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Abstract

Superconducting qubits are solid state electrical circuits manufactured using
conventional techniques. Their main building block is Josephson tunnel junc-
tion, the only non-dissipative, strongly non-linear electrical circuit element
works at ultra low temperature. Here we discuss the Josephson junction and
it’s characteristics which result in three basic electrical circuits using Joseph-
son junction in three different combination, each of which act as a qubit
i.e. Josephson junction qubit, Flux qubit, Charge qubit. Also we discuss
the quantization of energy levels of each of the them and how their first two
energy levels are used as qubit.
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1 Introduction

Quantum computing is necessarily equipped and utilizing the laws of quan-
tum mechanics in information processing. A conventional computer based
on strings of bits encode with either 0 or 1, but a quantum computer uses
quantum bits also called qubits[1]. Qubit is a quantum system that build two
separable quantum states encoded with 0 and 1. As qubits are quantum in
nature they exhibit quantum properties i.e. superposition, entanglement[2].
Because of these properties quantum computer can performs a huge number
of calculations simultaneously. Other way of realization is that when classical
computer performs an operation by a string encoded with either 0 or 1, on
the other hand quantum computer have the benefit of using 0, 1 and their
super-positions.

Certain complicated problems which have been thought impossible lately
for classical computers will be solved by a quantum computer in a quick and
efficient way. For example factorization of very large numbers(say 500 dig-
its) is not possible for classical computer in reasonable time. In 1994, Peter
Shor showed that if a quantum computer was available, it could factorize
large numbers easily in polynomial time[3]. Other than that there are many
other quantum algorithms like DeutschJozsa algorithm, Simon’s algorithm,
Grover’s algorithm etc. Factorization of large numbers is the fundamental of
modern day cryptography, RSA encryption, method to solve hard factoriza-
tion. But Quantum Key Distribution (QKD), a quantum encryption method,
works on completely random keys at a distance provides much higher secure
cryptography[4]. Also there are physical limitations of modern classical com-
puter such as, conventional computers are based on microprocessors made up
of transistors. The size of transistors is becoming smaller every year. Right
now transistors are as small as 7 nanometers, size lower than that could be re-
ally tough. So quantum computer could be a solution for that too. There are
many more things that a quantum computer can do like Simulate quantum
systems, Simulate quantum algorithms, Sort, filter, search through, and pro-
cess Big Data, Decrypt encrypted messages to prevent criminal activities.[5]

17



1 INTRODUCTION 18

The most basic step for the beginning of any quantum computation is
State preparation. To process a quantum computation correctly the qubits
need to be in a superposition state. In most simple way we can say that to
build a quantum computer we need to build qubits which work in the way
we want them to. These qubits could be constructed using photons, transi-
tion dipoles of ions, atoms in vacuum, spin of nuclei, electrons[6− 9] or may
be something else such as Josephson junction[8]. But qubits are extremely
difficult to manage, because any external disturbance can make them to fall
out of their quantum state, known as decoherence. It is the major weakness
of quantum computing, but by time new experiments and quantum error
correction examines how to fend off decoherence and other errors.

Superconducting qubit is one of the ways to build qubits using Josephson
junction. In the following sections we will learn about Josephson junction,
characteristics of electrical circuits equipped with Josephson junction and
Josephson effects.Then we will see there are three different arrangements of
Josephson junction associated with three different types of qubits i.e. Current
biased Josephson junction qubit, Flux qubit and Charge qubit. After that we
will discuss quantization of energy levels. Then Lagrangian and Hamiltonian
corresponding to each of the qubit. Finally we will learn about three basic
electrical circuits with different arrangement of Josephson junction and how
they can be used as a qubit.



