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Abstract

The Standard Model has been a well-celebrated achievement for the physicists. Although

it is a successful theory, there are certain cases and phenomena which are beyond its scope.

This issue demands the search for a more general theory. Lorentz and CPT violation in the

neutrino sector is an area to look for new physics - physics beyond the Standard Model.

This thesis project is an attempt to learn the scope of this route. The project focuses on

Lorentz and CPT violating theories, their application to the neutrino physics (oscillation

phenomena, to be precise), and ways to detect the violation parameters experimentally. We

have reviewed the phenomena of neutrino oscillation and theory of neutrino masses. In

the context of neutrino oscillation, various Lorentz and CPT violating models have been

discussed. As an example, we have chosen Puma model, in paricular, c8a5m model to fit the

experimentally observed neutrino oscillation data collected at MiniBooNE. In our analysis,

we have fixed the neutrino mass and have varied CPT and Lorentz violating parameters c8

and a5. Our one-parameter analysis implies that 1σ allowed region for c8 is [2.16,2.69]×
10−16GeV−4, while the corresponding region for a5 is [1.18,1.71]×10−19GeV−1.
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Chapter 1

Introduction

Our understanding of nature and its fundamental particles are far from complete. We are

actively working to discover more and more. This effort led to an immensely successful

theory - The Standard Model (SM) of particle physics. The particle physicist around the

globe has widely celebrated this theory just because of how accurately it explains the par-

ticle nature and interaction. The latest incredible achievement being the discovery of the

Higgs Boson.

Although this theory is very successful, certain phenomena and cases are existing in

nature which it is not able to explain. Few examples are the existence of dark matter

and the anomalous behaviour of neutrinos. We know such cases exist because we have

experimental evidence. This "issue" forces us to look for a better and more "complete"

theory. We need to look for some "new physics" - physics beyond the SM.

Search for new physics has been the interest of many in the recent years, and there have

been several routes laid down such as Supersymmetry and String theory. However, one way

to go about is by considering this - is it necessary that Lorentz symmetry must be obeyed?

What happens if we relax this constraint? Will such theories be able to explain what SM

could, as well as it couldn’t?

That is precisely the route of our interest. Lorentz and CPT violating theories. One po-

tential candidate to work with this theory is the neutrinos since their anomalous behaviour

is a snake pit for the SM. A very interesting property of propagating neutrinos - the flavour

1



2 CHAPTER 1. INTRODUCTION

oscillation - would be particularly interesting to work. This project, thus, follows the path

of Lorentz and CPT violating theories in the Neutrino sector.



Chapter 2

Neutrinos - History and progress

2.1 A brief history

A neutrino (ν) is a Standard Model lepton. They are unique since they have very distinctive

properties from other particles. They are neutral and interact only via weak interactions.

Their mass is several orders less than other fermions. Since they interact via weak interac-

tions, it is challenging to understand their intrinsic properties. The existence of neutrinos

was first postulated by W. Pauli in 1930, to justify the issue of obtaining a continuous en-

ergy spectrum in β -decay of atomic nuclei. He initially called this particle as "neutron".

Pauli was very speculative of his proposal and did not publish his results until 1934. How-

ever, till this time, E. Fermi had already developed the theory of β -decay process. Fermi

later renamed the particles to "Neutrino (Little neutral one)" (as a wordplay on neutrone, the

Italian name of the neutron) to distinguish it from neutron (as we know today), discovered

by J. Chadwick in 1932.

2.2 Detection and a new discovery

Since neutrinos interact mainly via weak interaction only, it isn’t possible to probe them

directly. So, its effects or consequences of its interaction with particles had to be observed

to study them. Therefore, indirect detection techniques were developed. Today, there are

3



4 CHAPTER 2. NEUTRINOS - HISTORY AND PROGRESS

different kinds of detectors such as Scintillators, Radiochemical detectors, Cherenkov de-

tectors, Radio detectors and calorimeter detectors.

The first detection of neutrinos was in 1954 by Clyde Cowan and Frederick Reines(Ra-

jasekaran, 2016). They were able to detect the electron antineutrino flux coming from a

nearby detector. Different methods were developed eventually.

These new experiments noticed a significant reduction in the flux of neutrinos when

compared to the expected flux. These anomalies were first observed in cases of solar and

atmospheric neutrinos. The first experiment to measure the solar neutrino flux "anomaly"

was Ray Davis’ Homestake experiment (1965). This experiment used radiochemical de-

tection method and consisted of 400,000 litres of Perchloroethylene (C2Cl4). The reaction

involved in the detection process is:

νe +
37 Cl →37 Ar+ e−

This reaction has a threshold of 0.814 MeV. Homestake experiment noted an average

capture rate of solar neutrinos of 2.56± 0.25 SNU (1 SNU = 10−36 neutrino interactions

per target atom per second). However Standard Solar Model predicted that Homestake

should have seen about 8.1± 1.2 SNU. This was the birth of "Solar Neutrino Problem".

Since the Homestake experiment had no information about directionality, the results were

not widely accepted by the scientific community at that time.

Solar Neutrino Problem was only reconfirmed 20 years later when Super-Kamiokande

in 1985 measured the solar neutrino flux again. They used Cerenkov detection process

(about which we will discuss more in the coming chapters) and obtained clear amount

of excess events in the direction of the Sun, confirming that the neutrinos detected were,

in fact, solar neutrinos. Much similar to the Homestake Experiment, they also observed

around 50% deficit in the neutrino flux. The experiment had a high threshold of 7.5 MeV.

After Super-Kamiokande (Super-K), it was clear that there was, in fact, some deficit

in the solar neutrino flux. The first problem which was realized with these experiments

was the high threshold of previous experiments. However, most of the neutrino flux was

released at lower energies through the pp-chain in the Sun. So the previous experiments

were insensitive to the majority of the solar neutrino flux. To cover-up for the Homestake
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and S-Kamiokande, Gallium experiments were proposed. These experiments, because of

their low threshold, were sensitive to most of the solar neutrino flux. Experiments such

as SAGE and GALLEX (radiochemical detectors using Gallium as their main detector

element) also observed a deficit in the neutrino flux.

After the unexpected neutrino flux measurements by the above-mentioned experiments,

questions were raised whether the "Standard Solar Model", used to estimate solar neutrino

flux, is correct or not. Helioseismology results turned the decision in favour of "Standard

Solar Model" (SSM). The results were matching with the expectations to better than 99.5%.

So, it was concluded that the problem might be in the detection experiments.

Researchers realized that the previous experiments had sensitivity exclusively to elec-

tron neutrinos only. So, it could be possible that they could be getting other flavours, but

the experiment was unable to detect them. This led to the Sudbury Neutrino Observatory

(SNO) detector experiment. SNO is a Cerenkov "Heavy-Water" detector. SNO used heavy

water since deuteron is a very fragile nucleus. It only takes about 2 MeV to break it apart

into a proton and a neutron. The deuterium in heavy water allows the detection of all types

of neutrinos. SNO was able to detect neutrino via three different interactions (Rajasekaran,

2016),(Raychaudhuri, 2004):

• The Charged-Current (CC) channel: This reaction can only be initiated by electron

neutrinos. Therefore, will detect the flux of electron neutrinos alone.

