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Introduction

The aim of this report is to highlight the major developments in the topics of dimension

subgroups and augmentation quotients.

The identification of certain normal subgroups determined by the powers of the
augmentation ideal of a group ring R(G), known as the dimension subgroups, is one
of the most challenging problems in group rings. The study of these subgroups is
supposed to be originated by W. Magnus [Mag35] when he conjectured that for any
group G, the lower central and the integral dimension series coincide. The works of
Magnus [Mag37] and E. Witt [Wit37] implied that the conjecture is true for finitely
generated free groups. The conjecture remained undecided until more than three
decades later, it was proved to be false by E. Rips [Rip72]. As of now, it is known that
the first three terms of the integral dimension series coincide with the lower central
series but the same cannot be said for the subsequent terms. The first chapter of
this report gives a broad overview of the results concerning dimension subgroups. We
begin with some basic definitions and as an example, compute the second dimension
subgroup of the group ring R(T), where T' = Q/Z. We then state and prove the
theorem of Magnus regarding dimension subgroups of free groups using the theory
of Lie algebras. We then list some special cases in which we can compute these
subgroups. The results concerning integral dimension subgroups in low dimensions
are stated next. In this section, we define polynomial maps and give their connection

with dimension subgroups, which forms a motivation for the next chapter.

The canonical filtration of the augmentation ideal by its powers gives us two
sequences of Abelian groups, known as the polynomial groups. These were first
computed by I.B.S. Passi for cyclic and elementary Abelian groups [Pas68b]. One of
these, known as the sequence of augmentation quotients has been extensively studied
by many authors. The second chapter begins with a brief description of some early
results. One of the important results regarding augmentation quotients due to F.
Bachmann and L. Griinenfelder [BGT4] states that for all finite groups, the sequence

of augmentation quotients is periodic. In particular, for finite Abelian groups, it is

v
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stationary. This stationary structure was given by A. Hales in terms of generators and
relations [Hal85]. We study this result in some detail. The structure of augmentation
quotients for all finite Abelian groups was described by S. Chang and G. Tang [CT11].
Description of their proof forms the next part of this chapter. Finally, we conclude
by summarising some results regarding non-Abelian groups, in particular, the case
of symmetric groups [ZT08]. We also list some developments for the non-Abelian
case [LLT79, [ZY09, ZY10].



Chapter 1
Dimension Subgroups

To every group GG, we can associate a series of normal subgroups determined by
commutators known as the lower central series, which is denoted by {7,(G)}n>1.
On considering the group ring R(G), we obtain another series of normal subgroups,
determined by the powers of the augmentation ideals known as the dimension series,
denoted by {D,, r(G)}n>1. One of the oldest and the most challenging problems in
group rings is the identification of these subgroups. Of special interest is the case
when R = 7Z, the ring of integers.

Dimension subgroups were first studied by Magnus [Mag37] who proved that for
free groups the integral dimension series and the lower central series coincide. This led
to a conjecture known as the dimension conjecture that these series are the same for
all groups [Coh52]. This was proved to be false by Rips [Rip72] who gave an example
of a group G for which Dy(G) # v4(G). It is now known that for all groups D, (G) ,i.e.,
the integral dimension subgroups for n = 1,2,3 are the same as the corresponding
lower central terms (see [Pas79]), while it is not necessarily true for the subsequent
terms.

This chapter focuses on some main results concerning dimension subgroups, in

particular, when the ring under consideration is Z.

1.1 Motivation

We begin with some definitions and notations which will be followed subsequently.

Definition 1.1.1 Let G be a group and R be a ring with identity. The set of all

formal R-linear combinations of elements of G forms a ring known as the group ring

1



2 CHAPTER 1. DIMENSION SUBGROUPS

of G with respect to the ring R and is denoted by R(G).

Definition 1.1.2 The trivial map from G to R which sends every element z €
G to 1g gives rise to a unique ring homomorphism e : R(G) — R, known as the
augmentation map. The kernel of the augmentation map defined above is an ideal
of R(G), known as the augmentation ideal and is denoted by Ag(G).

It can be easily seen that the augmentation ideal is a 2 sided ideal of R(G). For
the sake of simplicity of notation, we shall drop the subscript R when R = Z.

As an Abelian group, Ag(G) is free on the set

W={g—11#£g¢cG). (1.1)

Also, if S is a generating set for GG, then as a G-module, Ar(G) is generated by the
set
S—1={s—1]s € S}. (1.2)

Let A denote the set of all normal subgroups of G and Z denote the set of all 2-sided
ideals of R(G). Let N <G and let Ag(G, N) denote the kernel of the epimorphism
R(G) — R(G/N) induced by the natural map G — G/N. Then, Agr(G,N) is a
2-sided ideal of R((G). Hence, every normal subgroup of G defines a 2-sided ideal of
the group ring R(G).

In view of the above, we have a map
6N =T (1.3)

defined by ¢(N) = Agr(G, N).
On the other hand, to every I € Z, we can associate the normal subgroup GN(1+1).

This gives a map

VTN (1.4)

defined by (1) =GN (1 +1).

For g € G,if g—1 € Ar(G,N), then g € N. Hence, 1) o ¢ = 1. But this may not
be true for ¢ o). For example, when we take I = R(G), then ¢ o (R(G)) = ¢(G) =
Ar(G,G) = Agr(G).

The above correspondence motivates us to study certain normal subgroups of the

group GG which reflect the properties of the ring R as well. One such type, namely
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the dimension subgroups are obtained by considering the powers of the augmentation

ideal as given below.

Definition 1.1.3 The n'* dimension subgroup of a group G with respect to a

ring R is defined as
D r(G) = ¥(A"R(G)) = G N (14 AR(G)). (1.5)

Since A" p(G) C A"g(G), we have D,,,1 r(G) C D, r(G). Hence, we have the

following series of normal subgroups of G

G = DI,R<G) D) D27R(G) 2...D Dn,R(G) DL (16)

known as the dimension series of the group G with respect to the ring R. When
R = Z, we denote D,, 7(G) by D,(G).

In this chapter, we shall denote the commutator x=1y~*

xy of two elements x and
y by (z,y) to avoid confusion with the Lie bracket notation introduced later. We now

define the lower central series of a group G.

Definition 1.1.4 We define the subgroups 7, (G) inductively as
N(G) = G, m(G) = (G, m1(G)). (1.7)
Then, the normal series
G =7(G)27%(G) 2 ... 2%(G) D71 (G) D ... (1.8)

is known as the lower central series of the group G.

We shall denote the n'* lower central terms of a group G by G,,, n > 1 whenever
there is no scope of confusion. Using some results from commutator calculus, we shall
now see that for any group G, the lower central series is contained in the dimension
series.

Let G be a group and a,b € G. Then, we define a® = b='ab. The following theorem

can be proved using simple computations.
Theorem 1.1.5. (see [MKS75, p. 290]) For a,b,c € G, we have

1. (a,b)7' = (b,a)
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2. (a,be) = (a,c)(a,b)((a,b), c)
3. (ab,c) = (a,c)((a, c), b)(b,c)
4. ((a,0),¢*)((c, a),b°)((b,c),a’) = 1
5. ((a,),0)((b,¢),a)((c, a),b) = (b, a)(c,a)(c,b)*(a,b)(a, c)(b, c)*(a, c)(c, a)".

The identity is known as the Hall-Witt identity.

Let A and B be subgroups of G. Then, we denote by (A, B), the subgroup
generated by all elements of the type (a,b), where a € A and b € B.

It is clear that if A and B are normal subgroups, then (A, B) is a normal subgroup
of G and (A,B) C AN B.

The following result can be easily proved using Theorem [1.1.5

Theorem 1.1.6. Let A, B and C be any normal subgroups of a group G. Then, each

of the three normal subgroups
((4,B),C), ((B,C), A),((C, A), B)
1s contained in the product of the other two.

Definition 1.1.7 A series G = H; D Hy O ... D H; D ... of subgroups of a group
G is called an N-series if (H;, H;) C H;; for all i,5 > 1.

Definition 1.1.8 An N-series is called a restricted N-series relative to a prime
p, or an N,-series, if H;” C H;, for all i > 1.

Remark 1.1.9 The condition (H;, H;) C H,;; implies that the terms of the N-series
are normal subgroups of G (take j = 1).

The next result can be easily obtained using induction.

Theorem 1.1.10. The lower central series {G;}i>1 of a group G is an N-series.

Definition 1.1.11 A decreasing series
Ar(G)=A1D2...0A4,2... (1.9)

of two-sided ideals of R(G) is called a filtration of the augmentation ideal Ag(G).
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One way to arrive at N-series is by filtrations of augmentation ideals by using the
correspondence stated in Proposition [1.1.12 In fact, it was proved by Lazard [Laz54]

that every NNp-series is obtained by some filtraion of the augmentation ideal.

Proposition 1.1.12. Let G be a group and R be a ring with identity. Let
Ar(G)=A;2...2A4,D... (1.10)

be a filtration of the augmentation ideal such that A;A; C A;yj for all i, > 1. If
H, =GN 1+ A;), then {H;};>1 is an N-series. Further, if the characteristic of R is

a prime p, then {H;}i>1 is an N,-series.
Proof. Let a € H; and b € H;. Then, a —1 € A; and b —1 € A;. Therefore, both
(a—1)(b—1) and (b—1)(a — 1) belong to A;;;. Hence,

(a,0) —1=a"'b"(a—1)(b—1)— (b—1)(a—1)) € Aiy;. (1.11)

Thus, {H;};>1 is an N-series.
If the characteristic of R is p, then for x € H;, using the identity

(r —1)P =aP —1, (1.12)

we get aP — 1 € A, i.e., H” C H;, which proves that {H,};>1 is an N,-series. O
Clearly, since Ag'(G)AR(G) C Ag'(G) for all 4,57 > 1, we have the following

Corollary 1.1.13. If G is a group and R is a ring with identity, then the dimension
series of G with respect to R is an N-series. Further, if R is of characteristic p, then

it 15 an Np-series.

The next result shows that the lower central series is the ‘smallest’ N-series of the

group G.

Theorem 1.1.14. Let {7;(G)}i>1 denote the lower central series of a group G. If
{H,}i>1 is any N-series of G, then v;,(G) C H; for alli > 1.

In view of Theorem [1.1.14] and Corollary [1.1.13] we get that 7,(G) C D,(G). It
is thus a natural question whether ~,(G) = D, (G) and if not, what is the structure

of D, (G)/7v(G). The next result is a reduction which says that to study the above
problem, it suffices to study the case of finite p-groups.
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Theorem 1.1.15. (see [Pas68b]) If D,(G) # G, for some groups G, then there is a
finite p-group for which the same holds.