2 Josephson Junction

In superconductor electronics it is the junction consist two superconductors
under suitable conditions like low voltage, low frequencies and sufficiently low
temperatures, it allow electron pairs to tunnel(also called Josephson tunnel
junction) one by one from one superconducting island to other also the wave
functions of two superconductor slightly overlap. For the formation of quan-
tum bits Josephson tunnel junction are good choice as it acts as a pure non-
linear inductance[10]. When connected in parallel with the capacitance gen-
erated by overlapping of two superconducting metals it also fulfills the needs
described in previous sections i.e. low dissipation, low noise, long coherence
time etc. Linear circuit elements(inductors, capacitors) can also be used to
build a resonators with low dissipation but we can’t use them as qubit due
to degeneracy in their energy levels. That’s why Josephson element is funda-
mental element for the construction of qubit because its non-linearity breaks
the degeneracy of the energy levels. Building a tight two-level dynamic sys-
tem with negligible dissipation and relatively very large non-linearity which
can be use as qubit.

Figure 1: Josephson Junction: Superconducting materials can be two dif-
ferent or same connected via a insulating layer, also current flowing through
circuit.

19



2 JOSEPHSON JUNCTION 20

2.1 Josephson Effect

A macroscopic quantum phenomenon named after the British physicist Brian
David Josephson, In 1962, who observed the effect that if two superconduc-
tors are separated by an insulating barrier and when insulating layer is suffi-
ciently thin (of order of ten atoms thick) a pair of electron starts penetrating
through the barrier resulting a flow of current in the circuit without any ex-
ternal power source. These electron pairs are called ’Cooper pair’[11] and the
process known as ’Josephson tunneling’. If there is tunneling in the absence
of any external electromagnetic field a DC current flows through the circuit
between valuse −Ic and Ic called critical current(maximum current a junc-
tion can hold) then this is known as DC Josephson effect [12]. If a constant
power source is connected in circuit then a sinusoidal current with −Ic as
minimum and Ic as its maximum value then it is called AC Josephson effect.

2.2 Equations

Any electrical element can be defined by its characteristic equation. Here
defining branch flux of element

Φ(t) =

∫ t

∞
V(t1)dt1

although general magnetic flux is only defined for loop. Where

V(t) =

∫
Edx

along the current line. According to above definition current flowing through
an inductor is

I(t) =
Φ(t)

L
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Figure 2: Josephson tunnel Junction current vs flux variation.

where Φ(t) is branch flux and L is inductance of linear inductor. This branch
can be generalized and described for every electrical element i.e. Joseph-
son junction[10]. Josephson junction acts as a non-linear inductor and its
behavior is like

IJ = I0 sin (φ)

V =
Φ0

2π

dφ

dt

where IJ is super-current flowing through Josephson element, I0 is critical
current that an element can hold, V is voltage difference between two ends of
junction, Φ0 = h/2e is flux quanta and φ = φ1−φ2 is phase difference between
the wave-functions of two superconducting materials shown in Fig. 1. To
understand the dynamical behavior of element differentiate first equation and
substituting in second we get

dIJ
dt

= I0 cos (φ)
2π

Φ0

V

see dIJ/dt is proportional to V , which is the property of inductor, here
defining inductance of Josephson element LJ also by V = LJdIJ/dt we get

LJ =
Φ0

2πI0

× 1

cos (φ)
.

1/ cos (φ) term indicates that it is non-linear inductance, as φ→ π/2 induc-
tance → ∞ also when π/2 < φ < 3π/2 inductance is negative. Inductance
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at zero bias is LJ0 = Φ0

2πI0
. Now an inductor does have some energy stored in

it, so to find inductive energy stored in Josephson element

UJ =

∫ ∫
IJV dt

UJ =

∫ ∫
I0 sin (φ)

Φ0

2π

dφ

dt
dt

UJ =
I0Φ0

2π

∫ ∫
sin (φ)dφ

UJ =
I0Φ0

2π
(1− cosφ)

here EJ = Φ0Ic
2π

sets the scale of energy an the term (1 − cosφ) shows the
dependence of energy on phase φ. Note for ground state UJ has minimum
equal to zero.

