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Abstract

This thesis deals with one-loop Renormalization Group Equations(RGEs) for the Standard
Model and Beyond the Standard Model. Among the SM couplings, the quartic coupling
goes to negative before the Planck scale which unbound the Higgs potential at higher field
values. This makes the present Higgs vacuum metastable and gives an indication of Physics
beyond the Standard Model.

Thus, we have worked on extending the SM via Clock-Work(CW) fermions and analyzed
their effects on the SM RGEs. We found that adding CW fermions can stabilize the Higgs
potential by breaking the asymptotic freedom of g, and g3 couplings and contributing more
positively to the g; coupling, leading to faster decay of Top-Yukawa coupling. Also, we
have shown that one can unify the gauge couplings by CW extension keeping the perturba-

tion theory valid till the Planck Scale.

vil
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Chapter 1

Introduction

This master’s thesis investigates the Renormalization Group Equations, i.e., the evolution
of the couplings with energy scale, of the Standard Model(SM) and Beyond the SM. The
standard model is a gauge quantum field theory containing the internal symmetries of the
unitary product group,

SU(?))C X SU(Q)L X U(l)y

The group SU(3) corresponds to the three colors, i.e., red, green, blue and only quarks fam-
ilies from the SM are found to transform as a triplet under SU(3). In SU(2) transformations,
the particles transform as a doublet under SU(2) generators. Only left-handed particles are
found to transform under this group. Each particle in the SM has its hyper-charge(denoted
by Y), and it transforms under U(1) group. The hypercharge of the particle is related to its
charge and the 3rd component of isospin which is given by Gell-Mann-Nishijima formula
ie.

Y =2(Q - 1I5)

Where I3 is the 3rd component of isospin and () denotes the charge of the particle.

The particles in the SM interact with each other, and the strength of interaction is measured
by the coupling constants. These coupling constants evolve with the energy scale and how
these couplings evolve termed as the “beta functions” or “Renormalization Group Equa-
tions”. The gauge couplings show the strength of interaction of the scalars and fermions
with the gauge-bosons, and it is of three types corresponding to the three gauge groups of

the SM. Next, Yukawa coupling shows the interaction between the fermionic LH doublet,
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Higgs and RH fermionic singlet. The quartic coupling refers to the interaction among the
Higgs field itself.

In this thesis, the initial chapters are on deriving the RGE’s for the general theory taking the
most general form of Lagrangian. Also, the SM results for the corresponding coupling is
derived from the general results in the same chapter. The plots for the couplings with loga-
rithmic energy scale is also shown for one-loop results and are compared with the two-loop
RGE’s. Then we have extended the SM by adding Clockwork fermions at different scales
and have analyzed their effects on the SM RGEs.

1.1 Gauge Group Generators and Invariants in the

Standard Model

To calculate the beta functions one needs to know the gauge group generators and calculate
the corresponding invariants. We are considering a theory associated with non-commuting
local symmetry, i.e., non-abelian gauge theory where unlike the abelian case the kinetic
term for the fields has a covariant derivative term here which is defined for the fermion and

scalar field as:

D,uqu)j = (au - ZgT‘]akAZ)@Dk
D,®, = (9, — igO%A%) B,

(1.1

[XPb]

where g is the gauge coupling, A, corresponds to the gauge field and superscript “a” is
summed over all the generators of the gauge-group. The generators 7* and ©“ corresponds
to gauge group generators for fermions and scalars respectively. The numbers of generators
for a Special Unitary group(SU(N)) are equal to N? — 1 corresponding to the independent
parameters of the group.

Starting with the color group i.e. SU(3) gauge group, corresponding to eight independent
gluons we have eight Gell-Mann matrices as the generators in the fundamental representa-
tion defined by the relation: \

k

Ai A ,
[575]] = Zfijk?
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The structure constants are given as: 123 = 1, fl147 = f165 = f246 — ¢257 — 345

=1 8= poms = \/73 . The invariants for this group are given as:

Cy(F) = T°T" = %1

C(F) = Tr(T°T’) = %[ (1.2)
CQ(G) — facdfbcd =3

For SU(2) group, we have three weak gauge-bosons and the generators are three Pauli

matrices satisfying the commutation relation:

[

ag; O'j] ic (%
—, = | = i€ —
27 2 r 9

where ¢, 1s an Levi-Civita anti-symmetric tensor. The invariants here will be:

Co(F) = Co(8) = T°T" = ©°0° — 21

C(F) = C(S) = Tr(T*T") = Tr(646°%) = %1 (1.3)

CQ(G) — facdfbcd -9

For the hypercharge group, the generator is the hypercharge diagonal matrix, which gives

a1 _!
@—21':>C'(S)—2 e
C(F)= Z(%f X color '
gen



1.2 The Standard Model Particles

The table below lists all the Standard Model particles(quarks, leptons, and Higgs) and their
corresponding charge(Q), 3rd isospin component(/3) and hypercharge(Y).

The scalar field in the SM, i.e., Higgs is a SU(2) complex doublet. Higgs is responsible
for generating mass to the particles in the SM by taking a non-zero vacuum expectation
value, and this phenomenon is called Spontaneous Symmetry Breaking(SSB). For exam-
ple, Glashow-Weinberg-Salam model([Xin 07]) explains Higgs Mechanism(when a gauge-
boson acquires mass, and a massless Goldstone-boson is produced) with broken symmetry
SU(2) x U(l)y — U(1)gm, which predicts the massive vector bosons W+, W~ Z and

mass-less photon. This theory also unifies the weak and electromagnetic interaction be-

tween elementary particles.

Leptons +1/2
( ] { "‘] ( ] -1/2 -1 -1
€ /i H ), T L

ep Hg 7 0 -2 -1
Quarks u c t +1/2 +1/3 +2/3
d), \s), ), a2 +3 -3
Up Cr s 0 +4/3  +2/3
d, Sp b, O 2/3 -1/3
Higgs H 1/2 1 0
H° -1/2 1 1

Figure 1.1: The Standard Model Particles



Chapter 2

Gauge Beta Functions

In this chapter, we will be deriving the gauge beta functions taking the most general form
of Lagrangian for both the scalar and fermionic fields. The RGEs for the SM are derived

from the general results.

