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Abstract

In the thesis, we have studied BTZ black holes in non-commutative space-time. The aim is to
study thermodynamics of BTZ black holes in different types of non-commutative space-time.
We have used metrics obtained from two different formalisms, one via Chern-Simons theory
and Moyal product approach while the other ones inspired from coherent state formalism. In
coherent state formalism, we have used two types of distribution (Gaussian and Lorentzian)
to study charged but non-rotating black holes in non-commutative space-time. It should be
noted that static and non stationary metrics were noticed via Chern-Simons theory in non-
commutative space-time. To study thermodynamics of BTZ black hole in non-commutative
space-time we have used quantum tunneling formalism and Hamilton Jacobi method and
GUPs are used to add quantum corrections to it. A bound on non commutative parameter
f in case of Lorentzian distribution in coherent state formalism has been proposed for a
particular case of BTZ black hole. To study thermodynamics in Gravity’s Rainbow, a new
formalism is proposed in which Gravity’s Rainbow has been studied in non-commutative
space-time and intrinsic temperature has been calculated. To relate thermodynamics quan-
tities of BTZ black hole in non-commutative space-time with thermodynamics of a CFT,

Holography principle has been tested and verified.
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Chapter 1

Introduction to Non-Commutative

Geometry

1.1 Revisiting Quantum Mechanics

Quantum physics is quite different from our old classical physics. We start quantum me-
chanics by assigning an operator to every classical observable and some postulates. One of

the biggest effects of this formulation is Heisenberg’s uncertainty principle stated below:
[z, p] = ih

Obviously, x and p in above equation are operators and not classical functions.Now physical
interpretation of the above result is that, we can not know momentum and position of a
particle at the same time precisely. There will be some uncertainty in determining the
position and momentum of the particle simultaneously. Now this result, is not because of
technological restrictions. It is more fundamental, it is how our world is. Coming from
classical mechanics ,it would look bizarre, but one can interpret this notion as ”fuzziness”
of phase space. Also, observables in quantum physics are given by quantum expectation
values. But can we match these quantum expectation values to classical observables without
introducing quantum operators? This question was addressed by Wigner in his paper ”On
quantum correction of thermodynamic equilibrium” published in 1932 [Wigner 32].

In this paper Wigner showed that one can match quantum expectation values to the good
old averages in classical statistical mechanics. He did that by introducing a probability quasi-
distribution (since ,this distribution can take negative values). The form of the distribution

function is given below [Gosson 17]:

o0

1 i 1 1
We(z,p) = oh | e~ 1wy <93 + 21/) (0 (95 - 23/>d3/



Also, probability amplitudes of quantum mechanics are given by [Gosson 17,

/ W p)dp = (@)
/_ " W, pdz = 6(p)?

For completion, one can show that for normalized v, the above equations will result in:

/—Z /_Z Wi (z, p)dpdr =1

Further, in the process of quantization of phase space, a new formalism was developed
by Wigner [Wigner 32] . Commonly known as Wigner-Weyl Quantization. This formalism
offers insights on functioning of Quantum mechanics.In this scheme, one maps a function
on phase space to an operator on Hilbert space and this is known as Weyl Quantization.

Let f (g, p;) be function on phase space and it’s Fourier transformation is given by

f(&,m) and let the operators ¢; and p; follow the commutation relation [§;, p;] = ihd;; ,then

the operator associated with the function f is given by:

F=0(r) = [ deanfiemet e
Also, the inverse of above operation is called Wigner transform and is given by,

Ql(f) = / dréd n Tr ( f@—%(é~£+z5~n)> pila€+pn)

In this context,Moyal product is defined by,

fxum g =9271(Q(f)(9))
Now,for f and g to be smooth functions on R? , one can define canonical possion bracket

given by,

{f.9}(a,p) = 0 fOpg — 0, fOyg, (q,p) € R?

which can also be rewritten as,

— —
15,9} = 10y = Oy - 9)g = 0,505 — Opf a9
Now for such case, Moyal product is given by Groenewold’s formula [Gosson 17]:

h

frarg = fexpl

(%q'gp_ dp- 8q)]g



In this chapter and in this thesis we will be mostly dealing with Moyal product( which
is a special type of star product. So, from now we will be using only * instead of *,; to
denote Moyal product.One can see Moyal product as deformation of usual multiplicative

product.Now, let us apply the above formula for function f = z and g = p on a phase space

(x,p) :

2
1 [(ihk\" /& = & = \k
= m(z) (02 0p=0,-3.)
k=0
Ly
Similarly, we have
vz =pr— K
p =D B

Hence,

[z,pls« =xxp—p*xx=ih

The above analysis shows that if we replace the usual multiplicative product of functions
by the Moyal product, we can have results analogous to quantum mechanics. This offers

insight to our understanding of quantum mechanics.

1.2 Example:Harmonic Oscillator

Now,in this section we will study the case of harmonic oscillator but with above described

Moyal product.It is known that Hamiltonian of a quantum harmonic oscillator is given by:

- 2o\ muw? ,
H—‘zm(ax> e

For simplicity, let us set the value of m = 1 and w = 1 and now the above Hamiltonian

R 2o\ 1,

would become,

One can easily calculate the energy eigenvalues of the above Hamiltonian operator and they

are given by:

1
En:h(n+2>,n:(),1,2,---

The classical analogous of the above mentioned harmonic oscillator has Hamiltonian given
by,

H= (p"+2%)

| =

3



Here p and x are functions rather than operators.As we define ladder operators in quantum

mechanics, let us define ”ladder functions” in the same context and they would be given by,

—Lx i aT:Lx—i
a—\/ﬁ( +ip), \/ﬁ( p)

In the above context, t just represents the complex conjugation.Now in quantum mechanics
we have notion of Number operator, let us define analogous function to Number operator

using star product as (N = al * a) given by,

1 1 1 1
ol va=r(prptilepletosn)= L pticihta o) = (0 +0%) -5

Hence,total energy or Hamiltonian and the commutator of the ladder functions in this case

1
H=h(N+-

1
[a,aTL —axal —a' xa= ﬁ2(—i)[x,p]* =1

will be given by ,

Let us define a function ,fy = = exp (—2(1(17) = % exp (—% (p2 + q2))

h

Note that for the above defined function, We have these results:
axfo=foxa =0

Moyal product is associative for polynomial functions. Now let us define a whole set of
functions as,

fn:iaT*---*aT*fo*a*~--*a
n n

Observe another nice property of Number function,

N*aT:(aT*a>*aT:aT*(a*aT> =al % (N +1)

N*flzN*(aT*fO*a):aT*(N+1)*f0*a:f1

N fr=fox N =kfy

Hence, one can define the ”star eigenvalues” as,



So, we have recovered the energy eigenvalues same as of quantum mechanics but with using

Moyal product.

1.3 Non-Commutative Geometry

Motivation for non-commutative space-time started with Heisenberg when he proposed that
space-time algebric properties should be modified at short length scale as a way to remove
infinities appearing in quantum field theories.But this idea did not gain much attention
because of success of process of renormalization.The very first paper on non-commutative
space-time was written by Snyder [Snyder 47]. UV finiteness of quantum field theories on
non-commutative space-time have been explored in various instances.It has been found that
UV behaviour of field theories is dependent on topology of space-time [Chaichian 00]. It
has been argued that quantum structure of space-time is necessary in context of quantum
gravity [Doplicher 01] [Doplicher 95]. According to uncertainty principle, we can measure
position with great precision on the cost of very huge uncertainty in momentum.But it is
fundamentally possible to know position very well.But when we apply same principle in
context of gravity.To probe very small length scale would impart a lot of energy to the small
region which may result in formation of black hole and hence uncertainty in localization.
The other biggest problem with quantum gravity is that it is not renormalizable and hence
UV divergent. Now non-commutativity of coordinates can help in this context.

Motivation from string theory has come from the possibility of non-commutativity in
space-time [Seiberg 99]. This helped the non-commutative geometry to gain attention
again. Loop quantum gravity also is a type of quantization of space-time, where usual
space-time is replaced with ”spin-connections”. It has been found that quantum analogous
of some geometric entities exhibit non-commutativity [Ashtekar 98]. This shows hints of
non-commutative space-time, however the relation is still not clear.

Now non-commutativity of coordinates can be looked as extension of Heisenberg’s un-
certainty relation. Earlier we had uncertainty in knowing position and momentum, now
there will be uncertainty in knowing coordinates as well. A general and common non-

commutativity can be written as,
(2%, 37] = é(2) = ihéd" (3)
Now,for such kind of algebra, a ”generalised” star product can be defined as [Sykora 04],
frg=1Tfg+5¢70if059

1 g

+ gcm”c”amaifanajg
1 ;

+ Ecmlalcw (Om0i fOjg — 0i fOm0;9) + O(3)

5



Non-commutativity arising from string theory is of the form,
(X', X7] = i0"V
and for such algebra, we can define similar star product as Moyal product,
L. 2
frg=fg+5i070:f0;9+ O (6?)

Note that in above equations, i,j runs from 0 to n i.e. (0,1,2,3......n).

