
follows that an,(f;) = am(f) for all m € Z*. Therefore f; = fi for all 4. This gives a

contradiction to our assumption of at least two terms being in the relation in 3.11.7.

Proof of 3. From the proof of 1 we see that, T, (f) = (an(f)/a1(f))f and T,(f) =
(an(f)/a1(f))f. Since f and f have the same T}, eigenvalues, we see that an(f)/a1(f) =
an(f)/ai(f) for all n. This shows that an(f) = can(f) for all n € ZT with ¢ =

ar(f)/axr(f)- O

We do not have a basis of eigenforms for the whole space Si(I'1(N)), however what we
do have is a bases of new forms f and functions of the form f(n7). More precisely, we

have the following theorem.

Theorem 3.11.8. The set:
Bi(N) = {f(n1) | f is a newform of level M and nM|N}

is a basis of Si(I'1(NV)).

Proof. (Sketch.) We first show that elements in By (N) span Si(I'1(N)). We will use

decomposition of Si(I'1(NV)) into old and new subspaces inductively.

Sk(T1(N)) = Sk(TUN)™ ™ €D D ip(Sk(T1(N)) x Sp(T1(N)))
pIN
In Theorem 3.11.3 we showed that that Si(I'1(N))"*" has a bases of newforms. So,
elements in Bi(N) with n =1 and M = N span this space.

Next, Observe that the image i,(Sk(I'1(N/p)))? have elements of the form f + g(p7)
with f,g € Sp(T'1(N/p)). If we show that Si(I'1(IN/p)) is spanned by elements from
Bi(N/p), then we are done. Further decomposing it into old and new subspaces, we
see that Sy, (I'1(IN/p))"®¥ is spanned by newforms of level N/p. For Sy (T'1(N/p))°d, by
the argument above, it is enough to show that Si(I'1(N/pp’) is spanned by the elements
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of Bi(N/pp') for a prime p’ dividing N/p. Running the same argument downwards we
will eventually be left with the base case Si(SL2(Z)). The subspace of old forms in
Sk(SL2(Z)) is precisely {0} since nothing is coming from lower levels here. This leaves
us with Sp(SLa(Z)) = {0} = Sp(SLa(Z))™v, which is spanned by newforms that

correspond to elements with M =1 and n =1 in Bg(1).

It remains to show that the elements of the set are linearly independent. Assume that

there is non-trivial relation amongst the elements in the set By (N).

Zci,jfi(niJT) =0; Cij € C (3.11.9)
()
Here every f; lies in a space Si(M;, x;) with M;|N and y; a Dirichlet character modulo
M;. Assume that each ¢; ; in (3.11.9) is nonzero and the relation has as many few terms

as possible. We make some observations first.

1. The functions f; in the relation (3.11.9) cannot all be equal because for a given
i, each function f;(n;;7) starts with a different power of ¢ in its power series
expansion. With only one function in the summand, the relation will never be

equal to 0.

2. Each Dirichlet character y; lifts to a Dirichlet character x; modulo N so that
f € Sk(N,X;). In fact, every x; lifts to the same Dirichlet character. To see this,
assume to the contrary that at least two Dirichlet characters (say), x1 and x2 lift
to different Dirichlet characters X1 and X2. Then there exists some d € (Z/N7Z)*
such that x1(d) # x2(d). Using the same calculation as in (3.9.5) it is easy to see
(d)n(fi(ni 7)) = ((d)m, fi)(ni 7). Applying (d) v — X1(d) to relation (3.11.9) and

using the observation above we get,

0 = Zci,j(<d>N_il(d))fi(nidq—)

= Z ci i (((d) g, fi)(ni i) — X1(d) fi(ni 7))
4,J

= > ciglald) = () filniy7)
i>1j

This yields a non trivial result with fewer terms than (3.11.9), a contradiction.

3. Using a similar trick, we show that a,(f;) = ap(f;) for all 4,5 and p, a prime
not dividing N. Suppose not, then we can find a prime p { N and functions in
the summand (3.11.9), (say) f1 and fz such that ap,(f1) # ap(f2). The idea is to

apply T, N —ap(f1) to (3.11.9) and get a nontrivial relation with fewer terms than
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(3.11.9), exactly as above. This will lead to a contradiction. We will need the

following observation in the calculation below:

Ty N (fi(nigT)) = (Tpaa, fi) (i 5 7)

This can be seen by performing exactly the same calculation as done in point 2 of

the proof of Theorem 3.9.4 for any p{ N. Now,
0 = > (T —ap(f1) fi(niym)
0,3
= D (Lo () (nig7) = ap(f1) fi(ni 7))
i3

= Z Cm‘(ap(fi) - ap(fl))fi(niij)

i>1,5

a contradiction as explained before.

By a result known as Strong Multiplicity One, points 2 and 3 imply that the functions

fi are all equal, contradicting point 1.

O

We will not state or prove Strong Multiplicity One. Apart from that, the proof is
complete. However to give some idea, the Strong Multiplicity Theorem for new forms is
a deep result which helps us to characterize new forms completely just by knowing its

Fourier coefficients a, for all but finitely many primes p.
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The theory of L-functions

4.1 Some basic tools from Complex analysis

We begin the chapter by introducing some tools from complex analysis which will be
useful in subsequent sections. A lot of things are stated without proof. The reader is
encouraged to see parts of [2] and [4] for a rigorous analysis of the topics mentioned

below.

4.1.1 Gamma, zeta and L-functions

We briefly introduce the gamma function which will appear frequently in the text to

follow. For any complex number s such that Re(s) > 0, the gamma function is defined

F(s):/ e_tts@
0 t

Notice that as t — 0, the integrand e t+*~! is comparable to t*~! and clearly fol 51

by the following integral.

converges absolutely for Re(s) > 1. To see that the integral converges at its upper end
as well, observe that as ¢ — oo, the integrand e “t*~! is comparable to e /2 which

makes the integral converge absolutely from 1 to oo as well.

We in fact have that the Gamma function defines a holomorphic function in the region
where Re(s) > 1. Moreover, it satisfies the functional equation I'(s 4+ 1) = sI'(s). This
helps in extending the domain of the function to the whole complex plane with poles
at s = 0,—1,—2, and so on at all negative integers. See [4] for the proof of the above
statements. We will also need the Stirling approximation for the Gamma function which

helps us conclude that the Gamma function decays rapidly along vertical lines. More

112



Chapter 4 113

precisely, for a fixed real number o, as t — t+oo
T (0 + it)| ~ V2r|t]7 /2 mH/2 (4.1.1)

The central object of study in this chapter is the L-function. An L-function is a Dirichlet
series of the form Y7, ¢(n)n~* such that ¢(n) € C for all n. The prototype example of

an L-function is the Riemann zeta function ((s) given by

)= n*
n=1

The ¢ function is a very deep object and interesting in its own right. We state some

properties of the function below and finally explain the goal of this chapter.

Proposition 4.1.2. The series defining ((s) converges for Re(s) > 1 and the function ¢

is holomorphic in this half plane.

Proof. First observe that [n~%| = n~ ®¢(*), For any compact subset K of the half plane
Re(s) > 1, if Re(s) is bounded below by o for all s € K, then we get that

IN

00 k 00
ILRED S P SR
n=1 n=1 n=k

0
E n 70
n==k

IN

The series in the last expression clearly converges. Since the partial sums converge
uniformly to the zeta function on any compact subset of the half plane, it defines a

holomorphic function in the plane Re(s) > 1. O

Furthermore, one can show that the function given by the relation &(s) = 7~%/2I'(s/2)((s)
satisfies the functional equation £(s) = £(1 — s) and helps to give a meromorphic con-
tinuation of the zeta function with simple poles at 0 and 1. This is non-trivial to show

and the reader can refer to [4] for the precise proof.