2.1 Gauge Beta Functions for Fermions - General Back-

ground

We will start with the general bare Lagrangian(subscript 0’ shows bare fields and cou-

plings) for non-abelian gauge theory with Dirac fermions which can be written as:

]' 1 TN . a a ~a ac abe c
L= =P = o045, + Toin® (9, — ign A5, T) o — (00" + 900 /™ A7)
2.1

where

F, = 0,4, —0,A, + gfabCAZAf,

and is the gauge-invariant kinetic term for the gauge field in non-abelian gauge theory.
The fields ¢* are the Fadeev-Poppov ghosts which appear in the non-abelian gauge theory,
(see Chapter-16[Peskin 95]) and interact with the gauge-fields only. In abelian case, since

fab¢ = 0, there is only kinetic term for ghost fields and hence contribute nothing to beta
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functions. In the renormalized theory the above bare Lagrangian is modified to:

1 . 4 s ara
L=~ Za(F}) +iZe Uy 0,0 + g0 2o 2} TVALT . 22)
where

Zy =1+ by (2.3)
Za=1+0d4 (2.4)
g0 ZuZ)? = gu‘ Z, 2.5)
Ze=1+6, 2.7)

4—d
—2 = € (2'8)

The bare Lagrangian can be written in terms of renormalized plus the counter terms:

L= Lren + Lct

where

—1 Trs . € para —a ac € abc c
Lyen, = T(FSV)Q + Win® (0, — igu AL T*)¥ —¢ (070 + guc0, f* Az)c (2.9)

-1 _ —
Lo = —-0a(Ep,)” + 00 Tin" 0,V + g0, 0" WALUT + ... (2.10)

From (2.5) we can write,

In(Z,25' 2, =Y G:EQ) 2.11)
n=1



which further gives,

n=odo Gn
g =Y Q”+4ng+emu (2.12)

en
n=1

Since the bare parameters don’t depend on y, we have

—, 0G, dg .1 dg
0= —
Z(g dyg dln,u)en * dln

+ ge (2.13)

n=1

and in a renormalizable theory the rate of coupling evolution has to be finite for ¢ — 0
which gives,

dg

din i = —eg + B4(9) (2.14)

From equations (2.13) and (2.14) matching the term with the coefficient of 1/¢ for the one

loop contribution to the beta function we have ,

,0G,

ﬁg(g) =g G_g

which after putting value of G1, expanding logarithmic terms using equations ([2.3) to (2.8))

we have the gauge beta functions general formula in terms of the counter-terms i.e.,

0
%@Zf@@—&——) (2.15)

2.1.1 Calculating Feynman Rules and Vertex Corrections

The Feynman rules are defined as:

— P

(2.16)

= igy"T? (2.17)



— _p2 [Feynman — gauge] (2.18)
i&ab
(L +ovvvsen T b frmd p2
b,

g. = gf*p

gf*[g" (k - p)*

Py = +97(p—q)"
b, v :g\ c, p + 97 (g - k)u]
a, | b, v _“7:92 [fabﬁfcde(gﬂpgva'_gpagup)
—_ + face.fbde (gpugpcr_gpagup)
ade gbeey pv _po  _up vo
¢, p d.o + feoefree (gt g —gMP g+ 7))

The Feynman rules above were used to calculate the loop corrections. We have used di-
mensional regularization and M.S scheme to solve the loop integrals as is explained in

Appendix A. The diagrams contributing to gauge boson propagator are:

2 924

= —i(q g™ — Q“qy)5ab(T—€nfC(F))

where n s are the number of fermions interacting with gauge field.

8



+ +
2 b 92 5
=i(qg°g" — ¢"q")0" <W§CQ<G)) (2.20)

And for finite propagator, the counter-term factor J 4 should cancel out the divergences of

the gauge propagator which gives,

AR = —i6% (g™ — ¢"q")o A (2.21)

The counter term for gauge propagator by combining all the above corrections is :

g° 4

b = T (50H(E) = 50,C() @22)

Similarly, for fermion self energy we have,

e 7
— Oy = ———Cy(F) (2.23)

(47)?

The diagrams whose divergences are cancelled out by the gauge-fermion vertex counter-

Js

_ 9
dg = (am)? (Co(G) 4+ Co(F)) (2.24)

term are:

Putting all these counter-terms vertices in (2.13)), we have the final expression for the gauge

beta functions:
g 11 4

9



2.2 Gauge Beta Functions for Scalar Field

The renormalized Lagrangian for non-abelian gauge theory with complex scalar field will

be:

—1
Leew = —=(F3)" + (Du0) (D"0) = 2(0%0° + g0, " AL ) + . (2.26)
The (2.3) and (2.3) here are:
Zy=1+0, (2.27)
G0 ZsZ5* = gu‘Z, (2.28)

which implies that the beta function for gauge-scalar coupling is:

0 o

=g (0, — 0p — — 2.29
Bol9) = 975,00 =06 = 5) (2.29)
The new Feynman rules will be:
N l
= (2.30)
p
p ¥
1 ~_ /jf’ J
\A\\i
o =g+ p)e;, (2.31)
j v
\‘\
/{/
i o ig{er, 0% g (232)

10



The diagrams including contribution of scalar field to gauge self energy are:

.- , ”‘\\
'vvvvvv»{/ \}'vvvvvv» \\ /,
N ! \\ // )
o W/\AM = —9 QMV—MV—g CS
+ i(¢°g" —q"q )36(4W)2n5 (S)
(2.33)

where ng is the number of scalar fields. The other diagrams shown in equation (2.20)
contributing to gauge fields will also be there and the contribution will remain same as
earlier. Combining the contribution from scalar field, the counter term for gauge-propagator
becomes,

g 5 1

- 1672(502(0) - gnsC(S)) (2.34)

da

Now the diagrams with One-Particle Irreducible(1PI) correction to scalar propagator are:

This gives the scalar propagator correction d4 to be

_ 2¢
85 = WCQ(S) (2.35)

The scalar-gauge vertex correcting diagrams at one-loop contributing to ¢, are:

F
/i/\/\/v\\)\ e N
A v YT
<] T A
I A <
+ V\\+ ].
_92

0, = Cy(G) —20%(S 2.36
g 167r2( 5(G) 2(9)) (2.36)



Now putting (2.34), (2.35)) and (2.36) in eq. (2.29) gives the general expression for scalar -

gauge coupling beta function which is,

-g* 11 1
= 153 (5 Cal0) = 3n.C(9)) @37)

Bg<9)

Now, for the total general gauge coupling beta functions for complex scalars and fermions

can be calculated by combining results in eq.(2.13) to eq. (2.37) which gives,

= T52(5 C2(G) = 51, C(F) = 3n,C(8)) (2.38)

ﬁg(g)

2.2.1 From General to the SM Gauge Beta Functions

Now for deriving the SM gauge beta function from general theory, we know that SM is a
semi-simple gauge theory so we will need to do it separately for all 3 gauge groups. For
fermions of definite helicity one needs to take 1/2 factor for fermionic loop(1 for Dirac

fermion).

e SU(3) : We have four SU(3) triplets(N;) (ur,ur,dr,dg) in each generation. The
invariant C'(F') = 1/2(from Chapter 1). And for total 3 generations it gives n; =
4x3=12.

