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Abstract

General Relativity is a theory given by Einstein as an attempt to explain gravity.
This is a geometrical theory that imagines a manifold created by spacetime. On this
background astrophysical object exists, which because of their masses give spacetime
its curvature. And this curvature dictates the motion of particles in the spacetime.
So in a sense, in general relativity, curvature takes the seat of gravitational potential

in the Newtonian theory of gravity.

In this thesis, we have studied superradiance in presence of different background cur-
vature. The project is broadly divided into three parts on the basis of the asymptote
background curvature. In the first part, we have studied the superradiance in presence
of Schwarzschild black hole and Kerr Balck hole, both of them are in asymptotically
flat spacetime. In the second part, we have studied the superradiance in Kerr black
hole in DeSitter Spacetime. And in the final part, we have studied the superradiance

in presence of BTZ black hole which has AdS spacetime as its asymptote

il
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Chapter 1

Maximally Symmetric Spacetime

1.1 Lie Derivatives and Killing Vector

Lie derivative is used to differentiate whether the change in tensor upon transversing
along a curve is due to translation or it is just due to a coordinate transformation.
A change that can be carried out by co-ordinate change is not an actual change.
Consider change in A% as a result of translation along curve such that co-ordinates of

Q and P is given by z® and z® respectively.
' = z% + da®

and,
dz® = u®d\

Here, u® is velocity along « direction and A is a parameter which parameterizes the
curve.

Then change in A% due to translation on curve is

A%(Q) = A*(P) + DA“
= A%(P) + 05A%da’ + T, At dz”
= A%(P) + 95 A%uPdX + T, Afu”dA

. . . . . . . /
Now consider change in A* as a result of infinitesimal co-ordinate transformation (a:o‘ —x O‘)

!/
% =z%+dz®



ox'® o N
Change in A* due this transformation:
’ ’ 817/&
a _ B
A = (G ) @)
= (05 + OpudN) AP (z)
= A%(x) + Opu~APd\

Hence we have,

AN(Q) = A%(P) 4 dsu~APdA

Lie Derivative is defined as difference of these changes as follows:

LAY = uP 05 A — APQgu”

Using the definition of covariant derivative we replace the partial derivatives with

covariant derivatives.

L, A% =u” (DgA* = T4, A7) — A (Dgu® — T'§,u”)

Torsionlessness of covariant derivative implies that the christoffel connection term

is symmetric with respect to lower indices. So we have,
a _ o
FB’Y - Fvﬂ
Hence, Lie derivative of A% along u* is given by

LAY = u’DgA* — AP Dgu®

1.1.1 Action of Lie Derivatives

Action on Scalars

Let f be the scalar function. Then Lie derivative of f along the w* will be given by



f(@Q) - f(@Q
d\

Where Q and P are close to each other and there co-ordinates is given by z® and z®

L.f =

respectively.
dx®

dx
F(Q) = f(P) +u*(8,f)dA

7% = 2% L utd\ = u® =

Since scalars are invariant under co-ordinate transformation, so

f(P) + (0, f)dA = f(P)

L =

L.f =u"0,f

Action on Tensor of any rank

Once we know the action of Lie Derivatives on scalar and vector we can compute it’s

action on tensor of any rank by creating scalars out of it.

ai1a2...an __ , M a1a2...0n Haz...an ai Haz...an al Alp...0n a2
LuTblbg...bm =u DMTblbg...bm (Tble.A.meﬂu +Tble.A.meﬂu +Tb1b2...meMu + )

a1a2...0n o a1a2...0n o
+ (T#b%bm Dy, ut + Tkt Dy,u + ...

1.1.2 Lie Derivative of metric
Lugab = uCchab + gcbDauc + gacl)buC

Since Covariant derivative is metric compatible, we can write above equation as

Lugab = Da(gcbuc) + Db(gacuc)

Lugab = Daub + Dbua

If Lie deivative of metric along any direction u* is zero, then it is said to be

isometry as metric remains invariant while transversing along that direction.



Lyguw =0

D,u, +Dyu, =0 (1.1)

Above equation is known as Killing’s Equation. And vector u* satisfying above

equation is said to be Killing Vector.

1.1.3 Conserved Charges

If K* is a killing vector and z* be geodesic. Then K ,u* is conserved quantity, where

w _ dzt
U =

d(KMUH)
dr

Second term is geodesic equation and hence it is 0.

— (u’D, K, )" + (v’ D) K,

d(Kuut)  utu?
=5 (DK, + D,K,)

Bracketed term is killing equation and since K* is killing vector it is also 0.
d(K,u")
dr

Hence, K, u" is conserved quantity.

1.2 Maximally Symmetric Spacetime

Maxiamlly Symmetric Spacetimes are those spacetimes which posses the maximum
possible symmetries. Here symmetry is meant by invariance of the metric. Consider

(1,n — 1) dimensional spacetime. Then possible degrees of freedom can be listed as

follows:

e Translations : For n dimensions, we translate along each one of them. That

gives us n degrees of freedom

e Boosts: Out of n dimensions, we have n — 1 spacelike direction along which we

can boost. That gives us n — 1 degrees of freedom.



e Rotations: From n — 1 spacelike directions, we can fix a plane of rotation by

choosing two axes. That gives us "1, degrees of freedom

Adding up all these we will get total of "*1C} degrees of freedom. So if a spacetime
admits these many vectors along which metric remains invariant,then such spacetime

is said to be maximally symmetric.

1.3 Constant Curvature Spacetime

If we were to consider manifolds of constant curvature(A), we have three possiblities.

e A > 0: This is called DeSitter Spacetime. We can think of its shape to be

spherical.
e A = 0: This is the Minkowski Spacetime.

e A < 0: This is called Anti DeSitter Spacetime. It’s shape would resemble the

horse’s saddle.

In this section we will calculate killing vectors of these spacetimes and see that they

are maximally symmetric.

1.3.1 Minkowski is maximally symmetric

In this section we will see that flat spacetime is maximally symmetric. For calculations,
we have used (1 + 2) dimensional flat spacetime.
Metric is given by:

ds* = —dt* + daz* + dy?

We will try to look for solution of the killing equation and see how many indepen-
dent parameters we get. Since we are working in (1 + 2) dimensional spacetime, we
expect it to have *Cy i.e. 6 independent parameters for it to be maximally symmetric.

Let’s say u* is a killing direction
ut = (ut,ux,uy)
Since it is a killing direction, it will satisfy the killing’s equation:

D,u, + Dyu, =0

5



i and v are independent parameters, each taking 3 values. So above equation is
in fact set of 9 equations. Out of these 9 equations, we will have 3 pairs of identical
equation when p and v take same values. This leave us with set of 6 independent
equations. In this co-ordinate system all the metric components are constant. As a
result all the Christoffel symbols vanishes and we can use partial derivative instead of

covariant derivative.

e Ju; =0 e J,u, =0
° 3tu$ + @cut =0 ° ayuy =0
e Jwuy + Oyuy =0 o Oy, + Oyuy =0

We can manipulate above 6 equations to get set of second order equations for one
component of u*. For instance, we can diffrentiate 2" equation with respect to x.
This gives us:

0204ty + O*uy = 0

We can now use 4" equation to set first term to zero. Hence we have
2
8xut =0

Similarly we can diffrentiate 3" equation with respect to 7, and use 5 equation
to eliminate some terms. This will gives us a second oreder diffrential equation for u,
in terms of y.

ajut =0

This gives us set of second order equations for u;. Similarly we can find equations
for u, and u,.

These equations are as follows:

* Jius =0 o J?u,=0
[ ] axuzzo Y aguyzo
. O, =0 -

We can solve for 3 simulataneous diffrentional equation to get a component of u*

and we can solve for 3 such sets to get the complete u*.