In Chapter 2 we have found that just by introducing non-commutativity we can make
metric function of time hence, non static and non stationary. In Chapter 3 we have done
thermodynamics of Charged and rotating BTZ black hole in non-commutative space (derived
via Chern-Simons theory). In Chapter 4 we have derived non-commutative BTZ charged
black hole for Lorentzian type distribution and done thermodynamics of it. We also found
bound of 6 in this approach. Also for Gaussian distribution we have discussed another type
of metric. In Chapter 5 we have tried to combine non-commutative geometry and gravity’s
rainbow and applied to BTZ black hole and find intrinsic temperature and entropy. In
Chapter 6 we have checked the consistency of Cardy-Verlinde formula for BTZ black hole

in non-commutative space.



Chapter 2

chern-simons Theory on

Non-Commutative Space-Time

2.1 Gauge Theory on Non-Commutative Space-Time

Gauge theory in physics is one of the most important theories.To do gauge theory in non-
commutative space-time, one of the most crucial part is Seiberg Witten Map.So first we
will study Seiberg Witten map introduced in [Seiberg 99]. Another important component
of Gauge theory in non-commutative geometry is Moyal product or general star products
that we have discussed earlier.So using these Moyal or general star product we can find
Seiberg Witten Map,which connects Gauge Fields in non-commutative space-time to Gauge
Fields in commutative space-time. In this thesis,”NC” stands for Non-Commutative, ” CS”
stands for ”chern-simons” and ”SW” stands for Seiberg-Witten. In this paper canonical
deformation of coordinates is considered i.e. [xi, xJ ] = i0v .

For Yang-Mills in commutative space-time, we have these results,

A = O A+ 1]\ A
Fij = 0;A; — 0;A; — i [A;, Aj]
OnFij = i [, Fijl
Corresponding to above, one can now ask for non-commutative analogous of the above

mentioned equation and one can do so using Moyal product and the new equations will be :

)

[«

ﬁij = 812] - ajﬁl — ZA\Z * A\j + Z;{j * A\z

~

(S’)\\E] = Z/):*ﬁzj —’iﬁ‘@'j */):

By



Now one can see that,For U(1) group, the gauge invariance in commutative space-time
is ,
0A; = O\
While, even this transformation is non-trivial even for U(1) gauge group in non-commutative

space-time.

So, mapping of gauge fields in non-commutative space-time to those gauge fields in
commutative space-time has to be done very carefully. As in commutative space-time A
and A’ are gauge equivalent by gauge transformation U = exp(i)) then it would be sensible
to say that A and A are also gauge equivalent by the transformation U= exp(i/)\\) in non-
commutative space-time. But because of non-triviality even for U(1) gauge group, it must
be noticed that now A is function of both A and A and not only A.

Now, we are looking for a map that can make sure that gauge fields corresponding to
non-commutative space-time are gauge equivalent by a corresponding gauge transformation
in non-commutative space-time as of ordinary gauge transformation in commutative space-
time.

Mathematically, it will translate to,
A(A) + 05 A(A) = A (A +6,A) (2.1)

To solve the above equation, one can use perturbation and solve it for the first order of

6 which mathematically translates to,
A=A+ A(A)

AN A) = A+ N\ A)

here note that, A’ and )\ are in the first order of 8 and now using Moyal product f * g =
fog+ %i@”@if(?jg + 0 (02) , one can solve 1)

AﬂA+&M—A%®—@X—ﬂMAJ—HMAﬂ:—?“@M&&+@&&M+O@%

(2.2)

and can be solved by,
oo Ai(A) = A; + AY(A) = A; — L0F { A 1 A; + Fii} + O (62) 23)
CTOANA) = AN A) = A+ 107 (90, Aj) + O (62) '



2.2 BTZ Black Hole in Non-Commutative Space-Time

Now having a prescription for gauge theories in non-commutative space-time in hand. One
can move forward and apply it to the chern-simons theory in commutative space-time and
ask for NC chern-simons gauge fields.chern-simons theory can be related to gravity and
hence this can be done to study BTZ black hole in non-commutative space-time as done in
[Kawamoto 18|, [Chang-Young 09]. In this section that prescription done in those papers has
been discussed and the possibility to get non-static and non-stationary metric by using this
approach has been explored.
2.2.1 Chern-Simons in Commutative Space-Time
Now in (2+1) dimensions, we can have relation between Vielbeins fields, spin connections
and two Gauge groups SU(1, 1) which is given by,
(£)a a 1 a

AV =W £ 7¢ (2.4)

chern-simons action is given by,

§ = Ios [AF)]| — Ios 4]

2
Ics[A] = % /tl“ |:AdA + 3AAA:|

Also in 241 dimensions, we have BTZ black hole (charged and rotating) whose metric

is given by:
= ) + 2 - Dt
f(r) = —8GM + 7; + wf,jﬂ — 81GQ* Inr = %2 <_a+7~2 + Zj _ 51”)

a=8GMEZ, B=8rGrQ?* ~=4GJ!

and h(r) is given by,
2

~
h(r) = f(r) - 272
Now for a given metric, one can form a set of valid Vielbeins field and spin connections as,

0_ ol 1_ 1 2 _ . /1)
e’ = /h(r)dt + NOG dp, e = md’r, e =1/ 5y de

0_ _ () g4 1_ _ k() 2 _ _ M) [f(r)
W = = A dt — \/h(r)dy, w' = TRy dr,  w®=—=52/5dt

<~

Ne)



Now as described in (2.4)), one can make CS gauge fields corresponding to the above set of

vieblein fields and connections.

h(r
A(i)o:i% (WHF 28]\/%) dt—< h(r)er% Zm)dso
A \/m (27‘h(7") + 1) dr ( )

L
o f(r LR (1
A2 =5 [0 (0 gy 4 )

2.2.2 Chern-Simons in Non-Commutative Space-Time

In [Cacciatori 02], it was shown that for non-commutative case, Gauge group required is
U(1,1) x U(1,1) rather than SO(1,2) x SO(1,2). Another reason for such a generaliza-
tion can be that when ones goes from commutative case to non-commutative case SU(N)
groups generally are not closed groups. While U(N) groups are closed groups even in Moyal

commutator [Matsubara 00]. CS action in non-commutative space is,

A k * 2 * *
Ics {A(ﬂ] = / tr {A(i) A dA®) + gA(i) AAB A AR

where .
f A g = Z.Tj,fm---m * Guy vy (At oo dat) A (dz® -+ - da®)
and
A'l(ft)ATA = fll(f)am + Bl(;t)Tg

note that here, A=0,1,2,3 while a=0,1,2 and these generators of U(1,1) follows the following

properties:

1 1 1 il
o= =03, T1=-01, To9=—02, T3==
0 2 3 1 2 1 2 2 2 3 2 2
1 c c €ab
9aB =t (TaTp) = 50ap, [T, 78] = —€apTc, €ap=q 3 _
€ab = €30 = 0
1 . 1 i
{Ta7Tb} = inabl% {TA7 7—3} =174, tr (TaTch) = _Zeabm tr (TaTbT3) = Zrlab

Now, to know the metric corresponding to non-commutative case, we need chern-simons
fields in non-commutative case.And for that we can use SW map to know chern-simons fields
in non-commutative case in terms of ordinary chern-simons fields. But as explained above,
now we have a extra field due to gauge group being U(1,1) and not SU(1,1). So to know the
chern-simons fields in non-commutative case, we need information about that extra field in

commutative case. From our chern-simons action above, the field equations in commutative

10



limit will be [Kawamoto 18§]:
F®e =g dB®H) =

now the calculation done in [Kawamoto 18| is shown, where, By is chosen to be constant
B and other components of B,, are taken to be zero. Note that this is just an assumption
and we will explore more about it a bit later.

Now, Using SW map, one can find the non-commutative gauge fields: In [Kawamoto 18],
the following convention is used (we will stick to this for the rest of chapter): With the gauge

transformation such as :

~

Ay = 0 — Ex Ayt Ay x€
~ i, S A,
= Oué = 507 (a,,gapAu _ aVAMapg) +0(6?)
one can solve for the following SW Map:

A(A) + 3:A(A) = A(A+6¢4)

and the solutions upto first order correction is given by:

AH(A) = Au ievp {Av, 0pAu+ Fpu} + O (‘92)

E(E,A) = €+ 10M (9,6, A} + O (6°) (2.6)

Now with || in hand, one can ask solution for a particular algebra such as, [}?, p] = 2i0
where 6 is a constant non-commutativity parameter and R= r2. For such a case, 1) can

be written explicitly as,

i 1. 1,
Au(A) = = 7(20) [2nabAR (8@142 + Fj;,,) 1= b AY (aRAg + Fﬂu) 1
+ i (A%Ts + BrT3) (BSQBH + Fgg)) — i (A%7q + ByTs) <8R B, + F}{i)) (2.7)
+tBpr <8¢AZ + FSZH) Ty — iBw <8RAZ + Flb%“) Tb}

as mentioned above we will first discuss the case where B, =B and other components
of B,, are zero. For this case,(2.7) will be reduced to the following:

