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Abstract

The cytoskeleton of the cell is a highly complex, dynamic and adaptive system

of semiflexible filaments with their associated motor proteins and cross-linkers. It

generates internal stresses and responds to external ones, intermediates cell signal-

ing, ensures the structural integrity and morphology of the cell and helps in the

spatial organization of cellular contents. This dynamic regulation is effected by the

coordination of the different cytoskeletal components : polymeric filaments such as

microtubules, actin and intermediate filaments; cross-linker proteins such as fascin

and α-actinin; and motor proteins such as dynein, kinesin and myosin.

Much of the physical understanding of the components of cytoskeletal network

have been obtained through in-vitro experiments on cytoskeletal extracts. In a bead

assay a cytoskeletal filament is irreversibly attached to a substrate, while the motor

proteins moving on the filament are attached to a bead which is optically trapped.

On the other hand, in a gliding assay setup, the geometry is inverted. Here, the

cargo domains of motor proteins are irreversibly adsorbed on a glass substrate, while

their filament binding domains attach to the complimentary cytoskeletal filament. In

the presence of ATP, the motors move in a directed fashion along the length of the

filament before detachment. This results in a gliding movement of the cytoskeletal

filament in the opposite direction. Apart from a wealth of information on single motor

protein movement and force generation, motility assays have revealed the emergence

of collective motion in high densities of such filaments leading to the formation of

clusters, swirls and interconnected bands. Within these in-vitro settings, it is possible

to ask theoretical questions regarding both the role of individual motor proteins and

their cooperative dynamics, in controlling the dynamics of the cargo/filament that

they bind/unbind to/from and therefore make falsifiable predictions amenable to

experimental verifications.

In the first problem, we consider an explicit model of a semiflexible filament moving

in two dimensions on a gliding assay of motor proteins, which attach to and detach

from filament segments stochastically, with a detachment rate that increases with

the increase of local load force. Attached motor proteins move along the filament

to one of its ends with a velocity that varies nonlinearly with the motor protein

extension. The resultant force on the filament drives it out of equilibrium. We

characterize the nonequilibrium conformations of the polymer comparing its end-

to-end distribution with that of the equilibrium filament. In theoretical studies of

active systems, key concepts such as broken detailed balance and entropy production

have recently been used to characterize the distance of these systems from their

equilibrium counterparts. We show that subtle changes in the local load dependence
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of detachment rate and active velocity of motor proteins lead to dramatic difference

in the end-to-end distribution. With increasing activity, the difference increases,

the effective bending stiffness reduces, and the polymer shows a phase coexistence

between open and spiral chains. The most startling result is seen in the dynamics.

The center of mass of the polymer shows a series of crossovers between ballistic and

diffusive motion, controlled by its inertial, orientational and speed relaxation time

scales, a significant result which can be checked in motility assay experiments.

In the second problem, we look at the effect of the dynein catch-bond on the in-

tracellular bidirectional transport of cargo on microtubule filaments, achieved by the

collective action of oppositely directed dynein and kinesin motors. Experiments have

found that in certain cases, inhibiting the activity of one type of motor results in an

overall decline in the motility of the cellular cargo in both directions. This counter-

intuitive observation, referred to as paradox of codependence is inconsistent with the

existing paradigm of a mechanistic tug-of-war between oppositely directed motors.

Unlike kinesin, dynein motors exhibit catchbonding, wherein the unbinding rates of

these motors decrease with increasing force on them. Incorporating this catchbond-

ing behaviour in our theoretical framework, we show that this non-monotonic nature

of the detachment kinetics gives rise to extremely non-trivial cooperative effects for

bidirectional transport. Using measures like the average processivity, probability

distributions of run and pause times and cargo trajectories, we show that in an ex-

perimentally viable parameter space, the wide range of results - from those which are

in agreement with the conventional “tug-of-war” model to the ones which are in con-

tradiction - are all correctly reproduced, therefore providing a plausible resolution of

the paradox of codependence. The proposed framework necessitates a reassessment

of existing experimental data in the light of our predictions, and will enhance the

fundamental understanding of intracellular motor- driven processes, which have con-

sequences for the overall spatiotemporal organization within the cell, cellular motility

and cell division.
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Chapter 1

Introduction

The biological cell is a highly complex dynamical system which is capable of spon-

taneous movement, adaptation, changing shape, division, responding to the environ-

ment and organization [1]. A large number of these functions are carried out by the

cell with the help of the cytoskeleton, a dynamic and adaptive system of biopolymers

with their associated motor proteins and cross-linkers. It generates internal stresses

and responds to external ones, intermediates cell signaling, ensures the structural

integrity and morphology of the cell and helps in the spatial organization of cellular

contents [2].

1.1 The Cell cytoskeleton

The cytoskeleton is a network of fibrous proteins that are throughout the cytoplasm

of the cell. However, unlike a skeleton, this meshwork is not rigid. It is dynamic and

Figure 1.1: The various cytoskeletal filaments, microtubule, actin filaments and interme-
diate filaments shown in the figure. Figure adapted from [3].

3
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adaptive, constantly growing and shrinking, assoicating and dissociating giving rise

to viscoelatic properties. We first discuss the various cytoskeletal components which

gives rise to this dynamic network.

1.1.1 Cytoskeletal filaments

Cytoskeletal filaments are biopolymers made up of protein subunits. There are three

types of cytoskeletal filaments : actin filaments, mictotubules and intermediate fila-

ments. All these together form networks which give shape and stability to the cell

as well as reorganize if necessary. The organization and integrity of cellular com-

partments are also maintained by this network of polymers. The various cytoskeletal

filaments are differentiated by their structure, mechanical properties and the motor

proteins that they are associated with. Biopolymers like the cytoskeletal filaments

show high rigidity when compared to their synthetic counterparts and are examples

of semiflexible polymers. Semiflexible polymers have suffiicient bending stiffness such

that the energetic propensity to have a fairly straight conformation competes with

the entropic propensity to collapse into a random coil [4]. This competition gives

rise to several unique physical properties not only in single polymers but also in

semiflexible polymer networks where there are polymer-polymer interactions. Thus

such networks show unique elastic and viscoelastic properties. The quantification of

the bending stiffness of the polymer is given by the persistence length. This mea-

sures the length over which the polymer appears straight in the presence of thermal

fluctuations.

1.1.1.1 Actin filaments

Actin filaments are made up of the protein called actin and are two stranded helical

polymers. Actin filaments are mostly near the cell cortex, lying below the plasma

membrane in an eukaryotic cell. They have diameters of the order of 5 − 7nm and

are structurally polar. The polarity is due to their structurally asymmetric sub-

units. Actin filaments are not very rigid with their persistence length of the or-

der 15 − 17µm [5]. However, inside the cell, accessory proteins acts as crosslinkers,

bundling multiple actin filaments to form organized, stiff networks. For example, in

filipodia, actin filaments bundle and align giving rise to filopdial protrusions which

help the cell to move in the direction of a chemical gradient as well as in cell-cell

communication. The two ends of the actin filament polymerize and depolymerize

by adding and removing subunits with rates kon and koff [6]. kon, is higher in the

plus side of the polar actin filament compared to the negative side, giving rise to a
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difference in local concentration of free subunits at the two ends. If the concentration

is in some intermediate range, then the addition and removal of subunits can lead to

the phenomena of “treadmilling”, when the length of the filament is constant with a

net flux of monomers through th polymer.

1.1.1.2 Microtubules

Microtubule is made up of the protein called tubulin and its structure is hollow

and cylindrical. The tubulin heterodimer is made up of two types of tubulin, α

and β tubulin, which together gives rise to the helical structure. The diameter of a

microtubule is of the order of 25nm which is much bigger than the actin filament.

Hence, microtubules are much stiffer compared to actin and have persistence lengths

of several millimeters. The hollow cylindrical structure of the microtubule is made

up of 13 parallel protofilaments [5]. Each protofilament consists of alternating α

and β tubulin molecules, with each subunit (the heterodimer) pointing in the same

direction, giving rise to structural polarity in the microtubule, with α tubulins at

one end and β tubulins in the other. There is a microtubule organizing center called

centrosome and the microtubules in a cell are typically organized radially from it,

with the nucleation of microtubules happening at the centrosome with their minus

ends. The plus ends grow towards the cell cortex in a star like “atrsal” conformation.

1.1.1.3 Intermediate filaments

The family of proteins making up the intermediate filaments are themselves elongated

and fibrous. This gives rise to long fibers with diameters of 10nm. Intermediate

filaments have the minimum stiffness of all the cytoskeletal filaments with persistence

lengths ∼ 0.3− 1µm [5]. Crosslinking proteins such as plectins crosslink intermediate

filaments together or with actin filaments and microtubules. A major difference of

intermediate filaments with the other two cytoskeletal filaments is that they are not

polar. Therefore, they do not support the movement of motor proteins in a directed

fashion. Thus, intermediate filaments mainly provide structural rigidity to the cell.

1.1.2 Motor Proteins

Molecular motors are proteins and protein complexes which convert chemical energy

into mechanical work. There are a large class of molecular motors that exist in biol-

ogy, primary examples being rotary motors and linear stepping motors. One example

of the rotary motor is that used by bacteria to swim. It uses ion flux down an elec-

trochemical gradient which causes the bacterial flagellum to rotate at a frequency of
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100Hz. Some bacteria like Escherichia coli spin their flagellar motor in both direc-

tions while others do in in one direction only, although the speeds and the frequency

of pauses are modulated in both [7]. Of all the classes of molecular motors, linear

stepping motors are the most common for eukaryotic cells. These molecular motors

bind to specific cytoskeletal filaments and move along them by hydrolyzing ATP and

undergoing extensive conformational changes. These molecular motors can be further

classified into processive and non-processive molecular motors [8]. Processive motors

walk along the filament carrying cargo and are heavily involved in intracellular traf-

ficking. On the other hand, non-processive motors are usually involved in generating

contractile forces, examples being stress fibers and contractile rings formed during

cytokinesis [9]. Processivity is related to the duty ratio, Ω which refers to fraction of

the ATPase cycle that the molecular motor spends strongly bound to corresponding

cytoskeletal filament. The primary motor proteins of this class are myosins, kinesins

and dyneins.

1.1.2.1 Myosin Motor

Myosin, is found in all eukaryotic cells and regulates the contraction of muscles.

Myosin is a family of motor proteins [10], all of which have a motor head domain

which undergoes conformational changes during ATP hydrolysis and connects to the

filament track and a tail domain that attaches to the cargo that it carries. The

filament track for myosin [11] is the actin filament. The head domain consists of

two motor heads which are identical and are called motor domains. Each motor

domain consists of a catalytic domain and about 8 nm long lever arms. The heads

are connected to the filament track through a coiled coil which in turn is made up

of two helical coils. The tail domain is generally different for the different classes of

myosin filaments. Myosin II family is involved in muscle contraction. Myosin V is

a processive myosin motor involved in transport of pigment granules in mammalian

skin cells. Myosin VI is a minus-end directed motor as opposed to all other myosin

types.

For processive myosin, motion happens via a “lever-arm” model where one of

the motor heads first bind to the actin filament while the other head is free. The

catalytic domain in the attached head is weakly bound with ADP and Pi bound to

it. Upon attachment, Pi is released and the lever arm is thrown counterclockwise due

to conformational change pushing the actin filament by 10nm. ADP is now released

from the bound head and with ATP taking its place, the binding again becomes

weak for the head to be completely detached from the filament. The cycle then keeps
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repeating.

1.1.2.2 Kinesin Motors

The structure of kinesin [12] motors are very similar to that of myosin and they are

believed to have originated from a common ancestor. Their head domains are similar

while their tail domains are different. All known kinesin family of motor proteins are

processive and they are associated with the microtubule. Kinesin motors are super

processive - they travel long distances on micrtotubule tracks for many enzymatic

cycles before detachment [13,14].

Kinesin I walks on the microtubule track in a manner which is very different

from the myosin motor. They move via a hand-in-hand mechanism where one motor

domain binds to the microtubule track. Then the motor domain undergoes confor-

mational changes driven by the hyrdolysis of ATP such that the other motor head

domain is propelled forward which then binds to a microtubule binding site [15]. This

cycle continues and the kinesin moves towards the plus end of the microtubule in steps

of about 8nm [16].

1.1.2.3 Dynein Motor

The dynein family of proteins are associated with microtubule like kinesin. However,

most dyneins are minus-end directed unlike kinesins. Cytoplasmic dyneins carry cargo

and are therefore involved in intracellular transport. Axonemal dyneins help in the

bending of cilia and flagella [18–28]. Dynein belongs to AAA class of proteins which

makes it structure very different from kinesin and myosin. Six AAA domains are

arranged in a ring in each of the two head domain of the dynein motor. The force

generating arm of dynein which connects to the microtubule binding domain is 25nm.

This is fairly long compared to the kinesin arm and indeed dynein does not undergo

the hand-over-hand stepping of kinesin motor. Dynein movement is stochastic or

coordinated depending on the tension and distance between the two heads. Dynein

function is weak and erratic, frequently detaching and diffusing and takes sidesteps

and back-steps while walking.

One of the most interesting aspects of dynein arises in its detachment character-

istics. Several experiments have reported that unlike kinesin which detaches rapidly

from the microtubule under forces above the stall force, the situation for dynein is

markedly different. Beyond forces greater than the motor’s maximal force, dynein

shows a catch-bond behavior where application of force prolongs bond lifetime. The

microscopic nature of the catch-bond mechanism in dynein is not understood. One
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Figure 1.2: Dynein motor is shown to be attached to a gray sphere which is the cargo.
The attachment is via the intermediate and light chains shown in blue. The
ring structure in each head domain is shown as six ATPase associated with the
AAA domains shown in yellow. The microtubule shown in green is connected
to the head domain by the binding stalk (in gray) coming out from the AAA4
and AAA5. Lower inset shows the two stages of the possible catch-bond
scenrio. Left shows the R and L in the absence of force. Right shows the R
and L when force is applied giving rise to a lock. Figure adapted from [17]

.

possibility of what could be happening is shown in the Fig. 1.2 in the lower inset.

Consider the attachment region of the dynein motor to the microtubule as a ligand-

receptor binding with R representing the microtubule binding domain and L the

domain on the surface of the microtubule. As force is applied, an allosteric defor-

mation in R and L could cause a locking, therefore making the bond resistant to

unbinding. The importance of the dynein catch-bond in intracellular cargo transport

is explored in detail in Chapter 4 and 5 of this thesis.

1.2 In vitro experiments

The various cytoskeletal components including the filaments, motor proteins, cross-

linkers and other accessory proteins have been extensively characterized in vitro. Such

experiments have revealed that the complex cytoskeletal structures that are observed

in the cell can be reconstituted from the basic components. In a minimal reconstituted

system with three fission yeast proteins Mal3, Tip1 and the kinesin Tea2, Bieling et.
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al [29] demonstrated microtubule plus-end tracking. A mixture of microtubules

and motor proteins spontaneously form radially symmetric arrays similar to what is

observed in the cell. Further experiments using extracts from Xenopus laevis ova

assemble bipolar spindles around plasmid DNA coated polystyrene particles. This

is evidence of spindle self-assembly in the absence of centrosomes and kinetochores.

Thus in-vitro experiments helps us identify the minimal players required to give rise

to the complex dynamical organization of cytoskeletal components inside the cell.

Molecular mechanisms of force generation by motor proteins have been studied

using optical traps, atomic force microscopy and fluorescence techniques. These tech-

niques allows for the visualization and manipulation of single motor proteins for

instance, in a bead assay where the filament is irreversibly attached to a substrate,

while the motor proteins moving on the filament are attached to a bead which is

optically trapped. On the other hand, in a gliding assay setup, the geometry is in-

verted. Here, the cargo domains of motor proteins are irreversibly adsorbed on a

glass substrate, while their filament binding domains attach to the complimentary

cytoskeletal filament. In the presence of ATP, the motors move in a directed fashion

along the length of the filament before detachment. This results in a gliding move-

ment of the cytoskeletal filament in the opposite direction. Here, we review some of

the experimental results in these two in-vitro set-ups.

