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Introduction

It is a fundamental problem in Riemannian geometry to try and capture the geometry
of a Riemannian manifold by certain of its geometric invariants. In this thesis we
consider closed (compact without boundary) Riemannian manifolds M and the action
of the geodesic flow g%, on the unit tangent bundle SM.

It turns out that if M has negative sectional curvature then the geodesic flow ¢t
has significant influence on the geometry of M; for instance, it is a well known fact
that a typical geodesic in M is dense. This is in sharp contrast with the case of
geodesics on the unit sphere in R?, where every geodesic is a great circle; in particular
none of the geodesics is dense. The classification theorem for surfaces says that a
closed surface M in R® is homeomorphic to either a sphere or a torus or a surface
of higher genus. The genus of a surface determines its Euler characteristic, which
is a topological invariant; more precisely, the Euler characteristic x(M) of a surface
M of genus g is 2 — 2g. The celebrated Gauss Bonnet theorem relates the Fuler

characteristic of a surface M to its Gaussian curvature K by the formula

/M KdA = 2ry (M)

where dA is the area form in M. A consequence of the Gauss Bonnet formula is
that the sign of curvature on a given closed surface M, if the same sign holds at all
points of M, is restricted to a single choice. For example on a sphere S%, whose Euler
characteristic is 2, a negative sign on the curvature at all of its point is not possible,
whereas such a thing is possible on a surface of genus > 2. The classical uniformization
theorem for surfaces precisely confirms this possibility. That is, a surface M of genus
> 2 admits a metric of constant negative curvature —1.

The main theorem discussed in this thesis concerns metrics of non positive curva-
ture on a surface M of genus > 2 and proves that such metrics are determined up to
isometry by the action of the geodesic flow g}, on SM. More precisely, we will discuss

a proof of the following theorem.
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Theorem 0.0.1 (Croke, 1990). Let N be a closed surface of genus > 2 with non pos-
itive sectional curvature and M be a compact surface whose geodesic flow is conjugate
to N via F; i.e., F : SM — SN is a C'-diffeomorphism such that F o gt;, = gi o F
for all t then F = g o df, where f is an isometry from M to N and K is a fived

number.



Chapter 1

Chapter 1

1.1 Preliminaries

1.1.1 Curvature

Let M be a smooth manifold and 7,M denote the tangent space at p. Suppose for
each p € M we have an inner product g, on T),M which varies smoothly with respect
to p as a 2-tensor, called the metric tensor; then M is called a Riemanian manifold
with metric g. We will denote g by ().

Length of a curve v : [a, b] — M is defined as f:(ﬁ(t),ﬁ(t))édt.

Definition (Levi Civita Connection): The Levi Civita Connection V is the unique
map which takes any two smooth vector fields (X,Y) on (M,g) to another smooth
vector field VxY and satisfies the following properties:
1. VxY is R — linear in both X and Y.
2. VxY is C®°(M) — linear in X but obeys the following product rule for all f €
C>®(M) :

VxfY=X()Y + fVxY
3. VxY —VyX =[X,Y].
4. Z(X,)Y) =(VzX,Y)+ (X, VYY) where Z is also a smooth vector field.

It turns out that VY (p) depends only on X (p) and value of Y along any curve
a such that &(p) = X (p).

Definition (Covariant derivative) : Consider a smooth curve v and a smooth

vector field V' along ~v. We define the covariant derivative D;V by

DV (to) = Vi)V
9
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The definition is meaningful because of the above remark and the fact that (¢o)
and V' can be extended to the whole manifold smoothly. Thus D, has the following
properties.

1. D,V is R — linear in Y as well as the velocity of v
2. DifV = fV+ fD,V
3. 4(X,Y) = (D,X,Y) + (X, DY) for any two vector fields X and Y along 7.

When there is no scope for confusion we will denote D,V simply by V.

Definition (Parallel field) : We say that a vector field V along v is parallel if V' = 0
everywhere on the curve. Giwen any v € T,M where p is any point on the curve 7,
there exists a unique parallel field V' such that V(p) = v. V is called the parallel
translate of v.

It should be noted that if two vectors v and w are parallelly translated, then their

length as well as the angle between them are preserved.

Definition (Geodesics) : A smooth curve v is said to be a geodesic in M if Dyy =0
everywhere on the curve.

Thus for a geodesic, its tangent vector field is a parallel translate and hence every
geodesic is a constant speed curve. It is a very important theorem that given any
vector v € T'M, the tangent bundle of M, there exist a unique geodesic 7,
such that 4,(0) = v.

Now we will move on to the notion of curvature. We define the curvature endo-

morphism R by
R(X,Y)Z =VxVyZ —-VyVxZ —VxyZ.
It induces a 4- tensor Rm called the Curvature tensor
Rm(X,Y,Z, W)= (R(X,Y)Z,W).

We will be dealing only with 2-dimensional Riemannian manifolds(surfaces) for which
the notions of Gaussian curvature and sectional curvature coincide. Now onwards M
is a surface. Let X and Y be smooth vector fields defined in a neighborhood of p € M
such that they are linearly independent everywhere in the neighborhood. Then (X,Y)

is called a local frame at p
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Definition( Curvature):

W RmXYY,X)
CXPYPR - (X,Y)?

where (X,Y) is any local frame on M.

Definition( Isometry) : Let (M, gy) and (N,gn) be Riemannian manifolds and
f: M~ N be a (local) diffeomorphism such that f*gy = g ie. f*gn(v,w), which is
by definition, gy (fiv, fiw) is same as gyr(v, w) for allv,w € TM. Then f is called an

(local) isometry. Gauss’s Remarkable Theorem states that K is an isometry invariant.

1.1.2 Jacobi Fields

We will first define Jacobi fields in terms of geodesic variation.

Let v : (—00,00) — M be a smooth curve on a Riemannian manifold M. In
our cases, this will be a maximal geodesic. Consider a smooth map I' : (—¢,€) x
(—00,00) = M such that I'(0,¢) = 7(¢). Then I is said to be a variation of ~. If
for each value of s, the curve ~,(t) = I'(s, ) is a geodesic, then it is called a geodesic
variation. The curves v,(t) where ¢ is the parameter are called main curves and the
curves 7(s) where s is the parameter are called transverse curves. We will denote
the variation also by v,(¢) and the situation will always make clear whether we are
referring to the variation or a main curve. We set S' = F*(%) and T' = F*(%). Note
that S is tangential to transverse curves and T is tangential to main curves. Using
the cordinate description in a neighborhood around each point, it is not difficult to
prove that D,7'= D.S. This is called symmetry lemma for obvious reason. For any
variation 7,(t), the smooth vector field S(0,t) = I'v(£(s=0)) = 2 |(s=0)7s(t) along 7 is
called the variation field. Note that the variation field is tangent vectors to transverse

curves at points of 7. Now we are ready to introduce the term Jacobi field.