Another interesting property of the zeta function is that it has an Euler product repre-
sentation. An Euler product is an expansion of the Dirichlet series into a product over

all the primes. It is easy to check that:

) =JJa-p"

p
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The properties of the zeta function mentioned above give us some motivation to study
L-functions and find out whether similar kind of results hold. In the sections to come,
we associate an L-function to a modular form and study these similar properties of

convergence, analytic continuation, and Euler product expansion.

4.1.2 The Mellin tranform and Mellin inversion

We will need some preliminary ideas in order to look at L-functions which we mention
below. The Mellin transform of a function f : R™ — C is the integral given by the

following expression.
o0 s dt
9(s) :/0 [ 7 (4.1.3)

for the values of s such that the integral is absolutely convergent. Consider the integral
in two parts: First from 0 to 1, that is the integral: fooo f(t)ts%. If the integral absolutely
converges for a particular value of s, say, s1, then it converges absolutely for all complex

values s such that Re(s) > Re(s1). This is because for 0 <y <1,

> dt ©
s (Re(s)—1)
’/O o] < / (et dt

0

< / | F(£)tTesD =D gt
0

Similarly, if the integral from 1 to co absolutely converges for some ss, then it converges
for all values of s with a smaller real part than that of ss. In sum, what we get is that
the integral g(s) is absolutely convergent for Re(s) lying in some interval (o1, 02). It may

also be a half plane or all of C.

If ¢ is a holomorphic function of the complex variable s in some right half plane, then

for o € (01, 02), its inverse Mellin transform is given by the integral:

o+ioco
fO=5 [ o (11.4)

27 Je—o—ino

for positive ¢ values such that the integral converges absolutely. In addition, g is required
to uniformly converge to 0 as Im(s) — oo. Using Cauchy’s formula we can then show
that the Mellin inversion is independent of the real number o. One in fact has that,
the integrals given in (4.1.3) and (4.1.4) are equivalent. This is known as the Mellin

inversion formula.
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We will also need a very helpful result from complex analysis called the Phragmén-
Lindelof principle. This is an extension of the maximum modulus principle for holomor-
phic functions to unbounded regions provided we assume moderate growth conditions

for the function.

Proposition 4.1.5 (Phragmén-Lindeldf principle). Write s = o+it. Let f(s) be a function
that is holomorphic in the the strip

o1 < Re(s) < o9

such that f(o + it) = O(el*l") for some real number o > 0 when oy < ¢ < g9. Suppose
that f(o +it) = O(|t|M) for ¢ = 01 and ¢ = 09 and some integer M. Then f(o + it) =

O(|s|M) uniformly in o for all o € [0y, 03).

See Lang, Complex Analysis [5] for the proof of the theorem.

4.2 Associating L-functions to modular forms

To every modular form f € My(T'1(IV)), we associate a Dirichlet series known as its
L-function. Let f = )" anq™ be the fourier expansion of f. Let s € C be a complex

variable, then the associated L-function is given by the expression:
[ee]
L(s, f) =) ann* (4.2.1)
n=1

It is natural to ask the about the properties of convergence of the L-function.

Proposition 4.2.2. Let f € My(I'1(N)). If f is a cusp form, then L(s, f) converges
absolutely for all s with Re(s) > k/2+ 1. Otherwise, L(s, f) converges absolutely for all
s with Re(s) > k.

Proof. We begin by assuming that f is a cusp form. Suppose the J?(q) =30 ang" is
the Fourier expansion of f about 0. We find out the region of convergence by estimating
the Fourier coefficients. Since ]? represents a holomorphic function in the unit disc

around 0, we use Cauchy’s Theorem to find out the coefficients as follows.

an = 1/2mi /C flg)g ™ Ydgq (4.2.3)
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2mi(

where Cy denotes the counter clockwise circle e #+1) for a fixed y > 0, as x varies

from 0 to 1. Changing the variable to z we see that for a fixed y,
1 . .
a, = / F@ + iy) 2™ @) gy (4.2.4)
=0

We wish to find a bound for the function f(7). Consider the function ¢(7) = f(7)y*/2.
It is easy to check that ¢(y7) = (1) for all ¥ € I'1(N). By running the same argument
as done in Lemma 3.7.6, we see that ¢ is bounded on H. Hence |¢(7)| = | f(7)y*/?| < M
for some positive integer M. This gives a bound for the function f(7) dependent on the

imaginary part of 7. What we finally have is,

1
|an| < Myfk/2|ef27rin(x+iy) |dl‘
=0

— My—k‘/2e27ryn

This expression is valid for all y > 0. In particular when we put y = 1/n, we see that
lan| < Me?™n*/? for all n € Z*. This implies that |a,n"%| = O(n*/?> — Re(s)). The
function L(s, f) converges in the region k/2 — Re(s) < —1, that is, k/2 + 1 < Re(s).

When f is not a cusp form, we write it as a sum of an Eisenstein series in My (I'1(N))
and a cusp form as discussed in section 3.6. We estimate the Fourier coefficients of
the Eisenstein series first. From the discussion in section 3.6, we know that |a,(Ey)| <
|Cklok(n) = [Ck| g d*~1. Furthermore,

nF < d = nfd) < (PR - 1) (4.2.5)

din din

This shows that |a,| = O(n*~1). Since nF~1 grows faster than n*/2, the growth of the
Fourier coefficients of f is of order n*~1. It follows that when f is not a cusp form, then
lan(f)n~%] = O(n*~1—Re(s)). This gives us that L(s, f) converges for k—1—Re(s) > —1,
that is, Re(s) > k. O

A similar argument as done for the ¢ function shows that the L-function defines an
analytic function in the region where it converges. In the next section, we will show that
for a cusp form f, there exists an analytic continuation of L(s, f) to the whole complex
plane. A standard tool to analytically continue functions is to derive a functional equa-
tion. As we will see in the coming sections, the Mellin transform of the cusp form will

be used to find a suitable functional equation of its L-function.

Proposition 4.2.6. The Mellin transform of f(it) is the function:

g(s) = (2m)"°T(s)L(s, f) ; Re(s) > k/2+1
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Proof. From the formula of the Mellin transform of f, write,

oo &0 o dt
= / > ape?minig— (4.2.7)
t=0 p—1 t

We need to make sure that this integral is absolutely convergent at both the ends. We
split the integral into two parts. First consider the integral from 1 to co. Notice that for

t > 1, the sum >_°° | ane 2™ = O(e~2™). This implies that for some C € C,

oo X 00
Z an627rnttsldt’ < / |06727rttRe(s)*1dt’
t=1

and the last integral clearly converges for all s. To analyze the the integral from 0 to 1,

notice that, as ¢t — 0,

oo oo
Z an6727mt < Z ‘anef%rnt
n=1 n=1

oo
< Z 6727rnt
n=1
_ 1
Toe2mt
< C'1/t

for some constant C’ € C. This allows us to write

1
/ Z ane 27rntts 1dt' < / ’C,tRe(s)_zdt’
=0, t=0

1

tRe(S)—l
Re(s) — 1

t=0

This clearly gives a finite value for Re(s) > 1, in particular for Re(s) > k/2 + 1.

Therefore it makes sense to interchange the sum and the integral. Changing the variable

by substituting 2ant = x, we get

dt
g(s) — / ane—27rntts :

_ / T
- 27m x

n=

= (2m)7"L(s, f)T'(s)

O

We digress a bit to normalized eigenforms and derive a property of the L-function that



Chapter 4 118

characterizes them completely. To that end, we first prove a nice result which helps us

identify (normalised) eigenforms, based on some properties of its Fourier coefficients.

