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Abstract

Artin braid groups are celebrated objects which appear in and affix several areas of mathemat-
ics and theoretical physics. A geometric interpretation given by Artin in his pioneering work
in the 1920s, which captures the behaviour of intertwined strings in the Euclidean 3-space,
has led to a deeply rooted connection with links in the 3-space. Since then the theory has been
ramified by topologists and algebraists both. This naturally leads to a question of how the
strings would intertwine if considered on a plane, and how it can be signified algebraically.
The thesis explores this direction and presents a detailed investigation of structural aspects of
planar braid groups and their (higher genus) virtual analogues.

Study of certain isotopy classes of a finite collection of immersed circles (called doodles on
surfaces) without triple or higher intersections on closed oriented surfaces is considered as a
planar analogue of virtual knot theory with the genus zero case corresponding to the classical
knot theory. In the case of doodles on the 2-sphere, the role of groups is played by a class
of right-angled Coxeter groups called twin groups. For the higher genus case in the virtual
setting, the role of groups is played by a new class of groups called virtual twin groups.

We give a topological description of virtual twin groups and establish Alexander and Markov
theorems for oriented virtual doodles. This paves a way for constructing invariants for
doodles on surfaces. We investigate structural aspects of (pure) virtual twin groups in detail.
More precisely, we obtain a presentation of the pure virtual twin group and deduce that it is
an irreducible right-angled Artin group. We then prove that pure virtual twin groups can be
written as iterated semidirect products of infinite rank free groups. Consequently, it follows
that pure virtual twin groups have trivial centers, which confirms a well-known conjecture
about triviality of centers of irreducible non-spherical Artin groups. We also compute the
automorphism group of pure virtual twin groups in full generality and give applications to
twisted conjugacy.

We investigate the conjugacy problem in twin groups and derive a formula for the number
of conjugacy classes of involutions, which, quite interestingly, is related to the well-known

Fibonacci sequence. We also investigate z-classes in twin groups and derive a recursive
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formula for the number of z-classes of involutions. Finally, we determine automorphism

groups of twin groups and give applications to twisted conjugacy.
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Chapter 1
Introduction

Artin braid groups are celebrated objects which appear in and affix various areas of mathe-
matics and theoretical physics. One of the notable features of these groups is their deeply
rooted connection with classical links which are defined as embeddings of 1-dimensional
closed manifolds (disjoint union of circles) into the 3-sphere. An explicit geometric account
revolving around the behaviour of interlinked strings with crossing information in the 3-
space was given by Artin in the 1920s. Since then it has been ramified by topologists and
algebraists both. This naturally leads to a question of how the strings would intertwine if
considered on a plane, and that how can it be signified algebraically. In this direction, Fenn
and Taylor [27] introduced doodles on the 2-sphere as finite collections of Jordan curves
lying on the 2-sphere which are required not to have triple intersections. They focused on
three components doodles and studied relations between doodles and commutator identities
in free groups using a certain type of intersection number of components. Two doodles are
equivalent if one can be obtained from the other by a finite sequence of the move called a
Whitney move. Khovanov [52] then considered a finite collection of immersed circles on
any fixed closed oriented surface in his definition of a doodle. This further allowed him to
consider a move which adds or removes a kink in a doodle, and therefore the equivalence
relation on a set of doodles with a fixed number of components was refined accordingly. By
considering the definition given by Khovanov [52] and extending the idea of Fenn and Taylor
[27], it has been proved recently by Bartholomew-Fenn-Kamada-Kamada [8] that there is a
bijection between cobordism classes of coloured doodles and weak equivalence classes of
elementary commutator identities. More interestingly, these objects can be viewed as planar
analogues of links in the Euclidean 3-space. Consequently, the role of groups in the theory of
doodles can be contemplated. As a matter of course, Khovanov considered abstract groups 7},
which he called twin groups, and gave a geometric interpretation similar to the one for Artin

braid groups. He considered configurations of n arcs in the infinite strip R x [0, 1] connecting
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n marked points on each of the parallel lines R x {1} and R x {0} such that each arc is
monotonic and no three arcs have a point in common. Two such configurations are equivalent
if one can be deformed into the other by a homotopy of such configurations in R x [0, 1]
keeping the end points of arcs fixed. An equivalence class under this equivalence is called a
twin. The product of two twins can be defined by the juxtaposition of one twin on top of the
other and shrinking the interval back to [0, 1]. The collection of all twins with n arcs under
this operation forms a group isomorphic to the twin group 7;,. Taking the one-point compact-
ification of the plane, one can define the closure of a twin on the 2-sphere, in resemblance to
the operation defined for geometric braids in the 3-space. Evidently, closure of a twin gives
a doodle on the 2-sphere. In fact, Khovanov [52] proved that every oriented doodle on the
2-sphere is the closure of some twin. Recently, Gotin [37] established the relation between
twins with equivalent closures and doodles on the 2-sphere, that is, the Markov description
of oriented doodles on the 2-sphere in terms of Markov equivalence classes of twins. To
classify doodles on the 2-sphere, following the work of Burau to construct link invariants
via representations, an Alexander type invariant for oriented doodles has been constructed
in a recent work [18]. Twin groups, being right-angled Coxeter groups, are known to be
linear groups via the well-known Tits representation [15, p.96]. Using a deformation of
this faithful representation, a polynomial invariant has been constructed which vanishes on
unlinked doodles with more than one component.

Even before this interpretation, twin groups appeared in the work of Shabat and Voevodsky
[81] in the context of curves over number fields, who referred them as Grothendieck carto-
graphical groups. Later, these groups appeared in the work of Khovanov [51] on real K (7, 1)
arrangements. These groups are also referred as traid groups or planar braid groups in the
literature [36, 39, 63, 64].

There is a natural surjection of 7;, onto the symmetric group on n symbols trailing how the
end points of the strands are connected, whose kernel is known as the pure twin group and is
denoted by PT,,. It is well-known that the pure Artin braid group P, is the fundamental group
of the configuration space of ordered n-tuples of distinct points in R?. Bjorner and Welker

[12, 14] considered a more general class of manifolds to which the space
Xo =R\ {(x1,x2,...,%,) eR" | xi=x; =x,=x;, i # j £k F# i}

belongs. They studied the cohomology of these spaces and proved that H'(X,,,Z) is free for
all i. Through their works, a lower bound of an exponential order to the rank of pure twin
groups has been estimated. Further, in [12] it was conjectured whether the space X, is a

K(m,1), which was later dealt by Khovanov [51] in his work on real K (7, 1) arrangements.



He proved that the conjecture holds and that the fundamental group of the space X, is
isomorphic to the pure twin group on 7 strands.

Recently, the algebraic perspective of these groups has gained much attention. Bardakov-
Singh-Vesnin [4] gave an upper bound to the rank of P7,, and proved that P7, is free for
n = 3,4 and not free for n > 6. It was also proved that PT, is torsion-free for every n > 3.
Further, it was conjectured that P75 is also a free group of rank 31, and the same has been
established recently by Gonzdlez-Ledn-Medina-Roque [36]. It has been proven in [63]
that PTg is a free product of the free group F7; and 20 copies of the free abelian group
Z & 7. A description of a presentation of PT,, for all n > 3 has been given in a recent
work by Mostovoy [64]. Gonzdlez-Leon-Medina-Roque [36] also computed the Lusternik-
Schnirelmann category and the higher topological complexity of P7;,. These groups also
belong to the class of so called diagram groups [30, 38].

Even with a slightly simpler presentation than classical Artin braid groups and a resembling
geometric interpretation, it is interesting to understand how the twin groups differ alge-
braically. A part of this thesis concentrate on algebraic aspects of these groups. In particular,
we explore conjugacy classes of involutions, centralisers, automorphisms, representations,
Ro.-property and (co)-Hopfianity of twin groups.

From ramifications of links and braids, arose virtual knots which were later shown to be
links in closed oriented thickened surfaces with a slightly more robust notion of equivalence.
One can think of the study of isotopy classes of immersed circles without triple or higher
intersection points on closed oriented surfaces as a planar analogue of virtual knot theory.
Bartholomew-Fenn-Kamada-Kamada [9] extended the study of doodles to immersed circles
on closed oriented surfaces of any genus and called them doodles on surfaces. Then, they
introduced the notion of a virtual doodle which is a generic immersion of a closed one-
dimensional manifold (disjoint union of circles) on the plane with finitely many real or virtual
crossings such that there are no triple or higher real intersection points. With the aim of
classifying these geometric objects, coloring of diagrams using a special type of algebra called
doodle switch, has been established to construct an invariant for virtual doodles [7]. They also
discussed Gauss codes for virtual doodles and defined left canonical Gauss codes which turns
out to be a complete invariant for oriented virtual doodles. More precisely, they proved that
virtual doodles are uniquely represented by left canonical Gauss codes [10]. Through their
works [9], classes of doodles on surfaces can uniquely be captured into diagrammatic study
of classes of virtual doodles on the plane. In this thesis, we characterise Alexander-Markov
description of doodles on surfaces, which captures the information about these objects into
the algebraic perspective. In other words, we give a one to one correspondence between

equivalence classes of doodles on surfaces and Markov equivalence classes of virtual twins
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(possibly with different number of strands). From a wider perspective, a recent work of
Bartholomew and Fenn [5] look at which Alexander and Markov theories can be defined for
generalised knot theories.

For constructing algebraic counterparts for doodles on surfaces, we examine an abstract
generalisation of twin groups called virtual twin groups defined in [4] and denoted by V' T;,.
In this thesis, we give a topological interpretation of the group V7, as group of classes of
configurations called virtual twins of n arcs with real or virtual crossings satisfying suitable
conditions. Once this is established, we prove Alexander and Markov theorems for oriented
virtual doodles on the plane which completely classify them in terms of virtual twins with
possibly different number of strands. This opens up the possibility of constructing algebraic
invariants to classify virtual doodles on the plane. There is a natural surjection of V7, onto
the symmetric group on n symbols which traces the end points of n strands and whose
kernel PVT, is called the pure virtual twin group. We then focus on examining the structural
properties of virtual twin groups and pure virtual twin groups.

The following subsections give a brief outline of the thesis.

1.1 Structural properties of twin groups

For an integer n > 2, the twin group T, 1s defined as the group with a presentation
<s1,s27...,sn_1 | siz =1for1 <i<n-—1ands;s;=s;s for |i—j| > 2>.

Let S, be the symmetric group on n symbols. Then there is a natural homomorphism from
T, onto S,,, which maps each generator s; to the transposition (i, i + 1). The kernel of this
map is defined as the pure twin group and is denoted by PT,.

We derive a formula for the number of conjugacy classes of involutions in 7;,. Quite interest-

ingly, it is closely related to the well-known Fibonacci sequence.

Theorem 1.1.1. Let p, denote the number of conjugacy classes of involutions in T,. Then

Pn = 1 + Pn—1+Pn—2

forall n > 4, where pp = 1 and p3 = 2.
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Corollary 1.1.2. For eachn > 2, py+1=F,, where (Fy),~ is the well-known Fibonacci

sequence with F1 = Fy = 1. In particular,

3 /0 &k
£
k=1

Two elements x,y of a group G are said to be z-equivalent if their centralisers Cg(x) and
Cg(y) are conjugates in G. A z-equivalence class is called a z-class. We compute the number

of z-classes of involutions in 7, for n > 2, and we have the following results.
Proposition 1.1.3. T, has finitely many z-classes if and only if n =2 or 3.

Theorem 1.1.4. Let A, denote the number of z-classes of involutions in T,, n > 2. Then, for
n>"17,

n—2
An: (Z)Li>_ln—4+n_27
i=3
where Ay =1, A3 =2, Ay =2, As =5 and A¢ = 8.

We compute the group of automorphisms for 7;, in full generality. Note that the automorphism
group of T3 = 7 x Z is well-known.

Theorem 1.1.5. Let T,, be the twin group with n > 3. Then the following hold:
(1) Aut(T3) = Ts x Zo.
(2) Aut(Ty) = Ty % Sa.
(3) Aut(T,) = T, x Dg forn > 5, where Dg is the dihedral group of order 8.

Using the structure of the group Aut(7;,), we study the R.-property of 7,,. Let G be a group
and ¢ an automorphism of G. Two elements x,y € G are said to be (¢-twisted conjugate)
@-conjugate if there exists an element g € G such that x = gy¢@ (g)_l. The relation of ¢-
conjugation is an equivalence relation and divides the group into ¢-conjugacy classes. Taking
¢ to be the identity automorphism gives the usual conjugacy classes. The number of ¢-
conjugacy classes R(¢) € NU {e} is called the Reidemeister number of the automorphism
¢. We say that a group G has R.-property if R(¢) = o for each ¢ € Aut(G).

Theorem 1.1.6. T, satisfy R.-property for all n > 3.

Residual properties of groups are of great interest to combinatorial group theorists. Twin

groups belong to the special class of right-angled Coxeter groups which are known to be



6 Introduction

linear, and hence residually finite and Hopfian. A group is said to be co-Hopfian (respectively
Hopfian) if every injective (respectively surjective) endomorphism is an automorphism. For

twin groups we have the following result.

Theorem 1.1.7. T, is not co-Hopfian for n > 3.

1.2 Virtual twin groups and doodles on surfaces

The virtual twin group VT, is presented by generators {s1,52,...,5,—1,P1,02,---,Pn—1} and

following defining relations

* relations of the twin group:

s = 1fori=1,2,...,n—1,

1

SiSj = 8jSi for|i—j]22,

* relations of the symmetric group:

p? = 1 fori=1,2,....n—1,
pipj = pjpi forli—j|>2,
PiPi+1Pi = Pi+1PiPi+1 fori=1,2,....n—2,

e mixed relations:

pisj = S;pi for |i — j| > 2,

PiPir1si = Sip1PiPi+1 fori=1,2,....,n—2.

In this thesis, we give a topological interpretation of these groups. Consider a set Q,, of n
points in R. A virtual twin diagram on n strands is a subset D of R x [0, 1] which consists
of n intervals called strands such that dD = Q,, x {0, 1} and the following conditions are
satisfied:

1. the natural projection R x [0, 1] — [0, 1] maps each strand homeomorphically onto the

unit interval [0, 1],

2. the set V(D) of all crossings of the diagram D consists of transverse double points of

D where each crossing has the pre-assigned information of being a real or a virtual
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crossing as depicted in Figure 1.1. A virtual crossing is depicted by a crossing encircled
with a small circle.

Fig. 1.1. Real and virtual crossing

We say that the two virtual twin diagrams on n strands are equivalent if one can be obtained
from the other by a finite sequence of isotopies of the plane and the moves as in Figure 1.2.
Such an equivalence class is called a virtual twin. We prove that the set of virtual twins on n

strands forms a group under the operation of concatenation, isomorphic to the group V7,,.

2R
) TS

Fig. 1.2. Reidemeister moves for virtual twin diagrams

A virtual doodle diagram is a generic immersion of disjoint union of finitely many circles
on the plane R? with finite number of real and virtual crossings such that there are no triple
or higher real intersection points. Two virtual doodle diagrams are equivalent if they are
related by a finite sequence of Ry, Ry, VR, VR,, VR3, M moves as shown in Figure 1.3 and
isotopies of the plane.

With the preceding setup, we have the following results.

Theorem 1.2.1. Every oriented virtual doodle on the plane is equivalent to closure of a
virtual twin diagram.

We now consider the following moves:

(MO0) Defining relations of VT,
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- -
R, VR,
‘ ‘
R, VR,

VR, M

Fig. 1.3. Reidemeister moves for virtual doodle diagrams

(M1) Conjugation: a'Ba ~ B,

(M2) Right stabilisation of real or virtual type: Bs, ~ 3 or Bp, ~ 3,
(M3) Left stabilisation of real type: (1® f)s; ~ B,

(M4) Right exchange: B15,B25n ~ B1pnfB2Pn,

(M5) Left exchange: s;(1®B1)s1(1®B2) ~ p1(1@B1)p1 (12 Bo),

for o, B,B1,B2 €VT,, n>2and 1 ® B € VT,,; the virtual twin obtained by putting a trivial
strand on the left of 3.

Theorem 1.2.2. Two virtual twin diagrams on the plane (possibly on different number of

strands) have equivalent closures if and only if they are related by a finite sequence of moves

(MO) — (M5).

1.3 Structural properties of pure virtual twin groups

The kernel of the natural surjection from VT, onto S, is called the pure virtual twin group
and is denoted by PVT,. We determine the presentation of PV T, which, quite interestingly,
turns out to be an irreducible right-angled Artin group.
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Theorem 1.3.1. The pure virtual twin group PV'T, on n > 2 strands has the presentation
<l,~7j, 1 <i<j<n|A A= A i for distinct integers i,j,k,l>,

where A; j is shown in Figure 1.4.

1 i-1 ii+1 j-1 jj+1 n

//

S

Fig. 1.4. The generator A; ; of pure virtual twin group

\

As aresult, we get significant information about the groups V7, and PVT,.
Corollary 1.3.2. The virtual twin group VT, is residually finite and Hopfian for each n > 2.

We also show that PVT,, is isomorphic to an iterated semidirect product of infinite rank free
groups, through which we deduce that the center of VT, and PVT, is trivial for n > 2 and
n > 3, respectively. Next, in the direction of examining the group of automorphisms of PV,
we have the following results.

Theorem 1.3.3. Letn > 5. Then

Aut(PVT,) = PVT, x (Z2" /2 % 5,).

Since PVT, = 7Z and PV T3 = F3, their automorphism groups are well-known. The case n =4
is exotic and the following result describes the structure of the group of automorphisms in
this case.

Theorem 1.3.4. Let PVT, be the pure virtual twin group on 4 strands. Then
Aut(PVTy) = (Z*+ Z* x Z*) x (Z* « Z* * Z*)) x ((GLo(Z) x GLa(Z) x GLy(Z)) % S3).

As an application, we deduce the following result.
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Theorem 1.3.5. PVT, has R.-property if and only if n > 3.

Throughout the thesis, we consider doodles on 2-sphere as defined by Khovanov, unless

specified. Only for the purpose of illustration, the diagrams are shown as piecewise linear.

The thesis is organised as follows. In Chapter 2, we develop necessary background required
for the subsequent chapters. In Chapter 3, we give a topological description of virtual twin
groups. We state and prove Alexander and Markov theorems for oriented virtual doodles
on the plane. In Chapter 4, we investigate the conjugacy problem in twin groups and derive
a formula for the number of conjugacy classes of involutions in 7;,. We also investigate
z-classes (conjugacy classes of centralisers of elements) in twin groups and derive a recursive
formula for the number of z-classes of involutions. We conclude the chapter by addressing
algebraic link problem for doodles on the 2-sphere. In Chapter 5, we determine the group
of automorphisms Aut(7;,) for all n > 3 and give applications of the same. In particular, we
show that twin groups satisfy the R..-property. Furthermore, we construct a representation
of T, into Aut(F,). We also prove that 7, is not co-Hopfian for n > 3. In Chapter 6, we
investigate structural aspects of (pure) virtual twin groups in detail. More precisely, we obtain
a presentation of the pure virtual twin group PV T,, which proves that it is an irreducible
right-angled Artin group. We then prove that PV T,, can be written as an iterated semidirect
product of infinite rank free groups, as a consequence of which it follows that both PV'T;, and
VT, have trivial center. In Chapter 7, we compute the automorphism group of PV T, in full
generality. Finally, in Chapter 8, we give a reduced presentation of V7, and use it to compute
the commutator subgroup of V7,,. We also prove that VT, is residually nilpotent if and only
ifn=2.



Chapter 2
Preliminaries

In this chapter, we establish preliminaries which will be used in subsequent chapters. The
results can be found in [9, 52, 60].

2.1 Twin and pure twin groups

Let us consider the infinite strip R X [0, 1] and n marked points on lines R x {0} and R x {1},
respectively. Let us fix the points say {(1,0),(2,0),...,(n,0),(1,1),(2,1),...,(n,1)}, for
convenience. We consider configurations of n strands connecting points (1,0),...,(n,0) and

(1,1),...,(n,1) in some permutation such that the following conditions hold.

(i) Each strand maps homeomorphically onto the interval [0, 1]. In other words, the strands

are monotonic.

(i1) No three or more arcs have a common intersection point.

11 21 31) 41

X

X

(1,0) (2,0) (3,0) (4,0)

Fig. 2.1. Example of a twin on four strands
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Figure 2.1 gives an example of such a configuration of 4 strands. We say that two configura-
tions are equivalent if one can be obtained from the other by a homotopy of arcs in R x [0, 1]
such that conditions (i) and (ii) hold and endpoints are fixed throughout the homotopy. It is
not difficult to see that this is an equivalence relation on the set of configurations of n strands.

Definition 2.1.1. A twin is an equivalence class of configurations of n strands.

Consider the set of twins on 7 strands. The product C;C; of two configurations Cy and C; is
defined by placing C; on top of C; and then shrinking the interval to [0, 1]. It is clear that
if Cy is equivalent to C| and C; is equivalent to C, , then C,C; is equivalent to C|C5. Thus,
there is a well-defined binary operation on the set of twins with fixed number of strands. It
is easy to see that this operation is indeed associative. Note that the twin represented by a
configuration of n strands with no crossings is the identity element with respect to the binary

operation.

i—1 14 i+1 142 n
Sq
Fig. 2.2. The twin s;

1 i-1i i+1i+2 n 1 i-1 i i+1i+2 n

1 i i+l j j+1 n 1 ioi+1 j j+1 n

Fig. 2.3. Equivalence of configurations of n arcs

Also, any twin can be represented by a configuration such that each intersection point is
at a distinct level, when mapped onto the interval [0, 1]. Thus, any twin is a composition

of some basic twins s1,52,...,5,—1, where s; is depicted in Figure 2.2. By the definition of
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equivalence of configurations (see Figure 2.3), we see that

s = 1, i=12,....n—1,

1

Sisj = S8jSi, ‘i—j|>1.

We also note that due to the restriction that no three or more arcs have a common intersection
point, the move shown in Figure 2.4 is forbidden. Khovanov [52] showed that the set of
twins on a fixed number of strands with the operation of concatenation forms a group. The

following result gives a presentation for the same.

<>

Fig. 2.4. Forbidden move for twins

Proposition 2.1.2 ([52], Proposition 1.1). The group of twins on n strands is isomorphic to

the group T,, with presentation
<s1,sz,...,sn_1 |s,-2: 1for1 <i<n—1andssj=s;s;for|i— j| 22>.

From now on, the notation 7, is interchangeably used for diagrammatic group of twins on n

strands and abstract group defined in Proposition 2.1.2.

Definition 2.1.3. The pure twin group PT, is the subgroup of T, consisting of twins with

strands connecting pairs (i,0) with (i,1) foralli=1,2,...,n—1.

In other words, there is a natural surjection of 7, onto the symmetric group S, on n symbols
by sending each generator s; to the transposition (i,i+ 1). The kernel of this map is the pure
twin group PT7,. Figure 2.5 depicts an example of a pure twin on four strands.

Consider the following space

Xp =R\ {(x1,x0,...,00) eR" | xi=xj=x =x;, i # j £k F i}

Bjorner and Welker [12, 14] studied the cohomology of these spaces. They proved that
H!(X,,Z) is free for all i, H'(X,,Z) # 1 if and only if 1 <i < n/3 and that the rank of
H(X,,2) is ¥4 (*) (*3'). It was also conjectured in [12] whether the space X,, is Eilenberg-
MacLane space K(7,1). Khovanov [51] proved that the conjecture holds and that PT,, is the
fundamental group of X,.
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(1L,1) 2,1) 3,1) 41)

(1,0)

—

2,0) (3,0) (4,0)

Fig. 2.5. Example of a pure twin on four strands

It is shown in [4] that PT3 is the infinite cyclic group generated by (s1sz)3, whereas PTj is a
free group generated by

(s1s2)3, (<S1S2)3)S37 ((sls2)3)S3S27 ((s1s2)3)53s251,

(S253)3’ ((S2S3)3)Sl , ((S2s3)3)51“2.