Now to use Josephson junction in electric circuits to behave as qubit, they
must show some characteristics which are necessary to form a qubit. There
are some properties discussed below

2.3 Low Dissipation

First thing is that dissipation must be really low for an electrical circuit to
behave quantum mechanically. More precisely all elements which are being
used in circuit must have zero resistance at qubit transition frequency and
at superconducting temperature. This is needed to carry electronic signals
from one part of the circuit to another without any loss of energy i.e. not
sufficient but necessary condition to keep quantum coherence. For this task
superconductors(below their critical temperature) like aluminum, niobium
are ideal[13].
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2.4 Low noise

The degrees of freedom of the circuit must be cool down to temperatures
where ~ω01, energy related with the transition between first two consecutive
states |0〉, |1〉 is greater than kT , energy of thermal fluctuations. Reasons
for last assertion will become clear in following subsections, to satisfy this
frequency range is 5 − 20GHz and the operating temperature T should be
20mK(Recall that 1K corresponds to about 20GHz). The techniques [14]
and requirements [15] for ultra-low noise filtering have been known for about
20 years. From the requirements kT << ~ω01 and ~ω01 << ∆, where ∆ is
the energy gap of the superconducting material.

Figure 3: (a) Josephson junction element consists of a sandwich of two su-
perconductors separated by a thin insulator, (b) Representation of Josephson
junction and equivalent electric representation of junction.
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2.5 Non-linear, Non-dissipative Elements: Tunnel Junc-
tions

Quantum information can’t be executed using just linear components, reason
for that will be discussed in next subsection. For a quantum circuit, only
presence of non-linear element is not sufficient but that element should also
be non-dissipative in nature. Therefore even if PIN diode, CMOS transis-
tors well operates at ultra-low temperatures, their use is not prescribed for
non-dissipative operations. Till now only one electronic element is known
which satisfy both the conditions i.e. non-dissipative and non-linear at very
low temperature, the superconducting tunnel junction also called Josephson
junction[10].

As shown in Fig.3 Josephson tunnel junction consist of two superconduc-
tors separated by a thin layer of insulator(of the order of 10−9m), which is
thin enough to allow tunneling and its electrical representation. Generally
insulating layer made up of oxidation of the superconducting metal.[16] Ma-
terialistic characteristics of amorphous aluminum oxide, alumina, forms fair
tunnel insulating layer. Josephson effect is a complex natural effect associ-
ating tunneling and superconductivity but junction construction process is
quite simple. Many means and perceptions of typical semiconductor elec-
tronics can be straightaway applied to quantum circuits. Still, there are
many more important differences between traditional semiconductor elec-
tronics and quantum circuits at conceptual level. Now why the non-linearity
is so important for quantum circuit also why not simply a harmonic oscillator
could be used as a qubit, as its potential too has energy levels.

2.6 Need for Non-linear Elements

Non-linear element is essential in circuit for quantum information. In har-
monic oscillator potential is parabolic in shape and energy difference between
all energy levels are equal. But for the formation of a qubit energy differ-
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ence between ground state |0〉 and first excited state|1〉 must be significantly
lower than all other energy differences or in other words frequency of transi-
tion between these two states much be much higher than other higher levels.
Therefore Josephson junction are so important for quantum integrated cir-
cuits as their inductive potential is strong non-parabolic in shape.

Next we will study in detail about the three basic circuits using Joseph-
son junction and their classical and quantum properties and how we can use
them as a qubit.



3 Superconducting Qubit

In the following sections we will see mainly three type of circuit fabricated
with superconducting elements which are building blocks in qubit application
i.e. Josephson’s junction connected in three different combinations according
to which their names are stated Single Josephson Junction Qubit(also known
as phase qubit), Flux Qubit and Charge Qubit. After that we will discuss
about classical superconducting circuit and in section following that we sill
see the quantum analog of these circuits.

3.1 Classical Superconducting Circuits

Three basic circuits are: single current biased Josephson junction; single
Josephson junction (JJ) included in a superconducting loop (rf SQUID), two
Josephson junctions included in a superconducting loop (dc SQUID), and an
ultra-small superconducting island connected to a massive superconducting
electrode via tunnel Josephson junction (Single Cooper pair Box, SCB).

