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Abstract

We consider the Lie groups SU(n, 1) and Sp(n, 1) that act as isometries of the complex
and the quaternionic hyperbolic spaces respectively. We classify pairs of semisimple el-
ements in Sp(n, 1) and SU(n, 1) up to conjugacy. This gives local parametrization of the
representations p in Hom(F,, G)/G such that both p(z) and p(y) are semisimple elements
in G, where F; = (z,y), G = Sp(n,1) or SU(n,1). We use the PSp(n, 1)-configuration
space M(n, i, m — i) of ordered m-tuples of distinct points in HE, where the first i points
in an m-tuple are boundary points, to classify the semisimple pairs.

Further, we also classify points on M(n, i, m — ). Particularly interesting coordinates
occur for lower values of n. The conjugacy classification of pairs is then applied geomet-
rically to obtain Quaternionic hyperbolic Fenchel-Nielsen type parameters for generic
representations of surface groups into Sp(2, 1) and Sp(1, 1).
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CHAPTER 1

Summary of the thesis

A problem of potential interest is to understand the geometry and topology of the
deformation space, or the conjugation orbit space ®(I', ¢) = Hom(I',G)/G, where I' =
m(3,) and G is the isometry group of a rank one symmetric space of non-compact type.
Here G acts on Hom(I', G) by conjugation via inner automorphisms, ¥, denotes a closed
connected orientable surface of genus g > 2 and m(%,), or simply 7, denotes the funda-
mental group of ¥,. It is well known that the rank one symmetric spaces of non-compact
types are the real, complex, quaternionic hyperbolic spaces and the Cayley plane. The
respective isometry groups in the first three types are given by SO(n,1), SU(n,1) and
Sp(n, 1) respectively. The deformation space is geometrically interesting when G is one of

these groups.

When G = SL(2,R), it acts on the two-dimensional real hyperbolic space by real
Mobius transformations. The space ©(m(X,), SL(2, R)) contains the classical Teichmdiller
space as one of its components, and has been studied widely in the literature, though
not completely understood even today, for example see the survey [Gol06] or the recent
work [MW16]. When G = SL(2, C), the deformation space contains the so called quasi-
Fuchsian space that is related to Thurston’s program on three-manifolds and Kleinian
groups, see Marden [Mar16]. In the case of G = SL(2, R), this leads to the Fenchel-Nielsen
coordinates on the Teichmiiller space, see [Wol82]. This was generalized by Kourounitis
[Kou94] and Tan [Tan94] for G = SL(2,C).

A starting point in all these works is the problem of classifying pairs of hyperbolic
elements up to conjugacy. For G = SL(2,R) or SL(2, C), it is well-known from the work of
Fricke and Vogt that the group generated by a pair of elements is completely classified up
to conjugacy by the traces of the generators and the trace of their product, see [Gol09]. Itis
not an easy problem to generalize the work of Fricke and Vogt to higher dimensions, or in

other rank one isometry groups. There can be two approaches to handle the problem. In
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the first approach one uses algebraic invariant theory, and in the other geometric methods

driven by underlying geometric structures.

Using invariant theory, there are attempts to classify conjugation orbits of pairs of el-
ements in SL(n, C) using polynomials involving traces. The work of Procesi [Pro76] has
given a set of trace coordinates for classifying conjugation orbits of free group represen-
tations into GL(n, C). Procesi’s coordinate system can be restricted to SL(n, C), but a min-
imal family of such coordinates is known only for lower values of n, see [Law07, Law08,
Dok07]. Since SU(n, 1) is a real form of SL(n + 1,C), the pairs of elements in SU(n, 1)
may be associated to certain trace parameters, though may not be minimal. Using the
work of Lawton [Law07], Will [Wil09] has obtained a set of minimal trace parameters to
classify conjugation orbits of F; representations in SU(2, 1), also see Parker [Par12]. In an
attempt to generalize this work, Gongopadhyay and Lawton [GL17] have classified the
polystable pairs (that is, the pairs whose conjugation orbits are closed) in SU(3, 1) using
39 real parameters. At the same time, it has been shown that the real dimension of the
smallest possible system of such real parameters to determine any polystable pair is 30.
As evident from [GL17], the complexity of the trace parameters increases with n. An

explicit set of trace parameters for pairs in SU(n, 1), n > 4, is still missing in the literature.

Using geometric methods, there are attempts to classify ‘geometric” pairs in rank one
isometry groups, mostly SU(n, 1). Recall that an isometry of the complex or the quater-
nionic hyperbolic space is called hyperbolic if it fixes exactly two points on the boundary.
Parker and Platis [PP08], Falbel [Fal07] and Cunha and Gusevskii [CG10], independently
obtained classifications of the hyperbolic pairs in SU(2, 1). A common idea in these works
is to associate the congruence classes of fixed points of the hyperbolic pairs to a topolog-
ical space. It follows from these works that the traces of the hyperbolic elements along
with a point on the respective topological spaces classify the hyperbolic pairs. Parker and
Platis applied their result to construct Fenchel-Nielsen parameters on the complex hyper-
bolic quasi-Fuchsian space. Falbel and Platis [FP08] obtained geometric structures of the
space constructed by Falbel. In [GP17], Gongopadhyay and Parsad have generalized the
work of Parker and Platis to classify generic hyperbolic pairs in SU(3, 1), and then to ob-
tain Fenchel-Nielsen type coordinates on a special component of the SU(3, 1) deformation

space of surface group representations. Recently, Gongopadhyay and Parsad have given
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a geometric classification of the conjugation orbits of the hyperbolic pairs in SU(n, 1). An
advantage of the approach in [GP18a] is that the complexity for larger n can be handled

successfully to provide a classification in arbitrary dimension.

In this thesis, we have classified pairs of semisimple elements in Sp(n, 1), up to con-
jugacy. In other words, we want to classify elements in the space X (F2, Sp(n,1)). Here
X (F2, Sp(n, 1)) is the subset of deformation space D (F2, Sp(n, 1)) consisting of represen-
tations p such that p(x) and p(y) are semisimple. Not much is known about the local struc-
ture of this space. A key obstruction in generalizing the above mentioned works to pairs
in Sp(n, 1) is the lack of conjugacy invariants due to the non-commutativity of the quater-
nions. Because of this, neither the classical invariant theoretic approach nor the geometric
approach has a straight-forward generalization for elements in X,;(F2, Sp(n, 1)). We have
resolved this difficulty by associating certain spatial invariants, along with the linear al-
gebraic invariants available in this setup. This has given us a local parametrization of
the space X.;(F2, Sp(n,1)). As a byproduct, we have classified points in X,(Fs, SU(n,1)).
These classifications give us a system of local parameters to points in X, (F9, G), where
G = Sp(n,1) or SU(n,1). Particularly interesting coordinates occur for lower values of
n. The conjugacy classification of pairs is then applied geometrically to obtain Fenchel-
Nielsen type parameters for generic representations of surface groups into Sp(2,1) and

Sp(1,1). We briefly summarize the thesis in the following sections.

1. Moduli of ordered tuples of distinct points on Hy

In our understanding of the conjugation orbits of the semisimple pairs, the moduli
space of PSp(n, 1)-congruence classes of ordered m-tuples of distinct points on Hy' ', m >
4,1is used. We project a pair of isometries onto this space to associate the spatial invariants.
We classified points on this space that provides some understanding of its topology. The
problem to obtain configuration space of ordered tuples of points on a topological space

is a problem of independent interest. The general problem may be stated as follows:

Let X be a topological space and G be a group acting diagonally on the ordered m-
tuples of points on X: for p = (p1,...,pn) iIN X™, gin G,

(gap> = (gplagp27 s 7gpm)
3



In general, this is a difficult problem to understand the orbit space X /G under this action.
However, there are cases when this can be done using the underlying structure of X. A
basic example is a case when X is the circle o' and one considers ordered quadruple of
points on o' under the action of the group SL(2, R) that acts by the Mdbius transforma-
tions on the circle. In this case, the cross ratios of four points essentially determine the
orbit space. When X is the Riemann sphere and G is the group SL(2, C) of the Md&bius

transformations, a similar result also happens.

Let HE denote the n-dimensional complex hyperbolic space and 0H be its boundary.
In this case, X = H{ U OH{ and G = SU(n,1). For k = 3, this problem is related to
the classification of the congruence classes of triangles, and it was solved by Cartan, e.g.
[Gol99]. The Cartan’s angular invariants determine these classes completely. Another
work along this direction was given by Brehm [Bre90] who associated shape invariants
to such triples. The SU(n, 1)-congruence classes of ordered tuples of points on Hi U 0HZ
was obtained by Hakim and Sandler [HS03], also see, Brehm and Et-Taoui [BE98]. How-
ever, neither of these works gave a complete picture of the moduli space. Cunha and Gu-
sevskii completely solved this problem for SU(n, 1)-congruence classes of points on 0H
and obtained a clear description of the moduli space in [CG12b]. Gusevskii et. al. also ob-
tained the moduli space of SU(n, 1)-congruence classes of points on Hf and on the polar
space, see [CDG12], [Gus10]. There are several works on classifications of the SU(2,1)-
congruence classes of quadruples of distinct points on 9HZ, see [Fal07], [CG10], [PP08].

All these works are independent of each other and have used different approaches.

The above works motivate the same problem when X = Hj; U 0HJ; and G = Sp(n, 1).
Here H}; denote the n-dimensional quaternionic hyperbolic space and 0Hf; be its bound-
ary. The case £ = 3, in this case, follow from the work of Apanasov and Kim [AKO07],
who used angular invariants similarly as in the complex hyperbolic case. Recently, the
Sp(2, 1)-congruence classes of quadruples of points on 0H}, has been classified by Cao
[Cao16]. This classification has been applied by us in [GK18]. There have been several re-
cent works to obtain the moduli space of Sp(n, 1)-congruence classes of ordered k-tuples
on OHE, see [Caol7], [G]17].



We generalized the above works to classify points on M(n, i, m —i). Here M(n, i, m —1)
is the space of PSp(n, 1)-congruence classes of ordered m-tuples of distinct points on Hy; ",
where the first i elements in the m-tuples belong to OHj;, and the remaining others are
from Hp. We use the same framework following the work of Brehm and Et-Taoui in
[BET01], or Hofer [H6£99], using Gram matrices. Let p = (p1,p2, ..., pm) be an ordered
m-tuple of distinct points in Hf;. The Gram matrix associated to p is the matrix G =
(gi;), denoted by G(p), where g;; = (p;, pi) with p = (p1, P2, ..., Pm) is a chosen lift of
p. The Gram matrix associated to p depends on the chosen lift of p. We associate certain
numerical invariants to the congruent classes of gram matrices in order to describe the
points on M(n,i,m — i). Let p = (p1, ..., pn) be an ordered m-tuple of points on Hf, such
that first ; elements are from OH}; and the remaining ones from Hj. Let G(p) = (g;;) be

the Gram matrix associated to p. We associate the following invariants to p.

Cross-ratios: Given an ordered quadruple of pairwise distinct points (2, 22, 23, 24) on

Hj;, U OHY, their Kordnyi-Reimann quaternionic cross ratio is defined by
X(Zh 29y %3, Z4> — [Zla 29y 23, 2:4] - <Z37 Z1><Z37 Z2>71<Z4a Z2><Z4a Z1>_1a

where, for i = 1,2,3,4, z; is a lift of z;. We associate cross ratios to p = (p1,...,pm) as

follows:

Xl?’ - X<p27p17p37p7“)7 X2S = X(p17p27p37p5)7

X?)s = X(plap?)aanps)u st = X(phpkvp%ps)a

for(i+1)<r<m,4<s<m,4<k<i k<s.

A simple count shows that there are a total d number of cross ratios in the above list,

where d = “=3 4 i(m — ) with i is the number of null points in p. For simplicity of
2 p plcity

notation, we shall denote them by (Xj, ..., X;) unless otherwise required.

Distance Invariants: Let p; and p; be two distinct negative points in Hfj. We define

distance invariant d;; by: d;; = P;: Pi) (Pi: Py > The quantity d;; is PSp(n, 1) invariant and

(p;: P;)(Pi, Pi)
it is independent of the chosen lifts of the points.
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Angular invariants: The quaternionic Cartan’s angular invariant associated to a triple
(21, 22, 23) on H; U 0HJ, is given by the following, see [AK07], [Cao16],[Ca017],
§]%(_ <Z17 Zy, Z3>)

|<Z17 Zy, Z3>‘

A(z1, 29, z3) = arccos

where (21,29, 23) = (21, 22)(22,23)(23,21). We associate angular invariants to p as: A;; =

A(p1,pi, pj)-

Rotation invariants: If A;; is non-zero, we further associate a numerical invariant u,;

S(gi5)
13(gij)
class of w;; is called a rotation invariant of p. Here Sp(1) is the unit sphere of quater-

given by: u;; =

- If Aj; is zero, then we shall assume u;; = 0. The Sp(1)-conjugacy

nions and isomorphic to SU(2). For simplicity of notation, we shall denote them as
Ug, U1, Ug, - . . , Uy, with the understanding that u; denotes only non-zero rotation invariant

forl§i§tandu0:u23.

With the above notions, we have the following.

THEOREM 1.1. [GK19, Theorem 1.4] A point [p| in M(n,i,m — i), p = (p1,-..,DPm), IS
determined by the Sp(1) congruence class of the (d + t + 1)-tuple

i(i — 3)

W:(ug,ul,...,ut,Xl,...,Xd),d: 5

+i(m—1i), m>4,t=

the angular invariants Ao, A, j, and the distance invariants d;, ;,, for i < i1,751 < m, where l is

the number of zero valued rotation invariants w,;.

We have rotation invariants of the cross ratios
I(X)

T = ST
|(X5)]

If X, is a real number for some i, we assume 7; = 0.

Letp = (p1,...,pm) be such that A(p;, pa, p3) # 0. Note that the Sp(1)-congruence class
of the ordered tuple F' = (ug,uy,...,u;, Xy, ...,Xy) is associated to the Sp(1)-congruence
class of the ordered tuple n = (ug,u1,...,u;n,...,nx) of points on o2, where k is the
number of non-real cross ratios. Hence the above theorem can be restated in the following

form.



COROLLARY 1.2. [GK19, Corollary 1.5] A point [p] in M(n,i,m —1i), p = (p1,...,DPm), is
determined by the angular invariants, the distance invariants, and a point on the Sp(1) configura-
tion space of ordered (k+t+1) tuple of points on o2, where k is the number of non-real (similarity

classes of) cross ratios, and t + 1 is the number of non-zero angular invariants.

The description of the Sp(1)-configuration space of ordered tuples of points can be
obtained from the work [BET01]. Restricting to the special cases of the boundary points

and the points on H; respectively, the above theorem gives the following.

COROLLARY 1.3. [GK19, Corollary 1.6] A point [p] in M(n,m,0) , p = (p1,...,Dm), is

determined by the Sp(1) congruence class of the (d + 1)-tuple F' = (ug, X1,Xo,...,Xy), d =

m(m—3)
2

, m > 4, and the angular invariant Ays.

COROLLARY 1.4. [GK19, Corollary 1.7] A point [p] in M(n,0,m) , p = (p1,...,Dm), s
determined by the angular invariants, distance invariants and Sp(1) congruence class of the unit

pure quaternions associated to p.

Let M.(n, i, m — i) denote the SU(n, 1)-configuration space of ordered tuples of points
on Hc". As an application of the above theorem, we obtain a classification of points on
Mc(n,i,m — 7). Over the complex numbers, conjugacy invariants like the traces and the
cross ratios are well-defined. Accordingly, it is much simpler to classify the points on the
space M.(n, i, m—1). The following corollary is an extension of Theorem 3.1 of Cunha and
Gusevskii in [CG12b].

COROLLARY 1.5. [GK19, Corollary 1.8] A point [p] in M.(n,i,m — i), p = (p1,...,Dm),
is determined by the complex cross ratios Xy, ..., X4, d = @ +i(m — i), m > 4, the angular

invariants Aqs, A;, ;,, and the distance invariants d,, ;,, for i < iy, j1 < m.