νe +d → p+ p+ e−

• The Elastic Scattering (ES) channel: This channel is most sensitive to electron neu-

trinos. detects φ(νe)+0.15[φ(νµ)+φ(ντ)].

νe + e− → νe + e−

• The Neutral Current (NC) channel: This channel is equally sensitive to all flavours

of neutrinos. Hence, it measures the total flux φ(νe)+φ(νµ)+φ(ντ).

ν +d → n+ p+ν
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SNO used the measurements of these three independent reaction channels to get individual

flux of neutrinos. Their measurement of the neutrino flux (in units of 10−8cm−2s−1) was:

φcc = φ(νe) = 1.76±0.01

φES = φ(νe)+0.15[φ(νµ)+φ(ντ)] = 2.39±0.26

φNC = φ(νe)+φ(νµ)+φ(ντ) = 5.09±0.63

The total flux of muon and tau neutrinos from the Sun φ(νµ) + φ(ντ) is (3.33 ±
0.63)10−8cm−2s−1. This is roughly three times larger than the flux of electron neutrino.

We know that the Suno only produces electron neutrinos. This led to a remarkable con-

clusion - some neutrinos must change flavour as they travel from the Sun to the Earth.

Further, the SSM predicts a total flux of neutrinos with energies greater than 2 MeV (the

deuteron break-up energy) of φSSM = (5.05± 1.01)10−8cm−2s−1, which is in very good

agreement with the NC flux measured by SNO. Hence this led to one of the first evidence

of a phenomenon known as “Neutrino Oscillation”.

Such anomaly was also observed in case of the atmospheric neutrinos. The atmosphere

is constantly bombarded by cosmic rays. Atmospheric neutrinos stem from the decay of

the charged pions and subsequently muons, which are produced when the cosmic rays hit

the air nuclei in the atmosphere. Neutrinos in atmosphere are predominantly produced in

two flavors (νe,νµ ). The decay chain is:

π
± → µ

±+νµ(ν̄µ)

µ
± → e±+ ν̄µ(νµ)+νe(ν̄e)

The flux of νe and νµ depends on the flux of muons produced in the decay of pi/K in

the atmosphere. Hence the uncertainties on the flux of each of them are highly correlated.

Therefore, even if uncertainties on the absolute flux are high, the ratio of ν-induced muon

to electron events, for a given detector configuration, can be estimated more accurately. We

have:

Rtheory(E) =
Nexp

µ (E)
Nexp

e (E)
(2.1)
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where Nexp
µ (E) and Nexp

e (E) are the expected number of muons and electrons, respec-

tively(Raychaudhuri, 2004). Here, E is the energy of the charged lepton produced in the

interaction. The ratio Rtheory is expected to be around 2 at low energies.

The spectrum of low energy ν-induced muons and electrons has been measured ex-

perimentally by various experiments (Soudan 2, MACRO and Super-Kamiokande) and

compared with predictions. The ratio is defined as:

Robs(E) =
Nobs

µ (E)

Nobs
e (E)

(2.2)

The ratio of (1) and (2) is called the “Double Ratio”. It is given by:

R =
Robs(E)

Rtheory(E)
(2.3)

This ratio is expected to be unity. However, various experiments showed that R varies

significantly from unity. This observation was referred to as the “Atmospheric Neutrino

Anomaly”. Super-K was able to measure the direction of the incoming neutrinos in addition

to the R-value. This detector, in addition to confirming anomaly with high statistics, also

gave evidence of Neutrino Oscillation.

In the next chapter, we will delve deeper into the phenomena of Neutrino oscillations.



Chapter 3

Neutrino Oscillations

First proposed by Bruno Pontecorvo in 1957, experiments with neutrinos from various

sources (solar, atmospheric, reactor and accelerator) have very well established that neu-

trinos produced in a well-defined flavour state (at the source) have a nonzero probability

of being detected in a different flavour state. Neutrinos change flavour as they propagate.

The neutrino of a specific flavour can be measured to have a different flavour later. This

phenomenon is known as neutrino oscillation.

The probability of flavour change depends on the neutrino energy and the distance

traversed between the source and the detector. The theory of neutrino oscillation was able

to resolve the problem of discrepancy between the predicted flux of the solar (and the

atmospheric) neutrinos and the observed flux. Another important fact is that if the theory

has to hold, then the neutrinos must have mass since the probability of flavour change is

also dependent on the mass-squared difference ((∆m)2). Neutrino oscillation also tells that

neutrino flavour states are linear combinations of the mass eigenstates, and therefore, these

leptons must mix. The solar and atmospheric neutrino flavour changes can be described by

different sets of oscillation parameters. Let us now look at general derivation.

3.1 General Derivation

The flavour eigenstates, να , are linear combinations of the mass eigenstates νi (Kayser,

2008). Hence:

8
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|να >=
n

∑
i=1

U∗
αk|νk > (3.1)

where U is unitary matrix, α corresponds to flavour states and k is corresponds to mass

eigenstates. These are the states at the source (i.e. x = 0, t = 0). Apply the propagation

operator to the mass eigenstates:

|νk(x, t)>= e−iφk |νk(0,0)> (3.2)

where φk = Ekt − pkx. Also, invert the mixing matrix to mass eigenstates as a superpo-

sition of flavour states.

|νk >= ∑
γ

Uγk|νγ >

Hence, we can write:

|να(x.t)>= ∑
γ

∑
k

U∗
αkUγke−iφk |νk(x, t)> (3.3)

The probability of getting flavour β at (x, t) if α is generated at the source is given by

the square of the amplitude.

Pνα (0,0)→νβ (x,t) = |< να(0,0)|νβ (x, t)> |2 (3.4)

Pνα→νβ
= |∑

k
U∗

αkUβke−iφk |2 (3.5)

This formula can be expanded to get:

Pνα→νβ
= ∑

k j
U∗

αkUβkUα jU∗
β jexp[−i(φk −φ j)] (3.6)

We can now consider an approximation that neutrinos are ultra-relativistic and hence

for any realistic energy (E), the rest mass (i.e. mass eigenvalue (mi)) is very small in

comparison to E. Hence,
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p =
√

E2
i −m2

i = Ei

√
1−

m2
i

E2
i
≈ Ei(1−

m2
i

2E2
i
)

Since neutrinos are ultra-relativistic, we can replace t(c=1) by x (or L = Distance be-

tween source and detector). Using the above approximation, we get

Pνα→νβ
= ∑

k j
U∗

αkUβkUα jU∗
β jexp[−i

∆m2
k jL

2E
] (3.7)

where ∆m2
k j = m2

k −m2
j .

Using the identity:

|z1 + z2 + z3 + ...|2 = ∑
k
|zk|2 +2Re ∑

k> j
zkz∗j

we get,

Pνα→νβ
= ∑

k
|Uαk|2|Uβk|2 +2Re ∑

k> j
U∗

αkUβkUα jU∗
β jexp[−2πi

L
LOsc

k j
] (3.8)

where LOsc
k j =Oscillation Length = 4πE

∆m2
k j

is the distance at which phase generated by

∆m2
k j becomes 2π .

