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Abstract

This exposition is the result of a year’s study of options and financial derivatives. Derivative
trading is an integral part of Indian stock market and with rise in trading volume of stock op-
tions, option price calculation has become very significant. In this context Black-Scholes
pricing model is used to determine option premium. At fist I have introduced financial
market and covered project appraisal. After providing brief summary of options, I have
explained binomial option pricing model and then moved to Black-Scholes-Merton model
of option pricing. Stochastic calculus is used to develop Black-Scholes differential equa-
tion. After this I have outlined all the Greeks present in the model and their interpretation
is given to develop trading strategies in Option market. At the end I have tried to estab-
lish relevance of Black-Scholes Model in Indian stock market by comparing actual option
prices with price calculated from the model. The reason for inconsistency in the result from

model is outlined and future aspects of its improvement are discussed.






Chapter 1

Developing Financial Insights

Study of finance acknowledges the pathway of money, its forms and derivatives and ob-
serves its route during which it grows and decays and classifies its behaviour accounting
for a particular pattern. It broadly encompasses two aspects - how to acquire needed funds
and how to efficiently manage them. Financial system derives its concepts from the theories

of micro and macro economics.

Financial management refers to planning, controlling, organizing and directing financial
activities of an organization. It basically deals with efficient and effective management
of funds. Whereas, financial mathematics is about use of mathematical methods, drawing
tools from probability, statistics, stochastic process and economic theory to financial prob-
lems with an aim to make good decisions in the face of uncertainty based on analyzing

financial consequences of risk.

1.1 Cashflows

Cashflow Model - 1t describes ways of money transaction. Income of money or pay-
ments received are called positive cashflow and outgo of money or payments made are
termed as negative cashflow. Net cashflow at a given time is difference of income and

outgo of money.

Interest Rates - Time value of money suggests that a rupee today is not a rupee to-

17



1.1. Cashflows

morrow. Interest rates are studied in time value where capital invested is called principal,
denoted by P and total received by the lender after fixed period of time is accumulated value
and their difference is called as interest. It is of two types: simple interest and compound

interest and accumulated value for both the cases is given by Eq 1.1 and 1.2 respectively:

P(1+r1) (1.1)

C(1+r) (1.2)

Here, P is the amount deposited for ¢ years at respective rate of interests r.

Present Value (PV) - Present Value or the discounted value of the payment P due

at time ¢ is given by:

(T+r) (-

It means that an investment of amount given by Eq 1.3, at time 0 will give amount P at time
t > 0. Effective rates of interest are compound rates that pay interest once per unit time
either at the end (in the beginning) while in nominal rate, interest is paid more frequently

than once per unit time.

We say nominal rate of interest where interest is paid more frequently than once per unit
time. Nominal rate of interest payable p times per period is denoted by rP) 1t is also
referred as interest rate payable pthly or compounded pthly. For example, a nominal rate of
interest of 8% pa convertible quarterly means an interest rate of 2% per quarter. Effective

rate (r) is obtained by:

rp) P
1—|—I’:(1+7) (14)

Force of Interest - Force of interest models continuously paid interest where we con-

sider nominal rate convertible very frequently that is in df time using,

#p) :p[(1+r)1/1’—1] (1.5)

1 8 Project Appraisal and Option Pricing using Binomial and Black-Scholes-Merton Model



1.1. Cashflows

We see that for a fixed value of r if we let p increase, then it approaches a limit and that is

called force of interest.

lim +?) =8 (1.6)

p—ee

Using Eq 1.5 with an effective rate of 5% pa we get nominal rate of interest convertible
pthly (eg r2) = 0.04949, 4 = 0.04909, etc.). If we let value of p increase, we obtain the
following graph:

0.0500

0.0498

0.0496

0.0494 1

rie)

0.0492 1

0.0490 1

L0 1 e

0.0486 T T T T

Figure 1.1: Force of Interest

Thus J is the nominal rate of interest per unit time convertible continuously. Using Euler’s

law, we find that 1 +r = e.

Accumulation using force of interest are given by:

A(n) =¥ (1.7)

Accumulation and Discounting - Accumulation and Discounting introduced so far
were for single payments and now we look at series of payments. For discrete payments,

the present value of a series of payments of p;,, p;,...p;, at times ty,1,...t, is given by:

j=1
Y piV (1.8)
n

Project Appraisal and Option Pricing using Binomial and Black-Scholes-Merton Model 1 9



1.2. Annuity

_ 1
where, v = T
For continuous cashflow, let the rate of payment at time 7 is given by p(z) = M’(¢) where

M(t) is total payment between time 0 and 7. PV of continuous cash flow is obtained by:

T
/O V()p(t)dt (1.9)

where T is the time of last payment. For a general cashflow, the PV of entire cashflow is

the sum of both discrete and continuous cashflow.

1.2 Annuity

Here we will get ourselves familiarized with some terms used in financial market. We make
payments regularly in our daily life. Suppose we pay monthly to a person who provides us
newspaper, such kind of regular payments are called annuity. If payments are made for a

definite time period, then it is called annuity certain.

We can classify annuity based on time of payment or amount of payment.

1. Level annuities are those in which each payment is of same amount. If payments in-
crease or decrease by same amount in each interval, then it is called simply increasing

or decreasing annuity.

2. If payments are made at the beginning of each time period, then it is called annuity-
due or annuity paid in advance and if they are paid at the end of each time period,

then it is said to be paid in arrear.

