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Abstract

Class number is an important invariant associated to an algebraic number field K. In
this thesis, our main aim is to prove Dirichlet’s Class Number Formula and some of its
applications. For stating this formula, we need to know the structure of the group of
units of the ring Ok of algebraic integers of K. In the first chapter, we prove Dirichlet’s
Unit Theorem which describes the structure of group of units of Q. The second chapter
contains a proof of the finiteness of class number of an algebraic number field K. The
third chapter contains a proof of Dirichlet’s Class Number Formula and Dirichlet’s Density
Theorem besides some applications of this formula. In the fourth chapter, we describe
simplified version of Dirichlet’s Class Number Formula for cyclotomic fields and quadratic
fields.
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Chapter 1

Units of Oy

Let K be an algebraic number field and Ok denote the ring of algebraic integers of K.
This chapter is devoted to the study of units of the ring Ox. We first recall some basic
definitions.

Definition. An element « of Ok is said to be a unit of O if there exists 8 € Ok such
that af = 1.

Definition. A non-zero non-unit element a of Of is said to be irreducible element of O
if whenever a = v with ,v € Ok, then either £ or ~ is a unit.

Definition. A non-zero non-unit element o of O is said to be a prime element of O if
whenever a divides fy with 8,7 € Ok, then either a divides 3 or o divides 7.

Definition. A field isomorphism ¢ of K into C will be called a real isomorphism if
o(K) C R otherwise it will be called non-real isomorphism.

1.1 Statement of Dirichlet’s Unit Theorem and Some
Preliminary Results

In this chapter we shall prove a famous theorem of Dirichlet which describes the structure
of the group of units of Ok and was proved in 1846. It is known as Dirichlet’s Unit
Theorem.

Dirichlet’s Unit Theorem. Let K be an algebraic number field of degree n = r+2s
where r 1s the number of real isomorphisms of K and 2s is the number of non-real isomor-
phisms of K, Ok denotes the ring of algebraic integers of K. Then 3 units €1, €a,. .., €
with t = r 4+ s — 1 of Og such that every unit € of Ok can be uniquely written as

1



€= (et ...t where ay,...,a; are in Z and  is a root of unity in K.

To prove this theorem we shall give some definitions and preliminary results.

Proposition 1.1.1. Let K be an algebraic number field. An element o of Ok s a unit
if and only if |Ngg(o)| = £1.

Proof. Suppose first that « is a unit of Og. Then there exists § € Ok such that af = 1.
So Nkg(a)Nk/(B) = 1. As norm of an algebraic integer with respect to the extension
K/Q belongs to Z, we see that Nk g(a) = £1.

Conversely, suppose that Nk g(a) = £1, @ € Og. Let g = o, aa, ..., be all the
roots(counting multiplicity, if any) of the characteristic polynomial of o with respect to
K/Q. Then Ngjg(a) = aqas. ..o, = 1. Write f = [[ o;. Clearly 3 is an algebraic

i=2
integer; also = % € Q(a) C K. So f € Ok and aff = £1. Thus « is a unit of Ok.
]

Corollary 1.1.2. If « is an element of Og with [Nk g(a)| a prime number , then o is
an trreducible element of Ok.

Proof. Suppose that o = By with 3,7 € Og. Then Ng/g(a) = Ngjo(B)Nkjo(y) = £p,
where p is a prime. As Ng/q(8) and Ng/q(7) are integers, atleast one of these must be
+1 or —1. So by the above proposition, either 5 or « is a unit of O.

]

Remark. If « is as in the above corollary then « is in fact a prime element of Ok, because
it is known that N(aOk) = |Ng/g(a)| (see Chapter 5 [Ta-St]); consequently aOf is a
prime ideal as its norm is a prime number.

We now prove that Ok is a Factorization Domain for each algebraic number field K.
Recall that an integral domain R is a factorization domain if every non-zero non-unit
element of R can be expressed as a product of finitely many irreducible elements of R.

Theorem 1.1.3. Let K be an algebraic number field. Any non-zero mon-unit element
a € Ok can be written as a product of finitely many irreducible elements of Ok.

Proof. We prove the theorem by induction on |Ng/g(a)|. When |Ng/g(a)| = 1, then a
is a unit by Proposition . When |Ng/g(c)| = 2, then « is irreducible by the above
corollary. Suppose the theorem holds for all a € Ok with |Ng/g(a)| < n. Let a be
an element of Ok with |Ng/g(a)| = n. If a is irreducible element of O, then we are
done, otherwise we can write a = (v with 3,7 € Ok, where 3,7 are non-units. So
|Nko(B)] > 1, [Nko(y)] > 1 in view of Propositionm Therefore |Ngo(8)| < n,
|Nko(7)| < n. By induction hypothesis 3,7 can written as a product of finitely many
irreducible elements of Ok and hence so can be a = [5~.

[



Corollary 1.1.4. For an algebraic number field K, O has infinitely many non-associate
wrreducible elements.

Proof. For any rational prime p, there exists an irreducible element 7, (say) of Ok dividing
p by virtue of Theorem If p # q are prime numbers, then 7,, 7, cannot be associates
because otherwise | Nk ()| = |Nk/q(mq)| which is impossible because | N /q(7,)| divides
Nk jo(p) = p™ and N jg(mg) divides ¢" and [N /q(m,)| > 1.

O

Remark. Let K = Q(v/d ) be an imaginary quadratic field with d a negative square free
integer. In 1801, Gauss proved that Ok is a Unique Factorisation Domain (UFD) for
d=—-1,-2,-3,—-7,—11,—19,—43,—67, —163. He also conjectured that these are the
only imaginary quadratic fields K for which Ok is a UFD. This conjecture remained
open until 1966 when it was proved by Baker[Bak| and Stark[Sta]. Gauss has conjectured
that there are infinitely many real quadratic fields whose ring of algebraic integers are
UFD. This is not proved as yet.

Definition. Let R be a commutating ring with identity. Let ¢ be a non-zero element of
R; for o, f € R we say that a = 8 mod(c) if there exists v € R such that a — § = ¢y.

This is an equivalence relation on R and partitions R into union of equivalence classes
called congruence classes modulo ¢. The following lemma gives information about the
congruence classes in Ok modulo a positive integer c.

Recall that a Z-basis of the free abelian group Ok is called an integral basis of K.

Lemma 1.1.5. Let K be an algebraic number field of degree n over Q. Let ¢ be a positive
integer. Then there are atmost ¢ congruence classes modulo ¢ in O.

Proof. Let wy,ws,...,w, be integral basis of K. Let a be any element of Ok, then we
can write
a=aw+ -+ aWy,, a; € Z

Write a; = cq; + 1;,0 <r; <c¢, q;,r; € Z. So
n n
o= chiwi —l—ani
i=1 i=1

n
and hence o = > r;w; mod(c)
i=1
Therefore every a € O is congruent to one member of the set

S = {szwZ’O <b <cb e Z}
=1

3



Clearly |S| = ¢". Hence lemma is proved.
[

Theorem 1.1.6. Let K be an algebraic number field. Then for every positive integer c,
there are only finitely many non-associate elements o € Ok such that |Nkg(a)| = c.

INk /oo

Proof. First we will show that for any a € Ok, - I e Ok. Let 01,05,...,0, be all

the isomorphisms of K into C with o;(a) = «, then

n

Nijgle) = [Joi(e@) = H oi(@) = a(say)

i=1

Then a € Z. So £ = [] 0i(«) is an algebraic integer.

=2
In view of Lemmall.1.5] the theorem is proved once we show that whenever o, 5 € Og
are in same congruence class modulo ¢ and |Ng/g(a)| = ¢ = |[Ng/q(83)|, then o and /3 are
associates. Let o and  be in the same congruence class mod ¢, then there exists v € Ok

such that o — 8 = ¢y. As shown in the above paragraph NK/#Q(B) € Ok. Therefore
o Y Nro(B)y
R IR e A e X,
8 E 8 *

Similarly g € Ok. So % is a unit of Ok. This proves that o and [ are associates as
desired. As total number of congruence classes modulo c is finite by Lemma [I.1.5] so
there are only finitely many non-associate elements of Ok having 4+c¢ as norm.

m

Proposition 1.1.7. Let K be an algebraic number field of degree n and o1,09,...,0,
be all the isomorphisms of K into C. Prove that for any constant ¢ > 0, there are only
finitely many o € Ok such that |o;(a)] < ¢ for 1 <i < n.

Proof. Let {wy,ws,...,w,} be an integral basis of K. let a be any element of Ok. We
can write a = rywy + xows + - - - + xw, with x; € Z. Taking the image under o;, we have

oi(a) = zy03(wy) + -+ wpoi(wy), 1<i<n
The above equations in the matrix form can be rewritten as PX = B, where

0'1(&) O'l(wl) 0'1(’U)n) T
, P = : : and X =

on() on(wy) -+ op(wy) Ty,



By definition det(P)? is the discriminant of K. So P is invertible. Therefore we have
X=P'B (1.1)

Let ¢;; denote the (i,j)th entry of P~! and ¢; denote the max|g;;|. If |oy(a)| < ¢ for
i.j

every i, then by Equation (1.1)), |z;| < ncey for each j. So the integers x; will have only
finitely many choices. The same holds for a € Ok with |o;(a)| < ¢ for each i and hence
the proposition is proved.

0
Corollary. The group of roots of unity in any algebraic number field K is finite.
Proof. If a is a root of unity in K, then so is o;(«) for any isomorphism
o; K—C
So |o;(a)| = 1. The corollary now follows from the above proposition.
O

Definition. A subset S of R" is called discrete if every bounded subset of R" contains
only finitely many points of .S.

It can be easily seen that a free abelian group of finite rank contained in R" is discrete.

Proposition 1.1.8. A discrete subgroup I' of R™ is a free abelian group of rank not
exceeding n.

Proof. Let V' be the smallest subspace of R" containing I" and s its dimension over R.
We can choose s vectors in I, say vy, v, ...,vs € I such that vy, v, ..., v, form a basis of
vector space V. Let I'y denote the subgroup of I' defined by I'g = Zvy + Zvy + - - - + Zuv,.

We first show that [ : I'g] is finite. Let v = > a;v;, a; € R, be any element of I'. Write
i=1

a; = [a;] + &;, where [a;] stands for the largest integer not exceeding a;, 0 < ¢; < 1.
Therefore
v:Z[ai]viqLZéwi:w—i-z, wely,zel'NnY, (1.2)
i—1 i=1

where Y is defined by

Y = {102, yn) €R™ |y <D [will, 1 < <},

=1



||vi|| stands for the length of vector v; in R™. Equation [1.2] shows that [I': I'] < [I'NY].
Since Y is a bounded set and I is discrete , ' MY is a finite set. This proves that [I" : I'g]
is finite, say j. By, Lagrange’s Theorem of finite groups, jI' C I'y which implies that
I' C %FO. As %FO is a free abelian group of rank s so is I' of rank [ < s (cf. Theorem 2,
Chapter-2, Sec-2 of [Bo-Shl).

O

1.2 Minkowski’s Lemma on Linear Forms and its Mod-

ifications
Minkowski’s Lemmal'| on real linear forms. Let L;(z) = Y a;x; be real linear
j=1
forms for 1 < i < n with det(a;;) # 0. Let ¢4, ..., ¢, be positive real numbers such that
[1 ¢ > |det(a;j)| then there exists rational integers us, us, ..., u, not all zero such that
i=1
|Li(uy, ug, ..., u,)| < ¢ for 1 <i<n.
Proof. We show that 3 integers zq, ..., z, not all zero such that
|Li(z1, ... 20)|] < ¢ for1<i<n (*)

Suppose the lemma is false. For g = (g1,...,9,) € Z", let m, 4, denote the subset
called parallelotope of R™ defined by :

C; .
T(grrngn) = 1T = (@1,...,2,) | |Li(z —g)| < . for1<i<n}

Note that if g # ¢’ are in Z", then 7, . 4.y N (g gl = (), because if x belongs to their
intersection, then |L;(g — ¢')| < |Li(g — x)| + |Li(z — ¢')| < ¢; for 1 <i < n which shows
that the vector g — ¢’ satisfies , contrary to their assumption.

Let J denote the volume of any parallelotope m(, . .y and d be the real number such
that the co-ordinates of all points of 7 . o) are less than d in absolute value. Let L be a
positive integer. Consider the family T of all those 7y, 4,y for which |g;| < LV i, g; € Z.
Clearly T consists of (2L +1)" parallelotopes m(g, 4.y If  belongs to a member m, 4
of T, then |z;| < |x; — gi| + |gi] < d+ |g;| < d+ L. Since the members of T are pairwise
disjoint, we see that (2L + 1)"J < (2d + 2L)™ On dividing by (2L)™ and taking limit as

!This was established by H.Minkowski in 1896. Minkowski’s lemma on linear forms is a corollary of
more general theorem of Minkowski on convex bodies which is proved in Chapter 2( Section 2.2). The
lemma on real linear forms goes back to Dirichlet.