The solution for these equations turns out to be
uy = ax + by + \xy

Uy = ct + dy + Aoty
uy = et + fr+ Astx

We then substitute these solutions in equation 2 to find relation between these
9 co-efficients. It will turn out that all the As would turn out to be 0. Hence our

solution would be

uy = ax + by
u, = ct + dy
u, =et+ fx

So we have our 6 independent parameters which we were hoping for. Hence

Minkowski Spacetime is maximally symmetric.

1.3.2 AdS Spacetime is maximally symmetric

In this section we will see that AdS spacetime is also maximally symmetric. For
calculations, we have used (1 + 2) dimensional spacetime.

Line Element is given by[Carlip 95|:

2 d 2
ds? = — (T—) dt? + —— 4 r2dg?

2 r2
l (%)
Since we are working in (1 + 2) dimensional spacetime, we expect it to have ‘Cy

i.e. 6 independent parameters for it to be maximally symmetric.
Let’s say u* is a Kkilling direction
ut = (ut,ur,uy)
Since it is a killing direction, it will satisfy the killing’s equation:

D,u, +Dyu, =0



oyuy, + Oyuy, — 2F2Vu,\ =0

Here we have to find the Christoffel connections before writing the Killing’s Equa-
tion. Non zero Christoffel symbol for the metric is given by:

t _ 1 3

.Ftr_; .F:’r‘:?_
r _ =1

.FTT‘_T

.F(b:l .FT :_7.3
ro r

¢ 2

Now we can use these Christoffel symbols to write killing equations. Similar to
Minkowski’s case we will again have 9 equations out of which 3 would be repeated.

This would give us set of 6 independent equations. Those are as follows:

3
® Jyuy — Fu, =0 ° &rur—l—%urz()

L 8tur + &ut - %Ut =0 L] 8ru¢ + 8¢ur — %U¢ =0

° 8tu¢ + 8¢ut =0 ° 8¢U¢ + ’;—jur =0
We can again manipulate these equations by diffrentiating with respect to relevant

parameter to get set of diffrential equation for the components of killing direction and
solve them.The solution to these equation is given by:

Radial Component: Set of equations for radial component turn out to be:

Ou, =0
1
Optty + —u, =0
r
Eﬁur =0

The solution to these equation is

(k19 + ko) t + (k3¢ + ka)]

-
Angular Component: To get to the set of differential equation for the angular

part, we use our solution for radial part. The set of equation for angular part is given

by:

T

2
,
Dfug + I (it + k2) =0



2 kit + ks
By — = ~0
Ug TU¢+ ( ” >

3/ (k ko)t k k
a¢“¢+%<( 190 + k) :‘( 30 + 4))20

The solution to the angular part is given by:

Uy = —7”2 |:k'1t3 I k3t2:| +T2t |:k5 _ k1¢2:| 2 |:k3(b2 i (l{?Q + k4) (b:| + k1t+ k’3

2 6 2 202 202 [? 2

Time Component: To get to the set of differential equation for the time compo-
nent, we use our solution for radial and angular part. The set of equation for angular
part is given by:

2
Opuy — 2 ((k1¢+ k2) t* + k3o + k’4) =0

t 2
6’!‘ut+w—;ut:0

8¢ut + (% - ]CQT) =0

The solution to time component is given by:

2 2

Uy = - (k16 + k2) a + (ks + ky) t} B Las i N (ks ¥ ) 9 —k1¢+k1¢ ks

202 [? 2r2 2

2
l4 9 +k67’
So in the complete solution of our killing direction we have the 6 independent

parameters we were looking for. Hence AdS Spacetime is maximally symmetric.

1.3.3 DeSitter Spacetime is maximally symmetric

In this section we will see that DeSitter spacetime is also maximally symmetric. For
calculations, we have used (1 + 2) dimensional spacetime.

Line Element is given by[Akcay 11]:

Ar? dr?
d82 = — <1 — TT) dt2 + ﬁ +7’2d(b2 (12)
3



Since we are working in (1 + 2) dimensional spacetime, we expect it to have *Cj

i.e. 6 independent parameters for it to be maximally symmetric.
Let’s say u* is a killing direction
ut = (ut,u“,uy)
Since it is a killing direction, it will satisfy the killing’s equation:
D,u, + Dyu, =0

Oy, + Oyuy, — QFQVu,\ =0

In DeSitter spacetime, we need to calculate Christoffel symbols before proceeding

further. Non zero Christoffel symbol for the metric is given by:

t _ A Ar(Ar2—
v =%3 o I, = o=
A
R R v
o 1 r_ r(Ar2-3)
e I'y=1 * Los="35

Let’s call \/% = 7.

Now we can use these Christoffel symbols to write killing equations. As before we
will again have 9 equations out of which 3 would be repeated. This would give us set

of 6 independent equations. Those are as follows:

A21ﬂ(7’2 —7"2)
9

o Oyuy — u, =0 ) &ur—i-rg%ﬂu?«:()

L atur + arut - r22+

2
Te

=0 [ ) 8ru¢+8¢uT—%u¢:0

Ar(r2—r2)
3

o Jwuy + Opuy =0 o Jyuy — u, =0

We can again manipulate these equations by differentiating with respect to relevant
parameter to get set of differential equation for the components of killing direction
and solve them.The solution to these equation is given by:

Radial Component: Set of equations for radial component turn out to be:

A
O%u, — U = 0

10



Oyu, +

Tl = 0
A2
P, + Trur =0 (1.3)

The solution to these equation is

(k?l@ié(’b + kze—iﬁqS) (kge_%ﬂ + /{?46%6)
Uy = (1.4)
AGE =)

Angular Component: To get to the set of differential equation for the angular

part, we use our solution for radial part. The set of equation for angular part is given

by:

ky i ko —ir <k3€a + k4e:7> 1
Orug + (2—16’“0¢ - Z—2€“¢) — —ug =0
R IEEr I
A3(12 _ 2 . . . »
a1:2u<z> + (g relr <Z‘k71€l;¢ - Z'k’ze_l;(b) (kge; + k4e¥> =0
Te
N . o t ,
Dpig — # (/ﬁe’ﬁd’ + I€2€_Zrc¢> (kzgeri + k467c) =0 (1.5)

Solving second and third equation from equation(1.5), the solution for the angular

we get is:

ren/A(r2 —r2)
3

t —t .y - A
Uy = (ksere + kpere )(—kye're? 4 kye "7 ?) (1 + ?) +ci(r,t,0) (1.6)

and solution for ¢;(r,t, ¢) is given by first equation from equation(1.5)

r(ksere + kpeve ) / (_lﬁei%(ﬁ + kae”'7?)

2

ci(rt,¢) = — dr (1.7)

Te /1% — 712

Time Component: To get to the set of differential equation for the time compo-
nent, we use our solution for radial and angular part. The set of equation for angular

part is given by:

9

Oyup —

(l{:leiiqS + kge_iﬁ‘z’) (k;ge% + k4e%ct> =0

11



e <k1€i%¢ + kgeiiid)) (lﬂgeé — ]f4€%ct)
81/&,5 - QU't + =0
e =g ren/A(r2 —r2)

A 2 —_— 2 ir —ir
% (Fie™ + kpereé ) =0 (1.8)
Te

Similar to angular part, we solve first and third equation from equation(1.8). The

8351% +
solution is given by:

r2 _ r2

uy = —C(/ﬁ(;Wch5 + k2€_ié¢) (7" </€3€% — /{4€%> + /1% = 7“3) + ca(r,t, 9)

Te

and solution for cy(r, ¢, ¢) is given by second equation of equation(1.8)

+ =t - .
<T2 - 7’3) (k?)erc — kye Tc) / klelT\mc(b + kgeilﬁqs)
Cy — — r

re/A CETREE

So in the complete solution of our killing direction we have the 6 independent

parameters we were looking for. Hence DeSitter Spacetime is maximally symmetric.

By now we have shown that constant curvature spacetimes are maximally symmet-
ric. Now from next chapters onward, we will study different black holes in each of
these constant curvature spacetime. Moreover we will be interested in understanding
superradiance in presence of different background curvatures shaped by these black

holes.