3. Immediate annuity is one in which payment is made during first time interval while

in Deferred annuity, no payment is made during initial time interval.

4. Perpetuity is an annuity that is payable forever. For example if we buy stocks of a
company, then we get its dividend throughout the life of stock and such payments are

called perpetuity.

20 Project Appraisal and Option Pricing using Binomial and Black-Scholes-Merton Model



1.3. Loan Schedule

Equation of Value - It is an equation that equates the present value of all cashflows. It
says PV income = PV outgo. All financial transactions are based on this equation. For ex-
ample premium of a policy bought by an insurance holder is determined by calculating the
present value of premiums received with the present value of advantages given to customer

or other outgo.

Example 1.1 (An illustration of equation of value) : Suppose Sunil plans to buy a lottery
of whic cost is Re 1. Table shown here explains about the money that he could win along

with probability of winning and the delay before he receives his prize of lottery.

Prize won (in Rs) | Chances of Winning | Time before Prize won (in days)
5 l'in 10 1
100 1 in 100 1
3,000 1 in 5,000 3
25,000 1 in 50,000 5
2,00,000 1 in 10,00,000 7

Table 1.1: Probability Table for Example 1.1

Here we assume that the rate of interest is 0.1% per day, then the expected present value of

the prize is calculated as follows:

B 1 1 3 5 1 7
PV =5x 1Ov+100>< 100\/%—3,000><57000\/ +25,000><50’000v +2,00,000 x 10’00’000\/

= Rs2.2272

1.3 Loan Schedule

Loan is a very common form of transaction used by individuals, private as well public
entity to raise funds. Most often we find our self buying things on EMI which increases
our purchasing power and this EMI calculation is based on loan scheduling. Loans operate
in two ways either as repayment mortgage in which we pay initial borrowed money during

the term of loan or endowment mortgage where money taken is repaid when the term ends.

Project Appraisal and Option Pricing using Binomial and Black-Scholes-Merton Model 2 1



1.3. Loan Schedule

Calculating Capital Outstanding

Consider a simple scenario where Rahul takes a loan from SBI of Rs 3,000 for 3 years,
which he will repay in 3 years, after every year where interest rate is 10% pa. According to
equation of value of this transaction, Rahul needs to pay Rs 1,170.96 after each year. Here
after 1 year he pays interest of Rs 300 and remaining amount is deducted from original
capital and next interest is calculated on capital outstanding and this process continues for
three years. Here we can easily calculate capital outstanding after each period as it was
short term loan but for larger duration this method will become unhandy. So the amount
that has been paid or is remaining to be paid is calculated from remaining amount at any

particular time which can be calculated by following two ways:

1. By calculating value accumulated by loan and taking its difference with the accumu-

lated value of payments made.

2. By calculating the discounted present value of payments that are to be maid in future.

We can find the loan outstanding at ¢ prospectively or retrospectively.

Prospective Loan Calculation - Let us consider loan transactions at time ¢, where
after the final installment X;, the loan is exactly repaid. So this amount exactly covers the
loan value which remains after r — 1, and the interest on that value. Here the loan value that
remains at time ¢ is the discounted present value at time ¢ of the repayment to be made in

future.

Retrospective Loan Calculation - In this case, the loan value remaining at time
t 1s the difference in its value that is accumulated till time ¢ and the accumulated value of

repayments that are made.

Example 1.2 (Method of Loan Scheduling) : Ravi takes a loan of Rs 2500 at a rate of
6%% which repaid in 10 years, by paying ten installments of equal amount after every year.

What is the value of individual installments?

We consider each installment to be of x Rs. In this way he can pay off loan by a 10-year

annuity immediate. Discounted cost of annuity at presnt with 6%% comes to be Rs 2500.

22 Project Appraisal and Option Pricing using Binomial and Black-Scholes-Merton Model



1.3. Loan Schedule

Hence the value of each installment is Rs 347.7617. Here, we came to know about loan of
Rs 2500 at 6%% interest which can be paid back by equal installments in 10 year, paid at

end of each year where value of each installment is Rs 347.76.

Now we see to a situation to find the amount of the loan that is due after years.

This situation can be tackled using two methods. In first way we considers the retrospec-
tive method where we look at payments that are maid in initial years. In second way or
prospective method, we look at payments that is to be made in remaining years. Neverthe-

less , we get same answer using any of the two method.

Using retrospective method, we see that Ravi has made payments of Rs 347.76 at year

end, where its accumulated value is: Rs 2456.48

So loan value after years:
2500 (1+ r)6 =2500-1.459142 = 3647.86.
and the amount of loan that remains is:

3647.86 —2456.48 = 1191.38.

I he prospective method we see that the balance outstanding is the discounted value of
future payments. Here Ravi need to pay Rs 347.76 for more years. Here we calculate
discounted value of payments to be made, six years after the loan has started. In this case
the discounted value of payments to be made is Rs 1191.36. Hence, loan outstanding after

years is Rs 1191.36.

Results obtained using the two methods retrospective vary by paisa, which is due to round-
ing error. Needless to mention the two methods give the same result when we use exact

values.

