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Abstract

The phenomenon of Indefinite Causal Orders is known to show many strange be-
haviours such as perfect information communication through noisy channels and
activation of free energy of thermal states using thermal baths at the same temper-
ature. The quantum switch can be used to create these strange correlations and
has been used to construct advantageous devices such as a quantum refrigerator.
Throughout this thesis, we study the thermodynamics of indefinite causal orders
with the help of the quantum switch. We will review this phenomenon and analyze
the advantages by studying every party involved in the creation of indefinite causal
orders. We find that the thermodynamics of quantum measurements play a key role
in any advantages seen. We then find bounds and display the role of information
and correlations in the energetics of the phenomenon. Finally, we study a stochas-
tic approach to thermodynamics using quasi-probabilities and fluctuation theorems
which probe the fluctuations of observables. Here, we separate the “classical” and
“quantum” parts of an evolution which relates to incompatibility of measurement of
observables. This can be used to separate and study the truly quantum part of the
quantum switch setup and hence, probe into the physics of indefinite causal orders.
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Chapter 1

Introduction
Information is Physical.

— Rolf Landauer

1.1 Motivation and Problem Statement

Thermodynamics of quantum systems and quantum information theory are known
to have many parallels between them. Thermodynamics adds additional constraints
to the framework of quantum information theory by considering energetics and
hence, the Hamiltonian of evolving quantum systems. Recent advancements in the
rapidly growing field of quantum information theory has shown that a superposition
can be created, not only between quantum states, but between the causal orders of
channel application and moreover, can be utilized. The quantum switch [GGK+18]
is a device through which different correlations produced by indefiniteness in causal
orders [OCB12] can be used to show several advantages in quantum communica-
tion and signal transfer [CBB+21, PDE+20], though without the violation of any
causal bounds. This recently proposed setup has already been experimentally real-
ized [GGK+18]. Taking advantage of the similarity between quantum information
and quantum thermodynamics, recently thermodynamical advantages of using the
quantum switch have been proposed [FV20, GAP20] which directly use the calcu-
lations of the quantum information paradigm. However, these advantages have not
been analyzed in detail and there seems to be a few inconsistencies. In this project,
we wish to investigate these inconsistencies, extend the analysis to more general
settings and, ask whether thermodynamic advantage is possible through the use of
the quantum switch. Furthermore, we extend the analysis to stochastic thermody-
namics and derive a fluctuation theorem for the switch. This will help us analyze
the truly quantum behaviour of the quantum switch and furthermore, help us figure
out the factors that contribute to it.

Two papers have recently been submitted which introduce a quantum refrigera-
tion cycle [FV20] and show free-energy increment through thermal maps [GAP20]
using the quantum switch. These papers use thermalization channels in the quan-
tum switch to study and utilize the free-energy advantage received by the system. In
order to derive an advantage they rely on using a post-selected state of the system
corresponding to a certain measurement of the control. The underlying assumption
in both articles is that the increase in free-energy of the post-measurement state of

1



2 Introduction

the system is due to energy flowing out of the thermal baths used in the thermaliza-
tion channels. However, this assumption is implicitly taken and further, they don’t
analyze the energy due to the measurement of the control. Recent papers such as
Ref. [PS20] analyze the use of post-selection and show that channels relying on
post-selection can be used to extract unbounded amount of work from the point of
view of the working system. Hence, a detailed analysis of the baths is needed to
understand if the quantum switch uses the baths to derive an advantage or just the
post-selection on the measurement results of the control. To completely analyze the
thermodynamic advantage we need to ask where the energy is coming from and
further how much energy each bath contributes as compared to the energy due to
the measurement of the control. It is possible that all the energetic advantage is
due to the measurement of the control in which case a thermodynamic advantage
of using the baths is not seen. Hence, for a thermodynamic advantage it is im-
portant to check if the baths contribute any energy and then use this energy in an
advantageous cycle.

Another aim of this project is to investigate the thermodynamics of the quan-
tum switch by analyzing fluctuations in the work done using the switch. However,
the concept of work has yet to be clearly defined. In stochastic thermodynamics,
work is a stochastic quantity and has several definitions [BCG+18] and hence, so
does fluctuations in its distributions. Use of quasiprobability distribution is one way
that was introduced by Allahverdyan [All14] to address the work distribution for
non-equilibrium processes. This was used to derive a fluctuation theorem for such
processes. To study the quantum aspects of the thermodynamics, it is important
to study the fluctuation theorems, which helps quantify the effect of quantum co-
herence. Hence, it is crucial to derive quasiprobability distributions and fluctuation
theorems for the quantum switch to analyze the truly quantum effects of it.

1.2 Thesis Structure

To analyze the above questions we split the project into two parts. For the first part
we analyze the energetics of the system and the two baths placed in the quantum
switch. We then study its thermodynamics advantage and where its source. In
the second part, we study quasiprobability distribution and use this to derive a
fluctuation theorem for the quantum switch. We then, quantify the truly quantum
phenomenon taking place in the quantum switch using this fluctuation theorem.

1.2.1 Energy Analysis

Usually, analysis of the interactions between a system and a thermal bath is done
by focusing on the system. This is done because the bath is a macroscopic body
with uncountable degrees of freedom. Thus, by making considerations such as
Markovian dynamics, master equations for processes such as thermalization have
be written which depict the evolution of a system in the presence of a bath. For
thermalization, the solutions of the master equations asymptotically approach the
thermal state. The total dynamics can be considered by using a completely positive
and trace-preserving (CPTP) map which takes the initial state of the system to a
final state (the thermal state in case of thermalization). However, both descriptions
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assume that any energy change of the system is due to heat coming from or going
into the bath - the heat is implicit and can’t be shown by considering the dynam-
ics of the bath. The implicit assumption is correct when describing just a system
and a bath, but in presence of an external system which creates quantum correla-
tions in the application of different baths on the system, the measurement of the
control plays an important role and implicit assumptions may no longer be straight-
forwardly correct. Hence, to begin with the energy analysis we propose to use an
effective system to model the thermal baths and the interaction. In doing so, we
would be able to analyze the heat flow between the system and the baths explicitly
by considering changes in the energy of the effective bath system. More precisely,
we want to find an effective system for modelling the bath and an interaction, whose
reduced dynamics on the system is given by the same CPTP map (Kraus decompo-
sition) resulting from the thermalization dynamics of the master equation. We first
propose the use of thermal qubits to model the baths by showing that the Kraus sum
for the interaction with the system will be the same as when master equations are
used to get to it. We then add the effective model to the switch and analyze the
energy changes of the thermal baths to answer the question: “how much energy do
each of the baths contribute in the switch as compared to the measurement of the
control?” We will then utilize the energy from the baths, if possible, to implement a
thermodynamic protocol to depict the advantage.

1.2.2 Fluctuation Theorem

It is accepted that the evolution of quantum systems is governed by the Schrodinger’s
equation [SC95], which is essentially a unitary operation on the system. These uni-
tary operations can be revered in general. But then, if all evolution is reversible,
i.e., physical laws are time-symmetric, why are processes like thermalization irre-
versible? Stochastic thermodynamics [DC19] studies interaction of an environment
with a system by focussing on the trajectory of the system state which are per-
turbed by interactions with the environment. Thermodynamic quantities such as
heat and work in this theory are studied as stochastic variables. This helps study
out-of-equilibrium phenomenon and leads to interesting relations known as Fluctu-
ation theorems which link equilibrium and non-equilibrium quantities for both clas-
sical and quantum processes [Jar97, Cro98]. These fluctuation theorems have been
replicated using the two-point measurement (TPM) approach. However, there are
several difficulties when coherence in the energy basis is involved [BCG+18, DC19].
We will approach the question of the fluctuation theorem for the quantum switch
using an extension of the TPM approach. This will lead to quasiprobability distri-
butions and hence, a fluctuation relation which we then analyze. We will attempt
to separate the quantum and classical contributions to this fluctuation theorem and
analyze the truly quantum phenomenon due to the quantum switch.

1.3 Preliminaries

Before starting the discussion on the quantum switch, we will revise some key con-
cepts from quantum information theory and quantum thermodynamics. This will
be useful in understanding the thermodynamic phenomenon involved in using in-
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Uint

Figure 1.1: Quantum system interacting with a measurement device. The measure-
ment device is modelled as a quantum system. |A0i is the ready state of the mea-
surement device which couples with the system spin(here) state through an interaction
unitary Uint. The resulting state of the measurement device (|A"i) is then observed to
get the spin state (|"i). Observation of measurement device collapses the system state.

definite causal orders. We will cover the bare minimum in this section. For a more
detailed and mathematical description, readers are referred to [HZ11].

1.3.1 Generalized Measurements

Measurements will play a central role throughout this thesis. Hence, it is crucial to
understand how measurements are mathematically expressed in quantum mechan-
ics.

When a property of a macroscopic system is being measured, such as current
produced by it in a circuit, a measuring device is used, like an ammeter. Similarly
to measure a property of a quantum system, a macroscopic device is used. Such a
device is known as a pointer or a meter (ancilla is also used). The meter has a set of
distinguishable states. These states are analogous to the needle of say the ammeter
pointing to a number. We can only know the current with the accuracy of the width
of the pointer. For the meter, these distinguishable states are known as the pointer
states. By treating the meter as a macroscopic quantum system, we consider the
pointer states to be a set of distinguishable quantum states, i.e., those that can have
superpositions and quantum correlations. When a property of a quantum system
is measured, the experimentalist does not look at the quantum system directly (for
obvious reasons), they look at the meter’s pointer state. This pointer state gives
information of some property (or observable) of the quantum system. According
to the seminal work of Dr. John von Neumann, the eigenvalues of the observables
can be correlated to the pointer states for the information acquisition by the meter.
As all closed quantum systems are governed by unitary evolution, the interaction
between the system and the meter is also a unitary interaction which correlates the
system and the meter. When this meter is measured, this correlation is collapsed,
and the value of the meter, gives the information about the system observable being
measured. For example, let us consider the measurement of the spin of a system
in the �Z basis, with eigenstates {|"i , |#i}. We prepare the system in the state
| i =

⇣
|"i+|#ip

2

⌘
. The meter is initially prepared in the pointer state |A0i. When the



1.3 Preliminaries 5

interaction unitary U couples them, the resultant state is,

|A0i | i
U�! |A"i |"i+ |A#i |#ip

2
.

As you can see, the |"i (|#i) spin state of the system is correlated with the A" (A#)
state of the meter. Hence, when we look at the meter, we collapse the meter state
and measure the state of the system in the �Z basis. This simulates a projective
measurement to say state |"i of the system with probability,

p" = TrSA
⇥
(|A"i hA"|⌦ I)U |A0 i h A0|U †⇤

.

In general, this scheme can be followed for any observable by expanding the sys-
tem in the basis of the observable and coupling it with a meter. Furthermore, the
measurement of the meter need not be in the basis of the coupling. In this case,
the measurement on the system will not be projective but is modelled by a set of
positive-operator valued measures (POVMs). These POVMs are represented in lit-
erature by operators {Ei = M

†
i
Mi}i which act only on the system and give with

probability pi, the post-measurement state of the system ⇢i. These are given by,

⇢i =
Mi⇢M

†
i

Tr [Ei⇢]
,

pi = Tr [Ei⇢] .

These POVM elements are complete
P

i
Ei = I, and describe the most general kind

of measurement possible on the system using a meter. Generalized measurements
are an indispensable tool in study of quantum open system. They form the basis for
making quantum trajectories and studying irreversibility [Elo17]. We will use them
now to model channels and later to study thermodynamic properties of measure-
ments.

1.3.2 Channels and Operations

As we have seen till now, all the processes for closed quantum systems is governed
by some unitary evolution. Such an evolution preserves information, i.e., there
is a way to go back to the initial state from the final state [Cro08]. In general
however, there is always some loss of information. Such loss of information is
modelled by some interaction of a system with an environment. By coupling with
an environment, but not being able to measure it, the state of the system after the
coupling in never completely known. Hence, the information about the system is
reduced. From the point of view of the system, the evolution is no longer unitary,
but a map from some physical state to some other physical state. On the bloch
sphere, unitary can be visualized as rotations. This is explained by the fact that
they take pure states to pure states, i.e., evolution is restricted on the bloch surface
for pure states. They don’t reduce the radius. However, loss of information can
be thought of as reduction in bloch sphere radius, where the zero information or
the completely mixed state has zero radius. To describe a general evolution which
encodes the reduction in bloch radius too, we need channels and operations.
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Channels are completely-positive trace preserving (CPTP) maps while, opera-
tions are completely-positive trace non-increasing maps. Throughout, we will focus
only on CPTP maps. 1 Any map E that describes a channel acting on density opera-
tors (⇢) adheres to the following properties [Pre18]:-

• Linear: E (↵⇢1 + �⇢2) = ↵E (⇢1) + �E (⇢2).