Proposition 4.2.8. Let f € Mg(N,x). Then f is a normalized eigenform if and only if

its Fourier coefficients satisfy the following conditions:

Loa(f) =1
2. apr (f) = ap(flay—1 (f) = x(p)p" ayr—2(f)

3. amn(f) = am(f)an(f) when (m,n) = 1.

Proof. Suppose f is a normalized eigenform. Then a; = 1 by definition. Using the
definition in (3.5.1) and the fact that f is an eigenform, we see that,

apr () f =T (f) = TpTpr-1(f) — x(0)P* ' Tpr—2(f) (4.2.9)
= (ap(Nay—(f) = x(P)p" tap—2(f))f (4.2.10)

This gives us 2. The property in 3 similarly follows because of (3.5.3). Conversely,
suppose the Fourier coefficients of f satisfies the three conditions. First condition implies
that f is normalized. It is enough to prove that f is an eigenform for the 7, operator.
For if we assume that f is an eigenform for the operator T},» for all n < r then, running
same calculation in (4.2.9) backwards with condition 2, we see that f is an eigenform
for the operator T),-. This helps us to conclude that f is in fact an eigenform for 7, for

all n € Z*. Indeed, if n = pi* ... plm is the prime factorization of n, then,

To(f) = Ty Tpum(f)
= (@) apen (D)
= ap?---mem(f)f
= an(f)f

To get the second last equality, we have used the third condition. Therefore, what
remains to prove is the base case of 7}, and then by induction, the argument is complete.
We proceed by computing the m'® Fourier coefficient of T),(f). When p { N, it is easy to
see from the formula in (3.4.13) that an,(T,(f)) = amp(f) which is same as a,(f)am(f)
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since (p,m) = 1. When p | m with m = p"m/ and (m’/,p) = 1, we compute:

am(Tp(f)) = ZX(d)dkilamp/ﬁ(f)

dlp
= X0 () + amp(f)
= X" a1 (f) + e (f)
= (P)pk Yapr 1 (f)am (f ) + @ (f)ayr+1(f) by condition 3
= am (f)(x () “lag-1(f) + apra(f))
= apy(f)ap(f)ay by condition 2

Condition 3 again gives us that the last expression equals ap(f)an(f) in this case as

well. Finally, this shows that T),(f) = a,(f)f for any prime p. O
Theorem 4.2.11. Let f € My(N,x) such that f(7) = >.7° ;anq". Then the following
are equivalent:

1. f is a normalised eigenform.

2. The associated L-function of f has an Euler Product expansion:

L(s, f) = [J(1 = app™® + x(p)p* ' 7%) (4.2.12)

The proof of the theorem requires a small useful result to be proven.

Lemma 4.2.13. Given the Fourier expansion of f as above with a; = 1, we have the

following equality of sums:

> Tar=1]D apr™ (4.2.14)

n=1 pHn p r=0

where the product is taken over all primes and the symbol p"||n signifies that p” is the

highest power of prime dividing n.

More generally, if g is a function on prime powers such that g(1) = 1, one has,

ST =11 9

n=1 pHn P r=0

provided that the sum in above expression makes sense.

To stay with the main theorem, we assume this result for now and prove it at the end.
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Proof. We will show that the three conditions given in Proposition 4.2.8 for the coef-
ficients of f are necessary and sufficient to ensure that L(s, f) has an Euler product
expansion. First, suppose that f € My (N, x) and satisfies the three conditions in 4.2.8.

Let p denote an arbitrary prime number. Multiplying condition 3 with p~"° we get
aprp " =p Papa,-1 — pfrsx(p)pkflaprfz (4.2.15)

Summing over r > 2 in (4.2.15) we see that
oo [e.e] oo
Z ayrp " = Zp_rsapapr_l - Zp_rsx(p)pk_lapr_z
r=2 r=2 r=2
oo oo
= app Y p Py —p Px@PTY _p ey
r=1 r=0
This gives us the equality:
oo
Z aprp (L= app™* +p Ex(p)p" ™) = a1 + app* (1 — ay) (4.2.16)
r=0

Putting the value of a; =1 in (4.2.16), we get:

> 1
aprp” "t = — — — (4.2.17)
;0 ! 1= app= +p~2x(p)p*!

Now calculating the expression of the L-function gives that,

L(s,f):ni::lanns = i(Hapr>ns

n=1

plln
o
= Z H ayrp " ; by condition 3
n=1p|n
o0
= H Z aprp” ¥ ;by Lemma 4.2.13
p r=0

Finally, (4.2.17) helps us arrive at the Euler expansion of the L-function Conversely,

given the Euler product expansion in (4.2.12), expanding it in the form of a geometric
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series and using Lemma 4.2.13 we compute:

L(s,f) = []Q-ap ™ +p *x@)p* ")

P

_ Hib +p "% for some {by,}
p r=0

= > [ btpwr™
n=1p"||n

= > (T twr)o
n=1 *pr|n

We would like to conclude that a, = [[,,, bp,r- However there is no uniqueness theorem

n
for L-functions. What we do is the foli‘llowing. Since both the series define the same
L-function, they will give the same Mellin transform. From the Mellin inversion formula
we will get back the Fourier series with coefficients a,, which will be equal to the Fourier
series with coefficients HpTHn by, By the uniqueness theorem of the Fourier series, for

each n, the coefficient a,, will be equal to [] by, More precisely, from the discussion

p|In
in section 4.2.6 and Proposition 4.2.6 we can write

ianef%rnt — i (pr7r) e*27rnt _ /\(7'+Z'OO(27T)SI/<$7 f)F(S)dS
n=1 g

n=1 “plln e

for sufficiently large o in the right half plane where the Mellin transform exists. We just
have to make sure that the integral mentioned in the right hand side converges. Here
we will use two results two approximate the integral. First is the Stirling approximation
for the Gamma function in (4.1.1) and second is the fact that the L function is bounded

for sufficiently large o. This helps us to analyze the growth of the integral as follows:

¢
< lim |(2m) 7Y L(o + iy, f)T (o + iy)|dy

t—o00 —t

lim
t—o00

o+it
/ (2m)"°L(s, f)T'(s)ds

—it

t
< lim M (27) =7/ 2x|y|o 1 2e Y12 gy

t—o00 ¢

t
lim [ M'|y[o1/2em1¥I/2qy

t—o00 0

IN

where M and M’ define suitable constants. The integral in the last expression clearly
converges and so our claim follows. Furthermore, for n = p", we see that a,» = by,
Therefore, the calculation done above for the L-function helps us conclude the result
in (4.2.17). Taking Re(s) — oo in (4.2.17) we get a; = 1. Now that the first condition
holds, we do the calculation leading to (4.2.16) backwards to get (4.2.15). This gives us

condition 2. To realize condition 3, notice that for positive integers m and n such that
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(m7n) =1,

anQm = prﬂ« H bp,r

plln pllm

= H bp.r
pllnm

- amn

This completes the proof of the theorem. It only remains to show Lemma 4.2.13. O

Proof of Lemma 4.2.15. Instead of the infinite product of primes in (4.2.14), we first

consider the product over a finite number of primes(say) p1,...pn. Then,

n o 00 n
HZ app "= Y Hapjipi_e" (4.2.18)
i=1r=0

.
As e; runs from 0 to infinity for each 1 < ¢ < n, corresponding to a unique tuple of
powers (eq,...,e,) we get a unique product term []7 pezpz “ in the summand. By
the Fundamental theorem of arithmetic, the above expression reduces to summing over
all the positive integers m which are only divisible by p; for any 1 < ¢ < n and for a
such fixed m, taking the product over the highest power of prime dividing it. That is,
writing the set S ={m € Z" :p; |[mfor 1 <i<n; pIfmifp#pi,...p.}, we get the

following expression:

n o
HZ%;‘PZ "= Z H aprp™" (4.2.19)
i=17r=0 meS pr||m

Therefore, taking the product over all primes in the left hand side of the expression in
(4.2.19), instead of summing over the elements in S, we will have to sum over all the
positive integers on the right hand side. The proof for any function g of prime powers

with ¢g(1) =1 is the same. O

4.3 Analytic continuation of the L-function of a cusp form

Let f be a cusp form of weight k and L(s, f) = >, an,n™° be its associated L-function.
Via the means of the machinery developed in the previous section, we show that L(s, f)

has an analytic continuation to the whole complex plane.