Project Appraisal and Option Pricing using Binomial and Black-Scholes-Merton Model 23






Chapter 2

Project Appraisal

Project appraisal is all about deciding between alternative investment projects and measures
investment performance. We take a look at the following criteria for deciding between

various projects available to us:
1. Net present value and accumulated profit
2. Internal rate of return
3. Payback period
4. Discounted payback period

Accumulated Value - It is the final amount possessed by the investor at time 7 when
project ends, given the net cash flow at time ¢ earns an interest i. Here i is the rate at which
investor can borrow or lend money. Thus it also determines whether we can borrow money

to finance our plan or not. Amount accumulated till time 7" of can be expressed as:

T
A(T):th(1+i)T_’+/o p(t)(1+i)T ' dt (2.1)

Net Present Value - In an investment there is an initial outlay along with other outlays
in future and certain receipts. Net cash flow in the project at time ¢ can be positive or

negative. The present value of net cash flow at given rate i is called net present value and is

25



denoted by NPV (i), where

NPV (i) :Zc,(l+i)_’+/0Tp(t)(1+i)_’dt (2.2)

Higher the NPV, the more profitable is the business.

Internal Rate of Return - Effective rate of interest at which NPV of the cash flow is
equal to zero is known as Internal Rate of Return (IRR). Higher IRR indicates more prof-

itable business.

Here we consider two projects A and B where NPV, (i) and NPVp(i) denote net present
value using functions and i4 and ig denote their yields respectively. It is a common notion
that an investor chooses a project which has high output, but it is not true in all the cases. A
nice way to think is profitability at time 7' ( when later project ends) or the net present value,
measured at the risk free rate of interest i at which we can easily borrow or lend money in
the market. Thus here A is more suited plan if NPV, (i) > NPVg(i). The fact that iy > i
may not imply that NPV, (i) > NPVp(i) is illustrated in Figure 2.1. Here even i4 is larger
than ig, the NPV (i) functions "cross over" at i’. It follows that NPVp(i) > NPV, (i) for any
i <1, where i is the cross-over rate. It is possible that there are more than one cross-over
point, in which case the range of interest rates for which project A is more profitable than

project B is even more complicated.

NPV(i)

Rate of Interest (i)

Figure 2.1: Investment Comparison
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For simplicity we have assumed here that investor can borrow or lend money at the same
rate of interest i. But in real life situations there is higher rate of interest (i;) on borrowings
than the rate (i») received on investments. The difference i; — i between these rates of

interest depends on various factors.

Discounted Payback Period (DPP) - The net cash flow changes sign from neg-
ative to positive either once or many times during the period or it will always be negative
(project is not useful in this case). A project with a lower DPP starts to generate profit more
quickly and this is important in project appraisals where one expects a profit as soon as
possible. It is the smallest value of ¢ such that A(¢) > 0, where

=Y ce(1+j1)" ‘+/ Y1+ j1) ¥ds (2.3)

s<t

Here #; does not depend on i, but only on i1, which is the rate of interest applicable to the
investor’s borrowings. Suppose that the project ends at time 7. If A(T') < O then the project

has no discounted payback period and is not profitable.

Example 2.2 : Let us consider three projects with following cashflow:

Project P: Initial outlay of Rs 10,000 in return for an annual income of Rs 1000 paid 6-
monthly in arrears for 12 years.

Project Q: Initial outlay of Rs 1000 in return for an annual income of Rs 200 at the end of
each of next 20 years.

Project R: Initial outlay of Rs 5000 in return for a continuous payment stream of Rs 2000
per annum for 3 years, deferred for 2 years.

If the investor is able to borrow money at the rate of 5 percent per annum, then these projects

can be ranked under different measures.

The NPV of three projects at i = 5 are given as follows:
NPVp(iy) = —1027.26
NPVp(iy) = 1492.44

NPV (i) = 62.55.

Project Appraisal and Option Pricing using Binomial and Black-Scholes-Merton Model 27



Thus we can say that Project Q is best using NPV measure and Project P is not profitable at

this rate.

Looking at DPP for the three projects:
DPP(P) = 13.96 or 14 years (greater than the term of the project, thus not viable at this rate)

DPP(Q) =5.90 or 6 years (as the payments are at integer times)
DPP(R) = 4.96 years

Thus Project R is best using DPP measure.

Considering IRR:
IRR(P) =3.05
IRR(Q) =19.43
IRR(R) =5.38

Under IRR measure, project Q is best.

We can conclude that neither of the three measures can be considered in isolation as Project
B has greatest IRR and NPV but its DPP is less than Project C. Thus for an investor with
unlimited funds, profitability of his investment is of bigger concern and IRR and NPV mea-
sures are more suitable and he should invest in Project B while for an investor with limited
funds, the time after which he gets a positive return is crucial and so he should go for Project

C.

Investment Performance

While investing it seems rational to measure the investment performance of a fund whether
be it investment in money market or capital market. Generally we assume that investment
performance is measured based on the value of fund on the day we are thinking to sell it,

but the value of fund goes up or down as a result of change in these criteria which are:
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1. Income generated by the fund (interest payment, dividend etc).
2. Change in market value of assets in the fund.

3. New money added that is the extra money paid into the fund or any money that is not

generated by fund itself.

Cashflow in this section refers to new money only.

We can measure investment performance quantitatively using these criterion:
1. Money weighted rate of return
2. Time weighted rate of return

3. Linked internal rate of return

Money Weighted Rate of Return - It measures performance of portfolio of assets.
It is the yield of the fund over the period. It is the discount rate at which net present value

is zero.

Time Weighted Rate of Return - It measures rate of compounded growth in a port-
folio. It is also called geometric mean return as it keeps reinvestment or money withdrawn

at specific time intervals into consideration.