Definition: The variation field of a geodesic variation is called a Jacobi field
It can be proved that a vector field J along v is a Jacobi field if and only if J
satisfies the vector equation
D?J + R(J,5)% =0

where R is the curvature endomorphism. Since the equation is linear, the set of all
Jacobi fields along a given geodesic 7, which will be denoted by % is a vector space

over R.
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As one may expect due to the presence of a second order differential equation, We

have the following theorem about the existence and uniqueness of Jacobi fields.

Theorem 1.1.1. Let v be a geodesic in M and p = v(a). For any pair of vectors
X,Y € T,M there is a unique Jacobt field J along vy satisfying the initial conditions
J(a) =X and J'(a) = D;J(a) =Y

As a corollary, it follows that along any geodesic «y, the map from ¢ to T,M xT,M
which takes J to (J(a),J (a)) is an isomorphism and hence the vector space 1 is of
dimension 2n. A Jacobi field J is said to be tangential(normal), if J is a multiple of
(perpendicular to) to 4. Two tangential Jacobi fields important to us are 4(¢) and
t¥(t) and the one dimensional spaces spanned by them are denoted by ! and 1°
respectively. Clearly, the set of tangential Jacobi fields and the set of normal Jacobi
fields (denoted by 1) are subspaces of 1. The following lemma will provide hints to

the dimension of tangential and normal spaces.

Lemma 1.1.2. Let v : 1 +— M be a geodesic and a € I.
1 . A Jacobi field along ~ is normal if and only if J(a) L 4(a) and J'(a) L ().
2 . Any Jacobi field orthogonal to v at two points is normal.

Now, it follows easily that 1* has dimension 2n — 2 and the tangential space is
Yt +1)°. Moreover the unique decomposition of a Jacobi fields into the sum of normal
and tangential Jacobi fields can be obtained just by decomposing its initial value and
initial derivative, and taking the unique Jacobi field determined by the perpendicular

components and the one determined by the tangential components.

1.1.3 The geometry of tangent bundle

Our reference for this section is [P]. Let T'M denote the tangent bundle of M and
TTM be its bundle. For § = (x,v) € TM, consider the set V() = {( € TyTM : ¢
is the initial velocity of a curve o : (—¢,€) — T'M of the form o(t) = (z,v + tw)}. It
can be shown that V(6) = ker(dm(0)) where 7 is the canonical projection from 7'M
to M.

Now for each 6 € T'M, we define a map Ky : TyT'M — T, M called the connection

map as follows.

Definition(Connection Map): Given ¢ € TyT M, take a curve z : (—€,€) — TM

whose initial tangent vector is (. We can write z(t) = («(t), Z(t)) where a: (—€,€) —
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M ‘is a smooth curve and Z is a smooth vector field on o.. Define Kq(¢) = Z'(0), the

co variant derivative of Z along o att = 0.
It is not difficult to show that Ky is well defined(

We set H(6) = ker(Ky).

ie. independent of the curve z) and it is linear.

definition below.
Proposition 1.1.3. Ky is well defined.
Proof. Let 04,04, ...,
z1(t) = (en(t), Z1(t)) and 2(t) = (

Zy
Zy

We need to show that V., Z;(0)
(ab)'(0) since 2,(0) = 25(0).

= V4, 7Z5(0). We have a}(0) = a}(0) and (a})’

We will prove the validity of the

0, be a basis of coordinate vectors in a neighborhood of z. Let
as(t), Z3(t)) be two curves defining (. Let

%
%

Now &(0) = (m 0 21)'(0) = dr(21(0))(21) (0) = dm(6)(¢) = drm(2(0))(z2) (0) =

(70 2)'(0) = &(0) and

Z,(0) =

= (a1) (09,

Vi, Z1(0)
= Vg, (d}0)

0)
0) +
= (a3) (0)2;(0

a1(0)V,0,(0)

)+
) + a5(0)Va,9:(0)

= Vi, (a30:)(0)

= V4, 22(0)

= Z,(0)

Hence the proof is complete.

]

Another equivalent way of constructing H(6) is by means of the horizontal lift.

Definition (Horizontal Lift): For 0 = (z,v) € TM, we define the horizontal lift

Lo : T,M — TyT'M as follows.
corresponding to v’
TM be the curve o(t) =

Given v € T,M, take a curve « :

(—€,€) — M

Let Z(t) be the parallel transport of v along o. Let o : (—¢€,€) —
(a(t), Z(t)). Define Lg(v")

= 5(0).

It is clear that Kjy(Lg(v')) = 0 for all v" € T, M. We take a curve o corresponding

to Lg(v'). Let o(t) =

(a(t), Z(t)). Then Kqo(Lg(v')) =

Z'(0) ,the covariant derivative

of Z along « at t = 0. This is zero since Z is parallel along a by definition.
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Ly has the following properties.

1 . Ly is well defined.

2 . Ly is linear.

3 . ker(Ky) = image(Ly).

4 . dm(0) o Ly = Idr,p, the identity map.

5 . The maps dn(0)|u@) : H(9) — T,M and Ky|v — T,M are linear iso-

mophisms.

These results establish that TyTM = H(0)+V (0) as follows. from 5, dim(H (0))
dim(H(0)) = dim(T,M) =n. Also H(#) NV (0) = 0. This is because if ( € H(f) N
V(#), then we can take ¢ = Lg(v') for some v € T,M . Then v' = Idgp,(v)
dr(0) o Ly(v') = dm(0)(¢) = 0. Hence ¢ = L(#)(v') = 0.

Now it is quite easy to see that the map jy : TyTM — T, M x T, M defined by
Jo(Q) = (dm(0)(¢), Kg(¢)) is linear and injective and hence an isomorphism (since the

dimensions of domain space and codomine space are equal). Now onwards we can
write ¢ as ((n,(,) using this isomorphism. (, = dn(6)(() is called the horizontal
component of ¢ and (, = Ky(() is called the vertical component of {. Using the
decomposition TyTM = H(0) + V(0) = T,M x T,M , we can define a Riemannian
metric on T'M such that H(f) and V(0) are orthogonal. This metric is called Sassaki

metric.

Definition(Sassaki metric):
(¢ mho = (dm(0)(C), dm(0)(n))a + (Ko(C), Ko(1))a

1.1.4 Jacobi field correspondence

Proposition 1.1.4. Let § = (z,v) € SM. A vector £ € TyT M will lie in TySM if
and only if ( K(£),v) = 0.

Proof. Let 0 = (z,v) € SM C TM and & € TyTM. Let z(t) be the curve in T'M
corresponding to £. We can write z(t) = («(t), Z(t)) where Z(t) is a smooth vector
field along a.