L — oo, we see that J < 1.
On the other hand, we have:

n
ITeci

J/ / ..IHZMTI(A)'/M /idyl...dyn:m

|Li(z)| <% lyil<G V

The above equation together with J < 1 implies that [] ¢; < |det(A)| contrary to the
i=1
hypothesis.
O

Modified Mir}lkowski’s Lemma on real linear forms
Let L;(z) = Y a;jx; be n real linear forms for 1 < i < n with det(a;;) # 0. Let

i=1
n

c1,Ca, ..., Cy be positive constants such that |det(a;j)| = [] ¢, then there exist rational
i=1

integers uy,...,u, not all zero such that |L;(uq,...,u,)| < ¢ for 1 < i < n—1 and

| Ly (ug, ug, .oy up)| < cpe

Proof. For any real number € > 0 we define a subset K. of R™ by

K ={(x1,...,x,) : |Li(x1,29,...,2,)| < ¢, 1 <i<mn—1, |Ly(x1,22,...,2,)| < cn(1+€)}

As (T e)(1 +€) > |det(a;;)| and det(a;;) # 0, so by Minkowski’s Lemma on real linear
i=1
forms, we have K. NZ" # (0,0,...,0) i.e.,

K.Nn(Z"\ (0,0,...,0)) #0

But K. is a bounded set for any € > 0. Therefore K, N Z"™ must be finite. In particular,if
we take € = 1, then K.N(Z™\(0,0,...,0)) is a finite non-empty set { Ay, Ao, ..., A} (say).
Suppose if possible the lemma is false. In view of this supposition, if (u1,us,. .., u,) €
K.NZ" is a non-zero vector, then |L, (uq, us, ..., u,)| > ¢,. This implies that there exists
€0 with 0 < ¢y < 1 such that |L,(A;)] > ¢,(1 +€) for 1 < i < k. Consider the set K.
Then K., C K.. Since no A; belongs to K, we conclude that K., N Z consists of only
zero vector which contradicts the fact that K. N Z" contains a non-zero vector for any

€ > 0 as shown above.
O



Modified Minkowski’s lemma on complex linear forms

Let Ly(x) = Y a;x; be linear forms for 1 < ¢ < n with det(a;;) # 0 such that

j=1
Ly,...,L, are real linear forms and L,.q,..., L.1os are complex linear forms satisfy-
ing Lyy; = Lyjsyj, 1 < j < s. Let ¢i,c2,...,c, be positive constants such that
n

[[c = |det(aij)| and ¢y = Crysij, 1 < j < s, then there exist rational integers
i=1

Uy, Usg, . . ., Uy not all zero such that |L;(uy,ug,...,u,)] < ¢ for 1 < i < n—1 and
| L (g, ug, ..oy un)| < cpe

Proof. We define n real linear forms L}, L5, ..., L!, as follows:

Set L, =L;if1<j<r,

L= (LT—H + Lyssyy) and Ly o\ = % 5 (Lrgj = Ligsyy) iF1 < j < os.

The absolute value D’ of the determlnant of the matrix of the forms L}, L5, ..., L]
is 27%|det(a;j)|. We now apply modified Minkowski’s lemma on real linear forms to
LY, Ly, ..., L, with constants ¢}, ¢y, ..., ¢,, where ¢; = ¢; for 1 <4 < rand ¢ = 7%

forr+1<i<r+2s=n. Clearly [[¢ = (ch) /2% = W = D’. Hence by
i=1 i=1
modified Minkowski’s lemma on real linear forms, we can find integers zq, 2, ..., z, not

all zero such that |L;(21,22,...,2,)| < ¢ for 1 <i <n—1and |L (2, 29,...,2,)| <.
Thus |L;(21, 22, ..., 2n)| < ¢ for 1 <i<randforr+1<i<r+s—1, we have

|Li<21,22,...,2n)| = ‘Li+s(217227-' Zn)|
_\/L/ Zl,.. +Ll+s<2’1,...,zn>2

< /&P +e? :\/§c§:ci.

Also,

|Ln(21, 20,y 20)| = | Ly (21, 2050y 20) + 0L g0 (21,22, - -2, 20)|

2 2 / r+s r+25
45 + CT+25

So, |Ly(21, 22, -« -y 2n)| < cp.
]

Notation.In what follows, for an algebraic number field K of degree n = r + 2s, the
isomorphisms o1, 09, ...,0, of K into C are arranged so that oy,..., 0, are real isomor-
phisms and 0,41,...,0,4s are non-real and o,4y; = 0,4 for 1 < j < s and we denote

8



oi(a) by a®.

Using modified Minkowski’s Lemma on complex linear forms, we now prove a lemma
which plays a significant role in the proof of Dirichlet’s Theorem on units.

Lemma 1.2.1. Let K be an algebraic number field of degree n = r + 2s. Prove that for
each k, 1 < k < r+ s, there exists a unit n of O such that [n™| > 1 and |nV)| < 1 for
j#k 1<j<r+s.

Proof. Let dg denote the discriminant of K . Let by,...,b, be positive real numbers
satisfying b,4; = b1y, for 1 < j < s and H b, = \/|dK Let {wy,ws,...,w,} be an

integral basis of K. Now apply modified Mmkowskl s Lemma of complex linear forms to

the forms Ly, ..., L, given by L;(x1,22,...,x,) = lej x; and contains by, ..., b,, we
J:
shall obtain rational integers zy, 23, ..., 2, not all zero such that
]Li(zl,zg,...,zn)] S bz (13)

Set v = Y zjw;, then ~ is non-zero element of Ok and equation 1) says that |[y®| < b;
j=1
for 1 <i < n. In particular,

|Nk/a(7) I—HW SH

Take a fixed k, 1 < k < r 4+ s; choose b; < 1for 1 < j < r+s, when j # k
and b,4; = byysy; for 1 < j < s; determine by such that [[ b, = /|dk|. So by the
i=1

above process there exists a non-zero element 79 € O such that |7((]j )| < b; <1 for
J#k, 1 <j<r+sand Ng(v)| < v/I|dk|. Keeping in mind that Ng/q(y0)| > 1, we
see that |’y(()k)| > 1. Set

mo = min{ |7(()j)|, 1<j<r+s}
Take new set of b;’s such that b; < my, 1 < j <r+s, j #kand bys = bysqj for

1 <j<sand []b = +/|dk|. Again by previous description, there exist 0 # v; € Ok
i=1

such that Y| < mg for 1 < j < r+s, j # k. In particular, /W < /], 1 <j <

r+s, j # k. We may continue this process indefinitely and find vg,71,... in O such

that for 1 < j <r+s, j#k,

6”1 > 11> >

9



and |Ng/o(7:)| < v/|dk| for each i. Now by Theorem only finitely many ~;’s can be
non-associates. So there exist natural number [ and m, m > [ such that ~;, and ~,, are
associates. Therefore 3 a unit 1 of O such that ~,, = ny.

By choice of sequence |77(£)| < |%(j)|, 1<j<r+s, j#k

— W) <lfor1<j<r+s, j#k

Since |Ng/g(n)| = 1, this implies [p®)] > 1.

1.3 Proof of Dirichlet’s Unit Theorem

Proof. Let O denote the group of units of Ox and Wy the group of roots of unity
contained in K. Set t =7 + s — 1. We define a group homomorphism

A (’)IX(—>Rt

defined by
Ae) = (log [eW], ... log [¢“)]).

Clearly, A is a group homomorphism. We divide the proof into four steps.

Step I. First we will prove that Kernel of A = Wy.

If £ is a root of unity in K, then £¥) is also a root of unity.

So eV =1Vy, 1<j<t

= log || = 0, which shows that Wy C Kernel()).

Conversely suppose that ¢ € Kernel()). So [¢W)]| = |eU+)| =1 for 1 <j<r+s—1. As

|Nk/g(€)| =1 by Proposition [I.1.1} we see that

= [0 = kv
=1

where [ = 1 or 2 according as s = 0 or not; consequently |¢"+*)| = 1. Applying Proposition
we see that € has finitely many choices. So Kernel(A) is a finite group. Hence each
element of Kernel(\) is a root of unity.

Step II.In this step, we show that the theorem is proved once we prove that image of A
is a free abelian group of rank ¢. In this situation if A\(O}) has a Z- basis A(e1), ..., A(ey),
then e1,..., e, will be a desired set of units. If € is any unit of O, then we shall have

Ae) = a1A(er) + -+ ayA(gy) for some a; € Z = ee;™ ... e, € Kernel(\).

10



By Step I, we shall have ee;™ ..., = ( € Wgk. It implies that ¢ = (eel* ... ef" as
asserted in the theorem.

Step III. In this step we will prove that A(O}) is a discrete subset of R, then by using
Proposition L A(O%) will be a free group of rank < ¢. To check dlscreteness let ¢ be
any positive real number. We will show that there are only finitely many ¢ in Oy such
that —c < log|eW| < cfor 1 <j <t ie.,

e <|eW| <efforl<j<t. (1.4)

Let € be any unit in O satisfying (1.4)). Now

1 = |Ngjg(e)| = H |5(j)| > 6—(n—l)0|€(n)|l
j=1
where [ = 1 or 2 according as s = 0 or not. The above inequality implies |€(”)| < e(n7l)c <
e™. So all the conjugates of ¢ are bounded in absolute value by €. By Proposition [1.1.7]
¢ has only finitely many choices. Hence A\(Oj) is a discrete subset of R’

Step IV. We have to show that the rank of A\(O}) is ¢. For this it is enough to prove that
A(Oj) contains a set of ¢ vectors which are linearly independent over R. We introduce a
new notation.

Notation. For o € K*, we set

() ;
10)() = log | . | for1<j<r
2log|a?| forr+1<j<r+s

Note that
r+s r+s A
log | Nk jg(a)| = log( H|a T 1e9P) =D " 19(a). (1.5)
j=r+1 j=1

By the virtue of Lemma applied t times, there exists units 7y, ..., n; of Ok such that
|n§i)| > 1, |77§j)| <lifi#j, 1 <i,j <t We shall prove that A\(n,),..., A(n;) are linearly
independent over R or we can say that ¢ x t matrix formed by taking these vectors as
row vectors has determinant non-zero. For this, it is enough to prove that the matrix
A = (aij)ixt = (19)(1m;))¢x¢ is non-singular. The matrix A clearly satisfies the first two

11



conditions of the following proved Lemma . Also by using equation (|1.5)), we have

r+s

> 1) = log |Nig(n:)| = 0
j=1

t

= Y 100m) = ~17) )

J=1

the right hand side of the above equation is positive in view of the choice of 7; and the
fact that ¢« # r 4+ s as 1 < i < t. So the third condition of Lemma [1.3.1] is also satisfied
and hence det(A) # 0. This completes the proof of Dirichlet’s Unit Theorem.

]

Lemma 1.3.1. Suppose A = (aij)ixt s a matriz with real entries satisfying the following
three properties.
(if)a; < 0 if i # ).
t
(199) > a;; >0 Vi, 1 <i<t
j=1

Then det(A) # 0.

Proof. Suppose to the contrary det(A) = 0. Then there exists a non-zero column vector
C = (¢1,...,¢) such that AC is the zero vector . Let k be an index such that |cx| =
max |c;|. Then AC = 0 implies

1<i<t
! ! agiC ! Q5 C
3 3 oG 3 GG
QAfiCj = 0 = A = — . = |akk| = p
j=1 j=ti#k j=Li#k "

Keeping in mind the hypothesis (i) and (ii),we have

<D lagl ==Y ay

i#k i#k

t

agr = |agk| < Z | ;|

i=1j#k

G

Ck

t
= > ax; < 0 which contradicts condition (4i7).
j=1

]

Remark. 1t is clear from Dirichlet’s Unit Theorem that the group of units of O is finite
if and only if t = 0, i.e., if and only if either K = Q, or K is an imaginary quadratic field.
When K = Q(V/d) is a real quadratic field, then by Dirichlet’s Unit Theorem there exists
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a unique unit € > 1 of Ok such that every unit of O can be uniquely written as +¢" for
some n € Z; such a unit is called Fundamental Unit of Og or of K. We shall prove
in section of this chapter that if z + yw > 1 is a fundamental unit of Q(v/d),d # 5
with w = %E or w = V/d according as d = 1 mod 4 or not, then = and y are smallest
positive integers for which Ng/q(x + yw) = £1. This paves the way for an interesting
relation between units of real quadratic fields and solution of Pell’s equationE].

1.4 Fundamental System of Units and Regulator

Definition. Ifeq, ..., & is as in the statement of Dirichlet’s Unit Theorem, then {e1, ..., &}
is called a fundamental system of units of O or of K. As shown in Step II of the proof
of Dirichlet’s Unit Theorem e4,...,&; is a fundamental system of units if and only if
A(er), ..., A(er) is a basis of the group A(O ). Another system of units 7y, ..., is a fun-
damental system of units if and only if the transition matrix from the basis A(ey), ..., (&)
to A(m), ..., A(n:) is unimodular. So if C' denotes the ¢ x ¢t matrix whose row vectors are
A1),y ..., A(m) and B denotes the t x t matrix whose row vectors are A(e1), ..., A(g;) and
if both {e1,...,&} and {ny,...,n} are fundamental system of units of O then B = AC
where A is a unimodular matrix. Therefore |detB| = |detC|. So |detB| does not depend
on the choice of fundamental system. The Regulator of K is defined to be |detB| or
2571|det B| according as s = 0 or s > 0. In view of Step IV, regulator of an algebraic
number field is never zero.

1.5 Explicit Calculation of Units in Quadratic Fields

Firstly we shall prove the following proposition which describes O when K is an imagi-
nary quadratic field.

Proposition 1.5.1. Let K = Q(\/E), where d 1s a square free negative integer.
Then O = {+1, -1} except in the following two cases:

2An equation of the type 2 — my? = 1 where m is a given positive non square integer is called Pell’s
Equation. Euler(1701-1783) attributed to the English mathematician John Pell (1611-1685) a method of
finding a solution of the equation 22 —my? = 1 in integers « and y. Thus the equation has become known
as the Pell equation. However, such a method had been found by another English mathematician, William
Brouncker (1620-1684), in a series of letters (1657-1658) to Pierre Fermat(1601-1665). Lagarange(1736-
1813) was the first mathematician to prove that the equation 22 — my? = 1 has infinitely many solutions
in integers x and y. These solutions x and y may be used to accurately approximate the square root of m
by rational numbers z/y.The equation was first studied extensively in India, starting with Brahmagupta,
who developed the Chakravala method to solve Pell’s equation in his Brahma Sphuta Siddhanta in 628,
about a thousand years before Pell’s time.
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(i) when d = —1, O ={1,—1,1, =}, 1 =/—1
(i) when d = —3, OF = {#1,+¢, +¢?}, ¢ = /3,

Proof. Suppose first that d is not congruent to 1 modulo 4. Let = + yv/d be a unit of
Ok, v,y €Z. Sox? —dy> =1. If d < —1, 2®> —dy? = 1 is possible only if x = +1, y = 0.
When d = —1, this equation becomes z2 +4? = 1 whose only solutions are v = £1, y =0
and x = 0, y = 1. In this case O has four units +1, +..

Suppose now that d = 1 mod 4. Let %ﬁ be any unit of Ok, x,y € Z. Then
2> —dy* = 4. If d < —3, then d < —T7; in this situation 22 — dy? = 4 has only two solutions
xr =22,y =0. So when d < —3, there are only two units, viz., +1, —1. If d = —3, we have
the equation 22 + 3y? = 4 which has six solutions viz., z = 1,y = £1,2 = £2,y = 0.
In this case O has six units. O

In order to describe O for real quadratic fields, we prove some simple lemmas.