1.2.1 Gliding assay

Sliding movement of actin filaments on myosin heads was first studied by Kron et.

al. [30] and the conventional in-vitro motility assay was established. Here, myosin

molecules are adsorbed onto glass coverslip surface and fluorescently labeled actin fila-

ments slide over myosin heads. Toyoshima et. al. [31] refined this experimental assay

and showed that even the tailless proteolytic fragments of actin, heavy meromyosin

and the subfragment-1 (S1) enabled gliding movement of actin filaments. Using a thin

and flexible micro-needle to which the actin is attached, Kishino and Yanagida [32]

measured the force exerted by a single actin filament when it interacts with the

myosin motors. The forces measured were 0.8pN, comparable to the average force

per cross-bridge in muscle. Further studies were done to show the effects of changing

the ionic strength, pH and the change of temperature on the movement of filaments.

One of the key findings in the assay experiments using actin and myosin was to show

that even single headed myosins were able to move actin filaments. Further, the

actin velocity was mostly independent of the length of the filament and the density of

myosin on the substrate. Howard et. al. [33] used bovine brain kinesin absorbed on a
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glass surface to see the movement of microtubules. They showed that a single kinesin

can move a microtubule for several micrometres. Further, the speed of microtubule

movement at high ATP concentrations is found to be independent of the number of

kinesins. Hunt et. al. [34] in experiments on microtubules moving on a glass surface

coated with kinesin motors showed that increasing the viscosity of the buffer solu-

tion, increased the drag on the microtubule filaments. The speed of a microtubule

filament was observed to be linearly dependent on the drag force loading the motor.

They were also able to show that certain theoretical approaches to model molecular

motors were not adequate. Bordieu et. al. [35] performed motility assay experiments

on both actin filament and micrtotubule systems and demonstrated the role of de-

fects in their dynamics. They showed that point like defects in the path of the gliding

movement of these filaments on the substrate causes the filament to buckle and rotate

uniformly around the defect point. This motion in a spiral around the pinning point

was observed for both F-actin on myosin and microtubules on kinesin. Filaments

rotated several times before breaking free from the pinning point. With increasing

surface density of motor proteins, the rotations of the filaments slowed down and the

radius of the sprial increased. A theoretical analysis to explain the results showed

consistency with the experimental observations. Recent gliding assay experiments by

Schaller et. al. [36] have shown the self organization of actin filaments to form coher-

ently moving structures such as clusters, swirls and interconnected bands in a high

density of fluorescently labelled filaments moving on a substrate of heavy meromyosin

(HMM) proteins. These collective dynamic structures are a result of the cooperative

effect of the interacting filaments in the presence of the active molecular motors. A

similar motility assay experiment by Sumino et. al. [37] looked at the dynamics of

micrtoubules moving on a surface decorated with dynein motors. At high densities

of the filaments, colliding microtubules which are on the average 15µm in length,

self organized into large scale vortices of diameters around 400µm. The micrtoubules

inside the vortices rotated both in the clockwise and anti-clockwise directions. At

long times, a lattice of vortices is formed.

Such gliding assays of actin filaments and microtubules in the presence of cross-

linkers forms circular structures like rings and spools as well as bundles [38]. A

ring consists of a single filament or a filament bundle that forms a closed loop by

crosslinking to itself, while a spool is formed when the filaments join along the length.

The rings and spools continue to grow and rotate as more and more filaments are

incorporated. Unsurprisingly, the size of the spools depend on the persistence length

of the filaments with microtubules forming spools of bigger diameters.
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1.2.2 Bead assay

Sheetz and Spudich [39] separated the cytoskeletal filaments from cells of the alga

Nitella. Then they coated tiny plastic beads, 0.7µm in diameter with heavy meromyosin

(HMM) molecules and put them on the cytoskeletal filaments kept on a substrate. In

the presence of ATP, the beads were attached to the filaments via the myosin motors.

The motors moved unidirectionally depending on the structural polarity of the actin

filaments. This study confirmed the sliding filament mechanism in muscle. Using

a fluorescent dye to attach to kinesin molecules, Vale et. al. [14] directly visualized

the movement of kinesin on microtubule filaments by low background total internal

reflection fluorescence microscopy (TIRFM). This proved that kinesin could walk on

filaments even in the absence of cargo and secondly both head motor domains are

required for movement, confirming the hand-over-hand long distance motion of ki-

nesin on a microtubule filament. Another set of experiments involve the use of probe

particles linked to the molecular motor via biotin and streptavidin molecules. The

probe particles that were used included polystyrene beads, magnetic beads and gold

colloidal particles. The advantage of these probe particles is the possibility of indirect

visualization of motor protein dynamics and to apply forces on these motors. A large

number of optical trap and magnetic tweezer experiments have been performed which

has revealed the dynamics of the motor proteins and their energetics. However, the

probe particles used are of sizes much larger than the motor proteins and therefore

reveal indirect information. The interaction of the motor protein with the probe

particle can often be overlooked in such experiments.

1.3 Theoretical modeling: biopolymer

As discussed previously, cytoskeletal filaments, are more rigid than synthetic polymers

and in a coarse grained sense can be characterized in terms of their elasticity. These

filaments are also long enough to show thermal bending fluctuations and are thus

best described as semiflexible polymers. A measure of the bending stiffness exhibited

by these filaments is the persistence length. The persistence length and the filament

stiffness share a direct relationship only in thermal equilibrium. If κ is the bending

stiffness of the filaments and lp its persistence length, then in d-dimensions,

κ

kBT
=

(d− 1)lp
2

. (1.1)
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1.3.1 Wormlike chain model

This is the continuum version of the model first proposed by Kratky and Porod. Let

us consider a continuous curve in space and denote s as the distance of a point on the

chain from one of the end points of the chain, with the distance measured along the

contour of the curve. The vector ~r(s) describes a point on the curve and completely

specifies the curve. The tangent vector at a point s on the curve is given by

t̂ =
∂~r(s)

∂s
. (1.2)

Now ~dr · ~dr = ds2. Hence we have t̂ · t̂ = 1. t̂ is therefore a unit vector which is

tangent to the curve at the point s. With these definitions, we can now write down

Δθ

Δθ

R

the bending energy of a polymer described as a continuous curve of contour length L

as

Hbend =
κ

2

∫
ds

∣∣∣∣∂~t∂s
∣∣∣∣2 (1.3)

where κ is the bending modulus with units of energy times length. It is easy to see

that a length scale automatically emerges if one considers kBT as the unit of energy

as lp = κ/kBT which is the persistence length. To see the emergence of the bending

energy as written down in Eq. 1.3, note that the curvature of the polymer is given as

H(s) =
1

R
= lim

∆s→0

∆θ

∆s
. (1.4)
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If ∆θ is the change in the angle between points separated by a distance ∆s along the

contour, then

cos(∆θ) = t̂(s−∆s/2) · t̂(s+ ∆s/2)

= 1−
(
∂~t

∂s

)2(
∆s

2

)2

+

(
~t · ∂

2t̂

∂s2

)(
∆s

2

)2

+O(∆s3). (1.5)

Differentiating the equation t̂ · t̂ = 1 twice, with respect to s, we get t̂ · ∂2t̂/∂s2 +

(∂t̂/∂s)2 = 0. When substituted in Eq. 1.5, we get

1− 1

2
∆θ2 = 1− 1

2

(
∂~t

∂s

)2

∆s2

H(s) =

∣∣∣∣∆θ∆s

∣∣∣∣ =

∣∣∣∣∂t̂∂s
∣∣∣∣ =

∣∣∣∣∂2~r(s)

∂s2

∣∣∣∣ . (1.6)

Noting that the bending energy should be a quadratic in the curvature gives us Eq. 1.3

1.3.1.1 Tangent-tangent correlation

In terms of the angle θ given above, a discrete approximation of Eq. 1.3 gives,∑
i

(∆θi)
2/∆s. If ∆θi are considered as independent degrees of freedom, then by

the equipartition theorem,

〈∆θ2
i 〉 =

kBT∆s

κ
. (1.7)

The thermal average, 〈cos(θm − θn)〉 = 〈cos(∆θm)〉m−n−1. Then the tangent-tangent

correlation function can be shown to decay as

〈t̂(s) · t̂(s′)〉 = e−|s−s
′|/lp . (1.8)

1.3.1.2 Mean squared end to end distance

We can calculate the mean square end-to-end distance of the WLC polymer using

Eq. 1.8. In the discrete sense, if we think of the polymer as being made up of n + 1

monomers, i.e. with n bonds, then the end-to-end vector is obtained by summing

over all the bond vectors : ~Rn =
n∑
i=1

~ri. The mean squared end-to-end distance is

then given as

〈R2〉 = 〈~Rn · ~Rn〉 =
n∑
i=1

n∑
j=1

〈~ri · ~rj〉. (1.9)

For an inextensible polymer with all bond vectors of the same length b = |~ri|,
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~ri · ~rj = b2 cos θij where θij is the angle between the two bond vectors. Substituting

and using Eq. 1.8, we get

〈R2〉 =

∫ L

0

∫ L

0

e−|s−s
′|/lpdsds′

= 2lpL− 2l2p(1− e−L/lp). (1.10)

For chains much longer than the persistence length,

〈R2〉 ≈ 2lpL for L� lp, (1.11)

which is the ideal chain limit. For chains much smaller than the persistence length,

e−L/lp ≈ 1− L/lp + L2/2l2p + ..... In this limit,

〈R2〉 ≈ L2 for L� lp, (1.12)

which is the rigid rod limit. In d-dimensions, the average mean square end-to-end

distance takes the form

〈R2〉 =
4κL

(d− 1)kBT
− 8κ2(1− e− (d−1)LkBT

2κ )

(d− 1)2k2
BT

2
. (1.13)

In three dimensions (d = 3) and using Eq. 1.1, Eq. 1.13 reduces to Eq. 1.10.

1.3.1.3 Probability distribution of end-to-end vector

Here we discuss the probability distribution of the end-to-end vector, P (R,L), of

a worm like chain assuming that its two ends are at a fixed separation R. For this

spherically symmetric situation, the radial probability distribution, S(R,L), is related

to P (R,L) as

S(R,L) = CRd−1P (R,L) (1.14)

where C is a constant equal to the area of a d-dimensional unit sphere. In dimen-

sionless units, r̃ = R/L and u = L/lp, the distribution can be written as

P (R,L) =
1

Ld
p

(
R

L
,
L

lp

)
=

1

Ld
p(r̃, u). (1.15)
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In 2-dimensions, the area of the unit sphere, d = 2π. Therefore,

S(R,L) = 2πR
1

L2
p(r̃, u)

= 2πr̃
1

L
p(r̃, u)

2πp(r̃, u) =
LS(R,L)

r̃
. (1.16)

In order to obtain the conformational statistics of a worm like chain, like the

mean squared end-to-end distance and the probability distribution of the end-to-end

vector, we performed numerical simulations. Here, we briefly describe the numerical

techniques to simulate a passive semiflexible polymer.

1.3.2 Simulation techniques

The polymer is modelled as beads connected by harmonic springs. The springs allow

for a stretching energy given as

Hstretch =
A

2

∫ L

0

dsε2(s), (1.17)

where ε(s) = ∂r/∂s − t is the extensional strain and A is the bond stiffness. The

total Hamiltonian for the semiflexible harmonic chain is then given as

H = Hbend +Hstretch (1.18)

In the inextensible limit, ε(s) can be neglected and the semiflexible harmonic chain

reduces to the worm like chain model. The force is obtained by differentiating the

Hamiltonian.

1.3.2.1 Langevin dynamics

The equation of motion for a ith monomer of the polymer is given as

m
d2~ri
dt2

= ~f(~ri)− ζ
d~ri
dt

+ ~ηi = ~Fi (1.19)

where−ζ d~ri
dt

is the drag force and ~ηi is the random force which satisfies the fluctuation-

dissipation theorem, 〈~η〉 = 0 and 〈~η(t)~η(t′)〉 = 2ζkBTδ(t− t′). To solve Eq. 1.19, we

use the velocity Verlet algorithm which updates the positions and velocities at every
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time step as

~ri(t+ ∆t) = ~ri(t) + ~vi(t)∆t+
∆t2

2m
~Fi(t)

~vi(t+ ∆t) = ~vi(t) +
∆t

2m
(~Fi(t) + ~Fi(t+ ∆t)). (1.20)

This algorithm is suitably modified to deal with the random force. The semiflexible

harmonic chain in the presence of the heat bath is allowed to evolve according to the

equations described above for sufficiently long time to reach equilibration. Configu-

rations of the polymer were generated from 50 initial conditions and for every initial

condition the averaging of the results were done over 107 steps.

<
R

2
>

L

Simulation
Theory

Figure 1.3: Mean squared end-to-end distance, 〈R2〉 for different lengths of the polymer,
L, in two dimensions. Simulations and theory (Eq. 1.13) are in excellent
agreement.

1.3.2.2 Simulation results

In Fig. 1.3, we show the mean squared end-to-end distance for different lengths of the

polymer. The results are compared with the exact expressions obtained for a semi-

flexible polymer as in Eq. 1.13. Here we have compared results for 2-dimensions. As

observed, the simulation results are consistent with the analytical results for varying

lengths and stiffness of the polymer. Next we look at the probability distribution for
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the end-to-end vector of the polymer. Fig. 1.4, shows the result in two dimensions for

p(r̃) as a function of r̃ = R/L for different values of u = L/lp. For large u, i.e L� lp,

the polymer is in the ideal chain limit and p(r̃) shows a single maximum near r̃ = 0.

The polymer shows more coiled configurations. In the opposite limit of small u, i.e.

L� lp, the polymer is in the rigid rod limit and p(r̃) shows a single maximum near

r̃ = 1, i.e. R = L as expected. In between the two limits, an interesting phenomena

is observed as we change u. At some critical value of u, the probability distribution

shows two maxima at nonzero values of r̃ [40]. This non-trivial feature appears due to

the competing effects of polymer entropy which favors crumpled configurations and

bending energy which tries to keep the polymer in the extended state.
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Figure 1.4: Probability distribution of end-to-end vector, p(r̃) for different u values in
two dimensions. The distribution shows that for polymer with lower stiffness
(large u) the peak is near r̃ ≈ 0 while that for higher stiffness (small u) is
near r̃ ≈ 1.
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1.4 Theoretical modeling : Molecular motor

To model the molecular motor, we focus our approach on the bead assay set up

described before where the movement of a fluorescently labeled bead held by an optical

trap and attached to a molecular motor is tracked as it moves along a filament. The

motion of the bead is due to a force F that is applied by the optical tweezer and is

considered a load force if it opposes the motion of the molecular motor. Our model

for the molecular motor is a coarse grained one, with the motor characterized by a

binding and unbinding rate which may depend on the load force.

1.4.1 Binding and unbinding rates

The binding step involves a diffusion of the bead with the molecular motor attached

to it. If it comes within a certain distance of the filament it can bind to it. The

binding process is a complex molecular process. In our approach, we neglect the

molecular details and the diffusion step and instead consider the binding event as a

single event with a probability which is constant in time. The binding event happens

when the cargo-filament distance is within a capture radius rc. The binding event is

independent of the load force and is given as ωon.

