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Abstract

In this thesis, we look into various aspects of local and global theory of Dynamical Systems. We
primarily employ the stable manifold theorem and the Hartman-Grobman theorem. Using these
theorems we have determined the qualitative structure of non-linear systems. We have studied the
type and the behaviour of hyperbolic and non-hyperbolic critical points of non-linear systems. The
stability of the periodic orbits is also determined by the various concepts of dynamical systems
thoroughly.
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Chapter 1

Introduction

We require proper understanding and knowledge of non-linear systems to solve real-world physical
problems, along with utilizing them to work with various biological models. We can solve linear
systems very easily by (2.1.1). However, in case of non-linear systems, it is not possible to solve
all kinds of equations; but one can analyse local and global behaviour of solutions using existing
mathematical techniques. The Stable Manifold theorem (3.1.2) and the Hartman- Grobman theorem
(4.1.1) are therefore brought in for such study. These two theorems show that topologically, the local
behaviour of the non-linear system 4@ = f(x) near an equilibrium point ¢ can be determined by the
behaviour of the linear system @ = Ax near the origin where A = D f(zg).

However, these theorems are valid only for hyperbolic critical points. What is expected in case
of non-hyperbolic critical points? For those non-hyperbolic critical points, we can use the Liapunov
method (3.3.2) to observe whether a non-hyperbolic equilibrium point is stable, asymptotically
stable, or an unstable critical point.

Poincare-Hopf index theorem is a fundamental theorem in the study of vector fields on surfaces.
It relates the index of a vector field and the Euler charateristic of the surface. A partial proof of
this theorem may be obtained by studying the global behaviour of the dynamical system originated
by the given vector field.

To begin with, In the Chapter 2, we discuss some basic definitions along with some essential
preliminary concepts which are related to linear and non-linear systems i.e., stable, unstable, and
center subspaces. We also introduce Picard’s existence and uniqueness theorem, Maximal interval
of existence, the flow of non-linear systems, linearisation, hyperbolic critical points. A proof of
Gronawall’s lemma is also provided in this chapter which is required to prove the main theorem in
Chapter 5.

The prime theorem of this thesis stable manifold theorem is explained in the chapter 3 with
the help of several examples. There are also some applications of this theorem which describe the
geometry of the non-linear system. Besides the stable manifold theorem, the center manifold (3.2.1)
and the Lyapunov stability (3.3.2) are also important concepts to observe the local geometry of the
system. The various type of the sectors and non-hyperbolic critical points are also mentioned in
chapter 3. Using theorems (3.5.2) and (3.5.3) , a computer program (3.5) is used and run to check
whether a non-hyperbolic critical point is a topological saddle, a center or a focus, a node, a critical
point with an elliptic domain, a cusp or a saddle-node, given that the dynamical system is in the
normal form.

At the end of chapter 3, two exciting types of systems (Gradient system and Hamiltonian systems)
are prodded into, (3.6) that arise in a physical problems. We also look at an interesting relationship
between Gradient and Hamiltonian systems and the type of critical points of these two systems (see
3.6.5).

Moving towards chapter 4, the Hartman-Grobamn theorem is proved in this chapter. This
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theorem states that near a hyperbolic critical point zg, the linear and the non-linear systems are
topologically equivalent.

We have defined the time ¢ in some interval let say maximal interval of existence, but if we wide
the interval of time to ¢t € R, then the non-linear system is called the dynamical system and hence
we are moving to chapter 5.

In the last chapter of this thesis, the global theory of non-linear dynamical systems is discussed.

Chapter 5 begins with the definition and properties of a dynamical system. The Global existence
theorem and its applications are also mentioned there, to show the topological equivalence between a
non-linear system and its linearization. Furthermore, this theorem also tells whether the non-linear
system is a dynamical system or not. To understand the geometry of a dynamical system or a
non-linear system, the limit set, attractors, periodic orbits and limit cycles are explained with the
help of examples. The Poincare map (5.5.1) is introduced in this chapter to show the stability of
limit cycles (see 5.5.1). For the periodic orbits, the stable manifold and center manifold theorem
are explained with the help of some geometrical examples. This thesis, therefore, indulges with the
very elegant theorem called the Poincare-index theorem (5.7.1).

Our main reference is the book "Differential Equations and Dynamical Systems" by Lawrence
Perko [1].



Chapter 2

Preliminaries

2.1 Definitions and Preliminary Concepts

2.1.1 Linear system
Let A be an n x n matrix. Consider the following linear system
&= Ax
The solution of this linear system with the initial condition 2(0) = z¢ is given by

z(t) = eftzy YVt eR.

2.1.2 Stable, unstable and center subspaces

Let w; = u; + iv; be an eigenvector of the matrix A corresponding to an eigenvalue A\; = a; + ;.
Then E?, E¢, E" are stable, center and unstable subspaces respectively.

E*® = Span{u;,v,|la; <0},
E°¢ = Span {u;,v;|a; = 0},
E" = Span{u;,v;|a; > 0}.
Theorem 2.1.1. Let A be an n X n matriz, then we can write the following
R"=FE°® E°® E“.

Also E*, E¢, and E* are invariant under the flow et

2.1.3 The fundamental existence and uniqueness theorem
Theorem 2.1.2. [1] Consider the following initial value problem (IVP).

P (21)
z(0) = xo

Let E be an open subset of R™, which contains xog and f € CY1(E). Then there is a d > 0 and a
§ > 0 such that for all a € Us(xq) the above IVP has a unique solution u(t,a), where u € C1(W)
and W = [—d, d] x Us(zo) C R**1.
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2.1.4 Maximal interval of existence

Theorem 2.1.3. (Mazximal interval of existence) [1] Let E be an open subset of R™, which contains
xg and f € CY(E). Then Vxo € E, there exists a mazimal open interval L where the IVP (2.1) has
a unique solution x(t) or we can say that if the IVP (2.1) has a solution u(t) on the interval I then
forallt eI, I C L andu(t) = x(t).

L is of the form («, 8) and it is called the maximal interval of existence of the IVP (2.1). We
need the following lemma to prove the Global existence theorem (5.2.1) and similar theorems in
Chapter 5.

Lemma 2.1.4. Let E be an open subset of R™ which contains xo, and f € C*(E). Let [0, 3) be the
right mazimal interval of solution x(t) of the initial value problem (2.1). If there is a compact set
C C E such that {b € R"|b = z(t) for some t € [0,5)} C C then = co. Hence IVP (2.1) has a
solution z(t) on [0, 00).

2.1.5 Flow of the differential equation

Let E be an subset of R™ and f € C1(E). Let ¢(t,z0) be the solution of the non-linear system (2.1)
for g € E and defined on its maximal interval I(zg). Then for V¢ € I(xg)

¢t :E— R"
bi(x0) = B(t, z0)

¢ is called the flow of the non-linear differential equation.

2.1.6 Linearization

The following linear system
&= Ax (2.2)

is called the linearisation of the non-linear system (2.1) at x¢ with the matrix A = D f(xg).

2.1.7 Invariant

Let E be an subset of R” and f € C1(E). Consider ¢; : E — E be the flow of the non-linear system
& = f(x), Vt € R, then a set W C F is called invariant with respect to the flow ¢; if ¢,(W) C W,
vt € R.

2.1.8 Hyperbolic equilibrium point(Critical Point)

A point zy € R is called a hyperbolic critical point of the non-linear system (2.1), if the eigenvalues
of matrix D f(zg) have no zero real part.

2.1.9 Gronwall’s Lemma

We need the following lemma to prove theorem (5.2.5).

Lemma 2.1.5. (Gronwall’s Lemma) Let h(t) be the continuous real valued function with h(t) > 0,
and

t
h(t) =c+ k‘/ h(s)ds
0
for allt € 0,a] and ¢,k > 0, then

h(t) < ceft vt €0,a].
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Proof. We have
t
h(t) =c+ k/ h(s)ds
0

From the fundamental theorem of calculus

d(logh(t)) _
dt -
= logh(t) < k.t + log h(0)
= h(t) < h(0)er?

And hence,
h(t) < cef vt €[0,al.



Chapter 3

The Stable Manifold Theorem and
Its Applications

3.1 The Stable Manifold Theorem

This theorem shows that near a hyperbolic critical point xg, the non-linear system & = f(x) has a
stable and a unstable manifolds S and U which are tangent to the stable and unstable subspace E*
and E" of the linearazied system & = Ax at xg, where A = D f(xq).

To understand this theorem first, we will study the stability of the linear system by a simple
example. Then in the stable manifold theorem we will see the stability of non-linear systems.
Consider the following 2-dimensional Linear system;

Example 3.1.1.

T =—2x
y =3y
Let ¢y be the solution of this linear system.
-2 0
[0

Since A has two real and opposite sign eigenvalues, so this system has a saddle point at the origin.
We have

x(t) = aje”?

y(t) = age’

Here the stable subspace(E?®) and unstable subspace(E") are
E® = span{(1,0)}
E* = span{(0,1)}

So
Am, 9l =0

Only when a € R*.
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Lemma 3.1.1. Let E be an open subset of R"™ containing the origin. If f € CY(E), and f(0) =
Df(0) =0, then for any € >0, 3 a § > 0 such that Vz,y € N5(0), we have

lf(@) = fy)| < elz—y
Proof. Given e >0, 3 a ¢ such that ||z]| < 3, |ly|| < 2 implies that
le—yll <0

Now, Df(0) =0 and Df is continuous. Hence lim,_,o ||Df(z)|| — 0.