• Preserves Positivity: E (⇢) � 0 =) E (⇢) = E (⇢)† 8⇢ = ⇢
†.

• Preserves Trace: Tr [E (⇢)] = Tr [⇢].

• Completely Positive: The extension map E ⌦ I also preserves positivity, where
I is the identity operator on the environment of ⇢.

The first three properties are straight-forward and say that channels map valid
states to valid states. However, the last point says that, if we look at both the map
acting on a state and the environment of the state, the total state must remain
positive after the operation. Even though, the extension map translates to acting
the channel on the system only and doing nothing on the environment, some maps
may make the total system + environment state non-positive. An example of such
a map is the partial trace [NC10].

As we have noted, non-unitary channels may lead to some loss in information.
Such loss in information can be modelled by coupling some environment with the
system ⇢ 2 H

S through some global unitary USE and then not looking at the en-
vironment. This leads to a system state E (⇢). If we model the environment by a
meter with states {|eii hei|}i 2 H

E and initialize it in state |e0i he0|, we can get the
operation on the system. Hence, a channel action of E can be modelled by,

E (⇢) = TrE
h
USE (⇢⌦ |e0i he0|)U †

SE

i
=
X

i

hei|USE |e0i ⇢ he0|U †
SE

|eii =
X

i

Mi⇢M
†
i
,

(1.1)
where, {Mi}i are known as Kraus operators of the quantum channel. These give

the POVM operators M
†
i
Mi = Ei and hence, are trace preserving as

P
i
M

†
i
Mi = I.

It is important to note that channels don’t have a unique set of Kraus operators,
but several sets which are unitarily related. We won’t go into more details about
channels here.

Channels are crucial to our study as, the quantum switch and measurements
are essentially channels which we will use throughout. Moreover, thermodynamic
processes like thermalization are also channels. So before we study the thermo-
dynamics of the quantum switch, let us revisit some useful concepts in quantum
thermodynamics.

1.3.3 The Gibb’s state

To understand the thermodynamics in the quantum regime, let us follow the discus-
sions in [DC19]. When a system which interacts with a large thermal bath or reser-
voir at temperature T (inverse temperature �), it equilibrates to that temperature.

1The trace non-increasing may come from losing some statistics of some quantum systems while
making measurements. Hence, as all the statistics is not present, the probabilities don’t sum to one
and hence, the trace can becomes less than one.
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For an initial phase space distribution, with � = (~q, ~p) being the microstates, this
equilibrium distribution is known as the Boltzmann-Gibbs equilibrium state which
is,

p
eq

�
(�) =

1

Z�

exp (��H (�;�)) ,

where, H (�;�) denotes the Hamiltonian of the system parameterized with �. The
partition function (Z�) and the Free energy (F�) are given by,

Z� =

Z
d�exp (��H (�;�)) ,

F� = � 1

�
ln [Z�] .

Identically, for a quantum state with Hamiltonian H, this state is known as the
Gibb’s state and is given by,

⇣
� =

exp [��H]

Z
, (1.2)

Z = Tr [exp [��H]] , (1.3)

F = � 1

�
ln [Z] . (1.4)

Such a state has the lowest free energy, i.e., using a thermal bath at temperature �,
no useful energy can be extracted from it. It is interesting to note that any qubit
state can be written as the Gibb’s state in its eigenbasis basis and at some particular
temperature. Its entropy can be written as,

S
⇥
⇣
�
⇤
= �Tr

⇥
⇣
�ln

�
⇣
�
�⇤

= � [E � F ] ,

where, the energy of the state is E = Tr
⇥
H⇣

�
⇤
. For isothermal processes,

dS = �
�
Tr
⇥
Hd⇣

�
⇤
+
�
Tr
⇥
⇣
�
dH

⇤
� dF

��
= �Tr

⇥
Hd⇣

�
⇤

=) dE = dQ+ dW = Tr
⇥
Hd⇣

�
⇤
+ Tr

⇥
⇣
�
dH

⇤
.

Heat dQ is identified as the change of internal energy associated with a change
of entropy, and the work dW is identified as change of internal energy due to the
change of the Hamiltonian of the system. Such an identification is true for the
Gibb’s state however, is not true in general. Coherence in the energy basis leads
to an informational energetic cost. To begin to understand this, let us discuss the
Maxwell’s Demon paradox and its resolution.

1.3.4 Information Acquisition and Erasure

“Information is physical”. This was an insight by Rolf Landauer that led to the dis-
covery of kBT ln2 as the fundamental energy cost of information erasure [Ben82,
DC19] and the resolution of a paradox known as the Maxwell’s Demon. To under-
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stand how information is physical, let us consider the details and the resolution of
the paradox.

Maxwell’s Demon is a thought experiment where there exists an intelligent de-
mon who can observe a box containing an ideal gas at equilibrium with the environ-
ment. The demon inserts a partition in this box with a controllable door. The demon
opens the door when a fast particle from the right tries to go left (say if the velocity
is greater than a certain v) and a slow particle from the left tries to go right. The
operation of this door is considered to have no cost (the door is frictionless). Thus,
the demon is able to create a temperature difference from an equilibrium state, and
can hence, activate free energy without providing any energy. This shows that the
working of the demon is against the second law of thermodynamics. This paradox
was resolved by considering the acquisition and storage of information. Here, the
demon measures the velocity of each gas particle and does a controlled operation
depending on this state. To do such an operation, the demon must store the infor-
mation in a memory and then use it. This memory then needs to be reset. Bennett
showed that the reset of this physical memory has a fundamental cost of kBT ln2
and by considering this energy cost, the second law can be restored. The minimum
amount of energy is required to reset the minimum amount of information, i.e.,
one bit. Hence, information acquisition has a fundamental cost and is considered
physical.

However, information erasure, though important, is not the only way a mea-
surement may contribute to some apparent increase of a system’s energy. The mea-
surement apparatus, that the system interacts with, may also exchange energy with
the system. This can be due to the light pulses that are used in the measurement
process, etc. A description of origin of such a quantum heat is given in [Elo17].
We will discuss information erasure and interaction with an external source during
measurement in section 3.3. But first, let us understand the central theme of the
thesis, i.e., indefinite causal orders.



Chapter 2

Indefinite Causal Order and the
Quantum Switch

Well! I’ve often seen a cat without a grin, but a
grin without a cat! It’s the most curious thing I
ever saw in my life!

— Alice
Alice’s Adventure in Wonderland

Experiments in quantum physics can lead to many counter-intuitive phenomenon.
Just like Alice saw the grin of the Cheshire cat without its body, optical experiments
have been interpreted to separate the polarization of a photon from the photon itself
[APRS13]. Moreover, such experiments can superpose two operations happening on
a single system at two distinct location, i.e., make them appear to happen simulta-
neously. These experiments have been implemented on interferometers which have
been studied in depth using quantum optics [GK04], and been understood as a kind
of quantum interference [CSMS15]. In this chapter, we take this a step further. We
study an interferometer setup known as the quantum switch, which superposes the
causal orders of two distinct quantum operations. In all these experiments, there
are two crucial ingredients that are needed to reveal these counter-intuitive phe-
nomenon: quantum interference and quantum entanglement. We will see that, to
observe the superposition of causal orders, we will need at least two distinct sys-
tems with a global operation between them, and then a final measurement. The
entanglement due to the global operation followed by a partial measurement will
display a behaviour which can never reveal the order of occurrence of two processes
that happen on a system, i.e., they create an indefiniteness in causal orders.

We will begin by studying the basic concepts of causal structures and causal
orders, following which, we will try to understand how the quantum switch creates
an indefiniteness in causal orders. Next, we will cover the mathematical details
of the switch and compare it with operations in a superposition of path. We will
conclude the chapter by reviewing some advantages that have been found using
the quantum switch both in information theory and thermodynamics. In particular,
we will show that the free energy of the system increases after passing through the
setup.

9
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Figure 2.1: Alice in the causal past of Bob (A � B): Time t increases upwards. Alice
receives a package at a time strictly before Bob. Alice and Bob need to make a guess (x
and y respectively) about the bit with the other (a and b). Alice can signal her bit a to
Bob, but Bob can’t signal his bit b to Alice as the package passes through her laboratory
at an earlier time. [OCB12]

2.1 Causal Structure and Causal Order

To understand causal structure and causal order, we will start with a simple example
in line with [OCB12]. Imagine that there are two parties, Alice and Bob (as usual),
in closed laboratories. Closed laboratories imply that Bob can’t meddle with Alice’s
laboratory while she does her experiments and vice-versa. We will make this more
precise soon. They decide to play a game where, Alice freely chooses a random bit
a (this choice is not influenced by any event in the past) and similarly, Bob chooses
b. They then make guesses, x and y respectively, of the other’s bit. The game is to
correctly guess the other party’s bit. Before the guess is made, a package containing
a system (any system that can be localized into a package) is passed between Alice
and Bob once. Their laboratories are opened only to receive or send the package.
They are free to do any operation on the system in the package. Let us assume
that Alice receives the package first as in Fig. 2.1. Now, Alice is free to encode her
bit a into the system which Bob can then find out when he receives the package.
Then he can make the correct guess y = a. This implies that Alice can signal some
information to Bob. Such a signal creates a statistical correlation between a freely
chosen random variable with Alice and a random variable with Bob at a later time.
Freely chosen variables can only be correlated with variables are a later time, all
correlations with past variables are ignored. Now, notice that Alice can’t make the
guess x with certainty as Bob can’t send his bit b to her, as only one package is passed
between them once. This implies that because Bob can’t send Alice any information,
he can’t create correlations with her variables, and hence, he can’t signal to Alice.
Notice also that a party can signal to the other only if the package passes through
their laboratory at an earlier time. Hence, the events at Alice’s laboratory (A) must
be in the past of the events at Bob’s laboratory (B) for Alice to be able to signal to
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Bob and vice-versa. The ability to signal forms the basis of a causal structure. In
this situation, the events A are said to be in the causal past of events B or identically
B is in the causal future of A and so, A was able to signal to Bob. This is denoted by
A � B.

The above scenario is an example of a causal structure with closed laboratories.
Formally, a causal structure is a set of events locations(such as A and B) which have
the partial ordering relation � between them. � creates causal orders between
events and event locations. As seen above, if A � B, then the party at A can signal
to the party at B by creating correlations between freely chosen variables at A and
random variables at B which can then be observed. But signalling from B to A is not
possible. Because the laboratories are closed, any freely chosen random variable at
one laboratory cannot affect the choices in the other laboratory without a signal.
That is, the agents can’t meddle with each other’s choices without explicit signalling
(which occurs in the example only when the package is sent to the other party). The
partial order � satisfies three conditions: (a) A � A; (b) if A � B and B � C, then A
� C; (c) if A � B and B � A, then A = B. The condition (c) says that, A and B can’t
be in each other’s causal past: there are no causal loops. By A � B, we denote the
situation where A is not in the causal past of B. Interestingly both relations A � B
and B � A can hold simultaneously (A �✏ B), as we will show in the next section.

2.2 Creating Indefinite Causal Order

In the previous section, we discussed causal structure and causal ordering using
partial ordering between event locations �. In what follows, we will continue with
the assumption of closed laboratories in a causal structure which can have freely
chosen random variables. These laboratories will be placed inside an interferomet-
ric device known as the quantum switch. The quantum switch(or switch) creates
a superposition between the causal orders of the operations in the laboratories. In
essence, the causal order of the operations becomes indefinite and A � B and B
� A holds simultaneously (A �✏ B). It is important to note that this will be done
at an expense of another quantum system which is measured to create this indef-
initeness. But before going into how the quantum switch creates indefinite causal
orders(ICOs), let us first understand the key components that are needed to create
the switch.