We also have the following result which states that for computation of dimension
subgroups over an arbitrary ring R, it is sufficient to consider the cases when R is

either Z or Z/rZ for some integer r.

Theorem 1.1.16. [PPS75, |San72] Let G be a group and R be a commutative Ting
with unity.

1. If characteristic of R is zero, then

Dpr(G) =[] {7(G mod Dyz(G)) N Dy zypen(G)}

peEa(R)

where o(R) = {p|p is a prime and p"R = p" 'R for somen > 0} and for p €
o(R), p° is the smallest power of p for which p° = p*™*R. When o(R) is empty,
the right hand side is interpreted as D, z(G).

2. If characteristic of R is v > 0, then for alln > 1,
Dy r(G) = Dy 2/2(G) = MiDp z/pein(G)

where r =[], pi® is the prime factorization of r.

Example 1.1.17 We calculate the 2"¢ dimension subgroup of the group ring R(T),
where T'= Q/Z and R is a commutative ring with identity.

We know that T = Z Z(p™), where the sum is over all primes p. We shall write

p
T multiplicatively.

Claim 1.1.18
Doyr(T)= > Z(p™) (1.13)
pEa(R)
where o(R) = {p|p is a prime and p"R = p" ™' R for somen > 0}.
For p € o(R), let t € Z(p*). Then, since Z(p*) is a divisible Abelian group,
dn >0 and x € Z(p™) such that p"R = p"™' R and t = 2P". Thus,
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t—1 = 2 —1
= pn(:c—l)—ir(g)(x—l)Q—l—...jL(x—l)p”

p"(x — 1) mod AR(Z(p™)) (1.14)

Let p™ be the order of x in T. By the choice of p, there exists r € R such that

p" = p"Tr. Also, the equation

shows that p™(x — 1) € Ag*(Z(p*™)).
Hence, t — 1 = p"(x — 1) = rp"p™(x — 1) = 0 mod Ag*(Z(p>)). Thus,

> Z(p™) C Dar(T). (1.16)

pea(R)

Conversely, suppose t € Dy (7). Then, for any prime p, on considering the
projection of T" on its direct summand Z(p>), we get that the p-primary component
of t, say t, is in Do r(Z(p>)).

Let H be the subgroup generated by the elements of Z(p>) which appear in an
expression of ¢, — 1 as an element of Dy g(Z(p>)). Then, since Z(p™) is locally cyclic,
H is a cyclic group of order p", say, and t, € Dy g(H). Now, suppose p ¢ o(R). Then,
the rings R/p"R for n > 1 have increasing characteristics and hence Dy p(H) C
Dy gjpnr(H). Thus, t, — 1 € Dy g/pmr(H) for all n > 1.

Now, if ¢, = h¥", where h is a generator of H, then t, — 1 € A%g/,ng(H) and the
equation
ty—1=h" —1=p°(h—1) mod A’gnr(H) (1.17)

imply that p*(h—1) € A?g/ng(H). Thus, since A*g/nr(H) is generated by (h—1)?2,
Ju € R/p"R(H) such that

pi(h—1) = (h—1)%u. (1.18)

Let a = p* — (h — 1)u. Then, ha = @ and on comparing coefficients on both sides, «

can be written as
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a=pB1+h+.. (1.19)

where 8 € R/p"R.
Now, on applying the augmentation map € : R/p"R(H) — R/p"R to both sides
of the equation
pP—(h—Du=pB1+h+... """, (1.20)

we get that p* = 0 in R/p"R. Thus, s > r and hence ¢, = 1. This proves that if
t € Dy r(T), then for every p ¢ o(R), t, = 1. Thus,

te Y Z(p™) (1.21)

pEo(R)

and Claim [LT.18is established.

1.2 Dimension Subgroups of Free Groups

For a finitely generated free group F', the truth of the dimension conjecture was
established by Magnus [Mag37] using an identity of Witt [Wit37]. This result is
proved in this section using techniques from the theory of Lie algebras. The part
on Lie algebras have been derived from the books by J-P. Serre [Ser06] and N.
Jacobson [Jac79] and that on commutator calculus from [MKST75]. We begin with
a few definitions.

Let R be a commutative ring with identity.

Definition 1.2.1 An associative algebra A over R is a module along with a bilinear

map

0:AxA— A (1.22)

where 6 is an R-homomorphism satisfying the condition

0(0(x,y),z) = 0(x,0(y, 2)). (1.23)
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Definition 1.2.2 A Lie algebra A over R is an algebra equipped with a bilinear
map [.,.] called the Lie bracket which satisfies the following properties:

L. [z,2] =0V x € A,
2. [z,y], 2] + Iy, 2], 2] + [[z, 2], 9] = 0.
By the first condition, we have

[ZL’,y] = —[y,:zc]. (124)

Remark Any associative algebra can be converted to a Lie algebra by defining the

Lie bracket as:

[z, y] = zy — yz. (1.25)

Definition 1.2.3 A universal enveloping algebra of a Lie algebra L over R is an

associative algebra with identity, UL along with a map
e:L—-UL (1.26)

satisfying the following properties:

1. € is a Lie algebra homomorphism i.e. it is R linear and

lz,y| = exey — eyex

2. If A is any associative algebra with identity and o : L — A is any Lie algebra
homomorphism, then there is a unique homomorphism of associative algebras
¢ : UL — A such that the diagram

UL

1s commutative.

This UL is unique up to isomorphism.
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Definition 1.2.4 A free associative algebra on a set X is an associative algebra
A along with a map # : X — A such that if § : X — B is any map, where B is
an associative algebra, then there exists a unique associative algebra homomorphism
a: A — Bsuch that 5 =600 q.

The notion of a free Lie algebra can be similarly defined. We denote the free
associative algebra on a set X by Ay and the free Lie algebra on X by Lx.

Let X be a set and F' be the free group on X. Let us consider the lower central
series of F.

We have the associated graded ring @;°, Fi/F;+1. This is isomorphic to the free
associative algebra Ayx. Also, since every associative algebra can be viewed as a Lie
algebra by defining the Lie bracket as [z,y] = zy — yz, the above is a Lie algebra.

Let ULy be the universal enveloping algebra of Lx. It is isomorphic to Ax in

view of the following:

Theorem 1.2.5. (see [JacT9, p.168]) The universal enveloping algebra of the free Lie

algebra over a set X is the free associative algebra Ax.

Poincaré-Birkhoff-Witt( [Poi00, Bir37, Wit37]) Theorem implies that the universal
map €: Lx — ULx = Ax, where Lx and Ax are as defined above, is an embedding.
Let F,, denote the terms of the lower central series of F. For x,, € F,, \ F,,+1 and

Yn € F, \ Foy1, we define a multiplication in @7 | F,,/F,+1 as

[meJrla yFn+1] = (I, y)Fm+n+1- (127>

This can be extended linearly to all elements of @)~ | F,,/F,+1 and converts it
into a Lie algebra over Z.

The following theorem shows that this is the free Lie algebra on the set X.

Theorem 1.2.6. (see [MKS75, p.337]) The canonical map X — .-, F,/F1

induces an isomorphism of Lie algebras
¢: LX %@Fn/Fn+1 (128)
n=1
where Lx denotes the free Lie algebra generated by the set X.

Now, let us consider the dimension subgroups of F. Since F,, C D,,, we have the
canonical injection
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Similar to the above construction, @;°, D;/D;;1 can be viewed as a Lie algebra.
There is a canonical map from @.°, F;/Fiy1 to @;-, D;/D;y1.
Next, let ZF be the integral group ring of F'. Then, we have the filtration

ZF D A(F)DA*(F)D...DA"F)D... (1.30)

In view of the relations

(zy—1)=(z—1) + (y — 1) mod A*(F) (1.31)
and
(7' —1) = (x — 1) mod A*(F), (1.32)
we get that
A(F) =) ai(a; — 1) mod A*(F). (1.33)

Similarly, we have with us

A"(F)/AYF) = (Y (@i, — 1) (2, — 1) + A™H(E) (1.34)

We define the homogeneous elements of degree n as the elements of A" (F) /A" (F).

For two elements o; € A'(F) and «a; € AJ(F), we define a multiplication in

P, AY(F)/ATHF) as follows

(i + AL(F)). (0 + AITYF)) = aga; + ATTHL(F), (1.35)

We extend this product by linearity to @;°, A*(F)/A"(F). This converts it into

an associative graded algebra, denoted as Gr(F).

It follows from a result of Quillen [Qui68] that for a free group F, Gr(F) is

isomorphic to the free associative algebra over X, Ax.

Now, we state the main result of this section and give its proof.

Theorem 1.2.7. Let F be the free group on the set X = {x1,x9,...,2.}. Then,
D,(F)=F, foralln > 1.

Proof. Since F,, C D,(F), there is a canonical map 0,, : F,,/F,,.1 — D,,/D,, 11 defined
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This map can be extended to the Lie algebra @, | F,,/F,+1 by linearity. We thus

have a Lie algebra homomorphism

0:EDF./Frir = €D Du/Dus. (1.36)
n=1 n=1
We also have a map
Gn i Dy/Dyyr — A™(F)/A™H(F) (1.37)
given by
Gn(x+ Dyyr) = (. — 1) + A"TH(F). (1.38)

As above, we extend this map linearly to @7, D,,/D,+1 to get an associative algebra

homomorphism

o Q}Dn/Dn+1 — @A” )/ AMLH(F). (1.39)

Combining the above, we have the following sequence of maps:

T Fy/Foy S T Dy,/Dpir 2 A" ) /A (F). (1.40)
=1 =1

The universal envelope of the free Lie algebra is the free associative algebra, Ay.
From the previous discussion, @, , A"(F)/A"H(F) = Ax.

Also, by Poincare-Berkhoff-Witt theorem, the map o : Lx — ULx = Ax is an
embedding. Thus, the map ¢ o 6 is one-to-one.

Now, the proof proceeds by induction. For n = 1, D,(F) = F = F,. Suppose
the result holds for & < n. Then, consider an element x € D, \ F,.+1. Then,
x € Dyyy € D, = F,. Thus, x + F,;1 is a non-zero element of F,/F, ;. Then,
¢po0(x+ F,i1) =0 and hence x € F, 4.

This completes the induction. O

1.3 Dimension Subgroups over Fields

In this section, we study the results regarding dimension subgroups when the ring R
is a field. These subgroups have been studied extensively and a complete description
of them has been given, in terms of known subgroups of a group G.