3.1.1 Circuit of Current-biased Josephson Junction Qubit

In this circuit a constant current source is connected to a Josephson junction
as shown in Fig.4. This is considered as the simplest superconducting quan-
tum circuit. In terms of electrical elements we can represent a Josephson
junction as a combination of a capacitor C, a resistance R and a Josephson
element J as shown in Fig.4. Josephson element is an electrical element re-
lated to Josephson junction it’s properties and electrical behavior we will see
further.

Generally total resistance (RN) of the circuit is different from value of re-

26



3 SUPERCONDUCTING QUBIT 27

Figure 4: a. Current Biased Josephson Junction b. An equivalent electrical
representation of Current Biased Josephson Junction.

sistance(R) shown above, that depends on material of Josephaon junction,
temperature and external constant voltage source. Relation between cur-
rent and voltage for trivial electrical elements capacitance and resistance
are IC = C(dV/dt) and IR = V/R respectively. Now, for electrical rela-
tion of Josephson junction here we define new term superconducting phase
difference(φ(t)). Superconducting phase difference is measured between both
ends of the junction and which also depends on the potential drop between
the two ends of the junction[17].

φ(t) =
2e

~

∫
V dt+ φ

where φ is time independent part of phase difference. Expression of phase
difference can also be written in form of magnetic flux and magnetic flux
quanta(Φ0 = h/2e). Through a superconducting loop quantity of magnetic
flux is quantized and that quantity is called magnetic flux quantum.

φ =
2e

~
Φ = 2π

Φ

Φ0

Behavior of current through a Josephson junction is a sinusoidal function of
phase difference

IJ = Ic sinφ

where Ic is critical current through a Josephson junction which a junction
can hold i.e. an amount of current that can flow through a junction without
dissipation. From microscopic theory of superconductivity relation of critical
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current with known quantities is derived given as

Ic =
π∆

2eRN

tanh
∆

2T

where ∆ and T are superconducting order parameter and temperature.

Now, let total current flowing through external current source is Ie, called
bias current and distributing to all branches of circuit in their respective way.
By applying Kirchhoff’s law over the circuit, equation of the above circuit is

C
dV

dt
+
V

R
+ IJ = Ie

~
2e
Cφ̈+

~
2eR

φ̇+ Ic sinφ = Ie

where Ie is bias current. If we look above equation closely it looks like
damped non-linear oscillator and it is describing dynamics of the phase[18].
Here second term of the equation is playing the role of dissipative term
which regulates the life time of the qubit. But as here we are talking about
the superconducting qubit working at superconducting temperature, we can
neglect the resistive term. Then final equation will be

~
2e
Cφ̈+ Ic sinφ = Ie

Now, we can write using known concepts from classical mechanics we can
write Lagrangian and Hamiltonian for the system. As for writing Lagrangian
we need Kinetic and Potential energies of dynamics. By comparing terms
with harmonic oscillator equation md2x

dt2
+ bdx

dt
+ kx = 0, we can deduce that

current through Josephson element(IJ) behave as potential term and capac-
itive energy will be as kinetic energy.

Kinetic energy term associated with above equation

K(φ̇) =

(
~
2e

)2
Cφ̇2

2

which is derived from electrostatic energy term of capacitor CV 2/2. Here
defining charging energy of capacitor

EC =
(2e)2

2C
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Figure 5: Potential Energy of current biased Josephson junction
(Tilted washboard like potential)

putting it back in previous equation then we get kinetic energy term as

K(φ̇) =
~2φ̇2

4EC

From the remaining two terms deriving potential energy for the dynamics of
phase which is in the form of Josephson energy and bias current

U(φ) = EJ(1− cosφ)− ~
2e
Ieφ

where EJ is Josephson energy, can be written as

EJ =
~
2e
Ic

Now, plotting the potential energy v/s phase to see the dynamics of phase.
As shown in Fig.5 potential energy graph is in the form of washboard but
tilted. Comparing this potential term with the energy variation of a simple
pendulum performing simple harmonic motion with small amplitude, from
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that we found an expression of frequency