We can also write the above equation in a different form using the following identity

(obtained by squaring the condition on matrix elements of a unitary matrix):

∑
k
|Uαk|2|Uβk|2 = δαβ −2Re ∑

k> j
U∗

αkUβkUα jU∗
β j

We get,

Pαβ = δαβ −4 ∑
k> j

Re[U∗
αkUβkUα jU∗

β j]sin2(
∆m2

k jL

4E
)+2 ∑

k> j
Im[U∗

αkUβkUα jU∗
β j]sin(

∆m2
k jL

2E
)

(3.9)

When α = β , it is the “Survival Probability” and when α 6= β , it is the “Transition

Probability”. For antineutrinos, we get a −2 factor instead of 2 in eq.(3.9).
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Survival Probability is measured by "Disappearance Channel" i.e. we measure the

fraction of neutrinos of original flavour left. On the other hand, Transition Probability

is measured by "Appearance Channel" i.e. we measure the fraction of neutrinos of the new

flavour.

3.2 2-Flavour Neutrino Oscillation

We will look at a simple case - let us consider two flavour states. Analysis done here helps

to understand 3-flavour neutrino oscillations. Two flavour oscillation is described by one

mixing angle (θ) and one mass difference. The flavour states and mass states are related to

each other by a unitary matrix (U), which can be written as:

U =

(
Uα1 Uα2

Uβ1 Uβ2

)
=

(
cos(θ) sin(θ)

−sin(θ) cos(θ)

)
Hence, (

να

νβ

)
=

(
cos(θ) sin(θ)

−sin(θ) cos(θ)

)(
ν1

ν2

)
The transition probability can be obtained by using equation (3.9)

Pαβ = sin2(2θ)sin2(
∆m2L

4E
) = sin2(2θ)sin2(1.27

∆m2(eV 2)L(km)

E(GeV )
) (3.10)

The corresponding survival probability is given by:

Pαα = 1−Pαβ (3.11)

Since θ is a physical parameter, it is the amplitude determining part of Pαβ . On the

other hand, ∆m2 is the frequency-determining part (Raychaudhuri, 2004).
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3.2.1 Parameters

• Mixing Angle, θ

– It determines how different are flavour states from mass states. If θ = 0, it can

be easily seen from mixing matrix form that flavour states are identical to mass

states, that is, there is no mixing. If θ = π

4 , there’s maximal mixing.

• Mass-squared difference, ∆m2

– For non-zero oscillation probability, it is important for this factor to be non-

zero. This implies that the neutrino mass eigenvalues must neither be zero nor

degenerate. Also, Pαβ is invariant under ∆m2 → −∆m2. Hence, we can’t tell

which neutrino mass is heavier.

• Baseline to Energy Ratio, L/E

– This is the only parameter under the control of experimentalists. L is the dis-

tance between the source and the detector, and E is the energy of the neutrinos.

Experimentally, if we suspect value of ∆m2, then we try to build the experiment

to be maximally sensitive to the oscillation probability. Hence, the argument of

sin should be integral multiple of π/2, i.e.,

1.27∆m2 L
E

= (2n+1)
π

2

⇒ L
E

=
π

2.54∆m2

Therefore, the theory of neutrino oscillations demands the neutrinos to be massive. How-

ever, in the original Standard Model, the neutrinos are massless. Therefore, neutrino masses

had to be incorporated into the Standard Model. Another issue is that the nature of neutri-

nos is unknown - we don’t know if they are Dirac particles or Majorana particles. How to

incorporate the neutrino masses? How do we interpret the masses? In the next chapter, we

will focus on these topics.



Chapter 4

Neutrino Masses

Neutrino masses is one of the most important subjects of study in neutrino physics. We still

don’t clearly know the origin of neutrino masses. It is believed that neutrinos are nothing

but a low-energy manifestation of physics beyond SM and high-energy scale suppression

could be the reason why the neutrino masses are small. Theoretical methods have been

worked out to explain the “smallness” of neutrino masses, such as various seesaw mecha-

nisms (Akhmedov et al., 2000).

To incorporate the neutrino masses to the SM, we need to introduce the right-handed

field, ναR to the SM. We can then generate neutrino mass via the Higgs mechanism. This

is a “minimally extended Standard Model”. The right-handed fields do not interact via the

weak interaction. These fields are singlets under the symmetries of the SM. Therefore, they

are “sterile”. They only participate in gravitational interaction. The left-handed neutrino

fields are “active”.

4.1 Dirac and Majorana Mass

In the unitary gauge, the Standard Model Higgs-lepton Yukawa Lagrangian is (Giunti and

Kim, 2007):

L H,L =−
(

v+H√
2

)
∑

α,β=e,µ,τ
Y ′`

αβ
`′

αL`
′
βR +H.c.

13
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Where Y ′`is the Yukawa coupling matrix, `′ is the array of charged lepton fields, and

α,β = e,µ,τ .

`′L =


e′L
µ ′

L

τ ′L

 , `′R =


e′R
µ ′

R

τ ′R


Therefore, in matrix form, we can write,

L H,L =−
(

v+H√
2

)
`′LY ′``′R +H.c.

This is modified by incorporating another term for neutrinos similar to the first term of

the above equation.

L H,L =−
(

v+H√
2

)[
`′LY ′``′R +ν ′

LY ′ν
ν
′
R

]
+H.c.

where ν ′
L =


ν ′

eL

ν ′
µL

ν ′
τL

, ν ′
R =


ν ′

eR

ν ′
µR

ν ′
τR

 and Y ′ν is neutrino Yukawa coupling matrix.

We can diagonalize Y ′` and Y ′ν and eventually obtain the diagonalized Higgs-lepton

Yukawa Lagrangian :

L H,L =−
(

v+H√
2

)[
`LY ``R +nLY νnR

]
+H.c.

=−
(

v+H√
2

)[
∑

α=e,µ,τ
y`α`αL`αR +

3

∑
k=1

yν
k νkLνkR

]
+H.c.

In the above cases, Y v = Vν†
L Y ′νVν

R and Y ` = V`†
L Y ′`V`

R, where V `
R, V ν

R , V `
L and V ν

L are

unitary matrices.

Also,

Y `
αβ

= y`αδαβ and Y `
k j = y`kδk j,

nL = Vν†
L ν ′

L and nR = Vν†
R ν ′

R,

`L = V`†
L `′L and `R = V`†

R `′R
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Now, using Dirac neutrino fields,

νk = νkL +νkR

and Dirac charged lepton fields,

`= `αL + `αR

we get,

L H,L =− 1√
2

(
∑

α=e,µ,τ
y`αv`α`α +

3

∑
k=1

yν
k vνkνk + ∑

α=e,µ,τ
y`α`α`αH +

3

∑
k=1

yν
k νkνkH

)

So, we get the neutrino masses by

mk =
yν

k v
√

2
(4.1)

Here, k = 1,2,3.

This is the Dirac neutrino mass, where we consider the picture in which neutrinos are

Dirac in nature.

The mass term for neutrinos can be written as:

L mass =−mνν (4.2)

Here ν = νL +νR. Therefore, for Dirac neutrinos, eq.(4.2) becomes,

L D
mass =−mD(νRνL +νLνR) =−mDνRνL +H.c. (4.3)

If neutrinos are Majorana in nature, i.e., if the particle is its own antiparticle, then we

go ahead and make few important changes.