In view of Theorem [1.1.16| for a field k, we have for any integer n > 1,
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D, o(G) if characteristic of £ is 0,
Dy, 7p2(G) if characteristic of k is p > 0.

Dn,k(G) = {

To state the main result, we need a few definitions.

Definition 1.3.1 For a subgroup H of a group G, we define a subgroup v/ H as the
set of all elements x € GG such that 2™ € H for some m > 0.
The following result gives us the dimension subgroups for fields of characteristic

Zero.

Theorem 1.3.2. [Jenbd, [Hal70] For alln > 1,
D, o(G) = /1 (G). (1.41)

Next, we proceed to the case where k is of characteristic a prime p.

Definition 1.3.3 The Brauer-Jennings-Zassenhaus M-series { M,, ,(G)},,>1 of a group
G is defined inductively as:

Mi,(G) = G, My (G) = (G, M1 ,(G)) Ml (G)  for n > 2. (1.42)

where (%) denotes the least integer > +. This series is the minimal with the property
MR (G) © Mrpp(G).
By Corollary [1.1.13] the series D,, z/,z(G) is an Nj-series and hence DZ’Z/QDZ(G) C

Dypz/pz(G). This implies that

M, p(G) C Dpgypz(G), ¥n>1. (1.43)

Definition 1.3.4 We define a series {G,,;},>1 of normal subgroups by setting

Gup= ] 1(@"” (1.44)

ipi>n
Since {M,, ,(G)}n>1 is an Ny-series and contains the lower central series, we have

Gop € M, p(G), Yn>1. (1.45)
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The next theorem states that the inclusions (1.43)) and ((1.45) are equalities and hence

gives us the dimension subgroups for fields of characteristic p.

Theorem 1.3.5. (see [Pas79]) For every group G and prime p,

Ghp = My p(G) = Dy zppz(G), Vn>1. (1.46)

1.4 Integral Dimension Subgroups in Low Dimen-

sions

When the ring of coefficients is Z, the ring of integers, a lot of interesting results
regarding dimension subgroups have been proved. This section lists some of them.
We first study polynomial groups, which are an important tool in the computation of

the former and exhibit the connection between the two.

Definition 1.4.1 Let M be a monoid and G be an additive Abelian group. A map
f: M — G is called a polynomial map of degree < n if the linear extension of f to
ZM vanishes on A™(M).

We denote the set of all polynomial maps of degree < n from a monoid M to
an Abelian group G is denoted by P,(M,G). If f : M — G is given by f(z) =
fi(x) + fo(z), x € M, then the map f is in P, (M, G).

For every n > 1, the map A, : M — ZM /A" (M) defined by

A7) =2+ A" (M) 2z e M

is a polynomial map of degree < n. For every polynomial map f : M — G of
degree < n, there exists a unique homomorphism ¢ : ZM /A" (M) — G such that
f = ¢ o, Thus, the map A, is the universal polynomial map in this sense. This

gives us that
P.(M,G) = Hom(ZM /A" (M), G).

The relationship between dimension subgroups and polynomial groups is given in

the form of the next theorem.

Theorem 1.4.2. [Pas68d] For every group G and integer n > 0,

Dn1a(G) = A{z € Glo(x) = ¢(1)V¢ € Pu(G,Q/Z)}. (1.47)
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Proof. Let 6,.1(G) = {z € Glo(z) = ¢(1)V¢ € P,(G,Q/Z)}. Let y € D,i1(G).
Then, y — 1 € A" (@) and hence, since ¢ is a polynomial map of degree < n,
By —1) = 0, ie. 9(y) = 6(1). Thus, Dya(G) C Gea(G).

Conversely, suppose y € 0,41(G). If y ¢ D, 1(G), then y — 1 + A"™H(QG) is
a non-zero element of Z(G)/A""(G). Thus, there exists a homomorphism ¢ :
Z(G)/A"HG) — T such that ¢(y — 1+ A"(G)) # 0. Let us consider the map
n: G — T defined as n(g) = ¢(g — 1 + A™). Then, clearly, n is a polynomial map
of degree < n. By the choice of ¢, we have n(y) # n(1). But, since y € §,41(G), we
have n(y) = n(1), a contradiction!

Hence D, 11(G) = 9,41(G). O

The following theorem states that to compute the integral dimension subgroups
by induction on the class of a group G, we are faced with extending homomorphisms
from the last non-identity term in the lower central series to polynomial maps on the

whole group.

Theorem 1.4.3. ([Pas68d]) Let G be a nilpotent group of class n. then, v,(G) N
Dy 1(G) = 1 if and only if every homomorphism f : v,(G) — Q/Z can be extended
to a polynomial map 0 : G — Q/7Z of degree < n.

Thus polynomial maps have been effective in computation of integral dimension

subgroups. The following results can be obtained using polynomial maps.
Theorem 1.4.4. [Pas68d] For every group G, Do(G) = 72(G).

Proof. 1t suffices to prove that for an Abelian group G, Ds(G) = 1. Let 1 # = €
Dy(G). let H = (x), the subgroup generated by z. Then, we can find a non-trivial
homomorphism f : H — Q/Z. now, since T' = Q/Z is a divisible Abelian group, f can
be extended to a homomorphism f’ :— T'. Since G is Abelian, it can be easily seen that
f' vanishes on A?(G). Thus, f'(x—1) =0. But, f'(z—1) = f'(z)— f'(1) = f(z) #0,
which is a contradiction. Hence Dy(G) = 1. O

In view of the above results, we note that polynomial maps play an important role
in the computation of dimension subgroups. This connection is a motivation for the
next chapter where we shall study the groups associated with these maps, known as
polynomial groups.

The following result gives us the third integral dimension subgroup and is inde-

pendently due to G. Higman and D. Rees independently.
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Theorem 1.4.5. (see [Pas79]) For every group G, D3(G) = v3(G).

The next result states that the dimension conjecture holds for all p-groups, where

p is an odd prime.

Theorem 1.4.6. [Pas68d] If G is a p-group, where p is a prime other than 2, then
Dy(G) = u(G). (1.48)

In fact, for all groups G, we have the following result which shows that there is an
upper bound to the exponent of the group D4(G)/v4(G). It was proved by G. Losey,
J. Sjogren and K. Tahara.

Theorem 1.4.7. (see [Pas79]) For every group G, D4(G)/v4(G) has exponent at

most 2.

This result shows that though the dimension subgroups D,,(G) are the same as the
lower central terms 7, (G) for n = 1,2, 3, it may fail to be the same for n = 4 when G
is a 2-group. The dimension conjecture was ultimately refuted by Rips [Rip72] who
constructed a 2-group G of order 2% such that 74(G) = 1 but Dy(G) # 1.

The fourth and fifth dimension subgroups were computed by Tahara for all finite
groups. Though the dimension subgroups may differ from the lower central terms,
there is an upper bound to the exponent of the groups D,,(G)/7,(G) for all groups
G. This was proved by Sjogren in form of the next result.

Theorem 1.4.8. [Sj679] Let b(m) = lem{1,2,...,m}, ¢(1) = ¢(2) = 1, ¢(n) =

n—2

Z;f b(k)( k ), n > 3. Then, for every group G,

D,(G)™ C 4, (GQ), n>1. (1.49)

Several examples of groups without the dimension property, i.e., groups where
the lower central series does not coincide with the dimension series, are presented in
[MPQ9].



Chapter 2
Augmentation Quotients

In the last section of the previous chapter, we saw a connection between polynomial
groups and integral dimension subgroups. The group @,(G) is termed as the n™
augmentation quotient for the group ring Z(G), and has been studied extensively. @,
for n > 1 can also be considered as functors from the category of abelian groups, A to
itself. Some of these functorial properties have been studied in [Pas69]. The groups
Q. (G) for cyclic and elementary Abelian groups were computed by Passi [Pas68b]. In
[Kar83|, Karpilovsky raised the problem of computing @, (G) for n > 1. Bachmann
and Griinenfelder proved that for all finite groups, the sequence {Q,(G)},>1 of aug-
mentation quotients becomes periodic [BGT74]. In particular, for finite Abelian groups,
this sequence is stationary. This eventual isomorphism type was given by Hales [Hal85]
in terms of generators and relations. Motivated by his result, Chang and Tang [CT11]
solved Karpilovsky’s problem for finite Abelian Groups. They completely described
the groups @, (G) and gave an explicit basis for them for all n > 1.

The main aim of this chapter is an exposition of the results given in [Hal85] and
[CTTI]. We end with some results concerning augmentation quotients for non-Abelian

groups.

2.1 Polynomial Groups

For an integral group ring Z(G, we have the following filtration of the augmentation
ideal
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Using the above sequence, we can define the following two sequences of abelian groups
P,(G) = ZG /A" (@) (2.1)

Qu(G) = A™(G)/A™(G). (2.2)

These are known as polynomial groups. The group Q,(G) is called the n'*
augmentation quotient. They are described in some detail in the subsequent chapters.
The polynomial groups of cyclic and elementary Abelian groups were computed by
Passi using their correspondence with certain polynomial rings [Pas68b]. It was
evident from his results that the computation of the group P,(G) is in general a
more difficult problem than that of @,(G). In this section, we briefly study these
results.

We first give some simple identities in ZG which will be used throughout the
report. Let g, h € G. Then,

(gh—1)=(@g-1)+(h-1)+(@g-1)(h-1) (2.3)
Also, if an element g € G is of exponent r, then using binomial theorem, we get

r(g—1) € A*G). (2.4)

Remark 2.1.1 ([2.4) shows that an exponent of G is an exponent of Q,(G).

Now, we demonstrate the computation of @, (G) for a cyclic group G. First, let
G be a finite cyclic group of order m and let a be a genrator of G. Then, under the
correspondence a <+ X, the group ring ZG = Z[X]/(X™ — 1), where («) denotes the
ideal generated by « in ZG. Let A = (X™ — 1). Then, we have

AG) = (X —1)JA, A™G) = (X —1)") + A/A. (2.5)

If G is the infinite cyclic group, then we have ZG = Z[X,Y|/B where B =
(XY —1). Clearly, AG = (X — 1,Y — 1)/B. In fact, the equation

XY —1=(X 1)+ (Y —1)+ (X -1)(Y —1) (2.6)
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in Z[X,Y] shows that
AG)=(X-1)+B/B, A"G)=(X-1)")+ B/B. (2.7)
These correspondences are used in proving the following result.
Theorem 2.1.2. [Pas68Y] If G is a cyclic group, then Q,(G) = GV n > 1.