Recall the Mellin transform g(s) of a cusp form f calculated in Proposition 4.2.6. In
order to show that L(s, f) has an analytical continuation to the whole s plane, we will

derive a functional equation for the function Ay (s) = N*/2g(s). We will use the following
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operator on the space of cusp forms.

WN : Sk(Fl(N)) — Sk(Fl(N))

0 -1
ke ATl—k/2
f—i"N f[(N O>L; (4.3.1)

Observe that Wy is a suitable multiple of the operator wy introduced in section 3.8.
We calculated the adjoint of wpy in Lemma 3.8.11, which helps us conclude the following

result about the above operator.

Lemma 4.3.2. The operator Wy is self adjoint.

Writing Wy = iFN'=k/2pn and using Lemma 3.8.11, we see that

Wi = kN 2wy
= Wy

The operator Wy is special in the sense that it is a unitary operator. Indeed, if we

calculate

W2(f) = Wn(FNF2r7Ff(—1/N7))

Nk (_1/Nr) Ry <N (__JNT))
= f(7)

The calculation above and Lemma 4.3.2 show that WyWy5 = WWxy = I. From the
Spectral Theorem in linear algebra we have an orthogonal decomposition of Si(I'1(N))
into the eigenspaces of Wy . Since the only possible eigenvalues for a unitary operator
is +1, let Si(I'1(N))* denote the eigenspace corresponding to the eigenvalue 1, and

similarly for the eigenvalue —1, we get:
Sk(T1(N)) = Sp(T1(N) T P Si(T1(N))

With the help of the orthogonal decomposition and the Wy operator we will now prove

the analytic continuation of the L function associated to any cusp form.

Theorem 4.3.3. Suppose f € Si(I'1(N))*!. Then the function Ay(s) = N*/2g(s) where
g(s) is the Mellin transform of f extends to an entire function satisfying the functional
equation:

An(s) = £An(k — s).

Consequently, L(s, f) extends to an analytic function to the full s plane.
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Proof. Take f € Sp(I'1(N))*!. Then
o0 dt
Ly(s) = N°/? flitye— (4.3.4)
t=0
Changing the variables from ¢ to t/v/N in (4.3.4) we get,

GtV

t= 0

= f(lt/\ﬁ) <y f(lt/\ﬁ)

t=1 t=0

FN(S)

We will deal with these two integrals separately and show that they converge to an
entire function. Consider the first summand, [ f(it/VN)t5< dt Observe that as t — oo,
f(it/v/N) is of order e27/ VN To show that the integral from 1 to co converges to an

entire function we will use the following theorem from complex analysis.

Theorem 4.3.5. Let F(s,z) be defined for (s,z) € Q x [0, 1] where €2 is an open set in C.
Suppose F satisfies the following properties.

1. It is holomorphic in s for each z € [0, 1].

2. It is continuous on € x [0, 1].

Then the function f on  given by the following integral is holomorphic.

Coming back to our integral, we take f,(s fl flit/vN \/> t° 5 4t This clearly satisfies the
properties in the Theorem 4.3.5 and so for each n € Z™, the functlon fn is holomorphic.
It remains to show that the sequence {f,}, converge uniformly on compact subsets of
2. Let K be a compact subset of €2 such that the Re(s) is bounded above by some

positive constant og. Then

IN

[ sivme - [T savme ] < [Ty

/OO C€_2Wt/\/]vt00 @
n t

IA

The last expression is independent of s and is finite. It follows that the integral
[ f(it/V/N)t*% defines a holomorphic function.

For the second integral, first observe that

W f(i/VNt) = tkf(n (4.3.6)

)
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Now write ftlzo flit/VN)sd = ftlzo(WNf)(i/\/Nt)tS_k%. Changing the variable by
substituting ¢t = 1/x, we see that,

1 1
f(it/\/ﬁ)ﬁ% - _/t (WNf)(ix/\/N)xk_sdf

t=0 =00

_ /t Ty f(ix/\/ﬁ)xk_sd?x

=1

By the same argument as done for the first integral we see that this also defines an
analytic function on the whole s-plane. This shows that Ax(s) extends to an entire

function to the s-plane. Combining the two integrals, what we have is the following;:

An(s) = /too <f(z’t/\/N)ts + f(z’t/\/N)tkS> i _ +AN(k — s).

) t

O]

Observe that the crucial step in the proof was to use the result in (4.3.6) which allowed us
to show that the integral from 0 to 1 from converges. For this purpose it was important to
work with the Wy operator. In particular, if we were to work with level 1 modular forms,
things would have been much simpler as the Wy operator reduces to just one of the
generators of SLy(Z). That is, if f is a cusp form of level 1 then, f(z) = (=1)kz7%f(1/2).
For z = iy with y > 0, the equation is equivalent to saying that,

fliy) =y f(i/y) (4.3.7)

The same argument as done in the previous proof would result in the following functional

equation for L-function associated to cusp forms of level 1:
A(s, f) =i"A(k — s, f) (4.3.8)

Assume f € Si(V,v) where v is a Dirichlet character mod N. We work in a much
more general setting now to find out the functional equation for L-functions “twisted”
by a primitive Dirichlet character. Let f € Si(IV,v). Consider the function, g = wy f.

We know that if wy = [], then the matrix § normalizes T';(N). Moreover, if v =

cN d
since ad — bNe¢ = 1, we have ¥ (a) = 1(d). This helps us conclude that g[y]x = f]0v]r =

FI167v6~Yx[0]k = ¥(a) f[6] = ¥ (d)g. This implies that g € Si(N, ).

b
( ‘ ) € Tg(N) then, 6v6~! € I'g(N) with lower right entry a. Also, observe that
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Definition 4.3.9. (Dirichlet L-function) Suppose y is a Dirichlet character mod N. Then

the expression for Dirichlet L-functions is given by:
o0
L(s,x) = > x(n)n"*
n=1

Remark 4.3.10. For notational convenience, we drop the notation wy = [0], and refer

to the weight k operator as simply [wy].

Theorem 4.3.11. Suppose f € Si(N,v). and g = f[wn]r € Sk(N, ). Let x be a primitive
character modulo D. Assume D and N are co-prime. Let A(n) and B(n) be the Fourier
coefficients of f and g. Suppose the “twisted” L-functions for the primitive character x

associated to f and g and their respective Mellin transforms are given as follows.

L(s, £,x) = Y_x(m)A(m)n™" ; L(s,g,x) = Y_ x(n)B(n)n"*
n=1 n=1

A(Sa I X) = (27[-)781_‘(‘9)[’(5’]07)() ) A(S,Q,X) = (271-)781_‘(8)‘[’(5797)()

Then,

T(x)?