2.2.1 Ingredients for the Quantum Switch

The quantum switch is an interferometric device, as mentioned earlier. The system
(like the package in section 2.1) that is operated on is of course light or photon. The
laboratories, or in a more information theoretic language-the channels (we will call
these channels A and B in general, unless specified), are some optical setups which
manipulate the photon passing through them; for example, optical cavities [HR06].
The causal orders between A and B are considered. The main ingredients to create
the indefiniteness in the causal orders of A and B are:

• Two quantum systems as internal degrees of freedom of a single photon mode:

– Target system: ⇢S 2 H
S = |Spatio-Temporal modesi
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(a) Modes of Photon

(b) Polarization Beam Splitter Working: |Li and |Ri are the same spatial modes of the photon
but in different directions. |Hi and |V i are the polarization modes of the photon

Figure 2.2: The components of the quantum switch and the causal order of the channel
action

– Control system: ⇢C 2 H
C = |Polarization modesi

– |Photoni = |Spatio-Temporal modesi ⌦ |Polarization modesi

• Polarization Beam Splitter (PBS)

• Two channels A and B, which act only on the target system:
A / B: HS ! H

S

Modes of Photon

The spatio-temporal modes are continuous modes that refer to the spatial and tem-
poral distribution of the photon wave-packet. There are many examples of these
such as Gaussian modes, Hermite-Gaussian modes, etc. In addition to these modes,
photons have a polarization degree of freedom which can be manipulated indepen-
dently of the spatio-temporal modes. A photon has two orthogonal polarization
states. Here, we will take the orthonormal basis of the polarization modes as the
horizontal |Hi and the vertical |V i polarization. We refer the readers to optics
books such as the one by Gerry and Knight [GK04] for a more detailed description
of the modes of a photon. We will now describe the action of the polarization beam
splitter.
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Polarization Beam Splitter

The polarization beam splitter (PBS) works by reflecting or transmitting an incom-
ing beam of light based on its polarization. As shown in Fig. 2.2 the horizontally
polarized photon |Hi goes straight through the PBS, while vertically polarized pho-
ton |V i gets reflected. |Ri and |Li denote the spacial modes of the photons differing
int the direction of propagation. Interestingly, when the polarization of the input
photon is in a superposition of the two, such as the |+i =

⇣
|Hi+|V ip

2

⌘
, the paths of

the direction of propagation is superposed with the respective amplitudes of |Hi
and |V i. As we will see next, this will help create the superposition in the causal
orders.

All the components are summarized in Fig. 2.2. Now that we have all the
ingredients necessary for making the quantum switch, let us describe the action of
the switch without further ado.

2.2.2 Switch Action

We begin with an arbitrary system state ⇢S encoded in the spatio-temporal modes
of a photon and, let us prepare the control in the horizontally polarized |Hi hH|
state. The state of the photon is hence,

�
⇢
S ⌦ ⇢

C
�
=

�
⇢
S ⌦ |Hi hH|

�
. As you can

see from the Fig. 2.3, the photon with |Hi polarization goes through all the PBS.
The photon’s spatio-temporal mode ⇢

S is hence, acted upon by channel B before
A, i.e., this situation depicts B � A. Next, let us prepare the initial state such that
the control is in the vertically polarized |V i hV | state. Again, seeing the action of
the PBS, you can verify that this preparation leads to A � B. As you can see, it is
the path of the photon that is coupled to the causal order which is hence, coupled
to the polarization modes, or equivalently, the control. The control in this way
selects the causal order of the application of the channels in the switch. Therefore,
if we measure the control after the switch operation in the {|Hi , |V i} basis, we can
determine which causal order occurred. We can also determine their probability
of occurrence, if the control is prepared in a probabilistic mixture of |Hi hH| and
|V i hV |.
To create a superposition in the causal orders is now straight forward; we just create
a superposition in the control. So, let us prepare the control in the |+i h+| state. We
see that this is a situation where both causal orders appear to occur simultaneously.
However, if we measure the control at the end in the {|Hi , |V i} basis, we will not
see that the effect on the system is such that, either of the two definite causal orders
occurred. Hence, to see any interference effect, we must measure the control in
the {|+i , |�i} basis. This leads to very interesting situations. Note that after the
switch action, the system state gets correlated with the control state. As we have
seen in section 1.3.1, measurement of a correlated ancilla affects the system state
as well. The measurement of the control in the {|+i , |�i} basis does not give any
information about the causal order. Hence, after the collapse of the control in this
basis, the modified system state too does not show a state that comes out of the
action of the channels in any definite causal order, but has some interference terms
(we will see this in the next section). Hence, the channels act on the system as if A
�✏ B. Hence, indefinite causal order of channel action of A and B has been created.

To understand and study the implications of this behaviour, let us look at the
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(a) B acts before A (b) A acts before B

(c) The causal order of A and B are indefinite

Figure 2.3: The Quantum Switch with channels A and B [GGK+18]. When the po-
larization (control) is prepared in the |+i h+| state and measured in the |±i h±| basis,
the causal orders are indefinite and A � B and B � A hold simultaneously.

switch as a channel acting on the control + system bipartite state. For this let us
first compute its Kraus operators.

2.2.3 Kraus Operators for the Quantum Switch

We have already studied that the action of any channel can be expressed in terms
of Kraus operators in section 1.3.2. Here, we will find the Kraus operators for the
Quantum Switch(QS) in terms of the Kraus operators of the channels A and B that
are a part of it. To do this we take the global unitary of the switch as

�
U

SCEF
�

which acts on the system
�
⇢ 2 H

S
�
, control

�
� 2 H

C
�

and two environments, one
corresponding to each channel. Let’s take the two environments as {|eii hei|}i 2
H

E which is used with channel A and {|fji hfj|}j 2 H
F which is used in channel

B. The superscripts denote the Hilbert space being considered. We prepare the
environment as (|e0i he0|⌦ |f0i hf0|). We take the unitaries corresponding to the
channels A and B as USE

A
and U

SF

B
respectively.

The global unitary for the quantum switch is,
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U
SCEF =

�
|0i h0|⌦ U

SE

A
U

SF

B
+ |1i h1|⌦ U

SF

B
U

SE

A

�
. (2.1)

The action of the switch unitary is given by,

U
SCEF (� ⌦ ⇢⌦ |e0i he0|⌦ |f0i hf0|)

�
U

SCEF
�†

=
�
|0i h0|⌦ U

SE

A
U

SF

B
+ |1i h1|⌦ U

SF

B
U

SE

A

�

. (� ⌦ ⇢⌦ |e0i he0|⌦ |f0i hf0|)

.

⇣
|0i h0|⌦

�
U

SE

A
U

SF

B

�†
+ |1i h1|⌦

�
U

SF

B
U

SE

A

�†⌘
.

The Kraus operators for the individual channels are:

Ai = hei|USE

A
|e0i .

Bj = hfj|USF

B
|f0i .

As shown in section 1.3.2, we trace over the environments of the channel to get
the Kraus operators. Hence, to get the Kraus operators of the switch, we trace over
both the environments A and B,

TrEF

⇣
U

SCEF (� ⌦ ⇢⌦ |e0i he0|⌦ |f0i hf0|)
�
U

SCEF
�†⌘

=
X

i,j

�
|0i h0|⌦ hei|USE

A
|e0i hfj|USF

B
|f0i+ |1i h1|⌦ hfj|USF

B
|f0i hei|USE

A
|e0i

�

. (� ⌦ ⇢)
⇣
|0i h0|⌦ hf0|

�
U

SF

B

�† |fji he0|
�
U

SE

A

�† |eii+ |1i h1|⌦ he0|
�
U

SE

A

�† |eii hf0|
�
U

SF

B

�† |fji
⌘

=
X

i,j

(|0i h0|⌦ AiBj + |1i h1|⌦ BjAi) (� ⌦ ⇢)
⇣
|0i h0|⌦ B

†
j
A

†
i
+ |1i h1|⌦ A

†
i
B

†
j

⌘
.

Hence, the Kraus operators of the Quantum Switch are,

Wij = |0i h0|⌦ AiBj + |1i h1|⌦ BjAi. (2.2)

For consistency, let’s check the completeness relation,

X

i,j

W
†
ij
Wij = I

C ⌦ I
S
. (2.3)

Hence, the action of the switch channel is given by,

S (� ⌦ ⇢) =
X

i,j

Wij (� ⌦ ⇢)W †
ij
. (2.4)

As you can see, the diagonal elements of the control |0i h0| and |1i h1| correspond
to the channel action of B � A and A � B respectively. On the other hand, the switch
creates some interference terms between the causal orders of the channel action on
the off-diagonal elements of the control. Hence, to see any unique effect of the
switch, the control shouldn’t be measured in the diagonal basis of the control. It is
worth noting that, when the control is traced over, i.e., it is not considered we have,
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TrC (S (� ⌦ ⇢)) = Tr

 
X

i,j

Wij (� ⌦ ⇢)W †
ij

!
=
X

i,j

p
C

0

⇣
AiBj⇢B

†
j
A

†
i

⌘
+
X

i,j

p
C

1

⇣
BjAi⇢A

†
i
B

†
j

⌘

= p
C

0 CA (CB (⇢)) + p
C

1 CB (CA (⇢)) ,

where, {pC
i
} are the diagonal elements of the control, CA/B are the channel maps

corresponding to A/B. This in effect is like tossing a biased coin which selects A �
B or B � A based on the result. Hence, to get any interesting effect of the switch,
one must measure the control in the off-diagonal basis with respect to the basis of
the control that couples to the definite causal orders. As we will see, any advantage
of the switch comes from such a measurement.

2.2.4 Superposition of Path vs Quantum Switch

2.2.5 Switch Action

(a) A schematic representa-
tion of the Quantum Switch.

(b) A schematic representation of the
superposition of paths of two channels
A and B.

(c) A schematic representation of the superposition of paths of four channels with two copies of
A and B each.

Figure 2.4: The quantum switch creates A�✏B using two environments while in the
superposition of paths case, a superposition of channel operation A � B and B � A is
created using four different environments within the different channels. C represents
control measurement at the end.

Before studying the advantages of the quantum switch, let us first compare it
with a seemingly simpler setup. Instead of creating a superposition in causal orders,
let us create a superposition in path (SP), i.e., a superposition in the operation of the
two channels A and B. As can be seen in Fig. 2.4, the control state |0i h0| corresponds
to the action of channel A and |1i h1| corresponds to the action of channel B. To
contrast the operation of the SP and the switch, let us first find the Kraus operators
of SP.
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As usual we take the control to be � 2 H
C and the target system to be ⇢ 2 H

S,
the two environments as {|eii hei|}i 2 H

E and {|fji hfj|}j 2 H
F . We prepare the

environment as (|e0i he0|⌦ |f0i hf0|). The action of the global unitary is now,

U
SCEF (� ⌦ ⇢⌦ |e0i he0|⌦ |f0i hf0|)

�
U

SCEF
�†

=
�
|0i h0|⌦ U

SE

A + |1i h1|⌦ U
SF

B

�

. (� ⌦ ⇢⌦ |e0i he0|⌦ |f0i hf0|)

.

⇣
|0i h0|⌦

�
U

SE

A

�†
+ |1i h1|⌦

�
U

SF

B

�†⌘
.

Now, we trace over both the environments to get the Kraus operators acting on
the system + control state

TrE,F

⇣
U

SCEF (� ⌦ ⇢⌦ |e0i he0|⌦ |f0i hf0|)
�
U

SCEF
�†⌘

=
X

i,j

�
|0i h0|⌦ �j,0 hei|USE

A |e0i+ |1i h1|⌦ �i,0 hfj|USF

B |f0i
�

= (� ⌦ ⇢)
⇣
|0i h0|⌦ he0|

�
U

SE

A

�† |eii �j,0 + |1i h1|⌦ hf0|
�
U

SF

B

�† |fji �i,0
⌘
,

where, now
Ai = hei|USE

A |e0i .

Bj = hfj|USF

B |f0i .

and hence,

TrE,F

⇣
U

SCEF (� ⌦ ⇢⌦ |e0i he0|⌦ |f0i hf0|)
�
U

SCEF
�†⌘

=
X

i,j

(|0i h0|⌦ �j,0Ai + |1i h1|⌦ �i,0Bj) (� ⌦ ⇢)
⇣
|0i h0|⌦ �j,0 (Ai)

† + |1i h1|⌦ �i,0 (Bj)
†
⌘
.