If £ € TpSM, then we can assume z(t) € SM for all ¢t. ie , (Z(t), Z(t)) =1 for

all £. Then
d

20, 2() = 2(VaZ(0),v) =0
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But V;Z(0) = K (&) by definition. This shows that ( K(§),v) =0if &€ € TSM.
Conversely, let us assume that (V4Z(0),v) = 0. ie £(Z(t),Z(t)) = 0. Since
(Z(0),2(0)) = (v,v) =1,(Z(t), Z(t)) is away from zero at t = 0. So by replacing
2(t) = (a(t), Z(t)) by (af(t), é—g;'), if necessary, we can assume that z(t) € SM in a
neighborhood of t = 0. Then £ € THSM. O]

The dimension of TpT'M is 2n. The condition ( K(§),v) = 0 brings down the
dimension of TpSM to 2n — 1.

Given a Jacobi Field J along a geodesic v such that J'(0) L v =~+'(0), we
can identify J with ¢ = (J(0),.J'(0)) € T,TM. Then ( K(£),v)) = (J (0),v) =0
and the above proposition £ € TpSM. It is clear that this correspondence is

an isomorphism. We will denote the Jacobi field corresponding to ¢ € T)SM
by Jg.

1.2 Geodesic Conjugacy

Definition(Geodesic flow): Let M be a complete manifold and SM denote its unit
tangent bundle. For each t € R we have a map ¢g' : SM +— SM defined by

v (1),

The 1-parameter collection g* is called the Geodesic Flow.
It can be easily verified that

l.gto g° = g*+

2. ¢ = Identity

Thus we see that R acts on SM via the geodesic flow.

Definition (Geodesic Conjugacy): Let M and N be two complete manifolds with
geodesic flows g4, and gl respectively. M and N are said to have conjugate geodesic
flows via F if there exists a C'— diffeomorphism F : SM — SN such that

g o F = Fog,

forallt € R

Proposition 1.2.1. F' takes a geodesics v to a geodesic F(7)
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Proof. By this we mean that F' takes the tangent field of a geodesic in M to the
tangent field of a geodesic in N. Let v = ~'(0).

’

F(Y (1)) = Fogi(v) = gy o F(v) = vp (1)
Thus F takes y to yp(,) which we will call as F'() O

Definition( Geodesic Vector Field) : Let G be the vector field on SM which

generate the geodesic flow. i.e.

d
G(v) = %\t:ogfw(v).
We call G as a geodesic (flow) vector field.

Proposition 1.2.2. Let F' be a geodesic conjugacy from M to N. Then F (G (v)) =
Gn(F(v)).

Proof.

]

Proposition 1.2.3. If M is the universal covering space of M , then SM is a cover
of SM.

Proof. Let P : M — M be the projection under which M is the universal cover.
Then by the definition of the metric in M, P is a local isometry. Define a map
SP : SM — SM by SP(#,) = (P(&),dP(?)). Let (z,v) € SM. Consider a
neighborhood U x S where U is an evenly covered neighborhood of z. Let Vi, V5, ..., V,,
be the disjoint homeomorphic copies of U in M. We will show that U x S! is evenly
covered by Vi x S1, V5 x S, ..., V,, x St under the map SP.

Clearly V; x S1, V5 x S, ..V, x St are mutually disjoint since Vi, V5, ....Vn are so.

To show that SP~1(U x S*) C U™, V; x S* let us assume that (g,w) € SP~(U x
S'). This means § € V; for some i and @ € S since U is evenly covered and dP is a

local isometry. Then (7, @) € V; x S*
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Conversely let (7,w) € V; x S'. Then again P(y) € U and dP(w) € S*. So that
SP(g,w) € U x St. Thus we get SP~1(U x S') =012, V; x St
It remains to show that SP is surjective. This is clear since P is surjective and

dP is a local isometry O

Now onwards in this chapter we will concentrate on surfaces of genus > 2.

Let K be the subgroup of m (SM) generated by the fiber, where M is a surface
of genus > 2. If M is orientable, then K, is the center of m(SM). If M is non
orientable then Ky = {a € m1(SM)| bab™' = a or a™! for all b € 7, (SM)}[B — K].

Since F, is an isomorphism it is easy to see that F,(Kj) = K.
Lemma 1.2.4. F lifts to a map F : SM — SN.

Proof. The condition for the lift to exist is that
(F o SPy),mi(SM) C (SPy) * m (SN)

. Let Ky (resp.Ky) be the subgroup of m;(SM) ( m(SN) respectively) generated by
fiber. We will soon show that Ky = m1(SM) ( Ky = 7 (SN) respectively). Hence

our lifting condition is translated to
F.(SPy).(Ku) € SPr,(Ky)
ie.
F.(Ku) € Ky
which is true by the above remark. O
Proposition 1.2.5. K, = m(SM), (also Ky = m(SN).

Proof. Consider a loop (&(t),#(t)) in SM. We will homotope it to a loop ((0), w(t))
in the fiber.
Consider H : [0,1] x [0, 1] — SM such that

(0,8) = (2(),0(t))
(1,8) = (2(0), w(t))

We will define H(s,t) as follows. Join Z(t) to £(0) by a geodesic parametrised by s
which varies from 0 to 1. Call it 7. Define H(s,t) = ((s), Pso(t)) where Po(t) is

the parallel translate of () along 7; for time s. The speed of v, varies continuously
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with dist(y(t),Z(0)) which in turn varies continuously w.r.t t. So H is continuous and

we get required homotopy. O]
Lemma 1.2.6. F': SM +— SN is a geodesic conjugacy.

Proof. We need to show that F o 9% = g5 © F for all t. For a given o € SM,
consider the geodesic 75 in M. Since dP), is a local isometry this geodesic is taken to
a geodesic v, in M by the map dPy. Clearly g - (v) is taken to gj,(v) because of the
same reason. F' takes g,(v) to gi(F(v)). Now again, since dPy is an isometry, vp(,)
must come from a geodesic above, whose two tangent vectors are F'(¢) and F o 9%, (9).
Thus we get that

Proposition 1.2.7. F induces an isomorphism from mwi (M) to m(N).

Proof. Let o be a nontrivial element in 71 (M). Since (mar)4 is a surjection, o comes
from a loop & in SM. & cannot be in Kj since « is nontrivial. Since F,(K;) =
Ky, F,(&) cannot be in K. Hence (mn), o F,(&) is nontrivial. Define it to be
F(a). By taking F_! instead of F}, we can show that F is invertible. F is clearly a

homomorphism. O

Thus the map F' on closed geodesics induces an isomorphism of free homotopy
classes. It is known that on a manifold of non positive curvature, every free homotopy
class contains a geodesic as the shortest curve and if the class has more than one
geodesic, all of them must have the same length. Now by F', the same is true or M

also. ie. two freely homotopic geodesics has same length in M.
Lemma 1.2.8. M has no conjugate points.