Using these results, it is not hard to obtain an explicit description of M(n, i, m — i) fol-
lowing similar arguments as in [CG12b] for the complex case and [Cao017] in the quater-

nion case, also see [G]17].



2. Conjugation orbits of semisimple pairs in rank one

The group Sp(n, 1) acts on the n-dimensional quaternionic hyperbolic space Hj; by
isometries. Elements of Sp(n, 1) are (n + 1) x (n + 1) matrices over the division ring H
of quaternions preserving a quaternionic Hermitian form of signature (n,1). Given an
element g in Sp(n, 1), it has a representation gc in GL(2n + 2,C). The coefficients of the
characteristic polynomials of gc are certain conjugacy invariants of g and the collection
of such coefficients is called the real trace of g. The real traces serve as a set of conjugacy

invariants that may be associated to a pair.

Along with these real traces, another idea in our approach is to associate tuple of
points on Hy = HZ UOHZ to a semisimple pair (p(z), p(y)), and then project the Sp(n, 1)-
conjugation orbit of the pair to the moduli space M(n, i, m —1). Intuitively, the semisimple
pairs are seen here as equivalence classes of ‘moving frames’. To each pair, we associate
points coming from the closure of the totally geodesic quaternionic lines given by these
‘frames’. This association is not well-defined. However, given a semisimple pair, the orbit
of such points under the group action induced by the change of eigenframes gives a well-
defined association, and we denote the space of such orbits by OL,,. A point on this space
that corresponds to a given semisimple pair is called the canonical orbit of the pair. This
space has a topological structure that comes from the topological structure of the moduli

space M(n,i,m — i).

However, the canonical orbits along with the real traces do not give the complete set
of invariants that classify the pairs. To complete the classification, we associate certain
spatial invariants to the semisimple pairs and is a crucial ingredient in the classification.
Let T be a semisimple element in Sp(n, 1). Let A € H \ R be a chosen eigenvalue repre-
sentative in the similarity class of eigenvalues [A| of T" with multiplicity m, m < n, that
is, the eigenspace of [\] can be identified with H™. The [\]-eigenspace decomposes into
a space of the complex m-dimensional subspaces of H™, that may be identified with the
complex Grassmannian manifold G, 2,,,. We call it the eigenvalue Grassmannian of T' corre-
sponding to the eigenvalue class [A]. Each point on this Grassmannian corresponds to an
‘eigenset’ of [A]. If m = 1, a point on eigenvalue Grassmannian is called a projective point

of T corresponding to the eigenvalue class [\].



With the above notions, one of the main results of thesis is the following.

THEOREM 1.6. [GK19, Theorem 1.3] Let (A, B) be a semisimple pair in Sp(n, 1) such that
A and B do not have a common fixed point. Then (A, B) is determined up to conjugation in
Sp(n, 1), by the real traces trg(A), trr(B), the canonical orbit of (A, B) on QL,, and a point on

each of the eigenvalue Grassmannians of A and B.

An immediate corollary is the following.

COROLLARY 1.7. [GK19, Corollary 1.2] Let p be an element in X.5(F2,Sp(n,1)), Fy =
(x,y). Then p is determined uniquely by trr(p(z)), trr(p(y)), the canonical orbit of (p(x), p(y))

on QL,, and a point on each of the eigenvalue Grassmannians of p(x) and p(y).

The methods that we have followed to establish the above results, also carry over to
the case of a pair of semisimple elements in SU(n, 1). For elements of SU(n, 1), the un-
derlying hyperbolic space is defined over the complex numbers, and hence there is no
ambiguity regarding the conjugacy invariants. The coefficients of the characteristic poly-
nomials serve as well-defined conjugacy invariants for individual elements. Geometric
invariants like the cross-ratios are also well-defined. Accordingly, we have the following
special case of Theorem 4.11. This was proved for the hyperbolic pairs in [GP17]. The
following is an extension of [GP17, Theorem 1.1] to semisimple pairs. Here Tr(A) denote

the usual trace of a complex matrix.

COROLLARY 1.8. [GK19, Corollary 1.3] Let p be an element in X4 (F2,SU(n, 1)), Fo =
(x,y). Then p is determined uniquely by Tr(p(z)"), Tr(p(y)), 1 < i < |(n+ 1)/2], and the
canonical orbit of (p(z), p(y)).

For lower values of n, we can get a much better co-ordinate system that is minimal
and the degrees of freedom adds up to the dimension of the group. We summarize these

coordinates in the following sections.



3. Pairs of hyperbolic elements in Sp(2, 1)

A hyperbolic element A in Sp(2, 1) will be called loxodromic if the similarity classes of
eigenvalues of A have representatives in the set H \ R. If all the eigenvalues of A are real

numbers, it is called strictly hyperbolic.

One of the main results of this thesis is a classification of pairs of hyperbolic elements
in Sp(2,1). A pair (A, B) in Sp(2,1) is called totally loxodromic if both A and B are loxo-
dromic. It is called strictly hyperbolic if both A and B are strictly hyperbolic. Recall that a
pair (A, B) of Sp(2, 1) is irreducible if it neither fixes a point nor preserves a proper totally
geodesic subspace of HZ. The subset of D (F,, Sp(2, 1)) consisting of irreducible represen-

tations p such that both p(z) and p(y) are loxodromic, is denoted by D¢, (F, Sp(2, 1)).

Let (A, B) be a pair in Sp(2, 1) such that both A and B are hyperbolic elements. For
a hyperbolic element A in Sp(2, 1), its fixed points are denoted by a4 and r4. There is a
point p = (aa,ra,ap, ) associated to (A, B) in the space M(2,4,0). There are numerical
invariants like the quaternionic cross ratios and the angular invariants associated to this

point p. These invariants are defined as follows.

Let A and B be two loxodromic elements in Sp(2, 1). The fixed points of A and B on
HP? \ (HZ U OHZ) are denoted by x4 and x5 respectively. Let as, ra, x4 denote the lifts

of as, 74, x4. For the pair (A, B) we define the following invariants.
The cross ratios of (A, B).
X1<A7 B) - X(CLA, raA,apB, TB)) X?(Aa B) = X(G’Aa rp,ap, TA)?

Xg(A, B) = X(TA,T'B,CZB,CLA).

The angular invariants of (A, B).

A1<A7B) - A(G/A7TA7GB>7 AQ(Aa B) - A(CLA,TA,TB), A3(A7 B) = A(TA,CLB,TB).

Recently, Cao has proved in [Cao016] that these invariants completely determined the
Sp(2, 1)-congruence class. Cao has also obtained a topological description of the space

M(2,4,0) in [Cao16]. The space M(2, 4, 0) is locally parametrized by seven real parameters
10



consisting of a point on the four (real) dimensional ‘cross ratio variety” and three real

angular invariants.

However, the real traces of A and B, along with the cross ratios and angular invari-
ants of p, are not enough to classify the pair (A, B) up to conjugacy by Sp(2,1). A main
challenge in the quaternionic set up is to look for the ‘missing’ invariants to classify a pair.
Here, we associate certain spatial invariants, called the projective points of an isometry, to
determine the Sp(2,1) conjugation orbit of (A4, B). These invariants arise naturally from
an understanding of the eigenvalue classes of an isometry. It is not needed to associate
projective point to a real eigenvalue of a hyperbolic element. A choice of projective points,
along with “attracting” and ‘repelling’ fixed points, and real trace, determine a hyperbolic

element in Sp(2, 1). We prove the following.

THEOREM 1.9. [GK18, Theorem 1.1] Let (A, B) be a totally loxodromic pair in Sp(2,1).
Then (A, B) is determined up to conjugation by the following parameters: trg(A), tre(B), the
similarity classes of cross ratios of (A, B) or, a point on the four-dimensional cross ratio variety,

the three angular invariants of (A, B), and the projective points (p1(A), p2(A)), (p1(B), p2(B)).

Alternatively, associate to (A, B) an ordered quadruple of its fixed points. This gives

us the following version of the above theorem.

THEOREM 1.10. [GK18, Theorem 1.2] Let (A, B) be a totally loxodromic pair in Sp(2, 1).
Then (A, B) is uniquely determined up to conjugation by the following parameters: trg(A),
trr(B), a point on M(2,4,0) corresponding to (aa,ra,ap, ) and the projective points corre-
spoding to Aand B, i.e., (p1(A), p2(A)), (p1(B),p2(B)).

We note that the above theorems are true for any pairs of loxodromics in Sp(2,1).
However, when the pair (A, B) is irreducible and totally loxodromic, the degrees of free-
dom of the parameters add up to 21 (for each real traces 3 contributing 2 x 3 = 6, for the
point on the cross ratio variety 4, for three angular invariants 3 and for the four projective
points 8 = 2 X (4 projective points)), which is the same as the dimension of the group
Sp(2,1). When the pair (A, B) is reducible, the parameter system will not be minimal and

the degrees of freedom will be lesser than 21.
11



There are four types of hyperbolic elements in Sp(2, 1), which depends on a number
of real eigenvalues. Depending on the types of A and B, there are ten types of mixed
hyperbolic pairs. Except for the totally loxodromic pairs, the degrees of freedom of the
parameter systems of the other types, are always strictly lesser than 21, even if the pair
is irreducible. A reason for these lesser degrees of freedom is the presence of real eigen-
values that commute with every other quaternionic number. Accordingly, we would not
require projective points for the real eigenvalues present in the mixed pair. For each of
these cases, the parameter system can be seen using similar arguments used in the proof

of the above theorem. We only mention the following two cases.

COROLLARY 1.11. [GK18, Corollary 1.3] Let (A, B) be a mixed hyperbolic pair with A
is loxodromic and B is strictly hyperbolic in Sp(2,1). Then (A, B) is uniquely determined up to
conjugation by the parameters: trr(A), trr(B), a point on the cross ratio variety, the three angular

invariants and projective points p;(A), p2(A).

Noting that for a strictly hyperbolic element A in Sp(2, 1), trg(A) belongs to a one real
parameter family, the degrees of freedom of the associated parameters for an irreducible

pair (A, B) in the above corollary is 15, and in the following case, it is 9.

COROLLARY 1.12. [GK18, Corollary 1.4] Let (A, B) be a strictly hyperbolic pair in Sp(2, 1).
Then (A, B) is uniquely determined up to conjugation by the parameters: trg(A), trr(B), a point

on the cross ratio variety and three angular invariants.

As an application of Theorem 5.6, we have a parametric description of the subset
Deo(F2,5p(2,1)) of the deformation space consisting of irreducible totally loxodromic

representations.

COROLLARY 1.13. [GK18, Corollary 1.5] The space ®¢,(F2, Sp(2,1)) is parametrized by a
(CPY)* bundle over the topological space Dy X Dy X M(2) where, for G = 27(c — a) — 9ab + 2a3,
H=3(b—3)—a?

Dy = {(a,b,c) € R* | G* +4H* > 0, |2a + | # |2b+ 2]},

and M(2) is the orbit space of the natural Sy action on the configuration space of Sp(2,1)-

congruence classes of ordered quadruples of distinct points on OHZ.
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3.1. Quaternionic hyperbolic Fenchel-Nielsen coordinates. Another application of
Theorem 5.6 gives us local parametrization of generic elements in ©(m;(X,), Sp(2,1)). Let
¥, be a closed, connected, orientable surface of genus g > 2. Let m;(X,) be the funda-
mental group of ¥,. Specify a curve system C of 3g — 3 closed curves 7; on ¥,. The
complement of such curve system decomposes the surface into 2¢g — 2 three-holed spheres
P;. Let p : m(X,) — Sp(2, 1) be a discrete, faithful representation such that the image of
each v; is loxodromic. For each ¢, the fundamental group of P; gives a representation ¢;
in ©¢(F2, Sp(2, 1)), induced by p, such that the image of ¢; is a (0, 3) subgroup of Sp(2, 1).
If each of these representations ¢; is irreducible, we call the representation p as geometric.
We recall that a (0, 3) subgroup represents the fundamental group of a three-holed sphere,
where the generators and their product correspond to the three boundary curves. With

this terminology, we have the following.

THEOREM 1.14. [GK18, Theorem 1.6] Let ¥, be a closed surface of genus g with a curve
system C = {~,},j =1,...,39g — 3. Let p : m(X,) — Sp(2, 1) be a geometric representation of
the surface group w1 (X,). Then we need 42g —42 real parameters to determine p in the deformation
space ®(m(X,),Sp(2,1))/Sp(2,1).

The parameters in the above theorem may be thought of as ‘Fenchel-Nielsen coordi-
nates’ in this setup. Locally this gives us the degrees of freedom that a geometric represen-
tation can move. But the complete structure of this space is still not clear to us. It would
be interesting to obtain an embedding of the geometric representations into a topological

space.

3.2. Reducible pairs. Now, we briefly mention the case when the pair of hyperbolic
elements (A, B) is reducible. In this case, the parameters obtained in Theorem 5.6 or the
subsequent corollaries, would not be minimal. As in the complex case, e.g. see [GL17,
Section 4.1], it is possible to further reduce the degrees of freedom. If a hyperbolic pair
(A, B) is reducible, it follows from [CG74, Proposition 4.2] that the group G generated
by A, B, is a product of the form A x B, where several possibilities of A and B are listed
in [CG74, p.77]. When the G-invariant totally geodesic subspace is a copy of the real or

complex hyperbolic space, parameters to determine them can be obtained easily from the
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classical Fenchel-Nielsen coordinates, and by the work of Parker and Platis [PP08]. Es-
sentially, conjugacy classification of hyperbolic pairs in Sp(1, 1) remains the only case in
order to have an understanding of the reducible pairs. For this reason, instead of address-
ing the reducible cases in detail, we have focused only on the irreducible hyperbolic pairs
in Sp(1,1).

4. Pairs of loxodromic elements in Sp(1,1)

Let M(1,4,0) denote the configuration space of Sp(1, 1)-congruence classes of ordered

quadruples of points on Hj;. We prove the following.

THEOREM 1.15. [GK18, Theorem 1.7] Let (A, B) be an irreducible totally loxodromic pair
in Sp(1,1). Then (A, B) is determined up to conjugation by the following parameters: trg(A),
trr(B), a point on M(1,4,0) corresponding to (aa,ra,ap,rp), and two projective points p;(A),
pi(B).

The above theorem shows that the degrees of freedom of the coordinates required for
a irreducible pair add up to 10 (for each real traces 2 contributing 2 x 2 = 4, for the point
on the cross ratio variety 2 and for the two projective points 2 + 2, thus totaling 4+2+4=10,

which is the same as the dimension of the Lie group Sp(1, 1).

Further note that, irreducibility is not necessary for the above theorem. But if (4, B) is
reducible, the parameter system above is not minimal and the degrees of freedom can be

reduced further.

The following corollaries follow immediately from the above theorem.

COROLLARY 1.16. [GK18, Corollary 1.8] Let A be a loxodromic and B be a strictly hy-
perbolic element in Sp(1,1). Let (A, B) be irreducible. Then (A, B) is determined up to con-
jugation by the following parameters: trr(A), tre(B), a point on M(1,4,0) corresponding to

(aa,7ra,ap,78), and a projective point p,(A).

COROLLARY 1.17. [GK18, Corollary 1.9] Let A, B be strictly hyperbolic elements in Sp(1, 1).
Let (A, B) be irreducible. Then (A, B) is determined up to conjugation by the following parame-
ters: trr(A), trr(B), and a point on M(1, 4, 0) corresponding to (aa,74,ap,7B).