ωJ =

√
2eIc
~C

which called as plasma frequency of the junction. By analyzing potential
energy graph we see that if there would not be any biased current the graph
would have been exactly like washboard but due to application of biased
current(Ie), graph get tilted. More we increase value of biased current more
minima(s) of graph will become shallow and will get completely vanish when
bias current becomes equal to critical current Ie = IC . When Ie = IC plasma
oscillation will become unstable and the whole system will start to dissipate
energy. Now, writing Lagrangian of the phase dynamics of above circuit
using expression of kinetic and potential energies

L(φ, φ̇) = K(φ̇)− U(φ)

L(φ, φ̇) =
~2φ̇2

4EC
− EJ(1− cosφ) +

~
2e
Ieφ

We can crosscheck that Kirchhoff law represents dynamics of the phase using
Lagrangian

d

dt

∂L

∂φ̇
− ∂L

∂φ
= 0

Now first we will see the similar kinetic energy, potential energy and La-
grangian for the other two circuits i.e. Flux qubit and Charge qubit then
wee will their quantum behaviors.

3.1.2 Circuit of Flux Qubit

In this circuit we have a loop of superconducting material and both connected
through a Josephson junction as shown Fig.6. We control the amount and the
direction of the magnetic field lines through that superconducting loop[20].
Due to change in magnetic flux through loop by varying magnetic field there
will be a current flow in loop by Lenz’s law, that current will flow through
Josephson junction. In the same Fig. 6 electrical representation of whole
arrangement is shown. Same as previous circuit Josephson junction will act
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Figure 6: Flux Qubit: Mechanical circuit and it’s equivalent electrical cir-
cuit

.

as a combination of a Josephson element, a capacitor and a resistance(we
will neglect the resistance term as we are talking about superconducting
temperature) attached to it in parallel, in addition here superconducting loop
will behave as an inductor(L)[21]. Now, before we write Kirchhoff equation
and other dynamics equation first we introduce current and energy terms for
the new inductor(L)

IL =
~

2eL
(φ− φe)

φe =
2e

~
Φe

where Φe is magnetic flux through superconducting loop which we are con-
trolling externally. Writing Kirchhoff law for circuit in Fig. 6,

~
2e
Cφ̈+

~
2eR

φ̇+ Ic sinφ+
~

2eL
(φ− φe) = 0

When we see above equation closely, if there is no third term it would be a
equation of dapmed linear LC oscillator, resonant frequency

ωLC =
1√
LC

with damping γ = 1/RC Now, for superconducting temperature neglecting
resistance term

~
2e
Cφ̈+ Ic sinφ+

~
2eL

(φ− φe) = 0
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Figure 7: Potential energy of Flux Qubit
.

By dropping resistance term there is no loss, so in this case equation shown
below will be the kinetic and potential energy terms for flux qubit.

K(φ̇) =
~2φ̇2

4EC

U(φ) = EJ(1− cosφ) + EL
(φ− φe)2

2

and corresponding Lagrangian will be

L(φ, φ̇) =
~2φ̇2

4EC
− EJ(1− cosφ)− EL

(φ− φe)2

2

where EC , EJ , EL are energies stored in capacitor, Josephson element and
inductor respectively. Expressions of EC , EJ are same as in the previous
section and EL is

EL =
Φ0

2

4π2L
.

Fig. 7 shows potential energy variation with phase corresponding to flux
qubit. Now the shape of graph depends on the amount of flux penetrating
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through superconducting loop i.e. if the quantity of flux is an integral multi-
ple of magnetic flux quantum(as defined in section 3.1.1) then there will only
be single minima at φ = φe and if it’s multiple of half integer to magnetic
flux quantum there will be two minima on either side of φ = φe. These two
minima correspond to two current states flowing through the superconduct-
ing loop.
Now the third circuit, Charge qubit, its kinetic energy, potential energy and
Lagrangian will be discussed next.