Proof. By [B], closed geodesics are dense in N meaning the set of periodic vectors
{v e SN : v, is a closed geodesic} is dense in SN. By F'~! closed geodesics are dense
in M also. So if we show that there are no pair of conjugate points along any closed
geodesic, by the denseness it holds for all geodesics in M. By the remark following
previous proposition, a closed geodesic v : [0, L] — M is the shortest curve in its free
homotopy class. Hence the segment of the lift 4 from 0 to L is also minimizing( the
projection map P is isometry), It applies to iterates of v that represent the elements
in the fundamental group which are powers of the element represented by v as well;

hence 4 is minimizing for all time. Hence there are no conjugate points along 7. Let
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7(0) = p and. If possible let ¢ be a point conjugate to p along v. Reparameterise
v such that ¢ = v,(1) . p is conjugate to ¢ along a geodesic v in M if and only
if the exponential map E,; : TM +— M fails to be a local diffeomorphism at v.
By inverse function theorem , this is if and only if Ej;, at v is not invertible. But
dP o Eyy = Eyy o P where dP is the projection from TM to TM. Taking derivative
and using the fact that 4 has no conjugate point , it follows that v has no conjugate

point. 0

1.3 The Contact structure on SM

Definition (Contact Manifold): Let M be a 2n — 1 dimensional manifold. A 1-
form o on M s called a contact form if a A (da)™™' is non vanishing. Then the pair
(M, ) is called a contact manifold. A flow 1y on M which preserves «, that is for
which Yo = «, is called a contact flow.

Every contact manifold (M, ) comes with a unique vector field X such that

ionzl

ideé =0

such an X is called the characteristics vector field. The flow of X is called the
characteristic flow. It can be shown that the characteristic flow preserves «.

The geodesic vector field G gives a contact structure on SM. We define a by

a(§) = (& G(v))

We see that for £ € T,5M.

As shown in detailed in [P] , « is a contact form whose characteristic flow is ¢¥;.

Hence G is the characteristic vector field of a. ¢}, preserves a.
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Now it is easy to see that kera = G*, the 2n — 2 subspace of T,SM orthogonal
to the span of G(v). And also

de(fﬂ?) = <€h777v> - <€v777h>

It is also shown in [P] that the volume form induced by the Sassaki metric is (n —

)!a A (da)™ !, Thus for a surface the volume form on SM is a A da.
Proposition 1.3.1. Geodesic conjugacy preserves contact and volume forms.

Proof. Let F' be a geodesic conjugacy from SM to SN. We will denote the contact
forms on SM and SN by a; and ay respectively. Then we need to show that

*
FQ{QZOfl

For £ € T,SM,

= (F(v), (F))
= (F(v), (F(aGu(v) +£))n)

Where we have decomposed ¢ into aGy;(v) and £+ € Gy, a € R.
RHS = (F(v),(F.(aGy(v)))n) + (F(v), Fu(§5)n)
Now

F,(aG(v)) = aF .G (v)

d
= GF*(% (=091 (V)
d

=a- (t=0)(F 0 g (v)

= a%\(t_o) (gn(F(v))

= aGnN(F(v))

Thus F, takes span of (Gj; to span of GG. Since Fj is an isomorphism and T,SM =
(Gum)+Gyp and Tr)SN = (Gn) +Gy, F, must take Gy to Gyy. Thus (. (§4)), =0
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and we get
F*OQ(g) =a
On the other hand
041(5) = <1}, €n>
= (v, (aGpr(v) +E)n)
= (v,av) = a.
Now we will show that
F*dOZQ = d(l/l

F*dozg(ﬁ, 77) = dOQ(F*f: Fﬂ?)
= F(§)az(Fin) — Fu(n)az(F) — az([F(€), Fu(n)]

by the definition of da.

Fi (&) as|rpw) (Fin) = F(§) F sl p-1pw)(0)
= o (n)
() ([Fi(§), Fanl) = calpw Fil€ n]
= I"ay(&,m)
= a1[€,n)

Thus LHS = £aq(n) —nay(§) — aq[€, ] which is, by definition, day (€, 7).
Since F*(a A B) = F*a A F*f3 for all forms of a and 3, we get F*(ay A dag) =
ay A dog.

Hence F' is volume and orientation preserving. O]

1.4 F-induced correspondences of Jacobi fields

We have already seen that the space of Jacobi fields i) along a geodesic ~ splits
naturally as 1 = 9+ + ¥ + 1® where 1)+ consists of those Jacobi fields that are
perpendicular to v, ¥ is spanned by ~', and ¥ is spanned by ty. Although all

Jacobi fields arises from variations of geodesics, we have :
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Proposition 1.4.1. Only the Jacobi fields in ¥+ + ¢ comes from wvariations of

geodesics vs which are all parametrized by arc length.

Proof. Let T'(s,t) denotes the smooth map corresponding to the variation ~,. Let
S =T.(Z) and T = I',(2). Then by symmetry lemma, we have D,T = D,S.
Now suppose to the contrary that J € v° arises from a variation ~y, through unit
speed geodesics. Then (T,T) = 1 identically. Differentiating with respect to s,
this gives (D,T,T) = 0. By symmetry lemma, (D;S,T) = 0 identically. At
s = 0, this implies (DyJ,7') = 0. We can take J = aty’ where a € R and then
0= (D.J,7) =a(y +tDy,~) =a(+,7) which is clearly a contradiction. [

All of our geodesics will be parametrized by arc length (unit speed) unless otherwise
stated so that we can restrict ourself to 1+ + 1t

Note that ¢ 41! is exactly the subspace consisting of Jacobi fields J for which J'
is perpendicular to . Hence under the correspondence & + Jg, ¢+ 44" is isomorphic
to {{ € T,TM|(K(§),v) = 0}. By proposition 0.1.1, this subspace is T,,SM. Thus
every element J of % + ' can be represented by a unique ¢ ¢ T,SM
isomorphically. We will denote J by J;.

Definition(F,): Since F, is an isomorphism from T,SM to Tpu) SN, we readily get
an isomorphism from Vi, + ¥4, to ¥y + W&, We will denote this map also by Fi.
Thus

Fo(Je) = Jre

There is another way to go from a Jacobi field in M to a Jacobi field in N. Corre-
sponding to each J there is a geodesic variation 7,. F' takes 5 to a geodesic variation
F(vs) in N. We define ¢(J) to be the variation field of F'(~;).