/ 0B
+)a’ _ +)a a
AEL Ja' — BN [8RA,S ) +1RM]
0
+ (:I:)an +)a b +)a +)b
B/(t ! 5 lab [AR o A<(p ) Ry A&? ) ORAL :

Using above correction in ordinary chern-simons fields to get chern-simons fields in non-

commutative space upto first order can be done as:

11



A0yl <f W > g2 = B) £ 20 (20— Br? F 48y) h

'r\f 160514 13/2
i 1 +y (22 = B) + 262 (r2 = B) h
(£)0 _ _
AGP = (x/ﬁ 7 \/E> +6B S
A 1 h' 9B
(i)l L - 3 2 . 2 2 2 9 _ 2 B 3
R <2v~h(r> * 1) NS E [47 (2r* = B)" + 2% [?wr (2r* = B)" — 4By

+20%r2h (£r? (2r° — B) +v (2r* — 38) £ 20%%h)]]
/ A2 2 n\2 2 2 2,.2 2
Agi)zz—};\/Z%—@B vy (2r B) +2€h[457 +2€rh(r —i—ﬁ)]

16£675p3/2 f1/2
A2 g \/7 g2 (PR +2) + 42 (¢2 —7?)
® /N h 16€5T3h3/2f1/2
2 ﬁ@ +72 + 2
BE) — <B+4€2 5 | do — ’BQWC”

From these fields, one can now construct Vielbeins and quantities related to spin con-

nection and these are given below:

( A+ AHa)’ o — % ( AtHae 4 A(%)

l\D\a‘%

é0:<\/ﬁ—032r2 2 Y 2 (1roni Y a

802r2\/h Vh S8h2r2
A1 262h +2r2 - d
€= T 8022 f3/2
2£4 2h2 — (2 2 2
é2 = \/> r ( " B) v dg@
RpAr3p3/251/2
2
0 ~h' 8026h — (21"2 — B) -8
= |- 0B dt 0B————
“ 20rvh 7 1605r4h3/2 + [-Vh+ 4€2r2\f

20422 (202 — 36) + 292 (22 — B)% + £2h (125 — 12584 + 3622 — 4m?)] .
-

1607r6p2 f3/2 ’
/ 40422 (12 8B~202h — (202 — )
0% = —h\/7+93 G et i kGt i (PR S
2Vh 1667513/2f" 8z3r3\ﬁ

one can easily construct the metric(upto first order of #) corresponding to non-commutative

space using these Vielbeins such as:
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ds? = — (&°)" + (¢")" + (6%

2r2 - 31 ., 1 2h(r)0? +2r2 — B3] o 0Bl ., 2y

+ 0 (6%)
(2.8)
The above metric can be simplified for the case when BTZ black hole is uncharged and

in that case, the above metric reduces to,

A 0B
ds? = — f2dt> + N72dr? + 2r2N®dtdp + (7“2 - 2> dg® + O (62)

N¢ _ _T+T_
o 2.9
f2_7“2—7“_2‘_—7“2 0B (2.9)
2 202
- 1
2 2 2\ (.2 .2 2 .2 2
— g | ) () - T =)
where,
2 = 4GP (M £ | M? S
L= ( - 72)
M — 7“3_ +r2 _TT—
8G2 4GY

Now, we will explore more options, earlier we have taken B, to be a constant and now
will take, B, = B(y) and other components of B,, are still taken to be zero.In this case, a
new correction term will also be added other than just changing the earlier constant B by
B(p) in the metric.

From the earlier analysis, we can see that only Aj; are important as Vielbein fields can be
constructed from them which will be used to get the metric.
Using we can see that the new extra correction term in the Af, fields will be :
"a+ 0 at
470 = 2((0,5,) A

Now, we know that only for p = ¢, this correction term will not vanish since only B, is

non-zero and function of .Also it is clear that for only a = 1 this is non-zero, as only A%{i

is non-zero. Hence,
A//li _ 0

2 = 0,8 AR
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It is clear from above equation that only Vielbein field that will bear extra correction term

1

(other than just changing B to B(y)) is e!. Hence the new e! can be calculated as,

2 2
o [ 1 9325 h+2r®—p

= W‘i‘ 8£2T2f3/2 :|d7’+

0 1
2(8¢B)f(r)] do

Now, the required metric can be computed as earlier:
~0) 2 10 2 9N 2
ds* = — (&%) + (') + (¢?)

2r2 — B ., 1 2h(r)0* +2r?2 — 31 . 5 s OB, 5, 2y
=— — 0B —— + 0B - — - =
{h(r) 0 122 ] dt” + [f(r) +0 12 () ] dr® + |r 5 dy 7 dtde

L B
+{2(8¢B)f(r)]dd<p+(9(0)

(2.10)

One thing that can be noted here is that B is no longer a constant but a function of .
So this is a strange thing that is happening here.We started with a metric which was just
function of ”r” and by going through this mechanism, we landed on a metric which is function
of both (r,¢).This looks completely reasonable because we have freedom in choosing our
B,.

Now does it mean we can make metric function of (r, ) only?
The answer is no.We will show one more case, where metric now will be function of ”t”
also. This can be interesting because if we have non-static metric, it may point towards
expanding or contracting BTZ black hole.

This can be done by choosing B, such that, By = C¢, and B = 0 and B, = Ct
, for some constant C.This is valid as it does not violate the condition on B,, which was
found earlier. With this choice of B, ,required Vielbeins can be found by following the above
machinery which can then further be used to find corresponding metric of BTZ black hole
in non-commutative space. The Veilbein fields are as follow:

2 _ 2 _
&0 = (\/E—HCtQT 5>dt+7<1+90tw>d¢

802r2\/h h 8ht?r?
1 202h + 212 — 8 9 1
ol = | — 4+ 00t————— - e dt
€ {\/7 t 8022 f3/2 T3 70
284 2h2 — (2 2 2
&2 = r\/?—GCt r (2% = 5) do
h 8€4T3h3/2f1/2

By using above Vielbeins one can form a metric which now will be given by(upto first

order in 0):
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ds? = — (&%) + (e")" + (&))"

2r2 — 3
_ [h(r) - QCtzﬁrz} 2 + [

f(r) 42 f(r)? 2

+ {Zcf(l?a)] drdt + O (6%)
(2.11)

Now the metric is no longer static as well as stationary. So, this is very interesting result
as we started with a metric which was just function of ”r” but then through this machinery
to go to non-commutative space-time, we landed on a metric which is function of (¢,r).we
can see that now apparent horizon of this black hole is function of time as well.
There have been attempts to understand relation between non-commutative geometry and
early universe [Marcolli 10]. Also in cosmology, dark matter and dark energy are still an
ongoing area of research with a very little knowledge about them in hand. Understanding
relation between dark energy,dark matter and non-commutative geometry has been explored
in [Kuhfittig 17]. Now, since the metric has become time dependent in our BTZ black hole
scenario due to non-commutativity of space-time, can this be somehow related to expansion
of universe itself?
Can non-commutative structure of space-time be the cause of expansion of universe or at
least it has some contribution in it? It can be very interesting to explore and since, it has
been shown that by making the geometry non-commutative, we can have non-static and
non-stationary black holes can be the first towards it.It can be an indication of their deeper

relation.

2.3 Discussion

It would be interesting to see other types of non-commutative algebras like [:pi, 330] = jaz’,
where non-commutativity is explicitly between time and space coordinates and not between
space-space coordinates. An attempt has been done in [Banerjee 07] to study Lie algebraic
structure type non-commutativity. In that correction term to the gauge field is of the

following form:
A _ - 1 VA o 1 Ao vé
A(A)=A, 49 {A),00AL + Fyu} 49#1,9 0,0"° {Ax, As'}

One can use this to study the algebra described above but in (2+1) dimension 6,,, would
not be invertible and hence it would not be applicable.
Another attempt has been made in [Sykora 04] to generalize the Seiberg-Witten map for any
general type of non-commutative algebra of co-ordinates. In that generalised star product

mentioned in chapter 1 and formality map has been used. The correction terms in gauge

15
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fields are as follow:
n i kl yvn i kl n
Ax = X"a,, + ZC X {ak, ojan + fln} + ZC o X {ak, an}

In the proposed method, for algebras which are not of the form where 6, is constant
there the commutative limit does not go to gauge fields on commutative flat space-time but
rather curved space-time.