It was conjectured in [4] that PT5 is a free group of rank 31 which has been recently proved
in [36]. The group PTy is not free as (s1s2)> and (s455)° commutes in PTg, and it is proved
in [63] that PTg is isomorphic to the free product of the free group F7; and 20 copies of the
free abelian group Z & Z. A minimal presentation of PT,, is described in a recent work [64].

2.2 Doodles on 2-sphere

Definition 2.2.1. A doodle is a finite collection of immersed circles on a fixed closed oriented

surface without any triple intersections.

A doodle is oriented if the underlying 1-dimensional manifold has an orientation. Two
(oriented) doodles Dy = (Dy,...,D8) and Dy = (D},...,D}) are said to be equivalent if
there exists (an orientation preserving) a continuous one parameter family of doodles {D; =
(D},...,D!)} joining Dy and D;. Two doodles are equivalent if and only if they are related
to each other by a finite sequence of local moves shown in Figure 2.6.

It should be noted that by picking a point o disjoint from a doodle on 2-sphere, the doodle can
be represented in the Euclidean plane R2. For the sake of convenience, we draw doodles on

a plane. Also, we assume that all the components meet transversely so that each component
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Fig. 2.6. Reidemeister moves for doodles

is well distinguished. Figure 2.7 shows some examples of doodles with different number of

components.
one component one component three components four components

Fig. 2.7. Doodles on different number of components

We now define an operation crucial for building a bridge between twins and doodles. Consider
atwin f8 € T, represented by a configuration C of n strands. Let cl(C) be the doodle obtained
by joining each pairs (,0) and (i, 1) on the plane, disjoint from the configuration, with non-
intersecting arcs shown in Figure 3.7. We note that if C’ is another configuration representing
B, then cl(C) is equivalent to cI(C’). Consequently, the equivalence class of cl(C) depends
only on the equivalence class of f3.

This equivalence class of doodle is called the closure of twin B and is denoted by cl(f3). The
orientation of 3 induces an orientation on its closure. The following result is an analogue of
the classical Alexander theorem for oriented links [47, Chapter 2, Theorem 2.3].

Theorem 2.2.2 ([51], Theorem 2.1). Every oriented doodle on 2-sphere is the closure of a
twin.

The above theorem gives us the existence of a twin for each doodle on 2-sphere. The natural
question that arises here is that if two twins have equivalent closures on the 2-sphere, then
how are they related? For instance, it is not difficult to check that for twins @, 8 € T,,, the
doodles cl(ov~'Bax) and cl(B) are equivalent. This was answered by Gotin [37] who proved
an analogue of Markov theorem [47] for oriented doodles on 2-sphere.

Let m® B (similarly, B ® m) be the twin obtained by adding m strands to the left (right) of
the diagram of 3, for a twin 8 with possibly different number of strands. For any positive

integer n and a, B € T, define the following moves:
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M :BR1—=>1 B,

M : B — a”'Ba,

Ms : B — (BR1)spSp—1-.-Sit1SiSit1---Sn—15n,

My : B— (1®B)s1s2...8i-18iSi—1...5251,
where s; € 7)1 1.

Definition 2.2.3. Two twins are said to be M-equivalent if one can be obtained from the

other by a finite sequence of moves M| — My and their inverses.

If M;(B) is the twin obtained from 3 by applying the M;-move, then it is not difficult to
prove that cI(M;(8)) is equivalent to cl(). For example, the closure of (s1s3)> € T3 and the
closure of (S2S3)3S1S2S1 € Ty are equivalent by Ms-move as shown in Figure 2.8. We have
the following result.

Theorem 2.2.4 ([37], Theorem 4.1). Any two twins with equivalent closures are M-equivalent.

3

Fig. 2.8. The closures of (s1s7)° and (s253)3s1s251 being equivalent as doodles.

2.3 Doodles on surfaces

In the previous section, we considered doodles on a fixed closed oriented surface, in particular
on the 2-sphere. We now extend the range of doodles to immersed circles on closed oriented
surfaces of any genus defined in [9].

A representative of a doodle is defined by a pair (f,X) consisting of a smooth map

f:uS' 5%
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from n disjoint circles to a closed oriented surface ¥ such that |f~!f(x)| < 3 for every

x € U,S'. The condition |f~!f(x)| < 3 means that there are no triple or higher intersection

points. The image of f on X is called a doodle diagram on the surface X. We assume that

the doodle diagram intersects with each connected component of X. By orientation of a

doodle diagram, we mean an orientation of underlying disjoint n circles. Two representatives

are said to be equivalent if one can be obtained from the other by equivalence generated by

(1) -

(3) defined as follows.

(1) Homeomorphic equivalence. Two representatives (f,X) and (f’,X') are homeomor-

2)

3)

phic equivalent if there exists homeomorphisms s : L1,S! — [1,S! and §: £ — ¥/ such
that the following diagram commutes.

L, S? Iy

bk

UHSI T) Y/

If we consider oriented doodle diagrams, then the maps s and S respect orientations of
circles and X, respectively.

Homotopic equivalence. For a fixed surface ¥, two representatives (f,X) and (f/,X)
with same number of components are homotopic equivalent if their images are related
to each by a finite sequence of moves shown in Figure 2.9, that is the moves which
generate and delete curls and bigons.

(—)>O >

Fig. 2.9. Moves for homotopy equivalence of representatives of doodles

Surface surgery. Surface surgery involves a finite sequence of addition and removal
of handles disjoint from doodle diagrams. Consider two closed discs on the surface
disjoint from the diagram. First we remove the interior of the two discs, and replace
it with annulus S! x [0, 1] by glueing the boundary of annulus to the boundary of two

discs (see Figure 2.10). This procedure is known as handle addition. The removal of
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the handle is the reversal of handle addition. Two representatives are (f,X) and (f,X')
are equivalent if ¥' is obtained from X by a sequence of handle additions and removal
of handles disjoint from the doodle diagram.

W/

Fig. 2.10. Handle addition on surface X

Definition 2.3.1. An equivalence class of a doodle diagram is called doodle on a surface.

Figure 2.11 shows an example of a doodle diagram on the surface of genus two.

Fig. 2.11. Kishino doodle on the surface of genus two

Example 2.3.2. Figure 2.12 illustrates the equivalence of doodle diagrams through an
example. The first homeomorphism follows from the fact that if o and B are any two
nonseperating simple closed curves in a surface X, then there exists a homeomorphism
of the surface ¥ sending o to B. In other words, upto homeomorphism, there exists a
unique nonseperating simple closed curve in a fixed surface [23, Section 1.3.1]. The second
equivalence involves removal of handle disjoint from the curve, whereas the third equivalence

is due to the homeomorphism between the 2-sphere and a closed cylinder.

2.4 Virtual doodles

In this section, we define virtual doodles which have resemblance with doodles on the
2-sphere having additional crossings. The role of virtual doodles is crucial in capturing the
information of doodles on surfaces in a diagrammatic manner. The results of this section can
be found in [9].
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f_))

= e
__ = =

Fig. 2.12. Doodle on torus being equivalent to trivial doodle on the 2-sphere

-

Definition 2.4.1. A virtual doodle diagram is a generic immersion of a closed one-dimensional
manifold (disjoint union of circles) on the plane R? with finitely many real or virtual crossings

(as in Figure 2.13) such that there are no triple or higher real intersection points.

By the term generic, we mean that all the crossings are transversal.

Fig. 2.13. Real and virtual crossings

Example 2.4.2. An example of a virtual doodle is shown in Figure 2.14. The figure represents
a flat virtual knot called the flat Kishino knot which was proved to be non-trivial as a flat
virtual knot in [28, 44]. Thus, the flat Kishino knot is also non-trivial as a virtual doodle.
The nomenclature is motivated by the Kishino knot diagram which is a diagram of a virtual

knot whose non-triviality as a virtual knot is proven, for example, in [6, 53].

Fig. 2.14. Flat Kishino knot as virtual doodle



20 Preliminaries

Two virtual doodle diagrams are said to be equivalent if they are related by a finite sequence
of isotopies of the plane and Ry, R>, VR, VR,, VR3, M moves as shown in Figure 2.15. Note
that VR, VR,, VR3 and M are flat versions of virtual Reidemeister moves in virtual knot
theory [48]. The moves R and R; are also referred as flat versions of Reidemeister moves

e e
%

for classical knots.

R, VR,

N ig B
R, VR,
VR, M

Fig. 2.15. Moves for virtual doodle diagrams

An oriented virtual doodle diagram is a doodle diagram with an orientation on each com-
ponent of the underlying immersion. It is easy to see that there are a total of 28 moves for
oriented virtual doodle diagrams. Further, any oriented move can be obtained as a composi-
tion of moves in Figure 2.16 and planar isotopies. From now on, by a virtual doodle diagram

we mean an oriented virtual doodle diagram unless stated otherwise.

Definition 2.4.3. A virtual doodle on the plane R? is an equivalence class of a virtual doodle

diagram.

Remark 2.4.4. Every classical link diagram can be regarded as an immersion of circles
in the plane with an extra structure (of over/under crossing) at double points. If we take a
diagram without this extra structure, then it is simply a shadow of some link in R? and such
crossings are called flat crossings in the literature [48]. An easy check shows that if one

is allowed to apply the classical Reidemeister moves to such a diagram, then the diagram
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Rla Rlb Rz VR1
Y
VR2 VR VR
MVR, MVR,
<> X X <> X
VR, M

Fig. 2.16. Moves for oriented virtual doodle diagrams

can be reduced to a disjoint union of circles. However, this does not happen in flat virtual
diagrams, that is, diagrams which have both flat and virtual crossings. It is worth noting that
if we include the first forbidden move in the moves for virtual doodle diagrams, then we get

precisely the theory of flat virtual knots initiated in [48].
The following result relates doodles on surfaces with virtual doodles on the plane.

Theorem 2.4.5 ([9], Theorem 6.4). There is a bijection from the family of oriented (or

unoriented) virtual doodles to the family of oriented (or unoriented) doodles on surfaces.

2.5 Gauss data

The Gauss data plays a major role in the proof of Theorem 2.4.5. Let K be a virtual
doodle diagram on the plane with n real crossings. Let N1, N,,...,N, be closed 2-disks each
enclosing exactly one real crossing of the diagram K and W (K) the closure of R?\ U | N;
in the plane. Note that W (K) consists of immersed arcs and loops in the plane where the

intersection points are precisely the virtual crossings. Let Vz(K) be the set of real crossings
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of K. Since we are considering oriented virtual doodle diagrams, for each real crossing c;,

the set dN; N ¢; consists of four points and are assigned symbols as in Figure 2.17.

1 2
G G

I

4
7 G

K3

Fig. 2.17. Labelling at real crossing
Define
Vo(K)={c/|i=1,2,...,nand j=1,2,3,4}
and

X(K) = {(a,b) € Vy(K) x Vy(K) | there is an arc in K "W (K) starting
ata and ending at b}.

Definition 2.5.1. The pair (Vr(K),X(K)) is called the Gauss data of a virtual doodle
diagram K.

Let K and K’ be two virtual doodle diagrams each with 7 real crossings. We say that K and
K’ have the same Gauss data if there is a bijection ¢ : Vg(K) — Vr(K’) such that whenever
(a,b) € X(K), then (6(a),5(b)) € X(K'), where & : Vy(K) — V,(K') is defined as

6(c)) = o(ci)’.

The following result is proved in [9, Lemma 6.1].

Lemma 2.5.2. Let K and K’ be virtual doodle diagrams with the same number of real

crossings. Then the following are equivalent:

(i) K and K' have the same Gauss data with respect to a bijection between their real

crossings,

(ii) K and K' are related by a finite sequence of moves VR, VR,, VR3 and M modulo

isotopies of the plane,

(iii) K and K’ are related by a finite sequence of Kauffman’s detour moves (shown in Figure

2.18) modulo isotopies of the plane.
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Fig. 2.18. Kauffman’s detour move

The Gauss data will be crucial in establishing Alexander and Markov theorems for virtual

doodles which we prove in the subsequent chapter.

2.6 Reidemeister-Schreier theorem

Reidemeister-Schreier method is one of the most applicable algorithms in combinatorial
group theory, named after Kurt Reidemeister and Otto Schreier, which is used to compute
presentations of subgroups of a group. This algorithm has been used at a few instances in
the succeeding chapters. We refer the reader to [60, Theorem 2.6] for more details. The
algorithm works even for groups with infinite presentations and subgroups of infinite index.
However, we assume that the groups are finitely presented and that the index of the subgroup

is finite. Let G be a group with presentation
<X1,X2, <oy Xn | R17R27 cee 7Rm>7

and that the subgroup H of G is of finite index say t.

In this section, we recall the required terminologies and results which are fruitful in deter-
mining an explicit presentation of a subgroup H of G.

We begin by considering a full set of right coset representatives of H in G in which all
the words are written in letters x;’s. Given any element g € G, there exists a right coset
representative which corresponds to the coset Hg. Let A = {A1,4,,...,A,} be a complete set
of right coset representatives of H in G. Then we know that every A; can be expressed as

& .& &
A= xSx X
172 Ik

for € = £1 and some positive integer k.
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Definition 2.6.1. The set A = {A1,A2,..., A} is said to be a Schreier system if for each
& e .
Ai= )cl-gl)c-s2 ...X;%, the initial expressions
| Uk
x81 L) L) Ek—1
iy iy iyttt it

also belong to the set A.

For every element g € G, let g be the right coset representative of Hg in A. The following
result gives the generators of the subgroup H in terms of words in letters x;’s.

Theorem 2.6.2 ([69], Proposition 6.2). (1) For g € G and A; € A, the element

Y%, g) = (hig)(Aig) ™"
belongs to the subgroup H.

(2) The subgroup H of G is generated by
S = {}/(l,-,xj) = (QLI‘XJ')(FXJ')il li=1,2,....,tand j=1,2,...,n}.

Next, to find the defining relations for the presentation of H with generating set S, we

. £ € & - & . & &
consider a word xillxiz)2 .. .xi: in H. Note that xl.llxl.z2 X =

i, = 1. We consider the following

transformation which expresses an element of H written as a word in generators x;’s into a
word in generators of H mentioned in the preceding theorem.
) &\ _ ENN (&l €2 . a1 E1.E2 &1 &
T Xy - 5) = y(L,xg )y ) - (g X))
This transformation 7 is commonly known as a rewriting process.

The following result gives the full set of generators and relations for the subgroup H of group
G.

Theorem 2.6.3 ([69], Theorem, 6.3). Let A = {A1,A2,..., A/} be a Schreier system. Then
the subgroup H of G has a presentation H = (S | R), where

R={t(LRA ") |i=1,2,...;tand [ =1,2,....m).



Chapter 3

Alexander and Markov theorems for
doodles on surfaces

The virtual twin group VT, was introduced in [4, Section 5] as an abstract generalisation
of the twin group 7,,. The group VT, has generators {s1,52,...,5,—1,P1,02,---,Pn—1} and
defining relations
s? = 1 fori=12,...,n—1, (3.1)
sisj = s;s; for|i—j| >2,
p? = 1 fori=1,2,....n—1,

pipj = pjpi forli—j| =2,
Pipi+1Pi = Pi+1PiPi+1 fori=1,2,....n—=2,

pisj = sjpi for|i—j[ =2,
PiPi+1si = Sit1PiPiy1 fori=1,2,....n—2.

The kernel of the natural surjection from VT, onto S,, which sends each generator s; and p;
to the transposition (i,i+ 1), is called the pure virtual twin group and is denoted by V PT,,.
In this chapter, we show that virtual twin groups play the role of groups in the theory of
virtual doodles. We then establish the Alexander-Markov relation of oriented doodles on
surfaces with certain classes of virtual twins on the plane.

The chapter is organised as follows. In Section 3.1, we give a topological interpretation of
virtual twin groups. In Section 3.2, we define closed virtual twin diagrams of fixed degree
and prove Alexander theorem for oriented virtual doodles. Lastly, in Section 3.3, we prove
Markov theorem for oriented virtual doodles. The results are from the work [72].
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3.1 Topological interpretation of virtual twin groups

Consider a set Q, of n points in R. A virtual twin diagram on n strands is a subset D of
R x [0, 1] consisting of n intervals called strands with dD = Q,, x {0, 1} and satisfying the

following conditions.

(1) The natural projection R x [0, 1] — [0, 1] maps each strand homeomorphically onto the

unit interval [0, 1], that is, each strand is monotonic.

(2) The set V(D) of all crossings of the diagram D consists of transverse double points of
D, where each crossing has the pre-assigned information of being a real or a virtual
crossing as depicted in Figure 3.1. A virtual crossing is depicted by a crossing encircled

with a small circle.

Fig. 3.1. Real and virtual crossings

Two virtual twin diagrams D and D; on n strands are said to be equivalent if one can be
obtained from the other by a finite sequence of moves as shown in Figure 3.2 and isotopies of
the plane. We define a virtual twin to be an equivalence class of such virtual twin diagrams.
Figure 3.3 shows an example of a virtual twin diagram on four strands.

Let V7T, denote the set of all virtual twins on n strands. The product DD, of two virtual
twin diagrams D and D, is defined by placing D; on top of D, and then shrinking the
interval to [0, 1]. It is clear that if D is equivalent to D) and D, is equivalent to D) , then
D1 D, is equivalent to D D}. Thus, the binary operation makes V7T, a semigroup.

Remark 3.1.1. It is worth noting that the moves in Figure 3.4 are forbidden and cannot be

obtained from moves in Figure 3.2 (see Proposition 5.4.4).

Lemma 3.1.2. For eachn > 2, the set VT ,, of virtual twins forms a group under the operation
defined above.

Proof. We begin by noting that the virtual twin represented by a diagram of n strands with
no crossings is the identity element with respect to the binary operation on the set V7, of

virtual twins. Let us define §; and p;, i = 1,2,...,n— 1, to be the virtual twins represented
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B als
) TS

Fig. 3.2. Moves for virtual twin diagrams

Fig. 3.3. Example of a virtual twin diagram on four strands

Fig. 3.4. Forbidden Moves
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by diagrams as in Figure 3.5. Let 8 be any arbitrary element in VT ,,. Then after applying
isotopies of the plane, B can be represented by a diagram D C R x [0, 1] such that the
projection R x [0, 1] — [0, 1] restricted to the set V(D) of all crossings is injective, that is,
each crossing is at a distinct level. Further, it follows from the moves given in Figure 3.2
that §? = 1 and p? = 1 for all i = 1,2,...,n— 1. Thus, we can write § = s“gillﬁi‘zz...f.: for
some k, where g € {0,1}. Since §; and p; are self inverses, the element 3 has the inverse

&k € €1
Si Py S - [

1 1—1 4 1+1 i+2 n 1 t—1 4 1+1 1+2 n

Fig. 3.5. Generators §; and p;

Proposition 3.1.3. The diagrammatic group VT , and the abstract group VT, are isomorphic
foralln > 2.

Proof. 1t follows from the definition of equivalence of two virtual twin diagrams on # strands

that the generators §; and p; satisfy the following relations.

§i = 1 fori=1,2,...,n—1,
§i§; = §;§ for|i— j| > 2,
p? = 1 fori=1,2,....n—1,
pipj = pjpi forli—j|>2,
PiPi+1Pi = Pi+1PiPi+1 fori=1,2,....n—2,
ps; = i forli—j =2,

PiPi+15i = Sit1PiPit1 fori=1,2,....n—2.
Thus, there exists a unique group homomorphism
S VL, = VT,

given by f,(s;) = $; and f,(p;) = p; fori = 1,2,...,n— 1. Since every B € VT, can be
written as a product of §; and p;, the map f;, is surjective. For an element §fl ! ﬁl‘z .. 5‘2‘ eVT,,
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where € € {0,1}, define
en VT, —VT,

by g, (Sfl : ﬁi‘? . s“f:) = sfll pi‘z .. sf}f We prove that g, is well-defined. Let D be a virtual twin
diagram representing the element ffl ! ﬁfz 2. Eflf . A diagram obtained by a planar isotopy on D
that does not change the order of the image of V(D) in [0, 1] under the projection map R x
[0,1] — [0, 1] is again represented by the element Sfl ! ﬁf; . EZ‘ Any move that interchanges
two points in the image of V(D) under the projection R x [0,1] — [0, 1] exchanges the
subwords §;s; and §;5;, §;p; and p;$; or p;p; and p;p; in the word Efllﬁzz . jf: for some
|i — j| > 2. Under each of these cases, the images of the corresponding words under g, are
the same element in V7,,. The move that adds (respectively, removes) two points in V(D)
adds (respectively, removes) subwords of the form §;s; or p;p; in the word E‘Z ! ;31.822 .. s"‘f: But
si2 =1= pi2 in VT,, and hence both the words are mapped to same element under g,,. The
third move interchanges the subwords p;p;10; and p;+10iPi+1 in the word S*‘fl ! ﬁii 2. s"f]f But
VT, has the relation p;p;11pi = Pi+1PiPi+1. Finally, the last move replaces the subwords
PiPi+15; and §;11PiPi+1, but VT, has the relation p;p;+1s; = si+1PiPi+1, and hence g, is

well-defined. Since g, o f, = id, f, is injective and the proof is complete. [

Since the diagrammatic group VT, and the abstract group V7, have been identified, from
now onwards, the generators s; and p; will be represented geometrically as in Figure 3.5.

3.2 Alexander Theorem for virtual doodles
Consider the space R?\ D°, where D° is the interior of the closed unit 2-disk ID centred at
the origin. Let K be an oriented virtual doodle diagram on the plane satisfying the following:
(1) K is contained in R?\ D°.
(2) If ©:R?>\D° — S! is the radial projection and k : LI S' — R?\ D° the underlying

immersion of K, then
mok:US' = S!

is an n-fold covering, where S! is the boundary of ID and we assume it to be oriented

counterclockwise.
(3) The map x restricted to V (K), the set of all crossings of K, is injective.

(4) The orientation of K is compatible with a fixed orientation of St.

Definition 3.2.1. A closed virtual twin diagram of degree n is an oriented virtual doodle

diagram satisfying conditions (1)-(4) defined above.
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Figure 3.6 shows an example of a closed virtual twin diagram of degree 3. Consider a point
p € S! such that 77! (p) NV (K) = ¢. Then cutting along the ray emanating from the origin
and passing through p gives a virtual twin diagram on 7 strands.

A
R2\ D’
Ty
< \_/ >

Y

Fig. 3.6. Closed virtual twin diagram of degree 3

Definition 3.2.2. The closure of a virtual twin diagram on the plane is defined to be the
doodle obtained from the diagram by joining the end points with non-intersecting curves as

shown in Figure 3.7.

L

Fig. 3.7. Different closures of a virtual twin diagram

We observe that in the case of classical twins, due to forbidden move s;s; 1 1S; 7 Si+15iSi+1,

taking closure of a twin diagram on a plane is not well-defined. Note that there are many ways



3.2 Alexander Theorem for virtual doodles 31

of taking closure of a virtual twin diagram. The following result shows that the operation of

taking closure on a plane in the virtual setting is well-defined.

Lemma 3.2.3. Any two closures of a virtual twin diagram on the plane gives equivalent

virtual doodle diagrams on the plane.

Proof. Let B be a virtual twin diagram and K and K’ two different closures of . Note that
Vr(K) = Vg(K’). Taking o = id we see that whenever (a,b) € X(K), then (a,b) € X(K').
Thus, K and K’ have the same Gauss data. By Lemma 2.5.2, K and K’ are related by a finite
sequence of VR, VR, VR3 and M moves. Consequently, K and K’ are equivalent virtual
doodle diagrams on the plane. It can also be observed that K’ can be obtained from K by a

finite sequence of Kauffman’s detour move depicted in Figure 2.18. 0
We now prove Alexander Theorem for virtual doodles.

Theorem 3.2.4. Every oriented virtual doodle on the plane is equivalent to closure of a

virtual twin diagram.

