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Abstract

Monomial ideals provide a bridge between combinatorics and commutative
algebra. In this thesis we consider three families of monomial ideals: 1-
skeleton ideal of the G-parking function ideal Mg, monomial ideals induced
by permutation avoiding patterns, and the edge ideals of circulant graphs.
The 1-skeleton ideal J\/[(Gl) is a subideal of M. Postnikov and Shapiro showed
that the number of standard monomials of M is also given by det L¢;, where
L is the truncated Laplace matrix of G. We prove that number of standard
monomials of M(Gl) is bounded below by det Qg, where @G is the truncated
signless Laplace matrix of G. We have also given examples of some families
of graphs for which this lower bound is attained.

Next, we consider monomial ideals induced by some permutation avoid-
ing patterns. We show that number of standard monomials of Alexander
dual of the monomial ideal induced by 132 and 312 avoiding patterns are
also enumerated by number of rooted labeled forests avoiding 213 and 312
patterns. Formulas for number of standard monomials for other permutation
avoiding patterns are also obtained.

Finally, we study edge ideals of the following three families of cir-
culant graphs C,(1,...,7,...,|2]), Clm(1,2,...,2Al,...,3Al, ce L%mj) and

2

Cim(1,2,... 20 L%mj) and obtain all N-graded Betti numbers of
these ideals. Other algebraic and combinatorial properties such as when

these graphs are well-covered, shellable, Cohen-Macaulay, Buchsbaum etc.

X



are also discussed.
The results are based on research done in collaboration with C. Kumar,

G. Lather and S. Anand.



Notations

n] : {1,2,...,n}.
|S| : cardinality of a set S.

#A : number of elements in a finite set A.

K, 11: complete simple graph on n + 1 vertices {0, 1,...,n}.
Kﬁfflz complete multigraph on n + 1 vertices {0, 1,...,n}.
K: a field.

N: set of natural numbers containing zero.

R: set of real numbers.

C: set of complex numbers

R;: the i** row of a matrix.

G;: the i*" column of a matrix.

Mg: the G-parking function ideal of a graph G.

Mg): the 1-skeleton ideal.

@G: reduced (truncated) signless Laplace matrix of a graph G.
S,.: set of all permutations of [n].

Is: monomial ideal induced by a set S C G,,.

C,,: cycle graph of length n.

Cn(S): circulant graph on the generating set S C {1,2,...,|5]}.
B; j: i N-graded Betti numbers in degree j.
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Chapter 1

Introduction

Monomial ideals provide a bridge between commutative algebra and combi-
natorics. Combinatorial problems are encoded into monomial ideals, which
then enable us to use techniques and tools in commutative algebra to solve
the original problem. Richard Stanley [49] was the first mathematician who
successfully applied such methods. To each simplicial complex he associated
a square-free monomial ideal, called the Stanley-Reisner ideal (Section 2.3.1).
Combinatorial properties of the simplicial complex are intimately related to
the algebraic properties of this ideal. In this thesis we aim to understand
certain algebraic and combinatorial properties of three families of monomial
ideals: 1-skeleton ideals of the graphical parking function ideals (Section 3.2),
monomial ideals induced by permutation avoiding patterns (Section 4.1), and
the edge ideals of circulant graphs (Section 5.1).

The main object of study in Chapter 3 is the graphical parking function
ideals and their skeleton ideals. Parking functions were introduced by Kon-
heim and Weiss [26] in relation to hashing problems. This concept turned
out to have connections and applications to many areas of mathematics. For
example, it was shown in [27] that the parking functions of size n are in one

to one correspondence with trees in n + 1 labeled vertices. There are many



generalizations of parking functions; one such is the G-parking functions or
the graphical parking functions defined for a directed graph G. Interestingly,
the graphical parking functions are related to the abelian sandpile model
introduced by Dhar [12]. It was shown by Gabrielov [16] that the number
of G-parking functions equals the number of oriented spanning trees of the
directed graph G. Postnikov and Shapiro [45] introduced (graphical) parking
functions in an algebraic context. Given a directed graph GG on n+1 vertices,
they associated a monomial ideal M, called the G-parking function ideal.
The standard monomials of R/M¢ are given by the G-parking functions,
where R is the polynomial ring in n variables over a field. The Matriz-Tree
Theorem [50, Theorem 5.6.8] says that the number of oriented spanning trees
Ng of a digraph G is equal to det L¢;, where L is the truncated Laplace ma-
trix of G. Thus the number of G-parking functions of a digraph G is given
by det L.

The ideals My have connections to ‘chip firing’ [5] and a discrete
Riemann-Roch theory for graphs [4,36]. Motivated by certain constructions
in ‘hereditary chip firing’ models, Dochtermann [14] introduced the notion of
k-skeleton ideals Mgf ) of M. These are by definition, subideals of Mq. In
this thesis we focus on the 1-skeleton ideal Mg) of an undirected multigraph
G. Dochtermann showed that if G = K,, 1, the complete simple graph, then
the number of standard monomials of R/ M(Gl) equals det Q¢, where Qg is the
truncated signless Laplace matrix of G. He also asked whether it is true that
for a simple graph G, #{standard monomials of R/ M(Gl)} > det Q. We have
shown that this is indeed true for all multigraphs. More generally, we have
associated a monomial ideal Jg to a certain class of symmetric matrices H
defined over nonnegative integers (see Section 3.2) and showed the following

in [33, Theorem 3.3].



Theorem 1.0.1. If H is positive semidefinite, then
#{standard monomials of R/Jyu} > det H.

In case H = @G, the ideal Jg = Mg) so that the above theorem an-
swers the question of Dochtermann. Moreover, we have characterized the
subgraphs of the complete multigraph Kg;:l, in particular all simple graphs
G such that #{standard monomials of R/Mg)} — det Qg (see Theorem
3.3.16). Examples of some families of multigraphs for which this equality
holds are also given in Chapter 3.

In Chapter 4 we consider monomial ideals induced by permutation avoid-
ing patterns. Let G,, be the set of all permutations of [n] = {1,2,...,n}. For
various S C &,,, the monomial ideals Ig = (x7 : 0 € S) and its Alexander
dual [ én} have many interesting combinatorial properties. For example, the
ideal Ig, is called a permutohedron ideal and the Alexander dual ]gﬂ is the
tree ideal My, ,. The " Betti number BZ([[GHJL) = (i1)S(n+ 1,i+ 1), where
S(n,r) is the Stirling number of the second kind, i.e., the number of set-
partitions of [n] into r blocks. Further, #{standard monomials of R/ I[Gni} =
#{parking functions of size n} = (n + 1)""'. When S = &,(r,...,7) is
a set of permutations avoiding patterns, the ideals Is and their Alexander
duals [ [Sn} also have many pleasing structures. For example, when S is the
set of permutations avoiding 132 and 231-patterns, it is shown in [30] that
the number of standard monomials of R/ [S“] is given by the integer sequence
(A000262) in OEIS [48]. The monomial ideals Ig induced by permutation
avoiding patterns &,,(123,132) and &,,(123, 132, 213) are investigated in [31].
We have considered the monomial ideal I and its Alexander dual 1 w, where
W = 6,(132,312). The ideal Iy, also appeared in [29], where it is called a
hypercubic ideal. We have identified the standard monomials of R/ II[;] with
the integer sequence (A007840) in OEIS [48].



Theorem 1.0.2. [35, Theorem 2.7] For n > 1, we have dimg (Iﬁ]) =

w
" (rYs(n,r), where s(n,r) is the signless Stirling number of the first kind.

Thus the standard monomials of R/I[Wn] are also enumerated by rooted-
labeled forests on [n] avoiding 213 and 312-patterns [3]. For S; =
6,(123,132,312), Sy = 6,(123,213,231) and S3 = 6,(132,213,231), we
have identified the standard monomials of R/[ g:] (1 < a < 3) with the integer
sequence (A001710) [35, Theorem 3.5]. Similarly, for 77 = &,,(123, 132, 231)
and Ty, = 6,(213,312,321), the standard monomials of R/I%:], b=1,2, are
identified with the integer sequence (A000254) [35, Theorem 3.7].

In Chapter 5 we study edge ideals of circulant graphs. Edge ideals of
a graph are introduced by Villarreal [56]. They are mainly investigated to
study the relationship between algebraic properties of the ideals and combina-
torial properties of the graphs [20,25]. Recently there has been an increased
interest to study edge ideals of circulant graphs [1, 15,41, 54, 55]. Circu-
lant graphs are Cayley graphs over the simplest family of groups, the cyclic
groups. In the literature they have appeared in a number of applications
such as networks [7], connectivity [8], error-correcting codes [46] and even
music [9] because of their regular structure. Brown and Hoshino studied the
independence polynomial of a circulant graph in [9]. They have shown that
it is in general a co-NP-complete problem to characterize all well-covered cir-
culant graphs [10]. Moreover, they have classified all well-covered circulant
graphs of the form C,,(1,2,...,d), C,(d +1,d +2,...,|%]) and 3-regular
circulant graphs. Using these results Van Tuyl et al determined which cir-
culant graphs of the above form are vertex decomposable, shellable, Cohen-
Macaulay or Buchsbaum [15,55]. In this thesis we study three families of
circulant graphs, C,(1,...,7,..., 151): Cim (1,2, ... 20,30, L%mj) and
Cim(1,2, ... N L%mj ). We have given formulas for all the N-graded
Betti numbers of their edge ideals [2, Theorems 3.8, 4.3, 4.4, 4.5, 5.2]. The



circulant graphs are expressed as a join of some well-known families of graphs.

In [2] we have shown the following.

Proposition 1.0.3. [2, Proposition 2.8] Let d > 2 be an integer. Suppose
Gy, ...,Gq are d number of finite simple graphs with disjoint vertex sets. Let

G=G*---xGy. Then

(i) The induced matching number v(G) = {maxi{y(ci)} ¥ V(G #0 for some i,

1 otherwise.

(i1) G is well-covered if and only if all G;’s are well-covered and for each
LF ]
a(Gi) = a(Gy).

(iii) G is vertex decomposable/shellable/Cohen-Macaulay (or Ss) if and only

if G;’s are complete graphs for all j.

(iv) G is sequentially Cohen-Macaulay if and only if Gy is sequentially
Cohen-Macaulay for some 1 < t < d and G;’s are complete for all
J#t

(v) G is Buchsbaum if and only if each G; is Buchsbaum for 1 <i <d.

Using this we have determined under what conditions the above three
families of circulant graphs are vertex decomposable, shellable, Cohen-
Macaulay, sequentially Cohen-Macaulay, Buchsbaum or if they satisfy Serre’s
condition Sy [2, Theorems 3.9, 4.7, 5.4]. Moreover, formulas for Castelnuovo-
Mumford regularity, projective dimension and induced matching numbers are
also given in [2].

The thesis is organized as follows. In Chapter 2 we recall some definitions
and results in order to use them in subsequent chapters. In Chapter 3 we give
a lower bound for the number of standard monomials of the 1-skeleton ideal of

a multigraph and characterize all subgraphs of Kzfl which attains the lower



bound. In Chapter 4 we identify the standard monomials of some Artinian
monomial ideals induced by permutation avoiding patterns with some well-
known integer sequences. In Chapter 5 we first compute the graded Betti
numbers of the edge ideals of three families of circulant graphs and then

determine certain algebraic and combinatorial properties of these ideals.



Chapter 2

Preliminaries

In this chapter we recall some definitions and basic results in commutative
algebra. The general references for this chapter are the books by Matsumura
[37], Bruns and Herzog [11], Miller and Sturmfels [39], and Peeva [43]. We
also discuss some properties of positive semidefinite matrices following the

book by Horn and Johnson [23].

2.1 Graded modules and Betti numbers

Let K be a field and R = K[zy,x9,...,2,] be the polynomial ring in n
variables. Let m be the maximal ideal (z1,xs,...,2,) in R. We define two
gradings on R in the following way. For ¢ € N, let R; be the K-vector space
of homogeneous polynomials of degree . Then R can be written as a direct
sum of K-vector spaces, R = ®;enR;. We refer to this grading as the N-
grading of R. Another grading for R is called the N"-grading and is defined
in the following way. A monomial in R is of the form z® := [, ;" for some
a = (a,...,a,) € N". For a € N" consider the one-dimensional K-vector
space Ry = {c2? | ¢ € K}. Then R = @acnn Ra as a K-vector space and this

gives the N"-grading for R.



8 2.1. Graded modules and Betti numbers

Let S denote the Abelian semigroup N or N”. A graded R-module M is an
R-module together with a direct sum decomposition M = @, s M; satisfying
R;M; C M;;;. An element x € M, is called a homogeneous element of M
with deg x = i. The N"-grading is finer than the N-grading in the sense
that N"-graded modules are naturally N-graded. Note that, R is a graded
module over itself. For j € N (respectively, a € N"), let R(—j) (respectively,
R(—a)) denote the free N-graded (respectively, N"-graded) R-module of rank
one with a homogeneous generator of degree j (respectively, degree a).

Let M be an R-module. A free resolution of M is a sequence
J: -~-—>Fp£”+Fp_1—>---—>F1£1»FO—>0

of free R-modules F; such that d;od;;; = 0 with coker dy = M and J is exact
except at the 0! position. Therefore, the homology groups Hy(F) = M and
H;(F) =0 for ¢ > 1. A resolution ¥ is called a graded free resolution if R is
a graded ring, M is a graded R-module, the F; are graded free modules in
the same grading as of M and all the d; are homogeneous of degree 0, i.e.,
for all ¢ > 1, and for all y € F;, degd;(y) = degy.

Let M be a (graded) R-module. A (graded) free resolution F of M over R
is called a minimal (graded) free resolution if, for all i > 1, d;(F;) C mF;_;.
Every graded module M has a minimal graded free resolution. Moreover,
Hilbert’s syzygy theorem [43, Theorem 15.2] says that every finitely generated
graded R-module M has a finite graded minimal free resolution of length at
most n.

Let M and N be finitely generated graded R-modules. Let JF be a graded

free resolution of M. Consider the complex

Hompg(F, N) : 0 — Hompg(Fy, N) — Hom(Fy, N) — ....
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The R-module H;(Hompg(F, N)) is denoted by Ext(M, N) for i > 0. Note
that, Ext%(M, N) = Homg(M, N). Since F is a graded free resolution the
complex Hompg(F, N) is a graded complex. So, its homology is graded. Thus
Ext%(M ,N) is a graded R-module with the same type of grading as N or
N"™. Further, they do not depend on the choice of resolution of M (see [43,
Theorem 38.2]).

Given two graded free resolutions F of M and F’ of N consider the com-

plexes

FRrN:... > F;,Qr N - F,_1Qr N — ... > Fh Qg N = 0
and

M@rF ... 5> MQrF - M®rF_,— ... M®gF;—0.

Theorem 2.1.1. [58, Theorem 2.7.2] Let M and N be graded R-modules

with graded free resolutions F and F' respectively. Then
H(F@rN)= H,(M®rJ).

Define
Tor®(M,N) := H;(F @z N) = H;(M @ F),

for i > 0. Note that, Torf'(M,N) = M ®p N. Since JF is a graded free
resolution the complex F®pg N is also a graded complex. So, its homology is
graded. Thus every TorZR (M, N) is a graded R-module with the same type of
grading as N or N". Further, they do not depend on the choice of resolutions
of M and N (see [43, Theorem 38.1]).

We define the graded Betti numbers and multigraded Betti numbers as

follows.



10 2.1. Graded modules and Betti numbers

Definition 2.1.2 (Betti numbers). Let M be a finitely generated N-graded
R-module. For 0 < i <n and j € N, the graded Betti numbers B; ;(M) (or
simply ; ;), of M, are defined as B; ;(M) = dimg Tor (M, K);. Similarly, if
M is an N"-graded R-module then for 0 <i <n anda € N", the multigraded
Betti numbers [3; o(M) := dimg TorZR(M, K)a. The Betti numbers 3;(M) (or
simply B;), of M, are defined as B;(M) := dimg Tor/ (M, K).

Proposition 2.1.3. [39, Lemma 1.32] Let F: 0 — F, v, Fy— - —
F LN Fy — 0 be a minimal N-graded free resolution of an R-module M.
Then F; = @jeNR(—j)ﬁiJ(M) for each 0 < @ < r. Similarly, if M is N"-
graded then for each i, F; = @acyn R(—a)%aM),

Since every N"-graded module is naturally an N-graded module we get

the following.

Corollary 2.1.4. Let M be a finitely generated N"- graded R-module. Con-
sidering M as an N-graded module we have f; j(M) = ¥ jaj=j Bia(M), where

fora=(ay,...,a,) € N" |Ja| =31, a;.

Definition 2.1.5. Let M be a finitely generated N-graded R-module. The
length of a minimal graded free resolution of M is called as the projective
dimension of M and is denoted by pd(M), i.e., pd(M) = max{i | §; j(M) #
0 for some j}. The Castelnuovo-Mumford regularity (or simply the regular-
ity) of M, denoted by reg(M), is defined as reg(M) = max{j —1i | B;;(M) #
0}.

Note that reg(M) is well-defined since a finitely generated graded R-

module has a finite free resolution.
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2.2 Cohen-Macaulay rings and some related

notions

In this section we recall some properties of Noetherian rings following the
book by H. Matsumura [37].

Let A be a commutative ring with identity and M an A-module. An
element = € A is said to be M-regular if xm = 0 for some m € M implies

m = 0.

Definition 2.2.1 (Regular sequence). A sequence x1,...,x, of elements of
A is said to be an M-sequence (or an M -reqular sequence) if the following

two conditions hold:

1. 1 is M-reqular, o is (M/x,M)-regular,..., x, is (M) X"} ;M)-

1=

reqular;
2. M/ oM #0.

Let A be a Noetherian ring, I an ideal of A and M a finite A-module
such that M # IM; then by [37, Theorem 16.7] the length of a maximal
M-sequence in [ is a well-defined integer which we denote by depth (7, M).

For an A-module M, the ideal {x € A : M = 0} is denoted by
ann(M). Moreover, we define dim(M) to be the Krull dimension of the
ring A/ ann(M).

Let (A, m, k) be a Noetherian local ring with the unique maximal ideal

m and the residue field k. We call depth(m, M) simply the depth of M.

Definition 2.2.2. Let (A, m, k) be a Noetherian local ring, and M a finitely
generated A-module. We say that M is a Cohen-Macaulay module if M # 0
and depth M = dim M, or if M = 0. If A is a Cohen-Macaulay module over
itself then we say that A is a Cohen-Macaulay local ring.
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A Noetherian ring A is said to be a Cohen-Macaulay ring if A, is a

Cohen-Macaulay local ring for every prime ideal p in A.

Next we define the well-known Serre’s conditions (S;) for i« > 0 and see

how it is related to the Cohen-Macaulay condition.

Definition 2.2.3 (Serre’s condition (.5;)). Let A be a Noetherian ring. We
say that A satisfies Serre’s condition (S;) for i > 0 if for each prime ideal
p in A, we have depth(A,) > min(ht(p), ), where ht(p) is the height of the

prime ideal p.

From the definition we see that a Noetherian ring A is Cohen-Macaulay
if and only if it satisfies Serre’s condition (.S;) for each ¢ > 0. For rings of
Krull dimension < 2, Cohen-Macaulay condition is same as (S3).

Next we define the notion of Buchsbaum ring. First recall that for a
Noetherian local ring (A, m, k) of dimension r, there exists an m-primary
ideal generated by r elements, but none generated by fewer [37, Theorem
13.4]. If aq, ..., a, € m generate an m-primary ideal, then {a4, ..., a,} is said

to be a system of parameters of A.

Definition 2.2.4 (Buchsbaum ring). A Noetherian local ring (A, m, k) is
said to be a Buchsbaum local ring if every system of parameters of A is
a weak sequence, i.e., if {a1,...,a,} is a system of parameter of A, then
m- ((a1,...,a;-1) :a;) C (ay,...,a;_1) for alli.

A Noetherian ring A is said to be a Buchsbaum ring if A, is a Buchsbaum

local ring for every prime ideal p in A.
Note that a Cohen-Macaulay ring is always a Buchsbaum ring.

Definition 2.2.5 (Gorenstein ring). Let (A, m, k) be a Noetherian local ring
of dimension r. A is said to be a Gorenstein local ring if A is a Cohen-

Macaulay local Ting and Ext’y(k, A) = k.
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A Noetherian ring A is said to be a Gorenstein ring if A, is a Gorenstein

local ring for every prime ideal p in A.

Let R = K[zy,...,2,] be the polynomial ring over a field K and I a
homogeneous ideal in R. We have the following criterion for R/I to be

Gorenstein.

Theorem 2.2.6. [43, Theorem 25.7] Let I be a homogeneous ideal in R.
Let R/I has Krull dimension q. The quotient R/I is Gorenstein if and only
if pd(R/I) =n—q and B,—4(R/I) = 1.

2.3 Monomial ideals

In this section we recall some basic results related to monomial ideals that

we need in the subsequent sections.

2.3.1 Simplicial complex and Stanley-Reisner ring

Let R = Klzy,...,z,] be the polynomial ring in n variables. An (abstract)
simplicial complex A on the vertex set V = {z1,...,2,} is a collection of
subsets of V' called faces or simplices closed under taking subsets, i.e., if
F € Ais a face and G C F, then G € A. The maximal elements of A,
with respect to inclusion, are called the facets of A. If {F\, F,,..., [} is a
complete list of the facets of A, we will sometimes write A = (Fy,..., F}).
The dimension of a face F' € A, denoted by dim F', is given by dim F' =
|F| — 1, where we make the convention that dim() = —1. The dimension
of A, denoted by dim A, is defined to be dim A = mazpea{dim F'}. The

dimension of A is —oo if A = {}, the void complex with no face.

Example 2.3.1. Let V = {x1, 29, x3,24}. Then an example of a simplicial

complez on 'V is A = {0, {x1},{x2}, {x3}, {zs}, {x2, 23}, {23, 24} }.
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Let A be a simplicial complex on {zi,...,x,}. For each integer i, let
Fi(A) be the set of i-dimensional faces of A, and let K*(%) be the vector space
over K whose basis elements e, correspond to i dimensional faces o € F;(A).

The reduced chain complex of A over K is the complex C.(A;K):

0 — KFo-1(8) Ozt gFI(A) O wFia(8) Ly Doy gF(A)
The boundary maps 0; are defined by setting sign(z;,0) = (=1)""1if z; is
the r*" element of the set o C {xy,...,x,}, written in the increasing order
Ty < Ty < -+ < Ty, and Oi(e,) = >ac0 sign(z;,0)eq s,

If i < —1ori>n—1, then Kf"®) = 0 and 9; = 0 by definition. It can

be checked that 0; 0 0;,1 = 0. For each integer i, the K-vector space
Hi(A;K) = ker(8;)/im(d; 1)

is defined to be the i" reduced homology of A over K.

Example 2.3.2. Let A be the simplical complex from Fzample 2.3.1.

The simplical complex A has all its reduced simplical homology zero, i.e.,

H;(A,K) =0 for each integer i.

Given a simplicial complex A on the vertex set V. = {z1,...,2,},
we can associate it with a square-free monomial ideal I in the polyno-
mial ring R = K[z, 2s,...,2,] in the following way. For every subset
F of V, we define a monomial zp := [[,,cpx; in R. Then the ideal
In = (zp: F ¢ A) is called the Stanley-Reisner ideal of A and the quo-
tient ring K[A] = R/I4 is called the Stanley-Reisner ring. Conversely, if I is
a square-free monomial ideal in R, then it can be associated to a simplicial
complex A(l) = {F CV : zp ¢ I}. This correspondence between simpli-
cial complexes on V' = {xy,...,x,} and square-free monomial ideals in R is

called the Stanley-Reisner correspondence.
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Example 2.3.3. Let A be the simplicial complex from Example 2.5.1. Then

the Stanley-Reisner ideal of A is In = (x1X9, T123, T1T4, Toly, ToL3Ty).

In order to describe some algebraic and combinatorial properties of the
simplicial complex A and its Stanley-Reisner ring K[A], we first recall some
definitions related to simplicial complexes [57]. A simplicial complex is called
pure if all its facets have the same dimension. A simplex is a simplicial
complex having exactly one facet. Let A and A’ be two simplicial complexes
with vertex sets V' and V' respectively. The union A U A’ is a simplicial
complex with vertex set VUV’ and F is a face of AU A if and only if F'is a
face of A or A’. For a simplicial complex A, if F' € A is a face then the link of
F is the simplicial complex lka(F)={H €e A|HNF =0 and HUF € A},
and deletion of F is the simplicial complex dela(F) ={H € A | HNF = (}.
When F = {x;}, then we simply write lka(z;) or dela(z;).

Example 2.3.4. Let A = ({a,b},{a,c,d},{c,d,e}) be a simplicial complex
on the vertex set {a,b,c,d,e}. Takex =b. Thenlka(b) = ({a}) is a simplez.

Moreover, dela(b) is the simplicial complex ({a,c,d},{c,d,e}).

Given a pure simplicial complex A, we say A is vertex decomposable if
either A is a simplex, or there exists a vertex x such that lka(x), dela(x) are

vertex decomposable and every facet of dela(z) is a facet of A.
Example 2.3.5. Let A = ({a,b,c},{b, c,d}) be a pure simplicial complex on

the vertex set {a,b,c,d}. Since lka(a) = ({b,c}) and dela(a) = ({b, ¢, d}),

we see that A is vertex decomposable.