The Kraus operators for the SP are,

Yij = (|0i h0|⌦ �j,0Ai + |1i h1|⌦ �i,0Bj) . (2.5)

There are delta functions in the Kraus operators which raises a flag. For consis-
tency, let’s check the completeness relation:

X

i,j

Y
†
ij
Yij = I

C ⌦ I
S
. (2.6)

Hence, the action of the SP channel is given by,

I (� ⌦ ⇢) =
X

i,j

Yij (� ⌦ ⇢)Y †
ij
. (2.7)

Let us expand and check the ”interesting” off-diagonal terms of the control,
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I(� ⌦ ⇢) =
X

i,j

Yij(� ⌦ ⇢)Y †
ij

=
X

i,j

(|0i h0|⌦ �j,0Ai + |1i h1|⌦ �i,0Bj) (� ⌦ ⇢)
⇣
|0i h0|⌦ �j,0 (Ai)

† + |1i h1|⌦ �i,0 (Bj)
†
⌘

=
X

i,j

⇣
h0| � |0i |0i h0|⌦ �j,0�j,0Ai⇢A

†
i

⌘
+
X

i,j

⇣
h1| � |1i |1i h1|⌦ �i,0�i,0Bj⇢B

†
j

⌘

+
X

i,j

⇣
h0| � |1i |0i h1|⌦ �i,0�j,0Ai⇢B

†
j

⌘
+
X

i,j

⇣
h1| � |0i |1i h0|⌦ �i,0�j,0Bj⇢A

†
i

⌘

= h0| � |0i |0i h0|⌦ CA (⇢) + h1| � |1i |1i h1|⌦ CB (⇢)

+
⇣
h0| � |1i |0i h1|⌦ A0⇢B

†
0

⌘
+
⇣
h1| � |0i |1i h0|⌦ B0⇢A

†
0

⌘
. (2.8)

In contrast to the quantum switch we see that the off-diagonal terms depend on
a particular Kraus operator, here the 0th due to the delta function �i,0 and �j,0 we
encountered earlier in the Kraus operator Yi,j. However, this delta appears because
of our arbitrary choice of environment as |e0i he0| and |f0i hf0|. We could have in-
stead chosen the environments to be |exi hex| and |fyi hfy| ({x, y} 2 [0, d� 1]) which
would give us �i,x and �j,y leading to Ax and By on the off-diagonal terms. This
indicates that the outcome of the SP for the system + control depends on the par-
ticular choice of the environment, i.e., it is implementation dependent. 1 The SP is
not a proper channel unlike the switch. Moreover, notice that the SP has a quantum
circuit representation. The quantum switch does not, as the quantum circuit has
time moving to the right [NC10]. The switch has two different causal orders of
gates superposed which can’t be written in a circuit representation. Nevertheless, it
may be possible to derive the final state of the switch from the action of a quantum
circuit. A more detailed analysis of the SP can be found in the publication by Abbott
et al. [AWH+20].

The above has made it clear that the quantum switch is operationally different
from the superposition of path scenario, even if the superposition of path tries to
simulate superposition in causal orders as in Fig. 2.4. Let us now study some
examples where the switch has shown some kind of advantage.

2.3 Advantages of the Quantum Switch

Now, that we understand (more or less) how the quantum switch operates, let us
discuss some of the possible applications of the switch. Chiribella et al. [CBB+21]
have shown that the ICO created by the switch can lead to perfect information
transfer even over noisy channels. Moreover, groups such as Felce et al. [FV20]
and Guha et al. [GAP20] have shown some very counter intuitive results using
ICO where, the temperature of a quantum system is raised using baths at the same

1There may be cases where Kraus operators can be constructed for SP which is not implemen-
tation dependent. This may correspond to the choice of environments which are correlated with
each other. However, we have assumed closed laboratories and hence, the environments can’t be
correlated.
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temperature of the system. The thermodynamics of the latter phenomenon will form
the crux of the thesis. But first let’s study these advantages of the switch. To keep
the explanations short and simple we will take the example of qubits throughout
this section.

2.3.1 Information Transfer using the Quantum Switch

The quantum switch can be used to transfer complete quantum information over
two noisy channels. Noisy channels are channels like the depolarizing or the de-
phasing channel [NC10, Pre18] where you lose some information about the input
state after passing through it. To understand this, and to realize why the quantum
switch provides a definite advantage, let us look at the action of the entanglement-
breaking channel.

The Entanglement-Breaking channel - losing quantum information

Figure 2.5: Action of the entanglement-breaking channel with bit flip X and simulta-
neous bit and phase flip Y .

When talking about qubits, there are three types of errors that we can talk about,

• Bit flip: |0i ! |1i or |1i ! |0i. This transformation can be done by the Pauli
matrix �X ⌘ X.

• Phase flip: |0i ! |0i or |1i ! � |1i. This transformation can be done by the
Pauli matrix �Z ⌘ Z.

• Simultaneous Bit and Phase flip: |0i ! i |1i or |1i ! �i |0i. This transforma-
tion can be done by the Pauli matrix �Y ⌘ Y .

A depolarizing channel passes a qubit entering it non-erroneously with a prob-
ability p0 and imparts takes it to the completely mixed state (I/2) with probability
(1�p0). This corresponds to imparting an error on it with particular probabilities pX ,
pY and pZ corresponding the action of the error operators X, Y and Z respectively.
The action of the depolarizing channel on a state ⇢ is hence given by,

D (⇢) = p0⇢+ pXX⇢X + pY Y ⇢Y + pZZ⇢Z.

Notice also that this is the Kraus decomposition of the depolarizing channel (refer
section 1.3.2). When p0 = pZ = 0 and pX = pY = 1

2 , then,

Deb (⇢) =
1

2
(X⇢X + Y ⇢Y ) . (2.9)

This is an entanglement-breaking channel. Notice that Deb (⇢) is such that it has
no off-diagonal elements, it is a diagonal matrix. Hence, any quantum information
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and correlation that is present in the computational basis is lost. That is, if there
was superposition in the computational basis, or if the system was entangled with
another system, this information is lost after the system passes through Deb. It can
be further shown that no combination of the Deb channels can lead to quantum
information transfer.

To see the advantage of ICO, let us place two Deb channels in the switch. We will
see that we can get back the initial state ⇢ without any losses!

Channels in ICO do not lose!

Figure 2.6: Two entanglement breaking channels (Deb) in the quantum switch
[GGK+18]. The two outputs are for the initial state ⇢

S for control measurement
outcome |+i h+| and a rotated initial state Z⇢

S
Z for control measurement outcome

|�i h�|.

In section 2.2.3 we found the Kraus operators of the quantum switch (2.2). To
get the action of the two entanglement-breaking channels in the switch, we just
replace the channel Kraus operators with that of Deb, i.e., 1

2X and 1
2Y . We initialize

the control in the |+i h+| state and take the system in some state ⇢. Now using
equation (2.4), we get

S (|+i h+|⌦ ⇢) =
1

2
|+i h+|⌦ ⇢+

1

2
|�i h�|⌦ Z⇢Z.

As you can see, if we now measure the control in the |±i h±| basis, for the |+i h+|
state we get ⇢, and for the |�i h�| state we get Z⇢Z. Given that the measurement
of the control results in state |�i h�| we can get back the state ⇢ by just applying
the unitary transformation Z to Z⇢Z. Hence, we can successfully transfer a state ⇢
through two entanglement-breaking channels in a quantum switch without loss of
any information.

2.3.2 Thermodynamic “Advantage” of the Quantum Switch

As we have just seen, the ICO created by the quantum switch can lead to some
counter-intuitive phenomenon. Let us jump right into another one which is even
more so. The quantum switch can heat up a system, at say a temperature T , by
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thermalizing with thermal baths or heat reservoirs at the same temperature T . At
first glance, this seems like it would violate fundamental laws of physics such as the
second law of thermodynamics. The publications [FV20] and [GAP20], show that it
does not. The rest of this thesis is devoted to analysing this phenomenon and asking
if there is truly some thermodynamic advantage and if so why?

As a first step, let us review the advantage as shown by Felce et al. [FV20] where
they make a quantum refrigeration cycle using thermalization in ICO. As you may
have guessed, the channel that will be used in the switch here, is the thermalization
channel. So, let us study this channel and understand how it acts.

Thermalization as a Pin Map

In section 1.3.3, we learnt that any thermalization process for a quantum system,
leads to a state known as the Gibb’s state, i.e., the state with zero free energy with
respect to the bath. It can be straightforwardly shown that any two level quantum
system can be written as a Gibb’s state, albeit in different basis. If we fix the basis
and the temperature(inverse temperature �), the thermalization process leads to the
same Gibb’s state (⇣�) regardless of the system being thermalized. When viewed as
a channel, thermalization channel (C�) is a map which takes the whole state space
to a single state ⇣�. Any channel which takes the whole state space to a single state
is a Pin map, and hence, the thermalization channel is a Pin map. Such a channel, is
in essence a completely depolarizing channel, where you lose all information of the
initial state. A completely depolarizing channel maps to a completely mixed state
and can be modelled using unitary operations randomly acting on the input state
[HZ11]. Hence, we can write the completely mixed state as,

1

2
I =

1

2
Tr (⇢) I =

1

4

4X

i=1

Ui⇢U
†
i
.

To get the Kraus operators of the C� we just write,

C� (⇢) = ⇣
�
I = Tr (⇢) ⇣�I =

1

2

4X

i=1

p
⇣�Ui⇢U

†
i

⇣p
⇣�
⌘†

, (2.10)

and hence, the Kraus operators are,

K
�

i
=

r
⇣�

2
Ui. (2.11)

This can also be seen from the unitary basis expansion of the operators. Now, that
we know the action of the thermalization channel, let us put two of them in the
switch, where both maps the input to the same temperature Gibb’s state. This
models thermalization at the same temperature.

Cooling using ICO

We now place two thermalization channels with baths at the same temperature
(inverse temperature �) and prepare the system in the Gibb’s state (⇣�) which is
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Figure 2.7: Quantum refrigeration cycle using ICO [GGK+18]. Control and system
are prepared in state |+i h+| ⌦ ⇣

�. For the |+i h+| measurement of the control, the
system classically thermalizes with the cold baths in the switch. While for |�i h�|
measurement of the control, the system classically thermalizes with some other hotter
bath and releases heat into it. Hence, this makes a refrigeration cycle.

also at the same temperature (�). We prepare the control in the |+i h+| state as
usual. The action of the switch gives,

S
�
|+i h+| , ⇣�

�
=

1

2
(|0i h0|+ |1i h1|)⌦ ⇣

� +
1

2
(|0i h1|+ |1i h0|)⌦

�
⇣
�
�3

. (2.12)

The details of the calculations can be found in the appendix A.1. When the control
is measured in the |±i h±| basis, we get,

⇣
S

f± =
1

Z±

✓
1

2
⇣
� ± 1

2

�
⇣
�
�3
◆
, (2.13)

where, the partition function is,

Z± =
1

2
± 1

2
Tr
h�
⇣
�
�3i

.

It can be shown that the temperature of the system is lower than initial if |+i h+|
is measured on the control , while it is higher if |�i h�| measured. As we can
see, the free energy of the system is non-zero for the two cases. The publications
[FV20, GAP20] claim that this increase in free energy comes from the thermal baths
that are used in the switch. Hence, when |�i h�| is measured, the system heats up
and the bath cools down. As can be seen from Fig. 2.7, this effect is used as a
refrigerator.

When |�i h�| is measured, the system takes heat from the two baths that are a
part of the switch and heats up to a temperature which is higher than the temper-
ature of another “hot” bath. The system then classically thermalizes with this hot
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bath giving heat to it, to come back to the initial state. Whereas, when |+i h+| is
measured, the system cools down, giving heat to the baths in the switch. This is then
thermalized with the baths part of the switch again, so that the initial configuration
is recovered and the ICO can be created again with a different control initialized
in the |+i h+| state. Repeating the entire process, leads to the cooling down of the
baths in the switch, and hence, a refrigeration cycle.

The second law is not affected due to the Maxwell’s demon. Notice, that the
thermalization process after the measurement of the control is dependent on the
measurement result. Hence, it is a feedback cycle where some register is being reset
(see section 1.3.4). The work cost of erasure is given by,

�WE =
1

�R
S (⇢R) =

1

�R

X

i

pilnpi,

where, i 2 {+,�}, �R is the inverse temperature of the resetting reservoir, and
p± is the probability of the measurement result of the control given by,

p± = Tr

1

2
⇣
� ± 1

2

�
⇣
�
�3
�
.

This leads to the energy cost for a positive cycle (till |�i h�| is measured), which
is �W

cycle = 1
p��R

P
± p±lnp± as the average the number of measurements per-

formed per cycle is 1
p�

. The efficiency of the cycle is given by,

⌘ = �Heat Transfer from cold reservoir
�W cycle

.

This energy cost then amounts to reducing the efficiency to less than the Carnot
efficiency. This ensures that the second law is not violated.

2.4 Conclusions and Inferences

In this chapter, we studied how the quantum switch creates an effect known as In-
definite Causal Order between operation of channels. We studied the advantages
of using this setup for quantum communication and quantum refrigeration (or acti-
vation of free energy). For the communication task, we saw that two depolarizing
channels in ICO, can send the complete initial state for any measurement of the
control. Whereas, for the refrigeration cycle, we saw that a particular measurement
of the control leads to a positive cycle. It was claimed that heat transfer occurred
after the measurement of the control between the system and the baths, but this
was never proved.