Linked Internal Rate of Return - This method aims to approximate Time Weighted

Rate of Return by linking Money Weighted rate of return in various intervals.
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Chapter 3

Derivatives and Options

Now we will have an in depth look at the world of finance and understand financial instru-
ments. We call Derivative as a financial instrument that obtains its value from an underlying
source and its price is determined by movement in price of those assets. The underlying as-
sets can be stock, commodity, currency etc. It is either traded over-the-counter (OTC) or on
an exchange. Some common forms of derivatives are Future contracts, Forward contracts,
Swaps, Options, Credit derivatives and Mortgage backed security. Here we will be dealing

with options as they are the most common and significant form of derivative.

An option is a financial derivative that symbolizes an agreement sold by an option writer
to option holder. This agreement between the two parties is called as Option contract. It is
of two types, Call option and Put option. In Call option, buyer or holder of the option has
the right to buy any security or financial asset at or before a specified time in future at an
agreed price but is not obliged to buy. In Put option, seller or owner has the right to sell the

security but is not obliged to sell it.

Here the pre-determined price at which exchange of securities will take place is called
the strike place and the maximum time till which this contract holds is the expiration time.
Buyer of the option is said to have a long position in option contract whereas the seller is
said to hold a short position in the contract. Options contract holders can hold the agree-
ment until the expiration date, at which point they can take delivery of the assets mentioned

or sell the options contract at any point before the expiration date at the market price of
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the contract at the time. Based on its nature, option are categorized into European and
American options. An European option can only be excercised on its expiry date while an
American option can be excercised on any day before its expiry. Call option hopes for the

stock price to rise while put option seller expects it to decrease.

Intrinsic Value of the Option - Intrinsic value of an option is the difference of

current asset price and its strike price. for a stock,it is given as:

Intrinsic Value of Call Option = Current Price of stock - Strike Price
whereas
Intrinsic Value of Put Option = Strike Price - Current Price of stock

It denotes net financial benefit resulting from the immediate exercise of that option. It can’t

be negative.

Time Value of the Option - The time value of an option is the amount by which
the price of any option exceeds its intrinsic value. It is directly related to how much time

an option has until it expires as well as the volatility of the stock. It is expressed as :

Time Value = Option Price - Intrinsic Value

Volatility - Volatility measures dispersion of returns for a given security. It can either be
measured by using the standard deviation or variance between returns from same security.
Generally higher the volatility, riskier is the security. It is expressed as a percentage coeffi-

cient within option-pricing formulas that arises from daily trading activities.

Beta - Beta is a measure of the volatility or associated risk of a security as compared to
the market as a whole. It is calculated through regression analysis and it represents the
tendency of a security’s returns to respond to fluctuations in market. Values of beta can be

interpreted as follows

1. Beta value of 1 indicates perfect correlation of market with price of asset.
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3.1. Pricing of Options

2. A beta value of less than 1 infers that the market is more volatile than the asset.

3. A beta of greater than 1 indicates that the market is less volatile than that of asset. If

beta of stock is 1.4, it’s theoretically 40% more volatile than the market.

3.1 Pricing of Options

We have so far dealt with options and its types and are aware that option seller writes an
option contract to an option buyer. Here we have also asserted that option is excercised by
the owner when he is in a state of profit then is it so that there is no negative cashflow for
him? The answer is simple, this is not the case as when an option seller writes an option he
charges a small premium just like the premium paid in an insurance policy, which is paid
by the option buyer and if option is not excersised then seller has the profit which is equal
to option premium. This premium which the buyer pays is termed as option price. Now
the question arises how this option price is determined and now we will study about this in

detail.

3.1.1 Binomial Option Pricing

Binomial tree is a very popular technique used for pricing options that is based on assump-
tion that stock prices either move up with certain probability by a fixed amount or moves
down by a fixed amount with certain probability. Thus at each node it can move to only
two different prices. This model explains no arbitrage argument and establishes idea of risk
neutral valuation. The idea is to create a portfolio of stocks and bonds so that it exactly
replicates the payoff from this option then under no arbitrage principle, the current value of

this portfolio must be equal to the the price of call option.

Consider a situation where current price of stock is Rs 50, and after 6 months it will be
either Rs 60 or Rs 40. We have a call option to buy the stock for Rs 55 in 6 months. If
the stock price after 6 months is Rs 60, the value of the option will be Rs 5. We make a
portfolio of the stock and the option so that no uncertainty about the value of the portfolio

exists after 6 months. Then we consider that portfolio has no risk, so return earned by it
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must equal the risk-free interest rate. This helps us to set up the cost of the portfolio and

also determine option’s price.

We have taken a long position in A shares of the stock and a short position in one call
option. Value of A that makes the portfolio risk less is calculated. When price moves up
from Rs 50 to Rs 60, share value is 60A and option value is 5, and portfolio value is given
by 60A —5. When price falls to Rs 40, A shares has value given by 40A and option value
is zero and net portfolio value is 40A. We make a riskless portfolio by chosing A such that
the final value of the portfolio is the same for both cases which implies that 60A — 5 = 40A
or A=1/4 or 0.25. Thus a riskless portfolio comprises of long position of 0.25 shares
and short position of 1 option. Now irrespective of stock price movement, the value of the
portfolio is always 10 at the end of the life of the option. Thus A is the number of shares

necessary to hedge a short position in one option.

