Markov chain Monte Carlo Methods and
Applications

Swetha U. Lal
MS14162

A dissertation submitted for the partial fulfillment of BS-MS dual degree in
Science

IN PURSUIT OF KNOWLEDGE

Indian Institute of Science Education and Research, Mohali
April 2019






Certificate of Examination

This is to certify that the dissertation titled “Markov chain Monte Carlo Algorithms and
Applications” submitted by Ms. Swetha U. Lal (Reg. No. MS14162) for the partial
fulfilment of BS-MS dual degree programme of the Institute, has been examined by the
thesis committee duly appointed by the Institute. The committee finds the work done by the

candidate satisfactory and recommends that the report be accepted.

Dr. Amit Kulshrestha Dr. Lingaraj Sahu Dr. Neeraja Sahasrabudhe

(Supervisor)

Dated: April 25,2019






Declaration

The work in this dissertation has been carried out by me under the guidance of Dr. Neeraja

Sahasrabudhe at the Indian Institute of Science Education and Research, Mohali.

This work has not been submitted in part or in full for a degree, a diploma, or a fellowship to
any other university or institute. Whenever contributions of others are involved, every effort
is made to indicate this clearly, with due acknowledgement of collaborative research and
discussions. This thesis is a bonafide record of original work done by me and all sources

listed within have been detailed in the bibliography.

Swetha U. Lal
(Candidate)

Dated: April 25, 2019

In my capacity as the supervisor of the candidate’s project work, I certify that the above

statements by the candidate are true to the best of my knowledge.

Dr. Neeraja Sahasrabudhe

(Supervisor)






Acknowledgement

I thank both of my committee members Dr. Amit Kulshrestha and Dr. Lingaraj Sahu,
for coming and sitting through the presentations and their valuable inputs and suggestions.
I would like to thank my guide Dr. Neeraja Saharabudhe for her endless support and
encouragement; for patiently going through the one year journey with me, constantly helping
and pushing us to work. I am ever so grateful to Amma, Achan, Chechi, Chettan for their
love, support and for believing in me. Honorary mentions to Vishal and Pinku without
whom my presentations would not have happened. I thank Vaitheesh, Priyasha, Adarsh,
Varun, Awani for all those tea breaks and laughter. I thank Balu, Adheena, Abin, Aswathy,
Jain, Arya for all the love and food. I express my love to Darsana, Greeshma, Shiny for being
the best friends there could be, for their love, for hearing me out and all of our never-ending
gabfests. I send my thanks and love to Somak for all the help, conversations, and all those
jokes shared when we were almost at a breaking point. Finally, my love and gratitude to

Sachin, for being the best; for being the much needed help and inspiration.

Swetha U. Lal






Contents

T Preliminarics 3
2 Markov chain Mon rlo Meth 11
2.1 ~Gibbs Samplery . . . . ... ... o 11
[2.2 'The Metropolis-Hastings method of MCMC algorithm| . . . .. ... ... 12

3 Convergence of Markov chains| 15
[3.1 Rateof Convergence| . . .. .. ... ... ... ... ... .. ...... 26
[3.1.1  Uniform Ergodicity| . . . . . ... ... ... ... ... .. .... 26

[3.1.2  Geometric Ergodicity|. . . . . . ... ... ... ... ....... 29

[3.2  Quantitative Convergence Rates| . . . . .. .. ... ... ... .. .... 32

[3.3  Coupling Construction for proving Quantitative Convergence Rates and Proofs| 34

4 Applications| 43
4.1 Introduction . . . . . . . ... 43
4.2 Maximum entropy problem for discrete random variables on a general state |

| SPACE| .+ . v e e e e e e e e e e e e e e e e e e 44
4.3 Lagrange Multiplier Method| . . . . . . .. ... ... ... .. 44
4.4 Dual Problem| . . . . . ... ... o 47




ii



Abstract

Markov Chain Monte Carlo (MCMC) Methods are used extensively in various problems
across physics, engineering and applied mathematics. In this thesis, we study the con-
vergence results as well as the two standard but very important Markov Chain Monte
Carlo algorithms, namely, the Gibbs Sampler and the Metropolis algorithm. The theory of
Markov chain convergence is vast and a lot of work has been done recently on mixing times
of Markov chains. A large part of thesis focuses on the conditions required for uniform
as well as geometric ergodicity of Markov chains and thus providing quantitative bounds
to the convergence of the Markov chain to stationarity. A brief idea of how MCMC algo-
rithms work is also presented. Finally, we consider an application of MCMC to covariance

realization problem for a discrete random process.
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Introduction

Markov Chain Monte Carlo methods find applications across applied sciences. It finds use
in optimization, when there are difficult numerical integrals with complicated boundary
conditions, and mostly in places where we need to sample from a probability distribution.
Markov Chain Monte Carlo methods are used to address problems of the following kind:
Consider a density function 7, such that 0 < fQ m, < oo where QO C R. We get a probability
measure on € from this density:

~ /Aﬂu(x)dx
m(4) = fQ 7, (x)dx

Suppose we have a function f : Q@ — R and we want to compute its expectation with

respect to 7(.). That is, we want to estimate :

Jo P (x)d
/Q m(x)dx

n(f) =Bl f(X)] =

There might be cases where Q is of very high dimensional and 7(.) fairly complicated.
These complications make the estimation of the integral computationally difficult and inef-
ficient. This is where Markov chain Monte Carlo comes into the picture. The Monte Carlo
solution to this problem is to simulate independently identically generated random variables

Y1, Y, ..Yn ~ n(.) and then, estimate 7( f) as follows :

1 N
#(f) = 5 D, F0)
i=1

The idea behind the Markov Chain Monte Carlo algorithm is to generate a Markov chain
that can be easily simulated and is such that it converges, reasonably fast, to a stationary
distribution that matches the distribution from which we are trying to obtain our samples.

That is, we want the Markov chain to have transition probabilities P(x, dy) for states x, y € Q

1



satisfying
[ at@opean =xiay)
x€Q

We run the Markov chain long enough so that the distribution of X,, gets very close to the
stationary distribution and then, take ¥; = X,,. Similarly, to obtain Y5, ¥3, . .. and so on, we
do multiple runs of the Markov chain. We can then estimate the expectation of the given

function as described above.

It usually takes more than a few runs before the Markov chain gets reasonably close to the
stationary distribution. Hence, the usual practice is to ignore the first few values obtained
via the Markov chain. This is commonly known as the "burning period" of a Markov chain.
Note that for an irreducible, aperiodic Markov chain on a finite state space, there is a unique
stationary distribution and the convergence does not depend on the state we are starting
in. Often, instead of creating or starting a Markov chain afresh, the tail of an already
existing Markov chain is used for estimation purposes. That is, we now have the estimates

as ﬁ Zl].\; p+1 J(Xi), where B, large enough, is the burning period.

In applying the Markov chain Monte Carlo algorithms to a covariance realization problem,
we also briefly illustrate the effectiveness (in terms of speed of convergence) of the adaptive
Markov chain Monte Carlo methods. While we do not provide any explicit theoretical
bounds on the convergence rates, it is observed that when the state space is very large, using

adaptive methods are very useful.

The thesis is organized as follows : The first chapter concentrates on the preliminaries
of Markov chain theory that are required in the subsequent chapters. Basic definitions
and concepts are discussed in this chapter. A few examples are also discussed for better
understanding of the concepts. The next chapter gives a brief overview of two most
popular Markov chain Monte Carlo algorithms : the Metropolis-Hastings algorithm and
the Gibbs sampler algorithm. It provides the basic idea and an example to understand the
Metropolis algorithm, which is used in the application part of the thesis, better. Chapter
3 is where we discuss the convergence results for Markov chains. It states the Asymptotic
convergence theorem, an elaborate proof for it and also reproduces the main result of the
paper [GORJSRO1]. The main results and proofs are from [[GORJSROI]] and have been
included for the sake of completeness. Some proofs of results in Chapter 3 are omitted in
the interest of space. These proofs can be found in [GORJSRO1]. Finally, in the last chapter,
we talk about an application of the MCMC algorithm. We illustrate how MCMC algorithm
can be used to efficiently obtain a probability distribution of a finite discrete random vector
given its variance-covariance matrix. We also demonstrate the effectiveness of the adaptive

Markov chain Monte Carlo algorithms.



Chapter 1

Preliminaries

In this chapter, we discuss some basic definitions associated with Markov chains and
properties of transition matrices. We start by defining a Markov chain on a state space Q.
Definition 1. Markov chain

A discrete time Markov chain (X;);>o is a sequence of random variables X; where each X;
takes its value from the state space € associated to the Markov chain, where, given that we
are at time n, the next state X, depends only on the current state X,. The memory of how
we got to X, doesn’t matter.

That is,

P(Xus1|1X0, X1y oo Xn) = P(Xps11X)  where Xo, X1 ooy Xy Xus1 € Q

Figure 1.1 is an example of a Markov chain on a state space of cardinality 5. Note that at a

given time, the next move depends only on the present state.

Definition 2. State space
A state space associated to a Markov chain is the set of states that the Markov chain is

allowed to take values from.
In the Markov chain shown Dbelow, the associated state space is

Q={1,2,3,4,5}.

Definition 3. Transition probability
Transition probability is the probability that our Markov chain goes from a state i to a state

Jj where i, j € Q, is given by
pij = P(Xpe1 = jIXi = 10)50, ] € Q

3



Figure 1.1: A Markov chain.

Consider the example of the Markov chain (X;);>0 on the state space
Q = {1,2,3,4,5} discussed above. Here, X; € Q for each i with the transition proba-
bilities is shown in the figure (Figure 1.1).

