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Abstract

Complexes of groups describe the action of groups on simply connected poly-
hedral complexes. These are a natural generalisation of the concept of graphs
of groups introduced by Bass and Serre. In this thesis, we address some ques-
tions associated to the complexes of groups. We first show that the palin-
dromic width of HNN extension of a group by associated proper subgroups
and the palindromic width of the amalgamated free product of two groups
via a proper subgroup is infinite (except when the amalgamated subgroup
has index two in each of the factors). As a corollary of these, the palindromic
width of the fundamental group of a graph of groups is mostly infinite.
Next, we prove a limit set intersection theorem for a relatively hyperbolic
group GG that admits a decomposition into a finite graph of relatively hy-
perbolic groups structure with quasi-isometrically (qi) embedded condition.
We prove that the set of conjugates of all the vertex groups and edge groups
satisfy the limit set intersection property for conical limit points. This result
is motivated by the work of Sardar for graph of hyperbolic groups [49].
Finally, we study the existence of Cannon-Thurston maps for certain
subfamily of complex of hyperbolic groups. Let G be the fundamental group
of a complex of hyperbolic groups G(Y) with respect to a maximal tree T
of Y. Suppose G(Y) is developable and the monomorphisms G. — G
and G, — Gy) have finite index images in the target groups. Let Z be a

connected subcomplex of Y and H be its fundamental group with respect to

X



a maximal subtree T; C T of Z. If the natural homomorphism i : H — G is
injective and the natural map from the development of G(Z) to that of G(Y)
is a gi-embedding, then H is also hyperbolic and 7 admits a Cannon-Thurston

map 0i : 0H — 0G.



Notations

H" : n-dimensional hyperbolic space

E" : n-dimensional Euclidean space

S™ : n-dimensional sphere

Isom(H") : Isometry group of H"

R : set of real numbers

N : set of natural numbers

R* : set of positive real numbers

For a metric space X, the metric will be denoted by dx.

A geodesic joining =,y € X will be denoted by [x, y].

For Y C X geodesic in Y joining z,y € Y will be denoted by [z, y]y.

For A, B C X, Hausdorff distance between A, B will denoted by Hd(A, B).
For A C X and R > 0, Nr(A) will denote the set {z € X | d(z, A) < R}.
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Chapter 1

Introduction

Groups can be studied by their action on geometric objects. DBass-Serre
theory provides one such tool to study the structure of infinite groups from
their action on simplicial trees. Associated to such an action, one has the
notion of the graph of groups. A graph of groups consists of a finite graph
and groups associated to every vertex and edge, along with monomorphisms
from each edge group to the groups associated to its initial and terminal
vertices. A natural generalisation of the graph of groups is the complex of
groups. In this thesis, we aim to understand certain aspects of complexes of
groups.

There are three problems addressed in this thesis. In Chapter 3, we study
graph of groups. We look at the notion of the palindromic width of graph of
groups and prove the infiniteness of such widths in most of the cases.

After obtaining some understanding of the palindromic widths, we prove a
limit set intersection property for the vertex groups of the graph of relatively
hyperbolic groups in Chapter 4.

In the final chapter of the thesis, i.e.Chapter 5, we look at certain sub-
family of complex of hyperbolic groups and study the existence of Cannon-

Thurston (CT) map for such subcomplexes.
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We elaborate on each of these topics in the following three sections.

1.1 Palindromic width of graph of groups

Bardakov, Shpilrain and Tolstykh [12] initiated the investigation of palin-
dromic width and proved that the palindromic width of a non-abelian free
group is infinite. Bardakov and Gongopadhyay proved finiteness of palin-
dromic width of finitely generated free nilpotent groups and certain solvable
groups in [9-11]. In [8], finiteness of palindromic width of nilpotent prod-
ucts was proved. The palindromic width of Grigorchuk groups and wreath
products was investigated by Fink [25,26]. Riley and Sale investigated palin-
dromic width in certain wreath products and solvable groups in [47] using
finitely supported functions from Z" to the given group. Fink and Thom [27]
studied palindromic width in non-abelian finite simple groups and yielded
the first examples of groups with finite palindromic width but infinite com-

mutator width.

This was generalised to the free product of groups by Bardakov and Tol-
stykh in [13]. They proved that a free product of two groups, except Zs * Zs,
has infinite palindromic width. We investigate the palindromic width for
HNN extensions and amalgamated free products of groups. For HNN exten-

sions we have the following.

Theorem 1.1.1. [29, Theorem 1.1] Let G be a group. Let A and B be proper
isomorphic subgroups of G and ¢ : A — B be the isomorphism. The HNN

extension

G.= (Gt |t 'at = ¢(a), a € A)

of G with associated subgroups A and B has infinite palindromic width with
respect to the generating set G U {t, t_l}.

For amalgamated free product of groups, we prove the following theorem.
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Theorem 1.1.2. [29, Theorem 1.2] Let G = A x¢ B be the free product of
two groups A and B with amalgamated proper subgroup C and |A : C| > 3,
|B: C| > 2. Then pw(G, AU B) is infinite.

As an application of the above two theorems, we determine the palin-

dromic width for the fundamental group of a graph of groups.

Corollary 1.1.3. [29, Corollary 1.3] Let Y be a non-empty, connected graph.
Let (G,Y) be a graph of groups and m(9,Y) be its fundamental group. Then
the palindromic width of m(G,Y") is infinite if one of the following holds:

1. 'Y is a loop with a vertex P and edge e, and the image of G, is a proper

subgroup of Gp.

2. 'Y is a tree and has an oriented edge e = [Py, Pa] such that removing
e, while retaining Py and P, gives two disjoint graphs Y1 and Yo with
P, € V(Y;) satisfying the following: extending G. — Gp, to ¢; : G, —
m(9,Y;), i = 1,2, we get [m1(9,Y1) : $1(Ge)] > 3 and [m1(G,Ys) :
P2(Ge)] = 2.

3.'Y has an oriented edge e = [Py, Py] such that removing the edge, while
retaining Py and Py does not separate Y and gives a new graph Y’
satisfying the following: extending G, — Gp, to ¢; : Go — m(G,Y"),

i = 1,2, we have H; := ¢;(G.) and Hy, Hs are proper subgroups of
7T1(9,Y,).

1.2 A limit set intersection theorem for graph
of relatively hyperbolic groups

Limit set intersection theorem first appeared in the work of Susskind [52],

in the context of geometrically finite subgroups of Kleinian groups. Later,
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Susskind and Swarup [51] proved it for geometrically finite purely hyperbolic
subgroups of a discrete subgroup of Isom(H"). The works of Susskind and
Swarup were followed by the work of J.W. Anderson in [2-4] for some classes
of subgroups of Kleinian groups. Susskind asked the following question:

Question: Let G be a non-elementary Kleinian group acting on H”
for some n > 2, and let H, K be non-elementary subgroups of G, then is
A(H)NA(K) C A(HNK) true?

In an attempt to answer this, in [5], Anderson showed that if G is a non-
elementary purely loxodromic Kleinian group acting on H" for some n > 2
and H and K are non-elementary subgroups of G, then A.(H) N A¥(K) C
A.(H N K), where AY(K) denotes the uniform conical limit set of K. But
in [20], Das and Simmons constructed a non-elementary Fuchsian group G
that admits two non-elementary subgroups H, K < G such that HNK = {e}
but A.(H) N A(K) # (), thus providing a negative answer to Susskind’s
question.

However, this prompts the following question in the context of hyperbolic
and relatively hyperbolic groups:

Question: Suppose G is a hyperbolic (resp. relatively hyperbolic) group
and H, K are subgroups of G, then is A.(H) N A(K) C A(HN K) true?

In 2012, Yang [53] proved a limit set intersection theorem for relatively
quasiconvex subgroups of relatively hyperbolic groups. Limit set intersection
theorem is not true for general subgroups of hyperbolic groups, and it was
known to hold only for quasiconvex subgroups until the recent work of Sardar
[48,49]. In the paper, he proves that the set of conjugates of vertex and edge
groups of G satisfy a limit set intersection property for conical limit points.

We generalise this to graph of relatively hyperbolic groups in the following:

Theorem 1.2.1. [34, Theorem 1.1] Let G be a group admitting a decom-
position into a finite graph of relatively hyperbolic groups (G,Y) satisfying
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the qi-embedded condition. Further, suppose the monomorphisms from edge
groups to vertex groups are strictly type-preserving, and that induced tree of
coned-off spaces also satisfy the qi-embedded condition. If G is hyperbolic
relative to the family of maximal parabolic subgroups €, then the set of conju-
gates of vertex and edge groups of G satisfy a limit set intersection property

for conical limit points.

Our proof relies on the existence of Cannon-Thurston map for the vertex

group of a graph of relatively hyperbolic groups, proved by Mj and Pal in [43].

1.3 Pullbacks of metric bundles and Cannon-
Thurston maps

In a seminal work [19], Cannon and Thurston proved the following:

Theorem 1.3.1. Let M be a closed hyperbolic 3-manifold fibering over the
circle with fiber F. Let F and M denote the universal covers of F and M
respectively. After identifying F (resp. M} with H? (resp. H?3), we obtain
the compactification D* = H? U S (resp. D?* = H? U S?) by attaching S*
(resp. S?) at infinity. Let i : F — M denote the inclusion map of the fiber
and i : F — M denote the lift to the universal cover. Then i extends to a

continuous map i : D*> — D3.

Further, they raised the following question:

Question: Suppose that a closed surface group m;(S) acts freely and
properly discontinuously on H? by isometries such that the quotient manifold
has no accidental parabolics. Then does the inclusion ¢ : S — H? extend
continuously to the boundary?

If the continuous extension does exist, then it is called a Cannon-

Thurston (CT) map. Mj [42] gave a positive answer to this question. In
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the endeavour to answer this, he generalised the question to the context of
geometric group theory. Let X be a hyperbolic metric space and G be a
hyperbolic group acting on X properly discontinuously and freely by isome-
tries. Let I" denote the Cayley graph of G and ¢+ : I' = X be the natural
orbit map. Let X (resp. OT') denote the Gromov boundary and X (resp.
') denote the Gromov compactification of X (resp. T'). Then he asked the
following question:

Question: Does i : I' = X extend continuously to i : [ — X?

Baker and Riley [6] provided a counterexample for the existence of
Cannon-Thurston maps, thus answering Question 1.3 in negative. In fact,
in [38] Matsuda and Oguni showed that for any non-elementary hyperbolic
group H, there exists a hyperbolic group G with H C G such that no Cannon-
Thurston map exists for the inclusion H < G. Over the time, existence of
Cannon-Thurston map has been proved for many special cases. Motivated
by the works of Mj in [40,41], Mj and Sardar in [45], and Kapovich and
Sardar in [33], we address the following question:

Question: Suppose we have an exact sequence of hyperbolic groups:
1> N —>G — Q — 1. Let @ be a subgroup of () and G; denote the
inverse image of ()1 in G. This is a subgroup of G. If () is hyperbolic, then
does the pair (G, G;) admit a CT map?

We prove a much more general result.

Theorem 1.3.2. Suppose G(Y) is a complezx of groups where Y is a finite
complex. Let T be a maximal tree in the 1-skeleton of the first barycentric
subdivision of Y. Suppose G = m1(G(Y),T) is hyperbolic. Furthermore, sup-

pose the following conditions hold:

1. G(Y) is developable with development B.

2. All groups G, for o € V(Y), and G, for e € E(Y), are hyperbolic and

the injective homomorphisms G — Gjey and G. — Gye) have finite
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index images in the target groups.

Let Z be any connected subcomplex of Y with mazimal tree Ty C T in the 1-
skeleton of the first barycentric subdivision of Z, H = m(G(Z),T1) and A be
a development of G(Z). If the natural homomorphism i : H — G is injective
and the natural map A — B is a gi-embedding, then H is also hyperbolic and

1 admits a Cannon-Thurston map 0i : OH — 0G.
The following is the main theorem in chapter 5:

Theorem 1.3.3. [35] Suppose X is a metric bundle over a hyperbolic metric
space B such that X is hyperbolic and all the fibers are uniformly hyperbolic
and non-elementary. Suppose i : A — B is a qi embedding and (Y, A, y) is
the pullback of X under i. Then i* .Y — X admits the C'T map.

We prove this using the structure of geodesics described by Mj and Sar-
dar in [45]. As an immediate application of Theorem 1.3.3, we have the

corresponding theorem for groups.

Theorem 1.3.4. Let 1 - N — G 5 @Q — 1 be a short exact sequence of
hyperbolic groups. Suppose Q1 < Q is qi-embedded and Gy := 7=1(Q1). Then

the inclusion G1 < G admits a CT map.

The thesis is organised as follows. In Chapter 2, we recall some neces-
sary background to be used in the subsequent chapters. In Chapter 3, we
compute the palindromic width of amalgamated free products and HNN ex-
tensions and, consequently, get the palindromic width of graph of groups. In
Chapter 4, we prove a limit set intersection theorem for graph of relatively
hyperbolic groups. In Chapter 5, we recall the definition metric bundles and
we construct a pullback for a metric bundle and finally, show the existence

of Cannon-Thurston map for the pullback of a hyperbolic metric bundle.
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Chapter 2

Preliminaries

2.1 Complex of groups

Complexes of groups were introduced with the intent to understand the ac-
tion of a group on a polyhedral complex. They are a natural generalisation
of graphs of groups. In this section, we collect some basic definitions and few
results pertaining to complex of groups from [18, Chapter II1.C] and graph
of groups from [50].

Let M3 be the model space of dimension n and curvature X, i.e, M = E",

Mz =S" for X > 0 and Mg = H" for X < 0.

Definition 2.1.1. Polyhedral complex: A finite-dimensional CW complex
K is a My-polyhedral complex if

(1) every open cell of dimension n is isometric to the interior of a compact
convez polyhedron in M.

(2) For a cell o of K, restricting the attaching map to each open face of

o codimension 1 gives an isometry onto an open cell of K.

Definition 2.1.2. Small category without loops: A small category with-
out loops (scwol) X is a pair of disjoints sets V(X) U E(X), where V(X) is

the vertex set and E(X) is an edge set, along with the maps:

9



10 2.1. Complex of groups

0: E(X) = V(X); t:EX)—V(X).

Let E*(X) = {(a,b) € E(X) x E(X)|o(a) = t(b)}. Then we have a map
E*(X) = E(X) given by (a,b) — ab such that

(1) for (a,b) € E*(X), o(ab) = o(b), t(ab) = t(a).

(2) for a,b,c € E(X) with t(c) = o(b),t(b) = o(a), a(bc) = (ab)c.

(3) if a € E(X), then o(a) # t(a).

For any a € E(X), o(a) and t(a) are called the initial vertex and the
terminal vertex of a respectively.

Given a polyhedral complex K, one can associate a scwol X to it. The
vertex set V(X) is the set of barycenters of the cells of K and the edge set
E(X) is the set of 1-simplices of the barycentric subdivision of K, i.e, each
a € E(X) corresponds to a pair of cells T, S with say, T C S, where S is the
initial vertex and 7' is the final vertex.

Conversely, the geometric realisation of a scwol X is a polyhedral complex.
For j > 1, let E7(X) be the set of sequences (ay, ..., a;) such that (a;, a;11) €
FE*(X) for 1 <i < j—1. Let EY(X) = E(X) and E°(X) = V(X). Then, a cell

of dimension k is the standard k-simplex indexed by an element of E*(X).

Definition 2.1.3. Morphism of scwols: Let X, X' be two scwols. A map
¢: X — X' sending V(X) to V(X') and E(X) to E(X') is a morphism if
(1) for a € E(X),0(¢(a)) = ¢(0(a)) and i(¢(a)) = ¢(i(a)).
(2) For (a,b) € E*(X), ¢(ab) = ¢(a)¢(b).
A morphism is nondegenerate if for every o € V(X), ¢ restricted to

the set of edges a with ¢ = o(a) is a bijection onto the set of edges b with

o(b) = ¢(0). An isomorphism is a morphism with an inverse.

Definition 2.1.4. Group action on scwols: Let G be a group. An action
of G on a scwol X is a homomorphism G — Aut(X) such that for any
a € E(X) and g € G, we have g - o(a) # t(a), and if g - o(a) = o(a) then

g-a=a.
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Action of G on X induces a quotient scwol G\X =: Y with V(Y) =
G\V(X) and E(Y) = G\E(X). For any a € E(X), o(Ga) = Go(a),
t(Ga) = Gt(a) and G(ab) = G(a)G(b) for any (a,b) € E?(X) and the natural

projection map 7 : X — Y is a nondegenerate morphism of scwols.

Definition 2.1.5. Complexes of groups: A complex of groups G(Y) =

(Gosa, gap) consists of a scwol’Y and for each o € V(Y) there is a group G,

called the local group at o, along with monomorphisms: 1V, : Go@y — Gi(a)

and for each (a,b) € E*(Y), there exists gop € Gya) satisfying the following:
(1) Ad(gap)Vab = VYathp, where Ad(gayp) is the conjugation by gap, and
(2) Ya(Gbe)Gabe = Japdave for (a,b,c) € E3(Y).

Definition 2.1.6. Morphism of complexes of groups: Let G(Y),G(Y')
be complezes of groups over Y,Y respectively. Let ¢ :Y — Y be a morphism
of scwols. Then, a morphism ® = (®,,P(a)) : G(Y) — G(Y') of complezes
of groups over ¢ consist of

(1) a group homomorphism ®, : G, = Gy for each o € V(Y),

(2) an element ®(a) € Gy, for each a € E(Y) such that
Ad(®(0))Yo(0)Pi(a) = Pra)¥a and Pia)(gap)P(ad) = P(a)1p(a) (P(D))go(a)s(0)
for every (a,b) € E*(Y).

The group homomorphisms @, for o € V(Y) is called a local map at
0. The morphism & is an isomorphism if ¢ is an isomorphism and ®, is a
group isomorphism for each ¢ € V(Y). The morphism ® is injective on local
groups if each ®, is injective.

Now, let GG act on a scwol X as in Definition 2.1.4. We associate a complex
of groups to this group action in the following way:

Let Y =G\ X and 7 : X — Y be the natural projection map. For each
o€ V(Y), G, := Stabs(d), where 7 is a lift of o in X under 7. Now for each
o € V(Y) and some a € E(Y) with o(a) = o and a fixed lift & of o, there

exists a unique a € F(X) such that 7(a) = a and o(a) = &. Let h, € G such
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that h - (@) = t(a). Then, for a € E(Y), we define 1, : Go(a) = Gia) to be
the conjugation by hy, i.e., ¥,(g) = hagh,'. Finally, for any (a,b) € E*(Y),
Jap 1= hahbh;bl.

For a complex of groups G(Y) associated to a group action of some group

G, there is a natural morphism ® = (®,,®(a)), where ®, is the inclusion

map G, — G and ®(a) = h,.

Definition 2.1.7. Developable complex of groups: A complex of groups
G(Y) is developable if it is isomorphic to a complex of groups arising from

an action of a group G on a scwol X such thaty = G\ X.

Proposition 2.1.8. [18, Corollary 2.15] A complex of groups G(Y) is de-
velopable if and only if there exists a morphism ® from G(Y) to some group

G which is injective on local groups.

Definition 2.1.9. Fundamental group of complex of groups: Let
G(Y) be a complex of groups over a scwol Y. Let T be a mazximal tree in
Y. Then its fundamental group G = m(G(Y),T) is defined in terms of gen-
erators and relators as:

The generating set is | | | GU) LI E£(Y).
cev(Y)
Relators are the following:

- the relators of the groups G,

(@)t =a",(a”) P =a"

- atht = gup(ab)t for every (a,b) € E*(Y)
alg) = a*ga for every g € Gogey and

-at =1 for every edge a € T.

Definition 2.1.10. Development: Let G(Y) be a complex of groups and
G be a group. Let ® : G(Y) — G be a morphism. Then the development of
G(Y) with respect to ® is a scwol D(Y,®) defined as follows:

Vertex set: V(D(Y, ®)) = {([g],0) | 0 € V(Y),[g] € G/¢s(Go)},
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Edge set: E(D(Y,®)) = {([g],a) | a € E(Y),[9] € G/¢o(a)(Go(a))}-

The maps o : E(D(Y,®)) — V(D(Y,®)) and t : E(D(Y,®)) —
V(D(Y,®)) are given by o([g],a) = ([g],0(a)) and t([g],a) = ([g],t(a)).
Further, the composition of edges (|g],a)([h],b) = ([h],ab) is defined for
(a,b) € E*(Y), g,h € G such that g7 hd(b) ™ € Po(a)(Goa))-

There is a natural action of G on D(Y, ®) given by h - ([g], @) = ([hg], @)
for g,h € G,a €Y.

Definition 2.1.11. Universal cover of a developable complex of
groups: Let G(Y) be a developable complex of groups over a connected scwol
Y. Let T C Y be a maximal subtree. Let ir : G(Y) — m(G(Y),T) be the
morphism of complex of groups mapping the local group G, to its image in
m(G(Y),T), and edge a to the image a™ in m(G(Y),T). The development
D(Y,T) := D(Y,ir) is called a universal cover of G(Y).

Theorem 2.1.12. [18, Theorem 3.13] The universal cover D(Y,T) is con-

nected and simply connected.

Proposition 2.1.13. [36, Proposition 27| Let G be a group acting on a
simply connected scwol X and G(Y) be the induced complex of groups for
Y = G\X. Choose a mazximal subtree T in'Y and og € V(Y). Fore € E*(Y),
let he = hy for e = a® and h, = h;' fore = a=. For o € V(Y), let
co = (e1,€9,...,6,) be the unique edge path contained in T, without back-
tracking, joining oo to o, and let hy = he he, ... he, . Then there is a group
isomorphism Ar : w1 (G(Y),T) — G defined on generators by g — hygh; ' for
g € Gy and a™ — hyg)h, ho(a and a Ap-equivariant isomorphism of scwols

D(Y,T) — X mapping ([g], @) to Ar(9)ho(a) - &

2.1.1 Graph of groups

In this section, we follow [50].
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Definition 2.1.14. Graph: A graph Y is an ordered pair of sets (V, E)
with V=V (Y), the set of vertices of Y and a set E = E(Y'), the set of edges
of Y, and a pair of maps

E—-VxV e (o(e),t(e)); and FE—FE e e

satisfying the following conditions: o(€) = t(e), t(€) = o(e) and € = e for
alle € E. Here, o(e) is the initial vertex of the edge e and t(e) is the terminal

vertex; € is the inverse of e, i.e., the edge e with the opposite orientation.

Definition 2.1.15. Graph of groups: A graph of groups (G,Y) consists
of a finite graph Y with vertex set V' and edge set E, and for each vertex
v €V, there is a group G, (vertex group) and for each edge e € E, there is
a group G (edge group), along with the monomorphisms:

Po(e) : Ge = Gofe); Dre)  Ge — Gie)

with the extra condition that Gz = G..

Definition 2.1.16. Fundamental group of a graph of groups: Let
(G,Y) be a graph of groups. Let T be a mazximal subtree of Y. Then the
fundamental group G = m1(G,Y,T) of (3,Y) is defined in terms of generators
and relators as:

The generating set is the disjoint union of generating sets of the vertex
groups G, and the set E(Y') of oriented edges of Y.

Relators are the following:

- relators from the vertex groups G,

e=e!
cei(e)(9)e = o) (g) for all edge e and g € G,
ce=11ifee E(T).

The fundamental group m(G,Y,T) is independent of the choice of the
maximal subtree T', up to isomorphism. So we simply denote the fundamental

group by m(S,Y).
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Definition 2.1.17. [50, Sections 5.3, 5.4] Bass-Serre tree: Let (G,Y) be
a graph of groups defined above and G be its fundamental group. The Bass-

Serre tree is the tree T with vertez set | | G/G, and edge set | | G/Gt.
veV(Y) ceE(Y)
H67’6, GZ = ¢t(e)(Ge) § Gt(e)-

So, for an edge gG¢, 0(gGe) = gGoe) and t(gGe) = geGye.

The group G acts on T without inversion of edges such that G\ T = Y.
Conversely, if a group G acts on a tree X without inversion of edges and if
Y = G\ X, then one can associate a graph of groups (G,Y) to Y. Fixing
a lift of a maximal subtree of Y to X, for each v € V(Y) and e € E(Y),
we define the vertex group G, and the edge group G, respectively, to be the
stabiliser subgroup of the lift of v and e to X.

2.2 Hyperbolic metric spaces

We begin by recalling some basic notions from large scale geometry and

hyperbolic metric spaces. Let X, Y be metric spaces and let £ > 1, € > 0.

1. Amap ¢ : X — Y is a proper embedding if for all N > 0, there
exists M = M(N) > 0 such that for all z,y € X, d(¢(z),0(y)) < N
implies d(z,y) < M.

Suppose {(Xa,dx,)} and {(Ya, dy, )} are families of metric spaces. For
any function f:R* — R*, a family of maps ¢, : X, — Y, is said to
be uniformly metrically proper as measured by f if for all & and
r,y € Xa, dy, (0a(x),da(y)) < N implies dx, (x,y) < f(N). If such
an f exists we say that the family of maps ¢, is uniformly metrically

proper, or simply uniformly proper.

2. Suppose A is a set. A map ¢ : A — Y is said to be e-coarsely

surjective if Y is contained in the e-neighborhood ¢(A).
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Suppose {4, } and {Y,} are respectively a family of sets and a family of
metric spaces. A family of maps ¢, : A, — Y, is said to be uniformly
coarsely surjective if there is a constant D > 0, such that for all «,

Y, is contained in the D-neighborhood of ¢, (A,).

. A map ¢ : X — Y is said to be L-coarsely Lipschitz if for every

x1,T9 € X, we have d(¢(x1),d(z2)) < L-d(x1,22) + L. A map ¢ is

coarsely Lipschitz if it is L- coarsely Lipschitz for some L > 1.

. () (cf. [28,30]) A map ¢ : X — Y issaid to be a (k, €)-quasiisometric

embedding (qi embedding) if for every x1, x5 € X, we have
d(x1,29) — € < d(d(x1), d(22)) < k.d(z1,22) + €.

A map ¢ : X — Y will simply be referred to as a quasiisometric
embedding if it is a (k, €)-quasiisometric embedding for some k& > 1
and € > 0. A (k, k)-quasiisometric embedding will be referred to as a
k-quasiisometric embedding.

(177) A map ¢ : X — Y is said to be a (k, e)-quasiisometry (resp.
k-quasiisometry) (qi) if it is a (k, €)-quasiisometric embedding (resp.
k-quasiisometric embedding) and if ¢ is D—coarsely surjective for some
D >0.

(7i1) A (k,e)-quasigeodesic (resp. a k-quasigeodesic) in a metric
space X is a (k, €)-quasiisometric embedding (resp. a k-quasiisometric
embedding) v : I — X, where I C R is an interval.

(iv) Let I C R be a closed interval with endpoints in Z U {oco, —oco}.
Let J = Z N I with the restricted metric from R. Then a (k,€)-qi
embedding « : J — X will be called a dotted (k, €)-quasigeodesic.
If I is a finite interval, say I = [m,n] then 37" dy (a(i), a(i + 1)) will

be called the length of the dotted quasigeodesic .
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5. Amap ¢ : Y — X is said to be an e-coarse inverse of a map ¢ :

X —» Yifforal 2z € X and y € Y one has dx(¢ o ¢(x),z) < € and
dy(pot(y),y) <e.

6. Suppose A C X. Then the nearest point projection of X on A is a
map P4 : X — A such that d(z, Ps(z)) = inf{d(z,y) : y € A} for all
e X.

Further, given r > 0, an r-approximate nearest point projection
of X on Aisamap X — A, still denoted by P4, such that d(x, Pa(x) <
r+inf{d(z,y) :y € A} forall x € X \ A and Py(z) = x for all x € A.

Lemma 2.2.1. [45, Lemma 1.1] For every Ky, Ky > 1 and D > 0 there
exists Ko01 = Koo1(K1, Ka, D) such that the following holds.
A Ki-coarsely Lipschitz map with a Ks-coarsely Lipschitz, D-coarse in-

verse is a Ko 1-quasiisometry.

Lemma 2.2.2. Given K > 1, ¢ > 0 and R > 0 there are constants Cy9o =

Co02(K, €, R) and Dyss = Doss(K, €, R) such that the following holds:
Suppose X,Y are any two metric spaces and f : X — Y is a (K, ¢€)-

quasiisometry which is R-coarsely surjective. Then there is a (K,Cy2.2)-

quastisometric Do 9-coarse inverse of f.
The following lemma follows from a simple calculation.

Lemma 2.2.3. (1) Suppose we have a sequence of maps X Ly % 7 where
f,qg are coarsely Li-Lipschitz and Lo-Lipschitz respectively. Then g o f is
coarsely (Ly Lo, L1 Ly + Lo)-Lipschitz.
(2) Suppose f: X — Y is a (Ky,€1)-qi embedding and g : Y — Z is a
(K, €2)-qi embedding. Then go f : X — Z is a (K1 Ko, €1+ €3)-qi embedding.
Moreover, if f is coarsely Di-surjective and g is coarsely Do-surjective

then g o f is coarsely (KoDy + €3 + Ds)-surjective.
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In particular, composition of finitely many quasiisometries is a quasiisom-

etry.

The following lemma appears in [33]. We include a proof for the sake

completeness.

Lemma 2.2.4. Suppose X is any metric space, x,y € X, v is a (dotted) k-
quasigeodesic joining x,y and o : [0,1] — X is a (dotted) coarsely L-Lipschitz
path joining x,y. Suppose moreover, « is a proper embedding as measured by
a function f :[0,00) — [0,00) and that Hd(a, [z,y]) < D for some D > 0.
Then « is Ky94 = Koou(k, f, D, L)-quasigeodesic in X .

Proof. Suppose v is defined on an interval J. Let ay,as € I. Since « is
coarsely L-Lipschitz we have (1) d(«a(ay),a(as)) < Llay — as| + L. Now
let by,by € J be such that for ¢ = 1,2, d(a(a;),v(b;)) < D. Let R =
d(a(ay),a(az)). Then by triangle inequality d(v(b1),v(b2)) < 2D + R. Since
7 is a k-quasigeodesic, we have —k+1 b1 —bo| < d(v(b1), v(b2)) < k|by—bo|+k-
Hence, by — by| < k(2D + R) + k*. Without loss of generality, suppose
by < by. Consider the sequence of points. Consider the sequence of points
by = So,S1,...,8, = by in J such that for 0 < < n—-2, 5,41 —s5 =1
and s, — s,-1 < 1. We note that n < 1+ k(2D + R) + k* Let t; € I
with tg = ay,t, = ay such that d(y(s;),a(t;)) < D. Then again by triangle
inequality, since v is a k-quasigeodesic, we have, d(«a(t;), a(t;1) < 2D + 2k,
for 0 <i <mn—1. As a is properly embedded as measured by f, [t; — ;11| <
f(2D + 2k). Hence,

n—1
=0
Thus,
1+ 2kD + k? 1

@ C T bFEp Tl < = da(m). o)
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Hence by (1) and (2), we take Koo4 =1+2D+k+kf(2D+2k)+ L. O

Lemma 2.2.5. Suppose X is a length space and Y is any metric space. A
map f: X =Y is coarsely Lipschitz if and only if there is a constant C' > 0
such that for all x1,x9 € X, dx(x1,29) < 1 implies dy (f(z1), f(x2)) < C.