From these examples, it is important to note that the measurement of the control
is a key step in gaining any advantage. In the refrigeration cycle, only after the
measurement step energy came into the system. But from where? We have never
looked at the energy transfer process. Also here, we considered the control to be
freely available. But what if the control was a costly resource? We will try to answer
these questions in the subsequent chapters and hence, analyse the thermodynamics
of the quantum switch.
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Chapter 3

Probing the Thermal Baths

The concept of ‘measurement’ becomes so fuzzy
on reflection that it is quite surprising to have it
appearing in physical theory at the most
fundamental level ... does not any analysis of
measurement require concepts more
fundamental than measurement? And should
not the fundamental theory be about these more
fundamental concepts?

— John Stewart Bell

The concept of measurement in quantum mechanics continues to elude physi-
cists throughout the world. Mathematically, we have seen in section 1.3.1 that
statistics of quantum measurement results can be reproduced using positive opera-
tor valued measures acting on the initial state. Recently, Shrapnel et al. [SCM18]
took this a step further combined the Born rule and the collapse postulate into
a unified theory described by process matrices. Physically, the measurement of a
quantum state has several implications. Measurements can be used to model dis-
sipative evolution like decoherence and other processes when the quantum system
is open to the environment [BP02]. It can be used for quantum cryptography and
quantum key distribution tasks [SP00]. Measurements play a role in error correc-
tion in quantum communication tasks [HZ11, Wil, NC10]. Even in section 2.3, we
saw that there was always a measurement of the control involved to get some ad-
vantage of the quantum switch. Thermodynamically, it is fascinating to understand
that work can be extracted from quantum measurements and the Maxwell’s demon
can be used to run engines [EHMHA17].

It is clear that quantum measurement and collapse are very important in study-
ing any quantum phenomenon. In this chapter, we will analyse the claimed thermo-
dynamic advantage of the quantum switch as in section 2.3. We ask several question
to probe this advantage. First, how much energy does each bath contribute towards
the activation of free energy of the target system. Second, is there another source of
energy that has been unaccounted? If there is, what is the fraction of energy coming
the baths and the other source . We will see that (SPOILER ALERT!!!) the energy
does not come from the baths, but only from the measurement of the control. We
prove this by modelling the thermalization as a SWAP operation and later rigorously
prove that any free energy activation/benefit is considered only as the work benefit

25
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Figure 3.1: Thermalization as a SWAP gate.

due to the measurement.
Let us start by discussing the first question, i.e., how much energy does each

bath contribute. To do this, we will change the temperatures of the bath and the
system and analyze the effect of this. Then we will calculate the energy exchange
between the baths and the system. But to probe the energy exchanges, let us first
model the thermalization process as an energy preserving SWAP operation.

3.1 Thermalization as SWAP Operation

We have already studied the thermalization channel in section 2.3. However, we
studied its effect on the target system only. In practise, thermalization occurs due
to some coupling between the system and some thermal bath. Due to the macro-
scopic nature of the bath, the process of thermalization is not exactly known and
is under debate [BCG+18, DC19]. There are several different approaches to it
through quantum stochastic thermodynamics, collisional models and resource the-
ories [BCG+18, GHR+16, RDCPL19].

Instead of going into the exact process of thermalization, we will simply model
a global unitary U which will act between a target qubit ⇢ 2 H

T and a thermal state
⇣
� 2 H

B modelling the bath. Taking the thermal state for modelling a macroscopic
bath works as, on an average, if we take out a qubit from such a bath to interact with,
it will be a thermal state. So the statistics that we get at the end can be thought of
as coming from the interactions of the system with copies of the thermal state taken
from the same macroscopic bath.

For modelling thermalization, this global unitary should follow certain rules so
that the interaction between the system and the bath is closed and the energy ex-
changes are correct:

• It must thermalize the qubit to the temperature of the thermal state

• It must change the bath state so that the final state of the bath shows whether
heat has flown either out or into it, depending on the state of the target qubit.

• It must be energy preserving, i.e., it must commute with the total Hamiltonian
of the target and the bath states (H = H

T +H
B) so that it does not pump in

any energy: [U,H] = 0.
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• It must not create or destroy any correlations for the two states.

Here, we take the target Hamiltonian as H
T = � |1i h1| and the Hamiltonian of

the thermal state also as HB = � |1i h1|. An operation that fits the above constraints
is the unitary SWAP gate (USWAP ) [HZ11]. As shown in Fig. 3.1, the SWAP gate
is a two input operation which SWAPs the input states ⇢1 ⌦ ⇢2 2 H1 ⌦ H2, to give
⇢2 ⌦ ⇢1 2 H1 ⌦ H2. Mathematically, this is an operation which maps the state ⇢1 to
an isomorphic state ⇢2 in H1 and vice versa for ⇢2. Hence, its action on the target
system and the bath is given by,

U
�

SWAP

�
⇢⌦ ⇣

�
� ⇣

U
�

SWAP

⌘†
=
�
⇣
� ⌦ ⇢

�
. (3.1)

For qubits, the SWAP gate is given by,

USWAP =

2

6664

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

3

7775
. (3.2)

As one can easily check, [U�

SWAP
, H] = 0 and it does not create or destroy any

correlations. Looking at the energy change of the target and the bath, we see that,

�ET =
�
Tr
⇥
H

T
⇣
�
⇤
� Tr

⇥
H

T
⇢
⇤�

= �
�
Tr
⇥
H

B
⇢
⇤
� Tr

⇥
H

B
⇣
�
⇤�

= ��EB.

This shows that the target system thermalizes and the energy either goes into
or out of the bath. Hence, the SWAP gate is a good model of thermalization for
our purposes. The SWAP gate has been used to model thermalization in the quan-
tum switch and has been experimentally implemented too [FV20, NZX+20]. Now
that we have the tools to study the energetics of the bath, let us move on to un-
derstanding the effect of changing the temperatures of the two baths and the initial
state.

3.2 Different Baths in ICO

The rest of this chapter will follow the protocol given below for the switch action and
the subsequent analysis. By the end of this, we will have an idea of the energetics
that takes place in the switch, at least for the SWAP gate model of thermalization.
The analytical analysis for this is given in the appendix A.1. Following this we will
study the work benefit of the switch.

3.2.1 Changing the Bath Temperature

The Protocol:

• The initial state of the system to be analyzed is taken to be a thermal state at
inverse temperature �S, i.e., ⇣�S .
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• There are two baths/reservoirs or equivalently two thermalizing channels that
are part of the quantum switch, one hot and one cold, at inverse temperatures
�H and �C respectively (�C > �H).

• The states of the baths are taken to be ⇣�H for the hot bath and ⇣
�C for the

cold bath.

• The control of the quantum switch is initialized in state |+i h+| unless speci-
fied.

• We will first measure the control in the |±i h±| basis (unless specified) and an-
alyze the final system inverse temperature for different values of initial system
and bath temperatures.

• Then we will calculate the local state of the baths and the system and analyze
the energetics.

• Then we will see what happens when we measure the control in different
directions. This direction will be given by,

 (✓,') = cos
✓
✓

2

◆
|0i+ e

i'sin
✓
✓

2

◆
|1i . (3.3)

We will change the ✓ and � angles.

As there are various parameters, let us plot the final system temperature against
varying bath temperature. This may give us an idea of how the relative temperatures
of the bath affects the system temperature. An analytical analysis of this is done
in the appendix A.1. In what follow, we have numerically plotted the results for
different cases of the bath temperatures and control measurement results.

Some points to note are:-

⇤ All values of kBT are of the order of the energy gap between say, two atomic
levels, i.e., kBT ⇠ ~! = �. This places us in the quantum regime.

⇤ We are only dealing with qubits.

⇤ The action of the switch on the state of the system (⇢) and control (|+i h+|),
before measurement of the control is

S ((|+i h+|)⌦ ⇢) =
1

2
|0i h0|⌦⇣�C+

1

2
|1i h1|⌦⇣�H+

1

2

�
|0i h1|⌦ ⇣

�C⇢⇣
�H + |1i h0|⌦ ⇣

�H⇢⇣
�C

�
.

(3.4)

Plots and analysis for varying bath temperatures:

• For a |�i measurement of the control: If �S = �C ,i.e., we prepare the state
at the temperature of the cooler reservoir, we will always get a final state
temperature above the hotter reservoir temperature all the time.

• For a |�i measurement of the control: If �H = �S, i.e., if the initial state of the
system is prepared at the higher temperature, we can still get a higher final
temperature for appropriately chosen cold reservoir temperature �C .
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(a) Control Measurement: |�i (b) Control Measurement: |+i

Figure 3.2: 0.5 < �C = �S < 2, �H = 0.4

• For a |+i measurement of the control: If �S = �C ,i.e., we prepare the state at
the temperature of the cooler reservoir, we can still get a lower final tempera-
ture for appropriately chosen cold reservoir temperature �C .

• For a |+i measurement of the control: If �S = �H ,i.e., we prepare the state
at the temperature of the cooler reservoir, we can still get a higher final tem-
perature(hotter than the hot reservoir) for appropriately chosen hot reservoir
temperature �H .

• For a |�i measurement of the control: If �S = �C ,i.e., we prepare the state at
the temperature of the cooler reservoir, we can get population inversion only
when the hotter reservoir has a thermal state which has negative temperature.

• For a |�i measurement of the control: If �S > �C ,i.e., we prepare the state at
the temperature colder than that of the cold reservoir, we can get population
inversion for appropriately chosen hot reservoir temperature �H .

After this analysis it is still unclear “how much” energy each of the reservoirs
contribute. So, let us now look at the state of the baths and calculate the energy
change for each state due to the switch operation.

3.2.2 Looking at the Bath States

We want to analyze the energy change after measurement of the control for the
system going into the QS and the thermal baths. For this we use the model of
the thermalizing channel as a SWAP gate

⇣
U

�

SWAP

⌘
which acts between the system

state
�
⇢ 2 H

S
�

and a thermal state
�
⇣
�
�
. Here, �H and �C will denote the inverse

temperatures of the hot and cold baths
�
⇣
�H

�
and

�
⇣
�C

�
respectively. We initialize

the control in the state � 2 H
C. The superscript corresponds to the thermal bath

that the operator will act on. For example, U�H

SWAP
acts between the system and the

hot bath.
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(a) Control Measurement: |�i (b) Control Measurement: |+i

Figure 3.3: 0.5 < �H = �S < 2 , �C = 2.1

The initial state we start with is:
�
� ⌦ ⇢⌦ ⇣

�H ⌦ ⇣
�C

�
. The Hamiltonian for the

system and the baths is taken to be H = � |1i h1|, and we assign zero Hamiltonian
to the control for these calculations. The complete details of all the calculations are
given in the appendix A.2.

The operator for the quantum switch with the U
�H
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and U
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is:
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.

which is nothing but a unitary operation. The final state after the four party switch
interaction is given by,

S(� ⌦ ⇢⌦ ⇣
�H ⌦ ⇣

�C ) = W (� ⌦ ⇢⌦ ⇣
�H ⌦ ⇣

�C )W †

=�00 |0i h0|⌦
�
⇣
�H ⌦ ⇣

�C ⌦ ⇢
�

+�10 |1i h0|⌦ U
�C

SWAP
U

�H

SWAP

�
⇢⌦ ⇣

�H ⌦ ⇣
�C

� ⇣
U

�C

SWAP

⌘† ⇣
U

�H

SWAP

⌘†

+�01 |0i h1|⌦ U
�H

SWAP
U

�C

SWAP

�
⇢⌦ ⇣

�H ⌦ ⇣
�C

� ⇣
U

�H

SWAP

⌘† ⇣
U

�C

SWAP

⌘†
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�H

�
.

As you can clearly see, if we trace over the control and system, we will get a
bath states to be ⇢ depending on the causal order. This agrees with the fact that
the measurement of the control is needed to see an interference effect. However,
let us measure the control in the |±i h±| basis and check the effect on the local bath
states. We will take the system to be in the thermal state ⇣�S . The state of the hot
bath after the |±i h±| measurement of the control is,
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Figure 3.4: Population inversion: 0.5 < �C < 2 < �S = 2.1, �H = 0.4, Control
Measurement: |�i
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where, the partition function is,
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The state of the cold bath is,
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where, the partition function is,
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Now if we start the system and the two baths at the same temperature as in
section 2.3, we see that they all collapse to the same state given by (2.13)! This
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(a) Thermalization using SWAP in the quantum switch.

(b) Decorrelating the bath states before the measurement of the control.

Figure 3.5: Schematic representation of thermalization SWAP model in the quantum
switch

looks like, depending on the measurement of the control, energy is either going out
of all three systems or flowing into all three systems. Hence, there seems to be some
inconsistency. In appendix A.2, we see that even if we decorrelate the bath states
before the measurement of the control as in Fig. 3.5 we see that the final system
state does not change. Hence, the energy must not be coming from the baths at all.
It looks like the measurement of the control is providing all the energy. So let us
first analyze the effect of the measurement of the control in different directions.