In previous section we have seen that introducing non-commutativity can lead to non-static
metric. That affect can be more generalized if we take ”space-time ” non-commutativity as
in that case we can have term like B(¢) in metric itself and with some bound on form of
B(t) and more freedom to pick the function. And looking at it’s effect on cosmology would
be very interesting and as well as to explore if that has any relation to dark energy and

evaporation of black holes.
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Chapter 3

Thermodynamics of BTZ Black

Hole in Non-Commutative

Space-Time

3.1 Black Hole Thermodynamics Laws

Bekenstein was the first one to point out that, Black hole entropy is related to area of the

black hole,in fact directly proportional to it [Page 05]. This is known as Bekenstein-Hawking

entropy which is given by,

1
Sbh = SBH = ZA

Note that in this thesis, wherever there is ”bh” in subscript, it means black hole while ” BH”

in subscript means Bekenstein-Hawking. Also in [Page 05] there are four laws of black hole

thermodynamics which are similar to our good old known ”laws of thermodynamics”.They

are mentioned below briefly,

Laws bh Thermodynamics Thermodynamics
Zeroth | k is constant over it’s event horizon T is constant
for stationary bh for a system in thermal equilibrium
1st oM = 8%/{5/1 + Q0J + PHQ AU=Q-W
2nd A can not decrease S can not decrease for closed system
3rd k can not reduced to zero T can not reduced to zero
in finite steps in finite steps

Table 3.1: bh thermodynamics vs thermodynamics
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3.2 Quantum Tunneling and Hawking Temperature

Particles can be emitted from Black holes was mentioned in [Hawking 75| when Hawking
brought quantum physics to classical general relativity and since then black hole thermody-
namics has been an interesting topic of research.

As we know that in quantum mechanics, particle tunnels through infinite potential, this
picture can be applied to black holes too and particles can tunnel though black hole and
one can associate temperature to such black hole.This was explored in [Banerjee 08b]. We

will discuss that formalism in this section. For a metric of the form:

dﬁ::ff@yu2+fﬁi+wﬂaf
g(r)

In this metric, there is a coordinate singularity at r = rp as f (r,) = g (rp) = 0 .Since
this is just because of bad choice of coordinate system at horizon. We can get rid off it by
just coordinate transformation by making the metric regular at horizon. The need to do is
that, in this formalism tunneling probability of a particle through ”horizon” is calculated
and related to temperature. Since, "horizon” is of utmost importance here, we need metric
to be regular horizon. Fortunately, it can be done easily by special transformations known

as ”Painleve Transformations” which is as follows,

L-g(r),

A= A=\ g

r
Now our old metric "not regular” at horizon will change to "regular” metric at horizon of

Black hole and is given by,

1 —g(r)

L dtdr + dr® + r?dQ?
f(r)g(r)

ds® = —f(r)dt* + 2f(r)

With the above metric in hand, we can ask for radial null geodesics i.e. ds?> = dQ2? =0

and it can be simplified as,




Now, the above expression can be further simplified by using Taylor expansion of functions

f and g near horizon as we are only interested in particles tunneling from near horizon.

1) = F () (=) + O ((r = ra)?)
9(r) = g’ (ra) (r =) + O ((r = 0)?)

and by using our above approximations, we can rewrite the radial null geodesics as,

F= VI ) =)+ 0 (0= m)?)

The surface gravity for the metric which is regular at horizon can be calculated as,

(M) =Tl = [ }(;)Zi:;g(r)dZiT)]

r=rp,

Again by using Taylor expansion we can simplify this expression for near horizon ap-

proximation .
M) = SV () o ()

It is clear from the above calculation that there is relation between radial null geodesics
and surface gravity which is in favour of quantum tunneling formalism for calculating tem-

perature as surface gravity is directly linked to Hawking temperature.
i = K(M) (=) + O ((r = )?)

Imaginary part of the action for the shell crossing from rj, to rout can be written as
[Banerjee 08bl [Parikh 00],

Tout Tout Pr
ImS$ = Im/ prdr = Im/ / dpl.dr
Tin Tin 0

One can rewrite this expression by using hamiltonian equation 1 =

Tout H Hl
ImS =1Im / / d, dr
Tin 0 r

This integral can be evaluated as in [Banerjee 08bl [Parikh 00] to give expression of

daH
dpr |,.’

temperature as entropy and this integral is related by quantum tunneling probability.
As we know tunneling probability can be related to entropy as entropy is realted to total
number of microstates by, Spn = log {2 we have entropy related to tunneling probability by

the following relation,
ASph

T = Pemission o esffsi —e
Pabsorption
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and thus,
T~ 672lms — eASbh

Which gives relation between entropy and the action for energy shell crossing through

horizon.

ASbh =-2ImS

And thus the Hawking temperature can be calculated as in [Banerjee 08b],

Ty= oo = VT g ) (3.1

"~ or

3.3 Chargeless BTZ Black Hole in Non-Commutative Space-

Time
3.3.1 Semi-Classical Treatment

In the previous chapter, various metrics were obtained which describes a BTZ black hole in
non-commutative space.In this section we will explore the thermodynamics of one special
metric which is chargeless and this work has been described in [Anacleto 18]. In the units
8G=1=c, metric mentioned in the previous chapter can be rewritten by doing the

following transformation,

J
d = dp = 2(1- 93/27"2)r2dt

Now after performing the above transformation, our metric will come in the form in
which we can apply tunneling formalism result to calculate temperature of this BTZ black
hole as in [Anacleto 18],

B
ds* = —Fdt* + Q 'dr® + <1 - ;2) r2dg?

r2 J* 6BJ?* 6B
f:—M+l22+4T22+8T4—2Z2
r J 6B (2 M

Q:_M+12+4r2_2<52_r2>

Hence now temperature of this black hole can be calculated via the formula found in
previous section and by using simply first law of black hole thermodynamics one can
find entropy too for the above mentioned metric [Anacleto 18]. Note that here, 7, denotes
the event horizon of the black hole with non-commutative correction while r simply denotes

horizon of black hole in commutative space-time.

20



R VF(r) Q ()

TH:47T_ 47
9f 2 72 BI2M BI2.J2 20\ 2 72 2 72\ —2
) o P (] () o
4ml 475 275 479 275 4Py 47

(3.2)
To calculate entropy we can use 1st law of black hole thermodynamics as for a rotating

black hole as,
dM = TgdS + QdJ

but we also know that M is function of 7 and J which means that dM can also be written
_ oM

as the following (Q = 57),
M
dM = Ldv&r +QdJ
(97‘+

Now, it is very clear from the above two equations that entropy can be written as,

1 oM

We can find M by putting Q) = 0 for r = 7

9B\ "' [ J* 6B
M=(1-21=2 =+ _ =
(-32) [Frim 7]

A2 2 2
ry o J J 1 9
R Y'Y ) (A Ry

T (8?1 212>+ (%)

and thus,

oM 2, J?
ory 12 273

9B 27 122 0B.J?
<1+7g> + 0 (6?) =5 <1—4f4> -
+ + +

Now by using above equation in (3.3]), we can finally get to semi-classical entropy which

can be found as,

) B BI2.J2 2 72 2 72\ —2
4rs 873 87 47y
0B.J2 [27, 22\ )
——— |5 | 1- 0%) ¢ dr
a7 (-5)] rowrpe

Note that above expression gets back to usual entropy if 6 goes to zero.

In terms of the horizon of commutative space-time, the above expression can be rewritten
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as,

2 72 2 72 2 72
Sotn [ (1 2) (1[5 4 OB (1LY (1 )
drsy 4rs 8ry 8ri 2ry

0BI2.J? 1272
- 1+ — 6%) % d
2r¢ < +4?“i> ol )} "

nB20* 7©BOI?J? TnBOI*J*  3wBOI°J°
12r3 55 14479 416113

= 47T7"+ +

Hence, 6 correction to entropy of BTZ black hole in non-commutative space-time will
start from 2nd order if J = 0.

3.3.2 Quantum Correction
Generalized Uncertainty Principle

In [Anacleto 18], generalized uncertainty principle is used to find quantum correction to the
entropy and temperature that were found in the previous section.We know that uncertainty
principle is give by,

AxAp > h

There has been generalized version of the above formula to incorporate minimum length.
For a long time, a minimum fundamental length is considered to be in theory of quantum
gravity. Like in string theory we have fundamental length of string. Such notion is carried
out in other versions of quantum gravity too.

The one possible extension of the above uncertainty principle is discussed in [Hai-Xia 07]
and it has been used to calculate corrections to the Bekenstein-Hawking temperature. The
generalized uncertainty principle used in [Hai-Xia 07] is,

h 2 Api

2
AJIinpi‘FOélpl a

(3.4)
Also, in [Anacleto 18] a more general version of the above uncertainty principle is dis-
cussed which is given by (« is the deformation parameter),
2l2

adyp a 2
AxAp > h (1 — TAP—F ?(Ap) )

Now, this can be further written as,

A 4022
Apzh( x;—;xlp)(l_ L a‘ly )
20203 (Az + aly)
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For such a relation there exist a minimum bound on the uncertainty in position and

hence a maximum bound on the uncertainty in momentum which will be given by,
Az > (AZ)min =~ adp

and,

Ap < (Ap)max = 1/ (adp)
Using Taylor expansion, it can be further simplified as(G =c=kp=h =1, =1),

« a2

ApZE 1—m+m+...
for a = 0, one can get the usual relation (absorbing 2 in Ax),
AxAp > 1
Now, we know that for massless particle the energy momentum relation can be given by,
E? — p?
if we assume, p ~ Ap > 1/Ax , then we will have,

EAx >1

And hence, we will have energy corresponding to the generalized uncertainty principle as,

Eovp> Bl % 4 @
cUPb = 2(Az) | 2(Ax)?