Since we consider neutrinos to be Majorana, then the right-handed field, νR, becomes,

νR = ν
c
L = (νL)

T (4.4)
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Using this, we get the Majorana mass term for νL,

L L
mass =−1

2
mLνC

L νL +H.c. (4.5)

Similarly, for νR, we get,

L R
mass =−1

2
mRνC

R νR +H.c. (4.6)

4.2 Dirac-Majorana Neutrino Mass Term

Although we know about the existence of νL, we don’t know if νR exists. However, its

existence is allowed by the symmetries of the SM. If only the former exists, then the Dirac

mass term can’t exist, and the neutrinos will be Majorana in nature. If both the fields exist,

then the mass can have Dirac term contribution as well as Majorana term contribution from

each field. Therefore, in general, neutrino lagrangian can contain Majorana mass term for

νLand νR, and the Dirac mass term (Giunti and Kim, 2007).

Therefore, the total Dirac-Majorana neutrino mass term is,

L D+M
mass = L D

mass +L L
mass +L R

mass (4.7)

Therefore, we see that if neutrinos are Dirac particles, the mass can have contribution

from both Dirac mass term and the Majorana mass term. This is one of the reasons which

make neutrinos special compared to other fundamental particles.

4.3 Oscillation Parameters

In case of three-flavour oscillation, depending on the nature of neutrinos, the neutrino mix-

ing matrix U (refer Chapter3) depends on more parameters.

If neutrinos are Dirac in nature, then the oscillation is governed by four parameters -

three mixing angles (θ12,θ23,θ13), and a CP-violation phase (δCP).
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The mixing matrix is known as the Pontecorvo-Maki-Nakagawa-Sakata matrix, or the

PMNS matrix (Raychaudhuri, 2004), (Giunti and Kim, 2007). The most widely used

parametrization is,

U =UD =UPMNS =


1 0 0

0 c23 s23

0 −s23 c23




c13 0 s13e−iδCP

0 1 0

−s13eiδCP 0 c13




c12 s12 0

−s12 c12 0

0 0 1


(4.8)

where, si j = sin(θi j) and ci j = cos(θi j). In the case of Majorana neutrinos, the mix-

ing matrix receives contribution from CP-violation phases of Majorana natures as well.

Therefore, the mixing matrix becomes,

U =UM =UDDM (4.9)

Here, DM = diag(e−iλ1,eiλ2,eiλ3), where λi are Majorana CP-violation phases. By

convention, λ1 is set to zero. Therefore, even if the Dirac CP-violation phase is absent,

CP-violation can be observed as a result of the Majorana CP-violation phase contribution.

An important thing to note is that all these parameters governing mixing aren’t energy-

dependent and can be independently chosen to match the data.



Chapter 5

Lorentz and CPT Violating Theories

Lorentz and CPT symmetries are the two most important symmetries which are conserved

in the SM. However, these symmetries are “accidental symmetries”, and not fundamen-

tal symmetries. In effect, a theory which respects stability and causality is acceptable,

and therefore, a stable and causal theory which doesn’t conserve the Lorentz symmetry

would still be valid. The existing theory does face some stability issues at very high en-

ergies(Kosteleckỳ and Lehnert, 2001). Moreover, conventional theories invoke additional

hypothetical particles (such as sterile neutrinos) to explain certain “anomalies”. This isn’t

elegant enough since we are introducing additional unknown parameters to explain some

phenomenon. Therefore, we need to look for a more stable and complete theory. Possi-

bly, relaxing the Lorentz symmetry might give us a more general theory which can explain

processes which the SM couldn’t.

5.1 A General Description

There are many ways to invoke Lorentz violation in theory. One of the ways is to in-

troduce terms for Lorentz violation into the particle Lagrangian density. Such terms are

generated by contracting the Lorentz violating coefficients with tensor operators. Since

Lorentz violation effects are, in general, expected to be small, probably as a result of

18
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Planck-suppressed effects, the Lorentz-violating(LV) operators can be treated as pertur-

bations whenever needed (Kostelecký and Mewes, 2012). Since we will be dealing with

neutrinos, let us work with general fermions.

Consider N spinor fields ψa, where a is the spinor flavour, and a = 1,2, ...N. We com-

bine N spinors ψa with their charge conjugates to get a 2N-dimensional multiplet of spinors,

ΨA =

(
ψa

ψC
a

)
(5.1)

This is done to incorporate Majorana coupling. Here, A ranges over 2N values and Ψ

obeys,

Ψ
C = C Ψ

C =

(
0 1

1 0

)
Now, we lay down a general Lagrange density incorporating Lorentz and CPT viola-

tion:

L =
1
2

ΨA(γ
µ i∂µδAB −MAB + Q̂AB)ΨB +H.c. (5.2)

Here, Q̂AB is 4× 4 matrix in spinor space and 2N × 2N matrix in flavour space. As

mentioned before, this operator is treated perturbatively. We can write MAB as

MAB = mAB + im5ABγ5 (5.3)

Due to the hermiticity of L . Here, both m and m5 are hermitian matrices. Also,

m = C mT C

m5 = C mT
5 C

The spin part of the LV operator can be expanded in the basis of 16 Dirac matrices (γi) :
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Q̂AB = ∑Q̂I
ABγI = ŜAB + iP̂ABγ5 + V̂ µ

ABγµ + ˆA µ

ABγ5γµ +
1
2
T̂ µν

AB σµν (5.4)

The 1
2 factor in the last term arises since σµν = γµγν −γνγµ . Here, all Q̂I

AB are hermitian

operators in the flavour space, which arises from the hermiticity of L , and are derivative

dependent, which can be expressed as follows:

Q̂I
AB =

∞

∑
d=3

Q̂
(d)Iα1α2...αd−3
AB pα1 pα2...pαd−3

where, pµ = i∂µ . Here, d is the dimension of individual operators.

We incorporate Q̂AB as follows:

γ
ν pνδAB −MAB + Q̂AB = Γ̂AB pν − M̂AB (5.5)

where,

Γ̂AB = γ
ν
δAB + ĉµν

ABγµ + d̂µν

AB γ5γµ + êν
AB + i f̂ ν

ABγ5 +
1
2

ĝκλν
AB σκλ

, and

M̂AB = mAB + im5ABγ5 + m̂AB + im̂5ABγ5 + âµ

ABγµ + b̂µ

ABγ5γµ +
1
2

Ĥµν

AB σµν

By doing this, we are clearly introducing the effect of Lorentz violation into both

propagation and the mass of the neutrinos. Here, five are dimensionless operators -

ĉµν

AB , d̂
µν

AB , ê
ν
AB, f̂ ν

AB and ĝκλν
AB .Out of these, the former two are CPT even, whereas the rest

are CPT odd. This follows from the property that tensor densities with even number of

indices are CPT-even, and those with odd indices are CPT-odd (Lehnert, 2016). The other

operators are of mass dimension one. Here, m̂AB, m̂5AB and Ĥµν

AB are CPT even, whereas

âµ

AB and b̂µ

AB are CPT odd.