The unbinding rate on the other hand depends on the load force. Here again we

consider the probability of unbinding to be constant in time and the bare unbinding

rate, which is defined as the unbinding rate in the absence of load force, as ω0. In

the presence of load force, the probability of detachment increases. Therefore, the

unbinding rate can be modeled according to the Bell’s theory as

ωoff = ω0 exp (fl/fd) (1.21)

where fd is the detachment force and sets the scale. This exponential increase of the

detachment rate with the load force is supported by in-vitro bead assay experiments

on kinesin. Note that for dynein motors, which show catch-bond unbinding char-

acteristics, this detachment rate will have to be modified. The modification will be

discussed in Chapter 4.

1.4.2 Motor velocity

The final characterization of the molecular motors is their velocity in the bound state.

In-vitro experiments have revealed the step length of molecular motors as they walk

on the filaments. In the absence of any load force, the motor walks with a constant
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velocity v0. In the presence of a load force, the motor slows down. As the load force

is increased, the velocity of the motor vta(fl) decreases further until it reaches the stall

force fs, when the motor stops. If load forces higher than stall force are applied, then

the motor takes small backward steps although they can be mostly ignored. In our

study, we have considered two models of motor velocity dependent on the load force.

• In the first model, the velocity is linearly dependent on the load force as

vta(f) = v0(1− f/fs). (1.22)

This form is used in our study on bidirectional transport of cellular cargo in

Chapters 4 and 5.

• In the other approach we look at the force velocity data for kinesin molecules

and discuss the analysis presented in [41]. The velocity of the processive ki-

nesin motor is dependent on the concentration of ATP and its dependence is

reproduced using Michaelis-Menten kinetics [42]. As we had discussed before

in the section on kinesin motors, the kinesin motor head M binds to ATP and

undergoes ATP hydrolysis

M + ATP
ra

GGGGGBFGGGGG

rd
M.ATP

rh
GGGGGGAM + ADP + Pi

where ra is the rate of binding of ATP to kinesin, rd is the rate of unbinding

and rh is the rate of ATP hydrolysis. This gives the following dependence of

the motor velocity

v(f) = d rh(f)Ψ([ATP]) (1.23)

where d is the step taken by the kinesin motor per ATP hydrolysis, KM =

(rh+rd)/ra is the Michaelis-Menten constant, Ψ([ATP]) = [ATP]/([ATP]+KM),

[ATP] denotes ATP concentration.

The time scale of hydrolysis can be divided into two time scales : (i) t1 is the

time required when force is absent and (ii) t2 exp(fδ/kbT ) the time required in

the presence of a force. The second time scale is easy to understand from our

discussion of unbinding rate of motor proteins (Eq. 1.21). fδ is the energy bar-

rier to overcome with and δ is a characteristic molecular length scale. Therefore,

the rate of ATP hydrolysis is given by rh(f) = 1/t(f) = 1/(t1+t2 exp(fδ/kBT )).
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Figure 1.5: (Color online) Force-velocity data for kinesin molecules at 2 mM ATP con-
centration extracted from Ref. [42]. The line is a fit to Eq. 1.25 with
v0 = 0.807µm s−1, d0 = 0.01 and fs = 1.16 pN. Figure adapted from [41]

So a general form for the rate of ATP hydrolysis can be written as [42],

rh(f) =
rh(0)

1 + d0 exp(f/fs)
(1.24)

where fs = kBT/δ, rh(0) = 1/t1, d0 = t2/t1. In the absence of load force,

the motor slides with a velocity v0 = rh(0)dΨ([ATP]) which at high enough

concentration saturates to v0 = rh(0)d. Therefore, the motor velocity in the

presence of load force in general can be written as

vM(f) =
v0

1 + d0 exp(f/fs)
. (1.25)

Fitting this form with kinesin force-velocity data obtained at large ATP con-

centration of 2 mM gives v0 = 0.807µm s−1, d0 = 0.01 and fs = 1.16 pN [42].

This expression of the motor velocity with the different parameters is chosen for

our study on the transport of cytoskeletal filament on motor protein substrate

in Chapters 2 and 3.
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1.5 Organization of the Thesis

The thesis is organized as follows :

In Chapter 2, we consider an explicit model of a cytoskeletal filament moving in two

dimensions on a substrate decorated with motor proteins. This mimics the in vitro

gliding assay set up. The filament is modeled as a semiflexible polymer which glides

on motor proteins modeled as elastic springs which stochastically attaches/detaches

to/from the filament. The detachment rate increases exponentially with increasing

local load experienced by the motor protein. When attached, the motors moves along

the filament towards one of its ends. The velocity of the attached motor protein

depends non-linearly on the extension of the spring. The filament which is driven out

of equilibrium, moves in a direction opposite to that of the motor protein movement.

We study the morphological properties of the polymer by looking at the end-to-

end distribution and tangent-tangent correlations. End-to-end distributions show

dramatic changes as the local load dependence of the detachment rate and the active

velocity is varied. As active velocity is increased, the polymer shows a co-existence

between open and spiral chains, which is quantified in terms of an order parameter.

In Chapter 3, we continue the study of a semiflexible filament on a motor pro-

tein substrate, now focusing on the dynamics of the polymer chain in the presence

of activity due to the motor proteins. Specifically, we look at the mean squared dis-

placement of the polymer center of mass as a function of time as the active velocity

is increased. This shows multiple ballistic-diffusive crossovers unlike any other active

matter system. We further quantify these crossovers in terms of the end-to-end ex-

tension, orientation of the end-to-end vector and the root mean squared fluctuation

of the center of mass position along a single trajectory. We show that the multiple

crossovers cannot be explained using an effective active polymer model which predicts

a single crossover. Rather this can be explained by identifying three relaxation time

scales, the inertial, orientational and speed relaxations times of the center of mass

velocity. The existence of multiple time scales is quantified in terms of autocorre-

lations of the center of mass velocity vector, focusing on the speed and orientation

separately.

In Chapter 4, we turn our attention to motor protein specific attachment/detachment

properties and their role in guiding intracellular transport. In the previous study we

had assumed that the detachment rate of motor proteins increases with increasing

local load force, a feature reminiscent of a slip bond. While this is in general true

for most motor proteins, dynein shows a different detachment characteristic. Exper-
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iments have revealed that dynein detachment rate follows a slip-catch-slip behavior

: increasing for small load forces up to a force value, then decreasing as the force is

increased and finally increasing at large force values. Incorporation of this effect into

the gliding assay problem is a natural choice. However, we first attempted to look

at how one of the most well studied phenomena of bidirectional transport of cargo

by two sets of motor proteins, kinesin and dynein, affected by this non-monotonic

change in the detachment characteristics of dynein. We show that incorporation of a

catch bond detachment rate in dynein motors leads to dramatic changes in the aver-

age processivity of the cargo. Increasing kinesin motors which moves in the positive

direction of a microtubule track, keeping the number of dynein motors (which move

in the negative direction) fixed, is expected to lead to enhanced transport in the plus

direction. However, average processivity shows large negative direction movement

which is a direct consequence of catch-bonded dynein.

In Chapter 5, we continue the study of bidirectional transport and quantify the

motility states of the cargo. To do so, we solve the master equation for the time

evolution of the probability of the cargo to be in a state specified by the number of

attached kinesin and dyneins. The stationary state solution gives the probabilities.

Maxima of the probability distributions give the motilty states of the cargo as plus

directed motion, minus directed motion and pause states. We also identify combi-

nations of these motility states and plot the phase diagrams for a set of parameter

values like the stall force and strength of the catch bond.

In Chapter 6, we summarize.



Chapter 2

Morphological properties of a

semiflexible filaments on a motor

protein substrate

The cytoskeleton is made of semiflexible filaments like actins and microtubules and

their associated motor proteins like myosin, dynein and kinesin [2, 43–49]. In vitro

experiments, as we have discussed in Chapter 1 of this thesis, has provided a plethora

of information regarding the workings of the individual cytoskeletal components as

well as their collective dynamics [30, 36, 37, 50–55].In this chapter, we use theoretical

modeling to analyze one such in vitro set up, the gliding assay, and look at the

morphological properties of the cytoskeletal filament in the presence of motor proteins
1.

This led to observation of collective motion, e.g., formation of spiral and aster

patterns in microtubules driven by kinesin [52] or dynein molecules [37], or swirling

patterns in high density F-actins floating on a myosin motility assay [36]. Single

molecule experiments on motor proteins revealed details of their dynamics, e.g., force-

velocity relation, dependence of turnover on load experienced, and dependence of

activity on ATP concentration [42,45,55,57–61]. Motion of rigid cargo under collective

drive of molecular motors has been studied both experimentally and theoretically [62–

70].

1The work discussed in this chapter is published in [56]

23
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2.1 Theoretical models

The patterns observed in several of the experiments mentioned above, were explained

within an active hydrodynamics framework, and agent based models [36, 37, 71, 72].

The active hydrodynamics framework describes such systems as active gels. The

first step in writing down the theory is to identify the fluxes and forces. The fluxes

correspond to the mechanical stress associated with the mechanical behavior of the

cell, the time variation of the polar order and ATP consumption rate. The activity

of the cytoskeleton is incorporated in the generalized force which is the chemical

difference ∆µ between the chemical potentials of ATP and the products of ATP

hydrolysis. The conjugate force to the polarization changes is the local field which

is obtained by the functional derivative of a free energy. This free energy is written

down in the same vein as the polar liquid crystals. The hydrodynamics equations

are then constructed following Martin, Parodi and Pershan including the symmetries

and the activity. These equations depend on a set of phenomenological parameters,

a number of which have already been introduced in describing liquid crystals and

polymeric liquids. This active hydrodynamics approach has been used to varying

degree of success in understanding organization of microtubules in the presence of

molecular motors and motion of the cell lamellipodium.

Early theoretical approaches to explain experimental observations of spiral ro-

tation or flagella like beating of a single F-actin filament in myosin gliding assay,

modeled activity as a constant tangential force along the filament contour [51, 53].

Observations of emergent vortex structures in F-actin- myosin assay in Ref. [36] was

explained using a hydrodynamic interaction, while the same in microtubule- dynein

assay [37] was explained using polymer collision based arguments. Independent nu-

merical simulations of self-propelled filaments are shown to spontaneously get into

spiral rotation in presence and absence of hydrodynamic interaction [73–75]. Numer-

ical simulations of active polymers composed of a permanent distribution of stresslets

along its contour or chemically active / self propelled beads in the presence of hydro-

dynamics have shown similar results [76–79]. Generic consideration of a stiff filament

in an active medium leads to the possibility of both increase or decrease of effective

bending rigidity, depending on the orientation of filament segments with respect to

contractile or extensile medium [80, 81]. The collective dynamics of such active self-

propelled filaments has revealed activity driven crossovers from coherently free flowing

filaments to frozen spiraling ones [82, 83]. Studies of semiflexible polymers under ac-

tive correlated fluctuations showed a cross-over from bending rigidity dominated to

flexible polymer- like dynamics [84].
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2.2 Limitations of earlier studies

Previous studies either modeled the motor proteins explicitly considering the driven

object as a rigid cargo, or modeled the mechanical properties of the driven polymer

explicitly, using self propulsion devoid of any underlying mechanism for relaxation.

Thus the impact of stress dependent dynamics of motor proteins on the filament prop-

erties, despite its importance, remains elusive within such models. In this chapter,

we consider an explicit model of a cytoskeletal filament moving in two dimensions on

a substrate decorated with motor proteins. This mimics the in vitro gliding assay set

up. We study the morphological properties of the polymer by looking at the end-

to-end distribution and tangent-tangent correlations. End-to-end distributions show

dramatic changes as the local load dependence of the detachment rate and the active

velocity is varied.

2.3 Model and Simulations

We consider an extensible semiflexible filament described as a bead-spring chain of N

beads (identical and indistinguishable except for their positions) constituting (N −1)

bonds of equilibrium length σ such that the chain length L = (N − 1)σ, spring

constant A, and finite bending rigidity κ. The Hamiltonian given by Eq. 1.18 is

discretized to give,

βH =
N−1∑
i=1

A

2σ
[b(i)− σt(i)]2 +

N−2∑
i=1

κ

2σ
[t(i+ 1)− t(i)]2 ,

(2.1)

with β = 1/kBT , the inverse temperature. The bond vector b(i) = r(i + 1) − r(i),

where r(i) denotes the position of the i-th bead. This allows one to define the local

tangent t(i) = [r(i+1)−r(i)]/b(i). In the limit of large A, instantaneous bond lengths

b(i) ≈ σ, and the polymer maps to a worm like chain [40]. In addition, excluded

volume interactions between the non-bonded beads of the polymer is incorporated

via a Weeks-Chandler-Anderson (WCA) potential

βVWCA(rij) =

4[(σ/rij)
12 − (σ/rij)

6 + 1/4] for rij ≤ rcut

0 for rij > rcut
(2.2)

where rcut is set at minimum of this potential which is at 21/6σ.
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Figure 2.1: (color online)(i) Schematic of the system showing the molecular motors ar-
ranged on a square grid. The semiflexible polymer glides on the bed of
molecular motors. (ii) and (iii) Simulation snapshots of the polymer in an
open and spiral state for a polymer with persistence ratio u = 3.33, under
the influence of MP activity Pe = 100, and bare processivity ratio Ω = 5/6..

The polymer is placed on a substrate of motor protein (MP) assay. We explicitly

model MPs and their dynamics, unlike several recent studies that used effective active

polymer models [75, 84–86]. The MPs are modeled as active elastic linkers. The tail

of i-th MP is attached irreversibly to the substrate at position ri0 = (xi0, y
i
0), while

the head is free to bind (unbind) to (from) the polymer. The attachment process is

diffusion limited. The head of a MP attaches to a polymer segment if it lies within a

capture radius rc with an attachment rate ωon. The extension ∆r of the MP in the

attached state generates an elastic load fl = −km∆r. An attached MP unbinds from

a polymer segment with a rate ωoff which depends on the stress felt by the MP as

ωoff = ω0 exp(fl/fd), (2.3)

where ω0 is the bare off rate, fl = |fl| and fd is the detachment force. The ratio ωon :

ωoff does not obey detailed balance. When attached, a MP can move on the filament

towards one of its ends, depending on the MP and filament type. For example,

attached Kinesin moves towards positive end of the microtubule with active velocity
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vat along the local tangent of the filament given by [42,87]

vat (ft) =
v0

1 + d0 exp(ft/fs)
, (2.4)

where ft = −fl.t, d0 = 0.01 and fs is the stall force. Here v0 denotes the velocity of

MP in the absence of stress.

We perform numerical simulations of the model to investigate structural and dy-

namical properties of the polymer, actively driven by MPs. The molecular dynamics

of polymer is performed using the velocity-Verlet algorithm in presence of a Langevin

heat bath. The bath fixes the ambient temperature kBT through a Gaussian white

noise obeying

〈ηi(t)〉 = 0 and 〈ηi(t)ηj(t′)〉 = 2αkBTδijδ(t− t′) (2.5)

where α denotes viscosity of the environment. The unit of energy is set by kBT ,

length is set by σ and time by τ = ασ2/kBT . This defines a diffusion coefficient,

D = kBT/α. In these reduced units we choose, rc = 0.5σ, fs = 2 kBT/σ, fd = fs,

A = 100σ−1, km = A/σ and density of motor proteins in the 2d assay, ρ = 3.8σ−2.