Lemma 1.5.2. Let K = Q(\/E) be a real quadratic field with d a square free integer. Let

w stands for %& or v d according as d =1 mod 4 or not. If n = x + yw > 1 is any unit

of Ok, then x > 1, y > 1 except when d = 5 in which case x > 0, y > 1 and if x = 0,
then y = 1.

Proof. Let w' and " denote conjugates of w and 7 respectively. Since Nk q(n) = nn = £1
andn>1,s0n—n =ylw—w) >0. Asw—w' >0, we see that y > 0. Note that

1
]x+yw’]:|n’\:‘5‘<1 (1.6)
and w’ < —1 except when d = 5. So yw' < —1 when d # 5; in this situation (1.6 implies
that x > 1. When d = 5, &' = 15 Ag y > 1, in this case 1D implies that = > 0.

2
Further if x = 0, 1} becomes

y(1—v5)
2
Lemma 1.5.3. Let K = Q(v/d) and w be as in Lemma . Lete =x+yw > 1 be a
unit of Og with x # 0. For any n > 1, if € is written as r, + YW, Tn,Yn € Z, then
Tnt1 > Tny Yntl > Yn fO?“ all n Z 1.

‘ < 1 which is possible only when y = 1. O]

Proof. In view of Lemma [1.5.2] = > 1,y > 1. We prove the result by induction on n.
Using w? = d or w? = &1 + w, a simple calculation shows that

22 + y2d + 2zyVd if w=+d

2+ P+ w(y? + 2zy) ifw= 1+2\/E

52:(:v+yw)2:{
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So 9 > x, yo > y. Suppose that the result is true for n, we verify it for n + 1.

T + Yynd + Vd(zy, + y2,) if w=1+/d

" = (2, + yow) (T + yw) =
(n 40} (@ + 0] T+ Yy ST+ (@Y + Y, +yy) if w = 50

Clearly Tpi1 > Tn, Yni1 > YUn- O

Remark. Lemma does not hold when z = 0. For example, consider d = 5, € =
%gzw, then 2 =1+ w, € =1+ 2w.

The following corollary is an immediate consequence of Lemmas [1.5.2] and [1.5.3]

Corollary 1.5.4. When d # 5, the fundamental unit greater than 1 of Q(\/E) s * + yw,
where x and y are smallest positive integers such that Nk g(x + yw) = £1.

In order to be able to compute smallest positive integers x, y for which N /g(z+yw) =
+1, we shall use simple continued fractions defined below.

Definition. A multiple decked expression of the type

n 1
a
0 ap + L

axt e+

with a; > 0 for ¢ > 1 is called a finite continued fraction. If a; € Z, then it is called
a simple continued fraction. In symbols it will be expressed as [ag;a1,...,a,]. Every
rational number can be written as a finite simple continued fraction. Any irrational
number can be written as an infinite simple continued fraction(see[Niv]).

Definition. For any finite or infinite simple continued fraction [ag; aq, . .. ], the continued
fraction upto the k™ stage [ag; ay, ..., ax| is called the k' convergent and will be denoted

Pk _ po 1 _ am+l _ p1 1 _ ag(agaitl)tao _ aspitpo _ p2
by " So ag 0 40 + a a q’ + aﬁ—% azai+1 a2q1+qo g’

One can prove by induction that py = arpr_1 + pr_2, @ = axqr_1 + qx—2, k > 2. Note
that ¢; > 0 for every 7. We shall consider continued fractions of positive real numbers.
So ag > 0 and p;y1 > pi, qiv1 > ¢ for every ¢ > 1. The name convergent is appropriate

because the infinite sequence {Z—Z} of convergents of the continued fraction expansion of

an irrational number £ converges to &.

Remark. The name convergent in the above definition is appropriate because the infinite
sequence {g—"} of convergents of the continued fraction expansion of an irrational number

& converges to &.
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We shall use the following theorem about continued fractions (see [Ch.7. Niv]).

Theorem. Let £ be any irrational number. If there is a rational number ¢ with b > 1

b
such that }f — %‘ < #, then ¢ equals one of the convergents of the simple continued
fraction expansion of .

Lemma 1.5.5. Let K = Q(v/d) and w be as in Lemma . Assume that d # 5. Let
r+yw > 1 be a unit of Ok, x,y € Z. Then g 15 a convergent to the continued fraction
expansion of —w', where W' is the conjugate of w.

Proof. Since Nk g(z + yw) = (z 4+ yw)(z + yw') = £1. So

- (1.7)

x /
— 4w .
y(z + yw)

Y

We split the proof into two cases.
Case I. d = 2 or 3 mod 4. In this case, we have 2? = dy? +1 > dy* — 1 > y*(d — 1) and
hence % > +/d — 1. It now follows from |D that

1 1 1
TRCE VD) S PV TV

So by the theorem stated above, 5 is a convergent to the continued fraction expansion of

-

—w' = V/d by the previous theorem.
Case II. d = 1 mod 4. Recall that d # 5, so d > 13 and @ > 2; consequently by
virtue of (1.7, we have

’33 L 1 _ 1
— w - R
1+Vd 2
y v+ ) 2
So again g is a convergent to the continued fraction expansion of —w’. O

Corollary 1.5.6. Let K = @(\/3) be as in Corollary m The fundamental unit greater
than 1 of K is p,+ quw, where n is the smallest non negative integer for which Ny q(pn+
qw) = *1; Z—: being the n'™ convergent to the continued fraction expansion of —w'.

Proof. This follows immediately from the above lemma and Corollary [1.5.4] O

Example. K = Q(1/22).
Solution. Since 22 = 2 mod 4. Therefore, {1, \/ﬁ} is an integral basis of K. We know

by Corollary that fundamental unit greater than 1 of Q(v/22 ) is p, +¢,(v/22), where
n is the smallest non-negative integer for which Ni/q(pn + ¢2(v22)) = £1 and 2* is the
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n' convergent to the continued fraction expansion of 1/22.

Nijo(pn + an(V22)) = pj, — 223,
Now from the continued fraction expansion of v/22, we get :

k 0O |12 3] 4 )
ay 4 |1 2 | 4] 2 1
Dk 4 |5] 14 | 61| 136 | 197
Q 1 1 3 |13 29 | 42
pr—22¢3 | 63| —-2]3|—-6] 1

Thus we see that the fundamental unit is 197 4+ 42+/22.

Example. K = Q(v41).

Solution. Since 41 = 1 mod 4. Therefore, {1, %ﬁ} is an integral basis of K. We know
by corollary that fundamental unit greater than 1 of Q(v/41 ) is p, + qn(%ﬁ),
where n is the smallest non-negative integer for which Ny q(p, + qn(%‘ﬁ)) = +1 and

% is the n'"* convergent to the continued fraction expansion of _HT V4L
n

Now from the continued fraction expansion of %, we get :
k 0|1 2|3
ay 2 |12 2|1
Dk 2 |3 8 [19|27
qr 1 |1} 3] 7110
PP tpeqe — 1062 | —4 2] -2 4 [ -1

Thus we see that the fundamental unit is 27 + 10 <1+§/H>.
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Chapter 2

Class Number

It is well known that for an algebraic number field K, Ok is a unique factorization domain
if and only if it is a principal ideal domain. Our main aim is to find a way of measuring
how far prime factorization fails to be unique in the case where O contains non-principal
ideals for which we define the concept of ideal class group and class number.

2.1 Ideal Class Group and Class Number

Recall that an Og-module I contained in K is called a fractional ideall] of O if there ex-
ists a(# 0) in Ok such that al C Ok. We assume that the set of all non-zero fractional
ideals of Ok is an abelian group under multiplication of ideals(see Sec 8.3 of [ALWIi]).
This group will be denoted by G(K). The subset of G(K) consisting of all non-zero prin-
cipal fractional ideals is a subgroup of G(K) and will be denoted by P(K). The group
G(K)/P(K) is called the Ideal Class Group or Class Group of K and its members
are be called Ideal Classes of K. The order of the class group of K is called the Class
Number of K. It is an important result that the class group is always a finite group.
This result was first proved by Dedekind in 1871 in his first account of Ideal Theory. We
shall prove it in the next section using modified Minkowski’s lemma on complex linear
forms which has been proved in Sec 1.2 .

Note that class number of an algebraic number field K is 1 if and only if O is
a principal ideal domain. Leonard Carlitz (1907-1999) has shown that class number
of an algebraic number field K is 1 or 2 if and only if whenever a non-zero non-unit
element a € Ok can be written as a = wum...7s = u/'nw} ... 7 with u,« units and
Tly.e.y Ty, T,y .., prime elements of Ok then s = t(cf. [Car]).

LAn ideal I of Ok contained in O will sometimes be called an integral ideal of O
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2.2 Finiteness of Ideal Class Group

Let K be an algebraic number field of degree n = r 4+ 2s. As in previous chapter,

the isomorphisms o1, 09,...,0, of K into C are arranged so that oq,...,0, are real
isomorphisms, o,11,...,0,4s are non-real and o,,,1; = 0,4, for 1 < j < s we denote
oi(a) by aV. For a vector space basis {wi, ..., w,} of K over Q, Dg/g(wr,...,w,) will

stand for the square of the determinant of n x n matrix [ng )]ij ;if all w; € Ok and A

denotes the group Zw; + - - - + Zw,, then it can be easily proved that

where dg denotes the discriminant of K (see Thm 7.1.3 of [Al-Wi]).

We first prove the following theorem from which finiteness of class group will be
deduced.

Theorem 2.2.1. Let K be an algebraic number field distinct from Q. Then in every ideal

class of K, there exists an ideal B of Ok such that N(B) < \/|dk|, where N(B) stands
for the norm of B.

Proof. Let C any ideal class of K, let C' be a fixed ideal belonging to C. There exists an
integral ideal A such that AC is a principal ideal. Let aq, ..., a, be Z-basis of A. Let
01,...,0,. be all the real isomorphisms from K to C. Let 0,41,...,0,12s be the non-real
isomorphisms of K to C such that

Oryj = Orgstj, 1 <7<,
Define the linear forms L1, Lo, ..., L, by
Li(zy,29,...,2,) = oi(ar)ry + 0i(ag)zs + - - - + 0i(an)xy
The absolute value of the determinant of these linear forms is
[det(i(0))| = 1/ IDisalan, -, )]

which in view of equation 1} equals [O : A]l\/|dk|. Applying modified Minkowski’s
Lemma on complex linear forms (proved in section [1.2]) taking

¢; = ([Ok : Al |dK|)% for each 1, (2.2)
we see that there exists rational integers wuq, us, ..., u, not all zero such that
|Li(uy, ug, ..., u,)| < ¢ foralli, 1 <i<n-—1. (2.3)
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and
| Ly (ug,us, ..., u,)| < ¢ (2.4)

Now take o = wja; + -+ + upa, € A, a # 0. So from (2.3) and (2.4), we obtain
loi(a)] < ¢, for 1 <i <n—1and |o,(a)] < ¢,; consequently keeping in mind that

K # Q and using ([2.2)), we have

[Nijo(a)l < [ e = [0k - AlV/]dx| = N(A)V/]dx] (2.5)

i=1

Since a € A, there exist an integral ideal B such that aOg = AB. Recalling that
AC is a principal ideal we conclude that C' and B lie in the same ideal class C. In
view of a basic result |Ng/g(a)] = N(aOk)(see Chapter 5 [Ta-St]), therefore we have
Nk jg(a)] = N(aOk) = N(A)N(B). Tt follows that N(A)N(B) < N(A)\/|dx|. So

O

N(B) </ |dK‘
Corollary 2.2.2. The group of ideal classes of an algebraic number field is finite.

Proof. We know that for any integral ideal B, N(B) € B which implies that B divides
N(B)Og. Now by Theorem2.2.1] in every ideal class of K there exists an ideal B such
that N(B) < /|dk|. Thus N(B) has only finitely many choices 1,2,...,+/|dx| — 1 and
B being a divisor of N(B) has only finitely many choices as every non-zero ideal of Ok
can be uniquely written as a product of finitely many prime ideals (cf [AI-Wi]). So the
number of ideal classes is finite. O

The following corollary is an immediate consequence of Theorem [2.2.1]
Corollary 2.2.3. If K # Q, then |dg| > 1.

Theorem [2.2.1] can be used to compute class number of K for fields of small degree
with small discriminant as is done in the solution of the following example.

Example. Find the class number of Q(v/—1), Q(v/=3), Q(+/=7), Q(v/—11).

Solution. We know that in every ideal class of Q(y/—1, there exists an integral ideal B
such that N(B) < /|dk|. As =1 =3 mod 4, dx = —4. So N(B) = 1 which implies that
B = Of. Thus there is only one ideal class namely P(K) i.e., class number of K is 1.
When K = Q(v/-3), as —3 = 1 mod 4, so dg = —3. By Theorem, in every ideal
class of K there exists an integral ideal B such that N(B) < v/3 < 2. So N(B) = 1 which
implies that B = Ok. So there is only one ideal class namely P(K) i.e., |G(K)/P(K)| = 1.
When K = Q(v/=7), as =7 = 1 mod 4, so dx = —7. So by Theorem, in every
ideal class of K there exists an integral ideal B such that N(B) < /7 < 3. So N(B) =1
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or 2. If N(B) =1, then B = O and class of B is P(K). Now we consider the possibility
when N(B) = 2. Since —7 = 1 mod 8.. By result Theorem 10.2.1 in [ALWi|, 2 factorizes
as 20k = popy with N(p2) = N(ph) = 2. So B = g or @). To check whether oo (and
hence ),) is principal or not, i.e., whether there exist a,b € Z such that

2= (a+g(1+\/—_7)) <a+g(1—\/—_7))-

Therefore 8 = (2a + b)? + Tb* where a = 0 and b = 1 work. We may take o, = 1+\F0K
and pf) = 1*‘2ﬁ(9K. So gy and @), are principal ideals. Thus in every ideal class of K lies
a principal ideal. So |G(K)/P(K)| = 1.