A simplicial complex A is called shellable if A is pure and there exists an
ordering of facets F} < Fy < --- < F, such that for all 1 < j <7 < r, there
is some = € F; \ Fj and some k € {1,...,i — 1} for which F; \ F, = {z}.

Example 2.3.6. Let A = ({a,b,c},{a,c,d}, {c,d,e}) be a pure simpli-
cial complex on the vertex set {a,b,c,d,e}. Taking Fy = ({a,b,c}), F» =
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({a,c,d})y and F3 = ({c,d,e}) we see that A is shellable. The simplicial

complex in FExample 2.3.5 is also shellable.

Let A be a pure simplicial complex on V. We say A is Cohen-Macaulay
over a field K if the Stanley-Reisner ring K[A] is a Cohen-Macaulay ring.

Theorem 2.3.7 (Reisner’s criterion, [11, Corollary 5.3.9]). A simplicial com-
plex A is Cohen-Macaulay over a field K if and only z’fE(lkA(F); K) =0 for
all F € A and all i < dim1ka(F) (here Hy(—;K) is the it reduced simplicial

homology group).

If Ika(z) is Cohen-Macaulay for all x € V', then the pure simplical complex
A is called a Buchsbaum simplicial complex. A simplicial complex A is said

to satisfy Serre’s condition Sy if K[A] satisfies Ss.

Theorem 2.3.8. [42] Let A be a simplicial complex. Then A satisfies Serre’s
condition Sy if and only if A is pure and Ika(F) is connected for every face

F of A having dim1ka(F) > 1.

For a (not necessarily pure) simplicial complex A the pure it" skeleton
of A is the subcomplex Al! of A whose facets are the faces F' of A with
dim F = i. If Al is Cohen-Macaulay for all i then A is called a sequentially
Cohen-Macaulay simplicial complex. Note that sequentially Cohen-Macaulay
pure simplicial complexes are also Cohen-Macaulay. If A is Buchsbaum, then
the ring K[A] is called a Buchsbaum ring. Similarly, if A is sequentially
Cohen-Macaulay, then the Stanley-Reisner ring K[A] is called a sequentially
Cohen-Macaulay ring.

2.3.2 Alexander duality

Let A be a simplicial complex on the vertex set [n] = {1,...,n}. The

Alexander dual A* of A is the simplicial complex {F : F°¢ ¢ A}, where
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Fe=1[n]\ F. Let I C R = Klzy,...,2,] be a square-free monomial ideal.
Consider I as a Stanley-Reisner ideal 5 for some simplicial complex A. The
Alexander dual of the square-free monomial ideal I = I, denoted by [I*, is

by definition the Stanley-Reisner ideal I« of the Alexander dual A*.

Example 2.3.9. Let A = {0, {1}, {2}, {3}, {4},{2,3},{3,4}} be a simplicial
complex. Then A* = {0,{1},{2},{3},{4},{2,3},{3,4},{1,3},{2,4}} and

Ine = (@129, 124, ToX3T4).

For a simplicial complex A on the vertex set [n] and for W C [n], the
restriction of A to W is the subcomplex A[W] = {F ¢ A : F C W}
Given W C [n], we associate it with a vector a € {0,1}" as follows. If
a = (ay,...,a,) then a; = 1 if and only if ¢ € W. Further the restriction
of A to a is Ala] := A[W]. For a square-free monomial ideal I = I in
the polynomial ring R the Betti numbers of R/I can be calculated using the
following formula by M. Hochster.

Theorem 2.3.10 (Hochster’s Formula, [22]). Let K[A] = R/IA be the
Stanley-Reisner ring of the simplicial complex A. The non-zero Betti num-

bers of K[A] are only in square-free degrees a and may be expressed as
Bia(K[A]) = dimyg Hja—;—1(Ala]; K).

In particular, by Corollary 2.1.4 the N-graded Betti numbers of K[A] may

be expressed as

Bi;(KIAD) = Y dimg Hj_i1 (A[W]; K). (2.1)

Alexander duality for square-free monomial ideals has been extended to
any monomial ideal by Miller [38] as follows. Let a = (ay,...,a,) € N

and x* be the monomial [[}"; z{" in R = Klzy,...,2,]. The monomial
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ideal (x}":a; > 0) is denoted by m®. Now every monomial ideal [ in R
has a unique set of minimal monomial generators and the primary compo-
nents of I are also a unique set of monomial ideals of the form m? (see [39,
Lemma 5.18]). Let {x*:a € A} be the set of minimal generators of I and
{m? :a € A’} be the set of (monomial) primary components of I/, where A
and A’ are finite subsets of N*. Then [ = (x*:a€ A) =N{m®:a € A'}.
Let b = (by,...,b,) € N" such that b > a, i.e., b > a; for 1 <i < n.

Then we define b\ a = (b \ ay,...,b, \ a,) € N", where

bi—(li—i‘l lfCLZZl,
bi\ai:

0 otherwise.

If I is the monomial ideal in R generated by {x? : a € A} then the Alexander
dual I'®) of I with respect to b is defined by Miller [38] as the monomial ideal

I ={m"?:ac A} = <Xb\a ra € A’>.

Example 2.3.11. Let [ = (22, zy?) = ()N (z?,y*). Then the Alexander dual
of I with respect to the vector b = (2,4) is I'P) = (22, 29°) = () N (22, °).

Let I be a square-free monomial ideal in R = K|z, ..., 2,]. Then I = Ix
for some simplicial complex A on the vertex set {z1,...,z,}. We show that
the Alexander dual I* = 'Y, where 1 = (1,1,...,1), as follows. Let I’ € A
be a face. Identify F' with a vector ap € {0,1}", where ap = (ai,...,a,)
with a; = 1 if and only if z; € F. We can write I = In = Npeam?F° (see [39,
Theorem 1.7]). Then I = (zp. | F € A). Since I* = (zp | F ¢ A*),
where A* = {F | F¢ ¢ A}, we see that I'Yl = I*. Thus Alexander duality of

monomial ideals by Miller is indeed a generalization to the square-free case.

The Alexander duality is a duality in the following sense.

Theorem 2.3.12. [39, Theorem 5.24] If all the minimal generators of a
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monomial ideal I divide xP, then all minimal generators of I'® divide xP

and (1Pl = 1.

The minimal generators of the Alexander dual of a monomial ideal can

be determined using the following result.

Proposition 2.3.13. [39, Proposition 5.23] Suppose that all the minimal
generators of a monomial ideal I divide xP. If b > a, then x? lies outside of

I if and only if x*~2 lies inside of 1.

2.3.3 Cellular resolution

Let C' be a subset of R™ such that for any two points z,y € C' the line
segment {A\y + (1 — ANz : A € R, 0 < A < 1} joining = and y is in C, then
the set C is called a convexr set in R™. Note that intersection of nonempty
convex sets is again convex. For any nonempty subset X of R", the convex
hull Conv(X) of X is the intersection of all convex sets C' C R™ (m < n)
containing X. A polytope P in R™ is the convex hull of a finite set of points.

A polytope can also be expressed as a finite intersection of closed half-
spaces. Let b € R™ with b # 0 and ¢ € R. The set H,, = {x € R™ :
(b,x) = c}, where (b,x) := >, bjz; = 0 is the hyperplane with normal
vector b. Then the closed half-space Hy, is defined as Hy , = {x € R™ :
(b,x) > ¢}. If P is a polytope then P = N;_, Hy . for some by, ¢; and the
converse is also true provided that the intersection is bounded. A subset
P C Pis a face of P if there are b € R™ \ {0} and ¢ € R such that
P = Hyp.NPand P C Hy,. A zero-dimensional face is called a vertex of P.
Note that a face is also a convex polytope.

For many interesting properties of convex polytopes we refer to [60].

Definition 2.3.14. [39, Chapter 4] A polyhedral cell complex X is a fi-
nite collection of convex polytopes in R™, called faces of X, satisfying two

properties:
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o [fP is a polytope in X and F is a face of P, then F is in X.

o If P and Q are in X, then PN Q is a face of both P and Q.

Given a polyhedral cell complex X, Bayer and Sturmfels [6] defined a

monomial labeling on X as follows:

(i) Each vertex v of X is labeled with a monomial xP, where b, € N%.

(ii) Each face F of X is labeled with the monomial xP* = lem(xP : v €

F is a vertex).

(iii) The empty face () is labeled with 1.

Such a polyhedral cell complex is called a labeled cell complex and the expo-

nent by is called the degree of face F.

Example 2.3.15. Let X be the polyhedral cell complex consisting of faces of
a filled pentagon (vy,va,v3,v4,v5). We give the monomial labels on the ver-
tices by defining the degrees as follows: b, = (2,1),b,, = (1,2),b,, =
(1,5),b,, = (3,2) and b,, = (5,0). Then the degrees of the edges are
bio oy = (2:2),Prsws) = (1,5),bluguy = (3:5):Brugesy = (5,2), g ) =
(5,1) and the degree of the whole complex is given by By, vy vswa0s) = (5,5).

We are now in a position to define the reduced chain complex associated
to a polyhedral cell complex X. Let us fix a total ordering on the vertices of
X. An orientation of a face is a choice of ordering of its vertices. The reduced
chain complexes for polyhedral chain complexes are defined the same way as
the reduced chain complexes of simplicial cell complexes, except the signs de-
pend on the orientation of the faces. The faces of X are oriented in such a way
that for each oriented face F' and its facet G, we define sign(G, F') is +1 if the

orientation of GG is induced by orientation of F', and —1 otherwise. Moreover,
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the boundary chain of a face F'is given by 0(er) = > pacets ccr Sign(G, F)-eq,
where the boundary maps 0 have the property 0o d = 0.

Let X be a oriented labeled polyhedral cell complex with vertex set V'
and I be the ideal <xb“ NS V> generated by the monomial labeled on the
vertices. Corresponding to X we define a free complex Fy and determine
the conditions such that Fx becomes a free resolution of R/I.

Let Fx; be the set of i-dimensional faces of X. Then we define the free

R-modules

Fi: @ R(—bp)ep.

FeFx,;

Consider the chain complex
Fx: - = F =>F_,—- - —F — Iy,

where the boundary maps di(er) = Sfacets & of FSigN(G, F)xPF~Péeq. The
signatures sign(G, F') is defined in such a way that 0; o 9;1; = 0. The maps
0; are in fact an N"-graded R-module homomorphisms. If Fx is an exact

complex then it becomes a free resolution of R/I.

Definition 2.3.16. Let I be a monomial ideal and X be a polyhedral cell
complex labeled by the minimal generators of I. The free compler Fx is

called a cellular resolution of R/I if Fx is exact (or acyclic).

Given two vectors a and b in N", we write b < a if a — b € N". Given
a € N" the two complexes, X< consisting of faces of X with degree by =<
a and X_ obtained from X< by removing the faces of degree a of X are

subcomplexes of X.

Theorem 2.3.17. [6, Proposition 1.2] The cellular free complex Fx sup-
ported on X is a cellular resolution if and only if X<a is acyclic over K

for all a € N". When Fx is acyclic it is a free resolution of R/I, where
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1 = <xb“ ve X isa vefr’tex> is generated by the monomial labels on wver-
tices. Moreover the cellular resolution Fx is a minimal resolution if and
only if any two comparable faces F' C F of the complex X have distinct
degrees bp # bpr.

Example 2.3.18. [6, Example 1.9] Let uy,...,u, be distinct integers and
I be the ideal generated by the n! monomials xﬁ%l)x:ﬁf?)---x:’(n) in R =
K[z1,...,x,], where m runs over all permutations of {1,2,...,n}. Let X
be the complex of all faces of the permutohedron [60, Example 0.10], which
is the convex hull of the n! vectors (w(1),,...,m(n)) in R™. The i-faces F of

X are indexed by chains
(Z)IAO C Al cC...C An,i,1 C Anfi = {Ul,UQ,...,'U,n}.

The following monomial labels are assigned to the i-face F' indexed by this

chain:
n—i
XbF — H x;nax{Aj\Aj,l}.
1 ’I”EAj \Aj,

Jj= 1

It can be checked that F x is acyclic and for any two comparable faces F C F’,

b/

the monomial labels xPF and xPr are different (see [6] for more details).

Hence Fx is the minimal free resolution of R/I.

2.4 Positive semidefinite matrices

Let M,(C) denote the set of all n X n matrices over complex numbers. For
M = [a; ] € M, (C), the adjoint M* of the matrix M is defined as M* = M?,
in which M* is the transpose of M and M is the entrywise conjugate of M.
A matrix M € M, (C) is said to be Hermitian if M* = M.

Definition 2.4.1. A Hermitian matriz M € M,(C) is called a positive
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semidefinite matriz if
x*Mx >0 forallzeC",
and is called positive definite if
"Mz >0 for all nonzero x € C".

Let M € M,(C) and a C [n] be an index set. We denote by M[a| the
(sub)matrix of M whose entries lie in the rows and columns of M indexed
by a. A matrix of the form M|a] is called a principal submatriz of M.

1 2 3
Example 2.4.2. Let M = |2 4 6 and o = {1,3}. Then Ma] =
3 6 9

3x3
1 3

39 2x2
Proposition 2.4.3. [23, Observation 7.1.2] Let M = M,,(C) be a Hermitian
matriz. If M is positive semidefinite (respectively, positive definite) then
all its principal submatrices are positive semidefinite (respectively, positive
definite).
Proposition 2.4.4. [23, Observation 7.1.8] Let M € M, (C) be Hermitian
and let £ € M, ,,, where M, ,,, is the set of nxm matriz with complex entries.
If M s positive semidefinite then E*ME is also positive semidefinite. If M

is positive definite then E*ME is positive definite if and only if rank E = m.

Let R; and €, denote the i** row and k™ column of a matrix M, respec-
tively. The elementary column operation €; & (Cx, + - - - + C;,) in M means
the matrix M is transformed to a matrix M’, where only j** column ¢ of
M’ differs from the j** column €; of M and €} = €; + (G, +-- -+ C,). The

elementary row operations are also defined in a similar way.
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Lemma 2.4.5. Let M € M,(C) be a Hermitian positive semidefinite ma-
triz. Suppose M’ is a matriz obtained from M by applying the elementary
column and row operations C;; — Cp, R;; — R, ..., C; — Cp, Ry, — Ry, where
{i1,... i, k} C [n]. Then M’ is a positive semidefinite matriz. If M is
positive definite then M’ is also positive definite.

Proof. Let I,, be the identity matrix of order n and ¢, ; be the n x n matrix
with 1 at (4, j)"" place and zero elsewhere. Then the matrix £ = I,, — (ex, +
€k,iy++ - ~+€ks, ) has determinant det E = 1 and E*ME = M'. By Proposition
2.4.4, M’ is positive semidefinite and since F has full rank, the matrix M’ is

positive definite if and only if M is positive definite. O

Theorem 2.4.6 (Hadamard). Let M = [a;;] € M,(C) be positive definite.
Then

i=1
with equality if and only if M is diagonal.
Proof. For a proof see [23, Theorem 7.8.1]. O

Theorem 2.4.7 (Fischer). Let M € M, (C) be a positive semidefinite matrix

having block decomposition M = with square matrices A and C.
B* | C
Then

det M < det(A)det(C). (2.3)

If M is positive definite then equality occurs in (2.3) if and only if B = 0.

Proof. Let n =p+gq, i.e., M € M,,,(C) with A € M,(C) and C € M,(C).
We follow the proof of [23, Theorem 7.8.5]. First suppose that M is pos-
itive definite. Let A = U;DU; and C = U,D'U; be spectral decom-
position, in which U; and U, are unitary and D = diag(dy,...,d,) and
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D" = diag(dy, ..., d;) are positive diagonal matrices. Let U = U; @ U, and

then
D Ui BU,

U;B'U, D

UMU =
Then by Hadamard’s inequality (2.2),
det M = det(U"MU) < (dy -+~ dy)(d, - -~ d;) = (det A)(det C).

Now if M is positive semidefinite then we clearly have (2.3) as both A and
C are positive semidefinite by Proposition 2.4.3. For the statement about
equality, note that by Theorem 2.4.6, det M = det(U*MU) = (det A)(det C)
if and only if U BU; =0, i.e., B =0 (as both U; and U, are unitary). [

Let M € M,(C) be a Hermitian matrix and its real eigenvalues be ar-
ranged in a non-decreasing order \j(M) < Ao(M) < --- < A\, (M). The
Courant-Weyl inequalities compare eigenvalues of two Hermitian matrices

with their sum.

Theorem 2.4.8 (Courant-Weyl). Let My, My € M, (C) be Hermitian matri-

ces. Then
Ai(My + Ma) < A j(My) + Apj(Ma) for j =0,1,....n—1.

Proof. For a proof see [23, Theorem 4.3.1]. O

Lemma 2.4.9. Let M = (a;)nxn € My(R) be a real symmetric positive
semidefinite matriz. Suppose N is obtained from M by replacing one diagonal
element, say a;;, with an element b such that a;; > b. If det N > 0, then N

s a positive definite matriz.

Proof. Let €;; be the n x n matrix with 1 at the (7, j)™ place and zero else-

where. Then M = N + N’, where N’ = (a;; — b)e;;. Clearly, \(N') =
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<o = A1 (V') = 0 and A\, (N') = a;; — b. Since M is positive semidefinite,
0 < \M(M)<--- <\ (M). Taking ¢ = j = 1 in the Courant-Weyl inequali-
ties with M = N+ N, we obtain A\; (M) < Ao(N)+A,_1(N') = Xo(IN). Thus
0 < XA(N)<...<A(N). Asdet N =TI, \i(IV) > 0, N must be positive
definite. ]



Chapter 3

Graphical parking function

ideals and skeleton ideals

In this chapter we study the notion of k-skeleton ideals as introduced by
Dochtermann [14]. In particular we focus on the k-skeleton ideal for k = 1.
We show that for a (undirected) multigraph, number of standard monomials
of 1-skeleton ideal is always bigger than or equal to the determinant of trun-
cated signless Laplace matrix of the corresponding graph. Some of the results

in this chapter are based on a joint work with C. Kumar and G. Lather [33].

3.1 Graphical parking function ideals

For a directed graph GG, Postnikov and Shapiro associated a monomial ideal
Mg, and studied various algebraic and combinatorial properties of this ideal
[45]. In this thesis we consider only loopless undirected graphs. The ideals
Mg are called the G-parking function ideals (or the graphical parking func-
tion ideal for the graph G). Among others, they showed that the standard
monomials of Mg are given by the G-parking functions, which are a natural

generalization of the classical parking functions.

27
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Definition 3.1.1 (Parking function). [50] A sequence (pi,...,pn) of non-
negative integers is said to be a parking function of length n if a rearrange-
ment p, < .-+ < pg, satisfies pi; < j for 1 < j < n. Equivalently,
#i:pp<r}y>rforr=1,... n.

Example 3.1.2. The parking functions of length 2 are {(0,0),(0,1),(1,0)}.
The sequences (2,1,0) and (1,0, 1) are examples of parking functions of length

3. The sequence (1,1,1) is not a parking function.

Parking functions were introduced by Konheim and Weiss [26] in relation

to hashing problems.

Theorem 3.1.3. [26] The number of parking functions of length n is (n +
1)1t

Parking functions have appeared in many areas of mathematics. For more
on parking functions, we refer to [52,59]. One particular generalization of
the classical parking functions is the G-parking functions or the graphical
parking functions for a graph G.

Let G be a (multi)graph on the set of vertices V = {0,1,...,n} = {0} U
[n]. The vertex 0 is considered to be the root of the graph. The graph G is
determined by its adjacency matriz A(G) = [aijlo<ij<n. Given a graph G,
let E(i,j) be the set of edges between 7,5 € V. We assume E(i, j) = E(j,1)
and |E(i,j)| = a;; = aj; for all 4, j. We also assume that G is loopless, i.e.,
a; =0forallie V. For 0 #AC [n] ={1,2,...,n}, set da(i) = Xje1na aij,
for i € A. Then d; = d; (@) is the degree of the vertex i in G.

Definition 3.1.4 (G-parking function). For a graph G, a sequence
(p1, ..., pn) of nonnegative integers is called a G-parking function, if for any

nonempty subset A C {1,...,n}, there exists i € A such that p; < da(7).

Fix two nonnegative integers a and 0. Let Kzfl be the complete multi-

graph on the vertices 0,1, ..., n with edges (0,7), ¢ # 0, of multiplicity a and
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the edges (i,7), 1,7 # 0, of multiplicity b. For a = b = 1, the graph K, is
called the complete simple graph and is also denoted by K, ;. Note that if
G = K11, then the G-parking functions are the ordinary parking functions.
For a graph G, the set of all G-parking functions are denoted by PF(G). We
will also denote the set of all ordinary parking functions PF (K, 1) as PF,
in Chapter 4.

We now define the Laplace matrix and signless Laplace matrix of a graph.
Let Dg = diag|dy, ds, . .., d,] be the diagonal matrix of order n + 1, where d;
is the degree of the vertex i. The Laplace matrixz L and the signless Laplace

matriz Qg of G are given by
LG = DG - A(G) and QG’ = DG + A(G)

By deleting rows and columns corresponding to the root 0 from Lgs and
Qc, we respectively obtain truncated (or reduced) Laplace matriz L and
truncated (or reduced) signless Laplace matriz Qc of G. A spanning tree of
a graph G is a subgraph 7' C G such that the vertex set V(T') = V(G)
and 7" does not contain any cycle. The Matriz-Tree Theorem [50, Theorem
5.6.8] says that the number of spanning trees Ng of a graph G equals to
det Le;. Although L is obtained from L¢ by deleting the row and column
corresponding to root vertex, it is well known that the number Ng does not
depend on the vertex chosen. The number of G-parking functions are related

to L¢ by the following theorem:

Theorem 3.1.5. [16] The number of G-parking functions of a graph G is

given by det Le, the number of spanning trees of G.

Fix a field K. Let R = K|z, ..., z,]| be the polynomial ring on n variables.
Sometimes, we write R = R, to indicate the number of variables in the

polynomial ring. The G-parking function ideal is a monomial ideal in R,,.
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Definition 3.1.6 (G-parking function ideal). [45] For a graph G on the

vertex set V.= {0} U [n] the G-parking function ideal Mg in R is given by

i€A
Note that R/Mg is a finite dimensional vector space over the field K.
Also, a sequence p = (p1,...,pn) € N" is a G-parking function if xP =
[T, 2" is a standard monomial of R/M¢ (i.e., xP ¢ Mg). Postnikov and

Shapiro reproved Theorem 3.1.5 in an algebraic context.

Theorem 3.1.7. [45, Theorem 2.1] For a graph G on the vertex set V =

{0} U nl,

. R =
dlmK (W[G) = det LG = Ng.

Another important generalization of the parking function is the A-parking

function (or vector parking function) [17].

Definition 3.1.8 (\-parking function). Let A = (A, \a, ..., \,) € N" with
AL >Ny > - >N\, > 1. A finite sequence p = (p1,...,pn) € N" is called a
A-parking function if a non-decreasing rearrangement p;, < pj, < --- < pj,

of p satisfies pj, < An—it1 for all 1.

A parking function is a A-parking function for A = (n,n—1,n—2,...,1).
Let PF()) denote the set of A-parking functions. The number |PF(\)| can
be evaluated by the Steck determinant formula. For this, we first define the

j—itl

n x n Steck matrix A(\) whose (i, 7)™ entry is given by (jf;_ff)! ifi <j+1,
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and 0, otherwise (See [53]). In other words,

A Ay At AL
VR R SRR rriee s S
A2 A2 AT
L A o SRR (n721)! (nfll)!
)\H*S )\nf?
0 1 >\'n,— .. n—2 n—2
AN =AQL A A= (=3 2!
)\2
0 0 0 Ao 5
0 0 0 1 A

nxn

Theorem 3.1.9 (Steck). |PF ()| = nldet(A(N)).

Proof. A proof of the above theorem can be found in [28, Theorem 2.8]. [

Given A = (A1, Ag,..., \,) € N consider the monomial ideal M, =
(Tieaz)™ -0 # AC [n]) in R.
Proposition 3.1.10. The standard monomials of R/My are precisely the
A-parking functions for A = (A, Aay ..., An).