Since Γ̂AB is contracted with pν in eq.(5.5), its individual operators will also be con-

tracted with Pν . Therefore, we define,
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ĉµ

AB = ĉµν

AB pν , d̂µ

AB = d̂µν

AB pν , êAB = êν
AB pν , f̂AB = f̂ µ

AB pν , ĝκλ
AB = ĝκλν

AB pν

These “new” operators are related to the operators in eq.(5.4) as follows,

ŜAB = êAB − m̂AB P̂AB = f̂AB − m̂5AB V̂ µ

AB = ĉµ

AB − âµ

AB
ˆA µ

AB = d̂µ

AB − b̂µ

AB
ˆT µν

AB = ĝµν

AB − Ĥµν

AB

(5.6)

Here, ŜAB,P̂AB are CPT-even, whereas V̂ µ

AB,
ˆA µ

AB,T̂
µ

AB are CPT-odd.

Since the Hamiltonian formulation is more convenient to work with, we will switch

to Hamiltonian. Having Lorentz violation and concomitant higher-order time derivatives

makes it difficult to construct the Hamiltonian. We can find an effective Hamiltonian (2N×
2N) which will describe the physics at leading order.

We will start with the modified Dirac equation:

(pµγ
µ

δAB −MAB + Q̂AB)ΨB = 0 (5.7)

Now, we multiply by γ0 from the left and define HAB by the following condition:

(EδAB −HAB)ΨB = γ0(pµγ
µ

δAB −MAB + Q̂AB)ΨB = 0

Here, E = p0. Therefore, we have,

HAB = γ0(p.γδAB +MAB − Q̂AB) = (H0)AB +δ HAB (5.8)

Here, (H0)AB = γ0(p.γδAB − MAB) with energy E0 and δ HAB= −γ0Q̂AB, which is the 
LV perturbation.

5.2 General Lorentz Violating Theory for Neutrinos

We will be following the same framework mentioned in the previous section for neutri-

nos but will be implementing it onto the left-handed neutrino fields since the propagating 
neutrinos are left-handed and the right-handed field doesn’t have any significant role.
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For convenience, we introduce the left-handed and right-handed mass matrix mLand

mR, such that mR = (mL)
† = m+ im5. The neutrino mass matrix, therefore, becomes,

M = mLPL +mRPR

Here, PLand PR are chiral projection operators ( PL = (1− γ5)/2 and PR = (1+ γ5)/2 ).

The right-handed mass matrix can be described with Dirac and Majorana type masses by:

mRC =

(
L D

DT R

)
where, D is the Dirac-mass matrix, whereas L and R are the left-handed and right-

handed Majorana mass matrix. All are N ×Nmatrices. R and L must be symmetric.

The usual equation describing the left-handed fermion in the absence of Lorentz-

violation is

p.γψL −Lψ
C
L −DψR = 0 (5.9)

Here left-right neutrino mixing will vanish if D = 0. For D 6= 0, the seesaw mecha-

nism is invoked to suppress mixing (a mechanism to explain neutrino masses ) (Yanagida

and Yoshimura, 1980)(Mohapatra and Senjanović, 1980), which requires assuming R to be

large. Right-handed field fermion is described by

p.γψ
C
R −RψR −DT

ψ
C
L = 0 (5.10)

For large R, ψR ≈−R−1DT ψC
L . Therefore, left-handed field equation becomes,

p.γψL − (L−DR−1DT )ψC
L = 0 (5.11)

Here, we define effective mass ml:

ml = L−DR−1DT (5.12)

Therefore, the previous equation becomes



5.2. GENERAL LORENTZ VIOLATING THEORY FOR NEUTRINOS 23

p.γψL −mlψ
C
L = 0 (5.13)

We take the left-handed projection of the Hamiltonian. It will give a good approxima-

tion to study the observed behaviour of neutrino. The projection becomes:

HL =

(
PL 0

0 PR

)
H

(
PL 0

0 PR

)
(5.14)

This can be expressed as an operator acting on two-component Weyl spinors. This re-

quired defining σ µ = (σ0,σ j), where σ j are the three Pauli matrices and σ0 is the identity

matrix (2×2). Now, the adjoint matrix becomes σ̄ = (σ0,−σ j). The Weyl spinor will be

denoted by φ which are associated with Dirac spinors PLψ . In this representation, we will

suppress flavour indices. HL is replaced by Weyl form HW , and Ψ is replaced by

ΦW =

(
φ

φC

)

Here, φC = iσ2φ∗. Eq (34) becomes

p.σ̄φ −mlφ
C = 0 (5.15)

The unperturbed Hamiltonian (HW )0 becomes

(HW )0 =

(
−p.σ ml

m†
l p.σ

)
(5.16)

The LV Hamiltonian δH becomes

δHW =

(
−V̂ µ

L σ̄µ −ŜL − i
2T̂ µν

M σ̄µσν

−ŜL − i
2(T̂

µν

M )†σµ σ̄ν (−1)(d+1)V̂ µT
L σµ

)
(5.17)

Here, subscript L indicates the left-handedness. Chirality preservation makes sure that

right-handed components are absent. The full Hamiltonian is HW = (HW )0 +δHW .
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This can be block diagonalized with suitable approximation. We can either proceed by

treating neutrinos to be relativistic or nonrelativistic. We will consider the former case, and

block diagonalize the full Hamiltonian to the order m2
l using the transformation

U =

 1− mlm
†
l

8p2 −ml p.σ
2p2

lm† p.σ
2p2 1− m†

l ml

8p2

 (5.18)

Therefore the unperturbed Hamiltonian becomes,

(H ′
W )0 =U(HW )0U† =

 −p.σ
(

1+ mlm
†
l

2p2

)
0

0 p.σ
(

1+ m†
l ml

2p2

)
 (5.19)

Weyl doublet ΦW transforms,

Φ
′
W =UΦW =

(
φ ′

(φ ′)C

)

W

Now, we need to find the effective hamiltonian he f f  governing the neutrino propagation. 
So, we expand Φ′ in helicity components:

φ ′ = [A(t, p)eix.p +B∗(t, p)e−ix.p]Ep,

(φ ′)C = [A∗(t, p)e−ix.p +B(t, p)eix.p]Ep
C,

Here, Ep is a normalized negative-helicity spinor, which satisfies the condition p.σ Ep =

−|p|Ep. Amplitudes A(t, p) and B(t, p) are associated with negative-helicity ν and 
positive-helicity ν . Positive energy part of Schrodinger equation in the Lorentz-invariant 

limit gives,

i
∂

∂ t

(
A

B

)
= (he f f )0

(
A

B

)
Here,

(he f f )0 = |p|

(
1 0

0 1

)
+

1
2|p|

(
mlm

†
l 0

0 m†
l ml

)
(5.20)
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This is the unperturbed effective Hamiltonian for ν and ν amplitudes in the Lorentz-

invariant limit.

We diagonalize δHW to obtain the LV contribution δh:

δH ′
W =UδHWU† = δHW +[δU,δHW ]+O(m2

l ) (5.21)

Here,

δU =
p.σ
2p2

(
0 −ml

m†
l 0

)
As before, we get δh by positive-energy projection,

δh =

(
E †

p 0

0 E C†
p

)
δH ′

W

(
Ep 0

0 E C
p

)
(5.22)

We can use the following identities for getting explicit result:

E †
p σ µEp = E C†

p σµE C
p ≈ pµ

|p| ,

E †
p σµE C

p =−E †
p σ µE C

p =
√

2εµ ,

E C†
p σµEp =−E C†

p σ µEp =
√

2ε∗µ ,

Here, the polarization vector εµ is

ε
µ =

1√
2
(0; ê1 + iê2)

∗and εµ (−p) = εµ (p). Also ê1, ê2 are arbitrary unit vectors and are chosen in a way such 

that p̂,  ê1, ê2 form a right-handed orthonormal triad. Comparing this with the spherical-

coordinate unit vectors indicates that the spatial part of ε µ is the helicity unit vector ε̂+
discussed in the scope of LV test with photons and LV in electrodynamics (check Appendix 
A2 of (Kostelecký and Mewes, 2008);(Kostelecký and Mewes, 2009)).