12



Chapter 2

Superradiance in Asymptotically

Flat Spacetime

2.1 Superradiance

Superradiance is a radiation enhancement process. In General Relativity, black-hole
superradiance allows for energy and momentum extraction from the vacuum, even at
the classical level. Background curvature plays an important role in superradiance.
It creates the potential due to which incoming field undergoes scattering. As a result
of this scattering, a part of the incoming field is transmitted through the potential
and falls into the black hole and a part of it is reflected back. When for a certain
spacetime the reflected field has a greater energy flux than the energy flux of incoming
field then we say that superradiance exists in that spacetime.

In this chapter, we will study superradiance in Asymptotically flat spacetime using

massless scalar fields as our test field.

2.2 Minkowski Spacetime

Minkowski Spacetime is a solution of Einstein’s Equation when spacetime is devoid
of any mass throughout and the background has zero curvature everywhere. In our

calculation we have considered 142 dimension spacetime. Metric is given by:

ds* = —dt* + da* + dy?

13



Determinant of is straightforward to calculate.

Vgl =1

We also need to compute inverse of the metric, and too is straightforward.
77#1/ = Dzag(—l, 17 1)

With these things in hand, we are ready to compute the equation of motion of our
massless scalar test field.

Equation of Motion is given by (see Appendix A):

1

Vil

Plugging in the components we will have

o, (Vo) =0

—O}p 4+ 00 + 02 =0
Solution of this equation is trivial and is given by:
¢ — eikum”

This is equation of just a free particle in 142 dimension flat spacetime. There is no

such thing of particular interest with respect to Superradiance’s point of view.

14



2.3 Schwarzschild Spacetime

We have already seen that nothing of much interest happens in flat spacetime. Now
what we can do is that we can place a non-rotating, spherically symmetric, static, and
stationary mass in the flat spacetime and ask the question that how does it affect the
equation of motion of our test field. Putting such a mass in flat spacetime gives rise to
a new spacetime called Schwarzschild Spacetime. It is named after Karl Schwarzschild
who solved Einstein’s Field Equation for such a system.

Metric is given as:

2m dr?
ds? = — (1 —— ) dt* + e+ r2df* + 2 sin*6d¢>
r (1 — —m)

T
This metric provides the geometry of spacetime outside the mass. From the metric it
may seem that » = 2m is a problematic point. But once we calculate the curvature we
can see that r = 2m is just co-ordinate singularity and true singularity lies at r = 0.
Kretschmann Scalar is obtained by contracting Reimann Tensor with itself and for

the Schwarzschild is given by

48m?

K = RabcdRabcd —
7"6

2.3.1 Event Horizon

An event horizon is a surface beyond which no future-directed trajectory exists which
will take timelike and null particles to infinity.

For Schwarzschild, it lies at » = 2m and it’s easier to see that in Kruskal-Szekeres
coordinates. The transformations from standard Schwarzschild to Kruskal coordinates

are given by:

1. r>2m
o« R= (3 —1)* efcosh (i)
o T= (g — 1)} cimsinh ()
2. r<2m
o R=(1— L)% etusinh (L)
o T=(1-5)" efrcosh ()

15



After these transformations we will get our metric in Kruskal co-ordinates.

2 _ 32m*

ds e 2m (—dT2 + dRQ) + r2d0?

r

Few noteworthy things are as follows:

e Radially moving null rays are given by g—}; = +1. So light cone preserves it shape

throughout the spacetime.

o 1% —R?= (1 — ﬁ) ezm relation holds. Hence constant r curves are hyperbolic

everywhere outside r = 2m. But at r = 2m constant r curve is a pair of straight

lines whose slope is 1.

r= 2GM
t=+=

= consiEnt

r=20M

= -—=

Figure 2.1: Schwarzschild Spacetime in Kruskal Co-ordinates
Image Courtsey:Spacetime Geometry, S.Carrol|[Carroll. ]

From figure 2.1 [Carroll. | it is clear that once a timelike particle crosses r = 2m
surface, there is no way it can come out of it. Because in order to come out of that
surface the slope of trajectory must be less than 1 at some point. And this will lie

outside the lightcone and hence it could not be causally connected to the past.

16



2.3.2 DMassles Scalar Field in Schwarzschild Background

In order to calculate the equation of motion we go back to our standard Schwarzschild
metric. 5 0

ds? = — (1 - —m) dt? + (—Zm) +r2d0% + r2sin0dg?

7’ —_ =

T

Matrix form of metric is:

—@-m) 0 0 o0
0 L 0 0
Juw = (1_277”)
0 0 r? 0
0 0 0 7r2sin0

Since the matrix is diagonal, the determinant is the product of its element.

Vg = r?sin*0

We now need the inverse of the metric and then we can compute the equation of

motion of our test field. The inverse of the metric is given by

—(1_1%) 0 0 0
g = 0 (1-22) 0 0
0 0 4 0

0 0 0 i

Since now we have both determinant and components of inverse of metric we can

calculate equation of motion.

L, (Vo) o

V1l

S
0, (%@if&zﬁ) +0, <7~23m29 (1 - 277”) arw) +0p (sin” 00p10) + 03¢ = 0

Upon simplifying equation of motion turns out be

17



r r2sin20 r

! (1—2—m)a§w:o
r

2
2 — 2 <1 _ T) (1 _ 2_m> p — (1 — 2_m) 0% 1 (1 - 2_m> Oy (sin O0y1))
r r r

r2sin20

We try to solve this differential equation by separating the variables. Hence our

solution is of form
Yp=T@)R(r)o(0)®(¢)

We substitute our trial solution in the differential equation, and then divide the

whole equation by 1. After introducing proper separation constants we get

e Time component:

OFT = —w*T
T = e*Lwt
e Angular component:
! Op (sin 00,0) + L82<I> =—Il(l+1) (2.1)
sinf ’ sing? ? '

The solution of the angular component are spherical harmonics.

e Radial component:

2
(1_2_m) 333+2 <1—m> (1_2_m) GTR—i—{wz—l(ltl) (1—2—m)]R:0
r r r r r r

Radial equation

We wish to write our radial equation in Schrodinger equation like form. For this we

make following transformations(See Appendix B):
e u=rR

° r*:r+2mln(ﬁ—1)
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Note that

—00 when r — 2m
Ty —
00 when r — o0

Hence the new radial co-ordinate (r,) covers region outside the event horizon.
These transformations gives us Regge-Wheeler equation
u™ +w?u —V(rju=0 (2.3)

Here V(r) is the potential which arises due to the presence of background curvature.

V(r)= (1—2—m) {2—m+l(lt1>1 (2.4)

r 73 r

010

0.08

0.06

0.04

0.02

4 6 8 10 12 14
[H]

Figure 2.2: Potential due to Schwarzschild background

Potential vanishes at the extremities of r,. In these limiting region Regge Wheeler

equation takes the form of classical harmonic oscillator.

™ + w?u =0 (2.5)
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The solution to equation is given by

g Iwrs if r, — —o0
u(ry) ~ (2.6)

i€ T 4 a0 if r. — o
We can identify the solutions as part of incoming, reflected and transmitted wave.

e a;,¢e ™ — This solution exists far away from the black hole and is coming

towards it, hence it can be thought of as an incoming wave.

® e ™™ — This solution exists far away from the black hole and is moving

further away from it, hence it can be thought of as a reflected wave.

e ¢~ — This solution exists near the event horizon and is going towards the

black hole, it can be thought of as a transmitted wave.