Now, we can replace the F by Egpp in tunneling formalism to get temperature which

now will be given by,

« 042

-1
T< 1-— ‘e .
_TH[ 2(Am)+2(Ax)2+ ] (3.5)
Note that here Ty is same as calculated in ([3.2)

Now if we use the generalised uncertainty principle of the form (3.4)) then, by following

the same procedure, the temperature will be given by,

a?l? a2 2
T<Ty |1+ o) 42 )4+
(Ax) (Az)

-1
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In I,y = 1, this expression would be written as,

a? a? \?
1+ <2> +2(2> NI
(A7) (Az)
Now we can compare expression (3.5) and (3.6)). It is clear that all the terms that are

contained in expression (3.6)), are also contained in expression (3.5)) which should have been

the case. But which terms should be there? and which terms should be absent? can we

-1

T <Tu (3.6)

modify generalized uncertainty principle that it gives only particular favourable terms in
quantum correction to temperature? If so, then what terms should be in favour and hence

which form of generalized principle should be correct?

One reasonable guess for choice of the Az could be the radius of horizon itself i.e.
Az = 71. Once this is done, we can use the expression to calculate quantum correc-
tion to the entropy. In [Anacleto 18] entropy has been calculated for a special case for which
the black hole is not rotating and in that Ax = 27, is set in and is used.

1 oM 0B 0B @ 0B a?
S = di, =4 1— — 1+ — ) |1=-— (1= — (1=
w0 = | oo o, ”/( 4&){(*4&)[ 4r+< 4&)*&&(

76> B? 1mafB  17a? 1 Ta?0B
=dnry + —( —maln(ry) - c—5— 5 —+ 55—
1277 8 ry 2 ry 12 rg

It must be noted that in semi-classical entropy there was no correction term of 1st order
in @ but here we can clearly see that because of deformation of uncertainty principle, there
has been contribution of 1st order in 6 to the quantum correction of entropy. Also, it is
important that logarithmic correction to entropy has been observed which was also observed

in various other approaches [Bargueno 15, Das 02].

Hamilton-Jacobi Method

In [Modak 09, Banerjee 08a], quantum correction were added to Hamilton-Jacobi method
for a BTZ black hole in commutative space-time. That method can also be applied to a

general metric of the form:

dr
G(r)

For a massless particle in the space-time described by above metric, we can write K-G

ds* = —F(r)dt* + + r2dQ?

equation as follows,
h2

Vg

au [Q}W\/?gau] =0
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Like earlier, we are only concerned with the radial trajectories and hence K-G equation

will be simplified to the following,

O _10FG) 0% _

oz 2 ar or ar?
One can start by assuming the solution of the above equation as,

(r,1) = exp [—;S(r, t)]

Putting the above solution in K-G equation, we will have following partial differential

equation,

05\ ? 95\ 2 925  10(FG)dS 928
=2) —FG(Z in - - =22 _FG=Z| =
<6t) G<0r> T [&52 > or or Gaﬂ} 0

To find the quantum correction we can write S(r,t) as,
S(r,t) = So(r,t) + > hWSi(r,t)
i

For each order of h, the partial differential equations will be of the form:

05\ 2 05\ 2
R.(Z22) —aB(Z22) =
(%) —48(%) -0

05 S 05005, i [02Sy 10(FG)dS 25
1.050951 05051 i o 1 0 o] _
R T 8r+2[8t2 2 or or FGW] 0
d51\? 05,08 51\ 95y DS 925, 10(FQG)ds 928
2. (991 050 0o 051\ 005 . 11 1 pn0751
h'(f)t)+28t ot FG(&) 2G5, 8T+Z[8t2 > o o Gz |70

In general we will have the solution of the above set of equation as,

as as
h aTk =+ F(T)G(r)a—:

As, S}, are proportional to Sy, we can write the solution as(y; ’s have the dimension A~%),

S(r,t) = <1 + Zwﬁ) So(r, t)

i
We can write ; s to be of the form, 7% as r4 have dimensions of A and 5; ’s are dimen-

sionless constants.
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S(r,t) = (1 n Z @ZiZ) So(r,t)
i T+

Because of symmetry of the metric, Sy(r,t) can be the written as (w is the energy of the

particle,

So(r,t) = wt + 30(7“)

solving the differential equation for the Sy(r,t) will result in(+ denotes ingoing and

outgoing particle),

< dr
So(r) = iw/cﬁ(r)G(r)

Probabilities for the ingoing and outgoing particles will be,

S Q*ex g ﬁ w Ilm W m L
Po =19 | = p[h (“;%;)( -+l | F<r>G<r>>

- - 2 T _ o dr
Pout = |Pout |© = exp [h (14—;&7"1) (wlmt wIm/C F(r)G(T))

we know that classically there should be no tunneling outside, hence P, = 1 which
implies,
Imt=—1Im L
cF(r)G(r)

Using the above relation in P,+ we will have,

4 Bt dr
Py = —— 1+ E ;i — | Im _—
out = XD [ hw ( p . Ti) c VF(r)G(r)

for P, =1, Poyt can be written as,

and hence, quantum correction to semi-classical Hawking temperature (T) can be cal-

culated as,
-1

T, =T (1 +) 5h> (3.7)
R
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Now, if we apply (3.7)) to the (3.2)) we will have,

Th="Tn (1 + Z@fj) (3.8)
i +

One thing is clear that the expression can be cast into or for particular
choices of §;’s. Also it has been found that generalized uncertainty principle is consistent
with corpuscular gravity [Buoninfante 19|.

Consistency of generalized uncertainty principle with every result from different approaches
shows that generalized uncertainty principle or minimum length models have a deeper con-

nection with quantum gravity.

3.4 Charged BTZ Black Hole in Non-Commutative Space-

Time

In (2.8) a metric is mentioned for a charged Black hole in non-commutative space. In this

section, thermodynamics of that metric will be studied.

If one performs the following transformation that was also performed in the previous
section, we can get rid of dtdy term in the metric and thus we can perform tunneling

approach to calculate temperature and hence the entropy of the Black Hole.

J
d = dp = 2(1- 93/27“2)7"2dt

By doing the above transformation on (2.8)), the metric will be of the form (8G = ¢ = 1):

0B
ds® = —Fdt* + Q 'dr* + <1 - > r’de?

2r2
2 J? 9BJ?> 0B OBmq?
F=-M+—+-— —mg’l —
TRt TN g T op e
O=-M+ptya—m 1”‘2<zz‘r2‘2r2>

Now using the temperature calculated from semi-classical treatment as (3.1), we can

calculate the temperature of the metric as,
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R VF(r) Q ()

i = 4T 4
27 12M 272 212 M2 12,72 2M 122 272
- T+;U 1_‘93{ 24 +7TqA4 (1_7”{2 - A2>+ :]6 (1_ 22 :{1 _mfz )]x—2+0(92)
4ml 275 277 274 274 47y 2ry 4ry Lot
(3.9)
here,

12J?  wqtl?
r=(1-—F %
47y 274

We can find M by putting Q = 0 for r = 7,

0B\ ' [ J? 1 72
M= (1--"2 -+ —7¢*Inr —0B | 5 — 5
< 2f3> [12 Ty TR <z2 4@)}

~2 2 2 2 2

T J 9 J 1 mq*Inr  wq 9
_ — 7 Inr+ 6B _ O (0

R g T (&fi o2 oz gz ) T C

and thus,

M 27 272 272 2 2 21
Lzﬁ 17l:]4 77TqA2l 0B J°  mq 7TqA3nr
or 12 47t 275

55 23
2ry Ty Ty
Now expression to calculate entropy for charged black hole will be same as of (3.3)) as,

oM

dM = —dry 4+ QdJ + ®dg
07"+

dM = TydS + QdJ + +®dg

_ Lo
- Ty Oy

R 6B 9Bl2 2 l2 2 l2 2 2l2 —2
S:4w/ 1+[A2+ Aﬁj <1_3:4]>]<1_ i-%)
4rs 875 87 4rs 274

+{937fq214 <1_5ﬂ_ﬂq2>} <1_W_7fq2l2>_2
gl \2~ mt 72 7L T o
+ + +

ds di (3.10)

T
7@l Inr (=2 J? 7P 12J?  ng?l? -2
I A WA I | R G
+ + i + T
J? wg®  w@Inr) [274 12J?  wq*l? ! 9 .
+ T3 + + ¥
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By solving the above integral we can have expression for semi-classical entropy.

One can add quantum correction to temperature (3.9) by the methods describe in pre-

vious section and then again use (3.3)) to calculate quantum correction to entropy.