Proof. For the integral group ring ZG, it is well known that AG/A%*(G) = G/G’ (see
[HS71, p. 192]), where G' denotes the commutator subgroup of G.

Now, if G is cyclic, clearly G/G’ = G. Hence, in our case, Q1(G) = G. The result
will hence be proved if we establish an isomorphism between Q,,(G) and Q,(G) for
all n > 2.

Firstly, let G be a finite cyclic group, say of order m. In view of , for any

n > 2, we have the homomorphism

a: A(G) — A™(G) (2.8)

given by
a(X—DfX)+A)=(X-1D)"f(X)+ A (2.9)

where f(X) € Z[X]. Now, a((X —1)"f(X)+ A) € A""(G) if and only if there exist
polynomials ¢(X) and h(X) in Z[X] such that

(X = D"f(X) = (X = )" g(X) + (X" = 1)A(X) (2.10)
that is possible if and only if
(X = DFX) = (X = 1)%g(X) + (X" = )W (X) (2.11)
for some polynomial 2/(X) € Z[X]. In view of this happens if and only if
(X - 1)f(X) + A e A*G). (2.12)
Thus, « induces a monomorphism
o A(G)/A%(G) — A™(G)/A™HG). (2.13)

Since « is an epimorphism, so is «’. Hence, o’ is an isomorphism.
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Now, suppose G is the infinite cyclic group. Using (2.7)) and proceeding similar to
the previous case, we define a homomorphism a : A(G) — A™(G) and we get that

A(G)/AXG) = A"(G) /A" G) n > 2. (2.14)

Thus, @,(G) = G for all cyclic groups G. ]

The groups P,(G) are more complicated to compute and require more machinery.
We first state the following result which reduces the problem from arbitrary finite

Abelian groups to finite Abelian p-groups.

Theorem 2.1.3. [Pas68] If G and H are groups, s and t integers, (s,t) = 1 such
that x* =1 and y* = 1 for all x € G and y € H, then

1. P,(G® H) = P,(G) & P,(H),

2. Qu(G @ H) = Q,(G) & Qn(H).

Proof. We consider the canonical projections f; : GEH — G and fo : G®H — H and
extend them naturally first to the integral group rings and then to the corresponding
polynomial groups, P, and (),,. We shall use the same notation for the induced maps.
We can combine both maps to get a homomorphism 6 : P,(G & H) — P,(G) &
P,(H) given by 0(z) = f1(2) + fa(2). It is clear that € is an epimorphism.
A general element z of P,(G & H) is of the form

z = Z alry — 1)+ A"HG @ H)

re€G,yeH,a€Z

= > a(@e-D+H-D+@-Dy-1)+A"(GaH). (215

Now, 6(z) = 0 implies that >_ a(z —1) € A""(G) and Y a(y —1) € A" (H). Also,
s(x — 1) € A*(@) implies that s"'A(G) C A"(G). Similarly, {"'A(H) C A"(H).

Since s and t are coprime, 3 a,b € Z such that s" ta+¢""1b = 1. Thus, we can write
(z—Dy—-1=as"o—1)(y—1)+blx—Dt" (y—1). (2.16)

Thus (z — 1)(y — 1) € A" (G @& H) and hence the element z is 0, proving that 6 is

an isomorphism.
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On considering the restriction to Q,(G ® H) of the map 6 and combining them as

earlier, we get a homomorphism

¢ Qn(G® H) = Qn(G) © Qn(H) (2.17)

which as above can be proved to be an isomorphism. O

To compute the groups P,(G), for a finite cyclic group G, we again establish a
relation between the integral group ring ZG and the polynomial ring Z[X]. In view of
Theorem [2.1.3] we only need to consider the case of a cyclic group G of prime power
order, say p™, for p prime.

The elements of ZG can be written as sums of the form

pr—1

D a (2.18)
=0

where o; € Z for 0 < i < p™ and z is a generator of G.
Let C denote the ideal (3277 (”ZL)X ). The map

0:72G — Z|X]/C (2.19)

defined by
p"r—1 p—1
9 (Z a:c> =) a1+ X)+C (2.20)
i=0 i=0

is a ring isomorphism. It maps the ideal A(G) onto the ideal (X)/C.

" m
Thus, 6 maps the ideal A" (G) onto (X”H,Z (p )X’}/C’. So, we have an
i

i=1
isomorphism

p™ m
A(G)/A™H(G) 2 (X) /(XY (p, )X@>. (2.21)
1
i=1
For r,t € N, Let 7, denote the direct sum of ¢ copies of the cyclic group Z,.
Using the above correspondence and a series of computations, the following result was

proved by Passi.
Theorem 2.1.4. [Pas68b/ If m and n are integers > 1 and p is a prime, then

PuZym) 2250, @ 287 @ e 20 ezl T T (2.22)

pm+q1 D pam+1
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forn >p™ 1t —1, and
P?’L(me> = Z(trlLJ)rql D Z(Z:nJrlqlTll) D...0D Z(sz %s 1)+aqs—1+1

2_,,.g n s—1
YA RV A

7n (s— 1)+qS 1

(2.23)

where pP ' —1 <n <p°—1,1<s<m-—1, g and r;, 1 < i < m are integers
satisfying
n—p 1= —p g+, 0<r <pl—pTh (2.24)
The groups P, (Z,) for an arbitrary r can now be obtained by using Theorem [2.1.3]
and Theorem

Next, for elementary Abelian p-groups Zp(t), we have the following theorem which

gives an inductive formula for P,(Z,™), for any m > 1.

Theorem 2.1.5. [Pas68b] For any m > 1,

P(ZU") 2 Py(G) & ... & Py_ypi1(G) @ Po(Z,) (2.25)

where G is the group Z" Y.

Once the structure of P,(ZY™) is known, the structure of the groups Q,(ZY™)
can be easily determined. By Remark - Qn(Z ) are of exponent p and hence it

suffices to know the order of these groups. Using the exact seqgence

0— Qn(zgm) — Pn(zgn)) — Pn,l(zgn)) -0, (2.26)
we get
Po(Zy™)|
Qu(Z™)| = |— 2.27
|Qn(Z,))| = P, (207 (2.27)

and hence the structure of Qn(Z;(;m)) is determined.
From the above theory, it is easily observed that for G = ZI(,m), ifn>(m-1)(p—
1)+1,

(™m-1)

Qu(G) = Zp," " . (2.28)

2.2 Stable Structure of Augmentation Quotients

We observed in the previous section that for an elementary Abelian p-group of rank

m, the groups @,,(G)’s are all isomorphic for n > (m —1)(p— 1) + 1. Thus, a natural
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question arises whether such a result is true for a larger class of groups, say all finite
groups. This question was answered by Bachmann and Griinenfelder [BG74] in the

form of the following result:

Theorem 2.2.1. [BG7J] Let G be a finite group and c be the least integer such
that Gey1 = Geyo, where G denotes the 5t lower central term of G. Let ¢ =
lem{1,2,...,c}. Then there exist positive integers ng = no(G) and = = 7(G) such
that 7 | ¢ and Qn1x(G) = Qn(G) Y1 > ny.

For finite nilpotent groups, ¢ is the class of the group. Theorem 2.2.1]says that for a
finite Abelian group G, the sequence {Q,,(G)}n>1 becomes stationary for n > ny. The
type of this eventual isomorphism and the number ny was determined by Hales [Hal85].
He gave the structure of this group, in terms of generators and relations. In this
section, we shall study his result in some detail.

In view of Theorem [2.1.3] it is enough to consider the case of finite Abelian p-
groups. For a finite Abelian p-group GG, we first define an Abelian group ()¢ additively.
Let P denote the set of all cyclic subgroups of G partially ordered by inclusion. We
say that a subgroup H of G is over K if

K<H <H = H =H. (2.29)

For each cyclic subgroup H € P, we define a generator xg of ()¢ and impose the
following relation on the generators:
pry =xk, K<H (2.30)
whenever H is over K. Set xr1; = 0. It can be easily seen that if ¢ = |P|, then any
element x of Q)¢ can be uniquely written as

r=mxg, +...+me1Hey 0<m; <pV1<i<c—1 (2.31)

Thus, the order of Q¢ is p°~!. It is also evident from the definition that the minimum

number of elements required to generate () is the number of maximal cyclic subgroups
of G.

Claim 2.2.2 The number of elements required to generate p*@Q¢ is the number of

maximal cyclic subgroups of art.
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Proof. The result is clear for k = 0. We proceed by induction. Suppose every element

x of pFQq can be written as
r=mxry, +...+axy, aq €Z, 1<1i<c, (2.32)

where ¢ is the number of maximal cyclic subgroups of GP". We observe that if H is
a cyclic subgroup of G, then it is over H,. Now, using (2.32]), we can write every

element y of p**1Q¢ as a linear combination

Yy = apTH, + ...+ apry,
= @THr + ...+ AclH.P (233)

Now, since H; is a maximal cyclic subgroup of ar', g # 0 if and only if H;”
is a non-trivial maximal subgroup of GP""'. Thus, by induction hypothesis, we are
done. O

The following examples will help clarify the above definition.
Example 2.2.3 G = ()2 = (a). In this case,
P={Hy=1,H, = (a?), Hy = {(a)}. (2.34)

Qc = (T, vm, * pra, = 0,pTh, = Ty,). (2.35)

Thus, any element of ()¢ can be written as
mizy, + mexg,, 0<my,mg, <p. (2.36)
Thus, |Q¢| = p? = p*~L.

Example 2.2.4 G = Cpn x C, = (a) x (b). In this case, the cyclic subgroups are
generated by the elements (a”',1), for 0 < i < n, (1,b) and (a?" ',b). Thus, the
number of cyclic subgroups is n+ 1+ 1+ 1 = n + 3. Thus, the order of |Qg| is p"™2.

Let Qo (G) denote the type of eventual isomorphism type of the groups @,(G),

n > ng. The following theorem is the main aim of this section:
Theorem 2.2.5. [Hal85] For a finite Abelian p-group G, Qu(G) = Qg.