3
—g3 11 4 1 7
W;(_XB__MX?’X_):_W@

By (93) = 3 3 1

(2.39)

e SU(2) : We have four SU(2) doublets(Ny) ((qz)rgp, 1) in each generation. The
invariant C'(F') = 1/2 here also(from Chapter 1). And for total 3 generations it gives

ny =4 x 3 = 12. And we have one Higgs doublet also.

3 3

g 11 4 11 1 19 ¢
_ L ) N AXBX o —mx o) 2 2.40
Bolg2) = {a g X 2= g x4x3x =3 x3) 6 1602 240

e U(1) : The table corresponding to hypercharge is shown in chapter 1. The sum of

(Y/2)? for one generation of fermions is . Also transforming gy — \/ggl, and

12



summing over all generations and scalar fields, we get

34 10 1 1 1 3 41 g3
%(_X—XZ’)X——I——XQX—)X—: 91
s

— 241
3 3 2 3 4 ) 10 1672 241)

Bg(gl) =

In the Figure a = % and the initial values for the couplings are taken from PDG

webpage where at Top Quark mass scale i.e. M; = 173.1 GeV we have g;(M;) = 0.4630,
g2 (M) = 0.6538, g3(M;) = 1.1628.

1

Log(t[ GeV])vs a~

g3
g2

gl

Figure 2.1: a~! vs Log(t(GeV)) for the SM.

One can see from the figure that g, and g3 couplings in the Standard Model behave asymp-

totically free(decreases with energy scale) unlike g;.

2.3 Qualitative Picture of Asymptotic Freedom

One can understand the sign of beta function of ¢g; coupling as due to charge screening effect
by the vacuum, where electron-positron pairs fluctuate into existence and thus respond to
the presence of a source in such a way as to decrease its field at a long distance. And this

leads to coupling grow at larger energy scales and vice-versa.

For g, and g3 beta functions the sign is opposite for finite number of N; and /V; as in the SM
case. So, how are they can produce anti-screening? Since the gauge bosons and fermions
both are charged so must lead to screening as in the abelian case, but the opposite sign

shows that the anti-screening effect due to gauge fields must be a dominating factor here.

13



From [Peskin 93] sec:16.7, considering Coulomb gauge i.e. d; A% = 0 in non-abelian case

the Gauss’ law takes the gauge-invariant form as :
DiEai — gpa — aiEia + gfabcAi)Eic

where E% = [ and p® is the charge density of the global symmetry current of the
fermions. For SU(2) gauge group we have f%¢ = €% and a = 1, 2, 3. Considering a static
charge particle we write p®(z) = §® (#)§?! where a = 1 gives a source at the origin. From

the covariant derivative equation we can write the equation that we want to solve is
OE™ = ‘61(5(3)(:173)(5“1 + ge“bcgibﬁic (2.42)

51(1(5)
22

1. At leading order, the source produces a Coulomb field: E“(x) =g

2. Now considering a fluctuation of the vector potential with ¢ = 2 direction at 7y away

from origin and is aligned at angle to the source field as in Figure[2.2]

3. The second term in RHS in Z.42) is ge®*° A’E°. This fluctuation with E' creates a
sink for the electric field £ is created at 7, as we see in Figure

4. Now again looking at the second term in ([2.42)):
V.E' = .. 4 ge'BAE?

This a = 2 potential creates a source(sink) for the field in 1 direction where A2
and E3 are parallel(anti-parallel) as can also be seen in the figure. Thus, the dipole

formed by this way points towards the original fields and anti-screens it.

Al
AN

Figure 2.2: Vacuum fluctuation at a distance from source.

It has been shown in [[I. Appelquist 77| that quantitatively anti-screening effect is 12 times

higher than screening effect. Due to this domination of anti-screening effect the gauge fields

14



Figure 2.3: A sink of EB is created at .

have opposite sign from fermions in gauge beta functions and when this anti-screening
dominates the screening of fermions it causes the asymptotic free behaviour for non-abelian

gauge theories.

Bl .
:

E3

Figure 2.4: Figure showing a dipole formation due to vacuum fluctuation.
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Chapter 3

Yukawa Coupling Beta Functions

For the derivation of general Yukawa beta functions, we have used the Lagrangian men-
tioned in [M. Luo 03]]. The general results were derived for two-component chiral fermions

and then were used to find the SM RGEs for Yukawa.

3.1 General Yukawa Beta Functions

The general Lagrangian with gauge fields Aj, scalar fields ®, and 2-component fermion

fields ¢; given in [M. Luo 03] is

L = Lo+ Ly + (gauge — fixing + ghost — terms)

Ly = _TlFg”Fl‘jl,—l—%D“(I)aDM(I)“jLw;aMDM%—%(Y;‘}gzpj(wkéa—i—h.c.)—%Aabcdfbacbb(bcfbd
3.1

where 0, = (1,0), 5, = (1,—¢) and ( = io,, and it ensures the Lorentz-invariance

of Yukawa term The wave function renormalization constant Z; is given as: Z; = 1 +

2 O

The corresponding anomalous dimension is 7, = 3>, pixiaé,é—;i) where p; = 1(2) for

gauge and Yukawa(scalar quartic) couplings.

17



Beta function for Yuakwa coupling is given in terms of anomalous dimensions is given as:

BY™) ="+ Yy +41Y Y (3.2)

where v* are the anomalous dimensions of the operators ¢;(1;®,, 7' and +° for scalar
and fermion fields respectively. Further, the constraint on Yukawa coupling matrices by

gauge-invariance for complex fermions here is given by the equation
3O + YTy + Ty Y =0 (3.3)

Since the fermions are considered to be complex, 77 is replaced by 7**in the above equa-

tion.

Now for calculating the anomalous dimensions the Feynman rules for the above Lagrangian
were defined first. Then we found the divergences in the vertex correcting loop diagrams as
did earlier. The Feynman rules for 2-component fermions are derived here using [Martin 12].
Here, a and 3 refers to the chiral components showing LH incoming and RH outgoing par-

ticle respectively. The rest rules remains the same as earlier.

p
e iphT, it B
p T (3.4)
p P

J i

p = igo" TS or  —igo" T (3.5)
] 1 _ R Ye’

= —i=20; (3.6)



At one-loop level the Yukawa interaction has no contribution to the gauge coupling so the
results for gauge-beta functions calculated in previous chapter remains the same. One can

check the below diagrams cancels out each other divergences at one-loop level.