Proof. Let K be a virtual doodle diagram with n real crossings. The idea is to construct a
closed virtual twin diagram with the same Gauss data as that of K. The proof then follows
from Lemma 2.5.2. We label each real crossing of K as in Figure 2.17. Next, we consider
R?\ D° and orient the boundary S' of I, say, counterclockwise. Considering the real
crossings of K with the information assigned as in Figure 2.17, we place them in R? \ D such
that £(c;) N7(c;) = ¢ for all i # j and the orientation is compatible with the orientation of S!.
Next, we join these crossings in R?\ ID according to the Gauss data such that each intersection
of arcs is marked as a virtual crossing and the orientation of arcs/loops are compatible with
the orientation of S!, as illustrated in Figure 3.8. In other words, for each (a,b) € X (K) the
orientation of the arc joining a to b should be compatible with the orientation of S!, that
is, there is a possibility that we will have to wind the arc around S' to join a and b. Also,
whenever it intersects with some other arc, then the intersection point should be marked as a
virtual crossing. Note that this process is well defined upto detour moves shown in Figure
2.18, and virtual doodle so obtained is a closed virtual twin diagram which has the same
Gauss data as that of K. Finally, cutting along 7~ (p) for a point p € S! such that 7! (p)
does not pass through any crossing gives the desired virtual twin diagram whose closure is
K. ]

Following [46], for convenience in writing, we refer the process of construction of a virtual
twin in Theorem 3.2.4 as the braiding process, which is illustrated for the virtual Kishino

doodle in Figure 3.9.
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RS

o
B W

IO

Fig. 3.9. Application of braiding process on virtual Kishino doodle
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3.3 Markov Theorem for virtual doodles

For B € VT, let m® B € VT, denote the virtual twin obtained by putting trivial m strands
on the left of B as shown in Figure 3.10.

1 2 m

Fig. 3.10. The virtual twin m ® 3

For n > 2 and virtual twins «, 8, B, B> € VT, consider the following moves as illustrated in
Figures 3.11 and 3.12:

(MO0) Defining relations 3.1 in V7T, (cf. Figure 3.2).

(M1) Conjugation: o~ 'Ba ~ B.

(M2) Right stabilisation of real or virtual type: Bs, ~ 8 or Bp, ~ B.
(M3) Left stabilisation of real type: (1® f)s; ~ 3.

(M4) Right exchange: B15,25n ~ B1nB2pn-

(M5) Left exchange: s1(1® f1)s1(1®f2) ~ p1(1@ B1)p1(1® fa).

We observe that the left stabilisation of virtual type (1 ® f8)p; ~ B is a consequence of the
other moves as shown in Figure 3.13.
The following results are crucial in the proof of Markov theorem for oriented virtual doodles.

Lemma 3.3.1. Let n > 2 and 1 < i < n. Under the assumption of moves MO — M5, the
Jollowing hold:

(1) BsuSp—1-.-Sit18iSis1---Sn_1Sp ~ B, where B € VT,.

(2) SuSn—1---Six18iB1SiSiv1---SuB2 ~ PuPn—1---Pix1PiB1PiPi+1 - - - Pu2, where By € VT,
and B, € VT,.
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5] B 5 B

B8 B8 8 ﬁ)

Fig. 3.11. Left and right stabilisation of real and virtual type

|- | |- | §< 5g<
B B
b1 b1
X—] X T W
B2 B2
B2 B2
‘ x ‘ % I I

Fig. 3.12. Left and right exchange

-+

B MO B MO,M2

Fig. 3.13. Left stabilisation of virtual type as a consequence of M0 — M5
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(3) Tt TGt GBI TiTi1 -+ Tua1TaB2 ~ PuPn—1- - - Pix1PiB1PiPi+1 - - - Puf2, where 1 €
VT, B € VT, and t; = s or p; for each |j.

(4) BtuToo1.. . TiTic1Ti-.. Tu—1Tn ~ B, where B € VT, and T; = s or p; for each |j.

Proof. We begin by observing that the case i = n holds due to move M2. Also, fori=n—1,
we have
M4
Bs_nsn—ls_n ~ Bpnsn—lpn
MO
~ ﬁpnflsnpnfl

Ml
~ pnflﬁpnfls_n
M2

~ pn—lﬁpn—l
M1
~ PB.
Let us suppose that
BSnSn—1---Sit28i4185i42 -+ -Sp—15, ~ P (3.2)

for 1 <i<n-—2 and for any 8 € VT,. Then, we have

Bs_nsnfl o Si418iSi+1 - - - Sn—15n

~  BPuSn—15p-2 - Si418iSit1---Sn—250—1Pn

MO

~ BPuSn—1Pn - - - Sit18iSih1 -+ - PrSn—1Pn

MO

~ BPn1SnPn—1Sn—2 - - - Sif18iSit1 - -Sn—2Pn—15nPn—1

MO

~ BPn—15nPn—151—2Pn—1 - - - Sit15iSi+1 - - - Pn—15n—2Pn—15nPn—1
MO

~ ﬁpn—lsnpn—an—lpn—Z o Sip18iSi41 - - - Pn—2Sn—1Pn—25nPn—1
MO

~ Bpn—lpn—2snsn—lpn—2 oo Sit18iSi41 -+ - Pn—2Sn—15nPn—2Pn—1-

Repeating the above steps give

BSnSn—1---Sit18iSit1---Sn—15n

~ BPn-1Pn-2- Pit1SnSn—1---Si+2Pit15iPit15i+2 -+ - Sn—1SnPit1 - - - Pn—2Pn—1

MO
~  BPa-1Pn—2--Pis15nSn—1-- -Si+2PiSi+1PiSi+2 - - - Sn—15nPi+1 - - - Pn—2Pn—1
MO

~  BPn1Pn-2--PiSnSn—1---Sit28i115i+2 -+ Sn—15uPi - - - Pn—2Pn—1

M1

~  Pi-Pn2Pn-1BPn1Pn—2 - PiSnSn—1---Sit2Sit15i12 -+ Sp—15n-
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Since p; ... Pun—2Pn—1BPn—1Pn—2--.pi € VT,, by (3.2) and move M1, we get

M1
BSnSn—1 - Sit18iSit1 -+ -Sn—152~Pi - - - Pn—2Pn—1BPn—1Pn—2...pi ~ B.

This proves assertion (1).
For assertion (2), note that the case i = n follows from moves M1 and M4. Let us suppose
that for any B, € VT, and B, € VT, we have

SnSn—1---Si128i+1P1Si4 15142+ -SnB2 ~ PnPn—1---Pir2Pi+1B1Pi+1Pi+2 - - - Pubo- (3.3)

We claim that

SnSn—1 -+ Sit15iP1SiSit1 - Sn—15aB2 ~ PuPp—1- .. Pir1PiB1PiPi+1 - - Pn—1PnP2

for B; € VT; and B, € VT,. For 1 <i<n— 1, we have

SuSn—1 -+ - Sit185iB1SiSiv1---Sn—15nB2

~  BaSuSn—1---Siv18iB1SiSi+1 - Sn_1Sn

M4

~ &Pnan o Sip1SiB1SiSig1 - Sp—1Pn

M1

~ PuSn—15n-2 - - Sit1SiPB1SiSit1 - - Sn—25n—1Pnf2

MO

~ PnSn—1Pn---Sit18iB18iSiv1 - - PuSn—1Pnf2

MO

~ Pu15nPn—1---Sit18iB1SiSit1 -+ - Pn—15nPn—1B2

MO

~  Pn—1SnPn—15n—2Pn—1-- -Siﬁlsi .- ~pn—15n—2pn—1snpn—1ﬁ2
MO

~  Pn—1SnPn—285n—1Pn—2-- -Siﬁlsi .- -panSnflpanSnpn71B2
MO

N~ Pn—1Pn—25nSn—1Pn—2 - --SiB1Si - - - Pn—28n—15nPn—2Pn—1P>.

Repeating the preceding process yields

SnSn—1---Sit15iP18iSit1- .. Sn_15:.2

~  Pn1Pn—2-- PiSnSn—1---Sit1PiB1PiSi1 - Sn—_15nPi - - - Pn—2Pn—1P2-
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Notice that p;B1p; € VT;+1 and p;...Pn—2Pn—1B20n-1Pn—2---pPi € VT,. By (3.3) and M1,
we get

SnSn—1 -+ Siy15iP1SiSi1 - - Sn—15:2
~  Pn—1Pn=2---PiSnSn—1 ---Si+1PiP1PiSi+1 - - Sn—152Pi - - - Pn—2Pn—1P2
~  (SnSp—1--.5i41)(PiP1Pi) (Six1---Sn—152)(Pi- - - Pn—2Pn—1B2Pn—1Pn—2 - .- Pi)
~  (Pnpn—1 - Pir1) (PiB1P:) (Pit1 - - Pu=1Pn) (Pi- - - Pn—2Pn—1B2Prn—1Pn—2 - - - Pi)

M1

~  Pn-1Pn-2---PiPnPn—1-- -Pit1PiB1PiPi+1 - - -Pn—1PnPi - - Pn—2Pn—1P2

© Pn—1Pn—2 - - Pi+1PnPn—1- - PiPi+1PiB1PiPi+1Pi - - Pu—1PnPi+1 - - - Pu—2Pn—1P2
MO

N~ Pn—1Pn—2---Pit1PnPn—1 - Pi+1PiPi+1B1Pi+1PiPi+1 - - Pn—1PnPis1 - Pn—1P2

~ pnfln-@pnpnfl---pi+lpiﬁlpipi+l---pnflpn@---pnflﬁb
(pisr1’s gets canceled as B € VT)).

Repeating the above steps finally gives

SnSn—1 -+ - Sit15iP18iSit1 - - - Su—152B2 ~ PnPn—1-- - Pi+1PiP1PiPi+1 - - - Pu—1PnP2,

which proves assertion (2).
Repeatedly applying (2) on the expression 7,7, 1 ... T 1 TiB1TiTit1 - - - To_1Tu P2 yields asser-
tion (3). For example,

SnPn—151—2Pn—3B1Pn—35n—2Pn—152B2
~ pnpnflsn72pn73ﬁ1pn73sn72pn7lpnBZ
~ snsn—lsn—an—3B1 pn—SSn—an—lsnBZ

~  PuPn—1Pn—2Pn—3P1Pn—3Pn—2Pn—1PnP2-

For assertion (4), if we put f; = 7;_1 and B, = B in assertion (3), then we get

TnTn1 - Tp 1 G- 1 G Tl - - - Ta1 TP

M1
~ BT T T ATT T 1T

~  BPuPu-1---Pit1PiTi—1PiPit1---Pn1Pn (by taking By = 7,1 and B, = B in (3)).
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If T =p, then

BPnPn—1---PiPi=1Pi- - Pn—1Pn
~  BPnPn—1---Pi-1PiPi+2Pi+1Pi+2PiPi—1---Pu—1Pn (by repeated application of M0)

~ Bpi_1Pi---Pu_1PnPn—1---PiPi—1 (by repeated application of the preceding step)
M1

~  Pn1---PiPi—1BPi-1Pi- - Pn—1Pn
M2

~' Pn1---PiPi—1BPi-1Pi---Pn—1
M1

Y ﬁ'

Finally if 7 = s, then we get

BPnPr—1---PiSi-1Pi---Pn—1Pn

—

)

~ BSuSp_1-.-8iSi 18i-+-Sp_15n

B?

—
—
~—

2

which completes the proof. 0

Recall that for B € VT,,, n® B € VT, denotes the virtual twin obtained by putting trivial
m strands on the left of 3.

Lemma 3.3.2. Let n > 2 and 1 <i < n. Under the assumption of moves MO — M5, the
following hold:

1. (1®@B)s1s2...8i-18iSi—1...5281 ~ B, where B € VT,.

2. S1S2...Siflsi(i®ﬁ1)sisi,1...S2S1(1 ®ﬁ2) ~
pP1p2.-. ~Pi—1Pi(i®Bl)PiPi—l ... P2p1 (1 ®ﬁ2), where B1 eVT,11—iand Bz e VT,

3. TIT2...Ti—1 ’C,'(i@ﬁ])fifi_] ...TT (1 ®ﬁ2) ~
p1P2---Pi—1Pi(i® P1)piPi—1--.p2p1(1® B2), where By € VT, 11—, Bo € VT, and T =
sjor pj for each j.

4. (1®B)tn...Ti—1TiTi—1 ... T2T1 ~ B, where B € VT, and T; = s or p; for each |j.
Proof. The proof is similar to that of Lemma 3.3.1. [
Recall that for a virtual doodle diagram K on the plane, W(K) denotes the closure of the
complement of union of closed disk neighbourhoods of real crossings of K. The proofs of

the following two lemmas are similar to [46, Lemma 5 and Lemma 6]. We give proofs in our

setting for the sake of completeness.
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Lemma 3.3.3. Let K and K’ be two closed virtual twin diagrams such that K’ is obtained
from K by replacing KNW (K) by K' "W (K'). Then K and K’ are related by a finite sequence
of M0 and M2 moves.

Proof. We use notation from sections 2.5 and 3.2. Let 7 be the radial projection. Let
Ni,N,,...,N, be closed 2-disks enclosing real crossings of K and hence of K’ such that
nt(N;) Nw(N;j) = ¢ for all i # j, that is, real crossings lie at separate levels. Let aj,as, .. ., ay
be arcs/loops in KNW (K) and d},d5, ..., a; be the corresponding arcs/loops in K’ "W (K').
Consider a point p € S! such that 7! (p) does not intersect either of the crossing sets
V(K) and V(K'). If there exists some arc/loop ¢; and its corresponding arc/loop a} such
that |a;N =1 (p)| # |a:Nw~1(p)|, then we bring a segment of a; or @, closer to the origin
by repeated use of p? = 1 and some M2 moves of virtual type such that |a;N 7~ !(p)| =
la;N =1 (p)|. Thus, we can assume that |¢; N7~ (p)| = |a:N 71 (p)| for all i.

Let k and &’ be the underlying immersions LI S! — R?\ D° of K and K’, respectively, such
that they are identical in preimage of each N;. Let I, b, ..., I be intervals/circles in LI S!
such that k(I;) = a; and k' (I;) = a... We note that wok|;, and o k’|;, are orientation preserving
immersions with wok|y, = wok'|y;. Since |a;N 7~ (p)| = |a;N 7~ (p)| for any i, there
exists a homotopy k' : I; — R?\ D° relative to boundary d1; such that k¥ = k|, and k! = &/|,
and 7ok} is an orientation preserving immersion. If we take the homotopy generically with
respect to KNW(K), K'NW(K') and the 2-disks N;, we see that a; can be transformed to a;
by a sequence of VR», VR3 and M moves in R? \ D°. Consequently, K and K’ are related by

a finite sequence of M0 and M2 moves. 0

Lemma 3.3.4. Let K and K’ be closed virtual twin diagrams having the same Gauss data.
Then K and K' are related by a finite sequence of MO and M2 moves.

Proof. Let Ni,Na,...,N, be closed 2-disks enclosing real crossings of K and N{,Nj,...,N;,
be the corresponding closed 2-disks enclosing real crossings of K’. We consider two cases
depending on the position of N; and N ; with respect to the map 7.

Case 1. Suppose that T(N;),w(N2),...,n(N,) and w(N7),(N5),...,m(N;) appear in the
same cyclic order on boundary S'. Then we deform K by isotopies of the plane such that
N; = N! for all i and diagrams of K and K’ are identical in N; for all i. Thus, K’ can be
obtained from K by replacing KNW (K) by K’ "W (K’), and we are done by Lemma 3.3.3.
Case II. Suppose that 7(N;),T(N2), ..., w(N,) and T(N]), w(N}),...,(N,) do not appear
in the same cyclic order on S'. Without loss of generality, we may assume that the two
sequences of sets appear in the same order except 7(N;) and 7(N,). Notice that the diagram
K looks as shown in the leftmost part in Figure 3.14, where f3; is a virtual twin diagram

with no real crossing and 3, a virtual twin diagram. As shown in Figure 3.14, we can make
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n(N1), w(N),...,m(N,) and w(N7),7(N5), ..., m(N;,) to appear in the same cyclic order on
S! using MO and M2 moves. Thus, we get back to Case I and we are done. 0

Fig. 3.14

Corollary 3.3.5. A closed virtual twin diagram for any oriented virtual doodle is uniquely
determined upto MO and M2 moves.

Proof. 1t follows from the fact that any two closed virtual twin diagrams for a virtual doodle
have the same Gauss data (as in the proof of Theorem 3.2.4). The result then follows from
Lemma 3.3.4. O

We now state and prove Markov Theorem for virtual doodles.

Theorem 3.3.6. Two virtual twin diagrams on the plane (possibly on different number of
strands) have equivalent closures if and only if they are related by a finite sequence of moves
MO — M5.

Proof. The proof of the converse implication is immediate. For the forward implication, let
K and K’ be two closed virtual twin diagrams which are equivalent as virtual doodles. That
is, there is a finite sequence of virtual doodle diagrams, say, K = Ky, Kj,...,K, = K’ such
that K; is obtained from K;_; by one of the moves as shown in Figure 3.15. Note that the
virtual doodle diagrams obtained in the intermediate steps may not be closed virtual twin

diagrams. Let K; be a closed virtual twin diagram for K; obtained by the braiding process as
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Rla Rlb Rz VR1
Y
VR2 VR VR
MVR, MVR,
<> X X <> X
VR, M

Fig. 3.15. Moves for oriented virtual doodle diagrams

in the proof of Theorem 3.2.4. Without loss of generality, we can assume that Ko = Ko and
K, = K,. By Corollary 3.3.5, we know that each K; is uniquely determined up to M0 and
M2 moves. Thus, it suffices to prove that Ei_l and I?,— are related by M0 — M5 moves. We
proceed by considering each move in Figure 3.15.

Case I. Let K; be obtained from K;_ by applying any one of the VR;, VR,, VR3 or M moves.
Then K; and K;_| have the same Gauss data, which means that I?,- and I?,-,l also have the
same Gauss data. Then, by Lemma 3.3.4, E,-_l and E,- are related by M0 and M2 moves.
Case II. If K; is obtained from K;_; by an R, move, then Ei_l and E,- are related by a M0

move and we are done.

For the remaining moves, let D to be the closed 2-disk in the plane where one of the remaining
moves is applied so that K; 1 N (R?\ D) = K; N (R?\ D). We apply the braiding process to
K 1N(R?\D) = K; N (R?\ D) to get diagrams K/, and K] such that K/ ,ND =K, ;ND,
K/ND=K;NDand K, N(R?>\D) = K/ N(R?>\ D).

Case III. If K; is obtained from K;_| by an Ry, or Rj; move, then after the braiding process,
the diagrams I?ILI and I?l’ looks like as in Figure 3.16. Note that up to conjugation, virtual
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twins obtained from E{_l and I%l’ are either of the following forms
Band BT, Ty ... TiTi_1Ti .- Tuo1Tn
or
ﬁ and (1 ®ﬁ)1’11’2 T T .- T2 T,

where B € VT, Tj=s;or pjand 1 <i<n. Ineach case, both the virtual twins are equivalent
to each other by Lemma 3.3.1 or Lemma 3.3.2. Thus, E,-_l and E,- are related by M0 — M5

moves.

[ [ ] [ ]

| |
[ [

Fig. 3.17. fi’_l and K! corresponding to MV R; move

Case IV. If K; is obtained from K;_| by an MV R| move, then after braiding process, the
diagrams K/, and K/ looks as in Figure 3.17. The virtual twins obtained from K, and K/

are of the form

TuTn1--- Tip1SiB1SiTie1 - a1 T2

and

TnTn1 -+ Tt 1PiBLPiTiv1 - - - Tno1TuP2,
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b1 b1

B2 B2

Rl |

Fig. 3.18. K!_, and K/ corresponding to MV R, move

respectively. By Lemma 3.3.1, both these virtual twins are equivalent, and hence Ki_i and K;
are related by M0 — M5 moves.
Case V. If the move applied is MV R, then after the braiding process, the diagrams 1?;_, and

I?l’ looks as in Figure 3.18. The virtual twins obtained from I?{_l and I?l’ are of the form

TIT... Ti_lsi(i®ﬁ1)sifi_1 e Tle(l ®B2)
and
TIT... Tiflpi<i®ﬁl)pifi71 - Tz‘L’l(l ®B2),

respectively. By Lemma 3.3.2, both of these virtual twins are equivalent, and hence K;_; and
K; are related by M0 — M5 moves. 0






Chapter 4
Conjugacy classes in twin groups

This chapter focuses on conjugacy classes of involutions and centralisers in twin groups.
We note that the conjugacy problem for Coxeter groups is already solved in the thesis of
Moussong [65]. See also [54]. We derive a recursive formula for the number of conjugacy
classes of involutions, which relates to the well-known Fibonacci sequence. We also derive a
recursive formula for the number of z-classes of involutions in twin groups [70]. We conclude
the chapter by addressing the algebraic doodle problem [71].

4.1 Conjugacy problem in twin groups

It is evident from the presentation of 7,, that an element of 7, can have more than one
expression. For example, the words 51, 555155 and 5153555355 represent the same element in
T,. In this section, we recall some ideas from combinatorial group theory that would be
needed to ease our computations throughout the thesis. The preliminaries in this section are
motivated from [58, Chapter 1].

Elementary transformations

We define three elementary transformations of a word w € T;, as follows:
(i) Deletion. Replace the word w by deleting a subword of the form s;s; in w.
(i) Insertion. Replace the word w by inserting a word of the form s;s; in w.

(iii) Flip. Replace a subword of w of the form s;s; by s;s; whenever | i — j |> 2.
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Word equivalence and length

We say that two words w; and wy are equivalent, written as w; ~ w», if there is a finite
sequence of elementary transformations turning w; into wy. It is easy to check that ~ is an
equivalence relation on 7. Obviously, two words are equivalent if and only if both of them
represent the same element of 7;,.

For a given word w = s;,sj, ... 8;,, let £(w) = k be the length of w. For 1 <i<n—1, we

define n;(w) := number of s;’s present in the expression w. Note that

n—1
t(w) = ; 1i(w).

If wi ~ wy, then 1;(w1) = n;(wz) (mod 2) foreach 1 <i<n— 1, and subsequently ¢(w;) =
£(wy) (mod 2).

Reduced words

We say that a word w € T, is reduced if £(w) < £(w') for all w ~ w. The existence of a
reduced word in an equivalence class of a word follows from the well-ordering Principle. It
is possible to have more than one reduced word representing the same element. Moreover,
two reduced words represent the same element if and only if one can be obtained from the
other by finitely many flip transformations, for example, s;s3 and s351. Obviously, any two
reduced words in the same equivalence class have the same length. This allows us to define

the length of an element w € T, as the length of a reduced word representing w.

For each 1 <i <n— 1, we define the following subset of S:

s; = {sj | [si, s;] # 1}.

More precisely, it is easy to check that s7 = {s2}, s5 = {s1,83},...,8_» = {s4—3,5,—1} and

s*_ = {sn—2}. Then the following are easy observations:

(1) s; € s}f if and only if 5; € s7.
(i) [s;, s;) =1if and only if 5; & s7.
Below is an easy characterisation of a reduced word in 7.

Lemma 4.1.1. A word w is reduced if and only if w satisfies the property that whenever two

s;’s appear in w for some 1 <i <n— 1, there always exists an sj € s; in between them.
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Proof. Suppose that w is a reduced word and that there exist two s;’s in w such no s; € s7
appears in between them. Then, by successive application of the flip transformation, we can
bring the two s;’s together, and then delete them by the deletion transformation. Thus, the
resulting word, which is equivalent to w, has length strictly less than ¢(w), contradicting the
fact that w is reduced.

Conversely, suppose that the word w satisfies the desired property. We note that a word
obtained by flip transformations on w also satisfies the desired property. Since deletion
cannot be performed on words with this property, it follows that w must be reduced. [

Cyclic permutation

A cyclic permutation of a word w = s;, s, ... s;, (not necessarily reduced) is a word w' (not

necessarily distinct from w) of the form s;, . S8i, SiySiy -+ 8, for some 1 <r < k. If

Sip 1 Sipgo -
t =1, then w' = w. It is easy to see that w' = (s;,5;,...5;, )" 'w(si,5i,-..5i,_,), thatis, w and

w’ are conjugates of each other in T,,.

Cyclically reduced words

A word w is called cyclically reduced if each cyclic permutation of w is reduced. It is
immediate that a cyclically reduced word is reduced, but the converse is not true. For

example, 575152 is reduced but not cyclically reduced.