We first state the following two lemmas proved by Hales [Hal85] which will be used

subsequently.
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Lemma 2.2.6. Let G = (g) x (h), where g and h have orders p* and p® respectively,
where a >b. Letx =g—1 and y = h — 1. Then, for each 0 < k < b,

pky(a_b)(pb—k_pbfkfl)(pr—kypb—k—l . $pb7k71ypb7k) e Al(G), (237)

where
L= (a = " g P L (2.39)

Let G = (g) x (h) x (a1) ... x {a,), with g and h as in Lemma and a; having
order p® for each i. Let t=9g—1,y=h—1and z; =a; — 1 for 1 <i <r. Let

Xk = y(a—b)(pb*’“—pb’k’l)(xp Y P g ). (2.39)

Lemma 2.2.7. Suppose b =eq > e1 > ...e, and for each 1 < i < r, k; is a positive
integer such that e; + k; < e;_1. Suppose k > 0 and define d; = e; — Z;:Hl k; —k and
si=ph Tl + ki(ph —p%1). Let q=>_ ki + k. Then,

pk)(m,n,kzls1 cee err € AI(G), (240)

where

— (a _ b)(pb*q _ pb*Q*1> _i_pb*q _i_pb*Q*l + Z Si _|_ 1 (241)
=1

Now, we move to describe the proof of Theorem [2.2.5]

It was proved by Singer [Sin77] that the order of the group Q. (G) is p°~!, where
¢ is the number of cyclic subgroups of G. Thus, |Qw(G)| = |Q¢|. Since both of these
are finite Abelian p-groups, to prove Theorem [2.2.5] it is enough to show that their
Ulm invariants are the same |[Ulm33|]. This is done once we show that for large n,
p*Q,.(G) can be generated by the number of elements required to generate p*Qg. In
view of Claim [2.2.2] we are done if we prove that there is a set of elements generating
p*Q,(G) having cardinality equal to the number of maximal cyclic subgroups of Gr.
We shall do this by finding a partition of C(ka), the set of maximal cyclic subgroups of
G*". We shall then find a collection of subsets of p*@Q,,(G) with the same cardinalities
as the corresponding subsets of C (ka) respectively. Finally, we shall show that the
elements of these sets generate p*Q,(G). Let

G = (g1) x (g2) X ... X (gm) (2.42)
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where ¢; has order p® and
e1>e9 > ... > e (2.43)

For each 0 <17 < ey — e,,, define m; such that m; < m is maximal with the property
€m; = €m + 1. (2.44)

For instance, mg = m — 1. Set
Gi={(g1) X (g2) X ... X (gm,)- (2.45)
Define z; = ¢g; — 1 for 1 < ¢ < m. The proof of Theorem [2.2.5| is presented

step-wise.

Step 1: Partition of C(G).

Let ((g17g2™* ... gm”™)) denote the cyclic subgroup generated by the element (g, g, . .

of G. Let o(h) denote the order of an element h. Let 1, 5s,..., 5, be such that
{(9171g2™ ... gPm)) is a maximal cyclic subgroup of G. The set C(G) can be parti-

tioned into e; — e, + 2 classes as
C(G)=SuTyunu...UT, ., (2.46)
where S and T; are defined inductively as follows:
S= {992 ... gn”)) l0(g;) < po Vj < m}, (2.47)
and, for 0 <i <e; — e,

T, = {{(1" 92 ... gu"™)) | 0(g;) < pVmy < j <m,

o . Z. (2.48)
(917192 ... gm,"™i)) € C(G¥)}.

It is clear that (2.46) is a partition of C(G).

Step 2: Computation of |T;| and |S].

It is clear from the previous step that

To| = p“|C(Go)l. (2.49)
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For 1 <1 <e; — ey,

u"” — (pem . pemfl)p(emfl)(mfmi—l)‘C(Gipz>

. (2.50)

S| = (pe )™ (2.51)

Step 3: Construction of subsets of Q,,(G).
Let

Ta(n) = {a=(ay,...,an)| Zaj =n}. (2.52)

We set

x4 =" T, (2.53)

We shall denote the element z* + A"(G) of Q,,(G) by its representative z®. Then,
Q. (G) is generated by all monomials of the form z®, where o € Tz(n). Let S(n,G)
denote a minimal set of generators for @, (G). Let a € Ti(n). We define the sets C;

for 0 <i <e; — e, and D(n) inductively, induction being on m.

m—1
Co(n) ={z® : 0 < ap < p™, [ 2;% € S(n — . Go)}. (2.54)
j=1
For 1 <1 <e — e,

C’l(n) = {xa ’pemfl —+ Z'(pem _pE'rn*].) S Ay < pemfl + (Z 4 1)(pem _pemfl)’

i " ; 2.55

a; <pmTIVm; < j < m,H:cjo‘j eS(n— Z aj, GY)}. (2.55)
j=1 j=mi+1

D(n) = {z% : aj <p'Vj<m} (2.56)

Step 4: Computation of |[D(n)| and |C;(n)|, for 0 < i < e; — ey,.
Since o € Ti(n), au, is fixed once we fix aq,...,q,_1. Hence, by the definition of
D(n), we get that

[D(n)| = (p* )" (2.57)

Similarly,
|Co(n)| = p°™|S(n — am,, Go). (2.58)
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Now, consider the sets C; for 1 <1i <e; —e,,. We have

(Ci(n)| = (p — prrHplen D DIS(n— N ay, GY)). (2.59)

Jj=m;+1

Step 5: The sets C;,0 <i <e; — e, and D are disjoint for large n.

For m = 1, the statement is trivial. The proof proceeds by induction. Suppose n’ is
such that the result is true for Gy. In view of , we only need to choose n such
that n — a,,, > n'. Since «a,,, < p*» — 1, any n > n/ 4+ p» — 1 suffices for G.

Step 6: |S(n,G)| = |C(G)].
By induction hypothesis, we have |S(n—ay,, Go)| = [C(Go)| and |S(n—=> "7, |, G} )| =
IC(G”")|. Thus, from steps 2, 4 and 5, we get

i

ITi| = |Cil, 0<i<er—enm, (2.60)
S| = |D]. (2.61)

Step 7: UL,“"C;(n) U D generates Q,(G).

We shall show that every element z¢ = x,*'...x,,“™ can be written as a Z-linear
combination of elements of C;’s and D.

Let z® be an element of Q,(G) for large n which cannot be written as a linear
combination of elements of C; and D. We pick @ = (aq,...,q,) such that it is

lexicographically greatest with this property. Then, we have three cases:

Case I: «,, < p.

By induction, H;n;ll x;% is a linear combination of elements of S(n — o, Go). Let

f[ 2% = (k) (2.62)

where z(k) € S(n — ayy, Gp). On multiplying both sides by x,,%", we get that ® can

be written as

¢ = H:Ujo‘j = Zrkx(k)xmam. (2.63)
j=1 k

By definition of Cjy, each x(k)x,,* is in Cy and we are done in this case.
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Case IL:  p*~' +i(p™ —p ") < ag, < pm '+ (i + 1) (p — pm ).
If for any m; < j < m, «; satisfies a; > p®~~!, then by Lemma [2.2.6, we can replace
a; by a; + (p —pm~1) and a,, by a,, — (pm — pm 1) without changing its class

modulo A" (G). This contradicts the maximality of o and hence o; < p*~! for

m; < 7 < m. Also, by induction, the element ijo‘j of Qn_x G?i) can be

Jj=1

;'n:mi+1 aj (
m .
written as a linear combination of elements of S(n — Z a;j, GY'). This shows that
j=m;+1

the element 2" ... x5 is a linear combination of elements of C;.

Case III:  «,, > p* '+ (i + 1)(p — p>1).
We proceed similar to the second case and use Lemma to conclude that a; <
pem~1 for all j < m and hence z® € D.

In view of Steps 1-7, we get that for large n, @,(G) can be generated by a set
of cardinality equal to |C(G)|. Proceeding in a similar fashion as above and using
Lemma[2.2.7for that k, we can show that the number of elements required to generate
P*Qn(Q) is equal to |C(G*")|. Now, in view of Claim , the proof of Theoremm

is complete.

Corollary 2.2.8. Q,(G) is isomorphic to Qu(G) if and only if
n>(er—e)(p? —p ) +p= T+ ) _(p7 - 1), (2.64)
=2

Proof. Let
U=U(n)=U,"C;UD. (2.65)

By the above discussion, for n > ng = (e; — 3)(p®? — p2~!) + p2~1 + Z;”ZQ(pej — 1),
the sets C; and D are disjoint. If possible, let

D raz® =0 (2.66)

be a linear relation not implied by Lemma in the set U(n). Then, by multiplying
this relation with 2z for a suitable value of j, we can convert (2.66) into a linear
relation in the elements of the set U(n+m) which form a generating set for @, +m(G).
If m is large, Quim(G) = Q«(G) and hence we get a relation in Q). (G). But no
relation not implied by Lemma can hold in Q«(G), and hence in @,,(G) for any

n.
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For k > 1, we use Lemma [2.2.7] for the corresponding k and a similar argument as

above which concludes the proof of the result. n

2.3 Finite Abelian Groups

The augmentation quotients for finite Abelian groups were computed by Chang and
Tang [CT11]. They also gave an explicit basis for the same. In this section, we present
their result in some detail.

Using the ideas of the previous section, it is clear that we only need to find a
minimal generating set for p*Q, (G) for 1 < k < e;. We shall do this by considering
all generators of @, (G) and then defining an equivalence relation on them for each k
such that any two equivalent elements represent the same element of p*Q,,(G). A set
defined using at most one element from each equivalence class will give us a minimal

generating set for p*Q,(G).

We set G as in ie.,
G = (g1) % (g2) X ... X {Gm) (2.67)

where g; has order p® and
e1>ey > ... > e (2.68)

Let Te(n) denote the set of m-tuples as in previous section. To find a minimal
generating set for p*@Q,,(G), we shall find subsets of Tz (n), denoted by T (k,n) such
that every generator p*z® of p*Q,,(G) is such that a € Tg(k,n).

Any element of @,,(G) can be written as a linear combination of elements of the
form

=My, (2.69)

Instead of partitioning the set of monomials, we shall work with the set
Te(n) ={a = (al,...,am)|2aj =n} (2.70)
j=1

of m-tuples of integers, as for any m-tuple «, we can associate the element
=2y, (2.71)

of A"(G). We shall write z* for the element 2%+ A" (G) of Q,(G), whenever there
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is no scope of confusion.
We define the set
Ta(n) = {z* + A" o € Tg(n)}. (2.72)

Remark 2.3.1 It is clear that Q,(G) is generated by T¢(n).
We shall define a subset T (k,n) of Tg(n) for each 0 < k < e; such that the set
p*Ta(k,n), where

To(k,n) = {z* + A" G)|a € Ta(k,n)}, (2.73)

is a minimal generating set of p*Q,.(G).
For the same, we now define a series of equivalence relations ~¢j for each 0 <
k < ey on the set T;(n). These are motivated by Lemma and Lemma [2.2.7]

Definition 2.3.2 Let m > 2, a = (aq,...,ap) € Tg(n). Suppose 1 <i < j<m
and 0 < k < e;. If « satisfies

e a; > p~F 1 and

o«

2 (e = eg) (™ = pot 1) 4,

then we set

B=(a1,...,0; + (pej*k —pej’k’l), ey — (]069”’C —pej’k’l), cey Q) (2.74)

and say that § € Tg(n) is the image of @ under the map (G, k, 4, j) and is denoted as
B = (G, ki, j)(). (2.75)

Remark 2.3.3 The element § of Tz(n) is greater than the element o with respect
to the lexicographic ordering.