The diagrams and their contribution to Yukawa vertex calculated via d-dimensional regu-

larization(putting d=4 later) are given as:

yeybtye 1
= J— 3.7
! 2(4m)? € -7)

TA*YbT4 1
= i4g? 3.8
9 2(4m)% e (3-8)
TA*Yb@A YbTA@A 1

— 292( ba + ba) - (39)

2(47)2 :
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Using all these calculations, the counter-term and hence the anomalous dimension(y?) is

1
@[Q(WYHW) + A (THYPTA + (THY0,, + YPT40,,))]

which is further simplified using (3.3) to

b_ 1
1672

v 2(YYTY ) 4+ 2% (2T Y T4 — Co(F)Y? — YO Co(F))] (3.10)

The diagrams contributing to fermion propagator at one-loop is:

AA
. : b e - ik L (3.11)

(47)2e
//’_\\\\] o YaYaT
s a4 e = —z(a.k)m (3.12)
These two combined gives
yeyer 1
vE = (6PCy(F) + 5 )167r2 (3.13)

The quartic coupling doesn’t contribute to any divergence at one-loop order for scalar prop-

agator. We have the diagrams for scalar-self energy divergences are:

N ,k2T7”(YaTYb + YbTya)
=1
(47)22¢

(3.14)

ADA
- - - —i—»m»:—iﬁfﬂz (3.15)

And this gives,
Tr(Yoty? 4 ybtye)
2

1
— 292@A@A)@ (3.16)
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Putting equations (3.10), (3.13)) and (3.16) in (3.2) and using
YPOAQA = o(TAYaTA) 4 Cy(F)Y? + YCy(F)

be™~ ca

gives the expression for general beta function i.e:

1 1
BY?) = m[(23/“5/“3/@) —3{Cy(F),Y"} + 5(YbeTYb + Y Yyt 4
™
o Lr(Y1Y? + YbTY“)}
2

(3.17)

which is the general result given in [M. Luo 03].

3.1.1 From General to the SM Yukawa Coupling

For the Standard Model Yukawa coupling, the top-quark coupling is the strongest. Hence,
we will be calculating beta function for only this. For SM the top-quark Yukawa term can

be written as:

Lyuesu = —9QPtr (3.18)
i i el tz X . 1 q)3 - Z¢4

where ¢ is the right-handed top quark and Q); = and ® = 10,9 = 7%
b1 —®; +iPy

Now defining top-Yukawa coupling y; and expanding the SM Yukawa coupling form ,

Lyuksas = — 2 (£5tp®s — it} tp®s — bjtp®, + b} trDy)
V2
tr
: by,
To derive from general to the SM we define ¢ = and for each scalar field we define
tr
br

a Yukawa matrix, where each matrix will be symmetric in this basis i.e.

0000 0000 0010
0010 00 i 0 0000
yq)l__ﬂ ,yq)z_ﬂ 73/@3:& 7
V2100 1 0 0 V200 i 00 V211 0 0 0
0000 0000 0000



00 i 0
v w0000
A 3
V2 i 00 0
0000

Now all the invariants in the general Yukawa beta function (3.17) can be calculated
o YV =42Dijag.(1,1,2,0)
o LTr(YUY? + YTy ) = 369
e For Yo, 2 (YPYUY? + VOYPYPT) = 342V
e YoYtYye — (), where a is summed over all Yukawa matrices

Also, since the SM is semi-simple , implies g°Ca(R) — >, giC5(R) where R is sum over
all the gauge-groups in the theory and gy, is the corresponding gauge coupling. Using this

we calculated the gauge factors,

o U(l) = Go(F) = 5((5)* + (3)?) x 6 x 2gf = 5507

N[

e SU(2) = Only L-H forms the doublet so, C5(F) = (2 4+ 0) x 693 = g3

e SU(3) =>Both LH and RH quarks are triplets under SU(3), Co(F) = (

[SCIFN

+

[SLIFSN

) X

Since Y = 75 implies, 3 (y:) = Vv2B(Y). Putting all the above calculations in the general

beta form (3.2]), we get the expression for the SM top-Yukawa coupling

9 9 17
Bly) = §yf - (193 + 8¢5 + %gf)yt (3.19)

which is in agreement with the SM top-Yukawa beta function given in [Machacek 84].
One can also calculate the beta functions for ¥, i.e. bottom-Yukawa and . tau-Yukawa in

the SM by defining matrices as we did above. In the SM we have,

Lyuk = _yb@Lq)bR - yTZLcI)TR

For contribution of 1, in Top-Yukawa, there will be mixing of couplings and in the above

defined invariants in (3.17) we have
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o 2YYUTY s = 2,2

ybybtybpybybybt 1 2
L D) = 5YtlYy

which gives g’ytyg for the contribution of y; in the Top-Yukawa coupling. The contribution
of y to y; beta function will be only through the fermionic loop in scalar propagator which
gives y;42 as the factor in beta function. The couplings y, and y, are very small and both
remains negligible till the Planck scale as shown in Figure [3.1] and so, we will not be

considering them in our calculations.

Logp[t(GeV)]vs vy
0.016

0.014 -

0.012
¥b

o.mof_\ — ¥

0.008 -

0.006 -

L L L
5 10 15

Figure 3.1: v, and y, couplings in the SM

The SM couplings(top-Yukawa and gauge) beta functions are plotted below with M, =
173.1GeV, and Higgs mass M;,(M;) = 125GeV . The vacuum expectation value of Higgs
is v = 246GeV which gives, 1, (M;) = V2M, /v = 0.99497.

One can see in the Figure [3.2] that the Yukawa coupling y; decays with the energy scale.
This is due to negative contribution from the gauge couplings as can be seen by (3.19),
where g3 being the strongest coupling accounts more for this decay. The first plot is for one
loop RGE’s and the second is for two-loop. In two loop plot the gauge coupling appears
more closer than one-loop plot. Well, the behaviour of the couplings with energy scale

remains the same in both.
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Logqg[t(GeV)] vs SM couplings

Logqo[t[ GeV]]vs SM couplings

— ¥t
O
— 0z
— 03

Figure 3.2: SM couplings vs Log(t(GeV)) for one-loop(above) and two-loop(below).
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Chapter 4

Quartic Coupling Beta Functions

In this chapter we have derived the results for General Quartic beta functions using the
same Lagrangian as previous chapter. The SM RGE for quartic coupling is derived using

general results and the Yukawa matrices defined in previous chapter.