14



The group Sp(1, 1) may also be viewed as the isometry group of the real hyperbolic
4-space Hy. The space D¢, (Fs, Sp(1, 1)) is of importance to understand four-dimensional
real hyperbolic geometry as well. In [TWZ12], Tan et. al. proved a counterpart of the clas-
sical Delambre-Gauss formula for right-angled hexagons in the real hyperbolic 4-space
keeping this deformation space in mind. In this paper we show that ©¢,(F2, Sp(1,1)) is
a CP! x CP! bundle over a topological space that is locally embedded in R°®. As a conse-
quence of this description, it follows that a geometric representation in ® (7 (X,), Sp(1, 1))

is determined by 20g — 20 real parameters.
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CHAPTER 2

Preliminaries

1. The quaternions

Let H denote the division ring of quaternions. Any ¢ € H can be uniquely written

as ¢ = 1o + rii + roj + r3k, where ro, 71, 72,73 € R, and 4, j, k satisfy relations: i? = j* =
k* = ijk = —1. The real number r, is called the real part of ¢ and we denote it by

R(¢g). The imaginary part of ¢ is I(q) = rii + roj + r3k. The conjugate of ¢ is defined

as § = ro — r1i — r9j — r3k. The norm of q is |¢| = /1% + 7 +r3 +r2. We identify the
sub-algebra R + R: with the standard complex plane C.

Two quaternions ¢y, ¢; are said to be similar if there exists a non-zero quaternion z such
that o = 2 '¢12 and we write it as ¢; -~ ¢o. It is easy to verify that ¢; -~ ¢ if and only if
R(q1) = R(¢2) and |g1| = |¢2|- Thus the similarity class of a quaternion ¢ contains a pair of
complex conjugates with absolute-value |¢| and real part equal to (¢). The multiplicative

group H \ 0 is denoted by H*.

LEMMA 2.1. Every quaternionic element has a polar coordinate representation.

PROOF. Leta = ag+a;i+a2j+ask be a quaternion as above. We want to write its polar
form. We can have a = ay + v where v = ayi+asj+ask. Now observe that |a|2 =a02+]v|2
where [v] = va,® + a3® + ag?. So if a # 0 we get 1 = (2)* + (2)?. Now put i = cos(0)

lal |al

and % = sin(#) where 6 € [0,7]. If v # 0 then we have a = ap + v = |a| (% + Mi). Thus

la| " la] [v]

7

we get a = |a|(cos(f) 4 nsin(#)) where n = = and 6 € [0, 7]. If v = 0 then § = 0. O

REMARK 2.2. In Lemma 2.1, z = cos(f) + nsin(#) is a unitary quaternion number. Since

xrx =1="7xx.

Commuting quaternions. Two non-real quaternions commute if and only if their imag-

inary parts are scaled by a real number, see [CG74, Lemma 1.2.2] for a proof. Let Z(q)
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denotes the centralizer of ¢ € H \ R. Then Z(q) = R 4+ Rq. For some non-zero o € H,
Z(q) = aCa™!, where C = Z(re®), r = |q|, R(q) = r cosf. Given a quaternion ¢ € H \ R,
we call Z(q) the complex line passing through ¢. Note thatif ¢ € H\R, then Z(7') = Z(q).

1.1. Matrices over quaternions. Let V be a right vector space over H. Let 7" be a right
linear map on V. After choosing a basis of V, such a linear map can be represented by an
n x n matrix My over H, where n = dim V. Thus, one may identify the right linear maps
on V with n x n quaternionic matrices. Here the quaternionic matrices act on V from the
left. The map T is invertible if and only if My is invertible. The group of all invertible
(right) linear maps on V is denoted by GL(n, H).

Suppose A € H* is a (right) eigenvalue of T, i.e. there exists v € V such that T'(v) = vA.
Observe that for ;1 € H*,

T(vp) = T(v)p = (VA)p = (vp)u™ M.

This shows that the eigenvalues of 7" occur in similarity classes and if v is a A-eigenvector,
then vy € vH is a p~'Ap-eigenvector. Thus the eigenvalues are no more conjugacy in-
variants of T', but the similarity classes of eigenvalues are conjugacy invariants. Note that
each similarity class of eigenvalues contains a unique pair of complex conjugate numbers.
We shall choose one of these complex eigenvalues e, 6 € [0, 7, to be the representative
of its similarity class. Often we shall refer them as ‘eigenvalues’, though it should be
understood that our reference is towards their similarity classes. In places, where we
need to distinguish between the similarity class and a representative, we shall denote the

similarity class of an eigenvalue representative A by [)].

For more information on quaternionic linear algebra, we refer to the book [Rod14].

2. Quaternionic hyperbolic space
Let V. = H™! be the n dimensional right vector over H equipped with the Hermitian
form of signature (n, 1) given by
<Z, W> =w'Hz = wn+121 + Wozg + -+ -+ Wp2y + w12n+1,

where * denotes conjugate transpose. The matrix of the Hermitian form is given by
18



0
In—l
0

=
I
— o O
S O =

where I,,_; is the identity matrix of rank n — 1. We consider the following subspaces of
H! .

V_={zeH" :(z,2z) <0}, V, = {z € H" : (z,2) > 0},

Vo= {z — {0} € H"' : (z,2) = 0}.

A nonzero vector z in H™! is called positive, negative or null depending on whether z
belongs to V., V_ or V,. Let P : H™' — {0} — HP" be the right projection onto the
quaternionic projective space. Image of a vector z will be denoted by 2. The quaternionic
hyperbolic space Hj} is defined to be PV_. The ideal boundary 0Hfj is defined to be PV,

So we can write Hf, = P(V_) as
H% = {(wb s 7wn) e H" : 2%(w1) + |w2‘2 +o Tt ‘wn‘z < 0}7

where for a pointz = [21 2z ... zn+1]T € V_UVy, w; = 2z}, fori = 1,...,n. This
is the Siegel domain model of Hf. Similarly one can define the ball model by replacing
H with an equivalent Hermitian form given by the diagonal matrix having one diagonal

entry —1 and the other entries 1. We shall mostly use the Siegel domain model here.

There are two distinguished points in V, which we denote by o and oo, given by

0 1
0 0
o= ,00= | .
1 0

Then we can write OH}, = P(V,) as

OHE — 0o ={(21,...,2,) € H" : 2R(21) + |22 + - - + |2a|* = 0.

Note that HY, = H} U OHZ.
19



Given a point z of HY} — {0} C HP" we may lift z = (zy,...,2,) to a point z in V,

called the standard lift of z. It is represented in projective coordinates by
21
Zn
1

The Bergman metric in Hj; is defined in terms of the Hermitian form given by:

o 4 . (z,z) (dz,z)
ds” = <z,z>2dt (z,dz) (dz,dz)

If z and w in Hfj correspond to vectors z and w in V_, then the Bergman metric is also

given by the distance p:

plew)y _ (o w)(w,)

cosh? ( 5

More information on the basic formalism of the quaternionic hyperbolic space may be
found in [CG74], [KP03].

3. Isometries

Let Sp(n, 1) be the isometry group of the Hermitian form (.,.). Each matrix A in
Sp(n, 1) satisfies the relation A~! = H~'A*H, where A* is the conjugate transpose of A.
The isometry group of H}, is PSp(n, 1) = Sp(n,1)/{£I}. However, we shall mostly deal
with Sp(n, 1).

Based on their fixed points, isometries of Hy; are classified as follows:

(1) An isometry is elliptic if it fixes a point on Hi;.
(2) Anisometry is parabolic if it fixes exactly one point on OH;.

(3) Anisometry is hyperbolic if it fixes exactly two points on OHJ;.

The elliptic and hyperbolic isometries are semisimple. Now we define the following ter-
minology for describing conjugacy classification of semisimple isometries. Let g be a
semisimple element in Sp(n, 1). Let A be an eigenvalue of g, counted without multiplici-

ties. Then ) is called negative, resp. null, resp. positive if the corresponding \-eigenvector
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is negative, resp. null, resp. positive. Accordingly a similarity class of eigenvalues is neg-
ative, null or positive according as its representative is negative, null or positive. For de-
tails about conjugacy classification of the isometries we refer to Chen-Greenberg [CG74].

We note the following fact that is useful for our purposes.
LEMMA 2.3. (Chen-Greenberg )[CG74]

(1) Two elliptic elements in Sp(n, 1) are conjugate if and only if they have the same negative
class of eigenvalues, and the same positive classes of eigenvalues.
(2) Two hyperbolic elements in Sp(n, 1) are conjugate if and only if they have the same simi-

larity classes of eigenvalues.

LEMMA 2.4. The group Sp(n, 1) can be embedded in the group GL(2n + 2,C).

PROOF. Write H = C @ jC. For A € Sp(n, 1), express A = Ay + jAy, where A, Ay €
M,,+1(C). This gives an embedding A — Ac of Sp(n, 1) into GL(2n + 2, C), where

(A A
(3.1) AC_(A2 T )

The following lemma follows from the above.

PROPOSITION 2.5. Let A be an element in Sp(n, 1). Let Ac be the corresponding element in

GL(2n + 2, C). The characteristic polynomial of Ac is of the form
2n+2

xa(@) =Y aa” I,

=0
where ag = 1 = agpqp and for 1 < j < n+1, a; = agmy1)—;- If A is hyperbolic, then the
conjugacy class of A is determined by the real numbers a;, 1 < j < n+ 1. If A is elliptic then
the conjugacy class of A is determined by the real numbers a;, 1 < j < n + 1, along with the
negative-type eigenvalue of A.

In the special case of Sp(1, 1), counterparts of the above theorem may be obtained from
the works [GP13] or [CPW04], also see [GPP15, Section 5.3].

DEFINITION 2.6. Let A be semisimple element in Sp(n, 1). The real n-tuple (a4, ..., a,)

as in Proposition 2.5 will be called the real trace of A and we shall denote it by trg(A).
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4. The cross ratios

Given an ordered quadruple of pairwise distinct points (z1, 22, 23, z4) on HF, their

Korédnyi-Reimann (quaternionic) cross ratio is defined by

X(317227Z3,Z4) = [2’1722,23,2’4] = (Zg,Z1><Z3,Z2>71<Z4,Z2><Z4,Z1>_1,

where, for i = 1,2, 3, 4, z;, are lifts of z;. Unlike the complex case, quaternionic cross ratios
are not independent of the chosen lifts. However, similarity classes of the cross ratios
are independent of the chosen lifts. In other words, the conjugacy invariants obtained
from the cross ratios are (X) and |X|. Under the action of the symmetric group S, on
a tuple, there are exactly three orbits, see [Plal4, Prop 3.1]. For a given quadruple of
distinct points in 0HJ;, the moduli and the real parts of all 24 quaternionic cross ratios are
real analytic functions of the moduli and the real parts respectively of the following three

cross ratios:

Xi(21, 22, 23, 24) = X(21, 22, 23, 24) = |21, 22, Z3, Z4),
XQ(Zla 22,23, 24) = X(217Z47Z37 22) = [Z17Z47Z37Z2}7
X3(Z17 22, 23, 24) = X(227z47237 21) = [ZQ,Z4,Z3,Z1}.

Usually, cross ratios are defined for boundary points but we can generalize it for H} and
we will use it in chapter 3. Platis defined cross ratios for boundary points and proved that

these cross ratios satisfy the following real relations:
Xo| = [X1|[Xs], and, 2X;|R(Xs) > [X]? + [Xo]? — 2R(X)) — 2R(X;) + 1,
with equality holds if and only if certain conditions hold, see [Pla14, Proposition 3.4].

Furthermore, in the case n = 2, Platis proved that these cross ratios satisfy the follow-

ing real relations:
|X2| = ’X1||X3|, and, 2|X1|%(X3> = |X1|2 —+ |X2|2 — 2%(X1) — 2%(X2) —+ 1.

For a given quadruple (21, 29, 23, 24) of OH%, the triple of cross ratios (X, X, X;3) corre-
sponds to a point on the four dimensional real variety R® subject to the above two real

equations. This is called the cross ratio variety.

However, unlike the complex case, a point on the quaternionic cross ratio variety does

not determine the Sp(2, 1)-congruence classes of ordered quadruples of points on OHZ.
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This has been proven by Cao in [Caol6]. We shall recall Cao’s result in Theorem 2.8

below.

W. Cao also defined it for H,, for more details, see [Ca016, Section 3].

5. Cartan’s angular invariant

Let 21, 29, 23 be three distinct points of Hf = Hp U OH%, with lifts z,, z, and z; re-
spectively. The quaternionic Cartan’s angular invariant associated to the triple (21, 22, 23)
was defined by Apanasov and Kim in [AKO07] and is given by the following:

R(—(z1, 22, 23))
(21,22, 23)

The angular invariant is an element in [0, 7]. It is independent of the chosen lifts and also

A(z1, 29, 23) = arccos

Sp(n, 1)-invariant. The following proposition shows that this invariant determines any

triple of distinct points on 0Hj; up to Sp(n, 1)-equivalence. For a proof see [AKO07].

PROPOSITION 2.7. [AKO7] Let 21, 2o, 23 and 2, 25, 25 be triples of distinct points of OHJ.
Then A(z1, 22, 2z3) = A(2], 2y, 23) if and only if there exist A € Sp(n, 1) so that A(z;) = 2} for
j=1,2,3

Further, it is proved in [AKO07] that (2, 22, 23) lies on the boundary of an H-line, resp.
a totally real subspace, if and only if A = 7, resp. A = 0.

5.1. Sp(2,1)-congruence classes of ordered quadruples of points on OHZ. We shall
use the following result by Cao that determines ordered quadruples of points on JHZ,
see [Cao16].

THEOREM 2.8. [Caol6] Let Z = (21, 22, 23,24) and W = (wy, wy, w3, wy) be two ordered
quadruples of pairwise distinct points in OHZ,. Then there exists an isometry h € Sp(2,1) such

that h(z;) = w;, i = 1,2, 3,4, if and only if the following conditions hold:

(1) For j = 1,2,3, X;(21, 22, 23, 24) and X;(wy, wa, w3, wy) belong to the same similarity
class.
(2) A(z1, 22, 23) = A(wr, wa, w3), A(21, 22, 21) = Awy, wa, wy),
A(z9, 23, 24) = A(wg, w3, wy).
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Cao has described the moduli of Sp(2, 1)-congruence classes of ordered quadruples of

distinct points on 9HZ,. We recall his result here.

THEOREM 2.9. [Cao16] Let M(2,4,0) be the configuration space of ordered quadruples of
distinct points on OHZ. Then M(2,4,0) is homeomorphic to the semi-analytic subspace of C* x

[0,00) x [0, 5] given by points (c1, cz, c3,t, A) subject to the relations
%(Clég) + t?R(Cg) S O, %(02) S 0, |Cl|2 —+ t2 7£ 0, |02|2 + |Cg|2 ?é 0,

14 [e1]® + |eof® + Jes|? + 12 = 2R(c1) + 2R(coe™™) 4+ 2R((G1co + tes)e™) = 0.

Note that there is a natural action of the symmetric group S, on M(2,4,0), coming

from the S, action on an ordered tuple:

9-[(2?171?2,103,104)] = [(pg(l)apg(2)apg(3)apg(4))]'
The orbit space of M(2, 4, 0) under this action will be denoted by M (2).
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CHAPTER 3

Moduli space of PSp(n, 1) congruence classes of points

In this chapter, we investigate about the Moduli space of PSp(n, 1) congruence classes

of distinct points from H.

1. The Gram matrix

A common feature in the works [CG12b], [Ca017], and the one formulated in this
section is the use of the Gram matrices. This is motivated by the ideas of Brehm and
Et-Taoui in [BET01] and Hofer in [H6£99].

In this section, without loss of generality, we will assume that first i elements from
p = (p1,p2, - - -, Pm) are null and the remaining other elements are negative, for 3 <i < m.

The following proposition is in [Cao016, Prop.1.1].

PROPOSITION 3.1. If z, w € H™! — {0} with (z,z) < 0and (w,w) = 0 then either w = z\
for some X\ € Hor (z,w) # 0.

From this Proposition 3.1 we can see that (z, w) # 0, for z € 0HJ; and w € Hj,. Also
we will have (z, w) # 0, for z # w together with the condition that either z, w € OHJ; or

z,w € Hy.

DEFINITION 3.2. We say that two Hermitian m x m matrices G and K are equivalent

if there exist non-singular diagonal matrix D such that G = D*K D.