Is ¢ same as F, 7 We will explore now.
Let Ty denote the tangent field of . It is a smooth curve in SM. T is a variation
of Tv. Define T'J to be the variation field of T*y.

d
dr(TJ) = dﬂ-(%‘(s:O)T’yS(t>>
d /
= %’(5:0) (7T o Vs(t))

d
e — . s t

ds!(sfow ()
f— J



1.4. F-INDUCED CORRESPONDENCES OF JACOBI FIELDS 23

Now K(TJ) = Vs,7.(t)(0) where 4 is the derivative w.r.t s and ~,(t) is that w.r.t t.
RHS = D,T at s = 0, which is, by symmetry lemma, same as D,S at t = 0. This is
nothing but J'.
Thus we get T'J¢(0) = £.
Now, if we show that F,(T'J) = T'¢J, it will establish that F, is same as ¢.
T6J = <l(om F0:) ()
cfjs

= o FOL(1)

d

:F* 7 | (s= / t
(52l amo(t)

= F,(TJ)

What we have achieved is the knowledge that we can go from J to F,(J) also by

taking variations to variations.

Definition(Stable and Unstable Jacobi fields):

We denote by 1)® (resp. ") the subspace of 1 which consists of the Jacobi fields J
for which | J(t)|? + | (t)]> = 0 as t +— oo (resp. t +— —00). It is easy to see that 1)°
(resp. ") C -+,

Definition(Weakly stable and weakly unstable Jacobi fields):

We will denote by ¥ (resp. ¥**) the subspace of 1+ consisting of Jacobi fields
J for which |J(t)|? +|J (t)|* remains bounded as t — oo (resp. t — —00).

A Jacobi field J¢ in 1 + 1" corresponds to a curve £(t) in T'SM where £(0) = &.
Since |Je(t)2 + [Je(t)'|> = |€(t)]? the above definitions can be restated as J; € ¢°
(resp. ") if [£(t)| — 0 and Je € ¥*° (resp. ¥*) if [£(¢)| remains bounded as ¢ — oo
(resp. t — —00).

As [£(t) + en(t)] < |€@)] + |e||n(t)] for any constant ¢, it is clear that the sets

defined above are actually subspaces of 1.

ws wu

Lemma 1.4.2. Along every geodesic vy of M, F, takes the sets iy, Wi, Wiy, W, P4
to the corresponding sets ¥, i, Wi, W% and Y along F(v).

Proof. Clearly 13, corresponds to Gi;(v) € T,SM where v = 7' (0). We have already
seen that F,(G3;(v)) = Gy (F(v)). Hence Fy(¢3;) = ¢x. Since F : SM +— SN is a C!
map between compact manifolds, there is a number a > 1 such that 1[¢] < [Fi(§)] <
al¢|, for every £ € TSM. Hence |F,£(t)] — 0 (respectively remains bounded) if and
only if |£(t)| — 0 (respectively remains bounded). This implies Fy(13,) = ¥3% and
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F.(¢%) = Y% directly and along with the fact Fy (i) = ¢y, this implies Fy (%) =
Y and F (i) = v, 0

We have |F.€| < |F.|[€] < (|F.| + 1])|¢] and

€] = [FH(F(6))]
< |FIFL]
<(IF+ 1|

where |F}| and |F!| are the operator norms of F, and F, ! respectively. These
are continuous functions on SM and SN respectively. Hence the function f(v) =

maz{|F.|y, |F, | r@} + 1 is continuous and attains a maximum a on the compact
space SM. Then L|¢| < |F.£| < al¢] for all £ € TSM.
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2.1 Vanishing Fields

Now onwards our manifolds are surfaces, ie. n = 2.

In this section we will show that a normal Jacobi field vanishing in M has its
image also vanishing in N. The difference of parameters at which they vanish is of
special interest to us.

For a geodesic on a surface we can choose a parallel unit field X normal to 4" along
v by parallel translating a unit vector v normal to 7 at 7(0). (The other choice of X
would be the parallel translate of —v). Every Jacobi field J(t) in ¥+ can (and will)
be written as J(t) = j(t)X(t) where j(t) is function. We will sometimes confuse the
Jacobi field with the function j.

By lemma 2.2 of [I-H] , for any geodesic v on N and for any v € T,N where
p = 7(0), there exists a unique weakly stable Jacobi field ¥; and a unique weakly
unstable Jacobi field Y, such that

Y1(0) = Y2(0) = v.

Note that if these two Jacobi fields are linearly dependent, then both of them are
bounded in both the directions. On a manifold of non positive curvature, a bounded
Jacobi field is necessarily parallel. | and hence can be realized as the variation field
of a flat strip. Hence, if the geodesic v passes through a region of negative curvature,
these two Jacobi fields are necessarily independent. Otherwise they may be the same.

Via F ! we thus see there are nontrivial elements of ¥% and ¥%¥*. By scaling, if
necessary, we can choose a Jacobi field J3, € ¢47 with J7(0) = X(0). Thus, for a
fixed geodesic v of M, we will from now on denote by Jj,, the element of ¢} with

Ja(0) = 1. Similarly we define Jy, € ¥4} by demanding ji,(0) = 1. J§,; may coincide

25
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with Jj, as explained above.

We have already shown that like N, M also has no conjugate points. Along a
geodesic 7, where no pair of points on 7 are conjugate, it is natural look at 1+ =
Y™ U1p* where " consists of Jacobi fields that never vanish and * those that do. By
[Gre| along a geodesic without conjugate points a Jacobi field that vanishes must be
unbounded at co and —oo and hence ¥™* and ¥** are contained in ¥".

By the above Jj3,; never vanishes and so we can define a new Jacobi field J3, € 93,
by

s =0 [ = (21)

I (Y)

clearly J3; and J%, are linearly independent and since ¢ is of dimension 2, any Jacobi
field in v3; is a linear combination of J§; and JZ;.

For v = ~'(z), we let J%, be the Jacobi field along v such that
Jir@) = 0 and ji(x) = 1

That is to say Jy;(z) = 0 and J}(}(x) = X(x). By the existence and uniqueness
theorem for Jacobi fields, we know that such a Jj; exists uniquely.
We see that

Tu(®) = Gile)-Tilt) + n(o) [ = it 22)

One can easily verify that j3,(x) = 0 and j}\)//[($) = 1. Along the geodesic F(7), we
will let J% = F,(J3;). By lemma (1.4.2), we know that J3, € ¢¥{* C ¢}, We define J3,
from J3, in the same way that J;; was defined from J3;. We know there are constants

c1 and ¢ such that
F*(J]%) = Cljﬁf + CQJ]ZV (23)
because F,(J},) € ¢+ which is spanned by J§, and J%.

Lemma 2.1.1. In the above ¢y = 1.