Lemma 2.2.6. Suppose X is a length space. (1) Given € > 0, any pair of
points of X can be joined by a (1, €)-quasigeodesic.
(2) Any pair of points in X can be joined by a dotted 1-quasigeodesic in X .

Proof. (1) Let z,y € X. Given € > 0, there is a rectifiable arc-length
parametrised path v : [0,{] — X such that v(0) = z,v(l) = y and I(y) =1
where, [ — e < d(x,y) <. We claim that v is a (1, €)-quasigeodesic connect-
ing x,y. Given s <t € [0,1] we have d(v(s),7(t)) < 1(V|s) =t—s = d(s,1).
We need to show that d(y(s),v(t)) > {(7]s,y) — €. However, if d((s),y(t)) <
[(7|s,4) — €, then we can replace the portion of v from 7(s) to v(t) by another
path, say a, whose length will be smaller than [(v|js ) — €. This implies that
the length of the concatenation 7|g s * a * | is less than I(y) —e. This is
impossible since d(z,y) > I(y) — €.

(2) Let x,y € X. By (1), there exists a continuous (1, 1)-quasigeodesic
v :[0,1] = X joining z,y. If I € N, we restrict v to [0,1]NZ to get the dotted
1-quasigeodesic.

Suppose [ is not an integer. Let n € Z such that n <l < n+ 1. We
define 7/ : [0,n + 1] NZ — X by setting 7/(i) = () for 0 < i < n and
7' (n+1) = (). We claim that 7" is a (1, 1)-quasigeodesic. Let i,j € [0, n]NZ.
Then —1+|i—j| < d(v'(i),7'(4)) = d((i),7(j)) < [i—j|+1. Fori € [0,n]NZ,
—14+(l—1) < d(y'(i),7' (n+1)) = d(~(i),v(1)) < (I—i)+1. Sincen < [ < n+1,
-2+ (n+1—1) <d#(),yY(n+1)) < (n+1—1)+ 1. The lemma follows
from this. O
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Lemma 2.2.7. Given a length space X there is a (1,1)-quasiisometry f :

X — Y where Y is a metric graph.

Proof. Let X be any length space. We define a metric graph Y as follows.
We take the vertex set V(Y) = X. We join z,y € Y by an edge if and only
if dx(z,y) < 1. Let f: X — V(Y) C Y be the identity map. We claim
that it is a (1, 1)-quasiisometry. Let z,y € X. By Lemma 2.2.6, there exists
a (1, €)-quasigeodesic « joining x and y. Without loss of generality, assume
¢ < 1. Clearly, dy(z,y) < dx(x,y) + 1. Suppose dy(z,y) = n. Let x =
Xo,T1,...,T, =y be the consecutive vertices on a geodesic in Y joining z, y.
Then we know that dx(z;, z;11) < 1. Thus, dx(z,y) < XF, dx(xi—1, ;) <
n. Therefore, we get dx(x,y) < dy(f(z), f(y)) < dx(z,y) + 1. Finally, Y
lies in a 1-neighbourhood of f(X). Hence, f is a (1, 1)-quasiisometry. O

Definition 2.2.8. Gromov inner product: Let (X,d) be any metric space
and p,x,y € X. Then the Gromov inner product of x,y with respect to p is
defined to be the number 1{d(p, z)+d(p,y) —d(x,y)}. It is denoted by (z.y),.

Lemma 2.2.9. Let X be a metric space and suppose x,y,p,x’,y,p € X.
The following holds.

(a) |(z.y)p — (2.y)pl < d(y,y).

() 1(@1)p — (@) < d(, ") +d(y,y).

(c) [(zy)p — (@y)y| < d(p,p").

(@) (@) — ()] < do,2) + d(y, ) + dlp, ).

(e) If p,x,y are points on a (1,C)-quasigeodesic appearing in that order
then (x.y), > d(p,z) — 5C/2.

Proof.  (a) |(z.9), — (z.y),] = 3|(d(p,y) — d(p,y")) + (d(z,y) — d(z,y))| <
s{d(p.y) — d(p.y)| + |d(z,y) — d(z,y)|} < d(y.y).

(b) |(z-y)p = (")l < [(@.y)p — (@)l + [(2y)p — (@")y| < d(z,27) +

d(y,y'), by using (a).
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(©) [(zy)p — (zy)y| < 31(d(x,p) —d(z,p) + (d(y, p) — d(y, )| < d(p,p).

(d) [(z.y)p— (@Y )p| < N(xy)p — (@y)pl + [(2"y)p — (&9 )| < d(z,2") +
d(y,y') +d(p,p), using (b) and (c).

(e) Suppose a : [0,1] - X is a (1, C')-quasigeodesic, and s < t € [0, C] such
that «(0) = p,a(s) = z,a(t) = y. Then 2(z.y), = d(z,p) + d(y,p) —
dz,y) > s—C+t—C—(t—s+C)=2s—3C > 2d(p,z) —5C. Hence,
(x.y), > d(p,x) — 5C/2. O

Lemma 2.2.10. Suppose X is a length space and x,y,p € X. Let v be a
(1, €)-quasigeodesic in X joining x,y. Then for any z € v, we have (x.y), <
d(p, z) + 3e.

Proof. We have, d(z,y) 2 1(7) — € = 1(V|@z,5) +1(V]z9) — €
>d(x,z) +d(z,y) — e
Thus, (z.9), = L(d(p. ) + d(p.y) = d(z,y))
< L(d(p,2) + d(p,y) — d(z, ) — d(z,9) +©).
Now, d(p, z)—d(x, z) < d(p, z) and d(p,y) —d(z,y) < d(p, z). Using these
three inequalities we get, (2.y), < d(p, z) + 3. O

Definition 2.2.11. (See also [39]) Suppose X is a length space and Y C
Z C X. Suppose Z = Z1UZy and Y = Z1 N Zy. We will say that' Y coarsely
separates Z into Zy,Zs if for all K > 1 there is R > 0 such that for all
points in z1 € Z1 and zo € Zy and for any K-quasigeodesic v in X joining
21, 22 we have v N Ng(Y) # 0.

The following lemma is immediate.

Lemma 2.2.12. Suppose X is a length space, Y C Z C X and Y coarsely
separates Z into Z1,Zy. If A C X withY C A C Z then'Y coarsely separates
Ainto ANZ, and AN Zy
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Lemma 2.2.13. Let € > 0 and let X be a metric space and A C X. Suppose
y € A is an e-approximate nearest point projection of v € X on A. Let «
be a (1,1)-quasigeodesic in X joining x,y. Then for any ¥’ € «, y is an

€ + 3-approximate nearest point projection of ¥’ on A.

Proof. Let z € A. Then d(x,y) < d(z, z)+e. Since ais a (1, 1)-quasigeodesic,
d(z,a') + d(a',y) < d(z,y) + 3. Hence, d(z, ') + d(x',y) < d(z,2) + € + 3
and so, d(2,y) < d(2'z) + € + 3. Hence, y is an € + 3-approximate nearest

point projection of ' on A. n

2.2.1 Hyperbolic metric spaces

If X is a geodesic metric space and x,y € X, then [z, y] will denote a geodesic
segment joining = to y. For z,y,2z € X, we denote a geodesic triangle with
vertices x,y,z, by Axyz. For D > 0 and A C X, Np(A) == {z € X :
d(xz,a) < D for somea € A} will be called the D-neighborhood of A in X.

Definition 2.2.14. (1) Suppose Azxixoxs C X is a geodesic triangle, and
let 0 > 0, K > 0. Then, the triangle Ax xox3 is §-slim if any side of the
triangle is contained in the d-neighborhood of the union of the other two sides.
(2) Let 6 > 0 and X be a geodesic metric space. Then X is a 0-
hyperbolic metric space if all geodesic triangles in X are d-slim.
A geodesic metric space is said to be hyperbolic if it is §-hyperbolic for

some 6 > 0.

This definition is due to E. Rips. Hence, we shall refer to the above
property as Rips hyperbolicity. The corresponding spaces will be referred
to as hyperbolic in the sense of Rips.

Definition 2.2.15. Gromov hyperbolicity: (1) Suppose X is any metric

space, not necessarily geodesic. Let p € X and 6 > 0. The Gromov inner
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product X x X — R defined by (x,y) — (x.y), is -hyperbolic if

(x.y)p > min{(x.2),, (y.2),} — 6

forallz,y,z € X.

(2) A metric space X, not necessarily geodesic, is called 0-hyperbolic
for some 0 > 0 in the sense of Gromov if the Gromov inner product is
0-hyperbolic with respect to any point of X.

The space is called Gromouv hyperbolic if it is 6-hyperbolic for some 6 > 0.

Lemma 2.2.16. [1] If the Gromov inner product is §-hyperbolic with respect
to a point p and then it is 20-hyperbolic with respect to any other point. In

particular, the space is Gromov hyperbolic.
The following is easy to verify:

Lemma 2.2.17. Suppose X 1is a metric space which is d-hyperbolic in
the sense of Gromov. If f : X — Y is a coarsely R-surjective, (1,C)-
quasiisometry then Y is D = D(d, R, C')-hyperbolic in the sense of Gromov.

Proof. Fix an arbitrary point p € X. Let x,y € X. Then it is easy to verify
that |(f(z).f(¥)) ) — (x.9)p| <3C/2. Hence, for z,y,z,p € X we get

(@) F @) 109 > (2:9)p —3C/2 > min{(z.2)p, (4.2)y} — 6 — 3C/2

> min{ (£(2).£(2)) g, (F0)-F(2)) g} — 6 — 3C.

Let y1, 92, y3 € Y. Then there are xq, x9, z3 € X such that d(y;, f(x;)) <
R. It is easy to check that [(vi.y;) ) — (f(z:).f(2;)) fm| < 2R. Thus,

(y1-92) r) = (f(21).f(22)) 5y — 2R

> min{(f (1)1 (23)) sy, (f(22).f(23)) )} — 6 — 3C — 2R

> min{(y1-93) (o) (Y2, Y3) spy } — 0 — 3C — 3R.
Now, let yq1,vy2,y3,y € Y be arbitrary points. Let x € X be such that

dy(f(z),y) < R. It is easy to verify that |(v;.y;)y — (¥:-Y;) )| < R. It follows
that (y1.92)y = min{(y1.ys)y, (y2.y3)y} — 0 — 3C' — 4R. u
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Lemma 2.2.18. [28] Stability of quasigeodesics: For all 6 > 0 and
k > 1, there is a constant Dy 918 = Da215(0, k) such that the following holds:

Suppose Y is a d-hyperbolic metric space. Then the Hausdorff distance
between a geodesic and a k-quasigeodesic joining the same pair of points is

less than or equal to Do 1g.

Lemma 2.2.19. [18, III.H, Corollary 1.8] Suppose X is a length space. Fix
K >1,¢e > 0. Then X is 6-hyperbolic in the sense of Gromov if and only if
all (K, €)-quasigeodesic triangles in X are Doo19 = Dao19(0, K, €)-slim.

Lemma 2.2.20. Suppose X is a d-hyperbolic length space in the sense of
Gromov. Let x,y,p € X be vertices of a triangle whose sides xy,yp, pr are
(1, C)-quasigeodesics. Then there is a constant D = D(6,C) and a point
w € zy such that |(x.y), —d(p,w)| < D. In particular, the difference between

the distance of xy from p and (x.y), is bounded, irrespective of x,y.

Proof. We first join z,y,z by continuous (1, 1)-quasigeodesics, say a, 3,7
which share common end points with xy, yp, xp respectively. Each point of
a is contained in the Dj 2 19(d, 1, 1)-neighbourhood of 5 U~. It follows by the
connectedness of o that there is a point, say z € « such that z is contained
in the Dy2.19(6, 1, 1)-neighbourhood of both 5 and . By Lemma 2.2.19, the
Hausdorff distance between each pair of paths with the same end points is
at most Dgo19(d,1,1 + C). Thus, there is a point w € xy which is in the
(D3219(0,1,1) + D3219(0, 1,1 4+ C))-neighbourhood of both zp and yp. Let
R = D3519(6,1,1) + Dy519(5,1,1 + C).

Let x; € xp,y; € yp be such that d(w,z;) < R and d(w,y;) < R.
Using the d-hyperbolicity of X we have (z.y), > min{(z.w),, (w.y),} —§ >
min{(z.x1)p, (y,y1)p} —6 — R by Lemma 2.2.9. Since p, z1, 2 are on a (1, C)-
quasigeodesic, again by Lemma 2.2.9 we have, (z.21), > d(p,z1) —5C/2 >
d(p,w) — R —5C/2. In the same way, (y,v1), > d(p,w) — R —5C/2. Hence,
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(x.y), > d(p,w) —d — 2R — 5C/2. Finally using Lemma 2.2.10, we have
d(p,w) —0 —2R — 5C/2 < (z.y), < d(p,w) + C/2. O

Lemma 2.2.21. [41, Lemma 3.1] Given § > 0, there exist Dyo21,Co921
such that if a,b,c,d are vertices in a §- hyperbolic metric space (Y,d), with
d(a,b) = d(a,[b,c]), d(d,c) = d(d,[b,c]) and d(b,c) > Doy then the union
of geodesics [a,b]U[b, c]U[c,d] is a quasigeodesic in'Y and it lies in a Ca.z.91-

neighbourhood of a geodesic joining a,d.

2.2.2 Boundary of hyperbolic spaces and Cannon-

Thurston maps

Given a hyperbolic metric space X, there are three ways to define a boundary-
namely the geodesic boundary, the quasigeodesic boundary and the Gromov

boundary or sequential boundary. We refer to [18] for these.

Definition 2.2.22. Geodesic boundary: Suppose X is a geodesic hyper-
bolic metric space. Let xqg € X. Then the geodesic boundary 0X of X is the
equivalence classes of geodesic rays a starting at xq, where two geodesic rays

a, 3 are said to be equivalent if Hd(«, ) < oo.

The equivalence class of a geodesic ray « is denoted by a(o0). The bound-

ary 0X does not depend on the choice of z.

Definition 2.2.23. Quasigeodesic boundary: Suppose X is a hyper-
bolic metric space in the sense of Gromov. Then the quasigeodesic boundary
0,X of X is the equivalence classes of all quasigeodesic rays o where two

quasigeodesic Tays «, 5 are said to be equivalent if Hd(a, B) < 0.

For proper geodesic spaces, the above two definitions are equivalent.

Lemma 2.2.24. [18, III.H, Lemma 3.1 If X is a §-hyperbolic proper geodesic

space, there is a natural bijection from 0X to 0,X.
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Definition 2.2.25. Gromov boundary or sequential boundary: Sup-
pose X is a hyperbolic metric space in the sense of Gromov. We consider
the set 8 of sequences {x,} in X such that lim; ;_oo(z;.7;), = 00. Such a
sequence is said to converge to infinity. On & one defines an equivalence re-
lation where {x,,} ~ {yn} if and only if im; ;. (x;.y;), = 0o for some (any)
base point p € X. The Gromov boundary or the sequential boundary 0,X
of X, as a set, is defined to be 8§/ ~.

If ¢ = [{z,}], then we write z,, — £ and say that the sequence {z,}
converges to £. The set X U9X is denoted by X.

There is a natural bijection between sequential boundary and the quasi-
geodesic boundary for any hyperbolic geodesic metric space. See [45, Lemma
2.4]. Tt is easy to see that Lemma 2.2.7 implies the same for length spaces.
Moreover, the geodesic and the sequential boundaries can be endowed with
natural topologies. If X is a proper geodesic hyperbolic metric space then all
these spaces are naturally homeomorphic (see [18, III.LH, Lemma 3.13]). We
recall here, the topology on the geodesic boundary and the Gromov bound-
ary.

Topology on 0X: Let X be a d-hyperbolic proper geodesic space. Fix
a base point p € X. For any a(c0) € 0X and r > 0,

Vi(a(00)) :={B(c0) € 0X | &' ~ «, f' ~ [ with li{ginf(o/(t)ﬂ’(t))p >r}

Lemma 2.2.26. [18, IIL.H, Lemma 3.6] Given a(oo) € X, the collection

{Vi(a(00)) }nen is a fundamental system of neighbourhoods of a(oc0) in 0X.
By the following lemma, the topology on d.X does not depend on p.

Lemma 2.2.27. [32, Proposition 2.14] For a 0-hyperbolic proper geodesic
metric space, the topology on the boundary is independent of the choice of

basepoint.
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Topology on 0,X: Let X be a d-hyperbolic metric space. We no longer

assume that X is proper or a geodesic space.

Definition 2.2.28. (1) If {£,} is a sequence of points in 0sX, we say that
{&.} converges to & € 0, X if the following holds: Suppose &, = [{z}}x] and
§ = [{zx}]. Then lim, oo (liminf; j o (z;.27%),) = oo.

(2) The limit set of a subset Y of X is the set {£ € 0,X | I{y.} C
Ywithy, — £}. We denote this set by A(Y').

(3) A subset A C 0sX is said to be closed if for any sequence {£,} in A,
& — & implies £ € A.

Lemma 2.2.29. [49, Lemma 2.3] Suppose {x,},{yn} are two sequences
in a hyperbolic metric space X, both converging to some points in 0X. If

{d(zp,yn)} is bounded then lim,, . ,, = lim, o0 Yn.

Lemma 2.2.30. [49, Lemma 2.4]

(1) There is a natural topology on the boundary 0X of a proper hyperbolic
metric space X with respect to which, X is compact.

(2) If f : X — Y is a quasiisometric embedding of proper hyperbolic
metric spaces, then f induces a topological embedding Of : 0X — OY. If f

is a quasiisometry, then Of is a homeomorphism.

Definition 2.2.31. [41] Cannon-Thurston map: If f : Y — X isa
proper embedding of hyperbolic metric spaces, then Cannon-Thurston (CT)

map exists for f if f gives rise to a continuous map Of : 0Y — 0X.

This means that given any £ € JY and any sequence of points {y,} in
Y converging to &, the sequence { f(y,)} converges to a definite point of 9X
independent of the {y, } and the resulting map df : Y — 90X is continuous.

Existence of Cannon-Thurston maps:

Lemma 2.2.32 (Mitra’s criterion). [41, Lemma 2.1] Suppose X, Y are

geodesic hyperbolic metric spaces and f 'Y — X is a proper embedding.
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Then f admits CT if the following holds:

Given yo € Y, there exists a non-negative function M(N), such that
M(N) — o0 as N — oo and for all geodesic segments X\ in'Y lying outside
an N-ball around yo € Y, any geodesic segment in X joining the end-points

of i(\) lies outside the M(N)-ball around i(yo) € X.

Mitra’s criterion (Lemma 2.2.32) holds for hyperbolic geodesic metric
spaces. We give a modification for it which gives a criterion of existence of

Cannon-Thurston maps in the case of length spaces.

Lemma 2.2.33. Suppose X,Y are length spaces hyperbolic in the sense of
Gromov and f Y — X s any map. Let p € Y and ¢ > 0.

(*) Suppose for all N > 0, there is M > 0 such that N — oo implies
M — oo with the following property: Foryy,ys € Y and a (1, €)-quasigeodesic
a in'Y joining y1,y2 and a (1,€)-quasigeodesic B in X joining f(y1), f(y2),
B(p,N) N = 0 implies B(f(p), M) N3 = (0. Then CT map exists for
f:Yy—X.

Proof. Suppose {y,} is a sequence in Y converging to infinity. Then
limy; ;oo (¥i-y5)p = 00. Suppose q ; is a (1, €)-quasigeodesic in Y joining y;, y;.
Then by Lemma 2.2.20, we have lim; ;_, d(p, o; ;) = 0o. Hence by (*), if 7, ;
is a (1, €)-quasigeodesic in X joining f(v;), f(y;), then lim; ;. d(f(p), vi;) =
0o. Again by Lemma 2.2.20, this implies that lim; ;oo (f(1:)-f(y;)) ) = 00
Thus {(f(y»)} is converging to infinity in X. The same argument shows that
if {y,} and {z,} are two sequences in Y representing the same point of 9,Y
then {f(y,)} and {f(z,)} also represent the same point of d;X. Thus, we
have a well-defined map 0f : 9,Y — 0, X.

The continuity of this map also follows by similar arguments. We need to

show that if £, — £ in 0,Y then 0f(&,) — 0f(§). Suppose &, is represented
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by the class of {y}'}, and ¢ is the equivalence class of {yx}. Then

Jim (Tim inf(y".y;),) = co.

By Lemma 2.2.20, we have lim,, o (lim inf; j .., d(p, a}';)) = oo for any (1, ¢€)-
quasigeodesic in Y joining y" and y;. By (*), we have

lim (lim inf d(f(p), 7i};)) = oo,

n—00 " ¢,j—00

where 7', is any (1, €)-quasigeodesic in X joining f(y;'), f(y;). This in turn
implies that limy, o (Hminf; ;e (f(4]")-f(¥5)) f) = 00.
Therefore we have, 9f(&,) — 0f(£). ]

Examples and remarks:

1. Suppose f : R>yp — Ry is an exponential function. The f is not

coarsely Lipschitz but f admits CT.

2. The condition (*) in the above Lemma 2.2.33 is not necessary in general
for the existence of CT map. Here is an example: Suppose X is a tree
built in two phases. First, we have a star, i.e., a tree with one central
vertex xp on which end points of finite intervals o,, for n € N, are
glued. Let each o, be isometric to the interval [0,n] in R. Clearly, the
lengths of the intervals are unbounded. For each n € N,i € [0,n] N Z,
two distinct rays o, ;, B, are glued to the ¢th integer point of o,,. Sup-
pose Y is obtained by collapsing the central star in X and f is the
quotient map. Then Y consists of ay;, fBni, n € Nyi € [0,n] N Z,
all glued at «,;(0),3,:(0). Then clearly CT exists but (*) is vi-
olated. Let N > 0. Consider ony1. Let anyint1, Bvein+1
[0,00) — X be the two quasigeodesic rays glued to the N + 1th in-

teger point of oyxyq. Then for any s,t € [0,00), a geodesic in X
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joining ant1 n+1(8), Bnt+1,n+1(t) is the concatenation of ani1 n41][0, 5]
and Byiin+1lg. Clearly, dx (o, ani1,nv+1][0, 8] * Byyinsilog) =
n+1>n ButinY, f(ze) = ansi,n+1(0) = Bys1,n+1(0). Thus,

dy(f(mo), 04N+1,N+1|[0, 3] * 5N+1,N+1|[0,t]) = 0.

Lemma 2.2.34. Let X,Y be hyperbolic metric spaces and f Y — X be a
proper embedding. If the CT map exists for f then, A(f(Y)) = 0f(9Y).

We mention the following lemma with brief remarks about the proof since

it states some standard facts from hyperbolic geometry.

Lemma 2.2.35. Suppose G is a hyperbolic group which acts on a hyperbolic
metric space X by isometries properly. Suppose that an orbit map f: G —
X, g — gx admits CT. If the CT map Of : 0G — 0X 1is injective then f is
a qi embedding.

Proof. Suppose f is not a qi embedding. Then given n € N, there is a
geodesic [gn, h,] C G such that no geodesic in X joining g,x, h,z is contained
in the n-neighborhood of f([gy, h,]). Now applying a suitable element of G,
we may assume that the midpoint of [g,, h,] is 1 € G. Now, passing to a
subsequence we may assume without loss of generality assume that {g,} and
{h,} are converging to two different points of 9G. Clearly, these points have
the same image under the CT map. O]

Lemma 2.2.36. Functoriality of CT maps: (1) Suppose X,Y,Z are
hyperbolic metric spaces and f: X — Y and g : Y — Z admit CT maps.
Then so does go f and d(go f) = dgo df.

(2) If i ©+ X — X is the identity map then it admits a CT map O0i which
is the identity map on 0X.

(3) If two maps f,h: X — Y are at a finite distance admitting CT maps

then they induce the same CT map.
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(4) Suppose f : X — Y is a qi embedding of hyperbolic length spaces.
There is a continuous injective C'T map Of : 0,X — 0sY which is a home-
omorphism onto its image. Moreover, if f is a quasiisometry then Of is a

homeomorphism.

2.2.3 Quasiconvex subspaces of hyperbolic spaces

Definition 2.2.37. Let X be a geodesic metric space and let A C X. For
K > 0, we say that A is K-quasiconvex in X if any geodesic with end
points in A is contained in the K-neighborhood of A. A subset A C X is said

to be quasiconvex if it is K-quasiconvex for some K > 0.

Lemma 2.2.38. Let X be a d-hyperbolic metric space and € > 0.

(1) Let p,q,r € X. Let a and (8 be (1, 1)-quasigeodesics in X joining p, q
and q,r respectively. Suppose q is an e-approximate nearest point projection
of p€ X on B. Then ax 3 is a (3,2 + €)-quasigeodesic.

(2) Suppose X is §-hyperbolic for 6 > 0 andU C X is a K-quasiconvex set
ande > 0. Letp € X and g € U be an e-approrimate nearest point projection
ofponU andr € U. Let o, be k-quasigeodesics in X joining p,q and q,r
respectively. Then a * 3 is Koo38 = K22.33(0, K, k, €)-quasigeodesic in X .

Proof. (1) Let p’ € a, ¢’ € B. Then d(p',q) < d(p',¢') + €+ 3 and d(¢',q) <

2d(p', q) + € + 3. Without loss of generality, assume a(s) = p',a(s +m) =

IA

q,B(0) = q and B(t) = ¢. Since «, [ are (1,1)-quasigeodesics, m — 1
dip',q) < dp,¢)+e+3and t —1 < d(q,¢') < 2d(p',q) + € + 3. Then,
m+t—2<3d(p',q)+2e+6. Also, d(p',q") < d(p',q) +d(q,q') <m+t+2.
Thus,

—_

8 2 1
= - <7 / ! < 2
5 3—|—3(m—|—t)_3d(p,q)_m—|—t+

and the lemma follows.

(2) Let a, 8 be (1, 1)-quasigeodesics in X joining p, ¢ and g, r respectively.
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Then q is an €+ K-approximate nearest point projection of p on ;. Then by
(1), aq * By is a (3,2 + € + K)-quasigeodesic. By Lemma 2.2.18, Hd(a, o) <
Ds218(0, k), HA(B, f1) < Doo158(d, k). Hence, Hd(ax 3, iy 51) < Do 15(d, k).
So by Lemma 2.2.4, it is enough to show that o * 3 is uniformly properly
embedded in X.

Let v = axf and 74 = a; % 51. Let R = Dso15(0,k). Suppose « :
[0,]] = X, :]0,m] = X with a(0) = p,a(l) = 5(0) = g and S(m) =r. Let
s <t €0,l 4+ m] such that d(y(s),v(t)) < D. It is enough to check the case
where s € [0,(] and ¢t € [0,m] since a, 3 are k-quasigeodesics. In this case,
v(s) = a(s) and y(t—1) = [(t). Let v (s"),71(t") such that d(y(s),71(s')) < R
and d(y(l —t),71(t")) < R. Also, let v1(u) = q. Since 71 is a (3,2 4+ € + K)-
quasigeodesic, |s'—t'| < 3d(71(s"), 11 (t'))+3(2+e+K) < 3(2R+D)+3(2+€+
K)=6R+3D+3e+3K+6. Since s’ <u <t |s'—u| <6R+3D+3e+3K+6
and |t —u| < 6R+3D+3e¢+3K+6. Then d(v(s'),q),d(71(t'), q) are at most
3(6R+3D+3c+3K+6)+2+e+ K =: D', say. Then, d(y(s),y),d(y(l—t),y)
are at most D'+ R. Then | —s < k(R+D')+k* and t — | < k(R+ D') + k2.
Hence, |t — s| < 2(k(R+ D’) + k?). Thus, ~ is uniformly properly embedded
in X. [

The following corollary easily follows.

Corollary 2.2.39. Let X be a d-hyperbolic metric space and let o be a k-
quasigeodesic. Let x € X and y € « be an e-approrimate nearest point
projection of x on «. Let B be a k-quasigeodesic joinin x,y. Then [ * « is a

K930 = Ko239(6, k, €)-quasigeodesic in X .

The following corollary easily follows from Lemma 2.2.38 and Lemma

2.2.13.

Corollary 2.2.40. Let X be a d-hyperbolic metric space and V. C U are
K -quasiconvex subsets of X. Let v € X, 1 € U,z € V be e-approximate

nearest point projections of x on U,V respectively. Also, let x3 € V' be an e-
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approximate nearest point projection of x1 on V. Then d(xq,x3) < Dso4g =
Ds.2.40(0, K, €).
In particular, for any two e-approrimate nearest point projections x, To

of x on U, d(x1,x2) < Da9.40(0, K, €).

Corollary 2.2.41. Given §, K, e > 0, there exists Lo = Lo241(5, K, €), Dag g =
D32.41(0, K, €) and Ra2.41 = Ro241(0, K, €) such that the following hold:
(1) Suppose X is a §-hyperbolic metric space and U is a K-quasiconvex sub-
set of X. Then an e-approximate nearest point projection map P : X — U
s coarsely Lo .o 41-Lipschitz.
(2) Let V C X also be a K -quasiconvex subset and vy, vy € V. Letu; = P(v;),
fori=1,2. If d(uy,us) > D, then uy,uy € Ng(V).
In particular, if diameter of P(V') is at least D then d(U,V) < R.

Proof. (1) Let z,y € X with d(x,y) < 1. Then d(y, P(y)) < d(y,U) + € and

d(y, P(z)) < d(y,x) + d(z, P(z)) < d(z,U)+ e+ 1 <d(y,U) + € + 2. Thus,

P(z) is an € + 2-approximate nearest point projection of z on U. Then by

Corollary 2.2.40, d(P(x), P(y)) < D32.40(0, K, € + 2). This proves the result.
(2) Proof is similar to that of [41, Lemma 3.1].

Lemma 2.2.42. Let (X, d) be a 6-hyperbolic geodesic metric space, € > 1 and
A be a K-quasiconver subset for K > 0. Let x,y € X and let « be a geodesic
in X joining x to y. Let x1 and y, denote the e-approximate nearest point
projections of x and y respectively in A. Let B be a geodesic in X joining xy
and y1. Then the e-approrimate nearest point projections of a point of a on

B and A are uniformly close.