Lemma 4.1.2. If w is a cyclically reduced word and w' is a word obtained from w by finitely

many flip transformations, then w' is also cyclically reduced.

Proof. By induction, it suffices to prove the assertion for only one flip transformation
on w. We begin by noting that any cyclic permutation of a cyclically reduced word is
again a cyclically reduced word. Thus, without loss of generality, we can assume that
W = S;,Si,Siy ... Sj, and w = SiySi; Siy - - - S, . We observe that except the word s;; s, ... 5,5i,, all
other cyclic permutations of w’ differ by a flip transformation from some cyclic permutation
of w, and hence are reduced. Thus, it only remains to show that the word s;,s;; ...s;.5;, 18
reduced. Since w' is reduced, so are all its subwords, in particular, SiSiy -8, and s;; ...,

are reduced. If s;, s, ... s, 5, is not reduced, then the only reduction possible is in its subword

Siy -+ - Si Siy, but then the word s;; ... s, 5i,5;, 1s not reduced, which is a contradiction. L]
The following is an analogue of Lemma 4.1.1 for cyclically reduced words.

Lemma 4.1.3. A reduced word w is cyclically reduced if and only if we cannot obtain a word

of the form s;w's; from w by applying finitely many flip transformations on w.
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Proof. Suppose that w is a cyclically reduced word and s;w’s; is obtained from w by applying
finitely many flip transformations. Then, by Lemma 4.1.2, s;w's; is also cyclically reduced.
Since a cyclic permutation of a cyclically reduced word is cyclically reduced, it follows that
w's;s; is cyclically reduced, which is a contradiction.

Conversely, suppose that a reduced word w is not cyclically reduced. That is, some cyclic
permutation of w is not reduced. We may assume that w is of the form wiw, so that
its cyclic permutation wow; is not reduced. Since w is reduced, both of its subwords
wi and wy are also reduced. On the other hand, the word wowq is not reduced. This is
possible only if, by applying finitely many flip transformations, w; and w, can be written
in the form s;w} and w)s;, respectively, for some 1 <i < n— 1. Thus, by applying finitely
many flip transformations on the word w = wiw,, we obtain the word s,-w’1 w’zs,-, which is a
contradiction. O

Corollary 4.1.4. Each word in T, is conjugate to some cyclically reduced word.

We now investigate conjugacy problem in twin groups. In view of Corollary 4.1.4, it is
enough to focus on cyclically reduced words to study conjugacy problem in 7;,. The following

is the main result of this section.

Theorem 4.1.5. Suppose wi,w, are two cyclically reduced words in T,,. Then w1 is conjugate
to wy if and only if they are cyclic permutation of each other modulo finitely many flip

transformations.

Proof. The converse is obvious. Let us assume that wy,w, € T, are two cyclically reduced

Lwow, where w is a reduced word. We need to show that w;

conjugate words. Let wy = w™
and w; are cyclic permutation of each other modulo finitely many flip transformations. We
proceed using induction on ¢(w).

Suppose ¢(w) = 1, that is, w = s; for some i = 1,2,...,n— 1. Then w| = s;w»s;. Since wy is

cyclically reduced, the two s;’s should get cancelled. The following are the three possibilities:
(i) There is cancellation in the subword wys;.
(i1) There is cancellation in the subword s;w».

(iii) Both the rightmost and the leftmost s; cancel each other after finitely many flip trans-

formations.

In Case (iii), w; = w, and we are done. In Case (i), by successive application of flip
transformations on wy, we obtain whs;. This implies that by successive application of flip

transformations on the word s;w,s;, we get s,-w’zsisi. By deletion transformation this gives
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W1 = Siwas; = siw’z. Note that it is a cyclic permutation of w’zs,-, which we obtained by flip
transformations on w,. Case (ii) can be treated in the same manner.

Now suppose that £(w) = k > 1, where w = s;; 5/, ... s;,. Then we can write
_ ~1 _
w1 = (S,'IS,‘Z .. -Sik) wz(s,-]siz .. -Sik) =Sy Sip_q -+ -SipSiyW2Si1Siy - - - Siy -
Since wy is cyclically reduced, s;, should get cancelled. Following the steps of the case k = 1,
we have the following possibilities:
(i) There is cancellation of rightmost s, in the word wos;, si, ..., .
(ii") There is cancellation of leftmost s;, in the word s;,8;, | ... 8i, 8, W2.

(iii’) Both the rightmost and the leftmost s;, cancel each other after finitely many flip
transformations.

In Case (iii’) it is easy to see that wy = Siv 1Siy_o " SiySi,W2Si, Siy -+ Si,_, modulo finitely many
flip transformations. Thus, we are done by induction hypothesis. For Case (ii’), by successive
application of flip transformations on wy, s; s;, , ...S;,;, and s;,s;, . ..s; , we obtain subwords
sikwlz, Siv_ 1Siy_y---Siysiy8i, and s;,.8;,8;, ...8;,_,, respectively. Thus, after finitely many flip
transformations, we get

/
W1 = S8i,_1Siy_o - - -SirSiy Sip Sy WosSiySiy Siy « - - Sig_y -
Consequently, by deletion transformation, we have
— . . e whes . .= . oY e (6 .
W1 = Si,_ Sip_y - - - SiySiyWaSiySiySiy - - - Sip_, = (SiySiy - -Sip_, )~ WaSiy (Si,Siy - -Si,_,)-

Thus, by induction hypothesis, w’zsik (and hence sikw’z) is a cyclic permutation of w; modulo
finitely many flip transformations. Since s;,w) is obtained from w, by finitely many flip
transformations, the proof of the assertion follows. Case (i’) can be dealt with along similar
lines. =

Corollary 4.1.6. A word w € T, is cyclically reduced if and only if {(w) is minimal in its
conjugacy class.

4.2 Conjugacy classes of involutions in twin groups

In this section, we study conjugacy classes of involutions in 7;,. Since conjugate elements

have the same order, in view of Corollary 4.1.4, it suffices to study cyclically reduced
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involutions in 7,,. Specifically, we derive a formula for the number of conjugacy classes
of involutions in 7,,. Quite interestingly, it is closely related to the well-known Fibonacci

sequence.

Proposition 4.2.1. Let w = s;,5i, ...5;, be a cyclically reduced word in T,. Then w is an
involution if and only if [s;;,s;)] = 1 for all 1 < j,1 < k.

Proof. Let us suppose that w is an involution and that it does not satisfy the desired condition.
Since w is cyclically reduced, without loss of generality, we may assume that w can be written
as w = s;wys;+ 1wy such that 1;(wy) = M1 (wy) =0 for some 1 <i<n—2. Since wis an
involution, we have

2
W= siwSipiwasiwisipiwa = 1.

Thus, every letter (in particular, s; and s;11) on the left hand side of the preceding expression
should get cancelled by a finite sequence of flip and deletion transformations. But, as
w = s;w1S;+1w2 1s reduced, we cannot use deletion transformation on w. Hence, cancellation
of leftmost s; in the expression of w? is possible only with the other s; appearing in the
expression of w? by repeated application of the flip transformation. This happens only if
the leftmost s;, | occuring between the two s;’s in the expression of w? cancel. But that is
not possible since there is a s; between the two s;11’s. Thus, s;wis; . wasiwisiiwy # 1, a
contradiction. The proof of the converse is immediate. [

As a consequence of Corollary 4.1.4 and Proposition 4.2.1, we obtain the following result.

Corollary 4.2.2. Let w be an element of T,. Then w is an involution if and only if w
is conjugate to a cyclically reduced word of the form s;s;, ...s;, such that i; ;1 —i; > 2.

Furthermore, any two distinct cyclically reduced words of this form are not conjugates.
Note that a cyclically reduced word w is an involution if and only if it can be written in the
form s;,sj, ...s;, such that i, 1 —i, > 2. Set
An={siysiy..5i | 1<iy <n—1, ipy1 — iy > 2} (4.1)
and recall
si = {sjllsi, sjl # 1}

The following result, whose proof is immediate from the presentation of 7;,, gives ranks of

the centralisers of cyclically reduced involutions.

Lemma 4.2.3. Let w = s;,Si, - .. 5;, be an involution in T,, where i;;1 —i; > 2 forall 1 <t <

k k
k—1. Then Cr,(w) = (S\ U s; ), and consequently rank(Cg,(w)) = (n—1)— | U 57 |-
t=1 t=1
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We now state and prove the main result of this section.

Theorem 4.2.4. Let p, denote the number of conjugacy classes of involutions in T,. Then

Pn = 1 +Pn—1+Pn-2

for all n > 4, where p; = 1 and p3 = 2.

Proof. Consider the set A, as defined in (4.1). Then, by Corollary 4.2.2, we have p, = |.A,|.
Note that A, = {51} and A3 = {s1,s2}, which implies that p, = 1 and p3 = 2. We now
proceed to compute p, for n > 4. We define three mutually disjoint subsets of 4, as follows:

(1) Bn :{Snfl}-
(i) C, = {si1si2 A ‘ k>1,ip=n— 1}
(iil) Dp = {si,8i, - -8i, | ix <n—1}.

It is easy to see that A, = B, UC, LU D,, and hence
|An| = ‘Bn| + ’Cn’ + |Dn| =1+ |Cn| + ‘Dn|

Now, the map sending s;,s;, ... s, t0 s;,5;,...5;_, gives a bijection between the sets C, and
A,_», and hence |C,,| = | A,_2|. Also, note that D,, = A,,_;. Thus, we have

|An| =1+ Au—1 |+ [ An2l,
which implies that

Pn = 1 +Pn—1+Pn—2-

]

Corollary 4.2.5. For eachn > 2, py+1=F,, where (Fy,),~ is the well-known Fibonacci
sequence with F1 = Fy = 1. In particular,

3 /i
B ()
k=1

Proof. Observe that p, + 1 = (p,—1 + 1) + (pp—2 + 1). The first assertion is clear from
Theorem 4.2.4. The formula for p, can be derived from the well-known value of (n+ 1)-term

of the Fibonacci sequence [79, Chapter 3, Section 3.1.2]. [
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4.3 z-classes of involutions in twin groups

Two elements x,y of a group G are said to be z-equivalent if their centralisers Cg(x) and
Cg(y) are conjugates in G. A z-equivalence class is called a z-class. These classes also
appear naturally in geometry and topology. We refer the reader to [55] for a quick review of
the same.

It is clear that conjugate elements are z-equivalent and the converse is not true. For example,
Cr,(s153) = Cr,(s3), but 5153 and s3 are not conjugate. Thus, to investigate z-classes in Tj,, it
is sufficient to study centralisers of cyclically reduced words (by Corollary 4.1.4). Note that
every element of 7}, is either torsion-free or of order 2. We first show that only 7; and 73 have
finitely many z-classes, and then compute number of z-classes of involutions in 7;, for n > 2.

Proposition 4.3.1. T, has finitely many z-classes if and only if n = 2 or 3.

Proof. Since T, = Z;, there are two conjugacy classes and only one z-class. In 73, there are
infinitely many conjugacy classes, namely, s1T3,s§3, (s152), ((s152)>) 5, ((s152)*)"3, and so
on. We note that

Cry(s1) = (s1),
CTS(S2> = <S2>7
Cr,(s152) = (s152) = Cr, ((s5152)™), m > 2.

By Theorem 4.1.5, it follows that Cr,(s;), Cr,(s2) and Cr;(s152) are pairwise not conjugate.
Therefore, there are three z-classes in 75.

Now, we proceed to prove that 7;, has infinitely many z-classes for n > 4. It suffices to
construct an infinite sequence of cyclically reduced words in 7, such that their centralisers are
not pairwise conjugate in 7,,. We define X| = 5157, Xo> = 515253, X3 = 51525352, X2; = X2i_153,
Xoi41 = Xoiso for i > 2. Tt is easy to check that Cr, (X)) = (X;) x H and Cr,(X;) = (X;) x K
for j > 2, where H = (s4,5s,...,5,—1) and K = (ss,5¢,...,5,—1). It can be easily deduced
that if Cr, (X;) is conjugate to Cr, (X;) for some i # j, then X; is conjugate to X;. But this is
not possible due to Theorem 4.1.5. [

Now, we proceed to compute the number of z-classes of involutions in 7;,. As mentioned
earlier, it is sufficient to consider centralisers of cyclically reduced involutions in 7,. Thus,
for the rest of this section, by an involution, we mean a cyclically reduced involution, that is,
an element of A, = {silsi2 Sy [ 1< <n—1, 441 —ip > 2}. We begin with the following
observation.
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Lemma 4.3.2. Let wy and wy be two involutions in T,. Then either Cr,(w1) = Cr,(w2) or

Cr,(w1) and Cr,(wy) are not conjugates of each other.

Proof. Let us suppose Cr, (w1) # Cr,(w2). Then, without loss of generality, we can assume

that there exists some s; € Cr,(w1) \ Cr,(w2). Thus, we can write Cr, (w2) = (si,, Sy, - - -, 5i;)
such that j ¢ {i1,i2,...,i}. Consequently, for each g € T, Cr,(w2)$ = (s5,5%,,...,5} ),

where sfj =g !
hence s; ¢ Cr, (w2)$ for any g € T,,. Therefore, Cr, (w1) and Cr, (w2) are not conjugates of

each other. L]

Si;8- Thus, each word in Cr, (w2)$ contains s j even number of times, and

By virtue of the preceding lemma, the number of z-classes of involutions in 7}, is equal to the
number of distinct centralisers of cyclically reduced involutions in 7j,.

Let A, denote the number of distinct centralisers of involutions in 7,,, n > 2. A direct
computation yields A, = 1, A3 =2, A4 = 2, A5 = 5 and A¢ = 8. The following main result of
this section gives a recursive formula for A, n > 7.

Theorem 4.3.3. Let A, be as defined above. Then, for n > 7,
n—2

An = (Z QLI) —Ap_s+n—2.
i=3

We establish the preceding theorem through a sequence of lemmas.

Lemma 4.3.4. The number of distinct centralisers of involutions ending with s; in T, is equal

to number of distinct centralisers of involutions ending with s; in T,,, for alln,m > i+ 1.

Proof. It is sufficient to prove the assertion for n =i+ 1 and m > n. Let ws; be an involution
ending with s;. Then

Cr,(wsi), ifm=n+1=i+2,

Cr,, (wsi) =

(C1,(WSi)ySnt15Sn4+2s- -3 Sm—1), if m>n+2=1i+3.

Hence Cr, (w1si) = Cr, (was;) if and only if Cr,(wys;) = Cr,(was;). This completes the
proof. [

The preceding lemma allows us to define ¢; as the number of distinct centralisers of involu-
tions ending with s; in 7, for all n > i+ 1.

Lemma 4.3.5. In T,, the centralizer of an involution ending with s; is not equal to the
centraliser of an involution ending with s j, for i < j, unless i=n—3 and j=n—1. Moreover,
the centraliser of an involution ending with s,_3 is equal to the centraliser of some involution

ending with s, _1.
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Proof. Let wys; and wys; be two involutions ending with s; and s, respectively, such that
i<j. If j<n—2,then sjy € Cy,(wis;), but sjy1 ¢ Cr,(wos;). If j =n—1, then unless
i=n—3,s,-2 € Cr,(w1s;), but s,_2 ¢ Cr,(w2s;). This proves the first assertion of the lemma.
For the second assertion, if ws,_3 be an involution ending with s,_3, then Cr, (ws,_3) =
Cr, (WSp—38p—1)- O

Lemma 4.3.6. Forn > 4,
n—1
dn= () o) — 04y_3.
i=1
Proof. From the preceding lemma, we see that

n—1

An = Z (number of distinct centralisers of involutions ending with sl')
i=1
—number of distinct centralisers of involutions ending with s,,_3

n—1
= ()Y a)— a3,
i=1
which is desired. U]

Lemma 4.3.7. In T,, the centralizer of an involution ending with s;s,_1 is not equal to the
centraliser of any involution ending with s js, 1, for 1 <i < j<n—3, unless i =n—>5 and
Jj =n—23. Moreover, the centraliser of an involution ending with s,_ss,_1 is equal to the

centraliser of some involution ending with s, _35,_1.

Proof. Let wys;s,—1 and wysjs,—1 be two involutions ending with s;s, 1 and s;s, 1, re-
spectively, with 1 <i < j<n—3. If j <n—4, then s5;;1 € Cr,(wiSisp—1), but sj41 ¢
Cr,(wasjsp—1). If j=n—3, then unless i =n—35, s,_4 € Cr,(W1SiSp—1), but 5,4 ¢
Cr,(wassn,—1). This proves the first part of the lemma. For the second assertion, if ws,_5s,_1

is an involution ending with s,,_ss,_1, then Cr, (ws,—ss,—1) = Cr,(WSy—58,—384—1). ]

Lemma 4.3.8. For all i < n— 3, the number of distinct centralisers of involutions ending

with s;5,—1 is equal to the number of distinct centralisers of involutions ending with s; in T,.

Proof. Note that Cr, (ws,—3) = Cr,(wsy—35,—1). Butfori <n—4, we have s,,_» ¢ Cr, (wsisp_1)
and Cr,(ws;) = (Cr, (wsisp—1),Sn—2) . Thus, Cr,(wysisy—1) = Cr, (wasis,—1) if and only if
CT,, (wlsi) = CTn (Wzsi). OJ

Lemma 4.3.9. Forn > 5,
n—3
O =14 (Y o) —oy_s.
i=1
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Proof. The set of centralisers of involutions ending with s, in 7;, can be divided into two
disjoint subsets, namely, {Cr, (s,—1)} and the set of centralisers of involutions ending with
sp—1 and of length strictly greater than 1. The proof now follows from lemmas 4.3.7 and
4.3.8. [

Proof of Theorem 4.3.3. Replacing n by n+ 2 in the preceding result and using Lemma 4.3.6,
we get o, 11 = 1+ A, for n > 3. A repeated use of this identity in Lemma 4.3.6 and some

simplifications yields
n—2
i=3

for n > 7, which is the desired formula. O

4.4 Algebraic doodle problem

In case of classical links and braids, the algebraic link problem asks whether given two braids
are equivalent under the classical Markov moves. The algebraic doodle problem can be
formulated along the similar lines, that is, to determine whether two twins are equivalent
under the Markov moves M| — My.

M :B®]1—=1® B,

M, : B — o 'Ba,

Ms : B = (BR1)SpSy—1---Sit18iSit1---Sn—18ns
My : B = (1QB)s182...8i—18iSi—1---5251,

where s; € T, 1. We use the previous setup to address the algebraic doodle problem. We
first note that the M{-move is equivalent to saying that whenever the reduced expression of
o = s;,8;, ... i, € T,41 does not contain s, we can replace & by 1 ® & = s, 118iy41.--5;,+1-
Next, checking the equivalence of twins under the M,-move is same as the conjugacy problem
which is solvable in 7, ( see [54, 65] and Section 4.1). Thus, we consider the moves M3 and
M, and prove the following result.

Theorem 4.4.1. Given a twin o € T, 1, there is an algorithm to determine whether
(i) o can be written as (B @ 1)SpSpy—1- .. Sit15iSit1---Sn—15n,

(ii) o can be written as (1® B)s152...8i—15iSi—1 .. .8251,
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for some B €T,and 1 <i<n.

Proof. Case (i). We need to determine whether an element o € 7,1 | can be written as
(BR1)SpSpu—1-..8i415iSit1---Sn—18y, for some B € T,, and 1 < i < n. Upon applying Lemma

4.1.1, we get a reduced word equivalent to & and have the following possibilities:

(a) If there is only one s, present in the reduced expression of o, then we can write @ as
o's, o, where ', " € T,,. Such an @ can be written in the desired form if and only if

there is no s, present in o

(b) Suppose that there are two s,,’s present in the reduced expression of ¢. If the expression
does not have a subword of the form s,,5,—1 ...Sj+18iSj+1...8p—15, forany 1 <i<n—1,
then we cannot write « in the desired form. On the other hand, if the reduced expression
of a can be written as o's;s,_1...5;i+15iSi11...Sp—15,0", then o has the desired form

if and only if &” is a word in s for 1 < j <i—2.

(c) If the number of s,’s present in the expression is greater than equal to 3, then
we cannot write ¢ in the desired form. For, if we get a subword of the form
SpSp—1 - --Sit+15iSit1---Sp—18, for some i and we move this subword to the rightmost
position in the reduced expression of ¢ by flip transformations, there will be an s,
present in the expression of 3 which is not possible since 8 € T,,.

Case (ii). It is easy to note that if 8 € 7, is written as s;,s;, ... s;,, then 1 ® B which is a twin
obtained by putting a trivial strand on the left of 8, can be written as s;, 18i,41 - - - Sig+1 € Tnt1.
We determine whether a € T, | can be written as & = (1 ® B)s152...5;_18iSi—1 - ..S525], for
some f3 € T, and 1 <i < n. On applying Lemma 4.1.1, we get a reduced word equivalent to
a and have the following possibilities:

(a) If there is only one s; present in the reduced expression of ¢, then we can write o as
o's o, where o, a”” € T, 1. Such an o can be written in the desired form if and only
if there is no s, present in the expression of o”.

(b) Suppose that there are two s1’s present in the reduced expression of ¢. If the expression
does not have a subword of the form sys5...5;_15;s;—1...5251 for any 2 <i < n, then
we cannot write ¢ in the desired form. On the other hand, if we can write reduced
expression of & as o'ss2...5;_18;5;_1...52510", then o has the desired form if and

only if o isaword in sj fori+2 < j <n.

(c) If number of s1’s present in the expression is greater than equal to 3, then we cannot

write & in the desired form. For, if we get a subword of the form sys5 . ..5;_15i8i—1 . ..525]
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for some i, there will be an s present in the expression of 1 ® 8 which is not possible,
since it is an expression in s2,53, ..., Sy.

]

We now define split doodles and split twins analogous to split links and braids. A doodle on
a 2-sphere is said to be split if it contains two disjoint open disks each containing at least
one component of the doodle. We define a twin to be split if its closure is a split doodle on a

2-sphere. The following figure is an example of a split doodle which is the closure of a twin
(S1S2)3 (S4S5)4.

Fig. 4.1. A split doodle

Foreach 1 <i<n—1,let T, be the subgroup of T, generated by {s1,52,...,8i1,8i+15-->Sn_1}-
We conclude this chapter by stating the following proposition, whose proof is immediate,
which gives sufficient conditions for a twin to be split.

Proposition 4.4.2. If a € T, satisfy one of the following conditions:
(i) o is conjugate to a word in T,ffor some 1 <i<n-—1I,

(ii) o0 = (B®1)Sp—18p—2...8j415jSj+1..-Sn—28n—1, Where B is conjugate of a word in

TN ,1<i<n—-2and1<j<n-—1,

(iii) a=(1Q@P)sis2...8j-18;Sj—1...5281, where B is conjugate of a word in Tni—l’ 1<i<
n—2and1<j<n—1,

then « is a split twin.






Chapter 5

Automorphism groups of twin groups

Using the set up built in the preceding chapter, we determine automorphism groups of twin
groups in full generality. Note that, the automorphism group of 73 = Z, x Z is well-known,
and structure of Aut(7},) is determined in [42] for n > 4. However, our approach is elementary
and yields an alternate proof for all n > 3 which can be found in [70]. The following is the
main result of this chapter.

Theorem 5.0.1. Let T,, be the twin group with n > 3. Then the following hold:
(1) Aut(T3) = Ts x Zo.
(2) Aut(Ty) = Ty x S,
(3) Aut(T,) = T, x Dg forn > 5, where Dg is the dihedral group of order 8.

Our plan is to prove Theorem 5.2.8 in two parts. In the Section 5.1, we show that any
automorphism that preserves conjugacy classes of generators is an inner automorphism. It is
well-known that the center Z(7,) = 1, and hence Inn(7},) = T,,. We then determine all the
non-inner automorphisms of 7,, in Section 5.2, and show that Out(73) = Z,, Out(Ty) = S3
and Out(7,) = Dg forn > 5.

5.1 Characterisation of inner automorphisms of twin groups

In this section, we characterise inner automorphisms of twin groups.