Proof. Let J3; = Je and J5; = J,.
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F preserves da

= F"day(€,n) = daq(§,1m)

= day(F.&, Fin) = daq(§,m)

= ((FXOn, (Fin)o) — ((F&)vs (Fun)n) = (&ns o) — (Eov )
= (F.(J3)(0), Fu(J3,/7(0)) = (Fu(J3) (0), Fu(J3)(0))

= (J3(0), c1J3(0) + JZ(0)) = (JX(0), 1 J3(0) + c2J5(0))
= j3(0)-33, (0) = 53, (0).53,(0)

In the last equality,

RHS = j3;(0).5%, (0) — 73/ (0).3%(0)

— 0
=1
LHS = j3,(0)(c1ix (0) + cajiz (0)) = 4% (0)(c1idy(0) + c25(0))
= ca(j3(0)7%(0) — 3% (0)5%(0))
. Ja(0)
Thus ¢y = 1. ]

Definition(g): Let v be geodesic in M with v (z) = v. We have defined Ji; by
go(x) =0 and j3, (v) = 1. Thus J3, vanishes once and since there are no conjugate
points in M, J3, cannot vanish again. If F, takes V5, to V%, then Fi(JY;) will also
vanish ezactly once say at F()(ty). We will set g(v) =ty — .

The following lemma validates our definition of the function ¢ : SM +— R and
proves that g is bounded.

Lemma 2.1.2. We have F,(Y};) = Y% and F.(¢Y3;) = ¥%. Further the map g is
continuous and hence bounded.(say |g(v)] < go)

Proof. Let J(t) = j(t)X (t) € 1}, along 7 be vanishing at y(x). Then by the unique-
ness theorem of Jacobi fields
J =3 @)
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where v = v (z).
Hence to show F,(¢5;) C ¢% along any geodesic, it is enough to show F,(J},)
vanishes for all v € SM. Using equations (2.1),(2.2),(2.3) and lemmal3.5] we see that

F(T5) () = jaa(0) i (t) + 7% () / ]d?y} (). / fﬂj—jy.jw
. Hence
FL(T3)(E) = 3 (0)7% (O fer + / M%— / m%} (2.4

Thus F,(Jy,) will vanish somewhere if and only if there is a ¢, such that

C +/ S :/ S (25)
o o duw)?

Since Jj,; and J} are in ¢"*, they are bounded at 0o, and hence both sides of the above

equation are monotonically increasing. So if such a ¢,,, exists for some xy, then it must
exists for all x > xy. Since we can also pick z so that the right hand side is > ¢;, we
see that ¢, exists for all large z, say x > x(. In particular we can find x( such that
tz, = 0. Now we could have gone through the whole process above (starting just before
equation (2.1) starting with j}, instead of j3, to derive the equation, corresponding
to (2.4) and (2.5) only with j3, and j% replaced with J}, and JY%; where ¢; may be
different, because the only property of J5, that we used was that it never vanished).
In this case since j}, and j) are bounded at —oo, such ¢, exists for all z < zq.(
t, must exist in this case also because we have already shown that F,(J},) where
v = v (x0) vanishes. Hence F,(J%) vanishes for all v on v and since v was arbitrary
F,(v3,) C ¥% along any geodesic.
Now we will prove that ¢ is continuous.

We have the Jacobi equation,
D}J + R(J,4)7 =0
For J(t) = j(t)X(t)

7 OX () + R(GO)X (@), ¥(t)7(t) =0

Since J L ¥, they span the tangent space.
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Hence sectional curvature is given by

_ Rul14,%.))
PP = (. )
_ Ru(J4.4,)
| J[?
J .. J
m(m,%%m)
m (X, 9,7, X)

(R(X,9), X)

K

R
R

Now by the symmetries of R,,, R (X,%,7,%) =0 . That is ( R(X,5)¥,%) = 0 which
means R(X,7)% is along X. . Thus R(X,7)y = (R(X,¥) X)X = KX.
Let K,(t) represent the curvature of the surface My at F'(v,)(t). Then by the

above,the Jacobi equation can be transformed as follows.

D}J + R(J,4)y =0

J'OX () + J(OR(XA)T =0
J(OX () + () K, (5) X (1) =0

7+ iK1 =0

As v varies continuously, K, will vary continuously. Also, since J”(0) and (J*)'(0)
are continuous, F,(J")(0) and F,(J") (0) varies continuously with respect to v. Since
the coefficient as well as the initial conditions are varying continuously, by the theory
of differential equations, the solution F,(JV)(t) is continuous in both v and t. On
a surface without conjugate points Jacobi field F,(J") vanish exactly once. Hence
F,(J")(t) as a real valued function of ¢ crosses ¢ axis transversely and hence the zero
varies continuously with v. Thus g(v) is continuous.

Now we will show that % C Fi(¢5,). Let J € ¢} be vanishing at ¢, on a given
geodesic. We can take this geodesic to be F(vy), where 7 is a geodesic on M because
F and F~! takes geodesics to geodesics. Since ¢ is bounded and continuous, as t

varies from —oo to oo, so does g(7 (t)) 4t taking every value; in particular taking .
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Let g(y'(z)) + & = to. This means F,(JY;), where v = 7' (x), vanishes at F(v)(to).
Since the space of Jacobi fields along a geodesic vanishing at a given point is one

dimensional,

J =aF,(J};) = F.(aJ})
for some a € R. This completes the proof. n

Lemma 2.1.3. There is a number R > 0 such that if ¥ and & are geodesics in M
such that 5(0) = &(0) any 5 # &, then F(6)(R) ¢ F(3)(—go, 00)

Proof. Recall that F : SM — SN is a geodesic conjugacy and hence we can define
F(5) and F(7).

p € N and v € S,N. For any v € N which projects to v and any w € SpN we
let ¥, and 7, be the geodesics in N starting at § with initial tangent vectors that
project to v and w respectively. We can find a Jacobi field J € ¢ which arises from
a geodesic variation taking 7, to 7,. Then J must vanish at 0. Since Fi(¢%) = ¥%,
F’;I(J ) must vanish somewhere. That is to say F~'(7,) and F~'(v,) must intercept
at some Fil(%,)(t). We know that t < gog. By the continuity of g, ¢ will be less that
go + 1 if 4. (0) and #,,(0) are sufficiently close. Since the projection dPy : SN +— SN
is a local isometry, this will happen if v and w are close say within an angle §(v). 6(v)
must be a continuous function of v if we take 6(v) to be the supremum of such angles.
We can find a single angle 6, for all v € SN by taking the minimum. Choose 6 such
that 0 < 6 < 6,. Since J can vanish only once, F~1(7,) and F~1(v,,) do not intercept
for t > gy + 1.

Now let ¥ and ¢ be as in the statement of the theorem. Let R be greater

Ta
sinf?