Proof. For any w € «, let w; and wy denote the e-approximate nearest point
projections of w in § and A respectively. Since A is K-quasiconvex, there
exists w3 € A such that d(wy,ws) < K. Since [z,2;] Ua U [y,y] U S is a

hyperbolic geodesic quadrilateral, it is 2d-slim. So, there exists w’ € [y, y1] U
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B U [z, z1] such that d(w,w’) < 26. If w' € 3, then clearly d(w,w;) < 20 and
moreover, d(w,ws) < d(w,ws) + € < 2§ + K + €. Then we are done.

So let w’" € [z, x1] U [y, y1]. Say, w' € [y,y1]. By Lemma 2.2.13, y; is an
€ + 3-approximate nearest point projection of w’ on A. Then by Corollary
2.241, d(wa, 1) < Lassd(w,w') + Laoar < Loo41(20 + 1).

Now, d(w,w;) < d(w, 8) + €. Then, d(w',w;) < d(w',8) + €+ 2. So, wy
is an € 4+ 2d-approximate nearest point projection of w’ on 5. By Corollary
2.2.39, [w', w1] * Bljw, 41 18 & K2.2.39(0, €)-quasigeodesic and by Lemma 2.2.18,
there exists z € [w',y;] such that d(wy, 2) < Doo15(0, Ka239(d,€)) =: Dj.
So, d(z,ws) < Dy + K. Again by Lemma 2.2.13, y; is an € + 3-approximate
nearest point projection of z on A. Thus, d(z,11) < d(z,w3) + €+ 3 <
Dy + K + e+ 3. Therefore, d(wy,y:) < 2Dy + K + e+ 3. Finally, this gives us,
d(wy,wy) < Lo241(20 +1) 4+ 2Dy + K + €+ 3. Then for Ds 540 = max{2 +
K+ € Lo941(20 +1)+2D; + K + € + 3}, we have, d(wy,wy) < Daggo. O

Definition 2.2.43. Suppose Y is a metric space and U,V CY. We say that
U,V are e-separated if inf{d(y1,y2) | y1 € U,ys € V} > €. A collection of
subsets {Uy} of Y is said to be uniformly separated if there exists an € > 0

such that any pair of distinct elements of the collection {U,} is e-separated.

Definition 2.2.44. Suppose Y is a d-hyperbolic metric space and Uy, Uy are
two quasiconvex subsets. Let D > 0. We say that Uy, U, are mutually D-
cobounded, or simply D-cobounded, if any nearest point projection of Uy to

Us has diameter at most D and vice versa.

Lemma 2.2.45. Suppose X is a hyperbolic metric space and A, B are K-
quasiconver, D-cobounded sets. Then Ng(A), Ng(B) are also uniformly qua-

siconvex and uniformly cobounded.

Lemma 2.2.46. Given § > 0 and K > 0 there are constants R =
Ro2.46(0, K) and D = Dy 46(d, K) such that the following holds:
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Suppose X is a O-hyperbolic metric space and U,V C X are two K-

quasiconver and R-separated subsets. Then U,V are D-cobounded.

Lemma 2.2.47. Given 6 > 0 and K > 0 there are constants R =
Ro2.47(6, K) and D = Dy 47(6, K) such that the following holds:

Suppose X is a d-hyperbolic metric space and U,V C X are two K-
quasiconver and R-separated subsets. Then there are points xo € U, yo € V

such that [xo, yo] C Np([z,y]), for allz € U andy € V.

Corollary 2.2.48. Given 6 > 0 and D,K > 0 there exists C' =
C.2.48(0, D, K) such that the following holds:

Suppose X is a d-hyperbolic metric space and U,V C X are two K-
quasiconver and D-cobounded subsets. Choose a € U,b € V such that
d(a,b) = d(U,V), and [c,a] C U, [b,d] C V are K-quasigeodesics, then
le,a] U [a, bl U [b,d] is a C-quasigeodesic.

Lemma 2.2.49. Given 6 > 0,k > 0,Dq > 0, there exists Dygsg =
Dy 5.49(0, k, Dg) such that following holds:

Let X be a 0-hyperbolic metric space and Y, Z be quasiconvexr subsets of
X. Suppose there exists zyg € Z such that for any pair of pointsy € Y,z € Z,
there exists a uniform k-quasigeodesic o(y, z) joining y, z, satisfying zo €
Npy(a(y,z)). Then, the nearest point projection of Y on Z is uniformly
bounded. Moreover, if there exists yo € Y such that yo € Np,(a(y, z)), then

Y, Z are mutually cobounded.

Proof. Let y1,y2 € Y and let 21, 20 € Z be their nearest point projections in
Z respectively. Then, by stability of quasigeodesics, there exists x; € [y;, 2],
for i = 1,2, such that d(z9,z;) < Do+ Dss1s. Clearly, z; is a nearest
point projection of z; in Z. Then, d(z;, z;) < d(z;,20) < Do + Doo1s. Thus,
d(z1,22) < d(z1,21)+d(x1, 20) +d(20, x2) +d(x2, 22) < 4(Do+ Da2138). So, for

Dy 549 = 4(Do + D5 1s), the nearest point projection of Y on Z is uniformly
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Dy 5 49-bounded. Similarly, if there exists yo € Y such that yo € Np,(a(y, 2)),
then, Y, Z are mutually Dy 5 49-cobounded. ]

2.3 Relatively hyperbolic metric spaces

Let M be a finite volume hyperbolic manifold. Such a manifold has finitely
many cusps, say Fi,...,Eg. Inclusion maps E; — M induce injections
m(E;) — m(M). Then M is quasiisometric to a finite wedge of rays con-
nected at their respective endpoints. This motivates Gromov’s definition of
relative hyperbolicity.

By Milnor-Svarc Lemma, if a group G acts on a d-hyperbolic metric
space X properly discontinuously and cocompactly by isometries, then X is
quasiisometric to the Cayley graph of G and hence, G is a hyperbolic group.
This can be extended to relatively hyperbolic groups in the following way:

Let G be a group acting on a proper hyperbolic geodesic space X properly
discontinuously by isometries such that V' = X/G is quasiisometric to a union
of k copies of (—o0,0] joined at 0. For 1 <i <k, let 7; : [0,00) — X denote
the lift of the i-th copy of (—00,0] to X with +;(0) = p for p € X. Let
H; = Stabg(7;(00)). Then G is hyperbolic relative to {H, ..., Hy}.

Here, H; are called peripheral subgroups. There are various characteri-
sations of relative hyperbolicity and many of these are equivalent. In this

section, we refer to the definitions by Farb (cf. [24]) and Gromov (cf. [30]).

Farb’s definition

Definition 2.3.1. Coned-off space: Let (X,d) be a path metric space and
A = {As}aen be a collection of uniformly separated subsets of X, i.e., there
exists € > 0 such that d(A., Ag) > € for all distinct A,, Ag in A. For each

A, € A, introduce a vertexr v(A,) and join every element of A, to the vertex
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by an edge of length % This new space is denoted by X = E(X,A). The new
vertices are called cone points and H, € JH are called horosphere-like sets.

The new space is called a coned-off space of X with respect to A.

Terminology:

1. Let X be a geodesic space. For z,y € X, d(z,y) or dx(z,y) denotes the
distance in the original metric on X. For any two subsets A, B C X, we
denote the Hausdorff distance between them by Hd(A, B). For C' > 0,
Ne(A) will denote the C-neighbourhood of A in X.

2. The induced length metric on X is called the electric metric.

3. For a geodesic space (X, d), let X denote the coned-off metric space
relative to a collection of horosphere-like sets { Ay }aca- Then for z,y €

X, d (7, y) denotes the distance in the electric metric.

4. Geodesics and quasigeodesics in X are called electric geodesics and

electric quasigeodesics respectively.

5. Let v be a path in X. If v penetrates a horosphere-like set A,, we
replace portions of ~ inside A, by edges joining the entry and exit
points of v in A, to v(A,). We denote the new path by 4. If ¥ is
an electric geodesic (resp. electric quasigeodesic), we call v a relative

geodesic (resp. relative quasigeodesic) in X.

6. For any electric geodesic &, we denote the union of subsegments of &

lying outside the horosphere-like sets by a®.

7. A path v in X is a path without backtracking if it does not return

to any coset A, after leaving it.

Definition 2.3.2. Bounded region penetration property: Let (X, A) be
as in Definition 2.3.1. The pair (X, A) satisfies bounded region penetration



38 2.3. Relatively hyperbolic metric spaces

property if, for every K > 1, there exists B = B(K) such that if  and ~
are two relative K -quasigeodesics without backtracking and joining the same

pair of points, then

1. if B penetrates a horosphere-like set A, and v does not, then the length
of the portion of B lying inside A, is at most B, with respect to the

metric on X ;

2. if both B and -y penetrate a horosphere-like set A,, then the distance
between the entry points of 5 and v into A, and the distance between
the exit points of B and v from A, is at most B, with respect to the

metric on X.

Definition 2.3.3. Strongly relative hyperbolic space: A metric space
X is strongly hyperbolic relative to a collection of subsets A if the coned-off
space E(X,A) is a hyperbolic metric space and (X, A) satisfies the bounded

region penetration property.

Definition 2.3.4. Strongly relative hyperbolic group A group G is
strongly hyperbolic relative to a collection of subgroups H = {Hy}aen if
the Cayley graph X, of G, is strongly hyperbolic relative to the collection of
subgraphs corresponding to the left cosets of H, in G for every a € A.

Examples and non-examples:

1. Let M be a torus with a cusp and let H denote the cusp subgroup.
Then (m (M), H) is a strongly relatively hyperbolic group.

2. Any hyperbolic group is hyperbolic relative to the identity subgroup.
3. A free product of groups G % H is hyperbolic relative to {G, H}.

4. Z®Z =< a,b|ab = ba > is not strongly hyperbolic relative to < a >.

But it is weakly hyperbolic relative to < a >.
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Another definition of relatively hyperbolic groups is due to Gromov.

Gromov’s definition

Definition 2.3.5. [30] Hyperbolic cone: Let (Y,d) be a geodesic space.
Then the hyperbolic cone of Y, Y* =Y x [0, 00) with the path metric dy, is
defined as follows:

Let o = (a1, 0) 1 [0,1] = Y x [0,00) be a path in Y". Let 0 =tq < t; <
... < t, =1 be a partition of [0,1]. Then,

lyn(a) =lm 3 cicn \/672&2(“)(@(0&1(@), a1 (tir1))? + |oa(ts) — aa(tivn)]?,

where the limit is taken over all the partitions of [0,1]. So for any x,y € Y",
dyn(x,y) = inf{lyn(a)|a : [0,1] = Y with a(0) = z,a(1) = y}. Then
we have,

1. For (x,t),(y,t) € Y x {t}, dy+((x,t), (y,t)) = e7'd(x,y), where dy, is
the induced path metric on' Y x {t}. Paths joining (x,t) and (y,t) that lie in
Y % [0,00) are called horizontal paths.

2. Fort,s € [0,00) and any x € Y, dy((x,t),(x,s)) = |t — s|. Paths
joining such elements are called vertical paths.

In general, for x,y € Y", dy(x,y) is the path metric induced by these

vertical and horizontal paths.

Definition 2.3.6. [30] Relatively hyperbolic space: Let X be a geodesic
metric space and A be a set of mutually disjoint subsets. For each A € A, we
attach a hyperbolic cone A" to A by identifying (x,0) with x for all x € A.
This space is denoted by X" = G(X, A). X is said to be hyperbolic relative

to A in the sense of Gromov if G(X,A) is a complete hyperbolic space.

Definition 2.3.7. [30] Relatively hyperbolic group: Let G be a finitely
generated group and H = {Hy}aea be a collection of finitely generated
subgroups. Let T' be the Cayley graph of G and let H, o) be the sub-
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graph corresponding to the left coset gH, in I'. We denote it by T =

S(I', {H(g.0) }acrgec). G is said to be hyperbolic relative to J in the sense

of Gromov, if " is a complete hyperbolic metric space.

Terminology:

1.

For a geodesic metric space (X,d), let X" denote the metric space
with hyperbolic cones attached to the collection of horosphere-like sets.
Then for 2,y € X", dxn(z,y) denotes the distance in the path metric of
X", For any two subsets A, B C X", we denote the Hausdorff distance
between them by Hdxr (A, B).

. For C > 0, N&(Z) will denote a C-neighbourhood of a subset Z of

(Xh,dxh).

. A geodesic (resp. quasigeodesic) in X" is called a hyperbolic

geodesic (resp. hyperbolic quasigeodesic).

Let & be an electric quasigeodesic without backtracking in X. For
each A, penetrated by &, let x,y be the entry and exit points of &,
respectively. We join z and y by a geodesic in A". This gives a path
in X" and we call it an electro-ambient quasigeodesic. This path

is, in fact, a quasigeodesic in X".

. The electro-ambient quasigeodesic corresponding to an electric geodesic

& is always denoted by «.

. Let G be hyperbolic relative to a collection of subgroups {H,}. Let T

denote a Cayley graph of G. Then H, and their conjugates are called
parabolic subgroups. In I'", each hyperbolic cone has a single limit

point in OI'" and it is called a parabolic limit point.

Remark 1. Suppose a metric space X 1is strongly hyperbolic relative to a

collection of subsets A, then the space obtained by coning off the hyperbolic
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cones, E(G(X, A), A", is quasiisometric to E(X,A). E(X,A) is isometrically
embedded in E(G(X,A),A") and E(S(X,A), A") lies in a 1-neighbourhood of
the image of E(X,A).

Next result says that a relatively hyperbolic geodesic metric space X is

properly embedded in X",

Lemma 2.3.8. [46, Lemma 1.2.19] Let X be a geodesic metric space hy-
perbolic relative to a collection of uniformly e-separated, uniformly prop-
erly embedded closed subsets, in the sense of Gromov. Then X is prop-
erly embedded in X" i.e., for all M > 0, there exists N = N(M) such
that dxn(i(z),i(y)) < M implies d(x,y) < N, for every z,y € X. Here

i: X — X" is the inclusion map.
Using Lemma 2.3.8, we prove the following result.

Lemma 2.3.9. Let X be a geodesic metric space hyperbolic relative to a col-
lection of uniformly e-separated, uniformly properly embedded closed subsets
A = {Ay}acn, in the sense of Gromov. Let  be a geodesic ray in X" such
that ~(00) is not a parabolic limit point. Then for any R > 0, if x € X such
that x € N&(v), then there exists Ry = Ry(R) such that x € N, (yN X).

Proof. Let y € v such that dy»(z,y) < R. If y € vN X, by Lemma 2.3.8,
there exists N; = N(R) such that dx(x,y) < N;. Now, suppose y € v N A"
for some a € A. Let 7, denote the geodesic segment 7|44, where a denotes
the entry point of v into A, and b denotes the exit point of + from A,.
Let t € [0,00) such that for (a,t),(b,t) € A, x {t}, dn.((a,t),(b,t)) =
e tda,(a,b) =1, where dj, is the induced path metric on A, x {t}.

Then, da,(a,b) = €' and t = Inda,(a,b). Let A\; and Ay denote the
vertical paths in A” joining (a,0) to (a,t) and (b,0) to (b,t) respectively.
Let \g denote the horizontal path in A" joining (a,t) to (b,t). The path

A = A\ x Ao * Ay is a quasigeodesic in A" and by stability of quasigeodesics,
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there exists K; > 0 such that Hdyxs(y1,\) < Kj. Since y € =, there
exists z € A such that dxn(y,2) < K; and we have, dxn(x,z) < R+ K.
But length of the quasigeodesic A is 2t + 1 and clearly, t < R + K; and
dxn((a,0),2z) <t+1< R+ K;+1. Thus, dxn((a,0),z) < 2(R+ K;)+1. By
Lemma 2.3.8, there exists No = N(2(R + K;) + 1) such that dx(z,y) < Na.

For R; = max{Ny, N»}, we have = € Ng, (7). O

Lemma 2.3.10. [46, Lemma 1.2.31] Let K > 1, A >0, € >0, r > 0. Sup-
pose X1, Xy are geodesic spaces and Hx,,Hx, are collections of e-separated
and intrinsically geodesic closed subspaces of X1, Xy respectively. Let ¢ :
X1 = Xy be a (K, \)-quasiisometry such that for each Hy € Hx,, there ex-
ists Hy € Hx, such that Hd(¢(H,), Hy) <1 in Xy and Hd(¢p™ ' (Hy), Hy) < r
in X1. Then ¢ : X1 — Xy induces a (K", \")-quasiisometry ¢" : Xt — Xh,
for some K" > 1, \' > 0.

Definition 2.3.11. [43] Electric projection: LetY be a space hyperbolic
relative to the collection {Ag}acn. Leti: YY" — E(G(Y,A), A") be the inclu-
sion map. we identify E(S(Y,.A), A") with Y. Let & be an electric geodesic
in'Y and « be the corresponding electro-ambient quasigeodesic. Let m, be
a nearest point projection from Y onto a. Electric projection is the map
#a:Y — G given by the following: For x € Y, #4(x) = i(ma(x)). If z is a
cone point of a horosphere like set Az € A, choose some z € Ag and define

falz) = i(ma(2)).

Lemma 2.3.12. [43, Lemma 1.16] Let Y be hyperbolic relative to A. There
exists a constant Dygz19 > 0, Cyo91 such that for any A € A and x,y € A

and a geodesic & in 17, we have do(i(7o(7)),i(Ta(y)) < Dasaia.
This implies that the electric projection is coarsely well-defined.

Lemma 2.3.13. [43, Lemma 1.17] Let Y be hyperbolic relative to the col-

lection Ay. For }A/, there exists Do313 > 0 (depending on the hyperbolic-
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ity constant of }7) such that for all z,y € Y and an electric geodesic &,

do(7ta(z), Ta(y)) < Dasasdy(z,y) + Dasas.

So, the electric projection is distance decreasing. The following lemma

says that electric projections and quasiisometries ‘almost commute’.

Lemma 2.3.14. [43, Lemma 1.18] Let Y; and Y3 be metric spaces hyper-
bolic relative to the collections Ay, and Ay, respectively and let ¢ : Y1 — Y
be a strictly type-preserving quasiisometry. Let iy be a quasigeodesic in
Vi joining a,b and let ngS : Y, = Y, be the induced quasiisometry. Let
fia be a quasigeodesic in Y joining q@(a) and ngS(b) If p € Y1, then

dg(frm(é(p)), O(7,(y)) < Dysaa, for some constant Dygy4 > 0.

The above two lemmas also hold for (quasi) geodesic rays. Now, we have
the following theorem due to Bowditch, giving the equivalence between the

two definitions of relative hyperbolicity:

Theorem 2.3.15. [16] The following are equivalent:

1. X is hyperbolic relative to the collection of uniformly separated subsets
A in X.

2. X is hyperbolic relative to the collection of uniformly separated subsets
A in X in the sense of Gromov.

3. X" is hyperbolic relative to the collection A".

Boundary of relatively hyperbolic groups:

For a proper hyperbolic metric space (Y, d), we can associate a topological
space to it, i.e., its Gromov boundary dY. Bowditch generalised the Gromov

boundary to the context of relatively hyperbolic groups [16].

Definition 2.3.16. Bowditch boundary: Suppose X is a metric space
hyperbolic relative to a collection of subsets {Ay}tacn- Then the Bowditch
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boundary (or relative hyperbolic boundary) of X with respect to {Aq}aca is
the boundary of X", and it is denoted by OX".

So, for a group G hyperbolic relative to a collection of subgroups I, its

boundary is the boundary of I'*, where I is a Cayley graph of G.



Chapter 3

Palindromic width of graph of

groups

In this chapter we prove the following two theorems:

Theorem 3.0.1. Let G be a group and let A and B be proper isomorphic
subgroups of G and ¢ : A — B be an isomorphism. The HNN extension

G.= (Gt |t at = ¢(a), a € A)

of G with associated subgroups A and B has infinite palindromic width with
respect to the generating set G U {t,t71}.

Theorem 3.0.2. Let G = A x¢ B be the free product of two groups A and
B with amalgamated proper subgroup C' and |A: C| >3, |B: C|> 2. Then
pw(G, AU B) is infinite.

The following is the layout of this chapter: In the first section, we recall
the required definitions and results. In the second section, we calculate the
palindromic width of an HNN Extension and in Section 3.4, we calculate the
palindromic width of amalgamated free products. In the final section, using

results of Section 3.3 and Section 3.4, we show that the palindromic width
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of a graph of groups is infinite.

3.1 Preliminaries

Let G be a group with a set of generators S. A reduced word in the alphabet
SUS~!is a palindrome if it reads the same forwards and backwards. The
palindromic length, I5(g), of an element g in G is the minimum number
k such that g can be expressed as a product of k palindromes. The palin-
dromic width of G with respect to S is denoted by pw(G, S). When there
is no confusion about the underlying generating set S, we simply denote the

palindromic width with respect to S by pw(G).

Definition 3.1.1. Quasi-homomorphism: Let G be a group. A map
A : G — R is a quasi-homomorphism if there exists a constant ¢ > 0 such

that for any g, h € G,

A(gh) < A(g) + A(h) +c.

3.1.1 HNN Extensions

Let G be a group and A and B be proper isomorphic subgroups of G with
the isomorphism ¢ : A — B. Then the HNN extension of GG is

G, = (G t|t at = ¢(a),a € A).

Definition 3.1.2. Reduced sequence: A sequence go,t, g1,t2, ... .t gp,
n > 0, is said to be reduced if it does not contain subsequences of the form

t=1.gi,t with g; € A ort,g;,t—' with g; € B.

Lemma 3.1.3 (Britton’s Lemma). If the sequence go,t%, ..., t g, and

n > 1, then got® ...tg, # 1 in G,.
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If a sequence go,t, g1,t2, ..., gp_1,t", g, is reduced and n > 1, then
g = got g1t ... gn_1t"g, is called a reduced word.
Such a representation of a group element of an HNN extension is not

unique but the following lemma holds:

Lemma 3.1.4. Let g = got g1t ... gn_1tgn, h = hot?* hqt?? .. hp,_1t"h,,
be reduced words, and suppose g = h in G,. Then m = n and ¢; = 0; for

1=1,...,n.
Proof. Proof follows from [7, Lemma 3]. O

Definition 3.1.5. Signature: The signature of g € G. is the sequence

sqn(g) = (€1, €a,...,€6,), € € {1, =1} for g = got g1t ... g1t gp.

By Lemma 3.1.4, the signature of any g € G, is unique, irrespective of
the choice of the reduced word.

Let o=(€y,é€9,...,€,) be a signature. Then the length of the signa-
ture, |o] = n. And the inverse signature, o~ '=(—¢,, —€,_1,...,—€1). So,
sqn(g™') = (sqn(g))~*. Product of two signatures o and 7, o7, is obtained
by writing 7 after o.

Suppose 0 = oyp and 7 = p~'7; with |p| = r, then we can define an

r-product,

olrltr =o1m.
The following lemma is immediate from the above notions.

Lemma 3.1.6. [7, Lemma 4] For any g, h € G, there exists an integer r > 0
such that sqn(gh) = sqn(g)[r]sqn(h), with sqn(g) = o1p and sqn(h) = p~'ry
and |p| =r.

A reduced expression is called positive (resp. negative) if all exponents ¢;
are positive (resp. negative). Further, if it is either positive or negative then

the reduced expression is called homogeneous.
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3.1.2 Amalgamated free products

Let A= (ay,...|Ry,...)and B = (by,...|S1,...) be groups. Let C; C A and
(5 C B be subgroups such that there exists an isomorphism ¢ : C; — Cj.
Then the free product of A and B, amalgamating the subgroups € and Cj
by the isomorphism ¢ is the group

G=(AB|c=¢(c),ceCh).

We can view G as the quotient of the free product A * B by the normal
subgroup generated by {cé(c)~|c € C1}. The subgroups A and B are called
factors of G, and since C; and Cy are identified in GG, we will denote them

both by C.

Definition 3.1.7. Reduced sequence: A sequence x1,...,x,, n > 0, is
said to be reduced if

(i) Each x; is in one of the factors.

(7i) Successive x;, x;+1 come from different factors.

(iii) If n > 1, no x; is in C.

(v) If n =1, x1 # 1.

For the normal form of elements in free products with amalgamation, see
for eg. [37], if x1,...,z, is a reduced sequence, n > 1, then the product
x1...x, # 1isin G and it is called a reduced word. Such a representation of

a group element is not unique but the following proposition holds:

Proposition 3.1.8. Let g = x1...2, and h = y; ...y, be reduced words
such that g = h in G. Then m =n.

Proof. Since g = h, we have, 1 = ;... z,y.' ... y5 'y; . Since g and h are
reduced, we require z,y,' to belong to C. To reduce it further, we need

T 12y Yty to be in C and so on. Hence, m = n. O
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Definition 3.1.9. Let g = x1...x, be a reduced word of g € G. The ele-
ments xy, are said to be syllables of g. Then the length of g is the number
of syllables of g and it is denoted by l(g). Here, for g = x1...x,, l(g) = n.

3.2 Palindromic width for HNN extensions

of groups

Let o=(ey, €9, ..., €,) be the signature of an element g € G,.. We define,

pr(g) = number of +1,41,...,+1 sections of length k,

my(g) = number of —1,—1,..., —1 sections of length k,
di.(9)= pr(g) — mu(g),
rr(g)= remainder of di(g) divided by 2, and,
Alg) = >_ru(9)-
k=1

Clearly, px(g7") = mi(g) and so, di(¢7") + di(g) = 0 for all g € G..
We now prove that A is a quasi-homomorphism. We borrow the following
notation from [7]: if fy, g, fi. and g, are functions indexed by a parameter

k, then for any n € N,
fk =n Gk
means that f; = g for all but at most n many k’s.

If fr =0 gx and gx =, fi, for some m € N, then fy =, fr. Also, if

fk =n Gk and f]é —m g;g thenv fk’"f}lg —n+m gk+g;c

The following lemma and proof are identical to [7, Lemma 9.

Lemma 3.2.1. For any elements g, h € G, A(gh) < A(g) + A(h) + 6, i.e.

A is a quasi-homomorphism.

Proof. By Lemma 3.1.6, there exists an integer > 0 such that sqn(gh) =
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sqn(g)[r]sqn(h), with sqn(g) = o1p and sqn(h) = p~'m; and |p| = r.
Clearly, p(9) =1 pr(o1) + pi(p) and pi(h) =1 pr(p™") + pi(71).
We also have sqn(gh) = o171. So, pr(gh) =1 pr(o1) + pr(71). Then,

Pe(gh) =1 pe(or) + pe(T1)
=3 pe(9) — pr(p) + pr(h) + pr(p)

=3 pr(g) + pe(h).

Similarly, my(gh) =3 mx(g) + my(h) and so, dy,(gh) =6 di(g) + di(h).
Thus, A(gh) < A(g) + A(R) + 6. O

Definition 3.2.2. Group-palindrome: Let g = gyt g1t ... g, 1t g,

be a reduced element in G,.. Put

g = gnt™ g, 1t 2. .. g1t gp.

We say g is a group-palindrome if g = g and g depends on the reduced form.

Lemma 3.2.3. A group-palindrome g € G, has the form

Gt g1 - g1t gt g1 ... 1t g0, if |sqn(g)| = 2k,
g fr—

Gotrgu .. tHEGEI Gt it ge,  if [sqn(g)| =2k + 1,

where g, = xgr where v € AU B.

Proof. Let g € G, is a group-palindrome.
CASE 1: |sqn(g)| = 2k + 1.
Let g = ot g1t . .. gort®+1gor1. We know, g = g. Then, gg ' = 1,

ie., got gy ..t gop gy Mg L TRl =1 (3.1)

Left side is reducible. So we have, gor119 ' = 20, where z, € A (or zgy €
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B) such that t2+125t~ =y, with yo € B (or yp € A) and €91 = € = —1
(or 1). Substituting this in (3.1),

gottygy .. .t€2’“ggkyogf1t*€2 .. -927k1+1 =1. (3.2)

Since yo € B (or yo € A), gar¥og1 * = 1, 1 € B (or y; € A) such
that ¢yt~ = 1, where 1 € A (or x1 € B) and €y, = €5 = 1 (or —1).
Substituting this in (3.2),

Jott gy .. .tggk_ngk_li‘lgg_lt_Q . g2_k:1+1 =1. (33)

Since z1 € A (or 1 € B), gox 17192~ " = To, 1o € A (or x5 € B) such
that t2—129t7% = yo, where yo € B (or yo € A) and €91 = €o = —1 (or 1).
In general, ggk_ixig;rll = Tys1, Ti, Tip1 € A (or B) such that ¢2k—ig;, 1+ =

Yir1, where y;11 € B (or A) and €gy,_; = €19, for 0 <71 <k — 1.

In the expression g = gt g1t ... gpt* 1 gr1t*+2gp 1o . . . T2+ gop 1y,

we put gori1 = Togo, and for 0 < i < k — 1, gopiy = Tiy19i17; - and
€ok—i = €;12. Then,

9= 90 Gl TRge TR Yk 1 Gk 1Y ol 191y TG

We know t+22; 11 = y; 11942 (or t912y, 11 = x;441%+2) for —1 < i < k—2;
this implies

9= g0 Gt TRGET T 1T g1 Y oYkt L 212 g1 Yy Yol go,

and 80, g = go ... Gt F LGt F g1t L 1291t gp.

Therefore, g = go . . . gt Gt gp_1t% 1 gr_2a . . . g1t go; where g;. = T gx.

CASE 2: |sqn(g)| = 2k.
Let g = got g1t . .. gog_1t* go. We know, g = g. This implies,

got™ gy .. .t@’“g%gglt_“gl_l .. .25_52’“g2_k1 = 1. (3.4)
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Left side is reducible. So we have, gargy ' = o, where 2y € A (or 2y € B)
such that t2kxot= =y, with yo € B (or yp € A) and €9, = ¢, = —1 (or 1).
Substituting this in (3.4),

gty .. .1562’“*19%_1yogflt_62 .. .t_e%g;kl = 1. (3.5)

Since yo € B (or yo € A), gor_1%091 " = y1, y1 € B (or y; € A) such that
te2k=1y,t= = x1, where 1 € A (or x; € B) and €91 = €5. Substituting this
in (3.5),

Got gr - - AR go owigy T T Mgyl = 1. (3.6)

Similarly, since z; € A (or 11 € B), gar_2T1g2" " = T3, 75 € A (or 23 € B)
such that t2-2x5t=% = y,, where yo € B (or yo € A) and €95 = €3.
Substituting this in (3.6),

Gt gy ..t goy sygy Tt g = 1. (3.7)

In general, we get gop_i%i_1g; = = xi, i1, 7; € A (or B) such that
teek—igt=+1 =y, where y; € B (or A) and €g,_; = €;41, where 1 < i < k.
In g = got'gy ... 1% gop, We put gor, = xogo and for 1 <7 < k, gop—; =

xigix;ll and egg_; = €;11. This gives

9= got . A* T P Y1 gr 1Y ot gamy Ty gayg o go-
Putting t“+1x; =yt for —1 <i < k — 1, we get

9= 90 1FTRgrt Tt gy gy ot a2 oy Yot go-

This implies, g = gt g1 ... t*Tpgpt™* gp_11%1 .. . t3got? ot go. Thus, g =

9o Gt 1 Gr-1 - - 1t go, where g = T1g%. L
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Lemma 3.2.4. Let g € G, be a product of k group-palindromes, say g =
pipe ... pe. Then, A(g) < Tk — 6.