Now by using these observations together with an appropriate chosen lift of p =

(p1,p2, - -, Pm), the following lemma follows using a similar argument as in [CG12b].

LEMMA 3.3. Let p = (p1,pa, - - -, Pm) be a m-tuple of distinct points in Hg.. Then the equiv-

alence class of Gram matrices associated to p contains a matrix G = (gx;) with gg, = 0 for
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k=1,2,....0 g3l =1, g1, =1forj =2,3,....4, goe. = —1fork =i+ 1,i+2,...,m, and

g1k = 1 for k =i+ 1,94 2, ..., m, where ry;, are real positive numbers.

PROOF. Let p = (p1,pe,---,Pm) be a lift of p. We want to choose a lift of p such that
it will satisfy required conditions of the lemma. As p;’s are distinct points in Hf;, we get
(Pks Pk) = grk = Tk, Wwhere r, = 0 for k = 1,2,...,i and r is a negative real number for
k=i+1,i+42,...,m. Now we can find out scalars \; such that (py\¢, prAx) = 0 for
k=1,2,...,iand (pgAg, PxAk) = —1fork =i+ 1,7+ 2,...,m. In particular we can take
Me=1fork=1,2,....iand \, = /=1, fork=i+1,i+2,...,m.

Now again rescale p by 1 = 1, 8 = (p1A1, prAi) ~tfor k =2,3,...,iand fi = xy; for
k=1i+1,i+2,...,m, where zy; is unitary part of (pi1 A, pxAx). Thus we get conditions
gi;=1forj=23,...;iand g1; =y fork=i+1,i+2,...,m, where r; = [(P1A1, Pr k)|
are real positive numbers. Finally for getting condition |g.3| = 1 we will further rescale

pby 1 = /T3, Yk = }fork;:2,3,...,iand7k:1f0rk::i+1,i+2,...,m,where

T23

To3 = |<P2)\252> ps)\353>|- So appropriate lift p = (P1)\151%7 P2A2fay2, - - apm)\mﬁm%n) of p

proves the lemma. O

REMARK 3.4. The Gram matrix G(p) = (gx;) in the above lemma 3.3 has the form

F0 1 1 - 1 7]
1 0 g3 -+ g
1 g3 0 -+ g3 |G"
(1.1) Gp)=|: : + . :
1 G G - O
i G A

where |go3| = 1, G* is i x (m — i)— matrix with each entry nonzero together with having

first row contains real positive number and A is (m — i) x (m — ¢)— matrix with the form,

—1 9+ (+2)  9GE+1)(E+3) " Yii+)m

A 9(i+1)(i+2) -1 96E+2)(@+3) " 9@+2)m
9i+1)(m)  G+2ym  G(i+3)ym —1
Now observe that the spanning set of p = (p1, p2, - .., Pm) contains at least one nega-
tive point even if m-tuple contains all null points. So the spanning setof p = (p1, P2, .., Pm)

is non-degenerate.
26



The following proposition follows using similar arguments as in the proof of [H6f99,

Theorem 1]. It is essentially a consequence of the Witt’s extension theorem.

DEFINITION 3.5. Let p = (p1,p2,...,pm) and ¢ = (q1,¢2, - .., qn) be two ordered m-
tuples of distinct points in Hf;. Then p and ¢ are congruent in PSp(n, 1) if there exist
h € PSp(n, 1) such that h(p;) = ¢; fori =1,2,...,m.

Here, we will recall Witt’s theorem.

THEOREM 3.6 (Witt’s theorem). Any linear injective isometry ¢ : V. — W, where V and

W are linear subspaces of H™' can be extended to isometry of H™'.

PROPOSITION 3.7. Let p = (p1,pa, - .-, Dm) and ¢ = (qu, G2, - - - , ¢m) be two ordered m-tuples
of distinct points in Hy,. Then p and q are congruent in PSp(n, 1) if and only if their associated

Gram matrices are equivalent.

PROOF. Suppose p and ¢ are congruent in PSp(n,1). Let G(p) and G(q) are Gram
matrices associated to p and ¢ with respect to lift p and q respectively. Since there exist
h € PSp(n,1) such that h(p;) = ¢ for ¢ = 1,2,...,m, gives that h(p;) = q;\; for all
i =1,2,...,m.So we have G(p) = D*G(q)D with D = diag(\i, \a, ..., \y), that is G(p)

and G/(q) are equivalent.

Conversely, suppose that G(p) and G(q) are equivalent. So there exist non-singular
diagonal matrix D such that G(p) = D*G(q)D. Thus we have (p;, p;) = (q;\;, piAi). Now
suppose that V' and W be subspaces of H™' spanned by m-tuples (pi1,p2,...,P») and
(A1 A1, d2A2, . .., AmAm) Tespectively. Let ¢ : V. — W be such that ¢(p;) = q;\;. Now
we will prove proposition by using Witt’s theorem. As V and W are non degenerate
subspaces of H™!, we can see that ¢ is linear injective isometry. Thus ¢ can be extended
to linear isometry ¢ of H™!, by Witt’s theorem. So d(pi) = ¢q; fori = 1,2,...,m, thatis p
and ¢ are congruent in PSp(n, 1). O

2. Semi-normalised Gram matrix

DEFINITION 3.8. We will call the matrix in lemma 3.3 as semi-normalised Gram matrix

with respect to lift p = (p1, p2, ..., Pm) of p.
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The following Lemma shows that semi-normalised Gram matrix is just an equivalence

class.

LEMMA 3.9. Suppose that the Gram matrix G(p) is semi-normalised Gram matrix for p with
respect to lift p = (p1,Pa2--.,Pm). Then G(p') is still a semi-normalised Gram matrix with
p' = (P11, PmAm) ifand only if \y = Ay = ... = A\, and \; € Sp(1).

PROOF. It follows from (piA;, ppAe) = 1 that M\ = 1, for k = 2,3,...,ias (p1,px) =
1, and from |(paAs, p3As)| = 1 that [As]|\2| = 1 as |(p2, ps)| = 1. Thus we have |\;| = 1 so
A1 € Sp(1). Soby MgAy = 1fork=23,...,iwehave \; = Ay = ... = \;and \; € Sp(1).

Also we can see that (pg g, prAr) = —1, for k =i+ 1,9+ 2,...,m gives that |\;| = 1
fork =i+1,i+2,...,m. Since (p1\1, p;)\;) = r1;, where r; are positive real numbers for
j =i+1,i+2,...,m. Thus we have X; r1; \; = r{,, where (p1,p;) = r1;. By using the
fact |\i| = 1implies r}; = ry; for j =i+ 1,i +2,...,m. As we can commute real numbers
with quaternions we get \;\; = 1 for j = i + 1,i + 2,...,m. Thus we have \; = ) for

j=i+1,i+2,... mwith |\|=1ie, A; € Sp(1).

Conversely, we can verify that if p’ = (p1 A1, P21, - .., PrmA1) with |\ = 1, then G(p’)

is matrix of the form (1.1). O

REMARK 3.10. We can represent semi-normalised Gram matrix G(p) = (gx;) by

Vo = (7’1(i+1)7 T1(i42)5 - -+ > T1m> 9235 9245 - - -+, 92m5> 9345 - - -, G3mss - - - agm—lm) in H', where |923| =1
and t = (7n2—'m+21+2) Action of Sp(1)/{1,—1} on H' by (u, Vo) — uVgu gives the orbit

Ove = {1iVap : Y € Sp(1)}.

LEMMA 3.11. Let G, and G, be two semi-normalised Gram matrices represented by V¢, and
Va, resp. Then Gy and G are equivalent if and only if Oy, = Oy, .

PROOF. Let G; and G be two semi-normalised Gram matrices of p and ¢ respectively,
where p and ¢ are m-tuples of distinct points in Hf; with lifts p = (p1,p2,...,Pm) and
q = (qi1,92, --.,qn) respectively. The equivalence of G; and G, implies that there exist
non-singular diagonal matrix D such that G; = D*G,D where D = diag(\, ..., \y). So

we have

(2.1) G1 = (g9i5) = ((P;. Pi)) = Nilay, @A) = Nagi; ;) = ((QiAj, aid)).
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Lemma 3.9 above givesnow \; = Ay = ... = \,, = pand p € Sp(1). So from equation 2,
9ij = Igij 1, where p € Sp(1). So we get Oy, = Oy_.

Conversely, if Oy, = Oy,,, we want to find non-singular diagonal matrix D such that
G1 = D*G2D, where D = diag(A\, A2, Az, ..., Am). As Vg, lies in Ovg,, Vo, = Vg, for
some € Sp(1) and g;; = 71g;;'v. Thus we get D = (u, 1, .. ., pv), where 1o € Sp(1). O

LEMMA 3.12. Let p and q be m-tuples of distinct points in H.. Then p and q are congruent
in PSp(n, 1) if and only if Oy, = Oy, , where Vi, and Vg, are represented by semi-normalised

Gram matrices associated to p and q respectively.

PROOF. By Proposition 3.7, p and ¢ are congruent in PSp(n, 1) if and only if their as-
sociated Gram matrices are equivalent. Let G; and (G5 be the two semi-normalised Gram
matrices associated to p and ¢ respectively. We represent them by V(;, and Vi, respectively.
Now by using 3.11, we get the result Oy, = Oy, . O

3. Configuration space of ordered tuples of points

Note that Xi; = gogrijg2; ", Xo; = ﬁgzjﬁ_jll Xsj = Ga3 'gsir; 0 Xuy = Eilgkjrl_jll
where r;; = 1if 2 < j <. Hence the Gram matrix G(p) = (g;;) can be read off from these

invariants.

Let p1, pi, p; be three distinct points of H} = HZ U OH%, with lifts p;, p; and p;, re-
spectively. We can write (p1, p;, p:) = |(P1, Pj, Pi}|(cost;; + u;; sinb;;) = |(p1, pj, pi)|e“i%,
where u;; € 0? is a unit pure quaternion. If (p;, p;, p;) is a real number then u;; is unde-

fined, and we shall assume in such cases thatu;; = 0. Note that

A(ph Pi, pj) = arg(<p1,Pj7pi>) = arg(ﬁjgijm) = arg(gij) = 913‘-

It follows from Remark 3.10 that the Sp(1)-conjugacy class of u;; (where it is non-zero) is

an invariant of the orbit Oy,,.

THEOREM 3.13. [GK19, Theorem 1.4] A point [p] in M(n,i,m — i), p = (p1,...,Pm), IS
determined by the Sp(1) congruence class of the (d + t + 1)-tuple
i(i — 3)

(m — 1)

W = (ug, ut, ..., u, Xq,. .., Xy), d= +i(m—i), m>4,t=
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the angular invariants A, A, ;, and the distance invariants d;, ;,, for i < iy,j; < m, wherel is

the number of zero valued rotation invariants w;;.

PROOF. Observe that each orbit Oy, is determined up to Sp(1) conjugation of the semi-

normalised Gram matrix represented by V.

Let G = (g;;) be a semi-normalised Gram matrix represented by Vi corresponding to

a chosen lift p = (p1, p2, - . ., Pm) of p. We have the following equations:

R(— R(—
Aoz = A(p1, p2, p3) = arccos (=(p1, Ps, P2)) = arccos M = arccos R(—ga3),
|(P1, P3, P2)| | o3|
_ _ _ _ _ - - %(923)
Xijr = g23r15 G20 17X2j = g2392jr1j17X3j = 923 1933'7”1]-1,ij = 92k lgij1j1,U0 = 1S (g23)|

for(i+1)<j/<m,4<j<m, 4<k<i k<j.
Also for the negative points, we have the following equations:
(gi1j1>
(ir51)]
So, given the Gram matrix G, we can determine wg, As3, A;,;,, X;j;, d;,;,, and u;,;, by the

Q&

_ _ 2 _ _
divjy = GinjrOjvin = |Ginjn | Aivjy = arg( iy, ) Wirjy =

above equations. Using Lemma 3.9 and the fact that the angular invariants A;;, distance
invariants d;; are independent of choices of the lifts, it determines A3, A; ;,, d;,;, and the

Sp(1) congruence class of F' = (ug, ..., us, Xq, ..., Xg).

It is known that each nonzero quaternion ¢ has the unique polar form ¢ = |g|e*/.Thus,
if we know |¢|, § and u then we will get quaternion number ¢ uniquely. By the definition
of d;,;, we have |g;,;,| = \/E . Also by the definition of the angular invariant we get
A, ;, = arg(gi,j,). Thus we can determine the matrix A = (g;,;,) for negative points by

diljll Ailjl and uiljl'

Conversely, let v = (puoft, . . ., pufi, uXqfi, . . ., pXgft) be an element from the Sp(1) con-

gruence class of F' for some p € Sp(1) with respect to some lift p. By the above equations

we have jigo3fi = cos Aoz + pugfi sin Ags with ug = égjﬁ;‘. Also,

pg2iit = pgasph pXojft, f1gsift = [ pgasit pXs;,
(Gt = pGofi pXpjit = pXopfi tG2sft pXpiil,

_ Wi i A T Vi
UGiy iy o = ‘giljl‘eu i1g1 R — diljle“ REAU T
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where g;,;, are the entries of sub-matrix A of matrix G(p) in 1.1. So we have element

Vo = (ugasfhy goafls - - - s G2mfty 1g3afhs - - - 5 HG3mils - - -, 1Gm—1mft) With [pgosfi| = 1. Now us-
ing Lemma 3.12, we can determine the PSp(n, 1) congruence class of p. 0
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CHAPTER 4

Classification of pairs of semisimple isometries in Sp(n, 1)

1. Projective points and eigenvalue Grassmannians

In this section, we introduce the notion of projective points and Eigenvalue Grassman-
nians of an eigenvalue. This is a crucial notion for our understanding of the pairs of

semisimple elements.

1.1. Eigenvalue Grassmannians. Let 7" be an invertible semisimple matrix over H
of rank n. Let A € H — R be a chosen eigenvalue of 7" in the similarity class [\] with
multiplicity m, m < n. Thus, the eigenspace of [\] can be identified with H”. Let A
be a representative of [A]. Consider the \-eigenset: Sy, = {z € H" | Tx = z\}. Note
that this set can be identified with the subspace Z(A)™ in H™. Thus each eigenset of a
[A]-representative is a copy of C™ in H™. So, the set of eigensets in the [)]-eigenspace
can be identified with the set of m dimensional complex subspaces of H”. Identifying
H™ with C*™, this gives us the set of [\]-eigensets as the space complex m-dimensional
subspaces of C*™, which is the complex Grassmannian manifold G, 2., or simply G,,.
This is a compact connected smooth complex manifold of complex dimension m?. We
call it the eigenvalue Grassmannian of T corresponding to the eigenvalue [)], or simply [A]-
Grassmannian. Each point on this Grassmannian corresponds to an eigenset of [A]. The
[A]-eigenvalue Grassmannian is a conjugacy invariant of 7" but individual points are not.

They help us to distinguish individual isometries in the same conjugacy class.

1.2. Projective points. When m = 1, the eigenvalue Grassmannian is simply CP*, and

a point on such CP' has been termed as a projective point.
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Identify H with C?. Two non-zero quaternions ¢; and ¢, are equivalent if ¢ = g¢c,
c € C\ 0. This equivalence relation projects H to the one dimensional complex projective

space CP'.

Let v be a A-eigenvector of 7. Then vH is the quaternionic line spanned by v. Now,
we identify vH with H. Then for each point on CP?, there is a choice of the lift v of v that
spans a complex line in vH. The point on CP' that corresponds to a specified choice of v
is called a projective point of T' corresponding to the eigenvalue A € H \ R. A [)]-projective
point of 7' corresponds to an eigenset of an eigenvalue representative ), equivalently, to
the centralizer Z()\). The CP! obtained as above from the eigenspace vH is called a [\]-

eigensphere of T. Since [)] is a conjugacy invariant of T, so is the [\]-eigensphere CP".