Motivated by the above definition, we now define a map (G, k, 4, jo, J1, - - -, Jrs K1y« - - ki)
where 1 <i<jo<ji <...<j <m,0<k<e, and 0 <k <ej, , —e; where
1<t <r.

Definition 2.3.4 Let ¢=3), ke +kandd, =e¢j, —> |, ks —kfor 1 <t <.
If a € T(n) satisfies

° Z pei—k—l,
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o aj, > (e — ejy)(po* — poFl) + ptioh,
o o, > pH Tt + ky(p* — pht) for each 1 <t <,

then we set
B: (G7k7i7j07j17"-7jrvkl7"'7kr)(a>' (276>

If 3 is of the form (2.76)), we write

o = (G7 kv i) _j07j17 s 7j7“7 klv s )kT)(/B) (277)
Definition 2.3.5 If o and (3 are elements of T (n), we define a relation ~¢ as:

f=0s0...01(a) or « ifmZ'Q,k‘<62, (2.78)
a=4 otherwise.

where o, = for 1 <[ < s are maps defined in [2.3.4]

Remark 2.3.6 It follows trivially from the definition of ~¢ j that it is an equivalence
relation.
The next lemma states that a minimal set of generators for p*Q, (G) contains at

most one element from each equivalence class of T(z(n) for the corresponding k.

Lemma 2.3.7. Let o, € Tg(n) be such that o ~gy, 3. Then, p*z® — pFaf €
An+1(G)‘

Proof. Since G is Abelian, we only need to consider the case for m = 2. The result is
clear if 8 = a.. Otherwise, 8 = (G, k, 1,2)(«) and in this case, the result follows from
Lemma, [2.2.6] ]

Let
My =max{l <j<mle; > k},0 <k <e. (2.79)

Clearly, if 3j > M, such that a; > 0, then pFz;% € A%*! and hence z%+A""1(G)
is zero in @,(G). In view of this fact and Lemma [2.3.7, we define the sets T (k,n)

as:

Definition 2.3.8 For each fixed integer 0 < k < ey,

To(k,n) ={a=(o,...,an,,0,...,0) € Teg(n) | (a) = a} (2.80)
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where
Te() = max{y € Tz(n) | v ~ar a} (2.81)

deontes the lexicographically greatest element of the equivalence class containing a.

Remark 2.3.9 For 0 <k < ey, My =1 and hence T (k,n) = {(n,0,...,0)}.
It is clear that m = My > My > ... > M., 1. Thus,

Te(0,n) 2 Te(1,n) D ... D Tg(er — 1,n). (2.82)

We define Tg(eq,n) = 0.
Lemma 2.3.10. The set p*Tg(k,n) generates p*Q,(G) for each 0 < k < e.

Proof. In view of Remark [2.3.1, we only need to show that p*7g(k,n) generates
p*Ta(n). Clearly, for a € Tg(n), if 35 > M, with a; > 0, then k > e; and hence
p*z;” belongs to a higher power of the augmentation ideal, ie, pz® € A"(G).

Hence the set
{2+ A"HG) |a = (a1, ..., au,,0,...,0) € Ta(n)}. (2.83)
generates p*Tg(n). O
Remark 2.3.11 For each 0 < k < ey, it follows from the definition of T (k, n) that
Tg(k,n) ={a(0,...,0) € Ta(n)|a € T,k (0,n)}, (2.84)

where a LI 3 denotes the m + n-tuple obtained by juxtaposing an m-tuple o and an
n-tuple . It remains to show that the set p*7¢(k,n) is a minimal generating set for
P*Q.(G) for each 0 < k < e;. Proceeding in this direction, we state the next result

which gives a partition of T¢(0, n) for large n. The proof is clear from the equivalence

of the sets T¢(0,n) and S(n,G) in Step 6 of the Theorem [2.2.5]

Lemma 2.3.12. Let m > 2 and o = (ou,...an) € Tg(0,n). Then, a satisfies at
least one of the following conditions and these conditions are mutually exclusive if
n=(m—1E" = 1) +p7t 4 (e — em + 1) (po — po7h):

1.y < py(aqy ooy amo1) € T, (0,m — ).

2. pm U tif(en) < am < p 1t + (i + 1)f(em) for some fized integer i with

1<i<e; —e,, and
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o a; < pmt form; <j<m,
o (a1, am,) €T, (00 =300, aj)
3. a; < pt for all j < m.

It is clear that the conditions 1 and 2 are mutually exclusive for all n. The following

result also follows from the previous section.

Theorem 2.3.13. There ezists a positive integer ng such that for any n > ng, Qn(QG)
is isomorphic to the group Qg and p*Ta(k,n) is a minimal generating set of p*Q,,(G)
for each 0 < k < ey.

In view of Lemma [2.3.12] the set T(;(0,n) can be partitioned as follows:

To(0,n) = B U A, (2.85)
where
B = {a/| a satisfies condition 3}, (2.86)
Ap = {a| a satisfies condition 1 but not 3}, (2.87)
A; = {a| « satisfies condition 2 but not 3}. (2.88)

Now, for smaller n, we shall prove that this set is minimal by constructing maps

from T (k,n) to Te(k,n + 1). For the same, we shall use the following result:

Lemma 2.3.14. Let m > 2,a = (v, ..., ) € Tg(n), and 0 < i < ey — e, be a

fixed integer. If a satisfies the following conditions
1o <p™ '+ (i+1)f(em),
2. aj; <pt form; < j<m,
3. (0, Q) € TGfi(O,TL =D jom; Q)

then o € Tz(0,n).

Its proof is complicated and has been avoided here. We refer the reader to [CT11]
for the same.
Let us first consider the case for £k = 0. We define this map inductively, induction

being on m. For m =1, set
dc(a) =a+1. (2.89)
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For k > 1, we define

bo(a) = { (o1,...,m + 1) if « € B, (2.90)

Ggpi((ar, . am)) U (i1, am) i o € A
By Remark [2.3.11} this map is well defined. Also, it is clear by definition that

da(a) = a+¢j for some 1 < j < m.

Clearly, ¢¢(T¢(0,n)) € Tg(n + 1). The claim is trivial for m = 1. We proceed
by induction. Suppose the claim holds for groups with minimal number of generators

less than m. Let a € T;(0,m). We have the following two cases depending upon a.

em—1

Case I: « € B. In this case, the first m — 1 entries of ¢g(a) are less than p
If 38 ~¢k «, then by the conditions on o and 3 in Definition [2.3.4] we arrive at
a contradiction. Hence the only element in the equivalence class of ¢g(«) is itself.
Thus, ¢¢(a) € Te(0,n + 1).

Case II: « € A, for some 0 < i < e — e,,. In this case, (aq,...,Qy,) € TGipi (0,n —

Zj>mi Oéj). By induction, we have

St (1, am)) €T, (0 +1-> " ay) (2.91)

Jj>my;

and hence in view of Lemma [2.3.14

o) = D v ((a1y oy am,)) U (Qmytty - ooy ) € Te(0,m + 1) (2.92)

and we are done.

Now, we define maps ¢¢ j for each k as follows:
bar(a) = dopr((ou, ..., ang))U(0,...,0). (2.93)

We shall denote ¢ by ¢ . Thus, in view of Remark [2.3.11] and Claim [2.3.15] we

have

dar(Ta(k,n)) C Tg(k,n+1). (2.94)

We can now prove the following:
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Theorem 2.3.16. p*75(k,n) is a minimal generating set of p*Q,(G).

Proof. When n > ng, the result is clear from Theorem [2.3.13]

For n > ng, let [ = n — ng. We shall prove the result by induction on [. The case
[ = 0 is clear. We assume that the result is true for [ — 1 , i.e., p*Tg(k,n + 1) is a
minimal generating set for p*Q, 1 (G).

Now, if p*75(k, n) is not a minimal generating set for Q,,(G), then there exists an
element 5 € T(k,n) such that

= Z cop"z®  (mod A™TH@)) (2.95)
O‘ETG(k;vn)\{ﬁ}

and 3 is the smallest with this property. If for some o < 3, p { ¢4, then p*z® can be
written as a linear combination which contradicts the minimality of 8. Thus, p | ¢,
for all a < . Let ¢pgr(B) = B+ ¢€; for some 1 < j < M. On multiplying both sides

of (2.95) by z;, we get

kpbres = phgptar®) — Z cop" 9 (mod A™TH@)) (2.96)
a€Te(kmn)\{8}

p

By Lemma [2.3.7 and (2.84)), we get that pFzo+es — pkamleta) ¢ AP+2(G). Thus, we
can replace pFz®t< by pFamte) in ((2.96)).

We partition the set A = T (k,n) \ {5} as follows:

A=A UAs,, (2.97)
where
A ={a € Aln(a+¢) = dar(B)}, (2.98)
Ay = {Oé €A | Tk(CV + Ej) 7é ¢G7k(5)} (299)
In view of the above, we can write
prater®)  — Sttt
aETg(kJ,TL)\{ﬁ}
a€T(kn)\{B}
— Z Captatar® 4 Z capFaEete), (2.100)

a€A; a€Ag
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For any a € Ay, we have
a+e <Ti(ate) = der(B) =B+, (2.101)

and hence a < 8 which implies ¢, is a multiple of p. Thus, 1 =3 . 4, Ca 18 coprime

to p, i.e., there exists an integer b such that

b (1 -> ca> =1 (mod p*). (2.102)

acA;

Multiplying both sides of the congruence (2.100f) by b and using (2.102)), we get

Pator® = 37 bepha ™) (mod AT(G)). (2.103)

aEAs

For a € Ay, mi(a + ¢;) is in Tg(k,n + 1). Thus, in view of (2.103)), p*z¢+() can
be written as a Z-linear combination of elements of p*7g(k,n + 1) contradicting the

induction assumption. Hence proved. O
Theorem [2.3.16[ gives us the Ulm invariants of the groups @, (G).