Once we identify these solutions, then we can define Transmittance and Reflectance

as the ratio of amplitudes of these waves.
. 1 Qout
Transmittance: T'= — and, Reflectance: R = —
Qip, Qin,

We need to find a relation between these coefficients and for that we use Wronskian.
For Regge-Wheeler equation, Wronskian is a constant of motion.(See Appendix 3) So
we will calculate Wronskian at two limits where potential vanishes, and will equate

them to get a relation between coefficients.

o Wronskian near Event Horizon:

—LWT % LWT
e e
Wy =
TR et
Wi = 2w
e Wronskian far away from black hole
ainefud’l"* + aOUteLUJT* a;nefud’l"* + agUteLUJT*

—Wame T W T — e T + wag et

WF‘

Wo = 2w (|aim|* — |aoul®)
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Equating them we will get

1+ ‘aout‘2 = ‘Clm‘2

T°+R =1 (2.7)

This equation states that whatever energy comes in either gets reflected back
by the potential or is transmitted through it. It is a sense is a statement of energy
conservation. So there is no radiation enhancement in this case and hence we conclude

that there is no superradiance in Schwarzschild spacetime.

2.4 Kerr Spacetime

2.4.1 Brief Introduction to Kerr Spacetime

We have seen in the previous section that there is no superradiance in the case
of Schwarzschild spacetime. However, we saw that massless scalar field scatters in
Schwarzschild spacetime whereas no such scattering was there in Minkowski Space-
time. That was due to the fact that the presence of mass-generated a background

curvature due to which potential was created which lead to scattering.

Now we step up a bit further and ask what would happen if we put a rotating
spherically symmetric mass instead of non-rotating mass. This would lead to different
set of Einstein’s equations whose solution was given by Roy Kerr in 1963, and hence

the solution is called Kerr Spacetime. Metric is[Derek Raine |:

de?
(2.8)

A — a?sin?0 2 n20 2 Asin®0
05’ = - <—) a2 g s+ dgde) + Eodn 1 P + A0
p p A

o A =172 —-2mr+ad?
o 2 =12+ acos’0
o A= (r?+a%)’ — Ad?sin®0

Here a is Angular momentum per unit mass and if we set a = 0, we will recover the
Schwarzschild spacetime is its standard form. This is the metric for Kerr spacetime

in Boyer-Lindquist coordinates.

21



Event Horizon in Kerr Spacetime

Consider a surface s = r = constant surface. Normal to the surface is given by:
n, = 0,5

Norm of the normal would be

n,n* = g"'0,50,s
Since we are considering r = constant surface

n,n' = g""0,50,s

For null hypersurface:
In|=nn"=0 = ¢" =0 (2.9)

To see why ¢"" = 0 would give event horizon, we check the sign for |n|. As we
move closer to the black hole, we will find that |n| becomes positive. That is to say
that only spacelike particles can be on r = constant surface. In other words, timelike
and null particles cannot stay at a fixed » and hence would inevitably in the black
hole.

For Kerr black hole we see that ¢ = 0 would give that event horizon for Kerr

spacetime lies at
A=0

ry =r+vm?—a?

Note that even though we don’t have complete spherical symmetry because we can
distinguish between polar angles by taking direction on angular momentum as a ref-

erence, the event horizon is spherically symmetric.

Ergosphere

Apart from the event horizon, another very interesting feature of rotating black holes
is the existence of the Ergosphere. The word Ergosphere has its root in the Latin word
erg, which means energy. So the ergosphere is basically a region where the energy of

the black hole resides. For the case of rotating black holes, it lies outside the event
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horizon and hence is accessible. So we can withdraw energy from the rotating black
hole. To see this, consider a particle which is at a fixed given (r, 0, ¢).

Then 4 velocity of such a particle would be

dt
P=1—,0,0,0
Y (dr”’)

dt\?
_ = —]_
goo <d7)

This statement will hold true only when goo < 0. This gives us the static limit surface

Using u*u, = —1 we have

Tstatic = T + Vm?2 — a2 cos? 0

horizon

static limit surface

Figure 2.3: Event Horizon and Ergosphere in Kerr Spacetime
Image Courtesy:Black Holes:An Introduction, Derek Raine Edwin

Thomas

Since cos?f > 0, static limit surface lies outside the event horizon, except at
poles(6 = 0, 7).From the figure(2.3)[Derek Raine | it is clear that at (0 = 0, ) static

limit surface coincides with event horizon at these points.

2.4.2 Massless Scalar Field in Kerr Background

We use the Kerr metric in Boyer-Lindquist co-ordinate to calculate the equation of

motion of massless scalar field in Kerr geometry.

22 2 2 2
gs? — (A a*sin 6’) e 2marsin®f p Asz;z 0d¢>2

7 7 (dtdo + ddt) + T dr? + p*d6” +

23



Matrix form of the metric is:

—a?sin? marsin?
_ (w) 0 0 - 2margin’0
2
G = 0 X 0 0
0 0 p? 0
. 9 -2
_Qma;gzn [ 0 0 As;;z 0
Determinant of the matrix is
g = —sin’0 (r* + a® cos® 9)2
Vg = siné (r* + a* cos® 6) (2.10)
Inverse of the metric is given by:
Ap? 0 0 —2amrp>
(—AA+a?(A0—4m?21r220)) AA+a?(—A0+4m?2r220)
0 50 0
g = A
0 0 e 0
—2amirp? 0 0 (a2 sin €—A>p2

AA+a2(—Asin 0+4m2r2 sin? 0) sin? 0( AA+a2(—Asin 0+4m?r? sin? 0) )

Now that we have determinant and inverse of the metric we can calculate the

equation of motion.

0, (Vo) =0

L
Vgl

A,  dmar a? 1 9 1 .
S LU T (L — 0, (AD)) — —— —0 (211
05 Or ot ( 5in20> 05— 0, (ADy1)) Sineag (sinf0prp) = 0 (2.11)

This diffrential equation can be separated in variables using the following trial

solution:

U = R(r)umS(0)e™ e

We substitute our trial solution in the diffrential equation, and then divide the

whole equation by . After introducing proper separation constants we get:
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e Angular Part:

2

dp (sin 09y S) + w?a®sin® 0 — —1(l+1)=0 (2.12)

1
Ssinf sin® 4

The solution for angular part is given by spheroidal harmonics.

e Radial Part:

WA [(r* + a®) + a*k* + 4markw
A

9, (AO,R) + “II+1D|R=0  (213)

Radial Equation

Similar to the Schwarzschild’s case we wish to write our radial equation in Schrodinger

equation like form. For this we make following transformations:
e u=(Vr?+a®) R(r)

. T*=T+m1n(A)+ﬁ1n<ﬂ>

T—r—

Note that
—00 when A —0
Ty —
00 when 7 — 0o
Hence the new radial co-ordinate (r,), similar to the Schwarzschild’s case, covers
region outside the event horizon.

These transformations gives us Tuekolsky Equation.

[(r? + a®)w — ak]2
(2 + o)

Here V' (r) is the potential due to the background kerr curvature.

koK

u—V(r)u=0

Vir)=

A((I+1) 4 a®w? — 2akw) r?A rA
2 + 1T s o on2
(r2 + a?) (r2 +a?) (r2 +a?)
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V() V()

W0

10 20 30 0 50
of r
a 10 20 30 50 60 7 80

Figure 2.4: Potential due to Kerr background

Figure(a) depicts potential for entire radial co-ordinate. Two points where poten-
tial vanishes correspond to the inner and outer horizon. Figure(b) shows the same
potential outside the outer event horizon. Note its similarity with the Schwarzschild’s
potential

As we saw in Schwarzschild, here too potential vanishes at the extremities of r,.
This reduces the Tuekolsky equation to the equations of a harmonic oscillator with

different frequencies at each extremity. The equation takes the form:

—w?u if r, — o0

kok

— (w — kwpy)* u if r.— —o0
The solution to these equations is given by:

r) Ain€ T 4+ qpp e if r, — o
u(ry) ~

—i(w—kwg )T

e if r, > —o0

Again we can identify the solutions as part of incoming, reflected, and transmitted

waves.

e ;e ™ — This solution exists far away from the black hole and is coming

towards it, hence it can be thought of as an incoming wave.

® e ™ — This solution exists far away from the black hole and is moving

further away from it, hence it can be thought of as a reflected wave.