Proposition 5.1.1. Let ¢ be an automorphism of T, for n > 3. Then ¢ is inner if and only if
O(si) € sl.T”forall 1<i<n-—1.
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Proof. The forward implication is obvious. For the converse, suppose that ¢ (s;) € sl.T” for all

1 <i<n—1. We complete the proof in the following steps:

Step 1: There exists some u € T,, such that u®(sy;—1) = s2i—1 forall 1 <i < |n/2|, where

|| is the floor function.

We begin by setting ¢; := ¢. Without loss of generality, we may assume that ¢;(s;) = s;.
Let us suppose that @;(s3) = w3 s3ws3, where wj is a reduced word. We claim that w
does not contain s,. Let us, on the contrary, suppose that w3 contains s,. Then s; does not
commute with w3’ 1S3W3, but s; commutes with s3. This is a contradiction to the fact that
automorphisms preserve commuting relations. Thus, our claim is true. Next, we define
03 = Wg‘lq)l. Note that ¢3(s1) = 51 and @3(s3) = s3.

Let us now suppose that ¢3(s5) = wis Lssws, where ws is a reduced word. Suppose that the
word ws contains s> or s4 or both. Then s3 and 55 commute but their images do not commute
under the automorphism ¢3, leading to a contradiction. Hence, ws contains neither s, nor s4.
Now, we define ¢5 = v/v\{l(pg,. Note that @s(s1) = s1, @5(s3) = 53 and @s5(s5) = s5.

Again, suppose ¢5(s7) = w5 ls7w7, where w7 is a reduced word. Repeating the argument,
we can show that w7 does not contain s>, s4 and s¢. Define ¢; := v/ﬁ_l%. Note that
¢7(s1) = 51, ¢7(53) = 53, ¢7(55) = 55 and @7(s7) = s7. Continuing this process, we finally
get gog—1(s2i—1) = s2i—1, forall 1 <i<|n/2] and k = |n/2]. This completes Step 1.

Step 2: There exists some v € Ty, such that v (sy;) = sy forall 1 <i<|n—1/2].
Proof of this step goes along the same lines as that of Step 1.

Step 3: Without loss of generality, we can assume that there exists a reduced word w € T,, such
that ¢ (s2;_1) = spi_1 forall 1 <i < |n/2] and ¢ (sy;) =w 'syw forall 1 <i < |n—1/2].

This follows immediately from steps 1 and 2.

Step 4: If w is the reduced word as in Step 3, then ¢ is an inner automorphism induced by

some subword of w.

For a word w = s;,5i, - .. 8;,,, if i1 is even, then w™Lsp;w = w'~Lspw/ forall 1 <i < |n—1/2],
where w' = s;, 54, ... s;,. On the other hand, if i is odd, then s/,-\k_1 O(s2i—1) = spj—1 forall 1 <
i < |n/2] and 5, '@ (s2;) = w' Lsyw forall 1 <i < |n—1/2|, where w" = s;,si,...5;, 1.
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It follows from the preceding observation that if s;,’s, 1 <t < k are all even indexed, then ¢ is
the identity automorphism. Similarly, if s;’s, 1 <t < k are all odd indexed, then ¢ is the inner
automorphism induced by w. Further, if by applying finitely many flip transformations, we
can write w = wywy, where w is subword with even indexed generators and w; a subword
with odd indexed generators, then ¢ is the inner automorphism induced by w,.

Now suppose that i1 is odd, iy is even and that we cannot bring an even indexed generator to
the leftmost position and an odd indexed generator to rightmost position in the expression of
w by finitely many flip transformations on w. . We would derive a contradiction by proving
that ¢ is not surjective in this case.

We note that s;, # ¢ (s;) for all j # ix. Suppose s;, = @ (si,) = Si, Si—1 - - - Si; $i,Si; Siy - - - iy, This
implies s;, 1 ...5;,5i.8iSi, - --5;, = 1. Thus, every generator (in particular s;,) appearing in the
expression s;, 1 ...S;,8;,Si,Si, - - - §i, should get cancelled by some elementary transformation.
But as w = s/, ...s;, is areduced word, deletion of s;, is only possible if we can bring the
s;, to the leftmost position in the expression of w by some flip transformations. But this is
not possible, and hence s;, # @ (s;, ).

Now suppose that s5;, = ¢(x) for some reduced word x = s, 5}, ...s, of length greater than 1,
i.e.,t > 1. There are four possibilities on the choice of indices of s;, and s, to be even or odd.
Here, we consider one case, i.e. jj is odd and j; is even. Rest of the cases follow similarly.
Now, we can write x = x1x2...Xp;, where 2 < 2/ <t¢, the odd indexed subwords (i.e. x,
X3,...,X2;_1) contain generators of odd index (s, s3,..., etc.) and even indexed subwords
(i.e. xp, x4, ...,Xxp;) contain generators of even index (s7,s4,..., etc.). We have

1

Si, = 0 (x1x2. .. xp) = x1 (W™ XQW)X3(W71X4W) .. .xzz,l(wfllew).

Note that no deletion is possible in the expression x1 (W™ xow)xz (W™ Ixgw) ... xo_1 (W™ xgw),
because of the assumption that i1 is odd, i is even and that we cannot bring an even indexed
generator to the leftmost position and an odd indexed generator to rightmost position in the

expression of w by finitely many flip transformations on w. Thus,
Usip) =1<2<L(x (W™ ow)xs(w ™ Lgw) .. .)CZZ_](W_].)CZZW)),

and hence s;, # ¢(x1x2...xy;) showing that ¢ is not surjective. This completes the proof of
the proposition. [
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5.2 Outer automorphisms of twin groups

In this section, we describe the group of automorphisms of 7, in full generality. As a

consequence, we get an explicit description of outer automorphisms of 7;,.

Proposition 5.2.1. The map v : T, — T, given by y(s;) = s,—;, | <i<n—1, extends to an

order 2 non-inner automorphism of T,, for all n > 3.
Proof. The proof follows from the definition of . [
Proposition 5.2.2. The following hold in Tj:

(i) The map t: Ty — Ty given by T(s1) = s153, T(s2) = 52 and T(s3) = 51, extends to an

order 3 non-inner automorphism of Tj.
(ii) The subgroup generated by T and  is isomorphic to S3.

Proof. That 7 is a non-inner automorphism of order 3 is obvious. Since 7 satisfies the relation
_ 2
Yty =1,

we have (y, 1) = S3. O

Proposition 5.2.3. The following hold in T, for n > 5:

(i) The map x : T, — T, given by K(s3) = sp_38,—1 and K(s;) = s—; for i # 3 extends to

an order 4 non-inner automorphism of T,.
(ii) The subgroup generated by Kk and  is isomorphic to Dg.

Proof. It is easy to check that K extends to a non-inner automorphism of order 4. Since K

satisfies the relation

yKy =Kk,

it follows that (y, k) = Dg.
0

Lemma 5.2.4. Let ¢ be an automorphism of Ty. Then ¢(s1),9(s3) € s1T4,s3T4 or (s1s3)™ and
O(s2) € SZT“.

Proof. Tt follows from Corollary 4.2.3 that s, 53 and s1s3 are the only involutions (upto
conjugation) with centralisers of rank 2 and s is the only involution (upto conjugation) with
centraliser of rank 1. The result follows since their images under any automorphism should

again be involutions with centralisers of the same rank. 0
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Lemma 5.2.5. Let ¢ be an automorphism of T,, for n > 3 and n # 4. Then either ¢(s1) € slT”
and ¢(sy—1) € s,{’il or yd(sy) € slT" and Yo (s,—1) € SZ",I-
Proof. Tt follows from Corollary 4.2.3 that s; and s, are the only involutions with cen-

tralisers (upto conjugation) of rank n — 2 in 7;,. The result follows since their images under

any automorphism should again be involutions with centralisers of the same rank n —2. [

Lemma 5.2.6. Letn > 5 and ¢ € Aut(T,,). Then forall2 <i<n-—2, ¢(s;) € sjr" for some
2<j<n—20r¢(s;) € (s153) 7 or (sp_35,_1)"".

Proof. Fix an i such that 2 <i < n—2. We observe that s; is an involution and its centraliser
has rank n — 3. From Corollary 4.2.3, it is clear that only s>, s3,...,5,—2 and s15,—1, 5153 and
Sn—38,—1 are cyclically reduced involutions whose centralisers have rank n — 3. Further, from
Lemma 5.2.5, it follows that ¢ (s;) & (sys,_1)" for2 <i<n-—2. O

Lemma 5.2.7. Let n > 5 and ¢ € Aut(T,,) be an automorphism such that ¢(s1) € slT”. Then
the following hold:

(i) o(si) EsiT”foraZIZSign—Zand37éi7én—3.
(ii) ¢(s3) € sg” or (s153)™.

(iii) §(s0—3) € 5,5 OF (Sp—35n—1)"".

Proof. Suppose ¢(sy) € g* for some g € {52,53,...,5,2,5153,8,_35,_1}. Choosing an
appropriate inner automorphism say w and a reduced word w’, we get w(¢(s2)) = g and
Ww(o(w~lsw')) = s1. We note that w'~!s;w’ and s, do not commute. Since automorphisms
preserve commuting relations, s; and g also should not commute, and hence g = s,. The

proof can now be completed by repeating the argument. [
We now state and prove the main result of this chapter.
Theorem 5.2.8. Let T, be the twin group with n > 3. Then the following hold:

(1) Aut(Tz) = T3 X Zs.

(2) Aut(Ty) = Ty % Ss.

(3) Aut(T,) =T, x Dg forn > 5, where Dg is the dihedral group of order 8.

Recall from propositions 5.2.2 and 5.2.3 that (y, 7) = S3 and (y, k) = Dg. We observe that
Inn(73) N (y), Inn(7x) N (y, 7) and Inn(7,,) N (y, k), n > 5, are all trivial. Thus, Inn(73) x
(v) < Aut(T3), Inn(Ty) x (y,7) < Aut(7y) and Inn(7,) x (y, k) < Aut(7,) forn > 5. It
now remains to prove the reverse inclusions. Let ¢ be an automorphism of 7,,. It follows
from Proposition 5.1.1 and lemmas 5.2.4, 5.2.5, 5.2.6, 5.2.7 that
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(@) y'¢ € Inn(T3) for some 0 <7 <1,
(b) y"™ 1™ ¢ € Inn(Ty) for some 0 <m; < 1and 0 <mp <2,
(c) Yy k"¢ € Inn(T,) for some 0 <ny < 1and 0 <ny <3, where n > 5.
This completes the proof of the theorem. 0

Corollary 5.2.9. The following hold in T,:

I

(i) Out(Ts) = Zy = ().

(ii) Out(Ty) = S5 = (v, 7).

(iii) Out(T,) = Dg = (y, k) forn > 5.
A consequence of our preceding analysis is the following result.
Proposition 5.2.10. PT, is characteristic in T, if and only if n = 2,3.

Proof. PT, being trivial is obviously characteristic in 7. We observe that PT,, is invariant
under y. This follows since the set {((s;s;11)%)8 | 1 <i<n—2, g € T,,} generates PT; ([4,
Theorem 4]) and y(((sisi11)%)%) = ((sn_isn—i—1)>)¥&) € PT;,. This together with Theorem
5.2.8(1) implies that P73 is characteristic in 73.

For the reverse implication, first consider the element (s;s,)? € PT;. Then T((slsz)3) =
(s15352)% ¢ PTy (since ((s15352)°) # 1), and hence PTy is not invariant under 7. Similarly,
Kk((5253)%) = (Su_281_38,_1)° & PT, for n > 5, and we are done. O

An IA automorphism of a group is an automorphism that acts as identity on the abelianisation
of the group. Note that inner automorphisms are IA automorphisms. It is easy to check that
non-inner automorphisms of 7, for n > 3 are not IA automorphisms. Therefore, we have the

following result.
Proposition 5.2.11. Every 1A automorphism of T, is inner for n > 3.

An automorphism of a group is said to be normal if it maps every normal subgroup onto
itself. The following is an analogue of a similar result of Neshchadim for braid groups [76].

Proposition 5.2.12. Every normal automorphism of T, is inner for n > 3.

Proof. Note that every inner automorphism is a normal automorphism. Thus, in view of
Theorem 5.2.8, it suffices to prove that no automorphism in the sets {y'}, {y, 7,72, Ty, T2y}

and {y, x, k%, k3, Ky, K2y, Ky} is normal for n = 3, n = 4 and n > 5, respectively.
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We first prove that y is not a normal automorphism of 7,, for all n > 3. Take N to be the
normal closure of s; in 7;,. Note that for each element g € N and each generator s;, i > 2,
number of s;’s present in the expression of g is even. This implies that s; € N whereas
v(s1) =s,—1 € N, and hence v is not normal.

It follows from the proof of Proposition 5.2.10 that P7; is not invariant under 7, and so

under its inverse 2.

Hence, both 7 and 7> are not normal. Similarly, by Proposition
5.2.10, it follows that k and its inverse k> are not normal. Further, k2 is not normal, since
(s253)° € PT,, whereas k%((s253)°) = (s2545351)° for n =5, k2((5253)%) = (s2535551) for
n=6and k>((s253)%) = (s25351)> for n > 7. In each of these cases, k?((s253)%) & PT,,.

For the remaining cases, we recall that P7}, is invariant under y. Consequently, if PTj
is invariant under 7’ Vv, then it is so under 7!, a contradiction. Similarly, if PT,, n > 5, is
invariant under x’/ v, then it is so under K/, again a contradiction. Thus, the only normal

automorphisms of 7, are the inner automorphisms. [

5.3 R..-property for twin groups

For any group G and an automorphism ¢ of G, we say that two elements x,y € G are

(¢-twisted conjugate) ¢-conjugate if there exists an element g € G such that

x=gyp(g) "

It can be easily verified that the relation of ¢-conjugation is an equivalence relation which
divides the group into @-conjugacy classes. In particular, if ¢ is the identity automorphism,
then we get the usual conjugacy classes. The number of ¢-conjugacy classes R(¢) € NU {eo}
is called the Reidemeister number of the automorphism ¢. We say that a group G has
R..-property if R(¢) = oo for each ¢ € Aut(G). Obviously, finite groups (in particular 75) do
not satisfy Re.-property.

It is known that braid groups B, [24] and pure braid groups P, [21] have the R..-property
for all n > 3. We refer the reader to [19, 20, 22, 34, 35, 43, 66, 67, 74, 75] for some recent
works on the topic. Since we established a complete description of Aut(7},) in the previous
section, we now investigate twisted conjugacy classes of 7, for n > 3. More precisely, we
prove that twin groups 7,, have R..-property for each n > 3. The results of this section are
from the work [71].

Firstly, recall a basic result on twisted conjugacy classes [25, Corollary 3.2].

Lemma 5.3.1. Let ¢ be an automorphism and ¢ an inner automorphism of a group G. Then

R(89) = R(¢).
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The following result relates twisted conjugacy with usual conjugacy.

Lemma 5.3.2. Let G be a group and ¢ an order k automorphism of G. If x,y € G are
@-conjugates, then the elements x¢ (x)9%(x) - -- ¢*~1(x) and yo (y)$%(y) - - - ¢*~(y) are con-

jugates (in the usual sense). The converse is not true in general.

Proof. Since x,y € G are ¢-conjugates, there exists z € G such that x = zy$ (z~!). Applying
¢', 1 <i<k— 1, to this equality gives

O(x)=9(2)0(»)9*(z "),
0*(x) = 0*(2)9°(»)9 ("),

O 1 (x) = oM ()" T () ek () = 0" ()" ()

Multiplying all the preceding equalities gives

x@(x)2(x) - 9K 1 (x) =29 (v) 92 (v) - ¢ (1)),

which is the first assertion.
For the second assertion, consider the extra-special p-group

g= <a,b,c |aP =bP =cP = l,ab:bac,ac:ca,bc:cb>

of order p> and exponent p, where p is an odd prime. Note that G’ = Z(G) = (c) is of
order p. It is easy to check that the map ¢ : G — G given by ¢(a) = ac and ¢(b) = bc
extends to an order p automorphism of G. Then, we have a¢(a)¢?(a)---¢? ' (a) =1 =
b (b)9*(b)---¢P~1(b). Suppose that there exists g € G such that a = gh¢(g~!). This gives
a = ghg~!'c! for some I € Z. Thus, a = bb~'ghg~'c! = b[b,g~"|c! € bG’, which is not

possible. Hence, a cannot be ¢-conjugate to b. [
Recall from Theorem 5.2.8 that
(i) Aut(73) =Inn(T3) x (y) = Inn(T3) x Z,,
(i) Aut(7y) =Inn(Ty) x (y,7) = Inn(Ty) % S3,
(iii) Aut(7,) =1Inn(T,) x (y, k) = Inn(7T,) x Dg forn > 5,
where

Dg is the dihedral group of order 8,
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y: T, — T,is given by y(s;) =s,_; foreach 1 <i<n-—1,

T: Ty — Ty is given by 7(s1) = 5153, T(s2) = 52 and 7(s3) = 57,

K : T, — T, is given by k(s3) = s,_35,—1 and k(s;) = s,—; for i # 3.
We now proceed to prove the main theorem of this section.
Theorem 5.3.3. T, satisfy Rw-property for all n > 3.

Proof. Tt follows from Proposition 4.3.1 that 7;, has infinitely many conjugacy classes for
all n > 3. Hence, due to Lemma 5.3.1, it is enough to show that 7,, has infinitely many
¢-conjugacy classes for automorphisms ¢ in the groups (), (v, ) and (y, k), which are
all finite. Our plan is to use Lemma 5.3.2. We divide the proof into four cases, namely, n > 6,
n=5n=4andn=3.
Case n > 6. Consider the sequence of elements x; = (s1sz)i, i > 1. We claim that for
any automorphism ¢ € (y, k), x; is not ¢-conjugate to x; whenever i # j. Let us, on
the contrary, suppose that x; is ¢-conjugate to x; for some i # j. Then, by Lemma 5.3.2,
X0 ()92 (x;) - 951 (x;) and x;0 (x;) 9 (x;) - - - 9* 1 (x;) are conjugates, where k is the order
of the automorphism ¢.
Note that the subgroup H = (s1,52,8,—2,5,—1) of T, is invariant under all automorphisms
in (y, k). In fact, y(x) = k(x) for all x € H. Thus, it is sufficient to show that x;y(x;) and
x;¥(x;) are not conjugates in T,,. Observe that x;y(x;) = (s152)" (sy—15,—2)" and x; y(x;) =
(s152)7 (sp_15,—2). It is easy to see that the words (s152)"(s,_15,_2)" and (s152)7(S,_18,_2)7
are cyclically reduced, and hence by Theorem 4.1.5 they are not conjugates of each other for
i # j. Thus, we have infinitely many ¢-conjugacy classes in 7,,, n > 6, for any automorphism
¢ of T,.
Case n = 5. For this case we consider the sequence of elements x; = (slsz)Zi ,1>1. We claim
that for any automorphism ¢ € (y, k), x; is not ¢-conjugate to x; for i # j. Note that there
are two automorphisms of order 4, namely k and >, and five automorphisms of order 2,
namely k2, vk, k2, wk> and y.
Direct computations give

k()N (x) = (5152)% (5453) % (515254) % (545153)%

= (5152)% (5453)% (5152)% (5453)%".

Again, by Theorem 4.1.5, we note that the elements (s152)% (s453)% (s152)% (s453)* and
(5152)% (s453)%/ (5152)/ (5453)?/ are not conjugate for i # j. Similarly, notice that x; k2 (x;) =
(5152)% (s45153)% = (s152)% (s453)%. As before, x;yk?(x;) is not conjugate to x;yk?(x;) for
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i # j. The remaining automorphisms can be considered in the same manner, and hence there
are infinitely many ¢-conjugacy classes in 75 for any automorphism ¢.

Case n = 4. We again consider the sequence of elements x; = (s lsz)i ,1>1, and prove that
for any automorphism ¢ € (y, 7), x; is not ¢-conjugate to x; whenever i # j. Note that there
are two automorphisms of order 3, namely 7 and 72, and three automorphisms of order 2,
namely w7, wt? and y. Direct computations yield x;7(x;)t2(x;) = (s152) (515352) (s352)".
Again by Theorem 4.1.5, x;7(x;) 7% (x;) is not conjugate to x;7(x;)7>(x;) whenever i # j. The
remaining automorphisms can be dealt with similarly, and the assertion follows.

Case n = 3. Unlike the earlier cases, here we consider the sequence of elements x; = (s sz)isl ,
i > 1. In this case we need to consider only one automorphism y which is of order 2. We
have x;w(x;) = (s152)'s1(s251)'s2 = (s152)%*1. By Theorem 4.1.5, x;y(x;) is not conjugate
to x;y(x;) whenever i # j, and hence there are infinitely many y-conjugacy classes in 73.
This completes the proof of the theorem. [

Remark 5.3.4. It is interesting to see whether the pure twin group PT, has Rw-property. It
is known that PTz = 7, PTy = F; and PTs5 = F31 [4, 36]. It follows from [20, Theorem 2.1]
and [67, Lemma 2.1] that non-abelian free groups of finite rank have R..-property. Thus,
PTy and PTs have R-property. A precise description of PTg has been obtained recently
in [63, Theorem 2] where it is proved that PTg = Fy| * (x20(Z ® Z)). On the other hand, a
complete presentation of PT, is still unknown for n > 7. Thus, determining whether PT, has

Re.-property for n > 6 remains an open problem.

5.4 Representations of twin groups by automorphisms
Since PT,, is normal in 7}, and center of T;, is trivial for n > 3, there is a natural homomorphism
On : T, = Inn(T,) — Aut(PT,),

obtained by restricting the inner automorphisms on PT,,. It is proved in [4] that Ker(¢3) # 1

and ¢4 is injective. We show that this is the case for all n > 4.
Proposition 5.4.1. The homomorphism ¢, : T, — Aut(PT,) is injective if and only if n > 4.

Proof. Note that Ker(¢,) = Cr, (PT,). It is easy to check that

Cr, ((5i5i+1)%) = (S1,52, -+ Si-2,SiSit 1551435 Si4ds-+>Sn—1)5
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and
n—2

Cr,(PTy) < () Cr ((sisit1)’) = 1.
i=1

Therefore, it follows that for n = 4,5,6 we have faithful representations
T, — Aut(F7),

T5 — Aut(F31 ),

and
Ts — Aut (F71 * (*zo(Z@Z»)

We do not know whether there exists a faithful representation of 7, into Aut(F;) analogous
to the classical Artin representation of the braid group. However, we have the following

representation.
Theorem 5.4.2. The map W, : T,, — Aut(F,) defined by the action of generators of T, by
Xi > XiXi41,
M (i) © Q Xig1 HX,:LIN
Xj—=xj, JELIFI,
is a representation of T,,. Moreover, W, is faithful if and only if n = 2,3.

Proof. We begin by proving that u, is a representation. Clearly, sl-2 act as identity automor-

phism of F,. Moreover, the action of ,(s;)i,(s;) and t,(s;) U, (s;) on generators xi, ..., X,
is
( (
Xi 7 XiXit1, Xi = XiXit 1,
Xit1 > X s Xitl = X,
Hn(si)Hn(s) - Hn (s ) ta(si) :
Xjbr XjXjt1, Xjt=> XjiXjt1,
. - , ~1
(Xj+1 = X0 (Xj+1 = X

for all |i — j| > 2.

Faithfulness for n = 2 is obvious. For the case n = 3, we know that any arbitrary element of
T3 is of the form (s157)™ or (s152)™s; or sp(s152)™ for some integer m. If Ker(uz) # 1, then
there exists a non-trivial element s € 73 such that u3(s)(x;) = x; fori = 1,2,3. We show that

no such element exists. We first consider elements of the form (s1s2)™. It is easy to see that
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the action of all odd powers of s1s> gives a non-identity automorphism of F3, since it sends

X3 t0 x5 ! On the other hand, for even powers of s1s7, we have

X1 |—>x1x§,

k

13((5152)%) : 4 x2 0 25 o013,

X3 — X3,

for all integer k. Next we consider (s152)™s1. Again, if m is odd, the action is non-trivial and

if m = 2k, then we have

X1 — xlxzxgk,

.U3((5152)2k81) 1y X0 — xéxz_lxé,

X3 = X3.