Theorem 2.3.17. Let Fg(k,n) = |Ta(k,n)| — |Ta(k + 1,n)|,0 < e;. Then, the Ulm

invariants of Q,(G) are
Fe(0,n), Fa(1,n),..., Fg(e; — 1,n). (2.104)
Consequently,
Qn(G) = (2/p2)"<Om g (Z/p*2) e & .. @ (Z/piz)Feler =1, (2.105)

Having found the structure of the augmentation quotients, we now proceed to find
an explicit basis for the same.
Let
a=(a,ag,...,ap) € Ta(k,n) \ Ta(k + 1,n). (2.106)

We choose elements X € Q,(G) as follows

e An+1(G) k=e —1,
Xp =< x%+ A"HG) k<er—1, 2j>Mk+1 @ >0,
% — Tk+1(04) + A’H‘l(G) k< e — 17 Zj>Mk+1 a5 = 0.
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Remark 2.3.18 From the fact that p@Q,(G) = 0, Lemma and the argument
in the proof of Lemma [2.3.10], it is clear that X is p**! torsion.

When k < e; —1 and )

P> Myss QG = 0, then from Lemma [2.3.7, we have

PPXY e A"THG). (2.107)

Thus, for any « € Tg(k,n) \ Ta(k + 1,n), pkHXl? =0.

Remark 2.3.19 We observe that if k <e; —1and 3, ,, a; =0, then a; =0
for all j > My, ;. Hence, 73,41(a) € Tg(k + 1,n). Thus, U ' X}, generates 75 (0, 7).

Theorem 2.3.20. Let (X}) denote the subgroup of Q.(G) generated by Xy. Then,
(X1 is a free Z/p" ' Z module and Q,(G) = @, (X))

Proof. By Remark|2.3.19, it is clear that Uzlz_ol Xy, generates @, (G). Now, each element
X € Q,(G) can be written as

X= > > Cra X (2.108)

0<k<e1 QETG(kzn)\TG(k'i'l:n)

where 0 < ¢, < p"t! in view of Remark [2.3.18, This expression gives at most

T, p*+DIXel elements.

Also,
e1—1 e1—1
H p(k+1)|Xk| < H p(kJrl)Fg(k,n) _ |Qn(G)’ (2.109>
k=0 k=0

Thus, the expression ([2.108]) is unique and this proves the theorem. O

We assign as positive integer T'(G) to each G as follows:

]-7 lf m = 1,
T(G) = » e ‘ (2.110)
(e1 —ea)(p® —p=2 ) +p=2 + Zj:2(pef - 1), if m > 2.

It has been proved by Hales that @, (G) = Q«(G) if and only if n > T'(G). Having
found a basis for @, (G) for all n > 1, we shall now see that the groups @, (G) are
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non-isomorphic for all n < T'(G). We have by the definition of T¢(k, n),

Fo(k,n) = |[Ta(k,n)| —|Te(k +1,n)|
= [T (0,n)] = [Tgpes1 (0, m)]
= |TGPk (Oa n)l - |TGPk(]‘7 n)’ = |FGPk (Oa n)l (2111)

The above equations show that we can focus on F(0,n) instead Fg(k,n).
Lemma 2.3.21. The map ¢¢ : T(0,n) — Te(0,n + 1) is injective for each n > 1.

Proof. The proof is by induction on m. For m = 1, the statement is trivial. Suppose
the result holds for all finite Abelian groups with at most m — 1 summands in their
cyclic decompositions. Let a, 8 € T (0,n) such that ¢g(a) = da(f).

Suppose one of a, 3, say o € B, then ¢g(a) = (aq,...,ms1). Thus, ¢g(8) =
B+ ¢; for some 1 < 7 < m implies that o + €, = 8 + ¢; for some 1 < j < m. Thus,

(al,---,am+1):<51,---,Bj+€j,---,ﬁm)- (2112)

Since a; < p 1, we get 5; < a; < p»~ ! for all 1 < j < m. Thus, 8 € B and hence
a=pf.

Now, suppose neither o nor § belongs to B. Then, ¢g(a) = ¢¢(5) implies that
Q= PBm. Hence both a and S have type A; for some 0 < ¢ < e; — e,,. Thus, by

definition of ¢, we get

¢Gpi(a1,...,ami):¢Gpi(ﬁ1,...,ﬂmi) (2.113)

and
(Wmit1s s m) = (Bmitts -+ Bm)- (2.114)
The result follows from above and the induction hypothesis. m

Since ¢¢ is injective, we have

F(0,n) = |Tg(0,n)\ Te(1,n)|
< oa(Te(0,n) \ Te(1,n))]
< |Te(0,n+ 1)\ Te(l,n+ 1)
< Fg(0,mn+1). (2.115)
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Theorem 2.3.22. The groups Q1(G), Q2(G), ..., Q) (G) are pairwise nonisomor-
phic and

|Q1(G)] < |Q2G)] < ... < [Qr(e)l- (2.116)

Moreover,

Qr)(G) = Qrey+1 = ... (2.117)

Proof. The second part follows from Theorem [2.2.5]

Now, we prove (2.116)). For each 0 < k < ey, the following is obtained by the
injectivity of the maps ¢¢

Fa(k,1) < ... < Fa(k,T(G"™) < ... < Fa(k, T(G™)). (2.118)

Suppose there are two positive integers n; and ny such that ny < ny < T(G) and
Qn, (G) = Qn,(G). Then, their Ulm invariants are same, i.e., Fg(k,ny) = Fg(k,ng)
for each 0 < k < e;. The equation (2.118) with & = 0 yields that ny, < T'(G?). On
repeating this process, we get that ny < T(GP*) = 1. This implies that n; < 1, which

is a contradiction. This proves the theorem. O

Thus, in view of Theorem [2.1.3] the problem of Karpilovsky is now fully solved for
all finite Abelian groups. In the next subsection, we shall consider a simple example

and compute the augmentation quotients and an explicit basis for the same.

Example 2.3.23 Let
G = Cg X Cg X 03 = <gl> X <gg> X <g3>, (2119)

where C). denotes the cyclic group of order 7.

Here p=3,m =3, e; = 2, e = e3 = 1. From earlier, we get
TG =2-1)3" =3 +3"+ 3 -1)+@B -1)=7 (2.120)
We also have my = 2, m; = 1. Thus,
Go=0Cy x C3, Gy =0Cy. (2.121)

In this case, k = 0,1. Now, we determine the sets T(0,n) and Tg(1,n).
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In view of Lemma [2.3.12] and Lemma [2.3.14] we get

(2.122)

T(0,n) = A, UB,UC,

where

(2.123)

An = {(07 07 n)},

(2.124)

B, ={(n—3,0,3),(n—4,0,4)},

{(n,0,0), (n —1,1,0), (n — 2,2,0), (n — 3,3,0), (n — 4,4, 0), (0, n, 0),

Cp =

(n—1,0,1),(n—2,1,1),(n—3,2,1),(n — 4,3,1), (n — 5,4,1), (0,n — 1,1),
(n—2,0,2),(n—3,1,2),(n —4,2,2),(n—5,3,2), (n — 6,4,2), (0,n — 2,2)}.

(2.125)

On computation, we get the following table for T (0, n):

Table 2.1: Elements of T¢(0,n)
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Also, Te(1,n) = {(n,0,0)} for all n > 1.

Using the above, we get the following table for Ulm invariants.

Table 2.2: Ulm Invariants of Q,(G)

n Fe(0,n) Fa(1,n) Qn(G)

1 31=2 1 Cy% x Cy
2 6-1=5 1 Cy° x Cy
3 10-1=9 1 C57 x Cy
4 14-1 =13 1 Cy1 x O,
5 18-1 = 17 1 Cy' x Oy
6 20-1 = 18 1 C3 x O,
> 7 21-1 = 20 1 C3% x O,

For finding a basis of @, (G), we use Theorem 2.3.20, Let t = g1 — 1, y = go — 1

and z = g3 —1. Then, the following table lists the representatives of the basis elements

of Q,(G).

Table 2.3: Basis of Q,(G)

n X1 XQ

1 T Z,

2 x? 22 xy, y?, 1z, yz

3 x3 2, 2%y, xy?, y3, 2l ayz, yie, 12t g2t

4 x? A a2, 2y, 222, 2yt 23z, 2Pyz

5 x° 22, 223, a2t ty, 232, 223, vt v, atz, iy,
22z, mz, yte, 1322, a2yt aytalt, iR

6 20 B 135, 2 vy R B, a2y o, e, iy,
Pyt 2Pz, mytz, P 1022, YRR, a2t myta?,
Iy

Z 7 l.n Zn’ xn73z3, xnf4z4’ :Enfly’ l.n72y2’ l.n73y3’ l.nf4y4’
yn’ l’n_lZ, fﬂn_QyZ, .I'n_3y22, $n_4y32, l’n_5y4Z,
yn—lz’ xn—2z27 xn—3y227 xn—4y2227 xn—5y322’

2

2.4 Non-Abelian Groups

Since we do not have a structure theorem for non-Abelian groups, the computation
of augmentation quotients in this case as compared to that for Abelian groups, is in
general, a much more difficult problem. In this section, we shall summarise the main

results obtained for some non-Abelian groups.
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The Augmentation Quotients for symmetric and dihedral groups were computed
by Zhao and Tang[ZT08]. We describe the case of symmetric groups in some detail.
We begin with a few definitions.

Definition 2.4.1 A group G is said to be perfect if it equals its own commutator
subgroup.
It is clear that for a perfect group, D, (G) = G and hence A"(G) = A(G) for all
n > 1. Thus, the set
B,={g9g—-1geG\1} (2.126)

is a Z-basis for A™(G).

Lemma 2.4.2. Let G be a group and H be a perfect subgroup of G. Then, for any
n ez,
Qn(G) = Qu(G/H).

Proof. The canonical epimorphism from G to G/H will give us an epimorphism
¢ Qn(G) = Q.(G/H).

We are done if we show that ker (¢) = 0.
We first find a set of generators for Q,,(G) and Q,,(G/H).
Let X = {z;|i € I} denote a representative set of preimages of G/H \ {eH} in G.
Then, G = HU (Uy,exz;H) and G/H = {1, z;|i € T}.
Thus, for any g € G, dx; € X, h, h; € H such that x = h or x = x;h;. Thus, either
r—1=h—-1€A"G) (2.127)
or
r—1=xh—1=(2;—1)(hi — 1)+ (2;— 1)+ (h; — 1) = 2; — 1(mod A" (G)). (2.128)
In view of the above, @, (G) is generated by the set
{(z;, = 1) .. (z, — 1) + A™HG) |2y, € X} (2.129)

and Q,(G/H) is generated by the set

{(zi, = 1) ... (7, — 1) + A™H(G)|zy, € X} (2.130)



44 CHAPTER 2. AUGMENTATION QUOTIENTS

Now, we consider the natural homomorphism

0 ZG — T(G/H). (2.131)

Since G = H U (Uy,ex®iH), every element of Z can be written as

o= bilh; = 1)+ Y ay(aih; —1). (2.132)

Thus, ¢(a) = >, ; aij(Z; — 1). So, if ¢(a) = 0, then for any fixed 4, >, s a;; = 0.