In absence of MPs, the polymer shows established equilibrium properties. The

attachment (detachment) of MP heads are stochastic, and performed using probabili-

ties ωon δt(ωoff δt). The extension in the attached state has two contributors – the MP

head is dragged along with the filament segment to which it is attached, and it can

slide from one segment to another with an active velocity vat . We study the influence

of the active bed of MPs on the static and dynamic properties of the polymer as we

vary the

• bare processivity

Ω =
ωon

ωon + ω0

(2.6)

• a dimensionless Péclet number defined as

Pe =
v0σ

D
. (2.7)

The numerical integrations are performed using δt = 10−3τ for Pe = 1, and δt =

10−4τ for Pe = 10, 100. We have checked that the fluctuations of the length of

the semi flexible polymer are never more than 10-15 for the parameter ranges of the

simulations.
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2.4 Results

At equilibrium, mechanical and structural properties of a semiflexible filament are

determined by the persistence ratio u = L/lp, where L is the contour length of the

chain, and lp is the persistence length, which for a worm-like-chain (WLC) is related

to bending rigidity κ by lp = 2κ/(d− 1) [40].
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Figure 2.2: (color online) The end-to-end distribution of the semiflexible polymer at equi-
librium peq(r̃) in the absence of motor proteins. Note that excluded volume
interactions suppress the peak at r̃ = 0.

The active drive from processive MPs attaching (detaching) to (from) the filament

generates non-equilibrium stress which have profound effect on the steady state con-

formational properties of the polymer. To characterize the conformational properties,

we obtain probability distribution of the end-to-end distance, P (r, L), of the polymer.

At equilibrium, this has the scaling form,

P (r, L) =
1

Ld
p(r/L, L/lp) =

1

Ld
p(r̃, u)

where r̃ = r/L and u = L/lp. The WLC limit of our polymer model is obtained
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in the limit of large bond-stiffness A. In equilibrium, p(r̃, u) for WLC shows a first-

order-like transition from a single maximum at r̃ = 0 for the flexible limit of large u

to a maximum at r̃ = 1 for a very rigid polymer with small u [40, 88].

The transition point was determined to be near u = 3.33 where semiflexibility is

most strongly pronounced in two and three dimensions. In all our simulations, unless

stated otherwise, we use κ = 9.45σ that corresponds to u = 3.33 for L = 63σ chains.

In presence of self-avoidance, the probability of end-to-end separation p(r̃, u) at r̃ = 0

gets suppressed (see Fig. 2.2). In in vitro experiments, the ratio u may be tuned by

controlling persistence length of the chain by, e.g., changing salt concentration in the

medium thereby changing interaction, or by stabilising the chain lengths. In all our

simulations, unless stated otherwise, for L = 63 σ chains, u = 3.33 sets lp = 18.92σ.

Two configurations of the MP driven polymer is shown in Fig.2.1 for Pe = 100 and

Ω = 5/6.

2.4.1 Polymer morphology in the presence of motor proteins

In this section we talk about the activity dependence of end-to-end distribution func-

tions and their difference from equilibrium for a filament with N = 64 having per-

sistence ratio u = 3.33. The MP activity is controlled by turnover with a bare

processivity Ω = 5/6, and non-zero active velocity v0 set by Pe = 1.

Under the active drive of the gliding assay of MPs, the morphology of the polymer

changes. In Fig.2.3 and Fig.2.4 we show how this impacts the end-to-end distribution

function p(r̃, u). For comparison, the equilibrium distribution peq is shown in Fig.2.2.

The conformational change with respect to the equilibrium is well captured by the

logarithmic ratio,

∆Σ = ln

[
p(r̃)

peq(r̃)

]
. (2.8)

In Fig.2.3 we show how the dimensionless quantity ∆Σ changes with activity. If

the activity of MPs is independent of the load force acting on them, ωoff = ω0 and

vat = v0. This corresponds to the limit of infinitely large fd and fs. It is expected

that the deviation ∆Σ would be large for large non-equilibrium driving, quantified

in terms of fd, fs and Ω. We first consider the situation in which ωoff = ω0 is kept

fixed so that Ω = 5/6, and the active velocity vat is varied (Fig.2.3) for three possible

situations. (i) In the absence of any directed motion of the polymer, i.e., with v0 = 0,
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Figure 2.3: (color online) The logarithm of the ratio of the end-to-end probability distri-
butions of the filament under active drive with respect to that of the equi-
librium polymer, ∆Σ, provides a measure of the difference in distributions.
The legends denote parameter values (detachment rate, MP velocity), where,
in this figure, all data sets correspond to a constant detachment rate ω0, and
MP velocity varies between constant values 0, v0, and stretching dependent
active velocity vat as denoted by Eq.(2.4).

∆Σ shows a dip near r̃ = 0, indicating a relative bias to the open conformations of

the polymer. This indicates that a mere stochastic attachment/detachment kinetics

of MPs, that does not obey detailed balance, leads to an enhancement of effective

stiffness of the filament. (ii) When attached, MPs move, and if the active velocity

is assumed to be independent of the load experienced, we use vat = v0. The effect is

dramatic. The filament, gliding on the attached MPs, undergoes a transition to a

rotating spiral configuration (discussed further in Sec. 2.5.3). This gives rise to a peak

in ∆Σ near r̃ = 0.1. (iii) If we incorporate local stress dependence in vat , the polymer

is still softened but now switches between gliding and spiral states more freely. Thus

in addition to the peak near r̃ = 0.1, a non-zero value at higher r̃ appears in ∆Σ.

The statistics, dynamics and mechanical properties of the polymer under MP drive is

determined by a competition between processive active velocity of MPs and bending
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Figure 2.4: (color online)The end-to-end distribution of stretchable semiflexible polymer
p(r̃), with local strain dependent detachment ωoff as in Eq.2.3. The variation
of MP active velocities are as in Fig.2.3.

stiffness of the polymer.

We next consider the situation allowing the detachment rate ωoff to be dependent

on the load force felt by individual MPs (Eq.2.3). In this case, the end-to-end distri-

butions are very similar to the equilibrium distribution. Therefore, ∆Σ ≈ 0 (Fig.2.2)

and the corresponding non-equilibrium end-to-end distributions are shown explicitly

in Fig.2.4. Unlike the previous scenario where the unbinding rate was a constant,

independent of the load force, here the non-equilibrium stress that is built up due to

the attachment and subsequent directed walk of the motor proteins, is easily relaxed

due to the load dependence of the unbinding rate. The stretched motor proteins

enhances the unbinding rate, therefore allowing the polymer morphology to adopt

equilibrium-like conformations. The distribution is closest to equilibrium when the

attached motor proteins are static, i.e. vat = 0. When velocity is switched on but is

kept load independent so that the attached motor proteins are moving at a constant

velocity on the filament, vat = v0, the end-to-end distribution shows the strongest
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non-equilibrium feature. At this point the distribution clearly shows a bi-modality

with two maxima at r̃ ≈ 0.1, 0.8. When the active velocity is made load dependent

as in Eq.2.4, the maximum at r̃ ≈ 0.1 shifts towards r̃ ≈ 0, as the polymer switches

between gliding and spiral states more easily.
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Figure 2.5: (color online) End-to-end distribution for three different values of Pe using
stretching dependent turnover ωoff for N = 64,Ω = 5/6, u = 3.33.

2.4.2 Dependence on Peclet number

In most biologically relevant situations, both the turnover and active motion of indi-

vidual MPs depend on their instantaneous extension. The activity is most strongly

reflected in terms of the bare velocity of MPs, v0. As was shown in Ref. [42], this ve-

locity of unloaded Kinesin MP increases from 1 nm/s to finally saturate to ∼ 1µm/s,

as the ambient ATP concentration increases from 1µM to 1 mM. The change in v0

is captured by changing Pe in our current setup. In Fig.2.5, we show how polymer

properties vary with increasing Pe when both ωoff and vta are treated as local strain

dependent quantities. For low values of Pe, the local forces acting on the polymer

backbone due to binding kinetics and motor movement is not sufficient to cause sig-
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nificant local curvature. As Pe is increased, due to tangential velocity of MPs and

enhanced directional fluctuations, the polymer starts to coil up and rotates with a

spiral configuration in the steady state (discussed further in Sec. 2.5.3). The impact

shows up in terms of a maximum in p(r̃) near r̃ = 0.2 appearing for large Peclet,

Pe = 100 (Fig.2.5). As shown in the next section, this feature is robust with respect

to change in Ω.

2.5 End-to-end distributions for different Ω

In Fig. 2.6, we show the dependence of the conformational properties of the polymer

as the bare processivity Ω = ωon/(ωon + ω0) is varied. Here we consider the scenario

where both the detachment rate and the active velocity depend on the local stress.

For a fixed Ω we plot the end-to-end distribution of the polymer as Pe is changed.

As in Fig. 2.6(c), the distributions look similar to equilibrium distribution p(r̃) for

low Pe and a peak near r̃ ≈ 0 appears for high Pe, indicating the emergence of

spiral states. Therefore we conclude that for stress dependent ωoff , varying Ω does

not affect the conformational properties significantly. Recall that a stress independent

ωoff with non-zero Pe results in coiled states of the polymer. Switching on local stress

dependence in ωoff allows the polymer to relax back to its equilibrium conformations

whenever stress builds up beyond a limit, even if the processivity Ω is high. As Pe is

increased, it triggers an instability towards spiral states and we see the emergence of

a peak near r̃ = 0 in the steady state distributions.

2.5.1 Competition between activity and bending stiffness

For a semiflexible polymer in equilibrium, the end-to-end distribution p(r̃, u) is deter-

mined by the dimensionless ratio u = L/lp. On the other hand, in presence of motor

proteins, the statistical and mechanical properties are expected to be determined by

an interplay of activity and bending rigidity. To probe that within our model, here,

we fix ωoff = ω0, and vary the chain length L = (N − 1)σ by changing N , the ratio
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Figure 2.6: (color online) End-to-end distribution at Pe = 1, 10, 100 for different values
of bare processivity Ω, using stress dependent active velocity and detachment
rate with N = 64, u = 3.33. The graphs correspond to (a) Ω = 2/3, (b)
Ω = 5/6, and (c) Ω = 20/21.
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u = L/lp, and persistence length lp of the polymer to study their impact on con-

formational properties. We use both stress dependent and independent vta, and plot

the end-to-end distributions for three different active velocities in Fig. 2.7. A com-

parison of Figs. 2.7(a) and (b) clearly shows that for the same u and different L,

unlike in equilibrium semiflexible chains, the conformational properties of the poly-

mer are significantly different. For example, for N = 128 and u = 3.33 (Fig. 2.7(b)),

the distribution for v0 = 0 indicates a much stiffer polymer compared to N = 64

(Fig. 2.7(a)).

For non-zero active velocity, the spiral states observed for N = 64 disappears for

N = 128, leading to stiffer conformations devoid of spirals. If, however, we keep the

value of lp fixed as we change the length of the polymer from N = 64 to N = 128

(Fig. 2.7(c)), the distributions we get compares much better with Fig. 2.7(a). This

suggests that, for a given processivity Ω, the conformational properties of polymers

driven by MPs are determined by a competition between active velocity and bending

rigidity, and not by the ratio u.

Within active polymer models with constant tangential drive, arguing that active

force fp may generate compression, a torque balance leads to a critical active force

f cp ∼ lp/L
3, beyond which straight filaments are unstable towards buckling [89]. In

the limit of stress independent activity, a simple extension of this relation to the

instability of the filament under MP driving can be obtained by replacing f cp = αΩvc0.

This leads to a relation vc0 ∼ lp/αΩL3. Thus buckling instabilities are expected to

be controlled by the dimensionless number F = αΩvcL
3/lp. However, for polymers

driven by real MPs that shows stress dependent activity and turnover, the determining

factors turn out to be more subtle.

2.5.2 Determination of effective stiffness

To further characterize the steady state conformational properties of the polymer, we

consider the tangent-tangent correlation function, 〈t(s) · t(s′)〉 for different Pe. For an

equilibrium worm like chain, one expects a single exponential decay of the correlations,

characterized by the persistence length lp as, 〈t(s) · t(s′)〉 = exp(−|s− s′|/leff
p ).

In the long separation limit, the presence of self-avoidance leads to an effective

power law correlation function determined by the Flory exponent, a behavior we

ignore for relatively short length scales in the ensuing discussion. This results in a

leff
p that is larger than lp in equilibrium simulations. The tangent-tangent correlation

provides a measure for structural rigidity of the filament and can be determined from

experiments by fluorescent imaging of polymer conformations.
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Figure 2.7: (color online) End-to-end distribution functions. We use constant detach-
ment rate ω0 with Ω = 5/6 for all the figures. The variation of MP active
velocities are as in Fig.2.3, with the non-zero active velocities set by Pe = 1.
The three graphs show results for (a) N = 64, u = 3.33, lp = 18.92σ. (b)
N = 128, u = 3.33, lp = 38.14σ (c) N = 128, u = 6.66, lp = 18.92σ.
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Figure 2.8: (color online) Tanget-tangent correlation function for a chain of N = 64, u =
3.33, and activity vat set by Pe = 1, 10 and 100 and load dependent detach-
ment rate ωoff with Ω = 5/6. The data set passive denotes equilibrium result.
The solid line shows a single exponential fit to Pe = 10 data used to extract
the effective persistence length leff

p = (15.99± 0.24)σ.

In Fig. 2.8, we observe that the correlation function for small activity, Pe =

1, shows a characteristic exponential decay that follows the equilibrium correlation

function very closely. Fig. 2.8 shows that the correlation length decreases with increase

in Pe. This is indicative of a softening of the polymer with the emergence of strong

bending fluctuations. Up to Pe = 10 shown in the graph, the overall nature can

be described by a single exponential decay, which is fitted to extract the effective

persistence length leff
p , directly.

For higher values of Pe, e.g., at Pe = 100, the correlations start showing oscil-

lations, capturing emergence of spiral conformations that occur at higher activity.

In such cases, the crossing of zero by the correlation function is interpreted as the

persistence length. The variation of this effective persistence length with activity is

listed in Table 2.1.
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Pe leff
p /σ

equilibrium 23.59± 0.39

1 25.21± 0.23

10 15.99± 0.24

100 8.89

Table 2.1: Activity modulated effective persistence length of a chain of length L = 63σ
(with N = 64) and lp = 18.92σ. The table shows leff

p obtained from tangent-
tangent correlation function. With Pe, the persistence length first increases,
and then decreases.

2.5.3 Coexistence of spiral and open chains

In order to quantify the observations of the different conformational states of the

polymer, we use the turning number [90], ψ(s) = (1/2π)

∫ s

0

ds′ (∂ϑ/∂s′) where ϑ(s)

is the angle subtended by the unit tangent t̂(s) with x-axis. This ψ(s) is a good order

parameter, clearly distinguishing an open polymer from a spiral one and also separates

clockwise and anticlockwise spiral states (Fig. 2.9). The steady state probability

distribution of ψ(s = L) is a Gaussian with a peak at ψ(L) = 0 for small Pe, indicating

the absence of spiral states. Increasing Pe has a dramatic effect on the distribution,

with symmetric peaks emerging for non-zero ψ(L) indicative of coexisting spiral states

with equal probabilities of clockwise and anticlockwise winding, along with the open

state characterized by ψ(L) = 0 (Fig. 2.10) . Such phase coexistence is a characteristic

feature of a non-equilibrium first order phase transition.

Similar coexistence of spiral and open conformations were observed earlier in an

active polymer model characterized by constant tangential force [75]. It was not

a priori clear that our current model would give rise to a similar conformational

behavior, given that the activity in our model gets modified by the build up and

release of local strain via load dependent activity and turnover. As we have already

shown, in fact, the effect of local strain dependence reflects strongly in the end-to-

end distribution functions p(r̃). Further, as we show in the following section, this

implies dynamical crossovers in mean squared displacement that are unlike the active

polymer model.