When K = Q(v/—11), as —11 = 1 mod 4, so dxg = —11. So by Theor
in every ideal class of K there exists an integral ideal B such that N(B) < v11 < 4.
So N(B) = 1or2or 3. If N(B) =1, then B = O and class of B is P(K). Since
—11 = 5 mod 8. In view of basic result (see Theorem 2.2.1 in [ALEWi]) 20k = o with
N(gp2) = 4 with gy prime ideal. So in case K = Q(1/—11), there is no integral ideal of
norm 2. Now we consider the possibility when N(B) = 3. Since —11 = 1 mod 3. So 3
factorizes as 30k = psph with N(p3) = N(p4) = 3. Since there exists an ideal of norm 3,
we now try to see whether 3 is principal or not i.e., whether there exists integers a,b € Z

such that N(a + b(*4=1)) = 3. Thus (a + 2)? + (¥522)% = 3. We can rewrite this as
12 = (2a + b)? + 11b%. Note that b = 1 and a = 0 works. We may take p3 = 420y

and pf = V=1 Ok, So in every ideal class of Q(/—11) there exists a principal ideal.
Hence class number is 1.

2.3 Minkowski’s Convex Body Theorem

Next our aim is to give an improvement of Theorem [2.2.1] It will be shown that given an
algebraic number field K of degree n = r+2s, there exists a constant Cx = () 28 /|d]|
such that in every ideal class of K, there exists an integral ideal B with N(B) < Ck.
This constant will be useful for computing quickly the class number of some algebraic
number fields and is known as Minkowski’s constant. This constant will be obtained
using Minkowski’s theorem on complex bodies which will be proved in this section after

giving some definitions and a couple of lemmas.

Definition. A set S contained in R" is said to be convex if whenever =,y € S, then
Ar+ (1 =Ny € S for all A € R such that 0 < X\ < 1.

Definition. A set S contained in R" is said to be centrally symmetric whenever z € S,
then —x € S.
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Example 1. We know that a sphere S in R™ is always convex, i.e., the set S = { z €
R™ : ||z —al| < r } is convex because if ||z — al| < r and ||y — a|]| < r, we obtain
A+ (1 =Ny —a|| <Az —a||+ (1 =N)|ly—a|| <Ar+ (1 —=X)r=r.

Example 2. Let A = (a;j)nxn be a non-singular matrix. The set P = {z : |aj121 +
a1y + -+ + a1pxy| < c1, ... |anxr + 0 F apnn| < ¢, } where ¢q, ¢, ..., ¢, are fixed
positive constants, is a convex set.

Proof. Define L;(z1, 22, ...,2,) = > a;jz;, 1 <i<mn. Suppose z,y € P and X such that
j=1
0 <A< 1. We have |L;(z)|] < ¢; and |L;(y)| < ¢; for 1 <1i <n. Now

1LiAz + (1 = Ay)| = [ALi(z) + (1 = A) Li(y)]
S ALi(z)] + (1= A)[Li(y)]
<A+ (1 =N =¢
for all . Thus Az + (1 — ANy € P. O

Definition. By an n-dimensional lattice in R™ we mean a subgroup of R™ which is gen-
erated as a group by n linearly independent vectors over R. Such a set of generators is
called a basis of the lattice. If {Ay, As,..., A} and {By, By, ..., B,} are two basis of the
lattice £, then there exists a unimodular matrix U such that

Ay By
/?2 U By
A, B,
So the absolute value of the determinant of the matrix with row vectors Ay, As, ..., A, is

well defined. It is called the determinant of £.

For example £y = { (ay,...,a,) : a; € Z} is a lattice in R" called the Fundamental
lattice or integral lattice and has got basis (1,0,...,0),(0,1,0,...,0), ... ,(0,0,...,1).
Clearly det(£y) = 1.

Definition. Let £ be a lattice in R™ with basis {uy,us,...,u,}. The set T of points
of the form {aju; + -+ ayu, | 0 < a; < 1for 1 < ¢ < n } is called a fundamental
parallelepiped of the lattice £.

Remark. A fundamental parallelepiped T of a lattice £ is not uniquely determined by £.
It depends on the choice of basis of £. Observe that determinant of a lattice £ equals the
volume of a fundamental parallelepiped T of £.
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Minkowski’s Theorem on Convex bodies for general lattice. Let £ be an n-
dimensional lattice in R™ with the volume of a fundamental parallelepiped of £ given by
A. Let S be a bounded, centrally symmetric convex subset of R™ with Vol(S) > 2"A.
Then S contains at least one non-zero vector of £.

For proving Minkowski’s theorem on convex bodies, we first prove some lemmas.

Lemma 2.A. Every bounded subset of R™ contains only finitely many points of a lattice

L.

Proof. 1t is enough to prove the lemma when £ is an n-dimensional lattice in R™. Let
{uy,ug, ..., u,} be abasis of £. Consider the linear transformation ¢ : R — R™ defined
by ¥((x1,x2,...,2,)) = x1uy + -+ + Tpuy,. Since {uy, ug, ..., u,} is linearly independent
over R, 1 is invertible. its inverse is continuous. Let S be a bounded set in R™. Then S
is contained in a compact set Sp. But ¢)71(Sp) is compact and hence bounded. So ¥~!(S)
is also bounded. Hence ¢~1(S) contains only finitely many points in Z"; so S contains
only finitely many points of (Z") = £. O

Lemma 2.B. If T is a fundamental parallelepiped of an n-dimensional lattice £, then
the sets T, = T + z, where z runs through all the points of £, are pairwise disjoint and
fill the entire space R™.

Proof. Let {uy,us,...,u,} be a basis of £ used to construct the parallelepiped T". Let
T = cluy + - + Cpllp, G 6 R, be any vector in R". Write ¢; = k; + oy, k; € Z, «; €

R, 0<q; <1 Setz—ZkuZ,u—Zc)zzuz,Wehavex—z+uw1thz€£andu€T
-1

It can be easily seen that 1f 2z # 7 arein £, then T, N T, = 0. O]

Lemma 2.C. Let T, £ be as in the above lemma. Then for any given bounded set
B C R", there are only finitely many translates 7.,z € £, whose intersection with B is
non-empty.

Proof. Let {uq,ug,...,u,} be a basis of £ used to construct T. Set d = [|uq||+- -+ ||un]|,
then for any vector u = ayuy + - - - + au, € T, we have

[lull < aaflua]l +- - + anlfun]] < d (2.6)

Since S is bounded, there exists r > 0 such that ||z|| < r for all x € S. Let z € £ be such
that T,NS # 0, say x € T,NS. Sox = z+u, u € T implies that ||z|| < ||z||+]|u|] < r+d
by . This shows that z belongs to a bounded set which is a sphere with centre at
origin and radius r 4+ d. So by Lemma 2.A, there are only finitely many choices of z. [
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Proof of Minkowski’s Theorem on Convex Bodies.

The proof is divided into two steps.

Step 1. In this step, we prove that when a bounded subset Y of R™ has the property
that all of its translates Y + z by vectors of £ are pairwise disjoint, then Vol(Y) < A.
Let T be a fundamental parallelepiped of £. By Lemma 2.B,

Vol(Y) =) Vol(Y NT_.); (2.7)

zef

the sum on right hand side of above equation contains only a finitely number of non-zero
terms by virtue of Lemma 2.C. Rewrite (2.7)) as

Vol(Y) => Vol((Y +2)NT). (2.8)

zel

By assumption of Step 1, the translates Y + z, z € £ are pairwise disjoint. Therefore the
sum on the right hand side of (2.8]) is < Vol(T) = A and hence the assertion of Step 1 is
proved.

Step 2. We now prove the theorem. By hypothesis Vol(%S) = Vglﬁs) > A. By Step
1, there exist at least two translations %S + z, %S + 2’ with non-empty intersection, say
there exist z,2’ in S such that x4+ 2 = 22/ + 2. So L(z —2/) = 2 — 2 € £. Since S
is centrally symmetric —2’ € S. Also S being convex (x — 2’) € S. So S contains a

2
non-zero vector of £.

Modified Minkowski’s Theorem for Convex bodies. Let £ be an n-dimensional
lattice in R™ with determinant A. Let S be a bounded, convex centrally symmetric subset
of R™ with Vol(S) = 2"A. Then the closure of S contains a non-zero vector of £.

Proof. Let S denote the closure of S. For y € R, let d(y, S) denote the distance of y from
S defined by d(y, S) = Inf{ ||y—=|| | € S }. Suppose to the contrary S does not contain
any non-zero vector of £. Let r be a positive real number such that ||z|| < r for all z € S.
Fix any € > 0. Consider the set (1 + ¢€)S. Since Vol((1 +¢€)S) = (14 ¢)"Vol(S) > 2" A,
it follows that (1 4 €)S contains a non-zero vector of £ by Minkowski’s Theorem. Write

(1+e)SNLN{O} = {y1, 92, - Yk} (2.9)

Since y; € S n view of our assumption, it follows that the distance d(y;, S) > 0. So there
exist ¢y > 0 such that
d(yi, S) > €y for 1 <i < k. (2.10)

Choose €; > 0 such that ¢, < e and ¢; < 2. then (1 +¢)S C (1 +¢)S in view of the
fact that AS C S for 0 < A < 1 which can be verified keeping in mind that S is convex
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and 0 € S. In view of Minkowski’s Theorem (1 + €)S N £\{0} # 0 and it is a subset of
{y1,92, ..., yx} by (2.9). So there exists i such that y; = (1 + ;) for some z € S. Then
d(yi, S) = d(1 + e1)x, ) = el]|z|| < e;r < € which contradicts and proves the
theorem. [

2.4 Minkowski’s Bound

We now give an improvement of Theorem [2.2.1]

Theorem 2.4.1. Let K be an algebraic number field of degree n = r + 2s, where r is the
number of real isomorphisms of K and 2s is the number of non-real isomorphisms of K.
Then in every ideal class of K there exists an integral ideal B such that

N(B) < (%Z—'M

T

For proving the above theorem , we need the following lemmas.

Lemma 2.4.2. Let X = X; = { (T4, Try Yrids Zraly o« oy Yriss Zras) = 2 |T| +
i=1

r+s
2 > yJQ- + 2]2 <t } wheret is a fized positive real number then X; is a bounded open
j=r+1
convex subset of R™, n =1+ 2s.

Proof. All co-ordinates are bounded by ¢, so the boundedness is clear. Since the inverse
image of an open set under a continuous map is open, X; is open. Now we prove convexity.
Let A be any real number 0 < A < 1. Let z, 2’ € X. We need to show that Ax(1—-\)z’ € X
i.e., to prove

r r4+s
ST+ (=Nl +2 Y \/ M+ (L= N2+ A+ (L= N2 <t (2.11)
=1 Jj=r+1

The left hand side of ([2.11)) is less than or equal to

T r+s
S (TN 42 37 \J 203 + 22) + (1= N2+ 242) + 201 = Ny + %)),
=1 j=r+1

By Cauchy- Schwartz inequality

|yjy; + z]z;| < \/yf + z?\/y;? + 23,2.
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So left hand side of (2.11) < >~ [Ax;+ (1= N)zi|+2>° ()\, [y; + 25 + (1 — )\)@/y}2 + zf)
i=1 j

=M DD x|+ 2> y§+z§>+(1—>\)<2|x;|+22 y;2+z;2><>\t+(1—A)t=t.
i=1 j i=1 J

Therefore Az 4+ (1 — A\)a’ € X and hence X is convex. O

Lemma 2.4.3. If X = X, is as in Lemma then Vol(X;) = 2"(5)° 5

n!’

Lemma 2.4.4. ( Arithmetic-O-Geometric Inequality) If a,, ..., a, are positive real

numbers, then
a1 _|_ . + an

n

(2.12)

These lemmas shall be proved after proving Theorem [2.4.1

Proof of Theorem Let C be any ideal class in K. Let C' be any fixed ideal in
class C. There exists an integral ideal A of Ok such that AC is a principal ideal. Let
o1, ...,0,. be all the real isomorphisms of K and o,,1,..., 0,125 be non-real isomorphisms
of K arranged so that o, = 0,451, 1 < j <s. Consider the homomorphism

F:0 —R" n=r+2s
defined by

F(a)=(o1(a),..., o.(a), Re(orp1()), Im(o,11(a)), ..., Re(orps(a)), Im(o,ps(a)) ).

Clearly F'is a homomorphism of additive groups and is one-one. So F'(A) is a subgroup
of R™. Let {ay, aa,...,a,} be Z-basis of A. So F(ay),..., F(a,) form a Z-basis of F/(A).
Therefore F'(A) will be a lattice in R™ once we show that F'(cy),. .., F(a,) form a linearly
independent set over R. This is verified if we show that the matrix with row vectors
F(ay),..., F(a,) has determinant non-zero. The absolute value of the determinant will
be the determinant of the lattice F'(A).

Let d denote the determinant of the matrix P with row vectors F'(ay),. .., F(a,). We

(1) (r+d) 4 L,z](.”i) for 1 <1 <'s, where ¢ stands

write o;(a;) = z;’, 1 <i<rand orriaj) = i

for /—1.