3.2.3 Measurement of the Control in Different Directions

Let us now see the effect of measuring the control in different directions as in (3.3).
In Fig. 3.6 we see that,

• ✓ = ⇡

2 =) |�i measurement of control.

• ✓ = ⇡ =) |1i measurement of control, gives action of hot reservoir channel
after cold reservoir channel, i.e., final state is at inverse temperature �H .

• Here also we see population inversion, even though the system is prepared
at temperature of cold reservoir(�C) if the control is measured along ✓ = 3⇡

4
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Figure 3.6: Different control measurement angles�
 (✓,') = cos

�
✓

2

�
|0i � sin

�
✓

2

�
|1i
�
: 0.5 < �C = �S < 2 , �H = 0.4; ' = ⇡

direction and the temperature of the hot and cold reservoirs are relatively far.

Figure 3.7: Different control measurement angles
⇣
 (✓,') = 1p

2
|0i+ e

i'

p
2
|1i
⌘

: 0.5 <

�C = �S < 2 , �H = 0.4; ✓ = ⇡

2

In Fig. 3.7 we see that,

• ' = ⇡ =) |�i measurement of control.

• ' = 0 =) |+i measurement of control.

• The phase of the control gives a continuous change from the hottest |�i mea-
surement to the coldest |+i measurement.

We see that ✓ gives a more drastic change in the final system temperature over
the phase '. It is very clear that the way an experimentalist measures the control
has a drastic effect on the final system temperature. It is hence, this measurement
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that is controlling the energetics between the system, the baths and the control
qubit.

In appendix A.2, we use this thermalization model and calculate the energy due
to the measurement of the control (�M) to be,

�M = �S =

✓
1� 2Z

2Z

◆
Tr
�
H⇣

�
�
± 1

2Z
Tr
⇣
H
�
⇣
�
�3⌘

,

for the simple case where the initial temperatures are the same. We see that it
is equal to the energy change of the system (�S). Hence, at least for this model,
the energy seems to come only from the measurement. Now, let us rigorously prove
that, using the switch channel if there is any activation in free energy for the target
system, it is due to energy coming from the measurement of the control.

3.3 Work Benefit of the Switch Channel

Measurement of a system makes the dynamics of the system open. As we have seen
in section 1.3.1, we always need a measurement device which correlates with the
system and makes the measurement of the desired property. We have also seen
that storing this measurement result also has an associated work cost. To describe
the energetics of the switch along with the measurement of the control, we will
need to take into account all the parties that take part in it. Using this, we need to
understand what it means to extract energy using a channel, i.e., the work benefit
of the channel.

In this section, we will follow the ideas of Purves et al. [PS20]. We first, briefly
review the concepts used from this article, and then find the work benefit of the
quantum switch over a classical switch, i.e., over the case where the occurrence of
A � B and B � A are conditioned by the result of a classical coin toss. This will give
us a handle on classifying the advantage or disadvantage of the quantum switch.
Then we will study the work benefit of measurement channels and prove that the
activation of free energy is only due to the work benefit of the control measurement
channel.

3.3.1 Work Benefit of Channels

Let us fix the notation and the setup for what follows next. We prepare a system
⇢
S 2 H

S with its intrinsic Hamiltonian H
S and a control ⇢C 2 H

C with Hamiltonian
H

C . We start with ⇢
T = ⇢

C ⌦ ⇢
S and call it the “target” with Hamiltonian for

it being HT = H
C ⌦ I + I ⌦ H

S. The subsystem is denoted by the superscript
letter. We have a reservoir at temperature T (��1) containing thermal states ⌧B 2 H

B

with Hamiltonian H
B. A channel C which acts on the target. A subscript such as

CSw denotes the kind of channel, here it being the switch channel. By S (⇢) we
denote the Von Neumann entropy of ⇢, by F (⇢), its free energy and the diagonal
matrix of ⇢,

P
s
hs| ⇢ |si |si hs| by � (⇢). Now, the work benefit of a channel is the

maximum amount of energy that can be extracted using it. Hence, as we will see,
it is maximized over all states that it can act on. For the purposes of definition, we
do not restrict to the case of the switch channel. Hence, the target state and the
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channel could be arbitrary. To define the work benefit of a channel, we follow the
protocol given below,

(a) Target and bath are initialized in uncorrelated state: ⇢ = ⇢
T ⌦ ⌧

B, for which
we don’t assign any work benefit/cost: Wa = 0.

(b) A channel is applied only on the target state: � = C[⇢T ]⌦⌧B. The work benefit
of this operation is Wb = Tr

�
HT⇢

T �HTC[⇢T ]
�
.

(c) Unitary interaction is applied between the target and the bath to reset the
state of the target: �

0 = U�U
† = U

�
C[⇢T ]⌦ ⌧

B
�
U

† such that TrB (�0) =
TrB

�
U
�
C[⇢T ]⌦ ⌧

B
�
U

†� = ⇢
T = ⇢

C ⌦ ⇢
S. This unitary commutes with all

Hamiltonians and hence, does not contribute to any energy. For this we see
that the work benefit is bounded by the change in free energy of the target:
Wc  �FT = F

�
�
T
�
� F

�
⇢
T
�

(refer appendix B.1.2).

(d) Work benefit is got by optimizing over all initial states:

W
Benefit

C
= max⇢T {Wa +Wb +Wc} = max⇢T�

�1
�
S
�
⇢
T
�
� S

�
C
�
⇢
T
���

.

(3.7)

All the calculations of this section for the case of the switch are detailed in ap-
pendix B. Before we go on to comparing the quantum and the classical switch, let
us consider the cost of resetting the ancillae(environment) that are used in the im-
plementation of each channel. These ancillae also need to be reset to their initial
state.

Resetting the Environment

Any channel is simulated using an ancilla
�
⇢
E
�

and a global unitary U
TE. We give

this ancilla a zero Hamiltonian. So, we have,

C
�
⇢
T
�
= TrE

⇣
U
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E
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U
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�†⌘

= TrE (⇠) .

For this unitary interaction we have,

S
�
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E
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= S

�
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T
�
+ S

�
⇢
E
�
= S (⇠) .

Using subadditivity of entropy [Wit20] we have,

S
�
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�
+ S

�
⇢
E
�
= S (⇠)  S

�
⇠
T
�
+ S

�
⇠
E
�

=) 0 �ST +�SE.

Reset is done using a thermal state, hence, the work benefit of reset of the ancilla
is bounded by the change in free energy,

W
Benefit

reset  ���1�SE. (3.8)

Hence, the bound for work benefit for the complete cycle is:

W
Benefit

C
+W

Benefit

reset  0. (3.9)
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Figure 3.8: Work Benefit of the classical vs the quantum switch. The control is ini-
tialized the |+i h+| state.The baths and system are initialized in the thermal state ⇣�.
As W

Benefit

Cl
= 0 and W

Benefit

Sw
< 0, the classical switch seems to do better than the

quantum switch in this example.

However, for the case of the switch, there are two ancillae or environments, ⇢E
and ⇢F . From B.1, we see that,

W
Benefit

Sw
+W

Benefit
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TF
�
+ I

�
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EF
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(3.10)
where, the mutual information I is a positive quantity. Hence, we see that, due

to correlations created, the switch seems to give a worse bound for work benefit, if
the environment is taken into account.

3.3.2 Classical vs the Quantum Switch

Let us imagine that the cost of reset is zero. This can be due to thermalization
with some environment, due to which, the experimentalist need not provide any
energy. So now, we will compare the work benefit of the classical switch and the
quantum switch. The calculations are detailed in appendix B.2. The work benefit of
the classical switch channel is given by,
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(3.11)

The work benefit of the quantum switch channel is given by,

W
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⇥
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⇤
+ I

⇥
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, (3.12)

where,�C is the change in the coherence function, defined by C [⇢] = (S [� [⇢]]�
S [⇢]). Now, that we can relate the two work benefit, let us take the particular ex-
ample of the baths in the switch as in section 2.3. We don’t maximize over all states
in this case, but we calculate the work benefit for this scenario while using the clas-
sical or the quantum switch. This is given in Fig. 3.8. We see that, the work benefit
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of the quantum switch is negative while that of the classical switch is zero. This
indicates that the classical switch may be better for work extraction. This may be
due to creation and consumption of “quantum” correlations in the quantum switch
operation which is not done by the classical switch.

3.3.3 Work Benefit of Measurement Channel

For the measurement channel, the same protocol as before is followed, but here,
conditional unitaries with probability pi are applied to reset the target using the
bath in step (c) depending on the output state after step (b). Here, the work benefit
of step (b) and step (c) change as:
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. (3.13)

Work benefit for the measurement channel is:
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(3.14)

Free energy activation in the switch

Finally, let us apply this to the protocol of the refrigeration cycle in section 2.3.
Here, we check the work benefit for the switch measurement channel. The initial
state is,

⇢
T = |+i h+|⌦ ⇣

�
.

The probabilities are,
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The action of the measurement channel is given by,

C±
�
|+i h+|⌦ ⇣

�
�
= |±i h±|⌦

⇣
� ±

�
⇣
�
�3

2
= |±i h±|⌦ Z±⇣

�
±
.

Now, we have,
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and so,
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This is true for thermalizations at different temperatures also. This shows that
the activation in free energy that we get from the switch channel is due to the work
cost of measurement of the control only. We see that when the control measurement
results are conditionally used (like in the refrigeration cycle) the activation in free
energy is due to the interaction with the thermal qubit used in the measurement
channel. The baths in the switch do not contribute to this, and hence, do not extract
or release heat from or to the system. Physically this energy can be thought of
to come from some energy source (light pulses, etc.) that are used to make the
measurement.

3.4 Conclusions and Inferences

In this chapter, we analysed the energetic of all the quantum systems that take part
in a thermodynamic protocol in an ICO. We saw that it is the measurement of the
control that is providing the energy which activates the free energy of the thermal
state that is used in the switch. We proved this, by modelling the thermalization
process in the switch as SWAP gates which showed that the baths did not provide
any energy. Also, we calculated the work benefit of measurement channel for the
switch and saw that, it was this that provided the energy. Hence, the results such
as in [FV20, NZX+20] or section 2.3 should questioned and further investigated.
Moreover, we saw that the creation of quantum correlations in the switch, makes
the work extraction worse as the work benefit of the classical switch is greater than
the quantum switch, at least for our example.

In what follows, we will depart from our example of the thermal operations in
ICO, and study the thermodynamics of the switch in a different manner. We will use
ideas of stochastic thermodynamics and find fluctuation theorems for the switch.
This will help us analyze what are the truly quantum thermodynamic phenomenon
that take place in the quantum switch.



Chapter 4

Fluctuations in the Quantum Switch

The law that entropy always increases holds, I
think, the supreme position among the laws of
Nature. If someone points out to you that your
pet theory of the universe is in disagreement
with Maxwell’s equations - then so much the
worse for Maxwell’s equations. If it is found to
be contradicted by observation - well, these
experimentalists do bungle things sometimes.
But if your theory is found to be against the
Second Law of Thermodynamics I can give you
no hope; there is nothing for it to collapse in
deepest humiliation.

— Sir Arthur Stanley Eddington
New Pathways in Science

The second law of thermodynamics has proved universal and continues to do
so. Even in the quantum domain where certain entropies can become negative, and
fluctuations of observables can exceed their average values, it survives. Stochastic
thermodynamics lays the foundations to make this possible. By changing tradition-
ally averaged over thermodynamics quantities such as heat and work to stochas-
tic variables, it is able to probe non-equilibrium processes at a microscopic scale
through certain fluctuation theorems. These fluctuation theorems give rise to gen-
eralized second laws of thermodynamics beyond averages, and to new ways of mea-
suring changes in free energy; the most famous of them being the Jarzynski equality
[Jar97] given by, ⌦

e
��(W��F )

↵
= 1, (4.1)

where, W is the stochastic work done during a non-equilibrium process and �F is
the change in equilibrium free energy. The second law follows directly from Jensen’s
inequality. In the classical regime, the averaging is over phase space trajectories.
Readers are directed to [DC19] for a short review on stochastic thermodynamics.

In the quantum regime, there is no unique notion of trajectories. Hence, there
are several different approaches to studying non-equilibrium phenomenon in this
regime [BCG+18]. In this chapter, we will study two point trajectories constructed
by energy measurements and construct corresponding work distributions. Using

39
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Figure 4.1: The Two-Point Measurement protocol.

this we will come to a fluctuation theorem. As we will see, this fluctuation theorem
will let us probe into quantum phenomenon and give us information about the
incompatibility of observables. Finally with this probe, we will peek at the truly
quantum phenomenon in the quantum switch operation. But first let us study how
to approach work in this theory as a stochastic quantity or a random variable.