4.1 General Quartic Beta Functions

The general Lagrangian with gauge fields Aj, scalar fields ®, and 2-component fermion
fields ¢, is
L = Lo+ Ly + (gauge — fixing + ghostterms)

1 e 1 . 1, 1
Lo = —-F/"Fj,+5 D" 0D, +w}oﬂDM¢j—§(}fjkijk@aJrh.c.)—axabcdcba@b@c@d
(4.1)
where ( = 105.
The Feynman rules mentioned earlier remains the same and for quartic coupling it is:
/"/// /( ‘\ \\\‘\\
Tl = i e (4.2)



Here, the constraint on quartic coupling by gauge-invariance is given as:

@;3//\1'/]'191 + @fj/)‘ij’kl -+ @fk’)‘ijk’l —+ Gﬁ’)‘ijkl’ =0 (43)

The beta function for quartic coupling is given by

ﬁ(Aabcd> = Yabed + Z ’YS (i))\abcd (44)

where v,,.q are the anomalous dimensions of the quartic operator and ~* of scalars. The

diagrams contributing to the correction of quartic coupling at one-loop are:

/”k\
-l -
O Ty 1
P “+ 2 others = 2 ()\W ]/)\l ]/kl—i-)\m ]/)\Z 11 ]l“‘)\k:]z J/>\Z 2L ]l) 162 4.5)
R &~
&
< v .
. ~o+ 5 others = 2(62/@?]-/)\1‘/]‘/]{[ + GS/G?k/)\i’jk’l + @ﬁ;@ﬁ/)\i/jkll—i‘ (46)
1
@ ’@kk’AU,k/l + @ ’®ll’>\1j/kl/ + @kk/@ll/)\wk/l/) ]_6 2

The terms in bracket can be simplified using eq. .3 as:

1
— —<®Zl/® //\z '3kl + @A @;?k/)\z ikl + @A @ll’ i gkl + @?j/@?k/)\ij/k/l + @%/@ﬁ/)\ij’kl""
@A/@kk/)\lj’k'l + ®ll/®£ ij[/ + @ll’@%’)\lj/kl’ + @ll/@ﬁk/)\ij‘k/[/ + @?k/@ﬁ/Aijk’l’_F
A A QA

@kk’@ii’)\’i/jk/l + @kk:’@jj/)\ij/kll)
(@zz’<@fj’Ai’j’kl + @;?k,Ai/jk/l + @ﬁ’)\i’jkl’) + @%’(Qﬁk’Aij’k'l + @ﬁ,)\ij/kl/ + @;jk’)\ij’k’l)_’—
®ll’(®£k’/\ij’k’l + ij//\ij’kl’ + G?k//\ijk’l’) + @ﬁk/(@ﬁ”\ijk’l’ + ®£/Ai’jk’l + @?j')\ij’k’l)
——1(@A@A A g+ ©50%0 0 Nijrit + Oy O Aijirt + OO Aijrar)

T g \uiw i’ gkl P LRI kk' Mk K Mgk w2y Nigkl!

= _5402(8))\ijkl = _QOQ(S)Aijkl
4.7
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and this gives the final expression for the diagrams which is:

2

_ : 2
=1 1671'269 Co(S) Nijni
4 »
2
_ . atv by ety d
v A + 5 others-—@m—ﬂ(p;;mTT(Y Y'Y Y?))
L 4 »
>;//{i:}\\4
< A4
L .+ 2 others
.2 A QB A QOB
221671'26({@ ,@ }ZJ{@ ,@ }k[+
{@A7 @B}ik{@Av @B}jl + ({@A7 @B}il{@Av @B}jk)g4
o2
_2m94f4ijkl
——— P - - AN - - - - - - -
A A
| | i1y
S-S - - -4 ----+ D others = <

A
2 1671'269 gkl

1

< - -q--+ 5 others: _Z‘mg{Ai]’kl

(4.8)

4.9)

(4.10)

4.11)

4.12)

Now using the results we can determine the anomalous dimension of quartic term which
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gives:
1
2 _ 2
16m Yabed = g E Aabef)\efcd - 49 CQ(S)/\abcd+

permut

(4.13)
1
394§ > {61,0°%},{0%, 0 }ed — 4Tr(YIY Y TY)

permut

The anomalous dimension for a scalar propagator is(as calculated in previous chapter):

Yabe + YaTyb
2

167%5 (i) = Tr( ) —2¢°040% = (i) — 29°Cy(5S) (4.14)

Now putting the above equations in (4.4) gives the final expression for general beta func-

tions for quartic coupling i.e.
Braed = Novea = 4Havea + Npeq — 39° Ao (4.15)

where the newly introduced expressions above are:

1
Aibcd -3 Z AabefAefed

permut

1
Hupea = Z Z TT(yaTybYcTyd)

permut

A};bcd = Z }/é(i))\abcd
AaSbcd = Z Co (1) Aabed

1
Aabcd = g Z {@A’ @B}ab{@A7 @B}cd

permut
4.1.1 From General to the SM Couplings

In SM the Higgs coupling looks like,

2 _ (01405 + 05 + i)

Litiges = —MNH'H) I

whereas in general theory it was

L(b“ = _A;bcd¢a¢b¢c¢d
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AvsLogqg(t(GeV))

AvsLogqo(t{GeV))

Figure 4.1: A vs Log(t(GeV)) for One-loop(above) and Two-Loop(below) for 3 different
masses of Higgs.

— % = %,\') = B(N). Also since SM is semi-simple, ¢*Agpeq =

)\/

This implies 7;

> nm gig;flgﬁd where m and n are the gauge-group indices. Using Yukawa matrices
defined in Chapter 3 and substituting A as above one can find all the invariants defined
above. For corrections to quartic operator (@.3), now we have charged fields in the SM so
one needs to count for 2 permutations of inner legs, and also the 1/2 factor taken for real

scalar has to be ignored, which gives contribution after doing substitution in 5(\) as 242,

The final result for the SM quartic coupling beta function is:

9 9 27 9
(47)%B(N) = 24X% + 12)y; — 6y, — \(9g5 + ggf) + 593 + %gf + 2—ng9§ (4.16)

which takes the same form as given in [Machacek 85| after making transformation as
A = X/2 implies B(\) = S(\')/2 and gives 12 as the coefficient for A\? and vice-versa for
other terms. Figure [i.1] shows the RGE of quartic coupling at one-loop(above) and two-

loop(below) level plotted for 3 different masses of Higgs. The value of A at M, is given as
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Figure 4.2: Higgs potential at 173.1 GeV.
A=
It can be observed from the plots that the A becomes negative after a certain scale. The
scale is pushed forward for two-loop calculations and for lighter Higgs mass also. For one-
loop(left) the scale of vacuum stability is at ~ 10% GeV whereas for two-loop(right) it is

shifted to ~ 10!° GeV.

The Higgs potential is given as :
V =m?¢l¢+ A(6'¢)?

where m? < 0 and the vacuum expectation value is v = /—m?2/\.