Now we know that riskless portfolios must earn the risk-free rate of interest under no arbi-
trage. Lets take risk-free rate to be 10% per annum. Then value of the portfolio today must

be the discounted present value of 10, or
10e701%6/12 = 9,512

The price of the stock today is Rs 60 and suppose option price is given by f. Then the value

of the portfolio today is
50x025—f=125—f= f=2.988

Thus, under no arbitrage conditions, option value at present should be 2.988. Given its
value more than 2.988, it would cost less than Rs 9.512 to set up such portfolio and it
would earn more than the risk-free rate. If it value is lower than Rs 2.988, we can borrow

money at less than risk-free rate by shorting the portfolio.

Generalisation
Consider a stock whose current price is Sp. Option on the stock has price f. This option
matures at time 7" and that during its stock price can either move up from Sy to a new level,

Sou, or down from Sy to Sod. When stock price moves up, the payoff from the option is f,
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and if it moves down payoff from the option is f;. We again make a portfolio consisting of
long position of A shares and one short call option. If the price of share rises then value of
portfolio is

SouA — fu (3.1)

and if it falls then value of portfolio is
SodA — fy (3.2)

Equating these two values for risk neutral pricing we have

_ fu _fa'
A= Sou — Sod (3-3)

From this A refers to ratio of the change in the option price to the change in the stock price.

Given risk-free rate of interest is 7, the present value of the portfolio is

(SouA — f,)e'T (3.4)

The cost of setting up the portfolio is

SoA—f (3.5)
From this we have
SoA— f = (Soud — fu)e ™" (3.6)
f=SoA(1—ue™"")+ fue" (3.7)
Substituting A from Eq 3.3, we get
f:So(ﬁ)(l—ue_rT)+fue_rT (3.8)

or

—rT —rT
u—d
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or
f=e"Tpfut (1=p)fd) (3.10)
where
el —d
p= 0 —d (3.11)

Risk - Neutral Valuation

This states that while valuing a derivative, we assume that investors are risk-neutral which
means investors do not increase the expected return they require from an investment to
compensate for increased risk.But in reality, higher the risks investors take, the higher the

expected returns they require.

3.1.2 Two Step Binomial

In a two step binomial model, we assume the current stock price to be S,. The length of
every time is % and for the intervals from O to % and from % to T, we consider that in
every step the stock price can either increase to a value u times itself (with probability P) or
decrease to a value that is d times itself (with probability 1 — P), for a non-dividend paying
stock. At time 7T the possible option prices are f,,, fqq and f,;. The two step binomial

model comprises of three single step binomial models:

1. fua fuu and fud
2. fa, fua and fyq
3. fo, fuand f4

Replacing T with £, and making use of (1), (2) and (3) in equations 3.10 and 3.11, we get

Fa=E"T2(pfuu+ (1= D) fua), (3.12)
fa=E"T2(pfua+ (1= p)faa), (3.13)
fo=E""T(pf+(1-p)fa), (3.14)
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with
erT/2 —d
= 3.15
P=—""g" G.15)
u—eT/?

l-p=———. 3.16
P=—"J (3.16)

On simplification, we get
fOZEirT[Pquu‘i‘zp(l_p)fud+(l_p)2fdd] (3.17)

S(T) = Suu = u? So,

‘ RIS
P
J, >
S(T) = Sug = udSo,
f(T) = Jua

S(T/2) = dSy — Sy,
§(T/2) = fu J

J,u"
L‘W(TJ =S4 = d*So,

f(T) = faa

Figure 3.1: 2 - Step Binomial Tree Diagram

3.1.3 N - Step Binomial

Based on our knowledge of the single and double step binomial model, it is easy to deduce
the N-step binomial model. Considering the same assumptions as in the one step and the
two step binomial model, at time T, the stock price is S,u’d" ", with i number of u-jumps

and N — i number of d-jumps. Hence, option price at time zero will be,

N
fo= e_rT[Z(fy)pl(l — p)N_lfuidei] (3.18)
i=0
where )
e N —d
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Simulation of N-Step Binomial Tree Model

A Java program was created to calculate the option price using N - step binomial model.
We considered a stock with initial price of Rs 125 (Sp), u =1.3,d =0.7, r = 0.08% and two
different strike prices which are Rs 100 and Rs 150. Volatility of the non-dividend paying
stocks are assumed to be 30% and 122 days are left in the option to expire. Having applied

the above stated conditions, we got the following set of results for different values of N.

N | European Call Option Price | European Put Option Price
1 22.639 0

2 22.639 0

5 27.789 0.071

10 27.686 0.048

20 27.705 0.066

50 27.706 0.068

75 27.707 0.060

100 27.708 0.069

150 27.707 0.069

Table 3.1: Option Price with strike price of Rs 100

N | European Call Option Price | European Put Option Price
1 0 21.042
2 0 21.042
5 0.526 21.568
10 0.635 21.677
20 0.641 21.683
50 0.643 21.685
75 0.641 21.683
100 0.630 21.679
150 0.643 21.685

Table 3.2: Option Price with strike price of Rs 150
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Observations - From table 3.1, we conclude that price of put option is very low or almost
negligible if strike price is significantly lower than the current stock price. Whereas, table
3.2 shows that price of call option is very low or almost negligible if strike price 1s signifi-
cantly higher than the current stock price.

The code for the above simulation is described in Appendix.
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Chapter 4

Way to Black-Scholes-Merton model

Process where value of variable changes over time in an uncertain way is said to be stochas-
tic process. It can be continuous variable where variable can take any value in the range of
discrete value where variable can take some discrete set of values. In discrete time process
value changes at some particular time and in continuous time process it change continu-

ously at any time.