—i(w—kwg )T

e ¢ — This solution exist near the event horizon and is going towards

the black hole, it can be thought of as Transmitted wave.
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Similar to Schwarzschild’s case we define reflection and transmission coeflicients

as :
Aot

. 1
Transmittance: T = — and, Reflectance: R =
Qin Qip,

Having identified these solutions, we can find Wronskian at the extremities where

potential vanishes and equate them.

o Wronskian near Event Horizon:

W e~ iw—kwp)r. pilw—wm)r.
1= o . .
— (w _ ka) e~ ilw—kw)re 4 (w _ ka) eilw—kwp )
a
Wy = -2 (w— kw,) here w, =
2mry
e Wronskian far away from black hole
aine—wﬂ‘* + aoutebwr* a;ne—uur* + aguteuur*

LWT % LWT %

WQZ‘

— Wi " 4 Wwagye —Wipe " + wwage

Wy = 2w (|am|2 — |a0ut|2)

Equating these we will get:

—(w—kwy) =w (\am|2 — |aout‘2)
Hence the relation between transmittance and reflectance is given by :

(kwy — w)

R =1+ Tf?

w

It is clear from the above expression that for certain modes which satisfy the
relation kwy > w, we would have |R|? > 1. This would mean that whatever energy
flux is reflected back after scattering due to potential which was created by background
curvature, is greater than that of incoming flux. So Kerr Spacetime allows us to draw
energy from it. It is due to the fact that ergoregion for Kerr black hole lies outside

the event horizon and hence is accessible to draw energy.
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Chapter 3

Superradiance in Kerr DeSitter

Spacetime

3.1 Introduction

After the asymptotically flat spacetime, we wish to see whether we can get superra-
diant modes in DeSiiter Spacetime. The DeSitter Spacetime is a maximally symmet-
ric spacetime with constant positive curvature throughout. The metric for DeSitter

spacetime is given by[Akcay 11]:

A 2 d 2
ds? = — (1 - ?T) dt* + (1_—7@ + r2dQ)? (3.1)
3

The curvature(K) of this spacetime turns out to be:
K =4A
DeSitter spacetime has a horizon associated with it called cosmological horizon. It is

given by

This gives that
c = _— 3.2
VA (3-2)

If we put a rotating black hole in the DeSitter spacetime, then Kerr DeSitter

spacetime is generated.
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Metric used for Kerr DeSitter spacetime is given by is given by[Zhang 14]:

—1
o Tt+a’p (A, — a®Agsin®0) dt>
&) p
asin® 6 ) ) P 2 g 2
_ m [Aa (7“ +a ) + Ar] (dtde + dedt) + Edr + A_ede
. 20
ﬁm (AG (7’2 —+ CL2)2 - a2 Sil’l2 GAT> d¢2

Here a is angular momentum per unit mass as we had in Kerr spacetime and,

.a:a%/\ e Ng=1+acos?d
o p>=1r%+a’cos’f oAr:(r2+a2)<1—‘Z—7;2>—2mr

If we set the curvature to zero, we recover the Kerr metric in asymptotically flat

spacetime.

3.1.1 Horizons of Kerr DeSitter

We wish to look at the horizons for kerr de-sitter spacetime. It is determined by

A, =0 (3.3)
This will give a biquadratic equation.
Ay Ad®\ , 2
37 1—T r*+2mr —a* =0 (3.4)

Note that this equation will transform to previous equation if you remove the black
hole from the spacetime, i.e. set m = 0,a = 0. And if we set curvature (A = 0) then
we recover the equation which determines event horizons for kerr spacetime. Let the
root of this equation be 71,7y, 73,74 such that r{ < ry, < r3 < ry.

From the equation we have product of roots

—3a?

A

<0 (3.5)

rirorsry =

So either one or three of these roots are negative. But the spacetime should have at

least 3 horizon, two due to the presence of Kerr black hole and another cosmological
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horizon of DeSitter background. This leaves us with one option i.e. r; < 0 and

r9, 73,74 > 0. So the solution corresponds to:
e 15 — Inner Event Horizon(r_)
e r3 — Outer Event Horizon(r,)

e 1, — Cosmological Horizon(r..)

3.1.2 Angular velocity at Horizons

Consider far away from the black hole, a freely falling particle with zero angular
momentum. A rotating black hole drags spacetime along with it and as a result of
this, the freely falling particle will acquire some angular velocity. Angular Velocity is

given by

_ 4
Cdt
_ 9%+ g%%uy
= s g,

w

(3.6)

Since ¢ and t directions are killing directions, so u; and ug4 are conserved quantities,
i.e. energy and z-component of angular momentum respectively. As our particle has
zero angular momentum, we have u, = 0 This gives us:

bt
w="_ (3.7)

gtt

Upon solving this we get,

_ 2 | 2
((r? 4 a®)” Ag — a?A, sin”0)

Since we wish to look for angular velocities at horizon we put A, = 0 in above

equation. This gives us
a

r? + a?

(3.9)

W; =

Here r; denotes different horizons for ¢ = (2,3,4). So angular velocity at outer

horizon and DeSitter horizon is given by:
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a
Wy =

d a
_ an We = ———
r2 + a? r2 4+ a?

3.2 Equation of Motion of Test Field

Now we proceed to calculate the equation of motion of massless scalar field in the
Kerr DeSitter Spacetime. Matrix form of the metric is:

Ar—a?Ag sin?(9)

0 0 aliheta <a2+r2) sin?(0)—aA, sin?(9)
(at1)2p? ) (at1)2p?
G = 0 ALT (l 0
=
0 0 Z—e 0
al\g (a2+7"2) sin?(6)—aA, sin?(9) Ay (a2+r2)2 sin?(0)—a? A sin*(6)
N (a+1)2p? 0 0 (a+1)2p2

The determinant of the matrix is given by:

((r* + a?) + a?sin*0)
(1+a)

i \/((r2 + a®) + a?sin”® 0)

(1+a)’

Inverse of the metric is:

4(a+1)2p? csc2(0) <A9 (a2+r2)2 sin?(0)—a? A, sin4(0))

0 0 4a(a+1)2p2(A9(a2+r2)—Ar)
ArAg(a2 cos(20)+a2+2r2)? A Ag(a2 cos(20)+a2+2r2)?
g = 0 % 0 0
0 0 2 0
da(a+1)2p?(Ag(a24r2)-A,) 0 0 4(a+1)2p? csc?(0) (Ar—a?Ag sin?(0))
ArDg(a? cos(20)+a2+2r2)>

ArAppera(a? cos(20)+a2+2r2)?

Since we have the determinant and metric inverse, we can now calculate our equa-
tion of motion.

o (Vg™ o.0) =0
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Upon substituting relevant terms, we get:
4p?
(a2 4 r2 + a2 cos? )”

1 1 1 1 1 2ar?  m
——— | — | &+ 2r0, — =4+ —(1-a- - —
" (14 ) p? (Aa ( PO 2 L’?ﬁLa?—l—a?sinQ@ p? A, ( TR r)} w)

o) =

The equation can be separated by following trial solution:

(=07 +2a ((r* + a®) Dg — A,) 81050 + 50)

a? a 2a?

- + R
2 (7“2 + a2 + a2 sin? 6) JAVER/2

<892w + sin 200,

5

P = e Wtk g (0)R(r)

We substitute our trial solution in the differential equation, and then divide the

whole equation by 1. After introducing proper separation constants we get:

e Angular Part:

k

sin 6

(1+a)*

2
(aw sinf — ) —2acos?f| S =0 (3.10)

Oy (sin QAgags) + [)\ —

e Radial Part:

9 2aA

A0, (AO.R) + {(1 +a)? (w (r* +a®) — ak)” — 7TT2 + A,,/\} R=0 (3.11)

3.2.1 Radial Equation

Similar to the Kerr case we wish to write our radial equation in Schrodinger equation

like form. For this we make the following transformations:

o u=1+12+a2R(r)

2 2
o dr, = 22y

™t + (14 a)’ (w—r—)u—V(T)u:O (3.12)

Here V' (r) is the potential due to the background Kerr curvature.

a? — 2r?

r2 + a?
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Potential vanishes at the horizons and we write equation at » = rg and r = r¢.