Each arrow points from one state (say X;) to the next state (say X;;1) and has an associated
probability with it, which is the transition probability of going from X; to X;;i. that is,
Px. Xy = P(Xiv1|Xi).

Definition 4. k-th step Transition probability
k-th step transition probability is the probability that the Markov chain will reach state j

from state i in exactly k steps. The expression for this is given by

k . N -
Pz(‘j) = P(Xprk = jIX; =0);i, ] € Q



Definition 5. Transition probability matrix
The transition probability matrix is essentially the collection of all possible transition

probabilities of the Markov chain.
P = (pij)

Similarly, the transition probability matrix for the k-step transition is given by P* = (pg.()).

The following is the transition probability matrix associated to the Markov chain mentioned

in the example shown in Figure 1.1 above.

[0 1/3 1/3 0 1/3]
0O 0 1 0 0
P=l0 0 0 1/2 1/2
12 12 0 0 0
0 0 0 1 0]

The 3-step transition probability of this Markov chain will be given by P3.

Definition 6. Stationary distribution
Stationary distribution of a Markov chain is a probability distribution (1) that remains

constant as the Markov chain runs. Thus, it satisfies the equation

T =naP

Consider the following example.

1/4

Figure 1.2: A Markov chain and its corresponding transition probability matrix is shown
above.
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Note that the probability distribution 7 = [1/5 1/5 1/5 1/5 1/5] is stationary with respect
to this Markov chain as it satisfies the equation 7 = 7P.

However, we can see that the Markov chain does not converge to x. If the Markov chain
has initial distribution Xy € {1,2,3,5}, then, as time progresses, X,, will be restricted to
X, € {1,2,3,5}. Thatis, X, will never visit the state 4 and hence the probability for visiting
that state will be 0.

Hence, we see that the Markov chain will not converge to the given stationary distribution
n. This occurs due to reducible property of the Markov chain. Irreduciblity of a Markov

chain is defined as follows:

Definition 7. Irreducible Markov chain
A Markov chain where there is a positive probability of reaching any state from any other
state is called an irreducible Markov chain. That is, for every i, j € Q) there exists a k such
that

pl(.jl.c) >0

However, irreducibility is not enough to ensure the convergence to a stationary distribution.
Given below is an example of an irreducible Markov chain which does not converge to any

stationary distribution. This happens due to the periodicity of the chain.

In Figurel.3, we see that the Markov chain is irreducible since one can go from any state
to any other state in finitely many steps. However, starting from a particular state, we can
come back to the exact same state only in steps of multiples of 5. That is, starting from
X, =i, wherei € Q, we have that for X,,, = i, m will be of the form n + 5j; j € N. In such a

case, we can see that the Markov chain would not converge to any stationary distribution.

Figure 1.3: Figure depicting a Markov chain with period 5. Its corresponding transition
probability matrix is shown below.
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Definition 8. Periodicity of a Markov chain

An irreducible Markov chain is called periodic if there exists a state in the state space such
that the greatest common divisor of all possible number of steps required to start from that
state and come back to the same state is greater than 1.

A Markov chain is said to have period d where

d = ged{k > 0: pi >0}

The Markov chain is said to be aperiodic if d = 1.

The above example in Figurel.3 depicts a Markov chain with period 5 and Figurel.4 shows

an aperiodic Markov chain.

Figure 1.4: An aperiodic Markov chain and its corresponding transition probability matrix
is given below.

[0 1 0 0 0]
1/2 0 1/2 0 0
P=l0 0 1/2 1/2 0
0 0 1/2 0 1/2
00 0 0 1

Definition 9. Aperiodicity of a Markov chain [GORJSROI)]
A Markov chain with stationary distribution n(.) is aperiodic if there do not exist d > 2 and
disjoint subsets Q1,Qy, ..., Qq C Q with P(x,Q;y1) = 1 forall x € Q; where 1 <i <d -1,

8



and P(x, Q) = 1 for all x € Qg such that 7(Qy) > 0 for all i.
Otherwise, the chain is periodic with period d, with periodic decomposition Q, €, ..., Qq.

Definition 10. Reversibility of a Markov chain
A Markov chain is called reversible if the following holds

n(i)pij = n(j)pji

Consider the following example of a Markov chain.

Figure 1.5: A reversible Markov chain

The transition probability matrix of the following Markov chain looks like :

/12 1/2 1/4 1/6
1/2 1/12 1/6 1/4
1/4 1/6 1/12 1/2
1/6 1/4 12 1/12

Now, consider the uniform stationary distribution on this chain. That is,
m = [1/4,1/4,1/4,1/4]. Clearly, we can see that the Markov chain is reversible with

respect to this stationary distribution as it satisfies

JT(i)p,'j = ﬂ(j)pjl' V1<i,j<4.

Remark 1.0.1. Throughout this thesis, ||.|| refers to the standard Euclidean norm.
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Chapter 2

Markov chain Monte Carlo Methods

2.1 Gibbs Sampler

Consider the problem of generating samples from a very large set according to a given
probability distribution. Several sampling techniques are known to be useful. We refer
the interested reader to [NMO2]. In this chapter, we focus on Markov chain Monte Carlo
(MCMC) method. The central idea is to construct a reversible Markov chain that converges
to the required distribution. Constructing a suitable Markov chain depends on the problem

at hand. We discuss two important algorithms to sample using MCMC.

We first discuss the Gibbs Sampler method [IY12]], [GORJSRO1]. Suppose that we have a
d-dimensional density 7,(.) on Q, an open subset of R? and we write X = (x1, X2, ..., Xg).

The Gibbs Sampler works as follows:
o Start with x©) = x for some x € R¥.
* For the iterations i = 1,2, ... from now on; a single iteration is as shown below :
* Begin iteration:
- x?) ~p(X) = x1|Xp = x;i_l), X; = xgi_l), . xg_l))

- Xg) ~ p(X2 = )C2|X1 = xii), X3 = xgi_l), ...Xd = xg_l))

- xg) ~p(Xg = xq41X1 = xii), Xy = xg), o Xgo1 = xgzl
¢ End iteration

11



Pj = p(Xd = xd|X1 = x(i), o Xj_l = xj(.izl, v Xj+1 = x;l:ll)), v Xg-1 = xg__ll)), then,

The deterministic scan Gibbs sampler is:
P=PP.. Py

The random scan Gibbs sampler is:

The output of Gibbs sampler will result in a zig-zag pattern because of the construction of

its updation.

2.2 The Metropolis-Hastings method of MCMC algorithm

As we saw, the idea behind MCMC algorithm is the construction of a Markov chain with a

given stationary distribution . The key notion for this construction is, reversibility. That

is, m(i)pij = 7(j)pji-
Proposition 2.2.1. [GORJSROI] If a Markov chain is reversible with respect to n(.), then

n(.) is stationary for the Markov chain.

Proof:A stationary distribution 7 satisfies the equation 7 = 7P. Thus, we just need to show

that the equation of stationary distribution is satisfied.

Z n(i)pij = Z n(j)pji

ieQ i€eQ

= 7(j) ) pji

i€Q
= 7(}) (Since Z pii=1).
ieQ
Hence, from here, we can see that it suffices to create a Markov chain that can be easily run

on a computer and that is reversible.

The Metropolis-Hastings algorithm

Consider a stationary distribution n(.) having a density x, which is possibly unnormal-

ized. Now, consider another Markov chain Q(., .) called the proposal Markov chain whose

12



transitions also have some density.

The Metropolis-Hastings algorithm:
First, choose some initial distribution Xy. Then, given X,,, we generate a proposal Y,,;1 from

the proposal chain Q(Xn, .) having a probability distribution ¢(., .). We define the acceptance

m(y)q(y,x)
> w(x)q(x,y)

either accept the proposal with probability a(Xj, Y,+1) and set X1 = Y4 or reject the

probability as : a(x,y) = min [1 ] (set a(x,y) = 1 when n(x)g(x,y) = 0). Now,
proposal with probability 1 — a(X,, ¥,+1) by setting X+ = Xj,.
According to the Metropolis-Hastings algorithm, the The Markov chain thus obtained is

reversible.

Proof. We will show that the Markov chain obtained by the Metropolis-Hastings method is

reversible. For showing this, we need to show that
m(x)P(x, y) = m(y)P(y, x).

n(xX)P(x,y) = n(x)q(x, y)a(x, y)

’1 7(y)q(y, x) |
| (x)q(x, y) ]
= min [n(x)q(x, y), 7(y)q(y, x)]

[ 7()g(x,y) |
[ 7(y)q(y, x)" |
= 1(y)q(y, x)e(y, x)

= n(y)P(y, x).

= n(x)q(x, y)min

= (y)q(y, x)min

The following example depicts how the Metropolis algorithm works. Consider the following

proposal chain on Q = {1,2,3,4,5}:

1 .
qii+1 = 5= qi.i-1 V2<ic<4.

q12 =1 gsa =1

Let 7(.) be the Poisson distribution with parameter A = 7.3. Then, the transition probabilities

of the Metropolis chain derived from the proposal chain is given by

qijmin{l,%} ifj # 1,
Dij = 0

1= Dk qikmin {1, ,,—i} ifj =i.

An extension of this example is given in [NMO2].

13
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Chapter 3
Convergence of Markov chains

Disclaimer : This chapter heavily relies on [[GORJSROI]
The convergence of a Markov refers to the probability distribution of the Markov chain
converging to the desired stationary distribution. That is, we see after how many runs does

the probability distribution converge to the stationary distribution. We want to look at

1P (x, ) = 7Ol

Total variation distance is one such way to measure the convergence.