Proof. Let p be a group-palindrome in G, of non-zero length. Then p can be
represented as p = wvu, where v is the maximal homogeneous palindromic
sub-word in p and w is u written in reverse.

For example, if p = gotg; ...t  gitgisat .. . tgis1tgit " Gi—1 ... 1t Go,
then u = gotgy ...t 4 v = gitgirit .. . tGi1tgs, U =t 1g;_1 ... g1t go.

Then for every k, di(u) = di(u). As v is homogeneous, if £’ is the length
of sqn(v), then py(p) = 2pp(u) + pr(v), or my(p) = 2mp (u) + my(v).
For all other k, pr(p) = 2px(u) and my(p) = 2my(u). Therefore, rp(p) =
1, and r(p) = O for all other k. Thus, A(p) = 1. If p € G, then A(p) =

e

So, A(p) < 1. If g € G, is a product of k group-palindromes, say g =

piD2 - - - Pk, then

A(g) = A(pipa - - pk) < A(pr)+A(pa)+ - +A(pr)+6(k—1) < Tk—6. (3.8)

This completes the proof. n

3.2.1 Proof of Theorem 3.0.1

Now we prove that A is not bounded from above. For that purpose, we
produce the following sequence of reduced words {a;}, for which A(a;) is
increasing. Let a; = gotgit 'gotgs. Then di(ay) = 1, so Aay) = 1.

For ay = gotgit™ gatgst " gat " gstgetgrt ' gst ' go, di(az) = 1, da(az) =
—1, so, A(ay) = 2.

az = gotgit” ' gatgat ' gat ' gstgetgrt ' -t gust T gt gistgist gt gis.

Then, dl(ag) = 1,d2(a3) = _17d3(a3) =1, so, A<a3) =3.
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For each a; = gotgit 'gat ..., we have g; € G and since q; is reduced, for
subwords of the form tg;t™¢, g; ¢ Aife=—1and ¢g; ¢ B if e = 1.
Given a;, we construct a;y; by attaching a segment with signature of

length 3(i + 1). In general,

til tj:l

an = gotgit ™ g2+ N2t T Nt TGNt gt gt g

where N = W and

sqn(a,) = (1,-1,1,—-1,—-1,1,1,—-1,—1,...,

+1,...,+1,F1,..., F1,+1,..., +1)

n times n times n times

Here, A(a,) = n. Then, by (3.8), we get that the palindromic width of G,

is infinite. This proves Theorem 3.0.1.

3.3 Palindromic width for amalgamated free

products

We shall divide the proof of Theorem 3.0.2 into two cases.

3.3.1 Casel

For a non-trivial @ € A U B such that CaC # Ca~'C, we shall prove the

following:

Lemma 3.3.1. Let G = A x¢ B be the free product of two groups A and B
with amalgamated subgroup C. Let |A: C| >3, |B: C| > 2 and there exists
an element a € AU B for which CaC # Ca *C. Then pw(G,{AU B}) is

infinite.

To prove this, we shall use the quasi-homomorphism constructed in [21,

22]. We recall the construction here.
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Quasi-homomorphisms

We recall the definition of a special form from [21].

Definition 3.3.2. Special form: Let a € A such that CaC # Ca 'C.
Let g € G, and g = 125 ... 2, be a reduced word representing it. Then the
special form of g associated to this reduced word is obtained by replacing x;
by uau’, whenever x; = ua‘u’ for some u,u’ € C and € € {+1,—1}, in the
following way:

1. Wheni =1, x; = ua‘u, we write g = ua‘z),...x,, where i, = u'x,.

2. When2 <i<n-—1, z; =uav, we write g = 21Ty ... Tj_0“T; | ... Tn,
where r;_; = x;_1u and Ti = W'Tiq.

3. When i =n and z, = ua‘u', where € € {+1,—1} and u,v’ € C, we

replace x, by g = 125 ... 2, _jau’, where x| = x,,_qu.

An a-segment of length 2k — 1 is a segment of the reduced word of the
following form

ary...rog—1a,

where z; # a for j = 1,...,2k — 1 such that the length of z;... 29,1 is
2k — 1.

Similarly, an a~!-segment of length 2k—1 is a segment of the reduced word
of the following form a™'a; ... x9,1a™ ", where z; #a ' for j=1,...,2k—1

such that the length of xy ... 29,1 is 2k — 1.

For g € G expressed in special form, we define
pr(g) = number of a-segments of length 2k — 1,
mi(g) = number of a~'-segments of length 2k — 1,

dr(9)= pr(g) — mu(g),
r1(g)= remainder of di(g) divided by 2, and
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Ag) = > _m(g) (3:9)
k=1
Clearly, pr(g7') = my(g) and so, di(g7') + dip(g) = 0 for all g € G.

Lemma 3.3.3. A is well-defined on special forms.

Proof. Let g € G and xy25 ... 2, and y1ys . . .y, be two reduced forms of g.

Now, x1x9...2, = Y1Y2...y, implies x; .. .xnyrjl .. .yfl = 1. Then
Tyt = ¢, € C. Further x,_1c,y,"; = co1 € C and so on. In general,
for 1 <i<mn, zicipy; ' =c € C.

So, if x; = ua®u’ for some u, v’ € C and € € {+1, -1}, uav'ci1y; * = c.
This gives va“v’ = y;, where v = ¢; 'u € C and v/ = v/c;y; € C.

Thus, for any k£ € N, number of a° segments of length 2k — 1, for € €
{+1, —1} is independent of the special form of g € G. Thus, A is well-defined

on special forms. O

We now prove that A is a quasi-homomorphism. Though this is same as

the proof of [21, Lemma 1], we include it here for the sake of completion.

Lemma 3.3.4. For any elements g,h € G, A(gh) < A(g) + A(h) + 9, i.e.

A is a quasi-homomorphism.

Proof. If g or h is in C or if g, h are in the same factor, i.e, in A or B, then
this trivially holds. So we consider other possible cases. Let ¢ = g192... 9,

and h = hyhs ... h,, be given in special forms.

Case 1: g, and hy are in different factors. Then, pr(gh) =1 pr(9) + pr(h)
and my(gh) =1 mi(g) + mg(h). So, dr(gh) =2 dr(g) + di(h).

Case 2: g,h; € Aor B and g,h; ¢ C. Let g,h; € A and g,hy = ciacs,
where ¢1,¢co € C and € € {1, —1}. Then, gh = g1...g,,_1ahyhs ... hy,

where ¢/, ; = gn-1c1, t = a° and h} = cohe. Suppose g,h; is not of
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such form. Then, put ¢, ; = gn—1, t = goh1 and h, = he. Let g =

gi...g, (tand h = hY ... h,. Clearly, t and hj are different factors.

So, this reduces to the Case 1, i.e, di(gh) =2 di(g) + di(h). Suppose
d(§) =m di(g) and dy(h) =, dy(h). Then, dy(gh) = di(gh) =2 di(g) +

dk<h) —24+m+n dk(g) + dk(h)'

We consider the following possibilities: Let h; = ca, where ¢ € C.

Then, pi(h) =1 pr(h) and my(h) = mg(h) and n =

1.

L. gn =ad,t =a, for ¢ € C; pr(g) = pr(g), mi(g) = mi(g), m = 0.

2. gn = CLC/?t - a_la for C/ € Cv pk@) =1 pk(g)7 mk(.g) =1 mk(g)a
m = 2.

3. gn = acl7t 7é a,a_l, for C/ € C7 pk@) =1 pk(g>7 mk(é) - mk(Q)u
m = 1.

4. gn = a7l t = a, for ¢ € C; pr(g) =1 pe(9), mr(g) =1 mu(yg),
m=2

5 gn = a 'd,t = a7, for ¢ € C; pe(9) = pr(9), mu(g) = mu(g),
m=0

6. gn = a_lclat 7£ CL,(l_l, for ¢ € Ca pk(g) - pk:(g)7 mk(é) =1 mk(g)7
m = 1.

7. gn # ac,a”'d t = a, for any ¢ € C; pr(9) =1 pr(g), mx(7)

mi(g), m = 1.

. gn # acd a7t = a7t for any ¢ € C; pr(g)

mi(g), m = 1.

mg(g), m = 0.

Let hy = ca™!, for some ¢ € C. Then, pi(h) =

my(h). So, n = 1.Value of m is same as the above

(1

Cgn#ad, a7t £ a a7, for any ¢ € C; pi(@) = prlg), ma(9)

(h) and my(h)
) to (9).

Pi(g), mi(g) =1
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Let hy # ca,ca™!, for any ¢ € C. Then, pi(h) = pi(h) and my(h) =
my(h). Here, n = 0. Again, we have a repetition of values of m from

above (1) to (9).

Case 3: g,hy = ¢ € C. Then, gh = ¢192...9gp_1¢hs... hy. Put g =
G1g2 ... ¢, and h = hy...hy,, where ¢, | = g,_ic. Then, as in Case
1, we have py(gh) =1 p(g) + pi(h) and my,(gh) =1 mx(g) +my(h) and
50, di(gh) =2 di(9) + di(h).
Now, if gh = ¢ for ¢ € C, then, ¢ = ch~!. In this case, we have
di,(gh) = di(g) + di(h).
Suppose gh = ¢1...gn_iChiy1...hy, where g,_;11...9,h1...h; = c.
Putg=g¢,...9,_ic and l_z:hiﬂ...hm.

Let 2 = gy _is1---9n. Then, hy...h; = 271 So, dp(gh) = dk(gﬁ) =

di(g) + di(h). This reduces to Case 2. So, di(gh) =5 di(g) + di(h).

Now, di.(g) =2 di(g) +di(t) and di,(h) = dy(t") +dy(h). Then, di,(g)+

dr(h) =4 dip(g) + di(h). Thus, we have di(gh) =9 di(g) + di(h).

Normal form of palindromes

Definition 3.3.5. Group palindrome: Let g = x;...x, be a reduced word
of g € G. Let g be the word obtained by writing g in the reverse order, i.e.
g = Tp...x1. This is a non-trivial element of G. We say g is a group-

palindrome if g = g.

Lemma 3.3.6. A group-palindrome g € G has the form
g=T1xy... $kI;€+1ZEkZEk_1 RN

where x| = T with c € C.

Proof. Let g is a group-palindrome in G.
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CASE 1: I(g) = 2k + 1.
Let g = 2129 ... XpXps1 - - - TopTopr1. We know g = g,

i.e., 1o .. . Telky1 - - L2pL2k+1 — L2k+1L2k - - - L2X].-

This implies,
-1, -1 -1 -1
1T ... TokX2k+1T1 T2 T2k Tok+1 = 1. (310)

Since the expression on the left side is reducible, xop 121"t = ¢p; for

c; € C. This implies, zor 11 = cyx1. Thus,
-1 gt =1 3.11
T1T9 ...T9C1T2 o X2k—1 Tk = 1. ( . )

Further zopcio™! = ¢; for ¢y € C. So, 9, = coxacy *. Substituting this
in (3.11),

-1 -1 -1
1T ...2T2k—-1C2T3 o X2k—1 T2k =1. (312)

In general we get xop_; = Ci+2$i+20;+11 for 0 <i<k-—2.
Then, g = z12x5 ... TpTpy1 - - - Top_1T2k, and so,
_ -1 -1 -1 -1
g =T1T2 ... TpLp4+1CkT[Cl_1Ck—1T—1Cf_o - - . C3T3Cy C2X2C C1T7,
which implies, g = 212y ... TpTp 1CLTE . . . T3T2T .

Therefore, g = 212 ... T}, T - . . 32221, Where 77| = Tpy1Cp.

CASE 2: I(g) = 2k.
Let g = 2129 ... TpTpyy . . - Top_122k. We know g = g, i.e.,

T1To ... TpTho1 - - - Top_1Tok = TopTog_1 - .. LoT1. This implies,
-1 -1 -1, -1
19 ... T2k—-1T2kL1 X2 e X2k—1 Tk =1. (313)

The left side of the equation is reducible. So, zorx1 ™! = ¢1; for ¢; € C, i.e,
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Tor, = c121. Substituting this in (3.13),
T1To ... l’gk_lcll’g_l PN l‘gk_l_ll‘gk_l = 1. (314)

Further zo,_1c1797 1 = co; for ¢y € C, i.e, Top_1 = czxgcl_l. Substituting this
. —1 -1, -1 _
in (3.14), we have, 125 ... Top_oCox3™ ' ... Xop_1 'xor ' = 1.

In general we get x9p_; = ci+1xi+1ci_1 for 1 <i < k—1. In particular, for
1=k, xp = ckﬂxkﬂc,;l. This is a contradiction as the consecutive syllables
lie in different factors in a reduced word.

Thus, for g € G with [(g) = 2k, g cannot be a group-palindrome. ]

Lemma 3.3.7. Let g € G be a product of k group-palindromes, say g =
pip2 - .- Pr- Then, A(g) < 12k — 9.

Proof. Let p be a group-palindrome in GG of non-zero length.
Then p can be expressed as p = huh, where h is h written in reverse and

u is of the form z from Lemma 3.3.6. Then, for every k, di(h) = di(h).

If u = a, we have

pr(p) =2 2pi(h),
my(p) =1 2my(h).

Then we get di(p) =3 2dx(h).

Ifu=a"

, as above, we get di(p) =3 2dy(h).
If u # a,a™!, we get di(p) =2 2di(h).
In general we have, di(p) =3 2di(h). Thus, r¢(p) =3 0 and A(p) < 3.

So, if g € G is a product of k group-palindromes, say g = p1ps . . . px, then

Ag) = Alpipa o) < A(p1) + Apa) + -+ Alpe) + 9(k — 1) < 12k — 9.
(3.15)
This completes the proof. O
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Proof of Lemma 3.3.1

Now we prove that A is not bounded from above. For that purpose, we

produce the following sequence {g;} for which A(g;) is increasing.

Let b € B but not in C.

Let g = baba'ba. Then, p1(g1) = 0,p2(g1) = 1 and py(g1) = 0 for all
other k; my(g1) = 0 for all k; da(g1) = 1 and di(g1) = 0 for all other k. So,
A(gr) = L.

Let go = baba'baba='ba=tba. Then pi(g2) = 0,p2(g2) = p3(g2) = 1 and
pk(gz) = ( for all other k?, and, ml(gg) = mg(gg) =1 and mk<92) = 0 for all
other k. So, A(gs) = 2.

Let g3 = baba™'baba™tba"'baba=tba"'ba"'ba. Then pi(g3) = 0, p2(g3) =

p3(g3) = pa(gs) = 1 and pi(g3) = 0 for all other k; my(g3) = 3, ma(g3) = 2
and my(gs) = 0 for all other k. So, A(gs) = 4.

In general, for g, = baba~'ba(ba=1)?...ba(ba=')""tba(ba=')"ba,

pl(gn) = 07 pk<gn> =1forl <k < n+1; ml(gn) = @7 m2(gn) =n—1
and for k # 1,2, my(g,) = 0. Thus we have A(g,) =71 +7r2+ (n—1), where

n(";l) divided by 2 and 75 is that of n divided by 2.

r1 is the remainder of
So, A(g,) >n— 1.
Then, by (3.15), we get that the palindromic width of G is infinite. This

proves Lemma 3.3.1.

3.3.2 Case 2
For a non-trivial « € AU B such that CaC = Ca~'C, we prove the following:

Lemma 3.3.8. Let G = A ¢ B be the free product of two groups A and B
with amalgamated subgroup C . Let |A: C| > 3, |B: C| > 2 and there exists
an element a € AU B for which CaC = Ca 'C. Then pw(G,{AU B}) is
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infinite.

This lemma follows using similar methods as in Lemma 3.3.1. But there

is a slight modification in the definition of special forms.

Definition 3.3.9. [22] Special form: Let a € A such that CaC = Ca 'C.
Let g € G, and g = x125 ... 1, be a reduced word representing it. If for any 1,
x; = crac, = cea™cy for ey, co, c), ¢y € C, then we fix one such representation
and denote it by ca‘cd. We define the special form of g associated to this
reduced word to be the word obtained by replacing x; by ca‘c’. It is done in
the following way:

1. Wheni =1, x; = ca’c, we write g = ca‘zy . ..x,, where x4 = dxs.

2. When2 <i<n—1, z; =ca’d, we write g = 125 ... T;_1a°T; ;... Tp,
where x;_ = x;_1c and T, | = xiy.

3. When i = n and x, = ca’d,we replace x, by g = x129...2,,_ja°C,

where x!,_| = Ty_1cC.

We now recall the definition of A from Equation 3.9. For g € G expressed
in special form,

pr(g) = number of a-segments of length 2k — 1,

my(g) = number of a~!-segments of length 2k — 1,

di(9)= pr(g) — mu(g),
r,(g)= remainder of di(g) divided by 2, and

A(g) = i_o:m(g)-

Lemma 3.3.10. For any elements g,h € G, A(gh) < A(g) + A(h) +9.

Proof of this lemma is exactly same as the proof of Lemma 3.3.4, except
for the slight modification of the definition of special forms. So we omit this

proof.
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If g € G is a product of k group-palindromes, say g = p1ps ... pg, then as

in Lemma 3.3.7, we have,

A(g) = Apipa - i) < A(p1) + Alpe) + -+ Apr) +9(k — 1) < 12k — 9.
(3.16)
And finally, for the same sequence used in Section 3.3.1, using (3.16), we

get that the palindromic width of G is infinite.

3.3.3 Proof of Theorem 3.0.2

The result follows by combining Lemma 3.3.1 and Lemma 3.3.8.

3.3.4 The index two case

So far we have shown that the palindromic width of G = AxcB, when
|A: C| > 3, |B: C| > 2,is infinite. Let’s now consider the case when

|A:C|<2,|B:C|<2.

Proposition 3.3.11. Let G = AxcB be the free product of two groups A
and B with amalgamated subgroup C' and |A : C| < 2, |B: C| < 2. Let
S and T be the generating sets of A and B respectively. If pw(C,{S,T}) is
finite, then pw(G,{AU B}) is finite.

Proof. We only need to consider the case of [A: C| =2, |B: (| =2. Then
C'is a normal subgroup of both A and B. Let T4 and Tz be the sets of right
coset representatives of C'in A and C' in B respectively. Here, Ty = Zy and
Tg = Zs.

Any g € G can be expressed uniquely as a C-normal form. A C-normal
form of g is a sequence (xg, 21, ...,x,), where g = zozy - - -z, with zg € C,
x; € Ta\{1}UTp\ {1} and consecutive z;, z;41 lie in distinct sets. Existence

and uniqueness of such a C-normal form follows from [15, Theorem 11.3].
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So, for g = xgxy - - - x,, where (zg,x1,...,2,) is the C-normal form of g,
clearly, z1xy - - - @, € TyxTp = ZoxZs. This implies that pw(z2zs - z,) < 2.

Therefore, pw(g) < pw(xg) + pw(z122-- - 2,) < 3. O

3.4 Palindromic width of graph of groups

Fundamental group of any graph of groups has a representation which is an
amalgamated free product or a HNN extension (see [23]). Let Y be a finite
graph and G = 71(9,Y’) be the fundamental group. There are two cases to

consider.

1. Suppose there exists an edge e = [v1, v9] such that removing e, while
retaining v; and vy results in a union of disjoint connected subgraphs,
YiUYs. Let v, € V(Y)), i = 1,2. Let G; := m(G,Y;). Then we have
G = Gy*xg,Ga, where G, is the group associated to the edge e.

2. Let e = [v1,v9] be an edge in Y such that removing e does not separate
Y. Let Y’ be the graph obtained by removing e while retaining the
vertices vy and vy. Let G = m1(G,Y”) and for the edge group G, the
embeddings ¢; : G, — G,,, for i = 1,2, induce embeddings G. — G,
with H; and Hj as the images of ¢1(G.) and ¢o(Ge) respectively, in
G'. Then, G = G,, where the isomorphism ¢ : H; — Hj is given by
H — G, — H,.

We have the following consequence of Theorem 3.0.1 and Theorem 3.0.2.

Corollary 3.4.1. Let Y be a non-empty, connected graph. Let m(G,Y") be
the fundamental group of the graph of groups of Y with the standard gener-
ating set S. Then the palindromic width of m1(SG,Y") is infinite if one of the

following holds:
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1. 'Y is a loop with a vertex P and edge e; and the image of G, is a proper

subgroup of Gp.

2.'Y is a tree and has an oriented edge e = [Py, Ps] such that removing
e, while retaining Py and P, gives two disjoint graphs Y1 and Yy with
P; € vert Y; satisfying the following: extending G. — Gp, to ¢; : G —
m(5,Y:), i = 1,2, we get [m1(9,Y1) : ¢1(Ge)] > 3 and [m1(G,Ys) :
P2(Ge)] > 2.

3.'Y has an oriented edge e = [Py, Py] such that removing the edge, while
retaining Py and Py does not separate Y and gives a new graph Y’
satisfying the following: extending G, — Gp, to ¢; : Ge — m(9,Y"),
i = 1,2, we have ¢;(G.) = H; and Hy, Hy are proper subgroups of
m(9,Y").

The fundamental group in (1) is an HNN extension of Gp and so, (1) fol-
lows from Theorem 3.0.1. In (2), the fundamental group is an amalgamated
free product of m1(G,Y7) and 7(9G, Y2) with proper amalgamated subgroups
$1(Ge) = ¢2(G.). The result follows from Theorem 3.0.2. Finally, the funda-
mental group in (3) is an HNN extension of G’, with G’ being the fundamental
group of the graph of groups corresponding to Y’. Hence, this also follows

from Theorem 3.0.1.
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Chapter 4

A limit set intersection
theorem for graph of relatively

hyperbolic groups

In this chapter, we prove the following theorem:

Theorem 4.0.1. Let G be a group admitting a decomposition into a finite
graph of relatively hyperbolic groups (G,Y") satisfying the qi-embedded condi-
tion. Further, suppose the monomorphisms from edge groups to vertex groups
is strictly type-preserving, and that induced tree of coned-off spaces also sat-
isfy the qi-embedded condition. If G is hyperbolic relative to the family C of
maximal parabolic subgroups, then the set of conjugates of vertex and edge

groups of G satisfy a limil set intersection property for conical limil points.

In Section 4.1, we quickly recall definitions and basic results pertaining to
limit sets and the limit set intersection theorem. In Section 4.2, we construct
a tree of relatively hyperbolic metric spaces associated to a given graph of
relatively hyperbolic groups. In Section 4.3, we give a slightly modified ladder

construction. Finally, in Section 4.4, we prove Theorem 4.0.1.

67
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4.1 Preliminaries on limit sets

Let (X, d) be a metric space. For asubset Y C X and R > 0, Ng(Y) = {z €
X | dy € Y with d(z,y) < R}.

Definition 4.1.1. Conical limit point:

(1) Let X be a proper hyperbolic metric space andY C X. Then £ € 0X
is called a conical limit point of Y if for any geodesic ray ~v in X asymptotic
to &, there is a constant R < oo such that, there exists sequence {y,} in
Y N Ng(7v) with limy, — &.

(2) For a group H acting on X by isometries, ¢ € A(H) is a conical limit
point of H if € is a conical limit point of the orbit H - xy for any xo € X.

(3) The set of all conical limit points of H is called the conical limit set
and it is denoted by A.(H).

The first two parts of Definition 4.1.1 also make sense for an infinite
subgroup or subset H of a hyperbolic group G. In that case, we may take X
to be a Cayley graph of G and the action of H on X. We state two results

on the conical limit set of any such H.

Lemma 4.1.2. Suppose G is a hyperbolic group and let H be a subset of G.
Then for every g € G,

(1) Ac(gHg™") = Ac(gH);

(2) Ae(gH) = gA(H).

Proof. Let g € G.

(1) For any {h,} in H, we have d(gh,g~ ', gh,) = I(g). Then (1) follows
from Lemma 2.2.29.

(2) G acts on I'g by isometries and, by Lemma 2.2.30, this induces an
action of G' on OG by homeomorphisms. So, for £ € A.(gH), if for {h,} in
H, {gh,} converges to &, then {h,} converges to g~'¢ € A.(H). Thus, &
lies in gA.(H). Similarly, if € is in A.(H), then there exists a sequence {h,}
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in H such that h, converges to {. Then, g¢ € gA.(H) and clearly, {gh,}
converges to g€. Therefore, g € A.(gH). H

This lemma also holds for general limit set A(H) (see [49, Lemma 2.9])
and the set of non-conical limit points. Let A,.(H) := A(H) \ A.(H) denote
the set of non-conical limit points. Then, for every g € GG, we have

(1) A(gHg™) = A(gH) and A(gH) = gA(H).

(2) Anc(gHg™) = Ane(gH) and Ape(9H) = gAne(H).

Definition 4.1.3. Limit set intersection property: Suppose G is a (rel-
atively) hyperbolic group. Let 8 be a collection of subgroups of G. Then 8§
is said to have the limit set intersection property if for every H, K € S,
AH)NAK)=AHNK).

It is known that if GG is hyperbolic and & is a collection of quasiconvex
subgroups of GG, then limit intersection property holds for §, i.e., for every
H, K €8 AMH)NAK) = A(HnNK). If G is relatively hyperbolic and
S is a collection of relatively quasiconvex subgroups of GG, then we have the

following theorem by Yang:

Theorem 4.1.4. [53, Theorem 1.1] Let H and J be two relatively quasicon-
vex subgroups of a relatively hyperbolic group G. Then,

AH)NAJ)=ANHNJ)UE
where the exceptional set E consists of the limit points isolated in A(H) N
A(J).
We prove the following version of limit set intersection property.

Definition 4.1.5. Conical limit intersection property: A collection 8

of subgroups of a relatively hyperbolic group G is said to have the conical limit

intersection property if for every H, K € 8, A(H) N A(K) =A(HNK).
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4.2 'Trees of spaces

In [14], Bestvina and Feighn introduced graph of spaces for a finite graph.
In [41], Mj defined a closely related notion, namely tree of metric spaces for

infinite trees.

Definition 4.2.1. [41] Tree of hyperbolic metric spaces: A tree (T)
of metric spaces satisfying the quasiisometrically (qi) embedded condition is
a metric space (X,d) admitting a map p : X — T onto a simplicial tree T,

such that there exists € > 0 and K > 0 satisfying the following:

1. For each vertexr v € V(T), X, := p~'(v) C X with the induced path
metric d, is a metric space. Further, the inclusion map i, : X, =& X

is uniformly proper.

2. For each edge e € E(T), let X, be the pre-image of the midpoint of e

under p. Then with the induced path metric d., X, is a metric space.

3. For each e € E(T) with initial and terminal vertices vy and vy respec-
tively, there exists a map fe: Xe % [0,1] = X such that fe|x. 1) is an
isometry onto the pre-image of the interior of e equipped with the path

metric.

4. The maps fey, = fe|x.x{o} and fev, == fe|x.xq1} are (K, €)-qi embed-
dings. This is called the qi-embedded condition.

If there exists 6 > 0 such that all the vertex spaces and edge spaces are
d-hyperbolic, then X is a tree of hyperbolic metric spaces.
This was generalised to the case of relatively hyperbolic metric spaces by

Mj and Pal in [43].

Definition 4.2.2. [43] Tree of relatively hyperbolic metric spaces: A
tree of metric spaces (X, d) is a tree (T) of relatively hyperbolic metric spaces

if the following conditions are also satisfied:
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1. Fach vertex space X, is strongly hyperbolic relative to a collection of
subsets A, and each edge space X, is strongly hyperbolic relative to a
collection of subsets A.. Further, for every v € V(T), &(X,,A,) is

uniformly 0-hyperbolic for some § > 0.

2. The maps fe.,, for v = 1,2, are strictly type-preserving, i.e, for
any Ay,.0 € Ay, fe_vll(Avla) is either empty or some A.pg in A.. Also

for every Ac s € Ac, fen;(Aep) lies in some Ay, o in A,,.

3. Fori=1,2, the induced maps fon, : E(Xo, A) = E(X,,, Ay,) are uni-
form qi-embeddings. This is called the qi-preserving electrocution

condition.

Now we give a construction of trees of relatively hyperbolic metric spaces
associated to a graph of relatively hyperbolic groups. Let Y be a finite graph
with vertex set V(YY) and edge set E(Y).

Definition 4.2.3. Graph of relatively hyperbolic groups: A graph of
groups (9,Y) is a graph of relatively hyperbolic groups if for each v € V(Y),
Gy is hyperbolic relative to a collection of subgroups {H,}o and for each

e € E(Y), G. is hyperbolic relative to a collection of subgroups {He}o-

4.2.1 Trees of relatively hyperbolic metric spaces from

a graph of relatively hyperbolic graph of groups

Let Y be a finite graph and (G, Y") be a graph of relatively hyperbolic groups.
Let T be a maximal subtree of Y and G = m(G,Y,T) be the fundamental
group of (G,Y). For each v € V(Y), let G, be the vertex group hyperbolic
relative to H, = {H, 4} and for each e € E(Y), let G, be the edge group
hyperbolic relative to H, = {H,n}a. For v € V(Y), we fix the generating
set of G, to be S, and e € E(Y), we fix the generating set of G. to be
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Se satisfying feue)(Se) C Sye)- Then S = Upeyv) Su U(E(Y) \ E(T)) is a
generating set of G. Let I'(G, S) denote the Cayley graph of G with respect
to S. A tree of relatively hyperbolic metric spaces X for (G,Y) is a metric
space admitting a map p : X — T and satisfying the following:

1. For every vertex & = gG, € V(7), X; = p }(9) is a sub-
graph of I'(G,S) with V(X;) = ¢G, and gr,gy € X3 are con-
nected by an edge if x7'y € S,. With the induced path met-
ric dz, X3 is a geodesic metric space hyperbolic relative to H; =

{99v.0Hp | go.aHy o is a left coset of H, ,in G}

2. For every edge ¢ = gG¢ € E(T), X is the pre-image of the midpoint of
¢ and it is a subgraph of I'(G, S) with V(Xz) = geG¢ and gex, gey € X;
are connected by an edge if z7'y € ¢ye)(Se). With the induced path
metric ds, Xz is a geodesic metric space hyperbolic relative to H; =

{99e.0He o| ge.aHe o 1s a left coset of H, ,in G}

3. For an edge € = gG§ connecting vertices i = gGoe) and U = geGye),
if ¥ € G¢, we join gex € X; to gexe™! € X; and gex € X; by edges
of length % These extra edges give us maps fz; : X; — X and

for : Xe = X5 with fza(gex) = gexe ™ and f:;(gex) = gex.