Equation takes the form:

1+ a)? (w—kw)*u if r—r
[k . -
—(14a)?(w—kw.)’u if r—r.

The solution to these equations is given by:

e—L(1+o¢)(w—kw+)r* if =T,
u(ry) ~ (3.15)

aine—L(l—i-a)(w—kwc)m + aouteL(Ha)(‘*’_kw‘f)’“* if r— e

Now we can identify the solutions as part of incoming, reflected and transmitted

wave.

o q;,e tdta)w—hkwe)re _y Thig solution exists at the cosmological horizon of de-
sitter spacetime and is coming towards the black hole, hence it can be thought

of as an incoming wave.

o q, eIt w—kwers s Thig solution exist at the cosmological horizon of de-sitter
spacetime and is moving further away from it, hence it can be thought of as a

reflected wave.

o e tIta)lw—kwi)re _y Thig solution exists near the event horizon and is going

towards the black hole, it can be thought of as Transmitted wave.

As we did in Kerr’s spacetime, we can again define reflection and transmission

coefficients as :

Aout

. 1
Transmittance: T = — and, Reflectance: R =
i, Qip,

Having identified these solutions, we can find Wronskian at the extremities where

potential vanishes and equate them.

o Wronskian near Event Horizon:

—t(1+a)(w—kwy )rs t(14a) (w—kw4 )rs
€ (&
‘/'/ 1=

—L(l + Oé) ((,u — kw+)e_L(1+a)(W—kw+)7’* L(l + &)<w _ kw+)6L(1+a)(w—kw+)r*

Wy =-20(14a)(w— kwy) (3.16)
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e Wronskian near cosmological horizon

W2 _ (ainefb(1+a)(wfkwc)r* + aouteL(lJra)(wfka)r*)

(@int(1 + @) (w — kwe)eTewhers _ g2 (1 + a)(w — kw,)e (1T hee)r)

t(14a) (w—kwe)r

. (a;ne— + a;uteL(1+a)(w—kwc)r*) (a;ne—L(l—&-a)(w—kwc)r* L(l—l—a)(w—kwc)r*)

+ a;ute

Wo = 2u(1 4 a)(w — kwe) (|am|* = aou]?) (3.17)
Equating these we will get:
(w = kwe)lainl* = laoul’]) = (w — kwy)

(w = kwe)[1 = [R")) = (w — kw)|T|”

Hence the relation between transmittance and reflectance is given by :

— kwy)
RIP = 1 Wokes) e 3.18
R =1 s (318)
Hence condition for superradiace is:
(W — kwy) <0
(w— kw,)
= kw. < w < kwy (3.19)

Modes whose frequency is lower than the angular velocity of the black hole but is
greater than the angular velocity of DeSitter horizon will have reflectance greater than
1. Hence only these modes will be superradiant modes and will be able to extract the

energy from the rotating black hole and will exhibit superradiance.
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Chapter 4

Superradiance in AdS

4.1 Introduction to BTZ Spac

Spacetime

etime

After studying superradiance in asymptotically flat and de sitter spacetimes, we wish

to study it in the third possible constant curvature spacetime, i.e. AdS Spacetime. It

is a constant negative curvature (A = ;—26) spacetime. We will study it for the case of

BT7Z black hole.

Metric used for BTZ(1+42) black hole is given by|Carlip 95]:

2 d2
ds* = — (—M+%) dt* + 7;2 e
l (M + %+ i)

Here
e M: mass of the black hole

e J: angular momentum of the black hole

4.1.1 Horizons of BTZ

The horizon for the BTZ spacetime is given by:
gT'T — 0

This gives us a biquadratic equation in r

4
r 5 J
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Let the root of this equation be 71,7y, 73,74 such that r; < ry < rg < ry.
From the equation we have product of roots
JI?

Ty = T > 0 (4.3)

So either all roots are positive, or all roots are negative or two of them is positive.

But we also note that the sum of roots vanishes.
7“1—|-7"2+7’3—|—T4:O (4.4)

Hence not all roots can be positive or negative. This leaves us with only one
choice, 11,79 < 0 and 73,74 > 0. So we have r3 as inner horizon(r_) and r4 as outer
horizon(r.).

We can now write mass and angular momentum in terms of these inner and outer
horizon. Above biquadratic equation in 1 is also a quadratic in 2. So we can write:

from sum of roots,
r2 +r?

P+t =MP = M= 2 (4.5)
and from product of roots,
JI? 2r r_
rir% == T = J = 7‘-}[-7" (46)

4.1.2 Angular velocity of horizon

We have already seen in previous chapter that angular velocity is given by w = %.

For the BTZ black hole, angular speed is given by:

J
= —. 4.7
v 2r2 (4.7)
Substituting for J from equation(4.6) we have,
ryeTry
= 4.8
W= (4.8)
Hence angular speed at outer event horizon is :
r_
= — 4.9
Yt T+l ( )
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4.2 Equation of motion of massive scalar field

Matrix form of metric is:

r? J
M- 0 5
= 0 — 0
Guw L+ -M
—% 0 r?
Determinant of the matrix is g = —r?

Vigl=r

We now need the inverse of the metric and then we can compute the equation of
motion of our test field. The inverse of the is metric given by

r2

J
JziLZ 0

— T +Mr2 2(—%2—;—;+M7‘2)
J? r?
g“” = 0 I + 7 M 0
2
- 0 et
2(—%2—%+Mr2) —%—;—2+M1ﬂ2

Since we are dealing with a massive scalar field, we modify the equation of motion

a bit to accommodate the mass term as well. The equation of motion is given by:

i here is the mass parameter for the scalar field.

(4.10)

1
ﬁ< glg0,0) — v =0 (4.11)

Substituting the relevant terms, we will get our equation of motion as:

r2 J? 3 J? r J
~M A+ =+ — ]2 M+ ——-—=0, —0%) — =0,0
( +l2+4r2) ”“( T 4r2> w*(_M+;_§+g)( L= 300

1 2\ T

This equation can be separated using the trial solution 1) = e~“!e**R.
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This gives us the the radial equation.

_ 32 _ J?
” ( M+ 2

T w2 1
R+

>R’+

/ i 2
Here, R = 4 and R = €&
) dr dr

We replace the Mass and Angular momentum in terms of outer and inner horizon.

2.2
3r? — <Ti+r3 + Tﬁ?) 2 5 .
R + 2R+ o w2r2+—r+r_wk——(ri+rz—
R R A l 2
P Rr=0

l2

We make a change in variable as follows|Dappiaggi 18]:

2 _ .2
Ul

P=a =} (4.12)

Inner and outer horizon lies at z = —oo and z = 0 respectively. Radial infinity

lies at z = 1. So in the interval 0 < z < 1, z covers the complete region outside the
outer horizon.

This changes the radial differential equation and it takes the following form:

d’R dR A C
2(1_Z>W+(1_Z)E+<;+B+(1_2)>R:0 (4.13)

Here,

4

We redefine R in order to get out differential equation in Euler hyper geometric
form as:

R(2) = 2*(1 — 2)°F(2)
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This gives us :

d*F dF
z(l—z)w%—(c—(a—kb—kl)z)a—abF:O (4.14)
where,
c=1+2«
a+ 3
a+b= 5
ab= (a+p)*—B (4.15)
and,
l2
o’ =-A = a=—1

2(r2 —r2) (wry — 2r2)

5:%(1—\/1%) (4.16)

The two solution for the equation is given by F(a, b, c, 2) and 2! ~“F(a —c+1,b—
c+1,2—¢2).
4.3 Boundary Conditions

We wish to see whether BTZ exhibits superradiance or not. For that, we impose

conditions on horizon and at infinity.