Definition 11. Total variation distance[[GORJSR0I1|]

Total variation distance between two probability measures g, up is defined as

0(tas p) = llpa(-) = pp()Il = supalpa(A) — pp(A)|.

Now, how fast the Markov chain will converge will depend on how large n is. As n increases,
we get closer to the stationary distribution. We need to know how large n should be, to get

a fair enough convergence.
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Proposition 3.0.1. [GORJSROI] The following holds true

(@) ll1 () = Ol = sup oo | [ fdu = [ fdus|

(b) 11 () = Ol = g=supro—ap |/ fdm = [ fdua| for any a < b.

In particular, || () = (Il = gsup ro—-111| [ fdur — [ fdu)|

(c) If n(.) is a stationary for a Markov Chain kernel P, then, |P"(x,.) — n(.)|| is non-
decreasing in n, That is, ||P"(x,.) — n()|| < ||[P""'(x,.) = n()|| for n € N.

(d)More generally, letting (u; P)(A) = / ui(dx)P(x, A), we always have

(1 P)() = (2 P)ON < Nlpa (1) = p2 ()]

(e)Let t(n) = 2supycql||P"(x,.)—x(.)|| where n(.) is stationary. Then t is sub-multiplicative.
That is, t(m + n) < t(m)t(n) for m,n € N.

(DIf u(.) and v(.) have densities g and h respectively with respect to some o -finite measure
p(.) and M = max(g, h) and m = min(g, h), then, ||u(.) — v()| = %fQ(M - m)dp =
1- /Q mdp.

(g)Given probability measures u(.) and v(.), there are jointly defined random variables X
and Y such that X ~ u(.) andY ~v(.), and P[X = Y] =1 —||u(.) = v()|.

Proof. The proof follows majorly from [GORJSRO1] with explanations.

(@Let A={xeQ: u(x)> ur(x)and A = Q\A.

Now, note that, over 0 < f < 1, the expression | / fdu - / f d,u2| is maximized when
(i)f =1 onAand f =0 on A or it could be maximized when

(ii)f =1lonAand f =0on A

In case (i) we have
/ fdpr - / fdp
Q Q

/ Fduy - / Fdus + /_ Fduy - /_ fdus
A A A A
/dul—/duz+/_0*dm—/_0*dﬂz
A A A A

= |u1(A) = ua(A)]

SUP £:0—[0,1]

SUD £:0—[0,1]

Note that

/Adﬂl—/Adﬂz = {I_Adﬂl}_{l_/xdﬂz}

=—/_dﬂ1+/_dﬂz}
a )

= |t (Z)ﬂz(z)‘

16



Similarly, for case (ii) we have

[ s~ | ra
/Afdul—/AfdﬂH/Zfdm—/Zfdﬂz
/AO*dm—/AO*dﬂﬁ/Kdm—/Kduz

= |1 () = o (A)
= |u1(4) = a(A)

SUD £:0—[0,1]

= Sup r.0—J0,1]

Thus, we arrive at the following result.

/Q fdus - /Q fdus

SUP f.0—[0,1] = |u1(A) — ua(A)] = [ (A) — ua(A)].

Hence, we get that

111() = 2Ol = suprealm () = pu2()

[ s~ [ ra

= Supf.—lo,1]

(b)This has a similar proof as that of part (a)

We again have two cases :

(i)f =bon Aand f = aon A or it could be maximized when
(ii)f =bonAand f =aon A

Case (i) :
/fdul—/fduz
Q Q
/ fdpi - / fdys + /_ fdpr /_ fdua
A A A A
/b*d,ul—/b*du2+/_a*dy1—/_a*dy2
A A A A

= [p1(4) = p2()) + s (B) - o (A

= (11 (A) = pa(A)) + a(1 = 1 (4) - a(l = pa(A))
= (b - @I (A) - pa(A))

= (b - @I (&) - pa(A))

SUP f:0—sla,b]

= Sup r:0—J0,1]

The last equality comes from a similar calculation as to that done in part (a).

17



Case (ii) :

SUP £:Q—a,b]

/ﬂ%—/ﬁ%

Q Q

/fdﬂl—/fdﬂ2+/_fdﬂl—/_fd#2

A A A A

= /a*dul—/a*du2+/_b*du1—/_b*d,uz
A A A A

= |a1(4) = ja(A)) + by (B) = (D)
= [a(1 = (@) - (1 = j (@) + b1 (&) - ()|

|(a = b)I(1(A) = p2(A))]
= (6 - a)ll(11(A) — u2(A))]

= Sup r.0—J0,1]

Hence we have [111() = 20l = grlsssupro—ian |/ fdu - [ fdp).
(c)We need to prove : ||P*(x,.) — n()|| < ||P" (x,.) = n(.)|| for n € N.

|P"(x, A) - n(A)] =

/ mﬂx@wmm—/ mwwmm‘
z€Q ZEQ

/ P“@ﬂwﬂw—/ ﬂ@vwﬂ
zeQ 7€Q

< IP"7H(x ) = 7 ()l

f(y) = P(y,A) and hence f : Q — [0, 1] and the last inequality follows from (a) as :

/ WWx@vw—/ M@M@‘
7eQ z€Q

/Qﬂ%n@v@—/gmwvm‘
1P ) = ) (from(a)).

< SuUp f.0—[0,1]

Hence we have that |P"(x, A) — m(A)| < ||P"!(x,.) — n(.)|| for all A, which implies,

1P"(x,.) = (Il = supalP"(x, A) — n(A)]
< 1P x ) = 7Ol

18



(d)Given that (4;P)(A) = [ pi(dx)P(x, A). Then, by definition,

1 PY(A) — (u2P)A)]| = / dP(x ) - / ldoP( A)‘

/ s (dx) f(x) - / o) f(x)
xeQ xeQ

/ 1 () f () — / o) £ (x)
xeQd xeQd

= [lp1(A) = p2(A)|l

< Supf.0—[o,1]

The last equality comes from part (a). We can also get the result by directly applying part
(c) to the LHS.

(e)Given t(n) = 2supcql|P"(x,.) — n(.)||. We need to show that
t(m + n) < t(m)t(n) where t(m + n) = 2supcq||P"™"(x,.) — n(.)|l.
Let P(x,.) = P"(x,.) —n(.) and O(x,.) = P™(x,.) — n(.). Also, let f be a function such that
f:Q—[0,1]. Then,
(POf)(x)
- [ 1@ [ 1Py - a@nllP o) - nid)
7eQ yeQ
- [ 1@ [ Panpno.dn - . d)
7eQ yeQ
— P"(x, dy)n(dz) + n(dy)n(dz)]

= / f@[P""(x,dz) — n(dz) — n(dz) + n(dz)]
7€Q
= / . F[P"™"(x,dz) — n(dz)]

Since /y cq T(dy)P"(y,dz) = m(dz) by the property of stationary distribution. Also,
/yeg n(dy) =1 and fyeQ P'(x,dy) = 1.

Now, let g(x) = (O)(x) = [, O(x, dy)f(y). Then,

8" = supxealg(x)| = supxea

/ O(x, dy)f(y)'
yeQ

< SUPxeQSUP £:0—5[0,1]

(P"(x,dy) — n(dy)f(y)
yeQ

= supecall P"(x.) = ()| = 31(m)

The last equality comes from the definition of t(m).

Now, if g* = 0, then by definition, supyea|g(x)| = 0 which in turn implies supea(Q f)(x) =
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0. Thus we have, (PO f)(x) = 0. So, taking g* # 0, we have that

25upcal(PO)(x)| = 2supreal P(g)(x)|
= 2g"supyeal P(g/g+)(x)|
< t(m)supyeal P(g/g*)(x)|.

Since g* < 1t(m).
Now, note that since -1 < Q(x,.) < land0 < f < 1

we have —1 < g(x) < 1 as g(x) = (O f)(x). Also, since g* = suprealg(x)|,

§(x) _

-1
: g (x)

1.

It follows from part (b) that,

Pg/g9x) < sup g oy (P () = 7O )

=2[[P"(x,.) — =)l
Thus, the above equation becomes,
suprealP(g/g+)(0)| < 2supreall P"(x,.) = 7 ()| = 1(n).
Recall that we got
P01 = [ NP5 do) - nta)

Taking the supremum of this over x will give us the same result as taking the supremum

over f. Hence, taking supremum of the above equation and applying (b) to this, we get that

supeal(POS)(x)| = sups.a—onl(POS) () = IP™"(x,.) = x ()|

Similarly,

supxeglﬁ(g/g*)(x)l = S”Pg%:9—>[—l,l]|p(g/g*)(x)|
=2[[P"(x,.) — =)l
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Hence,

2supreal|P™"(x,.) — ()| = 2supreasupreal(PO.f)(x)|
= 25upreag suprea|P(g/g*)(x)|

< 2supscarg ) supcal Plg /g0l
= (m)suprea2ll P"(x,.) — 7]
= t(m)t(n).

(f)Given that u(.) has density g and v(.) has density 4. That is, we have g = d” h = p Y and
also, M = max(g, h) and m = min(g, h). Consider a function f : Q — [- 1, 1]. Let A be

the subset of Q in which u(.) > v(.) Now, applying (b), we get

1
I40) = Ol = gsupra—ian| [ s~ [ rav

1
= 55UPfa—[-L1] /fgdp—/fhdp‘

= soupra—ioun| [ fedo= [ fuap+ [ feap- [ fhdp'
‘ / (g — h)dp + / (h— g)dp'
=3 ‘/A(M—m)dp+/X(M—m)dp‘

1
:5/Q<M—m>dp

For the next inequality, note that M + m = g + h. Hence,

/Q(M+m)dp:/Q(g+h)dp:2

Therefore, we can write

(g)For proving this part, let us first look at the following lemma.(Lemma 2 from [CD11]).
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Lemma 3.0.2. (Coupling Lemma) Let u and v be two probability measures over a finite set
Q. Then, for any coupling w of (u, v), if the random variable (X,Y) is distributed according
to w, then P(X #Y) > ||ju—v]|.