Proof. Let p = (p1,p2,--.,Pn) be such that xP is a standard monomial of
R/M,. For each ) # A C [n], there exists some i4 € A such that p;, < A4
Take A; = [n]. There exists j; € A; such that p;, < A,. Take Ay = A;\ {j1}.
There exists j, € Ay such that p;, < A,_;1. Continuing this way we see that

Pj; < An—it1 for 1 <4 <n. Thus p is a A-parking function. O

By Theorem 3.1.9, we have

m%<R):uwmﬂ:m@uMny

My
For particular values of A\, the numbers det(A()\)) are interesting. Let = be
a variable and b € N. Suppose f,,(z) = det(A(x + (n — 1)b,x + (n —

2)b,...,x + b,x)) and g,p(z) = det [A(z+b,z,...,2)|. The functions
—_———

n—1
fop(x) and g, () are polynomials in = of degree n.
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Lemma 3.1.11. g, () is a polynomial in x of degree n given by

2" (x + nb)

gmb(l') = n|

Proof. We prove this by induction on n, following the proof of [32, Proposi-
tion 2.1]. Consider the Steck determinant

$2 :1:3 xn—l on
T g = z
2 ;1;'"'*2 xnfl
! 2 (n=2)!  (n-1)!
g3 anT?
dn b(fE) = det 0 1 @ - (n=3)! (n—2)!
332
00 0 r 2
_O o O --.-. 1 T+ b_

nxn

x(x+2b) ‘

Clearly, gip(z) = o+ b and gop(x) = =5

Assume that g,,,(z) =
w for 1 < m < n. Let G; be the i column of the above matrix.
Then g,u(z) = det[Cy,...,Cn]. Now g ,(v) = XL, det[Cq,...,Cf, ..., Cpl,
where €} is the derivative of C; with respect to z. Since C, = C;_; for
i > 2, det[Cy,...,C},...,C] = 0 for i = 2,...,n. Hence, g,,(r) =
1

det[C], Co,...,C,]. Note that €} = | |. Therefore, expanding along the

0
first column we get g, ,(r) = det A()\l, .oy An—1), where \y = = + b and

Ai = x for 2 <4 <n—1. Hence, g, ,(z) = gn_15(7) = %. Since

2"~ (z4nb) ) []

9np(0) = 0, upon integrating, we have g,,,(x) = o

Lemma 3.1.12. [34, Proposition 2.5] f,,,(x) is a polynomial in x of degree

n given by ( o
x(x +nb)"~
n! ‘

fap(x) =
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Proof. We have f,(z) =z and fo,(z) = M Our proof is by induction

on n. Assume that f;,(x) = M

for j € [n—1] and for all z. Using the
properties of determinant we see that f) ,(z) = fu_14(x +b), where f] ,(z)

is the derivative of f,;(z). Hence, f, ,(z) = % Since f,,5(0) =0,

sty a

after integrating f, ,(r), we have f,,(r) =

The functions f,;(x) and g, (x) also enumerate standard monomials of
some G—parking function ideals for some particular values of z and b. For

G=K, +1, the complete multigraph on n + 1 vertices,

a,b
K’n,+1

_ R
dimg (M ) — |PF())|, (3.1)

for A\ = (a+ (n—1)b,a+ (n—2)b,...,a+b,a). Therefore, by Lemma 3.1.12,
dimK(R/MKzfl) = a(a + nb)"~!, which is equal to the number of spanning
trees of the complete multigraph Kfjfl. In fact, Gaydarov and Hopkins [17]
have completely characterized the overlap between G-parking functions and

A-parking functions. They have shown the following in [17, Theorem 2.5].

Theorem 3.1.13. A G-parking function is a \-parking function if and only
if one of the following holds:

e G is an a-tree and PF(G) = PF()), where A\ = (a,a,...,a) for some

a>1;

e G is an a-cycle and PF(G) = PF()), where A = (2a,a,...,a) for some
——

n—1

a>1;

o G= K" and PF(G) = PF()\), where A = (a+(n—1)b, a+(n—2)b, ..., a)

for some a,b > 1.

Here an a-tree is a tree where every edge has multiplicity a and similarly an

a-cycle is a cycle with multiplicity of each edge being a.
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3.2 Skeleton ideals and the inequality

The ideals Mg have connections to chip-firing on GG. Motivated by some
constructions in ‘hereditary set’ chip-firing, Dochtermann [14] introduced the
notion of k-skeleton ideals which are by definition subideals of the G-parking
function ideal M. Here we consider the graph G to be an undirected (multi)

graph but the definitions can be extended to directed graphs also.

Definition 3.2.1 (k-skeleton ideal). Let G be a graph on the vertex set
{0} U [n]. For an integer k with 0 < k < n — 1, the k-skeleton ideals M(Gk)

are given by

M = <mA: H:E?A(i) 10 #AC [n], |A §k+1>.
icA

For example, if G = Cj, the cycle graph on five vertices {0, 1,2, 3,4} and

k =1, then M(Cls) = (23,23, 22, 2%, 1179, Tow3, x374). Clearly, for k =n—1, we

get M(Gn = Mg. Thus the k-skeleton ideals are in fact a generalization of

the G-parking function ideals. For k£ = 0, the ideal M(C?) is generated by the

monomials z%

1)

where d; is the degree of the vertex ¢. The standard mono-

mials of R/ M(GO) are easy to describe. By definition they are the monomials

{ﬁxf‘z 0< o <d2}.
i=1

We proceed to study the standard monomials of R/Mg). Recall that
for kK = n — 1 the standard monomials are related to the truncated Laplace
matrix Lg. In fact, we have dimg (R/Mgf_l)) — det Lg (Theorem 3.1.7), for
any graph G. For one-skeleton ideals the truncated signless Laplace matrix
@G makes an appearance. Let G = K, 1, then the standard monomials of

R/ M%H and det Qg ,, are related in the following way [14, Corollary 3.4]:

Theorem 3.2.2. dimg (R/Mgﬂbﬂ) = det Qx, ., -
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One natural question to ask is what happens to the above equality if we

remove one edge from a complete graph. Let us look at some examples:

Example 3.2.3. Consider the graph Gy on the vertez set {0,1,2,3}, obtained
from the complete graph K, by removing the edge (2,3). The one-skeleton
ideal J\/[(Gll) = (23, 23, 22, 23wy, v3w3, 2222). By a simple calculation we see that

dimg (R/Mgf) = 9. The truncated signless Laplace matriz

31 1
Qey=11 2 0] .

1 0 2
3x3

with det Q;, = 8. Therefore, in this case we have dimg (R/Mgf) > det Q¢ -

Example 3.2.4. Let Gy be the graph on the vertex set {0,1,2,3} obtained
from the complete graph K, by removing the edge (0,3). We have M(Glz) =

(23, 23, 22, 2323, vixs, v3x3) with dimg (R/Mg;) =12 and

31 1
Qe =11 3 1]
11 2
3x3

with det Qg, = 12 = dimy (R/Mg)).
Dochtermann asked the following question.
Question 3.2.5. [14, Question 3.7] For any graph G is it true that
R ~
Mg

We show that the above inequality holds for any multigraph. For some
results related to when the equality might occur in Question 3.2.5, see Section

3.3.



36 3.2. Skeleton ideals and the inequality

Let n > 1 and M, (N) be the set of all n x n matrices over nonnegative

integers N. Let
S, ={H =[a;;] € M,(N): H" = H and a;; > max 4y, for 1 <i < n}.
JFi
For H = [a; j|nxn € Gn With o; = a;;, we associate a monomial ideal

In = <xf‘l,x?i_ai’jx?j_ai’j 1<i<n1<i<j< n>
in the polynomial ring R, = K[z, ... ,z,]. f H = Qc, the truncated signless
Laplace matrix of a multigraph G on V' = {0,1,...,n}, then gy = .M(Gl).
We will show that dimg(R,/Jy) > det H for every positive semidefinite
H € G,,. Therefore, as a corollary we get the inequality for any multigraph G.
The proof uses the Courant-Weyl inequalities (Theorem 2.4.8) and Fischer’s
inequality (Theorem 2.4.7).

Theorem 3.2.6. Let H € G,, be positive semidefinite and Jy be the mono-

mial ideal in the polynomial ring R = R,, associated to H. Then

dimg (R"> > det H.
du

Proof. We prove the theorem by induction on the order n of H. For n = 1,
H = [oq]1x1 and Jy = (21*), and thus dimg (R;/dy) = «y = det H. For

n =2,

(oA) 12 al—a az—a
H = and Jy = <£E‘1X1,£E§2,x11 12,02 1,2> C R,.

12 Qo
’ 2x2

The standard monomials of Jy are {x?mgQ (11 < aq, ty < ag and, either t; <

a; — a1 Or ty < a9 — ar}. Thus dimg (Re/dn) = anas — aiQ = det H.
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Assume that n > 3 and the theorem holds for every positive semidefinite
matrix in G, for m < n. Let H = [a; j|nxn € Gn; i = a;;, and max;zja; ; =
b. On permuting rows and columns of H, we obtain H' = [a;’j] € G, similar
to H such that there exists an integer r (0 < r <n — 2) satisfying a;,,; < b
and a;+17j =bforl <i<r+1<j<n. The monomial ideal Jg is obtained
from Jy by renumbering variables. Thus dimg (R,/dy) = dimg (R,/dn)
and det H = det H'. Hence, without loss of generality, assume that H = H’,
i.e., there exists r (0 < r < n — 2) such that a;,+1 < b and a,41; = b for
1 <i<r+1<j<n. Now consider the short exact sequence of K-vector

spaces,

r oo —b
Rn ettt R R
+1 n v n
: — =

0 - . Ocr+1—b ’ 3 Ocr+1—b
(HH . x'r—i—l ) H <3H7‘r7‘+1 >

— 0, (3.2)

where [h orya—b IS the map induced by multiplication by x;f‘fll_b and v is the

r+1
quotient map.

651 Qyro2 0 A1r41
a2 e%) o A2r41
Let H1 =
a1p41 G241 - b
L ’ 4 (r+1)x (r+1)

In other words, H; is the principal (r+1) x (r+1) submatrix of H consisting
of the first r+1 rows and columns except the entry .1, which is replaced by
b. Then Hy € G,41. If a1 = b in H, then Hy, being a principal submatrix

of H, is positive semidefinite. In any case, we see that

(HH : SC?ff_b) = <3H1,$lal_b r+2<I1< n>,
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where Jy, € R,y = Klzy,...,2,41]. Thus

dimg ( lin ;i;_ﬁl_b>) = dimg <};Zl> : (zll(al - b)) (3.3)

Let Hy be the (n—1) x (n— 1) submatrix of H obtained by deleting (r+ 1)

row and (r+1)" column. Since Hy € §G,,_; is positive semidefinite, the mono-
mial ideal g, C K|zq,...,Zp41,...,2,] = Ry_1 satisfies dimg(R,—1/dm,) >

det Hy, by induction assumption. Also, (Jy, xffll_b> = (HHQ,xfﬁl_b>. Thus

dimg % = (a1 — b) dimg (Rn_l> : (3.4)
<3H> l‘r:{ > 3H2

From (3.2), (3.3) and (3.4), we get

R, - . R, . R,
dimg <3H) = (lllz(ozl — b)) dimg ( 3;11> + (apyq — b) dimg < HH:) )
(3.5)

As determinant is linear on columns, writing o1 = (a,41 —b) + b in H, we

have

det H = (a1 — b)det Hy + det T, (3.6)

where T is the matrix obtained from H by replacing o, with b. On applying

elementary column and row operations, C, o0 — C,i1, Ry — Rypq, ..., Cp —
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Cry1, Ry — Ryyq on T, it reduces to a n x n matrix 7" described below

aq ce ai,r A1 r4+1 QA1 r42 —Alpr41 "0 G1lpn — A1 r41
a,r T Oy Qprr+1 Apred2 = Qrpegl 0 Gpn — Gprtd
a1,r4+1 s Appy1 b 0 L. 0
al,r+2 - al,rJrl e ar,r+2 - ar,rJrl 0 ar+2 - b Tt ar+2,n - b
L @1,n — Q1,741 e Qprn — Qrr41 0 Ar42.n — b T Qp — b |

Let € ; be the n x n matrix with 1 at (¢, j) place and zero elsewhere. Then
the matrix P = I,, — (€,41,42 + - - + €,41n) has determinant det P = 1 and
P'TP =T’ Thus detT = det T". Now we consider two cases:

Case I : detT < 0. Then from (3.6), det H < (a1 — b) det Hy. Thus by

induction assumption and (3.5), we get

det H S (Oér+1 — b) dlmK (f}nl) S dlmK <3Rn> .

Ho H

Case IT : detT > 0. If a,,1 = b, then H = T is positive definite. Otherwise,
H =T+5, where S = (41 —0)€r41,4+1. Clearly, \;(S) =--- = X1(5) =0
and \,(S) = a,41 — b. Since H is positive semidefinite, 0 < A\ (H) <
X(H) < --- < A\ (H). Taking i = j = 1 in the Courant-Weyl inequalities
with H = T + S, we obtain \(H) < M(T) + A—1(S) = A(T). Thus
0 < () <+ < N(T). AsdetT =TI, Mi(T) > 0, T must be positive
definite. Hence T = P!TP is also positive definite. Thus by Fischer’s
inequality,

det T = det T" < det(H,) det(C),

Qpyo — b .- Qr42n — b

where C' =

ar+27n_b an_b
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is positive definite. By Fischer’s inequality, det C' < ;L. 5(a; — b). Hence,

n

det(T) < ( I (w —b)) det(H,). (3.7)

l=r+2
From (3.6) and (3.7),

n

det H< | [] (cw—1b) | det Hy + (a1 — b) det Ho.
l=r+2
By (3.5) and induction assumption (7" positive definite implies so is H;), we

have

H l=r+42

dimyg (?") > ( 1T (o - b)) det Hy + (41 — b) det H,

> det H.

Corollary 3.2.7. Let G be a multigraph on V- ={0,1,...,n}. Then

R, ~

dim]K <(1)> Z det QG.
Mg

Proof. The matrix Qg is a diagonally dominant matrix, i.e, if Qg = [as ],

then a;; > >, |a;;| for each i. By Gersgorin disc theorem ( [23, Theo-

rem 6.1.1]), Q¢ is a positive semidefinite matrix. Thus, taking H = Q¢ in

Theorem 3.2.6 we get our result. O]

Remark 1. [t is natural to ask whether the condition in Theorem 3.2.6 is also
necessary, i.e., if H € G, such that dimg(R,,/Jy) > det H implies H must
be positive semidefinite. As we always have dimg(R,/dy) > 0, the answer
to this question is obviously no if we take some H € G,, for which det H < 0.

But in Example 3.2.8 below we provide a matriz H € G,, such that H is not
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positive semidefinite but dimg(R,/dy) > det H > 0. In Ezample 3.2.9 we
give an example of a matrix H in G,, for which det H > dimg(R,,/dn) > 0.
By the above theorem this matrix is not positive semidefinite, which can also

be checked by showing that it has a negative eigenvalue.

Example 3.2.8. Consider the matriz

11 1 2 8 6 4

1 10 5 7 1 9

2 5 10 8 7 1
H =

8 7 8 9 5 2

6 1 7 5 10 1

4 9 1 2 1 10

- - 6x6

Using Macaulay2 [19] we can check that dimg(R,/dny) = 11301 > 2868 =
det H. If f(z) is the characteristic polynomial of H, then f(0) > 0, while
f(=1) < 0. So, H is not positive semidefinite.

Example 3.2.9. Let

11 10 2 8 6 4

1010 9 7 9 9

2 9 10 8 7 8
H =

8 7 8 9 5 2

6 9 7 510 9

4 9 8 2 9 10

- - 6x6

Again calculations using Macaulay2 [19] show that det H = 19216 > 355 =
dimg(R,,/dw). Also the matriz has an eigenvalue in the interval (—2,0).

Consequently, H is not a positive semidefinite matriz.
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3.3 The equality condition

In this section we consider the graphs G such that dimg(R/ Mg)) = det Qq.
We give some examples of family of graphs GG for which the above equality
holds. Moreover, we characterize all subgraphs of Ksil, in particular all
simple graphs G which satisfies dimg (R/MY) = det Q.

Recall that for A = (A, Aa,...,\,) € N" we have defined M, =
<(Hi€A z) A )£ AC [n]> in the polynomial ring R = K[z1,...,z,]. The
standard monomials of R/M, are all the A-parking functions. By defini-
tion, M(IQIH = M, for A = (n,n—1,...,n — 1) and M(Igb = M, for
A=(a+(n—1)ba+ (n—2)b,...,a+ (n—2)b).

n+1

We can easily see that det <@K¢zf1> = (a+ (n —2)b)" Ya + (2n — 2)b).

Consequently, using Lemma 3.1.11 we have,

dimg — (n!)gns(a+ (n — 2)b) = det (@Ka,b

n+1

) . (38)
In case a = b =1, i.e., for the complete simple graph K, .; we have

dimg (f)) = (n)gn1(n —1) = (n— 1)"'(2n — 1) = det (Qx, ., )
Kni1
as shown also in Theorem 3.2.2.

We have seen that dimg (J‘@) = det (@G) in case GG is the complete
simple graph or the complete multigraph. We show next that the equality in
(3.8) also holds if we delete some edges through the root 0 from a complete
multigraph K,‘i’_tl. We first check this for such simple graphs.

More precisely, let 0 < r < n and G,,, be the graph obtained from K, _;
by deleting exactly r edges through the root 0. We have G, g = K, +1. On

renumbering vertices, we assume that the deleted edges are between 0 and
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tforn—r+1 < i < n We proceed to verify that dimg (R/M(Glir) =
det (@Gn,r) *
Let a be a fixed positive integer and let w be a weight function (depending

on r € [0,n]) given by

a if 7€ {n—r,
w(i) = €| |

a—1 if ien]\[n—r].

Let I3 be a monomial ideal in R, = K[z1,...,z,] given by

1) = (289 20120 e o] and i 45

Clearly, I{ = MY .

b
Lemma 3.3.1. Let r > 1. Then (I}f}ﬁ_l ; xn_rﬂ) = I!% and there exists a

n,r

short exact sequence of R = R,, modules (or K-vector spaces)

Rn Koy pyq Rn v Rn
0 T aE @ = T -0, (3.9)
In,r In,'r—l <In,r—17 $n—r+1>

where iz, .., 15 the map induced by multiplication by x,_,41 and v is the

natural projection.

o= given by fi, ., (f) =

T; (Iﬁ,l : xn—r+1) = LS“Z

and this produces the short exact sequence in (3.9). O

Proof. Consider the map p,, .., : R, —
l'n—r-i-lf + 1736271 for f € Rn Then ker;uzn_r+1

Lemma 3.3.2. Letr > 1. Then

Rn Rn . RTL—
dim]K <<a>> = dlmK T — dlmK @ ! .
[”:7“ In,'r—l In—l,r—l

Proof. We see that <],<fr>,1,:cn_,,+1> = <]<0f72,$n—r+1>- Also, <I<Rn> ~

n (l>
n,r Tn—r+1
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n—1

1<§> as K-vector spaces. From the short exact sequence of K-vector spaces

n—1,r—1

(3.9), we have

: R, . R, . R,
dimg <I<a>> = dimg <I<a> ) — dimg (<I<a> >)
n,r n,r—1 n,r—1s Tn—r+1
) — dlmK (5;1) .
Infl,rfl

Lemma 3.3.3. (i) dimg (Rg ) =(a—1)"a+ (n—1)).

(ii) For 0 <r <n,

dimy (f{‘) _ g(—w’@ (a—1)" a4+ (n—i—1)

Proof. We have I,% = (¢, (z2;)* ' 14,7 € [n]; i # 7). Thus dimg (ﬁ%) is
equal to the number of A-parking functions for A = (a,a—1,...,a—1) € N".

Here A = (x + 1,z,...,x) for = a — 1 and b = 1. Therefore,

dimy (IR") — nldet (AQ\) = (n)gn(a — 1)

(a)
n,0

=(a—1)""a+n—-1) (by Lemma 3.1.11).

This proves (i).
We shall prove (ii) by induction on 7.
For r = 0, it follows from (i).

Assume r > 1. We have

Rn Rn . Rn—
dlmK - :dlm]K — —dlm]K ail .
(a) (a) (a)
1”77’ In,'r—l In—l,r—l

Suppose 0;(z) = z!~'(x +1). Then by induction assumption, for n > r > 1,
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we have
d R ) Ny <7“_ 1)9 (a—1) and
1M p = — n—ilad — aln
Ifz,ﬁ—l 1=0 t
R, _ =1 -1
dlmK( (@ : ) = (—1)Z<r >9n—1—i(a— 1)
n—1,r—1 =0 !
T r—1
= 1)t On_i(a —1).
>0 () )t
Thus,

Remark 2. Note that Ifl“)l = ]é‘fo_w fora > 2. Thus we obtain an interesting

combinatorial identity:

(a—2)"Ya+(n—2)) = zn:(—l)i <n> (a—1)""Ya+(n—i—1)) for n>2.

i=0 v

Being a polynomial identity in a, it is valid for all a € R.

Proposition 3.3.4. dimg (J\ﬁ’;) = det (@Gm).

Gn,r

Proof. The determinant of the truncated signless Laplace matrix @Gm of
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G, is given by
det (Qq,, ) = (n—1)" " (n =2 [(2n — 1)(n - 2) +7]. (3.10)

Indeed, on applying the column operation C; + (C + --- + C,,) on @Gm
followed by the row operations Ry — Ry, Rz — Ry, ..., R, — Ry, QGM reduces

to the matrix

on—1 1 ... 1 1 1]

0 n-1 0 0 0

0 0 n—1 0 0 ,
10 0 n-2 0
10 0 0 n—2

- - nXn

where the diagonal elements n — 2 appear in last » rows. Now expanding the
determinant along the first column, we get (3.10).

Also, I = MST)” and from Lemma 3.3.3, we have

’ n,r

. R,
dlmK ((1))
MG’IL,T‘

=S () -0 - -
(=1 20— 1) {i(—l)i <7“> (n— 1>H}

i=0 5

# -1 e (i -y,

i=0 ¢
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Adding up we get,

. Rn n—r—1 r—1
dimy (ngm) =(n-1) (n—2)"[2n—1)(n—2) + 7]

= det (QG%T) .

We now proceed to generalize Proposition 3.3.4 to multigraphs.

Theorem 3.3.5. Let G be a multigraph on V- ={0,1,...,n} obtained from
the complete multigraph Kgfl by deleting some edges through the root 0.
Then

. Rn A
dlmK (J\/[:(Gl)> = det QG- (311)

Proof. We shall prove this theorem by induction on n. For n = 1, G =
K3 for some a > 0. Then Mg) = (2%) C Ry and Qg = [a] and hence
0 a1 ao

(3.11) holds. For n = 2, the adjacency matrix A(G) = |a; 0 b for

a9 b 0 333
X
some ai,as; < a and b > 1. Then M(Gl) = <x?1+b,x§2+b,x‘1“:c‘2”> and Q¢ =
ay +b b -
'  Again, dimg (Ro/M) = (a1+b)(az+b) —b* = det Qc
b a9 + b 9%2
X

shows that (3.11) holds.

By induction assumption, suppose the theorem holds for multigraphs on the
vertex set {0, 1,...,m}; m < n, obtained from Kfﬁgil by deleting some edges
through the root 0 for any a,b > 1. Let n > 3 and G be a multigraph on
V =4{0,1,...,n} obtained from KZ’fl by deleting some edges through the
root 0. The adjacency matrix A(G) = [ai](nt1)x(nt1) of G is of the form
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ag; = ajp = a; < a and a;; = b for 4, j € [n] with i # j. Then

M(l) — <x?l+(n_1)b’I.?i+("_2)bx;j+(”*2)b 1< [ <n, 1< <] < n> )

Let eg be a fixed edge from 0 to j in G (1 < j < n). Consider the multigraph
G1 = G — ¢y obtained from G by deleting the edge ey. We see that M(Gll) =

(M(Gl) : xj) and the sequence of K-vector spaces

5 Rn llw]-\ Rn L) Rn
1 ’ 1 1
MG MY (M)

—0 (3.12)

is short exact, where as before p,, is the map induced by multiplication by
x; and v is the quotient map. Let G2 be a multigraph on the vertex set

V\ {j} with adjacency matrix A(Gs) = [a§§>}0< i a@ =a,+ba? =0
S

for r,s € [n]\ {j},  # s. Then, writing R,,_1 = K[z1,...,%;,...,x,] for the

polynomial ring over K in n — 1 variables x1,..., 21,241, ..., Ty, We have

R, R,
W ()

~Y

Thus from the short exact sequence (3.12), we get

dimg <(1)> = dimg —o |t dimg (1)1 : (3.13)
MG MGl MGQ

As determinant is linear on columns, we have

det (Qg) = det (@Gl) + det (@Gg) . (3.14)

By induction assumption, dimg (%) = det (@GQ). Thus from (3.13) and

Ga
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(3.14), we see that

R, ~ ] R, -
dimg <M(Gl)> = det (QG) <— dimg (M&)) = det (le) :

In other words, if the theorem holds for a multigraph G on V' then it also

holds for the multigraph G; = G\ ey, and vice-versa. Since

: R,
dimg VO = (nhgn(a+ (n —2)b)

a,b
Kn+1

= (a+ (n—2)b)" *(a+ (2n — 2)b)
= det (@Ka,b ) ,

n+1

we see that (3.11) holds for G by deleting edges through the root from Kﬁ’l,

one by one. O]

We now describe an easy extension of Theorem 3.3.5. Let Ez denote
the complete multigraph on vertex set {1,2,...,n}, i.e., between any two
vertices of fiﬁ there are exactly b edges. For a graph G and W C V(G), the
induced subgraph of G on the vertex set W, denoted by Gy, is the graph
whose edge set consists of all the edges in G that have both endpoints in W.

Proposition 3.3.6. Let G be a multigraph on'V = {0,1,...,n} and G = Gy
be the induced subgraph of G, where V' = [n]. Suppose G = flel LIE;?2 LU
Klr. Then dimg (R/MY)) = det Q.