ZL’gl) . ZEY) y§r+1) ZY—H) . yY—&-s) ZY—’_S)
P=1: : : : : ; : :
l}(zl) L .%5:) Z/7(17’Jr1) Z’S],T+1) . y7(1r+s) 27(1r+s)

To the (r + 1) column of P add «(r + 2)*" column, then in the new matrix multiply the
(r + 2)™ column by —2¢ and to it add the (r + 1) column. Repeating this process with
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successive pairs of columns, we obtain

Ul(al) Ur(Oél) 0r+1(@1) 0r+s(041) 0r+1(041) Ur-i—s(al)
(—21)°d = det : : : : : :

or(an) - op(an) orpa(an) orps(an) orpa(an) - opps(an)

Taking square on both sides of the above equation and in view of equation ({2.1]), we have
ldx |N(A)

(—20)**d*> = Dgjglon, ..., an) = dg[Ok : A)* = dg N(A)?. Therefore |d| = Y—5—— #
0. This is the determinant of the lattice F'(A). Now we shall choose a real number 5 > 0
in such a way that

2"\/|dk|N(A
V(X,) = 27| = 2V 2]2' () (2.13)
In view of Lemma [2.4.3] ¢, is such that 2°(Z)*2- = w. Thus
4 S
t" = (—) nly/|dx|N(A) (2.14)
T

So by modified Minkowski’s theorem, there exists a non-zero vector (say) F(«) in the
lattice F'(A) such that F(«) belongs to the closure Xy, of Xy, i.e., there exists a non-zero
a € A such that the vector

(01() ..., 0,(0) . Re(,21(a)) . Im(or2(@)) ..., Re(orsa(a)) . Im(oy4a(a)) )
. r r+s
belongs to X;,. It implies that > |o;(a)] +2 > |oj(a)| < to. By Arithmetic-O-
i=1 j=r+1
Geometric inequality (proved in Lemma [2.4.4])
T r+s
: _ : lea,-(a)|+2 ,Zl|0j(a)| .
1= =r+ 0
(Tt T o) < ! b
. . n n
=1 j=r+1
The above inequality implies by virtue of equation (2.14]) that
t()n n! 4 ®
N < —=—| = dig|N(A 2.15
Miafa)] < 95 = 2 (2) VRN () (2.15)

Recall that a € A. So there exists an integral ideal B such that aOx = AB. Also AC
is principal. Therefore B and C' belong to the same ideal class. By virtue of (2.15)),
N(AIN(B) = Nio(e)] < 2 (2)" /[daN(A). So N(B) < 2 ()" /du].

— nn
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Proof of Lemma We shall prove that

m\s "
voux) =2 (5) = 2.16
a(x)=2(5)'% (216)
by induction on r + s. In the case of r = 1,s =0 and r = 0,s = 1, (2.16) can be easily
verified. Assume now that (2.16)) holds for r = a, s = b, a and b are non-negative integers.
Then for r =a+ 1,s = b, we have

2a—b,ﬂ_b

t
/(t — Tas1)" T draiy

VX =20

—b+1_b 2041 |t
ga—b+1, (t_xa+1)a+ +

C(a+2b) a+20+1

2a—b+1ﬂ_b

a+2b+1

(e +2b+1)!

Similarly for r = a, s = b+1, we get V(X;) = 2;;;, [ [ (t=2/(y*+ 22) )*" dyd=.
2+22<t

Put y =rcosf, z =rsinf.

V( 207 b ’ // a+2b drdf
= rar
a+2l)

2a— b b
:(—l)ﬁ% o) 27T/ — 1) 2rdrdh
CL
0

2

= (e 2 [ O
(a+20)7" | 2(a+2b+1) S S i

9a—b b (—t)at2o+2

(a+20)! 4(a+20+1)(a+2b+2)
1+b

— (_ )a+2b
Qafbfl,n_

~ (a+2b+2)!

a+2b+2

So the formula follows by induction.

Proof of Lemma [2.4.4, We first prove (2.12) when n is a power of 2. For n = 2, the
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inequality (2.12) is clear because (y/a; — \/az)* > 0. Now we verify it for n = 4.

\/arag + A/ A3Qy < a1 + a9 + as —|—CL4
2 - 4

\4/ ay...0a4 S
Suppose (2.12)) is true for 2871, To verify for n = 2¥, we have by induction

A/ Q102 + -+ JGok_1G
QWS 142 S 2k 1 U2k

ar+ag+ -+ Gok_1 + Aok

To prove ([2.12)) for general n, clearly it is enough to prove that if by, ..., b, are positive
real numbers such that [[ b; = 1, then by + -+ 4+ b, > n. This has been proved in above
i=1
paragraph when n is a power of 2. Let k be such that n < 2*. Set

bpy1="--=byp =1

2k n
Therefore, > b; > 2* and hence by >2F — (28 —n) = n.
. s

=1 7

We now give some applications of Theorem [2.4.1

Example. Prove that the class number of K = Q(f) where 6 satisfies the equation
2% —x — 1 is one.

Solution. One can easily check that Dy g(1,0,6%) = —23. So dx = —23 and {1,0,6°}
is an integral basis of K in view of equation . Since the discriminant is negative,
all the isomorphisms of K into complex numbers can’t be real. So r = 1,s = 1. By
Theorem [2.4.1], in every ideal class of K, there exists an integral ideal B such that
N(B) < (%)Sg—;\/ﬁ So N(B) < %%\/ﬁ < 2. So N(B) = 1 then B = Ok. Hence
there is only one ideal class namely P(K). Therefore |G(K)/P(K)| = 1.

Example. Prove that the class number of Q(v/—23) is 3.

Solution. Let K = Q(v/—23). Note that » = 0 and s = 1. As —23 = 1 mod 4,
dx = —23. By Theorem [2.4.1], in every ideal class of K, there exists an integral ideal B
with N(B) < (£) 223 < 4. If N(B) = 1 then B = Of. Now for N(B) = 2, we first
check whether there is an ideal of norm 2 or not. Consider the splitting of prime 2 in
K. As =23 = 1 mod 8, 20k = poph with N(p2) = N(p)) = 2. Now we check if o is
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principal or not. Let it is principal. Then g = Ok, where a = a + b(@), a,be .
Thus 2 = N(gps) = |Nk/g(a)| which implies that 8 = (2a+b)? +23b* which does not have
any solution in Z. Therefore po, pf are not principal.

Now for N(B) = 3, firstly we check that whether there is an ideal of norm 3 or not.
Consider the splitting of prime 3, firstly we check that whether there is an ideal of norm
3 or not. Consider the splitting of prime 3 in Ok as —23 = 1 mod 3, 30k = p3p; with
N(ps3) = N(ghs) = 3. If ps is principal, then p3 = aOk, where a = a—i—b(@), a'b € Z.
Thus 3 = N(p2) = |Ngjg(a)| which implies that 12 = (2a + b)* + 23b* which does not
have any solution in Z. Therefore ps, @} are not principal.

Since N(%‘Tg) = 6, it follows that <%‘T3> = psph(say). So po and s lie in the
same class and hence @}, and 4 lie in the same ideal class. Now we show that g, and gf,
lie in the different classes for otherwise p3 = <c + d(@» which on taking norm show

that 16 = (2c+d)? 4 23d?; this is possible only when ¢ = +1 and d = 0, i.e., 3 is an ideal
generated by 2 which is not so. Therefore there are three classes P(K), pa P(K), ph P(K).
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Chapter 3

Dirichlet’s Class Number Formula
and its Applications

The class number hx of an algebraic number field K plays an important role in the
arithmetic of K. Thus one would like to have an explicit formula in terms of simpler
values which depend on the field K. Since all ideals of Ok are products of prime ideals
and number of prime ideals of Ok is infinite, to compute hg in finite number of steps,
one has to use some infinite processes for e.g. infinite series, infinite products and another
analytic concepts as has been done in the present chapter.

3.1 Statement of Dirichlet’s Class Number Formula

and Ideal Theorem

Consider the series m where A runs over all non-zero ideals of O. We shall prove
A

that this series converges uniformly on compact subsets of (1,00). The sum function will
be denoted by (k(s) and is called Dedekind Zeta function of K.

With the above notations, we shall prove the following theorem which is usually at-
tributed to Dirichlet, although he originally proved it only for quadratic fields. The
formula for the limit in the theorem below was proved by Dedekind.

Theorem 3.1.1. Let K be an algebraic number field of degree n = r + 2s with class

number h, where r is the number of real isomorphisms of K and 2s is the number of

non-real isomorphisms of K into C. Let R stand for requlator of K and dx stand for
1

discriminant of K. The series Y WA Converges uniformly for all compact subset of
A

(1,00) and represents a continuous function of s in (1,00), where A runs over all non-
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zero integral ideals of Ok . If we denote (x(s) = m then
A

2r+s s
lim (s — 1)Cx(s) = h TR

s—1+ m,/|dK|

where m s the number of roots of unity in K.
The above formula is called Dirichlet Class Number Formula.

(3.1)

For proving the above theorem, we shall first prove the following ideal theorem by
Dedekind.

Theorem 3.1.2. (Ideal Theorem) Let K be an algebraic number field of degree n and
r, 8, R, dg,m be as in the above theorem. Let C be an ideal class of K. Let Z(T,C) be
number of integral ideals of C whose norm is less than or equal to T'. Then

Z(T TS R
lim (I.C) = T

T—00 T m\/‘d_Kl
3.2 Proof of Ideal Theorem

For a subset S of R" and for any real number 7', we denote by S(7T') the set
{(Txq,...,Tz,)|(x1,...,2,) € S} contained in R™.

We first prove a lemma.

Lemma 3.2.1. Let S be a bounded subset of R™. Suppose volume of S (denoted by V')
exists. For any real number T > 0, let N(T') be a number of points in S(T') with integral

co-ordinates. Then lim ML) — v/

T—o00 =
Proof. Clearly a point (y1,%2,...,¥») € S(T) if and only if (%,...,%) € S. A family Fr
of all cubes Cr of the type Cr = {(y1,....yn)|3 <y < % for 1 <i < n,z € Z} forms
a net in R". Each cube in the family Fr has volume 1/7™. Let V7 be the sum of volume
of all those cubes of the family Fr whose intersection with S is not empty and let Vi be
the sum of volumes of those cubes of F which are fully contained in the set S. Since
volume of S exists, we have

lim Vo= lim Vp =V

T—o0 T—oo—
But Vp < % < Vp. By squeeze principle lim NT(Z) =V. ]
_ T—o00
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Proof of Theorem [3.1.2l
The proof is divided into four steps.

Step I. Let B be any fixed integral ideal in the class C~!. If A is integral ideal in
the class C, then AB is principal ideal say AB = wOp. Also if B divides a principal ideal
w1Ok = BAj, then A; € C. Hence to every ideal A € C with N(A) < T. Also observe
that two principal ideals wOg and w; Ok are equal if and only if w; = ew, where € is unit
of Ok. (In the following paragraph, we try to fix the choice of w upto some extent.) We
shall denote N g(w) by N(w).

Let €1, ¢€9,...,¢ be a fundamental system of units where ¢t = r + s — 1 and let ¢ be
a primitive m!”* root of unity. We arrange the isomorphisms o; of K — C in such a
manner that oy,...,0, are real isomorphisms and o,,5;; = 0,; ,1 < j <s. Fora € K
, denote o;(a) by a'. Recall that the regulator R of field K is the absolute value of
determinant of ¢ x ¢ matrix (Cj;), where Cj; = e;b;; = log ]egj )\, e; equals 1 or 2 according
as 1 < j <rorj>r. Since R # 0, it follows that determinant of the matrix (b;;)is

w® w®

non-zero. So given non-zero w € Ok, the vector log |— —| og |- —| can be

written as a combination of the row vectors of the matrix (log ]ei |), 1 <i,j <t. So given
0 # w € Ok, there exists real numbers ¢y, co, . .., ¢; satisfying

:cllog\egi”+---+ctlog|e§i)|, 1<i<t. (3.2)

W@
log | ——=
n/N(w)

t+1
We now show that 1.) holds for ¢ = ¢ + 1 also. Since Z e; log | W| |(—§| =

t+1 ,
logl =0 and > e;log |e§l)| =log |N(¢;)| = log 1 = 0, we have by virtue of 1) that
i=1

(t+1) t (@)
w w
i1 log | ———= ———E eilog | ———=
w1 log] N(w)| g|”N(w)|

i=1

Cancelling e; 11 on both sides, we get
log |M
YN (w)

If w and w, are non-zero elements of Ok which are associates, then there exists unique inte-
gers sy, Sa, . . ., $ and a non-negative integer k < m such that w!” = w®(CD)k(Mysr ()

| =cilog ||+ +elogle?], 1<i<t+1. (3.3)
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1<i<t+1. So we have

log|— = \/7 log]| ¢—\ +silogle?| + -+ s loglel”], 1<i<t+l.
Using equation (3.3]), we see that above equation gives
(@)

w ; i ,
log | —— L | =(cy 4 s1)log e + -+ (e + s) log €], 1<i<t+]1.
N(U)l)

Hence the last equation shows that in every class of non-zero associate elements of Oy,
there are exactly m elements w which satisfies the inequalities 0 < ¢; < 1for j =1,2,...¢
in equation (3.3). This shows that mZ(T,C) is the number of those algebraic integers w
lying in the ideal B for which the following two conditions are satisfied :

0 < |[N(w)| < TN(B), (3.4)

if we write for 1 <3 <¢-+1

log |——| =S ¢ilog e, then 0 < ¢; < 1 forj=1,...,t 3.5
g”N(w) Z]g|g| =6 J (3.5)

j=1

w® ‘ t

STEP I1. Let By,...,03, be a Z- basis for the ideal B. If w € B, we can write w =

Z Byg, T4 € Z. So we have w® = Z By z,. Hence mZ(T,C) is the number of points
g=1
Wlth integral co-ordinates in the subset S’ of R" consisting of points (x1, Zs, . . ., z,,) defined

by the following conditions:
Ify, = > Béi)xq, 1 <7 <mn, then

q=1
0<]] x| = | < NB).T
i=1 g=1 =1
and .
log Yi = Zcq log |e((1i)| for 1 <i<n,
n\/ H?Jz q=1

then 0 <c¢, <1lforg=1,...,%.
Note that if K is imaginary quadratic field, then r = 0,s = 1. So t = 0. In this case, the
last condition stated above is trivially satisfied.
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We now verify that S’ is bounded subset of R™. We shall denote by S, the subset of R"
defined so as §' = S(T'#). In fact the set S(T') results from the set S by multiplying all
co-ordinates by T’ 3 So, S is a subset of R"™ consisting of all those (21, xs,...,2,) € R"
such that if y; = 2221 qu)xq, 1 <i<n,then 0 <¢, <1 . We shall prove that S is
bounded and that its volume exists. Therefore by Lemma (3.2.1],

lim mZ(T,C)

T—o0

= volume of S.