Proof. Fix any coupling w of u and v and let X and Y be distributed with respect to this
coupling. Then, for any z € Q,

Uz)=PX=2)=PX=2Y=X)+P(X=2Y # X)
<PY=2+P(X=zY#X)
=v(z)+ P(X = z,Y # X).

Hence, u(z)—v(z) < P(X = z, Y # X). Similarly, we have that v(z)—u(z) < PY =z, X #Y)

V() =P¥ =2)=PY =2X=Y)+PY =2X+#Y)
<PX=2)+PY=2X#Y)
=u(z)+ PY =2, X £7).

Therefore, we can write

D luz) = v(2)]

ZEQ

= Z u(z) —v(z) + Z v(z) = u(z)

7eQ; 7€Q;
wu(z)>v(z) u(z)<v(2)

Z:P@=LY¢H+ Z:PW:LX¢H
7€Q; 7€Q;
w(z)2v(z) u(z)<v(z)

< P(Y # X) + P(Y # X)

2=l

IA

Thus, we get P(X #Y) > ||u— v||. [

Now, note that part (g) of our proposition now follows directly from the above lemma.

PX=Y)=1-P(X #7Y)

IA

1=z =l
n

Lemma 3.0.3. For two probability measures u and v,when u and v are two distribution

functions corresponding to two probability mass functions p = {px}xea and q = {qx }xeq,
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so that for every measurable A such that A C Q, the total variation distance is given by

dry(u, v) = maxa|u(A) — v(A)| and we have

u(A) = > v(A) = > dx,

X€EA X€EA

Then,

1
drv(p,v) = 5 D Ipe—aul.
xeQ

Proof. We know

drv(p, v) = [|u() = vl = maxa|u(A) = v(A)].

Let A={x € Q:p(x) > qg(x)}. Then,

Sh-Ya

drv(p, v) = maxs|p(A) — v(A)| = maxy

x€A x€A
= maxa| ) pr = s
x€A
=maxs ) py=aqxl  (Since p(x) 2 g(x) Vx € A) (#)

X€EA

Similarly, note that

dry(u, v) = maxu|u(A) — v(A)|
= max|(1 — u(A)) = (1 = v(A%))| = maxa|u(A°) - v(A°)|

= maxp Z Px — Z dx
x€AC x€AC

=maxap Z Px — 4x
x€AC

=maxy Y Ipx—q:l  (Since p(x) < g(x) ¥ x € A9) (0)
xeAC

Summing (¢) and (¢), we get,

2dry(p,v) = maxs Y |p = gul +maxa Y Ipe =gl

X€A x€AC

= :E:lpx = qxl

xeQ
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A similar Lemma to this is :
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Lemma 3.0.4. When F and G are the distribution functions corresponding to two continuous

densities f = {f(x)}xer and g = {g(x)}rer, so that for every measurable A C R,

u) = [ feods V)= [ g,
x€A xeA
Then,
1 (o]
drvte) =5 [ 1700 - g0l
Proof. The proof follows along the lines of Lemma 3.0.3. stated above. |

Theorem 3.0.5. Asymptotic Convergence Theorem [GORJSROI|]
If a Markov Chain on a state space with countably generated o-algebra is ¢-irreducible

and aperiodic and has a stationary distribution n(.), then for m-a.e. x € Q,
lim,—||P"(x,.) — ()| =0

In particular, lim,—,P"(x, A) = n(A) for all measurable A C Q

Corollary 3.0.5.1. [GORJSROI] If a Markov chain is ¢-irreducible with period d > 2, and

has a stationary distribution n(.), then for m-a.e. x € Q

1 n+d-1 .
limy—es | Z Pi(x,)—n()|| =0
1=n
Proof. Note that the chain is ¢- irreducible. Let the chain have the periodic decomposition
Q1,Q,...,Q4 € Qand let P’ be the d-step chain P4 with its state space restricted to the set
Q.

Then, P’ is ¢- irreducible and aperiodic on €, with stationary distribution 7’ which satisfies

QU

-1

LN epiy)

n(.) =

Qul

~
I
o

From Proposition[3.0.1| c), it is enough to prove the corollary taking n = md with m — oo
and, without loss of generality, we assume that x € €.

Note that using Proposition[3.0.1{d), we can write
1P () = A PION < 1P ) = Ol forj €N
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Then,

- Z Pi(x,.) — ()

i=md

md+d—1 H

d-1
1 )
=l > Py, ) = () (take i = md + j)
=0

T T

IA
=
fiNg

—
QU

-1

(' P)(.)

1

P (x, ) —
d J

Il
o

&
N

IA
QU=
~.
I{ g

[P"* (x,.) = (#’'P))()]|| (Triangle Inequality)

&
N

% [P (x, ) = 7'()] (using Proposition 3.0.1(d) )

IA

~.
Il
(=)

Now, applying Theorem to P’ will give us
lim ||[P™(x,)-7'()]| =0 form —ae. x €
m —0oo
Thus, giving us the desired result :

Tim [IP(x,) = 2]l =0

3.1 Rate of Convergence

We have so far looked at the convergence of the Markov chain to stationary. Uniform

ergodicity is a way to qualitatively measure the rate of convergence.

3.1.1 Uniform Ergodicity

Definition 12. [GORJSROI] A Markov chain with stationary distrbution n(.) is uniformly
ergodic if
|P"(x,.)—m()|| < Mp" n=1,23,..

for some p < land M < oo

An equivalent form of uniform ergodicity is discussed below in the proposition.
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Proposition 3.1.1. [GORJSROI] A Markov chain with stationary distribution n(.) is uni-
formly ergodic if and only if

1
supreal|P"(x,.) —n()] < 5 for some n € N

Proof. According to the definition of uniform ergodicity, if the chain is uniformly ergodic,
then,

lim, _cosupyeal|P"(x,.) — ()| < lim,_ oM p"

=0 (since p < 1)
Thus, we will directly get that

1
supxeall P"(x, ) =7l < 5

Now, to prove the converse, consider
" 1
supyeallP"(x,.) —n()|| < 3 for some n € N
Let d(n) = 2supyecq||P"(x,.) — x(.)||. Then,

1 1
Ed(n) = supreallP"(x,.) — 7()|| < 5 (Initial assumption)

1
d -
= (n)<4

Thus, d(n) = B < 1.
Then, using Proposition (e), we have that d(n) is submultiplicative such that for all
JjEN,

d(jn) < (dn) = p/

Hence, using Proposition 3.0.1(c),

IP"(x,) = ()l < I1PY I (x, ) = 7 ()]

1
< Ed([m/n]n)
IBL%J

IA

m

(B)

IA

|~

Hence, the chain is uniformly ergodic with M = % and p = ,8%. ]
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Remark 3.1.2. [GORJSROI|] The above proposition will still continue to hold even if we
replace the % in the equation with any 0 < § < % However, it will cease to hold once 6 > %

To understand this, consider the following example

Example: [GORJSRO1]| Note that if 6 > 1, say 6 = 3 then we will have supyeq||P"(x,.) —

2
n(.)|| < 5 then, we have

d(n) = 2supxeall P"(x,.) — x()]|
2

4
2xZ =2 41
<ix3=3f%

Thus, we cannot use Proposition [3.0.1](e) to prove that the minorisation condition holds.

For further conditions that ensures uniform ergodicity, we shall first look at a new definition

Definition 13. [GORJSROI|] A subset C C Q is small (or (no, €, v)- small) if 3 a positive
integer ng, € > 0, and a probability measure v(.) on Q such that the following minoristation

condition holds.
P (x,.) > ev(.) xeC

That is; P"(x, A) > ev(A) V x € C and all measurable A C Q. The minorisation condition
essentially points out that there is always an e-sized component in common between all of
the n,-step transitions.

Consider Q to be countable and take

€, = ) inficcP"(x,{y}) > 0

yeQ

then, C is (n,, €, v)- small where

V({y)) = éinfxecp"v(x, o)

_infrecP(x o)
ZyEQ infxECPno(x’ {y}) >0

Now, suppose the transition probabilities have probability densities with respect to some

measure, say 7(.), that is,
P"(x,dy) = pn,(x, y)n(dy)

then, we can write our €,, as

€n, = / n(dy)in freqpn, (X, y)
yeQ

Theorem 3.1.3. [GORJSROI|] Consider a Markov chain with invariant probability distri-
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bution n(.). Suppose the minorisation condition is satisfied for some ny € N and € > 0 and
the probability measure v(.), in the special case C = Q (i.e., the entire state space is small).
Then the chain is uniform ergodic, and in fact ||P"(x,.) —n()|] < (1 —e)l"™] forall x € Q,

where |r] is the greatest integer not exceeding r.

In case of a discrete subspace, we will have
”Pn(x’ -) - ﬂ'(.)” < (1 - Enn)l-n/nnj

where

€, = ) infeecP™(x,{y})

yeQ

Observe that we get a qualitative bound for the convergence to stationary from Theorem

[3.1.3] Thatis;
IP(x,.) = x()]| < (1 = e)l/ne]

Thus, once we are able to lay our hands on an n, such that the above holds, then we can
further, find an 7. such that
[|[P™(x,.) —n(.)|| <0.01

Then, we can say that n, iterations of the Markov chain is sufficient for convergence.