Markov process is the type of stochastic process where future value of variable is inde-
pendent of its past and depend only on its present state. We will introduce these ideas in

detail later on in the text. First we will start off with the basic ideas mathematically.

4.1 Random Walk

We begin with an object centered at origin and a coin is tossed, with each coin toss i.e.
moves either a unit up or down, depending on the outcome whether its head or tail. We de-
note ® = ®M;.... as the sequence of tosses where each wy is the outcome of that particular

toss. We denote each step by X; for a unit up or down where :

lifw;=H,
_ 4.1
Tl life; =T,
The process defined by
k
M=Y X;, k=1.2,.. (4.2)



4.1. Random Walk

is called as symmetric random walk. It denotes the final position of object after k coin

tosses.

Increments of random walk are independent which is the change in position of object be-

tween two consecutive times. Their independent nature is observed easily as

My, —M,= Y X; 4.3)

and each X are independent. The expectation of each increment is zero and their variance
is
Vcll”(]WkiJrl Mk,) kl+1 k (4.4)

Now we introduce two properties of random walk which are of great importance for this

text.

Martingale - This property of random walk states that
E[M;|Fi] = M; (4.5)

where k < [ which implies that conditional expectation of M; given its prior information is
equal to its present value My. Next is the quadratic variation of random walk up to time k

and it is defined as follows:

k
=Y (M;—M;)* =k (4.6)
j=1

Scaled Random Walk
Now we will talk about scaled random walk where the speed of the object undergoing
symmetric random walk is increased and the size of the step is decreased. It is expressed

quantitatively as:
1

wm (1) = NG

M, “4.7)

The limiting case of scaled random walk helps us to present Binomial motion later in the

text.
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When we make a plot of scaled random walk after fixing time ¢ in it we start observing a

pattern. Let’s see through it, here we take n = 100 and ¢ = 0.2, then

w100)(0.2) = RV (4.8)

V100

This is equivalent to 20 independent coin tosses where scaled random walk can take any
value from -2.0 to + 2.0. When we plot this information using probability distribution by
making a histogram, we obtain nearly a normal distribution and the central limit theorem

confirms this distribution.

Central Limit
Fix 1 > 0. As n — oo, the distribution of the scaled random walk W (" (t) evaluated at time ¢

converges to the normal distribution with mean zero and variance 7.

4.2 Brownian Motion

Brownian motion is obtained in the limiting case of scaled random walks W"(¢) as n — oo

and thus it follows all the property of scaled random walk.

Given a probability space (Q, F,IP) where , there exists a continuous function W (¢) of
t > 0 for every ® € Q and satisfies W(0) = 0 and that depends on ®. Then W(z),7 > 0, is a

Brownian motion if for all 0 =1y < 1] < ... < 1, the increments,
W(t1) =W(t1) —W(to),W(t2) —W(t1),.... W(tn) —W(tm—1) 4.9)
are independent and each of these increments is normally distributed with

EW(ti1) =W ()] =0, (4.10)

Var[W(t,-+1) —W(l‘,’)] =tiy1— 4.11)

When a random experiment is performed then the path traced by it is the Brownian motion
and W (r) at time ¢ is its value. Thus clearly the value of W () varies according to the path

resulted from the random experiment.
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Since the increments W (t1), W (t2) — W (t1),...,W(ty,) — W (t,,—1) are independent and nor-
mally distributed so the random variables W (¢;),W (), ...,W(t,,) are jointly normally dis-

tributed.

Filtration for Brownian Motion - Given a probability space (Q, F,P) with a Brow-
nian motion W (¢) of ¢ > 0, where filtration for the Brownian motion refers to collection of

c-algebras F (t), t > 0, that fulfills following three properties:

1. (Information Accumulates) For 0 < s <z, all sets in  (s) are also in ¥ (). Infor-

mation at later time ¥ (¢) is at least same as that of the earlier time 7 (s).
2. (Adaptivity) For each 7 > 0, the Brownian motion W (¢) at time 7 is F (¢)-measurable.

3. (Independence of Future Increments) For 0 <t < u, the increment W (u) — W (¢) is

independent of 7 (z).

Let A(r), t > 0, be a stochastic process. We say that A(7) is adapted to the filtration 7 (¢) if

for each ¢ > 0 the random variable A(¢) is 7 (¢)-measurable.

Martingale Property for Brownian Motion - Let 0 < s < ¢ be given. Then

EW (@) ()] = E[(W(t) =W (s)) + W(s)| F (s)]
=E[W (@) =W(s)|F ()] +E[W(s)| F (s)]
=E[W()—-W(s)|+W(s)

(4.12)

=W(s)

It helps us to ensure that future value of variable is uncertain and is expressed in terms of
probability distribution and by virtue of Markov property, probability distribution of future
value of variable is independent of path followed by it in the past. Here the quadratic varia-
tion is non zero, therefore the paths of Brownian motion are unusual. This leads to the new
term volatility in the Black-Scholes-Merton partial differential equation which makes the

stochastic calculus different from ordinary calculus.

Let W be a Brownian motion. Then [W,W|(T) =T for all T > 0 almost surely. So the
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Brownian motion accumulates quadratic variation at rate one per unit time. Some also refer
to it as Weiner process. It is a particular case of stochastic process where the variable z
which follows this process has a mean change of zero and variance rate of 1% per year. We

can also represent the change Az during time Af by
Az=eVAr (4.13)

where € has a standardized normal distribution ¢(0,1) From here mean of Az is zero and its

variance is Af and in this process variance is additive.