To see the projective points from another viewpoint, we note the following. Consider
the action of Sp(1) on H* by conjugation. The similarity class of an eigenvalue [)\] repre-
sents an orbit under this action. The stabilizer of a point under this action is SU(1). Hence
[\] is identified with CP' that is the orbit space Sp(1)/SU(1). The choice of A on this CP!
is a [A]-projective point of T

If A € R\ {0}, then it commutes with every quaternion, and hence Z(\) = H. Con-
sequently, there is only one eigenset of A that equals the eigenspace. We may assume the

A-eigensphere to be a single point in this case.

2. Semisimple isometries in Sp(n, 1)

In Sp(n, 1), the semisimple isometries are classified as hyperbolic and elliptic.

2.1. Elliptic isometries. Let A be an elliptic element in Sp(n, 1). Recall that an eigen-
value of an elliptic element A always has norm 1. Let A be an eigenvalue from the similar-
ity class of eigenvalues [A] of A. Let x be a A-eigenvector. Then x defines a point x on HP",
that is either a point on H}}; or a point in P(V,). The lift of z in H™! is the quaternionic

line xH. We call z as projective fixed point of A corresponding to [A].

101

Let the eigenvalues of A be the n + 1 unit complex numbers ¢, ... ¢+ where ¢t

is negative and ¢, k = 2,... n + 1, positive. Up to conjugacy, 4 is of the form:
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el 0O ... 0 0

0 €% o0 ... 0 0
(21) EA(017027"‘707L+1) =
0 0 0 ... ¢ 0
0 0 0 ... 0 ¢fnn
Let Cy = [ X14 XA .- XptlA } be the matrix corresponding to the eigenvectors

of the above eigenvalue representatives. We can choose C4 to be an element of Sp(n, 1)

by normalizing the eigenvectors:

(x1,4,%1.4) = —1, (xj4,%j4) =1, j # 1.

Then A = CAEACzl.

2.2. Eigenspace decomposition of an elliptic element. Suppose A is an elliptic el-

05 iy,
e

ement in Sp(n,1). Let the eigenvalue classes of A be represented by €'t ¢ , e,

ordered so that ¢'%! is the negative eigenvalue. Let Vy, be the eigenspace to the eigenvalue
class of €l%. Let m; = dim V,,. We call (my, ..., my) the multiplicity of A. The space H™!
has the following orthogonal decomposition into eigenspaces (here & denotes orthogonal

sum):
(2.2) H™ = Vo, @ ... ® Vy,,

Change of eigenbasis amounts to conjugation by an element C, and CAC~! = A if and
only if C' € Z(A). So, a normalised eigenbasis of A is determined up to conjugation action
of Z(A) =TI}, Z(Alv,,) on each of the summands.

For description of the centralizers, see [G13]. Let "% represent an eigenvalue of A with
multiplicity m;. It follows from [G13] that Z (A|Vej) can be identified with U(m; — 1,1) if
the eigenvalue is negative, and with U(m;) otherwise. So, if A does not have eigenvalues

1 or —1, given the multiplicity (m, ..., my), Z(A) may be identified to the group
Z(A)=U(my —1,1) x U(my) x ... U(my).

When A has an eigenvalue 1 or —1, one of the factors in the above product is replaced by
Sp(my — 1,1) or Sp(m;) depending upon the eigenvalue is negative or positive.
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2.3. Hyperbolic isometries. Let A be a hyperbolic element in Sp(n,1). Let A be an
eigenvalue from the similarity class of eigenvalues [A] of A. Let x be a A-eigenvector.
Then x defines a point « on HIP", that is either a point on JHfj or a point in P(V,). The
lift of z in H™' is the quaternionic line xH. Then x is a projective fixed point of A. The

quaternionic line xH is the eigenline spanned by the eigenvector x.

There are two eigenvalue classes of null-type and the respective eigenlines correspond
to attracting and repelling fixed points. Let r4 € 0Hf; be the repelling fixed point of A that
corresponds to the eigenvalue rei’ and let a4 be the attracting fixed point corresponding
to the eigenvalue r~tel?. Let r4 and a4 lift to eigenvectors r4 and ay respectively. Let
x; 4 be an eigenvector corresponding to ¢'%. We may further assume that 6, ¢; are in
0, 71]. The point z; 4 on P(V) is the polar-point of A. For (r,0,¢1,...,¢,—1) as above, let
Es(r,0,¢1,...,¢n-1), or simply E4 be the matrix:

re 0 0o ... 0 0
0 €9 0 0 0
(23) EA(TJ 67 ¢17 ey ¢n—1) = ..
0 0 0 ... ¥ 0
0 0 0 ... 0 r L
Let Oy = [ ag X134 ... Xp-14 Ta } be the matrix corresponding to the eigenvectors

of the above eigenvalue representatives. We can choose C4 to be an element of Sp(n, 1)

by normalizing the eigenvectors:
(aA,rA> = l, <Xj7A,Xj7A> =1.

Then A = C4E,C".

2.4. Eigenspace decomposition of a hyperbolic element. Suppose A is a hyperbolic
element in Sp(n,1). Suppose also that the eigenvalue classes are represented by re?,
r~te?, r > 1, and €%, ... €%, Let m; = dimV,,. We call m = (my,...,my) the multi-
plicity of A. Then H™! has the following orthogonal decomposition into eigenspaces (here

@ denotes orthogonal sum):

(2.4) H"!' =L, & V4 &...0 Vy,,
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where L, is the (1,1) (right) subspace of H™' spanned by a4, ra. As in the elliptic case,

change of normalised eigenbasis of A is determined up to the conjugation action of Z(A).

2.5. Determination of the semisimple elements. In the following, we determine the
semisimple isometries. We shall associate certain spatial parameters to an isometry that
would determine it completely. Lemma 4.3 below will be crucial for classification of the

conjugation orbits of semisimple pairs.

DEFINITION 4.1. Let A and A’ be two semisimple elements with the same set of eigen-
value classes. We shall say that A and A’ have the same projective fixed points if for each

non-real class [\] they have the same projective fixed point z).

DEFINITION 4.2. Let A and A’ be two semisimple elements having a common non-real
eigenvalue class [\]. We shall say that A and A’ have the same point on the [)]-eigenvalue
Grassmannian if they have the same point on the eigenvalue Grassmannian with respect

to the representative A of [A].

LEMMA 4.3. Let A and A’ be two semisimple elements in Sp(n, 1). Then A = A’ if and only
if they have the same real trace, the same projective fixed points and the same point on each of the

eigenvalue Grassmannians.

PROOF. If A = A/, then the statement is clear. For the converse, let A and A’ be two
semisimple elements of Sp(n, 1). Since they have the same real traces, they have the same
eigenvalue classes. Further, A and A’ have the same projective fixed points, hence x; 4 =

x;aq; for1 <j <n+1,and ¢; € H*. Hence,

A=CuE40;", and A' = Cy EAC/.

Let
a1 0 0 0
0 qs 0 0
D= N
0 0 ... Qn—1 0

Then A = CAEAC;ll and, A" = C’ADEAD_ngl. Thus A = A’ if and only if D commutes
with E4, which is equivalent to the condition of having the same point on each of the

eigenvalue Grassmannians. U
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In linear algebraic terms, the above lemma may be re-stated as follows.

COROLLARY 4.4. Let A and A’ be two semisimple elements in Sp(n,1). Then A = A’ if and
only if the following holds.

(1) Aand A’ have the same similarity classes of eigenvalues.
(2) To each eigenvalue class [\|, A and A’ have the same eigenspace, and

(3) to each representative X' of [\|, A and A’ have the same eigensets.

3. Associated points of an isometry

3.1. Associated points of a hyperbolic element.

DEFINITION 4.5. Suppose A is a hyperbolic element in Sp(n, 1). Consider an ordered
set of eigenbasis B4 = {a4,X1,4,...,Xn_1,4,4} corresponding to A, that is normalised so

thatfor1 <i<n-—1,

(3.1) (aq,ra) = (x4, x54) = 1, (X1,4,Xm4) =0, [ #m.

Define a set of n + 1 boundary points associated to A as follows:

(3.2) P14 = a4, Paa =T4a, Pa= (a4 — ra)/V2+ Xi—24, 31 <n+1.
The set ps = {p1,4,...,Pns+1,4} is called a set of associated points of A.

LEMMA 4.6. Let A be a hyperbolic element of Sp(n, 1). Let Z(A) denote the centralizer of A
in Sp(n, 1). Then the associated points of A is well-defined up to an orbit of the subgroup Z(A).

PROOF. Let A be a hyperbolic element in Sp(n,1). Letp = (p1.4,...,Pnt1,4) be a tu-
ple of associated points of A given by an eigenbasis B4 as above. If we choose another
normalised eigenbasis B/, of A, we get another set of associated points p’. The map M
changing B, to B/, satisfies M AM ! = A. Thus, M belongs to Z(A),and M(p) =p’. O

3.2. Associated points of an elliptic element.

DEFINITION 4.7. Let A be an elliptic element in Sp(n, 1). Let B4 = {x1,4,...,Xnt1,4}

be a set of eigenvectors of A chosen so thatfor1 <! <n+1,

(33) <X1,A7X1,A> = _17 <Xj,A7Xj,A> = 17 j 7& 1a <Xl,A7Xm,A> = 07 [ 7é m.
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Define a set of n + 1 points on Hy; as follows:
(3.4) PiA=X14, Pra=XaV2+xj4, 2<j<n+l
The set pa = {p1,4,...,Pnt1,4} is called a set of associated points to A.

LEMMA 4.8. Let A be an elliptic element of Sp(n, 1). Let Z(A) denote the centralizer of A in
Sp(n, 1). Then the associated points of A is well-defined up to an orbit of the subgroup Z(A).

The proof of the above lemma is similar to the proof of Lemma 4.6.

DEFINITION 4.9. Given a semisimple element A in Sp(n, 1), a set of eigenbasis of the

type B4 as given above, will be called an eigenframe of A.

A set of n + 1 vectors of H"! alike an eigenframe will be called an orthonormal frame.

3.2.1. Change of associated points amounts to a change of eigenbases. The following lemma
is easy to prove and it shows that the change of associated points amount change of

eigenbases.

LEMMA 4.10. Let A, A" be semisimple elements in Sp(n, 1) with chosen eigenframes. Let
pa = {pia, - Papr,a} and par = {piar,...,Pus1,4 } be sets of associated points to A and A,
respectively. Suppose that there exists C' € Sp(n, 1) such that C(p;a) = prar, 1 <1 < n. Then
C(xj4) = xja forall j.

PROOF. We prove our claim for hyperbolic isometries. The elliptic case is similar.

Let C(p;a) = praay for 1 <1 < n. Observe that (p; 4, pia) = —1/V2 = (p1.a, Prar)
and (p2 4, p1.4) = 1/v2 = (pa.a, Pra) for 3 <1 < n. Since C € Sp(n, 1) preserve the form
(.,.), from these relations we have a; = a;' = a;' for 3 < i < n. Now, (p1.4,pa.4) = 1
gives || = 1. Hence, C(z;_24) = xi—ga for 3 < i < n. This implies C(z,_1,4) =

Tp—1,4"- 0

4. Canonical orbit of a pair

4.1. Canonical orbit of a pair of hyperbolics.
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4.1.1. Moduli of normalised boundary points. Consider the set £ of ordered tuples of
boundary and polar points on (0H%)* x P(V )"~V given by a pair of orthonormal frames
(Fl s FQ)I

P=(q1,02,71,72, -+ Ty Gt 15 G2, Tt 1y -+ -5 T2n1)-
This corresponds to pair of orthonormal frames of H"™':
p=(d1,92,T1, T2, .., Tn1, dnt 15 Aot 2, Tnt 1 - - - P2n1),

where {qi,q2} N {Qn+1, A2} = 0, (di, i) = 0 = (dntis Ana) for @ = 1,2, (rj,r;) =
<I'n+j,rn+j> = 1f0r allj = ]_, oo, = 1, <q1,q2> = <qn+17qn+2> — <q1’qn+2> — ]_, <q“r]> —
0= <qn+i7rn+j>/fori — 1,2,j == 1,...,71— 1.

To each such point, we have an ordered tuple of boundary points, not necessarily

distinct, (p1, ..., pony2) satisfying the conditions:
(4.1) (pl,p2> = <pn+2,Pn+3> = <P1=Pn+2> =1,
(43) (p1,pi) = ——= — { ), i=3 1
. s Pi) = ——F— = n ,ni,Z: ,...,n—;
b1, P \/5 Pn+2; Pn+
(4.4 (P Dr) = —= = { ), k=3 1
. ) = == n+2, Pn ) =9,...,n—1,
P2, Pk \/§ Pn+2, Pntk

where p; denotes the standard lift of p; for each i. Note that p;,p,+:, ¢ = 3,...,n, may
not be distinct. In this case, we relabel them and write them as a ordered tuple of distinct
boundary points p = (p1,p2,...,pt), n +3 < t < 2n + 2, so that they correspond to the

original ordering of p.

Let £, be the section of M(n, ¢, 0) defined by the equations (4.1)- (4.4), and the ordering

2n+2 L
t

as described above. Let £ be the disjoint union £ = (J;", ",
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4.1.2. Canonical orbit of a hyperbolic pair. Let (A, B) be a hyperbolic pair in Sp(n,1).
Given the pair (A, B), consider the ordered set of eigenvectors of A, B given by the tuple

¢ = (aAy ra, X1,Ay- -+ Xp—1,4, ap,rp,X1.B,--- axn—l,B)a

with normalization as follows:

(45) <aA7 I’A> = <Xi,A7Xi,A> = 17 <Xi,A7Xj,A> = 07 [ 7£ j
(46) <aB7 I'B> = <X’i,B7 Xi,B> = 17 <X’L',Bu Xj,B> = 07 Z # ]
(47) (eavam) = 1

Assign the associated boundary points to ¢ defined by (3.2):

(48) p= (CLA, raA,q1,Ay---5,49n-1,A,4B,TB,q1.B, - - - aQTL—l,B)-

If we change ¢ to another pair of eigenframes ¢’ of (A, B), say
¢ =(C(as),C(ra),C(x1.4),...,C(Xn-1.4), D(ag), D(rp), D(x1,8), .., D(Xn-1.8)),

then since we are not changing (A, B), must have C' € Z(A) and D € Z(B). Accordingly,
there is an action of Z(A) x Z(B) by the change of eigenframes, and the point p changes to
a point p’ on some M(n, t,0), where n+3 < t < 2n+ 2. Thus, ¢, and hence p is determined
by (A, B) up to the above action of the group Z(A) x Z(B) on p.

The Z(A) x Z(B) action on p above defines a set of points on £. We shall call this set
as a Z(A) x Z(B) orbit on £ and denote it by [p]. We call [p] the canonical orbit of (A, B).

The association of the canonical orbit [p] to the conjugacy class of (A, B) is well-defined.

It follows from the description of centralizers in [G13] that for all pairs of hyperbolic
elements (A, B) with multiplicities (a4, ..., ax; b1, ..., b), and without an eigenvalue 1 or
—1, we can identify their centralizers. This induces an action of Z(A) x Z(B) on L by
the above construction. The orbit space on £ under this Z(A) x Z(B) action is denoted
by QL. (a1, ..., ax; b1,...,b). If either of the hyperbolic elements in the pair has an eigen-
value 1 or —1, then the group Z(A) x Z(B) changes, but the same construction goes
through. Taking disjoint union of all such orbit spaces, we get a space QL,,. Each point

on QL,, corresponds to a conjugacy class of a hyperbolic pair (A, B).

4.2. Canonical orbit of a pair of elliptics.
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4.2.1. Moduli of normalised points. Consider the set £ of ordered tuples of points on
(Hp)? UP(V4)?" given by a pair of orthonormal frames (Fy, F»):

P = ((L’l, ey a1, Lty - - - ,$2n+2).