Quantum corrections to temperature can be:

c o’ }_1 (3.11)

TS T 1= gy

-1

() () e

. —1
T, =T <1 + Zﬁf) (3.13)

+

T<Tu

In chapter 2, other two metric , that were derived are also functions of ¢ and
t respectively.It would be interesting to study thermodynamics of those. In [Chakraborty 14]
it was shown that quantum tunneling formalism both in terms of semi-classical and quantum
description can be generalised to non-static black holes. It would be interesting to figure

out something for non-stationary as well as non-static metric like (2.11)).
Plot of (3.9) is drawn for the comparison.
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30



Chapter 4

Essence of Non-Commutative

Space-Time

In previous chapters we have studied BTZ Black hole in non-commutative space and studied
thermodynamics of it using quantum tunneling and generalized uncertainty principle. The
physical picture in previous chapters is not much clear. It is based on ”good mathematics”
but questions like "what is the physical meaning of B?” in the metric are still unclear.
We know that A,(f)a will give us the gravity in commutative space. Mathematical reason
was stated in chapter 2 for the existence of ”B-field” in non-commutative space but why
they have to be physically present in non-commutative space with gravity? In commutative
space-time, they are just decoupled U(1) gauge fields. Non-commutative corrections are
supposed to be effective on short length scales or high energy scales. Does it mean that in
low energy limit in (2+1)D space-time, we would have experienced Afli)a’ in form of gravity?
But then where would be those ”B-field” in low energy limit and in what way we would
have experienced them? Would they be present in (34+1)d universe in low energy limit? if
yes, are we experiencing them?

In one way, we can try to give meaning to these "B field” is that effectively we can see
that in the metric , constant B is always paired up with 6, so we can think of B as
an effective non-commutative parameter. Which would make the constant B just a scaling
factor. In we can treat B a scaling factor that depends on the angle (). Similarly, in
, ”(Ct”can be treated as time dependent scaling factor.

Another method which can be used to get a metric, corresponding to non-commutative
space. And this approach is more intuitive and it is easy to understand the physical mean-
ing of it. This method was first introduced in |[Nicolini 06] where non-commutativity is
introduced in stress energy tensor of Einstein’s field equations for a Schwarzchild black
hole. This approach is inspired by the results obtained in [Smailagic 03aj, [Smailagic 03bj
Smailagic 02a), [Smailagic 02b] where it was shown that non-commutativity of coordinates

affects distribution as well as propagation of energy and momentum. In these papers it has
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been shown that commutative space-time is replaced by so called ”smeared” objects which
mathematically translates to changing the Dirac delta distribution to Gaussian ones. It
should be noted that in these papers, another approach known as coherent state formalism
of non-commutative space was followed where star * or Moyal product was not used. In
[Nicolini 06l [Ansoldi 07 [Spallucci 09] different 4D and higher dimensional black hole geome-
tries are discussed in non-commutative space by using this intuitive approach where they
have mentioned removal of singularities and Hawking process. In [Larranaga 10| [Liang 12]
BTZ black hole geometries are discussed. We will explore this approach for charged BTZ

black hole geometries in this chapter.

4.1 Einstein-Maxwell Equation for Non-Commutative Space-

Time

For a (2+1)D geometry, Einstein Maxwell equations are written and non-commutativity is
introduced in stress energy tensor for both matter and charge via their distribution function.
It makes sense also physically, since we know that matter and energy affects the geometry
of space, changing matter-energy distribution to introduce non-commutativity will help to
get correction term to geometry of space-time casued by non-commutativity of space.
Physically one can say that particle’s mass and energy is diffused in some region (of the
Planck order) instead of ideally localized at one point and this can be attributed to the
fuzziness of space due to non-commutative coordinates.
Particle’s mass and energy density will now be replaced by some distribution function p
other than Dirac delta distribution §(Z).

1

Set of Einstein-Maxwell equations for AdSs space (cosmological constant,A = l2) are:

1 1
Ry — S0UR = 871G (T, oy, + T lt) + 59

b
V=

For a static charge distribution, current density is of the following form(vanishes for space

O (V=gF™) = J*

directions):
T (&) = palr)bl

Earlier this would have a Dirac delta charge density,

ed(Z) — per.(T)
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and field strength can be taken of the form:
Y — 5O[ul5r|V}E(T)

for an electric field E(r).

Now to compute Einstein-Maxwell equations, we need the form of stress energy tensor
for both matter and charge distribution.

For matter part, the stress energy tensor can be considered of an ideal anisotropic fluid
as,

Tuz/|matt. = (P + pt) Uy Uy + PtGuv + (pr - Pt) XuXv

here p is energy density, p; and p, are tangential and radial pressure respectively and u’
and x* are (2++1)D velocity and unit vector in radial direction respectively.

For Electromagnetic stress energy tensor, we have,

1 1
Tuu’el. = _E (FuagaBFﬁu - 4gquoagaﬂFﬁpgpa>

For a spherically symmetric and static solution, the general form of metric can be as-

sumed to be of the form:

ds? = —f(r)dt* + [g(r)] " dr® + r?de?

Let us assume, f(r) = e2*(") and [g(r)] ™' = €2*("). Now, if we put this form of metric into
Einstein’s field equation with the above mentioned stress-energy tensors, the three Einstein-

field equations will take the following form (assuming 8G=1=c and y* = e Pl |k = S%F)

[le=2P 1

=71p— — + The?@ P E2
r 12
1,—2p
ac =7p, + %2 — wke2(@th) g2 (4.1)
r

1
e (a2 + " —dB) =mp + BT The? (P 2
Along with these equations, We will have Maxwell equation as well,

1
—0 —gF*) = J" 4.2
Lo, (V=aE) (42
One equation will also come from conservation of stress energy tensor which will take

the following form:
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1 E?
645(p+n0d+p2+r@rmﬂ+2m%(:EE’dEQHE270):0
But the above equation is not independent from the set of three Einstein’s field equa-
tions.

In this chapter two types of distribution will be studied, Gaussian and Lorentzian distribu-

tion for both mass and charge.

4.2 Gaussian Distribution

In this section first we will discuss that, if mass and charge densities are of Gaussian form
then what will be the form of the metric? The motivation behind choosing the Gaussian
one is that it has been shown that in non-commutative space-time, Dirac delta distribution
is replaced by Gaussian in [Smailagic 03al, [Smailagic 03b], [Smailagic 024, [Smailagic 02b].
In [Nicolini 06, [Ansoldi 07, [Spallucci 09] this approach has been applied to Schwarzchild
and higher dimensional black holes with Gaussian distribution where they have successfully
removed singularities and also discussed Hawking process.

In the previous section it was noted that there are four equations and five variables and
hence, it will not be possible to solve the system without putting restriction on the system.

We will discuss two cases with meaningful assumption/restriction to solve for this Gaussian

distribution:
9 —r2/46
pel(’r) - 4 0
M 2
— —r?/46
pr) =1

421 a+B8=0

Now, this assumption seems valid, as in commutative space this condition holds true, we can
expect it to hold true in non-commutative space too. This case is discussed in [Larranaga 10].
Now we can easily solve, with the assumption a + 8 = 0. This will lead to expression
for E(r):

E(r) = 1/ ' pe (') dr’ = 4 (1 — e*’"2/49>
0

T - 27r
Once we get E(r), we can use this expression to solve the 1st equation in (4.1]) with the

above mentioned assumption that a + 8 = 0 . This will lead to e~2? expression:
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2 2 2 2
28 o) = () = M (1 — e LT Tk LR WY
e g(r) = f(r) M (1 e ) + 2 o [ln|r| +T (0, 49> 2F 0, 59

where, I' (0, z) is upper incomplete gamma function.

Now, it is easy to calculate Hawking temperature for such a case. Using (3.1]) we have,

T+ M /46 ¢kt ( —r2 /26 —r2 /40)
Th= — |1— —¢e "+ — —— (1 +E - 2e7 4.
T~ one2 [ 10 € 4rrd e c (43)

We can write M in terms of r, by making f(ry) = g(r+) =0

1 ¢k 2 1 r2
M=——————/-|—-—-—="—11 r — | —-=T — 4.4
(1 - e—ri/w) [52 2m [n i <O’ 49) 2 (O’ 29)” 4
Now it should be noted that as r; keeps getting smaller and smaller, Ty will approach
—oo and since Ty can not be negative. It means that Ty will go to zero for a finite value of

r+. This means that, as the black hole keeps contracting because of the Hawking process,

it will eventually stop contracting and a cold frozen remnant of black hole will be left.

e

L T T T 7T —T1 T 1 T T [ T T T T T T T T T T T T T [ T T T T 7T

Tenperaiim

Horizon

Figure 4.1: T vs r4 for Gaussian with Orange line represents Non-Commutative Space-Time
with @ = .1, Blue line represents Commutative Space-Time. Here,l = 10 and ¢ = 1

4.2.2 a+#-f

We have seen in ([2.8]), that though in commutative limit we have, f(r) = g¢(r), it is not

necessary that non-commutative correction also has to be equal in both terms as the case
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in .