3.1.2 Geometric Ergodicity

Definition 14. [GORJSROI] A Markov chain with stationary distribution n(.) is geometri-
cally ergodic if
|P"(x,.) — ()|l < M(x)p",n=1,2,3,..

for some p < 1 and M(x) < oo for n-a.e.x € y

Remark 3.1.4. [GORJSROI] Note that if Q is finite, then all irreducible and aperiodic

Markov chains are geometrically as well as uniformly ergodic.
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Definition 15. [GORJSROI1] Given Markov chain transition probabilities P on a state space
Q, and a measurable function f :— R, define the function Pf :— R such that (P f)(x) is
the conditional expected value of f(Qy+1), given that Q,, = x. That is,

(PF)(x) = / )P )
ye

Definition 16. [GORJSROI] A Markov chain satisfies a drift condition if 3 a small set C of
invariant measure, constants 0 < A < 1 and b < oo, and a function V : Q — [1, oo] such
that

PV <AV +bl..

That is, such that
/ P(x,dy)V(y) < AV(x)+ bl (x) Vx € Q
Q

Theorem 3.1.5. [GORJSROI] Consider a ¢— irreducible, aperiodic Markov chain with
stationary distribution n(.). Suppose the minorisation condition is satisfied for some C C Q
and € > 0 and probability measure v(.). Suppose further that the drift condition is satisfied
for some constants 0 < A < 1 and b < oo, and a function V : Q — [0, o] with V(x) < oo

for at least one (and hence for 1 — a.e.) x € Q. Then the chain is geometrically ergodic.

Example [GORJSRO1]] Is Metropolis algorithm on R geometrically ergodic?.

Consider Q = R* and m,(x) = e¢™*. Take the proposal distribution to be the symmetric
distribution about x. That is, g(x, y) = g(|y — x|) with y € [x — a, x + a] as the support.
Now, taking the drift function as V(x) = ¢ for some r > 0. For x > a, we get PV(x) as

PV(x) = / V(y)q(x, y)dy + / V(y)q(x, y)dyﬂu(y)

-a m(x)

V() / 4(x. y)dy {1 _ uly )} *)

myu(x)

Proof: Let a = min {1 "”—(y)} We can then write

> mu(x)

P = [ VO yady+ V) [ gmpi-ady o

—a

Note that:

(a)fory € [x —a, x], ;zg; = i% = ¢*7Y where x > y. This implies that e*™> > 1.
Hence, @ = min {1, Zzgg} =landl —-a =0
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(b) for y € [x, x +a, 283 = £ = ¢* where x < y. This implies that ¥ < I.

Hence, @ = min {1, ;r‘;—g;} = Z:‘—g; and 1l —a=1- Zug;

Putting in the respective values of @ and (1 — @) for the intervals y € [x — a, x] and
y € [x, x + a] in (**), we get the desired result.

Note that g is symmetric. We have ¢g(x, y) = g(|y — x|). Then, observe that g(x, x + a) =
q(Jx +a—x|) = g(x —a—x) = qg(x, x — a). Also, consider € < a. Then, x —€ > x —a and
x+€ < x+aandwegetg(x,x+e€)=qg(lx+e—x|) =qg(x—€—x)=q(x,x — €) hence
verifying that ¢ is symmetric.

Now, consider fx x_a V(t)q(x, t)dt and here, do variable substitution by putting t = 2x — y.
Then, we get that df = —dy, the lower limit as x + a, the upper limit as x, and now, looking

at g(x, 1), we see that

q(x,1) = q(x,2x — y) = q(|x = 2x = y)|)
=q(ly — x|) = q(x, )

Thus, we can write equation (*) as follows

7u(2)
u(x)

mu(2)

mu(x)

PV(x) = /Hﬂ [V(Zx -2)+V(2) + V(x) (1 - )] q(x, z)dz

Let I(x,z) = V(2x — 2) + V(z)”“—(z) + V(x) (1 - ”“—(Z)) Putting in values V(x) = ¢* and

mu(x) 7u(x)
m,(x) = e~ in I(x, z) and simplifying, we get

_ e te’? et
I(x,2) = P79 4 —— 4 ¢/~ (1 - —
e * e X

— exe(r—l)z + lexe—rz + erX(l _ ex—z)
e'x

— Weryex—z + X2 4 (1 - %)
e

—ru

=t (e +eM+ 11— (take u = z — x)
— /X (e(r—l)u +e 4] - e—u)

=" (2 - (1 + e(r_l)“) (1- e_m))
Forr < 1,note that0 < 1—-r < 1. Hence, for any k > 0, we will have e~k < l,e™ <1
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—ru

and hence 1 — e™™ > 0. Thus, we can write /(x, y) as

I(x,y) =€ (2 - (1 + e<"1>“) (1- e—’"))
=2V (x) (1 - % (1 + e-<1—’>") 1- e-’"))

<2V(x)(1 —€) (for some positive constant €)

Thus, Vx > a,

PV(x) < / 2V(x)(1 = €)g(x, y)dy = (1 — €)V(x)

since g(x, .) is a probability measure and also, ¢ is symmetric about x.
Thus, we have PV(x) < (1 —€)V(x). Then, for x € [0,a]; V(0) = 1 and V(a) = e“. Clearly,
V(a) > V(0) and so, PV(x) < (1 — €)V(a). Hence, PV(x) is bounded on [0, a].

Now, to show that [0, a] is small.

ﬂu(y)}
()
ﬂu(y)}

K

P(x.dy) > q(x. y) dy min {1,

> € dy min {1,

where € = infiecyeaq(x,y) >0V y e Qand K = /yeQ m,(y)dy
Hence we get that C = [0, a] is small.
This shows that the drift condition holds and thus, the algorithm is geometrically ergodic

by Theorem[3.1.5]

3.2 Quantitative Convergence Rates

We are looking for a quantitative ways to bound the convergence rates of the Markov chains

to the stationary distribution. That is we need something like

I1P"(x,.) =7l < g(x, n)

We will prove a result for the bound of convergence rates and we require the bivariate drift
condition in order to prove it
Definition 17. [[GORJSROI1|] The Bivariate drift condition that we require is of the form

Ph(x,y) <

h();y) (x.y) ¢ C X C
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for some funtion h : Q X Q — [1, o) and some a > 1, where

Ph(x,y) = /Q/Qh(z, w)P(x, dz)P(y, dw)

P is essentially running two independent copies of the chain.

Proposition 3.2.1. [GORJSROI'] Suppose the univariate drift condition is satisfied for some
V:iQ—o[l,0],CCQ A< 1,andb < co. Letd = infccc V(x). Thenifd > [b/(1-2)]-1,
then the bivariate drift condition is satisfied for the same C, with h(x,y) = %[V(x) + V(y)]
anda ' =A1+b/(d+1) < 1.

Proof. Refer to [GORJSRO1]]. [ |

Now, we state a few assumptions to state the main result. Let
By, = max {1, a™(1 - e)supCXth}

where, for (x,y) ¢ C X C

Rh(x,y) = /Q/Q(l — )72 (P™(x,dz) — ev(dz)) (P"(y, dw) — ev(dw))

We now state the main result:
Theorem 3.2.2. [[GORJSROI] Consider a Markov chain on a state space €, having transi-
tion kernel P. Suppose ther is C C Q, h: Q X Q — [1, o), a probability distribution v(.)

on&), a > 1, nyg €N, and € > 0, such that the minorisation condition
P"™(x,.) > ev(.) xeC
and the bivariate drift condition
Ph(x,y) < h(x,y)/a (x,y)gCxC

hold. Define By, as
By, = max {1, a™(1 - e)supCXth}

where, for (x,y) ¢ C X C . Then for any joint initial distribution L(Xo, X)), and any integer
1 <j < kif{X,} and {X,} are two copies of the Markov chain started in the joint initial
distribution L(Xo, X(’)), then

LX) = LXDlrv < (1 =€) + a ™ (By) ' E[h(Xo, X))
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In particular, by choosing j = |rk] for sufficiently small r > 0, we obtain an explicit,

quantitative convergence bound which goes to 0 exponentially quickly as k — oo

3.3 Coupling Construction for proving Quantitative Con-

vergence Rates and Proofs

The Coupling Inequality[GORJSRO1] The main idea of coupling is: consider two random
variables, say Y and Z, who has joint distribution on some space 2. Then, we can write the
laws for these variables £(Y) and L(Z) for their respective probability distributions and we

can calculate the total variation distance between them as :

I1LY) — L2 = supacalP(Y € A) - P(Z € A)]
=supaco|PY € AAY =2Z)+ P(Y € A Y #Z)
“P(ZeAZ=Y)-P(ZcAZz%Y)
= supacalP(Y €AY £Z)—P(Z e A Z#Y)
<PY+2)

Coupling construction: [GORJISRO1] Assume that C is a small set. The following cou-
pling construction is called the "splitting technique" by [EN78]] and [KBAPN78]; see also
[EN84]] and [SPMRLTO93|. The basic idea is to generate two copies of the Markov chain,
sampling both from the same probability distribution such that the construction of their joint

distribution gives a high probability for them to be close to each other.

Start with the initial distribution Xo = x and X ~ 7(.), and n = 0. Now, the following loop

is repeated for long in order to generate the Markov chains.
* If X,, = X/, choose X,, = X/ ~ P(X,,.) and update n to n + 1.
* Else, if (X,, X)) € C X C, then:
— with probability € choose Xyn, = X1, ~ v();

— or, with probability 1 — €, conditionally, independently choose

[P"(X,,.) —ev())],

Xn+n0 ~ 1 c

1
lel+n() ~ 1 - E[P”()(Xr’l’ ) - 6-V(')]’

For the case when ny > 1, in order to complete the sequence, we can return to construct
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X+1Xn+25 - Xnny—1 from their corresponding conditional probability distributions given

. , ,
X, and X,,,,,. Similarly, we can also construct X1 X0 -

ing conditional probability distributions given X; and X7, .