So from the definition of Df, given € > 0, 3 a §’ > 0 such that ||z| < ¢’ implies that ||Df(z)|| < €.
Take 6" = min($,0"), V||z|| < &, [ly| < 8"

Consider

f (@) = FI = 1D (z).(y = )] < £ (y) = f(2) = Df(2).(y = 2]
<ellz -yl

And hence

1 () = FW)ll < (IDF (@) + )l (v — 2)
(€ + o)y — )

"Iy = ).

<
<
=€

O

Theorem 3.1.2. (The Stable Manifold Theorem,)

Let E be an open subset of R™ containing the origin, and f € C1(E) with f(0) =0 . Let ¢; be the
flow of the non-linear system & = f(z). If Df(0) has k eigenvalues with negative real part and n — k
eigenvalues with positive real part, then 3 a k-dimensional differential manifold S which is tangent
to the stable subspace E° of the linearised system and near the origin it is positively invariant with
respect to the flow ¢, i.e. Yt >0, ¢(S) C S and Vzy € S

g, oulwo) =0

also 3 a n-k - dimensional differential manifold U which is tangent to the unstable subspace E* of
the linearised system and near the origin it is megatively invariant with respect to flow ¢y i.e. it
satisfies Vt < 0, ¢+(U) C U and Vrg € U

t—llr—noo ¢t ({,C()) =0

Proof. Tt is given that f€ C'(E) and f(0) = 0, then we can rewrite the non-linear equation as
&= Az + F(x) (3.1)

where A = Df(0) and F(z) = f(z) — Ax.

It is clear that F € C*(E) and also F(0) = 0 and DF(0) = 0.

From lemma (3.1.1), F satisfies the local lipschitz condition i.e.

for all € > 0 there exists a ¢ > 0 such that |x| < 4, |y| < ¢ implies that

|F(x) = F(y)| < elz -y (3.2)
Now we will diagonalise matrix A; i.e. there exist an invertible matrix B such that

C:B”M%{X ﬂ

0 Y
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Here X is a k x k block matrix when the real part is negative, and Y is an n — k x n — k block
matrix when the real part is positive.
Let y = B~'x and transform (3.1) as:

i =Cy+G(y) (3-3)

where G(y) = B~' F(By) and G(0) = 0; DG(0) = 0. . .
Since E is homeomorphic to E as B is an invertible matrix, so G(y) € C1(E), where E = C~}(E).
Hence, G(y) satisfies the Lipschitz condition. Now consider

eXt 0 0 O
P =% oen=[g b
Clearly, we can see that P(t) = CP, and Q(t) = CQ. Also
et = P(t) + Q(t) (3.4)

The Matrix norm can be defined as:
[P@)| <me” e+t Wt >0

. (3.5)
Q)] < ne” vt <0
Where o = maz(«;), o = min(o;) and n is sufficiently large.
Now Consider the following integral equation;
t o]
h(t,a) = P(t)a + / Pt — )G (h(s, a))ds — / Qt — )G (h(s, a))ds (3.6)
0 ¢

It is a solution of the differential equation (3.3), if h(t,a) is a continuous solution of this integral
equation.

We will solve this integral equation using the method of successive approximations.
For that consider k(%) (t,a) = a, and the following sequence

RO+ (4, a) = Pt)a + /0 "Bt — G (5, a))ds — /t T Ot — $)G(h9) (5, a))ds

We will show that this is a Cauchy sequence.
For that assume the induction hypothesis;

: -1 njale”*’
‘h(])(t’a) — pl )(t,a)‘ < ST
this holds for j =1,...,m.
From the induction hypothesis V¢ > 0, we have

t
[Pt a) — h™(ta)] < /0 1P(t — 8)lle|ht™ (s, a) — BV (s, a)|ds

+ [ 1 = )l (s,a) — K"V (s, ) ds
t

—Qas

t
< e/ ne~(ato)(t=s) nlale™™
0

2m—1
o —0os
—1-6/0 ne? t=9) 777';7':71 ds
B en?lalet  en?|aleet
- O-2m71 0-2m71

—at —at

L 1\ nlale™™ _ nlale
< (4+4) g2m=1 —  om
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Here <L <1, ie €< &
Hence, (3.7) is true for all j.

—at
Gip o nG=1) nlale™"
R (t,0) = RUD (¢ )] < T

/

n
< 51

. 0
since |a| o

Now for n >m > N,

R (t,a) — b (ta)] < Y [TV (Ea) — hD(, )|
j=N

nlal
< 7la |Z 2] T 9N-1

Since |a| is bounded, so the above goes to 0 as N goes to co.
Hence, we can say that it is a uniformly Cauchy. Also, it implies uniformly convergences. This
shows that h(t, a) is differentiable.

lim (RY9)(t,a)) = h(t,a)

]—)OO

Satisfies (3.6), and (3.3) also.

j 1 nlal
\h(”(t,a) —pl )(t,a) o1

19 (£, a)] = [V~ (¢, a)]| < [BD(t,a) = KO (¢, a)|

[la| — |b]] < ]a—b] (reverse triangle inequality)

—at
B0 a) < MU oD )] v
WOV )] < BT 4 -2 a)
t at
) nlale” nlale” (i—2)
|h / (ta a)| < 251 2i—2 + |h / (ta CL)|
mlale=* nlale™t plale= o
<+ e + e + U (L)
<e n|a|{2jl .

< e “plal{1+ § +...} = 2ey)ql

lim |h7 (t,a)| < 2e~*|q|
h(t,a) < 2e~*|al.
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The last (n— k) components of vector a can be taken as 0 since it does not enter in the computation.

aq aq
Rle,| || =n]|t |
Ak+1 0
. an - _0_
[a1] [a1] [a1]
nlo, % [ =ro) || +0- | Q(-s)¢|nl|s, | ds
0 0 o 0
| 0] | 0] | 0 |
- -
o (id)kxk 0 Qg . o 0 0 Q.
"{ o ool ") o e 9]0 ds
- 0 - - 0 -
_al_ [ 0 ] i ay T
_|ak . 0 _ ag
1o f* - 7]*
R S I e

and hence,
hj(0,a) =a; forj=1,....k

——(/ Q(—S)Q(h(s,al,...,ak,O))ds) forj=k+1,...,n.
0 J
Now, define the function as follows
¢~RV+R Viek+1,...,n
pi(xe, ..., xk) = h;(0,(z1,...,24,0,...,0))

(/ Q(=5)G (h (s xl,...,xk,O))ds)j
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Also, define the following equation
Yi(x1,. .., 7)) = 15 vie{k+1,...,n}
Now, consider
S={W1,---.yn) CE| yj=v;W1,--..yx)} forjek+1,...n
S={yts Uk Ukt W1s s Uk)s e U (Y1s - k)Y

Consider the following disc

6

So, it is clear that S is a k-dimensional manifold.

Example 3.1.2. Consider R*, n =4 and k = 2.
Let

Y3(z1,22) = x% + x%
¢4($17$2) = l”?

Define the equations;

P3(xy, x2) = a3
Ya(1,22) = 4
Consider
S ={(z1,29,23,24) € E| 3 =21+ 22, 24 =23}
= {21, 0,27 + 23,23 }.
Now, we have

99;

yi 0)=0

fori=1,...,kand j=k+1,...,n.

11

It means that the differential manifold S is tangent to the stable subspace(E*) of the linear system.

y(t) is the solution of the equation (3.3) such that y(0) € S.
If y(0) € S, then y(t) € S V&> 0.
From (3.9), y(t) = h(t,a) when y(0) = h(0,a). So y(t) — 0, as t — oo.

By replacing t — —t, and from the same method as done above for the stable manifold, we will get

an unstable manifold.
This completes the proof of the stable manifold theorem.

3.2 The Center Manifold Theorem

O

Theorem 3.2.1. (The Center Manifold Theorem)[1] Let E be an open subset of R™(Contains ori-
gin), and f € C*(E) for a > 1. Let ¢; be the flow of the non-linear system. Assume that f(0) =0
and Df(0) has j eigenvalues with negative real part, k eigenvalues with positive real part, and n—j—k

with zero real part. Then,

(i). There exists n — j — k dimensional center manifold of class C*, which is tangent to the center
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subspace(E°) of the linearised system mear the origin, and this center manifold is invariant with
respect to the flow of ¢y.

(ii). There exists j dimensional stable manifold of class C*, which is tangent to the stable subspace(E®)
of the linearised system mear the origin, and this stable manifold is invariant with respect to the flow

of ¢t.

(@ii). There exists k dimensional unstable manifold of class C*, which is tangent to the unstable
subspace(E"™) of the linearised system near the origin, and this unstable manifold is invariant with
respect to the flow of ¢s.

Proof. This theorem can be proved using the same idea used in the proof of the stable manifold
theorem. O

Example 3.2.1. Consider the following system
T =—x
y=2y+ a2

We will calculate the required parameters, i.e.