3.1.3 Circuit of Charge Qubit

In this circuit Josephson junction is a bit different from previous two circuits,
here one end of Josephson junction is same superconducting material with
same dimensions but at the other end a massive(with respect to usual thick-
ness) superconducting electrode[20]. In other words we can say a Josephson
junction is connected with superconducting island. Other end of Josephson
junction is connected to a DC voltage source(Vgcalled gate voltage) via a
external capacitor called gate capacitor. Superconducting island is also con-
nected with same voltage source as shown in Fig. 8. This is considered most
important circuit of all, generally known as Single Cooper Pair Box[22− 23].

Figure 8: Charge Qubit
.
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Figure 9: Potential energy
.

Similarly a previous sections kinetic and potential energies terms are as

K(φ̇) =
CΣ

2

(
~
2e
φ̇− Cg

CΣ

Vg

)2

U(φ) = EJ (1− cosφ)

and resulting Lagrangian we can get by L = K − U .

L(φ, φ̇) =
CΣ

2

(
~
2e
φ̇− Cg

CΣ

Vg

)2

− EJ(1− cosφ)

where CΣ total capacitance. Above graph(Fig.9) shows a term potential en-
ergy divided by Josephson energy as a function of phase(φ).

Now in section 3.2 we will see the quantum behaviors of three circuits dis-
cussed above i.e. circuit of Current biased Josephson junction, circuit of
Flux qubit, circuit of Charge qubit and details about their energy graphs. In
subsequent section we will see that how these circuits can be used as qubit.
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3.2 Quantum Superconducting Circuits

All the equations written previously whatever may it was defining dynamics
of phase contained electric current in one way or another. That gives rise
to electromagnetic field term which is a quantum in nature. So further we
will look for the quantization of Lagrangian and Hamiltonian. For the quan-
tization, we will use traditional process that is proposing Hamiltonian and
replace the momentum term with momentum operator of quantum mechan-
ics. Now,

H(p, φ) = pφ̇− L
Above is the well known relation between Hamiltonian and Lagrangian,
where p is canonical momentum conjugated to coordinate φ. In compari-
son with conventional Hamiltonian q is replaced with φ.

p =
∂L

∂φ̇

From Lagrangian of phase qubit the momentum operator comes out to be

p =

(
~
2e

)2

Cφ̇

Now what would the momentum represent in this scenario? For that observe
that momentum is proportional to the charge on the capacitor q = CV ,
expanding

p =
~
2e
q

and q/2e is n number of cooper pairs present on capacitor.

p = ~n

Now writing all the operators in their differential form, momentum operator
can be written as

p̂ = −ι~ ∂

∂φ

then by relation p = (~/2e)q charge operator would be

q̂ = −2eι
∂

∂φ
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and using p = ~n pair number operator would be

n̂ = −ι ∂
∂φ
.

Interpretation of whole quantization process we followed above would be that
’the phase and charge dynamical variables can not be exactly determined by
means of physical measurements.’ So commutation relation of phase and
cooper pair number operator would be

[φ, n̂] = ι.

3.2.1 Hamiltonian of three circuits

For circuit of Current-biased Josephson junction

Classical

H = ECn
2 − EJ cosφ− ~

2e
Ieφ

Quantum

Ĥ = EC n̂
2 − EJ cosφ− ~

2e
Ieφ

For circuit of Flux Qubit

Classical

H = H(n, φ) = ECn
2 − EJ cosφ+ EL

(φ− φe)2

2

Quantum

Ĥ = EC n̂
2 − EJ cosφ+ EL

(φ− φe)2

2
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For circuit of Charge Qubit

Classical
H = EC(n− ng)2 − EJ cosφ

Quantum
Ĥ = EC(n̂− ng)2 − EJ cosφ

where EC = (2e)2/2CΣ and ng = −CgVg/2e represents the number of cooper
pairs on superconducting island.