Proceeding in the above route shows that to the order of O(ml), the LV part of effective 

Hamiltonian becomes,
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δh =
1
|p|

(
âe f f − ĉe f f −ĝe f f + Ĥe f f

−ĝ†
e f f + Ĥ†

e f f −âT
e f f − ĉT

e f f

)
(5.23)

These LV operators are effective operators which consist of individual LV operators.

The experiments are more sensitive to the combined effect of the individual LV operators.

Hence, we defined these effective operators. The diagonal blocks govern neutrino-neutrino

mixing, whereas the off-diagonal blocks govern neutrino-antineutrino mixing. âe f f and

ĝe f f are CPT-odd, whereas ĉe f f and Ĥe f f are CPT even, and have the following forms:

âe f f = pµ âµ

L − ê1 +2iεµε
∗
ν ĝµν

l (5.24)

ĝe f f = i
√

2pµεν ĝµν

M++
√

2εµ âµ

l (5.25)

ĉe f f = pµ ĉµ

L − m̂1 +2iεµε
∗
ν Ĥµν

l (5.26)

Ĥe f f = i
√

2pµενĤµν

M++
√

2εµ ĉµ

l (5.27)

Here, each quantity B̂µν

M+ = 1
2(B̂

µν + i ˜̂Bµν) and follows the identity εµενB̂µν

µM+ w
ˆ−p jB0

M
j
+/|p|.

âµ

L , ĉ
µ

L , ĝ
µν

M+ and Ĥµν

M+ are independent of mass matrix ml:

âµ

L = âµ

D + b̂µ

D ; ĉµ

L = ĉµ

D + d̂µ

D

ĝµν

M+ = 1
2(ĝ

µν

M + i ˜̂gµν

M ) ; Ĥµν

M+ = 1
2(Ĥ

µν

M + i ˜̂Hµν

M )
(5.28)

Here, the subscripts D and M refer to the Dirac and Majorana types. These obey the

following conditions:

âµ

L = (âµ

L )
†; ĝµν

M+ = i ˜̂gµν

M+ = (ĝµν

M+)
T

ĉµ

L = (ĉµ

L )
†; Ĥµν

M+ = i ˜̂Hµν

M+ =−(Ĥµν

M+)
T

(5.29)

The remaining operators are linear in ml:
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m̂l =
1
2 [(m̂M + im̂5M)m†

l +ml(m̂M + im̂5M)†]

âµ

l = 1
2 [â

µ

L ml +ml(â
µ

L )
T ]

ĉµ

l = 1
2 [ĉ

µ

L ml +ml(ĉ
µ

L )
T ]

êl =
1
2 [(êM + i f̂M)m†

l +ml(êM + i f̂M)†]

ĝµν

l = 1
2 [ĝ

µν

M+m†
l +ml(ĝ

µν

M+)
†]

Ĥµν

l = 1
2 [Ĥ

µν

M+m†
l +ml(Ĥ

µν

M+)
†]

(5.30)

and they obey the following conditions:

âµ

l = (âµ

l )
T , ĉµ

l =−(ĉµ

l )
T ,

m̂l = m̂†
l , êl = ê†

l , ĝµν

l = (ĝµν

l )†, Ĥµν

l = (Ĥµν

l )†

The complete effective Hamiltonian is,

he f f = (he f f )0 +δh (5.31)

5.2.1 Spherical Decomposition

Search for Lorentz violation generally depends on looking for anisotropies related to ro-

tation symmetry violation. Therefore, decomposing the Lorentz violation coefficients in

spherical harmonics will be useful. In fact, this is a more convenient option when com-

pared to utilizing the rotational transformation property of LV coefficients.

We can expand the pµdependent pieces in (5.23) of δh in spherical harmonics. Since

the terms in diagonal block of the LV effective hamiltonian are rotational scalars, they

can be expanded using Yjm ≡0 Yjm (standard spherical harmonics). If we take the case of

contribution involving coefficients âµ

L , it can be expanded as,

pµ(â
µ

L ) = ∑
d jmn

Ed−2−n|p|nYjm(p̂)(c(L
d)
)n

ab
jm

Here, we consider the approximation E w |p| to second order in small ml . This is valid 
since we are working with Lorentz violation to first order in ml. Similarly, other coefficients 

can also be expanded (Kostelecký and Mewes, 2012).
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However, these coefficients contribute only via the four combinations (5.24, 5.25, 5.26,

5.27), and the experiments are more sensitive to these combinations, it makes more sense

to utilize the expansions for these terms. These are-

âab
e f f = ∑ |p|d−2Yjm(p̂)(a(e

d
f
)
f ) j

ab
m

ĉab
e f f = ∑ |p|d−2Yjm(p̂)(c(e

d
f
)
f ) j

ab
m

ĝab
e f f = ∑ |p|d−2

+1Yjm(p̂)(g(e
d
f
)
f ) j

ab
m

Ĥab

(5.32)

e f f = ∑ |p|d−2
+1Yjm(p̂)(He

(
f
d)

f ) j
ab
m

And these set of combination term coefficients are a function of the fundamental coef-

ficients :

(a(d)e f f )
ab
jm = (a(d)L )ab

jm − (e(d+1)
l )ab

jm +(g(d+1)
l )ab

jm

(c(d)e f f )
ab
jm = (c(d)L )ab

jm − (m(d+1)
l )ab

jm +(H(d+1)
l )ab

jm

(g(d)e f f )
ab
jm = (g(d)M+)

ab
jm +(a(d+1)

l )ab
jm

(H(d)
e f f )

ab
jm = (H(d)

M+)
ab
jm +(c(d+1)

l )ab
jm

(5.33)

Properties of these spherical coefficients under discrete transformation can be found in

Table II of (Kostelecký and Mewes, 2012).
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Lorentz and CPT Violating Models

The general LV theory involves many independent components, and working with all of

them at the same time can become cumbersome. Therefore, it is better to come up with

models focussing on specific parts such as modelling signals that could be associated with

Lorentz and CPT violation. This is also important for the experiments as it helps in targeted

experimental studies.

There are many Lorentz and CPT violation models that have been proposed. We will

discuss some cases briefly to understand how constraints are implemented. One important

point to note is that we have considered all the LV coefficients to be spacetime constants for

energy and momentum conservation (Kostelecký and Mewes, 2012),(Díaz and Kostelecký,

2012). Please note that we will be suppressing the flavour indices for simplicity.

6.1 Massless Models

As the name suggests, these models work in the massless limit m → 0. These models show

that oscillation can occur even if the neutrinos are massless - oscillations can arise from

CPT and Lorentz violation alone. These models can also be used in the ultrarelativistic

limit.