Proof. Without loss of generality, suppose we can partition [n] = V; U V5 U
-+~ UV, such that Gy, 2 K% for 1 <i < r. Then the graphs G; = Gy,uq0)
are obtained from complete multigraphs KZiJ% for some a; > 0, by deleting

some edges through the root 0. Consequently, Mg) =3 MSBR such that

dlm]K <(1)> = H dlmK T .
MG =1 MGl
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We see that the truncated signless Laplace matrix of G is a block diagonal
matrix )

Qe

~ Qa,

Qa,

nxn

Therefore,

det @G = H det @Gi'
i=1

Since by Theorem 3.3.5, dimg (R, /Mg}) = det Qg , for each i, we see that
dimg (R/MS)) = det Q. 0

Recall that in Section 3.2 we have defined a monomial ideal Jy for every
H € G,. Let G be a graph on the vertex set {0,1,...,n}. If we take H = Qg,

then Jg = Mg). The following theorem is a generalization of Theorem 3.3.5.

agr b b - b
b ay; b --- b
Theorem 3.3.7. Let H = |b b a3 --- b be a matriz over non-
b b b - a,
4 nXxXn

negative integers such that a; >b for1<i<mn. Then
R,

dimg () — det H.
dn

Proof. We prove this by induction on n. For n = 2, the matrix H =

a
! and the ideal Jy = <:17‘1“,x§2, x‘fl_bxgrb>. Thus dimg (Ry/dy) =
b a9

2x2
aiay — b? = det H.

Suppose n > 3 and the theorem is true for any m with m < n. If b =0,

then gy = (x{":1<i<n). Thus dimg(R,/dn) = [Il-;a; = det H. If
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a; = b for each 7, then dimg(R,/Jy) = 0 = det H. Hence, without loss
of generality, assume that a; > b > 0. Let r = a; — b > 0. The ideal
Iy = <x?l,x?"_bx?j_b 1<1<n, 1<i<j< n>

Let H, = diag[b,as — b,ag — b,...,a, — b] be the n x n diagonal
matrix and Hs be the matrix obtained from H by deleting row R; and
column €;. We see that (Jy:2}) = Jp, and (Ju,z]) = (Iu,, 7).
Therefore, dimg(R,/(Jg :}])) = dimg(R,/dm,) = det H;. Moreover,
dimg (R, / (Ju,2})) = rdimg(R,_1/du,) = rdet Hy (by induction hypoth-

esis). Consider the short exact sequence of K-vector spaces,
R, Har Ry,

v R’I’L
0=+ — —z—> — 0, (3.15)

(Fu = 2h) Iu (Jm, x7)

where g, is the map induced by multiplication by z7 and v is the nat-
ural quotient map. We have, dimg(R,/dy) = dimg(R,/ (g : 7)) +
dimg(R,/ (Ju,2})) = dimg(R,/du,) + rdimg(R,—1/dm,). Hence,

dimg (R, /dy) = det Hy + r det H.

Writing a; = b+ r and using the additivity property of the determinant,
we see that det H = rdet Hy + det A, where A is the matrix obtained from
H by replacing the element a; with b. On applying elementary column and
row operations, Co — C1, Ry — Ry, ..., C, — C1, R, — Ry on A, it reduces to
the matrix Hy. Thus, det A = det H;. Hence, dimg(R,,/Jy) = det H.

O
The following theorem is a generalization of Theorem 3.3.7.
-az 1 bz bz ]
bi aip - b
Theorem 3.3.8. Let H; = | ) ‘ ' with oy ; > b; and A,
b; b, - O n;

- = Nn; XNy
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be the n; x n; matriz with all entries equal to d;. Consider the matriz

Hl Al A2 Ar—l
A, H, A, Ay

H=1 A, Ay Hy - Ay (3.16)
R L S

with by > dy, b; > d;—1 for2 <i <r,andd; > d;11 for1 <i <r—2. Assume
that o j, b; and d; are all nonnegative integers. Suppose n = >7;_ n;. Then

Proof. If n = 2, then we see that dimg(R2/dy) = det H. We prove the
theorem by induction on the order n of H. Assume that n > 3 and the
theorem holds for every m x m matrix of the above form for m < n. The
monomial ideal Jg is generated by the following monomials
J:z;-’jzlgigr, 1<j<n;,
xz;’“_bixzfj“_bi 1<i<r, 1<u<wv<n,,

as,w_dt—l atal_dtfl .
S, W xt,l 01

IN
IN

x s<r—1,1<w<n,, s+1<t<r, 1<I<n,.

We now divide the proof into two cases:
Case I : n, = 1. Let By be the matrix obtained from H by deleting the row
and column containing the diagonal element «,.; and By be an (n—1) x (n—1)
matrix whose all entries are d,_;. Let B3 = B; — By. We see that the ideals
(@ s ami™ ) = (@) and (@l ) = (@p a7yt ") By

induction hypothesis,

R, R,_
dimg < 1) =det By and dimg < 1) = det B;.
JB, B
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ThUS, dlmK (Rn/(HH : l‘zrl’l_dril)> = dr—l dimK(Rn_l/HBB) = dr—l det Bg.
Moreover, dimg (Rn/ <3H,xfffrd’“_1>) = (ap1 — dyp—1) dimg(R,-1/d5,) =

(a1 — dy—1) det By. Using the short exact sequence of K-vector spaces

Hoay1—d,_
Rn zr,?l T Rn Rn
. O‘r,lfdrfl 3 — a'r,lfd'rfl
du .} H du, v,

0— — 0,

we get dimg (R, /dgy) = d,—1det By + (a1 — dy—1)det By. As determinant
is linear on columns, writing o1 = (o1 — d,—1) + d,—1, we have det H =
(a1 — dy—1) det By + det By, where By is the matrix obtained from H by
replacing the diagonal element o, ; with d,_;. Applying elementary column
and row operations, C; — C,,R; — R,,,...,Cr1 — C,,R_1 — R, on By, we
get det By = d,_; det Bs. Consequently, dimg(R,,/dy) = det H.

Case II : n, > 2. Let Bs be the matrix obtained from H by first delet-
ing rows and columns containing the diagonal elements a1, a2, ...,y —1
and then replacing the diagonal element c, ,, with b,. Hence, Bs is an
(n+1—mn,) x (n+1—mn,) matrix. Note that the ideal (HH ; xm:r—br> —
<3 35,1'?‘31_17’",... xa“"’“’l_b">. By induction hypothesis, we observe that

y HMrng—1

dimg (Ry41-n,/dB;) = det Bs. Thus

RTL nr_l . RTL —n
dimg (<3 : ar,nrbr)) = ( H (i — br)> dimg ( 3—5-1 r)
H ' Trn, i=1 Bs

ny—1

= ( I (i — br)> det Bs.

i=1

Let Bg be the (n — 1) X (n — 1) matrix obtained from H by deleting
the row and column containing the diagonal element «;., . We see that

(3,255 70) = (Fpy, w5 ™). Also, dimg (Ry,_1/dp,) = det By (by induc-



54 3.3. The equality condition

tion hypothesis). Thus

dimg }jfn = | = (@n, —b,) dimg (Rn_1>
<3H7x7",7"irr > 836

= (ayp, — b,) det Bg.

Now using the short exact sequence of K-vector spaces

R, Hoormr=br R R,
. Qr ngp —b, 8 - ar,nrfbr
3H . l"r"n,,. H gH) fL‘r,nr

0—

— 0,

we get dimy (R, /n) = (IT21 " (i — by)) det Bs+ (v, —b,) det Bs. Writing
Q. = (Qrp, — br) + b, and using the additivity property of the determinant
we see that det H = (a,,, — b,)det Bg + det By, where By is the matrix
obtained from H by replacing the diagonal element «, ,, with b,. Applying
the elementary column and row operations, €; — C,, R, — R, for n — n, <
i < n on B, we get, det B; = (H?;fl(am — br)> det B5. Consequently,
dimg(R,/dy) = det H. O

Definition 3.3.9. Let Gy be a multigraph on the vertex set {0,1,...,n} and
Gy be a multigraph on the vertex set {0,1,...,m}. Let d be a nonnegative
integer. Define the graph G1x4Gs on the vertex set {0,1,... ,n,n+1,... , n+
m} as follows. If 1 < i,j < n then the number of edges between i and j in
G is same as the number of edges between i and j in Gy. If i,5 > n+1 then
the number of edges between i and j in G is same as the number of edges
between v — n and j —n in Go. For 1 <1 < n the number of edges between
0 and i in G is same as the number of edges between 0 and i in G,. For
j > mn+1 the number of edges between 0 and j in G is same as the number
of edges between 0 and j —n in Gy. For each 1 <i<n andj>n+1 the

number edges between v and j is exactly d.

Example 3.3.10. We give an example of the graphs constructed above in
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Figure 3.1.
1 2 1 2 L 2
*1 = 3 4
0 0
0
G, G G1 1 Go

Figure 3.1: Gy %4 G5 for d = 1.

Corollary 3.3.11. Let G; be a multigraph on the vertex set {0,1,...,n;}
obtained from a complete multigraph Kf{lfl by removing some edges through
the root 0, where 1 < i < r. Suppose n = >I_n;. Let G = ((--- (Gy *q,
Go)*ay- + *a,_,Gr_1)*q,_, G,) be the multigraph on the vertex set {0,1,...,n},
where dy > dy > --- > d,._1 are nonnegative integers, by > dy, and b; > d; 4

for2 <i<r. Then dimK(Rn/Mg)) = det Q.

Proof. The truncated signless Laplacian Q¢ of the graph G is a matrix of
the form (3.16). Taking H = Q¢ in Theorem 3.3.8 we get our result. O

Lemma 3.3.12. Let G be a multigraph on {0,1,. ...t} and G be the induced
subgraph on the vertex set [t]. Suppose the connected components of G are
Gh,...,G, with |V;| = t;, where V; = V(G;) for 1 < i < r. Consider the
induced subgraphs G; = Gvy,u0y of G. We have, dimK(Rt/Mg)) = det Qg if
and only if dimK(Rti/Mgi)) = det QG@- for1 <i<r.

Proof. We see that the ideal MY = 7, Mg) such that dimg(R/MY)) =
[T,_, dimg (R, /Mg)) Also, the truncated signless Laplace matrix Qg is a
block-diagonal matrix with blocks being the truncated signless Laplace ma-
trices of the graphs G;. Therefore, det Qc = [T;_, det @G By Theorem 3.2.6,
dimg (R;,/M5)) > det Qg, for 1 < i < r. Hence, dimg(R,/ME) = det Qg if
and only if dimK(Rti/M(Gli)) = det Qg, for 1 <i <r. O
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Next we proceed to give some necessary condition for a multigraph G to
satisfy dimK(ML;) = det @G. Consequently we characterize all simple graphs
G for which the equality between the number of standard monomials of the 1-
skeleton ideal and the determinant of the truncated signless Laplace matrix

holds. In order prove these results we introduce the notion of essentially

connected subgraph of a multigraph below.

Definition 3.3.13. Let G be a multigraph on the vertex set {0,1,...,t} and
G be the induced subgraph of G on the vertex set {1,...,t}. If Gy is a con-
nected component of G with vertex set Vi, then we call the induced subgraph
G1 = Gy,uq0y of G an essentially connected component of G. Moreover, if G

is connected, we say that G is essentially connected.

Remark 3. We see that a connected graph on vertex set {0,1,...,n} may
not be essentially connected. Further, an essentially connected graph may
not be connected also. For example, let G be a simple graph on the vertex set
{0, 1,2} obtained from the complete simple graph K3 by removing all the edges
attached to the root 0. Clearly, G is essentially connected but not connected.
Howewver, an essentially connected multigraph G is connected if and only if

G has at least one edge attached to the root 0.

Now we proceed to give the necessary condition for a graph G in terms
of its essentially connected components. In order to do so we first prove
analogous result for positive semidefinite matrices H and the monomial ideal

du induced by H.

Discussion 3.3.14. Notice that by Lemma 3.3.12, to check whether for
a multigraph G the equality dimK(R/M(Gl)) = det Q¢ holds, it is enough
to check this for its essentially connected components. Suppose G is an
essentially connected multigraph on the vertex set {0, 1,...,t}. Consider the

induced subgraph G = Gq,..1y- Find two vertices in G such that the number
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of edges between them is maximum among the number of edges between any
pair of vertices of G. Rename these two vertices as 1 and 2. Suppose there
are b edges between them. Now find some i € V(G), if it exists, such that
i ¢ {1,2} and there are b edges from i to both the vertices 1 and 2. Rename
the vertex 7 as 3 and continue this way to find a maximal clique (a complete

multigraph) on the vertex set (say) {1,2,...,n} having b edges between any

two vertices. Then, the truncated signless Laplace matrix of G will be of the

form
ap v b b d1,1 d1,2 ce dl,m
b o Qg b dn—l,l dn—l,Q te dn—l,m
~ b - b a, dp,1 dpo - dpym
H = QG = )

d1,1 s dnfl,l dn,l B C1,2 T Ci,m
d1,2 s dn71,2 dn,2 C1,2 B2 ce Com
dl,m e dn—l,m dn,m Cim Ca,m e Bm

L dixt

(3.17)

where n +m = t with n > 2. If t = n, then dimK(Rn/M(Gl)) = det Q¢
by Theorem 3.3.7. Therefore, we may assume that m > 1. Note that if
a; = a; = b for some i # j, then the two vertices ¢ and j will form a
connected component of G and hence G will not be essentially connected.
Similarly, for ¢ # j we cannot have §; = ¢;; = B or oy = d,;; = ;. Also,
if for some 1 < j < m, d;; = b for each 1 < ¢ < n, then the set of vertices
{1,...,n} will not form a maximal clique.

More precisely, the matrix H given in (3.17) satisfies the following con-
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ditions.

For each i € [n)and j € [m], a; >b>1, b>d; ; >0, ; > 1, and §; > d; ;.

(3.18)

For each i € [m], k € [m],and r <i < j, B; > ¢ j, Bi > ¢ri and b > ¢; . (3.19)

For each i,j € [n] and i # j, either a; > b or oj > b. (3.20)
For each i,j € [m] and i # j, either 3; > ¢; ; or 5; > ¢; ;. (3.21)
For each i € [n] and j € [m], either oy > d; ; or B; > d; ;. (3.22)
For each j € [m], there exists some i € [n] such that b # d; ;. (3.23)

Our aim is to prove the following theorem. The proof uses Fischer’s

inequality (Theorem 2.4.7).

Theorem 3.3.15. Consider the matrix H given in (3.17). Assume that H
satisfies the conditions (3.18) to (3.23). Suppose H is a positive semidefinite
matriz. If dimg(R;/Jp) = det H, then for each 1 <1 <m we have d,; = d,

for1<r,s <n.

Proof. 1f possible, let d,; # d,; for some [. Without loss of generality, assume

that [ =1, i.e., d.1 # ds for some 1 <r < s <n. We first show that

a; > b for all i € [n]. (3.24)

If possible, let o; = b for some i € [n]. Without loss of generality, let a,, = b.
Then, a; > b for each i < n (by the condition (3.20)). Moreover, the ideal
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du is generated by the following monomials

a;—b
7

20l oyl 1<i<n, jem),

—dn,j

ah iy € ),

v

i Bi—ci s
, .

i myﬁj i)
j :

. , , Dn—1)x(n-1 ‘ 0
Consider the block-diagonal matrix H; = ,
0 ‘ Alm41)x(m+1)
where the matrix D = diagla; — b,ae — b,..., -1 — b] is diagonal and

the matrix A is obtained from H by deleting the rows and columns
R1,Cr, oo, Rp—1,C1. We see that the ideal Jy, = Jy. We also have
dimg (R;/dn) > 0 because of the conditions (3.18), (3.20) to (3.22). Thus
det H > 0 and hence, H is a positive definite matrix. Applying elementary
column and row operations €¢; — C,,R1 — R,,,...,.C_1 — C,,R,,_1 — R,, on

H we see that the reduced matrix

a; —b 0 0 di,1 —dn,1 di2 —dp2 o dim —dpm
0 an—1—0>b 0 dnfl,l *dn,l dnfl,Q *dn,Q dnfl,m *dn,m
0 0 b dn,l dn,2 dn,m
dij1—dna1 - dpn—1,1—dn dn,1 B1 c1,2 C1,m
dio—dn2 -+ dn12—dn2 dna2 c1,2 B2 e c2,m
_dl,m - dn,m c dnfl,m - dn,m dn,m Cl,m C2m T Bm ]

is a positive definite matrix, by Lemma 2.4.5. By our assumption, d,; # ds.
for some 1 < r < s < n, we see that det H; > det H by Fischer’s inequality.
The matrix A is also positive definite, since H is positive definite. Hence, H;
is a positive definite matrix because o; > b for each i < n. By Theorem 3.2.6,
dimg(R¢/dp,) > det Hy. Thus dimg(R;/dp) = dimg(R;/Jn,) > det Hy >
det H, a contradiction. Therefore, the matrix H given in (3.17) satisfies the
condition (3.24).
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Next we claim the following.
For each j € [m], either 8; > d,,; or b > d, ;. (3.25)

On the contrary, let §; = b = d,; for some j € [m]|. Without loss of
generality, assume that j = 1, i.e., 81 = b = d,,;. Then, the ideal gy is
generated by the following monomials

iy 1< i <, j € [m],

xqi_b q]-—b

ahym T i1 <i<j <,

ai—d;j  Bj—dij
i Y;

1 <i<n, jem,
yfiici’jyfrci’j 1<i< i <m.
Let Hs be the matrix obtained from H by replacing the diagonal element «,

with «,, — b and all other element of R,, and C,, with zero, i.e.,

o e b 0 dy 4 dip - dim
b s Oy 0 dnfl,l dn71,2 ce dnfl,m
0 cee 0 a, —b 0 0 s 0
H2 -
dig - dp_1a 0 b Clg 0 Cim
d1,2 ce dnfl,Z 0 C1,2 B e Ca,m
dl,m Tt dn—l,m 0 Cim Com e Bm
L dext

Then, Jy = du,. We have dimg (R;/dy) > 0 because of the conditions (3.18),
(3.20) to (3.22). Thus det H > 0 and hence, H is a positive definite matrix.

Applying elementary column and row operations C, — €, 1 and R, — R, 11
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on H we see that the reduced matrix

o1 - b b—dia dq1 dq,2 " d1,m
b - Q1 b—dp-11 dp—11  dp—12 - dp—1,m
b—dig -+ b—dp-1, anp —b 0 dpo—c12 -+ dpm —Cim
dig 0 dpo1 0 b 1,2 e C1,m
dip - dp-1p2 dp2—c12  cCi12 B2 e C2,m
dl,m te dn—l,m dn,m —Clm  Clm C2.m ce Brm

o - txt

is a positive definite matrix, by Lemma 2.4.5. Because of the condition
(3.23) we have b # d; 1, for some 1 < i < n. Therefore, det H < det Hy by
Fischer’s inequality. Since a,, > b and H is a positive definite matrix, H,
is also positive definite. By Theorem 3.2.6, dimg(R;/dp,) > det Hy. Thus,
dimg(R;/dpn) > det H, a contradiction. Hence, the matrix H given in (3.17)
also satisfies condition (3.25).

The ideal Jg is generated by the monomials

iy i€ [n), g € [,

zf‘i*bx?]’_b D 1<i<j<n,
iy e n), € [m),
yfi_ci‘jyfj_ci’j c1<i<ji<m.
. . . Din1)x(n-1) ‘ 0
Consider the block-diagonal matrix Hs = — ,
0 ‘ Alm41)x(m+1)
where the matrix D = diagla; — b,ae — b,..., 1 — b] is diagonal and

the matrix A is obtained from H by deleting the rows and columns
Ri,C1,...,R,-1,C,_1 and then replacing the element «a, with b. We see
that (Jg : 227°) = Jp,. Let Hy be the matrix obtained from H by replacing
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the diagonal element «,, with «a,, — b and every other elements in R,, and €,

with zero, i.e.,

ap e b 0 dy 4 dio - dim
b HRR € 77 | 0 dn—l,l dn—1,2 Tt dn—l,m
0 cee 0 a, —b 0 0 s 0
H4 -
d1,1 ce dnfl,l 0 B C1,2 T Ci,m
d1,2 s dn71,2 0 C1,2 B T Cam
dl,m T dn—l,m 0 Ci,m Co.m e 5m
L dxt

We have Jp, = <3 H,Ton™ b> Now, from the short exact sequence of K-vector
spaces,
Rt Hz%"_b\ Rt Rt

7

(@ 200 In (G zanb)

0— _>07

we have dimg(R;/dgy) = dimg(R:/du,) + dimg(R:/Jm,). Also, writing
an, = (a, — b) + b and using the additivity property of the determinant,
we get det H = det H4 + det B, where B is obtained from the matrix H by
replacing o, with b. The matrix H, is positive semidefinite since H is pos-
itive semidefinite and «,, > b. By Theorem 3.2.6, dimg(R;/Jn,) > det Hy.
We also have dimg(R;/dn,) > 0 because of the conditions (3.18), (3.21),
(3.24) and (3.25). Since dimg(R;/dy) = det H we must have det B > 0. By
Lemma 2.4.9, B is a positive definite matrix since a,, > b and H is a posi-

tive semidefinite matrix . Applying elementary column and row operations

Ci—C,, R —R,,...,C1 —Cp,R_1 — R, on B we see that the reduced
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matrix
[ a1 0 0 di1,1 —dn dip—dnz - dim—dnm |
0 an—1—0b 0 dn-11—dn,1 dn—12—dn2 - dn—1,m —dnm
0 0 b dn,1 dn,2 dn,m
dij1—dn1 o dn—1,1—dn1 dnj B1 c1,2 Cl,m
di2—dn2 -+ dn—12—dn2 dn2 c1,2 B2 e c2,m
_dl,m - dn,m e dnfl,m - dn,m dn,m Cl,m c2.m e ﬁm ]

is a positive definite matrix, by Lemma 2.4.5. Since d,; # d,; for some
1 <r < s < n, we have det B < det Hs, by Fischer’s inequality. The matrix
Hj is positive definite since B is a positive definite matrix and «; > b for 1 <
i < n. By Theorem 3.2.6, dimg(R;/dm,) > det Hs. Thus, dimg(R:/dn) >
det Hs + det Hy; > det B + det Hy = det H, a contradiction, and this proves
the theorem. O]

By Theorem 3.3.5, if G is a simple graph on the vertex set {0,1,...,n},
obtained from a complete simple graph K, by deleting some edges through
the root 0, then dimK(Rn/Mg)) = det Q¢. Furthermore, by Lemma 3.3.12,
in order to check for a graph G when the equality dimg (R, / Mg)) = det Q¢
holds, we just need to check this for its essentially connected components.
Now as a consequence of Theorem 3.3.15 we can characterize all simple graphs

G which satisfy the property dimg (R, / M(Gl)) = det Q¢. More generally,

Theorem 3.3.16. Let G be a subgraph of the complete multigraph Kzil on
the vertex set {0,1,...,n}. The graph G satisfies dimK(Rn/Mg)) — det Q¢ if
and only if each essentially connected component G; of G with |V (G;)| = n;,
is obtained from a complete multigraph Kzljl by deleting some edges through

the root 0.

Proof. First suppose that G is an essentially connected subgraph of the com-

plete multigraph Kﬁil such that dimK(Rn/Mg)) = det Qz. We proceed
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along the same lines as in Discussion 3.3.14. Suppose G is the induced sub-
graph G, n)y of G. We find two vertices in G such that there is an edge
between them and rename these two vertices as 1 and 2. Now find another
vertex (if it exists) which has edges connecting both 1 and 2. Rename the
new vertex as 3 and continue this way to find a maximal clique on the vertex
set say {1,2,...,r} for r < n. The truncated signless Laplace matrix of G

will be of the form

(OS5 1 1 dig dipg - dim
1 e Qr_1 1 dr—l,l dr—172 e dr—Lm
~ 1 e 1 Q. dr,l dr,2 e dr,m
QG = )
d1,1 te dr—l,l dr,l 51 C1,2 T C1,m
d1,2 T dr—l,? dr,2 C1,2 B o Com
dl,m o drfl,m dr,m Ci,m Com T Bm
L dnXxXn

where r +m = n, and for each 1 < j < m there exists some ¢ € [r| such that
d;; = 0. Since dimg (R, /M) = det Qg, we must have d;; = 0 for all i and
J, by Theorem 3.3.15. Hence, we have r = n since G is essentially connected.
Thus G is obtained from a complete multigraph Kgil by deleting some edges
through the root 0.

If G is a subgraph of K%/, and dimK(Rn/M(Gl)) — det Q¢, then by Lemma
3.3.12 and the above discussion we see that each essential component G; of
GG is obtained from a complete multigraph K,’Zjl by deleting some edges
through the root 0.

The converse follows from Lemma 3.3.12 and Theorem 3.3.5. O

Corollary 3.3.17. Let G be a simple graph on n + 1 vertices {0,1,... n}.
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For the graph G, dimK(Rn/M(Gl)) = det Qg holds if and only if each essen-
tially connected component G; of G with |V (G;)| = n;, is obtained from a
complete simple graph I, 11 by deleting some edges through the root 0.

Proof. Taking a =1 in Theorem 3.3.16 we get our result. O]
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Chapter 4

Monomial ideals induced by

permutation avoiding patterns

In this chapter we consider some Artinian monomial ideals induced by per-
mutation avoiding patterns. We count the number of standard monomials
of their quotient rings. The results here are based on a joint work with C.

Kumar [35].