X from their correspond-
n+np—1

PROOFS OF QUANTITATIVE CONVERGENCE RATES
Here, we give the proofs of a few theorems that were stated above.

Proof of Theorem [3.1.3] [GORISROT]

Proof. We have C = Q. So, according to the coupling construction, in every ng iterations
we have a probability of € for making the Markov chains equal. Therefore, if n = nom, then
we have

PX, #X)<(1-e)"=(1-e)/™

By Proposition (c), since the probability distribution 7(.) is stationary for the kernel
P, then, ||P"(x, .) — n(.)|| is non increasing. That is,

1P (x,.) — 2()]| < |IP"\(x,.) — n(.)||for n € N.

Proof of Theorem [3.2.2| [GORJSRO1]]

Proof. In the minorisation condition, assume ny = 1 for the small set C. Then, let B,,, = B.
Consider
Ny =#{m:0<m <k, (Xx, X;) € CxC}.

Also, let the time corresponding to the consecutive visits of (X, X )to CxCbery,,....
Then, for j € N such that 1 < j < k,

P(Xy # X;) = P(Xyx # X, Nko1 2 j) + P(X # X}, Ny_1 < j) (1)

Observe that the first event on the right side of equation (1)
{Xx # X}, Nx-1 2 j} is contained in : first j consecutive coin flips came up tails. That is,

the event of getting more that j tails is contained in the event of getting j tails. Hence,

P(Xy # Xj,Ny-1 2 j) < (1 — €y (2)
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Now, to find a bound for the second term in equation (1), let
My = &* BN n(Xy, X)1(X # X]) k=0,1,2..where N.; =0
Let us look at a lemma now.

Lemma 3.3.1. [GORJSROI] We have
E[Mj.+1|Xo, ..., X, X(/), cees X]’(] < M;

That is, My is a supermartingale.

Proof: Let us proceed by looking at the two cases : (X, X;) ¢ C X C and (X, X;) € CXC.
Case 1: (X, X}) ¢ C X C : Refer to [GORJSRO1]

Case 2 : (X, X;) € C x C : There are two sub cases here.  That is :
i X = X,’( and ii. Xy # X,i

Case i: Trivial.

Now, suppose Xi # X;. Then, we get

E[Mp+11Xo, .- X, X, - X} ]
= o BNTE (X1, X, O (Xpe1 # XL, )Xk X ]

= o1 B N1 — ©)RA(X, X;) ()
. M,
k+1 p=Ne1—1 ' :
— B k-1 1 — Rh X 9X
« (I — €)Rh(X k)a,kB—Nk—lh(Xk, XO)U(Xi # X))
a(l - e)Rh(Xi, X}) !
— Since 1(X; # X}) = 1
’ B R XD (Since 1(Xyx # X;) = 1)
M,
<k (x%)
h(Xk’ Xk)

1
< My (Since his defined as & : Q x Q — [1, ). Hence 7 <1

(%) : To prove the second inequality
We know that B = max{l,a(l —€)supcxcRh}. If B = 1 = 1 = 1 and
a(1 — €)supcxcRh < 1. Thus,

a(1 — €)Rh(Xy, X0)
B

and, if B = a(1 — €)supcxcRh; then again, we have that the above inequality is satisfied.
(%) : To prove : E[h(Xirt, X[, )Xt # X[, )IXe X[] = (1 = ORA(X; X{) We have
Xy # X} and, (X, X;) € C x C. Thus, we have two possibilities :
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(i)We can either choose both X; and X ]’C to be equal

X1 = X3y ~ P(Xp, ) = 1(Xip1 # X)) =0

(i1)Or we can choose X; and X ,’C from their respective distributions (note that ng = 1).

Yo ~ o5 PG ) — ()] and
1
X/,<+1 ~ m[P(XIQ, ) - EV(.)]

= 1(Xj41 # Xl;+1) =1
Thus,we will get

h(Xk+]7 k+])1(Xk+1 ¢ Xk+])|Xk7 X/]
, JP(Xk, dXg41) — €v(.
//h(Xk+1,Xk+1)[ (X, dXps1) ()]

(1-¢)
[P(X},dX], ) — ev(.)] )
T P(U(Xeat # X))

= Rh(Xi, X;) - (1 — €)
(Since P(1(Xys1 # Xi, 1) = P(Xpw1 # X ) = (1 —€).)

Hence, we have proved that { M, } is a Martingale.
Back to proof of Theorem [3.2.2]:
Note that B > 1. Then, we get that

P(Xy # X}, Nko1 < J)
< & *BYVE [h(Xo, X})| (3)

See [GORJSRO1] for the details of the proof. Combining (1), (2) and (3), we get :

1 L(Xx) = LX) < P(Xx # X)
< (1-¢) +a *BU™VE [n(X, X})]

Hence proved.
Now, this proof was for the case when ngp = 1. For ng > 1, we do not want to consider
completing the chain. That is, we skip constructing X+ 1, ..., Xp+ny as wellas X7 |, ..., X;

n+ngp*

Thus, in the proof replace Ny_; by Nj_,, and prove that M, is a supermartingale where
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t(k) is the largest time < k and such that it is not a time of ‘stay’. We have that
Ne=#{m:0<m <k, (X, X;,) € C X C}.
Also, we have :
P(Xi # X;) = P(Xg # X;, Ni—ny = J) + P(Xk # X}, Nk—n, < J)-

Just like before, since the event that {Xy # X], Ny, > j} is contained : first j coin flips
gave tails, we get
P(Xx # X}, Neny > J) < (1 =€)/,

Now, let

—Ni_p,
Mgy = @B, h(Xy, X)Xy # X))

Going along the lines of the lemma before, we will get that M) is a supermartingale.

Now, proceeding like before, we get that, since B, > 1,

P(Xi # X[ Ny < J)

= P(Xy # X, Ni—ny < j — 1)

< P(X # X[, By " > BU7Y)
= P(L(X; # X))B, ™ > BU™Y)

< BUVE[1(X, # X))B ™) (Markov’s Inequality)

_Nk—no

< B,V VE[1(X; # X))B,,  "h(Xi, X)]  (Sinceh > 1).
= o B, Y VE[M, )]

< o * B "VE[M,)]

=ak B;O(j “DE[A(X,, X1 (Since N_,, = 0)

Hence proved. |

Proof of Theorem 3.1.5|[GORJSROI]]

Proof. Set h(x,y) = %[V(x) + V(y)]. We use the following lemma for proving this theorem.

Lemma 3.3.2. [[GORJSRO1|] We may assume without loss of generality that
SupxeCV(x) <o (*)

Specifically, given a small set C and a drift function V satisfying the minorisation condition
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and the univariate geometric drift condition, we can find a small set Co C C such that the
minorisation condition and the univariate geometric drift condition hold (with the same ng)

and € and b, but with A replaced by some Ay < 1), and such that % also holds.
Proof. Interested readers are requested to refer [GORJSRO1] for proof. |

Now, assume that sup,ccV(x) < co. Let supyecV(x) = m. Then, from drift condition,
PV < AV + blc. We have that

Sup(x,y)erCRh(X, y)

= SUP(syyeCC /Q /Q (PP (x, d2) — ev(d2))(P" (3, dw) — ev(dw))h(z, w)(1 — €)°2

= SUP(x,y)eCxC /Q /Q(PHO(X, dz) — ev(dz))(P™(y, dw) — ev(dw))w

2(1 - €)?
m
< sup(x,y)ecXc/ /(P""(x, dz) — ev(dz))(P™(y,dw) — 61/(dw))—2
aJo (1-¢)
< 00 (Since sup,ecV(x) < o0.i.e.;m < oo and minorisation condition holds.)

Therefore, we have sup(x,y)e(;XCRh(x, y) < oo. Thus, we get that
By, = max{1,a"™(1 — €)supcxcRh(x, y)} < oo.

Now, let d = infccV. Then, from Proposition [3.2.1, we have that if univariate drift
condition is satisfied and for d as above, then, the bivariate drift condition is satisfied for
h(x,y) = %[V(x) +V(y)]ande ! =1+ ﬁ <lifd > (lThxl) — 1. Then, we have that by
Theorem|[3.2.2] if the minorisation condition and bivariate drift condition is satisfied, then,

IL£(X0) = LX< (1 - e +a*BYVE [m(Xo, X))] -

Then Theorem is proved in this case. That is, if we take p = é and M(.,.) =
BU-DnoR [h(Xo, X(;)]
IP*(. ) = 7Ol < P M., ).

Now, for d < ﬁ — 1, we cannot use this argument because d > ﬁ — 1 ensures
aperiodicity of the chain and without this condition, we will have to assume the aperiodicity
of the chain in the proof. So, we try to make C large so that we improve the chance of
d =infccV > ﬁ — 1. That is, we enlarge C so that d satisfies this condition and we
then use aperiodicity to show that C remains a small set which means that the minorisation
condition holds, perhaps for very large no and smaller € > 0. Then, we will have that
Theorem|[3.1.5|follows from Proposition[3.2.1 and Theorem [3.2.2]like before.

Now, choose some d’ > % —1. LetS = {x € Q: V(x) < d’} and we also consider the set

39



C’ = CUS. This will give us :

inficncV(x)>d > i 1

We also have that V is bounded on S by definition. Thus, supcc'V(x) < co. Thus, we get
SUp(xy)ec'xcRh(x, y) < co and hence also, By, < oo.