Previously as I was saying charge qubit is an important case of qubit be-
cause if instead of one massive island Josephson junction is connected to
gate capacitor through both large island there would not be any boundary
condition and no discreteness in charge, but charge would be a continuous
variable. It will be a whole new story in case of charge qubit, tunneling is
not allowed electrons will be trapped on single island if other island is com-
parably really thin to show charging effect. Due to quantization of charge
number of electrons trapped will be an integer. Now there be two cases
of corresponding energy when the number of electrons trapped are even or
odd in number, for even number there will be an extra energy EC and for
odd number EC/2. EC is energy associated with a cooper pair and EC/2 is
associated with single electron. Flow of charge will be unidirectional, from
Josephson junction to island as transfer of only pair of electrons is possible.
To satisfy condition that transfer of only cooper pairs is allowed there will
be constraint on wave function

ψ(φ) = ψ(φ+ 2π)

Energy spectrum of linear oscillator is already studied in great details in
quantum mechanics

En = ~ωLC
(
n+

1

2

)
n = 1, 2, 3...

Next we will see basic qubit structure of three circuits discussed and their
energy spectrum. As we have seen above that number of energy levels corre-
sponding to all three superconducting circuits is large, which fulfill the first
requirement to be used as qubit that energy levels must be quantized. Sec-
ond condition for energy spectrum to be use as qubit is that first two energy
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levels must be well separated from higher energy levels. So there could be
transition only between these two levels or the probability of transition to
any other level should be very very less. Now we will see energy levels and
Hamiltonian of each of the three circuits.

3.3 Current Biased Josephson Junction Qubit

Josephson Junction Qubit is the simplest case of qubit, it works at zero
voltage state I < I0 and charging energy smaller than Josephson energy EC <
EJ that means Josephson behavior dominant over charge behavior and charge
number has large quantum fluctuation. Energy levels becomes noticeable in
local minima of potential energy washboard with small capacitance and high

resistance. For zero voltage state( ¯̇φ = 0) particle oscillate in local potential

well and for non-zero voltage state( ¯̇φ 6= 0) or higher excited states particle will
cross local potential well and then whole system will not be non-dissipative.
Quantum Hamiltonian as stated previously

Ĥ = EC n̂
2 − EJ cosφ+

~
2e
Ieφ

In the expression expanding the cosφ term upto φ4

Ĥ = EC n̂
2 − EJ

(
1− φ2

2!
+
φ4

4!

)
+

~
2e
Ieφ

Ĥ = EC n̂
2 − EJ + EJ

φ2

2!
+

~
2e
Ieφ− EJ

φ4

4!

Now first four terms will act as primary Hamiltonian(H0) and last term will
be perturbation(H ′) in the Hamiltonian

H0 = EC n̂
2 − EJ + EJ

φ2

2!
+

~
2e
Ieφ

H ′ = −EJ
φ4

4!
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Figure 10: Energy level quantization in local potential well of potential wash-
board.

.

then introducing creation and annihilation operators as

â = αφ̂+ ιβn̂

â† = αφ̂− ιβn̂
putting values of φ̂ and n̂ in form of creation and annihilation operators back
in Hamiltonian and calculating we get difference between energies of first
excited state and ground state as 12E0 whereas difference between second
and first excited states as 24E0. Where E0 is energy in terms of EJ and
EC . From her we can clearly see that first two levels are well separated from
second excited energy level. So it can be used as a tight two level qubit.[19]
There are many different ways to truncate the whole Hilbert space to two
levels above shown is one of the ways. In qubit ground state is represented
by |0〉 and first excited level by |1〉, also Hamiltonian can also be written in
form

H = −1

2
εσz

where ε is energy difference between the two levels. ε = E1−E0. The actual
energy difference between two energy levels is managed by bias current.
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3.4 Flux Qubit

A basic flux qubit can be made up from circuit described in section 3.1.2.
Let’s consider Hamiltonian from section 3.2.1.

H = H(n, φ) = ECn
2 − EJ cosφ+ EL

(φ− φe)2

2

this qubit works in function at EJ >> EC . When external flux is multiple
of half integer bias flux, mathematically φe = π minima of potential energy
will degenerate and there will be two identical potential wells on either side
of φ = φe as shown in Fig. 11.

Figure 11: Energy levels in double well potential
.