So, we need a relation in f(r) and g(r) such that in commutative limit they are equal. One

valid assumption can be:
e2(at+B) — (1— e—r2/49)

If this relation holds true, E(r) can be calculated from (4.2):

) q 2
Sy () = L (1 o)

1 T
E(r)= —— / V1
/1 —e72/40 Jo
With this value of E(r) and the assumption that e2(®+8) = (1 — e~*/19) | we can solve
for the first equation in (4.1) which will give:

r2 2q2k

_ —7”2 20
e 2 = g(r)=—-M (1 —e /49)4_?2_7977 In(|r]) + — +

And,
f(r)y=e* =e2(1 - 6_7"2/40)
Mass can be calculated from the relation that f(ry) =g(ry) =0
3r2 r? r?
r(o.%) sr(og) sr(0%)

1 _
n(|r|) + 5 5 + 5

I S L .
<1 _ 6_7“‘2"/46) 62 97

M =
Hawking temperature can be calculated using (i3.1)

4.3 Lorentzian Distribution

The motivation behind choosing Lorentzian distribution is that there has been found in-
teresting relation between black-holes,warmholes and gravstars in [Kuhfittig 20] that they
seem to be indistinguishable in non-commutative space. Also [Kuhfittig 17, Kuhfittig 20], a
relation between dark energy and non-commutativity of space-time has been explored.
Geometry for BTZ black hole has been discussed in [Liang 12] for chargeless case. In this
section, charge will be included for BTZ black hole (with Lorentzian distribution).

Mo

o = 2m (r? + 0)%
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eV
27 (r? 4+ 9)%
For such a case, we will assume o« = —3. E(r) can be calculated from (4.2)) as,

Pel (T) =

1 (" 1
By =2 [ty =5 (1o 2=
rJo r /% + 1
Now, with the above E(r) and the assumption that & = —/3, we can solve first equation

in (4.1)) to get expression for e~ :

2 2 1 2+9
e = g(r) = f(r) = — TP +%_M (V72 + 0+ V) — n (|r* +6])
2 2 27 2
g

We can plot f(r) vs  to analyse the horizon of the black-hole.

N

[ 28]
Y
(=]
=
[==]
—

il
TaliEs

Figure 4.2: f(r) vs r for Lorentzian with ¢ = 1,/ = 10 and # = .01. Blue for M = .005000
red for M = .005593 and orange for M = .006000

M can be calculated from the relation f(ry) = g(r+) =0,

-1

B 1 i ¢k 2 In (|r? +6])
=1 [ﬁ_%lmmm)_Q (4.5)
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Hawking temperature for this case can also be calculated using (3.1)),

2
1|2 M 2k 1
T ths A I (4.6)

Sl IV VR S N A DT

Now if r4 keeps decreasing, T will give two cases, for ry — 0

Ty

It will explode to oo if 4v/8 > 1. Such divergences are not expected in non-commutative
space-time, since non-commutativity is supposed to remove divergences at small distances.
But if 4v/0 < 1 then, Ty will reach to —oo and since temperature can not be negative, in this
case Ty will go to zero for a finite non-zero value of r;. In this case, after hawking process,
a frozen remnant of black hole will be left. Hence, a bound is achieved on 6, 4v/8 < 1. This

can be seen in figure given below:
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Chapter 5

Gravity’s Rainbow and

Non-Commutative Space-Time

In past years, there have been various approaches to quantize gravity and almost all of them
predicts that usual dispersion relation that we use in physics should be modified. Like in
quantum discreteness [Hooft 96|, in non-commutative geometry |[Carroll 01} [Amelino-Camelia 97b),
Ye 18| [Alexander 01], in spin networks [Gambini 99] and in string theory [Kostelecky 89].
Generalizing the concept of modified dispersion relation falls under the name of ”gravity’s
rainbow” where the metric itself get modified in such a way a way that it becomes func-
tion of E of the probe. A very good review of gravity’s rainbow and quantum space-time
phenomenology is given in [Magueijo 04, [Amelino-Camelia 13]. There are various papers
in which various black holes and their thermodynamics are studied in gravity’s rainbow
[Ling 07, |Gim 19, [Gim 14| [Ali 14] [Amelino-Camelia 06]. Not only black holes but this con-
cept had also been applied to cosmology as well as non-singular universe has been found
in gravity’s rainbow [Awad 13]. BTZ black holes in gravity’s rainbow has also been stud-
ied [Alsaleh 17, [Panah 19]. There have been some speculations that these effects can be
tested in gamma ray bursts observations [Amelino-Camelia 97a]. In this chapter we will
explore combine effect of non-commutative geometry and gravity’s rainbow. Term ”Flat
non-commutative space” used in this chapter means non-commutative geometry whose com-

mutative limit is flat minkowski space.

5.1 Gravity’s Rainbow

The general modification in usual dispersion relation can be given by,

E*f*(E/Ep) —p-pg* (E/Ep) = m?
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Note that E is not the energy of space-time itself, but it is the energy to which space-
time is probed. One can have a system of particles with energy E that can be used to probe
the geometry, then we can assign the metric g, (E). Since, geometry is energy dependent,

Vielbein field’s be too. Now for system of particles with energy E, the geometry is given by,
9(E) = n"es @ e

Here, the Vielbein fields (energy dependent) can be written in form of energy independent

Vielbein fields (which will be realised by particles with low energy) as,
eco=f""(E/Ep)éy, ei=g '(E/Ep)&

These functions are chosen such that for low energy we have,

lim g.(E/Ep;) = gzlbaSSical
E—0
Therefore,

li F/Ep)=1 li E/Ep)=1
s BIEPY =1 im0 (B/Ee)

5.2 Consequences of Gravity’s Rainbow

In terms of renormalizable group flow, one can say metric "runs”. Also, in absences of grav-
ity or free falling frames, there is not just one flat space-time geometry but a class of flat
space-time geometries given by gq,(E). If an observer observes two particles with different
energies, then he/she will attribute different geometries/metrics as realised by them even
though they are moving in same space-time region. Not only different particles(with differ-
ent energies) observed by the observer will realise different metrics but also if one particle
is observed by two different observers, and they assign different energy to the same parti-
cle then they will attribute different geometry/metric realised by the particle. Only when
two particles are moving with very low energy(E,/Ep — 0,E3/Ep — 0), geometries/met-

rics as experienced by them will be effectively same and equal to the usual classical geometry.

Inspired by non-commutative geometry and loop quantum gravity, one popular choice of

these energy dependent functions are [Amelino-Camelia 13,

J(E) =1 g(B)=1/1-n(E/E,) (5.1)
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5.3 Non-Commutative Space-Time and Gravity’s Rainbow

Now what if instead of taking Vielbein fields(independent of energy) corresponding to the
geometry of commutative space-time , we include the non-commutative correction terms
in them i.e. é, — ég,. In this way we include non-commutative geometry and gravity’s
rainbow at the same time.

Motivated by the previous section, we can make energy dependent functions to be of the
form:

li E/Eg) =1 li E/Ey) =1
E/]{;ragof( /Eg) =1, E/]{JI;;OQ( /Ep)

For a non-commutative parameter 6, since @ is generally of (Plancklength)?, we can
take Fy to be energy corresponding to (v0)™! .

Now Vielbein fields are:
eo = f""(E/Eg)égo, ;=g ' (E/Ey)ép
and thus now the metric will of the form:
g(E) = n%e, @ e

Double special relativity supports the idea of minimum length and the same is case with
non-commutative geometry. So, it would be best to incorporate features of both into one.
non-commutative geometry has been successful in removing divergences in many cases, so

it would be interesting to study "running” metric in non-commutative space.

5.4 Consequences of Non-Commutative Space-Time and Grav-

ity’s Rainbow

We will recover commutative space-time picture in the limit # — 0, and in that case not
only space will become commutative but also energy dependence will now be removed as
Ey — oo and hence E/Ey — 0. This picture makes sense, as now if there is no minimum
length then, both non-commutative geometry and gravity’s rainbow (because of doubly spe-
cial relativity) will be ineffective. The main difference here is that even if E/Ey — 0 that
does not necessarily mean that non-commutative geometry effects are excluded now. In this

case, there will be non-commutative geometry effects in the metric. But now there will be

43



single metric instead of a wide class of metric. Similarly, in absence of gravity, there will
be wide class of flat but non-commutative geometries. If an observer observes two particles
with different energies then geometries realised by them will be not only be different but

also non-commutative.

From now we will call the combine description of non-commutative geometry and gravity’s

rainbow as ”Non-Commutative Gravity’s Rainbow”

5.5 Thermodynamics in Non-Commutative Gravity’s Rain-

bow

5.5.1 Intrinsic Temperature

In this section we will discuss temperature and entropy for few non-commutative gravity’s
rainbow pictures of BTZ black hole. A general form of metric for BTZ black hole can be

represented by,
2
r
9*(E)

_F
F*(E)

Here, 7 and Q are with non-commutative correction terms.

ds® = dt* + Qg (E)dr® + d¢?

By using same formalism as of quantum tunneling and using (3.1)), we can calculated tem-

perature as,

9(E)
T="T, (5.2)
f(E)
here Tj is the temperature in non-commutative background for F/Ey — 0.
In this chapter we will use similar relation as of (5.1)
f(B):=1 g(E):=1/1-n(E/Ep)" (5.3)

and Fy = (v#)~!. We will be using 7 = 1, = 2 in this chapter. We can see that there is
whole class of temperature now. We can assign the intrinsic temperature in gravity’s rainbow
by focusing on particles near horizon which are assumed to be emitted during Hawking
radiation. Since they will be near horizon and using the relation £ > 1/Az ~ 1/ry, we
can find intrinsic temperature in non-commutative gravity’s rainbow. The reason we are
focusing on particles near horizon is that their energy must be same as of the Hawking
temperature of the black hole (in k = 1).
and thus,

(5.4)
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Now, for n = 1,v = 2 in (5.4), we will have,

5.5.2 Examples

In this section we will use non-rotating but charged BTZ black hole.