So, we have that Theorem[3.1.5|follows from Proposition|3.2.1|and Theorem|3.2.2)if we can
prove that C” is small.

Lemma 3.3.3. [[GORJSROI|] C’ is a small set.

In order to prove this lemma, we look at the following definition.

Definition 18. [GORJSROI] A subset C C Q is petite (or, (ng, €, v)- petite), relative to a
small set C, if there exists a positive integer ng, € > 0, and a probability measure v(.) on Q

such that

ZO: Pi(x,.) > ev(.) xeC
i=1

The petite set is similar to the small set except that here, the different states in C are allowed
to cover the minorisation measure €v(.) at different times i.

Any small set is a petite set. However, the converse is not true for all cases. This is because
the condition for being petite does not rule out the periodicity of the chain.

For an aperiodic, ¢-irreducible Markov chain, we have the following lemma.

Lemma 3.3.4. [GORJSROI|] For an aperiodic, ¢- irreducible Markov chain, all petite sets

are small sets.

We need the following lemma in order to use Lemma

Lemma 3.3.5. [GORJSROI|] Let C' = C U S where S = {x € Q;V(x) < d} for some
d < oo, as above. Then, C’ is petite.

Proof. Refer [GORJSRO1] for proof. ]

Now, we have that C”’ is petite and since the chain is aperiodic and ¢-irreducible, by Lemma
3.3.4] we have that C” is small. Hence proving Theorem[3.1.5] |

Proof of Theorem 3.0.54symptotic Convergence Theorem [GORISROI]]
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Proof. In order to prove this, assume the following theorem :

Theorem 3.3.6. [GORJSROI|] Every ¢-irreducible Markov chain, on a state space with
countably generated o-algebra, contains a small set C C Q with ¢(C) > 0. (In fact, each
B C Q with ¢(B) > 0 in turn contains a small set C C B with ¢(C) > 0.) Furthermore, the

minorisation measure v(.) may be taken to satisfy v(C) > O.

Proof. See [EN84],p. 16. [ |

Lemma 3.3.7. [GORJSROI] Consider a Markov chain on a state space Q, having stationary
distribution n(.). Suppose that for some A C Q, we have Py (t4 < o) > 0 for all x € Q.
Then, for n-almost-every x € Q, Py(t4 < o) = 1.

Proof. Refer [GORJSRO1]. [ ]
The rest of the proof follows as in [GORJSRO1] [ |
Lemma 3.3.8.

7(G) = 1.
Proof. Refer [GORJSRO1]]. [ |
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Chapter 4

Applications

4.1 Introduction

In this chapter, we illustrate an application of Markov chain Monte Carlo method by applying

it to a covariance realisation problem for a discrete random process.

Consider arandom vector o € R™ where each entry takes valuesin {—k, —-k+1, ..., 1,0, -1, ..., k—
1, k}. There are (2k + 1)" such vectors. By o we denote a generic n-tuple of this type. Let
C denote the variance-covariance matrix of this random vector. It is not clear whether any
symmetric positive semi-definite matrix C, can manifest as a variance-covariance matrix
for such discrete random vector. This problem has been studied in detail for spin random
variables. We do not ponder on this question and throughout this chapter, we assume that
we are given a matrix C which can be realized as a variance covariance matrix of the given
random vector by some probability distribution. In other words, we assume that there exists
a probability distribution on the space {—k,—k + 1,...,1,0,—1, ...,k — 1, k}"" such that the

given matrix C is its covariance matrix.
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Note that a probability distribution realizing C as the covariance matrix need not be unique.
The idea is to find one such probability distribution, namely, the one that maximizes the
entropy. Given a matrix C, assuming that it is realizable, we first obtain the explicit form of
the maximum entropy probability distribution and then use MCMC to explicitly find it.

4.2 Maximum entropy problem for discrete random vari-

ables on a general state space

LetQ={oc=(0y):0;,€{-k,—-k+1,..,1,0,-1,...,k — 1, k}} for some fixed k € N. The
length of each o in Q is fixed to be n.
The entropy of the system described above is given by

S(P) = - Z P(o)logP(c)

Consider the following problem: Find a probability distribution P* on Q such that P* =

argminS(P) subject to the following constraints.
Chk = Z oo P(0)
a

1= Z P(o)
e = Z o;P(0)

where ¢, x denotes the (A, k)th entry of the variance-covariance matrix.
The problem at hand is to find the right probability distribution such that the entropy of the
system is maximized. We refer to this problem as Py. This has been done previously in the

paper [PDPMPNS13], for spin systems using the Lagrange multiplier method.

4.3 Lagrange Multiplier Method

Here, we briefly discuss the Lagrange Multiplier method. Suppose we have to maximize or
minimize a function f(x, y, z) subject to the constraint g(x, y, z) = k for some constant k.

Then, we write an equation of the form :

L(X, Y. % /l) = f(x’ Vs Z) - /l(g(-x’ Vs Z) - k)
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where L is called the Lagrangian and A is a new variable called the Lagrange multiplier.

The solution :

Take the partial derivatives of the Lagrangian with respect to the variables x, y, z and 4,
equate all of it to zero and the put the values obtained back into the original function in
order to get the desired answer.

That is, solve for L, = 0;L, = 0;L, = 0;L; = 0 and substitute the solutions back into

f(xy,2).

Now, we try to solve Py. Observe that according to the Lagrangian Multiplier method stated

earlier in first chapter, we get that the Lagrangian function is given by
L(P(0)) = AP(0)) + S(P(0))

where the Lagrangian functional A(P(0)) is

A(P) = Z/lhk (Chk - ZUhUkP(U)) + (1 - ZP(U))
h.k o o
+ Z ni (ei - Z UiP(U))
i o
where Ak, u, n; are Lagrange Multipliers for all h, k, i. Thus, now we have
L(P) = Z Ank (Chk — Z UhUkP((T)) + U (1 - ZP(U))
hk o o
+ Z i (e,- - Z O'l'P(O')) - Z P(o)logP(0)
i o o

Note that we can avoid all the constant terms from £(P) and write
I(P)= Z P(0)logP(or) — Z m Z T P(0)

—/JZP(O') ZUZZO'IP(O-)
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Taking the partial derivative of 7 with respect to P(c7), we get
I (P(c)) = = (1 +10gP() = " Aknoc = 1= micr
hk i

= —logP(0) — Z Ak OOk — Z nio; — (u+1)
hok i

Solving for P(o") we get that the gradient of 7 is O at

P*(0) = exp {— Z Ak OOk — Z 77i0'i} e (D)
hk i

Thus, we arrive at

N 1
P (o) = — %P {— Z Ank ook — Z UiO'i} (A)
Ik ;

where Z = ¢~ D), (B)

Now, note that

P(-0) = %CXP {— Ap(=op)(=0%) = Z Ui(—O'i)}

h,k

1
= ZeXp {— 2 Ak oo + Znio'i}

+ P*(0)

Hence, we have that the mean is not 0 with respect to P*. Note that the probability
distribution depends on the Lagrange Multipliers. Thus, the problem boils down to finding
the right A, where A is the vector of all Lagrange Multipliers.

Now, we move on to the dual problem.
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4.4 Dual Problem

We have ), P(0) = 1. Also, taking P(0) = %exp {— 2ok AkOhOk — 2 T],'O','}, we get that

A(P) =ﬂ(1 —ZP(O')) +Zni (ei —ZO'iP(O')) +Z/1hk (Chk—ZO'hO'kP(O'))
o o h,k o

i

= Zmei - ZZUM‘P(U) + ZﬂhkChk - Z/lthGhUkP(U) ©)
i T Ik Ik -
(Since Z P(o) = 1)

Similarly,

S(P) = - Z P(c)logP(c)

= _Z %exp {—Z/lhkO'hO'k - Znio'i}
o

hk i

{ Zﬂhko'ho'k - Zma'i —(u+ 1)}
hk i
P(o) {Z Ak OOk + Z nm‘,} + Z logZ P(o)
hk i o

Z A P(o)opoy + Z Z P(o)nio; +log Z (D)
h,k o i

(Since Z P(o) = 1)

Adding the two, we get L(P) as

L(P) = Z niei — Z Z nioiP(o) + Z AnkChik = Z Ank Z oo P(o)+
) = Ink ok v
Z Z A P(o) ooy + Z Z P(o)nio; +log Z

o hk o

=log Z + Z nie; + Z AhkChi (E)
; nk

2
-
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Observe that
1= Z P(o) = Z %exp {— Z Apk OO — Z UiO'i}
o o hk i
- Z:Zexp{—ZﬁhkO'hO'k—ZmO'i} (F)
T hk i

Thus, we have that

exp {— Zpx Ankonok — X mio}

P(o) =
Yo exp {— Zix Ankonok — X mioi}

(&)

Writing (E) as a function of the Lagrange Multipliers,

J) = ;; ApkChi + Z nie; + log {Zr: exp {— %{: Ak Opoy — Z UiO'i}} (H)
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Next, we take the gradient of this function with respect to each of the Lagrange Multipliers.