The Higgs potential at M; where A > 0 is plotted in the figure One can see that the
potential at M, is bounded and has a minimum of ~ 246 GeV. At higher field values this
potential behaves as V' ~ %gb“. The coupling A going to negative causes a problem with the
vacuum stability of the Higgs field. At higher scales where A < 0 before the Planck scale,
Higgs can take high expectation values making the potential < 0 and hence unbounded
from below. This makes the present Higgs vacuum metastable. For Higgs to be stable
at every scale till Mp, it gives an indication of the Physics beyond the SM. Some new
phenomena or particles are needed to stabilize Higgs potential through their interactions.

This is the motivation for our further work where we have extended the SM by CW fermions

as described in the next chapters.
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Chapter 5

Applications: Study of RGE in the

Context of Fermionic Clockwork Theory

This chapter explains the clockwork mechanism and its implications to the fundamental
theory. We start by writing the Lagrangian for CW taken from [Patel 17] and then explain
how it affects the couplings in the effective theory. Later, we have extended the Standard
Model by adding Clockwork fermions taking different cases. The effects of this extension

on all the SM couplings is analyzed.

5.1 Clockwork Theory

An underlying theory in Clockwork(CW) phenomena includes multiple fields, namely the
clockwork gears, and a potential containing interactions between only the adjacent CW
gears. When an interaction is introduced between an external sector and the field at one of
the end sites of the CW chain, the arrangement generates interaction between the external
sector and the field at the other end with exponentially enhanced or suppressed coupling.
This mechanism has been studied for various phenomenological applications to Higgs sec-
tor, dark matter, neutrino masses, inter-generational mass hierarchy and other sectors.

So as to write the Lagrangian of this theory we consider N+1 2-component left-handed
fermionic fields f¢(a = 0,1, 2..., N') and N other such right-handed fields f,(b = 1,2, ..., N)

with same Quantum numbers for gauge groups but opposite hypercharge from f€ fields.
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Figure 5.1: A representation of Clockwork mechanism resulting in enhanced or suppressed
coupling.[Giudice 17]]

Also considering a global symmetry which is a product of several U(1) factors: G =
IT,,U(1)ro X U(1)rp. Under the G, the fields f, and ff have charges (1,0) and (0, 1), re-
spectively. The symmetry G is then broken by N mass terms giving rise to N massive Dirac
fermions and leaving one linear combination of f; as a massless fermion. The Lagrangian

for the CW is given as

N
Lew = if§"0ufs + Y (1" Oufo + ifr  Oufs — M fuf +mfafi_y +hc)  (5.1)

a=1

where m and M are the mass parameters. Using Euler-Lagrange equation one can integrate

out the fields at b*” site for small momentum to find out that,

fi = 35 = afi (5:2)

bth

The above equation implies that the field at site is suppressed by a factor q from its

precedent field. One can write the effective Lagrangian as

Lepy = if_gzv“ oufs = iFny“ ouf*

WhereZ:1—I—qQ+614+..-—|—612N:%aﬂd\/zqdvﬁv:\/Efg:fc

If the Yukawa interaction between f; and an another field % is introduced at the [V, site in

the fundamental theory with a coupling of natural size then

Ly = —ybofy = —yad“ o fs = —ya" Ve lpo f (5.3)

This implies that the Yukawa coupling in effective theory is suppressed by ¢*.
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5.1.1 Flavored Clockworks

The CW theory can be applied simultaneously to different generations, called as Flavored
CWs where the CW gears of different generations are allowed to interact with each other,
maintaining the nearest neighbour interaction structure of the CW mechanism. Say for
ny generations of a given type of fermion, the FCW gears consist of the fields: féi)(a =
1,2,..,N;i=1,2,...,ny) and fbc(i)(b =0,1,2,...,N;i =1,2,...,ns). The Lagrangian in

equation will now be modified as :

ng N
(i) c(i —e(?) (i) 4 ;7@ i i) pe(j i) pe(i
L= (0 70 L5+ (if 0 3OS eO+if 3 0 f D= (M fO FeD =i £ 9 1))
ij=1 a=1
(5.4)
where M and m are now n; x ny matrices in generation space. Integrating out f; @) and

£ as earlier gives us

nyg nyg
7 c(7 - c(k c(k
fb() = U,fb() = E (mM 1)ikfb£1) = § :(Q)zk bﬁl)
k=1 k=1

The effective here Lagrangian here takes the form

Leff = zf_ng“@Mfg

where f¢ = (£, £6@ N for ns generations and

Z=1+Q'Q+Q"Q?+ ... + +Q"™QN. The matrices Z and Q) can be diagonalised as

VoQUL = Diag(qr, qa, ... 4ny) = @
¢ 1 oo (5.5)

UQZUCT? = Diag(z1, 22, ..., 2n;) = Z

The Yukawa interaction defined at [V, site here is
Ly = =Y o[y = —(YVIQVV Z-1)gf°

wherey) = (Y1), Y2y, -, zp(nf))T and f¢ =/ ZUQfg. Here too it can be seen that there is a
suppression to Yukawa coupling matrix Y from the diagonal matrix Q" v/ Z-1.

In our work we have extended the SM with clockwork fermions as done in [Patel 17]. It
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has been shown in [[Patel 17]] through the simulations that the hierarchies in the masses and
mixing of different SM fermions generated by N = 4 for f = ¢,u® e‘and N = 2 for
f =1, d° produces the same Froggatt-Nielsen(FN) charge as produced by FN mechanism
and so are in good agreement with the current observations. In our work we have used the

same number of gears for the generations and analyzed the RGEs for SM correspondingly.

5.2 Extending The Standard Model via Clockwork Fermions

In our extension of the SM, we assume that only the Ny, gear interact with the SM LH
doublets through Yukawa interaction, the SM Yukawa terms is ¢V order suppressed i.e.
Yuas = yq~ where y is the Yukawa coupling of O(1) in the fundamental theory. The

Lagrangian of the modified theory can be written for one generation as:

1 — .
Lsyvow = —Z(F‘W)Q + D, ®(D"9)" + i fsy D, f5+
N
S T Dyfu+ i Dy fl — Mfuf 4 mfufiy + hec) (5.6)
a=1

+yay® g @d + yal g Pus + ygl e 15®ef + hoc.) + A(DPT)?

where NN is added over the number of gears for each flavor as mentioned in Table [5.1}
1§ is the SM fermion, Nye, N, and N are the number of gears for corresponding flavor
shown by the subscript. The Yukawa couplings in the SM, suppressed from the fundamental
couplings, are given as y; = yqjcvf . Among the SM Yukawa couplings, the top-Yukawa
coupling is O(1), and all others Yukawa couplings are less than 1, so for third generation
there are no CW Gears for ¢, ¢ and e because if they are, then y; is not expected to have
such a higher value.