4.1 Permutation avoiding patterns and mono-

mial ideals

Let &,, be the set of all permutations of [n] = {1,2,...,n}. We write elements
2 3

13 2/
Sometimes we also write permutations, for example 132, as (1,3,2). For

of &,, in word notation. For example, the permutation 132 means

r < n, consider a 7 € &,, called a pattern. A permutation o € &,, is
said to avoid a pattern 7 if there do not exist integers 1 < j; < -+ <
Jr < m such that for all 1 < a < b < r, we have 7(a) < 7(b) if and only

if 0(ju) < o(jp). For example, the permutation 165432 € Gg avoids the

67
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pattern 312. Let &,(7) be the subset consisting of permutations o € &,
that avoid pattern 7. If r > n, then &,(7) = &,. Also, if 7 ¢ &,,
for 1 < i <'s, then S,(r",..., 7)) = N7_; &,(r). Enumeration and
combinatorial properties of the set of permutations avoiding patterns are
obtained in [47].

For a nonempty set S C &,, consider the monomial ideal Ig =
<x" =1~ 279 o€ S> in R induced by S, where R = K[zy,...,z,] is
the polynomial ring in n variables over a field K. Throughout this chapter
we use R to denote the polynomial ring in n variables. The monomial ideal
Is, is called a permutohedron ideal and the Alexander dual Iglr]b of Ig, with
respect to n = (n,...,n) is the tree ideal Mg, ., (ie., Igli is the G-parking
function ideal Mg for G = K, ;). Hence, the i* Betti number BZ(Ing]L) of

]gﬂ is given by

GBIy = By ([ﬁ]) =()Sn+1,i+1); (0<i<n-—1),
Sn

where S(n,r) is the Stirling number of the second kind, i.e., the number of
set-partitions of [n| into r blocks (see [45, Corollary 6.9]). Further, by the
theorem of Konheim and Weiss [26] (see Theorem 3.1.3), we know that the

standard monomials of Ii% is given by dimg Ié% = |[PF,| = (n + 1)1

(see also Theorem 3.1.13), where PF,, is the set of ordinary parking functions

PF(K,4+1). Note that for S C &, we have Igli - Ifqn}. Thus standard

R
[n]
IS

Recall that, a sequence p = (p1,...,pn) € N" is called a G-parking

monomials of are always ordinary parking functions.

function if xP = [, 2" is a standard monomial of ML; (i.e., xP ¢ Mg),

where Mg is the G-parking function ideal of the graph G (see Section 3.1).
Let SPT(G) be the set of spanning trees of G rooted at 0 and PF(G) be
the set of G-parking functions of G (cf. Section 3.1). Then |[PF(G)| =
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ISPT(G)| (see [45, Theorem 2.1]). A recursively defined bijection ¢ : PF,, —
SPT(K,+1) has been constructed by Kreweras [27]. An algorithmic bijection
¢ : PF(G) — SPT(G), called DFS-burning algorithm, is given by Perkinson
et. al. [44] for a simple graph G and by Gaydarov and Hopkins [17] for
multigraph G.

For various subsets S C &,,, the Alexander dual 1 gn] of Is with respect
ton = (n,...,n) has many interesting properties similar to the Alexander
dual of permutohedron ideal. The Betti numbers and enumeration of stan-
dard monomials of the Alexander dual I [Sn} for subsets S = &,,(132,231),
S,(123,132) and 6,,(123,132,213) are obtained in [30, 31].

Let W = 6,,(132,312). The monomial ideal Iy of R is called a hypercubic
ideal in [29]. The standard monomials of & correspond bijectively to a

o]
Ly

subset FA’F/‘,L of PF,. An element p € PF n is called a restricted parking
function of length n. In this chapter we show that (see Theorem 4.2.11) the

number of restricted parking functions of length n is given by

n

dimyg <I[R;]> = |13\15n| = Z(T') S(TL,T)7

r=1

where s(n,r) is the (signless) Stirling number of the first kind, i.e., the num-
ber of permutations of [n] having exactly r cycles in its cyclic decomposi-
tion. Thus the n'™ term of integer sequence (A007840) in OEIS [48] can
be interpreted as the number of restricted parking functions of length n, or

equivalently, as the number of standard monomials of the Artinian quotient
R

] -
Iy

The concept of pattern avoiding permutations has been generalized to
many combinatorial objects. A notion of rooted forests that avoids a set of
permutations is introduced and many classes of such objects are enumerated
in [3]. Let F, be the set of rooted-labeled forests on [n]. Let F,,(7) (or more

generally, F,,(7™!, ..., 7(")) be the subset of F,, consisting of rooted-labeled



70 4.2. Hypercubic ideals and restricted parking functions

forests avoiding a pattern 7 (or a set of patterns {7(!), ... 7(}). Anders and

Archer [3] have shown that

|F,(213,312)| = fj(ﬂ) s(n,r) = |PF,|.

r=1

It is surprising that enumeration of standard monomials of I[—% and enumera-
tion of rooted-labeled forests F},(213,312) avoiding 213 and 312-patterns are
related. It is an interesting problem to construct an algorithmic bijection
¢ : PF, — F,(213,312), analogous to DFS-burning algorithm that could
explain the relationship between these objects.

In the last section of this chapter we have considered the monomial ideal

I for the subsets 6,(123,132,312), &,(123,213,231), &,(132,213,231),
S,(123,132,231), 6,(213,312,321) and &,,(123,231, 312).

4.2 Hypercubic ideals and restricted parking

functions

Consider the subset W = &,,(132, 312) of permutations of [n] that avoid 132
and 312-patterns. For ¢ € G, it can be checked that ¢ € W if and only
if o(1) € [n] is arbitrary, and o(j) = £ for j > 1 if either o(i) = £+ 1 or
o(i) = £ — 1 for some i < j, and hence, |W| = 2"7! (see, for example [47,
Proposition 10]). The monomial ideal Iy appeared in [29], where it is called
a hypercubic ideal. Many properties of Iy and its Alexander dual [I[,‘r}} with
respect to n = (n,...,n) € N” have been obtained in [29]. We proceed to
enumerate the standard monomials of I%. For this purpose, we consider a
generalization.

Let u = (uy,...,u,) € N* with 1 <wuy <wug < -+ <u,. Foroe,, let

no o Uo(i)

ou = (Ug(1); - - -, Uo(n)) and x7 = [[7L; z;""”. For any nonempty subset S C
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S, we consider the monomial ideal Ig(u) = (x7" : 0 € S) in the polynomial
ring R. We see that I5((1,2,...,n)) = Ig. The ideals I, (u) and Iy (u) are
also called a permutohedron ideal and a hypercubic ideal, respectively.

The minimal generators of the Alexander dual Iy (u)™l of the ideal

Iy (u) with respect to u, = (uy,...,u,) € N" are as follows:

Theorem 4.2.1. [29, Theorem 3.3] The minimal generators of the Alexander

dual Iy (0)™! are given by

[W(u)[un} = <H$;'Lj7T : @ %T: {jl?"'ajt} - [n]vjl <. <jt>a

jeT
where i, v = Up — U + 1 and pij, 7 = Up — Uppj,—; + 1 for 2 <a < 2.

For an integer ¢ > 1, we consider the Alexander dual Iy, (u)Mn+e=1l of the
hypercubic ideal Iy (u) with respect to u, +¢c—1= (u, +c—1,...,u, +
¢ — 1) € N*. Replacing [uy] by [u, + ¢ — 1] in the above Theorem 4.2.1 we
get the following.

Proposition 4.2.2. The minimal generators of Iy (u)®+e=1 are given by

IW(u)[u“’LC_” = <H -CE;'LJ.’T 0 7é T = {jla s 7jt} - [n]7 jl << jt>7

jeT
where Wi = Up — U+ C and W5, = Up — Utgj—i + C for2 <i<t.

The ideal Iy (u)Mn+e1 is an example of a class of ideal called order

monomial ideal ( [45]).

Definition 4.2.3 (Order monomial ideal). [45] Let (P, =) be a finite par-
tially ordered set, or poset. Let M = {m, | v € P} be a collection of mono-
mials in the polynomial ring K[z, ..., x,] labeled by elements of the poset
P. Also let M, denote the set of all monomials divisible by m,. Let us say
that the ideal 3 = (M) generated by the monomials m, is an order monomial

ideal, if the following condition is satisfied.
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e For any pair vi,ve € P, there exists an upper bound v € P of v; and

ve such that M, " M,, CM,, i.e., m, divides lem(m,,, m,,).

Here an upper bound means an element v such that v > vy and v = v,
in P. In particular, this condition implies that the poset P has a unique
maximal element. Postnikov and Shapiro [45] have given an example of a
free resolution for any order monomial ideal and determined when such a
free resolution is minimal as follows.

For a = (ay,...,a,) € N" let R(—a) denote the free N"-graded R-
submodule in R generated by the monomial x®. If a > b componentwise,
then R(—a) is a submodule of R(—b) and we write R(—a) — R(—b) to
denote the natural multidegree preserving embedding of R-modules.

Let M = {m, | v € P} and J = (M) be an order monomial ideal. For
any subset V' C P, let my = lem(m, | v € V') be the least common multiple
of the monomials m,, v € V. Assume that my = 1. Let ay € N” be the
exponent vector of the monomial my, .

The homological order complex C.(M) for an order monomial ideal J =

(M) is the sequence of N"-graded R-modules
54 5 5 51
=503 >0, —=>C, —-Cy=R—R/T—=0

whose k" component is

Ck = @ R<_a{v1,...,vk})7

V1S SUE

where the direct sum is over strictly increasing k-chains v; < --- < v, in P.
The differential 65, : C, = Cj—1 is defined on the component R(—agy,, . v.})
as the alternating sum 6, = Y% (—1)'E; of the multidegree preserving
embeddings F; : R(—a,, .w}) — R(-ag, 3. ,;) of R-modules, where

v1,...,0i...,v; denotes the sequence with skipped " element.
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Theorem 4.2.4. [45, Theorem 6.1] The homological order complex C,(M)
is a free resolution of the order monomial ideal I = (M).

If My, oy # Mgy oy JOT any increasing chain vy < -+ < vy, in
the poset P and i =1,...,k, then the homological order complez C,(M) is a

minimal free resolution of the order monomial ideal 3 = (M).

The above construction of C,(M) is an example of the cellular complexes
due to Bayer and Sturmfels [6] (see also Section 2.3.3). Here the cell complex
is the geometrical order complex A(P) of the poset P. The faces of the
simplicial complex A(P) correspond to nonempty strictly increasing chains
in P:

AP)={{v1,...,vx} CP|vy <+ <wvg, k> 1}

Suppose P = %,,, the set of all nonempty subsets in [n] ordered by inclusion.

Then A(X,,) is the barycentric subdivision of the (n—1)-dimensional simplex.
Proposition 4.2.5. The ideal Iy, (u)™ e is an order monomial ideal.

Proof. The minimal generators of Iy (u)™a*¢~1 are given in Proposition
42.2. Let Ty = {j1,...,Jst € Ep and Ty, = {ji,...,j;} € X,, where
J1 < - <jsand j; < --- < j;. The monomial labeling mz, = [Ijcr, :Egj’Ti
for i = 1,2, where 1,1, are as in Proposition 4.2.2. Since u; < - -+ < u,, we

see that myp divides lem(mp,, mr,), where T =Ty UTy € %,,. O

Let T = {{j1,J2,.--,5t} € [n] | 1 < j2 < -+ < j¢}. The monomial

labeling my for T is at»—"*¢ ( t Un —up g, —ite

i i—2 Tj, ) Since ¢ > 1 and w,, > u,
for all r < n — 1, we see that the exponent of x;, in my is nonzero for all 1.
Hence, mq» # my for any 7" C T. By Theorem 4.2.4, the minimal resolution
of Iyy(u)*ne=1l is the cellular resolution supported on the order complex

A(X,) of ¥,. Thus, the i** Betti number

Bi(Iy (w)lente=ty = ((NS(n + 1,0 +1); (0<i<n-—1),
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where S(n + 1,7 + 1) is the Stirling number of the second kind, i.e., the
number of partition of the set {0,1,...,n} into (i + 1) nonempty blocks
(see [45, Equation 6.4]).

We now describe standard monomials of Since Iy (u) C

Is, (), we have Ig, (u)Mate=1 C [y, (u)Mnte=1 Hence, standard monomials
of Wﬁm are of the form xP for some p € PF,,(\). Thus the standard
monomials are given by a subset of the set of A-parking functions PF(\)
for A = (Aq,...,\,) with A\; = u,, — u; + ¢. Recall that, a sequence p =
(p1,...,pn) € N"is called a A\-parking function of length n, if a nondecreasing
rearrangement p;, < p;, <--- < p;, of p satisfies p;; < A,y for 1 <j<n

(see also Definition 3.1.8).

Definition 4.2.6. A A\-parking function p = (p1,...,pn) € PF,(\) is said
to be a restricted \-parking function of length n if there exists a permutation
a € &, such that p,, < py, 7, for all 1 < i < n, where oy = a(i), T =

[n], Ti = [n]\{a1,..., i1 }; (i >2) and pjy is as in Proposition 4.2.2.

Let f’\]_f‘n()\) be the set of restricted A-parking functions of length n. For
u=(1,2,...,n) and ¢ = 1, we have A\ = (n,n — 1,...,1). In this case, a
restricted \-parking function is called a restricted parking function of length
n and we simply write PF,, for f’fn()\) Also, pjr = piip is given by pj, r =
n—t+1and pj, p = (n—t+1)—(j;—i); i > 2, where ® # T = {j1,..., 5.} C [n]

with ji < -+ < j.

Proposition 4.2.7. A monomial XP is a standard monomial of WRMC,”
if and only if p € ﬁf‘n()\) is a restricted \-parking function of length n, with
Ai = up —u; +¢; (1 <i<n). In particular, a monomial XP is a standard
monomial of ][—Iv’:‘”}] if and only if p € PF, is a restricted parking function of

length n.

Proof. Standard monomials of T

% are characterized in [29, Theorem
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4.3]. Replacing u,, by u, + ¢ — 1 and proceeding on similar lines, we get the

desired result. O

Using the cellular resolution of Iy (u)»*¢=1 supported on the order com-

plex A(X,), we obtain the multigraded Hilbert series H (

R
Iy (u) [un+ec—1] *

R
oo of

Proceeding as in the proof of [29, Proposition 4.5], we get a

combinatorial formula

= 2 (=0 > 11 ( 11 M}‘,Aq>
i=1 P=AoCA1C--CA;=[n] ¢=1 \jeA\Aq—1

for enumeration of standard monomials of WRMC_I], where i}, is as in

Proposition 4.2.2. Let € be a chain in ¥, of the form

of length ¢(€) = i—1and let 1(€) = [Tiey (ITjeaa, , 44, ), Where Ag = 0.
Suppose €h([n]) is the set of such chains € in ¥,,. Then formula (4.1) can be

expressed compactly as

_ R
[PF,(A)] = dimg (uc_> = > ()OTe). (42)
Ly (u)lentetl J o S

We now take u; =i in (4.2). For ¢ > 1, let dimg <][n+1?:1]> = a,(c). Then
w
we see that a,(c) is a polynomial expression in ¢ of degree n for n > 1. In
fact, a;(c) = c and as(c) = ¢ + 2c.
Lemma 4.2.8. Letn >3, u=(1,2,...,n) andc > 1. Fora chain C € Ch[n]
of length i — 1 of the form Ay C --- C A, € Ay © -+ C© A; = [n] with

n € A1\ A and |A.1 \ A| > 2, there exists a unique chain, namely
é DA -,C«- -,C«- AT - ATU{TL} - Ar-i—l S _,C«_Az - [n] in Q:h[n] Oflengthi
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such that p*(C) = p*(C).

Proof. Since p*(€) = Ty (Ijea, i, #54,), the equality u*(€) = u*(C)
holds if iy 4 yny = Hnoa,,,- We see that pp 4y =71 — (|4 +1+n—
(A [+ ) +e=cand pp 4 . =n— (|4l +n—[An]) +ec=c O

Let €h'[n] be the set of chains in ¥, obtained from €h[n] by deleting

chains € and € appearing in Lemma 4.2.8. Then

an(c) = > (=)"OTre) = Y ()OI,
eeep([n]) eeey’([n])
Foru=(1,2,...,n) and ¢ > 1, the value *(€) depends on the chain € and c.
Thus, we write u¢(€) for u*(C). Hence, a,(c) = Z@e%([n])(—1)"4(6)’1%((‘3) =
> eee () (— 1) 1O 1e(€).

For n > 3, the chains in €h'[n] can be divided into three types.
e AchainC: A; C --- C A; = [n] in €h’[n] is called a Type-I chain if A; =
{n}. The Type-I chains in €h'[n] are in one-to-one correspondence with

chains in €h[n — 1]. This correspondence is given by
Cr—C\A : A\{n}C---CA\{nt=[n-1]
Asl(C) —1=¢(C\ Ay) and p%(C) = (n — 1+ ¢) u(C\ Ay), we have

S (1O (@) = (0= 1+ ¢) 4 (0).
eeen’[n);
Type-1
e A chain C: A; € --- C A; = [n] in €h'[n] is called a Type-II chain
if A,y = [n —1]. The Type-II chains in €h'[n] are in one-to-one cor-
respondence with chains in €h[n — 1]. This correspondence is given
by

Gr—>€|[n_1]A1§§Az_1:[n—1]
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As €(€) — 1 = €(€]juy) and p£(€) = (¢) ! (€]gu-y). we have

> (=) (@) = (0) ana(c+ 1)
ceeh’[n);
Type-I1

e Achain C: A; C --- C A; = [n] in €h'[n] is called a Type-III chain if
n € A; and |A;| > 2. The Type-III chains in €h’[n] are in one-to-one
correspondence with chains in €h[n — 1]. This correspondence is given
by

Crr C\{n}: A\ {n} & --- C A\ {n} =[n—1].

As £(C) = 4(C\ {n}) and u(C) = (c¢) u(C\ {n}), we have

> (=0T (@) = (=€) ana(e).

eeen’[n];
Type-II11

Consider the poset ¥, and form the poset A, = X, 1[1(3,_1 * {n}); for
n > 2, where ¥, _; * {n} = {AU{n}: A€ X, 1} is a subposet of 3,,. Two
elements A, B € A,, are comparable if either A, B € X, _; are comparable
or A, B € 3,1 * {n} are comparable or the comparable pair (A, B = [n]),
where A € ¥, 1. The Hasse diagram of A,, for n = 3,4 are given in Figure
4.1.

We see that Type-II chains in €h'[n] are chains in A,, with an edge [n—1] C
[n], while Type-III chains in €h’[n] are chains in A, containing [n] but not

[n —1].

Proposition 4.2.9. Forn > 3 and ¢ > 1, a,(c) = dimg (I[nﬁ_ll) satisfies
w

the recurrence relation

an(c) = (n—1)a,_1(c) + c ap_1(c+1).
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123 123 124 134 234

SN N XX
S|

As Ay

Figure 4.1: Hasse diagram for A3 and Ay

Proof. As an(c) = Xecen((n) (1" O 1(C) = Ceeey @ (—1)" 1O ue(€),

we have

PUNE D DR D D I C ) A (S

ceep’[n]; Ceeh’[n];  Ceeh’[n];
Type-1I Type-I1 Type-II1

= (n—14¢) a,_1(c) +(¢) an_1(c+ 1)+ (—¢) an_1(c)

an(c)

= (n—1)ap_1(c) + (¢) ap_1(c+1).

]

Replacing ¢ by an indeterminate x, we consider polynomial a,(z). The
recurrence relation in Proposition 4.2.9 holds for all ¢ > 1, thus there exists

a polynomial identity

an(z) =(n—1) ap_1(z) + 2 ap_1(x+1) for n>3. (4.3)

Since a;(x) = z and as(z) = x? + 2, on setting ag(xr) = 1, the recurrence

relation (4.3) is valid for n > 1. Note that a,(0) =0 for n > 1.
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Proposition 4.2.10. Forn > 1, a,(z) = >, s(n,r) z(x+1) - (z4+r—1),
where s(n,r) is the (signless) Stirling number of the first kind.

Proof. Let ™ = z(x +1)---(x +r — 1) be the r'* rising power of x. Then
{a" :r=0,1,...} is a Q-basis of Q[z], where 2° = 1. As a,,(0) =0 forn > 1,

we can express a,(z) =Y.' a,(r)z". By recurrence relation (4.3)

gjl an(r)a’” = (n—1) nz: 1 (r)z” + xnz: 1 (r)(z + 1)
= ié(n — Va1 (r)a” + n}j o (r)a"1
= ji:i(n — Va1 (r)a” + ;2:204”_1(7“ — 1)z’
= a,_1(n—1)z" + n;l [(n = Day—1(r) + ap_1(r — 1)] 2"

Therefore, a,(n) = a,_1(n — 1) and a,(r) = (n — Day_1(r) + ap_1(r — 1).
Moreover, since ai(x) = x, we have a; (1) = 1. Taking o(0) = 1, we see that
ay,(r) and the (signless) Stirling number s(n,r) of the first kind satisfy the
same recurrence relation with the same initial conditions; see [51, Lemma

1.3.3]. Thus a,(r) = s(n,r). O
Theorem 4.2.11. Forn > 1, dimg <]R]> =a, = > _(r!) s(n,r).

[n r=1
w

Proof. Since a, = a,(1), the statement follows from Proposition 4.2.10. O

Consider the integer sequence (A007840) in OEIS [48]. The n'* term b,

of this sequence is the number of factorization of permutations of [n] into
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ordered cycles and b, = >, (7!) s(n,r). It can be verified that
111 ... 1
121 ... 1
bn = Per([mij]nxn) =Per|1 1 3 ... 1 )
111 ... n

where m;; = i and m;; = 1 for i # j (see A007840 in [48]). We recall that
permanent Per([mjlnxn) of the matrix [m;;],«n is given by Yo cs, Tt Mio()-
There are many combinatorial interpretations of this integer sequence. The-
orem 4.2.11 gives a description of the integer sequence (A007840) in terms of
enumeration of standard monomials of I[%]’ or equivalently, in terms of the

number |PF,| of restricted parking functions of length n.

We now show that enumeration of standard monomials of I[—}E is related
w

to enumeration of rooted-labeled unimodal forests on [n]. The concept of
permutations avoiding patterns has been extended to many combinatorial
objects; such as, trees, graphs and posets. Let F,, be the set of (unordered)
rooted-labeled forests on the vertex set [n]. By Cayley’s formula, |F,| =
(n+1)""! (cf. [45]). A rooted-labeled forest on [n] is said to avoid a pattern
T € G, if along each path from a root to a vertex, the sequence of labels do
not contain a subsequence with the same relative order as in the patterns
T =7(1)7(2)...7(r) (see [3]). Let F,(7) be the set of rooted-labeled forests
on [n| that avoid pattern 7. For example, if 7 = 21 is a transposition,
then F,,(21) is the set of rooted-labeled increasing forests on [n]. In other
words, labels on any path from a root to a vertex for a forest in F,(21) form
an increasing sequence. Let F,(7™),... 7)) be the set of rooted-labeled
forests on [n] that avoid a set {7, ... 7(®} of patterns. The enumeration

of rooted-labeled forests on [n] that avoid various patterns are obtained in [3].
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In particular, it is shown that |F,,(213,312)| = >0, (r!) s(n,r) for n > 1.
The rooted-labeled forests on [n] avoiding 213 and 312-patterns are precisely
the unimodal forests. Since |PF,| = |F,(213,312)], an explicit or algorithmic
bijection ¢ : PF,, —» F,(213,312) is desired.

Before we end this section, we describe an easy extension of Theorem
4.2.11.

Let b,c > 1 and u = (uy,...,u,) € N* with u; = u; + (i — 1)b. Let
PF,.(\) be the set of A-parking function of length n where \; = u,, —u; + ¢ =
(n—1)b+c. Then |[PF,(\)| = c(c+nb)" ! (see, for example, [17, Theorem 2.5]

or Theorem 3.1.13). Let [PF,(\)| = dimg (%) = a,(c). Actually,

Iy (u)

a,(c) depends on b also, but we are treating b to be a fixed constant. Also,

an(c) is a polynomial expression in c.

Proposition 4.2.12. Forn > 3, b,c > 1, a,(c) satisfies a recurrence rela-
tion

an(c) = ((n = 1)b) an=1(c) + (¢) an-a(c+0).

Proof. From equation (4.2), we have

2 (c) = dimy (R) S (O e,

Iy ()tnte=tl Jo o 5

where u; = uy + (i — 1)b. For such u, Lemma 4.2.8 holds. Thus

()= D (=) prEe) = Y (-1t e).

eeeh([n]) eeeh’([n))

Now proceeding as in the proof of Proposition 4.2.9 we get our result. O]

Replacing ¢ with an indeterminate x, we consider polynomial a,,(z). Thus
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there is a polynomial identity
an(z) = ((n—1)b) an_1(z) +x ap_1(x +0b) for n>3. (4.4)

Since aj(z) = = and ay(x) = x? + 2bz, on setting ap(x) = 1, the recurrence

relation (4.4) is valid for n > 1. Again, we have a,(0) = 0 for n > 1.