10
A:O:{o 4

T
Let a = [%1}
et 0
=l
0 O
Q = |:O €2t:|

Using the successive approximations, we have

RO (¢, a) = _0}

[ —t
D (¢t,a) = |° “1}

0
h(Q)(t )_ [ e*tal
, @) = _7%672%%
[ e ta
h(3)(t’a) = __ie_Q%a%:|

And hence for all m > 2, we have

So,
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So, the stable manifold is written as
S 12
ry=—-zx
V=71

By replacing t — —t, the unstable manifold is written as

The solution of the system is given by ¢y

0 = e tay
t = —La2(e=2 — €2t) + ape?t

As ¢(S) C S for allt >0, and ¢(U) C U for allt < 0. So, It is clear that S and U are invariant
under the flow ¢;.

3.3 Stability and Liapunov Functions

Consider the following non-linear system

i = f(x) (3.10)

The stability of the hyperbolic equilibrium point of (3.10) can be determined by the signs of the real
parts of the eigenvalues \; of the matrix D f(zo).

It is tough to determine the stability of non-hyperbolic equilibrium points. Liapunov is the
crucial method to assess the stability of non-hyperbolic equilibrium points.

Definition 3.3.1 (Stable, Unstable, and Asymptotically stable critical point). Let ¢, be the flow
of the non-linear system (3.10), which is defined Vt € R. A critical point (xo) is called stable, if
Ve >0, 3 a § > 0 such that Vx € Us(xg) and t > 0,

¢t($) S UE(LL'())

If the critical point is not stable then, it is called an unstable critical point.
Zo s an asymptotically stable point; if it is stable, and if 3 a 6 > 0 such that for all x € Us(xy),

lim ¢;(x) = xp.

t—o0

From the stable manifold theorem and the Hartman-Grobman theorem, it is clear that any sink
of (3.10) is asymptotically stable, and any source or saddle of (3.10) is unstable. So, any hyperbolic
equilibrium point of (3.10) is either asymptotically stable or unstable.

Theorem 3.3.1. [1] If x is a stable critical point of (3.10), then there is no eigenvalue of D f(xg)
which have positive real part.

Definition 3.3.2. Let f, L € C1(E), and ¢; be the flow of the system (5.10), then the derivative of
the function L(x) along the flow ¢(x) is given by

£w) = SL@@)| = DL@)f)

forxz e E.
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Theorem 3.3.2. (Liapunov Stability) Let E be an open subset of R™(contains z¢ ), f € C1(E)
and also f(xg) = 0. Suppose there is a real valued function £ € CY(E) which satisfies L(xg) = 0
and L(z) > 0 if © # x, then

(i). If L(x) <0 Yz € E, then xq is stable.

(ii). If L(z) <0 Va € E — (x0), then xo is asymptotically stable.

(iii). If L(z) >0 Vo € E — (x0), then xo is unstable.

A function £ : R™ — R which satisfies the hypotheses of the above theorem is called a Liapunov
function.

Proof. First of all assume that g = 0.
Part (i). We want to show that Ve > 0, 3 a § > 0 such that for all € Us(0) and ¢ > 0, we have

oi(x) € U(0).
For that, construct a closed ball of radius r, B, which is subset of E. So for ¢ >0, and 0 > r > €

B, ={zeR"| |z|<r}CE.

Now, construct O, = {x € B,| £ < a} such that O, lies in the interior of B,.
Let 8 = min|,—, £(z) and take 0 < o < 3

Oy ={z€B;| LLa}.

If a point a is in the boundary, then £(a) > 8 > «. So O, lies in the interior of B,.
For © = ¢p(x) € Oy, and Vi,

L(n(2)) — L(o(x)) = / D £g,(@as <0

L(¢i(x)) < L(¢o(x))
<

Q.

So, ¢t(x) € O.
Since L is a continuous function, £(0) = 0, then 3 a § > 0 such that |z| < § implies that L(x) < a.
So,

r€Us = x €0,
= ¢i(z) € O,
= ¢¢(x) € B,
= ¢¢(x) € U(0).

This proves the part (i), and hence the origin is a stable.
Part (ii). From the definition, we want to show that 3 a 6 > 0 such that x € U;(0), we have
tli>rgo 9u(z) = 0.

or we can say that
Ja ¢ > 0 such that Ve > 0, 3 a 7 > 0 such that for € Us(0) and t > 7, we have

|9 (2)] < e

In the previous part (i), we have shown that Ve > 0 we can construct a such that O, C U,(0) i.e.

¢1(x) € On = ¢1(x) € Uc(0).



CHAPTER 3. THE STABLE MANIFOLD THEOREM AND ITS APPLICATIONS 15

So, it is sufficient to show that VY € Us(0), we have
Tim £(64(x)) = 0.
This means that Vo > 0, 3 a 7 > 0, such that V¢ > 7,

L(r(z)) < e
ie.
oi(z) € O C U(0).
It is given that £ is decreasing and bounded below, So
tlggo L(¢t(x)) =c>0.
Assume that ¢ > 0, Let
O.={z € B,| L(z)<c}

By the continuity of £ and £(0) =0
3 a d > 0 such that
Bi={zeR"| |z|<d} CO,

Since

Jim £(0n(@)) = o

then ¢:(x) lies outside By or we can say that ¢;(z) lies in the compact set d < |z| < r,
L attains its maximum value in this set.
Let
f=— max L£>0
d<|z|<r

For ¢t > 0, we have

£(6n(a) = £lon(a)) + [ G-L(oula)ds
< L(¢o(z)) — Bt

This shows that

L(¢(x)) <0
c<O0.

This is the contradiction of the assumed argument and hence ¢ = 0.

lim £(¢y(z)) = 0.

t—o0
Hence z( is an asymptotically stable.
Part (iii). By using ¢ = —t, and the same steps used in the part (ii), we can get that x is
unstable. O]

Example 3.3.1. Consider the system,

T=—-x+y+zy
j=z—y—a’—y°
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The origin is an non-hyperbolic equilibrium point of this system, and Liapunov function for this
system is

L(x) =2®+1°

L(z) =2x(—x +y +2y) +2y(x —y — 2° — ")
= —222 4 day — 2y? — 2"
= 2" —2(z —y)? <.

Hence, the origin is an asymptotically stable equilibrium point of this system.

3.4 Saddle, Nodes, Foci and Centers

Consider the following non-linear system
z = f(x) (3.11)

Definition 3.4.1. In the above non-linear system (3.11), a point is considered as the center, if 3 a
0 > 0 such that every solution curve of (3.11) is a closed curve with 0 in its interior, in the deleted
neighbourhood Us(0) — (0).

/f
N

Figure 3.1: Center

Definition 3.4.2. The stable-focus here is the origin for (3.11), if 3 a § > 0 such that for 0 <
ro < 0 and 6y € R, radius of the solution curve r(t,ro,00) — 0 and the amplitude of an angle
|0(t,70,00)] = o0 as t = oo.

Figure 3.2: Stable Focus
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Definition 3.4.3. For this non-linear system (3.11), the unstable-focus is the origin, if 3 a d >0
such that for 0 < ro < 0 and 6y € R, the radius r(t,r9,600) — 0 and an angle |0(t,79,60)] — o0 as
t — —oo.

-

al ]

Figure 3.3: Unstable Focus

Definition 3.4.4. The trajectory of (5.11) is a spiral towards the origin if t — +oo, it satisfies
r(t) = 0 and |0(t)| — oc.

Definition 3.4.5. The origin is a stable-node for (3.11), if 3 a 6 > 0 such that for 0 < rq < ¢ and
0o € R, radius of the solution curve r(t,rg,00) — 0 and

lim |0(t,70,00)| exists as t — oo.
t—o0

Figure 3.4: Stable Node

Definition 3.4.6. The origin is said to be an unstable-node for the non-linear system (3.11), if
3 a d >0 such that for 0 <1y < and 6y € R, r(t,r0,600) — 0 and

lim |6(t,r0,00)| exists ast — —oo.
t——o00
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Figure 3.5: Unstable Node

Definition 3.4.7. The origin is a proper node for (3.11), if it is a node and if every line passing
through the origin is tangent to some trajectory of (3.11).

Definition 3.4.8. The origin is a (topological) sadle for (3.11), if there exists two trajectories T'y,
and T's which approach 0 ast — oo, two trajectories I's and Ty which approach 0 ast — —oo, and
if there exists a 6 > 0 such that all other trajectories which start in the deleted neighborhod of the
origin Ns(0) — {0} leave N5(0) ast — oo . The trajectories I'1,. .., I'y are called separatrices.

Figure 3.6: Saddle

Theorem 3.4.1. Consider the linearised system of the non-linear system (3.11)
T = Ax (3.12)

Let E be an open subset of R? (Contains origin), and f € CY(E). The origin is a (topological)
saddle for the non-linear system (3.11) if and only if the origin is a saddle for the linear system
(3.12) with A = Df(0).

Proof. This theorem follows from the Stable Manifold Theorem (3.1.2), and the Hartman-Grobman
Theorem (4.1.1). O

Theorem 3.4.2. [1] Let E be an open subset of R? (Contains origin), and f € C*(E). Let the
origin is a hyperbolic critical point of (3.11). Then,

(7). The origin is a stable (or unstable) node for the non-linear system (3.11) if and only if it is a
stable(or unstable) node for the linear system (3.12).

(ii). The origin is a stable(or unstable) focus for the non-linear system (3.11) if and only if it is a
stable(or unstable) focus for the linear system (3.12).
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Theorem 3.4.3. [1] Let E be an open subset of R? (Contains origin), and f € C*(E) with f(0) = 0.
If the origin is a center for the linear system (3.12), then the origin may be a focus, a center-focus
or a center for the non-linear system (3.11).