Gaussian type non-commutative gravity’s rainbow

By using (4.4), and putting ¢ = 0, we have:

o g ()
(1 _ e—Ti/49) 62
And for such a case, we can put ¢ = 0 in (4.3) to get Ty as,

T4+ MEZ 2 /40
T = ]_ _— +
"= o ( 10 ©

By using the above expression in ([5.5)) we have,

T4+ MEQ —r2 /40
T = 1 _— +
o2 ( 40 ¢

Using (5.6)) in (3.3)) entropy will be given by,

S:47T/ : ! 2d§
To (1 —6_62/40) 1— <ﬁ>

We will now plot (5.6) for comparison with commutative case.

45

(5.6)



mmmmmm

Moy

R e
(DR P D E T

B .-.-1_\.
L PR T

lenperabios

- .-.--I-.-
w s L

aaaaa
mmmmmm

[=]
[=]
-
—
(=1
e
-
|3

Horizon

Figure 5.1: T vs ry for Gaussian Non-commutative Gravity’s rainbow with! = 10, Blue line
represents commutative case, Orange represents Non-Commutative Gravity’s Rainbow case
with 6 = .1

Lorentzian Non-Commutative Gravity’s rainbow

Using (4.5)) and (4.6 for ¢ = 0, we have mass and T} given by:

—1
1 ri
M=\t (@)
Vo +1
1 27"+ M?"+

Ty = — —
Am\ P20 41)2

Using above expression in (b.5)) temperature in this non-commutative gravity’s rainbow

will be given by,

B 1 2’/’+
Cdr | 2

Using above expression in (3.3]) entropy will be given by,

T4
S:47T/ (
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Graph of temperature and entropy are plotted for comparison.

5.6 Discussion

Another attempt has been made in [Faizal 18] to unite gravity’s rainbow and non-commutative
geometry. In that approach @ itself is made function of F, such that when E%z — 0, then
0 itself vanishes. In that approach, low energy particles will not realise non-commutative
space-time structure. In that case for low energy particles there might be singularities in
metric realised by them.For example, schwarzchild has singularity at r» = 0, for low energy
particles in gravity’s rainbow formalism developed in [Faizal 18].

In formalism developed in this chapter, even for low energy particles, metric realised by them

will be non-commutative and hence there will be no divergences at r = 0 in schwarzchild case.
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Chapter 6

Holography for BTZ in

Non-Commutative Space-Time

6.1 Cardy Verlinde Formula

There have been a lot of progress in AdS-CFT correspondence in the recent decades. Another
formulation known as ”Cardy” formula relates the entropy of a (141)D conformal field
theory to it’s Casimir energy and total energy [Cardy 86]. That formula was later generalized
to arbitrary dimension in [Verlinde 00] where the entropy of CFT in arbitrary dimension is
related to it’s Casimir energy and the total energy. Cardy Verlinde formula has been shown
to be valid for a numerous types of black holes [Cai 01, [Jing 02 [Halyo 02| Lee 08, [Setare 04
Cai 02]. But this is not a trivial thing as Cardy Verlinde formula was shown not to hold
for many AdS black holes [Gibbons 05 [Cai 01]. The consistency of Cardy Verlinde formula
for a charged and rotating BTZ black hole is checked in [Setare 09]. A Schwarzchild case in
non-commutative case is discussed in [Abbas 14]. In this chapter, we will discuss the case
of BTZ black hole in non-commutative case.

Casimir energy is defined by the violation of Euler’s formula.
Ec=n(E4+ PV -TS—-2Q —QJ)
In terms of Casimir energy, total energy is defined as,
1
E=FEgp+ §EC

These extensive part of energy and Casimir energy can also be written in radius of the
sphere R and entropy S as,
Ep = % SH%

_ b q1-1
Ec = ggs n
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and hence,the generalised Cardy Verlinde can be written as,

2mR

ScrpT = ﬁ Ec (2E — E¢) (6.1)

6.2 BTZ Black Hole in Non-Commutative Space-Time

For a BTZ (chargeless and non-rotating in non-commutative space) case, n can be taken to

be 1 and hence, Casimir energy can be defined as,
Ec=(E+ PV -T5)

and,
PV =F

Ec = (2E—T8S)

The metric that is considered in this case is,
ds® = —f(r)dt* + [g(r)] "' dr® 4+ r*dg”

7,2

9r) = f(r) = =M (1= 7/0) 4 1)

Horizon can be calculated from f(r; = 0),

2
r
_ +
M 5

Ao (3)

This equation can not be solved for a closed solution but an approximate solution can

1 M3

be found as,

By using the above equation, we can find entropy as well as temperature as,

1 M2
S =dnrry =4nv MY <1 — 5 &P <—40>>

e L o ()] B o {42 o ()]

Casimir energy can now be written as,

20



Eoc=2E—TS
we can write T'S = 2M (1 — p) and hence,
Ec=2Mp

in the above expression p is given by,

M2 ex 2 2 2 2
p:(ifep(q) — % exp(q) exp (—%) [1 — iexp (—%)} + exp (—%) [1

where q is,

Extensive part of energy can be written as,

1

EE:E—%EC:E—i(ZE—TS):%S:M(l—p)

or
2F — Ec = 2M (1 — p)

We can also write, extensive and Casimir part of energy in form of R and S as,

b
Eo=——
“T orR
From which we can say that,
b
- 2m(2Mp)
also,
a
Ep = 2
E= 4rR
which implies,
aS? B 47ra'r%r

R= —
ArEp  M(1-1p)
From (6.5)) and we can write R as,

g Vabry
M+/p(1—p)

o1

(6.3)

(6.4)

(6.6)

(6.7)



Using (6.7)),(6.2) and (6.4)) in (6.1)), we can say that,

Scrr =S

Hence, Cardy Verlinde formula is valid for BTZ black holes which are chargeless and
non-rotating in the non-commutative space.
Here we have used distribution picture in which distribution function that will set non-
commutativity is taken to be Gaussian. Similar results may be found if we use Lorentzian

distribution instead of Gaussain.

52



Chapter 7

Conclusion

Non-Commutative Space-Time has been used as an approach to remove UV divergences
in quantum field theories. It has also significant applications in case of gravity where
it is believed that at quantum scale, the structure of space-time is not smooth but non-
commutative. Such a picture helps to remove divergences at the centre of Schwarzchild black
hole. Other motivations has also been discussed in chapter 1 for non-commutative structure
of space-time. With these things in mind BTZ black hole is studied in non-commutative
space-time in this thesis. In chapter 2 we have used Chern-Simons theory to get the corre-
sponding metric of BTZ in non-commutative case. Moyal product and Seiberg-Witten map
has been used to find Chern-Simons gauge fields in non-commutative space-time and they
are further used to get the metric of BTZ black hole in non-commutative space-time. In this
approach, we have noticed that it is possible to make metric of BTZ black hole non-static
as well as non-stationary in non-commutative space-time. Thermodynamics of black-holes
has been an interesting area of research in past some decades. Various approaches to study
thermodynamics of black holes has been explored by various research groups. In this the-
sis, we have used the formalism of quantum tunneling to study thermodynamics of BTZ
black hole in non-commutative space-time and quantum corrections are added via GUPs
and Hamilton-Jacobi method. In chapter 3, quantum tunneling has been used to study
thermodynamics of the BTZ black hole obtained from Chern-Simons and Moyal product
approach. Another formalism has been developed for non-commutative space-time known
as coherent state formalism where Moyal product is not used to get the metric in non-
commutative space-time but Dirac delta function for distribution of charge and mass of a
test particle is replaced by some other general distribution. Gaussian distribution has been
already study for a charged BTZ black hole. In chapter 4, we have studied Lorentzian dis-
tribution and explored thermodynamics of this type of BTZ black hole in non-commutative
space-time and found an upper bound on non-commutative parameter §. Gravity’s rainbow
has gained some attention in last two decades and it would be interesting to see combine

effects of Gravity’s Rainbow and Non-Commutative space-time in case of BTZ black hole. A
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formalism has been developed and thermodynamics of BTZ black hole in Non commutative
gravity’s rainbow has been discussed for both the Gaussian and Lorentzian type distribution
in chapter 5. There has been a great progress regarding AdS-CFT correspondence in recent
decades and hence it would be interesting to see if we could map thermodynamics quantities
of BTZ black hole in non-commutative case to some CFT and to check that we have used
Cardy-Verlinde formula in chapter 6.

It would be interesting in future to see the relation between non-commutative geom-
etry and dark energy as metrics can be made time dependent just by introducing non-
commutative structure of space-time. Also the thermodynamics of non-stationary and non-
static black holes would be interesting to explore in non-commutative space-time. Different
types of non-commutative geometries can also be explored in future work in context of black
holes. In gravity’s rainbow one can try to make 6 itself dependent on energy but in such a

way that it would not vanish even for low energy probes.
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