Theorem 4.2.13. Forn > 1, a,(z) = >0 (0" " s(n,r)) z(x +b)--- (z +
(r — 1)b). In particular, for A= (A\1,..., \,) with A\; = (n —i)b+ ¢

L(f+r)

PR =) =" 3 s(nr)

where I' is the gamma function, i.e., I'(x + 1) = = I'(x) for x > 0 and
ra)=1.

Proof. As in the proof of Theorem 4.2.11, let

T(@) = S @) alo+0) - (@ + (r — 1)),

r=1

Then from recurrence relation (4.4), a,(r) satisfies the recurrence relation

an(r) =M —1bap, 1(r) +a,1(r—1); forl1<r <n,
with initial conditions ap(1) = 0 and a;(1) = 1. Therefore, a,(r) =

b s(n, ). O

4.3 Some other cases

The Betti numbers and enumeration of standard monomials of the Artinian

quotient % for § = &,(132,231),6,(123,132) and &,(123,132,213) are
S

given in [30,31]. In this section, the monomial ideal s and its Alexander dual

1 gn] are studied for various other subsets S C &,, consisting of permutations
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avoiding patterns. For clarity of presentation, we divide the study into three

cases.
Case 1. 51 =6,(123,132,312), So = 6,(123,213,231), S3 = 6,(132,213,231).
Case 2. T = &,(123,132,231), T» = &, (213,312, 321).
Case 3. U =6,(123,231,312).
We have, |S,| = |Ty] = Ul =nfor1 <a<3and 1 <b <2 (see [47,

Lemma 6, Proposition 16%]).

Lemma 4.3.1. The minimal generators of the Alexander dual ]L[gn] for S =

Sa, Ty, or U are given as follows.

(i) 18 = (2f", i (Isizy) 1 1<0<mn—1; 1<i<n).

%

[Tica x;-/j’A cA={j,..., 0} € En>, where v, 4 = n— (jja|— j1)
and vj, 4 = Ji — Ji—1 for i > 2, provided j; < jo < -+ < Jp.

Proof. We recall that a vector b € N" satisfying b < n (i.e., b; < n) is
maximal with x® ¢ Iy if and only if x* is a minimal generator of I (see
Proposition 2.3.13). Now proceeding as in the proof of [31, Lemma 2.1, 2.2],
we can get the minimal generators of the Alexander duals. We sketch a proof
of part (i), (v) and (vi) as the proof for other parts is on similar lines.

For any two integers r, s with r < s, let [r, s|] denote the set {r,r+1,...,s}.

(i) Forf € [n—1],let by = (n,....n—£—1,...,n) ({*" coordinate
n — { — 1, elsewhere n). We claim that x®* ¢ Ig. If not, then there is

a o € S; such that x° divides xP¢. Thus 1 < o(f) < n — ¢ — 1. This
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implies that ¢ < n — 2. Moreover, |[{a € [n] : a < c({)}| <n—¢—2 and
|[{+1,n]| = n— ¢ together ensure that there exists some u,v € [(+ 1, n| such
that 0(¢) < o(u) < o(v). Hence, o contains either a 123 pattern or a 132

pattern, a contradiction. Further, for any bj with b, < b, < n, x? divides

xP for o/ = (n —1,n —2,...,1,n) € S;. This gives the minimal generator
TS [é?]. For i € [n], let b;,, = (n,...,n,n—i,n—1,...,n—1) € N"
(i.e., 1" coordinate is n — i, first i — 1 coordinates are n, and the last n — i

coordinates are n — 1). We claim that xPin ¢ Ig . If not, then there exists
o € Sy such that x° divides xPi». If i = 1 or n, we see that such a ¢ cannot
exist. Let 2 < i < mn—1. We have 0(i) < n—1i and o(u) < n—1 for
i+ 1 <wu<n. Moreover, |[1,n —i]| =n —iand |[i,n]| =n — i+ 1 together
ensure that there exists some v € [i + 1,n| such that n —i < o(v) <n — 1.
Since o(j) = n for some j < i we see that o contains a 312 pattern, a
contradiction. We now show that such a b;,, is maximal. Let b;,, < b’ <n.
Then the i** coordinate of b’ is r for some » > n —i. If r > n — i+ 1, then
x? divides x” for ¢/ = (n,n —1,...,1) € S;. When r = n — i, there exists
some j with i +1 < j < n such that the j** coordinate of b’ is n. In this
n—t for t<j,

case take o’ € Sy, where 0'(t) = (n—t+1 for > j,

n otherwise.

Then x° divides x®. This gives the minimal generators i([];; ;) € I o,
Next we show that b, and b;,, are the only possible maximal b(< n) such
that xP ¢ Ig,. If not, let b = (ay,...,q,) < n be maximal, not be equal
to by or b;,, and satisfy xP ¢ Is,. Then a,, > 1 and o; > n — i for
1 <i<n-—1. We have oy, < n — 1 because otherwise x° divides xP,
where 0 = (n—1,n—2,...,1,n) € S;. f o,y = 1, then b < b,,_,,. If
Qn_1 = n, then x° divides xP, where 0 = (n — 1,n —2,...,2,n,1) € S,.

Thus 2 < a,,_1 < n—1. Similarly, we can show that i +1 < «,,_; <n—1 for
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0 <i<n—2. Ifa; =n, then x° divides x®, where 0 = (n,n—1,...,1) € ;.
Thus o; = n — 1. But, in that case b < by ,, a contradiction.

(v) Let b, = (n,...,n,0) (n* coordinate 0, elsewhere n). We see that
xP» ¢ Ir,. Further for any b’ with n > b’ > b,, x% divides x? where
o = (2,3,...,n,1) € Ty. This gives the minimal generator x” € LE]. For
(€ n—1],letby, = (n,...,0—1,...,n) (£ coordinate £—1, elsewhere n). We
claim that xP¢ ¢ Ir,. If not, then there is a o € T such that x° divides xP.
Thus 1 < o(¢) < ¢—1. Hence ¢ > 2. Moreover, |[{a € [n]:a <o)} < -2
and |[1,/—1]| = /—1 together ensure that there exists some u € [1,¢—1] such
that o(u) > o(¢). Since o(n) = i for some i € [n], we see that o contains 213
or 321 or 312 pattern, a contradiction. Further, for any bj, with b, < b}, < n,
x? divides xP¢ for ¢’ = (1,2,...,n) € Ty. This gives the minimal generator
= ]q[f;]. For 1 <i <mnlet b, =(n,...,n,i,n,...,n,1) € N* (ie.,
i" coordinate and n'* coordinate are i and elsewhere n). We claim that
xPin ¢ Ir,. If not, then there exists o € Ty such that x? divides xPi». Thus
o(i) <iand o(n) <. This implies that 2 < i <n—1. If o(j) = n for some
7 <1, then o has either a 312 pattern or a 321 pattern, a contradiction. Let
o(j) = n for some j > i. Since |[1,i]| =i and o(i) <14, o(n) < i, there exists
some u < ¢ such that o(u) > o(i). Thus ¢ contains a 213 pattern which is a
contradiction. We now show that such a b;,, is maximal. Let b;,, < b’ <n.
Then the i*" coordinate or the n'" coordinate of b’ is strictly greater than i.
t if t<i,

In the first case take o’ € Ty, where 0'(t) = (¢t +1 if ¢t>1i, t#n,

i if t=n,

so that x” divides x. In the second case take o/ € Ty, where o'(t) =

t it t<i,

t+1 if t>i+1,t#n,

i+1 if t=n,
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so that x° divides x. Next we show that b,, b, and b;, are the only
possible maximal b(< n) such that x® ¢ Ir,. If not, let b= (ay,...,a,) <n
maximal, not equal to b,, or by or b;,,, and satisfy xP ¢ Ir,. Then o, > 1
and a; > i1 forl1 <i1<n—1 Ifa,=1,thena; >i+1for1 <i<mn-—1.
In that case, x° divides xP, where o = (2,3,...,n,1) € Ty. Thus a,, > 2. If
a, =2, then oy; > i+ 1 for 2 < i <n— 1. In that case, x? divides x?, where
o= (1,3,...,n,2) € T5. Thus o, > 3. Continuing this way we can show
that a,, = n. But, in that case x° divides xP, where o = (1,2,...,n) € T,
a contradiction.

(vi) If A= {¢} € %,, then taking b, = (n,...,0,...,n) (ie., 0 at ¢t
place and elsewhere n), we see that xbe ¢ Iy. Further, for any b’ with
b, < b’ < n, x divides x* for o/ = (¢,...,2,1,n,n—1,...,0+1). Thus
we get the minimal generator zj} € [ [[}1 3
For A= {ji,....,j;} € Sy with t > 2 and j; < --- < ji, let by = (by,...,b,),
where b, = ji — j1, bj, =n — (j; — Ji—1) (for i > 2) and b, = n (for r ¢ A).
Claim : x4 ¢ Iy.

Otherwise, there exists a o € U such that x7 divides xP4. Thus o(j1) <

g — 71 and o(j;) <n — (j; — ji—1) for 2 < i <t. We show that

o(j1) > o(j2) > > 0(jt).

If 0(ji—1) < o(j;) for 1 < i <t then o(ji—1),0(j:) € [n — (Ji — ji—1)]- But
[ = (i = Jim)ll = n = (i = Jia) and [[jia] H[ji, 0]l = n = (i = ji-1) + 1.
Thus there exists ¢ € [n] \ [ji—1,J:] such that o(¢) ¢ [n — (j; — ji—1)]. This
shows that o(j;—1) < o(ji) < o(f). Hence, o has a 123 or a 312-pattern, a
contradiction to o € U. Now o(j;) < o(j1) < j¢ — j1 implies that j, — j; > 2.
Again, o(j1),0(j) € [Je — ja, but |[[Je — j1]| = 3¢ — j1 <|[jr, el = Je — i + 1.
Thus there exists ¢ € [j; + 1,j; — 1] such that o(¢) > j, — j;. This shows
that, o(j:) < o(j1) < o(¢) with j; < ¢ < j;. Thus o has a 231-pattern, a
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contradiction. This proves our claim. It can be shown that b 4 has the desired

maximality property and hence x"P4 is 4 minimal generator of [ ([]n I, O

We shall show that all monomial ideals in Lemma 4.3.1 are order mono-
mial ideals.
It is convenient to study the monomial ideal Ig in Lemma 4.3.1 according
to the three cases already described.
[n]

Casg-1. To each monomial ideal I, we associate a poset ¥,(S5,) (for

1 < a < 3) as follows.

(i) Let X,(51) = {{¢} : 1 << n—-1}U{[i,n] : 1 <i < n}, where
li,n] = {a € N:i < a < mn} and [n,n] = {n}. We define a poset
structure on X,(S;) by describing cover relations. For ¢, ¢ € [n — 1]
and 1,7 € [n], {¢} covers {¢'} (or [i/,n]), if ¢ = ¢+ 1 (respectively,
i" = €+ 2). Also, [i,n] covers {¢'} (or [i',n]) if i = ¢’ (respectively,

i’ =i+ 1). The monomial labels wyy = z§*

band wiin = 2T .. 2
1
Set o for C' € ¥,(S51) so that we = [[jec xfj’c. The finite poset

¥, (S51) appeared in [31].

(i) Let £,(5) = {{¢} : 1 < <n}U{{i,j} :1 <i<j<n} A
poset structure on %,,(.S3) is given by the following cover relations. For
i,7,7', 7 € [n] with ¢ < j and i < j', {i,5} covers {i’, '}, if either
(t=iand j’=j54+1)or (j =4 and j' = j+1). Also, {i, 5} covers {i'}

if either (i =i’ and j = n) or (¢/ = 7 = n). In this case, the monomial
labels wyy = 2} and wy; j; = it Set %2',0 for C' € %,(S2) so that

”2'0 Y
we = lljec xjj’ .
(iii) Let X,(55) = {{f} : 1 < ¢ <n}U{{i,j} : 1 <i<j<n} Again,
a poset structure on ¥, (S3) is given by the following cover relations.
For i,7,4', 5" € [n] with i < j and i < j', {i,j} covers {¢', j'}, if either
(t=iand j=j+1)or (it =7 —1and j' = j). Also, {i,7} covers {i'}
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if either (1 =7 and j =i+ 1) or (i’ = j =i+ 1). Again, the monomial

labels wyyy = @} and wyjy = a:ﬁm?f(jfi). Set p3 o for C' € ¥,(Ss) so
3

that we = [jec xuj ©

The Hasse diagrams of ¥4(S7), £4(S2) and 34(S3) are given in Figure 4.2.

1234 12
1 / \234 13/ \23
| > SN
2 34 14 24 34
| | TN
3 >< 4 1 / 2 3 \ 4
Y4(S1) ¥4(S2)
14

/\/\
/\/\/\

24(53)

Figure 4.2: Hasse diagram for ¥4(57), X4(S2) and 34(S3).

Proposition 4.3.2. (i). The ideal ][ " is an order monomial ideal for 1 <
a < 3.

(ii). The free complex F.(A(X,(S,))) is a cellular resolution of Ig;] supported
on the order complex A(X,(S,)) for 1 <a < 3.

Proof. Given the poset structure on X,(S,) as above, it can be directly ver-
ified that 1 gf is an order monomial ideal. We show for example, that I f;;] is
an order monomial ideal (cf. Definition 4.2.3).

Let P = 3,(5;). If vy, vy € P such that v; < vy, then we take v = v so
that m, divides lem(m,,,m,,). Let v, v € P such that v; and vy are not

comparable. The following three cases arise:
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(a) v; ={i,j} and vo = {r,s}, where i < j,i <r<jandr < s <n. In

this case take v = {i,7} so that m, divides lem(m,,, m,,).

(b) v = {i,j} and vy = {r}, where i < j and i,j # r < n. In this case

take v = {i,7} so that m, divides lem(m,,, m,,).

(c) vy ={i} and vo = {j}, where i < j. In this case take v = {i, j} so that

m, divides lem(my,,, m,,).

Thus I gj is an order monomial ideal.
In view of Theorem 4.2.4 we see that the free complex F,(A(P)) is a
cellular resolution of the order monomial ideal I = (w, : u € P) (see Theorem

4.2.4), where P is %,,(S,) for 1 <a < 3. O

Remark 4. The cellular resolution F.(A(3,(S.))) is minimal for a = 1,
but nonminimal for a = 2,3. Also, the r'" Betti number 6T(Ig?]) s given by

(see [31, Theorem 2.7])

BT([E):%(”_1>< nee >; (Oﬁrfn—l)-

o s r+1—s

We now identify standard monomials of %. Consider the following sub-
Sa

sets of the set PF,, of parking functions p = (p1,...,p,) of length n.

(i) PF&L ={p € PF, : p < ¢, forall ¢t andif p, = ¢, then p;, =

0 for some j € [i,n]}.
(ii) PF2 = {p € PF,, : if p; > i, then p; < j — 1 for all j € [i + 1,n]}.
(iii) PF? = {p € PF,, :if p; >4, then p; < n— (j —1) for all j € [i +1,n]}.

In view of Lemma 4.3.1, xP ¢ Ig:] if and only if p € PF; for 1 < a <
3. Thus (fine) Hilbert series H <I[Jf,],x> of I[—IE] is given by H (ﬁﬂ,x) =

Sa Sa Sa

o

Ypepre XP. In particular, |PF}| = dimg <1§‘]> = H< f

1), where 1 =
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(1,...,1). Using the cellular resolution F,(A(X,(S,))) supported on the

order complex A(3,,(S,)), the (fine) Hilbert series H <I[§]’ X) is given by

a
Ficq

R Yio(=1) Yiey.cnere e (Hjecq\cq_l%' )
H x| =

7] (1—a1)--- (1 —ap) ’

, 45
T Y

where F¢ , is the set of i — 1-dimensional faces of A(X,(S,)), (C1,...,C;) €
F¢  is a (strict) chain Cy < ... < Cj of length i — 1, Cy = 0 and pf is as
in the definition of poset ,(5,).

Proposition 4.3.3. The number of standard monomials of % is given by
Sa

. R = n—1i d a
dimg ([n]) = Z(_l) Z H ( H Mj,cq) )
Ig, i=1 (C1,nCEF | a=1 \GEC,\Cy1
C1U--~UC’i:[n}
where summation is carried over all (i — 1)-dimensional faces (Cy,...,C;) €

Fe, of A(X,(S,)) with CyU---UC; = [n] and Cy = 0. Also,

dimy ( n ) - > Y (H( II GG —N?cq))) (H M?,{l}) )

I[n] - .
S, 0<i<n q=1 jeC,\Cy-1 1g¢C;
(C1,...,C5)ETE
where summation is carried over all faces (Cy,...,C;) € F* | including the

empty face Cy = ).

Proof. As |PF%| = dimg (I[Ii]) =H (IR 1), letting x — 1 in the ratio-
Sa

[n]>
Sa,

nal function expression (4.5) of H (I[S}f,], X), and applying L’Hospital’s rule,

we get the first formula. For more details, see the proof of [29, Proposi-
tion 4.5]. In order to get the second formula, put y; = % in (4.5) to get
a rational function, say H (Iﬁ],y) Now letting y — 1 in the product

Sa

@ -1\ -
(H?Zl yﬁj’{J} ) H ( R y), we get the second formula, which is due to Post-

NN
Ig,

nikov and Shapiro [45, Proposition 8.4]. O
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Theorem 4.3.4. The number of standard monomials of I[—IE] is given by
Sa

1)l
dimy % _pre = WEDL )
Ig 2

Proof. As dimg (@) = 1 for n = 1, we assume that n > 1. The cases
Sa

a € {1,2,3} are treated separately as follows:

(i) Let a = 1. Using the second formula

. R i1
dimg ([n]> DG (H( I (e —Mal',cq))) (H Hi{l})
ISl 0<i<n; q=1 jeC\Cy-1 1¢C;s
(Cl,“, )Effll 1

in Proposition 4.3.3, we shall show that

1

dimg ([][Z) =n(n!)+ (n—1)((n—1)!) > (—1)* . (4.6)

S 1<i<n; IT}=2Jq
0=jo<j1<-<ji<n
The term corresponding to the empty chain is n(n!). Also, for a (strict) chain
Cy < -+ < C;in F} |, the corresponding term in the second formula is zero
if the chain has a singleton member. Thus surviving terms are of the form
Cy = [Ji—i41,n] for some sequence 0 = jp < j; < -+ < j; < n. Note that

the term corresponding to such a chain is precisely, (—1)1'%. This
q=274
proves (4.6). Let oy, = Xi51(—

) ZO =jo<j1<...<ji<n H . Clearly, oy = 0.
For n > 1, we claim that o, = 5. We have,

R 3 + Y (- 3 il _

i>1 0=jo<j1<-<js<n— 1Hq 2Jq i>1 0=3jo<j1<--<ji=n—1 quzjq
1 1
1
= Ozn71+71 g (—1)"* E — *+1
n—
i>2 0=3jo<j1<-<ji_1<n— 1Hq 2 Jq

n—2
= 0Op-1— ap—1+1= nilan—l + 1.

-1

On solving this recurrence relation, we get o, = § for n > 1. Now in view
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of (4.6),

dimg (;;) =n(n!)+(n—1)((n—1)) <2) =

S1

(ii) Let @ = 2. Since dimg (1&> = 1 or 3 for n = 1 or 2, respectively, we

Sa
assume that n > 2. Suppose F?[n] = UP_ {(C1,...,C;) € F7 | : Ui, C; =
[TZ]} For € = (017 ) Cl) € 3:’2[”]7 we write /’LQ(G) = Hg:l (HjECq\qul N?,Cq)

In view of the first formula in Proposition 4.3.3, we have

&, = dimg (ii]) = Z (_1)nf€(@)*lu2<e).
Is, ceF2[n]

Now decompose F2[n] = F2[n] [1F?[n]", where C = (C4,...,C;) € F*[n]’ if

|C1] =1 and € € F2[n]" if |Cy| = 2. Then &, = &), + &, where

= Y (O ad a= Y (-0,
GG?Q[n]’ eege[n]//
A chain € = (C4,...,C;) € F2[n] is called a Type-I, Type-II or Type-IIT
chain, if (Cy,Cy) = ({i}, {i,n}) for i < n, (C1,C2) = ({n},{i,n}) fori <n
or (Cy,Cy) = ({n},{i,n — 1}) for i < n — 1, respectively. Now

a o= | 3+ >+ > | ()T e)

eeF?n]’; CeF?[n); CeF?%[n];
Type—I Type—II Type—IIL
noo_y

n—1"

- ~/
= no, 4 —

~ I ~ I ~
1% +nag,_ = nom_1 —

Claim : &) =

For 1 <t < n — 1, consider saturated chains C®) in F2[n])” of the form

7 . (n—1)(n!)
-

eV ftny <{t,n—1} < < {t,t +1} < {t —1,t} <--- < {1,2}.



4.3. Some other cases 93

Then p2(€®) = t((n — 1)!). Any other chain in F2[n]” is either of the form
C:{rn}<---<{rr+1} < <{s—1,s} <{l,s—1} <{l,s—=2} <---
or

C:{rm}<---<{rr+1}<---<{s-1,5}<{l'ss =2} <--- <+,

(for 3<r<mn-1),

where s (or §') is the largest integer such that {l,s — 1} covers {s — 1, s}
in € (or {l'ys’ — 1} is not in €) for some | < s —2 (or I’ < s’ —2). Let
€ = C\{{l, s—1}} be the chain obtained from € by deleting {/, s—1} and €' =
' U{{l',s’ —1}} be the chain obtained from €’ on adjoining {l', s’ — 1}. We
see that, 2(€) = p2(€) and p2(€") = p2(€"). As length £(€) = £(€) + 1 and
((C) = ¢(C)—1, the terms in &/ = Yeegzpur (—1)" 1O 4% (€) corresponding
to chains € € F?[n]” different from € cancel out. Thus

= S (1 () 3 (a2 gy - (22D,
t=1

t=1 2

~ =) ~I o~ n_ =N /A ~ n! : :
Now a,, = &, + &, = na,—1 — 2504, + a;, = nap, 1 + 5. On solving this

~ 1)! .
recurrence, we get &, = ("; ) , as desired.

(iii) Let a = 3 and assume that n > 2. Proceeding as in part (ii), we write

dimg ([][Z}) = Z (_1)%5(6)71“3(6),

S3 6633 [n]

where F3[n] is the collection of all chains € = (Cy,...,C;) in I3, (for some
i) with Ui_,C; = [n] and 4(@) = 1oy (Ijecpcyq e, )- For 1<t <n—1,
let € be the chain in F2[n] of the form

CW . {ty < {t,t+1} <--- < {t,n—1}y < {t,n} < {t —1,n} <--- < {1,n}
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and €M\ {{t}} is the chain obtained from C® by deleting the first element
{t}. Now p3(C®) = n! and p3(C®\ {{t}}) = t((n — 1)!). There is one more
chain € : {n} < {n —1,n} < ... < {1,n} in F3[n], with z*(€) = n!. As in
part (ii), it can be shown that the terms corresponding to remaining chains

cancel out. Thus

(n—l—l)!.

dimg (Iﬁ]) =nn)—1+24+--+n-1))((n=-1" =
S3

)
T, 2

for 1 < a < 3 is the integer sequence (A001710) in OEIS [48]. As |PF}| =

(n+1)!
2

Theorem 4.3.4 shows that the integer sequence {dimK ({i) = ("H)!}
n=1

, it is expected that the set PF; could be easily enumerated. Let p €
PF!. Then p, < t; for all t and p; = i implies that p; = 0 for some j €
[i +1,n]. We count p € PF}. according to the value s of the largest ¢ € [n]
with p, = t. If pp < t; forall t € [n], then we take s = 0. As p, < n,
we have 0 < s <n—1. For s =0, any p = (p1,...,p,) € N” such that
py < t; for all ¢ is a parking function and number of such p € PF%L is precisely
[T, (t) = nl. Now let s > 1. Any sequence p = (p1,...,pn) € N" satisfying

the following conditions

pr <tforallt <s, ps=s, andp; < jfor all j > s, with at least one p; = 0,
(4.7)

is always a parking function. The number of p satisfying conditions (4.7) is

s—1 n n

e+ | I - IT O'-D| =@—s)(r-1).

t=1 Jj=s+1 jl=s+1

This shows that [PFL| = X"} (n — s)((n — 1)!) = w Similarly, PF} for

a = 2,3 can also be enumerated. However, it is still an interesting problem



4.3. Some other cases 95

to construct an (explicit) bijection ¢ : PF;, — F,,1(21), where F,1(21) is

the set of rooted-labeled increasing forests on [n + 1].

CASE-2 : To monomial ideals I[TI:} and I[Tr;}, we associate finite posets

¥, (Th) and X, (Ts) respectively, as below.

(i)

Let ¥,(Th) = {{¢},{i,n} : 1 < ¢ < n-1; 1 < i < n}, where
{n,n} = {n}. We define a poset structure on ¥,(71) by describing
cover relations. For (,¢ € [n — 1] and ¢,7 € [n], {{} covers {{'},
if ¢ = ¢+ 1. Also, {i,n} covers {¢'} (or {i',n}) if i = ¢ (respec-

tively, ¢/ = i + 1). The monomial labels wyy = 2™

, Wiy = T, and

wiimy = ziay, for L3 € [n—1]. Set fijo for C € ¥,(T1) so that
il

Wwo = HjEC x;-]’c.