The table below shows the number and the gauge quantum factors for the CW fermions

added to each generation:

CW fermions I II I
q(4) (3,2,-1/3) (3,2,-1/3)
@) G21/3) G213
u(4) (3,1,-4/3) (3,1,-4/3)
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uc(4) (3,1,4/3)  (3,1,4/3)

e(4) (1,1,2) (1,1,2)

e“(4) (1,1,-2) (1,1,-2)

1(2) (1,2,1) (1,2,1) (1,2,1)
1¢(2) (1,2,-1) (1,2,-1) (1,2,-1)
d(2) (3,1,2/3) (3,1,2/3) (3,1,2/3)
de(2) (3,1,-2/3) (3,1,-2/3) (3,1,—-2/3)

Table 5.1: Table shows the gauge quantum factors and the number of CW gears(shown in
bracket) added to the SM in each generation.

From the gauge beta functions in Chapter 1, one can see that each new particle added to SM
contributes more positively to the g; coupling beta functions. The asymptotic behaviour
of g» and g3 is dependent on the number of doublets and triplets in the theory. One can
calculate that in extending the SM with new particles, say for adding doublets(N;) > 9,
and triplets(/N;) > 20 the asymptotic freedom of ¢, and g3 is broken respectively. We have

extended the SM by taking three cases as:

e First we have added the CW gears at 1 TeV and have analyzed how the gauge beta
functions behave. In the picture below the corresponding gauge coupling beta func-
tions are plotted. The Landau pole for g3 can be derived using gs beta function in

Chapter 2, which gives:

A = exp(— M (5.7)

where M is the scale at which the CW gears are introduced. From (5.9) one can calculate
that the A(gs) occurs at 2.28 x 10° GeV which can also be seen in the Figure Since
gauge couplings are real and o®> < 0 implies them to be imaginary, so the perturbation

theory becomes non-valid after A(g3).

e Next, we tried to find the minimum scale at which the CW gears can be added to
avoid the Landau poles in the theory till Planck Scale. Figure [5.3] shows that at a
scale of 2.8 x 10'* GeV, the first Landau pole occurs in ¢; at 1.0024 x 10 GeV.
This gives the maximum limit at which all the CW gears can be added such that the

perturbation theory remains valid till Mp.
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Figure 5.2: Gauge beta functions for M = 10? GeV.(Color code:Black-g;, Green-g, and
Red - gg)

e Then, we tried to split the scales till Planck scale keeping two motives in mind. One,
the theory should remain perturbative upto Mp and second was to unify the gauge
couplings. The total number of gears for f, u¢ and e are 16 and for [ and d° are 12.

For this we did the following splittings and extensions of CW gears at energy scales

as,
scale(GeV) | q |u®|e® |1 |d°
4 x104 6 1 0] 4]2)|4
10" 016 ]0/]2]2
4 x10™ 0[2]0]0]2
3x10¥ | 10| 8 |12 |8 | 4

Table 5.2: CW fermions added at different scales. The number shown is for the pair added

ie. (f, f9).
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Figure 5.3: Gauge beta functions for M = 2.8 x 10** GeV. The plot below shows the
Landau pole for g;.(Color code:Black-g;, Green-g, and Red - g3)

The gauge couplings changes with the above CW extension as:

41, 211, 109, 367, 241,
= — P ekl BN .
By, 1091 — 30 g1 10 g1 — 30 g1 10 g1 (5.8)

19 7 25 25 101

5 7
Bos = =75 = =305 = 95 = 395 ~ 13¢5 (5.10)

The sign of beta functions for g, and g3 depicts the scale at which they started behaving

non-asymptotic free. The U(1)y gauge factor Y (Y/2)? for this new theory is 23, and

a(3 x 10*)~" = 5.3611 which gives the first landau pole A(g;) after Mp at 1.213 x 109

for g gauge coupling and this can also be seen from the Figure [5.4] Also, the gauge
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couplings appears to unify at a scale of &~ 10'® GeV and it lies within the 3¢ error range.

Log t

Log t

Figure 5.4: Gauge couplings for splitting case. The plot below shows the 3o error bars i.e.
for Aoy ™! = 0.00912, Aa, ™' = 0.01524, Aais™ ! = 0.25954

We analyzed the affects of the new gauge-beta functions on all other SM couplings also. We
have only the Ny, fermion interacts with the SM doublet to give Yukawa coupling, which
can be reduced to give the effective SM Yukawa i.e. suppressed by order(¢") from the
fundamental couplings. The plots further will be showing how the new CW gears added
as shown in Table [5.2] affects the SM Yukawa, gauge and Quartic couplings with energy
scale. The orange colored line is for the SM case and the colored ones correspond to the
SM couplings after extending the SM at different scales.

The Figure [5.5] shows how the CW affects the g; beta functions changes. As expected the
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new fermions add more contribution to the g; coupling increasing it further more than the
SM case as can be seen in eq. (3.8).

For g beta function as can be seen in the Figure[5.5]and also from eq. (5.9)), the asymptotic
freedom is broken as the number of doublets added exceeds 9 in our theory. This makes the

g2 coupling to start increasing unlike the SM case.

Logq o[t Gev]]vs g4 Logio [t[ GeVI]vs g2
10

w
T

5]
e
S

-
T

I I I
5 10 15 5 10 15

Figure 5.5: g;(left) and gs(right) coupling with with CW extension of the SM plotted vs
logarithmic energy scale.

Similarly here for g; beta function, the asymptotic freedom is broken as the number of
triplets exceeds 20 as shown in eq. (53.10). The decay of g3 is gradual as compared to SM
case at earlier scale. The coupling g5 ~ O(1) is a strong coupling in the SM and one can
see from Figure [5.6] that it remains at higher values till large scale. Later it starts rising up

as the asymptotic freedom breaks.

Logqp[t[ GeV]lvs g3
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L L L
5 10 15

Figure 5.6: g3 coupling with CW extension of the SM.

Figure 5.7 shows the top-Yukawa coupling in SM and after adding CW fermions. Since all
the gauge couplings have a negative effect on the beta function of top-Yukawa as can be

seen from SM beta functions in Chapter 2. And as the above plots depicts that the gauge
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couplings are now at higher values than the SM so leading to faster decay of top-Yukawa

coupling.
Logqo[t[ GeV]]vs y;
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Figure 5.7: y; coupling with CW extension of the SM.