2.6 Conclusions

Using stochastic molecular dynamics simulations we have investigated the conforma-

tional properties of a semiflexible polymer in the presence of motor proteins, which

(un)bind (from) to the polymer and perform directed active motion. Unlike in the
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Figure 2.9: (color online) Plot of turning number ψ(s) for three different configurations
with Pe = 100. It shows that ψ(s) is an effective order parameter, distin-
guishing between the open state (green), clockwise spiral (blue) and anti-
clockwise spiral (red). For N = 64, u = 3.33 and load dependent detachment
ωoff with Ω = 5/6 with activity vat set by Pe.

equilibrium worm like chain, the end-to-end statistics in this case is not controlled

by the ratio of persistence length and chain length, but results from a local competi-

tion between the processive active velocity and bending rigidity. As is shown in this

chapter, local stress dependence of turnover and active velocity provides new relax-

ation mechanisms giving rise to steady states unlike the active polymer models with

constant tangential self-propulsion. The activity influences polymer morphology, and

mechanical properties in a concerted manner. With increasing activity of the motor

proteins, we observed that the end-to-end distribution characterising polymer con-

formation shows both stiffening and softening relative to the equilibrium morphology

associated with the build up of local active stress and its relaxation.

While our system reproduces some of the predictions of the standard active poly-

mer model, some other properties that we observe are entirely due to the strain

dependence of the activity and turnover of MPs. For example, the observed activity

dependent reduction of effective bending stiffness, and the coexistence of spiral and
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Figure 2.10: (color online) Probability distributions for ψ(L) using N = 64, u = 3.33 and
load dependent detachment ωoff with Ω = 5/6 at Pe = 1, 10 and 100.

open conformations at an activity beyond a critical value are expected within the

active polymer model. On the other hand, the detailed nature of end-to-end distri-

bution functions, and the series of ballistic-diffusive crossovers observed in the center

of mass dynamics are features that are unlike active polymer models [75].



Chapter 3

Dynamical properties of a

semiflexible filament driven by

molecular motors

In this chapter, we continue the discussion on semiflexible filament properties on a

motor protein substrate with a focus on the dynamics of the filament. Earlier active

polymer models, which model activity as a self-propulsion force acting tangentially

on the monomers of the polymer, have showed a single crossover from a short time

ballistic, to long time diffusive behavior of the center of mass of the polymer [75,86].

In contrast, as we show in this paper, the more microscopic consideration of both the

cytoskeletal filament and motor proteins which we described in detail in Chapter 2,

leads to a series of ballistic-diffusive crossovers of the filament center of mass.1.

3.1 Anomalous dynamics of the center of mass

In Fig. 3.1 we show mean squared displacement (MSD) of the polymer center of

mass as a function of time, for three different Pe values that are separated over two

decades. At very short time scales the MSD shows an approximate ballistic scaling

〈∆r2
cm〉 ∼ t2 up to t ≈ 1 at all Pe. With increasing time, five crossovers at Pe = 1

can be clearly seen, these include three ballistic-diffusive crossovers and two diffusive-

ballistic crossovers. At Pe = 10, numerical integration required a smaller step size

restricting the results to a shorter total time t. Otherwise, all the crossovers are

retained at Pe = 10, with a reduction in crossover times. The qualitative behavior

changes as the activity is increased to a larger value, Pe = 100. At this regime the first

1The work discussed in this chapter is published in [56]
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Figure 3.1: (color online) Dynamics of center of mass for a chain of N = 64, u = 3.33,
with load dependent MP activity vat controlled by Pe and detachment rate
ωoff determined by Ω = 20/21. Mean squared displacement of the center of
mass at different Péclet (Pe = 1, 10, 100).

ballistic-diffusive crossover almost vanishes. At t ≈ 1 one finds a barely discernible

change in the slope which quickly gets back to ballistic scaling. This is due to an

effective merger of the first diffusive-ballistic crossover to the first ballistic-diffusive

one. The ballistic-diffusive crossovers discussed in this section is a recurring feature of

active systems [75,86,91,92]. It is known that a persistent random walker undergoes

a crossover from initial ballistic to a final diffusive motion, while directed random

walkers show a crossover from short time diffusive to long time ballistic scaling [91].

In the following section we present a detailed explanation of the crossovers observed.

In Fig. 3.2, we show time evolution of the center of mass position of the polymer

at Pe = 100, indicating its various conformations associated with the trajectory. As

the polymer takes a folded conformation, which is often a spiral in our system, the

force generated in different segments by the gliding assay cancel each other, and the

net directed force on the center of mass is negligible. As a result, the center of mass

moves diffusively, getting mostly localized in a narrow region, albeit with an enhanced

diffusivity. When the polymer retains a more open conformation, the gliding assay

indeed generates directed force on the center of mass, leading to a ballistic motion
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Figure 3.2: (color online) Dynamics of center of mass for a chain of N = 64, u = 3.33,
with load dependent MP activity vat controlled by Pe and detachment rate
ωoff determined by Ω = 20/21. ( Numerical analysis of the dynamics at Pe =
100 is presented. The gray line shows a center of mass trajectory. Structure
of polymer corresponding to the blue, red, and green points indicated on the
trajectory are shown in the respective colors.

over such periods shown by long directed trails.

More quantitatively, the ballistic- diffusive crossovers are associated with changes

in the evolution of the end-to-end extension ree, the orientation of the end-to-end

vector φ, and the root mean squared (RMS) fluctuation of the center of mass position√
∆r2

cm along a single trajectory. In Fig. 3.3 we show this at Pe = 100. Clearly

there are time-spans over which ree remains close to zero, i.e., the polymer remains

in a folded (spiral at Pe = 100) state, e.g., between t ≈ 4.5 − 5 × 105 τ . It should

be noted that the formation of spiral happens at high Pe as was shown in Sec. 2.5.3.

However, even at smaller Pe, the chain switches between open and non-spiral folded

conformations. Non-spiral folds show a little higher value of ree than when spirals

form. There are other time windows over which ree fluctuates rapidly between open

and spiral states (e.g., between t ≈ 0− 4× 105 τ).

As is shown in Fig. 3.3, φ changes ballistically on a timespan over which ree

remains close to zero in a spiral state. In particular, between t = t1 and t2 the

spiral rotates clockwise ballistically reflected in a linear change in φ with a negative
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Figure 3.3: (color online) Dynamics of center of mass for a chain of N = 64, u = 3.33,
with load dependent MP activity vat controlled by Pe and detachment rate
ωoff determined by Ω = 20/21. Numerical analysis of the dynamics at Pe =
100 is presented. The end-to-end length ree (red line), end-to-end orientation
φ (green line), and root mean squared fluctuations of the center of mass
position (blue line) for a single trajectory are shown as a function of time at
Pe = 100.

slope. During such time spans, the ree of spirally folded polymer remains small,

and the center of mass position of the polymer does not change appreciably, as is

shown by the flat segment of
√

∆r2
cm in Fig. 3.3 in this time-window. In the window

of t = t2 and t3 the filament opens up switching between relatively close and open

conformations stochastically captured by the strong fluctuations in ree. In such a state

the directed rotation practically stops, captured by the flat, approximately parallel

to t-axis portion of the φ(t) curve. The polymer encounters directed drive from MPs

during the time-spans over which it opens up leading to appreciable displacement√
∆r2

cm of the centre of mass. Between t = t3 and t4, the polymer folds back into

a spiral state again, and starts rotating in the anti-clockwise direction this time,

captured by the linear increase in φ, associated with characteristic flat segments of

ree and
√

∆r2
cm.
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3.2 Can an effective polymer model describe the

dynamics?

The polymer under gliding assay, switching between attached and detached states, can

be represented by an effective active polymer model [93], provided the attachment-

detachment rates ωon, ωoff(= ω0) and active velocity va = v0 of MPs in the attached

state are assumed to be independent of the MP stretching. As we have shown,

in the large activity limit the effective bending rigidity gets strongly compromised.

Thus ignoring bending stiffness contribution, one may write the dynamics of polymer

segments r(s) as

γ
∂r

∂t
= A

∂2r

∂s2
+ fp

∂r

∂s
+ ηa(t), (3.1)

where fp = γv0Ω with processivity Ω = ωon/(ω0 + ωon). The active noise due to

(de)attachment has mean 〈ηa〉 = 0 and correlation

〈ηa(s, t)ηa(0, 0)〉 = Da exp(−t/τ)Lδ(s) (3.2)

with noise strengthDa = f 2
p (ωoff/ωon) and turnover time-scale τ = (ωon+ωoff)−1. Note

that in the effective dynamics, both the mean active force and strength of active noise

depend on active velocity v0 of MPs, whereas the correlation time in active noise is

given by the effective turnover rate.

Analysis of the Eq. 3.1 in presence of fp is not straight-forward, as the mean force

acts along the local tangent that itself evolves with time. Decoupling the mean active

force, and correlated random noise, as was often done in earlier publications, simplifies

the analysis [84,86]. This provides some useful insight into the dynamical cross-overs.

Using fp = 0 along with a non-zero Da allows one to expand solutions of Eq.(3.1)

into a complete set of eigen functions φn(s) =
√

2/L cos(nπs/L) corresponding to

the eigenvalue equation Ad2φn/ds
2 = −εnφn, with eigen values εn = A(nπ/L)2, and

orthonormality condition ∫ L

0

ds φn(s)φm(s) = δnm. (3.3)

The expansions

r(s, t) =
∞∑
n=0

φn(s)rn(t), ~η(s, t) =
∞∑
n=0

φn(s)~ηn(t), (3.4)
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lead to a simple relation for the center of mass position rc(t) = rn=0(t)/
√

2L. The

correlation between modes 〈ηm(t)ηn(0)〉 = LDae
−t/τδm,n, along with the solution

rn(t) =
1

γ

∫ t

−∞
dt′e−(t−t′)/τn~ηn(t′), (3.5)

gives (r0(t)− r0(0) ) = (1/γ)

∫ t

0

dt′~η0(t′) as τ−1
0 = 0. Finally one gets,

〈[r0(t)− r0(0)]2〉 =
2DaL

γ2

[
t+ τ(e−t/τ − 1)

]
. (3.6)

As it is clear, in the short time limit t� τ this predicts a ballistic behavior 〈[rc(t)−
rc(0)]2〉 ≈ (DaL/γ

2τ) t2, whereas in the long time limit t � τ that crosses over to

normal diffusion, 〈[rc(t)− rc(0)]2〉 ≈ (2DaL/γ
2) t [86].

It is easy to show that in the presence of a thermal noise with 〈ηth(s, t)ηth(0, 0)〉 =

2Dthδ(t)Lδ(s), fluctuations 〈[r0(t) − r0(0)]2〉 = 2LDtht / γ
2. As a result, the full

expression for displacement fluctuations is

〈[rc(t)− rc(0)]2〉 =
2DthL

γ2
t+

2DaL

γ2

[
t+ τ(e−t/τ − 1)

]
. (3.7)

Thus at short time, t � τ , the overlap of ballistic and diffusive behavior 〈[rc(t) −
rc(0)]2〉 = (2DthL/γ

2) t + (DaL/γ
2τ) t2 predicts an overall super-diffusive dynamics,

which crosses over to diffusive scaling with an enhanced diffusion constant 2L(Dth +

Da)/γ
2 at longer time t � τ . This explains a single crossover from super-diffusion

to diffusion with increase in time. However the multiple crossovers that we see in

our work cannot be explained within this picture. A more quantitative theoretical

analysis will require solution of the effective Langevin equation incorporating the

presence of fp and bending rigidity explicitly. In what follows, we attempt to give an

understanding of these multiple crossovers using three relaxation time scales.

3.3 Ballistic to diffusive cross overs

To analyze the crossovers of the centre of mass MSD, let us first consider the dynamics

of a particle in a Langevin heat bath in absence of any active drive, mdv/dt = −αv+

η(t) where the Gaussian random noise obeys 〈η(t)〉 = 0 and 〈η(t)η(0)〉 = 2αkBTδ(t).

The corresponding displacement fluctuation of passive origin is given by

〈∆r2
p(t)〉 = 6

kBT

m
τ 2
I

[
t

τI
− 1 + e−t/τI

]
, (3.8)
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where τI = m/α. For time scales t � τI this leads to a ballistic scaling of MSD,

〈∆r2
p(t)〉 ≈ 3veqt

2, with a velocity veq = (2kBT/m)1/2. At longer times t & τI , this

crosses over to a diffusive scaling 〈∆r2
p(t)〉 = 6Deqt with Deq = kBT/α. As is shown

in Fig.3.1, the polymer centre of mass shows such a crossover near τI = 1 in our sim-

ulations 1. Because of the molecular motor drive, further ballistic-diffusive crossovers

beyond tI are observed. Following Ref. [91], we identify two possible mechanisms

related to activity, (i) the persistence of the direction of centre of mass velocity de-

scribed by the correlation time τθ, and (ii) the correlated fluctuations of the speed of

the centre of mass with correlation time τs.
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Figure 3.4: (color online) Speed autocorrelation of the centre of mass of the polymer.
Single exponential decays are observed for both Pe = 1, 10, with correlation
times ts ≈ 0.1τ, 1.0τ respectively. (Inset) In the log-log plot, for Pe = 100,
multiple exponential decays with ts ≈ 1τ, 250τ, 2000τ are shown. The three
exponential fits are indicated by black points.

We analyse autocorrelation of the centre of mass velocity vector, focussing on the

speed vs(t), and orientation θ(t) separately. Here we distinguish between the direct

measures of the correlation times ts and tθ associated with multi-exponential decays of

correlations, from the assumptions of single exponential decays with τs, τθ used in the

analysis of dynamical cross-overs in Sec. 3.3. In Fig. 3.4 we show the auto-correlation

1Given that both mass and viscous friction scales similarly with the chain length, τI = 1.
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of speed, Cvs(t) = 〈δvs(t)δvs(0)〉/〈δv2
s〉. A fast single exponential decay exp(−t/ts) is

observed at both Pe = 1, 10, with ts ≈ 0.1τ, 1.0τ , respectively. However, at Pe = 100,

we observe multiple exponential decays with time scales ts ≈ 1τ, 250τ, 3600τ (see the

inset of Fig. 3.4).

The orientational correlation Cθ(t) = 〈ei[θ(t)−θ(0)]〉, shows multiple exponential

decays at all Pe values (Fig. 3.5). The initial decay is fast with tθ ≈ 1τ . For

Pe = 1, 10 we can extract the longer time scales, as shown in the log-log plot in the

inset for Pe = 1, to give tθ = 1500τ, 2000τ respectively. However, for Pe = 100, in

the absence of better averaging, it is difficult to extract the longest time scale.
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Figure 3.5: (color online) Orientational autocorrelation of the centre of mass velocity
vector. This shows multiple exponential decays for all Pe. (Inset) For Pe = 1,
the log-log plot shows multiple exponential decays with time scales tθ ≈
1τ, 1500τ . The two exponential fits are indicated by black points.

Moreover, the speed and orientations remain correlated. The cross-correlation

functions Cvs,θ(t) = 〈vs(t)θ(0)〉/[
√
〈δv2

s〉
√
〈δθ2〉] calculated for Pe = 1, 10, 100 are

shown in Fig. 3.6. All of them show significant correlation, which remarkably do not

decay with increasing time-gap. The asymmetry of the data around t = 0 captures the

break-down of time-reversal symmetry due to the non-equilibrium molecular motor

drive.
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Figure 3.6: (color online) Cross-correlation of the orientation and speed of the centre
of mass velocity for Pe = 1 (red), 10 (green) and 100 (blue, and values
correspond to right ordinate).

Such correlations can be ignored to use the expression of active displacement

fluctuations,

〈∆r2(t)〉 = 〈∆r2
p(t)〉+ 2〈vs〉2τ 2

θ

(
t

τθ
− 1 + e−t/τθ

)
+2〈δv2

s〉τ 2
r

[
t

τr
− 1 + e−t/τr

]
, (3.9)

where, τ−1
r = τ−1

θ + τ−1
s . In the above expression the speed 〈vs〉 and its fluctua-

tions 〈v2
s〉 are due to activity controlled by Pe. If 〈δv2

s〉 = 0, the above expression

would suggest a ballistic dynamics for t � τθ, crossing over to diffusion at t & τθ as

the direction of persistent motion diffuses. This is expected for structureless active

Brownian particles with constant active speed.