Let 2,(Ty) = X,(T1). But the poset structure on ¥, (7%) is obtained

by interchanging {i} with {n — i} (and also, {i,n} with {n —i,n})(for

1 < i < n) in the poset ¥,(71). The cover relations of the poset

Y (Ty) are given as follows. For ¢, ¢ i i € [n — 1], {¢} covers {{'},

if ¢/ = ¢ —1 and {i,n} covers {¢'} (or {i’,n}) if i = ¢ (respectively,

i’ =i —1). In addition, {1,n} covers {n}. The monomial labels
n—f+1

Wiy = Ty , Wiy = @ and wyy = 2 for i € [n— 1]. Set

2

fi3 o for C' € ¥,(T1) so that we = [Tjec ZC;]"C.

The Hasse diagram of ¥4(77) and 34(75) are given in Figure 4.3.

Proposition 4.3.5. (i). The ideals I} and 15 are order monomial ideals.

(ii). The free complex F.(A(X,(Ty))) is the minimal cellular resolution of Ig:]
supported on the order complex A(X,,(Ty)) for 1 < b < 2. Thus the r'* Betti

number Br(fj[f;]) is given by

B (1) = (Til>+(r+1)<n_1>+r<n_1>, O0<r<n-1).

r+1 r
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14 34
/N N\
1 24 3 24
Yu(Th) Yu(T)

Figure 4.3: Hasse diagram for ¥,(7}) and X4(75).

Proof. From the definitions of the poset X,,(7}), it is clear that the ideal I[TI;] is
an order monomial ideal. Further, the cellular resolution F.(A(X,(73))) is the
minimal resolution of [ g‘:] supported on the order complex A(%,, (7)) because
monomial label on any face of A(%,,(7})) is different from the monomial label
on subfaces. Thus the r** Betti number BT(]%:]) equals the number of (strict)
chains of length r in the poset 3,,(7}). Since X,,(7%) is obtained from ¥, (7})
by changing i to n — i for ¢ € [n], number of chains of length r in both the
posets are same. We count chains of length r in ¥,(7}) for 0 <r <n — 1.

Consider a (strict) chain
C:C1 <Oy <... <0 <Cs1 < ... <Cpyyq.

If all C; are of the form {¢;,n} for ¢; € [n], then the chain € can be identified
with an (r+1)-subset {t1,...,¢.11} of [n]. Thus the number of such chains is
(,71) I Co = {t.} and Ciy1 = {ts41,n} for some s with £, < ., then the
chain € can be identified with an (r + 1)-subset {t1,...,t,11} of [n — 1] with
a chosen element ts. Any j € {t1,...,t,.1} represents singleton {j} if j > t,

while it represents {j,n} for j < t,. The number of such chains is precisely

(r+1) (::11) Now we count chains € with Cs = {t;} and Csyq = {ts,n}
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(i.e., ts = tsy1). In this case, chain € can be identified with an r-subset
{t1,...,ts = ts11,...,t,41} of [n — 1] with a chosen element t;. Thus the
number of such chains is r (n;l). Since any r-chain € in ¥, (7)) is a chain

of one of the three types, we get the desired result. O
Consider the following subsets of PF,, of parking function p = (p1,...,pn).
(i) P/’I\T:L ={p € PF, : p; <t, for all t and if p; =i, then p, < i}.
(ii) P/’I\Ti ={p € PF, : p,y <t, forall t and if p,,_; =i, then p, < i}.

In view of Lemma 4.2.8, xP ¢ I[TI;] it and only if p € ISFZ for b = 1,2.
Thus, |§FZ! = dimg <1[}’%‘]> Also, the mapping (p1,pa,...,Dn1,Pn) —
Ty

——1 —2
(Pr-1,Pn—2, - - -, D1, Pn) induces a bijection between PF, and PF, .

Theorem 4.3.6. The number of standard monomials of 1% is given by
Ty

— R
IPF.| = dimg ([n]) —s(n+1,2); (b=1,2),
[Tb
where s(n + 1,2) is the (signless) Stirling number of the first kind.

Proof. We take b = 1. Proceeding as in Proposition 4.3.3, we get

. R n0(@)—-1 ~
dimg ([n}) = > (=@t ale),
Iy CET [n]

where F! [n] is the collection of all chains € = (C,...,C;) in X,(7T1) such
that Cy U+ U C; = [n] and 7'(€) = [Ty (Ijecyc,a fibe, )- For 1<t <,
let €™ : {n} <{n—1,n} <--- < {1,n},

€W fn—1}y < <{t}<{t,n}<{t—1,n}<---<{Lin}; (1<t<n-1)

and €® be the chain obtained from €® by deleting {t,n}. For t = n, we
have {n,n} = {n}. It is clear that F[n] = {C€® €W : 1 < ¢ < n}. Also,
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L€M) = nl and (€' = El(nl) for 1 <t <n. As 0CWY = (CM) 41 =

n — 1, we see that

) R A 15 - t—1
dimg | ] = > (gl(e(t)) - ,ul((i’(t))) =3 <n! - n!)
I =1 t=1 t
" n! 1 1
-y E <1++-- +>n':s(n+1,2)
= ! 2
[l
A nice formula |§F7ll| = ]ﬁm = s(n + 1,2), deserves a combinatorial

proof. We count parking functions p = (py,...,p,) in Igl?i according to the
value of p,,. Clearly, 0 < p, < n—1. Forany 0 <t <n-—1, we see that p,, =t
implies that p; < ¢ for all ¢ < ¢ and p; < j for j > t. Also, any (p1,...,pn)
with p, =t and p; < iforall7 <, whilep; < jforallt < j <mn—1isalways
a parking function of length n. Thus the number of p = (py,...,p,) € ﬁi
with p, =1t is (Hle Z) (H;—Z}H(j + 1)) = 5. Hence, ]f’f‘i\ = Y 25

By Theorem 4.3.6 we see that the integer sequencgo(A000254) in OEIS [48]
is the integer sequence {dimK (%) =s(n+1, 2)} forb=1,2.

CAse-3 : We finally consider the monomial ideal I[[}1 !

n=1

The minimal
generators [];c4 :C;/j’A of I([]n I are parametrized by the poset X,. Again, it
can be directly verified that the ideal ]gl J'is an order monomial ideal and
the cellular resolution F,(A(3,,)) supported on the order complex A(3,) is
the minimal free resolution of Il"). Thus the r* Betti number §,(I[M) =
(rSn+1,r+1)for 0 <r <n-—1.

Now we describe standard monomials of fg}. Let PF, = {p € PF,, : xP ¢
iy

Lemma 4.3.7. Let p = (p1,...,pn) € PF,. Then p € PF, if and only if
there exists a permutation o € &,, such that p,, < Va, 1, for all i, where

a; =a(i), Ty = [n] and T; = [n] \{a1,...,aj_1} for j > 2. Also, vjr is in
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the Lemma 4.3.1.

Proof. The proof can be obtained by proceeding along the same lines as [29,
Theorem 4.3]. O

Proceeding as in Proposition 4.3.3, we get a combinatorial formula for

the number of standard monomials of I[—}E}.
U

Proposition 4.3.8. The number of standard monomials of I[—’f‘] s given by
U

|m|=dimK(IfUi]):i<—1>"—i S (I

Vic, | »
i=1 0=CoCC1 G- CCi=[n] ¢=1 \jeC\Cyq-1

where summation is carried over all strict chains ) = Cy C C1 C -+ C C; =

Neither using Proposition 4.3.8, nor by any combinatorial tricks, we could

determine the |PF,| = dimg (Iﬁ]> Computations for smaller values of

n suggest that {dimK (ﬁ)} could be the combinatorially interesting
U n=1

integer sequence (A003319) in OEIS [48].
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Chapter 5

Edge ideals of some circulant

graphs

In this chapter we consider the edge ideals of three families of circu-

~

lant graphs C’n(l,Z,...,;,...,LgJ), C’lm(l,Q,...,2l,...,§l,...,L%mj) and

~

Cim(1,2,...,1,. .. 20,31, L%’”J) We explicitly compute all the N-
graded Betti numbers as well as the Castelnuovo-Mumford regularity of these
ideals. Other algebraic and combinatorial properties like regularity, projec-
tive dimension, induced matching number and when such graphs are well-

covered, Cohen-Macaulay, sequentially Cohen-Macaulay, Buchsbaum and Sy

are also discussed. The results in this chapter are based on a joint work with

S. Anand [2].

5.1 Circulant graph and its edge ideal

Let n > 1 be a positive integer and S C {1,2,...,[5]}. The circulant graph
G = C,(9) is a finite simple graph (i.e., a subgraph of the complete simple
graph K,,) with vertex set V(G) = {0,1,...,n — 1} and edge set E(G) =

{{i,7}Hi — jln € S}, where |i],, = min{|i|,n — |i|} is the circular distance

101
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modulo n. For S = {ay,as,...,as} we write Cy(ay,as,...,as) instead of
Cn({ai,az,...,as}). Circulant graphs are examples of undirected Cayley
graphs [18].

Example 5.1.1. Let S = {1,2,...,[5]}. Then C,(S) is the complete simple
graph K,,. Note that C,,(1) is just the cycle. In fact, Cy,(i) is a cycle whenever

ged(n, i) = 1. Clirculant graphs are considered to be a generalization of cycles.

Given a circulant graph G = C,,(S) we can associate it with a square-free
monomial ideal in the polynomial ring R = Klzy,...,z,]. More generally,
let G = (V(G), E(G)) denote a finite simple graph with vertex set V(G) =
{1, 29,...,2,} and edge set E(G). By identifying the vertices of G with the
indeterminates in the polynomial ring R = Kz, 2, . .., x,], we can associate

G to the quadratic square-free monomial ideal
I(G) = (wiz; | {wi, 2} € E(G)) C R,

called the edge ideal of G. Edge ideals were first introduced by Villarreal [56].
They are mainly studied to investigate relations between algebraic properties
of the ideals and combinatorial properties of the corresponding graphs. The
main focus is on describing invariants of /(&) in terms of G. For the edge
ideal I(G) in R = K[xy,x9,...,x,| there exists an N-graded minimal free

resolution
F:0—-F,—»F,_1—--—F—>R/IG) —0,

where p < n (by Hilbert’s syzygy theorem; see Section 2.1) and F; =
@®;R(—j)P. The numbers f3; ; are the i N-graded Betti numbers of R/I(G)
in degree j and we write 3; ;(G) for f5;;(R/I(G)). Also, the length p of the

resolution is the projective dimension of R/I(G) as an R-module and is de-
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noted by pd(R/I(G)) (we write pd(G) for pd(R/I(G))), i.e.,

pd(G) = max{i | 5, j(G) # 0 for some j}.

Betti numbers and projective dimension are among the most important in-
variants in a graded minimal free resolution. Moreover, the Castelnuovo-
Mumford regularity (or simply the regularity) of R/I(G) is another impor-
tant invariant encoded in the minimal free resolution of R/I(G). Denoted by
reg(R/I1(G)) (or simply reg(G)), the regularity of R/I(G) (see also Definition
2.1.5) is defined as

reg(G) = max{j —i | 5;;(G) # 0}.

The edge ideal I(G) is said to have a linear resolution if for all i > 0,
Bij = 0 for all j # i+ 2. Thus I(G) has a linear resolution if and only if
reg(I(G)) = 2.

Let G = (V(G), E(G)) be a finite simple graph. The complement of
G, denoted by G¢, is the graph (V(G°), E(G)) where V(G°) = V(G) and
E(G°) = {{z,y} | {z,y} ¢ E(G)}. The neighborhood of = € V(QG) is the
set Ng(z) ={y | {z,y} € E(G)}. The closed neighborhood of z is Ng[z] =
Ng(x) U {z}. The degree (or valency) of x is deg(x) = |Ng(z)|. A graph
H = (V(H),E(H)) is a subgraph of G if V(H) C V(G) and E(H) C E(G).
For W C V(G), the induced subgraph of G on the vertex set W, denoted by
Gw, is the graph whose edge set consists of all the edges in G that have both
endpoints in W (i.e., E(Gw) = {{z,y} € E(G) | z,y € W}). Let G and
H be two simple graphs with disjoint set of vertices, i.e., V(G) NV (H) = (.
The join of G and H, denoted by G x H, is the graph on the vertex set
V(G) UV (H) with edge set given by E(Gx H) = E(G) U E(H) U {{z,y} |
r € V(G)andy € V(H)}. If t > 2 is an integer, then for a graph G, the
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t-times join G * - - - * G is denoted as G*®.
t-ti
-times
Suppose G and H are two simple graphs on disjoint vertex sets and G« H
is their join. Mousivand [40] has given a formula to compute all the N-graded

Betti numbers of G % H in terms of G and H.

Proposition 5.1.2. [40, Corollary 3.4] Let G and H be two simple graphs
with disjoint vertexr sets having m and n wvertices, respectively. Then the

N-graded Betti numbers ; 4(G x H) may be expressed as

S22 {(2)Binyai (G) + () Bicjay (H) } if d#i+1,
i {(?)Bi—j,d—j(G) + (T;)Bz’—j,d—j(H)} + 2920 (Zn) (dﬁj) if d=i+1.

This, in particular, determines the regularity of G« H.

Proposition 5.1.3. [40, Proposition 3.12] Let G and H be two simple graphs

on disjoint vertex sets with one of them having at least one edge. Then

reg(G * H) = max{reg(G),reg(H)}.

A multipartite graph G is a simple graph such that V(G) = UL,V; and

for each 7 there is no edge between any two vertices in V;. If G and H are
two discrete graphs, i.e., both G and H do not have any edge, then G x H
is a complete bipartite graph. The Betti numbers of a complete bipartite
graph are known. In fact, Betti numbers of a complete multipartite graph

and hence, its regularity is also known.

Theorem 5.1.4. [24, Theorem 5.3.8] The N-graded Betti numbers of the

complete multipartite graph K,, .. ., are independent of the characteristic of

-----
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the field K and may be written as

S 1) Savaea (1) () i d=it 1,

J1<-<dp,
ﬂiyd(Kn17~--,nt) - ap,,ap>1

0 if  d#i+1.

Given a graph G, an induced matching of G is an induced subgraph con-
sisting of pairwise disjoint edges. The maximum number of edges in an
induced matching is called the induced matching number of G, and is de-
noted by v(G). We say that a subset W C V(G) is a vertex cover of G if
eNW # () for all edges e € E(G). The complement of a vertex cover is an in-
dependent set. A graph G is called well-covered if every minimal vertex cover
(with respect to the partial order of inclusion) has the same cardinality. Via
the duality between vertex covers and independent sets, being well-covered is
equivalent to the property that every maximal independent set has the same
cardinality. The cardinality of a largest independent set in G is denoted by
a(@). The family of all independent sets of G is a simplicial complex on the
vertex set V(G), called the independence complex of G, and is denoted by
Ag.

Ag ={W C V(G) | W is an independent set of G}.

Note that dim Ag = a(G) — 1. A graph is well-covered if and only if Ag is
a pure simplicial complex (see Section 2.3.1).

Various algebraic properties of the graph G is defined in terms of its
independence complex. Recall that, a simplicial complex A is called Cohen-
Macaulay /sequentially Cohen-Macaulay/Buchsbaum or it satisfies Serre’s
condition Ss if the Stanley-Reisner ring K[A] has the corresponding prop-
erty (cf. Section 2.3.1). We say a graph G is Cohen-Macaulay/sequentially
Cohen-Macaulay/Buchsbaum or it satisfies Serre’s condition Sy if its indepen-

dence complex Ag satisfies the corresponding property. Further recall that
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a simplicial complex A is called a Buchsbaum simplicial complex if lka ()
is Cohen-Macaulay for all x € V(A). Since lka,(2) = Ac\ng[a]s & graph G
is Buchsbaum if G\ Ng[z] is Cohen-Macaulay for all € V(G). A graph
G is said to be vertex decomposable (respectively, shellable) if Ag is vertex
decomposable (respectively, shellable) (see Section 2.3.1). Since A is pure
if and only if G is well-covered, we remark that in order for a graph G to
be vertex decomposable/shellable/Cohen-Macaulay /Buchsbaum or to satisfy

Serre’s condition Sy, it must be a well-covered graph.

5.2 Betti numbers and regularity

In this section we study the following three families of circulant graphs.
o Co(1,2,...,7, ..., |2]),
o Cin(1,2,...,21,....31,..., 2],
o Con(1,2,...,0,...,21,....3L,..., [2]).

We compute all the N-graded Betti numbers of edge ideals for these graphs.
This, in turn, gives the Castelnuovo-Mumford regularity for these graphs.
Various other algebraic and combinatorial properties are also determined in
the next Section 5.3.

Let H, be the circulant graph Cy(1,....7,. .., |5]), where 1 < j < [%].
We begin with the observation that H; can be written as joins of comple-

ment of cycles (see Lemma 5.2.1). Then we compute the Betti numbers and

regularity using Propositions 5.1.2 and 5.1.3, respectively.

Lemma 5.2.1. Let H, = Cy(1,...,7,..., |5]) and d = ged(j,n). Then

n

H, = GT(d),where G is a graph on %

number of vertices with Gf = Cz, the

cycle of length % (if & = 2, then Cy denotes the complete graph on 2 vertices).
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Proof. Suppose the vertices of H; are labeled as {0,1,...,n —1}. We parti-
tion the set V(M) into d components V; = {i,j +1,2j +1,..., (5 —1)j +i}
for 0 < i < d, where the indices of vertices are computed modulo n. Note
that for each 7 # s, there is an edge from every vertex of Hy, to the vertices
of Hy, . In other words, H; = Hlvo SRR Hlvd,l' Also, if we consider the
complement graph H 1ch- on the vertex set V;, then vai is a cycle of length

% for each i. Therefore, Hy, = Gy for 0 < 7 < d, and this proves the

statement. 0

Example 5.2.2. The graph C15(1,2,3,4,5,6) is isomorphic to C$ * C$ in
Figure 5.1.

w

I

—_

[a]

e~
x

—_

—_
Ot

Figure 5.1: C5(1,2,3,4,5,6) = CS % C¢

Let 5 = k. As j < 5, we have d < n and hence, k > 2. Recall that,
reg(R/I(Hy)) is also denoted as reg(H;). By Proposition 5.1.3, in order to
determine reg(H;), it is enough to find reg(G;), where Gy is a graph on k
vertices with G§ = CY, the cycle of length k. We compute reg(G;) by using
the Hochster’s formula (2.1).

Theorem 5.2.3. Let Gy be a graph on k number of vertices such that G s
a cycle of length k > 4. Then reg (R/1(G1)) = 2.

Proof. Let Ag, be the independence complex of G; on the vertex set

{0,1,...,k—1}. Then the Stanley-Reisner ideal I, = I(G1), where I(G))
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is the edge ideal of GG;. For each k > 4, the facets of Ag, are
{0,1},{1,2},....{k—2,k—1},{k —1,0}.

Recall that the Betti numbers 3; ;(R/I(G4)) are also denoted by f;;(Gh).
By Hochster’s formula (see (2.1)),

Bir (G1) = 3 dimg Hyy|_i 1 (A[V];K), (5.1)
Vg{O,l,...,kfl}
|V |=r

where A[V] = {7 € Ag, | 7 € V} is a subcomplex of Ag,. Since Ag,
is a one dimensional simplicial complex, EVl—i—l is possibly non-zero for
the cases |V| = i+ 1and |[V| =i+ 2, ie, r =i+ 1and r = i+ 2,
respectively. Therefore, we have possibly non-zero Betti numbers f3; ;41 for
i=0,1,...,k—1,and B for i =0,1,... k—2.

1 if i=Fk—2
Claim: 57;72'_’_2(G1) =

0 otherwise.
Proof of the claim: Note that by Hochster’s formula

Biive (G1) = Z dimg ﬁ1<A[V]§ K).
Vg{ozlv’kil}
|V|=i+2

We have Hy (A[V];K) = 0if V| # k as in this case the connected components
of A[V] are contractible. Now, if |V| = k, ie., i +2 = k, then A[V] =
Ag,. The claim now follows by noting that Ag, is a triangulation of the

1-dimensional sphere S'. Consequently, reg(R/I(G;)) = 2 for k > 4. O

Corollary 5.2.4. Let H; = Cy(1,...,7,..., |5]) and d = ged(j,n). Then

( R > 1 if n=25 or n=3d,
re =
#\1(m)

2 otherwise.
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Proof. It % = 2 or 3, then n = 2j or n = 3d, respectively and in these
cases, by Lemma 5.2.1, the graph H; is a multipartite (d-partite) graph
with each partition set having % number of vertices. By Theorem 5.1.4,
reg(R/I(Hy)) =1ifn=2jorn=3d. If k=1 >4, then reg(R/I(H,)) = 2,
by Lemma 5.2.1, Proposition 5.1.3 and Theorem 5.2.3. O

Remark 5. Since reg(I(Hy)) =reg(R/I(Hy)) + 1, Corollary 5.2.4 and [54,
Theorem 3.3] are essentially equivalent. Here we give a slightly different

proof. Of course, the formula for reqularity can be deduced once we give all

the Betti numbers for R/I(Hy) (see Theorem 5.2.8).

A sequence of real numbers {ay,as,...,a.} is said to be palindromic if
a; = a,_;y+1 for 1 < ¢ < r. In the next proposition we show that the Betti

numbers f3; ;+1(G1) are palindromic in the following sense:

Proposition 5.2.5. Fork > 4, we have 5;;11(G1) = 0ifi ¢ {1,2,...,k—3},
and B;i+1(G1) = Br—i—ak—i—1(G1) for 1 <i <k —3.

Proof. We make use of the (Hochster’s) formula (5.1) once again. Clearly,
Bo1(G1) = 0. If i > k — 2, then |V| > k — 1 and hence, A[V] has only one

connected component. Therefore,

ﬁmq_l (G1) =0 for 1 2 k— 2,

and this proves the first part of the proposition. For the second part, by

Hochster’s formula,

B'i,i+1 (Gl) = Z lelK ﬁo(A[V], K)
vc{o1,....k—1}
|V]|=i+1
and,
Br—i—2p—i—1 (G1) = > dimg Ho(A[V];K),

vc{o,1,... k—1}
|V|=k—i—1
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for 1 <i < k—3. Note that if |V| = i+1, then |V°| = k—i—1 and vice-versa.
Since dimg Hy(A[V];K) = (number of connected components of A[V]) — 1,
we just need to show that number of connected components of A[V] with
|V| =i+ 1 is same as number of connected components of A[V¢], and this

follows by a close inspection of the structure of A = Ag,. n

Remark 6. It can be checked that the rings R/I(Gy) are Gorenstein of di-
mension 2. The total Betti numbers of R/I1(Gy) are palindromic (see [43,
Theorem 25.6]). Here we have shown the palindromicity by using Hochster’s

formula.

Our aim now is to explicitly calculate the Betti numbers of the circulant
graph H; in Lemma 5.2.1. But first we state below the Betti numbers for the
graph GG;. Note that all the Betti numbers of G; has already been calculated
by Dochtermann [13] which we indicate in the proof.

Proposition 5.2.6. For k > 2, the nonzero Betti numbers of R/1(G1) are

given by
k) i(k—i—2) o g
Biiv1(G1) = (Hl) San (5.2)
(Zil) i(kl;_iIQ) otherwise,
and,

1 if k>4 andi =k — 2,
Biiva(Gr1) = (5.3)

0 otherwise.

Proof. First observe that the ideal I(G) is the zero ideal, when k = 2 or 3.
Thus the above formulas are valid in this case. For k > 4 the Betti numbers

Bii+2 are computed in the above claim (in proof of Theorem 5.2.3). When
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k > 5 the formulas for Betti numbers ; ;41 are given in [13, Remark 7).

Using Macaulay2 [19] we can directly check ;41 for the case k = 4. O

Our aim now is to compute all the Betti numbers of the joins Gi(d). We
will essentially use the formula of Betti numbers of G given by Dochtermann
and the formula to calculate Betti numbers of join of graphs in terms of the
Betti numbers of the original graph given by Mousivand. This will enable us
to find the Betti numbers of the graph H; since H; = Gf(d), where G is the
complement of the cycle of length k = 4.

Theorem 5.2.7. Let G| be the complement of a cycle of length k > 2. For
d>2,

v [ dk \i(dk —i—2) (d— 1)k
Pran (G = <i+1>dk—1+d<i—k+1> (54)

and,

d((d‘l)"”) if k>4,

«(d i—k42
Biisa(G1P) =
0 otherwise.

Proof. The following two identities can be verified directly.

Zo @ (t : j) - (u . U) (5.6)
QTJW =m<mz_— 1) _m@__f) B (le) (5.7)

We prove the formulas of Betti numbers by induction on d. Using the

and,
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formula of Mousivand [40] (see Proposition 5.1.2) we have,

Bii+1(G1 * Gh)

:22( )61 gi—i+1(G1) +Z( )(szrl)

=2 — (f) (i—f+1> (I_J)(kl;_—ZlH_Q) +2(i—:+1>

—

SEO R ()
(5B wen

Using Equation (5.6), we get the following:
« 5 (505 = () -6

o« 200 (5)(5%) = (),

o £ () () = (35) = #() - (1)
o Tin (§)(5) = () —2(4)-

<
Il
o

Hence,

2% — 2k — 2 2k k
B“+1<G1*G1)—2k< i >_2k<i_1>_<i+1>+2<i—k+1>

_ <¢T1>W+2<i—:+l> (by (5.7)).