Corollary 3.4.3.1. [1] Let E be an open subset of R? (Containing origin), and f is analytic in E.
If the origin is a center for the linear system (3.12), then the origin is either a focus or a center for
the non-linear system (3.11).

Let z = (z,9)T, fi(z) = P(z,y) and fa(z) = Q(z,y). The non-linear system (3.11) can be
written as

&= P(z,y)

i =Q(,y)

Definition 3.4.9. The system (3.13) is called symmetric with respect to the x—axis, if it is invariant

under the transformation (t,y) — (—t, —y); and it is symmetric with respect to the y — axis, if it is
invariant under the transformation (t,x) — (—t, —x).

(3.13)

Theorem 3.4.4. [1] Let E be an open subset of R? (Contains origin), and f € C(E) with f(0) = 0.
If the non-linear system (3.11) is symmetric with respect to the x — axis or the y — axis, and if the
origin is a center for the linear system (3.12) with A = Df(0), then the origin is a center for the
non-linear system (3.11).

3.5 Non-Hyperbolic Critical Points in R?

Definition 3.5.1. Sector which is topologically equivalent to the sector shown in Fig.(a), (b), (c)
are called a hyperbolic sector, parabolic sector, and an elliptic sector, respectively.

=

Figure 3.7: (a) Parabolic Sector Figure 3.9: (c) Elliptic Sector

Figure 3.8: (b) Hyperbolic

Definition 3.5.2. If the origin contains one elliptic sector, one hyperbolic sector, two parabolic
sectors, and four separatrices, then it is called a critical point with an elliptic domain.
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=

)

Figure 3.10: Critical point with an elliptic domain

Definition 3.5.3. If a critical point which consists two hyperbolic sectors and one parabolic sector,
as well as three separatrices and the critical point itself, is called a saddle-node.

=
77N

Figure 3.11: Saddle-node

Definition 3.5.4. If the origin consists of two hyperbolic sectors and two separatrices, then this

type of critical point is called a cusp.
N

<

R

Figure 3.12: Cusp
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Consider the planar system

&= P(z,y (3.14)
=Q(z,y
This system can be written as

¥ =y+q(z,y)

where py and ¢y are analytic in a neighbourhood of the origin and have expansions that begin with
second degree terms in x and y.
The next three theorems shows the type and stability of the non-hyperbolic critical point.

Theorem 3.5.1. [1] Let the origin is an isolated critical point for the system (3.15). Let y = ¢(x)
be the solution of the equation y+ q2(x,y) = 0 and the expansion of the function ¥ (x) = pa(z, p(z))
in a neighbourhood of x = 0 is the form

Y(z) = apz™ + ...

where n > 2 and a, # 0. Then

(i). For n odd and a, > 0, the origin is an unstable node.

(ii). For n odd and a, <0, the origin is a (topological) saddle.
(#ii). For n even, the origin is a saddle-node.

The system (3.15) can be written in the "normal" form
T=1y

. k 2 (3.16)
= apz”[L+ h(@)] + bpz"y[1 + g(z)] + y" R(z,y)

where h(z), g(x) and R(x,y) are analytic in a neighbourhood of the origin.

h(0)=g¢(0) =0,k >2,ar #0 and n > 1.

Theorem 3.5.2. [1] Let k=2m + 1 form > 1 in (3.16) and let A = b2 + 4(m + 1)ay,.

(a). If ap > 0, then the origin is a (topological) saddle.

(b). If a, <0, then the origin is

(i). A focus or a center if b, =0 and also if b, #0 andn >m orif n=m and A <0.

(ii). An node if b, # 0, n is an even number and n < m and also if b, # 0, n is an even number,
n=m and A > 0.

(iii). A critical point with an elliptic domain if b, # 0, n is an odd number and n < m and also if
b, # 0, n is an odd number, n =m and A > 0.

Theorem 3.5.3. [1] Let k = 2m for m > 1 in (5.16).
Then the origin is

(i). A cusp if b, =0 and also if b, =0 and n > m.
(ii). A sadle-node if b, # 0 and n < m.
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A computer program using these theorems is performed, which tells about the type of critical
point.

=) ININ) 1) 2) P\s(
p.match(ydot)
m

main()
mat

nError: The equation is not in the normal form.'

roup(2) + a_kl

k), int(k), in
'NA'):

J Line1, Column1 Tab Size: 4 Python

Sickiciobiicicickiciolbiskicicic ikl

f:

(b_n (n-m (n=m lam<@)))}):
'The origin is a FOCUS or a CENTER.'
(n=m lam--0))):

(n==m lam--0))):
'The origin is a critical point with an ELLIPTIC DOMAIN.'

(b_n'-0 n==m)):
origin is a CUSP.'
n<m):
"The origin is a SADDLE-NODE.'

Figure 3.13: Computer Program
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3.6 Hamiltonian and Gradient Systems

Definition 3.6.1. Let E be an open subset of R?", H € C?*(E)
H="H(x,y) forxz,yecR"

A system of the form

i_B’H
=50
g% (3.17)
1=
Where,
fm_@H 8%)
Oy Oy’ Oyy
or _(om  or\
dr  \Ozy " Oz,

Then (3.17) is called the Hamiltonian system with n degree of freedom on E.
Theorem 3.6.1. Hamiltonian function H(xz,y) remains constant along the trajectories of (3.17).
Proof. Consider the trajectories x(t), y(t).
o _on o
ot ox ay Y
_OH OH OH OH

" ox dy oy Cor
Hence, H is constant along x(t), y(¢). O
Lemma 3.6.2. Consider the following hamiltonian system
& =My(z,y)
§ = Ha(2,y)

If the origin is a stable focus of the above system, then the origin is not a strict local maximum /
strict local minimum of the hamiltonian function H(x,y).

(3.18)

Proof. Let the origin is a stable focus of (3.18), then by the definition of stable focus (3.4.2) in a
polar coordinate, if 3 a d > 0 such that for 0 < ry < ¢ and 6y € R, the radius of the solution curve
r(t,70,00) — 0 and the amplitude of an angle |6(t, ro,60)| — oo as t — oco.

Now, we can write the above in the Cartesian coordinate.

for (x0,90) € Ne(0) ~0, as t — oo

(x(tv Zo, yO)v y(ta Zo, yO)) - (Oa O)

by using theorem (3.6.1),

H(CL’O, yO) = tlir{.loH(x(t’ anyO)ay(tax()vyO)) = H(Oa 0)

So, H(z,y) > H(0,0) and H(z,y) < H(0,0) is not true for all (xo,yo) € Nc(0).
The same proof holds if the origin is an unstable focus. Hence, the origin is not strict local maxima
and strict local minima for H.

O
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Definition 3.6.2. A critical point of the non-linear system is said to be an non-degenerate critical
point, if Df(xzg) has no zero eigenvalues, if not then it will be considered as a degenerate critical
point of the system.

Theorem 3.6.3. An non-degenerate critical point (det(A) # 0) of the analytic hamiltonian system
(3.18) is either a center or a topological saddle.

(i). (xo,y0) is topological saddle for (3.18) if and only if it is a saddle of the hamiltonian system.
(ii). A strict local mazima or a strict local minima of the function H(z,y) is a center of (3.18).

Proof. Part (i). Consider (0,0) as a critical point. So,
H.(0,0) = H,(0,0) = (0,0)
The linearisation of the system at the origin is given by the

T = Ax

Hy2(0,0) Hyy (0,0

) (3.19)
~H.2(0,0) —Hxy(0,0)

A=
tr(A) =0, Det(A) = Haa(0) - Hyy (0) — H2,(0)

Critical point is saddle iff det(A) < 0 iff it is saddle for (3.19) iff it is a saddle for the hamiltonian
system (3.18) from the theorem (3.4.1).

Part (ii). If we have tr(A) = 0 and det(A) < 0, then the origin is a center for linear system (3.19),
then from the Corollary (3.4.3.1) the critical point is either a center or a focus for (3.18). And hence
from the lemma (3.6.2), it can not be a focus. So the origin is a center. O

Definition 3.6.3. The Newtonian system is the Hamiltonian system with one degree of freedom.

i = f(x)
where f € C'(a,b).
This equation can be written as a system in RZ,
T =1y
. (3.20)
= f(z)

The total energy for this system is given by
H(z,y) = K(y) + P(x)

Where K(y) is the kinetic energy, and P(x) is the potential energy.

y2

? x
- / ()i

Theorem 3.6.4. (7). All the critical points of the system (3.20) lies on the x — axis.

(ii). (x9,0) is a critical point of the newtonian system (3.20) iff it is a critical point of P(x).
(ii). If (x0,0) is a strict local mazima of P(x), then it is a saddle for (3.20).

(). If (z9,0) is a strict local minima of P(z), then it is a center for (3.20).

(v). If (z0,0) is a horizontal inflection point of P(x), then it is a cusp for (3.20).

K(y) =
) =

P(x
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Proof. From the definition of the critical point, we have y = 0 and f(x) = 0.
Part (i). Since y = 0, then it is obvious that the critical points lies on the x — axis.
Part (ii). Now, P’(z) at (0) is same as f(0), which is the critical point of the system (3.20).