However, in presence of speed fluctuations in the polymer, the other time-scale

τr < τθ intervenes. The total mean squared displacement of the polymer center of

mass has contributions from both thermal fluctuations Eq.(3.8) and activity Eq.(3.9).
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If the three time-scales τI � τr � τθ present in the problem are well separated,

they are expected to lead to three ballistic-diffusive crossovers: (a) At t � τI one

expects a ballistic motion 〈∆r2
cm〉 ≈ 3veqt

2 with a velocity veq = (2kBT/m)1/2. (b) At

t & τI one crossover to diffusive regime takes place, with equilibrium diffusion constant

Deq = kBT/α. This is the first ballistic-diffusive crossover, and is independent of

activity. (c) This regime lasts until τ ∗ = 3(v2
eq/〈δv2

s〉)τI at which the chain starts to

respond to the active force that drives it in a directed manner. This gives rise to

the first diffusive-ballistic crossover. For τ ∗ < t � τr, we find a ballistic behavior

dictated by the active speed fluctuation ∼ 〈δv2
s〉t2. A sufficiently strong activity can

enhance 〈δv2
s〉 to reduce τ ∗ to merge this active ballistic regime to the equilibrium

ballistic scaling, as is seen for Pe = 100 in our simulations. (d) As t crosses τr,

the scaling of 〈∆r2(t)〉 crosses over to another diffusive regime, the second ballistic-

diffsuive crossover, with effective diffusion constant D ≈ Deq +
1

3
〈δv2

s〉τr. (e) This

regime persists until τ † = 3(v2
eq/〈vs〉2)τI + 2(〈δv2

s〉/〈v2
s〉)τr. Beyond this point the

second diffusive-ballistic crossover takes place. For τ † < t� τθ, the ballistic behavior

is dictated by ∼ 〈vs〉2t2. (f) For t & τθ, this ballistic regime slowly crosses over to the

final diffusive behavior, the third ballistic-diffusive crossover, dictated by an effective

diffusion constant D ≈ Deq +
1

3
(〈δv2

s〉τr + 〈vs〉2τθ). This qualitatively explains the

ballistic-diffusive crossovers obtained in Fig.3.1.

Before ending this section, we note that, the fluctuations in active speed and

orientation in the polymer arise essentially from the same driving mechanism due

to molecular motors, and conformational relaxation of the polymer. Thus the two

quantities may have similar fluctuations and significant cross-correlation.

3.4 Conclusions

While our system reproduces some of the predictions of the standard active polymer

model, some other properties that we observe are entirely due to the strain depen-

dence of the activity and turnover of MPs. For example, some of our results, e.g., the

transitions between open and spiral states, reproduce behavior already observed in

tangentially propelled polymers. However, a priori it is not clear that to what extent a

polymer driven by a molecular motor bed would behave similar to such active polymer

models. For example, within our model the amplitude and orientation of active drive

due to molecular motors felt by each monomer is subject to the local stress felt, and is

not constant unlike the tangentially propelled polymers. On the other hand, the de-

tailed nature of end-to-end distribution functions, and the series of ballistic-diffusive
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crossovers observed in the center of mass dynamics are features that are unlike ac-

tive polymer models [75]. We have shown, these crossovers can be explained using

three fundamental relaxation time scales, the inertial time τi, the correlation time of

active speed τs, and correlation time of orientations of active drive τθ. Each of these

quantities show multiple exponential relaxation, from which we separately determine

the corresponding time scales. Although, our explanation of multiple crossovers as-

sumes single exponential decay of correlations, the real dynamics turn out to be more

complex, as is evident from their multiple relaxation times. Within a given time-

window of mean squared displacement, the longest relaxation times corresponding to

the speed and orientation may dominate the observed dynamical behavior.
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Chapter 4

Dynein catch bond as a mediator

of codependent bidirectional

cellular transport

Molecular motors such as kinesin, myosin and dynein generate forces to drive the

transport of vesicles and cargo, cytokinesis, cellular motility and a number of cellular

processes [1,94]. A plethora of in-vitro studies on single motor proteins have revealed

fascinating details about their structure, function and the forces exerted by them in

carrying out these cellular processes. However, motor proteins in-vivo are known to

work together in large numbers and their emergent collective behavior is far from

properly understood [17,68,95–98].

The force generation of single motor proteins is of the order of a few piconewtons.

Several such proteins acting together could generate large forces. Experiments have

revealed that this teamwork between motor proteins is also different for different

classes of these proteins [94]. For example, dynein is known to work better in a team

than kinesin, generating larger forces to perform several key cellular processes such

as retrograde transport, separation of chromosomes, etc. Apart from generating large

forces, this teamwork of several motor proteins also leads to large distance transport

of cargo. Kinesin and dynein motors are known to be primarily responsible for these

transport processes. How these motors act in tandem to facilitate effecient transport

is an important question and has been hotly debated. Experiments have suggested

that the cooperative action of several such motor proteins help to distribute the

load therefore enabling transport over large distances. The difficulty in performing

controlled in-vivo experiments to look at motor protein functionality inside cells has

made theoretical modelling a useful tool to understand these processes.

53
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Bidirectional transport is ubiquitous in nature in the context of intracellular trans-

port [94, 99–101]. Within the cell, oppositely directed motor proteins such as dynein

and kinesin motors walk on microtubule (MT) filaments [94, 102] to transport di-

verse cellular cargo [94]. A theoretical framework proposed to explain the bidi-

rectional transport is based on the tug-of war hypothesis [94, 97, 98, 100, 102–105],

which posits that the motors stochastically binds to and unbinds from the filament

while mechanically interacting with each other through the cargo that they carry

(Fig. 4.3) [98, 103, 104]. The resultant motion arises due to the competition between

the oppositely directed motors [103,104].

The tug-of-war model predicts that inhibiting the activity of one motor species

would lead to an enhancement of motility in the other direction. While many ex-

periments have provided support for this mechanical tug-of-war picture [96,102,103,

106, 107], there remain a large class of experiments which are incompatible with the

predictions of this model and show that there exists some coordination mechanism

due to which inhibition of one motor species results in an overall decline in the motil-

ity of the cargo [98, 99, 108–111]. This apparently counterintuitive finding has been

referred to as the paradox of codependence [94, 98]. The resolution of this paradox in

terms of the underlying mechanisms which govern bidirectional transport remains an

important open question.

Recently it has been demonstrated experimentally that dynein motors work to-

gether to generate large forces which increases linearly with the number of such mo-

tors bound to the cargo [17,112]. Moreover the size of a step that each dynein takes

during its motion is dependent on the load, leading to clustering of dyneins. Curi-

ously, as force is increased, dyneins show “catch bond” like behavior, the detachment

rate of dynein decreasing with increasing force [113]. Catch bond behavior [114–116]

have been observed in several biological protein receptor-ligand complexes, partic-

ularly important being the case of cell adhesion complexes [117, 118], actin/myosin

complex [119, 120] and microtubule-kinetochore attachments [121]. In vitro exper-

iments on dynein have shown that the detachment rate of a dynein motor initially

increases with increasing force, with a peak aroung 2 pN before showing the charac-

teristic catch-bond behavior at higher forces [113]. This suggests a very interesting

slip-catch-slip transition which demands a thorugh study.

In our thesis so far, we have looked at the role of motor proteins in governing

the morphology and dynamics of a single filament in an in vitro gliding assay set
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up. However, to understand the role of the specific nature of dynein detachment

characteristics, we turn our attention to a bead assay set up where the geometry is

inverted : motor proteins have their tail domains attached to a cargo while their head

domains can attach/detach to/from a cytoskeletal filament fixed on the substrate.

When attached to the filament, the head domains walk along the filament leading to

cargo transport. Within this set up, we ask the following question : how does catch

bonding in dynein influence the transport properties of a cargo which is capable of

bidirectional transport on a microtubule filament due to oppositely directed motor

proteins such as dynein and kinesin motors?1

4.1 Modelling dynein catch bond.

Cytoskeletal motors carrying cargo undergo attachment (detachment) to (from) the

associated cytoskeletal filament during long range transport. The detachment of

a motor protein under a constant load force F is modelled as a barrier crossing

problem, where the rupture of the bond between the motor and the cytoskeletal

filament is explained as an escape over a transition state barrier brought about by

thermal activation. Defining a force scale Fd = kBT/l, where kBT is the thermal

energy and l is the length scale which characterizes the binding-unbinding transition,

we can write the dissociation rate of a single motor protein as ε = ε0 exp(F/Fd), where

ε0 is the dissociation rate in the absence of force. This implies that the dissociation

rate increases with increasing load, a result remniscent of a “slip” bond. The behavior

of catch bonds however are known to be completely different. The detachment rate for

catch bond decreases as we increase the force and at large enough forces it increases,

exhibiting a minima at intermediate forces. There is therefore a “catch-slip” transition

at a critical force. Different mechanisms have been proposed for the catch bond such

as the two-state two-pathway model [123, 124], the one-state two-pathway model

[125–127] and the bond deformation model [126]. We discuss two models for the

detachment rate which has proven successful in explaining a catch-slip transition.

Two pathway model. This model considers two paths to the detachment process -

the catch pathway which opposes the load and the slip pathway which favors it. The

detachment rate under the constant force F is then given by

ε(F ) = εs0 exp

(
F

F s
d

)
+ εc0 exp

(
− F

F c
d

)
(4.1)

1The work discussed in this chapter is accepted in Phys. Rev. Research. The arxiv version
is [122]
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Figure 4.1: (Color online) Here we show the schematics of a dynein motor walking on a
microtubule filament. Catch bond behavior is anticipated to be happening
due to a conformational change at the microtubule binding domain of the
stalk of the dynein motor. Adapted from [70]

where εs0, ε
c
0 are the dissociation rates in the absence of force for the slip and catch

pathways respectively and F s
d , F

c
d are the corresponding force scales. Note that to get

catch bond behavior we require εc0 � εs0. If the catch barrier is initially lower than

the slip barrier, the system demonstrates a catch-slip transition with increasing force.

Deformation model. The deformation model, on the other hand, proposes that force

alters the conformation space in a fashion that strengthens receptor-ligand binding,

and hence decreases the detachment rate. If the minimum of the potential decreases

faster with force than the height of the barrier, one again obtains a catch-slip be-

haviour [126]. The deformation energy is given by, Ed(F ) = α[1− exp(− F
F0

)], where

α characterizes the strength of the deformation energy and F0 sets a force scale.

Cytoplasmic dynein has two heads and they perform processive movement on the

microtubule track (see Fig. 4.1). The head of the dynein motor has a globular re-

gion constisting of six AAA domains. This globular region is thought to contract

under a load force which leads to an extension of the stalk which is attached to the

niicrotubule [17, 128, 129]. Now the region where the stalk binds to the microtubule

has a receptor-ligand binding. Beyond a certain critical load force, allosteric defor-

mations can lead to a locking of the receptor-ligand domain giving rise to a catch



4.1. MODELLING DYNEIN CATCH BOND. 57

bond (Fig. 4.1). At intermediate or low loads, the force is not strong enough for

the allosteric deformation to occur and the motor moves via the usual differential

stepping mechanism [17].

Figure 4.2: Single dynein unbinding rate from experiments [113] (points) and the corre-
sponding fit (solid line) from the TFBD model [130].

As discussed earlier, experimental evidences on dynein detachment kinetics reveal

that the rate initially increases with force up to a stall force, Fs = 2pN, which

is defined as the load force at which the cargo stalls. Beyond Fs, dynein exhibits

catchbonding characterized by a decrease in detachment rate with increasing opposing

load (see Fig. 4.2). At large enough times, the rate of detachment increases again

as expected. This slip-catch-slip behavior is incorporated in our work by a threshold

force bond deformation model with the deformation energy now given by

Ed(F ) = Θ(F − Fs)α
[
1− exp

(
−F − Fs

F0

)]
, (4.2)

and the unbinding rate of the cargo carried with n attached motors attached to

filaments is

ε(F ) = ε0 exp [−Ed(F ) + F/Fd] (4.3)

where the second term represents the usual slip contribution which exponentially

grows with applied load. This TFBD Model exhibits a slip-catch-slip behavior for a

single motor unbinding rate as a function of applied force on the motor (see Fig. 4.2).

Using this TFBD model for dynein motors, it was earlier shown that in the context

of unidirectional transport of cargo by a team of only dynein motors, catch bonding
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gives rise to dramatic results which are in sharp contrast to transport by cargo by

a team of kinesin motors with slip bond detachment kinetics [70]. Due to the non-

monotonic nature of the catch bond, the average velocity of the cargo was predicted

to increase with increasing load force. Phase diagrams in experimentally accessible

regimes were also obtained in this study.

4.2 Theory and Simulation

4.2.1 Model

The theory outlined here is the tug-of-war model introduced in [103–105]. We con-

sider a cargo which is attached to N+ kinesin motors and N− dynein motors. These

motors stochastically bind/unbind to/from a cytoskeletal filament. Depending on the

number of kinesin and dynein motors that bind to the filament, the state of the cargo

is determined at time t. We consider n+ and n− as the number of bound kinesin and

dynein motors respectively. Since the maximum number of kinesins and dyneins that

can attach to the filament are N+ and N−, we have 0 < n+ < N+ and 0 < n− < N−.

The probability of the cargo to have n+ attached kinesins and n− attached dyneins

at time t is given as p(n+, n−, t). The time evolution of this probability distribution

is governed by a master equation which we will discuss in Chapter 5. Let π±(n+, n−)

and ε±(n+, n−) define the binding and unbinding rates of a single kinesin (plus) and

single dynein (minus) motor when the cargo is in the state (n+, n−).

To write down these rates from the single motor rates that we had discussed in

Chapter 1, we assume that the motors act independently and that the load force is

shared equally between the motors. In this scenario, if F+ and F− denotes the load

forces felt by each plus and each minus motor (therefore generating −F+ and −F−
forces themselves), force balance gives n+F+ + n−F− = 0 so that,

Fc(n+, n−) ≡ n+F+ = −n−F− (4.4)

is the force on the cargo. The effective unbinding rate of a plus motor is given by

ε+(n+, n−) = n+ε0+exp[Fc/(n+Fd+)] (4.5)

and the binding rate is given by

π+(n+, n−) = (N+ − n+)π0+. (4.6)
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D
K

Figure 4.3: Schematic of bidirectional motion of cargo (C) attached to both kinesin (K)
and dynein (D) motors on a microtubule (MT) filament.

Dynein motors exhibit catchbonding at forces larger than the stall force, Fs−,

defined as the load force at which the cargo stalls [17, 113, 131]. This catchbonding

regime is characterized by a decreasing detachment rate with increasing opposing

load (see Fig. 4.2). With the assumption of equal load sharing, the phenomenological

TFBD model for the unbinding rate of a dynein in an (n+, n−) state [130,132], gives

ε− = n−ε0− exp[−Ed(Fc) + Fc/(n−Fd−)] (4.7)

where the deformation energy Ed sets in at F > Fs−, and is given as [130],

Ed(Fc) = Θ(Fc/n− − Fs−)α

[
1− exp

(
−Fc/n− − Fs−

F0

)]
(4.8)

The parameter α sets the strength of the catch bond, while Fd− and F0 characterize

the force scales for the dissociation energy and the deformation energy respectively.