4. There exists a § > 0 such that &(X5; H,) and &(Xz H.) are 6-

hyperbolic metric spaces.

For a tree of relatively hyperbolic metric spaces with vertex spaces X; and
edge spaces Xz, we can associate a tree of coned-off metric spaces with vertex
spaces &(X3, H,) and edge spaces €(Xg, H,). This is called the induced tree
of coned-off spaces. We denote it by TC(X). The maps fz; : X; = X and
few : Xo = Xp induce fsg: &(Xz, He) = &(Xa, Ha) and foq: E(Xe, He) —
E( X5, Hz). If these induced maps are gi-embeddings, then this tree of spaces

satisfies qi-preserving electrocution condition.
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Fix vg € V(Y). Then, 9y = G,, € V(7). Let zy € X,,, denote the identity
element of G,,. By Milnor-Schwarz lemma, the orbit map © : G — X given

by g — gz¢ is a quasiisometry.

Lemma 4.2.4. [49, Lemma 3.5] There exists a constant Dy such that for
every vertex space gG, C X, Hd(O(9G,), gG,) < Dy.

Proof. For any g¢' € gG,, ©(g99') = gg’xo. Let z denote the identity element
in G,. Suppose 7, be a geodesic joining g to x in X. Then gg¢'v, is a path
joining g¢'xq to gg'z in X, for every ¢’ € G,,. We choose Dy = max{l(v,)|v €
V(Y)}. O

Let o = gG, € V(7). © induces a quasiisometry ©,, : ¢G, — X;. For
each x € gG,, we map x to y € Xj such that dx(0(x),y) < Dy. This map
is coarsely well-defined. © induces a quasiisometry ©" : G* — X" and O,,

: . ho . b h
induces a quasiisometry O, : gGy — X7

Definition 4.2.5. [44] Cone locus: The cone locus of TC(X) is defined
as a graph with the vertex set consisting of cone points in the vertex spaces,
{c,|v € V(T)} and the edge set consists of the cone points in the edge spaces,
{ccle € E(T)} . Foru,v € V(T), ¢, and ¢, are joined by an edge c., for
e€ E(T) ifole) =u, tle) =v inT, c,, ¢, and c. are cone vertices attached
to horosphere-like sets H, in )?u, H, in )?v and H, in )?6 respectively, and
few(He) C Hy and fe,(H.) C H,. Then the edge c. x [0,1] joins ¢, and c,
by identifying c. x {0} to ¢, and c. x {1} to c,.

The connected components of a cone locus are trees, each of which can
be naturally identified with a subtree of T. Corresponding to each such
connected component, we get a tree of horosphere-like subsets in X. We
denote the collection of such tree of horosphere-like sets by € = {C,}, where

C,’s are the tree of horosphere-like sets.
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Denote by X", the quotient space §(X, €) obtained by attaching hyper-
bolic cones C" to C, € € by identifying (x,0) to x for all x € C,. By
Theorem 2.3.15 due to Bowditch, §(X, €) is a d-hyperbolic metric space for

some 0 > 0.

Lemma 4.2.6. [43] For eachv € V(T), the inclusion i, : (X,,H,) = (X, C)

induces a uniform proper embedding 1, : X, — TC(X).

Proof. Let x,y € 5(\1, such that dr;@(X)(m,y) < M, for some M > 0. Let &
be a geodesic in TC(X) joining x to y. Then, & passes through at most M
many horosphere-like subsets C,’s. Suppose @ passes through the following
vertex spaces )?vl,jf\vz, . ,5(\%, where v = v. For 1 <7 <n—1, let e; be
an edge joining v; to v,y in 7.

Let o be the disjoint union of the portions of @ lying outside the
horosphere-like sets. So we have, lye(x)(a?) = Ix(a?) < M.

Let 3, be the maximal portion of o’ lying in X\vn with end points in
fen 1on(Xe, 1). Suppose B3, joins fe, | . (xn) and fe, | v, (yn), for z,,y, €
Xe,_,- Then, lyex)(Bn) = Ix(B8n) < M. Since fen_l,vn (5(\6”_1) is a quasicon-
vex subset of 5(\1,“, without loss of generality, we assume [, to be lying in

fen 1on(Xe, ). And since X, is properly embedded in X, there exists M; >
0 depending on M such that Ix, (5,) < M;. Now &

[fen_l »yUn (mn)7fen—lvvn (yn)]

passes through at most M horosphere-like subsets. So,
df(\'un (fen—lﬂjn (:L‘TL)7 fen—lﬂ)n (yn)) S Ml + M
AISO, dTe(X)(fenflﬂJnfl (xn)v fen71,vn71 (yn>) <My + M +2.

Now, let $3,_; be the union all the portions of o’ lying in 5(\%7 and

!
the image of (3, under the map ¢, ., , in X, _, joining Jen_von_a(Tn)
and fe, |, ,(yn) such that the endpoints of 3,1 are f., ,., ,(zn—1) and
Jen—awn1(Wn-1), for xn_1,y,-1 € Xe, ,. So, lyex)(Bn-1) = Ix(Bn-1) <
M + dyex)(feniwn1(Tn)s ferrona(Un)) < 2M + My 4 2. Again, assum-

ing f,-1 lies in fe, 0, (Xe,_,), we have, Ix, (B.-1) < M, where M,
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depends on M + M + 2, i.e., M. So, as above,

d)?vn_l (fen—2im1(Tn1)s fen 21 (Un-1)) < Mz + M.

Further, dye(x)(fe,_awn_2(@Tn—1)s fen_awn_s(Un-1)) < My + M + 2. Continuing

this till v = vy, we have dg (fe, v (72), fer,0(¥2)) < M, for some 9,y €
vl

Xe,, where M’ > 0 depends on M. Then,

d)’(\vl (z,y) < d)/(\vl (@, Jermn (22)) + d)/(\vl (f€1,v1 (22), Jer (v2)) + d)?vl (fe1,v1 (v2): )

< 2M + M.

Thus, for N = 2M + M’, dgﬂ(m,y)gN. ]

The following lemma, due to Mj and Pal (cf. [43, Lemma 1.20], [44,
Lemma 2.11]), shows that quasigeodesics in X" and T€(X), joining the same

pair of points, track each other.

Lemma 4.2.7. [43, Lemma 1.20], [44, Lemma 2.11] Given k,e > 0, there
exists K > 0 such that if o and  denote respectively a (k,€)- quasigeodesic
in TC(X) and a (k,€)- quasigeodesic in X" joining a and b, then 3N X lies
in a K-neighbourhood of (any representative of) v in (X, d). Here, d denotes

the original metric on X.

4.3 Cannon-Thurston maps for a tree of rel-

atively hyperbolic spaces

4.3.1 Ladder construction

Recall that for any edge e € V(7T) joining vertices u and v, the maps
feuw : Xe = X, and f., : X — X, are gi-embeddings and these induce
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qi-embeddings f!', : X! = X and f! : X! — X respectively. Let Cy >0
such that f! (X") and f!',(X!) are Cy-quasiconvex subset of X/ and X} re-
spectively. Let C' = (5591 + Cs, with Cy991 from Lemma 2.2.21. Let D91
be the constant from Lemma 2.2.21. Further, f., and f., give a partially
defined map from X, to X, with the domain restricted to f. ,(X.). However,
we denote the map simply by ¢y, 1 Xy = Xy, 1.6, Gup(fen(®)) = feulx).

We construct the ladder for geodesic rays. Recall that p : TC(X) — T
is an induced tree of coned-off metric spaces. Fix the vertex vy as the base
point. Let v # vy be a vertex of 7.

Let &, C X, be a geodesic ray starting at a point outside the
horosphere-like sets. Let «a, be the corresponding electro-ambient quasi-
geodesic ray. Consider the set of all edges incident on v except for the edge
lying in the geodesic joining vy to v in J. Among them, choose the collection
of all edges {ex }rer such that diameter of the subset N2(a,) N fo, o(Xe,) is
greater than Dy 591. Suppose each e joins v to vy € V(7). For each k € I,

we have the following two cases:
e Case 1: Diameter of N2(«,) N f., »(X.,) is infinite in X}

Let pr be a nearest point projection of ,(0) in N&(a,) N fe,.0(Xe,)-
Let ji be an electric geodesic in X, starting at py such that, for its
electro-ambient quasigeodesic i, we have p(oco) = a,(occ) in X", Let
®(fix) denote the electric geodesic ray in X\vk, starting at ¢, ., (px) such
that its electro-ambient quasigeodesic ray denoted by ®(ix) and the

h
U,V

. . . . . h
quasigeodesic ray ¢, (i) are asymptotic to the same point in 9X,' .

e Case 2: Diameter of NJ(a,) N fe, »(Xe,) is finite in X7

In this case, choose px,qr € NE(cw) N fe, »(Xe,) such that d,(px, qx)
is maximal. Let [, be an electric geodesic in X, joining pr and q.

Let ®(fi;) denote the electric geodesic in X\vk, joining ¢y, (px) and
¢v,vk (Qk)
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Define By (@) = i, (@) U Uy, D(fix).

Now, suppose we have constructed B,,(a@). Let wy € p(Bn(a)) \
P(Bp-1(&)) and let iy, (a%) = p~(wy) N By, (&), where @y, is a geodesic (ray)
in X,,. S0 Bpy1(@) = Bn(@) UUy, Bi(@x). The ladder Bs = Upysy B (@).

Convex hull of p(By) is a subtree of T and we denote it by Tj.

Lemma 4.3.1. [43, Lemma 2.4] Let iy C X, be an electric geodesic
with endpoints lying outside horosphere-like sets. Let py be the correspond-
ing electro-ambient quasigeodesic in X). Let p,q € Ni(up) N fI(X})
be such that dxn(p,q) is mazimal. Let fiy be a geodesic in X, joining p
and q and pg be its electro-ambient representative. If z € fe,(X.), then
dAﬁ(frﬂl(z), Tpe(2)) < Dagq for some Dys.

X

Retraction map

Definition 4.3.2. Retraction map: For each v € V(T1), let 75 : X, —

Q, be the electric projection of 5(\1, onto Q.

The retraction map I : TC(X) — B is defined by:
[;(z) = (75, () ifz € X, forve V(T).

If v € p Y (V(T)\ V(T1)), we choose 1 € p~(V(T1)) such that d(x,x,) =
d(z, p~ (V(T1))). Then, T+(z) = H=(zy).

Now we prove the following theorem.

Theorem 4.3.3. If TC(X) is hyperbolic, then Bz is uniformly quasiconvex
(independent of &).

This is done in two steps. In the first step, we show that the retraction
map is coarsely Lipschitz. While the proof of this result is identical to the
proof of [43, Theorem 2.2], it is included for the sake of completion. In the

second step, we show that first step implies the quasiconvexity of the ladder.
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Lemma 4.3.4. [43, Theorem 2.2| There exists Cy34 > 0 such that

d‘I(:’(X)(ﬁa(x)a ﬁa(?/)) < 04.3.4657@()()(557 y) + Casza

for xz,y € TC(X).

Proof. It is enough to prove this for x,y € TC(X) such that dge(x)(z,y) < 1.
So let dye(x)(z,y) < 1.
Case 1: Let z,y € p~!(v) for some v € V(7). Then by Lemma 2.3.13,
drecx) (T(2), T5(y)) < dy, (75, (%), 75, (y)) < 2Da 313,
Case 2: Let z € p~!(v) and y € p~!(w) for distinct v,w € T; satisfying
dy(v,w) = 1. Let e be the edge joining v to w. Let @, = B5Np~!(v) and
& = B2 Np~Y(w). Recall that a,, = ®(fi), where

1. if diameter of N&(cv,)N fe(X,) is infinite, then /i is an electric geodesic
ray in X, starting at a point p € NE(a,) N foo(X.) such that its
electro-ambient quasigeodesic u satisfies pu(00) = «a,(00), where «, is
the electro-ambient quasigeodesic of a,, and @(ﬁ) is an electric geodesic

ray in X, starting at ¢, ., (p)

2. otherwise, ji is an electric geodesic joining two points p and ¢ at maxi-

mal distance from each other in X’ and @(ﬁ) is an electric geodesic in

X, joining ¢y (p) and ¢, ,(q).

Now, by Lemma 4.3.1, dye(x) (%3, (), fiz(2)) < dg (75, (%), 75(2)) < Dasa.
Then,

~

dye(x) (75, (), Pow(T3(2))) < Daza + 1. (4.1)
By Lemma 2.3.14,

A ~ A

dre(x) (Do (773(2)), g, (Dow(2))) < dg, (Puw(F5(2)), 7z, (Puw(®))) < Dazaa.
(4.2)
X, is properly embedded in TC(X). So there exists N > 0 such that if
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dfre(X)(ng,w(x),y) < d@e(X)(égv,w(i),I) + dyex)(z,y) < 2,

then we have, d)?w(ngmw(x), y) < N. Again using Lemma 2.3.13,

dye(x) (ﬁaw(ﬁgv,w(l')), ia. (1Y) < Dy 3a3dg (Cgv,w(ﬁ), y) + Dasas (4.3)

< D3 313N + Day3.13. (4.4)

Then from (4.1), (4.2) and (4.4), we have

daecxy (Tz(2), Tiz(y)) = dyecx) (fa, (2), 7z, (¥))

< Dyz1+ 1+ Dys14+ Das13N + Dasis.

Case 3: p([r,y]) is not contained in T;. Let z,y; € p 1 (V(T1))
such that d(z,z;) = d(x,p~"(V(T1))) and d(y,y1) = d(y,p (V(T1))).
Since dyex)(z,y) = 1, p(x1) = v = p(y1), where v € V(Ty). In fact,
21,y1 € feu(Xe) where e is an edge with initial vertex v. Then ﬁa(x) =
Tz(m1) = #z, (21) and Tig(y) = Tz (0) = #5, (1)

If dxn(Taw (1), Ty (1)) < Dasar, we have daecxy(Iz(2), z(y))
dg, (75, (21), 75, (1)) < Do

So assume dxn(7a,(71), Ta,(¥1)) > Dagoi. Then, by Lemma 2.2.21,

IA

(21, T (21)] U [T (1), Tay (Y1)] U [Ta, (Y1), ¥1] is a quasigeodesic lying in a
Cy.2.21-neighbourhood of a geodesic [x1,31] in X}, Since fI' (X!) is Co-
quasiconvex in X', there exists 2,y € fI',(X}) such that dxn (74, (1), T2) <
Cao01 + Co = C and dxn(ma, (Y1), y1) < Cona + Cy = C. Identifying )/(\hw
and X,,, there exists x3,y3 € N2(ov) N fon(X.) such that dg (z9,23) < 1
and dg (y2,y3) < 1.

Let Dy > Dy 31302221 + Da2313. Then if dyg (75, (w3), 75, (y3)) > D1, we
have, dg (23,93) > Da.21. This is a contradiction, as the edge e joins v to a
vertex outside T;. So dg (75, (w3), 75 (y3)) < D1

Then, dye(x)(Tl;(x), T5(y)) < dy, (75, (21), 7z, (1))
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< dxp(Ta, (71), T2)+dxn (Ta, (1), y2) +d g, (T2, 23)+d g, (Y2, y3)+dx, (T3, 3)

<20+ 2 +dy (75, (3), 23) + dg (75, (y3), y3) + dx (75, (73), 75, (y3))

<4C + D, +2.

Take Cy34 = max{Dy313, Daz1 + 1+ Dazia + DazisN + D33, 4C +
Dy +2}. n

Now, for the second step, we have the following theorem by Bowditch:

Lemma 4.3.5. [17, Lemma 4.2] Suppose (Y,d) is a hyperbolic geodesic
metric space. Let Q C Y and ¢ :' 'Y — @Q be a map which restricts to
inclusion on Q and with the property that d(¢(x), ¥ (y)) is bounded above by

a fized linear function of d(z,y). Then Q is quasiconvex.

4.3.2 Vertical quasigeodesic rays

Let @, be an electric geodesic ray in X, starting at a point outside horo-
spheres. Let a, be its electro-ambient quasigeodesic. We have the ladder
B;, = Uuev(m) 2u(au) Let Bgv = Uuev(m) EU(O‘Z) C Bg,. Forany x € Bgv’

there exists u € V(7T7) such that x € ab. Let 0 = [up, u,_1] U -+ U [ug, uo]

be the geodesic in T; with uy = v and u,, = u.

Definition 4.3.6. [43] Vertical quasigeodesic ray: A vertical quasi-
geodesic ray starting at x is a map v, : 0 — Bgv satisfying the following for
a constant C' > 0:

dy(u,w) < d(ry(u), re(w)) < C'dg(u, w), for all u,w € o.

Note: r,(u;) € X, and r;(u,) = .

We end this section with one of the most important results we use.

Theorem 4.3.7. [43] For each v € V(T), CT map exists for the inclusion
map i, : (X, H,) = (X, C).
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4.4 Limit set intersection theorem

Let u, v be vertices connected by an edge e. Recall that ¢,, : X, — X,
is a partially defined gi-embedding. By Lemma 2.3.10, we know that the
induced map ¢ : f* (X!) — fI'(X]) is a gi-embedding and it induces the

embedding ¢, : Of]',(0X]) — Of],(0X]) defined by 9¢f (Of!, (x)) =
Ofey(@).

Definition 4.4.1. Flow of a boundary point: Let ¢ € 0X! and
8@%(5) =n € 0X,. Then we say n is a flow of & and that & can be flowed
into OX!.

If ug # u, and ug, uq, ..., u, is the sequence of consecutive vertices in the
geodesic [ug, uy,| in T then we say & € 8X30 can be flowed into 8X3n if there
exists & € OX]. such that & = & and &1 = 8¢ZHL1+1(§Z) for0<i<mn-—1.
And &, is called a flow of &.

Lemma 4.4.2. Suppose & € 8X1’}1 can be flowed to 8X§2 and let & be the
flow. Then & and & map to the same limit point in OX" under the respective

CT maps.

Proof. 1t is enough to prove the case when v; and vy are adjacent vertices.
Let e be the edge in T joining vy to vs.
By the definition of flow, & = 9¢" , (£1). There exists & € 0X," such

v1,V2

that 0f]', (&) = &, for i = 1,2. Let {z,} be a sequence in X! with z,, —
¢ as n — oo. Then, for i = 1,2, {fe}fvi(xn)} is a sequence in Xfi with
Lo (@) — & as n — oo and dxn (e (), 1o, ( I, (@))) = 4. This implies
that dyn (ie, (f*, (2n)), s, (f2,. (2,))) = 1. So, under CT map, both & and

€,V1 €,V2

& map to the same element of X", O]

The converse of this lemma is false. However, we have the following:
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Proposition 4.4.3. Let v, # vy € T. Suppose & € 0X"

Vi

1= 1,2, map to
the same point, say &, under the CT maps 8Xf}i — 0X" such that € is a limit
point of both X,, and X,,. Then there exists w € [vy,vs] C T such that &
and & can be flowed to OX".

Proof. We assume the contrary. Suppose there exists no w € [vy,v5] C T
such that & and & can be flowed to X". Then there exists v}, v € [v1, vo]
such that &; can be flowed only till 9.X 1’}1 in the direction of XffZ and & can be
flowed only till 0.X 7’],2 in the direction of X 1’}1. Then, there are two possibilities.

Case 1: Suppose v} € [vh, vs].

In this case, we are done by taking w to be v].

Case 2: Suppose v} & [v), vo].

We will show that this is not possible. We prove by contradiction. Using
Lemma 4.4.2, without loss of generality, assume v; = v} and vy, = v}. For
1=1,2, let a; C X\Ui be an electric geodesic ray with corresponding electro-
ambient quasigeodesic ray «; such that o;(0c0) = &;. Let B; denote the ladder
B;.. Let u; € V(7) be the vertex adjacent to v; in [v1,vo], and let the edge
connecting v; and wu; be e;. Since ; cannot be flowed into 0X,,,, for i = 1,2,
N{(ai) N fe,(Xe,) has finite diameter in X[

Let {x,} be a sequence of elements in a? such that lim z;,, = £ in X" and
v be a geodesic ray in X" with v(0) = z; and y(c0) = €. For each n > 0, let
Yn € 77 be a nearest point projection of x,, in v. By Lemma 2.2.38, the path
Y/ie1,0n] * [Un, Tn], denoted by v,, is a quasigeodesic . Similarly we choose {z/,}
in o with lim 2/, = £ in 9X". Let 7/ be a geodesic ray in X" with +/(0) = }
and 7'(co0) = £. As above, for a nearest point projection y,, € v of 2/, in
7', we get a sequence of quasigeodesics v, = |z 4] * [U,, 27,]. We will show
that if Case 2 holds, then Hd xx(7,7") = 0o, which is a contradiction.

Claim: Hd(y N X,7' NX) = oc.

Proof of the claim: Suppose not. Suppose there exists some M > 0
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such that Hd(y N X,7' N X) = M. Let {z} C yNX and {z,} €y NX
such that 2, — &, 2, — & in X" and d(z;,2},) < M. For each k > 0,
there exists ny, such that z;, € 7y, and 2, € 7, . Let (3, and 3, denote
geodesics joining r1 to @, and z} to x;, in B; and B, respectively. By
Theorem 4.3.3, these are quasigeodesics in TC(X). By Lemma 4.2.7, there
exists K > 0 such that v, N X and ~, NX lie in K-neighbourhood of ,,
and f3, respectively. So there exists w, € £ and w, € B such that
d(zk, w) < K and d(z,,w,) < K. Then, d(wg, w),) < M + 2K = B, say.
Let Y; and Y5 be the connected components obtained by removing X,
from X, with Y} containing X,, and Y, containing X,,. Since NZ(ay) N
fe, (Xe,) has finite diameter, only finitely many 3, pass through it. So for
infinitely many k, wy € Y). Since, for all such k, wj, € Y2 and d(wy, w},) <
B, there is a sequence {ty} in f., (X,), and hence in f2 (X)), satisfying
d(wg, ty) < B. Thus, there exists a flow of £ into ijl, which contradicts our

assumption. This proves the claim and also that Hdxx(v,7") = oc. O

Now we show that the flow of a conical limit point is a conical limit point.

Lemma 4.4.4. Let v € V(T) and let & € OX" such that its image under
the CT map, say &, is a conical limit point of X,. Suppose &, can be flowed

into X" and let &, be the flow. Then &, also maps to a conical limit point

of X under the CT map.

Proof. 1t is enough to check the case when v and u are adjacent. Rest follows
by induction. So without loss of generality, assume that dy(v,u) = 1. Let e
be the edge in T joining u to v. Let &, be an electric geodesic ray in X, with
an electro-ambient quasigeodesic ray a,, satisfying o, (c0) = &,. Let B; be
a ladder. Since &, is a flow of &,, we have &, € 9!, (0X]). So fI, (X!) is
an unbounded subset of X}. Let p € f! (X!) be a nearest point projection

of a,(0) on ffu(Xf) and let u be a geodesic ray in X starting at p with
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p(oco) = &,. Then, a,, and pu are finite Hausdorff distance apart in X". By
quasiconvexity of f! (X!), p c N& (fI,(X!)). Let z € a, such that for
a nearest point projection y € p of x on p, y satisfies dxn(p,y) > Dagor.
Then by Lemma 2.2.21, [0, (0), p] U pilppyg U [y, 2] € N, . (aw). Doing this
for all such x we have, u C Ngz_zm(au). Therefore, for C' = Cy991 + Cs,
NE(a,) N feu(X.) has infinite diameter in X". Hence, by the construction
of B; , the ladder extends to X, and @, = B; Np~'(v) is a geodesic ray in
X, and for its electro-ambient quasigeodesic ray, ay(00) =&,.

Let {x,} be a sequence of elements in a® such that limz, = ¢ in X"
and let v be a geodesic ray with v(0) = z; and y(o0) = . For each n > 0,
let y, € v be a nearest point projection of x, in v. By Lemma 2.2.38, ~,, =
V| (21,5m] * [Un» Tn) Is & quasigeodesic ray in X". Since £ is a conical limit point
of X,, by the definition of conical limit points, there exists a real number
R > 0 and an infinite sequence of elements {wy} in X, such that limwy = ¢
and wy, € NA(v). Using Lemma 2.3.9, there is Ry = R;(R) such that, for
each k, there exists w;, € v N X satistying dxn(wi, w),) < d(wg,w;) < R;.
Let ny > 0 such that wj, € ,,. For each k& > 0, let 3,, be a geodesic in By
joining xy to z,,. This is quasigeodesic in TC(X). By Lemma 4.2.7, for each
k, there exists z, € (82 such that d(z,,w},) < K, where K is the constant
from Lemma 4.2.7. This implies that d(zx, wy) < K+ Ry. Since wy € X, we
have dy(v,p(z)) < K + Ry and dy(u,p(zx)) < K + Ry + 1. Then using the
vertical quasigeodesic ray starting at zj, we get a sequence {t;} C a® C X,
satisfying d(ty, zx) < C'(K + Ry +1). Then

dxn(te, wy,) < dxn(te, zx) + dxn (2, W) < d(ty, z,) + d(zi, wp,) < C'(K +
Ry +1)+ K = L, say.

Thus, we have an infinite sequence {t;} in X, such that lim¢, = ¢ in X"

and ¢, € NI'(v). Hence, £ is a conical limit point for X,. O

This is the last lemma required to prove Theorem 4.0.1.
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Lemma 4.4.5. Let v € V(T) and 0i, : X" — 0X" be the CT map. If
€ € 9i,(0XN) is a conical limit point of X,, then |0i;1(£)] = 1.

Proof. We prove by contradiction. Let &,& € X! such that 9i,(&) =
Diy(&) = € € X", For i = 1,2, let @; be a geodesic in X, with its electro-
ambient quasigeodesic «; satisfying a;(c0) = &;. We follow the steps of the
proof of Lemma 4.4.4 with respect to a; and as to get a pair of sequences
of elements that are bounded distance apart but converge to two different
boundary points in X".

Let {z,} and {2/} be sequences of elements in o} and o} such that
limz, = lima/, = £ in 9X". Let v and ' be geodesic rays with v(0) = x;,
7' (0) = ) and y(c0) = 7/(00) = & So there exists K’ > 0 such that
Hdxn(v,v") < K'. For each n > 0, let y, € v and y/, € ' be nearest
point projection of z,, on v and ], on 7' respectively. By Lemma 2.2.38,
Y = Vizrgnl * W 2] and 7, = 7|z 401 * [45,, 2] are quasigeodesics in X"
Since £ is a conical limit point of X,,, by the definition of conical limit points,
there exists a real number R > 0 and an infinite sequence of elements {wy}
in X, such that limw, = & and w, € NA(y). Using Lemma 2.3.9, there
is Ry = Ri(R) and Ry = Ry(R + K') such that, for each k, there exists
2z € yN X and z;, € v N X satistying d(wg, 2z;) < Ry and d(wy, 2;,) < Rs.
For each k > 0, there exists n; > 0 such that z; € 7,, and z, € fy;k. For
i = 1,2, let B; = B;,. For each k > 0, let 3, denote a geodesic in B
joining z; to ,, and \,, denote a geodesic in B, joining 7 to a;, . These
are quasigeodesics in TC(X).

By Lemma 4.2.7, there exists a constant K > 0 such that ~, NX lies
in K-neighbourhood of ,, and 7, NX lies in K-neighbourhood of A,, in
X. So there exists ¢, € ) and t;, € A, such that d(z,t;) < K and
d(z,t,) < K. Thus, d(wg, t,) < Ry + K and d(wy, t;,) < Ry + K. Since
wg € Xy, for each k, dy(v,p(ty))) < Ry + K and dy(v,p(t}))) < Ry + K.
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Using vertical quasigeodesic rays, we get sequences {s;} and {s}} in o} and
o respectively, such that d(sg, wy) < C'(Ry+K) and d(s},, wi) < C'(Re+K).
Then d(sy, s},) < C'(R1+ Ry)+2C'K. Since X, — X is a proper embedding,
dx,(Sk, s),) is uniformly bounded in X, and lims;, = lims). Hence, & =

&o. O

Corollary 4.4.6. Let vy # vy € T. Suppose & € 0X"

v 0 =1,2, map to the
same point, say &, under the C'T maps 8X7Z_ — OX", such that it is a conical
limit point for both X,, and X,,, then & can be flowed into 0X,, and & can

be flowed into 0X,, .

4.4.1 Proof of Theorem 4.0.1

Proof. For i =1,2, let w; = ¢;G,, € V(7T), g; € G and v; € V(Y.
Then G, = Stabg(w;) = ¢:Gy,9; "
Ae(9:Gh97") = Ael9:GY) = ile(GY).
So, it is enough to show that A.(GJ ) N A(9GP) = Ac(GE N gGh g71).
It is clear that A (G NgGP g7') C A(GE)NA(9GE)) and we only need

to prove

AC(G’II;Ll) m AC(gGZQ) C AC(Gh m gGvgg )

Let £ € A(G") N A(gGYL)). Then there exists & € A(GP) and & €
Ac(gG" ) such that under the CT maps, &, & — & in OG™.
er Gh — X" and 6" gGh — X" are quasiisometries, so there

Lot w1 9,02 ws

exists & € 9X), and & € X[ such that 007, (&) = & and 90" (&) =
&. For i = 1,2, let \; be a geodesic ray in X with \;(o0) = . By
Corollary 4.4.6, there is a flow of & into X, and & is the flow. It also
follows from the proof of Lemma 4.4.4 that the ladder B,, extends to X\wQ
and without loss of generality, take Ay = By, N X,,. Let {px} be a sequence

of points on \; lying outside horoball-like sets such that limp, = &]. Let
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dy(wy,wy) = N. Then using vertical quasigeodesic rays, there exists C’ > 0
and a sequence {g;} in Ao, lying outside horoball-like sets, such that lim g, =
& and d(py, qr) < C'N. For each k > 0, let (0}, )" (px) = ar, € G} and
(©5.0,) " (ar) = b € gGY,. Then d(ax, by,) < d(ax, pr) +d(pr, ar) +d(qu. bi) <
Do+ C'N + Dy = D'. So we have sequence of points {ax} in G,, and {bs}
in gG,, such that d(ag,by) < D’ for all £ > 0, and lim a5 = & and lim
br = &. Let {wi} be a sequence of geodesics in the Cayley graph I'(G, S)
joining ay to by and let W be a word labeling wy. Since there are only finitely
many such words, there exists a constant subsequence {Wy,} of {Wy}. Let
h; = a,;llakﬂ and h) = b,;llbkl. Let h € G be the element represented by Wi, .
Then a,,h = a,, hh}, i.e., by = hhjh~!. Since h} connects two elements of
gGy,, b} € G,,. This implies that h; € G, N hG,,h~!
Then ay, lay,' € ar, Gy a; Mag hGy,h ™ ay" = Gy, N gGug.