Similarly, for s5(s152)™, we have a non-trivial action if m is even. If m = 2k — 1, then we
have
X1 =X 1)62)6];,

k k

3 (s2(s152) %71 1 4wy s x5 Ko gk,

X3 — X3.

Thus, y3 : T3 — Aut(F3) is faithful.
Finally, we show that L1, is not faithful for n > 4. Consider the element

X = (S2S3)_2S1<S2S3)2S1(S2S3)2S1(82S3>_2S1 €T, n>4.

Since 7(x) # 1, it follows that x # 1. It is easy to check that

(
X1 — X1,

X2 > X2X4
Ha((s253)%) : o

le—>Xj,j24,
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(
X1 — X1,

-1
_ X2 = XoX
Wa((s283) %) : .
X3 > X4X3X4,

\le—>xj,j24,

X1 > X1X2X4,
2 =N —1—1.—1
Pn((s253)7s1(5253) ) s o > xy ' x5 '
Xjr=>Xj, ]Z 3,

and

X1 — xlxzxgl,

Ha((5253) 2s1(5253)%) = 4 20 = 24y L,

x]‘l—>x]',j23.

Using 5.1, 5.2 and action of s, we conclude that x € Ker(u,,).

We note that 1, extends easily to a representation of the virtual twin group V'7;,.

(5.1)

(5.2)

Proposition 5.4.3. The map W, : VT, — Aut(F;) defined by the action of generators of VT,

by

,
Xi = XiXit1,

N - —1
,LLn(Sl) < Xl P X
kaHXj, JFELI+1,

(
Xi = Xit1,

Wa(Pi) © Q Xi1 > X

\le—>x]‘, JF LI+,

is a representation of VT,.

As a consequence of Proposition 5.4.3, it follows that the forbidden moves in Figure 3.4

cannot be obtained from the moves in Figure 3.2.
Proposition 5.4.4. The following holds in VT,:
1. 5iSiy18; 7 Siy18iSit1-

2. PiSit18i 7 Sit1SiPit1-
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Proof. An easy check gives

M (8iSit18i) (Xi) 7 M (Siv18isit1)(x:)

and
P (Pisi+18i) (Xi) 7# Un(Sit18iPit1)(Xi)
for each i. -

5.5 (Co-)Hopfian property for twin groups

A group is said to be co-Hopfian (respectively Hopfian) if every injective (respectively
surjective) endomorphism is an automorphism. For example, the infinite cyclic group is not
co-Hopfian whereas all finite groups (in particular 73) are Hopfian as well as co-Hopfian.
The investigation of residual properties of groups is an active area of research. In particular,
considering the fact that Coxeter groups are linear [13], and hence residually finite [84],
implies that 7}, is residually finite. These groups, being finitely generated residually finite, are
Hopfian [58, Chapter 4, Theorem 4.10]. The property of co-Hopfianity cannot be inherited
from this fact.

These properties are closely related to R.-property, see, for example [67, Lemma 2.3]. The
classical Artin braid groups B,, are known to be Hopfian being residually finite [47, Chapter
I, Corollary 1.22] and are not co-Hopfian for n > 2 [11]. In fact, the map which sends each
standard generator of B, to itself times a fixed power of the central element extends to an
injective endomorphism which is not surjective. For twin groups 7,, with n > 3, we have the
following result which is proved in [71].

Theorem 5.5.1. T, is not co-Hopfian for n > 3.

Proof. We construct a map y,, : T, — T, n > 3, by setting

S for i # 2,
Wa(si) = .

s28182  fori=2.
It is easy to check that y;, is a group homomorphism. It is evident from the definition of y,
that for any element w € T,,, the expression y,(w) contains an even number of s,. Hence,
s2 ¢ W, (T,) and the map y, is not surjective. We now proceed to prove that y, is injective
by induction on n.
We note that 73 can be generated by elements s; and sys5. Since the cyclic subgroup (s;s7)

is normal in T3, any element of 73 is of the form either (s152)™ or (sys2)™s; for some integer
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m. The images of these elements under y3 are:

ws((s152)™) = (s1528152)" = (s152)>",

Y3 ((s152)"s1) = (s1525152)"s1 = (s152) "1,

It is clear that none of the non-trivial elements of 73 belong to Ker(y3), and hence 3 is
injective.

Suppose that 1 # w € Ker(yy). Without loss of generality we may assume that w is a reduced
word. Suppose that w = wys3w2s3 - - - Wrs3Wi1, Where w;’s are words in 73. Then, we have

Va(w) = Wa(wi)s3Wa(wa)sz - ya(wi)saWu(wis1) = 1.

Notice that all the w;’s are non-trivial words in 73, since w is a reduced word. Also, the map
Yy restricted to 73 is y3 which is injective. Thus, ya(w;) = y3(w;) # 1 forall 1 <i<k+1.
For y4(w) = 1 to be true, all the s3’s must get cancelled. But there will always be at least
one s, in between any two s3’s, which is a contradiction. Therefore, the map yjy is injective.
Let us now assume that y;,,_ is injective for n > 5. Consider a non-trivial reduced word w in
Ker(y,). Let w = wys,_1wasp_1 - WiSp—1Wigr1, Where w; € T, forall 1 <i <k+ 1. This
implies that

Vn(W) = W1 (W1)Sn—1 W1 (W2)Sn—1 - W1 (Wi )Sn—1 W1 (Wit 1) = 1.

For the above equality to be true, all the s,_;’s must get cancelled. In particular, the two
Sp—1’s in the subword s,_1y;,—1(w;)s,—1 must get cancelled. This implies that y;,_(w;)
does not have s,_», which means that w; does not have s,_», which contradicts the fact that

w is reduced. Hence, y, is injective. [

Remark 5.5.2. Note that the infinite cyclic group and a free product of any two non-trivial
groups is not co-Hopfian. Thus, PT, is not co-Hopfian for 3 < n < 6. Whether PT, is

co-Hopfian for n > T remains unknown.

Remark 5.5.3. It is well-known that the braid group B, is not co-Hopfian forn > 2 [11]. In
fact, the map @, : B, — By, n > 2, defined on the standard generators by

¢u(0;) = 0iz,

where (z) = Z(B,), is an injective homomorphism which is not surjective. Let P, be the

pure braid group on n strands. Since ¢,(P,) C P, and z € Z(B,) = Z(P,) does not have a
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preimage under @y, it follows that the restriction of ¢, on P, is injective but not surjective,

and hence P, is not co-Hopfian for n > 2.



Chapter 6
Structure of pure virtual twin groups

The kernel of the natural surjection of VT, onto S,, which trails the end points of the strands
of virtual twins, is known as pure virtual twin group PV T,. In this chapter, we give a precise
presentation of PVT,, which in turn proves that it is an irreducible right-angled Artin group
[73]. Furthermore, we describe these groups as iterated semidirect product of infinitely
generated free groups, which is crucial in proving the triviality of centers of VT,, and PV T,.

6.1 Presentation of pure virtual twin groups

In this section, we give a presentation of PV T,,. We show that the rank of PV T, isn(n—1)/2,
which, interestingly, coincides with the rank of the pure braid group P,.

We shall use the standard presentation of V 7, and the Reidemeister-Schreier method described
in Section 2.6. We also set some notations for this section. We begin by recalling the defining

relations in the presentation of V'7;,.

s?7 = 1 fori=12,....n—1, (6.1)
sisj = s forl|i—j|>2, (6.2)
p? =1 fori=1,2,...,n—1, (6.3)
pipj = pjp;i forli—j|>2, (6.4)
PiPi+1Pi = Pi+1PiPi+1  fori=1,2,...,n—2, (6.5)
pis; = sjp; for|i—j|>2, (6.6)

PiPi+1si = Sit1PiPiy1  fori=1,2,....n—2. (6.7)
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Let us take the set
M, = {m17l~1m27l~2 ce My | My i, = PrPrk—1---Pi+1 foreach 1 <k<n—Tand 0<i; < k}

as the Schreier system of coset representatives of PVT, in VT,. We set my, = 1 for 1 <k <
n— 1. For an element w € VT, recall that w denote the unique coset representative of the
coset of w in the Schreier set M,,. By Reidemeister-Schreier method, the group PVT, is
generated by the set

{y(u,a) = (ua)(fa)"' |ueM, anda € {sl,...,sn_l,pl,...,pn_l}}.
with defining relations
{r(,ur/.FI) | L €M, and ris a defining relation in VT, },
where 7 is the rewriting process. We set
Aiit1 = i
foreach1 <i<mpn—1and
Aij=Pj-1Pj-2--Pit1Aiit1Pit1---Pj—20j-1

foreachl1 <i< j<mandj#i+1.

Theorem 6.1.1. The pure virtual twin group PVT, on n > 2 strands is generated by
S={N;|1<i<j<n}.

Proof. The case n =2 is immediate, and hence we assume n > 3. Note that PV T}, is generated
by the elements y(u,a), where 4 € M, and a € {s1,...,5,—1,P1,---,Pn—1}- We observe that

a = aq,
oS8 - OSi, = 0P .. 0Py,
in VT, for words a, & in the generators {p,...,p,—1 }. Therefore, we have

Y(u,pi) = (upi)(upi) ' =1 (6.8)
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and

Y, si) = (i) (upr) ™ = psipip ™" = pAiip!

foreachu € M,andi=1,2,....n—1.Let SUS™! = {lﬁl | Ai,j € S}. We claim that each
y(u,s;) lie in SLUS~!. For this, we analyse the conjugation action of S, = (p1,...,p,_1) on
the set S.

First consider A; ;4 fori=1,2,...,n—1.

) f1<k<i—2ori+2<k<n-—1,then
PrAiiv 1Pk = Aiit1-
(i1) If k=i—1, then

PiAiit1Pk = Pi—1Aii+1Pi-1
= Pi—15iPiPi—1
= Pi-18iPi-1Pi-1PiPi-1
= PiSi—1PiPi—1PiPi—1
= PiSi—1Pi-1PiPi—1Pi—1
= Pi(si—1Pi-1)pi

= Ai—1,i+1-
(ii1) If k =i, then
PrAiiv 1Pk = %}iy

(iii) If k =i+1, then
PrAiir1Pk = Aijt2-

Next, we consider 4; j foreach 1 <i< j<nand j#i+1.

(1) f1<k<i—2orj+1<k<n—1,then

Pii Pk = Aij-
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(i) For k =i—1, we have p;_14; jpi—1 = Ai—1 j since

Pi-12i jPi-1 = Pi-1Pj—1Pj—2 - Pit1Aiit1Pi+1---Pj—2Pj—1Pi—1
=Pj1Pj—-2 - - Pit1Pi—1 At 1Pi—1Pit1 - --Pj—2Pj—1
=Pj-1Pj-2---Pi+1Pi—18iPiPi—1Pi+1---Pj—2Pj—1
=Pj-1Pj-2 - Pi+1PiPiPi—-15iPiPi—1Pi+1 - - - Pj—2Pj—1
=Pj-1Pj-2 - Pi+1PiSi—1PiPi—~1PiPi—1Pi+1---Pj—2Pj—1
=Pj-1Pj-2 - Pi+1PiSi—1PiPiPi—1PiPi+1 - - - Pj—2Pj—1
=Pj—1Pj=2-- - Pit1Pi(Si—1Pi=1)PiPi+1---Pj—2Pj—1
=Ai_1,-

(iii) For k =i, we have p;A; jp; = Ai11,j, since

PikijPi = PiPj-1Pj—2 - - - Pir1Aiit1Pit1---Pj—2Pj—1Pi
=Pj-1Pj-2---PiPir1Aiir1Pi1Pi---Pj—2Pj1
=Pj-1Pj-2 - PiPi+15iPiPi+1Pi- - - Pj—2Pj—1
=Pj-1Pj-2 - Pi+2Si+1PiPi+1PiPi+1Pi---Pj—2Pj—1
= Pj-1Pj-2- - Pi+25i+1PiPiPi+1PiPi - - - Pj—2Pj—1
=Pj-1Pj—2 - Pit2(Sit1Pit1)Pit2 - - - Pj—2Pj—1

= Ait1,j-
(v) Ifi+1 <k < j—2,then

Pl jPk = PkPj—1- - - Pk41Pk - - - Pit 1 Aii+1Pi41 -+ - PkPhk+1 - - Pj—1Pk
=Pj—1+ PkPr+1Pk - - - Pit1 Ai i+ 1Pi1 « - - PiPh+1Pk - - - Pj—1
= Pj1 - Pkt1PkPk+1Pk—1 - - - Pit 1At 1Pi41 - - - Pk—1Pk+1PkPk+1 - - Pj—1

=Pj1 - Pkt 1PkPk—1 - - - Pit 10 i4 1Pi41 - - - Ph—1PPRA+1 - - - Pj—1
= Aw‘.

(v) If k= j—1, then
Pihi jprx = i j—1-

(vi) If k = j, then
Prli jPx = Aiji1-
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Hence, each generator y(u, s;) lie in the set SUS™!. Conversely, if 4; ; € S is an arbitrary
element, then we see that conjugation by (pi—1pi—2...p2P1)(Pj—1Pj—2---P3P2) Maps A; 2
to A; j, whereas conjugation by (p;_1pi—2...P201)(pj—1Pj—2---P3P2P1) Maps A; > to lijjl.
That is, each 4; ; = A1 ot~ = y(u,s1) for some p € M,, and hence S generates the group
PVT,. [

Remark 6.1.2. We can summarise the action of S, on the set SUS™! as

( p—

Ajyi+1 — A’i,iil?

Aijj < Aiq1j  forall i+2< j<n,
Pi:
Aji«— Ajiv1 forall 1 <j<i,

(Ag < Axy otherwise, i.e., k> i+2,0or k<iandi#l#i+1.

The action can be further simplified as

/11(71 — }Lk’,l’ for all (k,l) 7£ (i,i—|— 1),

where the transposition (k',1") equals (i,i+1)(k,1)(i,i+ 1) and k' < I'. As seen in the proof
of Theorem 6.1.1, the action of S, on the set S|US™! is transitive.

We now prove the main result of this section.

Theorem 6.1.3. The pure virtual twin group PV'T, on n > 2 strands has the presentation
<l,-7j, 1 <i<j<n|A Mg = M for distinct integers i,j,k,l>.

Proof. Theorem 6.1.1 already gives a generating set S for PV T,,. Geometrically, a generator
A;,j looks as in Figure 6.1.

The defining relations are given by
T(uruh),

where 7 is the rewriting process, it € M,, and r is a defining relation in V7,,. Let us take

K = Pi,Piy - - - Pir, € M.

Recall that by (6.8), y(i,p;) = 1 for all i. Thus, no non-trivial relations for PV T, can be
obtained from the relations (6.3)—(6.5) of VT,. We consider the remaining relations one by

one.
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1 i-1 @i+l j-1  jj+1 n

//

\6\\

Fig. 6.1. The generator A; ;

(i) First consider the relations sl-2 =1,1<i<n-—1,of VI,. Then we have

Y(Piy - - - PigSiSiPi - - - Piy)

V(L. pi))Y(Piys i) - - V(I ) V(S i) - - Y(HSiSiPiy - - - Pia s Piy )
Y, i) Y(ESis i)

Y, si)Y(1pi,si)

= (usipitt™ ") (upisin ")

= (usipint ") (usipin )7,

T(usiu")

which does not yield any non-trivial relation in PV T,,.

(ii) Next we consider the relations (s;p;)?> = 1 for |i — j| > 1. Then we have

V(| s:)Y(Hsi, p;) Y(ESiPj, 5i) Y(IESiPsi, P)
= Y(|, ;) Y(HSiP;, i)

Y1, s:) Y(1Pip;, i)

= (usipitt =) (upipjsipipjpipt ")

= (wsipitt ™) (upisip ")

= (usipipt™ ") (usipip ™) 71,

t(usipjsipit ")

which gives a trivial relation in PVT,,.
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(i11)) Now we consider the relations p;si41PiPi+15iPi+1 = 1, where 1 <i <n—2. Computing

T(UPiSic1 PiPit1SiPirt L) = Y(IEPr, Sit1) Y(EPiSi1 PiPir 1, 5i)
= Y(UPi,Sit1)Y(HLPiPi+1PiPi+1,5i)

= (upisiv1Pir1Pilt ") (UPi1PisiPiPiPi 11 ")

= (upisiv1Pip1Pitt” ") (Upi1PisiPir 1)

= (UPisi 10410t ) (UPi+1PiPi+1Pr+15iPi+ 1 1)
= (upisi+1Pir1Pil ™) (UPi1PiPi+1PiSi 10
= (upisiv1Pis1Pitt” ") (P 1P 1 PP 1S 1P )
= (UPisit1Pir1Pilt ) (UPiPi+ 15410l ")

= (upisiz1Pir1Pilt ") (Upisir1pir1oilt ™)™

gives only trivial relations in PVT,.

(iv) Finally we consider the relations (s;s;)> = 1 for |i — j| > 1. If u = 1, then we get

T(sisjsisj) = Y(1,80)¥(5i,5,) V(5i55, 1) V(5i5553,5)
= Y(1,5:)Y(Pi> 5;)V(PiPj: 5:) Y(PiPjPis S )
= (sipi) (sjP;) (Pisi) (Pjs;)
= Aii1 A 1A A

Li+177j,j+1"

For u # 1, we have

t(usisysisiit ") = V(I ;) Y(HS7, s ;) V(i ;) V(i j57, 5)
= Y1, 5:)Y(LPiy S ;) Y(LPiPj, i) Y(LPiPPis S )
= (wsipitt ™ ") (usjo ") (upisitt™") (upjs i)
= (usipip™ ") (usjpju ") (usipiw ™)~ (usjpju")”

= (Ui Y (WA ) (A ) (A e
(6.9)

1

For n > 4, we set

T={( lj,lkl | i, j,k, [ are distinct integers with 1 <i< j<n, 1 <k<I<nande,& €{l,—1}}.
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If p € S, and (A;j,A;) € T, then Remark 6.1.2 implies that

1_9ge¢

pAiip~ = Ay,

!

J

and
plaip ' = Ay

for some €, €’ € {1,—1} and distinct integers ', j/, k', I’ with 1 <i' < j/<nand 1 <k' <I' <n.

Thus, there is an induced diagonal action of S, on 7 given as
P (Al Ady) = (p?ijp_l, pl,ilp_l).

We claim that this action is transitive. Since | 7 |=n(n—1)(n—2)(n—3), it is enough to show
that the stabiliser of some element of 7 has (n —4)! elements. In fact, the stabiliser of the
element (412, Ay—1,,) equals (P3,p4,-.-,Pu—1) N {P1,0P2;---,Pn-3) = (P3;P4y--,Pn—3) =
Su—4, which is of order (n —4)!. Thus, the action is transitive and the defining relations of

PVT, obtained from (6.9) are precisely of the form
AijAacs = Mg i j

for distinct integers i, j,k,l with 1 <i < j<nand 1 <k <[ < n. This completes the proof
of the theorem. OJ

Recall that, a group is called a right-angled Artin group if it has a presentation in which the
only relations are the commuting relations among the generators. Further, a right-angled
Artin group is called irreducible if it cannot be written as a direct product of two non-trivial

subgroups.

Corollary 6.1.4. The pure virtual twin group PVT, is an irreducible right-angled Artin
group for each n > 2.

Proof. That PVT, is aright-angled Artin group follows from Theorem 6.1.3. Since PVT, = Z
and PVT; = F3, they are irreducible. Let n > 4 and suppose that PVT, = A x B for non-
trivial subgroups A and B of PVT,. Assume that A;, € A. Since [A1,4; ;] # 1 for all
3 < j < n, it follows that 11_‘ j€Aforall 2 < j <n. Consider an arbitrary generator ?Li, jof
PVT, with 1 <i < j <n. Since [A;;,4; ;] # 1, it follows that A; ; € A, and hence B=1, a
contradiction. [

Corollary 6.1.5. The virtual twin group VT, is residually finite and Hopfian for each n > 2.
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Proof. 1t is well-known that a right-angled Artin group is linear [40, Corollary 3.6] and that
a finitely generated linear group is residually finite [61]. Thus, PVT, is linear, and hence
residually finite. Since any extension of a residually finite group by a finite group is residually
finite, it follows that V'7}, is residually finite. The second assertion follows from the fact that
every finitely generated residually finite group is Hopfian [61]. [

The conjugation action of S, on PVT, gives a group homomorphism ¢ : S,, — Aut(PVT,).
We conclude the section with the following observation.

Proposition 6.1.6. The homomorphism ¢ : S, — Aut(PVT,) is injective for each n > 2.

Proof. The assertion is immediate for the case n = 2. First suppose that n > 3 and n # 4.
Recall that the only normal subgroups of S, are 1, A, and S,,. Note that the automorphisms
o(p1), ¢(p2) and ¢ (p1py) are all distinct. Thus, order of Im(¢) is strictly greater than 2, and
hence Ker(¢) must be trivial.

Now suppose that n = 4. In this case, the normal subgroups of S4 are 1, S4, A4 and K4 =
{1,(1,2)(3,4) =p1p3,(1, 3)(2, 4),(1, 4)(2, 3)} (the Klein four group). As in the previous
case, Im(¢) has more than two elements, and hence Ker(¢) is either trivial or K4. Since
o(p1p3)(M2) = Ale # 1, we have p;p3 & Ker(¢). Hence, Ker(¢) must be trivial in this
case as well. ]

6.2 Decomposition of pure virtual twin groups

Leti,: PVT,_1 — PVT, be the natural inclusion obtained by adding a strand to the rightmost
side of the diagram of an element of PV T,,_1. In the reverse direction, we have a well-defined
homomorphism f, : PVT, — PVT,_ obtained by removing the rightmost strand from the
diagram of an element of PV T,. Algebraically, f, is defined on generators of PV T, by

JAVSHEE S
1 if j=n.
Furthermore, we have f, oi, = idpy7, ,, and hence f, is surjective. For eachn > 2, let U,
denotes Ker(f,). Then we have the split short exact sequence
In
/\

1 y U, . PVT, —" PVT, | — 1,

that 1s,
PVT, =2U,xPVT,_,.
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Theorem 6.2.1. For n > 2, we have
PVT, =2U, x (Un—l I ( i (U4 X (U3 X UZ)) ))7

where Uy = PVT, = 7 and U; = Ker(f; : PVT; — PV T;_) are infinitely generated free groups
fori>3.

Proof. 1tis clear that U, = PVT, = 7Z. We use the Reidemeister-Schreier method for n > 3,
for which we take the Schreier system to be PV T,_. Note that for u € PVT,_jand 4; ; € S,

we have
1 if j#n,

Y(‘L?Al',j) =
a !

if j =n.
This implies that U, is generated by the set
X={udiou ' | uePVT, yandi=1,2,...,n—1}.

Since PV Tz = F3, it follows that Us is an infinitely generated free group with generators

{udiau™", ulazp™" | p € PVT:}.
For n > 4, in PV T, we have relations of the form
19 -1
7L717Lk17L lkl =1,

where i, j, k, [ are distinct integers with i < j and k < /. First, consider the case when none of
i, j,k,1is equal to n. Since y(u,A; j) =1 for u € PVT,_ and A; ; € S with j # n, we have

T(uA;, jlk,ll{jllk]lﬂ_l) =1,

and hence there is no non-trivial relation in this case. Next, we consider the case when
exactly one of i, j,k,l is equal to n. Without loss of generality, we can assume that j = n.

Applying the rewriting process to the relations /li,nlk,l/li;ll A ll =1 of PVT, gives

YO i) V(W0 ) V(B 2 V(P A A )
(E,l,,n)'}’(,u}tt nlkh ll’l)

(IJ )Y(“)Lkl’ zn)

B 1

n 1()“/11(‘,# )—1.

T (/J)vi,nAkJ)ViTnl M fuh =
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This gives the relations

UAigp ™" = Wlkl)“i,n’lk_,zl“_]

in U,, which simply identifies two generators of U,,. Finally, to prove that there are still

infinitely many distinct generators in the set X, we consider the sequence of elements

_ —& €
O = A5 1 An—1.0 2 p—1

in X. Notice that oz # o for € # €’. Hence, U, is an infinite rank free group for each
n>3. OJ

Corollary 6.2.2. Z(PVT,) =1 forn >3 and Z(VT,) = 1 forn > 2.