D

A(s, f,x) = ©*x(N)p(D) (D2N)HR2A(k — 5, 9,%) (4.3.12)

Proof. We set the following notations first:

Ful(r) =Y x(n)An)g" 5 gx(T) = D X(n)B(n)g".
n=1 n=1

We use the formula in (3.2.14) to write:

x(n)g" = =—5 == X(m)e?mi /D +2) (4.3.13)

Multiplying (4.3.13) by A(n) and taking the sum over n from one to infinity we get,

D+m

) = MRS ST Y A
n=1

x(=1)T(x) ——.| (P m
N D Z X )f[<0 D)]k
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This, and Lemma 3.3.2 helps us to conclude that fy is a cusp form as well with respect

to some congruence subgroup. Keeping in mind that f = glwy];r Compute that,

B el (0 DmO—l/ND}
B D = "N py o)\o p)\D o "
m,D)=1
_ x(=Dtx) —— [( D* 0
- D m mod DX( )g - <_NmD 1) :|k
m,D)=1
B x(—1)T(x) — D —r D r
- D mmodDX( )g'<_Nm S) (0 D>:|k
m,D)=1

In the last equality, for each m, the integers r and s chosen such that Ds — rNm = 1.

Now, observe that, X(m) = x(—N)x(r). This helps us to write the last expression as:

0o -1 ~ x(N)T(x) . D —r\(D r
fx[(mzv 0>L_ D ZO(;DX( )QM—Nm s) (0 D)L a1
1

Since g € S,(N, ), we have,

D —r
g[ <_Nm \ > L =(s)g =v¢(D)g (4.3.15)

By following a similar argument with gy instead of f, we land up with the expression:

ey (D
w=" mr%;wx( )g[<0 D)L (4.3.16)
(r,D)=1

Combining the observations in (4.4.13) and (4.4.12), with the results in equation (3.2.13)

and Proposition 3.2.11, we further write the expression in (4.4.11) as

(N)T(x) D —r\ (D r
% Z X(r)g[<—Nm s><0 D)]k
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This helps us to write,

fX:X(NW(DHX)QQY[( 0 —1) ] (43.17)
k

Evaluating both the sides at 7 = iy, we get,

o XINY(D)T(X)? ke k2 fy—k i
fi(iy) = 5 ity ENTR2D kg DNy (4.3.18)
Now running the same argument as in the proof of 4.3.3, we get the relations between

the functional equations:

T(x)?

D

A(s, f,x) = i*x(N)p(D) (D2N)HR2A(k — 5, 9,%) (4.3.19)

4.4 Converse Theorem of Weil

In this section, we aim to establish the converse of the theorems we proved in the
previous section regarding the analytic continuation of the L-function associated to cusp
forms. More precisely, we answer the following question: Given a sequence of Fourier
coefficients such that the L-function associated to the coefficients can be extended to
the whole complex plane and satisfies the desired functional equation, can we say that

the Fourier coefficients are coming from a modular form?

It turns out that this is indeed true with some additional assumptions. The converse
theorem for level 1 cusp forms is pretty straightforward and we prove it so as to lay out
the essential idea. We will go backwards in the proof of Theorem 4.3.3 to arrive at the

equation (4.3.7) using the Mellin inversion formula.

Theorem 4.4.1. Let A(n) > 0 be a sequence of complex numbers such that |A(n)| =
O(n®) for some sufficiently large real number K. Let L(s) be defined by the series
> o2 A(n)n~° convergent for sufficiently large s. Assume that A(s) has analytic con-
tinuation for all s, is bounded in every vertical strip strip o1 < Re(s) < o9, and satisfies
the functional equation given in 4.3.3. Then the function f(7) = > 2, A(n)¢" is an
element of Si(I'(1)).
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Proof. Observe that since |A(n)| are of polynomial orders for all n > 1, the Fourier
series defining the function f(7) converges. Also, this implies that for sufficiently large
s, the L series converges. Clearly the function f(z) is periodic and therefore it satisfies
10
1 1

-1
the modularity condition for the matrix S = ) . Consequently, by Proposition

1.1, it will be cusp form of level 1. In order to establish the above statement, we need

to check that for all 7 € H,

the modularity condition for the matrix T = < ) . We next show that f satisfies

f(r)—77kf(=1/1) =0. (4.4.2)

It is enough to show that f(iy) = i*y~* f(i/y) for positive real values of y, because the
function on the left hand side of the equation (4.4.2) will then be a holomorphic function
vanishing on the positive imaginary axis. By the Identity Theorem in complex analysis,
the zeroes of any non-zero function cannot have an accumulation point in the interior
of the domain and so the function f(7) — 7% f(—1/7) must vanish at all of the upper
half plane. We will obtain the desired result using the Mellin inversion formula. From

Theorem 4.2.6, we know that,

00 ‘ S@: )
/0 i) = As. f)

For sufficiently large o where the above equation holds, we can use the Mellin inversion

formula as discussed in section 4.1.3 to write,

o+ico -k o+1i00
f(iy) 1/ " A(s, fly ®ds = > " Ak — s, fly *ds (4.4.3)

2mi o—100 2mi o—100

To the get the last equality, we have used the functional equation. We make a change
of variable from k — s to s to get that:

k, —k k—o+ioco

Fliy) = =2 /k A(s, f)y~*ds (4.4.4)

2m —0—100

We would like to shift the line of integral back to the original line. In order to apply
Cauchy’s Theorem, we first estimate the integrand. Notice that for a sufficiently large
o1 > 0 where the L-function is bounded, using the Stirling approximation in (4.1.1),
we get a constant C' such that |A(s, f)y~*| < C|[t|7~Y/2e~1/2, This goes to 0 rapidly
as t goes to infinity at both ends. In order to use the Phragmén Lindel6f principle,
we further compare eltl/2 > O1tM for some positive constants C7; and M such that
M > oy — 1/2. This implies that |A(s, f)y~%| < Co|t|7r~1/2=M Similarly for sufficiently

negative oy < 0, we use the functional equation to relate A(og +it, f) to A(k— o9 —it, f)



Chapter 4 130

so that the L function makes sense for Re(s) = k — 02. Running the same argument as
above, we see that [A(og + it)y 5| = O[t[F~o2=1/2=M" for some constant M’ such that
k—oy—1/2—M' < 0. So, even at the other end for sufficiently negative o, the A function
decays to 0 as t goes to infinity. By assumption A(s, f) is bounded in all vertical strips
and so A(s, f) is trivially of order el*l. By the Phragmén-Lindelsf principal stated in
4.1.5, the function A(s, f) is of order |s|4 uniformly in the strip o € [0, 09] for some
constant A < 0. This allows us to conclude that A(s, f) decays uniformly to 0 as ¢ goes

to infinity for ¢ in any arbitrary compact set.

k over any rectangular contour where the

Now we integrate the function |A(s, f)|y~
vertical lines of the contour are the lines (say) o +it and k — o+ it. Uniform convergence
of the integrand to 0 as ¢ — oo will make the integral along the horizontal lines go to

zero. By Cauchy’s Theorem we can shift the line of integral in (4.4.5) to conclude that,

. ,ka—k o-+ioco . bk
fiy) = / As, fyy~*ds = i*y* 1(i/y) (4.4.5)

27 ico

O]

Since we explicitly knew the generators of SLs(Z), it made our task easier to go back-
wards. However, while working with modular forms of level NN, the fact that we don’t
know the generators of the subgroup has to accounted for by assuming sufficiently many

functional equations for L-functions twisted by a primitive character.