6297/1 E;l) and the I'* row represents —ag,;l/l )

The ij'" row here represents

exp{— Xk Uk Thok—T; 1i07 } }
i +U+ - * (—0;0;
€ij 0+ 2 { Yo exp{= Xk Ak TnoK— 2, nic } (=0 O-J)

VI ) =

— Yhk AkOThOk—2; 1T }
v AR
€] ZO’ Za_exp{_z‘h’k/lhka'ha'k_zl_nio-i} ( O-l)

C,'j - Zo- O','O'J'P(O')

e — Zo’ O-IP(O-)

Thus, V.7 (1) = 0 gives us that P(o) satisfies the constraints. This 1*, for which the above
result holds, will be the critical point of J(.).
Hence, the critical point of V.S (1), i.e. A%, if it exists, will give us the desired probability
distribution P*(.) on the system such that the constraints are satisfied and such that the
entropy of the system is maximized.
The discrete time dynamical system is given by

Vi

An+1 :/ln_T

and for K > N, this converges to the right 1*.

The proof of this convergence is beyond the scope of this thesis.

The next section discusses some simulations that were run based on the theory discussed
above. We look at spin system as well as an extended state space for which we try to

approach the Entropy Maximisation problem.
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Simulations

The transition probability was taken to be

_ n+1
e <G(X"™),A>

n+lyyvny _
PX™1X") = e—<G(X"),1>

4.5 Discrete Random variables on a given state space

Given C = ((c;j)), a realizable covariance matrix for the process described earlier in the
chapter. We want to explicitly determine the maximum entropy probability distribution. The
form of that is given in equation (G). Note that the maximum entropy probability distribution
is parametrized by the matrix 1.S0, the problem boils down to explicitly determining the
corresponding A*. The following algorithm converges to the correct 4*. The proof of which
is out of the scope of this thesis.

We now look at the state space Q = {0 = (0, ...,09) : 07 € {-k,—k +1,...,—1,0, 1, ...k —
1,k}}. G(o) is calculated as :

G(o) = (1, 0102, 0103, .., Op—107)

and, 4, a vector of length = |G|, is the set of all lagrangian multipliers.
Ris defined as the covariance vector where it contains the elements of the variance covariance

matrix.

R = [1’ C129 C13’ ceey c}’l—l,i’l]'

u(A) gives an estimate of R for a given A.

Deterministic Algorithm
e Start with an initial Ay
 Start with r=1
c u() =Y, 1Ge G

'/lr+l:/lr_R_uT(/lr>
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Put r = r + 1 and repeat till » = H for some H large enough

The output of this deterministic algorithm will give us the optimum A* which would in turn

give us the probability distribution P* that maximizes the entropy of the system.

This involves a lot of time and as much as (2k + 1)” calculations in each loop (for u(A,) and

Z). To tackle this issue, we give a Markov chain Monte Carlo algorithm. The Markov chain

for a fixed A is described below:

The Markov chain
The state space is Q = {o = (01, ...,00) : 07 € {-k, -k + 1,...,-1,0,1,....k — 1,k}}. and

G(0) is defined as above.

Start with an initial Xy = o for some o’ € Q.
Generate a proposal X, = ¢ for a given X, = o with transition probability as :

e—<G(5-),/l>

P(o.0) = o

The stationary distribution of this Markov chain is exactly of the form of the probability

distribution that satisfies the Maximum Entropy problem. This Markov chain is

Reversible : We saw earlier in Chapter 2 that Metropolis algorithms are reversible.

Irreducible : Clearly, by construction of the Markov chain, one can see that we can

go from any state to any other state.
Recurrent

Ergodic. The chain is both uniformly as well as geometrically ergodic. This can be

proved using the theory discussed in Chapter3

MCMC algorithm

Start with an initial A;

Putr =1

Putu =0

Set an initial value o©for the Markov Chain (¥)

Run the Markov chain for about 100 runs to get a ¥, = o® in each run, take the
eG(U(z>)T/lr—1
G,

transition probability to be P(1,) =

After each run of the MC, compute u(1,) = Y0 %Ge‘G("m)”r
with Z = Zo-(f) e(—G(o—(t))T)/l
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® /lr+1 = /lr - R_MT(/lr)
* Putr =r + 1 and repeat till r = H for some H large enough

We simulate the above algorithm forn = 5, 6, 7 are given below with the following parameters
fixed: R, A. The state space is Q = {0 = (01, ...,0%) : 07 € {-k, -k +1,..,-1,0,1, ...k —
1, k}}.

The number of iterations for deterministic algorithm is (d) : 5000

The number of iterations for the Markov chain (MC) : we have considered two cases :
10000; 100000

The number of iterations for the convergence of A (outer loop) in MCMC (1) : 1000
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Table showing the final u value for different algorithms forn = 5

R [1,0.10,0.20,0.20,0.30,0.25, | Error = | Timelapsed
0.40,0.20,0.30,0.40,0.20] IR — ul|
Deterministic | [1,0.10,0.20,0.20,0.30,0.25, | 1.11E-15 | 248.6124
0.40,0.20,0.30,0.40,0.20]
MC :10000; | [1,0.07,0.15,0.21,0.31,0.29, | 0.2365 59.1452
1: 1000 0.44,0.17,0.30,0.40,0.26]
MC : 100000; | [1,0.07,0.19,0.22,0.31,0.23, | 0.0574 599.3587
1: 1000 0.39,0.18,0.31,0.41,0.20]

Table showing the final u value for different algorithms forn = 7

R [1,0.10,0.20,0.20,0.30,0.25,0.15,0.25,0.40,0.20,0.30, Error = | Timelapsed
0.10,0.30,0.40,0.20,0.25,0.20,0.35,0.10,0.15,0.35,0.20] | ||R — u||
Deterministic | [1,0.10,0.20,0.20,0.30,0.25,0.15,0.25,0.40,0.20,0.30, | 7.70E-16 1224.1
0.10,0.30,0.40,0.20,0.25,0.20,0.35,0.10,0.15,0.35,0.20]
MC : 10000 [1,0.05,0.20,0.18,0.28,0.28,0.17,0.27,0.48,0.13,0.24, 0.2013 61.8768
1: 1000 0.11,0.34,0.30,0.17,0.21,0.17,0.37,0.11,0.13,0.30,0.26]
MC :100000; | [1,0.13,0.20,0.21,0.30,0.25,0.14,0.21,0.42,0.21,0.29, 0.0903 619.6289
1: 1000 0.10,0.30,0.41,0.18,0.26,0.23,0.31,0.12,0.11,0.32,0.20]
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Figure 4.1: Convergence of u, n=7,{-2,-1,0,1,2} d:5000 deterministic
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Figure 4.2: Convergence of A, n=7, {-2,-1,0,1,2} d:5000 deterministic
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Convergence of lambda (Metropolis), n=7, State Space=\{-2,-1,0,1,2} 10000 runs Markov chain 1000 runs lambda
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Figure 4.5: Convergence of A (MCMC), n=7, {-2,-1,0,1,2} MC:10000 1:1000
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Figure 4.6: Graph of u(3) - R(3) n=7 MC:10000 1:1000
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Third coordinate of u

Third coordinate of lambda
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Figure 4.7: Convergence of u (MCMC), n=7,{-2,-1,0,1,2} MC:100000 1: 1000
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Figure 4.8: Convergence of A (MCMC), n=7, {-2,-1,0,1,2} MC:100000 1:1000
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Graph of u(3) - R(3) n=7 MC:100000 runs, lambda:1000 runs
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Figure 4.9: Graph of u(3) - R(3) n=7 MC:100000 1:1000
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We also looked at an adaptive Markov chain Monte Carlo algorithm where the Markov chain
Monte Carlo loop is allowed to run only for 1000 iterations. Clearly, for a state space so
large, this does not give enough time for the convergence of the Markov chain. We run the
A-convergence (outer loop) for 10000 iterations.

Since the Markov chain is not allowed to converge, the errors are larger. However, the

convergence is much faster. This is illustrated below for n=7.

Table comparing Timelapsed and Error for different n, same runs

Timelapsed Error = | |R-u] |

Deterministic 47.2104 1.06E-15

- MC : 10000; 1 : 1000 59.9652 0.1104
MC : 100000; 1 : 1000 580.3025 0.0499

MC : 1000; 1 : 10000 62.5889 0.4764
Deterministic 248.6124 1.11E-15

6 MC : 10000; 1 : 1000 59.1452 0.2365
MC : 100000; 1 : 1000 599.3587 0.0574

MC : 1000; 1 : 10000 62.7262 0.425
Deterministic 1224.1 7.70E-16

=7 MC : 10000; 1 : 1000 61.8768 0.2013
MC : 100000; 1 : 1000 619.6289 0.0903

MC : 1000; 1 : 10000 62.6716 0.7586

Figure 4.10: Comparing Timelapsed and error for different n (n = 5,6,7) for same runs
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Third coordinate of u

Third coordinate of lambda

Convergence of un=7 (Adaptive algorithm) MC: 1000 runs, lambda:1 0000 runs ub(3)
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Figure 4.11: Convergence of u (Adaptive), n=7,{-2,-1,0,1,2} MC:1000 1:10000
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Figure 4.12: Convergence of A (Adaptive), n=7, {-2,-1,0,1,2} MC:1000 1:10000
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Graph of uw3) - R({3) n=7 (Adaptive algorithm) MC:1000 runs, lambdaz1 0000 runs
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Figure 4.13: Graph of u(3) - R(3) (Adaptive), n=7, {-2,-1,0,1,2} MC:1000 1:10000

Clearly, from the above graphs, we can see that we do not get good enough convergence but

looking at the table, Figure 4.10 we can see that the time taken has considerably reduced.

Note that while we assume that the covariance matrix is realizable, the lagrange multiplier
method works even if we are not given all the entries of the matrix. The simulations done
here assume that we have ¢;;’s for all i, j’s. In other words, the interaction graphs of this

n-random variables o’s is assumed to be complete.

Similar simulations can be carried out for the case when the underlying graph is not complete.
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