So the theorem is proved once we show that S is bounded and

2r+s SR
volume of § = = =° (3.6)

Vldx

We first verify that S is a bounded set. We shall find a constant ¢ such that all |z;| < ¢
for every vector x,xs,...,x, € S. For this consider the mapping L : C" —— C" defined
by ) )
B B e A
1 2 n
g Y e B

X1, X9, ., Tp| = [T1, 29, ..., Ty

which is a non-singular linear transformation, as the absolute value of its determinant is
VIDrso(B1, ..., Ba)] # 0. Therefore a subset V' of C" is bounded if and only if L(V)
is bounded subset of C". So it is enough to prove that the set L(S) is bounded, where

L(S) = {(y1,...,yn) €C", 0 < | ﬁlyi| < N(B) }, and

t
E—| = cilogle’], 1<i<n 0<e <1,

log |
o Ily;
/i<t

Taking exponential in above equality, we see that

|Z/z"




where my =  max  |log e((f)|. So S is a bounded set.

STEP III. In this step, we proceed to calculate the volume of S. Put

Yj, forj=1,2,...,r
2 = —yj+g”s, for j=r+1,r4+2,...,r+s
%, forj=r+s+1,r+s+2,...,7r+2s

Then 2y, ..., z, are real numbers. The Jacobian
‘8(21,...,,2”) :‘8(z1,...,zn) ‘8(y1,‘..,yn)
O(xy,...,xy,) Oyt yn) | |0(z1,. .., 2p)

L0 ()
det {0 M%Hdet]ﬁj |

where Mo, is a 2s X 2s matrix of the type

g (1) 0 1 9 0
0 1 0 0 1 0
00 b0 0 L
5 (1) 0 —3 01 0
0 L 0 0 -1 0
0 0 .- % 0 _% _%_
and [00 ... 200 ... 3], 30 ... 0 —2 0 ... 0] stands for the s row and (s + 1)

column of the matrix My, respectively. Multiply (s + 1) row by ¢, where + = v/—1 and
adding it to 2" row and continue this process, we see that det My, = determinant of
lower triangular matrix whose first s diagonal entries are 1 and next s diagonal entries
are —5-. Therefore det|Ms,| = 27°.

|detBj(-i)] = \/|DK/Q(ﬁ1, o Ba)
=[Ok : BlV/|dk]|
= N(B)+/|dk]|
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50, G| = 27" N(B)V/|dk|-
Th f I: L d --~dn: P d ...dn L
erefore / / T T / / 2 S e
—_——— —
where S* is subset of R™ consisting (z1,- - , z,) such that
r+s
0 < Hrzjr [T G+ = =" (say) < N(B),
Jj=r+1
log \/_ cq log |e[(1i)|, 1<i<m, (3.7)
\/ Z]2 + Zj2+5 i X
log | *——— = clog|e?], j=r+1, r+s 0<c <L

q=1

For an imaginary quadratic field, the last two conditions of (3.7)) have no meaning. For
an imaginary quadratic field, the (3.6)) and hence the theorem is proved because

2 2 2
:W/ /dzldzg, 0< (27 +25) <N(B)

27N (B) 27

B)ldxl  Vldx]

Now we come back again to general case. Clearly on replacing z; by

dzy - - dz,,
\/|dK/ /1

where S** is a subset of R™ consisting of all pomts (z1,...,2,) which satisfy the three
conditions of (3.7) with N(B) replaced by 1 in first condition and with extra condition
that z; > 0,1 <7 <.

W, one can
easily see that
VA

Step IV. In this step, we complete the calculation of volume of S. We have shown that
2827
/ / dzy - - dzy,,
~ Vldx]
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where S** is a subset of R™ consisting of all points (21, . .., z,) which satisfy the following

three conditions:
r+8

0<H|zj\ H 2+ 2,,) =2 (say) < 1,

j=r+1

= Zcqlogkfj)h 1<i<n

Zj
log U

22+ 22 t
log Voo —Zc log|e(i)| j=r+1,--- r+50<c, <1
n/ % - q qg b - ’ ) ) — ~q .
'z o
We now take new variables pq, ..., pris, i1, ..., 0rrs and put
. Pis forl<i<r
Y| picosg;, fori=r+1,r+2,...,r+s

Zi+s :p151n¢7, Z.:T_l_la"'aqbr-i-s-
dzidzii s = pidpide; for i =r+1,... ¢pis.

So
252r r+s
I= (2m)* / / H pi)dp1, ... dpris, (3.8)
H,_/ 1=r+1
where U is a subset of R"** consisting of all vectors (py, ..., p,+s) which satisfy following

two conditions

r+s
0< Hp? <1,p; >0 with ¢, =1 or 2 according as ¢ < r or not, (3.9)

log (

Finally we introduce p and ¢, as new variables. Rewriting the second condition of ([3.9)),
we see that

> Zcqlog|e , 1<i<r+s; 0<¢, <1

t
1 ,
R (i)
log p; = " log p + g cqlog le)”|.
q=1
Differentiating the above equation p and c,, we obtain

pi Op  np’
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.l —1 (2)
pidc, 8 €y’ |
Let us calculate the Jacobian,
pL L2 e px1 i
np np np
1 2 1
B(p1,- s prr1) p1log |<—:§ )| p2 log ]eg )| oo pe log |
' ) ’ — det . X NN .
B(prcrr- 1)
pilogle”| pologle”| <o pryalog e
t+1
[1pi
_i=l
np

Since Z €; log |eq)| = 0, multiplying i-th column by ¢;,1 <7 < ¢+ 1 and adding them to

last column and then expanding by last column, we see that

11
Pi
0 i ;
‘ PPt S e log e, 1< <
dp,c1,-..,c) np €41

t+1

B 11;11 Pi p
pert1 2571

Therefore using and (| . we have

t+1

H Pi r+s

2T+S / /
| | ,Ozdpdcl s dCt
v | K| ° i=r+1

1 1
527“+5 52r+sR
R/ /dpdcl~-dct:ﬂ—.
0 0

k] Vldk]

This proves (3.6), which completes the proof of the theorem.

The following corollary is an immediate consequence of Ideal Theorem.

Corollary 3.2.2. Let K be an algebraic number field and let notations be as in the above
theorem. If Z(T') denotes the number of ideals of O whose norm does not exceed T and
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h the class number of K, then

h

Z(T,C;
I
hm —_— = hm —_— | = hK.
T—o0 T—o00 T
27‘+s s
where Kk = 2R (3.10)

m/|dk]|

3.3 Derivation of Dirichlet’s Class Number Formula

For deriving Dirichlet’s Class Number Formula from Ideal Theorem, we first prove couple
of results dealing with mathematical analysis.

o0

Definition. A series of the form ) %=, where a,, are complex numbers, is called Dirichlet
n=1

series. In particular when a, = 1 Vn, this was introduced by Riemann and is called

Riemann Zeta Function.

Proposition 3.3.1. The series Y ni converges for s > 1. Its sum function denoted by
n=1

C(s) (Riemann zeta function) for s > 1 is continuous function of s and lirrh(s—l)C(s) =1
s—1

Proof. Since the function xi is monotonically decreasing function for z € (0,00) when

s > 1. Therefore
n+1

d_:c 1 ndx

n n—1

where inequality holds for n > 1 on LHS and for n > 2 on RHS of the above equation.
Hence for N > 1,

o0
Since we know [ % converges for s > 1. So taking limit as N — oo, we have
1

xS

Td Td

/—xs«s)éw =
xs

1

1
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L)<+

s—1 s—1

Multiply throughout by (s — 1) and taking limit s — 17, we obtain

1 < lim (s —1)((s) < lim s.

s—1+ s—1+

By Squeeze Principal, we have lim+ (s—1)¢(s) = 1. We now verify that ((s) is a continuous
s—1
function of s in the region s > 1. Fix a positive real number 6. Then s > 1+ ¢ and we

have Z Z . Since RHS of the last inequality converges, by Weierstrass M-test,

o0

3 L converges uniformly in [1 + §,00). Each term of series is continuous function of s.

nS
n=1
So its sum function is continuous function of s in interval (1, co). O

Proposition 3.3.2. Let Z %2 be a Dirichlet series. Let P, stand for Z a;. If there

Jj=

exists oo > 0 such that | £ < AV n > 1. Then the series Z dn converges uniformly on

n=
each compact subset on the (og,00) and represent a contmuous function of s in (0g,0).

Proof. Recall that a series is uniformly convergent in the set F' if and only if the sequence
of its partial sum is uniformly Cauchy in F. So, let F' be compact subset of the interval
(09,00). So F'is closed and bounded. If f; is the greatest lower bound of F' then f, € F.
Hence fy > 0g. So there exists real number » > 0 such that fo > oo +r. We now show
that the sequence of partial sums of the series ) %2 is uniformly Cauchy on F. Let

n=1

M > N be any natural number. Then

ns ns M Ns "lnt (415

n=N n=N n=N
n+1
But [ -%; =1 (# — (n+1) ) provided s > 0. So for s € F,
M M-—1
an| AM® AN —1)70 [ 1 1 ]
Il < + T VTl L
;V ns|l — Ms Ns ; ns (n+ 1)8
AM? AN —1)7 R g
S Ms + Ns + Z ATL 03/ strl
n=1 n
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A oy
- Mfo o0 + Nfo a0 +4 Z / ZL‘S'H
< 2A A da: B 2A sA 1
— N/fo—oo - N rs—oo+l N fo—oo + s — o9 Ns—90
24 BA 1

SNT+TNT_)OO’ where s < BVsegF

We have shown that sequence of partial sum of the series ) 2 is uniformly Cauchy in

n=1
o
any compact subset F' in the interval (o, 00). S Z %2 js uniformly convergent in F.
"=
Since each term of the series is continuous, the sum ) %2 is continuous function. ]
n=1

Theorem 3.3.3. Let ) % be a Dirichlet series whose sum is denoted by f(s). Let

n=1

P, = Z a;. If there is constant ¢ such that lim £» =c, then lim (s — 1)f(s) = c.

j=1 m—oo " s—1+

Proof. First observe that Z % js uniformly convergent on compact subsets of (1,00);
=1

this is so in view of Proposmon because % is convergent and hence a bounded
sequence. Write P, = cn + ne,, then €, — 0 asn — oco. Now for s > 1

M p _p_ Mo
oD el B

n=1 n=1

M
_ [Pn_Pn—l_C]
=1

M
[en+ne, —en+c—ne, 1+ 6,1 —
=12 pr

Mnen—n—len_l
_[$hnea = (= v

nS

IN
[M]=
S
o
VR
3=
|
=
+| =
=
T~
=
==
"=



n=1 "
n+1
il dr  |eu|
<SZ|E”| E Ms—l
n=1

Our aim is to show that for any given € > 0,

lim [(s —1)f(s) —c(s — 1){(s)| <.

s—1+t

Consequently, 11I{1+ (s = 1)f(s) — c(s — 1)((s)| = 0. But by Proposition [3.3.1}
S—

lim (s — 1){(s) = 1, and hence we shall deduce that lim (s —1)f(s) = c.

s—1t s—1t

Let € > 0 be any given real number. Since the sequence {¢,} — 0 as n — oo, so there
exists a natural number N such that |e,| < §, Vn > N. Also every convergent sequence
is bounded. So there exists k such that |e,| < k for all n. By what we have shown in first
paragraph, if M > N, then for s > 1

M M 1
Y

Letting M — oo, we see that

n+1

<sZrenr/

n+1

|f(s) = cC(s |<SZ\en\/—+—fors>1 (3.11)

n+1 n+1
RHSOf-—sZ]Gn!/—‘FS |€n|/ 2
n=N+1
N n+1
dr  se dx €
< sk — 4+ — — 4 =
=7 Zl/ s N 3 i N 3
n=Ln N+1
NA+1
< sk dx dr ¢
s JE— — JE— —
T 3 s 3
1 N+1
s€ 1 €
= sklog(N +1 —
sklog(N+ D)+ s v s 1 13
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s€ 1 €
G-yt Ty G812

Multiply the above inequality by s — 1 on both sides, we see that for s > 1,
s -1
€ N e(s—1)

(N + 1)1 3

Taking limits as s — 17, RHS of (3.13)) will tend to §. Since it is true for every € > 0, we
get desired result.

Thus|f(s) — c((s)] < sklog(N +1) +

(s = 1)f(s) = e(s = 1)¢(s)] < (s — 1)sklog(N + 1) +

(3.13)

]

Proof of Theorem For any number j, let f(j) denote the number of integral
ideals having norm j. With this notation, the series »_ m, where A running over all
A

non-zero ideals of Ok, can be rewritten as f;f). If Z(T') stands for the number of
j=1

T

integral ideals of Ok whose norm does not exceed 7', then > f(j) = Z(T). By Corollary
j=1

3.2.2, lim # = hk. So by Proposition [3.3.2 the series > f;z) = > m converges

n—o0 j=1 A
on all compact subsets of (1,00). Further using Corollary and Theorem , we

conclude that

lim (s — 1)Ck(s) = hk

s—1+

3.4 Applications of Dirichlet’s Class Number For-
mula

Dirichlet’s class number formula becomes valuable because the function (x(s) also has a

—1
representation as an infinite product [ | o (1 — ﬁ) given by the following proposition.
If for a field K, we have a good knowledge of prime ideals of O, then we can obtain
explicit expression for hy from Dirichlet’s class number formula (3.1]). Using this method,
we shall give simpler formulas for hx in the next chapter when K is cyclotomic or quadratic

field.

Proposition 3.4.1. (Euler’s Product Formula for (x(s)) Let K be an algebraic
number field. Prove that for s > 1,

el(s) =11 (1 - ﬁ>_l,

©
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where p runs over all non-zero prime ideal of Ok .

Proof. Let x be any natural number.

1 \! 1 1
i (“N(p)s) - 2 x| S Xy W

p prime N(p)<z N(A)<z

where A* runs over those integral ideals of Ok whose norm is strictly greater than x but
which are divisible by only those prime ideals whose norm is less than or equals to x.
Now RHS of , being dominated by the tail of convergent series (namely the series
for (k(s) tends to 0 as x — oo. Hence the result is proved. O

The proof of the Proposition can be imitated to proof of the following proposition
which will be used later.

Proposition 3.4.2. Let a,, be sequence of complex numbers such that ay = 1, apmp = apay,
o0

and |ay| <1V m > 1. If Y |an| < oo, then prove that > |am| = [1(1 — a,) ™', where
m=1 m=1 p

p runs over all rational primes.

Proof. Let x be any natural number.