Theorem 4.4.6. (Weil) Suppose N is a positive integer and 1 is a Dirichlet character
modulo N, not assumed to be primitive. Suppose that A(n) and B(n) are sequences of
complex numbers such that |A(n)| and |B(n)| are of order n for some sufficiently large
real number K. Let D be relatively prime to N and x be a primitive Dirichlet character
modulo D. Let Li(s,x) = > ,>0x(n)A(n)n™° and let La(s,X) = >_,-0x(n)B(n)n™%.
Write Ay (s, x) = (2m)"°T'(s) L1 (s, x) and Aa(s,x) = (27) T'(s)La(s,%). Let S be the set
of finitely primes including those dividing N. Assume that whenever the conductor D
of x is either 1 or a prime, then D ¢ S. Furthermore, assume that Aj(s,x) and Aj(s,X)
have analytic continuation to all of s, are bounded in every vertical strip o1 < Re(s) < o9

and satisfy the functional equation:

T(x)?

D

Ai(s,x) = P X(N)$(D) (D*N)"*H2 75 (k — 5,X) (4.4.7)

Then f(7) =), A(n)¢"™ is a modular form in Si(N, ).

1
that modular forms with respect to I'; (V) have period 1 and so it makes sense to define
2mit

1 1
Remark 4.4.8. Observe that the matrix <0 ) lies in the group I';(N). This implies

the Fourier series of f in Theorem 4.4.6 with ¢ =e¢
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We begin by remarking that the since f and g are defined as Fourier series, they are
clearly holomorphic. The growth conditions on the coefficients also ensures that the
series converges. Moreover, by the result mentioned in Proposition 1.4.10, it also takes
care of the fact that f is holomorphic at the cusps. It only remains to show that f

satisfies the modularity condition and lies in the t-space of M (I'1(N)). Before moving
a b

on to proving this, we need a small result. Suppose v = ( d) . Then ~ has two fixed
c

points if and only if |tr(v)| = |a + d| < 2. This can be shown along similar lines as in

the beginning of section 2.3.0.1. We call such matrices as elliptic.

Lemma 4.4.9. Let f be a holomorphic function on H and let M € SLy(R) be elliptic of
infinite order such that f[M]; = f. Then f =0.

Proof. Let a € H be the fixed point of the elliptic element M. Consider the transfor-
1 —a

1 —a

mation C = < ) . As seen in section 2.4, this takes a to 0 and @ to oo so that

o

0
CMC~! fixes 0 and oco. This implies that CMC~! = ( ) . Since M is of infinite

0 ot

order, « is not a root of unity. Let g = f[C];. Observe that g[CMC~; = ¢ and so
g(z) = o*g(a?z). Since f is holomorphic on H, it has a power series expansion about
a. The transformation C takes a to 0 and consequently g has a power series expansion

about 0. It follows that:

o0 oo
g(z) = Z bpz" = Z o kp, 2",
n=0 n=0

This implies that b, = o®™b,. Now, o?"*t* £ 1 for any n, k. It follows that b, = 0 for
all n € Z*. Finally, we get g = 0 and hence f = g[C~!]; = 0. O

Proof of the Theorem 4.4.6. We set some notation first. Let

o0

@) =" Am)x(n)q" ; gx(7) = B(n)x(n)g"

where x is a primitive Dirichlet character mod D and D # 1 or D ¢ S. The growth
conditions on A(n) and and B(n) ensure that the series converge. Our first task is go
backwards in the proof of Theorem 4.3.11 from (4.3.19) to (4.4.10) using the Mellin
inversion formula. Again, by the Identity Theorem from complex analysis, it is enough

to show that the equation in (4.3.18) holds for f, and gy given above.

Assume that either D = 1 or D is a prime not in S. For sufficiently large o, we use

the Mellin inversion formula as follows. Since Aj(s, x) has analytic continuation to the
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whole s plane and is given by the expression

/OO fx(iy)ysdfy = A1(s, x)
0 )

we can use the Mellin inversion formula and write:

. 1 o+100
feliy) = — / (s, x)y*ds

210 Jo_ino

The functional equation in (4.4.7) holds for prime D ¢ S or when D = 1. We use it to

to write the above expression as:

fulig) = PVDIOOT [ ey o, pas

—100

Arguing the same way to estimate the integrand as done in the previous proof, the

Phragmén-Lindel6f principal helps us to shift the line of integral as follows:

FX(NYB(DYE()? [k
fHliy) = : / D2N)s=k/2\ s, %)y* " Fds
(i) e e R ¥R Y
ik N D)t 2 po+ioco
_ A X( );j)rgD) (X) / | (DQN)ka/zAQ(s,X)ysfkds
This implies that,
. x(N)W(D)T(x 2 _ _ 7

This establishes (4.4.10). Recall that in the proof of Theorem 4.3.11, in order to establish
the expression in (4.4.11), we only require the fact that flwy]r = ¢ and the rest is all
manipulative computation. But this is achieved exactly when we put D =1 in (4.4.10).
Even the relation in (4.3.19) is true regardless of the fact that f and g are modular

forms. In summary, what we have in hand are the following three expressions.

0 —1\] _ x(NM)p(D)t(x)*
fx[ <D2N 0 > ]k N D o (410
0o -1 ~ x(N)T(x) . D —r\ (D r
Aot )25 2 e (5, 7)(C 5)), e
(r,D)=1
_x(=1)7(x) D r
w=""7 x(r)g[<0 D)L (4.4.12)
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From these three equations, we would now like to establish the expression in (4.4.13),

that is,

D —r
J| (_Nm 5 ) | =50 = v (1413)

where Ds — rNm = 1. This is a non-trivial task. Let D ¢ S be a prime.
Claim 4.4.14. If ¢(r) is any function on Z/DZ such that Z c(r) = 0, then,

r mod D
D —r\ (1 r/D B o(r 1 r/D
Trg(;DC(T)g[(—Nm s)(O 1 >:|krr§D ()w(D)g[<O 1 )]k
(r,D)=1 (r,D)=1

(4.4.15)

Here, for a given r we choose m and s, both dependent on r, so that Ds — Nmr = 1.

Proof of claim 4.4.14. Plugging the expression in (4.4.12) for g, in (4.4.10), we get

0 —1)\] _ x(WMy(D)r(x)*x(-1)7(x) vl (P
fx[(mzv 0>L_ D2 2, X M[(o D)]k

m mod D
(r,D)=1

Equating the above expression on the right with the expression in (4.4.13) and simpli-

fying using the result in 3.2.13, we arrive at the following equality:

£ ol(5 6 e 5ol )

(r,D)=1 (r,D)=1

We note that the Dirichlet characters mod D form a D — 1 dimensional space. When
we exclude the identity operator, the rest span a D — 2 dimensional space such that the
functions in the space satisfy the property that sum of the evaluation on residue classes
mod D is zero. To conclude the above result for any function ¢(r) in claim 4.4.14, we
use the fact that space of such functions form a D — 2 dimensional vector space as well.
Therefore, the space is spanned by the Dirichlet characters modulo D and the result

now follows for any arbitrary function with the desired properties. O

Now that (4.4.15) is true, we express it in a slightly different way. We first extend the
right action of GL2(Q)" on holomorphic functions on H via the weight k operator to a
right action of the group algebra C[G'L2(Q)"]. More precisely, if a € C[GL2(Q)"] is an
element such that o = a1y1 + - - + Y, with 3 € GL2(Q)™, then define the action of

« on f naturally as

flalk = Zaif[%}k
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Let Q denote the annihilator of the element g = 37 -, B(n)¢" in C[GL2(Q)"]. This

whole set up allows us to express the equation in (4.4.15) as:

D —r 1 r/DY\ _ 1 r/D
> elr) (_Nm S)(@ : >: > e(r)w(D) (0 : ) mod

r mod D r mod D
(r,D)=1 (r,D)=1

In particular, when D is an odd prime, then for a fixed r, we take ¢ to be the function
that is 1 on the residue classes r and —1 on the residue classes —r and zero elsewhere.