Proof. We use the elementary fact that if G = N x H is an internal semidirect product
with Z(H) = 1, then Z(G) < Z(N). Recall that PVT, = Z and PVT3 = F3. Since PVTy =
Uy © PV T3, we have

Z(PVTy) <Z(Uy).

By Theorem 6.2.1, Z(Us) = 1, and hence Z(PV Ty) = 1. An easy induction gives Z(PVT,) =1
for all n > 4.

Since VT, = 7y * Zy, we have Z(VT;) = 1. Forn > 3, since Z(S,) = 1 and VT,, = PVT,, x S,
we have Z(VT,) <Z(PVT,) = 1. O

A right-angled Artin group is called spherical if its corresponding Coxeter group is finite.
PVT, is clearly non-spherical for n > 3. It is a well-known conjecture that every irreducible
non-spherical Artin group has trivial center [31, Conjecture B]. In view of Corollary 6.1.4,
PVT, is irreducible and non-spherical. Hence, by Corollary 6.2.2, PVT, satisfies the conjec-

ture for n > 3.






Chapter 7

Automorphism groups of pure virtual

twin groups

In this chapter, we compute automorphism groups of pure virtual twin groups. The results

are from [73].

7.1 Graphs of pure virtual twin groups

Given a graph I' with the vertex set V, the right-angled Artin group associated to I is the

group
Ar = (V| [v, w] = Lif v,w € V are joined by an edge inT').

Conversely, each right-angled Artin group gives a graph whose vertex set is the set of
generators of the group and there is an edge between the two vertices if and only if the two
generators commute. It is easy to see that the right-angled Artin group corresponding to the
complete graph on n vertices is the free abelian group Z" and the group corresponding to the
edgeless graph on n vertices is the free group F;,.

The generating set S = {4, ; | 1 <i < j <n} is the vertex set of the associated graph of
PVT, forn>2. Note that PV, = Z, PVT3 = F3 and PVTy = (Z X L) % (Z X L) * (Z X 7).
While the graphs of PVT, and PV T3 are edgeless graphs on 1 and 3 vertices, respectively;
the graphs of PVT, and PV Ts are shown in figures 7.1 and 7.2, respectively. It is interesting
to note that the graph of PV T, is the Kneser graph K (n,2), which is same as the commuting
graph of the conjugacy class of transpositions in the symmetric group S,,.

The link lk(v) of a vertex v € V is defined as the set of all vertices that are connected to v by
an edge. The star st(v) of v is defined as lk(v) U{v}. If v # w are vertices, then we say that

w dominates v, written v < w, if lk(v) C st(w).
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Foreach A;; € S, let

Nij=8\st(Aij) = { M | [Aijy Aag) # 1}

be the set of vertices that are not connected to A; ; by an edge.

Al,2 A3.4
A13 A2.4
A1,4 A2 3

Fig. 7.1. The graph of PVT,

Fig. 7.2. The graph of PVT5

Proposition 7.1.1. The following hold for each A; j € S:
1. |Ni,j| =2n—4.

(n—2)(n—4)+n

2. |SI(;L,'7J’)‘ = >

. In particular, the graph of PVT, is regular.
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Proof. Note that the set N; ; can be written as a union of four disjoint subsets as follows

Nij={Aig li+1<k<n, k# j}U{djx|j+1<k<n}
Ui |1 <k<i—13U{N,|1<k<j—1, k#i}.

Observe that
A lit1<k<n k#j}+[{ A [ 1<k<i—1}=n-2,
HAjx lj+1<k<n}|+ {1 <k<j—1, k#Fi}|=n-2,

and hence |N; j| = 2n — 4. The second assertion is immediate. O

It is well-known (see, for example, [57, 80]) that the automorphism group Aut(Ar) of a
right-angled Artin group Ar is generated by the following four types of automorphisms.

1. Graph automorphism: Automorphism of Ar induced by an automorphism of the graph
I.

2. Inversion 1,: Sends a generator a to its inverse and leaves all other generators fixed.

3. Transvection T,,: Sends a generator a to ab and leaves all other generators fixed, where

b is another generator with a < b.

4. Partial conjugation py, c: If b is a generator and C is a union of connected components
of '\ I'(st(b)), then pjc sends each generator a in C to a” and leaves the other
generators fixed. It follows that if I\ ['(s¢(b)) is connected or C ="\ I'(sz(D)), then
the partial conjugation py, ¢ is simply the inner automorphism induced by b.

We set the following notations for the subgroups of the automorphism group Aut(PVT,) of
PVT, forn > 2.

* Autg,(PVT,): The subgroup generated by all graph automorphisms.

Aut;y,,(PVT,): The subgroup generated by all inversions.

Aut,(PVTy): The subgroup generated by all transvections.

Aut,.(PVT,): The subgroup generated by all partial conjugations.

* Inn(PVT,): The subgroup of all inner automorphisms.
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7.2 Automorphism group of PVT,,n # 4

In this section, we compute the automorphism group of PVT, for n # 4. The case n = 4 is
exotic and will be dealt separately in the subsequent section. The following result is the main

theorem of this section.

Theorem 7.2.1. Let n > 5. Then there exist split exact sequences

1 — Autyy, (PVT,) — (Auty,(PVT,), Autiy,(PVT,)) — Aute(PVT,) — 1 (7.1)
and
1 = Inn(PVT,) = Aut(PVT,) = (Aut,(PVT,), Aut,(PVT,)) — 1. (7.2)
In particular,
(Auty (PVT,), Autin, (PVT,)) = 22"V 8,
and
~J i’l(}’l—l)/z
Aut(PVT,) = PVT, x (Z, X Sp)-

We begin by computing the structure of Aut;,,(PVT,), which follows immediately as conse-
quence of the definition.

Lemma 7.2.2. Autiy, (PVT,) = Z2"" V72 for all n > 2.

Next we compute the group Aut,(PVT,). Since the graph of PVT, is the Kneser graph
K(n,2), its group of graph automorphisms is well-known [32, Corollary 7.8.2]. However, we
give a direct computation of Aut,,(PVT,) in our set-up. For n = 2, there is only one vertex,
and hence Aut,,(PVT,) = 1. Assume that n > 3. For each 1 <k <n—1, define

O 1= llk"kJrl © ¢(pk)7

where ¢ : S, — Aut(PVT,) is the map from Proposition 6.1.6. The action of 6 on the set S
of generators is described explicitly as follows:

;

Mejert — Mgt 1,

M j— g1 forall k+2 < j<n,

Mev1j — M j forall k+2 < j<n,

Ai g — Aikt1 forall 1 <i<k,

Aikr1 — Aig forall 1 <i<k,

Aij — A else,ie., i>k+2,or i<kandk # j#k—+1.
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Since each automorphism 6y keeps the set S invariant, we have
(01,6s,...,0,_1) < Autgr(PVTn). (7.3)

Note that this action of (0, 6,...,6,_1) on S is transitive. In fact, given any generator
Aij € S, the automorphism (6;,_16;_»---6,61)(0;-16;_2---636,) maps A; > onto A; ;.

Lemma 7.2.3. (61,0;,...,6,_1) =S, foralln > 3.

Proof. Note that 6; is an involution for each 1 <i < n— 1. It follows from the construction
that [6;, 8;] = 1 for all |i — j| > 2. We now claim that (6;6;11)> = 1forall 1 <i<n-—2. We
verify this for i = 1 and other cases will follow similarly. Consider

4
Mo — A3,

M3z — Ao,

A3 — 23,

0: A j— A3 forall 4 <j<n,

A3 j—> Ay ; forall 4 < j<n,

Aij—Aij i>4,ori=1and
4<j<n.

M2 — A2,

Mj— Ay forall 3<j<n,
oj— M forall 3<j<n,
Aij— A;j  otherwise,ie., i >3,

\

Note that 66, fixes the generators A; ; for all i > 4. Thus, we need to check only for A; ;
with 1 <7 < 3. We see that

Mo — Ay 3,
M3 — A1 o,
Mj— Ay forall 4<j<n,
016, Q A3 — A1 3,
Ay j— Az forall 4 < j<n,

)@J—)Al,j forall 4 < j <n,

\/”L,-’j — Aij otherwise, i.e., i > 4,

and it can be easily checked that (68;6,)> = 1. Thus, sending p; to 6; gives a surjective
homomorphism from S, onto (61, 6,...,6,_1). We claim that this homomorphism is in-
jective as well. Note that the only normal subgroups of S, are 1, A, and S,, n > 3 and
n# 4. We know p;p, € A,. From preceding computation we have 6,6, # 1. Thus pp;
does not belong to the kernel and consequently A,, and S,, cannot be the kernel. So we are

done for the case n > 3 and n # 4. For n = 4, we have an extra normal subgroup of Sy,
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namely the Klein four-subgroup, K4 = {1,p1p3 = (1,2)(3,4),(1,3)(2,4),(1,4)(2,3)}. Like
previous case, we can check that 6,605 # 1. Thus p;p3 does not belong to the kernel and
consequently Ky cannot be the kernel. Thus, the kernel of the homomorphism must be trivial
and (01,0,,...,6,_1) =S,. O

We refer the set {4 | k < <n} as the k™ column of the graph of PV T,,.

Lemma 7.2.4. Let ¢ € Auty,(PVT,) such that §(Ay ;) = Ay j for all 2 < j < n. Then ¢ is

the identity automorphism.

Proof. We begin by noting that if ¢ (4; ;) = A; ; for some i, j, then being a graph automor-
phism, ¢ keeps the set N; ; invariant. For 1 <i<n— 1, we have
i+1
(i+1)" column CN;;yy C U k™ column.
k=1

We now proceed to the main part of the proof. Since ¢(A4;2) = A1 2, ¢ keeps N 2, i.e., first
two columns invariant. As the first column is already fixed pointwise, ¢ keeps the second
column invariant. Now suppose that ¢(A3) = Ay ; for some 4 < j <n. Now we have
two elements A; 3 and 4,3 who do not commutes, but their images (43 and A, ;, j > 4
respectively) under ¢ commutes. This contradicts the hypothesis that ¢ is an automorphism.
Thus ¢(A23) = A2 3, and similarly we can show that ¢ (A, ;) = A, j, forall 4 < j < n. Now
consider the element A 3. As ¢ fixes A5 3, it should keep N, 3 invariant. But ¢ already fixes
first two columns pointwise. Thus ¢ keeps the third column invariant. By repeated use of
above arguments we get the desired result. [

Theorem 7.2.5. If n > 3 and n # 4, then Aut,.(PVT,) = (01,6,,...,6,—1) = S,.

Proof. Since the graph of PV T, has n(n — 1)/2 vertices, it follows that
S, = <91, 6,,..., 6,,71) < Autg,(PVTn) < Sn(nfl)/2'

Thus, we have Aute, (PVT3) = S3. For n > 5, it is sufficient to prove Auty (PVT,) <
(61,62,...,6,_1). Consider an arbitrary automorphism ¢ € Aut,,(PVT,). Our plan is to
compose ¢ with finitely many automorphism of (6, 6,...,6,_1) and obtain the identity
automorphism.

As the automorphism group (60y,6s,...,6,_1) acts transitively on the generating set S, there
exists @1 € (01,62,...,6,_1) such that g9 (A 2) = A1 2. Thus, the set Nj o ={A; ;| 1 <i <
2, 3 < j < n} should be invariant under ¢;¢. Now set
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(

1 it ¢10(A13) =413,

b 0 if g10(A13) =223,
0:04---0; 1 if ¢1¢(13)=A1;,j >4,
(6364---0,-10, if ¢19(A13) =22,/ >4

Note that ¢2¢1¢(7L]72) = 1172 and ¢2¢1¢(1173) = A1,3- Now ¢2¢1¢ keeps the sets N1,2 and
lk(1,3) invariant and thus keeps there intersection also invariant. Note that

NipNlk(Az) = {22, 14 < j <nj.

We claim that there exists ¢3 € (64,05,...,0,_1) such that 30209 (A, ;) = Ay ; for all
4 < j <n. Suppose that g9 ¢ (A2 4) = A j for some 4 < j < n. Take Yy = 60405...0;_; €
(04,0s,...,0,_1). Note that y42010(A2.4) = Wa(A2,j) = A24 and Yuda¢1 ¢ keeps the set
{A2,; | 5 < j < n} invariant. Now suppose that g9 ¢ (A 5) = Ay ; for some 5 < j < n. Take
Vs =0505...0;_1 € (05,06,...,6,_1) C (64,6s,...,0,_1). Repeating the argument we can
take @3 = W Wy 1. Wu4 € (64,65,...,6,1).

Note that, by the choice of ¢3, we also have ¢30,¢1¢0 (A1 2) = A1 2 and ¢302019 (A1 3) = A1 3.
We claim that ¢3¢2010(A23) = A>3 and ¢:302019(A1 ;) = A1 for all 4 < j < n. We use
the commuting relations among elements of Nj > and the hypothesis that n > 5. There are
two cases here. First, if ¢3¢20;10(A23) = A ; for some j > 4, then 302019 (A1) = A2 3
and g:30201 (A1 ;) = Ay ; for some k,I > 4. Notice that A, 3 and A; ; commute but not their
images. Thus, this case does not arise. Secondly, suppose that g:¢,¢1¢0(223) = 423, but
0302010 (A1 ;) = Ay« for some j,k > 4 with j # k. Then, the elements A ; and A,  commute,
but not their images. Since the first two columns are fixed pointwise, we are done by Lemma
7.2.4. O

Theorem 7.2.6. Aut(PVT,) = ( Aute,(PVT,), Autiy(PVT,),Inn(PVT,)) for all n > 5.

Proof. Our first claim is that PV T, does not admit any automorphism of transvection type.
Equivalently, if A; ; # A ;, then neither A; ; < A ; nor A; ; < A; j. Suppose that A; ; # A ;.
That means either {i, j} N{k,l} is empty or a singleton set. Let us first suppose that the
intersection is empty. Since n > 5, we can choose 1 < g < n such that ¢ ¢ {i, j,k,l}. Set
x=AgGfi<qorx=2Ay; (ifi>g)andy= L, (if k < gq) ory = A, (if k > q). Observe
that x € lk(A ;) \ st(A; ;) and y € Ik(A; ;) \ st(Ak;). Thus, neither A ; < A; jnor A; j < Ay .

Now we suppose that the intersection is a singleton set. Without loss of generality, we may
assume that i = k. Since n > 5, choose m ¢ {i, j,k} and set x = A, ; (if m < 1) or x = A, (if
m>Il)andy = A, ;j (if m < j)ory=A;,, (if m > j). Observe that x € lk(A; ;) \ st(A,;) and
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y € lk(Ax ;) \ st(Ai j). Thus, PVT, does not admit any automorphism of transvection type for
n>>5.

Our second claim is that Aut,.(PVT,) =Inn(PVT,). Equivalently, the subgraph I'\ I"(s#(4; ;))
is connected for each A; ;. Note that the action of Aut,,(PVT,) = (61,6,,...,6,_1) on S is

transitive. In fact, given any generator A; ; € S, the automorphism
(6i—16;—2---0,01)(0j—10;—2---636,)

maps A » onto A; ;. Thus, it suffices to prove the claim for 4, ». Note that the vertex set of
LC\T'(st(A12)) is {A1,4,A2 | 3 <i,j < n}. Let vy, v, be two vertices of I'\ I'(st(412)). We
find a path joining these two vertices as per the following cases:

1. vi = A1,v2 = A1 j,i # j: Choose an integer k such that 3 <k <nand i # k # j. This
is possible since n > 5. We see that there is an edge joining A; ; and A, x and an edge
joining A, x and A ;.

2. vi = A2i,v2 = Ay j,i # j: This is analogous to the previous case.
3. vi =A1;,v2 = Ay j,i # j: Clearly there is an edge joining A; ; and A, ;.

4. vi = Ay;,v2 = Ay ;: Choose two integers j,k such that 3 < j.k <mand j #i# k # j.
We can see that there are edges from A, ; to Ay j, from A, j to A, 4, and from A, 4 to
A

Hence, the subgraph I'\ I'(s#(4; 2)) is connected. Thus, Aut,.(PVT,) =Inn(PVT,) forn > 5.
Finally, by [57, 80], we have Aut(PVT,) = { Aute(PVT,), Auti,(PVT,),Inn(PVT,)). O

We now state and prove the main theorem of this section.

Theorem 7.2.7. Let n > 5. Then there exist split exact sequences

1 — Auty, (PVT,) = (Auty(PVT;), Auty, (PVT,)) — Aute,(PVT,) — 1 (7.4)
and
1 = Inn(PVT,) = Aut(PVT,) = (Aute,(PVT,),Auty,, (PVT,)) — 1. (7.5)
In particular,
(Aute, (PVT,), Aty (PVT,)) = 720D/ s,
and

2

Aut(PVT,) = PVT, x (Z2" V2 % 5,).
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Proof. It follows from the construction of graph automorphisms that Aut,,(PV T,,) normalises
Aut;,, (PVT,). Further, since Autg,(PVT,) N Aut;,, (PVT,) = 1, the short exact sequence (7.4)
splits.

Recall from Theorem 7.2.6 that Aut(PVT,) = (Aut,,(PVT,),Aut,,(PVT,),Inn(PVT,)).
Note that any automorphism ¢ € (Autg,(PVT,,), Autn,(PVT,)) keeps the set SUS ™! invari-
ant. Since two distinct elements of SUS™! are not conjugates of each other in PV T,,, it
follows that

Inn(PVT,) N (Autg(PVT,),Autiy,(PVT,)) = 1.

This gives the split sequence (7.5). The remaining two assertions are immediate. U

Recall that PVT, = Z and PVT; = F3. While Aut(PVT,) = Z,, the structure of Aut(F3) is
well-known, see, for example, [1, Corollary 1]. The case n = 4 is exotic and will be dealt
with separately in Subsection 7.3.

Recall that a group G is said to have R..-property if it has infinitely many ¢-twisted conjugacy
classes for each automorphism ¢ of G, where two elements x,y € G are said to lie in the
same ¢-twisted conjugacy class if there exists g € G such that x = gy (g) .

Theorem 7.2.8. PV T, has R.-property if and only if n > 3.

Proof. Clearly, PVT, does not have R.-property. Since the graphs of PVT3 and PVTj are
non-complete graphs on at most 7 vertices, it follows from [22, Theorem 7.1.1] that these
groups have R..-property. For n > 5, Theorem 7.2.6 gives the structure of Aut(PVT,) as
Aut(PVT,) = ( Autg,(PVT,), Autin,(PVT,),Inn(PVT,)). Since the graph of PVT, is not
complete, the result now follows from [22, Theorem 3.3.3]. O

7.3 Automorphism group of PVT,

Recall that PVTy = (Z X Z) x (Z X Z) x (Z x 7). For 1 <i < 3, let H; denote the i-th free
abelian factor in the free product decomposition of PV 7. For simplicity of notation, we set

H; = (x;, yi | [xi, yi] = 1).

Recall that the automorphism group of a right-angled Artin group is generated by graph
automorphisms, inversions, transvections and partial conjugations. By looking at the graph
of PVTj (see Figure 7.1) one can easily see that | Aut,,(PVT,) |=48. In fact, Aut,,(PVT})
is generated by the following five graph automorphisms:
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X1 <1, X3 < y2,
O1:4 XX ifi=2,3, 02: Q8 Xi<—X; ifi=1,3,
yj<—y; if j=2,3, yj<—y; ifj=1,3,
X3 < y3,

03: 8 Xj+—X; ifi=1,2,
Vi< if j=1,2,

p

X1 < X2, X1 < X1,

)y, =y,
Y1 and y»:

X3 < X3, Xy < X3,

Y3 < )3, Y2 < 3.

Let 1y, and 1), denote the inversion automorphisms that invert the generators x; and y;,
respectively, and fix all other generators. Let Ty,y,, Ty;x;> Trayss Tyaxas Tazy; and Ty.y, be the
transvection automorphisms that generate Aut,.(PVTy).

Let C; denote the connected component of the graph I' of PV T corresponding to the subgroup
H; or equivalently to the vertex set {x;,y;}. Then, for the generator x; of PV Ty, there are
three choices for a union C of connected components of I"\ I'(s7(x;)). Thus, there are 18
partial conjugations that generate Aut,.(PVT4). The partial conjugations corresponding to
the generator x| are as follows:

Xy — x]_1x2x1, X3 — xl_lxycl,
-1 -1
D L) Y2 Xy X, » L) Y3 /X y3x,
x1,Co ¢ o x1,C3 - o
2 Xj—Xj if j=1,3, b Xj— X if j=1,2,
Yk — Yk ifk:1,3, Yk — Yk ifk:1,2,

( _ op e
Xi — X, lx,-xl ifi=2,3,

Vi —>xf1yix1 ifi=2,3,
Px,C,UC :
X1 — Xg,

V1= )1

Notice that py, ¢, Px,.c; = Px;,CoUC; = Px,.C3 Pxy,C,- Moreover, py, c,uc; 18 the inner auto-
morphism induced by x;. By symmetry, the remaining 15 generating partial conjugations
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can be defined analogously, and we have

AUtpc(PVT4) — <II]I](PVT4), <px1,C27py17C27px2,C37py2,C37PX3,C1 :Pyg,C]>>-

Since Aut(H;) = Aut(Z x Z) = GLy(Z), it follows that Aut(PVT,) contains a subgroup
isomorphic to GL,(Z) x GLy(Z) x GL,(Z).

Lemma 7.3.1.
(Auty, (PVTy),Aut, (PVTy)) = GLy(Z) x GLy(Z) x GL,(Z).
Proof. Recall that
(Autin, (PVT4), Autyr(PVT4)) = (L), Ley, bias by byos bys s Ty s Ty > Trayas Tyaxas Teays s Tyzxs ) -

Let us set

K, = <TX1y17Ty1x1ﬂlxlﬂlY1>>
Ky = <szy27TY2x2> Ly ly2>

)
K3 = <TX3y37Ty3x3’ Lys, ly3’>'

Notice that K1, K3, K3 act trivially on Hp « H3, H| x Hy and H| * H;, respectively. Further,
K1, K»] = [K2, K3] = [K3, Ki] =1 and K| = K, = K3. Thus, it suffices to prove that
K| = GLy(Z). But, this follows by recalling that

GLz(Z):<[(1) i][i (1)]’[_01 (1)]>

and identifying generators of K| with matrices in GL;(Z) as

1 0 I 1 -1 0 1 0
Toy — {1 Ty — 01 Ly — 0 1 and 1, — 0o 1|

Lemma 7.3.2.

Autgr(PVT4) N <Autinv(PVT4),Autlr(PVT4)> = <Gl, 0y, G3> X7 XD X Lo
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and

<Autgr(PVT4),Autim,(PVT4),Auttr(PVT4)> = <Aut,'m,(PVT4),Auttr(PVT4)> X <l//1, l[/z)
> (GL(Z) x GLy(Z) x GLy(Z)) x S5.

Proof. Notice that yi, Y, permutes H;’s non-trivially, and hence (Aut;,, (PVTy), Aut,(PVTy)) N
(y1,yn) = 1. On the other hand 01, 02,03 € (Aut;,, (PVT),Aut,(PVTy)), and hence the
first assertion follows.

For the second assertion notice that (Y1, y») = S3 and 11112 =1= l;/zz. It suffices to show that
(w1, yn) normalises (Aut;,, (PVTs), Aut,,(PVTy)). A direct check shows that

ViTay V1 = Ty Vil V1= Tyoxny YiTgys V1= Tayss YiTyan W1 = Ty,
Vil V1 = Ly, Vily, Y1 = 1y,, Vil V1 = Ly, Vil W1 = bys,

and hence y; normalises (Aut;,,(PVTy),Aut,(PVTy)). By symmetry, the same assertion
holds for y», and we get the desired result. O

Lemma 7.3.3. Aut,.(PVTy) is normal in Aut(PVTy).