Since d(aklhla,;l,aklhl) = d(aklhla,zll,akl) = d(1,ay,) for all [ € N,

lim; 0 ag, hla,;l = limy_,o ax, = &. This completes the proof. O

While we are far from understanding a limit intersection theorem for gen-
eral limit points of vertex and edge groups of a graph of relatively hyperbolic
groups satisfying the conditions of Theorem 4.0.1, the following proposition
sheds some light into the case of bounded parabolic limit points. For a
finitely generated relatively hyperbolic group G, under the action of G on
0G", g € G is a parabolic element if it has infinite order and fixes exactly one
point in OG". A subgroup containing only parabolic elements is a parabolic
subgroup and it has a unique fixed point in the boundary. This point is called
a parabolic limit point. And a parabolic limit point p is bounded parabolic if

its stabiliser G, in G acts cocompactly on 9G" \ {p}.

Proposition 4.4.7. [53, Proposition 3.3] Let H, J be infinite subgroups of
a relatively hyperbolic group G. If &€ € A(H) N A(J) is a bounded parabolic
point of H and J, then £ is either a bounded parabolic point of H N J, or an
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isolated point in A(H) N A(J) and does not lie in A(H N J).



Chapter 5

Pullbacks of metric bundles

In this chapter we prove the following:

Theorem 5.0.1. Suppose G(Y) is a complex of groups, where Y is a finite
complex. Let T be a maximal tree in the 1-skeleton of the first barycentric
subdivision of Y. Suppose G = m1(G(Y),T) is hyperbolic. Further, suppose
the following conditions hold:

1. G(Y) is developable with development B'.

2. All groups G, for o € V(Y), and G, for e € E(Y), are hyperbolic and
the injective homomorphisms G, — Gue) and Ge — Gy have finite index
images in the target groups.

Let Z be any connected subcomplexr of Y with mazximal subtree Ty C T
in the 1-skeleton of the first barycentric subdivision of Z, H = m(G(Z),T})
and A’ be a development of G(Z). If the natural homomorphism i : H — G
is injective and the natural map A" — B’ is a gi-embedding, then H is also

hyperbolic and © admits a Cannon-Thurston map 0i : OH — 0G.

Here, Y, Z are in fact, the scwols associated to the finite polyhedral com-
plexes under consideration.
In Section 5.1, we quickly recall a characterization of hyperbolicity and

some results related to it. In Section 5.2, we recall metric (graph) bundles

89
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and define metric (graph) bundle morphisms, as well as, pullback bundles.
In Section 5.3, we recall some required tools from [45]. In Section 5.4, we

prove the existence of CT maps, followed by few corollaries in Section 5.5.

5.1 Preliminaries

Throughout this chapter, for a geodesic metric space X and a geodesic sub-
space Y, a geodesic joining a pair of points z,y € X, is denoted by [z, y].
If 2,y € Y, we denote the geodesic in Y joining them by [z,y]4. To prove
the main theorem we have the following weaker analogous to a result due to
Hamenstadt (cf. [31, Lemma 3.5]).

Suppose X is a d-hyperbolic metric graph and [ is an interval in R whose
both end points are in the set Z U {co, —o0}. Suppose Y C X is a K-
quasiconvex subset which admits a surjectivemap 7 : Y — I. Let Y; = 71(3)
for all i € INZ and Yi; = 7 '([¢, 4]) for all 4,5 € I NZ with ¢ < j. Suppose
we also have the following.

(1) All the sets Y;,Y;;, i < j,i7 € I are K-quasiconvex in X.

(2) Y; uniformly coarsely bisects Y into Y;” = 7 !((—o0,i| N I) and Y;" =
7 ([i,00) N T) for all i € Z in the interior of I.

(3) d(Yiit1,Yjjp1) > 2K +1foralli,jelif j+1elandi+1<j.

Proposition 5.1.1. Given 6,D > 0,\ > 1 and ¢ > 1, there exists N =
Ms11(0, K, DN e) > 1,pu = ps11(8, K, D, X\ €) > 0 such that the following
holds.

Let m,n € I NZ,m < n. Suppose Y;,Y; are D-cobounded in X for
m<i<j<n-—1 for some D independent of i,j. Lety € Y,,,yy/ € Y, and
let {y;}, m < i <n be a sequence points inY defined as follows: Ym =y, Yi+1
is an e-approrimate nearest point projection of y; on Y1 form <i<n—1.

Let o; C Y1 be a A-quasigeodesic in X joining y;, yiv1, m < 1 < n —1
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and  C Y, be a \-quasigeodesic in X joining y,,y'. Then the concatenation
of all the «;’s and 3, denoted by « is a N-quasigeodesic in X joining v,/ .
Moreover, for m +2 <1 <mn, y; is a pu-approzimate nearest point projection

of y on'Y;.

Proof. The proof is broken down into the following three claims.

Claim 1: Let x € Y;” and x € Y, be an e-approximate nearest point
projection of x on Y;. Then there exists ¢ depending on ¢ and other con-
stants from the hypothesis of the proposition such that Z is an ¢’-approximate
nearest point projection of x on Y;T.

Proof of Claim 1: Let x’ be a l-approximate nearest point projection
of z on Y;*. Then by Lemma 2.2.38, [z,2'] * [2/,7] is a k = Kj9.33(0, K)-
quasigeodesic in X. Then by stability of quasigeodesics, there exists z € [z, Z]
such that d(z,2") < Dys15(0,k) =: D;. Now, since Y;” is K-quasiconvex,
there exists w € Y;~ such that d(z,w) < K. We have w € Y;” and 2’ € Y;T.
As Y; uniformly coarsely bisects Y into Y;© and Y;”, there exists D' > 0
such that [w,2’] N Np/(Y;) # (0 and so, there exists z; € [w, 2] such that
d(z1,Y;) < D'. Then, d(z,w) < d(w,z’) < d(w, z)+d(z,2") < K+ D;. Now,
by Lemma 2.2.13, = is an € + 3-approximate nearest point projection of z on
Y, ie, d(z,z) <d(z,Y;)+e+3and d(z,Y;) < d(z,w)+d(w, z)+d(z,Y:) <
2K+ D+ D'. So, d(z,2") < d(z,z) +d(z,2") = 2K +2D, + D'+ e+ 3. So,
for € = 2K + 2D, + D' + ¢ + 3, Claim 1 is proved.

Claim 2: For m + 2 < i < n — 1, there is a uniformly bounded set
A; C Y; such that the e-approximate nearest point projection of any point in
Y;", j <i,on Y is contained in A;.

Proof of Claim 2: Let B; C Y; be the set of 1-approximate nearest point
projections of points of Y;_; on Y; in X. Then diameter of B; is at most D.

Let z € Y;7,j <. Let x1, 22 be the e-approximate nearest point projections

of x on Y;_1,Y; respectively and let x3 be the e-approximate nearest point
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projection of x; on Y;. Then by Claim 1, x; is an ¢-approximate nearest
point projection of z on Y;", and w,, 3 are €-approximate nearest point
projections of z, z; on Y;" respectively. Then by Corollary 2.2.40, d(zs, r3) <
Ds2.40(d, K, €'). Now let ) be a l-approximate nearest point projection of
on Y;. Then z € B; and since € > 1, again by Corollary 2.2.40, d(x3, B;) <
d(xs, 7)) < Doo4o(0, K,€). So, d(xe, B;) < 2Ds9.40(d, K, €"). Therefore, we
take A; = Nop,, .00,k (Bi) NY;. Clearly, since B; has bounded diameter,
so does A;.

Now by Lemma 2.2.4, it is enough to show that « is contained in a
uniformly small neighbourhood of a geodesic in X joining v,y and « is
uniformly properly embedded in X.

Claim 3: « is contained in a uniformly small neighbourhood of a geodesic
in X joining y, v’

Proof of Claim 3: Suppose 7 is any geodesic in X joining y,1y’. Note that
by Corollary 2.2.39, cv,—1%/ is a Kproj—q;(0, A, €)-quasigeodesic in X. We show
that the points y;, for m + 1 < ¢ < n — 1, are uniformly close to 7. Now,
Yma1 1S an e-approximate nearest point projection of y = y,, on Y, 1. Then
by Claim 1, y,,41 is an €-approximate nearest point projection of y on Y, ;.
Let 411 be a geodesic in X joining ¥,,+1 and y’. Then by Lemma 2.2.18, the
Hausdorff distance between «,,, * ¥,,,+1 and ~ is unifromly small and so, there
exists @,,+1 € 7 such that y,,+1 and z,,41 are uniformly close. Now for any
m+2<i<mn-—1,y is an e-approximate nearest point projection of y;, on
Y;. Let r denote the supremum of diameter of A;, m+1 <7 <n — 1. Then,
by the proof of Claim 2, y; is an € 4+ r-approximate nearest point projection
of y on Y; and again by Claim 1, it is an (e + r)’-approximate nearest point
projection of y on Y;". Again, as above we have z; € v such that d(y;, z;) is
uniformly small.

Claim 4: « is uniformly properly embedded in X.
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Proof of Claim 4: Define L = sup{d(y;,x;) | m+1 < i < n —1}.
Let z,2" € a with d(z,2') < N and 7n(z) = k,n(z') = [. Without loss
of generality, we assume that k£ < [. We claim that [ < k + N. This is
true because for any adjacent vertices w,v in v with u € Ng(Yisy1) and
v € Ng(Yit41), by condition (3), we have s <t < s+ 1. Now, let a(s;) =
z,a(s;) =y, for k+1<i<Il—1and a(s) = 2'. Now, d(a(s;),a(sit1) <
2L+ N for [ < i <[l—1. Since [ — k < N and the segments of « joining
a(s;),a(s;+1) are uniform quasigeodesics, we are done.

For the second part of the proposition, we already know that y; is an
(e 4+ r)-approximate nearest point projection of any point in Y onY;, j<i,
m+2 <i<n—1. In particular, y; is an (e + r)-approximate nearest point
projection of y on Y;. Now, y, 1 is an (e + r)’-approximate nearest point
projection of y on Y, ;. Let ¢/, be a l-approximate nearest point projection
of y on Y,,. Then, by Lemma 2.2.40, d(y.,, yn) < D2.2.40(0, K, (€ +r)"). Thus,
Yn is an (14 Da40(0, K, (e +1)"))-approximate nearest point projection of y
on Y,. Take p = max{(e+ r)", 1+ Dao40(d, K, (e + 7))}

5.2 Metric bundles and metric graph bundles

In this section, we recall the definitions and some elementary properties of
the primary objects of study in this chapter, namely metric bundles and
metric graph bundles, from [45].

3

Definition 5.2.1. [45] Metric bundle (Definition 1): Suppose (X,d)
and (B,dg) are geodesic metric spaces; let ¢ > 1 and let fo : RT — RT be
a function. X is an (fo,c)- metric bundle over B if there is a surjective
1-Lipschitz map © : X — B such that the following conditions hold:

1. For each point b € B, F, := 7 Y(b) is a geodesic metric space



94 5.2. Metric bundles and metric graph bundles

with respect to the path metric dy induced from X. The inclusion maps
ip : (Fy, dy) — X are uniformly metrically proper as measured by fj.

2. Suppose by, by € B, dg(by,by) <1 and let v be a geodesic in B joining
them. Then for any point x € Fy,, b € v, there is a path in 7=() of length
at most c joining x to both Fy, and Fy,.

Given geodesic metric spaces X and B, X is a metric bundle over B
if X is an (fo,c)-metric bundle over B in the above sense for some function

fo: Rt — R and some constant ¢ > 1.

If X is a metric bundle over B in the above sense, then we refer to it
as a geodesic metric bundle. But as the above definition seems a little
restrictive, we make a minor modification to this definition. However, this

new definition implies the original definition of metric bundle.

Definition 5.2.2. Metric bundle (Definition 2): Suppose (X,d) and
(B,dg) are length spaces; let ¢ > 1 and let fo : RT — RY be a function. We
say that X is an (fy,c)- length metric bundle over B if there is a surjective
1-Lipschitz map 7 : X — B such that the following conditions hold:

1. For each point b € B, Fy, := n=(b) is a length space with respect to
the path metric dy, induced from X. The inclusion maps iy : (Fy,dy) — X are
uniformly metrically proper as measured by fo.

2. Suppose by, by € B, and let v be a path of length at most 1 in B joining
them. Then for any point x € Fy, b € y, there is a path in 71 (~) of length

at most c joining x to both Fy, and Fy,.

From now on, by metric bundle, we mean a length metric bundle, unless
otherwise specified. The following proposition is an exact replica of [45,

Proposition 1.4]. Since the proofs are very similar, we omit it.

Proposition 5.2.3. Let X be an (fo, c)-metric bundle over B. Then there
exists K503 = Ks23(fo,c) > 1, such that the following holds.
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Suppose by, by € B and let v be a path in B of length at most 1 joining
them. Let ¢ : Fy,, — Fy,, be any map such that for every v, € F,, there
is a path of length at most ¢ in 7=(y) joining x1 to ¢(x1). Then ¢ is a

K5.03-quasiisometry.
We refer to an (fo, ¢)- metric bundle as an (fy, ¢, K)- metric bundle.

Definition 5.2.4. Metric graph bundle: Suppose X and B are metric
graphs. Let fo: N — N be a function. Then X is an fy-metric graph bundle
over B if there exists a surjective simplicial map ©: X — B such that:

(1) For eachb € V(B), F, := 7 1(b) is a connected subgraph of X and the
inclusion maps iy : V(Fy) — X are uniformly metrically proper (as measured
by fo) for the path metric dy induced on Fy.

(2) Suppose by, by € V(B) are adjacent vertices. Then each vertex xy of

Fy, is connected by an edge to a vertex in Fy,.
Remark 2. Since the map p is simplicial, it follows that it is 1-Lipschitz.
Now, we have the following analog of Proposition 5.2.3.

Proposition 5.2.5. Suppose X is an fo-metric graph bundle over B. Then
there exists Kso5 = Ks25(fo) > 1 such that the following holds.

Suppose by, by € V(B) are adjacent vertices. Let ¢ : Fy,, — Fy, be any map
such that each x1 € V(Fy,) is connected to ¢p(x1) € V(F,,) by an edge, and
any interior point on an edge of Fy, is sent to the image of one of the vertices

on which the edge is incident. Then any such ¢ is a Ks..5-quasiisometry.

We refer to an fy-metric graph bundle as an (fy, K)-metric graph bun-
dle (with K = K555(f0)), or simply as a metric graph bundle when fj, K
are understood.

Terminology:
(1) For a metric (graph) bundle, the spaces (F,,d,), b € B or b € V(B),

will be referred to as horizontal spaces or fibers and the distance between
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two points in F}, will be referred to as their horizontal distance. A geodesic
in F}, will be called a horizontal geodesic.

(2) The spaces X and B will be referred to as the total space and the base
space respectively.

(3) By X being a metric bundle (resp. metric graph bundle) we mean
that it is the total space of a metric bundle (resp. metric graph bundle).

(4) For metric (graph) bundle X and any z,y € X, d(x,y) denotes the
distance between x,y in X.

(5) For by, by € B, dg(by,by) denotes the distance between by, by in B.

Corollary 5.2.6 (Bounded flaring condition for metric graph bun-
dles). [45, Corollary 1.14] For all k € R, k > 1 there is a function
pr : N — [1,00) such that the following holds:

Suppose X is an (fo, K)-metric graph bundle with base space B. Let
v C B be a geodesic joining by, by € V(B), and let 1, v2 be two k-qi lifts of ~
in X which join x1 to xo and y; to yo respectively, so that p(x;) = p(y;) = b,
i=1,2. For all N € N, if dg(by,bs) < N then

dbl (371, yl) S :uk<N)ma’${db2 <x27 y2)7 1}

In the rest of the chapter, we summarise the conclusion of Corollary 5.2.6

by saying that a metric graph bundle satisfies a bounded flaring condition.

Definition 5.2.7. Quasiisometric sections: Suppose A C B and K > 1.
A K-qi section over A is a K-qi embedding s : V(A) — X such that mo s =

Idy. A K-qi section over a geodesic a is also called a K-qi lift of «.

Remark 3. We will refer to the image of a qi section as qi section most
of the time. Clearly, the image determines the qi section. Also, it is clear
that given a qi section s : V(A) — X we can always extend the definition to
all of A. However, we generally do not need that, and so use the restricted

definition.
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The following lemma is immediate from the definition of a metric (graph)

bundle.

Lemma 5.2.8. Suppose m : X — B is an (fo, c)-metric bundle or fy-metric
graph bundle.
(1) Suppose by, by € B. Let ~y : [0,L] — B be a continuous, rectifiable, arc
length parametrized path (resp. an edge path) in B joining by, by. Given any
x € Fy,, there is a path 5 in 7 *(y) such that I(vy) < Lc (resp. l(y) = L)
joining x to some point in Fy,.

In particular, when X is a metric graph bundle over B any geodesic v of
B can be lifted to a geodesic starting from any given point of 71 (7).

(2) In the case of a metric bundle given any k > 1, € > 0, any dotted
(k, €)-quasigeodesic 3 : [m,n] — B has a lift B starting from any point of

Fa(my such that for all i,j € [m,n], we have

e i — g1 < dx(B),B)) < e (k+ e+ 1)li— 5]

In particular, it is a c(k + € + 1)-qi lift of 5. Also, I(8) < ck(k+ e+ 1)(e +
dp(b1,b2)).

Proof. Let 0 = tg,t1,...,t, = L be a sequence of points in [0, L] such that
the length of I(7)|p,4,,,) = 1 for 0 <i <n —1and I(7)|g,_, 4] < 1 in the
metric bundle case. For metric graph bundle, we have t; = 7,0 <1 < L =n.
Let x = z9. Then there exists a path 7 in 77([0,¢]) with length at most
¢ joining z to some point in F},. We denote this point by z;. By induction,
given z; € F},, there exists a path 4; in 7~ (y[t;, t;11]) with length at most ¢
joining x; to some point in F},_ , denoted by ;4. For metric graph bundles,
we have ¢ = 1. Then 7 is the concatenation of the paths 7; and clearly,

(%) = 1(A0) + ... + l(An-1) < Le. Clearly, in the case of metric graph
bundles, we have I(§) = L.
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In the case of metric graph bundles, suppose 7 is a geodesic. Then
dp(b1,by) = L. Now, if 4 joins = to z,, € F,, then d(x,z,) > L. Also,
L=d(z,x,) <1U(7)=1H)+ ...+ 1(fn—1) = L. Thus, ¥ is a geodesic in X.
(2) Let x € Fj(m). We know that, form <i <n—1,dg(5(i), f(i+1)) < k+e.
Then there exists a path §; in B joining 5(i), 5(¢ + 1) with length at most
k+ e+ 1. Then, there exists a path in 7(3;) in X joining any point of Fp;
to a point of F(;11) with length at most (k+e+1)c. Thus, we can inductively
construct a sequence of points x; € Fp;), m <1 < n with x,, = x. Let BZ be
the path in 771(3;) joining x;, ;.1 for m < i < n — 1. Finally, (3 is defined
by setting B(z) =z, m<i<n.

Clearly, d(5(i), 3(j)) < c.(k + e+ 1)|i — j|. Also, dp(B(i), B(j)) = dp(m o
B(i),mo B(j)) < d(B(i),5(5)). Then using the fact that § is a (k, €)-dotted

quasigeodesic in B, we have
L. . SN Ho o
—e+ i —jl < dx(8(0), 5(7)) < e (k+ e+ 1)li - jl.

Also, U(B) = S5, d(B(0), B(i + 1)) S Tiss e (k+e+1) = (n—m)e-
(k+e+1).

Since —e + %(n —m) < dg(by, bs), we have the required inequality. ]

The proof of the following corollary appears in [45, Proposition 2.10]. We

include a proof for the sake of completeness.

Corollary 5.2.9. Let dg(by,bs) = 1. Then we can define a map ¢ : Fy, — Fp,
such that for all v € Fy,, d(z,¢(x)) < 3¢+ 3cl (in the case of metric graph
bundles, d(z,¢(x)) =1).

Proof. The proof is trivially true for the case of metric graph bundles by the
definition. In the case of metric bundles, let v be a dotted (1, 1)-quasigeodesic
in B joining by, by. For any z € Fj,, let ¥ be a dotted lift starting x as
constructed in Lemma 5.2.8 (2). Define ¢(x) to be the endpoint of 4. Then



5.2. Metric bundles and metric graph bundles 99

the statement follows from Lemma 5.2.8 (2). O

Remark 4. For any by,by € B any map ¢ : Fy, — F,, with d(z,¢(z)) < D,
for all x € F,, and some constant D independent of x, will be referred to as

a fiber identification map.

Lemma 5.2.10. Let 7 : X — B be an (fo, c¢)-metric bundle (fo-metric graph
bundle). For any by,by € B (or by,by € V(B)), let ¢pp, = Fyy — Fp, be a
map such that for all x € F,, d(x,dpp,(x)) < R (in the case of metric
graph bundles, we have ¢ : V(EF,, ) — V(EFy,)). Then ¢ is a Dja19-surjective
Ks210 = Ks210(R)-qi.

Proof. We will prove this only for the case of metric bundles as the met-
ric graph bundle case is similar. First we will show that ¢, 4, is coarsely
Lipschitz. Let z,y € Fy, such that dp, (x,y) < 1. Then, d(z,y) < 1 and
A( Doy ,s (7), P00 () < d( Py o (), ) + dlz,y) + d(y, Pop,(y) < 2R + 1.
Then, dp,(dp,b,(T), Poy o (¥)) < fo(2R + 1). Now, dp(bi,bs) < R. By
Lemma 5.2.9, we can also define ¢y,,, : Fp, — Fp, such that for every
¥ € By, d(@, dpp,(2')) < 3¢(R + 1). Then as above, ¢y, is coarsely
fo(6¢(R + 1) + 1)-Lipschitz. Further, for any x € F,, d(x, pyp, © Goypy (7)) <
d(, Doy (7)) +d(Gbyby (), Dypy ©Ppypy (7)) < R4 (3c+1)R and so, dy, (x, ¢p,p, ©
1oy (7)) < fo(R+(3c+1)R). Similarly, for 2’ € F,, dp, (', dp,p, © Dpop, (7)) <

fo(R + (30 + ].)R) ThUS, for D5.2.10 == fo(R + (30 + 1)R) and K5.2_10 ==
Ky01(fo(2R+ 1), fo(6¢(R+ 1) 4+ 1), D52.10), we have the result. O

Clearly, these maps are coarsely well-defined. The next lemma easily

follows using 5.2.10 and the definition of metric (graph) bundles.

Lemma 5.2.11. Let m : X — B be a metric bundle (metric graph bundle)
and let by,by € B (or by,by € V(B)) with dg(by,b2) < R. Suppose ¢y, :
Fy, — Fy, is a fiber identification map as constructed in the proof of Corollary

5.2.9. Then, ¢y, p, is a K5211 = K5211(R)-qi.
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Example 5.2.12 (Tangent bundle of a manifold). Suppose M is a
(complete) Riemannian manifold. Consider the Sasaki metric on the tan-
gent bundle TM of M. We claim that (TM, M, ) is a metric bundle where
m : TM — M is the natural foot-point projection map. Given p € M,
the fiber of 7 is the tangent space T,M. We know that the inclusion maps
T,M — TM, p e M are isometric embeddings in the Riemannian sense and
hence in our sense too. In particular, the fibers of ™ are uniformly prop-
erly embedded in TM. On the other hand, given p,q € M v € T,M, and a
piecewise smooth path v C M joining p,q we can consider the parallel trans-
port of v along . This gives a lift 3(t) = (vy(t),v(t)) of v in TM joining
(p,v) € T,M to a point of T,M. For the Sasaki metric, [(y) = l(y). This
checks all the hypotheses of a metric bundle.

Definition 5.2.13. (1) Metric bundle morphisms: Let (X;, B;,m;),
i = 1,2 be (fo,c)- metric bundles. A morphism from (Xy, By, m) to
(Xo, By, m) (or simply from Xy to Xo when there is no possibility of
confusion) consists of a pair of maps (f,g), where f : X7 — X, and
g : By — By are such that there is a constant D > 0 with the following

conditions:

(1) The maps f, g are coarsely D-Lipschitz.
(ii) Ty o f = gomy, i.e., for all b € By we have f(mi'(b)) C 75" (g(b)).
Let fy : w7 (b) — w5 ' (g(b)) denote the restriction of f to m'(b).

X14>X2

WIJ Jm

B1T>B2

Figure 5.1

(iii) Let a,b € By be any points joined by a path of length at most 1,
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and let p = g(a),q = g(b) € By. Let ¢}, : w1 (a) — 71 (b) and Doy -
73 1 (p) — 751 (q) be the fiber identification maps for the two bundles X,
and Xo respectively. Then the maps qﬁgq o f, and fyo @}, are uniformly

close to each other. This is automatic since f is Lipschitz.

(2) Metric graph bundle morphisms: In the case of (fo-) metric graph
bundles, we further require that the maps f,g send vertices to vertices

and edges linearly to edge paths (so that the maps f, g are Lipschitz).

(3) Isomorphisms: A morphism (f,g) from a metric (graph) bundle
(X1, B1,m) to a metric (graph) bundle (Xs, By, ms) is called an isomor-
phism if there is a morphism (f',g") from (Xo, Be,m) to (Xi, By, m1)
such that fo f" and f'o f are both at a finite distance from the corre-

sponding identity maps.

We refer to the maps f, in the definition of bundle morphisms as fiber
maps. We note that the map f determines the map ¢, and hence we will
generally say that ‘f is a bundle morphism from X; to X, Basic properties

of morphisms are recorded as a proposition below.

Proposition 5.2.14. Suppose (f,g) is a morphism of metric (graph) bundles
as in the definition above. Then the following hold:

(1) The restrictions of f on the fibers are uniformly coarsely Lipschitz.

(2) Suppose v C By is a (1,1)-quasigeodesic (or a geodesic in the case
of a metric graph bundle) and suppose ¥ is an qi lift of v, L > 1. If g is
coarsely Lipschitz, then f o7 is a uniform qi lift over g o-y.

In particular, in case of metric graph bundles, the edges in X; connecting
points of different fibers are mapped under f to an edge path with no edge in
any fiber of Xs.

(3) If (f,g) is an isomorphism of metric (graph) bundles then the maps

f, g are quasiisometries and all the fiber maps are uniform quasiisometries.
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Conversely, if the map g is a qi and the fiber maps are uniform qi then

(f,q) is an isomorphism.

Proof. (1) Let b € By and z,y € m;'(b) be such that dy(z,y) < 1.
Since f is coarsely D-Lipschitz, dx,(f(x), f(y)) < Ddx,(z,y) + D. Now,
dx,(z,y) < dy(z,y) since d is the induced length metric on 71 *(b) from X.
Thus dx,(f(z), f(y)) < 2D. Now, the fibers of my are uniformly properly
embedded in X,. Hence, dyw(f(x), f(y)) is uniformly bounded. Therefore,
we are done by Lemma 2.2.5.

(2) First, observe that for by, by, b3 € B;, where i = 1,2, and z € Fy,,
A(Pb15(2), Dbsby © Po1be(2)) < d(Ports(2), 2) + d(2, Po11(2)) + A( P10y (2), Poobs ©
Oyby (2)) < c(dp, (b1, b3) + dp, (b1,b2) + dg(be, b3)). Since the fibers are uni-
formly properly embedded as measured by fo, o, (Pby55(2), Pbybs © Poypy (2)) <
Fole(dp, (b, bs) + di, (b1, b2) + dp, (bs, b)) =: D(c, dg, (b, bs)).

Let v : [0,1] — By be a (1, 1)-quasigeodesic in B; (geodesic in the case of
metric graph bundles) with v(0) = by, (1) = bs. Let 4 join z € F,, to y €
Fy,. By Corollary 5.2.10, there exists a K52.10(l)-quasiisometry ¢, )y ()
Fyt1) = Fyta) With (1)0(62) (F(11)) = A(ta), for t1, 85 € [0,1]. Now, let gory
be a lift of the path gov, starting at f(x). We have, f(5(1)) = fodpy1)(x) =
Fy) 0 @iy (). By (iid) of Definition 5.2.13, ¢y(vy)g((1)) (f () = Pger)at+(1))
v, () is uniformly close to f,1)0¢s, 41y (x). Then, f(F(1)) = dgw)g(va)) (f(x))
and f(3l0.1) is a lft of g0 4([0,1]) with [(f(3]0.))) < DUA|gs) + D = D"
We continue this inductively. By the above observation, for any tq,2,13 €
[0, 1], Dty )y(t5) (2) = Dry(ta)y(ts) OPy(t1)(22) (2). Also, by (i4) of Definition 5.2.13,
Py(b)g(v) (f (X)) = fo © Boypo(2) = f(y). So, f o7 is alift of go7y. Moreover,
for any s,t € (0,1], I(f(F|(s.)) < D'lp,(g07([s,t])). Thus, f o7 is a gi-lift of
gon.

(3) We shall prove this only in the case of a metric bundle. The proof for

a metric graph bundle is very similar and hence we skip it.
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If (f,g) is an isomorphism then f, g are qi by Lemma 2.2.1(1). We need
to show that the fiber maps are quasiisometries.

Suppose (f',g') is a coarse inverse of (f, g) such that dx,(fo f (22),x3) <
Rand dx, (f o f(x1),2,) < Rforall z; € X; and x5 € X,. It follows that for
all by € By, by € By, we have dg, (b1,¢'0g(b1)) < R and dg, (b2, 904 (b2)) < R.
Suppose f’, g’ are coarsely D’-Lipschitz. Let Dy = fo(2D) and Dy = fo(2D').
Then for all w € By, f, : 77 (u) — 75 (g(u)) is coarsely D;-Lipschitz and
for all v € By, f!: 7 (v) — 71 (¢'(v)) is coarsely Ds-Lipschitz by (1).