Due to the massless limit, all the mass-induced coefficients (with subscript l) will van-

ish. Therefore, the LV effective hamiltonian (5.23) becomes,

29
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δh =
1
|p|

(
pµ âµ

L − pµ ĉµ

L −i
√

2pµεν ĝµν

M++ i
√

2pµενĤµν

M+

−(i
√

2pµεν ĝµν

M+)
† +(i

√
2pµενĤµν

M+)
† −(pµ âµ

L )
T − (pµ ĉµ

L )
T

)
(6.1)

and effective coefficients reduces to,

(a(d)e f f )
ab
jm = (a(d)L )ab

jm

(c(d)e f f )
ab
jm = (c(d)L )ab

jm

(g(d)e f f )
ab
jm = (g(d)M+)

ab
jm

(H(d)
e f f )

ab
jm = (H(d)

M+)
ab
jm

The properties of spherical coefficients for massless models are given in Table 6.2.

These models are of interest because they show that phenomenon like neutrino oscilla-

tion alone cannot be used to claim that the neutrinos have mass.

Models such as Bicycle model (Alan Kostelecký and Mewes, 2004) have been widely

studied. These models explain the oscillations very well. However, none of the existing

models is completely successful. One of the major issues is the inability to simultane-

ously explain KamLAND data (Araki et al., 2005) and the observed shape of solar neutrino

spectrum (Bellini et al., 2010) in the energy range 1-20 MeV.

However, the inclusion of direction-dependent coefficients hasn’t been explored much.

Most of the models exclude the effect of direction-dependent operators. Exploring those

could be a possible route to achieve a completely valid massless model.

6.2 Flavour-blind Models

These models are ’blind’ to flavour differences. This is achieved by setting the assumption

that Lorentz and CPT violation and the mass-squared matrix affect all the flavours in the
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Table 6.1: Spherical coefficients for massless models
Coefficient d j number

(a(d)L )ab
jm odd, ≥ 3 d −2 ≥ j ≥ 0 9(d −1)2

(c(d)L )ab
jm even, ≥ 4 d −2 ≥ j ≥ 0 9(d −1)2

(g(d)M+)
ab
jm even, ≥ 4 d −2 ≥ j ≥ 1 12d(d −2)

(H(d)
M+)

ab
jm odd, ≥ 3 d −2 ≥ j ≥ 1 6d(d −2)

same way. Although not realistic in terms of what we know about neutrinos, these models

can be used to study neutrino propagation.

The effective hamiltonian for flabour-blind model, say, h f b
e f f decouples into three identi-

cal equations, and the coefficients HM+,Hl,el, vanish since HM+,eM, fM are antisymmetric

in flavour space. Therefore, the hamiltonian reduces to,

h f b
e f f = |p|+ |ml|2

2|p|
−

ĉe f f

|p|
+

1
|p|

(
âe f f −ĝe f f

−ĝ∗e f f −âe f f

)
(6.2)

Even though diagonal elements are non-zero, neutrino oscillation is not observed since

the flavours cannot be differentiated. However, the off-diagonal elements are still non-zero,

and therefore, results in neutrino-antineutrino mixing.

(41) can be diagonalized using U to get the eigenvalues

E f b
± = |p|+ |ml|2

2|p|
−

ĉe f f

|p|
+

λ

|p|
(6.3)

where λ =
√

â2
e f f + |ĝe f f |2

Here, U =

(
C −S

S∗ C

)
having C =

√
λ+âe f f

2λ
and S =

ĝe f f√
2λ (λ+âe f f )

.

Things can be simplified further - restricting the neutrino-antineutrino mixing com-

pletely by setting ĝe f f to zero. This results in what is known as “Oscillation-free” models.

Table 6.3 shows the properties of coefficients for flavour-blind models (subscript “fb”)

and oscillation-free models (subscript “of”).
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Table 6.2: Spherical coefficients for flavour-blind and oscillation-free models
Coefficient d j number

(a(d)f b ) jm odd, ≥ 3 d −1 ≥ j ≥ 0 d2

(c(d)f b ) jm even, ≥ 4 d −2 ≥ j ≥ 0 (d −1)2

(g(d)f b ) jm even, ≥ 2 d −1 ≥ j ≥ 1 2(d2 −1)

(a(d)o f ) jm odd, ≥ 3 d −2 ≥ j ≥ 0 (d −1)2

(c(d)o f ) jm even, ≥ 4 d −2 ≥ j ≥ 0 (d −1)2

6.3 Isotropic Models

These models are constructed by focussing on operators that obey rotational symmetry.

Such models become well-defined only after its preferred inertial frame (of the observer) is

specified, as the observer boosts mix with rotation. Therefore, all observers boosted with

respect to this frame will observe anisotropic effects.

Although simple in design, these models can be utilized to study realistic effects. One

important class of isotropic models is the Puma models (DÃaz and KosteleckÃœ, 2011),

which we will be discussing more.



Chapter 7

Puma Models

Class of Puma models is of our interest because it is simple, yet powerful enough to perform

complex studies. A compelling reason to explore these models is their success with just

three parameters. The conventional model (3νSM) utilizes five parameters (refer chapter

4) and still fails to explain certain neutrino anomalies, whereas these models explain the

oscillations as well as the anomalies with just three parameters. We will be specifically

focussing on 3× 3 effective Hamiltonian hv
e f f which will govern the oscillations of three

flavours of left-handed neutrinos. They have two important properties: zero eigenvalue

and isotropic Lorentz violation (Díaz and Kostelecký, 2012). The zero eigenvalue can be

attributed to a discrete symmetry of hv
e f f . Isotropic Lorentz violation means that the boost

invariance is broken while the rotations are intact.

Therefore, the Hamiltonian is independent of the direction of the momentum of the neu-

trinos. However, they have unconventional neutrino energy (E) dependence (Kostelecký

and Mewes, 2009). This will lead to some interesting observations.

7.1 General Model

For the general model, the effective hamiltonian is of the form,
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hv
e f f = A


1 1 1

1 1 1

1 1 1

+B


1 1 1

1 0 0

1 0 0

+C


1 0 0

0 0 0

0 0 0

 (7.1)

Here, A,B,C are functions of E. A = m2

2E , where m is the neutrino mass. B and C

have unconventional energy dependence. A decreases inversely with E, whereas B and C

increase with E (Díaz and Kostelecký, 2012).

The eigenvalue of the effective hamiltonian turns out to be,

λ1 =
1
2 [3A+B+C−

√
(A−B−C)2 +8(A+B)2]

λ2 =
1
2 [3A+B+C+

√
(A−B−C)2 +8(A+B)2]

λ3 = 0

(7.2)

The mixing matrix for diagonalizing effective hamiltonian can be expressed as,

Ua′a =


λ1+2A

N1
A+B
N1

A+B
N1

λ2+2A
N2

A+B
N2

A+B
N2

0 −1√
2

1√
2

 (7.3)

where, a
′
= 1,2,3 and a = e,µ,τ . The normalization factors are,

N1 =
√

(λ1 −2A)2 +2(A+B)2

N2 =
√

(λ2 −2A)2 +2(A+B)2
(7.4)

The same for antineutrinos can be obtained by CPT conjugation of B and C.

Another important characteristic of this model is the Lorentz-violation seesaw

(Alan Kostelecký and Mewes, 2004) mechanism that mimics a mass term at higher

energies without invoking mass. The ratio of the LV coefficients acts like mass at higher

energies.