4.3.1 Condition at Outer Horizon

We impose the condition on the solution that near outer horizon modes should be

ingoing. The general solution for the radial equation can be written as:
R(2) = c12°(1—=2)PF(a,b,c,2) +c32(1 = 2)P 2 " F(a—c4+1,b—c+1,2—¢, 2) (4.17)
In order to see which of these is ingoing mode we need to make a trasnformation.
r=phhz = z=e» (4.18)

Here, p = p(a, b, c) is some scaling function which facilitates this transformation.

We also rewrite a from equation(4.16) as

a = —Ii\ (4.19)
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where

l2

2(r2 —r%) (wry — 2r_)

Now using equations (4.18),(4.19) and (4.15) we can rewrite (4.17) as:
R(x) = cle_i%(l—e%)ﬂF(a,b, ¢, z)+czei%(l—e%)5F(a—c+1,b—c—|—1,2—c, z) (4.20)

From equation(4.20) we can see that the first term is ingoing while second term is

outgoing. So we set ¢y to zero. And we have,

R(z) =1 F(a,b,c,2) (4.21)

4.3.2 Condition at infinity

At infinity, we impose two different boundary conditions

e Robinson Boundary Condition

e Vanishing Boundary Condition

4.4 Superradiance

We will obtain conditions on the modes which will exhibit superradiance in BTZ

spacetime with different boundary conditions at infinity

4.4.1 Robinson Boundary Condition

Robinson Boundary condition is a linear combination of Neumann and Dirichlet
boundary conditions.

We use a linear transformation result for hypergeometric functions and rewrite
F(a,b,c,z) as:

I'(e)'(a+b—c)
[(a)I'(b)
[(e)T(c—a—1b)

e —a)T(c b)F(a, b,a+b—c+1,1— z)[Birmingham 01]

F(a,b,c,z) = (1 —z)7? Flc—a,c—bc—a—b+1,1—2)
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So we have,

RW) (4.22)
where,
RM™) = 21— 2)(1 = 2)*F(c—a,c—bc—a—b+1,1—2)
and

RP)(2) = 22(1 — 2)°F(a,b,a+b—c+1,1—2) (4.23)

are Nuemann and Dirichlet Boundary condition.

We can parametrise the radial solution with &
R(z) ~ sin(§)R™) + cos(€)RD) (4.24)

¢ here is Robinson Boundary condition’s parameter. £ = 0 will give us Dirichlet

boundary condition and ¢ = 7/2 will give Neumann boundary condition.

Since the equation(4.14) which we are dealing with has a non zero coefficient of
the first derivative, the usual way to find the condition of superradiance by equating
Wronskian at extremities will not work. Hence we need to find a new way to look
at superradiance. We do so by defining Superradiant modes as those modes whose
energy flux is towards the exterior region of the black hole at the horizon.

For the sake of convenience, we transform our co-ordinate system to Eddington

Finkelstein co-ordinates. Transformations are given by:

dv = dt + dr,
d
dr, = :; 2
(—M + = + m)
and ;
d¢ = do + (4.25)

r2(—M + ;—22 + %)
This transforms our radial solution as

’ ~

R<U7 T4, ¢ ) = Ceiwmebkd)lu
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here, C’—cl( it )a

T‘+—T‘

The metric takes the form[Carlip 95]:

ds* = —(—M + o 5 )dv + (dvdr + drdv) + —J(dgbdv + dvde) + r*de? (4.26)

l

Inverse of the metric is given by:

0 1 0
o1 a2
0 I 1

2r2 r2

We then use the definition for stress energy for scalar field[Dappiaggi 18]:

— A —_—
T, = 8,RO,R — 2mw( ) RaxR4—%2Hﬂ> (4.27)

This gives us:

|:_2w26—2L(OJ’U+k‘¢) _ (_% X %) (22 + %)} (k4 &) [~k 2lovthe) _ Tk 4 812}
T/u/ = |C‘2 0 0 0
[—2]{;72L(wv+k¢) + % (—Tgk + %)} 0 [ 2 2u(wvtke) + Lk — 2l2]

Once we have T, we can calculate the Energy Flux at horizon:

2w
@:/ de'r X, T'k" (4.28)
0
Here,
e 74 is outer event horizon e T, is Stress Energy Tensor
Xp = 8,u + w+a¢’ o LH = 0u

Plugging in the 7}, we will have:[Dappiaggi 18]

Fg = 2nr C?(Im[w])? + Re[w](Re|w] — kw.))eX ™l (4.29)

In order to have energy flux towards the exterior region at horizon, it should be

negative. This gives us the condition that
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Im[w]? + Re[w](Re[w] — kwy) < 0

It will hold only if
kw; > Re[w]

So condition for superradiance becomes:
0 < Re|w| < kwy (4.30)

Modes which satisfy the above relation have outgoing flux at outer horizon so such

modes are superradiant modes and they exhibit superradiance in BTZ spacetime.

4.4.2 Vanishing Boundary Condition

For Field to vanish at infinity it is sufficient to obtain a condition for F'(a,b,c,z) =0
at z = 1. We have,

L(ol(a+b—=c)
['(a)l(b)
[(e)T(c—a—10)
['(c—a)l'(c—10)

F(a,b,c,z) = (1 —z)c27? Flc—a,c—bc—a—b+1,1—2)

+

F(a,b,a+b—c+ 1,1 — z)[Birmingham 01]

First term is 0 at z = 1 and for the second term to vanish, we impose conditions
on Gamma function so that the denominator shoots to infinity. We know that the
Gamma functions diverge to infinity if the input of the function is a negative integer.
This gives us the condition:

c—a=-n or c—b=-n (4.31)

Modes which satisfy these conditons is given by[Birmingham 01]

w-?—Qi (T+l_2r‘> <n+%(l+\/m>> (4.32)

Real part of the frequency is Relw] = %.

Since r_ < ry we have,



Since the frequency of vanishing modes does not satisfy the relation given by
equation(4.26), it does not have an outgoing flux at the outer horizon. Hence such

modes will not show superradiance.
So we have seen that Superradiance is governed not only by the background cur-

vature of the spacetime, but it also depends on what are the boundary conditions

imposed on the field.
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Chapter 5
Conclusion and Discussion

The Thesis starts with the discussion on the maximally symmetric spacetimes in
Chapter 1. We showed that for a (1,n — 1) dimension spacetime, "Cy independent
killing vectors ensure that the given spacetime is maximally symmetric. We then
considered all possible types of constant curvature spacetimes and showed that they
all are maximally symmetric. In subsequent chapters, we studied superradiance in all

of these spacetimes as asymptotic backgrounds.

In Chapter 2, we discussed superradiance and studied it for the case of asymp-
totically flat spacetime. In the process of doing so, we discussed Schwarzschild and
Kerr spacetimes. We discussed the event horizon for both the spacetimes and learned
about the existence of the ergosphere in the Kerr spacetime. Using the Klein Gordon
equation for the curved spacetimes, we calculated the equation of motion for massless
scalar fields in Schwarzschild spacetime and saw that no modes exhibit superradiance.
But the more important thing which we learned was about how to approach the cal-
culations regarding superradiance, something which we followed for the rest of the
thesis. Further, in the second chapter, we calculated the equation of motion of mass-
less scalar fields in the Kerr spacetime and obtained a condition for superradiance.
We learned that low frequency modes compared to the angular velocity of the event
horizon exhibit superradiance. We also noted that the presence of the ergosphere is

necessary from which field can draw energy.

In Chapter 3 and Chapter 4, we discussed superradiance with asymptotically De-
Sitter and Anti DeSitter spacetime respectively. We discussed the existence of the

cosmological horizon in the DeSitter spacetime. In DeSitter spacetime, we studied a
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rotating black hole which leads to Kerr DeSitter. We calculated the equation of mo-
tion of massless scalar field in Kerr DeSitter and obtained a condition on the modes
which will show superradiance. While in AdS spacetime, we considered the BTZ black
hole to study superradiance. We worked with different boundary conditions at infinity
for BTZ and learned that superradiance depends not only on the black hole which
generates the background curvature but also on the boundary conditions which are

imposed on the scalar field.