4.1 Work as a Stochastic Variable

Let us consider a simple scenario where we have a quantum system ⇢ 2 H
S with an

initial Hamiltonian H (0) which evolves under the action of a unitary U . Moreover,
let us also consider that the Hamiltonian evolution is either time independent or
cyclic, i.e., if U operates for time ⌧ , then H (0) = H (⌧), in the Schrodinger picture.
The final state of the system is of course, U⇢U †. Our problem is to find how much
work is done due to this unitary driving of the system.

One of the first and simplest approach to answer this was the two-point mea-
surement(TPM) protocol. To study this we will now move into the Heisenberg
picture, where the operators evolve rather than the state. Let us assume the ini-
tial Hamiltonian is given by H =

P
i
Ei |Eii hEi| and the final Hamiltonian is given

by U
†
HU = H

0 =
P

j
Ej

��E 0
j

↵ ⌦
E

0
j

��. As shown in Fig. 4.1 this protocol makes two
projective energy measurements, first of Ei with |Eii hEi|, then after the unitary of
Ej with

��E 0
j

↵ ⌦
E

0
j

��. The work value is hence, defined as,

wji = Ej � Ei. (4.2)

As measurements are intrinsically probabilistic in the quantum mechanics, the work
value becomes a random variable. Using this work value we can construct the TPM
probability distribution p

TPM

ji
and further the work distribution p

TPM (w),

p
TPM

ji
= hEi| ⇢ |Eii |hEj|U |Eii|2 ,

p
TPM (w) =

X

i,j

p
TPM

ji
� (w � wji) . (4.3)

This approach of defining work has several advantages. It is similar to the clas-
sical definition of work and can reproduce the classical Jarzynski equality (4.1) for
initial thermal states, which seems to validate the protocol. However, this approach
has several crucial disadvantages too. First notice that, the average work calculated
using any definition of work value should be equal to hW i = Tr [(H 0 �H) ⇢], which
is just the average energy change. This is because the evolution is closed and no
other party except ⇢ is involved. However, if the average work is calculated using
(4.3), this does not equal hW i in general. Moreover, the first measurement destroys
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Figure 4.2: The Modified TPM protocol with weak measurement and post-selection.

all the quantum coherence in the energy basis of the initial state. As we can see,
the issue with the TPM protocol is measurement. As we have seen in the previous
chapters, measurements make the dynamics of the system open and leads to loss
of information due to some coupling with an ancillary (environment, measurement
apparatus, etc); it can even provide energy to the system being measured. Hence,
even though it is useful for the initial Gibb’s state, the TPM protocol is not useful
to define work values when there is quantum coherence1 in the initial state. It is
evident that another approach is needed to define work values, one that involves
non-invasive work measurements. This can be done using weak measurements as
we will see in the next section. We will derive a quasiprobability distribution for the
work values. For a concise review of weak measurements, readers are referred to
[TC13].

4.2 The Margenau-Hill Distribution

In this section, we will follow the publication by Lostaglio [Los18]. This modifies
the TPM protocol to account for the invasive nature of the projective measurement
using a weak-measurement scheme. The details of all calculations of this section
are given in appendix C.1. The protocol is as follows:

• A measuring apparatus is initialized in the state | i =
R
dxG (x) |xi, where

G (x) is a Gaussian state with some width(standard deviation) �.

• The energy of the system ⇢ is weakly measured by coupling it to the apparatus
using the unitary Uint = e

�i⇧i⌦P , where P is the momentum operator which
translates the pointer states of the apparatus when measuring the energy.

• The unitary evolution U is performed on ⇢ and a final projective measurement
is done to post-select the energy Ej.

• The expectation value of the position of the apparatus hXi
Ej

is now measured,
where, the subscript depicts post-selection.

1From here onwards, when we talk about coherence, it will always mean superposition in the
energy basis, unless specified.
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Fig. 4.2 summarizes the protocol. In the strong measurement regime, where the
width of G (x) goes to zero (� ! 0), we have,

hXi
Ej

!
Tr (⇢ |Eii hEi|)Tr

�
U

† |Eji hEj|U |Eii hEi|
�

Tr (⇢U † |Eji hEj|U)
=

Tr (⇢⇧i)Tr
�
U

†⇧jU⇧i

�

Tr (⇢U †⇧jU)
=

p
TPM

ji

pf (Ej)
,

(4.4)
where, pf (Ej) is the probability of the final energy measurement being Ej. Notice
that pTPM

ji
= hXi

Ej
pf (Ej) and hence, hXi

Ej
can be interpreted as the conditional

probability of first energy measurement being Ei given that the final energy mea-
surement is Ej. Now in the weak-measurement regime where, the width of the
Gaussian G (x) goes to infinity (� ! 1), we have,

hXi
Ej

!
ReTr

⇥
⇢⇧iU

†⇧jU
⇤

Tr [⇢U †⇧jU ]
=

p
MH

ji

pf (Ej)
, (4.5)

where, pMH

ji
is the Margenau-Hill(MH) Distribution. Again, interpreting hXi

Ej
as

the conditional probability, pMH

ji
is interpreted as the joint probability of the initial

measurement being Ei and the final measurement being Ej in the weak-measurement
regime. Here, again the work values are identified as 4.2. But now, the distribution
for work is given by,

p
MH (w) =

X

i,j

p
MH

ji
� (w � wji) . (4.6)

There are a few points to note here. First, pMH is not a probability distribution. This
distribution shows the following properties:

• Normalization condition:
P

i,j
p
MH

ji
= 1,

• Marginal distributions:
P

i
p
MH

ji
= Tr

⇥
⇢U

†⇧jU
⇤
= pf (Ej), and

P
j
p
MH

ji
=

Tr [⇢⇧i] = p0 (Ei),

• It can be negative for certain states.

The MH distribution shows properties of a probability distribution, but it can be
negative for certain states. Hence, it is a quasi-probability distribution. Due to this,
the work distribution p

MH (w) can also be negative in certain regions. Nevertheless,
this work distribution gives the correct average energy and also, it reproduces the
TPM work distribution for non-coherent initial states, i.e.,

p
MH (w) = p

TPM (w) 8⇢ such that [⇢, H] = 0.

Hence, this quasiprobability distribution can also reproduce results such as the
Jarzynski equality. The quasiprobability distributions are widely studied not only
because they reproduce standard results, but they offer something new. It has been
shown that the negativity of the distribution in fact indicates a purely non-classical
phenomenon taking place, a phenomenon which cannot be replicated using clas-
sical systems and operations [Spe08]. 2 We can rewrite the MH distribution into
a part that corresponds to a probability distribution and a ‘quantum’ part due to

2Non-negativity indicates non-contextuality, i.e., non-negative distributions can be simulated us-
ing statistics produced by classical systems and operations, as detailed in Spekkens’ paper.
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which the negativity may arise. As shown in the publication by Johansen [Joh07],
p
MH

ji
can be rewritten as,

ReTr [⇢Ei⇧j] = Tr
⇥
⇢⇧iU

†⇧jU⇧i

⇤
+

1

2
Tr
⇥
(⇢� ⇢

0
i
)U †⇧jU

⇤
, (4.7)

where,
⇢
0
i
= ⇧i⇢⇧i + (I� ⇧i) ⇢ (I� ⇧i) . (4.8)

As you can see, Tr
⇥
⇢⇧iU

†⇧jU⇧i

⇤
is a probability distribution of measuring energy

Ei then Ej after the unitary evolution U . This is like the ‘classical’ part of the
distribution as it is always positive. 1

2Tr
⇥
(⇢� ⇢

0
i
)U †⇧jU

⇤
leads to the negativity in

the distribution. ⇢0
i

can be viewed as a post-measurement state for a two-outcome
measurement, where when Ei is measured with ⇧i, the outcome is 1 and when any
other energy is measured with any other projector orthogonal to ⇧i, i.e. (I� ⇧i),
the outcome is 0. The non-classical aspect of the distribution is also noted in the
kind of fluctuation theorem that arises from it. By using this distribution to average
over the exponentiated work values, we get a number that is not 1 as in (4.1),
but a higher or a lower number ⌥. This gives the fluctuations due to presence of
coherence in the system and/or evolution. We will use equation (4.7) to separate
the non-classical part of the fluctuations from ⌥.

But first, without further ado, let us derive the fluctuation theorem containing
this interesting ⌥ term.

4.3 Fluctuation Theorem

The derivation of the fluctuation theorem for the MH distribution was first done by
Allahverdyan [All14] as shown below,

⌦
e
��wji

↵
=
X

i,j

p
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ij
e
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X
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��EjU
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⇤
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Tr
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�1
e
��EjU

†⇧jU
⇤

= ReTr

"
⇢

✓
e
�H

Z

◆�1

U
† e

��H

Z
U

#
= ReTr

⇥
⇢⇢

�1
eq
U

†
⇢eqU

⇤
= ⌥,

(4.9)

where, ⇢eq is the Gibb’s state for the initial Hamiltonian H. Allahverdyan analyzes
this fluctuation quantity ⌥ in [All14]. One direct observation is that, the term is
equal to 1 when the initial state is ⇢eq, which gives (4.1) as expected.

In this chapter, we take a different approach to analyze the fluctuation theorem.
As we saw earlier, equation (4.7) can be used to separate the ‘classical’ and the
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‘quantum’ parts. We apply this to ⌥ and get,

⌥ =
X

i,j

e
��(Ej�Ei)Tr

⇥
⇢⇧iU

†⇧jU
⇤
= ⌥d +⌥c

=
X

i,j

e
��(Ej�Ei)Tr

⇥
⇧i⇢⇧iU

†⇧jU
⇤
+
X

i,j

e
��(Ej�Ei)

1

2
Tr
⇥
(⇢� ⇢

0
i
)U †⇧jU

⇤
. (4.10)

Now we see something interesting. As detailed in appendix C.2, if we split the
density matrix (⇢) into the diagonal (⇢d) and the off-diagonal part (⇢c), ⌥d is non-
zero only for ⇢d and ⌥c is non-zero only for ⇢c. Hence, we write,

⌥d =
X

i,j

e
��(Ej�Ei)Tr

⇥
⇧i⇢d⇧iU

†⇧jU
⇤
, (4.11)

and,

⌥c =
1

2

X

i,j

e
��(Ej�Ei)Tr

⇥
(⇢c � ⇢

0
i
)U †⇧jU

⇤
. (4.12)

We see that ⌥d = 1 when, [U,H] = 0 and/or the initial state is ⇢eq. For both these
cases, ⌥c = 0 which implies ⌥ = 1. Hence, to see deviations from (4.1), the unitary
must generate coherence in the initial Hamiltonian basis and the initial state should
not be in equilibrium. Now to analyze these terms, let us restrict our attention on
qubits. We will now express the classical and quantum parts in terms of parameters
on the Bloch sphere and look at a simple example.

4.3.1 Analysis of Coherence on the Bloch Sphere

All calculations in this section are detailed in appendix C.3.For the case of a qubit,
as usual we take the Hamiltonian as H = � |1i h1|. For the qubit case, we have just
two projectors ⇧i 2 {|0i h0| , |1i h1|}. We define the transition probability between
the two states as,

⇠ = |hi |U | ji|2 = |hj |U | ii|2 , (4.13)

for i 6= j. The classical term ⌥d can be written as,

⌥d = 1+(�� 1) ⇠ = 1+

 
2r� (r� � rz)�

1� r
2
�

�
!
⇠ = 1+

 
2r2

�

1� r
2
�

!
⇠�

 
2rzr�
1� r

2
�

!
⇠, (4.14)

where rz is the magnitude �Z component of the radius of the initial state on the
Bloch sphere, r� is the magnitude of the radius of the Gibb’s state ⇢eq and,

�� 1 =
2r� (r� � rz)�

1� r
2
�

� .

For these, we have the bounds,
p

1� r2
z
� 1  (�� 1) < 1,

0  ⇠  1,
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e
���E  ⌥d < 1 =) ���E  ln⌥d < 1.

As you can see, this term can become arbitrarily large, but can never become neg-
ative. But as we will see ⌥ can become negative. Any negativity in it comes from
⌥c and hence, due to quantum coherence. To express this in terms of Bloch sphere
parameters, we will need to express the unitary U as,

U =


e
i�cos� �e

�i�sin�
e
i�sin� e

�i�cos�

�
,

where, �, � and � are parameters that depend on the specific U [NC10]. We can
express ⇢c as,

⇢c =
1

2
(rx�X + ry�Y ) =

1

2
rsin (✓) (�Xcos'+ �Y sin') ,

where, r is the magnitude of the Bloch radius of ⇢, ✓ is the angle made by this Bloch
radius with the axis of �Z and ' is its azimuthal angle. We write ↵ = � + � which is
again a parameter of U . Using these we get,

⌥c =

 
�rr�

1� r
2
�

!
sin (✓) cos (↵� ') sin (2�) . (4.15)

We have already seen that ⌥c is non-zero only if the initial state has coherence.
Moreover, for classical dynamics which is given by either identity or a bit flip, ⌥c = 0
as in this case, � = ⇡

2 and (↵� ') = 0 as � = ⇡

2 and we choose � =
�
'� ⇡

2

�
.