The binding rate of dynein motor is given as

π−(n+, n−) = (N− − n−)π0−. (4.9)

The expression for the cooperative force felt by the motors is given by [104]

Fc(n+, n−) =
n+n−Fs+Fs−

n−Fs−v0+ + n+Fs+v0−
(v0+ + v0−) (4.10)
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Parameter Kinesin Ref. Dynein Ref.
Fs± 6 pN [42] 1 pN (Weak) [133]

7 pN (Strong) [134]
Fd± 3 pN [42] 0.67 pN [113,130]
π0± 5/s [135] 1/s [136]
ε0± 1/s [42] (0.1 - 10)/s [137]
vF± 0.65µm/s [138] 0.65µm/s [139]
vB± 1nm/s [138] 1nm/s [140,141]

Table 4.1: Single motor parameter values used in the simulations. The deformation force
scale F0 is a phenomenological parameter, as determined in Ref. [130].

and the cargo velocity is given by

vc(n+, n−) =
n+Fs+ − n−Fs−

n−Fs−/v0− + n+Fs+/v0+

(4.11)

Here, v0± denotes the velocity of kinesin (or dynein) motors,

v0+ =

{
vF+ if vc > 0

vB+ if vc < 0
and v0− =

{
vF− if vc < 0

vB− if vc > 0

where, vF and vB are the forward and backward motor velocities. Finally the stall

forces for the two motor species are denoted by Fs±. The parameters used in the

study are taken from the literature, and are summarized in Table 4.1.

4.2.2 Methods

4.2.2.1 Stochastic Simulation Algorithm (SSA) with equal load sharing

In order to obtain dynamical quantities we first perform simulations of cargo move-

ment in one dimensions over a track, using the Gillespie algorithm [142, 143]. Indi-

vidual trajectories are generated by performing binding/unbinding kinetics of cargo

and allowing the motion of the cargo with velocity vc when bound. All possible initial

configurations were generated for a (N+, N−) pair, and 1000 trajectories were evolved

for each initial configuration. A run finishes if the simulation continues until the

maximum time Tmax ∼ 104s or if all motors detach from the MT. The run length was

then averaged over all initial configurations and all iterations. Probability distribu-

tions were also computed from the SSA trajectories after discarding initial transients.

In these simulations we assume that the load is shared equally by the motors. In

the following section, we discuss brownian dynamics simulations of cargo in presence
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of motor proteins where this mean field condition is relaxed and the load is shared

stochastically.

4.2.2.2 Brownian dynamics with stochastic load sharing

.

In order to ensure that the codependent transport characteristics obtained are not

artifacts of the mean field assumption, where motors are assumed to share the load

force equally, we also performed Brownian dynamic simulations where the load is

shared stochastically, with each motor having a different extension, and hence facing

a different opposing load. In the simulation, N motors are attached to the cargo.

The motors are modeled as elastic springs with spring constant k = 0.32 pN/nm.

The springs have a rest length l0 and generate a restoring force only when stretched

beyond the rest length. The rest length of the springs are chosen in accordance with

earlier simulations, l0 = 100 nm for kinesin and l0 = 50 nm for dynein. In this

one dimensional model, we start by putting the bead at the origin and all N motors

attached irreversibly to the cargo at one end. The other end of the motors are allowed

to bind to any point on the track within the rest length of the corresponding motor,

on either side of the bead.

At every time step, all the N motors are visited to determine if they are in the

attached or detached state. Each motor position and their state are updated only

once in a time step. If the motor is in the detached state, then it can re attach with

a probability Pon = π±∆t, where π± are the binding rates of kinesin and dynein as

defined earlier. The attachment happens within a distance l0 on either side of the

bead. If the ith motor is in an attached state, then the load force, Fi is calculated by

multiplying the extension of the spring with the spring constant k. Depending on the

load force, the motor could detach, with probability Poff = ε±(Fi)δt, where ε± are the

unbinding rates of kinesin and dynein. If the motor does not detach, then we calculate

the probability of taking a step, Pstep = kstep∆t, where kstep = (v0±/d)(1 − Fi/Fs±),

where v0± is the unloaded velocity of the single motor, Fs± is the stall force of the

motor and d = 8 nm is the step length of the motor. Note that this form is used for

forward loads Fi < Fs. For backward loads Fi > Fs, Pstep = 0. For no loads, Fi = 0.

If the motor steps, its position is updated from xi to xi+d. All motor states and their

positions are updated simultaneously in a given time step. Two sets of motors with

their characteristic parameters as given in Table 4.1, move in opposite directions.

To update the position of the cargo (modeled as a bead of radius σ), we calculate

the total force acting on the cargo due to both sets of molecular motors moving in
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Figure 4.4: Average processivity as a function of N− for N+ = 4 . The colored points
and lines are obtained using SSA. The zero-force (un)binding rates for dynein
are ε0− = π0− = 1/s.

opposite directions, Ftot =
∑

Fi. Note that the detached motors do not contribute

to the total force, neither do the motors which lie within a rest length from the bead

position. The bead is under the influence of both thermal and viscous forces with

ξ = 0.001 pN-s/µ − m2 being the viscosity of the medium. The bead diffuses with

diffusion constant D = kBT/ζ where ζ = 6πξσ is the friction constant. When the

cargo is subjected to the force Ftot it moves with the velocity vd = Ftot/ζ. In the

presence of thermal noise, the overdamped Brownian dynamics of the cargo is given

by

x(t+ ∆t) = x(t) + vd∆t+ η (4.12)

where η are drawn Gaussian distribution with 〈η(t)〉 = 0 and 〈η(t)η(t′)〉 = 2Dδ(t−
t′).
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4.3 Results

4.3.1 Cargo Processivity Characteristics

In Fig. 4.4, we show SSA results which look at the effect of variation of number

of dynein motors, N−, on processivity, defined as the net displacement of the cargo

until it unbinds. In the absence of catch bond (α = 0), for a fixed value of N+,

the processivity decreases continuously with increasing N− although staying positive

throughout, indicating a decreasing net movement in the positive direction, as ex-

pected from the conventional tug-of-war argument. Within the range of parameters

investigated in our model, the dynein stall force has no effect on the behavior. When

catch bond is incorporated (α > 0), the consequences are quite dramatic. For ‘strong’

dynein (Fs− = 7pN), the processivity in the positive direction drops significantly even

for one dynein motor, almost stalling the cargo. Increasing N− further, eventually

stalls the cargo, with no movement observed in either direction. For ‘weak’ dynein

(Fs− = 1pN), increasing N− not only stalls the cargo, but also forces it to move in

the negative direction. ‘Weak’ dynein switches on its catchbond at smaller values

of load force, leading to an increased propensity to latch on to the filament. This

results in negative-end directed motion even for a small number of dynein motors.

‘Strong’ dynein does not engage its catchbond until at relatively high values of load

force. Although this helps lowering the processivity, it is not sufficient to pull it in

the negative direction, therefore bringing it to a stall. This feature simultaneously

highlights the role of catchbonding in mediating codependent transport, including re-

versal of direction of cargo traffic, and the role of the stall forces of the dynein motors

in determining transport behavior of cellular cargo.

Diverse experiments have indicated that mutations of conventional kinesin in

Drosophila can hamper motion of cellular cargo in both directions, by effectively

reducing the number of motors attached to the cargo [109, 110, 144–146]. To inves-

tigate this, in Fig. 4.5, we look at the effect of variation of N+ on processivity, for

a fixed value of N−. Remarkably, the average processivity for weak dynein shows a

non-monotonic behaviour with increasingN+. In particular there is decrease of proces-

sivity in the negative direction on decreasing the number of plus-end directed motors.

This is a singular feature arising solely due to catchbonding in dynein, contrary to

usual tug-of-war predictions, and is reminiscent of the paradox of codependence.

This codepedent behaviour exemplified in processivity characteristics may be un-

derstood in terms of the catchbond mechanism at play. In the absence of opposing

load, increasing N+ has the effect of increasing processivity in the plus direction. How-
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Figure 4.5: Average processivity as a function of N+ for N− = 4 . The colored points
and lines are obtained using SSA. The zero-force (un)binding rates for dynein
are ε0− = π0− = 1/s.

ever in the presence of dynein, with larger number of kinesins, the load per dynein is

higher, leading to engagement of the catchbond and thus fewer detachment events for

dynein. The cargo is now in a tug-of-war state, leading to higher detachment forces

on the opposing kinesins, which detach with the usual slip kinetics. Thus, on average,

for some parameter regime, the kinesins detach at a higher rate than dyneins, leading

to more configurations where there are no kinesins opposing the dynein team. Thus

although the direct effect of the catch bond is a larger value of average unbinding time

for dyneins, this leads to more configurations where the dyneins can walk towards the

negative end leading to codependent transport.

The robustness of this catchbond mediated phenomenon can be further observed

from the results of our brownian dynamics simulations where the load is shared

stochastically between the motors. In Fig. 4.6, we show the results of average pro-

cessivity for different values of the cargo size. As with the mean field results where

load is equally shared, we observe that the average processivity during stochastic

load sharing also gives rise to negative processivity with increasing number of kinesin

motors. This non-monotonic feature is more pronounced at larger bead sizes. The
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Figure 4.6: Average processivity as a function of N+, as the bead size σ is changed. Note
that the friction constant ζ changes as a result. The blue curve shows the
corresponding result under the equal load sharing assumption. Here N− = 4,
α = 40 and Fo = 7pN .

change in size of the cargo (σ) changes the friction ζ. At higher values of σ, the

processivity in the negative direction increases as the effect of catch-bond is in full

effect at higher loads.

The corresponding contour plots of the processivity of the cargo, which provide an

experimental testbed, in the (N+ −N−) plane are shown in Figs. 4.7, 4.8, for ‘weak’

dynein where the effect of dynein catch-bond is robust. As expected, in the absence

of catch-bond (α = 0) (Fig. 4.7), there is a smooth transition from negative-directed

runs to positive directed runs. In the presence of catch-bonded dynein (Fig. 4.8), we

observe a distinct regime where the processivity increases in the negative direction on

increasing N+, reminiscent of anomalous codependent transport. Plus-end directed

motion now occurs only for large N+ and low N−. This non-trivial effect of the catch

bond is a robust feature that is observed for other values of kinesin and dynein motors.
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Fs− = 1pN, α = 40kBT , The color bar indicates the average processivity (in
µm). The zero-force (un)binding rates for dynein are ε0− = π0− = 1/s.
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4.3.2 Probability distribution of runtimes and cargo veloci-

ties

0

1

2

3

4

5

0 0.5 1 1.5

p
(t

−
)

t−(s)

(h) Minus runs

0

0.025

0.05

0 0.25 0.5

0

1

2

3

4

5

0 0.5 1 1.5

p
(t

0
)

t0(s)

(g) Pause runs

0

1

2

3

4

5

0 0.5 1 1.5

p
(t

+
)

t+(s)

(f) Plus runs

0

2

4

6

8

10

12

0 5 10 15 20

x
(µ
m
)

t(s)

(e) Sample trajectories

0

1

2

3

4

5

0 0.5 1 1.5

p
(t

−
)

t−(s)

(d) Minus runs

0

1

2

3

4

5

0 0.5 1 1.5

p
(t

0
)

t0(s)

(c) Pause runs

0

1

2

3

4

5

0 0.5 1 1.5

p
(t

+
)

t+(s)

(b) Plus runs

0

0.0025

0.005

0 0.25 0.5

−5

−4

−3

−2

−1

0

0 5 10 15 20

x
(µ
m
)

t(s)

(a) Sample trajectories

Figure 4.9: Probability distributions of runtimes for N+ = 2, N− = 6. The left panels
show the normalized histograms and sample trajectories for dynein in the
presence of catch bond (α = 40). The right panels show the corresponding
quantities in the absence of catch-bond (α = 0). (a) and (e) Sample tra-
jectories; (b) and (f) distributions of runtimes for plus directed runs (shown
in green); (c) and (g) pause time distributions (shown in blue); (d) and (h)
distributions of runtimes for minus directed runs (shown in red); and insets
in (b) and (h) show magnified views of the corresponding distributions.
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In order to highlight the role of catchbond we provide quantitative measures which are

biologically relevant for comparison with experimental data related to trajectories of

cellular cargo carried by molecular motors. We analyze the probability distribution of

the time the cargo spends in the paused (tug-of-war) state versus the time it spends in

the moving plus-end directed and minus-end directed state, as well as the probability

distribution of the velocities of the cargo.

Motivated by experiments on dictyostelium cell extracts [96], we study the trans-

port behaviour of a cargo with N+ = 2 and N− = 6 (Fig. 4.9). In the absence of

catchbonding, cargoes predominantly move with positive velocity and the resultant

motion is strongly plus-end directed (Fig. 4.9(e)). The probability distributions of

runtimes show that there are many more kinesin runs (Fig. 4.9(f)) than dynein runs

(Fig. 4.9(h)), and the average runtime is also higher in the case of kinesins. The

pauses in this case are also of extremely short duration (Fig. 4.9(g)).

In contrast, when dynein catch bond is switched on, the picture changes dramat-

ically. While the cargo is in a paused state a siginificant fraction of time, around

35% of its runs are negative directed (Fig. 4.9(d)). Minus-ended runs become much

more frequent than plus-ended runs, while the average pause time also increases by

an order of magnitude compared to the non-catchbonded case, and becomes compa-

rable to the average minus directed runtimes. This is shown in Figs. 4.9(b)-(d). This

prediction of minus-ended runs with intermittent pauses qualitatively agrees with the

experimental observation of transport of endosomes in Dictyostelium cells [96].

In a separate set of experiments on early endosomes in fungi, a team of many

kinesin motors (3-10) are involved in tug-of-war with 1 or 2 dynein motors during

transport [102]. The results displayed in Fig. 4.10 for a cargo being transported by

six kinesins and two dyneins illustrates that while in the absence of catchbonding in

dynein, the resultant motion would be strongly plus-end directed, with very small

pause times, incorporation of catchbonding results in the frequency of minus-ended

runs exceeding the frequency of plus-ended runs by almost one order of magnitude.

However, the average duration of the minus-ended runs is about one order of mag-

nitude lower than that of the plus-end directed run duration. Further there are now

substantial duration of pauses (1 − 4 sec) during transport. These characteristics of

the probability distributions result in typical cargo trajectories which exhibits bidi-

rectional motion with pauses.
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Figure 4.10: Probability distributions of runtimes for N+ = 6, N− = 2. The left panels
show the normalized histograms and sample trajectories for dynein in the
presence of catch bond (α = 40). The right panels show the corresponding
quantities in the absence of catch-bond (α = 0). (a) and (e) Sample trajec-
tories; (b) and (f) distributions of runtimes for plus directed runs (shown
in green); (c) and (g) pause time distributions (shown in blue); (d) and (h)
distributions of runtimes for minus directed runs (shown in red); and insets
in (b) and (h) show magnified views of the corresponding distributions.
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Figure 4.11: Histograms showing scaled (a) retrograde and (b) anterograde run lengths
with non-catchbonded (Expected, red, α = 0) and catchbonded (Observed,
blue, α = 40kBT ), when N+ is changed from 3 to 2, while N− = 4. The
scaling is done with respect to the control ( without kinesin inhibition) and
corresponds to N+ = 3. The zero-force (un)binding rates for dynein are
ε0− = π0− = 1/s

4.3.3 Quantitative comparison with experiments

In order to provide a quantitative comparison of our results with in-vivo experi-

ments, we consider the specific case of kinesin inhibition in mouse neurons [111]. It

was observed that inhibiting kinesin resulted in smaller retrograde run lengths of

prion protein vesicles, which is contrary to expectations - a signature of codepedent

transport behaviour. In our model, kinesin inhibition is incorporated by reducing the

number of kinesins (N+) from 3 to 2 while the dynein number is held fixed (N− = 4).