Therefore, Equation (5.4) is valid for d = 2. Assuming the formula is true

for d > 2, we verify it for d + 1. Once again, the formula of Mousivand [40]
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(see Proposition 5.1.2) gives

Biit+1 (Gi(dﬂ))
i—1

> (f) Bi-ji-j+1 (Gf(d)> + S <djk) Bi-ji—j+1(G1) + i <ik> (Z B er 1)

i=0 §=0 j=1
-1

<

[ )
+g (dD (Z _;?+ 1) (i —j)(lz—_ilﬂ -2 . (l _CZL 1)

2 (-)

By using Equations (5.7) and (5.6) in a similar way as for the d = 2 case,

N

we see that

sy ((d+ DR i((d+ 1)k —i—2) dk
R (Ch )):< i+1 ) (d+ 1)k —1 +(d+1)<¢—k+1)‘

This completes the induction. Equation (5.5) can also be verified by induc-

tion in a similar way.

]

Lemma 5.2.1, Corollary 5.2.4, Proposition 5.2.6, and Theorem 5.2.7 all

together yield the following result.

Theorem 5.2.8. Suppose n > 5 is an integer. Let Hy be the circulant graph
Co(1,..., 7, ..., |2]) with d = ged(j,n) and k =2

2 d
Case I: Ford =1,

n \i(n=i=2) .
15} (H,) = <i+1> n—1 for 1<i<n-—2,
i1 (1) =
0 otherwise.
1 if i=n-2,
6i,i+2(H1) =
0 otherwise.
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Case II: Ford > 2,

n \i(n—1—2) n—k :
o (H) = ~ 7 1<i1<n-—1
Biit1(Hn) (i—i—l) —1 + (i—k—i—l) for1<i<n ,

d(zf,:fQ) if n>4d and1 <i<n-—2,

Biiv2(Hy) =

0 otherwise.

Proof. We have G = Gf(d), where (G is a graph on k number of vertices with
G{ = Cy. If d =1, then the result follows from Proposition 5.2.6. Therefore,
we can assume that d > 2. But in that case, the formulas are proved in

Theorem 5.2.7. Note here that k = %. O

We now focus on the graph Hy = Cim(1, ..., {il}is, .-, | ]). which we
simply write it as C,,(1,. .., o,....3,..., L%mj) throughout the rest of the
chapter. We first show that this circulant graph can be written as a join of
cycles. More generally, we determine when a join (also called as product) of
cycles is a circulant graph. Using this structure result we compute all the

Betti numbers of the circulant graph H,.

Lemma 5.2.9. Let my,...,m; > 3 be integers. Then the join Cy,, *---*xCp,
is a circulant graph if and only if m; = m for some m > 3, and for alli. In

addition, if this is the case, then C: = Cy,,.(1,. .., 2, ... ,3Al, e L%mj)

Proof. First notice that, if m; # m; for some i # j, then C,,, * --- x Cy,
is not a regular graph (in regular graph all vertices have same degree) and
hence, cannot be a circulant graph. Now we show that C;‘n(l) is the circulant
graph Hy = Cy, (1, .. ., o,....3,..., L%mj) We partition the set V' (Hs) into
[ components: V; = {i,[ +1i,...,(m — 1)l + i}, for 0 < i < [. Note that, the
induced subgraphs Hy, are the cycles C,, for all 4. Also, for all ¢ # 7, there
is an edge between each vertex of V; to the vertices of V}, thus proving the

statement. OJ
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Example 5.2.10. The circulant graph C15(1,2,3,4,5,6,7,8,9) is isomorphic
to Cg x Cg x Cg in Figure 5.2.

0 92 8
11 7
12 6
12 9 13 10 14 11
13 5)
= 15 >I<16 >I<17
14 4 6 7 8
0 3 1 4 2 5
15 3

16 NP o
17 1

Figure 5.2: C15(1,2,3,4,5,6,7,8,9) = Cq * Cg * Cs.
We remark that the following lemma is entirely a collection of results by
other authors which we indicate in the proof.

Lemma 5.2.11. Let m > 5 be an integer. Then

(i) pd(Cr) = |22 and reg(Cyn) = |5 so that pd(C,) + reg(Cry) =

m.

(ii) The initial Betli numbers

m if 1=1,2,
Bz‘,i-&-l(om) =

0 if i>2.

(iii) For 2 <r < reg(C,), the nonzero Betti numbers

m r m — 2r
Biitr(Cm) = m — 2r (z —7’)( r >

(iv) Let r =reg(Cy,) and p = pd(Cy,).
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(a) For m =0 (mod 3) the nonzero Betti numbers

3(,/,) i i#p

S(ifr) — 1 otherwise.

Biitr (Cr) =

(b) For m =1 (mod 3) the nonzero Betti numbers

m() if i#p,

m(i;) + 1 otherwise.

Biitr(Cm) =

(¢c) For m =2 (mod 3) the nonzero Betti numbers

L if i=p,
Biivr(Cm) =

0 otherwise.

Proof. The proof follows from [24, Theorem 7.6.28]. See also [1, Corollary
4.4] for (i) and (4i7). For (i7) see [1, Lemma 4.7]. The formulas in (iv) can
be deduced by a close inspection of [1, Corollary 4.4]. For example, when
m =0 (mod 3) we can assume that m = 3t for some ¢ > 1 and then, p = 2t

and r = t. By [1, Corollary 4.4],

Biiar(Cm) = i ( g ) (m - 2T> (for i < p)

Also, for i = p, we have i +r = m and as 3(1.;) = 3 in this case, we see
that By pir(Ch) = 3(1.;) — 1. The formulas for m =1 (mod 3) and m = 2

(mod 3) can be deduced in a similar way. O

We proceed to compute the initial Betti numbers 3; ;11 (H>).
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Theorem 5.2.12. Letm > 5 andl > 2 be integers. Then for1 < i <lIm—1,

BmﬂHﬂ=M<U]??+ﬁ a_lm£1>_<a;2m>

Proof. Note that Cy,,,(1,. .., o, ....3,..., L%mj) = C*. The following iden-
tity can be verified directly:

<9+Qfﬁzcjﬁ' (5.8)

We prove the above expression of §;;+1(H>) by induction on [. For [ =2,

Bi,i+1(Cr * Cry)

= Z( )5z —ji—j+1(Cm +Z< >( _j+1> (by Proposition 5.1.2)

= om Kle) ( ﬂ +§< >(2+1 _J) 2(1,;”1) (by Lemma 5.2.11 (ii))
—om (T_* 11> + (ffl) _ 2(@, T1> (by (5.8) and (5.6)).

Therefore, the statement is true for [ = 2. Assuming it is true for [ > 2, we
prove it for [+ 1. Now the formula of Mousivand [40] (see Proposition 5.1.2)
yields

2 [ (o] £ )
EO B el ) ()
() ()

- (m ) = (.lm ) (by Lemma 5.2.11(i)).

1 +1 1+ 1
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The induction is completed by applying the identities (5.8) and (5.6) in the

same way as for the [ = 2 case. O

We next determine the nonlinear Betti numbers 3, ;4,(H>), where 2 <
r < reg(H,). Note that, by Lemma 5.2.9 and Proposition 5.1.3, reg(Hs) =
reg(Crm).-

Theorem 5.2.13. Let m > 5 and | > 2 be integers. Then for 2 < r <

reg(Hy),
Biier (Ho) = — 2 (m—%) ((zgl)mﬂ)_

m — 2r r 1=
Proof. We prove this again by induction on [. For [ = 2, we use the formula

of Mousivand [40] (see Proposition 5.1.2) to get

i+r—2

Biivr (C. =2 Z ( )5z ji—jtr(Cm)
2:; ( ) - (l - ; - r) (m . Zr) (by Lemma 5.2.11, (ii))

_m_=ar)(m) -

Assuming the formula is true for [ > 2, we calculate it for [ + 1. Using the

formula of Mousivand [40] (see Proposition 5.1.2) again we get

Bz Z+T C* H_l )
z+r 2 l
= [( >ﬁz —Jyi— J+T(C*l) (T)BZ —Jsi— J+T<Cm)]

-E (et ()
(R0
T E () )

_ “*”m(m - 2’“) (W g ) (by (5.6))

m — 2r r
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O

Finally, we would like to calculate §;;.,(H>2), where r = reg(R/I(Hs)).
By Proposition 5.1.2 we see that r = reg(R/I(Hz)) = reg(R/I1(C,,)) since

Hy = C:V. There are three cases depending on the value of m modulo 3.

Theorem 5.2.14. Let m > 5 be an integer and r = reg(R/I(H,)) =
reg(R/I(Cy,)). Then forl>2and1<i<lIm—1,

3l< (=1 m”) — l((.lfl)m) for m=0 (mod 3),

i—r 1—m—r

Biivr(Ha) = lm((l_.l)m”) + l(l l)m) for m=1 (mod 3),

1—7r 1—m-+r

l(gl;rlllrmr) for m=2 (mod 3).
Proof. We prove this by induction on [. Let p = pd(C,,) and r = reg(C,,)
so that p +7 = m. Assume that m = 0 (mod 3), i.e., m = 3k for some
k > 2. First we check the formula for [ = 2. We have by the formula of
Mousivand [40] (see Proposition 5.1.2),

i+r—2
Buiir(Con > () csimson(Co)
2Z+ZT:2 ( ) ( - _T> - 2<i Tp) (by Lemma 5.2.11 (iv) (a))
_ 6<T;L_+:> - 2(@, B ZJF r) (by Lemma 5.2.11 (i)).

We now verify the formula for [ + 1 assuming it is true for [ > 2.

Biyigr (C)

i+r—2 itr—2
=3 (T]”) Bijijar(CEOY + Z (lm>6l Cjiejir(Cm) (by Proposition 5.1.2)
=0

3

<?>3z<“:;@:’“>—52’; D) )

J - _ (/ﬁ”p) (by Lemma 5.2.11, (iv)(a)).

The induction is completed by using Equation (5.6) and the fact that p+r =
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The formulas for the cases m = 1 (mod 3) and m = 2 (mod 3) can be
verified similarly using Lemma 5.2.11 (iv) (b) and (c), respectively.
[l

Remark 7. The formulas for ;;1;(Cy, * Cp,) are obtained in [1], which is
the | = 2 case in Lemma 5.2.9. Our formulas in Theorem 5.2.14 for | = 2
are slightly different than theirs. The calculations done here are inspired by

those in [1].

Remark 8. For calculating Betti numbers we have assumed that m > 5.
However, for m = 3 we have G = Kjy, the complete graph on 3l vertices and
hence it has a linear resolution. Form = 4, we see that G = Cy(1,2,...,2l—
1,21) and thus Betti numbers of R/I(G) can be calculated using Theorem,
5.2.8.

We now consider the graph H; = C,(1,... ,lA, .. .,2Al, . ,?:l, L5,
where n = [m is any composite number. We show that Hj is a multipartite

graph. Moreover, we determine which multipartite graphs are circulant.

Lemma 5.2.15. Let | > 2 and mq,...,m; > 2 be integers. The complete

multipartite graph K, ., % a circulant graph if and only if m; = m
for 1 < i < 1. In addition, if this is the case, then Km m,....m =
—_———

I-times

Com(1, .. 1,20 |2 ]).

Proof. If m; # m; for some i # j, then K,, . . is not a regular graph

1
and hence, cannot be a circulant graph. To prove the second statement, we
partition the set V(Hj3) into | components: V; = {i,l +1,...,(m — 1)l + ¢},
for 0 <7 < [. Note that, the induced subgraphs Hgvi consists of only isolated

vertices. Also, for all 7 # j there is an edge between each vertex of V; and

Vj;, thus proving the statement. O
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Example 5.2.16. The circulant graph Ci5(1,2,3,4,5,6) is isomorphic to
K¢ in Figure 5.5.

7.6 10 ~——— .11
5 =——————
9 6 == oo <
! SR ==
O ———
10 3 4 ————=—S="= )
e 3
11 2 0 ““ |

Figure 5.3: C15(1,2,3,4,5,6)

Theorem 5.2.17. The N-graded Betti numbers of R/I(H3) can be written

iy =30-0 5 (("). (1)

r=2 art-tap=i+1, \I'/ \¥1
1<ay,..., ar<m

as

and B; 4(Hs) =0 for d # i+ 1.

Proof. By Lemma 5.2.15, the circulant graph Hj is the complete multipar-

tite graph K, m, ..., m and hence, Ay, is a disjoint union of [ number of
—_———

I-times

simplices each of dimension m. The proof now follows by applying Theorem

5.1.4. [l

Remark 9. As we can write Hy = G;(l), where Gy is a graph consisting of m
number of isolated vertices, the result in Theorem 5.2.17 can also be deduced

by applying the formula of Mousivand [40] (see Proposition 5.1.2).

5.3 Other algebraic and combinatorial prop-
erties

In this section we determine when the graphs Hy, Hs and H3 from Section 5.2

are vertex decomposable, shellable, well-covered, Cohen-Macaulay, sequen-
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tially Cohen-Macaulay, Buchsbaum and S;. We also calculate the induced
matching number and projective dimension of these graphs. Moreover it is
shown that if a graph G can be written as Gy * - -- * G4, then the above
mentioned properties of G can be described in terms of G;’s.

First, we state some known results in this direction.

Theorem 5.3.1. [15, Theorem 2.3] Let A be a pure simplicial complez on

the vertex set V= {x1,...,x,}.

(i) The following implications hold for A :

vertex decomposable = shellable = Cohen-Macaulay

= Buchsbaum.

(i) If dim A = 0, then A is vertex decomposable (and thus, shellable,
Cohen-Macaulay, and Buchsbaum,).

(iii) If dim A = 1, then A is vertex decomposable/shellable/Cohen-Macaulay
if and only if A is connected. If A is not connected, then A is Buchs-

baum but not Cohen-Macaulay.
(iv) If dim A > 2 and A is Cohen-Macaulay, then A is connected.
Recall that for a graph G, the projective dimension of R/I(G) is denoted
by pd(G).

Theorem 5.3.2. [24, Theorem 4.2.6] If G is a graph such that G¢ is dis-
connected then

pd(G) = V()] - 1.

In the following proposition we record a number of properties for the cycle
graphs C,,. We remark that the following proposition is entirely a collection

of results by other authors which we indicate in the proof.
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Proposition 5.3.3. Let m > 3 be an integer and C,, denote the cycle of
length m. Then

(i) Cy, is well-covered/Buchsbaum if and only if m <5 or m =T.

(ii) C, is vertex decomposable/shellable/Cohen-Macaulay or sequentially
Cohen-Macaulay if and only if m € {3,5}.

(iii) Cp, satisfies Serre’s condition Sy if and only if m € {3,5,7}.

Proof. The statements regarding when (), is well-covered, Buchsbaum or
sequentially Cohen-Macaulay can be deduced from the proof of [1, Proposi-
tion 3.2]. Statements regarding Cohen-Macaulay and Sy properties are the
content of [57, Corollary 7.3.19] and [21, Proposition 1.6], respectively. The
criteria for vertex decomposability and shellability can be deduced from [55,

Theorem 3.4]. O

Let Gy, ..., Gy are finite simple graphs on disjoint set of vertices for d > 2,
and G = G % --- % G4. In the following two propositions we describe some

properties of G in terms of G;’s.

Proposition 5.3.4. Let d > 2 be an integer and G+, ..., Gy are finite simple
graphs with disjoint vertexr sets. If G = Gy ---x Gy, then

(1) the induced matching number

V(@) = max{v(G;)} if v(Gi) # 0 for some i,

1 otherwise.

(it) G is well-covered if and only if all G;’s are well-covered and for each

i # 4, a(Gh) = a(G).
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(iii) G is vertex decomposable/shellable/Cohen-Macaulay (or Ss) if and only

if G;’s are complete graphs for all j and this is equivalent to dim Ag, =

0 for all j, where Ag; is the independence complex of the graph Gj.

(iv) G is sequentially Cohen-Macaulay if and only if Gy is sequentially

Cohen-Macaulay for some 1 < t < d and G;’s are complete for all

Jj#t

(v) G is Buchsbaum if and only if each G; is Buchsbaum for 1 <i <d.

Proof. We see that Ag = L4 Ag,, where Ag is the independence complex

of GG.

(i)

(iii)

Note that v(G;) = 0 if and only if G; consists of isolated vertices. Thus,
if v(G;) = 0 for all 7, then G is a complete multipartite graph. In that
case, we have v(G) = 1. Therefore, we can assume that v(G;) # 0
for some 7. Since every induced matching of G is an induced subgraph
of G, we see that for each ¢ the maximal (with respect to inclusion)
induced matchings of G; are also maximal induced matchings of G.
Hence, if v(G) = 1 then v(G;) < 1 for all ¢ and consequently, v(G) =
max;{v(G;)}. Therefore, assume that v(G) > 2. In that case, we see
that every maximal induced matching of G is an induced matching of

G; for some i. The statement now follows.

Let G be a well-covered graph. Suppose A C V(G;) is a maximal inde-
pendent set of GG;. Then observe that A is also a maximal independent
set in G. Thus |A| = a(G). Hence each G; is well-covered and for each
i # 7, a(G;) = a(G;) = a(G). The converse part follows easily by
observing that if A C V(@) is a maximal independent set of G, then
A CV(G;) for some 1.

First note that, for S5 property the statement directly follows from The-

orem 2.3.8 since lka,(0) = Ag. Now we consider the Cohen-Macaulay
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property. If G; is not complete for some 7, then dim Ag, > 1 and con-
sequently, dim Ag > 1. Since Cohen-Macaulay simplicial complexes
of positive dimension are connected, we have that G is not Cohen-
Macaulay. The converse follows from the fact that all 0-dimensional
simplicial complexes are Cohen-Macaulay (see Theorem 5.3.1). The
statement about vertex-decomposability and shellability follows from
the fact that all O-dimensional simplicial complexes are vertex decom-

posable/shellable and also from the well-known hierarchy of conditions:
vertex decomposable = shellable = Cohen-Macaulay.

Let G be a sequentially Cohen-Macaulay graph. Suppose G, and G,
are not complete for some r # s. Then A[Gl] is 1-dimensional and
disconnected and hence, not Cohen-Macaulay, which is a contradiction.
Therefore, we must have at most one G; that is not complete. In
that case, A[Cl;] = A[é]j for all I > 0. Hence, G; is sequentially Cohen-
Macaulay. Converse part follows from the fact that A[Cl; = Agj for all

[ > 0.

Let G be a Buchsbaum graph. Let z € V(G;) for some i. Then G \
Nglz] = G; \ Ng,[x] and hence, G; \ Ng,|z| is Cohen-Macaulay for
all x € V(G;). Thus G; is Buchsbaum for each i. Conversely, take
z € V(QG), then z € V(G;) for some i. Since G \ Ng[z] = G; \ Ng,[z],
we have that G\ Ng|z] is Cohen-Macaulay. Hence G is Buchsbaum.

O

We remark that, for d = 2, some of the properties in the above proposition

are proved in [1, Proposition 3.2]. Our proof is inspired by the proof of that

proposition.
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Proposition 5.3.5. Lett > 2 and nq,...,n; > 2 be integers. If G denotes

the complete multipartite graph K,, . .., then

(i) reg(R/I(G)) = 1, pd(R/I(G)) = T_yns — 1 and v(G) = 1.

(i) G is a Buchsbaum graph. Moreover, G is well-covered if and only if

n; =n; for all i and j.
Jf J

(iii) G does not satisfy any of the following properties: wvertex decompos-
ability, shellability, Cohen-Macaulayness, sequentially Cohen-Macaulay

property and Serre’s condition Ss.

Proof. For (i), note that the statement about regularity follows from Theo-
rem 5.1.4. Since G° is disjoint union of complete graphs K,,,, pd(R/I(G)) =
St m; — 1 (see Theorem 5.3.2). Also, v(G) = 1 follows from the definition.
As for (ii) and (iii), note that G = G x - - - x G, where G;’s are graphs con-
sisting of n; number of isolated vertices. Now the statements quickly follow

from Proposition 5.3.4. ]

In the next theorem we calculate projective dimension and induced match-
ing number of H;. Further, we describe other combinatorial properties such

as when H; is Cohen-Macaulay, well-covered, Buchsbaum etc.

Theorem 5.3.6. Let n > 4 be an integer and Hy = Cy(1,...,7,..., 15])
Then

, n—2 if ged(jn) =1,
(i) pd(H;) =
n—1 otherwise.

2 when k=4,
(i) The induced matching number v(H;) =

1 otherwise,
wher@ k = m

(iii) H, is well-covered as well as a Buchsbaum graph.
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(iv) Hy is vertex decomposable/shellable/Cohen-Macaulay or sequentially
Cohen-Macaulay or Sy if and only if ged(j,n) = 1.

Proof. Let ged(j,n) = d and k = % > 2. Recall that by Lemma 5.2.1,
H, = G’{(d), where (G; is a graph on k number of vertices with G{ = Cj, the
cycle of length k. First consider the case d = 1. In that case, n = k and
H, = G,. Let V(Gy) = {0,1,...,k —1}. Then the facets of the simplicial

complex Ag, are {0,1},{1,2},...,{k —1,0}.
(i) This follows from Theorem 5.2.8.

(ii) When n = 4, we have v(H,) = v(C§) = 2. For n > 5, recall that
an induced matching is an induced subgraph of H;. Hence the fact
v(Hy) = v(C:) =1 follows from a direct inspection of the structure of

ce.

n

(iii) Gy is well-covered as all maximal independent sets have cardinality 2.
Also, for x € V(G,), Gy \ Ng,[z] is the complete graph on 2 vertices

and hence, Cohen-Macaulay. Therefore, (G; is Buchsbaum.

(iv) G, is vertex decomposable, shellable and Cohen-Macaulay as Ag, is a
pure 1-dimensional connected simplicial complex (see Theorem 5.3.1).
Since Cohen-Macaulay simplicial complexes of dimension 1 are also
sequentially Cohen-Macaulay, GG is sequentially Cohen-Macaulay. The
Sy property follows from Theorem 2.3.8.

We now consider the case d > 2. Then by Theorem 5.3.2, pd(H;) =n—1
(it can also be checked by Theorem 5.2.8). If k£ = 2 or 3, H; is a multipartite
graph and hence v(H;) = 1. For k > 4, the statement in (ii) is deduced
by applying Proposition 5.3.4. Also by Proposition 5.3.4, H; is well-covered
(resp. Buchsbaum) if and only if G is well-covered (resp. Buchsbaum).

Recall that G is a cycle of length k. If k& > 4 then the statement in (iii)
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follows from the d = 1 case. For k = 2 and 3, (G; consists of isolated vertices
and hence GG is well-covered as well as Buchsbaum.

For H; to be vertex decomposable/shellable/Cohen-Macaulay or sequen-
tially Cohen-Macaulay or S, G1 needs to be a complete graph (by Proposi-
tion 5.3.4). But G can never be complete and this completes the proof of

the proposition. O]

Remark 10. For Sy and the Cohen-Macaulay properties the statements in
Proposition 5.53.6 are proved in [41, Theorem 4.1]. Also, except the projec-
tive dimension, induced matching number, the Sy and sequentially Cohen-
Macaulay properties, the statements for all other properties have been proved

in [15, Theorem 4.2]. Here we give an alternative proof using Proposition

5.3.4 and Lemma 5.2.1.

In the next theorem we determine projective dimension and the induced
matching number of H, as well as when the graph H, is well-covered, Buchs-
baum, vertex-decomposable, shellable, Cohen-Macaulay, sequentially Cohen-

Macaulay or S,.

Theorem 5.3.7. Let [ > 1 and m > 3 be integers. Suppose Hy =

Cim(1,. ., 20,3l [ 22 ]). Then

(i) pd(Hy) = [225] when 1 =1, and pd(Hs) = Im — 1 when [ > 2. Also,

the induced matching number v(Hy) = | % ].

(ii) Hs is well-covered/Buchsbaum if and only if m € {3,4,5,7}.

(iii) Ho is vertex decomposable/shellable/Cohen-Macaulay or sequentially
Cohen-Macaulay if and only if either | =1 and m € {3,5} orl > 2 and

m = 3.

(iv) Hy satisfies Serre’s condition Sy if and only if either | = 1 and m €
{3,5,7} orl > 2 and m = 3.
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Proof. By Lemma 5.2.9, the circulant graph Hy = C(). Statement regarding
the projective dimension follows from Theorem 5.3.2 and Lemma 5.2.11. For
the induced matching number, note that if [ = 1, then v(H;) = v(Cy,) = [ 3]
When [ > 2, by Proposition 5.3.4, v(H3) = v(Cy,) = |%§]. For the remaining
statements we may subdivide the proof into two cases: [ =1 and [ > 2. The

case of [ = 1 can be deduced from Proposition 5.3.3 and the [ > 2 case is

obtained by applying Proposition 5.3.4. [
The following theorem is a direct application of Proposition 5.3.5.
Theorem 5.3.8. For the graph Hy = C,(1,... ,.20..00,3 . 151),
(i) reg(R/I(H3)) =1, pd(R/I(H3)) =n—1 and v(H3) = 1.
(ii) Hj is well-covered and Buchsbaum.

(iii) Hjz does not satisfy any of the following properties: vertex decompos-
ability, shellability, Cohen-Macaulayness, sequentially Cohen-Macaulay

property or Serre’s condition Ss.
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