0 1
2= sty
Part (iii). If (xg,0) is a strict local maxima of the analytic function P(zx), then P”(z) < 0 at (z0,0)
which is —f(xg), so f'(xg) > 0.
det(A) = —f'(z) < 0 and tr(A) = 0, so by the definition the critical point is a saddle.
Part (iv). If (x0,0) is a strict local minima of the analytic function P(x), then P”(z) > 0, so

fl<.’170) < 0.
det(A) = —f'(x) > 0 and tr(A) = 0, so by the definition the critical point is a center.
Part (v). If (zo,0) is a horizontal inflection point of the analytic function P(z), then det(A) = 0 as

A #£ 0, and hence by definition, the critical point is a cusp. O
Example 3.6.1. Consider the following newtonian system

T +sinz =0
this equation can be written as

i‘1=l‘2

To = —sinxy

1
P(x1) = / sint dt =1 — cosx;
0

The critical points of this system is (sin0,0) = (£m,0). Phase portraits of P(x1) and H are Fig.
/\v /\
0 n
Y

%ﬁ(
7R /\

Figure 3.14: Newtonian system

5
@
&

In the phase portrait of P, 0 is the minima, and +7 are the mazxima’s. Hence 0 is the center,
and £7 are the saddle critical points of the Newtonian system.
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Definition 3.6.4. Let E be an open subset of R™. The following system

& = —grad G(x)
oG oG\ " (3.21)
gTadG— <8$1778zn)

is called the gradient system of E.

Theorem 3.6.5. [1] An non-degenerate critical point of an analytic gradient system (5.21) on R?
is either a mode or a saddle.

(i). If (xo,y0) is a strict local mazimum or minimum of the function G(x,y), then it is respectively
an unstable or a stable node for (3.21).

(7). If (xo,v0) s a saddle of the function G(z,y), then it is a saddle of (3.21).

Example 3.6.2. Consider
G(x1,22) = 23(1 — 21)* + 23

then the gradient system is of the form;

. 1
xr1 = —4:131(1‘1 — 1)(56‘1 — 5)

i?z = —2$2

The critical points of the above system are (0,0), (3,0) and (1,0).
Then from the above theorem (3.6.5), (0,0) and (1,0) are stable nodes and (%,0) is a saddle point.
Fig

Vi) =C

Figure 3.15: The trajectories of the gradient system
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Definition 3.6.5. Consider the planar system as

b = U,
N (@,9) (3.22)
y=V(z,y)

The system which is orthogonal to the system (3.22) is defined by
= V(a,
t=Vizy) (3.23)
y=-Ulz,y)

If (5.22) is a hamiltonian system with U = H,, and V = —H,, then (3.23) is a gradient system.
And conversely also holds.



Chapter 4

The Hartman-Grobman Theorem

4.1 The Hartman-Grobman Theorem

We will begin with a couple of definitions that will be used later in this chapter.

Definition 4.1.1 (Topologically equivalent). The following differential equations
b= f(x) (4.1)
T = Ax (4.2)

are topologically equivalent in a neighbourhood of the origin or we can say that these having the same
qualitative structure near the origin, if there is a homeomorphism H from an open set P (containing
origin) onto an open set QQ (containing origin) which maps trajectories of (4.1) in P onto trajectories
of (4.2) in Q. It is also orientation preserving by time i.e. if the trajectory is directed from Ty to Ts
in P, then its image is directed from H(Ty) to H(T») in Q.

Definition 4.1.2 (Topologically conjugate). If H preserves the parametrisation by time, then (4.1)
and (4.2) are topologically conjugate in a neighbourhood of the origin.
let ¢ be the flow of non-linear (4.1) and i is the flow of linear system (4.2), then

Y(H(z),t) = Ho¢(x,1) (4.3)
Example 4.1.1. Consider the following linear systems

.i‘l = AIl

j’:g = Bl‘g

Let H(x1) = Rxq, where

then B = RAR™ L.
Let vy = H(x1) = Ry or 1 = R lay.

iQ = RAR_ll‘Q = B.IQ

28
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eBt — (RART't _ p At p—1

If 21 (t) = e?Mxq is the solution of first linear system through o, then
xo(t) = H(z1(t)) = Ra1(t) = ReMxg = B Ray is the solution of second linear system through Rx.
So, it is clear that

Hett =Bt

Hence this map H preserves the parametrisation by time. This mapping H(x1) = Rxy (rotation
through 45°) is homeomorphic. So by definition, the above two linear systems are topologically
conjugate.

The Hartman-Grobman theorem shows that near a hyperbolic critical point zy the linear and
non-linear system have the same qualitative structure.

Theorem 4.1.1. (The Hartman-Grobman Theorem) Let E be an subset of R, and f€ C1(E). Let
¢ be the flow of the non-linear system (4.1). Consider f(0) = 0 and the matriz A = Df(0) have
no eigenvalue with 0 real part, then the linear and non-linear equations are said to be topologically
equivalent.
i.e. there exists a homeomorphism H of an open set P (containing origin) onto an open set @
(containing origin) such that Vxg € P, there is an open interval Iy C R (containing 0) such that
Vzg € P andt € I,

H o ¢y (o) = e H(zp) (4.4)

i.e H maps trajectories of (4.1) near the origin onto trajectories of (4.2) near origin and preserves
the parametrisation by time.

Here the flow of the non-linear system is ¢(x,t), and the flow of the linearised system is (x,t),
which is simply eAtx.

Proof. 1t is given that fe C'(E), f(0) =0 and A = Df(0)

[

Suppose A = [0 N

Where M is a k x k block matrix when the real part is negative, N is an n — k x n — k block matrix
when the real part is positive.
Let ¢, be the flow of non-linear system. Write the solution as

z(t,z0) = de(z0) = [%:ggzigﬂ "

Where xq = [ZO}
0

y(t, Yo, 20) have k components and z(t, yo, z0) have n — k components.
yo € E* (stable subspace of A), and zy € E* (unstable subspace of A).
Now, define the functions as follows:

Y (40, 20) = y(1, %0, 20) — "o (4.6)
Z(yo,20) = 2(1, 90, 20) — €" 20 (4.7)
&= f(z)
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This non-linear system has unique solution z(t) = 0 for all ¢. When f(0) = 0, then by the flow

property ¢(0,t) = 0.
Hence from the equations (4.5), (4.6), and (4.7)
Y

0)=2(0)=0

Der(Y(0)) = Der(Z(0)) = 0.

Since fe CY(E) and eMyy, eNyo are C, then by (4.6) and (4.7) Y (0, 20), Z (3o, 20) are continuously
differentiable.

Consider a compact set |yo|? + |20]? < co?, then by the € — § definition of continuity;

For any arbitrary e > 0, Jcg such that |yo|? + |20]? < cp? implies that

|Der(Y (yo, 20))|| < €
for small ¢y and very small a, we have

| Der(Y (yo, 20))l| < a (4.8)
[Der(Z(yo, 20))|| < a

Let Y (yo, z0) and Z(yo, z9) be the smooth functions. For 0 < a < b,

1 1

P —=) ., ¢
fla) = e< © m’70) if §0<m<co

0 otherwise
O f(t)dt
Fa) = 4220
J f(b)dt
F is smooth
1 ;1<%
F(t) = 2
0 H t Z Co

Now, consider the same on R™, i.e

w(xlxn):F<Zx?)
_ 1 fog%o
0 5 > ai>c

This v function is a bump function for the next partition.

(4

. 2 2 o\ ?
Y(yo,20) 5 |yol™ + |20l” <
2

Y (yo, 20) = 2

0 i Jyol? + 120> = (co)

~ Co 2

Z(yo,20) ; lyol® + 120 < —)
Z(yo, 20) = (0, 20) Y0~ + [20] 5

0 i lyol® + |20l* = (co)?

From the mean value theorem &) — o)
x)—J\Y
f(e) = |
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_ ¥ (50, 20) —y(0)]|
(%0, 20) — (0,0) ]

[[Der(Y)(+)]

1Y (yo, 20)I| < all(yo, 20)
< av/|yol* + [20?
< a(|yo| + [20l)-
as (yp) + (25) < (yo + 20)?
Hence Y(yo,20) € R™,
1Y (50, z0)Il < a(lyol + [20]) (4.10)
1Z(yo, z0)I| < a(lyol + |20]) (4.11)
Let D =eM and E =€V, E-! = eV, then we have

1D <1
IE=Y <1

For x = {y] cR"
z

Define the following transformations

Uy, 2) = [ZZ]

Vo) =[R2 3)

M
Ux) = eta = {60 69\,} x

2
and for [y|? + |z|*> < (%)
V(z) = ¢1(x)
Lemma 4.1.2. 3 a homeomorphism Hy from an open set P (containing origin) onto an open set

Q (containing origin) such that
HyoV =Uo Hy (4.12)

Proof. We will prove this lemma by using the method of successive approximations.
For x € R™, let

i = 5]

Then H oT = L o H can be written as in the pair of equations
Do(y,z) = p(Dy+Y(y,2), Ez+ Z(y, z)) (4.13)

EY(y,z) =(Dy + Y (y,2), Bz + Z(y, 2)) (4.14)

First, we will solve (4.13), and then it is clear that the same method can be applied to solve the
other equation. Define the successive approximations for equation (4.13) by

ql)O(yu Z) =z

) (4.15)
wk+1(yvz) =F wk(Dy+Y(y,Z),EZ+Z(y,Z))
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From the induction argument for £k = 0,1,..., and for |y| + |z| > 2¢o; ¥r(y, z) are continuous and

satisfy ¥ (y, 2) = 2.
We will prove the next inequality with the help of induction i.e for j =1,2,...