F(¥)(to) = F(6)(R). By the above, since the difference between the parameters of &
and F'(5) where they vanish is R)go + 1, F'(5)'(R) make an angle greater than # with
F(®) (to). If ty > 0, then d(F(5)(0), F(3)(0)) > Rsinf > masinf, since N has non
positive sectional curvature. If £,(0 for tg > —go, the triangle inequality again gives
d(F()(0), F(7)(0)) > R — go)ma. On the other hand there is a path in SM from

7'(0) to &'(0) of length < m, namely arc of the unit speed circle. By the definition

than max{gy + 1, go + ma} where a as in the proof of lemma 0.3.1. Assume

of a, its image under F in SN is a curve of length < 7a which when projected to N
become a curve of length < 7a from F(3)(0) to F(5)(0). This contradiction yields
the lemma.

]



2.1. VANISHING FIELDS 31

Since F is the lift of F, we can assert the same lemma for N. ie. there is a number
R > 0 such that if v and ¢ are geodesic in N such that v(0) = ¢(0) and v # o, then

F(o)(R) ¢ F(7)[=g0, o]

Proposition 2.1.4. In the situation of the main theorem we have for every p € M (we

parametrize geodesics vy, so that fy;(O) = for allv e S,M)

2> [ Rl
S
Proof. The inequality is an application of the lemma in Appendix. We parametrize .S,
as usual by 6 in (0, 27) then a(f) will be g(#) and R comes from the above lemma. We
define H(#,s) = F(v)(s) into N. Note that the 74(s) in the Appendix corresponds
to F'(y9(s)). To avoid any confusion, we will show that H has the required properties.

We have 0, = {0,9(0)} . If H(01,9(61)) = H(b2,9(02)) then F(vp,)(g(01)) =
F(vs,)(g(62)). Since g(62) € [—go, oo] this is contradictory to the above lemma. So H
maps 0; in a 1-1 fashion to an imbedded circle 0 in N which will bound a disk. 7 (s)
is a geodesic variation and if we take 7, as the central curve J? is the variation field
along vy for each 6.

Recall that we can obtain F,(JY) also by taking the variation field of F(vs).
F.(J)(R) is the tangent vector to the transverse curve F(vg)(R) parametrized by
6. But this curve is 9. Thus F,(J?)(R) is tangent to 9. Since J? is normal to F(vy).
Thus F(7y) is the geodesic normal to 0. As s goes to oo, F(7p)(s) goes to oo and
hence eventually lies outside D.

By virtue of the above lemma F(7yy)(R,00) N J = ¢. Hence F(vy)(R,00) lies
outside D. Again by the above lemma F(v5)(—go, R) N 0 = ¢ and hence we have
F(v9)(—go, R) lies in D. In particular H(0dy) lies in the interior of D and property(4)
is satisfied.

For any p € D, let 7 be a minimizing geodesic from p to 0. Then 7 is perpendicular
to v so than p = F(vy)(t) for some 6 and ¢t. We need to show that ¢g(f) <t < R.
By the previous paragraph t < R. Since F(J%)(g()) = 0 and F(JY) is the variation
field of the variations of normal geodesics the usual variation argument will say that,
since 7 is the shortest path from p to 0, t cannot be < g(). Hence D is the image of
H and property(3) is satisfied.

Now we can apply the lemma. Again recall that 7, in the lemma is our F/(vy), J
is F,(J%).

Va0 (60, 5) = F.(J%) (9(0))
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and v is our X, the unit normal field. Since F,(J%) is normal, F,(J?)" will be
perpendicular to 7y so that the integral is just Fi(J?) (g(6))(as a real valued function).
Thus

QWZ/S F (J?)(g(v))dv

P

Here dv is just the Lebesgue measure on S*.

2.2 Proof of the main theorem

Finally, we have reached the proof of the main theorem.

Proof. Integrating the inequality of the previous lemma over M, we get

2. Vol(M) > /SM E.(J%) (g(v))dv

From the invariance of the canonical measure under the geodesic flow we get for each
L>0:

L
2 L.V ol(M) 2/ / F (J9®Y) (g(g', (v))dtdv
sm Jo

For a fixed v, let 7, (t) be the geodesic with 7, (0) = v so that ¢%,(v) = v, (z). Equation
(2.4) says

FL(T3) (1) = Jiy(@) 5 () e + / i} - / C

JN(y I (y)?

Taking the covariant derivative along F'(v),

i s o ey [ [Ty @)
R0 = o) O+ | 0= [ 2

By equation (2.5), at t =t, = g(v) + z,
/ )2 (@
R (0(0) + ) = 2

In(g(v) + )

Plugging in ¢*(v) and noting that F,(J9%(®)) is a Jacobi field along F(v) with param-
eter shifted by ¢t we get, for any v € SM and t,
(1)

EL(IH ) g(ghe(0) + ) = s
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Apply lemma in Appendix A with f(t) = g(7'(t)) +t, j = j3; and j = j3. Equation
(5 this number is to renamed appropriately) tells that these functions satisfy
the condition of the lemma with ¢; = 1. We take [a,b] = [0, L] so that

[a,b] = [g(v), g(g5;(v)) + L.

Then

0 L
/0 Jn(g(v' (1) +1) = [L+ g(g"(v)) — g(v)]?
Thus we find that

Nlw

2nL.Vol(M) = L.Vol(SM) > / L dv

s (L + g(gh(v)) — g(v))

[NIES

Rearranging the terms we see,

1 1
1> . d
= Vol(SM) /SM (14 2eECD=s))3 v

Jensen’s inequality says that on a measure space (2, u) with pu(2) = 1, if g is a real

valued p-integrable function and 1 is a convex function on R, then

[ o vz ol [ vaw

Take g(z) = 22 and (v) = 1 + w and dy = wl?gM) so that we will get

1> [W. / o+ 910 ) = gl0)

with equality holds only if g(g%(v)) = g(v) +¢(L), where ¢(L) is a constant depending

at most on L. On the other hand the invariance of dv under g says,

/S olg w)v = / gt

hence [¢, ¢(L)dv =0

Then since ¢(L) is a constant it must be zero. Hence ¢ is constant (say K) on
the unit tangent vectors of a given geodesic. But there are dense geodesics on M, ie.
there are geodesics  such that {7'(¢) : t € R} is dense in SM. Hence we get that the

function g, on which we were contemplating so far, is just a constant(say K).
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By replacing F by gk o F, we can assume that g(v) = 0 for all v € SM.
Now let # € M and c(f) be a curve in the fiber S,M. For each 0, ¢ (§) € TSM
and it correspond to a Jacobi field ch(g) along ().