To each such point, we have an ordered tuple of negative points, not necessarily dis-

tinct, (p1, . .., pan+t2) satisfying the conditions:

(4.9) (P14 P1,4) = =1 = (Pn+2, Prs2)

(4.10) (Pj,a,Pja) = —1 = (Pjar, Pjar)

(4.11) (Ps, 4, Pr,a) =0=(Psa,Prar), s#t, 1 <s,t<n+1,
(4.12) (P14, PjA) = —V2 = (pLa,pPja), j# 1,
(4.13) (PLA, Pm,a) = =2 = (P, Pm,ar), L,m # 1,

where p; denotes the standard lift of p; for each i. Note that p;, p,+, 7 = 3,...,n, may not
be distinct. If they are not distinct, we relabel them and write them as an ordered tuple of
distinct negative points p = (p1,p2, ..., p:), n + 3 <t < 2n + 2, so that they correspond to

the original ordering of p.

Let £, be the section of M(n, 0, t) defined by the equations (4.9)- (4.13), and let also the

ordering as described above. Let £ be the disjoint union £ = Ufzﬁ?, L.

4.2.2. Canonical orbit of an elliptic pair. Let A and B are elliptic elements in Sp(n, 1)

without a common fixed point. Given the pair (A, B), fix eigenframes of A and B so that
(x1,4,%1,4) = =1 = (x1,8,X1,8), (Xia,Xia) = (Xip,Xip) =1=(x14,X18),1 <i<n+1

Consider the ordered tuple of eigenvectors B = (X314, ..., Xn+1,4,X1,B, - - -, Xn41,8). Lhis

gives an ordered tuple of points in Hf; given by

p=(pP1A, - s DPnt1,4:P1.Bs -« s Dnt1.B)s

where p; 4, pi g are defined by (3.4).
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The tuple p is determined by (A, B) up to the above action of the group G = Z(A) x
Z(B) on p. So, to each pair (A, B), we have a Z(A) x Z(B) orbit of associated points. The
Z(A) x Z(B) action on p defines a set of points on £. We shall call this setas a Z(A) x Z(B)
orbit on £ and denote it by [p]. We call [p] the canonical orbit of (A, B). The canonical orbit

[p] corresponds uniquely to the conjugacy class of (A, B).

The above action of Z(A) x Z(B) on p induces an action of Z(A) x Z(B) on L similarly
as described in the previous section. This gives a Z(A) x Z(B) orbit [p] in £ and we call it
the canonical orbit of (A, B). The orbit space on £ under the above G-action will be denoted
by the same symbol as in the previous section, QL,,(ay, ..., ax;b1,...,b). Taking disjoint
union of all such orbit spaces, we get a space QL,,. Each point on QL,, corresponds to a

conjugacy class of an elliptic pair (A, B).

4.3. Canonical orbit of a mixed pair. In this case, the construction is very similar to
the elliptic and hyperbolic case. Let A be hyperbolic and B be elliptic in Sp(n, 1). Given
the pair (A, B), fix a pair of associated orthonormal frames B = (B4, Bp) so that the
eigenvectors are normalised as in Section 3.1 and Section 3.2. Next we choose an ordering
as in the previous section and associate an ordered tuple of points p on M(n,n+1,n+1).
The Z(A) x Z(B) action gives a orbit [p] on M(n,n + 1,n + 1) as earlier. Taking disjoint
union of all such orbits, we get a space, still denoted by QL,, as in the previous section.

Each point on QL,, corresponds to a conjugacy class of a mixed pair (A, B).

5. Classification of semisimple pairs in Sp(n, 1)

THEOREM 4.11. [GK19, Theorem 1.3] Let (A, B) be a semisimple pair in Sp(n, 1) such that
A and B do not have a common fixed point. Then (A, B) is determined up to conjugation in
Sp(n, 1), by the real traces trg(A), trr(B), the canonical orbit of (A, B) on QL,, and a point on

each of the eigenvalue Grassmannians of A and B.

PROOF. For simplicity, we shall assume that neither A nor B has an eigenvalue 1 or

—1. The proof is just similar in these omitted cases.
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Suppose that (A, B) and (A4’, B’) are hyperbolic pairs having equal real trace and the
same canonical orbit. Equality of real traces implies that they have the same multi-
plicities, say (a1, ..., ax, b1,...,b). Following the notation in Section 2, we may assume
A= C4EsC;', B = CpECy' and similarly for A’ and B'. In this case, C4 is an element
in the subgroup Sp(1,1) x Sp(ay) x ... x Sp(ax):

CA:[aA L1 Lk I'A],
where L; = [X¢, 4 ... Xi4a,-1,4], Ea is the diagonal matrix
reif 0 .
0 I A\ 0 0... 0

0 0 0 I,k 0
0 0 0 0 r—let?

where I; denotes the identity matrix of rank s. Similarly E is a diagonal matrix

sel 0 -
0 Ibl,ul 0 0... 0
EB — ‘. . s

0 0 0 Ibl/JJl 0

0 0 0 0 s le
and,

CB = [aB K1 c. Kl I'B} ,

where K; = [th,B .. xtj+bj_173}. In the above notation, t; = Z;zl ap—1,8j = Z;zl bp—1,
apg = bo = 1.

Since the canonical orbits are equal, by Lemma 4.10 it follows that there exists a C' €
Sp(n, 1) such that C(as) = aar, C(ra) =ra, Clag) =ap, C(rg) =rp,and for 1 <i <k,
1<j<l,

C(Xti,/-h ce 7Xti+ai—1,A) = M(Xti,Ala ce axti-l—ai—l,A’))

C(xt;,Bs- > Xt;40,-1,8) = N(X¢,,Br, - -, Xe,40,-1,8'),
where M € Z(A'), N € Z(B'). Since A" commutes with M, A'M (x;, ) = MA (x4, a1) =
M (x4, 4)\;. From the above, we also have M (x;, a/) = C(x;, ), which implies that CAC™*
and A’ have the same projective fixed point given by M (z, a/) = C(z4,.4)-
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Thus CAC~! and A’ have the same projective fixed points. Since A and A’ define the
same point on each of the eigenvalue Grassmannians and have the same real traces, by
Lemma 4.3, CAC~! = A'. Similarly, B’ = CBC.

Suppose (A, B) and (A4’, B') are elliptic pairs with the same real traces and the same

canonical orbit. Since they have the same traces, their multiplicities are also the same, say

(ay,...,ax by,...,by). Inthis case, Cy is an element in the subgroup Sp(a; —1,1) x Sp(az) x
... X Sp(ag):
Ca=[E1 E ... Ei,
where E; = [X;, 4 ... X4a,-1,4], and E, is the diagonal matrix
(A1, T
Ej= ;
L Akla,
where I, denotes the identity matrix of rank s. Similarly for Cp, let
(111, i
Ep = )
i Loy,
and
Cp=|E{ Ey ... E],
where E/ = [X;, 50 ... Xy4a,-1,5]-

Since the canonical orbits are equal, by Lemma 4.10 it follows that there exists a C' €
Sp(n,1) such thatfor 1 <i <k, 1<j <],
C(Xe, 45+ Xtypa;—1,4) = M(Xg, 50 Xty ya—1,40),

C(Xt;Bs - Xt;40,-1,8) = N(X¢, B -+ s Xt 40,-1,8'),
where M € Z(A'), N € Z(B'). Now, using arguments as in the hyperbolic case, it follows
that CAC~! and A’ have the same projective fixed points. Hence by Lemma 5.2, CAC~! =
A’. Similarly, CBC~! = B'.

Suppose (A, B) and (A’, B') are mixed pairs such that A, A’ are hyperbolic and B, B’

are elliptic. For the mixed pairs case the argument is similar. This completes the proof. [
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CHAPTER 5

Quaternionic hyperbolic Fenchel-Neilsen coordinates in Sp(2, 1)

In this chapter, Section 1 and Section 2 are really special cases of the work in the pre-

ceding chapter.

1. Hyperbolic isometries

Let A be a hyperbolic element in Sp(2,1). Let A represents an eigenvalue from the
similarity class of eigenvalues [A] of A. Let x be a M\-eigenvector. Then x defines a point
x on HP? that is either a point on JHZ or, a point in P(V,). The lift of z in H*! is the
quaternionic line xH. We call z as eigen-point of A corresponding to [\]. Note that z is a
fixed point of A in HP? \ (HZ U 0HZ).

Let A be a hyperbolic element then it has similarity classes of eigenvalues [\], [\]™

and [p], where |A\| < 1, |u| = 1. Thus we can choose eigenvalue representatives to be the

complex numbers re?, r=1e?, e, 0 ¢ € [0,7],0 <r < 1.

Let ay € OHZ be the attracting fixed point of A that corresponds to the eigenvalue re®
and let r4 € OHZ be the repelling fixed point corresponding to the eigenvalue r~'e®. Let ay
and 74 lift to eigenvectors a4 and r4 respectively. Let x4 be an eigenvector corresponding
to €. The point 24 on P(V ) is the polar-point of A. For (r, 0, ¢) as above, define E4(r, 0, ¢)

as

re® 0 0
(1.1) Ealr,0,¢)=1 0 ¢€? 0
0 0 rlte?
Let Cy = [ a4 x4 ra | be the 3 x 3 matrix corresponding to the eigenvectors. We can
choose C'4 to be an element of Sp(2, 1) by normalizing the eigenvectors:
(aA,rA> = 1, <XA,XA> =1.
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Then A = C4E4(r,0,$)C;". So, every hyperbolic element A in Sp(2,1) is conjugate to a
matrix of the form E(r, 0, ¢).

2. Classification of hyperbolic elements in Sp(2, 1).

For clarity, first we define the following notion.

DEFINITION 5.1. Let A and A’ be two hyperbolic elements having a common eigen-
value [a, o € H \ R. Then A and A’ are said to have the same [a]-projective point if they

have the same projective point with respect to a representative « of [a].

Suppose A and A’ are two hyperbolic elements having the same [a]-projective point.
If A and A’ have the same eigenset with respect to a chosen representative «, then they
have the same eigensets with respect to all other representatives. In this case A and A’

define the same projective point for all representatives of [a].

Now, we have the following lemma that determines hyperbolic elements in Sp(2, 1).

LEMMA 5.2. Let A and A’ be hyperbolic elements in Sp(2,1). Then A = A’ if and only if
they have the same attracting fixed point, the same repelling fixed point, the same real trace, and

the same projective points.

PROOF. If A = A’, then the statement is clear. We prove the converse. Without loss
of generality, we can assume A and A’ to be loxodromic elements. The other cases are

similar.

Let A and A’ be two loxodromic elements of Sp(2,1). Since they have the same real
traces, let the eigenvalue representatives of A and A’ be re, r~1e and €'*, where 0 < r <
1,0,¢ € (0,7). Then

A= CAEA(T‘, 9, gb)CZl, and A’ = CA/EA(T’, 0, (b)CZ/l

Since A and A’ have the same fixed-points, hence as = asqi, ras = rag, and x4 = x4qs,

where ¢; € H\ 0. Let

@1 0 0
D=10 g3 0
0 0 @



Then A = CuEA(r,0,¢9)C;" and, A" = CADEA(r,0,¢)D~1C"'. Now D commutes with
E4(r,0,¢) if and only if g1, g2, g3 are complex numbers. This is equivalent to the condition

of having the same projective points. Thus, it follows that A = A’. O

2.1. Projective parameters of a loxodromic. Suppose A is a loxodromic element in

Sp(2,1). If a, and r 4 are the fixed-points of A, then they are joined by a complex line
aAZ()\) + I'AZ(A),

and hence (a4, r4) is determined by a single projective point on CP' that corresponds to
Z()\). Here we have used the fact that Z()\) = Z(A™!). Similarly, the projective point of x 4

corresponds to the centralizer of Z(u).

Thus given a triple (a4,74,24) € OHZ x 0HZ x P(V,), and real number r, there is a
two complex parameter family #, of loxodromic elements having the same real trace r
and fixing points (a4,74,24). This two complex family of parameters correspond to the
projective points of A on CP! x CP'. Thus H, is parametrized by CP' x CP'. Given A € H,,

the space CP' x CP! corresponds to the conjugacy class of A in the stabilizer subgroup
Sp(2, 1)(aA,TA)'

2.2. Parametrization of conjugacy classes of loxodromics in Sp(2,1). When A is a
loxodromic element in Sp(2, 1), it follows that trg(A) belongs to an open subspace D, of
R?. Using Proposition 2.5 we deduce the following lemma that provides a description of

D,. We recall that A is loxodromic if none of the eigenvalues are real.
LEMMA 5.3. Let A be hyperbolic in Sp(2,1) and let Ac be its complex representative. The
characteristic polynomial of Ac is of the form
xa(z) = 2% — az® + br* — ca® + br* —ax + 1,
where a, b, ¢ are real numbers. Define
G =27(a — ¢) + 9ab — 2a°,
H =3(b—3)—a
A=G*+4H°.

Then A is loxodromic if and only if A > 0, |2a + ¢| # |20+ 2|.
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PROOF. Since A is hyperbolic, it has eigenvalue representatives of the form re, r—1e?

and ¢, where r > 0,7 # 1 and 6, ¢ € [0, 7]. Further note that if « is a root of y 4(z), then

a+ a~lisaroot of g4(t). Thus we obtain
(2.1) ga(t) =t —at> + (b — 3)t — (c — 2a),
where
a = 2(r+%)cos€+2(:osgb,
b = 4(7“—|—%)COS@COS¢+4COS29+T2+%+1,
c = 4(r—|—%)cos&+2(r2+r—12+4cos20) Ccos ¢.

Now to detect the nature of roots of the cubic equation, we look at the discriminant se-
quence (G, H, A) of g4(t). The multiplicity of a root of g4(¢) is determined by the resultant
R(g,¢") of ga(t) and its second derivative ¢’;(¢) = 6t — 2a. Note that

R(g,d") = —8[27(a — ¢) + 9ab — 2a°] = —8G.
When A is loxodromic, g4(t) has the following roots:
tr=re? +rlem® ¢y = rte? 4 ety = 2cos ¢

Thus in this case A > 0 and ga(£2) # 0. In all other cases, either, A > 0 and g4(+2) =0,

or, A = 0. This proves the lemma. O

For G = 27(c — a) — 9ab + 2a®, H = 3(b — 3) — a?,
Dy = {(a,b,c) € R* | G* + 4H? > 0, |2a + c| # |2b+ 2]}.

For each loxodromic A, trg(A) is an element of D,. Conversely, given an element (a, b, c)
from the set D, we have a conjugacy class of loxodromics A with trg(A) = (a,b, c). Thus

we have the following consequence of the above lemma.

COROLLARY 5.4. The set of conjugacy classes of loxodromic elements in Sp(2, 1) can be iden-
tified with Ds.

REMARK 5.5. Other than loxodromics, there are three more types of hyperbolic ele-

ments in Sp(2, 1). These types correspond to the cases:

(i) A>0,|2a+c| =120+ 2|, and
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(i) A =0, [2a+c| # |2b+ 2.

(iii) A = 0, |24+ ¢| = [2b + 2|.

In the case (i), the hyperbolic element has only one real eigenvalue, in the case (ii),
there are only two real eigenvalues, and in case (iii), all the eigenvalues are real numbers,
i.e. the element is strictly hyperbolic. For hyperbolic elements of types (i) and (ii), the real

traces are parametrized by a two real parameter family.

3. Classification of pair of loxodromics in Sp(2, 1)

THEOREM 5.6. [GK18, Theorem 1.1] Let (A, B) be a totally loxodromic pair in Sp(2,1).
Then (A, B) is determined up to conjugation by the following parameters: trg(A), tre(B), the
similarity classes of cross ratios of (A, B) or, a point on the four-dimensional cross ratio variety,

the three angular invariants of (A, B), and the projective points (pi(A), p2(A)), (p1(B), p2(B)).