05y, 2) = i-1(y, 2)| < pr? (lyl + |21)° (4.16)
Here we choose sufficiently small § € (0, 1) such that 7 < 1 since e < 1 i.e

T = e[2max(a, b, e)]°

ae(2co)t 0

T

p =
First we will start with that j = 1, we have

1y, 2) — oy, 2)| = [E~"¢o(Dy + Y (y, 2), Bz + Z(y, 2)) — 2|
= |E~Y(Bz+ Z(y,2)) — 2|
= |E""Z(y,2)|
< [EIZ(y, 2)|
< ea(|y| + |2])
< pr(|yl + |2])°

Since Z(y,z) = 0 for |y| + |z] > 2¢,. And then assuming that the induction hypothesis holds for
j=1,...,k, we have
|¢k+1(y? Z) - wk(:% Z)‘ = ‘E_l'(/}k(Dy + Y(ya Z)a Ez + Z(yv Z)) - E_lwk—l(Dy + Y(y7 Z)a Ez + Z(Zh Z))|
< BTk (%) = Y1 (%)
< epr*[|Dy + Y (y, 2)| + |Bz + Z(y, 2)[]°
< ept*{|by + 2a(ly| + |2]) + ¢|z[)°
< epr*[2max(a, b, e)]’[(|y| + |2])]°
= " (lyl + 12))°
Thus, 9 (y, ) is a Cauchy sequence of continuous functions which converges uniformly as k& — oo
to a continuous function ¥ (y, z).
Y(y,z) = z for |y| + |z| > 2¢,. By taking limit in (4.15) which shows that ¢ (y, z) is a solution of the

equation (4.14).
The equation (4.13) can be written as

D™'(y,2) = (D" y + Yi(y,2), E~' 2 + Zi(y, 2)) (4.17)
Where the functions Y7 and Z; are defined by the inverse of V' (exists when «a is very small)

Vit =[R2 )

With ¢o(y, 2) =y, and d = |D| < 1. The equation (4.14) can be solved precisely the same way by
the method of successive approximations. So we obtain the following continuous map

) = ||
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Now, we will show that H is a homeomorphism of R™ onto R™.

H y17"'
ZhA1s - -

[ aiyl¢1(ya Z)

[ ¢1 (y7 Z)

¢k(.ya Z)
Yry1(y, 2)

%¢l(ya Z)

%(y, z)

| n(,2) |

g $1(y.2)

Ld;k:(yv Z)

33

%Qﬁl(y, Z) |

De?“(H)( Yiowoeo Uk ) = g%%(y,Z) ﬁ Ot f?%¢k(y72)
Zhtlso s Zn By k(Y 2) SOkt (:2) o Yk () 2) 5en Vrt1(y, 2)
| oo ta(y, 2) o n(y,2) gy, 2) o= tn(y,2) |
By, z0) =9 (Dy +Y(y,2), Bz + Z(y, 2))
[ (7 Zk+1 1
Ype1 | D +Y(y1,...,2n), F + Z(y1y- -y 2n)
VYr+1 (Y1, -+ -5 2n) Yk Zn
E : =
1/1n(y1, sy Zn) 1 k41
Yo | D +Y Y1,y 20), E +Z(y1,--2n)
L Yk Zn i
'¢2+1(y1, ceeyZn) Zk+1
VOyr, ..o 2) = : =
i VoY1, .y 2n) Zn,
_3%1216+1 a%kzk-s-l %ﬂzkﬂ a%nzk—&-l
Der(Y°(y1,...,20)) = : : :
[0 0 1 0
0 0 0 1
Oy zn) = BTN (DY + Y (y, 2), Bz + Z(y, 2))
For k=0,
i 1 Rk+1 i
z/),ngl D +Y(y1,..-,20), F + Z(y1y- -y 2n)
Yk Zn
O 1y ) = B
Y1 Zk+1
2 [ D +Y Wiy za) Bl 0|+ Z(y1s s 20)
L Yk Zn i
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1+

Rk+1
E| | +Zw1,...,2n) — 1%t Co — ordinate
Zn
=g!
Zk+1
E + Z(Y1y- -y 2n) = (n— k)" Co — ordinate
L Zn J
Zkt1 Zrr1(Y1y- -5 20)
=E'FE +E! ;
Zn Zn(Y1,- -y 2n)
Zk+1
- +E712(y1,...,zn)
Zn
Der('(y, 2)) =
o {E™ Z} 10t o AE " Zhe 1+ 52 {E7 2
oA B ZY (nn) o A B ZY ) g AE 2y
0 0 1 0
= | + E7'Der(Z(y1, ..., zn))
0 0 0 1
- o
Der(¢'(0,...,0)) = : | +EL0
L 0 1_
- o
0 00 1]
Zk+1
wk(yl, ceyZpn) = +E T Z (g1, 2 FET2Z (F(y1, - 20)) o +E k7 (fk_l(y1, .
Zn
Where
fiR" S R"
T _ " -
: D| | +YW1, -»2n)
Ye | Yk
Zk4+1 Zk4+1
E|l @ | +Zy1,..., %)
L Zn J L Zn -

34

2 AE Z}a

o)
Ozn

{E_lz}(n—k)

,Zn))
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0 0
L=
0 0
_[D 0], [Der(Y(yr,-...2a))
Der(f(y1,-.-,2n)) = 0 E] + [DGT(Z(yi,...,zn))
Der(f(0.....0) = | ¥ g]
0 ... 01 ... 0
De?“(wk(yl» .. ,Zn)) = + EilDer(Z(yl’ U ’Zn))
0 ... 00 ... 1

+E2Der(Z(f(y1,- .., 20))).-Der(f(y1, ..., 2n))
+ A+ ETDer(Z(f " g1y 20))-Der(F* 7 s 2)

Der(y*(0,...,0)) = 0 0 1 0 +0---+E*Der(Z(f... f(0,...,0)).Der(f*71(0,...,0)))
o o1 o
=|: . ¢ . |40+ E*Der(Z(0).Der(f*71(0,...,0)))
: N
) 0 0 0 1]

Now,

1Der(* (ys, ..., z)) = Der(@* (yn, .., 20)) || = |IE-EHD Der(Z(fF(yr, ..., 20)))-Der(f(yn, ., 20))l

< B-60 Der(Z(fH (... 2 ) |- Der(FE (s . 20))]
< B+ o

For N <m<n'

| Der(™ (g1 .-, z0)) = Der($™ (..., z)ll = 1Der(™ (..., 20)) = Der(@™ (g, ..., z0)) |+
o [ Der(@™ Ty, 20)) = Der(@™ (g1, 20)|
< Ef(erl)a/ 4. +E—n’a/

o0
< Z E~ k'
k=N

E_Na/
<
- 1-F

as N — oo, the above goes to 0. So 1) is uniformly Cauchy and hence uniformly convergence. By
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the uniform convergence

Y = lim VPoints
¥'(0) = lim 1)y,
0O ... 001 ... 0
Der(HO) = |: =~ @ . | #[0]
0O ... 00 ... 1
Hence from the inverse function theorem there exists an neighbourhood around 0, where H is home-
omorphic. O
Let
Ut (xo) := ey (4.18)
Vi(xg) := ¢y(x0) (4.19)
Define: .
H :/ U_SH()VSdS (420)
0

1
U'H = U'*HoV* tds V*
0

s—t=5 = ds=ds

1—t

:/ U SHyV3ds V*

—t
0 1—t

=Vt (/ U *HyV?ds + U_SHOVSds)
—t 0

Since Hy = U~'HyV, then

0 0
/U’SHOVSds:/ U H V5 tds

—t —t

1
= / U °HyV?ds
1—t

So,
1
UH =/ U *H,Vds V!
0
= HV?.
Hence
HoVi=U'H
or

H o ¢y(wo) = e H(xo).



Chapter 5

Global Theory of Non-linear
Dynamical Systems

5.1 Definitions

A dynamical system is a function ¢(¢, z), which is defined V¢t € R and « € G C R™. Which describes
how the point € G moves with respect to time t.

Definition 5.1.1. A dynamical system on G is a C*- map.
o:RxG—G
where G is an open subset of R™, and if ¢+(x) = ¢(t,x), then ¢, satisfies :
po(z) =z VYVzxed
&1 0 Ps(x) = Prys() Vs,t e R, x € G.

From the above condition ¢, has C! inverse which is ¢_;. It also satisfies the group property, so
this system forms a commutative group under the composition of maps.

Definition 5.1.2. Let f € CY(E) and h € C*(G). E and G are open subset of R™.
Consider the following equations

&= f(z) (5.1)

& = h(z) (5.2)

these equations are topologically equivalent, if there exists a homeomorphism H : E — G, which
maps trajectories of (5.1) onto trajectories of (5.2) and it is also preserves the orientation by time.