We can generalize this Weiner process where instead of mean 0, we take its mean as a
which is also referred as its drift rate and variance rate is variance per unit time. The gener-

alized Weiner process is expressed as:
dx = adt + bdz (4.14)
We can write the discrete time version of it as
Ax = alt + bevVAr (4.15)

where its mean or drift rate is aAr and standard deviation of Ax is bev/ At

4.3 Ito Integral

Now, in this section we will define Ité integrals to model the value of a portfolio which
results from trading assets in continuous time. Ité-Doeblin formula will be used to manip-

ulate these integrals and then we will develop Black-Scholes-Merton differential equation.

We take a positive T and a Brownian motion W (¢), ¢t > 0, together with a filtration, F (z),
t > 0. Let A(r) be an adapted stochastic process. Let, IT = 1,,11,...,1, be a partition of
[0,T]. Assume that A(z) is constant in ¢ on each subinterval [¢;,7;41); such process is called

a simple process. Then,

k-1
1) = Y A(t) W (tj51) = W ()] + At) W (£) = W (1)] (4.16)
=0
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In particular, in the case of fine partition,
t
1) = / Aw)dW () 0<i<T 4.17)
0

is defined as Ité’s integral for A(z).

It6 Process
It is a generalized Weiner process where drift rate a and variance rate b are themselves

functions of value of underlying variable x and time ¢.

dx = a(x,t)dt +b(x,t)dz (4.18)

Formula for It6 Processes - Let W(z), t > 0, be a Brownian motion, and let 7 (¢), t > 0,

be an associated filtration. An Ité process is a stochastic process of the form
t t
X(t) = X(0) + / A(w)dW (u) + / O (u)du, 4.19)
0 0
where X (0) is nonrandom and A(u) and ®(u) are adopted stochastic processes.

Generally for modelling stock price instead of considering constant expected drift rate we
consider expected return which is drift rate divided by stock price. This is because if a per-
son expects 20% return when stock price is Rs 50 then at the same time if a stock is priced
at Rs 100, he will expect same 20% return. It is also to be noted that percentage return
from a stock is independent of its stock price and standard deviation of change in return is
proportional to stock price. Given price of stock be § at time ¢ and u be expected rate of

return and © be its volatility then we come to a model given by
dsS
5= udt +odz (4.20)

Example 4.1 (Ito Processes) : Let us assume, that we have a stock of ONGC of initial price
Rs 100, with expected return rate of 25% per annum and 20% per annum volatility. Then

the probability distribution of the stock price St in the next 1 year is given by

0.22 )
InSy ~ §|In100+(0.25— =)1,0.2 T]
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InSt ~ ¢[4.735,0.04]

With a 95% probability the value of a normally distributed value lies within 2 standard
deviations of its mean. Here, the standard deviation is +/0.2 = 0.141. Therefore, there’s a

95% chance that,
4735 -2x0.141 < InSt < 4.735+2x0.141

or

85.88 < St < 150.95

Hence, there is 95% chance that the price of the stock in the next 1 year will lie between Rs

85.88 and Rs 150.95.

It6’s Lemma

Until now we have figured that price of option depends on stock price and time and there-
fore to study this behavior we need to understand Ito’s lemma. It says that if a variable x
follows Ito’s process where a and b are function of x and # and dz is a Weiner process then

a variable G follows the process

b?)dt + a—dez (4.21)
ox

oG 9G 10°G
dG=(s—a+ =+ ==
& T
where dz is same Weiner process mentioned before.
Now we take G = [nS and check process followed by /nS using /76’s lemma. It comes out

that G follows the process given by

oG oG 10°G oG
ST T EWGZSz)dt + 55054z (4.22)

dG = (
Thus it shows that /nS follows generalized Weiner process and the change in /xS is normally
distributed. And thus we say that stock price at time ¢ follows log normal distribution which

can be expressed as

2
dG = (u— %)dt-l—cdz (4.23)
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or

2

InSt — InSo ~ O[(u — %)T, VT (4.24)
2

InSt ~ linSo +0(u— )T,0V/T] (4.25)

4.4 Black-Scholes-Merton Model

Black-Scholes-Merton (BSM) model assumes that percentage change in the stock price in a
short span of time exhibit normal distribution. The asset price has instantaneous mean rate
of return and volatility where both the instantaneous mean rate of return and the volatility
are allowed to be time-varying and random. Return from a risk less portfolio created by a
position in option and stocks should be same as that of return from risk free interest rate r
under no arbitrage conditions and this is the base for BSM model. Needless to mention our
portfolio remains risk less for a very short interval and it needs to be adjusted regularly to

keep it risk less. Here we take stock price as

ds
5 = pdi +0dz (4.26)

which is developed before and the price of call option is given by f which depends on both
S and ¢ and satisfies
of of 109*f of

_ () YooY I 2Q2 e
df—(aS,uS+ 8t+28520S)dt+8SGSdZ (4.27)

After some mathematics involved in the derivation which is presented later in the appendix
we come to Black-Scholes-Merton (BSM) differential equation given by
d o) 1 0?
f f 5252 ’f -

of ol 1 _ 4.8
T Ty T2 e = (4.28)

Any function f(s,¢) that satisfies this differential equation can be the price of derivative

without any arbitrage while at other prices there are certain arbitrage available in market.
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Let’s consider a function €°, it does not satisfy BSM differential equation and if any deriva-

tive with such a price exists then it would create arbitrage in market.