PROOF. Suppose (A, B) and (A, B’) be pairs of loxodromics such that tr(A) = tr(A4’),
tr(B) = tr(B'), fori = 1,2,3, [X;(4, B)] = [Xi(A', B")], A;(A, B) = A;(A’, B'). Since the
cross ratios and angular invariants are equal, by Theorem 2.8, there is an element C in
Sp(2,1) such that C(as) = au, C(ra) = ra, Clap) = ap and C(rg) = rp. Therefore A’
and CAC ™! have the same fixed points. Since they also have the same real traces, and the
same projective points, we have by Lemma 5.2 that CAC~! = A’. Similarly, CBC~! = B'.
This completes the proof. 0

COROLLARY 5.7. [GK18, Corollary 1.3] Let (A, B) be a mixed hyperbolic pair with A is
loxodromic and B is strictly hyperbolic in Sp(2,1). Then (A, B) is uniquely determined up to
conjugation by the parameters: trr(A), trr(B), a point on the cross ratio variety, the three angular

invariants and projective points p1(A), p2(A).

PROOF. In this case A is loxodromic and B is strictly hyperbolic. The same proof
as above works noting that for B we do not require any projective points, as the real

eigenvalues are elements of centralizers in H. O

Similarly, Corollary 1.12 follows, and also similar results can be deduced for other

types of mixed hyperbolic pairs.
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COROLLARY 5.8. [GK18, Corollary 1.5] The space ®¢,(F2, Sp(2, 1)) is parametrized by a
(CP")* bundle over the topological space Dy x Dy x M(2) where, for G = 27(c — a) — 9ab + 2a?,
H=3(b—3)—a?

Dy = {(a,b,c) € R® | G* +4H> > 0, [2a + c| # [2b+ 2|},

and M(2) is the orbit space of the natural Sy action on the configuration space of Sp(2,1)-

congruence classes of ordered quadruples of distinct points on OHZ,.

PROOF. Let Fy = (z,y). Given a representation p, we have the following correspon-
dence from D ¢,(F3, Sp(2,1)) onto Dy x Dy x M(2):

folol = (tre(p(@)), tra(p(y)); [(ap@), o), @pw), Tow))])-
Given a point on Dy x Dy x M(2), it follows from Lemma 5.2 that the inverse-image of
the point under f§ is (CP! x CP') x (CP' x CP') corresponding to the projective points of
(p(x), p(y)). This completes the proof. O

4. Quaternionic hyperbolic Fenchel-Nielsen coordinates

To prove the theorem, we need to determine the parameters that are needed while at-
taching two (0, 3) groups, or ‘closing a handle’. To obtain Fenchel-Nielsen coordinates on
the representation variety, we may need to attach two (0, 3) groups to yield an (1, 1) group.
Here an (1, 1) group is a subgroup of Sp(2, 1) generated by two loxodromic elements and
their commutator. For this reason, we need to define the twist-bend parameters while at-
taching (0, 3) groups. We follow similar ideas as noted in the paper of Parker and Platis
[PP08], and will also use the same terminologies given there. For detailed information
about the terminologies and ideas inbuilt in the process, we refer to [PP08] and [Wol82].
We shall only sketch those parts from the scheme of attaching two (0, 3) groups that are
not apparent in the Sp(2, 1) setting, and deserves mention for clarity of the exposition. In

the following all the (0, 3) groups will be assumed to be irreducible.

4.1. Twist-bend parameters. Let (A, B) and (C, D) be two (0, 3) groups such that their
boundaries are compatible, thatis, A = D~'. A quaternionic hyperbolic twist-bend corresponds

to an element K in Sp(2, 1) that commutes with A and conjugate (C, D). Up to conjugacy
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assume A fixes 0, co and it is of the form E4(r, 8, ¢). Since K commutes with A, it is also of
the form Fx(s,1,£),s > 1,1,¢ € [0, 7). If s # 1, from Lemma 5.2, it follows that there is a
total of seven real parameters associated to K, the real trace (s, 1, £), along with four real
parameters associated to the projective points. If s = 1, then K is a boundary elliptic and
the eigenvalue [¢’¥| has multiplicity 2. But, we can still define the projective points for
these eigenvalues. There are exactly one negative-type and one positive-type eigenvalues
of K in this case. Since K commutes with A, the projective points of K is determined by
the projective points of A. Hence, there are two projective points of K to determine it.
Consequently, we shall have seven parameters associated to a twist-bend K. We denote
these parameters by x = (5,9, &, k1, k2), where ky = pi(K), ko = p2(K) are the projective

points of the similarity classes of eigenvalues of K.

We further fix the convention of choosing the twist-bend parameters such that it is
oriented consistently with A, i.e. if A = QEa(r,0,0)Q ", then K = QFx(s,v,£)Q~!. Since
(A, B) and (C, A~') are considered irreducible, without loss of generality we assume that
ag, rc do not lie on a boundary of totally geodesic subspace joining a4 and r4. To ob-
tain conjugacy invariants to measure the twist-bend parameter we define the following

quantities.

Xi(k) = Xl(aA,rA,K(rc),aB),Xg(n) = Xo(aa, 4, K(rc),ap),
Al(ﬁ) = Aaa,ra, K(re)), Ag(li) = A(ra, K(rc),ap).

LEMMA 5.9. Let A, B, C be loxodromic transformations of HZ; such that (A, B) and (A, C)
are irreducible (0,3) subgroups of Sp(2,1). Suppose that K = Ek(s,,& ki, ks) and K' =

Ew (s, & K, kb)) represents twist-bend parameters that are oriented consistently with A. If

Ka()] = [Ka (6], [Ra()] = [Ra(w)], and A () = Ay (), Ka(x) = As('), and ky = K,
ko = kb, then K = K.

PROOF. Without loss of generality we assume a4 = o, r4 = co. In view of the condi-
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and by using real relations of cross ratio, we get [X3(x)] = [X3(x’)]. The quantities A, (x)
and A, (') are trivially equal. Now, following similar arguments as in the proof of [Cao16,
Theorem 5.2], we have f in Sp(2,1) such that f(as) = aa, f(ra) = ra, f(ap) = ap and

f(Ex(re)) = Ex(re). Further, since it fixes three points on the boundary, it must be of

.

Since ap does not lie on a totally geodesic subspace joining a4 and r4, we must have p =

+1 = . Thus, it follows that Ex(rc) = Ex/(r¢). Now by using the fact that Ex E ! has

the form

0
0
(&

o ox
oxr O

the three fixed points a4 = 0,74 = oo and r¢ together with the condition that r~ does not

lie on a totally geodesic subspace joining a4 and r4, we have Ex(s,1,§) = Ex/(s', ¢, ')
e s=s =9 &=¢.
Hence, K and K’ are conjugate with the same attracting and the same repelling points.

So, by Lemma 5.2, K = K" if and only if they have the same projective points and the same
tixed points. This completes the proof. O

In view of Theorem 5.6 and Lemma 5.9, we shall now proceed to prove Theorem 5.14.
The strategy of the proof is similar to the proofs given by Parker and Platis in [PP0S,
Section 8], or Gongopadhyay and Parsad in [GP17, Section 6]. The main challenge in
the quaternionic set up was the derivations of Theorem 5.6 and Lemma 5.9. After those
are in place, the rest follows mimicking arguments of Parker and Platis with appropriate
modifications in the quaternionic set up. These arguments are mostly group theoretic and
does not involve arithmetic of the underlying quaternionic algebra. We will only mention
the key points of the attaching process. For detailed ideas behind them, we refer to the
original article of Parker and Platis [PP08].

4.1.1. Attaching two (0,3) subgroups. A (0,4) subgroup of Sp(2, 1) is a group with four
loxodromic generators such that their product is identity. These four loxodromic maps
correspond to the boundary curves of the four-holed spheres and are called peripheral.
Thus a (0,4) group is freely generated by any of these three loxodromic elements. Let
(A, B) and (C, D) be two (0, 3) groups with A~! = D. Algebraically, a (0,4) group is
constructed by the amalgamated free product of these groups with amalgamation along
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the common cyclic subgroup (A4). Conjugating (C, D) by the twist-bend K yields a new
(0,4) subgroup that is depended on K. Varying this K gives the twist-bend deformation.

The following lemma goes the same way as Lemma 8.3 in [PP08, p.131].

LEMMA 5.10. Suppose I'1 = (A, B) and I'y = (C, D) are two irreducible (0,3) groups
with peripheral elements A, B, B~'A~' and C, D, D='C~! respectively. Moreover suppose
that A = D~'. Let K be any element of Sp(2,1) that commutes with A = D~'. The the
group (A, B, KCK™') is a (0,4) group with peripheral elements B, B~*A~', KCK~' and
KD 'C'K-L

PROPOSITION 5.11. Suppose that (A, B) and (C, A™"') are two irreducible (0, 3) subgroups
of Sp(2,1). Let k = (s, 9, &, k1, ko) be a twist-bend parameter oriented consistently with A and let
(A, B, KCK™1) be the corresponding (0,4) group. Then (A, B, KCK ) is uniquely determined
up to conjugation in Sp(2, 1) by the Fenchel-Nielsen coordinates:

the real traces: trg(A), trr(B), trg(C);
the cross ratios: X, (A, B)], [Xi(A,C), k= 1,2;
the angular invariants: A;(A, B), A;(A,C), j=1,2,3;
six projective points: p;(A), p;(B), p;(C), i =1,2;
and the twist bend k = (s,¢,&, k1, ko).

Thus we need a total of 42 real parameters to specify (A, B, KCK ™) uniquely up to conjugacy.

In the parameter space associated to (4, B, KCK '), the parameters corresponding
to the traces have real dimension 6, the cross ratios and angular invariants add up to 16
degrees of freedom, six projective points add up to 12 degrees of freedom and the twist
parameter has 7 degrees of freedom adding to a total of: (3x3)+(2x4)+(1x6)+(2x6)+7 =

42 degrees of freedom.

PROOF. Suppose, (A, B, KCK~')and (4’, B', K'C'K'~') are two (0, 4) subgroups hav-
ing the same Fenchel-Nielsen coordinates. Let the given relations hold. Using these re-
lations, it follows from Theorem 5.6 that there exist C'; and C in Sp(2, 1) that conjugate
(A, B) and (C, A™"') respectively to (A’, B') and (C’, A'™1).
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Now the twist-bends are defined with respect to the same initial group (A, B, C)) that
we fix at the beginning before attaching the two (0, 3) groups. So, without loss of general-
ity, we may assume that A = A’, B = B’, C'= (", and thus, '} = C;. Now with respect to
the same initial group (A, B, C), by Lemma 5.9 it follows that X' = K’. This implies that
(A, B, KCK™') is determined uniquely up to conjugacy.

Conversely, suppose that (A, B, KCK™') and (A', B, K'C'K'!) are conjugate, and
having the same projective points. Then clearly, the traces and angular invariants are
equal and, the cross ratios are similar. The only thing remains to show is the equality of

the twist-bends. Now by the invariance of the cross ratios it follows that

Xi(r)] = Xu(6)], [Ka(r)] = [Xa(r)], Ar(r) = Ar(K), As(k) = As(x').

and hence by Lemma 5.9, k = «/'. O

4.2. Closing a handle. The next step is to obtain a one-holed torus by attaching two
holes of the same three-holed sphere in the quaternionic hyperbolic plane. The process
of attaching these two holes is called closing a handle. Geometrically, it corresponds to
attach two boundary components of the same three-holed sphere. From a group theo-
retic viewpoint, closing a handle is the same as taking the HNN-extension of the (0, 3)
group (A, BA~'B~!) by adjoining the element B to form a (1, 1) group. When we take the
HNN-extension, the map B is not unique. If K is any element in Sp(2, 1) that commutes
with A, then (A, BK) gives another (1,1) group. Varying K corresponds to a twist-bend

coordinate as above.

If A= QE(s,¢,8)Q ! for (s, 1, &), just as before, we define the twist-bend parameter «
by K = QE(s,1,&, ki, ko)Q !, and we say, k = (s, 1, &, k1, k2) is oriented consistently with
A. In this case also « is defined relative to a reference group that we fix at the beginning

of the attaching procedure.

LEMMA 5.12. Let (A, BA™'B~1) be a irreducible (0,3) group. Let B be a fixed choice
of an element in Sp(2,1) conjugating A~' to BA™'B™'. Let k = (5,9, ki, ko) and k' =
(s, 9, & k1, kL) be twist-bend parameters oriented consistently with A. Then (A, BK) is con-
jugate to (A, BK') if and only if k = K'.

PROOF. If k = «/, then clearly K = K’ and hence the groups are equal.
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Conversely, suppose (A, BK) is conjugate to (A, BK’). The element D that conjugates

these groups, must commutes with A. Hence,
D(aa) = aa, D(ra) =ra.
Since BA™!B~! has been fixed at the beginning, we have
BA'B™' = (BK'YA™Y(BK')' = D(BA'B™Y)D ",

Thus D commutes with BA™'B~! and fixes ag4-15-1 = B(ra), rga-13-1 = B(ay). Since
the fixed points are distinct, D is either the identity or, the fixed points a4, 74, B(aa), B(ra)
belong to the boundary of the same totally geodesic subspace fixed by D. But the later is
not possible by the irreducibility of the (0, 3) group. So, D must be the identity, BK’ = BK

and hence, K = K’,i.e., k = K. O

PROPOSITION 5.13. Let (A, BK) bea (1, 1) group obtained from the irreducible (0, 3) group
(A, BA™'*B™1) by closing a handle with associated twist-bend parameter k. Then (A, BK) is

determined up to conjugation by its Fenchel-Nielsen coordinates
tTR(A>7 [XJ<A7 BAilBil)]a AJ’("47 BA?lB?l)? .] = 17 27 37 p1<A)7 p2<A)7

and the twist-bend parameter k = (s, &, ki, ko).

Thus, we need 21 real parameters to specify (A, BK) up to conjugacy.

PROOF. Let (A, BK) and (A, B'K’) be two (1, 1) groups with the same Fenchel-Nielsen

coordinates. In particular ¢r(A) = tr(A’) and hence

tr(BA'B™Y) = tr(A) = tr(A") = tr(B'A~'B™).
Further using the following relations
[Xk(A,BA_lB_l)] = [Xk(A’,B’A’_lB’_l)],

Xp(A, BA"'B™Y)] = [Xu(A, BAT'BY)], k= 1,2,3,

we see by Theorem 5.6 that the (0, 3) groups (A, BA™'B~') and (A’, B’A’~! B'~!) are deter-
mined by the projective points of A. Thus we canassume A = A, BA™'B~! = B'A'~'B'~1.
Now using the above lemma, we see that x = «’. Hence K = K'. Thus, the group (A4, BK)

is determined uniquely up to conjugation.
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Conversely, suppose (A, BK) and (A’, B'K') are conjugate, then it is clear that the

unique conjugacy class is determined by the given invariants. O

Here, we will recall definition of geometric representation. Let ¥, be a closed, con-
nected, orientable surface of genus g > 2. Let m(3,) be the fundamental group of ¥,.
Specify a curve system C of 3g — 3 closed curves 7; on ¥,. The complement of such curve
system decomposes the surface into 2g—2 three-holed spheres P;. Let p : m(2,;) — Sp(2,1)
be a discrete, faithful representation such that the image of each ; is loxodromic. For each
i, the fundamental group of P; gives a representation ¢; in D¢(F2, Sp(2,1)), induced by p,
such that the image of ¢; is a (0, 3) subgroup of Sp(2, 1). If each of these representations

; is irreducible, we call the representation p as geometric.

THEOREM 5.14. [GK18, Theorem 1.6] Let ¥, be a closed surface of genus g with a curve
system C = {~;}, 7 =1,...,39 — 3. Let p : m(X,) — Sp(2, 1) be a geometric representation of
the surface group m(X,). Then we need 429 —42 real parameters to determine p in the deformation
space ®(m(X,),Sp(2,1))/Sp(2,1).