After truncating the whole Hilbert space to two levels Hamiltonian of flux
can also be written as

Ĥ = −1

2
(εσz + ∆σx)

where ε = EJ

EL
− 1 << 1 and ∆ is energy difference between ground and first

excited level.
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3.5 Charge Qubit

A basic Charge qubit can be made up from circuit described in section 6.1.3.
In case of charge qubit over charge behavior dominant Josephson behavior i.e.
EC >> EJ . This expression also means that omitting Josephson behavior in
circuit which give rise to isolation of the island. So number of cooper pairs
will be some n, then eigenfunction

EC (n̂− ng)2 |n〉 = EN |n〉

Figure 12: Energy spectrum of charge qubit
.

The energy spectrum corresponding to different charge states(n = 1, 2, 3...)
will be En = EC(n−ng)2, shown in Fig. 12. Now truncation of Hilbert space
on two level system will result the Hamiltonian as

Ĥ = −1

2
(εσz −∆σx)

where ε = EC(1 − 2ng) and ∆ = EJ . Energy of two level of qubit is govern
by

E1,2 = ∓1

2

√
E2
C(1− 2ng)2 + E2

J
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as in flux qubit inter-level distance is govern by external, here it is controlled
gate voltage.

Figure 13: Charging energy as a series of parabolas centered at ng = N and
N + 1

.

To understand two level system of charge qubit, let’s assume there are
N number of cooper pairs on island then charging energy shows quadratic
behavior with ng. If ng is close to N then |N〉 will be ground state and as we
increase ng charging energy will also increase quadratically till it is greator
than the energy of |N + 1〉 state and it turns the new ground state. At that
point of time if tunneling happens it would mean that charging energy is
a periodic function of ng. Fig. 13 shows the charging energy for each is a
parabola centred on ng = N, and the parabolas cross at half-integer values
of ng, where the states |N〉 and |N + 1〉 are degenerate.
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Figure 14: Degeneracy of the charging energies at half-integer values of ng
.

Here Josephson energy comes into account to break the degeneracy at
points ng = N + 1/2 as shown in Fig.14. At these points, the two lowest
energy eigenstates will be the symmetric and anti-symmetric combinations
of the N and N + 1 states and the other states will be separated in energy
by EC . Hence the new Hamiltonian in terms of number state can be written
as

Ĥ = EC
∑
|N〉(N − ng)2〈N | − EJ

2

∑
(|N〉〈N + 1|+ |N + 1〉〈N |)

As we are discussing only about two level system then Hamiltonian can be
modified as

Ĥ = EC

(
1

2
− ng

)
(|1〉〈1| − |0〉〈0|) +

EJ
2

(|1〉〈0|+ |0〉〈1|)



4 Conclusion

The elementary superconducting qubit in this thesis represents an important
step towards acquiring a quantum computer. Yet, moving forward, there is
still a long way to go for quantum information processing through a quan-
tum computer. The rapid progress of superconducting qubit based quantum
computing has been due in large part to the already well-developed protocols
for NMR, photon, and trapped-ion quantum computing systems. Here, some
reflections on some basic structure of superconducting qubit presented in this
thesis.

After an introduction part first we discussed formation of Josephson junction
and essential requirements for that in section 2, then we talked about Joseph-
son effect and basic equations of current flow through Josephson junction.
After that some properties of Josephson junction are discussed like such as
low dissipation, low noise and non-linearity of the junction. Then why there
is need of a non-linear element in the circuit, for this circuit to be use as a
qubit.

In section 3 we talked about the superconducting qubits. First we dis-
cussed about circuit formation using Josephson junction along with other
conventional electrical elements. There are three different arrangements of
Josephson junction associated with three different qubits i.e. Current bi-
ased Josephson junction qubit, Flux qubit and Charge qubit. After that
we discussed quantum behavior of circuit and quantization of energy lev-
els. Then we discussed Lagrangian and Hamiltonian corresponding to each
of the qubit. There we saw that difference between first two energy levels
were significantly less than that of second and third energy level in other
words transition frequency between first two energy levels is much greater
than other energy levels. That makes a tight two levels system resulting in
the formation of a qubit.
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