After working through the BSM differential equation we get the price of European call

and put option on a stock that pays no dividend which are given by ¢ and p respectively.

c=SoN(dy) —Ke "TN(dy) (4.29)

p=Ke "TN(—dy) —SoN(—d) (4.30)
2

4 = In(So/K) + (r+62/2)T @31)

oVT

_In(So/K)+ (r—0*/2)T
dy = SUT (4.32)

Here N(x) is the cumulative probability distribution of standard normal variable. Sy is the
current stock price, K is strike price, r is the risk free rate, 7" is time to maturity and © is the

volatility of the stock. We will talk about these later in detail.

If we consider x to be the continuously compounded rate of return then it is given by:

x=—Iln— (4.33)

4.4.1 A Look at Volatility

It shows how uncertain we are about the return from the stock. It is calculated by the stan-

dard deviation of return expressed as continuous compounding in a year.

Example 4.2 (Calculating Volatility from Historical Data) :

Si
uj=1In fori=1,2,..n
Si—1
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A plausible set of stock prices for 9 consecutive days is shown in table 4.1. Here,

n n
Y u;=00948 ) uf =0.0342
i=1

i=1

and the estimate of the standard deviation of the daily return is

=0.0644 or 6.44%

\/ 0.0342  0.09482

8 9x8
Day (i) | Si | Si/Si—1 | ui=In(S;/Si—1)

0 223

1 245 | 1.098 0.0934
2 23.0 | 0.938 -0.0640
3 22.7 | 0.986 -0.0140
4 239 | 1.052 0.0506
5 243 | 1.016 0.0158
6 222 | 0913 -0.0910
7 23.6 | 1.063 0.0610
8 21.8 | 0.923 -0.0801
9 21.4 | 0.981 -0.0191

Table 4.1: Volatility Calculation

There are 252 trading days in a year and volatility on non - trading day when exchange is

closed is negligible as compared to trading day. Thus we calculate volatility per year by

Volatility per annum = Volatility per trading day x \/ Number of trading days per annum

Stocks generally exhibit volatility between 15% to 60%. Option life is also calculated in

terms of trading days.
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Implied volatility is the actual volatility that is inferred from the option price that is traded in
the market. It is calculated by trying different values of sigma through hit and trial method
after substituting the values in BSM differential equation and we can get the correct value

of sigma with any accuracy.

4.4.2 Application of Model in Stocks Paying Dividend

BSM model read so far deals with option that pays no dividend but now we will consider
dividend paying stock and assume that the time and amount of dividend is known to us.
Ex - dividend date is the date on which dividend is paid and on this date, prices of stock
fall by the amount of dividend. Analyzing European option is simple where we take the
discounted value of all dividend to be paid during the life of option which is done at the
risk free rate from ex - dividend date. This makes dividend as a risk less part of price and

risky part can be calculated using BSM formula taking it to be Sp.

Example 4.3 (Stocks Paying Dividend) : A stock of Coal India pays dividend Re 1 af-
ter 3 and 6 months. The current stock price is Rs 100, volatility is 20% per annum, strike
price is Rs 120, interest rate is 10% annum and expiry time is 1 year. Value of dividend at

present is

1 x e 0-1%3/12 | 5 =0.1x6/12 _ 1 g7

Using the BSM, the option price can be calculated:

2
In(%5%) + 0.1+ %F)

di = 02 = —0.4085
In(28:974y 4 (0.1 022
g, = i) oé ) _ 6085

Using the table for normal distributed function,
N(dy) =0.3477 N(dp) =0.2771
and the call price comes out to be,

98.074 x 0.3477 — 12021 x 0.2771 = 4.02
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From the idea of implementing Black-Scholes model on a dividend paying stock, now we
can extend it to other financial elements like foreign currency, future or index as they behave
in a similar way and provide dividends in other form. A foreign currency provides return
which is the foreign risk free interest rate. Futures provide a dividend yield which is the
risk free rate of interest of the country. While index provide a dividend which is the average

of the dividend of the stocks on the index.

4.4.3 Simulation of BSM Model

After reading BSM, a sample java code was written for it and I calculated values of call
and put option price. The data used for calculation has stock price of Rs 125. I have taken
different strike prices from Rs 100 to Rs 150. Time to maturity here is 122 days, that is
from July 31 to November 30, volatility is assumed to be 20% and risk free rate of interest
is taken to be 8%. Generally risk free rate of interest in India is taken as 91 day treasury bill

rate of RBI. After compilation the results which I got are mentioned in the table below,

Stock Price | Strike Price EC EP

100 27.708 | 0.069
105 22.987 | 0.213
110 18.464 | 0.563
120 10.582 | 2.4155

125
125 7.487 | 4.189
130 5.048 | 6.618
140 1.981 | 2.4155
150 0.644 | 21.687

Table 4.2: Option Price using BSM

The Java code for this simulation is described in the Appendix.
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Chapter 5

Understanding the BSM Model

Until now we are aware with the option prices and various option positions but there are
certain risks involved while taking a position in option. Before taking any position in option
various risks associated with it should be well understood and the Greeks explain different

perspectives of risks involved in an option.

5.1 The Greeks

Any financial institution can hold either naked position or covered position after writing an
option. In naked position, after writing call option, institution does nothing and wait for the
expiration time to come and hence have their profit or loss that depends on whether option
is used or not. In covered position institution buys a stock as soon as it writes the option

and hence reduce their risk exposure.

Stop Loss Strategy - It