H (1—a,)” Z | < Z lar |, (3.15)

p prime p<z msx

where m runs over rational integers and m* runs over all those rational integers which
are strictly greater than x but which are divisible by only primes p < x. Observe that

Z la¥ | is dominated by tail of series Z |a,,| which is convergent and hence > |af,| — 0

m=1

as © — oo. Therefore we have [[(1—a,)™! = Z |a, |, where p runs over rational primes.
p m=1
0
The following theorem is an application of Dirichlet class number formula.

Theorem 3.4.3. An algebraic number field K has infinite number of prime ideals o such
that the absolute residual degree of @ is 1.

Proof. We know by Euler’s product formula, for s > 1
1 -1
(r(s) = (1 - —>
1;[ N(p)®
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Taking log both sides in the above equation, we obtain for s > 1

log Ck (s ZZ mN (3.16)

o m=1

We isolate the sum on RHS of the above equation into two parts. Denote
1
P(s) = —_— 3.17
© =Y 507 (317)

where ; runs over all those prime ideals of K whose absolute residual degree is 1. We

denote sum of remaining terms of(3.16|) by G(s). So we rewrite (3.16]) as

log Cie(S) = P(s) + G(s).

If f denotes absolute residual degree of prime ideal p of K, then N(p) = p/ and when
f > 2, we have

= 1 =1
mZZI mN(p)ms — mZZI pQSm
12
p2s -1 p2s '
If f=1, then

- 1 =1 1 2

—F——F < = < — 3.18
mZZQ mN(p)ms mZ:2 psm ps(ps _ 1) p2s ( )

Therefore we have

ZZN +ZZN

©, fo>2m=1 P, fo=1m=2

= 9)=

plp P

where p runs over all rational primes and @ runs over all prime ideals of Og. Now again
for any rational prime p, there exist atmost n = degree of K/Q prime ideals o of Ok
which lie over p. Therefore

G(s) <2n) ]% < 2n¢(2s) (3.19)
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We know that ((s) is a continuous function of s in the interval (1,00). Therefore G(s)

is bounded when s — 1*. By Dirichlet Class Number Formula, we know that 1im+(s —
s—1

1)Ck(s) = hk # 0, which implies (x(s) — o0 as s — 17, i.e.log(x(s) — oo as s — 17.
But log (k(s) = P(s) + G(s), and G(s) is bounded as s — 17. So P(s) — oo as s — 17
and hence there are infinitely many terms in the sum for P(s) and therefore infinitely
many prime ideals with residual degree 1. O

For an odd prime p and an integer a not divisible by p, denote by (“) the Legendre

P
2 —

Symbol defined to be +1 or —1 according as the congruence x a mod p is solvable or

not. With the above notation, we prove the following corollary.

Corollary 3.4.4. Given any integer a which is not a perfect square, there exists infinitely
many rational primes p such that (%) =1.

Proof. Write a = b%d, where d is square free integer and b > 1. For any prime p does not

p p '

It is known that if p does not divide d and p # 2, then (g) = 1 if and only if there exists

two prime ideals g1, po of Q(v/d) lying over p if and only if f(p/p) = 1 for a prime ideal
o of Q(\/E) lying over p. By Theorem 3.4.3L there exist infinitely many prime ideals p of
Ok whose absolute residual degree is 1.

[
The next theorem is another application of Dirichlet’s class number formula.

Theorem 3.4.5. Given any non-zero integer a not a perfect square, there exist infinitely
many rational primes p such that (%) =—1.

Proof. Write a = b%d, where b > 1 and d is a square free integer. So we have to prove that
there exist infinitely many rational primes p such that (%) = —1. Suppose the result is

false. Let D denote the discriminant of the field K = Q(v/d) and F denote the finite set
-1
of primes for which (%) = —1. For s > 1, we have (x(s) =[] <1 — W) which can
2

be rewritten as

l(s) =11 (1 - %>_1 I1 (1 - pi) B I1 <1 - ]%)_1 (3.20)



s [ (-2) (2) JL0-3)

al]_ peEF F, ptD
1\ 1 1 1\
RS TR T ()
peF P peF P/ o LS| p b
) 1\’ 1 1
=PI+ ) TT( - ) I1(1 -+ )
peF p peEF p p|D p
So by Proposition [3.3.1 lirg(s — 1){(s) = 1, the above expression for (x(s) shows that
S—
lim (s — 1)*Cx(s) = H 1—|—1 1H 1—l H 1—l
s—1t K P P P ’
peEF peF p|D

which is non-zero being a product of finitely many non-zero terms. But in view of Dirichlet
class number formula lim (s — 1)%Cx(s) = 0. This contradiction proves the theorem. [
s—1
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Chapter 4

Simplified Dirichlet’s Class Number
Formula for Quadratic and
Cyclotomic Fields

To obtain simplified Dirichlet’s Class Number Formula for quadratic and cyclotomic fields,
we first introduce the terms numerical characters and their L-functions and prove some
results regarding characters of finite abelian groups.

4.1 Numerical Characters and L-Functions

Definition. Let G be a finite abelian group. By a character y of G, we mean a homo-
morphism y : G — {z : |z|] =1, z € C}. If G has order n and = € G, 2" = e(where
e is the identity of G) implies that x(z)" = x(z") = x(e) = 1. So x(G) C Group of n"
roots of unity.

Remark. 1f G is a cyclic group of order m generated by a, then GG has exactly m characters
X0 - - - s Xm—1, Where x;(a) = €, where € is a fixed primitive m' roots of unity. In fact
this is true for every finite abelian group.

Proposition 4.1.1. The number of characters of a finite abelian group equals the order
of a group.

Proof. We can write G as G7 X G5 x --- x (G4 as product of cyclic groups. Suppose
G; = (a;) and G; has order m;. Any element x € G is of the form

x=aak .. ab. (4.1)
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So a character of G is completely determined if we define x(ay),. .., x(as). Since a;" = e,

s0, x(a;) is an m* root of unity. Conversely, let ¢; be any mi" root of unity, then, for any
x € G given by (4.1)), we can define

x(z) = elehz ek (4.2)
and this is well defined because the value of (4.1)) is independent of the choice of k; (which
are unique modulo m;). Each root ¢; can be chosen in m; ways, so, there are myms ... mg
characters of G. [

Remark. The set of all characters of a finite abelian group is a group under multiplication.

Proof. Let x1, x2 be characters of G. We have to show that y;x2 is a character of G. As

x1x2(gh) = x1(gh)x2(gh) = x1(9)x1(h)x2(9)x2(h) = x1x2(9)X1x2(h)

which implies that yixs is a character of G. Let the identity character be ygo, then
XXo(g9) = x(g) for all g € G since xo(g) = 1 for all g € G. For a character y the inverse
character is x/(z) = ﬁ for any z € G. O
Proposition 4.1.2. If G is a finite abelian group and H is a subgroup, then any character

of H can be extended to a character of G and the number of such extensions equals the
indez of H in G, i.e., [G: H].

Proof. Let G be of order n and H be of order m. If we restrict a character x of G to H,
we obtain a character of H. We denote this restriction by x. It is clear that the map A
sending Y — x is a homomorphism from the group X of characters of GG into the group
Y of characters of H. Let A = krnel of the map A, then y € A if and only if x(¢) = 1 for
all g € H. It can be easily verified that the group A is in one-one correspondence with
the group of characters of G/H. Thus by previous proposition |A| = |G/H| = . Now
A X — Y and ker(A) has order . By first Isomorphism Theorem, X/A = A\(X). So
order of A(X) = m. But Y has order m. Thus A(X) =Y which implies that X is onto.
So in other words, given any character of H, it can be extended to a character of G and
the number of such extensions equals order(A)= =. ]

Corollary 4.1.3. Let G be a finite abelian group. If g # e, g € G, then there exists a
character x of G such that x(g) # 1.

Proof. Let H be a subgroup of G generated by g, H # {e}. Let ¢ be a non trivial
character y of G such that ¢(g) # 1. By Proposition |4.1.2] we can extend character ¢ of
H to a character x of G. So x(g) = ¥(g) # 1. O
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Proposition 4.1.4. Let G be a finite abelian group of order n. Let X be the group of

characters of G, then
(1) > x(9) equals n if x = xo and 0 if X # Xo.
geG

(i) > x(g) equals n if g =€ and 0 if g # e.
x€X

Proof. 1f x = xo then > x(¢9) = n. Suppose x # xo. Therefore there exists z € G
geG
such that x(z) # 1. As g runs over all the elements of G so does gz. Thus > x(g) =

geG
> x(92) = x(2) > x(g). Since x(z) # 1 we see that »_ x(g) = 0.
geG geG geG
Ilfg=e > x(g)=1+14---+1=mn. If g # e, then by Corollary 4.1.3] there exists

xeX

a character x’ of G such that x’(g) # 1. As x runs over all the elements of X, so does yx'.

Thus > x(9) = X;{xx/(g) =x'(9) Z;(x(g). Since x'(g) # 1, we have >, x(g9) =0. [
X€ XE

XEX x€X

Notation. For any natural number m, let (G,, denote the multiplicative group of all
residue classes modulo m, i.e., those cosets of group Z/mZ which are of the form mZ +
a, (a,m) =1. G, is a group of order ¢(m). The residue class mod m which contains an
integer a will be denoted by a. To every character y of GG,,, one can associate a function
x* : Z — C defined by

' (@ if (a,m)=1
X(a>_{§ if (a,m)>1

Such a function is defined on Z is called a numerical character mod m. So a function

*

x* : Z — C is called a numerical character modulo m if it has the following properties
(i) x*(ab) = x*(a)x*(b) for all a,b € Z,

(i) x*(a) = 0 if and only if (a,m) > 1,

(iii) x*(a) = x*(a) if a = d’(mod m).

So the number of numerical characters mod m is ¢(m). In future, we shall denote numer-
ical character x* corresponding to a character y of GG, by x again. So corresponding to
the trivial character xq of G,,, we shall denote again by yg, the numerical character mod

m which is defined by
1 df (a,m)=1
X=Y0 if (a,m)>1

It will be called the principal character mod m.

Remark. If x is a numerical character mod m and x # Yo, the principal character, then
> x(g) = 0 where g runs over a reduced residue system or complete residue system mod
g

m by the first assertion of Proposition [4.1.4
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Proposition 4.1.5. Let x # xo be a numerical character mod m, then the series @
n=1
converges uniformly on all the compact subsets of (0,00) and represents a continuous

function of s in (0,00). The convergence is absolute when s € (1,00).

Proof. In view of Proposition of the Chapter 3, it is enough to show that the sequence

P, defined by P, = > x(j) is bounded. Fix any n > 1. By division algorithm, write
=1

‘]7
n=mq+r, 0 <r < m. Each of the sets Ty = {1,2,...,m}, Ty = {m+1,m+

2,....2mY, ..., Ti={im+1,im+2,...,(i+1)m}, ..., T,_1 represents a complete

residue system mod m, so by the remark before this proposition, »_ x(z) = 0. Thus
z€eT;

mq q—1 n ] mq-+r )

> x(x) = > > x(z) = 0. Therefore P, = > x(j) = > x(j). Hence |B,| <

=1 i=0 z€T; Jj=1 Jj=mg+1

mq+r 00

> Ix(y)] £ r <m—1for any n > 1. So by Proposition [3.3.2, > XT(L?) converges
j=mg+1 n=1
uniformly on compact subsets of (0,00) and represents a continuous function of s in

(0,00). Since the series Y. = converges for s > 1 by Proposition [3.3.1] so the series

n=1
[ee]
> Xn?) converges absolutely for s > 1. O
n=1

Definition. For a numerical character xy mod m, we denote Z X o I(s, x) and is

called L-function attached with character x. Applying Prop081t10n m ( with a, = x(n)

for s > 1), we see that !
ix(n) “T1(1 - X))\~
ns pS

n=1 D

In particular L(s, x) does not vanish for s > 1.

4.2 Simplification of Dirichlet’s Class Number For-
mula for Cyclotomic Fields

Let K = Q(¢), where ( is a primitive m' root of unity, m > 2. It can be easily seen that
the number of roots of unity in K to be denoted by w is m or 2m according as m is even
or odd. We want to simplify class number formula for K. Keeping in mind that K has
no real isomorphisms, by Dirichlet’s class number formula

$(m)
lim (s — 1) (s) = 1270 > R

s—1t N ’LU1/|dK’
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where R is the regulator of K. By Euler’s Product Formula, (x(s) = [] (1 - W) .
2

We shall write, the product of right hand side in a clear manner.

Let K = Q(C), where ( is a primitive m** root of unity Then for s > 1,(k(s) =

HH( N(p ) 1. For s > 0, define G(s) = HH( )1‘

P plp plm plp
Suppose p is a rational prime that does not divide m. If p is a prime ideal of Ok

lying over p, then we denote the absolute residual degree of p by f,, it is independent
of the choice of p lying over p. In fact f, is the smallest positive integer such that

p/» = 1(mod m) . Also the number of distinct prime ideals g of Ok lying over p is %’:)
) _#lm)
P
el =6 I (1- 57 ) (43)
ptm
We now make use of the following interesting device to write 1 — p~*/# in a convenient
fo—1
form. Let € be primitive f;h root of unity, 1 — zfr = k]:[(] (1 — €*x). Thus for z = p~%, we
fo—1
get, 1 —p~*/» = ] (1 — é*p~*) and hence
k=0
Ip—1
o(m) (m)
L—p )y n =[[a-ép=)n (4.4)
k=0

Clearly the number of factors on the right hand side of the above equation is ¢(m), which
is independent of p. Thus, if we wish to combine terms corresponding to different rational
primes p, then we have the same number of terms available to us. Let x be any character
of the group G,, of reduced residue classes mod m. Since the class p has order f,, x(p)
is an f;h root of unity, and hence x(p) = €, 0 <k < f,—1, € = e%. Conversely if
¥ is taken then there exists exactly one character y; of the cyclic group generated by p
such that X1(}5) = ¢*. Extend y; to G,, and this can be done in exactly %Zl) ways by
Proposition Thus as x runs through all characters of G,,, %} takes each value

, 0<k< fp — 1, exactly ( ) times. Therefore it follows from ( ) , 1} that

sgg(m;@)‘i
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where x runs over all the characters of GG,,,. Now let us denote the numerical character
mod m which corresponds to x again by y. Since X( ) =0, if p divides m by definition of

-1

numerical character, so (x(s) = G(s) [] [] ( > , where x runs over all numerical
all p x

characters mod m. Therefore for s > 1

s) H H (1 — %)_ = G(s) H L(s, x) (4.5)

X

where y runs over all numerical characters mod m. If xy = x¢ is the principal character
mod m, then

oo =TT (1=22) 1 (1= 2) =TT (- 2)

all p ptm plm

-1
because ((s) = [] <1 — pi> by Euler’s Product formula. Thus we have shown that
all p

Ci(s) = F(s)¢(s) J] L(s.x) (4.6)

-1
where F'(s) = ] (1 - —) IT1I ( N(p ) . Multiplying both sides of 1} by s — 1

plm plm plp

and take limit as s — 17, we see that hx = F(1) [[ L(1,x), where L(1,y) = 5 X
X#X0 n=1
This gives the following class number formula for cyclotomic fields.