We will take B and E to be monomials. Let us consider that they are of the form:

B(E) = k̊(p)E p−3, C(E) = c̊(q)Eq−3 (7.5)

where p,q are dimensions of the operators associated with k̊(p) and c̊(p).
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Since the elements of hv
e f f are all real, the oscillation probability from νb to νa can be

written as,

Pνb→νa = δab −4 ∑
a′>b′

Ua′aUa′bUb′aUb′bsin2(∆a′b′L/2) (7.6)

Here, ∆a′b′ = λa′ −λb′ and L is the baseline. Also, A,B,C are real. Therefore, all the

processes are T invariant. This implies that CP violation can appear if and only if there is

CPT violation.

7.2 c8a5m Model

For our study, we will be focussing on the c8a5m Puma model (DÃaz and KosteleckÃœ,

2011). Here, k̊(p) ≡ å(5) and c̊(q) = c̊(8). Some other variants of Puma models were also

explored in the process, such as the c4a3m and the c6c4m model. However, the former fails

to produce a signal in short baseline experiments since C (eq. 7.5) grows only linearly

with energy, whereas the latter doesn’t incorporate CPT violation since it only consists of

CPT-even parameters. The c8a5m model performed very well in explaining the oscillation,

as well as many anomalous phenomena in short and long-baseline experiments simultane-

ously.

Parameter values are chosen to match the results with experimental data. The value of

the parameters which is widely accepted and provide excellent agreement with the experi-

mental results are-

m2 = 2.6×10−23GeV 2

å(5) =−2.5×10−19GeV−1

c̊(8) = 1.0×10−16GeV−4

(7.7)

Here, å(5) is the source for CPT violation since it is CPT-odd. Its non-zero value implies

that this model accommodates CPT violation. The value of m is chosen to be consistent

with the limit from direct mass measurements and cosmological bounds (and, 2010). In this

model, a(5) and c(8) are the only LV coefficients defined in an isotropic frame FI . This frame

can be any universal inertial frame, such as the cosmic microwave background (CMB).
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The experiment frame, say FE , is boosted in it by some combination of Earth’s revolution

about the Sun, its own rotation, and its motion relative to CMB. These LV coefficients then

generate anisotropic effects via a net boost in FI (Díaz and Kostelecký, 2012).

An important thing to note is that unlike the three-flavour-SM neutrino oscillation (refer

Chapter 4) where the mixing angles were independent of energy, the mixing angles gov-

erning oscillations are dependent on A,B,C, and therefore, energy. The energy dependence

of mixing matrix U also implies that the oscillation amplitude is now energy-dependent,

which wasn’t the case in the conventional model (since oscillation amplitude depends on

mixing angle, which is energy-independent in the conventional model - refer Chapter 3).



Chapter 8

Analysis with c8a5m Model

Next step was to understand how the model worked. So, we started by looking at how

the oscillation probability looked. We decided to set baseline L = 500m, which is that of

MiniBooNE. The oscillation probability for νµ → νe was calculated from eq. (7.6) and

plotted.

After obtaining the plot for oscillation probability, the next step was to try using this

model to understand if it could explain an experimental result.We chose the MiniBooNE

experiment for this analysis. MiniBooNE (Mini Booster Neutrino Experiment) neutrino

detector is a short-baseline Mineral oil-Cherenkov neutrino detector which was started to

observe νµ → νe oscillations. As mentioned before, the baseline is ~500m. The excess

in electron-like events in MiniBooNE (Aguilar-Arevalo et al., 2009) was chosen for this.

Fermilab reported a significant excess in the appearance of νe (at νµ → νe channel) , in the

energy range of 300MeV −500MeV .

From the published work, it was known that after all the cuts and removal of background

contribution, ∼ 380 relevant events were recorded. Plotting events with respect to energy

utilizing the c8a5m model with the above input and the parameters in (7.7) revealed that

there was a significantly higher occurrence in the energy region where excess was observed

in the experiment.

This plot, however, utilized globally accepted parameter values. One should be able to

determine parameter values from the experimental data. So, the data from the MiniBooNE

37
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Figure 8.1: The event excess observed in MiniBooNE experiment (Aguilar-Arevalo et al.,
2009).

Table 8.1: MiniBooNE Data utilized for Parameter Estimation (Aguilar-Arevalo et al.,
2009)

Event Sample Data Background Excess Events
200−300MeV 232 186.8±26.0 45.2±26.0
300−475MeV 312 228.3±24.5 83.7±24.5

475−1250MeV 408 385.9±35.7 22.1±35.7

experiment was utilized for estimating the best fit parameter values for the MiniBooNE

data (Table 8.1).

The analysis adopted was χ2 function minimization by keeping two parameters fixed

and varying one parameter. This was done for parameters a(5) and c(8), respectively. The

χ2function is defined as:

χ
2 = ∑

i

1
σ2

i
(Ni,obs −Ni,theory)

2

Where, Ni,obsand Ni,theory are observed and the theoretical data points, and σi are the

errors associated with the data points.

First case was varying a(5) by fixing c(8)and m2. Values for latter two was, again, fixed

as per (7.7). The χ2 values were obtained, with which the minima (χ2
min) and standard

deviation (δ χ2) was calculated and plotted (fig. 8.2).

χ2
min was obtained for a(5) = 1.47× 10−19GeV−1. The value for χ2

min = 6.74× 102

and δ χ2 = 1077.27. From the plot, we see that the 1σ allowed range for the value of

a(5) = [1.18,1.71]×10−19GeV−1.
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Figure 8.2: χ2 vs a(5). The line represents χ2
min +δ χ2.
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Next case was varying c(8) by fixing a(5)and m2. Values for latter two was, again, fixed

as per (7.7). Just as before, the χ2 values were obtained, with which the minima (χ2
min) and

standard deviation (δ χ2) was calculated and plotted (fig. 8.3).

χ2
min was obtained for c(8) = 2.37× 10−16GeV−4. The value for χ2

min = 4.29× 102

and δ χ2 = 239.69. From the plot, we see that the 1σ allowed range for the value of

c(8) = [2.16,2.69]×10−16GeV−4.

The analysis can be taken forward to two-parameter analysis by utilizing region plots

to obtain the best fit values for a(5) and c(8) simultaneously, while fixing m2. One possible

long-term outcome could be a package that can take in any LV models and estimate the

best fit values for its LV parameters using the experimental data.
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Figure 8.3: χ2 vs c(8). The line represents χ2
min +δ χ2.
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Conclusion

In this work, we have reviewed the standard phenomena of neutrino oscillation and have

studied the effect of Lorentz violating parameters. In presence of Lorentz violating pa-

rameters, the neutrino oscillation is possible even if the neutrino masses are zero. Among

many models of CPT and Lorentz violation, we have focussed on the Puma model to ex-

plain the observed excess in events at MiniBooNE. Within Puma model, we have chosen

c8a5m model for our analysis based on χ2 minimization.

This new route for searching for new physics is exciting and quite promising. There

is a lot of potential in exploring the possibility of Lorentz and CPT violation and their

consequences. We saw that phenomenon like oscillation could occur even if neutrinos were

massless and therefore, demands for more concrete evidence. Similarly, the Puma model

being very successful in explaining anomalies in neutrino experiments is an indication of

the potential LV theories hold.
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