Let b € By. To show that f, : 77! (b) — 75 ' (g(b)) is a uniform quasiisom-
etry, it is enough, by Lemma 2.2.1(1), to find a uniformly coarsely Lipschitz
map 75 '(g(h)) — m; *(b) which is a uniform coarse inverse of f,. We al-
ready know that f;(b) is Dy-coarsely Lipschitz. Let by = ¢ o g(b). We also
note that dp, (b,b;) < R. Hence, it follows by Corollary 5.2.9 and Corol-
lary 5.2.11 that we have a Ks10(R)-qi ¢pp : 71 (b1) — 71 (b) such that
dx, (7, ¢pp(z)) < 3¢+ 3cR for all z € 77 (by). Let h = ¢y 0 f;(b). We
claim that h is a uniformly coarsely Lipschitz, uniform coarse inverse of
fp. Since f;(b) is Dy-coarsely Lipschitz and clearly ¢y, is Kj.9.10(R)-coarsely
Lipschitz, it follows by Lemma 2.2.3(1) that h is (DyK5.2.10(R) + Ks.2.10(R))-
coarsely Lipschitz. Moreover, for all z € 717! (b) we have dx, (z, h o fy(z)) <
dx, (2, fuy © [o(2)) + dx, (fyp © fo(2), h o fo(z)) < R+ 3¢+ 3cR. Hence,
dy(x,ho fi(x)) < fo(R + 3c+ 3cR). Let y € m, ' (g(b)). Then

dx, (Y, fo 0 h(y)) = dx, (y, f © Guu 0 ['(y))
< dXz(?Ja f o f/<y)) + dX2(f © f/(y)a f o ¢b1b © f/<y))
< R+ D(3c+ 3cR) + D.

since dx, (f'(y), Po,p © f'(y)) < 3¢+ 3cR. Hence, do)(y, fo o h(y)) < fo(R +
D(3c+ 3cR) + D). Hence by Lemma 2.2.1(1) f; is a uniform qi.

Conversely, suppose all the fiber maps of the morphism (f, g) are (A, €)-qi
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which are coarsely R-surjective and g is a (A1, €1)-qi which is Rj-surjective.
Let ¢’ be a coarsely (K, C)-quasiisometric, L-coarse inverse of g where K =
Ki21(A1,€1,Ry), C = Con1(M1, €61, Ry) and L = Losi(M, €1, Ry). For all
u € By let fu be a Li-coarse inverse of f, : I, — Fy,). We will define a map
f': Xo — Xj such that (f’, ¢’) is morphism from X, to X; and f’ is a coarse
inverse of f as follows.

For allu € By we define f,, : Fl, = Fy(,) as the composition fy(u)0Gug(y(u)
where ¢,4(yu)) is a fiber identification map as constructed in the proof of
Corollary 5.2.9. Collectively this defines f'. Now we shall check that f’
satisfies the desired properties.

(i) We first check that (f’, ¢’) is a morphism. It is clear from the definition
that m o f' = ¢’ o my. Hence we will be done by showing that f  is coarsely
Lipschitz. By Lemma 2.2.5 it is enough to show that for all us, vy € By and
x € F,,,y¢cF, with d(z,y) <1, dx,(f (x), f (y)) is uniformly small. Note
that it follows that dp,(us,ve) < 1. Let uy = ¢'(ug) and v; = ¢'(ve). Then
dp, (uy,v1) < K+ C, dg,(ug,g(uy)) < L and dp,(ve, g(v1)) < L. This means
dx, (T, Quyg(ur) () < 3(Le + ¢) and dx, (Y, Guyg(uy)) < 3(Lc + ¢) by Lemma
5.2.8 and Corollary 5.2.9. Hence, dx,(Pusg(u)(T); Puag(u)(y)) < 1+6(Le+c).
Let 22 = Quygun)(T), Y2 = Guagon)(¥), T1 = f(2) = foqu)(22) and y; =

f'ly) = fg(vl)(yg). Therefore, dx,(xe,y2) < 1+ 6(Lc + ¢) = Ry, say and
we want to show that dyx, (x1,y;) is uniformly small. Let xf, = f(x;) =
fu (1), 95 = f(y1) = for(y1). Then dx, (72, 25) < Ly and dx, (y2,95) < L1.
Hence, dx, (24, y5) < 2Ly + Ry. Since dg, (u1,v1) < K + C there is a point
y; € F,, such that dx, (z1,y]) < (K + C)c+ c¢. Hence, dx,(z}, f(y})) <

(K +C)etc).D+ D. Hence, dx,(f(41), 45) < dx, (f (1), ) + dixy (2, 45) <
(K+ C)c+c¢).D + D + 2Ly + Ry. This implies that d,,(f(v}), f(y1)) <
fo((K 4+ C)e+¢).D + D + 2Ly + Ry) = Lo, say. Since f,, is a (A, €)-qi

we have —e + %dvl(yl,y’l) < L. Hence, d,, (y1,y;) < (e + La)A. Thus,
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dx, (z1,51) < dx, (21, 95) + dx, (Y1, 01) < (K + C)e+ e+ (e + L)

(ii)) We already know that ¢’ is a coarse inverse of g. Hence we will be
done by checking that f’ is a coarse inverse of f. Let x € X and m(z) = u.
Let ¢’ o g(u) = u'. First we need to show that dyx, (z, f' o f(x)) is uniformly
bounded. dx, (z, ' /(x)) < dx, (2, w0 ' F(2)) +dx, (buwo [0 [(2), f'0
f(x)). Now, @y, 0 fo f(z) = pury 0 f;(u) o fu(x), where ¢y, 0 _Z,(u) = fu- So,
A (2, 10 f(2)) < doy (2, Fu 0 Ful@)) + s (G © 1wy 0 ful), Fliwy © Ful)) <
L1+ 3¢+ 3edp, (v, u) < Ly + 3¢+ 3cL.

To show that dx, (z, fo f'(x)) is uniformly bounded, let y € Xy, my(y) = v
and g o ¢'(v) = . Now, f'(y) = fi(y) = fyw) © buwr- So, dxy(y, fo f'(y)) =
dx, (Y, o) © fow) © o (y) < diy (Y, Gowr(¥)) + dxy (Do (¥): forw) © forw) ©
G (y)) < 3¢+ 3edp, (v,v") + Ly < 3¢+ 3cL + Ly. O

Definition 5.2.15. Subbundle: Suppose (X;, B,m;), i = 1,2 are metric
(graph) bundles with the same base space B. Then (X, B,m) is subbundle
of (X, B,m3) or simply X1 is a subbundle of Xy if there is a metric (graph)
bundle morphism (f,g) from (X, B,m) to (Xs, B,m) such that g = Idp

and the fiber maps f,, b € B are uniform qi embeddings.

The most important example of a subbundle that concerns us is that of

ladders which we discuss in a later section.

Definition 5.2.16. Pullback bundle: Given a metric (graph) bundle
(X,B,m) and a map g : By — B, the pullback of g is a metric (graph)
bundle (X, B1,m) together with a morphism (f : X1 — X,g : By — B)
such that the following universal property holds: if (Xo, By, m) is a metric
(graph) bundle together with a morphism (f' : Xo — X,Idg, : By — By)
such that the whole diagram commutes, then there exists a coarsely unique
" Xo — Xy such that for any x € X, dx,(f'(z), fo f"(x)) is uniformly

bounded and wy = 7 o f".



106 5.2. Metric bundles and metric graph bundles

B14>B

Figure 5.2

The following proposition and its proof shows that our definition of pull-

back bundle is natural.

Proposition 5.2.17 (Pullbacks of metric bundles). Suppose (X, B, )
is a metric bundle and g : By — B is a coarsely Lipschitz map. Then there

is a pullback.

Proof. We will work with the set theoretic pullback {(x,t) € X x By | g(t) =
7(x)}. We put on it the induced length metric from X x B;. We denote
the metric space thus obtained by X;. Let m : X7 — Bj the restriction of
the projection map X x B; — By to X;. We first show that X; is a length
space. Suppose g is coarsely L-Lipschitz. Given (z,s), (y,t) € X;. We join
s,t by a rectifiable path say . Then go « is a rectifiable path in B of length
at most [(a)L + L.Then this path can be lifted to a rectifiable path in X
starting from = and ending at some point say z in F;. The length of such a
path is at most ¢(Ll(a) + L). By construction this lift is contained in Xj.
Finally, we can join (y,t),(z,t) by a (1, 1)-quasigeodesic in F;. This shows
that (z,s) and (y,t) can be joined in X; by a rectifiable path and so, X; is a
length space. Now, since 77 '(t) = 7~'(g(t)) is uniformly properly embedded
in X and X is properly embedded in X x By, w7 '(t) is uniformly properly
embedded in X; for all £ € By. The same argument also shows that any path
in By of length at most L can be lifted to a path of length at most ¢(L + 1),

verifying the condition 2(i) of metric bundles.
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Hence (X1, By, 1) is a metric bundle. Let f : X; — X be the restriction
of the projection map X x B — X to X;. Clearly, f : X; — X is a morphism
of metric bundles. Finally, the universal property is immediate since we are

working with the set theoretic pullback. O

Example: Suppose (X, B,7) is a metric bundle and B; C B which is
path connected and with respect to the induced path metric from B, it is a
length space. Let X; = 77!(By) be endowed with induced path metric from
X. Let m : X; — Bj be the restriction of 7 to X;. Let g : By — B and
f: X1 — X be the inclusion maps. It is clear that (X, By, m) is a metric

bundle and also, X; is the pullback of g.

Proposition 5.2.18 (Pullback for metric graph bundles). Suppose
(X, B, ) is a metric graph bundle, By is a metric graph and g : B; — B is a
map that sends vertices to vertices and edges to edge paths. We assume that
g 1is coarsely L-Lipschitz for some constant L > 1. Then there is a pullback

m X1 — By of g.

Proof. We first construct a metric graph X, a candidate for the total space
of the pullback bundle. The vertex set of X is the disjoint union of vertex
sets of 7 1(g(b)), b € V(By). There are two types of edges. First, for all
b € V(By), we take all the edges appearing in 7 '(g(b)). In other words, the
full subgraph 7—!(g(b)) is contained in X;. Let us denote that by Fy. For
adjacent vertices s,t € By, we introduce some other edges with one end point
in F, and the other in F;. We note that F,, F; C X; are identical copies of
F,

y(s) and Fyq) respectively. Let f, @ Fy — Fy) denote this identification.

Let e be an edge joining s,t and let a be the image of e under g. Now
for each v € F, we lift the path « isometrically to &. For each such lift
we join v by an edge to w € V(F;) if and only if fi(w) = a(g(¢)). This

completes the construction of X;. We notice that there is a natural map
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f + X1 — X which are identity maps on the fibers of m; and the other edges
are mapped to edge paths. It follows that this map is coarsely Lipschitz, say
coarsely Li-Lipschitz. It is also clear that w o f = 7 0 g. We need to verify
that the fibers are uniformly properly embedded in X; to check that it is
a metric graph bundle. Suppose z,y € Fy and dyx, (z,y) < D. Let a be a
geodesic in X joining x,y. Then f o~ is a path of length at most LD + L;.
Thus, dx(f(x), f(y)) < LD+ Ly. Since the fiber Fy(,) is uniformly properly
embedded in X we know that dy)(z,y) < D; for some D, depending on D.
Since f sets an isometry from F to Fy) we have dy(x,y) < Dy. The last
condition of morphism is immediate.

Now we check that X is a pullback of X under g. Suppose my : Y — B,
is a metric graph bundle and f¥ : Y — X is a graph morphism such that
(f¥,g) is a morphism from Y to X. We need to find a coarsely Lipschitz
map f':Y — Xj such that (f', Idp,) is a morphism from Y to X; and the

whole diagram commutes.

' 1
X4 Y X
WIJ WQJ JTF
B B B
1 Tdp, 17y
Figure 5.3

We define f’ on each fiber 75 !(s) as the composition f;' o f¥. Suppose
s,t € By are adjacent vertices and suppose x € 7, '(s) and y € 7, () are
connected by an edge e in Y. Then fY(e) is a path in X starting from
f¥(x) and it is a lift of g(m(e)). By the construction of X, this corresponds
to an edge in X starting from f’(x). The map f’(e) is defined to be that
edge. It is now clear that f o f/ = f¥. We need to show that f’ is coarsely

unique. Suppose for f* Y — Xy, (f,Idg,) also be a morphism from Y
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to X such that my = 7y o f and there exists k > 0 satisfying the following:
for any y € Y, dx(f¥(y), fo f (y) < k. Since m; '(s) is properly embedded
in Y, there exists k; depending on k such that dy((f¥)s(v), fs o f. (y)) <

ki, e, dgs)(fs o foly), fs o fi(y)) < ky. Since f, is an isometry, we have
(1)) < ky and dx, (f'(y), £ (y)) < k1. Thus, f’ is coarsely unique.

"

ds (f; (y) ) fs
Finally, it is enough to check that the pullback is coarsely unique. Suppose

(Xs, By, m) is also a pullback bundle of g with graph morphisms f': Xy — X
and fo : Xy — X such that (f’, Idg,) and (fs, g o Idp,) are morphisms from
X5 to X7 and X5 to X respectively.

2
/_\

Xy X X

[ el
B

B — B, —
1 Tdp, 1 g

Figure 5.4

By definition of f’ we have, for each s € By, fi = f; 1o (fy), on the fiber
751 (s). The maps f and f, are identity maps on fibers. So f! : m5'(s) —
77 '(s) is an isometry for each s € B;. Then, by Proposition 5.2.14, the
morphism (f’, Idp,) is an isomorphism. Thus, the pullback bundle is unique

up to metric bundle isomorphism. This completes the proof. O

Lemma 5.2.19. Suppose m : X — B is a metric (graph) bundle. Let g :
By — B be a Lipschitz qi embedding. Let A = g(By), X4 = 7 '(A) and let
w4 be the restriction of w. If m1 : X1 — By is the pullback of X and suppose
we have the following pullback diagram:

Then X, is the pullback of X 4. Moreover, X 4 is quasiisometric to X;.

Main example: Suppose 1 - N — G = @ — 1 be a short exact

sequence of finitely generated groups. We fix a generating set Sy of N, a
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i
X, / P

”{ MJ

By —g—A——
A

S

& ——
3

Figure 5.5

generating set S¢ 2O Sy of G and the generating set Sg = 7(Sg) \ {1} of
(). Then we have a metric graph bundle 7 : I'(G, S¢) — I'(Q), Sg). Suppose
H < (@ is a finitely generated subgroup. Let Sy be a finite generating set
of H. Then we can define a Lipschitz map ¢ : I'(H, Sg) — I'(Q, Sg). Let
Gy =n"Y(H). Let m : X; — ['(H, Sy) be the pullback of the metric graph

bundle under g. Then by the above lemma, X is quasiisometric to Gj.

5.3 Geometry of metric (graph) bundles

In this section, we recall some results from [45] and also include some new

results to be used for the proof of the main theorem.

5.3.1 Metric graph bundles from metric bundles

An analogue of the following result is proved in [45] (see Lemma 1.17 through
Lemma 1.21 in [45]). We give an independent and relatively simpler proof
here. We also construct an approximating metric graph bundle morphism
from a given metric bundle morphism. However, one disadvantage of this

construction is that the resulting metric graphs are never proper.

Proposition 5.3.1. Suppose p : X' — B’ is an (fo, ¢, K)-metric bundle.
Then there is a metric graph bundle m : X — B, along with quasiisometries

Yp: B — B and vx : X' — X such that
(1) mothx =pop, and
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(2) for allb € B', ¢x restricted to p~*(b) is a uniform quasiisometry onto
7 (¢p(D)).
Moreover, the maps Vx,Y¥p have coarse inverses ¢x, ¢p respectively,

making the following diagram commutative:

Vx

Figure 5.6

Proof. For the proof we use the construction of Lemma 2.2.7. We briefly
recall the construction of the spaces. We define V(B) = B" and s,t € V(B)
are connected by an edge if and only if s # ¢t and dp/(s,t) < 1. This defines
the graph. Then the natural map g : B’ — B, which is the inclusion map
when B’ is identified with the vertex set of B, is a (1, 1)-quasiisometry. To
define X, we take V(X) = X’. Edges are of two types.

Type 1 edges: For all s € B', z,y € p~!(s) are connected by an edge in
X if and only if dy(z,y) < 1.

Type 2 edges: For s #t € B/, x € p'(s) and y € p~L(t), z,y are
connected by an edge in X if and only if dp/(s,t) < 1 and d(z,y) < c.

The map ¢¥x : X’ — X is also defined to be the inclusion map. Also,
mox = Ygrop. First we need to verify that v x is a quasiisometry. Clearly,
¥y is 1-Lipschitz. So it is enough to produce Lipschitz coarse inverses ¢y,
¢p as claimed in the second part of the proposition and then apply Lemma
2.2.1. We first choose a coarse inverse ¢p of 1 as follows. On V(B), it is
simply the identity map. The interior of each edge is then sent to one of its
end points. The map ¢x on V(X) is also defined as the identity map. The

interior of a type 1 edge is sent to one of its end points. The interior of each
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type 2 edge e = [x,y] is sent to z or y depending on the image of 7(e) under
¢p. It follows that the diagram in Figure 5.6 commutes. Now for z,y € X
such that dx(x,y) < 1, we have d(¢x(x), px(y)) < c¢. So, by Lemma 2.2.5,
¢x is coarsely Lipschitz. Moreover, for any x € X’ and s € B’, we have
d(px otx(z),z) =0 and dp/(¢pp o p(s),s) = 0. Also, for y € X and t € B,
we have d(1x o ¢x(y),y) < 1 and dg(¢p o ¢p(t),t) < 1. So, ¢px and ¢p are
coarse inverses of ¢y and g respectively.

Let s € B and ¢p(s) =t € B. By the construction of X, 1x restricted
to p~1(s) is mapped to 7~1(¢) such that the vertex set of 7=1(¢) is p~1(s) and
there exists an edge joining any pair of elements x,y € 7~ '(¢) if and only if
ds(z,y) < 1. Then, by the construction in Lemma 2.2.7, 1)x restricted to
p~1(s) is a (1, 1)-quasiisometry.

Finally, we need to check that (X, B,m) is a metric graph bundle. Let
s € B and z,y € 7 !(s) such that dx(z,y) < M for some M > 0. Since
¢x is a quasiisometry, d(z,y) < M’ where M’ > 0 depends on M and ¢x.
Since p~!(¢p(s)) is properly embedded in X’ as measured by f;, we have
dop(s)(@,y) < fo(M'). Now, using the above fact that p~*(¢p(s)) is (1,1)-
quasiisometric to 7(s), we have dy(z,y) < fo(M') + 1. Hence, 771(b) is
uniformly properly embedded in X.

Now we check condition (2) of Definition 5.2.4. Suppose s,t € V(B) are
adjacent vertices. Then, dp/(s,t) < 1. Let a be a path in B’ joining s,¢ with
Ip(a) < 1. Then, for any = € p~1(s), a can be lifted to a path of length at
most ¢, joining x to some y € p~!(t). Then there exists an edge joining

and y in X, which is a lift of the edge joining s and ¢ in B. O]

Approximating a metric bundle morphism

Suppose p : X’ — B’ is a metric bundle and g : A" — B’ is a (bi-Lipschitz)
qi embedding. Suppose Y’ is the pullback of the bundle under the map g. Let
g*p : Y’ — A’ is the corresponding bundle projection map and f : Y’ — X' is
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the pullback map. Suppose, using the above proposition, we construct metric
graph bundles 7 : X — B, my : Y — A with quasiisometries ¢4 : A — A,
Yp: B — B,y : Y — Y and ¢y : X’ — X such that my oYy =40 g*p
and T oy =Yg op.

Suppose ¢x, g, oy, pa are the coarse inverses (as constructed in the
Proposition 5.3.1, above) of ¥x, ¥p, ¥y, and ¥4 respectively. We then

have a commutative diagram: (see Figure 5.7)

Figure 5.7

Lemma 5.3.2. (1) The pair of maps (Yxofody,pogoda) can be redefined
on edges so that the modified pair gives a pullback diagram for metric graph
bundle morphism, i.e., Y is a pullback of X under g o go ¢a.

(2) In case, X', Y are hyperbolic then f admits a CT map if and only if

so does Yx o f o ¢y.

Proof. (1) Let F'=1x o fopy and G =pogop,. By Proposition 5.2.18,
X has a pullback bundle (Y3, A,m) over G. Let Fy : Y7 — X. Then, by
the universal property, there exists a coarsely unique F” : Y — Y] such that
the images of F' and F; o F’ are uniformly close in X and my = m o F".
Recall from the construction of a pullback in Proposition 5.2.18 that for any
a € A, my%(a) is isometric to 77'(G(a)). And by (2) of Proposition 5.3.1,
7 1(G(a)) is uniformly quasiisometric to p~*(¢p o G(a)). Again, since Y is
a pullback of X’ under g, (¢*p)~*(4(a)) is isometric to p~'(g o ¢(a)). Now,
¢ppoG = ¢ppopgogop, and since ¢p is a coarse inverse of g, the maps

¢poG(a) and gop(a) are uniformly close. Then by Corollary 5.2.10, p~(¢po
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Figure 5.8

G(a)) is quasiisometric to p~'(g o ¢(a)). Thus, 77 (a) is quasiisometric to

(9°p) " (¢(a)).

F//

Yi — Y’

S
Pa

A— A

Figure 5.9

We already have that ¢4 is a quasiisometry. Therefore, by Proposi-
tion 5.2.14, (F",¢4) is an isomorphism. Then, again by Proposition 5.2.14,
F" is a quasiisometry and so, ¥y o F” : Y] — Y is a quasiisometry. Therefore,
Y; is isomorphic to Y and thus, Y is a pullback of X under G.

(2) Suppose X', Y are hyperbolic. Then clearly, X and Y are also hy-
perbolic. Suppose f admits a CT map df : Y" — 0X'. Since ¥y and ¢y
are quasiisometries, by (4) of Lemma 2.2.36, they admit homeomorphisms
OMx : 0X' — 0X and 0¢y : Y — OY” respectively. Then by Lemma 2.2.36,
this gives a map 0y 0dfodpy = I(hx o f o dy) : Y — 0X. Conversely, if
Wx o fopy admits a CT map, since ¢x and 1y are coarse inverses of ¢ x and
¢y respectively and f is coarsely Lipschitz, ¢ x ot x o fopy oty and f are at
finite distance. So, by (2) of Lemma 2.2.36, d(¢x 0 1hx o f o ¢y 0 1hy) = Of.
Thus, f admits a CT map 9f : Y’ — 0X'. O
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5.3.2 Flaring condition

Motivated by the Bestvina-Feighn’s hallway flaring condition [14], the fol-

lowing was defined in [45].

Definition 5.3.3. Suppose m : X — B is a metric bundle or a metric graph
bundle. Then it satisfies a flaring condition if for all k > 1, there exist
Ax > 1 and ng, My, € N such that the following holds:

Let v : [—ng,ng] — B be a geodesic and let ¥, and o be two k-qi lifts of v
in X. If dyo)(71(0),%2(0)) > My, then we have

M-y 0y (71(0),72(0)) < maz{dy(ny) (71 (nk), V2 (1)), Aoy (T (—1k), Y2 (=721)) }-

5.3.3 QI sections and ladders

For the rest of this section, we assume that all our metric (graph) bundles
have the following property:
FEach of the fibers F, , b € B (resp. b € V(B)) is a §'-hyperbolic metric

space with respect to the path metric dy induced from X.

Definition 5.3.4. [45] Barycenter: For a §-hyperbolic metric space (Y, d)
with |0Y| > 3, for any distinct triple of points 1,632,863 € OY, © € Y is a
D-barycenter of the (quasi) geodesic triangle A = A& &€s, for some D > 0,

if x lies in a D-neighbourhood of all three sides of the triangle A.

The following lemma says that any ideal triangle has a coarsely unique

barycenter.

Lemma 5.3.5. [45, Lemma 2.9] Let k > 1. If (Y,d) is as in Definition
5.8.4 and x,2’ € Y are D-barycenters of an ideal k-quasigeodesic triangle A,

then d(&?, I/) < L5.3.5, where L5.3.5 = L5.3.5(5, ]{I, D)

A point x € Y is a barycenter of an ideal quasigeodesic triangle A if z is
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a D-barycenter of A for some D > 0.

Definition 5.3.6. Barycenter map: Let (Y,d) be a §-hyperbolic metric
space with [0Y| > 3. A barycenter map ¢ : 9°Y — Y sends any distinct
triple (&1,&2,&3) to a barycenter of the ideal triangle A&1ExEs.

By Lemma 5.3.5, a barycenter map is coarsely well-defined. The following

was proved in [45].

Proposition 5.3.7. [45, Proposition 2.10] Global qi sections for metric
graph bundles: For all ', N > 0 and proper fo : N — N there exists
Ko = Ko(fo,0', N) such that the following holds.

Suppose p : X — B is an (fo, K)-metric graph bundle with (1) uniformly
hyperbolic fibers and (2) the barycenter maps ¢y : *Fy — Fy, b € V(B) are
uniformly coarsely surjective. Then there is a Ky-qi section over B through

each point of V(X).

Since any length space is uniformly quasiisometric to a metric graph by
Lemma 2.2.7, and by Lemma 2.2.36(4), quasiisometries induce bijection of
the boundaries of hyperbolic spaces, it follows that the same could be done

for any length space as well.

Proposition 5.3.8. Global qi sections for metric bundles: Any metric
bundle satisfies the following:

1) fibers are uniformly hyperbolic, and

2) the barycenter maps of these spaces are uniformly coarsely surjective,

admits a uniform qi section through each point.

Definition 5.3.9. [45, Definition 2.13| Suppose ¥y and o are two K-qi
sections of the metric graph bundle X . For each b € V(B) we join the points
YiNFy, YoNFy by a geodesic in F,. We denote the union of these geodesics
by £(31,%s), and call it a K-ladder (formed by the sections ¥ and ).
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By Proposition 5.3.7( [45, Proposition 2.10]), through every point of X
there is a uniform global qi section. Hence there are plenty of ladders in
X. Ladders as defined above are not connected. However, a uniformly small

neighborhood of it is connected:

Lemma 5.3.10. [45, Lemma 3.3, Lemma 3.5, Remark 3.6] The 2K-
neighborhood of a K-ladder is connected and with respect to the induced path

metric, it is uniformly properly embedded.
The following is the crucial motivation to define a ladder.

Proposition 5.3.11. Given K > 0, there is C = C5311(K) > 0 such that
the following holds:

(1) (cf. [45, Theorem 3.2]) Suppose ¥1,%5 are two K-qi sections in X
and L = L(Xq,3,) is the ladder formed by them. Then there is a coarsely
C-Lipschitz retraction 7y : X — L.

(2) A uniform neighborhood of L is uniformly qi embedded in X. In

particular, when X is §-hyperbolic, £ is Ks5311(0, K)-quasiconvez in X .

Proof. (2) Let Y = Nyk(L£). By 5.3.10, Y is connected and uniformly
properly embedded in X. Let z,y € Y such that d(z,y) = n. Let
xr = Tg,x1,...,T, = y be consecutive vertices on [z,y]. For 0 < i < n,
let y; = mg(z;) and let « = [z, 0] U [yo, ¥1] - - - [Yn, y]. Since 7y is C-coarsely
Lipschitz and d(z;, z;41) = 1, d(y;, yi11) < 2C, for 0 < i < n — 1. Suppose
Y is uniformly properly embedded as measured by f’ : [0,00) — [0, 00).
Then, dy(yi,yis1) < f'(2C). Now, clearly, dy(z,m¢(z)) < f'(2K) and
dy (y,ms(y)) < f/(2K). So ly(a) < 2f'(2K) + nf'(2C) = f'(2C)d(z,y) +
2f'(2K). Also, d(x,y) < dy(z,y) < ly(a). Thus,

d(z,y) < ly(a) < f(20)d(z,y) + 2/ (2K).

So, Y is gi-embedded in X.
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Now let X be d-hyperbolic. Then, Y is K’ = D5 15(0, K)-quasiconvex
in X. Now, let z,y € L. Then, z,y € Y as well and [z,y] C Ng/(Y) =
Niryox(L). So, £ is a K5311 := K' + 2K-quasiconvex.

As a consequence, given a pair of points in a ladder, a geodesic in the
ladder joining them is a uniform quasigeodesic in X. We recall the con-
struction of uniform quasigeodesics in ladders from [45], in the next section.
The description of these quasigeodesics is essential for the proof of the main

result. However, we first recall some related concepts.

Definition 5.3.12. (1) Neck of Ladders: Suppose X is a metric graph
bundle over B and suppose 1, > are any two qi sections and A > 0. Then
Ua(X1,250) ={be V(B) | dy(X1 N Fy, X5 N Fy) < A} is called the A-neck of
the ladder £(%,%9).

(2) Small girth ladders: Given two K-qi sections ¥1,%9, the ladder
L(X1, %) is called a small girth ladder if Ua(31,X2) # 0, where A = M.

We need the following two lemmas before describing the quasigeodesics.

Lemma 5.3.13 (Neck of a ladder is quasiconvex). [45, Lemma 2.18]
Let X be an (fo, K)-metric graph bundle over B satisfying (M, \g, ng)-
flaring for all k > 1 (cf. Definition 5.3.3), and let yy be the bounded flaring
function (cf. Corollary 5.2.6). Then for all ¢, > 1 and R > 1, there exists
Ds313 = Dssa3(c1, R) and Ky 313 = Ks313(c1) such that the following holds:
Let Xy, X3 be two ¢q-qi sections of B in X and A > max{M,,,d,(X1, Xs)}.
(1) Let 7y : [to, t1] — B be a geodesic, to,t1 € Z, such that
@) dy (o) (X1 N Fyrg), X2 0 Fyg)) = AR,
b) v(t1) € Us := Ua(X1, Xo) but for all t € [to,t1) NZ, v(t) € Ua.
Then the length of 7y is at most Ds313(c1, R).
(2) Uy is Ks5313-quasiconvex in B.
(3) If dp(X1,X2) > M., then the diameter of the set Uy is at most

DI5.3.13 = Dé.3.13(017 A).
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Lemma 5.3.14 (QI sections in ladders). [45, Lemma 3.1] For K > 1,
there exists Cs314 = Cs3.14(K) such that if ¥y and 3q are two K -qi sections,

then through each x € L(X1,Xs), there exists a Cy314-qi section contained in

L(X,%,).

We fix the fOHOWng notations: K1 = 05.3_14(K), Kz = 05.3.14(Ki_1)7 1 Z 2.
Next we find a relation between dj (X1, ¥9) and d(3q, ).

Lemma 5.3.15. Given D > 0, K > 1 there is R = R5315(D, K) such that
the following holds.

Suppose ¥ is a K-qi section in X and x € X. Let b = w(x). Then
d(x,%) > D if dp(x, 2N F,) > D.