Hence,

ker(p) = D bi(hy = 1) + D _ay(wihy — 1) Y ayy =0} (2.133)

For any « in ker(y), we have

a—Zb (h; —1) +Zam )(h; —1) +ZZ% G—1) e AMY@). (2.134)

So, ker(¢) C A™(G).

Now, we consider the epimorphism
¢ Qn(G) = Qu(G/H). (2.135)

Suppose an element 3 =Y a;, (z;, —1)...(7;, — 1)+ A"HG) € Q,(G) satisfies

¢(B) = 0. (2.136)

That is > a;,  (T;, —1)...(7;, — 1) € A""(G). Now, since A""!(G) has genera-

tors (z;, —1)...(z;,,, — 1), where zj, € X, there exists b; € 7Z such that

1...n+1

Zail...n(fil - 1) xzn th n+1 x]1 - 1) T (jjn+1 - 1) =0, (2'137)

and hence

> an (@ = 1) (i, = 1) =) by (= 1) (2, — 1) € ker(p). (2.138)
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Now, since > by, .. (2, —1)... ()., — 1), ker(p) € A""(G), so
Z ai, . (xy —1)... (z;, — 1) € A"(G) (2.139)

and hence ker(¢) = 0. Thus ¢ is an epimorphism and we are done. O

The derived group of S,, is A,,, which is the subgroup of S,, consisting of all even
permutations. Clearly, for m > 5, A, is perfect. Also, S,,/A,, is cyclic of order 2.

Hence, on applying the previous result, we get the following:

Theorem 2.4.3. Let m > 5, S,, is the m™ symmetric group and A,, is the m™

alternating group. Then,

Alternative Method Now, we provide a method to obtain the augmentation
quotients of .S, for all m > 1. Unlike the previous approach, this does not provide a
basis for A™(S,,).

We first note that if g € G’ then it can be easily seen that g — 1 € A*(G). Any
element of S,, can be written as either 7 or ¢t where 7 is an element of A4,, and ¢ is
a transposition.

Let n be a positive integer. Then, the Abelian group A"(S,,)/A"1(S,,) is gener-
ated by elements of the type

(01— 1) (o —1)... (0 — 1)+ A™(S,). (2.141)

When o = 7, where 7 € A,,,, we have

o —120 modA?*(S,,) (2.142)
When o = t71, then
c—1=tr—-1
=t-Dr-1)+@t-1)+(1-1) (2.143)

= (t—1) mod A*(S,,).

Thus, Q,(S,,) is generated by elements of the type " + A""1(S,,).

Since t is a transposition, which is of order 2, we have t* = 1. The equation
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0=t*—1=(@t—-12*+2(t-1) (2.144)

shows that 2(t — 1) € A?(S,,).
In view of the above, any element of Q,,(S,,) is of the type at™ + A"*1(S,,), where
a =0,1. Thus,
Qn(Sn) = Zs. (2.145)

We now consider the case of dihedral groups, D,,, n > 1. The group D, has a
representation
Dy = (r,s|r" = s* = 1,rsr = s). (2.146)

The following theorem gives the augmentation quotients of Dy for odd k.

Theorem 2.4.4. Let Dy be a dihedral group, with k odd. Then, for any n > 1,
A"(Dy,) has a Z-basis

By={(s—1D" 7" —1,(r" = 1)(s—1)|1<i<k-—1}. (2.147)

Consequently, Q,(Dy) = Zs.

Proof. Since every element of Dy, can be written as r's?, 0 < i < k—1,7 = 0,1, we get
that every generator of A™(Dy) can be written as a Z-linear combination of elements
of B,,. Also, since |B,| = 2k —1 = | Dy| — 1, it suffices to prove that B, C A"(Dy). In
view of the relations and (2.4)), this is done once we prove that r — 1 € A™(Dy,).
Since k is odd, the number k¥ — 1/2 € N. Also, sr = r~!s. The equation

k+1

r—l=(G-1F7T —1)—(@rT —1)(s—1)—(rz —1)r—1) (2.148)

implies that 7 — 1 € A?(Dy). On proceeding inductively and using [2.148] we get that
r—1¢e A"(Dy) for any n > 1. Thus, B,, C A™(Dy,) for all n > 1. O

The augmentation quotients for non-Abelian finite groups in which the lower
central series is an N-series were determined by G. Losey and N. Losey |[LL79]. For
groups of order p°, Q. Zhou and H. You [ZY09, [ZYT0] computed the augmentation
quotients using the group presentations. We have a complete description of the case

for finite Abelian groups, but in the case of non-Abelian groups, only little is known.



Bibliography

[BG74]

[Bir37]

[Coh52]

[CT11]

[Hal70]

[Hal85)

[HS71]

[JacT9]

[Jen55]

[Kar83)

[Laz54]

F. Bachmann and L. Griinenfelder, The periodicity in the graded ring
associated with an integral group ring, J. Pure and Applied Algebra 5 (1974),
253-264.

G. Birkhoft, Representability of Lie algebras and Lie groups by matrices,
Ann. of Math. 38 (1937), no. 2, 526-532.

P.M. Cohn, Generalisation of a theorem of Magnus, Proc. London Math.
Soc. 57 (1952), 297-310.

S. Chang and G. Tang, A basis for augmentation quotients of finite abelian
groups, J. Algebra 327 (2011), 466-488.

P. Hall, Nilpotent groups, Queen Mary College Math. Notes, Canad. math.
Congress, 1970.

A.W. Hales, Stable augmentation quotients of abelian groups, Pacific J. Math
118 (1985), no. 10, 401-410.

P.J. Hilton and U. Stammbach, A course in homological algebra, Graduate
Texts in Mathematics, vol. 4, 1971.

N. Jacobson, Lie algebras, Dover Publications, Inc., 1979.

S.A. Jennings, The group ring of a class of infinite nilpotent groups, Canad.
J. Math. 7 (1955), 169-187.

G. Karpilovsky, Commutative group algebras, vol. 78, Marcel Dekker, 1983.

M. Lazard, Sur les groupes nilpotents et les anneauzr de Lie, Ann Ecole
Norm. 71 (1954), 101-190.

47



48

[LL79]

[Mag35]

[Mag37]

[MKS75]

[MP09)]

[Pas68a)
[Pas68b]
[Pas69]

[Pas79]

[Poi00]

[PPS73]

[Qui68]

[Rip72]

[San72]

[Ser06]

[Sin77]

BIBLIOGRAPHY

G. Losey and N. Losey, Augmentation quotients of some nonabelian finite

groups, Math. Proc. Camb. Philos. Soc. 85 (1979), 261-270.

W. Magnus, Bezethungen zwischen gruppen und idealen in einem speziellen
ring, Math. Ann. 111 (1935), 259-280.

, Uber beziehungen zwischen hoheren kommutatoren, J. reine Angew.
Math. 177 (1937), 105-115.

W. Magnus, A. Karrass, and D. Solitar, Combinatorial group theory, Dover
Publications, Inc., 1975.

R. Mikhailov and I.B.S. Passi, Lower central and dimension series of groups,
no. 1952, Springer, 2009.

[.B.S. Passi, Dimension subgroups, J. Algebra 9 (1968), 152-182.

, Polynomial maps on groups, J. Algebra 9 (1968), 121-151.

, Polynomial functors, Proc. Camb. Phil. Soc. 66 (1969), 505-512.

, Group rings and their augmentation ideals, no. 715, Springer-
Verlag, 1979.

H. Poincaré, Sur les groupes continus, Trans. Cambr. Philos. Soc. 18 (1900),
220-225.

M.M. Parmenter, [.B.S. Passi, and S.K. Sehgal, Polynomial ideals in group
rings, Canad. J. Math. 25 (1973), 1174-1182.

D. Quillen, On the associated graded ring of a group ring, J. Algebra 10
(1968), 411-418.

E. Rips, On the fourth integer dimension subgroup, Israel J. Math. 12 (1972),
342-346.

R. Sandling, Dimension subgroups over arbitrary coefficient rings, J. Algebra
21 (1972), 250-265.

J-P. Serre, Lie algebras and lie groups, no. 1500, Springer, 2006.

M. Singer, Determination of the augmentation terminal for abelian groups,
Bull. Amer. Math. Soc. 83 (1977), 1321-1322.



BIBLIOGRAPHY 49

[Sjo79]  J.A. Sjogren, Dimension and lower central subgroups, J. Pure Appl. Algebra
14 (1979), 175-194.

[Ulm33] H. Ulm, Zur theorie der abzdihlbar-unendlichen abelschen gruppen, Math.
Ann. 107 (1933), 774-803.

(Wit37] E. Witt, Treue darstellung liescher rings, J. Reine Angew. Math. 177
(1937), 152160,

[ZT08] H. Zhao and G. Tang, On the structure of augmentation quotients for some
nonabelian groups, Adv. Math. 37 (2008), no. 2, 163-170.

[ZY09] Q. Zhou and H. You, The augmentation quotients of the groups of order
25 I Comm. Algebra 37 (2009), no. 9, 2956-2977.

[ZY10] ., The augmentation quotients of the groups of order 2°, II, Comm.

Algebra 38 (2010), no. 8, 2915-2942.







Index

algebra symmetric group, [45]
associative, [§]
free,

Lie, [9)
augmentation Witt identity,

ideal,

map, 2]

quotient, [I§]

Ulm invariants,

universal envelope, []

Brauer-Jennings-Zassenhaus M-series,

commutator, [3]

dihedral group,
dimension

series, [3]
subgroup,

filtration, [4]

graded ring,
group ring, [

Lie bracket, [J]

lower central series,

N-series, []

perfect group,
Poincaré-Birkhoff-Witt Theorem,

polynomial groups,
polynomial map,
restricted N-series,
51



	List of Tables
	Introduction
	Dimension Subgroups
	Motivation
	Dimension Subgroups of Free Groups
	Dimension Subgroups over Fields
	Integral Dimension Subgroups in Low Dimensions

	Augmentation Quotients
	Polynomial Groups
	Stable Structure of Augmentation Quotients
	Finite Abelian Groups
	Non-Abelian Groups

	Bibliography