If ¢; is the flow on E defined by the equation (5.1). And (5.2) is the dynamical system ; on G,
then (5.1) and (5.2) are topologically equivalent if and only if there is a homeomorphism H : E — G
and for each z € E there is a C! function t(x,7) defined V7 € R such that % > 0 and Vz € E,
V1 €R,

Ho (bt(CE,T) (-T) = wT © H(l‘)

37
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5.2 Global Existence Theorem
Theorem 5.2.1. Let f € C1(R"), and z¢ € R™, the initial value problem

I AC))
L+ [f(z)| (5.3)
x(0) =z

T

has a unique solution x(t) defined ¥t € R, which means that (5.3) is a dynamical system on R™.
Also (5.3) is topologically equivalent to (5.1) on R™.

Proof. Time t along the solution z(¢) of (5.1) is rescaled by the below formula:

T:A(LHﬂﬂﬁm@ (5.4)

Lemma 5.2.2. 7 is increasing with respect to the time t.

Proof. Let t1 > to, then
ﬁ—w=élﬂ+WMWD%—AQO+deD%
:/lu+wmmn@

ta
t1
= (t1 — t2) +/ |f(z(s))|ds >0
ta
T > To

Hence 7 is increasing with respect to the time ¢. Also,

or

E>O'

Let ¢ be the flow of f. Then %20 = f(¢,(z)). Therefore,

dg,(x)  Lode)

dr
dr &

R CIER))
T+ 1f(6(.0)]

i.e ¢¢(x) is the solution of (5.3). Now, if ¢ = 0 then 7 = 0. And hence (unique solution),

()| r=0 = é¢(x)]1=0
¢i(z) = Y7 (2).

Define the identity map

H:R"—R"
Ti—x
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Now,

H o ¢(z) =1, o H(x)
¢i() = P ()

From the definition, these two equations (5.1) and (5.3) are topologically equivalent.
Now, we will prove that (5.3) is dynamical system, i.e if z(t) is the solution of (5.3), then it is defined
for all t.

Lemma 5.2.3. f(z) € CY(R"), then 1+f|5f()x>| € CHR").

Proof. Let

Case 1: Consider f: R™ — R.
Let f(a1,a2,...,a,) =0

OF |(ay,....a) _ lim F(ay + tyaz,...,a,) — F(a1,...,a,)
0x1 t—0 t
— lim flar+t,... an)[L+|f(ar,. .. an)|] — flar,...;an)[L+|f(a1 +1,...,a,)]]
t—0 t(1+|f(a17"'7an)|)(1+‘f(ah"'van)')
_ fay,...,an) +lim [flar,...;an)|[f(a1 +t,...,a0)] — |f(a1 +¢t,...,an)[f(a1,...,ap)]
1+ |f(at,...,an)|]2 =0 t(1+|f(at,...,an))) A+ |f(a1,...,an)|)

B fag,...,an)
T+ fan a0

= f'(a1,...,an) {exists.}

For non-zero case,

Asz = (ay,...,an)
OF ()
81’1

= f’(al,.. .,an).

And hence, 653) are continuous and exists so F € C*.
Let f(xo) # 0, i.e if f(xo) > 0, then 3 a ¢ neighbourhood of z¢ B(xo,d) such that Vo € B(xo, ),
f(z)>0.
And if f(zg) < 0, then 3 a ¢ neighbourhood of zy B(zg,d) such that Vo € B(zg,d) , f(z) < 0.
Hence, f(x) is continuous.
Case 2: Consider
fR*=R"™ m>2
fi(x)

(X1, Zpn) —

fm(x)
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Plz) = ( fi(x) fa(x) . fn() )
L+ VR@ + 4 2@ 1+ VR @ 1 VR@ @)
Let Gi(x) hi(@)

1@+ )
As from the above calculation,

Of1(ai,...,an
9G () Of1(agsn)

Oy L+ /fEar,. . an) ¥+ [ (a1, ..., a0)]?
+limt_>0 VIEay, . . an) + -+ fA(ar, .. an) fi(ar +t, .. a)
t(1+|f(ar,...,an) )L +|f(a1,...,an)|)
~ limg o Vitlar +t,.. . an) + -+ fA(ar, ... a,) fiag, ... an)
t(1+|f(ar,...,an) )L +|f(a1,...,an)|)
limy o \/f2(as,...,an) + -+ f2(a1,...,an) fr(a1,...,a,)
t(1+|f(ar,...,an) )L +]|f(a1,...,am)|)
~ limy0 VI(ar, . yan) + -+ f2(ar, .. an) fi(ag, .. an)
t(1+|flar,...,an) )L+ ]|f(a1,...,am)|)
Ofi(ai,...,ap)

When norm=0, then =

81'1
Of1l(ay,....an) 3 2
of(ar,... hltesend  [ER
When norm is not 0, then = hla,...,an) + > Oz, ! o
81'1 [1+\/fl(ala"'va’n)+"'+fr2n(a17'--aa'rl)]2
O Fit+ )t yan
_ ( ! azl)‘( 1 )fl(al,...,an)
L+ f(ar, . yan) + -+ fA(ar,...,a,)2
as limx — (aq,...,a,), the above expression is same as when norm is 0.
Hence, aGa;_(f) are continuous and exists. Since, all G1(z),...,G,,(r) are symmetric so all are C*.
And hence F(z) is C1(R™). O

Let x(t) be the solution of initial value problem (5.3) on the maximal interval (o, 5).
z(t) satisfies the following integral equation

oSG,
w0 =n+ [

vt € (o, B)
from the above integral equation

[l
o0 < fool + [ ds =] +¢
0
[2()] < |zo| + 5
if t € [0, 3]
Since the solution of (5.3) is contained in the compact set K

S =A{di(wo)| te[0,8)} C K
K ={z e R"| |2 <xo| + B}
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Then from the Lemma (2.1.4), 5 = co.
Now take t — —t,

S" = {¢p_t(z0)] t€[0,—a)} C K’
K' ={x e R"| |z| < |zo| + a}

Then by the same Lemma (2.1.4), —a = oc.
= (a, f) = (—00,00). So the maximal interval of existence of x(t) of the IVP (5.3) is (—o0, 00) and
hence, it is a dynamical system on R". O

Theorem 5.2.4. [1] Let E be an open subset of R™ and f € C1(E). Then there exists a function
F € CY(E) such that
& = F(z) (5.5)

which defines a dynamical system on E and it is topologically equivalent to (5.1) on E.
Theorem 5.2.5. Let f € CY(R") If f(x) satisfies the global Lipschitz condition

[f(z) = f(y)| < K|z —y] (5.6)
Va,y € R™ then for zo € R™, the IVP (5.1) has a unique solution z(t) which is defined ¥Vt € R.
Proof. Let x(t) be the solution of the IVP (5.1) on its maximal interval («, ). We know the fact

d=(@)| _ .
< t
2 < i)
by using the triangle inequality
d .
2 12(t) — 2ol <[ (0)] = |f(2(2))]

< [f(@() = f(zo)l + [ f (o)
< Klz(t) — xol + | f (zo)]

If B < oo, then the function g(t) = |z(t) — x| satisfies

g(t)z/o d%is)ds

gAMM@fm+U%m@
_ K/O'[\x(t) — zollds + | f(wo) It

< K/O g(s)ds + | f(zo0)| 8

vt € (0, 8).

Then from the Gronwall’s lemma (2.1.5), we can write;
|2(t) — zo| < BIf (o)™ Vt €0, 5).
Then the trajectory of (5.1) through the point zy at time ¢t = 0 is contained in the compact set C.
C={xeR" [z—xo| <B|f(wo)le""} CR"

From the Lemma (2.1.4), 8 = oo. Also a = —c0 .
Thus Vzy € R™, the maximal interval of existence of the solution z(t) is (—oo, 00). O
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5.3 Limit set and Attractors

Consider the function
¢(,z): R—>FE

The solution curve, trajectory, orbit of (5.1) through the point x¢ is
Too = {T € E| v = ¢(t,x0),t € R}

T;) , Tz, are the positive and negative half trajectory respectively

T4 ={z € E| x = ¢(t,x0),t >0}

7, ={x € E| x = ¢(t,xp),t <0}

xo

-
Tx(} - T:L’o + T:L’o

42

Definition 5.3.1. A point p is a w-limit point of trajectory ¢(.,x) of (5.1), if there is a sequence

t, — oo such that
lim ¢(tna 37) =D

n—oo

and if there is a sequence t, — —oo such that
lim ¢(tn,z) = ¢
n—oo

then the point q € E is called the a-limit point.

Definition 5.3.2. Set of all w-limit points of T is called w-limit set of T and it is written by w(T).

Set of all a-limit points of T is called a-limit set of T and it is written by a(T).
The set of all limit points of T, i.e. a(1)Uw(T) is called limit set of T.

Example 5.3.1. Consider sin ( L )

T

-3.2 24 16

Figure 5.1: Graph of sin (%)

In this graph, consider all the points which are intersecting x-axis. The subsequence of these
points goes to the origin, hence the origin is an w-limit point. Similarly, the line joining form (0,-1)

to (0,1) are also an w- limit points. The collection of all these limil points is an w-limit set.

Theorem 5.3.1. (i). a(7),w(7) are closed subsets of E.
If T is in a compact subset of R™, then

(ii). a(r),w(T) are non empty.

(iii). a(7),w(T) are connected subsets of E.

(). a(7),w(T) are compact subsets of E.
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Proof. Part (i). First of all, from the definition of w-limit set we have w(7) C E. Now, to show that
w(7) is closed subset of E, consider a sequence of points {s,} in w(7) with lim, . s, = p € R™.
We show that p € w(7).