F) T L(1,x)

dK w |dK
h = X0 = | D] 200 = = —FO) J] 2.
o3 S sl
K - ortsyp R o 955 1
(4.7)

Corollary 4.2.1. If x is a non principal numerical character mod m, then L(1,x) # 0.

4.3 Derivation of Dirichlet’s Theorem for Primes in
Arithmetic Progressions

Using the above corollary we prove the well known theorem by Dirichlet.

Dirichlet’s Theorem for primes in arithmetic progressions. Let m > 2 be an
integer. If (a,m) = 1, then there exists infinitely many primes p = a mod m.

o4



Proof. We need to prove when m > 3. Let a,b € Z. Let x run over all the numerical
characters modulo m. We first show that

Zf((a)X(b) _ { g(m) if a E'b mod m

otherwise

Let a' be an integer such that aa’ = 1 mod m. Then y(a) = -~ = x(a’). So by
Proposition [4.1.4]

2 X(@)x(®) =) _x(a'b) = { 0" e

Let K = Q((¢), ¢ primitive m-th root of unity. We know that for s > 1,

T

p

Taking log on both sides, we see that

o 15,0 = 331

where the second sum is over those n for which p" = a mod m. So

Zx Jlog L(s, x) = ¢(m) > m)y > n;ns-

pzamodm pn>2p":an’10dm

We show that the second sum on R.H.S. remains bounded for s > 1 and the sum on the
L.H.S. = oo as s — 17. Therefore > # — 00 as § — 11 and hence the theorem
p=a mod m

will be proved. For s > 1,

2. X

anQ,p"EamOdm p n=2

1
npns < Ep: =) (4.8)
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Recall that by Proposition for x # xo0, L(s,x) is continuous in (0,00) and L(s, x)
does not vanish in (0,00). So lim log L(s,x) = log L(1,x). Also in view of Corollary
s—1

4.2.1] L(1,x) # 0 for a non-principal character x mod m; consequently lim+ log L(s, x) is
s—1

finite. In view of Euler product formula L(s, xo) = ][] (1 — #) ¢(s). So log L(s,x0) =

plm

> log (1 — 1}) + log ¢(s) which tends to oo when s — 11 as log ((s) does so.
plm

]

4.4 Simplification of Dirichlet’s Class Number For-
mula for Quadratic Fields
For simplification of Dirichlet’s Class Number Formula for Quadratic Fields, we recall

the notions of Legendre Symbol, Kronecker Symbol and Jacobi Symbol and study their
properties.

Recall that for an odd prime p and an integer n, the Legendre Symbol (%) is defined
by
n 0 if pln
(—) = 1 if x?=n mod p is solvable and p{ n,
p —1 if 2? =n mod p is not solvable

The following are immediate consequences :

(i). If m = n(mod p), then (%) = <%>

(ii). If a,b € Z, then (f) - (5> (g)
Definition. We define Kronecker Symbol by

n 0  if n=0(mod 4)
(-) ~{ 1 ifn=1(mod8)
—1 if n = 5(mod 8)

This symbol is defined for n = 0, 1(mod 4).

Definition. Let m be a positive odd integer and n € Z. We define Jacobi Symbol

(ﬂ) =11 (ﬂ) Z, where m = [] p}*, p; are distinct rational primes. The immediate
- .

m Dpi =1
consequences are
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(i). If ny = no(mod m), then () = (22).

m

mims

(ii). If mq, ms are odd positive integers, then < 2 ) = <L> <L>

(iii). If ny,no are any integers, then (M22) = (21) (22),

m m

3

(iv). If the congruence

x n(mo is solvable and (n,m) = 1 then (2) = 1. The
converse is false e.g. (l) (

) =1 but 2* = 2(mod 15) is not solvable.

~—
—~
Cﬂlw\_/

k
Lemma 4.A. If ny,no,...,n; are odd integers, then (H nl) —1=>(n; —1)(mod 4).
i=1 i=1
(Can be easily proved by using induction on k.)

k

Lemma 4.B. If ny,ng,...,n; are odd integers, then (H nf) — 1= > (n? — 1)(mod
i=1 i=1

16).

(Can be easily proved by using induction on k.)

Now we shall prove the following results using the above two lemmas and the standard
(p—1)

formula <*71) =(-1)"7=z, ( ]29 ) = (-1 L > for odd primes p and the Gauss reciprocity
tawe ] (2) (4) = (=1)*75*" for distinct odd primes p,.

(m=1)
2

(i). If m > 0is odd, then (=) = (-1)

(m%-1)
8

(ii). Let m be an odd positive integer, then (2) = (—1)

(m—=1)(n—1)
4

(iii). If m,n are positive odd integers, then (2) (£) = (—1)
(see Theorem 5.9 [LeV]).
Proof of (i). Write m = [[p{". By definition (=) = [] (;—1)% = (-1~ 2. We

have to prove that

Zai(pi_1> =m — 1(mod 4). (*)

!Gauss Reciprocity Law is a relation connecting the values of the Legendre symbols (g) , (%) for
different odd prime numbers p and q. The reciprocity law for quadratic residues was first stated in 1772
by L. Euler. A. Legendre in 1785 formulated the law in modern form and proved a part of it. C.F. Gauss
in 1801 was the first to give a complete proof of the law(cf. [Gau]) , which for this reason is called the
Gauss reciprocity law.
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Now by Lemma 4.A applied to (p;—1)+---+(pi—1) = a;(p;—1), we have a;(p;—1) = pj"—1
mod 4. Again applying the same lemma with n; = p* — 1, we see that

D ailpi—1) =) (i = 1) = (J[p{) - 1 mod 4,

which proves the desired congruence.
(ii). It can be simply proved using Lemma 4.B.
(iif). It can be easily proved using ().

Definition. (Generalized Jacobi Symbol). If n is a negative integer, n odd, we define
for any integer a coprime to n, (%) = (ﬁ)

Properties of Generalized Jacobi Symbol. Let m,n be odd integers which are
coprime. Let sgn(m) stands for +1 or —1 according as m > 0 or m < 0. Then the
following can be quickly deduced from the above results.

(). (5L) = (-1

(ii). () =(=1)

(iii). (m) (ﬁ) — (_1)“”2‘1) (n—1) | sgn(m)-1 Sgn(;)—l.

n m

(m2-1)
8

Note that Jacobi reciprocity law for Generalized Jacobi symbol remains the same as for
the Jacobi symbol when at least one of m or n is positive.

Remark. (i). If a = 1(mod 4), then (%) = (2).
(). (%) = (5) (%)-

(a2-1)

Proof of (i).If a = 1(mod 8), then (%) =1 and (2) = (1) s = 1. If a = 5(mod 8),

a
then () = -1, (2) = -1.

Proof of (ii). If any of a,a’ = 0(mod 4), both sides of (ii) are zero. So we can assume that
(a2-1) (@?-1)
5.

both a,a’ = 1(mod 4). We have (£) = (2) = (—1)" 5 and (%/) =(2) = (-1

2 a a
(a2a/2—1)

Also (aa)? =1 = (a® — 1)(a’* — 1)(mod 16) by Lemma 4.B. Therefore (—1)" 5 = =
(_1>(a2—1>§<a’2—1>

Definition. Let a = 0,1(mod 4) be any integer and let n be any non-zero integer. We

write n = ny2°, where 2 1 ny, we define Jacobi-Kronecker symbol by (%) = (%) (%)C
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Definition. Let K = Q(v/d) be a quadratic field with discriminant dgx. We define a
numerical character xy mod |dk| by setting x(x) = 0 if (x,dx) > 1 and

(i) if d=1(mod 4)

<1> if d=3(mod4) ,

FEE () i d=2d

then y is called a character of the field K = Q(v/d) .

It will be proved that y is a numerical character mod |dk|. We have to show that

(). x(zy) = x(x)x(y), for all z,y € Z.
(ii). If z = 2'(mod |dk|), then x(x) = x(z').

(i). Clearly (i) needs to be verified only when (zy, |dx|) = 1. We distinguish three cases.
Case 1. When d = 1(mod 4), then

x(zy) = (%) = (%\) (%) = x(z)x(y)-

Case 2. When d = 3(mod 4), then x(zy) = (—1)% <|d| By Lemma 4.A, @ =

@ + @ (mod 2). It implies that (—1)(%T_1> = (—1)(121)(—1)%

DD () () = @),

Case 3. When 2|d, d = 2d', then

@21 eytd o1 (XY @) ey-1d 1 [T Yy
e = (0 () = 0 (1) ()

By Lemma 4.B, @v=U = (-1 4 &) (104 2).

¥=1 (mod 2). Therefore

2
@?-1) , @=1@-1) [ T W?-1) , w=-1'-1y [y
ay) = (1) T () () () (o)

. Thus x(zy) =

(ii). To verify (ii), we again distinguish three cases and assume that (z, dK 1.
Case 1. When d = 1(mod 4), then dx = d and x(2') = <‘d"> < ) (d_> —
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(ﬁ) = x(2). N

Case 2. When d = 3(mod 4), then dg = 4d and x(z') = (=1)"= (%) Since x =
#/(mod |dg|) we have = 2'(mod 4). Thus 23} = £-1(mod 2). Also z = 2/(mod
|dk|) implies that x = 2/(mod |d|) which in turn implies that <i> = (x—' . Thus

@) = ()7 () = DF () = x(@).
Case 3. If d = 2d', then dg = 4d = 8d', d' is odd. Since x = z’/(mod |dk|) we have
x = 2/(mod |d'|). Therefore (@’—,O = (“—/> Also z = 2'(mod 8) implies that x — 1 =

d/

2/ — 1 (mod 4) which implies that ! = 95’2_1 (mod 2). Therefore (—1)*z = (—1)36/271
and z,2" are both odd. Also 22 — 2/* = (z + 2')(x — #/) = 0(mod 16). It implies that

2ol = 271 (mod 2). Thus x(z) = x(2).

Lemma 4.4.1. Let Q(\/d) and x be as above. Then prove that x(z) = () Va2 >0.

Proof. We only need to prove it when (x,dg) = 1.
Case 1. When d = 1(mod 4). This case is split in three subcases :
Subcase (i). Let z be odd. By Generalized Jacobi’s reciprocity law,

W= (2= ()= () o= = (4) = ().
Subcase (ii). Let z = 2"y with  even and y odd. Then
) O @60

And (3) = (%) (3)" = () = (&) = x(@).

Subcase (iii). Let x = 2"y, with y odd and r odd. We have

(4)-()- @ () -0 ()
= () (G

- (-GG -3F)- (%)

SH
~—

because (Td_l = 1.
Case 2. Let d = 3(mod 4) with x odd. We have

<d_K) _ (4_d) _ (é) = () () = (0 (1) = )
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Case 3. Let 2 divides d i.e., d = 2d’. We have

(5)-()-(5)-() )
_ R 2y
[l

The above lemma together with result of factoring primes in quadratic number fields
(see Theorem 10.2.1 of [AI-W1i] ) yields the following result.

Proposition 4.4.2. Let Q(\/E) be a quadratic field with discriminant dgx and let x be the

character associated with Q(v/d). Then x(p) = (%) for all primes p and the following
holds : ‘
L if pOx = pg/, N(p) = N(¢) =p
x(p) =4 -1 if pOx =g, N(p)=7p’
0 if pOk =¢?

Dirichlet’s Class Number Formula for Quadratic Fields.
Let K be a quadratic field with discriminant dg. For s > 1,

) =THI (1 )

P plp
I sip) 0 sip) I )
IC-5) I (5) I (-5)
By Proposition 4.4.2we have x(p) = (%K) Thus for s > 1, we have
w-I1(=3) I (c-50-3) I (0-he-5)
SO Cr(s) = L(s,x)C(s) (4.9)



-1

in view of the fact that x(p) = 0 when p|dx and L(s, x) =[] (1 — %) . Multiply both
p

sides of (4.9) by s — 1 and take the limits as s — 11, we see in view of Dirichlet’s class

number formula that hx = L(1, x) because L(s, x) is a continuous function in (0,00) by

Proposition [4.1.5] and y is a non-trivial character in view of Lemma So

L(1, ) _{ Vi if e > 0

2loge

2

where m is the number of roots of unity in K and ¢ > 1 is the fundamental unit of Ok
when d is positive.

The corollary stated below is an immediate consequence of (4.10)).

Corollary 4.4.3. Let x be the character associated with quadratic field having discrimi-
nant drc. Then L(1,x) >0 de., Y 1 (%) >0.

Now, we shall give the following important result for the character of a quadratic field.
Lemma 4.4.4. The character x of a quadratic field Q(\/c_l) 18 always non-trivial.

Proof. The proof is split into three cases.
Case 1. When d = 1(mod 4). Choose a prime p such that p|d, p an odd prime. Choose

an integer s such that (%) = —1. By Chinese Remainder Theorem, there exists an integer

x such that * = s(mod p) and x = 1(mod ;—j). Claim is that x(x) = —1. This happens

R RCIORCR

Case 2. When d = 3(mod 4), dx = 4d. By Chinese remainder theorem, there exists an
integer x such that
x = 1(mod d), x = 3(mod 4),

then y(z) = (1) (W — 1
Case 3. When d = 2d’. By Chinese remainder theorem, there exists an integer x such
that

z = 5(mod 8), z = 1(mod d'),

then, y(z) = (—1)z2871+(%1)(d/271> (ﬁ) =1 0
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