J(6)(0) = dr(c'(9))

— (r0.0)(9)
=0

Since g(v) = 0 for all v € SM, on particular g(c (9)) = 0, F.(J*®) will vanish at
F(fy;(e))(()) for all 0

Thus F,(J)(0) = dr(F.(c(8)) = (mo Foc) () =0 for all . So 7o F(c(#))
is independent of § and hence for x € M we can define a function f(x) = 7o F(v)
where v is any vector in the fiber S, M.

To finish the proof we need only to note that f : M — N is an isometry and
df = F. Since F takes tangent vector field of v to that of F/(7) = vp(,), f takes v to
F(v). In particular if -y is a minimizing geodesic from p to g then f(7) is a minimizing
geodesic of the same length from f(p) to f(q). This shows that f is an isometry.

Finally for v € SM,

df (v) = (f o) (0)
= Llecorm o P (1)
= (7 0 Yr@w) (0)

= F(0)
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3.1 Appendix A

We will reproduce the lemma in [C].

Lemma 3.1.1. Let j and j be positive real valued continuous functions defined on
intervals of R. For constants Cy and Cy with Cy > 0 define f : [a,b] + [a, b] by:

o gs t o ds
e [ 52<s>+01:/a 70) (3.1)

where j is assumed to be defined at least on [a,b] and j on [a,b]U[a,b]. Then we have

b Cy.5(t) (b—a)’Con
[ 6= Caa

with equality if and only if

Jt)
(f(2))

Proof. Differentiating (3) with respect to ¢ we see that

(bj a)
Cy(b—a)

_b-a
b—a

NI

f(t)

= | ]

(t—a)—}—@andj

v JAf(1)
I =& 2

Hence using the substitution v = f(t) gives

b o), T’C%-j?’(f‘l(u))u
/aj(f(t))dt_/a OR
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(Note that Cy > 0 implies f'(t) > 0 and hence that f~'(u) is well defined.)A Holder
inequality applied to the right hand side, RHS, of the above yields:

N o

[RHS]3.[b— a3 Z/EC ‘7]2_( 71(u))du:02%.(b—a). (3.2)

2(0)

The equality above comes from the substitution ¢ = f~!(u). The inequality in 3.2

will be equality if and only if j(f~!(u))/(j(u)) is a constant, say F. Rearranging 3.2
yields the inequality in the lemma. If equality holds then we see that Cy.F.(b — a) =
[Co(b—a)?/(b—a)]z and hence F = [(b—a)/{Ca(b—a)}]2. Further our computation
of f'(t) yields in the equality case f (t) = 1/(Cy.F?) = (b—a)/(b — a). These results
plus the fact that f(a) = a yield the equality case in the lemma. O]

For § € S', let a(f) < R be a bounded continuous function, where R is a constant,
Q={(0,5)la(h) <s <R} C S'xR

Let H : Q — M be a map into a two dimensional Riemannian manifold with the
following properties;

1 Each curve ay(s) = H(0, s) is a unit speed geodesic in M.

2 On the interior of ), H is a C''-immersion.

3 The image H(Q) is a manifold whose boundary is the 1-1 image of 0.

4 The image of 0y lies in the interior of H(Q).

We will let J(6, s) be the variation field H, (). Hence for fixes 6, J(6, s) is a Jacobi
field along ag. We also choose a unit normal field oy along each geodesic o which
we assume has (J(60,s),az) > 0 for all a(d) < s < R. This can be done by initially
choosing a such that (J(6, s), az) > 0. Since H is immersion, J(f, s) = H.(%) can

not neither vanish nor become tangential. So that (J(6,s), ;) never changes sign.

Lemma 3.1.2. If in the above M has non positive curvature then we have:

27T=/ (Veo(aton (0, 5), o )b
Sl
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Proof. For m in M, let K(m) represent the curvature of M at m. Since H may be

more than 1 to 1, and since K(m) < 1, we have

2w R
/ K(m)dm > / / K(H(0,5))(J(0,s),ay)dsdd
H(0) 0 a()
Jacobi equation along ay says
D2J + R(J,dg)dg =0
_<D§J7 a6l> = <R(Ja Ci/g)dg, O‘9L>
= R ((J,ag)ag + (J, dg)diy, g, dg, o)

By the symmetries of the curvature tensor R,,,this become R,,({J, oy )ay, dg, dg, o))
which is (J, ag ) R, (ay, dg, g, oy ) But by definition

Ry (ag, dg, dg, ag)

2 .
llaol? = (o do)?

= Ro.(ay, dg, dg, ay)

Hence the integrand on the RHS become —( D?.J, ay') which is —24( D,J, o), because

g is parallel along ay. Hence RHS become

27 27
/ <Vae(a(0>>J(97S)aa$>d9—/ (Veag(r)J, o )do
0 0

Gauss Bonnet theorem of a surface with boundary says that
/ KdA+ Kyds = 2mx (M)
M oM

where K, is the geodesic curvature of 0M. Since the boundary component of H(Q) is
a single circle, the Euler characteristics is < 1 (in our applications H(Q) will in fact
always be a disk) and hence LHS is less than or equal to 2r— boundary term, B9, of

Gauss Bonnet. Hence the lemma follows when we see that

2
Bo = / (VaoryJ (0, ), ap)db
0
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O

3.2 Appendix B

In case N has non positive sectional curvature and genus 1(ie. flat torus, by Gauss
Bonnet theorem) M must be isometric to N but F need not be of the form g¥ o dI.
We have the following theorem in [C]

Theorem 3.2.1. If the geodesic flow of a closed surface M is conjugate to a flat torus
N, then M 1is isometric to N

We consider an example to exhibit that F' need not to be of the form g% odlI.

Example 3.2.2 Let N be a flat torus say N = R?/T for a lattice I'. Let (z,%) be

standard coordinates of R? and @ be the angle from z-axis. Then
SN = {(z,y,0) € R*/T x R'/2r}

Note that
g'(x,y,0) = (x + tcosl,y + tsind, 0)

Hence the diffeomorphism F' : SN — SN defined by F(z,y,0) = (z+a(0),y+0b(6),0)
where (a(0),6(0)) = (0,0) and (a(27), (27)) € I" induce a geodesic conjugacy. It is
easy to see that g' o F' = F og'. One can show that if (a(27),b(27)) € T'— (0,0); then
F is not homotopic to a fiber preserving map so cannot be of the form ¢’ o dl. Even
if (a(27),b(27)) € I' — (0,0) as long as a or b is not identically zero, F' is not fiber
preserving and(except for special choice a(f) = (1 — cosf),b(f) = —tsin(f)) cannot
be made so by following a fixed amount. Hence again F' is not g% odlI.

It should be pointed out for general surfaces there is no theorem like the main
theorem. In particular zoll surfaces have geodesic flow that are conjugate to the

geodesic flow on the round sphere,(see[W]).
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