Rewriting the expression with the particular ¢(r) as described above we get,

(<_§m _f)—w(m) (; T/1D>z<<]fm Z)—wm) ((1) ‘Tl/D) mod

(4.4.16)
Let D and s be distinct odd primes not in S such that Ds =1 mod N.

Choose r and m such that Ds — Nmr = 1. Then replacing s with D and D with s in
(4.4.16), we land up with the expression:

((—;m ;>‘¢(S>> (; f)z<<Nm ;)—ws)) ((1) ‘g/5> mod 0

(4.4.17)

1
Multiplying (4.4.16) with the matrix < T/S> we get;:
0 1

<<_£m —;«) —w(D)> (; QT{D> ((]\?m :) —¢(D)> mod Q@ (4.4.18)

Further, we multiply the expression in (4.4.17) with

1 r/D D —r\ (1 2r/D
_w(m(o 1 )(—Nm s><o 1 >

Regroup the matrices using the fact that ¢)(sD) = 1 to finally get that

(G D)) o )6 ) L 6 )

(4.4.19)

(£ ) (s )
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We write the big factor in the left hand side of the expression (4.4.16):

s —r\ (1 2r/s 1 2r/s
<—Nm D> (0 1 >(D —r=Nm ) <0 1 )zM

Then equations in (4.4.18) and (4.4.19) combine to show that,

D r
( (Nm s> — 1/1(D)>(1 —M)eQ (4.4.20)

Multiplying the matrices which define M we compute that,

1 2r/D
M =
—2Nm/s =3+ 7

D
Let g1 = (g[ " ] — w(D)g> Since ¢ is a holomorphic function on H, g¢; is
Nm s/ 1k

holomorphic on H. Because of (4.4.20), we have that g1 — ¢g1[M]r = 0. This implies
that g1 = g1[M]x. Now notice that |tr(M)| equals |1 — 3 + Dis| < 2 since D and s are
odd primes. This gives us that the matrix M is elliptic. Also, notice that the trace
of M is a rational number which is not an integer and so not an algebraic integer. It
follows that the eigenvalues are not roots of unity and so M has infinite order. We can
now use Lemma 4.4.9 proved in the beginning to conclude that g; = 0. So far whatever

computation we did proves that, for D and s odd primes not in S,

g{ ( b T) L — (D)g ; Ds—rNm=1. (4.4.21)

cN
so (a,cN) = (d,cN) = 1. We now use Dirichlet’s Theorem on primes in an arithmetic

b
In general, let ( . d) be any matrix in T'g(N). Then ad — beN = 1 mod N and

progression which states that for any integer a’ such that (a’, N') = 1, there exists
infinitely many primes p such that p = o’ mod N’. Dirichlet’s Theorem allows us to find
primes D and s and integers v and v such that D = a —uNc and s = d — vNe¢. Observe

that sD =1 mod N and so the result in (4.4.21) holds. Now compute that,

[1u D r 10]_ a av+ud—uvNc+r
TMNo 1) \we s/ Vo 1)) \we d

We would like to put r = b+ uvNc — av — ud such that the upper right entry equals b.

D
One can also easily check that with det ( T) =1
c s



Chapter 136

Using the fact that f and g are periodic since they are defined by a Fourier series and

the result in (4.4.21) for D and s odd primes, we finally conclude that

(52 (o 1) (6 2], = =stoms s (5 1],

In particular when a = d = 1 mod N, we see that g € S;(I'1(/N)) and in fact the above
result helps us conclude that g € Sg(N,1). Moreover the relation g[wz_vl] r = f helps
us conclude that f € Si(V,v). This completes the proof of the Converse Theorem of
Weil. O



Appendix A

A quick introduction to the

analytic theory of elliptic curves

A.1 Lattices and the complex torus

In this Appendix we give a brief introduction to complex torus, Weierstrass g function
and elliptic curves. For most of the proofs, a brief sketch is provided. For a detailed

study, one can refer to [3].

Definition A.1.1 (Lattice). A lattice in C is the set A = w1 Z P woZ, where w; and wo

belong to C and are linearly independent over R.

The complex numbers wy and ws form a “basis” of the lattice A. Since we are concerned

with the upper half plane, by convention we set w;/wy € H.

Definition A.1.2 (Complex torus). Let A be the lattice generated by w; and ws. The
complex torus is the set C/A = {z+ A | z € C}.

When we visualize this set in C, we get a parallelogram with opposite sides identified

and hence the name. The next lemma helps us to characterize the basis of a lattice.

Lemma A.1.3. Let A = w1 Z @ weZ and A’ = w|Z & w7 be two lattices such that wy /wo
and w} /w} belong to H. Then A’ = A if and only if

wh w1 a b
= for some v = € SLy(Z).
wh wa c d

137



Chapter A 138

Wi w1 a b
Proof. Suppose that = for some v = J € SLy(Z). Then clearly
2 c

wh w
A’ C A. For the other way round containment we multiply the equality with the matrix

v

’ wi w1 w1 wi .. .
Conversely, suppose A = A’, then =A and =B . This implies
wh wa wa wh

that AB = I. Moreover, since wi /wy and wj /wj belong to H, the determinant of A is 1
and so A € SLy(Z).

O]

We know that any map between compact Riemann surfaces is either constant or a

surjection. We next classify all non-constant maps between the complex tori.

Proposition A.1.4. Suppose ¢ : C/A — C/A’ is a holomorphic map between the complex
tori. Then there exists complex numbers a and b with aA C A’ such that p(z + A) =
az + b+ A’. The map is invertible if and only if aA = A’

Proof. (Sketch) We recall that C is the universal covering for the tori C/A and C/A’.
Suppose that p and p’ are the corresponding covering maps. We can lift the map ¢ to
a map @ between the coverings such that ¢ o p = p’ o @. This implies that for a fixed
weAN o(z4+w) =¢(z) +w, with w, € A’. Consider the function z — ¢(z + w) — @(2).
This is a continuous map from C to a discrete subgroup A of C. This implies that the
map is constant and so w!, does not depend on z. This gives us that for all z € C,
o(z +w) = ¢(z) +w for some ' in A’. Differentiating with respect to z we arrive at

the following result:

Fz+w) =7 (2)

This shows that ¢’ is doubly periodic with respect to A and hence a well defined function
from C/A to C. It follows that ¢’ is an entire and a bounded function and so constant.
This characterizes ¢ showing that there exists constants a and b such that ¢(z) = az+b
which helps us conclude the result for ¢ as well. From this it is easy to check that
ah C A If aA # A’ such that aA C A/, then there exists some z € A’ such that z/a ¢ A.
Consequently the map ¢ will not be an injection. Other way round, one can check that

if aA = A’ then the map z 4+ A’ — (2 — b)/a + A inverts . O

Corollary A.1.5. Suppose ¢ : C/A — C/A’ is a holomorphic map between the complex
tori such that ¢(z + A) = az + b+ A’ with aA C A’. Then the map ¢ is a group
homomorphism if and only if b € A’ and so p(z + Q) = az + A'.



Chapter A 139

In particular, the above corollary implies that there exists a non zero holomorphic group
isomorphism between the complex tori C/A and C/A’ if and only if there exists m € C
such that mA = A’.

Lemma A.1.6. Every complex torus is isomorphic to a complex torus whose lattice is

generated by 1 and a complex number 7 € H.