The top-Yukawa and gauge couplings affects the quartic coupling behaviour along the en-
ergy scales. In the SM case, at one-loop level, the negative contribution from the top-
Yukawa loops dominates which leads to the decay of the quartic coupling and hence cre-
ates the problem of vacuum stability as seen in Chapter 4. The top-Yukawa dominates
dominates at lower scales and leads to decay of the quartic coupling, but sooner the new
fermions start contributing to the gauge couplings positively as we saw above and leads to
faster decay in top-Yukawa and this slows down the declination of quartic coupling. The ¢;
and g, couplings also starts rising faster and their contribution leads to a direct positive rise

in the quartic coupling.

Logqg[t[ GeV]]vs A

Figure 5.8: A coupling with CW extension of the SM.
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Chapter 6

Summary and Conclusion

In our work, we first derived the general Renormalization Group Equations for gauge,
Yukawa and quartic coupling. The general results were then used to derive the SM beta
functions for the corresponding coupling in Chapter 2, 3 and 4 respectively for gauge,
Yukawa and quartic coupling. The quartic coupling in the SM goes to negative before the
Planck scale which creates the issue of the instability of the Higgs vacuum at higher field
values. This implies that the Higgs boson is trapped in a false vacuum and thus indicates
Physics beyond the SM to stabilize Higgs vacuum. This was our motivation, and we worked
on extending the SM via clockwork fermions as done in [Patel 17]].

We observed that adding CW fermions to theory can break the asymptotic freedom of the
g3 and g gauge couplings for added triplets, N; > 20 and doublets, (/V;) > 9 respectively
which leads to major effects on the behavior of Yukawa and quartic coupling. Fermionic
contribution can also lead to produce Landau poles before M p making the perturbation the-
ory valid afterward. We found that for CW fermions added at splitting scales, the Landau
poles can be avoided. Also, we have shown that one can unify the gauge couplings in 3 — o
error-bar and along with this can get rid of the vacuum stability issue also by start adding
CW fermions at lower scales ~ 10* GeV.

Our work on CW extension of the SM is one application of using the general RGEs to solve
for Beyond the SM case. One can work on any other model of BSM, and the general results
can be used conveniently for that. We did the calculations for the one-loop case, extending
for two or higher loop calculations can give more insight into the behavior of SM couplings

for BSM.
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There are many other remarkable problems like Higgs Mass anomaly, Dark Matter prob-
lem, etc., that the SM fails to elucidate and motivates contemporary physicists to explore
beyond the SM theories. What model describes the Universe as a whole, i.e., unify all the
fundamental interactions, is still an unplumbed sector that needs closer attention. There
is a need to garner substantial information about the Universe to provide answers to deep-
rooted problems such as, what caused the Big Bang? Source of Dark Energy? What is
Dark Matter? etc., that still appears aloof and under continuous scrutiny from present-day

physicists.
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Appendix A
A.1 Feynman Parameters

To combine the propagator denominators, we used Feynman parameters as:

1 ' (n—1)!
AjAg Ay /0 dmlde'.'dIné(Z #=1) [21A] + 22 A0 + .7 (A

For one-loop calculations we dealt with only with two propagators in the denominator i.e.

b

1 ! 1
— = d A2
AB /0 "wA+ (1—2)B]? &.2)
Since A and B in above equations are quadratic in momenta p* so the term inside the bracket

is also quadratic. Next, complete the squares and shifting the variables to absorb the terms

linear in momentum p*, which is now defined as a new variable of integration , [*.

For example,

B d*p 1
o) = | G =T =) -

Here we have A = (p + q)* —m? and B = p*> —m?,

Using Feynman parameters we can write,

I( )/ld / &' ! (Ad)
BT S ) @n) R+ 2w+ a? — mP)? |

Now substituting [ = p* + x¢*, we have

Lorodi 1
tam = [ | Gre—smr -

where A(z) = m? — 2(1 — x). The terms in numerator with odd momenta vanishes by

symmetric integration. By symmetry we can write, [*]" = g‘“’%. After transforming the
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integral into this form, we can use the Minkowski table integrals to solve it in d-dimensions.

A.2 Loop Integrals and Dimensional Regularization

For our calculations we used the following integrals in Minkowski table for d-dimensional

integration given as:

d?l 1 i(—1)"T(n—9) 1
/ e S ek (A.6)
2m)d (12— Ay (4m)¥2 T'(n) “A
dl 12 i(—1)"'dl(n—4%-1) 1
| oy - L (A7)
2m)d (12 —=A)  (4m)¥?2 2 T(n) A
d v o 1\n—1 v _d _
/ dl " _ i(—1) ﬁl“(n 5—1) (i)n_%_l (AS8)
(2m)d (12 — A)n (4m)d/iz 2 ['(n) A
For d = 4, the diverging integral can be expanded as,
1., d d
—) 2 =1—(2— =)logA + ... A.
(3) (2 - S)logh + (A9)
Also expanding I'(x) near its poles:
1
I'(z) = i + O(x) (A.10)
near z = 0, and
F(x)——(_l)n —y+1 +1+(9(:v+n) (A.1D)
~nl(x+n) TRy '
near x = —n. Here 7 is the Euler- Mascheroni Constant, v ~ 0.5772. The following

combination of terms often appearing in calculations is simplified as:

re-49) 1

W(Z)Zg — % — (logA + v — log(4m)) + O(e)

4—d
5 -

with € =

In M S Scheme the coefficient of 1/ term gives the counter-term factor ¢ in the Lagrangian.
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Appendix B

Two Loop SM RGEs

For completeness we give the two-loop SM RGEs taken from [Buttazzo 13].

Here B(X) = B1(X) + Ao(X) + ..

gt Mgi 279y 19997 17y

_ B.1
falgr) (47?)4[ 5 10 50 0 ) ®.D
3 2 2 2
g 35¢g 9 3
Bale2) = yel1268 + =5 + 15 = ) (B.2)
3 2 2
g 995 1lg
Palgs) = 7 yal=2665 + 55 + 5 — 2] (B.3)
Ba(N) = L (—312X% — 144X\%y? + 36)\*(3g3 + §g2] — 3y + M\y2[80g3 + ﬁf + H92]
(47T)4 t 2 5 1 t t 3 D) 2 9 1
73 117 1887 8 9 63
—gkgi + %Aggg? + %Agi‘ + 30y; — 32y, g5 — gyfg% - Y%+ 1—02%2959?
171, 305 , 280 ,, 1677 ,, 3411 ,
1009 T 6% T 50 %29~ 200 %29 ~ 300090
(B.4)
y 393 . 225 1187 9
Balyr) = 47; (=129} + yf[5507 + 03 + 3695 — 120 + i — 50397

(4m)* (B.5)

19 23
+159195 = 92 + 99305 — 108g3 + 6X°)
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