We can extend this work in the future by exploring the Robin condition for the
Kerr DeSitter spacetime. Throughout the thesis, the scalar field was considered. It
would be interesting to explore whether the spin-1/2,spin-1 patricles would exhibit
superradiance and what would be conditions for superradiance for different spacetimes
and boundary conditions. We can also for sake of completeness, consider including
the change in curvature of spacetime due to the presence of field itself and treat it as
a perturbation to the background curvature of spacetime and study how it affects the

superradiance.
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Appendix A

Equation of motion of massless

scalar field

Consider the test field to be ¢. Since it is a scalar field, its equation of motion will

be governed by the Klein-Gordon Equation. Klein Gordon Equation is given by:
(0,0 =m?*)p =0
Since our field is massless, the equation of motion simplifies to
0,0") =0

This relation holds only for flat spacetime. To accommodate various possible back-

grounds, we use Covariant Derivative instead of partial derivatives.
D, D" =0

Here, D is the Covariant Derivative operator.

We intent to simplify this relation using actions of covariant derivative on scalars
and covectors and get a new relation in entirely in terms of metric components so that
given the metric we can straightaway write down its equation of motion. First, let us

recall how covariant derivative operates on scalars and covectors.
e Action on Scalar(f): D,f = 0,f

e Action on Covector(A,): D, A, = 0,A, — I, A
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Using these two relations we can write our equation of motion of scalar test field

in terms of metric components.
D, D" =0
g""D,D,p =0

We operate covariant derivative on ¥ and get
g""D,(0,1) =0

Now Covariant derivative will operate on 0,1 which is a covariant vector. Since we

know it’s action on covariant vector we can write it as:
D, D" = g (8M8V@/) — Ffw&l@b) =0 (A.1)

We just now need to deal with the Christoffel symbol and we will have our equation
of motion in terms of the metric component. For that, we use the fact that covariant

derivative is metric compatible, i.e. Covariant derivative of metric vanishes.

D, (g") = 0ug"" + FZ/\g”)‘ + F’If/\g’”\ =0

This gives us
— 709" 0,0 = (99" + Tiing™) 0,00 (A.2)

We can expand Christoffel symbol in terms of metric and can further simplify our

expression

1 a
FZ)\ = 59“ (a,uga + a)\g/m - aag,u)

Since both p and a are dummy variables, first and third terms will out each other.
This gives us
1 a
FZ)\ = 59“ 8)\gua

Using relation between trace and determinant we get

1 1 1
ég“‘l@,\glm = §Tr(g_18,\g) = §8Aln(|det(g)|) (A.3)

Using the result of the second and third equation in the first equation we get our

equation of motion in terms of inverse of metric component and determinant of metric
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as follows:

DuD = = [ @OV + 000,/ ) + (0 0]

1
Dy D'y = —=0, ( |g|g“”a,,w) =0 (A4)

Vgl

o1
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Appendix B

Transformation of an equation to

Schrodinger like form

Consider a second order differential equation which we wish to transform into Schrodinger

like form:

"

R (r)+a(w,k,r)R (r)+ (b* (r)w” +c(r)) R(r) =0 (B.1)
Here, R’ = % After transformation, we want the equation in form:

d?u

dy2

+V(r)u=—w’u (B.2)

We wish to find the transformation which will give us the desired result.
o u(r,)=f(r)R(r)
e . =g(r)

We need to find the functions f and g in terms of known coefficient of equation B.1

u
R=-
f
% / +1 L
=——u+ -u'g
7
Here, u* = j—i
" —f” 2fl2 2f/ ’ U** 12 U* 7
R =—Fu+-—Fu——ug+—g +—g
f? f? f? f f



Substituting R and R" in equation B.1 we get the equation in terms of function f

and g and their derivatives.

ok ! 2fl / / * b2 g f” 2f/ !
) S oo

Comparing above equation with equation B.2 we can impose two conditions:
e Set coefficient of u* to 0.
e Set coefficient of w? to 1.

First condition gives us:

" 2// a/ " 2/
g__fg+g_ g f

£ f g f

And second condition gives us:

b? '

Using these two relations, we can solve for f and g. These functions will give us

the desired transformation.

o4



Appendix C

Wronskian as constant of motion

In this appendix we will show that for Schrodinger like differential equations, Wron-
skian is a constant. Consider the following differential equation:
dy

! "+by=0 h =2 C.1
y +ay +by ere y =~ (C.1)

Let u (z) and v (x) be two solutions for this second order differential equation. Then

Wronskian would be:

W=uw —vu
Differentiate the above equation with respect to x:

/

/
W = v

/

—ou’ (C.2)

Since both u and v are solutions of differential equation, we can replace double

derivative as:
1"

!
u = —au — bu

and
1 /

v = —av —bv

Using these we can rewrite equation (C.2) as:
W =u (—av, — bv) —v (—aul - bu)
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!

W = —aW (C.3)

Note that a here is the coefficient of the first derivative. If our differential equation
is of the form of Schrodinger’s equation then it would not have first derivative term,

i.e. a =0 So for such differential equations, from (C.3) we have,
W =0

W = constant

Hence Wronskian would be constant for such differential equation.

26



Bibliography

[Akcay 11]

[Birmingham 01]

[Carlip 95]

[Carroll. |

[Dappiaggi 18]

[Derek Raine |

[Zhang 14]

Sarp Akcay & Richard A Matzner. The Kerr—de Sitter universe.
Classical and Quantum Gravity, vol. 28, no. 8, page 085012, Mar
2011.

Danny Birmingham. Choptuik scaling and quasinormal modes in the
anti-de Sitter space/conformal-field theory correspondence. Physical
Review D, vol. 64, no. 6, Aug 2001.

S Carlip. The (2 + 1)-dimensional black hole. Classical and Quantum
Gravity, vol. 12, no. 12, page 28532879, Dec 1995.

Sean Carroll. Spacetime and geometry an introduction to genral

relativity. Addison Wesley.

Claudio Dappiaggi, Hugo R. C. Ferreira & Carlos A. R. Herdeiro.
Superradiance in the BTZ black hole with Robin boundary conditions.
Phys. Lett. B, vol. 778, pages 146-154, 2018.

Edwin Thomas Derek Raine. Black holes an introduction-second

edition. Imperial College Press.

Cheng-Yong Zhang, Shao-Jun Zhang & Bin Wang. Superradiant
instability of Kerr-de Sitter black holes in scalar-tensor theory. Journal
of High Energy Physics, vol. 2014, no. 8, Aug 2014.

27



	List of Figures
	Abstract
	Maximally Symmetric Spacetime
	Lie Derivatives and Killing Vector
	Action of Lie Derivatives
	Lie Derivative of metric
	Conserved Charges

	Maximally Symmetric Spacetime
	Constant Curvature Spacetime
	Minkowski is maximally symmetric
	AdS Spacetime is maximally symmetric
	DeSitter Spacetime is maximally symmetric


	Superradiance in Asymptotically Flat Spacetime
	Superradiance
	Minkowski Spacetime
	Schwarzschild Spacetime
	Event Horizon
	Massles Scalar Field in Schwarzschild Background

	Kerr Spacetime
	Brief Introduction to Kerr Spacetime
	Massless Scalar Field in Kerr Background


	Superradiance in Kerr DeSitter Spacetime
	Introduction
	Horizons of Kerr DeSitter
	Angular velocity at Horizons

	Equation of Motion of Test Field
	Radial Equation


	Superradiance in AdS Spacetime
	Introduction to BTZ Spacetime
	Horizons of BTZ
	Angular velocity of horizon

	Equation of motion of massive scalar field
	Boundary Conditions
	Condition at Outer Horizon
	Condition at infinity

	Superradiance
	Robinson Boundary Condition
	Vanishing Boundary Condition


	Conclusion and Discussion
	Equation of motion of massless scalar field
	Transformation of an equation to Schrodinger like form
	Wronskian as constant of motion
	Bibliography