Proof. Let A = w1Z 4 woZ be an arbitrary lattice with wy/wy € H. Let 7 = wy/we and
A; = 7Z + Z. We have that (1/w2)A = A,. By Corollary A.1.5, the map ¢, : C/A —
C/A where z + A maps to (1/w2)z + A, is an isomorphism. O

Remark A.1.7. The complex number 7 is not unique! If 7/ is another such complex

number, then 7" = 7 for some v € SLy(Z) by Lemma A.1.3.

A.2 The Weierstrass p function

We know that doubly periodic functions with respect to a lattice can be considered to be
functions on the torus C/A. Since the image of such functions is bounded, all holomorphic
double periodic functions are constant. The first simple example of a doubly periodic

function is given by the following expression:

Z(z—w)fN; N >3

wEA

For N = 2, the above series does not converge absolutely. The most famous example is

obtained by adding a few “error terms” to the series.

p(z):;—l—Z((z_loJ)z—;Q) for 2 € C, z # w.

wEA
w#0

One can check that the series converges absolutely and uniformly on compact subsets
of C/A. This is the Weierstrass g function which will help us relate the complex tori to

elliptic curves.

Replacing z with —z, it is easy to see that p(z) is an even function.

Proposition A.2.1. The Wierstrass g function is periodic.

Proof. We differentiate term by term to see that ¢ is periodic with respect to A.
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This implies that for each z € w, the funtion ¢'(z + w) — E'(z) = 0 for all z € C. Tt
follows that p(w + 2) — p(z) is a constant function, say c,. Substituting z = —w/2 and

using the fact that g is an even function, the result follows. O

Remark A.2.2. By construction the Weierstrass g function and its derivative have poles

of order 2 and 3 respectively precisely at the points of the lattice.

A.2.1 Eisenstein series for a lattice

Let A be a lattice. The Eisenstein series for A denoted as G (A) is given by the following
expression:

Gt =3

wEA
w#0
By Lemma A.1.6, the Eisenstein series for any lattice reduces to the first examples of

modular forms we saw.

Gr(Ar) = :

oy (mT +n)k
(m,n)#(0,0)

Very surprisingly, they come up as coefficients in the Laurant series expansion of the p

function.

Proposition A.2.3. The Laurant series expansion of the Weierstrass p function is given

by the series
1 o0
p(2) = = + Y _(n+1)Gny1(A)2"

22
n=2

in the neighborhood 0 < |z| < {inf |w| | w € A}.

Proof. This is a direct calculation. We write
1 IR e
e wz(Z(n 4 1)(z/w)”>
n=1
This allows us to express the Weierstrass p function as:

o) = 5+ Y S Swr i)

wEA n=1
w#0

The series is absolutely convergent and so can change the sums to get the desired ex-

pression. O
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Proposition A.2.4. The functions p and @’ satisfy the differential equation

(9'(2))? = 4(p(2))° — g2(A)p(2) — g3(A)

where go(A) = 60G4(A) and g3(A) = 140Gg(A).

Proof. From Proposition A.2.3, we conclude that

(¢'(2))? = 4(p(2))* = g2(M)p(2) — g3(A) = 2%(2)

where ((z) defines an analytic function. Write 2%¢(2) = f(2). Now the left hand side is
A — periodic and therefore, so is f(z). This implies that f(z) is bounded and so constant.
Observing the fact that f(0) = 0, the result now follows. O

The differential equation in Proposition A.2.4 gives us first hints of the Weierstrass p

function being associated to a cubic equation.

Definition A.2.5 (Elliptic curves). Equations of the form y? = 423 —asz—a3z ; a3—27a3 #

0 are called elliptic curves.

The Weierstrass g function satisfies the elliptic curve with coefficients as the Eisenstein

series.

Proposition A.2.6. Let A = w1Z + wsZ and w3y = wi + wy. Then the cubic equation
satisfied by ¢ and ¢’ is factorized as:

y' =4(z —er)(x —e2)(x —e3) ; € = p(wi/2) for i =1,2,3.

Moreover, the right hand side has distinct roots.

Proof. (Sketch) Since g’ is an odd function and w;/2 + A = —w;/2 + A, we see that ¢’
takes zero at these points. For a doubly periodic function, the number of zeroes equals
the number of poles counting multiplicity and so these are precisely the zeroes of @'.
From the relation satisfied by @ and ¢’ in Proposition A.2.4, we see that the equation
factors as mentioned above. Moreover the three roots are distinct since p has degree 2

and takes each value twice counting multiplicity. O

Corollary A.2.7. The A function given by the expression

A(7) = (g2(7))° = 27(ga(7))?

is non vanishing at all values of H.
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Proof. Change the basis of the lattice A in Proposition A.2.6 and write it as A, for
any 7 € H. Observe that the A function is in fact the discriminant of the polynomial
pr(x) = 423 — go(7)x — g3(7). By Proposition A.2.6, this has distinct roots and so the

discriminant is non zero. This is true for any 7 € H. O

Remark A.2.8. Observe that the delta function being non zero for all 7 € H for the
particular case of the elliptic curve with Fisenstein series as its coefficients, is exactly

the condition on the coefficients in definition A.2.5.

A.3 Elliptic curves as complex tori

Let A be a lattice and pp be the corresponding Weierstrass function. Consider the map
z > (pa(2), @)\ (2)). Via this map, Proposition A.2.4 helps us conclude that every point
z € C/A determines a point on the graph of the curve p(z) = 423 — go(A)x — g3(A)
representing an elliptic curve E. The function p(z) takes any value twice (counting
multiplicity) and so the equation (z) = x has two solutions, (say) +2¢. Since ¢’ is odd,
the point (pa(20), )\ (20)) # (pa(—20), P\ (—20)) in E whenever zg is not a zero of ©,.
To take care of the values for which @/, (z) is zero, observe that e; = p(w;/2 + A) for
i1 =1,2,3 is a double value for py, that is, it is of multiplicity 2. We can further extend
the map to all of C by mapping the lattice points to a suitable point “infinity” of E. In

sum, we arrive the following result:

Proposition A.3.1. For any lattice A, the Weierstrass p function and its derivative give
a bijection

(p(2),9'(2)) : C/A = E

where F is the elliptic curve 32 = 423 — go(A)z — g3(A).

Not only does every complex number C/A via the Weierstrass g function lead to an

elliptic curve, but even the converse holds.

Proposition A.3.2. Suppose F is an elliptic given in definition A.2.5, there exists a lattice
A such that ag = g2(A) and a3 = g3(A).

We give a brief sketch of the proof. We use the following fact about the j function

defined in section 1.5: the j given by j(7) = 1728% surjects from H onto C.

Proof. (Sketch) We handle the case when ay and ag are not equal to zero first. There
exists some 7 € H such that j(7) = 1728a3 /(a3 — 27a3). This implies that

(g2(r))° a3
g5(T) = 27g3(7) a3 — 27a3
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After taking reciprocals and cancelling terms we see that,

3 2
a; a4z

g2(7)3  g3(1)?

(A.3.3)

Let A = w1 Z @ woZ such that wy /we = 7. Then go(A) = w2_4gz(7) and g3(A) = w;ﬁgg(T).
We want ay = ¢2(A) and a3 = g¢3(A). Therefore, if we choose wy such that wy 4=
az/g2(7), then the condition for gy is straightaway satisfied. Moreover the equality in
A.3.3 helps us conclude the condition for g3 as well. The case when ao or as is zero is
dealt with separately. For that we specifically consider the lattices A, where 3 = e2mi/3
and A; respectively. We use the fact that go(us) = 0, while in the other case g3(i) = 0.

Once we have this, the proof is quite similar to the above case. ]

This gives us a one to one correspondence between the complex tori and elliptic curves.
Furthermore, one in fact has a bijection up to isomorphism as well. Thus complex tori

and elliptic curves are interchangeable objects.
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