Let 7 = {¢t(zo)|t € R}. Since s, € w(7), for 1,2,... there is a sequence t,(cn
that

) 5 00 as k — oo such
lim d)(t(") To) = Sn
k—o0 koo
Assume t,(cnﬂ) > t,(cn). For all n > 2, there is a sequence of integers N(n) > N(n — 1) such that for
k> N(n)

(n) 1
lp(t)", o) — sn| < -
Consider
\qﬁ(tg\?()n),xo) -l < |¢(t§\7/1()n)’$0) — sp| + 80 — 1
1
< =+ |sp —pl
n

as n — oo we have \gb(tg:;()n),:ro) — p| goes to 0. Hence p € w(7).

Part (ii). The sequence of points ¢(t,,z0) € C(compact set) contains a convergent subsequence
which converges to a point in w(7) C C, so w(7) is non-empty.

Part (iii). To show that w(7) is connected for that suppose w(7) is not connected, so there ex-
ists two nonempty disjoint closed set P and @ such that w(7) = P U Q. Distance from P to Q is §
and it is given by
d(P,Q)= inf |z —
(PQ)=__nf |z—y

Since P and @ are w-limit points of 7, so it is clear that there are arbitrarily large ¢ such that
o(t,x9) are inside g of P and there are arbitrarily large ¢ such that the distance of ¢(t,zq) from
P is greater than %. Since distance function is always a continuous function, So there should be a
sequence t,, — oo such that

4]

d((ﬁ(tn,]}o),P) = 5

It is given that the trajectory is contained in a compact set so there is a subsequence which is
converging to a point p € w(7) with d(p, P) = g.
Now,

0

d(pr) >d(PaQ)7d(p7P):§

which shows that p ¢ P and p ¢ @, also p ¢ w(7). It is contradiction of the assumed argument,
hence w(7) is connected.

Part (iv). Let C be a compact set, If 7 C C and p € w(7), then p € C. And hence w(7) C K, since
closed subset of a compact set is compact therefore w(7) is compact.

Using the same steps it is clear that a(7) is a closed subset of F, nonempty, connected and compact
subset of E. O

Theorem 5.3.2. If p is an w-limit point of a trajectory 7 of (5.1), then all other points of the
trajectory &(.,p) of (5.1) passing through the point p are also w-limit point of T or we can say that
if p € w(T) then 7, € w(T), and similarly if p € a(7), then 1, € a(T).

Proof. This theorem can be proved by using the continuity with respect to initial conditions, and
property of dynamical systems. O
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Corollary 5.3.2.1. w(7) and (1) are invariant with respect to the flow ¢y of (5.1).

Proof. 1t is merely the use of the above theorem. O

Definition 5.3.3. A closed invariant set A which is contained in the set E, is called an attracting
set of (5.1) if there exists a neighbourhood N of A such that Vo € N, ¢1(xz) € N for allt > 0 and
pe(x) = A as t — oo.

An attracting set which contains a dense orbit is called an attractor.

Example 5.3.2. Consider the system
b=y el -2 )
g=x+yl-a®—y?

The above system can be written in the polar coordinates as

r=r(l—1r?
0=1

The Phase portrait of this system is

Figure 5.2: An Attractor (1)

In this phase diagram, If we take the neighbourhood (N ) around 19, then all the other trajectories
starting from the point x € N are approaching 79 as t > 0, and hence 1y is an attracting set. It also
contains the dense orbit, so Ty is an attractor.

5.4 Periodic Orbits and Limit Cycles

Definition 5.4.1. A cycle or we can say a periodic orbit of a system is a closed solution curve,
which is not a critical point of that system.

Definition 5.4.2. A periodic orbit T is said to be stable periodic orbit if for each € > 0 there is a
neighbourhood N of T, such that Vx € N,

in other words if Yx € N andt > 0,
d(p(t,z),7) < e.

If it is not stable, then the periodic orbit is called an unstable orbit.
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Definition 5.4.3. The periodic orbit is said to be asymptotically stable, if the cycle is stable and if
Ve e U,

tlirgo d(e(t,z), ) = 0.

Periodic orbit is asymptotically stable only when the following holds

A
/0 v F(n(t)dt < 0.

Where A is the Period of the periodic orbit.

Definition 5.4.4. A limit cycle T is a cycle of the system which is « or w- limit set of some
trajectory which is not the T itself.

Definition 5.4.5. A cycle is called a stable limit cycle or w- limit cycle, if the cycle T is the w-
limit set of every trajectory in the neighbourhood of T.

Definition 5.4.6. A cycle is called an unstable limit cycle or a- limit cycle, if the cycle T is the a-
limit set of every trajectory in the neighbourhood of T.

Definition 5.4.7. A cycle is called a semi-stable limit cycle, if the cycle T is the w- limit set of one
trajectory other than T and the a- limit set of another trajectory other than .

Figure 5.3: Stable Limit Cycle : .
& Y Figure 5.4: Unstable Limit Cycle Figure 5.5: Semi-Stable

Example 5.4.1. Consider the system
i =ar—y—ar(z? +y?)
§=x+ay—ay(a®+y°)

Where « is a parameter.

Now transform to radial co-ordinates, it can be seen that the periodic orbit lies on a circle with
|r| = 1. For any o > 0,

7= ar(l —1r?)
0=1

This periodic orbit has a stable limit cycle for a > 0, an unstable limit cycle for a < 0, and it has
infinite number of periodic orbits and no limit cycles for a = 0.
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5.5 The Poincaré Map
Consider the following system
b= f(x) (5.7)

Let 7 is a periodic orbit of the non-linear system through xy and 2 is a hyperplane which is per-
pendicular to the orbit at xg. Then near zq, any point = € Q, at t = 0 ¢;(x) will cross 2 again at a
point P(z). Then the mapping

x — P(x) (5.8)

is called a poincaré map.

Definition 5.5.1. Let E be an open subset of R"™ and f € C*(E). Let ¢i(xg) be the periodic
solution also the cycle T is contained in E. Let Q) be the hyperplane which is orthogonal to T at xq.
Then there is a § > 0 and a unique function p(x) which is C* and for x € Ns(xq) such that

(o) = A

and
(b#(m) (:L‘) €N

for x € Ns(xo) NQ

1s called the poincaré map for 7.
The next theorem tells about the stability of the limit cycle.

Theorem 5.5.1. [1] Let E be an open subset of R™ and f € CY(E). Let n(t) be the periodic
solution of period A. The derivative of the poincaré map along Q) is given by

P(0) = ey VI

Now, n(t) is a stable limit cycle if

" v.sapar <o
It is an unstable limit cycle if R

v f(n(®))dt >0
and semi-stable if R

Y fn(t))dt =0

5.6 The Stable Manifold Theorem for Periodic Orbits

Consider the following non-linear system

&= f(z)

Let E be an open subset of R™ and f € C*(E).
Let this system has a periodic orbit of period .

Trx=n(t) 0<t<A
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The linearisation of the non-linear system about 7 is
= A(t)x
or we can write )
¢ =A(t)¢

Where
A(t) = Df(n(t)).

The fundamental matrix solution is given by

Where N(t) is a non-singular matrix and C' is a constant matrix.
Using the conditions at ¢t = 0, ¢(0) = I, N(0) = I.

o(t) = e

The eigenvalues (e;) of the constant matrix C' are called the characteristic exponents of 7(t).

5.6.1 The stable manifold theorem for periodic orbits

Let E be an open subset of R™ and f € C'(E) contains a periodic orbit of period \.
Let ¢; be the flow of the non-linear system and

n(t) = ¢t(xo)

If k characteristic exponents of 7(t) has negative real part and n — k has positive real part where
0 < k < n —1, then there exists a k + 1 dimensional differential stable manifold (5) which is
positively invariant with respect to flow ¢;. And there exists an (n — k) dimensional differential
unstable manifold (U) which is negatively invariant with respect to flow ¢;.

5.6.2 The center manifold theorem for periodic orbits

Let E be an open subset of R™ and f € CY9(FE) with g > 1 contains a periodic orbit of period .
Let ¢; be the flow of the non-linear system and

n(t) = ¢e(xo)

If k characteristic exponents of 7)(t) has negative real part, j has positive real part and m =n—k—j
have zero real part, then there exists a m dimensional center manifold (C') which is invariant with
respect to flow ¢;.

We can prove the stable and center manifold theorems for periodic orbits by the same method
used in the proof of the stable manifold theorem (3.1.2).

Example 5.6.1. Geometrical example of Periodic orbit with three dimensional stable manifold.
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Figure 5.6: Periodic orbit with stable manifold

Example 5.6.2. Geometrical example of Periodic orbit with two dimensional stable and unstable
manifolds.

Figure 5.7: Periodic orbit with stable and unstable manifolds

Example 5.6.3. Geometrical example of A periodic orbit with two dimensional stable and center
manifolds.

Figure 5.8: Periodic orbit with stable and center manifolds
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5.7 The Poincaré- Index Thorem

Theorem 5.7.1. [1] Consider a two dimensional surface o which is relative to any C vector field
f on o with at most a finite number of critical points and it is independent of the vector field f, then
the index Indy(o) is equal to the Euler-Poincaré characteristic of o; i.e.

Ind¢ (o) = Xo-
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