Proof. Let y € ¥ be a nearest point projection of x on . Let v be a
lift of [b,w(y)] on X. Since dp(b,7(y)) < d(z,y), we have d(y, X N F,) <
Kd(z,y)+ K. Then, d(z,XNE,) < d(z,y)+d(y, 2NF,) < (K+1)d(z,y)+ K.
Thus, d(x,y) > ‘ml’(zigﬂ’). Then if, dp(z, XN F,) > R = fo(D(K +2)), we

have d(z,y) > D. O

The following corollary is immediate.

Corollary 5.3.16. Given D > 0, K > 1 there is R = Rs316(D, K) such
that the following holds.
Suppose 3, Y are K-qi section in X. Then d(X,%X') > D if Ur(X, %) = 0.

5.4 Cannon-Thurston maps for pullback bun-

dles

In this section, we prove the main result of the paper. Here is the setup.
From now on, we assume the following hypotheses:

We suppose 7 : X — B is a metric graph bundle such that

(H1) B is a dp-hyperbolic metric space.
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(H2) For b € V(B), the fiber F} is a dp-hyperbolic geodesic space with
respect to the path metric induced from X. And there exists fo : N — N
such that i, : F;, — X is uniformly metrically proper as measured by fj.

(H3) The barycenter maps 0*F, — Fy, b € V(B), are uniformly coarsely
surjective.

(H4) The flaring condition is satisfied.

The following theorem is the main result of [45]:

Theorem 5.4.1. [45, Theorem 4.3 and Proposition 5.8] If 7 : X — B is a
geodesic metric bundle or a metric graph bundle satisfying H1, H2, H3 then,
X is a hyperbolic metric space if and only if X satisfies H4.

Remark 5. The sole purpose of H3 is to have global uniform qi sections
through every point of X. Thus, H3 can be relaxed to the following.
(H3') Through any point of X, there is a global Ky-qi section.

Corollary 5.4.2. Theorem 5.4.1 holds for length metric bundles as well.
We are now ready to state and prove the main theorem.

Theorem 5.4.3 (Main Theorem). [35] Suppose m : X — B is a metric
(graph) bundle satisfying the above hypotheses and X is d-hyperbolic. Let
g: A — B be ak-qi embedding and p : Y — A be the pullback bundle. Let
f Y — X be the pullback map. Then Y is a hyperbolic metric space and
the CT map exists for f:Y — X.

By Propositions 5.3.1 and 5.3.2, it is enough to consider the case of metric
graph bundles. Using Lemma 5.2.19, we are reduced to the case A C B and
Y =7 1(A) C X. Since YV is an induced metric bundle over a qi embedded
subset A of B, by Theorem 5.4.1, the space Y is hyperbolic (see [45, Remark
4.4]). We then use Lemma 2.2.33 and compare geodesics in Y and in X whose
common end points are in Y. This is done in three steps. First, we describe a

set of uniform quasigeodesics in X joining each pair of points z,y € X. This
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is extracted from [45]. When z,y € Y, we suitably modify these paths to
obtain uniform quasigeodesics in Y. These modified paths are referred to as
the ‘cut-paste paths’ below. Finally, we show that the quasigeodesic segments
of X are far from a base point if the Y-quasigeodesic segments are far from
the same point, thus verifying Lemma 2.2.33. To maintain modularity of the
arguments, we state intermediate observations as lemmas and propositions.

First, we show that Y is properly embedded in X.

Lemma 5.4.4. Suppose w : X — B is a metric graph bundle satisfying the
above hypotheses. Suppose g : A — B is a k-qi embedding and p: Y — A is
the pullback bundle. Let f:Y — X be the pullback map. Then'Y is properly
embedded in X.

Proof. Let z,y € Y such that dx(z,y) < M. Let 7(z) = by and 7(y) = bs.
Then, dg(by,by) < M. Let [by, bs] 4 be a geodesic joining by and by in A. This
is a quasigeodesic in B. By Lemma 5.2.8, there exists an isometric section ~
over [by, bg|a, through = in Y. Clearly, 7 is a qi lift in X, say k’-qi lift. We
have, Ix(y) < K'(kM + k) + k' =: D(M). The concatenation of v and the
fiber geodesic [yN Fy,, y] F,, 1s a path, denoted by «, joining 2 and y in X. So,
dx(y NV Fyy,y) < dx(yN Foyy ) +dx(z,y) < Ix(y) +dx(z,y) < D(M)+ M.

Now, since Fyp, is uniformly properly embedded as measured by fy, we
have, dy, (v N Fyy,y) < fo(D(M) + M).

Now, a lies in Y. So, ly(y) < kM + k. As in the case of X, the concate-
nation of v and the fiber geodesic [yNFy,, y]r,, is a path joining z and y in Y.
Then, dy (z,y) <ly(a) <Ily(y) +dy(y N Fy,,y) < kM 4+ k + dy, (7 N Fyy, y).
Therefore, dy(x,y) < kM + k + fo(D(M) + M). So, for Ds44(M) :=
EM + k + fo(D(M) + M), we have dy (x,y) < Ds44(M). O

Now we recall the description of quasigeodesics in X from [45].

Step 1: Descriptions of uniform quasigeodesics in X.
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Let y,y; € X and let ¥,% be a pair of Ky-qi sections containing y,y’
respectively. Let £ = £(3,3') be the ladder formed by them.
Step 1(a): Ladder decomposition

Lemma 5.4.5. Given K > 1. Then there ezists D55 = D5.45(K) such that
the following holds.
Suppose X, 3 are two K -qi sections and dy(X,%") > My. Then 3,5 are

uniformly Dy 45-cobounded in X .

Proof. The K-qi sections X, are K’ := Dy 15(d, K, K)-quasiconvex. Let
P : X — X be a l-approximate nearest point projection map. Let the
diameter of P(X') be greater that D = Dg541(d, K’,1). Then by Corol-
lary 2.2.41, d(X,Y) < R := Rg241(6,K’,1). Then for x € ¥ such that
d(z,¥) < R, we have d(z,X N Fy)) < R+ KR+ K =: R. Then
7(P(YX)) C Up(%,Y). By Lemma 5.3.13, the diameter of is at most
Ds.315(K, R). Thus, diameter of P(X) is at most K 4+ K D5 513(K, R) and for
D545 =max{D, K + KDs313(K, ]:2)}, 3, ¥ are uniformly Dj 4 5-cobounded
in X. [

We fix the following notations:
(i) Each K;-qi section is K}-quasiconvex in X, where we have

K! =max{Ds15(5, K), K5311(9, K)}.
(i) If 3,3 are K;-qi sections and d,,(3,%") > Mk, then ¥, are D; =
Ds.45(5).
(iii) If X,%" are K;-qi sections with d,,(2,%) > r; ;== R5.3.16(2K] + 1, K;),
then d(X,Y') > 2K/ + 1.

We fix by € A. Let ¥, %' be Ky-qi sections in X. Suppose « : [0,1] — F,
is an isometry onto £(3,X) N F}, such that a(0) = XN Fy, a(l) = X' N F,.
We restate [45, Proposition 3.14] as:

Proposition 5.4.6. There is a constant Ly such that for all L > Ly, there is

a partition 0 =tg < t; < --- <t, =1 of [0,1] and K1-qi sections ¥;, passing
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through a(t;), 1 <i<n—1, inside L(X,%') such that the following holds.
(1) =%,%, =

(2) Each ¥;, 1 <i<n—1 coarsely separates L(3,¥’).

(8) For0 <i<n-—2, %, CL(Z;,Y).

(4) For 0 < i <n —2 either (I) dn(3;,Xi1) = L, or (II) dp(3;,2i41) > L
and there is a Ky-qi section X through a(t; 1 — 1) inside L(%;,3;11) such
that dy (%, %;) < C + CL, where C = Cs311(K,).

(5) d(Snes, Sn) < L.

Convention We fix Ry = Ly + Mg, + r3 and R; = C + CL, where
C = Cs311(Ky).

Thus, we have the following corollary.

Corollary 5.4.7. There is a partition 0 =ty < t; < --- <t, =1 of [0,1] and
K-qi sections ¥;, passing through a(t;), 1 <i<n—1, inside L(X,¥') such
that the following holds.

(1) S =%,%, =%

(2) Each ¥;, 1 <i <n—1 coarsely separates L(3,¥).

(8) For 0 <i<mn-—2, %, CL(Z;,Y).

(4) For 0 <i <n—2 either (I) dn(3;, Xiy1) = R, or (1) dp(%;, 3i41) > Ry
and there is a Ky-qi section X through a(t; 1 — 1) inside L(%;,3;11) such
that dy (%, %;) < Ry.

(5) dn(3n-1,%,) < Rp.

Remark 6. (1) Note that 3,1, %, need not be mutually cobounded.
(2) We call the sub ladders in (4)(1) of Corollary 5.4.7 as type (I) ladders
and those in (4)(11) as type (II) ladders.

Now we have all the conditions of Proposition 5.1.1. Hence, we can find a
uniform quasigeodesic joining z,y in £ = £(%,¥’). Tt suffices to find uniform

approximate nearest point projection of points of 3; onto ¥;,; and describe
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uniform quasigeodesics joining the successive points.

Step 1(b): Joining y, % in the ladder. Let y = 0 and for 0 <i <n—1,
let y;11 € ;41 be a uniform approximate nearest point projection of y; on
Yir1 in X. Let ¥ = y,41. Let a; denote the uniform quasigeodesic in X
joining y; to ;41 such that «; C £(3;,%;41). Let alpha, denote the lift
of [m(yn), m(y')] in ¥'. Next we recall how to find y; and construct «;, for
0<:1<n-1.

Case I: £; = L£(3;,%;11) is of type (I) or ¢ = n — 1. In this case,
Ury(Xi,Xiv1) # 0. Let u; be a nearest point projection of 7(y;) on
Ury(Xi, Xi11). We define y; 11 = ¥;.1 N F,,. Let v; be the lift of [7(y;), ;] in
Y, let o; be the fiber geodesic of F,,, N L; joining v;(u;) and y; 1. Then «; is
a concatenation of v; and o;.

The following lemma shows that y;,; is a uniform approximate nearest

point projection of y; on ;..

Lemma 5.4.8. Given K > 1,R > My, there are constants €545 =
€5.48(K, R), €k, o = €t 4 (K, R) such that the following holds.

Let Q1,Qy be K-qi sections and dp(Q1,Q2) < R. Let x € Q) and U =
Ur(Q1,9Qy). Suppose b is a nearest point projection of w(x) on U. Then
Qo N F}, is an €5 4.8-approzimate nearest point projection of x on Qs.

If dn(9Q1,Qy) > Mg then any V' € U, the point Qo N Fy is an €L, 4-

approzimate nearest point projection of Qi on Qs.

This lemma follows from Corollary 1.40 and Proposition 3.4 of [45].

Case II: £; = L£(X;,%;11) is of type (II). Then dp(3;, X;41) > Ry and
there is a K»-qi section X} inside £; = L£(X;, ¥;11) passing through a(t;41—1)
such that d(3;, X)) < R;. Let v; be a nearest point projection of 7(y;) on
Ur,(2;, %)) and let w; be a nearest point projection of v; on Ug, (X, ¥i11).
Let y; = XN Fy,, Yir1 = Siv1 N Fy,. Let v, 74 be the lifts of [7(v;), vi], [vs, wi]
on X;, ¥ respectively. Let o;, o} be the fiber geodesics of F,, NL(%;, X}), Fy, N
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L(3,3,;41) respectively. then, a; = v; % 0; % 7. * ol.

Borrowing the notation from [45], we denote the uniform quasigeodesic
obtained by concatenating ag, v, . . ., a, by c(y,y).

Step 2: Construction of cut-paste paths.

In this step, we construct the cut-paste path ¢(y,y’) in Y corresponding
to ¢(y,y’) in X. Using Proposition 5.1.1, we prove that ¢(y,y’) is a uniform
quasigeodesic in Y. Note that since £ satisfies all the hypotheses of Propo-
sition 5.1.1, so does L NY. For 0 < ¢ < n, let b; denote a nearest point
projection of m(y;) on A. Since y € A, by = 7(y). Let y; = Fp, N X;. For
0 <i<n-—1,define a path &; C £(3; NX;11 NY) joining ¥;, §ir1. Let &,
be the lift of [7(y,),y']a on X'

Case 1: £; = L(%;,%;41) is of type (I) or i = n — 1. Let 4; be the lift
of [bi, biy1]a in ¥; starting at ; and let &; be the fiber geodesic of Fy,,,, N L;
joining 7;(w;) and y;11. Then &; is a concatenation of 4; and ;.

Case 2: L; = L(X;,%;41) is of type (II). Let b, be a nearest point
projection of 7(y}) on A. Let ¢} = XINF, , yip1 = Bip1NFy,. Let 73,7, be the
lifts of [by, b]], [0}, bit1] on 3y, ¥ respectively. Let &;, 0'; be the fiber geodesics
of Fy NL(X;,%5), Fy,,, N L(X], Xipq) respectively. then, o; = 7; * 7; %y %0l

Step 3: Proving that é(y,y’') is a uniform quasigeodesic in Y.

By Proposition 5.1.1, it is enough to show that for 0 < < n — 1, ;14
is a uniform approximate nearest point projection of §; on ¥;,; and &; is a

uniform quasigeodesic. We prove this for each type of sub ladder £;. First

we have the following lemma.

Lemma 5.4.9. Suppose b € A, x,y € F, and suppose for all K > K,
and R > Mg, there exists a constant D = Ds49(K, R such that for all
2y € [x,yly and any two K-qi sections Qi and Qs passing through ',y
respectively, either Ugp(Qy1, Q) = 0 or dp(b,Ur(91,9Q2)) < D. Then [z,y], is

a As.4.9-quasigeodesic in X, where X549 depends on D and the metric graph
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bundle parameters. In particular, if Q and Q" are two K-qi sections passing
through x,y respectively then y (resp. x) is a uniform approximate nearest

point projection of x (resp. y) on Q" (resp. Q).

Proof. (1) Since fibers are uniformly properly embedded in X, the arc length
parametrization of [z,y], is also uniformly properly embedded in X. So
by Lemma 2.2.4, it is enough to show that [x,y], lies uniformly close to a
quasigeodesic in X joining x,y. Let X,,%, be Ky-qi sections in X passing
through z,y respectively. Let z € [z,y], and 3, be a K;-qi section through
z inside £(3;,%,). Then £(X,,%,) = L£(2;,2,) UL(X,,%,).

Claim: A nearest point projection of x on X, lies uniformly close to z.

Proof of the claim: Suppose Uy, (¥£2,%:) # 0. Then by Step 1(b) and
Lemma 5.4.8, it follows that z is uniformly close to an nearest point projection
of x on X,.

Now suppose Upsy, (3;,%,) = 0. Let vy, : [0,1] — Fy be the unit speed
parametrization of the fiber geodesic F, N L(X,,3,) joining x, z. By Propo-
sition 5.4.6, there exists a Ko-qi section ¥,/ through a,,(t) = 2’ such that
L(X,,¥,/) is a sub ladder of type (I) or (II), where ¢t € [0,1]. Let 2’ be a
nearest point projection of x on ... We consider the following cases:

(I) Suppose dj(X.,%./) = Rp. Then by Lemma 5.4.8, for any v €
Ury(X.,2.), F,NXE, is an € , (K5, Rp)-approximate nearest point projec-
tion of 2’ on ¥,. Since in this case, dg(b, Ugr,(X.,X,)) < D, and diameter
of U, (2., X,/) is uniformly bounded, d(z, F}, N %,) is uniformly small.

(IT) Suppose dp(X.,%./) > Ry. Then there is a K3-qi section ¥,, in
L(X.,%,) passing through 2” = a,,(t — 1) such that Ug, (3., 3.») # 0. Let
w be a nearest point projection of b on Ug, (X, X.~). Then by Lemma 5.4.8,
F,,NX, is a uniform approximate nearest point projection of z” on X,. Since
d(z',z") <1, F,NX, is a uniform approximate nearest point projection of z’

on Y, as well. Since X, 3, are cobounded, F,,NY, is a uniform approximate
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nearest point projection of 2’ on X,.

Since this is true for every z € [z,y],, by the construction of ¢(z,y) in X,
each z lies uniformly close to some point in c(x,y).

(2) Let Q, Q" be K-qi sections through z, y respectively. We will only that
x is a uniform approximate nearest point projection of y on Q as the other
proof is similar. Let 2’ € Q be a nearest point projection of y on Q. Consider
the lift 8 of [w(2"),b] on Q. Since Q is K’ = Dy915(K,0)-quasiconvex in
X, by Lemma 2.2.38, the concatenation of the geodesic [y, 2] in X and f
is a Ky935(0, K, K)-quasigeodesic in X. By Lemma 2.2.18, d(2/, [z, y]y) <
2D5915(0.k") where k' = max{Ks235(d, K', K), A5.49}. Then dg(m(z'),b) <
2D5918(0.k") and so, d(z', F, N Q) = d(a',x) < 2Ds515(0.k")K + K. Thus,
for € = 2D4515(0.K")K + K, z is an e-approximate nearest point projection
of y on Q. O

Let ko := Dy213(k, ). Then A is kyp-quasiconvex in B. Let Py : B — A

denote a nearest point projection map of B onto A.

Lemma 5.4.10. Given R > 0, K, K' > 1 and R' > My, there exists
Rs410 = Rsa10(R, R, K,K'),D5410 = Ds410(R, R, K,K') such that the
following holds.

Letw € B and Py(u) =b. Let x,y € F, and v1,7, be K-qi lifts of [u,b] in
X through x,y respectively. Let Qi,Qy be K'-qi sections over A in'Y and let
U=Ur(91,9). If du(m1(u),v2(u)) < R and U # 0, then dy(x,y) < Rs.4.10
and da(b,U) < Ds4.10-

Proof. Suppose d,(y1(u),72(u)) < Rand U # 0. Let ' € U . Then by
Lemma 2.2.38, 3 = [u,b] U [b,b'] 4 is a Ks.2235(9, ko, k, 0)-quasigeodesic in B.
Clearly, the concatenation of 7; and the lift of [b, b'] 4 on Q;, fori = 1,2 is a k'-
qi lift of § in X through x,y respectively, where k' = max{K, K'}. Let k" =
K32.38(0, ko, k,0). Then by Lemma 2.2.3, these qi lifts are (K'k", K'k" + k')-
quasigeodesics in X. Since d,,(71(u),72(u)) < Rand d(FyNQy, FyNQy) < R/,
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zliesina D' = 20+ R+ R'+2D5515(9, K'k", K'k" 4+ k') to the qi section through
y. Then by Lemma 5.3.15 to the restrictions of the lifts to [u, b] and [b, V] 4,
dy(x,y) < Rsa10, where R5410 = max{Rs315(D’, K), Rs515(D’, K')}. By
Lemma 5.4.10, da(b,U) < Ds.410, where D5410 = Ds313(K’, Rs.4.10/Mk).

O

Lemma 5.4.11. Given K > Ky and R > My, there exists K541 =
K5411(K, R), D5411 = D5.411(K, R) such that the following holds.

Suppose Q,Q" are K-qi sections in X and dp(Q,9") < R in X. Let U =
Ur(Q,9Q"). Suppose dp(QNY, Q' NY) > R. Then the following hold.
(1) Diameter of P4(U) is at most Ds.41;.
(2) For b e Py(U), F, N L(Q,9) is a Ks5.411-quasigeodesic in'Y .
(3) F, N Q is an €5.4.11-approximate nearest point projection of Q" on Q and

vice versa.

Proof. Recall that A is kg-quasiconvex in B and U is Kj5313(K) quasiconvex
in B. Let X' = max{ko, K53135(K)}. Suppose there exists u,v € P4(U) such
that dg(u,v) > Dg2.41(0, A, 0). Then by Corollary 2.2.41, there exists v/, v" €
U such that dp(u,u’) < Ro241(5, N,0),dp(v,v") < Ro241(0,N,0). Let D =
R32.41(6, N, 0). Then by the bounded flaring condition, d,(QNF,, Q' NF,) <
pr(D)R,d,(QNE,, YNF,) < ux(D)R. For Ry = pug(D)R, u,v € Ug, (2,9).
Since Ry > Mk, the diameter of Ug,(Q, Q') is at most Ds313(K, R1) and so,
dp(u,v) < Ds313(K, Ry). For D511 = max{Ds313(K, R1), Da241(6,N,0)},
we have the proof of (1).

Let w € U such that b = Ps(u). Let x,y € F, N1 £(Q,Q"). Let Q,9] be
K’-qi sections over A in Y passing through z,y respectively and let U’ =
Unm,, (Q1,97). Suppose U # 0. Let v1,7 be K-qi lifts of [u,b] in Q,Q’
respectively. Then d(7;(u),72(u)) < R. By Lemma 5.4.10, dg(b, U’) is small
and then, by Lemma 5.4.9, (2) and (3) are proved. O
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Lemma 5.4.12. Given D > 0, K > Ky and R > My, there exists K510 =
K5.4.12(D, K, R),D5.4.12 = D5.4‘12(D, K, R) and €54.12 = 65.4.12(D, K, R) such
that the following holds.

Suppose Q, Q" are K-qi sections in X and d(Q,9") < R in X. Let U =
Ur(Q,9Q"). Suppose U #£ (). Then the following hold.
(1) Diameter of PA(U) is at most Ds4.12.
(2) Forb e P4(U), FyNL(9Q,9Q) is a K5.412-quasigeodesic in 'Y .
(3) Fy, N Q is an €54.12-approximate nearest point projection of Q" on Q and

vice versa.

Proof. By Corollary 2.2.41, P4 is coarsely L := Lg.41(do, ko, 0)-Lipschitz.
So, the diameter of P4(U) is at most LD + L =: Djs 4.12. Proof of (2) and (3)
are same as in the proof of Lemma 5.4.11, once we show that d,(QNY,Q N
Y) > R. Suppose not, ie., d(QNY, Q' NY) < R. Then the diameter of
Ur(QNY,Q'NY) is at most k + kD, since A is a k-qi embedded subset of
B. Then the proof follows by the first part of Lemma 5.4.8. O]

Lemma 5.4.13. Given K > Ky and R > My, there exists Ds 4135 =
D5 413(D) such that the following holds.

Suppose Q, Q" are K-qi sections in X and dp(QNY, 9 NY) < R in X.
Let U =Ur(QNF,, Q' N EF,) < Ds.413.

Proof. Let u € U such that Pa(u) = b. If u € A, then b = v and d,(Q N
F,, O9NF)<R. Soletu¢A. Let v e Ug(QNY,9'NY). Then [u,b] U[b,v]
is K5.2.35(d0, ko, 1,0)-quasigeodesic in B. Since U is Kj 3 13-quasiconvex in B
and u,v € U, dg(b,U) < Dg15(d0, K2.2338(d0,k0,1,0)) + K5313. Let D :=
Ds.5.18(00, K2.2.38(d0, ko, 1,0)) + K5313. Then by applying bounded flaring,
dy(QNFy, 9'NF,) < Rmax{ux(D),1}. Thus D5 4135 = Rmax{ux(D),1}. O

Now, finally we prove Step 3.
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Lemma 5.4.14. For 0 <i <n — 1, we have the following:
(1) iy1 is a uniform approzimate nearest point projection of J; on X1 NY .

(2) &; is a uniform quasigeodesic in'Y .

Proof. Case 1: i <n—2 and L, is of type (I): By Lemma 5.3.13, diameter
of Ury (2, X;4+1) is uniformly small. By Lemma 5.4.12(3), ;41 is a uniform
approximate nearest point projection of g; on ¥; 1y NY. Also, ¥; N Fy,, | is
a uniform approximate nearest point projection of ;.1 on ¥; NY and by

Lemma 5.4.12(2), 6; = [Z;N Fy,. ,, Xic1 N F is a uniform quasigeodesic

e et lbis
in Y. Using Lemma 2.2.38, ¢&; is a uniform quasigeodesic in Y.

Case 2: L, is of type (II): We know that d(%;, X)) < R;. We consider
the following sub cases:

Sub case 1: dp(Y NYE;, Y NXL) < Ry. Then by Lemma 5.4.13, length
of 6; = [X; N Fy, YN Fb;]b; has uniformly small length. Then, since 7; is a
uniform quasigeodesic in Y, 4; * ¢; is a uniform quasigeodesic in Y.

Sub case 2: dp(YNX;, Y NEE) > Ry, Then by Lemma 5.4.11, [X;N Fy, 30N
Fy ] p, 1s a quasigeodesic in Y. Also, 7. is a uniform approximate nearest point
projection of g; on ¥, NY. Also, 3; N Fy is a uniform approximate nearest
point projection of g} on ¥; NY and by Lemma 2.2.38, 7, % 6, is a uniform
quasigeodesic in Y.

Now, dp(X:NY,X;:1 NY) < 1. Since b1 € Pa(Ug, (X}, %i41)), length of
gl =[N Fy, 201 N Fy

has uniformly small length. Then, since 7,

i+10 i+1]bi+l

is a uniform quasigeodesic in Y, 4] x ¢ is a uniform quasigeodesic in Y.
Case 3: i =n — 1: We know that d(X,,_1,%,) < Ry. Then we have the
following possibilities : (i) dp (2,1 NY, 2, NY) < Ry, (ii) dp(X,-1 NY, 2, N
Y) > Ry. Then proof of (i) and (ii) follow from Lemma 5.4.13 and Lemma
5.4.11 as in the proof of Sub case 1 and Sub case 2 respectively. O
Applying Proposition 5.1.1, we have proved the following result:

Proposition 5.4.15. Let x,y € Y and X,Y' be Ky qi sections in X passing
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through x,y respectively. Let c(x,y) be a geodesic in L(X,Y') joining x,y.
Then the corresponding cut-paste path ¢(x,y) is a uniform quasigeodesic in

Y.

Step 4: Verification of the hypothesis of Lemma 2.2.33
Let by € A and yy € Fp,,. Let y,y/ € Y.

Proposition 5.4.16. Given D > 0, there exists D416 = Ds416(D) such
that the following holds.

[f d(y07 C(ya ?J,)) S D7 then dY(yOa E(y7y/)) S D5.4.16-

Proof. Let = € c(y,y’) such that d(z,yy) < D. Then dg(n(z),by) < D.
Let @ € {0,1,...,n} such that + € «;. Suppose £; is of type (I). In
that case, a; = ~; * 0; joins y;, y;r1, where v; is a lift of [y;, yir1] on 3.
Clearly, 7(z) € [yi, yi+1]. Let wy, we be nearest point projections of 7(z) on
[bi, biv1], A respectively. Then, dp(wi,ws) < Dsgge. By Lemma 2.2.18,
dp(wi, [bi,biv1]a) < Dosis(do, k) and dp(m(x),we) < dp(m(x),by) < D.
Thus, there exists w € [b;, b11]4 such that dg(m(x), w) < Dys15(dg, k)+D =:
D'. Recall that m(&;) = [b;,bi+1]a. Let ¥, be a Ky-qi section in £; through
x. Then, d(x,3, NF,) < KyD'+ K,. Then, d(yo, ¢(x,y)) < KoD'+ Ky + D.
Then dy (yo, ¢(x,y)) < Ds44(KeD' 4+ Ky + D).

Now, suppose £; is of type (II). In that case, o; = 7; * 0; * 7y} x g joins
Vi, Yir1, Where ~y; is a lift of [y;, 4] on 3; and ~} is a lift of [y}, yi11] on X
Then x € y;x0; € L(X;,3)) or & € vixo} € L(X],3;11). Repeating the above
calculations, we have Ds 416 = max{Ds44(K2D" + Ky + D), D5 44(K3D" +
K3+ D)} O

This proposition verifies Lemma 2.2.33.
Proof of Theorem 5.0.1: It is given that, G(Y) is a complex of groups,
where Y is a finite complex. T is a maximal tree in the 1-skeleton of the first

barycentric subdivision of Y. Also, G = m(G(Y),T) is hyperbolic. We have,
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B’ = D(Y,ir), where iz : G(Y) — G is the natural morphism.

We take B to be the 1-skeleton of the first barycentric subdivision of B’.
Then we construct a graph X, similar to the construction in the subsection
4.2.1 on which G has a simplicial, proper and cocompact action and a G-
equivariant map 7 : X — B. Here, for each o € V(Y), X, is a copy of the
Cayley graph of G,. For 7 C o, by 2 of the hypotheses of the theorem, the
corresponding morphism G, — G, is a quasiisometry. By the construction
of X, (X, B, ) is a metric graph bundle.

Now, we take A to be the 1-skeleton of the first barycentric subdivision of
A’. We similarly construct a metric graph bundle Y such that there exists a
simplicial, proper and cocompact action of H on Y and also, an H-equivariant
map 74 : Y — A. Clearly, Y is a pullback X under A’ — B’. Then the
proof follows by Theorem 5.4.3. O

5.5 Consequences

Given a short exact sequence of finitely generated groups, one can naturally
associate a metric graph bundle to it ( [45, Example 1.8]). Having said that,

Theorem 5.4.3 gives the following as an immediate consequence.

Theorem 5.5.1. Let 1 - N — G = Q — 1 be a short exact sequence of
hyperbolic groups. Suppose Q1 is a finitely generated, qi embedded subgroup
of Q and G1 = 7= 4(Q1). Then, G is hyperbolic and the inclusion G; — G
admits CT.

Theorem 5.4.3 has the following analog for metric bundles.

Theorem 5.5.2. Suppose m : X — B is a metric bundle satisfying the
hypotheses of section 5. Suppose g : A — B is a k-qi embedding and suppose
w:Y — A is the pullback bundle. Let f :Y — X be the pullback map. Then
Y is a hyperbolic metric space and the CT map exists for f 1Y — X.
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Proof. By Proposition 5.3.1 and the first part of Lemma 5.3.2, we are reduced
to considering the pullback of a metric graph bundle. Clearly, all the metric
graphs in question are hyperbolic. Therefore, the result follows from Theorem

5.4.3 and the second part of Lemma 5.3.2. O]
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Chapter 6

Future Plan

The next natural course of action would be to investigate the analogue of
Theorem 1.3.3 in the relative hyperbolic setting. Let 7 : X — B is a metric
(graph) bundle such that B is a hyperbolic metric space and each fiber is
hyperbolic relative to a collection of subsets such that the coned-off fibers will
be uniformly hyperbolic. Let g : A — B be a k-qi embedding and p:Y — A
be the pullback bundle. Let f : Y — X be the pullback map. We need to
establish the sufficient conditions under which the metric (graph) bundle is
relatively hyperbolic. Then show that Y is a hyperbolic metric space and
the CT map exists for f : Y — X. This would generalize the result by Pal
in [46].
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