As shown in Fig. 4.11, this reduction in kinesin motors leads to smaller retrograde run

lengths and larger anterograde run lengths when catch bond is switched on in dynein,

as opposed to the situation when dynein unbinding exhibits slip behavior. This is

the scenario of co-dependent transport and compares well with the experimental ob-

servations. Our assumption that kinesin inhibition leads to reduction in its number

is a simplified view of the effect of the inhibition experiment in in-vivo conditions.

Nonetheless, even with this assumption our results definitively points to the role of

catchbond mediated mechanism in determining codependent transport behaviour.

4.4 Conclusion

In summary, the findings of our model point to the crucial role played by catchbonding

in dynein motors in internally regulating transport and providing a possible resolution

of the paradox of codependence. It also provides a framework to interpret diverse set

of experiments where regulation of transport is achieved by different modes of modi-

fication of the motor properties. For instance, while decreasing N− has the effect of
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weakening the dynein motor action, the manifestation of these two effects in the trans-

port characteristics can in general be distinct. The results of these experiments can

then qualitatively be understood in the light of Fig. 4.4, where weakening the dynein

motor can lead to stalled motion of the cargo. Interestingly, while kinesin exhibits a

conventional slip bond, the cooperative force exerted by the catch bonded dynein on

kinesins, and vice-versa, introduces a complex interplay which results in signatures

of codependent transport being observed even on varying effective kinesin numbers.

This effect is reflected in a preliminary comparison of processivity measurements for

prion protein vesicles in mouse neurons [111] with our model predictions.

Apart from the internal regulatory mechanism described here, external regulation

by associated proteins is also expected to play an important role in determining the

transport characteristics. Various candidate proteins such as Klar and JIP1 have been

shown to modify transport behaviour [94, 100, 110, 147–154]. Further, various other

factors, such as memory effects during motor rebinding [131], interactions between

multiple motors [155, 156], variable dynein step sizes [113, 128], and stochastic load

sharing could also modify the transport behaviour of the cargo. However we show

using simulations incorporating a stochastic sharing of load between attached motors,

that the codependent behavior of cargo processivity is robust and is preserved even

with additional inputs such as viscous friction and thermal noise.

Various regulatory mechanisms are expected to achieve coordination through dif-

ferent means which may be reflected in the transport characteristics of the cargo.

For example, in the case of the catch-bonded tug-of-war mechanical model, the pause

state would in general be characterized by a slow velocity of the cargo. On the other

hand, for mechanical inhibition [98, 157], microtubule tethering mechanism [98, 158]

or steric disinhibition [98, 159], the motion of the cargo would either be diffusive

or would show no movement. Increasing the binding rates of either motor species

would result in shorter pause times if coordination is achieved through mediation

by the catch bond, while it would have no effect on the pause times for some other

mechanism. A careful examination of high resolution spatio-temporal measurement

of cargo processivity and pause durations obtained in various experiments is required

to delineate the relative importance of these internal regulatory mechanisms.

To conclude, we show that catchbonding in dynein dramatically alters the trans-

port characteristics, and manifests as an internal regulatory mechanism that provides

one possible resolution of the paradox of codependence.
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Chapter 5

Motility diagrams for bidirectional

transport in the presence of dynein

catch bond

In the previous chapter, we have outlined the motivation of studying bidirectional

transport of cargo when the detachment characteristics of dynein show a unique

slip-catch-slip behavior. We studied bidirectional transport in the context of the tug-

of-war model which is based on the hypothesis that the motors act independently,

stochastically binding and unbinding from the filament and mechanically interacting

with each other through the cargo that they carry. The resultant motion arises

due to the competition between the oppositely directed motors with the direction of

transport being determined by the stronger set of motors.

Experimental support for this mechanical interaction between the two sets of

motors in the tug-of-war model comes from measurements of stall forces for beads

bound only to kinesin, as compared to beads bound both by kinesin and dynein, the

stall forces were lowered in the second case, supporting the hypothesis of mechanical

competition between the motors. Further both in-vitro and in-vivo experiments to

study transport of neuronal vesicles show good qualitative and quantitative agreement

of simulated cargo trajectories with observed experimental data. In particular the

experiments exhibited cargo trajectories which were characterized by (a) robust runs

in both direction, (b) net plus-end runs with frequent pauses, when the dynein stall

force was reduced (c) and smooth plus-end directed run when the dissociation rates

of dynein was reduced substantially. These characteristics were reproduced in the

simulated cargo trajectories for the theoretical tug-of-war model with the specific

values of the biological parameters that corresponded to the experimentally measured

73
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value of these parameters. Similar agreement of cargo trajectories was observed for

the case of endosome transport in D. discoideum cells. Further, these experiments

observed vesicle elongation when attached to both motor species providing further

support for the mechanical tug-of-war hypothesis.

However, as we showed in Chapter 4, there are a large number of experiments

which are in contradiction with this model. Incorporating the exact nature of the

dynein detachment rate in the tug-of-war picture using the TFBD model that we have

discussed in detail, we showed that incorporation of catchbonding behaviour repro-

duces both the tag-of war model transport characteristics and codependent transport

characteristics in appropriate biological regimes. In this chapter, we continue the

discussion and report preliminary results on the motility states of the cargo which

are obtained from the stationary state solution of the master equation given below.

5.1 Master equation

In our model, we had taken two sets of molecular motors : N+ kinesin motors and

N− dynein motors which are attached to a cargo. The motors stochastically attach

and detach from a MT filament. The force generated due to the opposing teams of

motors is assumed to be distributed equally between the attached motors. The state

of the cargo at any instant of time is specified by the number of attached motors :

n+ kinesin and n− dynein. The time evolution of the cargo is then governed by the

master equation

∂p(n+, n−, t)

∂t
= p(n+ + 1, n−)ε+(n+ + 1, n−) + p(n+, n− + 1)ε−(n+, n− + 1)

+p(n+ − 1, n−)π+(n+ − 1, n−) + p(n+, n− − 1)π+(n+, n− − 1)

−p(n+, n−) [ε+(n+, n−) + ε−(n+, n−) + π+(n+, n−) + π−(n+, n−)]

(5.1)

where p(n+, n−, t) is the probability to find the cargo with n+ attached kinesins and

n− attached dyneins at a time t. π± and ε± denote the attachment and detachment

rates of kinesin and dynein motors as discussed in Chapter 4. Note that the dynein

detachment rate is given by the TFBD model as described in the previous chapter.
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5.2 Motility states

We write master equation as product of rate matrix and probability column vector

on one side and the time derivative of probability column vector on the other side.



r11 r12 .. .. r1N∗

r21 r22 .. .. ..

..

..

..

..

rN∗1 .. .. rN∗N∗




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..

ps(1, 0)

ps+1(1, 1)

..
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
=



∂p1(0, 0)

∂t
∂p2(0, 1)

∂t
..

∂ps(1, 0)

∂t
∂ps+1(1, 1)

∂t
..

∂pN∗(N+, N−)

∂t


where N∗ = (N+ + 1) × (N− + 1) and the transition matrix elements rm,n are given

in terms of the attachment and detachment rates, π± and ε±, of kinesin and dynein

motors. For stationary state, all elements of the right hand side column vector is zero

and we get, 

r11 r12 .. .. r1N∗

r21 r22 .. .. ..

..

..

..

..
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
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..

pN∗(N+, N−)


=



0

0

..

0

0

..

0


The stationary state solution of the above equation is then solved as the null space

of the transition matrix in Mathematica. The probability of the cargo to be in a state

(n+, n−) is determined and the maxima of the distribution p(n+, n−) identifies the

different states of the cargo. The possible states that can be identified are as follows

:

• Positive end directed fast motion (+) : This happens when n− = 0 and n+ > 0

so that the cargo has only kinesin motors attached and it moves rapidly in the

positive direction.

• Negative end directed fast motion (−) : This happens when n+ = 0 and n− > 0

so that the cargo has only dynein motors attached and it moves rapidly in the

negative direction.
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• Pause or very slow movement (0) : This happens when n− > 0 and n+ > 0.

The cargo moves in the direction of the motor type which win the tug-of-war.

However, the motion is small since the motors which walk backward very slowly.

• Unbound state : This happens when n+ = n− = 0 and the cargo is unbound.

5.2.1 Symmetric tug-of-war

Here, we consider the situation where the number of plus and minus directed motors

are the same, i.e. N+ = N−. Further, both sets of motors are assumed to have the

same single-motor parameters. We take both sets to have the same dynein parame-

ters as we compare the scenario where the detachment rate is a slip bond with the

slip-catch-slip scenario. The maxima in the probability distribution are obtained as

combinations of the states described above : a no motion state (0), a fast plus and

minus motion state (−+) and a fast plus and minus motion state with intermittent

pauses (−0+). For this symmetric situation, we can define dimensionless ratios : (i)

desorption constant K = ε0/π0 and (ii) force ratio f = Fs/Fd. Note that we have

dropped the ± notation since both sets have the same single-motor dynein parame-

ters.

5.2.1.1 Probability Method plots

In Fig. 5.1, we plot the motility diagram in the f −K phase space in the absence of

dynein catch bond (catch bond strength α = 0). As shown in the plot, for various

values of f and K, the cargo is in one of the three states : (i) (0) shown in red where

the probability distribution shows a single peak at a state where n+ = n− = n (ii)

(−+) shown in green where the probability distribution shows two maxima at (n, 0)

and (0, n) (iii) (−0+) shown in blue where the probability distribution shows three

maxima at n+ = n− = n, n+ = 0 and at n− = 0. For small f which means Fs � Fd,

the motor is in a no motion (0) state. At large f which means Fs � Fd, the forces are

larger than detachment forces and can lead to rapid unbinding of one set of motors

leading to the (−+) motility state. Similarly at large desorption constants K the

number of motors decreases and one gets an unbound state (shown in grey).

As the dynein catch bond is turned on (see Fig. 5.2), then at large forces, due to

the engagement of the catch bond, it becomes very difficult to rip-off any of the set

of motors. In this scenario we therefore see large regions of no motion (0) (red) state.

At small enough f and higher desorption constants K, the motors can get unbound

and we see the emergence of both (−+) (green) and (−0+) (blue) states.
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K

f

Figure 5.1: Motility diagram for symmetric tug-of-war using only dynein motor param-
eters with α = 0. The number of motors are equal as are the various pa-
rameters. N+ = N− = 5, Fd = 0.67 pN, Fs = 1.5 pN, F0 = 7 pN, π0 =
1 /s, vf = 0.65 µm/s, vb = 1 nm/s.

5.3 Asymmetric tug-of-war

Now we consider the original bidirectional tug-of-war scenario with kinesin and dynein

motor parameters. Depending on the number and nature of peaks of the probability

distribution, the motion is then categorized into one of seven possible classes (Fig. 5.3)

as shown below in a phase plot of (N+, N−).

Note that the motility diagram approach has some inherent limitations since inter-

preting the motion in terms of the peaks may give an incomplete picture. In Fig. 5.3,

we plot the motility diagram and compare them with the contour plots of the pro-

cessivity. The motility diagrams do not capture the full complexity of motion in the

presence of catch bonds. For weak dynein, the motility diagrams predict that for

N+ > 1 and N− > 2, the motion is either paused or in the fast plus with pause state.
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K

f
Figure 5.2: Motility diagram for symmetric tug-of-war using only dynein motor param-

eters with α = 35. The number of motors are equal as are the various
parameters. N+ = N− = 5, Fd = 0.67 pN, Fs = 1.5 pN, F0 = 7 pN, π0 =
1 /s, vf = 0.65 µm/s, vb = 1 nm/s. Note that some parts are left white since
the motility state could not be accurately determined from the probability
maxima.

Weak dynein Strong dynein

(+)

(+
0

−
)

(0)(−)

(+)

(−)

(+0)

(+0−)

(+0)

(b)(a)

Figure 5.3: Motility diagrams in the N+ −N− plane for (a) Weak dynein (Fs− = 1pN),
and (b) Strong dynein (Fs− = 7pN). There are seven possible motility states,
fast plus (+), fast minus (-), no motion (0), fast plus with pauses (0+), fast
minus with pauses (0-), fast bidirectional motion (+-), and fast bidirectional
with pauses (-0+). The parameter values used are the same as in Fig. 4.4.
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However, as the processivity contour plots make clear, there is a range of (N+, N−)

with negative directed runs in this region. This can also be seen by considering the

runtime probability distributions shown in Chapter 4. For example for N+ = 2 and

N− = 6, we have a minus directed transport interspersed with pauses, while the

motility diagram simply predicts a no-motion state.

5.4 Discussion

In this chapter, we have discussed motility states obtained using the steady state

probability distribution of bound motors. We have been able to identify several

motility states depending on the tug-of-war scenario. In the symmetric case, we have

seen a complex dependence of the desorption constant and force ratio on the nature of

the detachment characteristics which we have varied from the non-catchbonded to the

TFBD scenario. In the asymmetric case, which is the more experimentally relevant

scenario, we have seen that the motility diagram obtained in the (N+, N−) plane does

not show a one to one correspondence with the average processivity contour plots in

the same plane obtained using the stochastic simulations, an aspect which is under

current investigation.
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Chapter 6

Summary

In this thesis, we have studied the explicit role of motor proteins on the dynamics of

both a cytoskeletal filament and an intracellular cargo.

In the first problem, the results of which we have described in detail in Chapters

2 and 3, we explicitly model a semiflexible filament as it glides on a two dimensional

substrate decorated with motor proteins. This model is very different from the ef-

fective active polymer models which either uses an active noise or models activity

as a self-propulsive force acting tangentially on the filament. The filament is mod-

eled as a semiflexible bead-spring polymer while the motor proteins are modeled as

elastic springs which undergo attachment-detachment kinetics with the filament. The

detachment increases with increasing local load. In the attached state, the motor pro-

teins move along the filament in a given direction forcing the filament to move in the

opposite direction. The velocity of motor proteins moving along the filament is de-

pendent on the local extension. We look at the effect of local stress on the morphology

of the polymer. In particular, the end-to-end distribution shows several interesting

features like reduction of effective bending stiffness when detachment kinetics is lo-

cal load independent, restoration of bending stiffness when detachment becomes load

dependent and again lowering of effective bending stiffness as the local load depen-

dent active velocity is increased. In the last case, the polymer coexists between open

and spiral states which we characterize using an order parameter. Further, we see a

very interesting behavior in the center of mass dynamics of the polymer as it shows

multiple diffusive-ballistic crossovers. These unexpected results cannot be explained

within an effective active polymer model as we identify three relaxation time scales :

inertial, speed and orientational time scales of the center of mass velocity vector.

In the second problem, we turn our attention to the experimentally observed

detachment kinetics of a specific molecular motor : dynein which shows a unique

slip-catch-slip behavior, and look at its role in the intracellular transport of cargo.

81
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As opposed to the previous study on gliding assay, the geometry is inverted to a

bead assay and the detachment kinetics for dynein at a intermediate force range

decreases with increasing force. The consequence on bidirectional cargo transport are

far reaching. As opposed to the usual tug-of-war scenario where the motor set with

the stronger pull wins, here we see a counter intuitive result. At certain load forces

where the dyenin catch bond is activated, the motor binds stronger to the filament.

As a result, increasing kinesin motors does not favor a plus directed movement of

the cargo. The average processivity is negative and there is an extended parameter

space where this phenomena works. This connects very well with recent experimental

observations which have been together labeled as the ‘paradox of codependence’. Our

results hints at a plausible resolution of this paradox. We characterize motility states

of the cargo and construct motility diagrams.

We hope that both these studies, which look closely at the role of the activity

of motor proteins on local stress generation and transport properties, will provide a

framework to interpret experimental data and have wider implications for the under-

standing of motor-driven processes in the cell.
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[64] F. Jülicher and J. Prost, Phys. Rev. Lett. 75, 2618 (1995).

[65] A. Vilfan, E. Frey, and F. Schwabl, Eur. Phys. J. B 3, 535 (1998).
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