Proof. Note that Inn(PVTy) < Aut,(PVTy). Set M = (px, Cy» Py1.Cas Px2,C3 Pys,C3 Pxs,Cis Pys,Cy ) -
It suffices to show that ¢ ~'M¢ < Aut,.(PVTy) forall ¢ € (Auty, (PVTy), Auti,(PVTs),Aut, (PVTy)).
If ¢ = v, then

Y1Px .0 V1 = Pxy.Cs V1P .G Y1 = Py, G5 Y1Px, GG Y1 = Pxy Gy
ViDPy, V1 = Py G50 V1Px3,C Y1 = Px3,Cos Y1Dys,Ci V1 = Pys G-

Thus, y; normalises Aut,.(PVT;). By symmetry, y, and hence (1, y2) normalises Aut,.(PVT}).
By Lemma 7.3.2, it remains to show that (Aut;,,(PVT4), Aut;.(PV T4)) normalises Aut,.(PVTj).
If ¢ =1, then

| _ _
Ly Px; Gy by = Py, Cy Ly Py G ey = Py1,Co b Py C3ley = Py Cas
L Py, Gl = Pyp Gy b Pxs,Cilyy = Py Crs by Pys Gl = Py €y

Thus, 1,, normalises Aut,.(PVTs). By symmetry, all the other inversions also normalise
Aut,.(PVTy), and consequently Aut;,,(PVT4) normalises Aut,.(PVTy).

If ¢ = 17y,y,, then

-1 -1 —1 _ -1 _
T 1y Pxi Gy Ty = Py, ¢, Px1,C2> Ty Py1,C Teiyr = Py1,.Cos - Txyy Pxo,C3 Txiyy = Pxy Cao
-1 _ -1 _ —1 _
Ty Py2,C3 Tyt = Pya G Tayyy Pxs,Cr Taiyr = Pxs,Cro - Tayyy Pys,Ci Ty = Pys Cr -
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Thus, 7,,, normalises Aut,. (PVTy). Similarly, one can show that all other transvections also

normalise Aut,.(PVTy), which completes the proof of the lemma. U

Finally, we determine the structure of Aut,.(PVT4). A presentation of the group of partial

conjugations of a right-angled Artin group has been constructed in [83, Theorem 3.1].

Lemma 7.3.4. The group Aut,.(PVTy4) has a presentation with generating set

{pxi,C_,-;Py,-,Cj | [ % ] and la] = 17273}
and following defining relations:

L. [px,',ij px,-,Ck] = [py,‘,ij py,-,Ck] = [pxi,Cj7 py,',Ck] = [pxi,Cj7 py,',Cj] = lfOI" i= 17273 with
i Ak
2. [px,',ijx,',Cku ij,Ck] = [pyi,ijy,-,Ck7 pyj,Ck] = [px,',ijx,',Cku pyj7Ck] = [py,-,ijyi,Cka pxj,Ck] =

1 fori,j.k=1,23withi# j£k#i.

In particular,
Auty, (PVTy) = (2>« 72+ 7%) x (Z* * 2* + 72).

Proof. Relations in (1) and (2) follow by direct computations together with [83, Theorem
3.1]. Note that

Inn(PVTy) = (P;.C;Pxi.Cor PyisCiPyiCe | 17 J # k #1, j<kand i, j,k=1,2,3).

Setting
AUtpc\inn<PVT4) = <pX1,C27PYI7C27PX27C37P)’2,C37px37C| ) Py3.C) >’

we see that

o AUty (PVTy) = 72 % 72 % 72.

pc\inn

o Aut,o(PVT) = Inn(PVTy) Aut e s (PVTy).

pc\inn

Consider the surjective homomorphism g : Aut,c(PVTy) — Aut,e i, (PVTs) defined on

generators as

-1
Dx1,C, 7 Pxy,Cas Pxy,C1 7 Py Px3,C) 7 Px3 Gy
—1 -1
g Px;,C3 pxl’C27 g: Pxy,C3 77 Pxy,Cs» g Px3,Co px37clu
: : - :
Py1,C, 77 Py ,Cas Py,,Cy 77 Py, ¢y Dy3,Cy 7 Py3,Cr>

-1 -1
py],C3 = py],Cz’ py27C3 = py27C37 py37C2 = py3,C| :
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Note that Inn(PVTy) C Ker(g). Let w € Ker(g) and write w = xy for some x € Inn(PVTy)

and y € Autp jn,(PVTy). Then we have

1=g(w)=gx)gy) =y,

and hence Ker(g) = Inn(PVTy). This implies that

Autpc(PVT4) = Inn(PVT4) X Autpc\inn(PVT4)7 (7.6)
and hence

Auty (PVTy) = (Z* % 22+ Z2) x (Z* * T2+ 77).
This completes the proof. ]

Combining the preceding lemmas yield the following theorem.

Theorem 7.3.5. There exists a split exact sequence
1 — Autp(PVTy) = Aut(PVTy) — <Autgr(PVT4),Autinv(PVT4),Aut,r(PVT4)> — 1.
In particular,

Aut(PVT4) = Autpc(PVT4) X <Autgr(PVT4),Autinv(PVT4),Aut,r(PVT4)>
> (Z* 22+ Z2) % (Z** Z* + Z*)) x ((GLa(Z) x GLy(Z) x GLo(Z)) % S3).

Proof. Note that each automorphism in Aut,.(PVT}) preserves conjugacy classes of genera-
tors. But, the only automorphism in (Aut,,, Aut;,,, Aut,.) which preserves conjugacy classes
of generators is the identity automorphism. Hence

Aut,e(PVTy) N ( Auty(PVTy), Autin,(PVTy), Aut.(PVTy)) =1,

and the assertion follows. O]

Recall that an automorphism of a group is called an 1A automorphism if it acts as identity on

the abelianisation of the group. Note that inner automorphisms are [A automorphisms.
Corollary 7.3.6. Each 1A automorphism of PVT, is inner if and only ifn =2 orn > 5.
Proof. Note that the IA automorphism group of PV T, is obviously trivial. Magnus [59] gave

generators of the group of IA automorphisms of F3 = PV T3 and showed that it contains non-
inner automorphisms. Clearly, Aut,.(PV 1) is a subgroup of the group of IA automorphisms
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of PVTy. It follows from (7.6) that Aut, (PVTy) contains non-inner automorphisms as well.
For n > 5, a direct check using the description of Aut(PVT,) in Theorem 7.2.7 shows that
the only IA automorphisms of PV T, are the inner automorphisms. [






Chapter 8

Commutator subgroups of virtual twin
groups

This final chapter deals with commutator subgroups of V7, and PVT, [73]. We begin by
giving a reduced presentation of VT, for n > 3, which we will use in finding a presentation
of the commutator subgroup ¥ (VT,) of VT,. We will also show that the lower central series

of VT, stabilises at the second term.

8.1 A reduced presentation of virtual twin groups

For the sake of convenience, we recall the defining relations in the standard presentation of
VT,.

s = 1 fori=1,2,....n—1, (8.1)
sisj = s;s; forl|i—j|>2, (8.2)
p? = 1 fori=1,2,....n—1, (8.3)
pipj = pjpi forli—j|>2, (8.4)
PiPi+1Pi = Pi+1piPi+1  fori=1,2,....n=2, (8.5)
pisj = sjp;i forli—j|>2, (8.6)
PiPi+1si = sip1PiPi+1  fori=1,2,....n—2. (8.7)

Theorem 8.1.1. The virtual twin group has the following reduced presentation:

1. VI3 = (s1,p1,p2 | 57 = pi = p3 = (p1p2)* = 1).
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2. Forn >4, VT, is generated by {s1,p1,p2,---,Pn—1} with following defining relations

s7=1, (8.8)

p?=1 fori=12,....n—1, (8.9)

pipj = pjpi forli—j|>2, (8.10)

PiPi+1Pi = Pi+1PiPi+1  fori=1,2,....n—2, 8.11)

pisy = s1pi  fori> 3, (8.12)
(s1p2p1p3p2)* = 1. (8.13)

Proof. The case n = 3 is immediate. We first use the relation (8.7) to eliminate a few
generators and then we show that the rest of the relations in first presentation can be derived
from relations (8.8)—(8.13). We prove the desired result in the following three steps.

Claim 1. We claim that

Sit1 = (PiPi-1---P2P1)(Pi+1Pi- - - P3P2)S1(P2P3 - - - PiPi+1)(P1P2 - - - Pi-1Pi)

fori > 2.

We note that the case i = 2 follows from relation in (8.7). Let us suppose that the claim holds

for i and we prove it for i+ 1. For i+ 1, we have
Si+1 = PiPi+15iPi+1Pi-
Substituting the value of s; from our assumption gives

Si+1= PiPit1(Pi-1Pi-2---P2P1)(PiPi-1---P3P2)S1(P2P3 - - Pi—1Pi) (P1P2 - - - Pi—2Pi—1) Pi+1Pi-

By using relation in (8.10), we get

Sit1 = (PiPi=1---P2P1)(Pit+1Pi- - - P3P2)S1(P2P3 - - - PiPi+1)(P1P2 - - - Pi-1Pi)-
Using Claim 1, we can express s;, i > 2, in terms of s and p;’s. This means we can eliminate
the generators s;, i > 2.
Claim 2. The relation
sipj = Pjsi, [i—j| >2

is a consequence of Claim 1 and relations in equations 8.10, 8.11 and 8.12.
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Claim 1 gives

siPj = (Pi—1Pi=2- - P2P1)(PiPi-1---P3P2)s1(P2P3 - - - Pi—1P1) (P12 - - Pi—2Pi—1)P-

If j > i+ 2, then we are done by relations 8.10 and 8.12. Next, we consider the case j <i—2.

sipj = (Pi-1Pi-2---P2P1)(PiPi-1---P3P2)s1(P2P3 - - Pi-1P:)(P1P2 - - - Pi-2Pi~1)Pj
2 (D 1pia o p1)(PiPi—1 - P3P2)S1 (P2 - Pt PI) (P1P2 - PP 41P; - Pi1)
CZ0 (pio1pica PPt - P3P2)51(P2- - Pi—1PE) (DL - P 1P P41 - Pict)
O (D 1pica . p1) (PiPi-1 - P3P2)SI (P2 Py 1Pj 2P 1 - P) (P - Pi1)
LV (0 1pia . p1)(PiPi-1 - P3P2)SI (P2 P12 1P 2 - P) (P - Pi1)
22 (i 1pica . p1)(Pi- - P2Pj41Pj 2 P2)S1 (P2 P (PI - Pic1)
=0 (pi1pi2.p1)(Pi. Py 1P 2P 41 - P2)s1 (P2 ) (D1 - i)
= (Pt pjs1PiPs 1P (Pr-P2)s1 (P2 P (PL . Pi1)
CAD (ot pipjeaps 1) (P P2)s1 (P2 P (D1 - Pint)
(8.10)

Pj(Pi=1---P1)(Pi---p2)si(p2---pi)(P1---Pi-1)

= pjsi

Claim 3. The relation

S,'Sj:SjSi, |i—j’ 22

is a consequence of Claim 1 and relations in equations (8.8) — (8.13). The proof of this claim
is along the similar lines as [49, Lemma 3]. O

8.2 Presentation of commutator subgroups of virtual twin
groups
The lower central series of a group G is defined as
G=7%(G)>n(G) >...>%(G) > 7:1(G) > ...,

where
Ya+1(G) = ([8a:8] | 8a € Ya(G),8 € G).
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In particular, % (G) is the commutator subgroup of G. The group G is said to be residually
nilpotent if

G)=[1u%(G) =
i=1
We now give a presentation of 9 (VT,,).

Theorem 8.2.1. The commutator subgroup of the virtual twin group has the following

presentation:
L p(VD) = {(p151)*) = Z
2. p(VT3) = {p2p1,51P2P151, (P151)% | (2p1)° = 1 = (s1p2p151)*) = Z3 % Z3 % L.
3. Forn >4, n(VT,) is generated by

{xi,y,z | i:2,3,...,n—1}.

The set {x3,...,Xx,—1 } generate a subgroup isomorphic to the alternating group A, and

has relations

x% = 1,
x? =1 for3<j<n—1,
(x,-xi;ll)3 = 1 for2<i<n-—2,

(x,-xfl)2 =1 for2<i<n—2andj>i+2.

J

The other defining relations in 1 (VT,) are the following mixed relations:

yo= 1
(xj2)> = 1 for3<j<n-—1,
(vz~ x31)3 = 1,
(v~ le)z =1 ford<j<n—1,
vz 'y g ) = 1,
(zy~ IX3zyz 1x2 x5 x2)2 = 1.

Proof. We use Theorem 8.1.1 and Reidemeister-Schreier method to give a presentation of
1 (VT,). Since the abelianisation of V7, is isomorphic to the elementary abelian 2-group of
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order 4, we can take a Schreier system to be

M= {17517P1751p1}«

In view of Theorem 8.1.1, we take the generating set for VT, to be S = {s1,p1, P2, - -

Generators of y»(VT,)

We compute the generators y(u,a), L € M, a € S explicitly.

Y(1,s1) =s51(51) " =s1s1 =1,
Y(Lp1) =pi1(p1) ' =pip1 =1,
’Y(l pl) :Pz(ﬁi)_l = PiP1, ZZ 27

Y(s1,51) —Slsl(
Y(slapl) (
Y(s1,pPi) =s1pi(rp,-

N~
Pl)_l =si1pip1s1 =1,
L =s51pip1si1, i >2,

Y(p1,s1) = pisi(Prsy) ' = (p1s1)?,
Y(p1,p1) = pip1(Pip1) ' =1,
Y(p1,pi) = PlPi(m)_l =pP1Pi, 1 > 2,

’Y(slplasl) = S1P1S1(S1p1s1)_1 — (S1p1)27
Y(s1p1,p1) = sipip1(s1p1p1) ' =1,

Y(s101,0:) = s1p1pi(511P0) ' = s1p1pis1 = (s1pip1s1) L, i > 2.

Fori=2,3,...,n—1, define

Xi = PpiP1,
Yi = S1PiP151,
z = (p1s1)*.

7pn—l}-
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Then the preceding computations show that 9»(VT,) is generated by the set

{xi,yi,z | i:2,3,...,n—1}.

Relations in (V' T,)

We begin by finding relations in % (VT,,) corresponding to the relation s% =1inVT,.

t(lsis11) = y(1,51)y(51,81) = ¥(1,51)¥(s1,51) = 1,

) = (r(Ls)y(s1,81))° =1,

t(pisisipr) = Y(L,p0)y(P1,s1)y(s1p1,51)Y(p1,P1) =1,
) (

T(s1p1(s1s1)p1s1) = Y(1,s1)¥(s1,p1)Y(s101,51)Y(P1,51)Y(s1P1,P1)Y(s1,51) = 1.

T(s18515151

Next, we find relations in (V' T;,) corresponding to relations p? = 1,i=1,2,...,n— 1.

t(lpipil) = y(1,p)¥(Pispi) = (L, pi)¥(p1,pi) = 1,
t(sipipis1) = Y(1,51)Y(s1,p:)¥(s1P1,P0:)¥(s1,51) = 1,
= Y(Lp)v(p1,p)Y(1,p)Y(P1,p1) =1,
(1
(1

T(P1PiPiP1)
t(sip1(p1p1)p1s) = y(1,51)¥(s1,p1)Y(s1P1,P1)Y(s1,P1)Y(s1P1,P1)Y(51,51) = 1,
t(s1p1(pipi)pis1) = y(1,s1)¥(s1,P1)¥(s101,0:)Y(s1, 1) ¥(s1P1,P1)¥(s1,81) = y; 'yi=1, i >2.

Relations in 75 (V T;,) corresponding to relations (p;p;1)> =1,i=1,2,...,n—2, are given
by

t(L(pipis1)’1) = (Ylpl )¥(pr.pis1))’

fori=1
x,le 3 for2<i<n-—2,

t(s1(pipir1)’st) = ¥(Los1) (Y(s1,0)¥(s101,0i01)) ¥(s1,51)
= (?’ (s1,0:)Y P1S1,Pi+1))3
yz_ fori=1,
(yiy;11)3 for2<i<n-2,
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w(p1(pipiv1)’P1) = (v(p1.pi)Y(1,pi41))°

x% fori=1,

(xflx,-ﬂ)?’ for2<i<n-2.

t(s1p1(Pipi1) pris)) = ¥(Ls1)(s1,p0) (Y(s101,0)¥(s1,Pi1)) V(s1P1,P1)¥(s1,51)
= (Y(51P17Pi)7(51,Pi+1))3
y% fori=1,
(yi_l)’i+1)3 for2 <i<n-2.

The preceding computations give the following non-trivial relations

B =1

» =1,
(xix;rll)g’ =1 for2<i<n-2,
(y,'yij_ll)3 =1 for2<i<n-—-2.

Next, we find relations in 9 (V'7;,) corresponding to relations (p;p;)* = 1, |i — j| > 2.

t(1(pip;)*1) = (¥(L,p)¥(p1.p;))*
X2 for j > 3,

(xix; )2 fori>2andi+2<j<n—1,

t(si(pipj)*s1) = y(Ls)(¥(s1,p0)¥(s1p1,p;))*¥(s1,51)

i’ for 3<j<n-—1,

(y,-yjfl)2 for2<i<n—2andj>i+2,

t(pi(pipj)p1) = v(1,p1)(¥(p1.p)¥(1,p))*¥(p1.p1)
X3 for3<j<n-—1I,

_ J
(xi_lxj)z fori>2andi+2<j<n—1,
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tsipr(pipy)*prst) = ¥(1s1)¥(s1,p1)(Y(s1p1, pi)¥(s1,0)))*¥(s1P1,P1)¥(51,51)
= (Y(s1p1.P)Y(51.P))’

_ )y for j > 3,
1932 fori>2andi+2<i<n-—1.
O; 'yj j

Thus, the non-trivial relations are

3 =1 for3<j<n—1,
y? = for3<j<n—1,

)2 =1 for2<i<n—2andj>i+2,
(yiyjl)z =1 for2<i<n—2andj>i+2.

Next, consider relations (p;s1)?> =1,3<i<n—1.

t(1(pis1)*1) = y(Lp:)y(p1,s1)¥(s1p1,pi)¥(s1,51)

= xizyi_1 fori >3,

T(Sl(Pisl)zsl) = y(1,s1)y(s1,p)Y(s1p1,51)Y(p1,Pi) Y(1,51)Y(s1,51)
= yiz_lxi_l fori >3,

t(pi(pis1)*p1) = v(1,p1)¥(p1,p)¥(L,s1)¥(s1,0:) ¥(s11,51)¥(P1, P1)
= x;lyizfl for i > 3,

t(s1p1(pis1)?p1s1) = y(1,s1)¥(s1,01)¥(s101,0:)Y(s1,51)¥(1, 0:)¥(P1,51)¥(s1P1, 1) ¥(51,51)

= yl._lxiz fori > 3.

This gives the non-trivial relations
yvi = xizfor3<i<n—1.
Finally, we consider the relation (s;p2p1p3p2)* = 1.

t(1(s10203P102510201P3P2)°1) = (¥(1,51)7(s1,p2)¥(s1P1,P3)Y(s1,P1)¥(s1P1,P2)
Y(s1,51)7(L,p2)¥(p1,p1) (1, p3)¥(p1,p2))?

= (ys3 1y2— 1X2X3X2_ ! )2,
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t(s1(s1p203P102510201P302)%s1) = ¥(1,51)(¥(s1,51)¥(1,p2)¥(p1,p3)¥(1,p1)¥(P1,P2)
Y(1,51)¥(s1,02)¥(s1P1,P1)¥(s1,3) ¥Y(s1P1,P2))*¥(s1,51)

= (xx3 5 yayany 12

T(p1(s1p2p3p1P251P20103P2)%P1) = (L, p1)(¥(p1,51)¥(s1p1,02)¥(s1,03)Y(s1P1,P1)¥(51,P2)
Y(s1p1,51)Y(P1,P2)¥(1,p1) (1, p3)¥(1,p2))*¥(p1. 1)

1 11 \2
= (2y; y322 X, x3 x2)%,

T(s1p1(s10203010251P201302)°p1s1) = ¥(1,51)¥(s1,01)(¥(s1P1,51)7(P1,P2)
Y(1,p3)¥(P1,p1)¥(1,p2)
Y(s1P1,P1)Y(s1,51)Y(P1,51)Y(s1P1,P2)
(Shpl) Y(s1p1,p3)¥(s1,p2))*

1 —1.—-1 2
= (z ' wxazyy yy )%

We get two non-trivial relations

(v2y3 'y s 1 = 1,

(25 'yayaz g g )t = 1L

Using the relation y; = x;z, we eliminate y; for 3 <i <n—1 and we put y, =y, so we get the

following relations.

x% = 1,

x? =1 for3<;j<n—1,
o=

() = 1 for2<i<n-2,

(xixjfl)z = 1 for2<i<n—2andj>i+2,

(xjz)> = 1 for3<j<n—1,
bz ') =1,

vz 'x;')? = 1 ford<j<n—1,
(yz_lxgly_lxzmxz_l)z = 1,
(v 'moyz g n)? = 1
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We see that
n(VDh) =

and

»(VT) =

For n > 4, 1 (VT,) is generated by {x;,y,z | i=2,3,...

= (p2p1,51p20151, (P151)* | (P201)° = 1 = (s1p2p151)°)

((p1s1)?) 2 Z

ng*Z3*Z.

N — 1}. The set {x2,x3,...,%,—1}

generate a subgroup isomorphic to A, and has relations

x% = 1,
x? = 1
(xix;rll ¥ =1
(xix; h =

for3<j<n-—1,
for2<i<n-—2,
for2<i<n—2andj>i+2.

In addition, ¥ (V'T,) has the following mixed relations

»
(x)z g

—1\3

(yZ X3
(vz~'x;

1 —1 —1
vz a3 Ty s,

2

)
)
1)2
)
(zy 'x3zyz™ 1x2 X3 x0)

This completes the proof.

for3<j<n-—1,

ford <j<n—1,

S U VA W Gy

]

It is known that the second and the third term of the lower central series of the braid group

B,, and virtual braid group V B,, coincide for n > 3 and n > 4, respectively. It turns out that

the same holds for VT,,.

Proposition 8.2.2. % (VT,)

=n(VT,) forn > 3.

Proof. We need to show that % (VT,) C y3(VT,) or equivalently that VT, /y3(VT,) is abelian.

The group VT, /y3(VT,) is generated by

Si = S8iY3 (VTn)

and

pi=p1(VT,)
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foralli=1,2,...,n— 1. Itis easy to check that

Pi+1 = Pilpi, [Pi, Pit+1]]

and
sivt = Sil[Pi+1, [Pt pill,si]
This gives
Pir1 = Pir13(VTh) = pilpi, [pis pis1 |3 (VTh) = pis(VTH) = P;
and

Sic1=si1 (VL) = sillpivt, [ois1, pil], 8] (V) = sips(VT,) =5

Thus, we have

P; =Py and5; =5it

foralli=1,2,...n—2. Since
P51 =P3S1 =S51p3 =51Py,
the assertion follows. O]

Corollary 8.2.3. VT, is residually nilpotent if and only if n = 2.

We conclude with a result on freeness of commutator subgroup of PVT,. A graph is called
chordal if each of its cycles with more than three vertices has a chord (an edge joining two
vertices that are not adjacent in the cycle). A clique (or a complete subgraph) of a graph
is a subset C of vertices such that every two vertices in C are connected by an edge. It is
well-known that a graph is chordal if and only if its vertices can be ordered in such a way
that the lesser neighbours of each vertex form a clique.

We conclude the thesis with the following result.
Theorem 8.2.4. The commutator subgroup of PVT, is free if and only if n < 4.

Proof. The assertion is immediate for n = 2,3. The graph of PVT, (see Figure 7.1) is
vacuously chordal. By [77, Corollary 4.4], the commutator subgroup of a right-angled Artin
group is free if and only if its associated graph is chordal, and hence PV T} is free.

For n > 5, fix an ordering on the vertex set of the graph, for example, it could be the
lexicographic ordering in our case. Let A; ; be a maximal vertex and p,q,r € {1,2,...,n}\

{i, j} be three distinct integers. Then both A, , and 4, , are lesser neighbours of 4; ;, but
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there cannot be an edge between A, , and 4, .. Thus, lesser neighbours of the vertex 4; ; do

not form a clique, and hence the graph is not chordal. 0
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