PROOF. Let X, \ C be the complement of the curve system C in ¥,. This is a disjoint
union of 2g — 2 three holed spheres. Each such three-holed sphere in ¥, \ C corresponds
to an irreducible (0, 3) subgroup of Sp(2,1). By Theorem 5.6, a (0, 3) subgroup (A4, B) is
determined up to conjugacy by the 21 real parameters given there. While attaching two
three-holed spheres, we attach two (0,3) groups subject to the compatibility condition
that a peripheral element in one group is conjugate to the inverse of a peripheral element
in the other group. This gives a (0,4) group that is specified up to conjugacy by the
42 real parameters described in Proposition 5.11. Proceeding this way, attaching 2¢g — 2
of the above (0, 3) groups, we get a surface with 2¢g handles, and it is determined by
21(2g — 2) = 42g — 42 real parameters obtained from the attaching process. The handles
correspond to the g curves that in turn correspond to the two boundary components of

the three-holed spheres.

Now, there are g quaternionic constraints that are imposed to close these handles: one
of the peripheral elements of each of these (0, 3) groups must be conjugate to the inverse of
the other peripheral element. Note that, corresponding to each peripheral element there

are 7 natural real parameters: the real trace and two projective points. So, the number of
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real parameters reduces to 42g — 42 — 7g = 35g — 42. But there are g twist-bend parameters
ki = (i, i, &, ki, ko;), one for each handle, and each contributes 7 real parameters. Thus,

we need 35g — 30 + 7g = 429 — 42 real parameters to specify p up to conjugacy.

If two representations have the same coordinates, then the coordinates of the (0, 3)
groups are the same and so they are conjugate. Further, it follows from Proposition 5.11
and Proposition 5.13 that the (0,4) groups and the (1,1) groups are also determined
uniquely up to conjugacy while attaching the (0, 3) groups. Hence, representations with
the same parameters are conjugate. Conversely, if two representations are conjugate, then

clearly they have the same coordinates.

This proves the theorem. O
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CHAPTER 6

Quaternionic hyperbolic Fenchel-Neilsen coordinates in Sp(1, 1) and
GL(2,H)

1. Hyperbolic pairs in Sp(1, 1)

The group Sp(1,1) acts by isometries of the quaternionic hyperbolic line Hj;. Note
that PSp(1, 1) is isomorphic to the isometry group PO(4, 1) of the real hyperbolic 4 space.
In this isomorphism, the group Sp(1, 1) acts on the quaternionic model of H} by linear
fractional transformations. This provides a quaternionic analogue of the classical Mobius
transformations of the Riemann sphere. We refer to the book [Par08] for more details on

this action.

Here, we view Sp(1,1) as a subgroup of Sp(2,1) that preserves a one-dimensional
totally geodesic quaternionic subspace, a copy of Hj;, in H?. From this viewpoint, we
shall follow the framework of the previous sections and will look at the linear action of
Sp(1,1) on Hi;.

1.1. Real trace. The following is a special case of [GP13, Theorem 3.1].

PROPOSITION 6.1. Let A be an element in Sp(1,1). Let Ac be the corresponding element in
GL(4, C). The characteristic polynomials of Ac is of the form

xa(z) = 2* —az® + ba? —ax +1 = 2%g(x +271),

where a,b € R. Let A be the negative of the discriminant of the polynomial g4 (t) = g(xz + ™).

Then the conjugacy class of A is determined by the real numbers a and b. Further, A is loxodromic
if and only if A > 0.

This gives us the following definition.

DEFINITION 6.2. Let g be a hyperbolic isometry of Hj;. The real tuple (a, b) in Propo-

sition 6.1 is called the real trace of g and shall be denoted by trg(g).
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Thus the real trace of a hyperbolic element g of Sp(1,1) corresponds to a point on R
When g is strictly hyperbolic, then 4b = o + 8. In this case, the real trace is determined by

a parameter on R.

The real traces of loxodromic elements in Sp(1, 1) are given by the following subset of
R%:
D; = {(a,b) € R* | b* > 4a}.

The following result follow similarly as Lemma 5.2.

LEMMA 6.3. Let A, A" be hyperbolic elements in Sp(1,1). Then A = A’ if and only if they
have the same attracting (or repelling) fixed point, the same real trace and the same projective

point.

1.2. Quadruple of boundary points. Next we observe the following analogue of Cao’s
theorem. Cao proved Theorem 2.8 assuming n > 2. However, the same proof boils down
to a much simpler form when n = 1. A version of this theorem follows from the work
in [GL12], however there the authors have defined cross ratios using quaternionic arith-
metic by the identification of Sp(1, 1) with the quaternionic linear fractional transforma-
tions. We can prove the following lemma by using similar ideas in proof of Theorem 2.8
of Cao.

Given an ordered quadruple of pairwise distinct points (21, 22, 23, z4) on 0HZ, their

Koranyi-Reimann quaternionic cross ratio is defined by

X(zh 294 %3, 24) — [Zla 22y %3, 24] - <Z37 Z1><Z37 Z2>_1<Z4a Z2><Z4a Z1>_1'

For a pair of hyperbolic elements (A, B) of Sp(1, 1), define
X(A7 B) = X(CLA, raA,aB, TB)-
LEMMA 6.4. Let Z = (21, 22, 23, 24) and W = (w1, wa, w3, wy) be two quadruple of pairwise

distinct points in OHjy. Then there exists an isometry h € Sp(1,1) such that h(z;) = w;, i =
1,2,3,4, ifand only if

R(X(z1, 22, 23, 24)) = R(X(wy, wa, w3, wy)) and

\X(21,Z2,23,Z4)\ = |X(w1,w2,w3,w4)\.
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PROOF. Suppose that %(X(Zh Z9, %23, Z4>> = §R(X(w1, Wa, W3, w4)) ’ ’X(Zl, 29, 23, Z4)| =
|X (w1, wy, w3, wy)|. We want to find h € Sp(1, 1) such that h(z;) = w;, i = 1,2, 3, 4. Without

loss of generality assume that z; = w; = o0 and 2, = wy; = oo. By the given hypothesis,

28] _ el

1X(0, 00, 23, 24)| = |X(0, 00, w3, wy)| implies that — sl Jw . Now, by using the fact that
4
all z;, w; has zero real part together with condition $(X(o, 0o, 23, 24)) = R(X(0, 00, w3, wy))
gives equality of the pairs of angles between the vectors %(%), %(%), and %(‘w—?”),
3 2! w3
%( m ‘) So there exist ¢ € Sp(1) such that z3 = tyws1 and 2z, = tywsp, where t = % =
4 ws
||Z ‘| Thus, we get the required isometry
Wy
v
— 0
= | Vi :
0 Vi
in Sp(1, 1) such that h(0) = o, h(co) = 00, h(z3) = w3 and h(z4) = wy. O

Thus in this case the moduli of ordered quadruple of points up to Sp(1, 1) congruence
is determined by the tuple (R(X(p)), |X(p)|). We denote it by M(1,4,0). An explicit de-
scription of this space may be obtained from the work of [GL12]. From [GL12, Proposition
10], it follows that M(1, 4, 0) is embedded in R*.

THEOREM 6.5. [GK18, Theorem 1.7] Let (A, B) be an irreducible totally loxodromic pair
in Sp(1,1). Then (A, B) is determined up to conjugation by the following parameters: trg(A),
trr(B), a point on M(1,4,0) corresponding to (aa,ra,ap,rg), and two projective points p;(A),
pi(B).

PROOF. Suppose (A, B) and (A’, B') be pairs of loxodromics such that trg (A) = trg(4’),
trr(B) = tre(B’'), R(X(A, B)) = R(X(A4', B")) and |X(A4, B)| = |X(A', B')|. By Lemma 6.4,
there is an element C in Sp(1,1) such that C(a4) = aa, C(ra) = ra, Clap) = ap and
C(rg) = rp.. Therefore A’ and CAC~! have the same attracting and the same repelling
tixed points. Since they also have the same real trace and the same projective point, by
Lemma 6.3, CAC~! = A’. Similarly, CBC~! = B'. This completes the proof. O

Given a representation p in D¢, (F2, Sp(1, 1)), we associate the following tuple to it:

(tre(p(2)), tre(p(y)), R(X(A, B)), [X(A, B)]).
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Let M(1) denote the orbit space of M(1,4,0) under the natural S, action on the quadru-
ples. This gives the following.

COROLLARY 6.6. Dg¢,(Fo,Sp(1,1)) is parametrized by a CP' x CP! bundle over the topo-
logical space Dy x Dy x M(1).

This implies the following theorem that follows similarly as mentioned in the previous
section. A twist-bend Ek(s,, k) in this case would corresponds to four real degrees of
freedom given by the real trace (s, ) and a projective point k. The rest follows similarly

as in the previous chapter. Since the arguments are very similar, we omit the details.

THEOREM 6.7. Let X, be a closed surface of genus g with a curve system C = {~,}, j =
1,...,3g—3. Let p : m(X,) — Sp(1, 1) be a geometric representation of the surface group m (3,)
into Sp(1,1). Then we need 20g — 20 real parameters to determine p in the deformation space
D(m1 (%), Sp(1,1))/Sp(1, 1).

2. Hyperbolic pairs in GL(2, H)

The group GL(2, H) acts on 0H}, = H=HU {co} by linear fractional transformations:

{‘é Z} 2 s (az + b)(cz + ),

and this action is extended over the hyperbolic space by Poincaré extensions. This action
identifies the projective general linear group PGL(2,H) = GL(2,H)/Z(GL(2,H)) to the
group PO(5,1), see [Par08] or [Gon10] for more details. Note that Z(GL(2, H)) is isomor-
phic to the multiplicative group R* = R\ 0.

2.0.1. 3-Simple loxodromics. Let g be a 3-simple loxodromic element in GL(2, H). Up to
conjugacy, it is of the form

i0
E c00= VE 33¢] ,r>0,5>0,0,¢0€(0,m).

As above, using the embedding of GL(2, H) into GL(4, C) one can define real trace of a 3-
simple loxodromic in GL(2, H). It follows from the work in [Gon10] or [PS09] that the real
traces of 3-simple loxodromic elements of GL(2, H) correspond to a three real parameter
family (a, b,c), a # ¢, that forms an open subset of R3. We denote this open subset by Ds.

This can be seen using ideas similar to the proof of Lemma 5.3.
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2.0.2. Cross ratios. As mentioned in the previous case, in this case Gwynne and Libine,
[GL12] has defined cross ratio of four boundary points analogous to the cross ratio of four
points on the Riemann sphere. Gwynne and Libine have used them to obtain configura-
tion of GL(2, H)-congruence classes of quadruples of pairwise distinct points on H. Let C,4
denote the space of quadruples of points on 9Hj up to GL(2,H) congruence. It follows
from the work [GL12] that the subspace of C, consisting of quadruples of pairwise dis-
tinct points on H in general position (i.e. the four points do not belong to a circle), is a real
two-dimensional subspace of R*. Let €, denote the orbit space of C, under the natural S,

action on the tuples.

2.0.3. The deformation space. Let D¢, (F2, GL(2,H)) denote the subset of the deforma-
tion space D¢, (F2, GL(2,H)) consisting of elements p such that both p(z) and p(y) are 3-
simple loxodromics. The following is evident using similar arguments as in the previous

sections.

THEOREM 6.8. The set D¢, (Fq, GL(2,H)) is a (CP')* bundle over the topological space D3 x
D3 X &4

Thus we need a total of 16 degrees of freedom to specify an element uniquely in
D¢, (Fo, GL(2,H)). Note that the real dimension of the group GL(2, H) is also 16. However
the group PGL(2, H) has 15 real dimension. The group GL(2, H) is fibered over PGL(2, H)
by the punctured real line. This fibration induces a fibration of ®¢,(F,, GL(2,H) over
D¢, (Fo, PGL(2, H) by the punctured real line, and thus we need 15 real parameters to de-
termine a irreducible point on D¢, (Fy, PGL(2, H)). The following theorem can be proved

following similar arguments as earlier.

THEOREM 6.9. Let ¥, be a closed surface of genus g with a curve system C = {v;}, j =
1,...,39g — 3. Let p : m(3,) — PGL(2,H) be a geometric representation of the surface group
m1(2,) into PGL(2, H). Then we need 30g — 30 real parameters to determine p in the deformation
space ®(m(X,), PGL(2,H))/PGL(2, H).

65






CHAPTER 7

Future research directions

We recall that the group PGL(2, H) is isomorphic to PO(5, 1) and acts on the real hy-
perbolic 5-space Hj by isometries. The group PSp(1,1) is isomorphic to a subgroup of
PGL(2, H) that preserves a copy of Hj inside Hj,. Using the approaches taken in this pa-
per, it is also possible to state similar results for pairs of hyperbolic elements in GL(2, H).
Algebraic and dynamical classification of elements in GL(2, H) are available in [Gon10],
[PS09]. There are three types of hyperbolic elements in GL(2,H) depending upon the
number of ‘rotation angles’. Two of these types come from Sp(1,1), and the third type
called 2-rotatory hyperbolic in [Gon10] or 3-simple loxodromic in [Par08], does not have rep-
resentatives in Sp(1, 1). Though we shall address pairs of this type briefly, and will de-
termine them up to conjugacy in GL(2, H), they deserve separate attention. This space
may be thought of as the quaternionic analogue of the complex Teichmdiller space and it

certainly deserves a more thorough treatment.

As it is clearly visible in all the statements above, the notion of projective points is
crucial for the development in this thesis. The lack of numerical invariants over the
quaternions has been supplemented by the use of these spatial invariants. We believe
that there should be a classification of hyperbolic pairs in Sp(2, 1) using purely numerical
invariants. We hope that a counterpart of [Par12, Theorem 4.8] will be available for the
group generated by pairs in Sp(2,1). We expect that the real traces of A, B, and several
of their compositions like Procesi [Pro76], should be sufficient to classify the pair itself. A
starting point in this direction could be the work of Dokovi¢ and Smith in {DoS], where
a set of minimal real trace coordinates is available for Sp(2) conjugation orbits in My(H).
It might be possible to extend the invariant theoretic methods in HDoS] to classify conju-
gacy classes in Sp(2, 1), and also to classify the conjugation orbits of pairs of elements in
Sp(2,1).
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Also, it is interesting problem to study change of coordinates on the same three-holed
sphere and ‘trace’ coordinates. From a group theoretic viewpoint, a three-holed sphere
corresponds to a subgroup generated by two hyperbolic elements A and B whose prod-
uct AB is also loxodromic. The three boundary curves corresponds to the loxodromic
elements 4, B and B~'A~! respectively. A group generated by such hyperbolic elements
is called a (0, 3) subgroup. The classical Fenchel-Nielsen coordinates are obtained by ‘glu-
ing’” such (0, 3) subgroups, and the coordinates are given by several parameters associated

to these subgroups and the gluing process.

There is a natural three-fold symmetry associated to a (0,3) subgroup. This is re-
spected in the classical Fenchel-Nielsen coordinates of the Teichmiiller or quasi-Fuchsian
space. For example, if we change the coordinates associated to (A, B) to (A, B~*A~'), then
the Fenchel-Nielsen coordinates remain unchanged in the classical set up. This is clearly
not the case in our set up, neither it was in the set up of Parker and Platis in the com-
plex hyperbolic set up, see [PP08, Section 7.2]. However, Parker and Platis rectified this
problem partially by relating the traces of A, B and several of their compositions with the
cross ratios, and thus by giving a real analytic change of coordinates between two (0, 3)
groups coming from the same three-holed sphere. Following the work of Will [Wil09],
Parker resolved this problem by using trace parameters to determine an irreducible (0, 3)

subgroup of SU(2, 1) in [Par12].

We do not know how to resolve this issue in the Sp(2, 1) set up. We expect that by
computations it should be possible to relate the real traces and the points on M(2) of two
(0, 3) subgroups coming from the same three-holed sphere. The computations to do that
are too involved, and we are unable to resolve the difficulty here. It is also not clear to us

that how the projective points change when we have a change of the (0, 3) subgroups.

As mentioned in the Introduction, innovation of a set of ‘real trace coordinates’ using
classical invariant theory might also be helpful to resolve the above problem concerning

the three-fold symmetry of a three-holed sphere.
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