Therefore, the dynamics also should generate coherence for ⌥c to be non-zero. Let
us now look at a simple example to get an intuition about the quantities.

Example

We will take the example of the qubit being in the |+i =
⇣

|0i+|1ip
2

⌘
state and the

Gibb’s state radius as r� = 1
3 . We will look at ⌥ for different values of ↵ and ⇠ (or �).

For this we have,

⌥c =
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2
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!
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⇣p
⇠ (1� ⇠)

⌘
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where,

• r = 1 and r� = 1
3

• ✓ = ⇡

2 and ' = 0

• ⌥c =
⇣

�rr�

1�r
2
�

⌘
sin (✓)

⇣p
⇠ (1� ⇠)

⌘
cos (↵� ') = �3

8sin (2�) cos (↵)

= �3
4

⇣p
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cos (↵)



46 Fluctuations in the Quantum Switch

• ⌥d = 1+
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2
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• ⌥ = 1� 3
4

⇣
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p
⇠ (1� ⇠)

⌘
cos (↵)

For this case, ⌥ � 0 always but ⌥c can be negative. ⌥c shows more sensitive
quantity than ⌥ for the measuring the contribution of quantum coherence to the
work fluctuations during a unitary evolution.

4.4 Summary

Let us summarize the results till now. We started with using the Margenau-Hill
distribution to get,
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We expressed them for qubits on a Bloch sphere as:

⌥d = 1+(�� 1) ⇠ = 1+
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where, the Bloch vector is ~r = (rsin✓cos', rsin✓sin', rcos✓). For ⌥ = ⌥d + ⌥c we
noticed (Subscript cl corresponds to the classical case):-

• ⇢cl, Ucl =) ⌥ � 0, ⌥c = 0,

• ⇢cl, U =) ⌥ � 0, ⌥c = 0,

• ⇢, Ucl =) ⌥ � 0, ⌥c = 0,

• ⇢, U =) ⌥ � 0 or ⌥  0, ⌥c 6= 0 : For the |+i h+| state we saw that, ⌥ � 0
for all ↵ and ⇠, even if ⌥c  0.
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⌥c seems to give a more sensitive signature of the incompatibility between the initial
projectors{⇧i}i and the final projectors

�
U

†⇧jU
 
j
.
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Chapter 5

Conclusion
This proposal, like all proposals for quantum
computation, relies on speculative technology,
does not in its current form take into account all
possible sources of noise, unreliability and
manufacturing error, and probably will not
work.

— Rolf Landauer

Rolf Landauer suggested that every publication on quantum computers should
have the above quote as a footnote [Llo99]. Even though Landauer was one of the
pioneers of the field, he was one of the biggest critics. However now, Landauer’s
spirit may be happy as this footnote no longer seems to be required. Experiments
have been able to replicate quantum phenomenon and many companies like IBM
have made quantum computers which can manipulate nearly 70 qubits. The cen-
tral setup of this thesis, the quantum switch, has been implemented, the unusual
phenomenon have been experimentally observed [NZX+20, GGK+18]. Creation of
superposition of higher number of causal orders has also been studied and proposed
[PDE+20]. However, as we have seen throughout the thesis, study of every party
in the setup is important and may have been ignored in some publications. The
publications such as [NZX+20, FV20], did not look at the bath states, even though
they too used the SWAP gate in the quantum switch for simulating thermalization.
Let us now summarize all the results and look at the future work.

5.1 Summary and Inferences

Below we list out and summarize very briefly the most important inferences from
the thesis:-

• The quantum switch creates a phenomenon of indefinite causal order of chan-
nels. This effect is observed only in the coherent part the control in the basis
coupling with the causal orders.

• The quantum switch can lead to interesting effects like communication through
noisy channels, and activation of free energy for thermal states using thermal
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baths at the same temperature. It can even lead to extreme cases like popula-
tion inversion.

• The analysis of the SWAP gate setup for thermalization, showed that the en-
ergy of the baths and the system increases or decreases together due to the
measurement.

• The activation of free energy is due to the measurement of the control alone.
This was confirmed by studying the measurement channel and the thermal bit
used in it to make the measurement.

• The Margenau-Hill distribution can be used to study the fluctuations in process
which involve coherence in the energy basis. It leads to a fluctuation theorem
which gives access to studying the coherent behaviour.

• The negative part of the Margenau-Hill distribution gives rise to fluctuations
which are only present when the initial state has coherence and the evolution
also generates coherence. This will be useful to study the coherence contribu-
tion in the quantum switch.

As can be inferred from above there is a lot of scope of research remaining to
understand the thermodynamics of indefinite causal orders. Let us end this thesis
by summarizing what we think is the future work left to be done.

5.2 Future Work

Below we list out and summarize the future work that continues the work of this
thesis:-

• The coherence term of the fluctuations ⌥c needs to be studied for the case
of the quantum switch. Here, first the MH distribution either needs to be
generalized for channels, or, for a global unitary which acts on a four-party
system (the system under study, the control, the two environments of the
channels).

• Using this fluctuation term, it may be possible to prove more strongly that the
thermal baths do not provide any energy to the system in the thermalization
setup in the switch, for the activation of free energy.

• The fluctuation term ⌥ needs to be studied in context of weak measurements
and weak values. This may give us a more concrete interpretation of the term.

• A geometric interpretation could be found for the fluctuation term ⌥ and be
related with quantities such as the geometric phase and/or the Bargmann
invariants.

• Finally, an experimental setup needs to be proposed to probe the fluctuations
and verify the results. The experiment could require separation of the control
and system degrees of freedom into two separate physical systems (presently
they are the internal degrees of freedom of a single photon as seen in section
2.2.1). This may be done by using a quantum dot and a photon as the system
and control respectively.
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We end the thesis here. Feel free to contact me with queries/suggestions :)
Fin...?
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Appendix A

Thermalization in the Quantum
Switch

Here, we will detail the calculations for the switch with two thermal baths at differ-
ent temperatures. This includes the analytical calculations for the final temperature
of the system and calculations of the final states after the action of the switch and
measurement of the control.

A.1 Analysis of the System after Switch Operation

Let ⇢ 2 H
S ⌘ a qubit system and � 2 H

C ⌘ control for the quantum switch(QS).
The Hamiltonian of the system is H = � |1i h1|. Let {Ui} be a set of orthogonal
unitary operators in d ⇤ d = 2 ⇤ 2 dimensional operator space. We take two different
thermalizing channels (Ex, x 2 {1, 2}, �1 > �2) which give a thermal state for any
input state. We have the following definitions for the qubit case:
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State after action of switch is:

S(� ⌦ ⇢) =
X

i,j

�
|0i h0|⌦K

1
i
K

2
j
+ |1i h1|⌦K

2
j
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1
i

�
(� ⌦ ⇢)
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2†
j
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1†
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+ |1i h1|⌦K
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i
K
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j

⌘

=
X

i,j

 
↵ |0i h0|⌦K

1
i
K

2
j
⇢K

2†
j
K

1†
i

+ (1� ↵) |1i h1|⌦K
2
j
K

1
i
⇢K
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i
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2†
j

+
p
↵(1� ↵)

⇣
|0i h1|⌦K

1
i
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2
j
⇢K

1†
i
K

2†
j

+ |1i h0|⌦K
2
j
K

1
i
⇢K

2†
j
K

1†
i

⌘!

=
⇣
↵ |0i h0|⌦ ⇣

�1 + (1� ↵) |1i h1|⌦ ⇣
�2

+
p
↵(1� ↵)

 
|0i h1|⌦ 1

d

X

i

A1Tr
⇣
U

†
i
A

†
1⇢

⌘
Ui⇣

�2 + |1i h0|⌦ 1

d

X

j

A2Tr
⇣
U

†
j
A

†
2⇢

⌘
Uj⇣

�1

!!
.

A (d ⇤ d) matrix can be expanded in a unitary basis as,

⇢ =
1

d

d
2X

i

Tr
⇣
U

†
i
⇢

⌘
Ui.

Using this we can write,

S (� ⌦ ⇢) = ↵ |0i h0|⌦⇣�1+(1�↵) |1i h1|⌦⇣�2+
p
↵(1� ↵)

�
|0i h1|⌦ ⇣

�1⇢⇣
�2 + |1i h0|⌦ ⇣

�2⇢⇣
�1
�
.

(A.1)
If the temperatures were equal as in section 2.3 we get,

S
�
|+i h+| , ⇣�

�
=

1

2
(|0i h0|+ |1i h1|)⌦ ⇣

� +
1

2
(|0i h1|+ |1i h0|)⌦

�
⇣
�
�3

. (A.2)

Now, we measure the control qubit in the {|±i} basis. We get,

h±|S(� ⌦ ⇢) |±i = ⇢
0

± =
↵

2
⇣
�1 +

(1� ↵)

2
⇣
�2 ±

p
↵(1� ↵)

2

�
⇣
�1⇢⇣

�2 + ⇣
�2⇢⇣

�1
�
.

The normalized state at the end is,

⇢
±
f
=

 
↵

2
⇣
�1 +

(1� ↵)

2
⇣
�2 ±

p
↵(1� ↵)

2

�
⇣
�1⇢⇣

�2 + ⇣
�2⇢⇣

�1
�
!
/Tr(⇢

0

±).

Let us take the input state as ⇣�1 which is at a lower temperature.

⇢
0

± =
↵

2
⇣
�1 +

(1� ↵)

2
⇣
�2 ±

p
↵(1� ↵)

�
⇣
�1
�2
⇣
�2 .
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⇢
±
f
=

✓
↵

2
⇣
�1 +

(1� ↵)

2
⇣
�2 ±

p
↵(1� ↵)

�
⇣
�1
�2
⇣
�2

◆
/Tr(⇢

0

±)

=

2

4
↵Z1Z2

2Z2
1Z2

+ (1�↵)Z2
1

2Z2
1Z2

± 2
p

↵(1�↵)

2Z2
1Z2

0

0 ↵e
��1�

2Z1
+ (1�↵)e��2�

2Z2
±

p
↵(1�↵)e�(2�1+�2)�

Z
2
1Z2

3

5 /Tr(⇢
0

±).

To focus on the effect of the temperature of the thermal baths, without loss of
generality, we take ↵ = 1

2 ,

⇢
±
f
=

Z1Z2 + Z
2
1 ± 2

(4Z2
1Z2)Tr(⇢0

±)

"
1 0

0 e
��1�Z1Z2+e

��2�Z
2
1±2e�(2�1+�2)�

Z1Z2+Z
2
1±2

.

#
.

To get the temperature of this state (�):

e
��1�Z1Z2 + e

��2�Z
2
1 ± 2e�(2�1+�2)�

Z1Z2 + Z
2
1 ± 2

= e
���

.

When |�i h�| state of the control is measured we have,

e
��� =

1 + e
(�1��2)� + e

��1� + 3e��2�

3e��1� + e��2� + e�(�1+�2)� + e�2�1�
e
��1�,

and when |+i h+| state of the control is measured we have,

e
��� =

1 + e
(�1��2)� + e

��1� + 3e��2� + 4e�(�1+�2)�

4 + 3e��1� + e��2� + e�(�1+�2)� + e�2�1�
e
��1�.

Let rx = e
��x�, for x 2 {1, 2} then we have,

�1 > �2 =) ��1 < ��2 =) e
��1 < e

��2 =) r1 < r2 =) T1 < T2.

Let’s figure out when the coefficient of e��1�, in the |�i h�| measurement of control,
is greater than one,

1 + e
(�1��2)� + e

��1� + 3e��2�

3e��1� + e��2� + e�(�1+�2)� + e�2�1�
> 1,

=) 0 > 2
�
e
��1� � e

��2�
�
+
�
e
�(�1+�2)� � e

(�1��2)�
�
+ e

�2�1� � 1,

=) 0 > 2 (r1 � r2) +

✓
r1r2 �

r2

r1

◆
+ r

2
1 � 1,

=) 0 > r
3
1 + r

2
1 (2 + r2)� r1 (1 + 2r2)� r2.

But also we need,
r1 < r2.

From the graph (I took r2 = 0.1) we can also see that, if r2 < r1, i.e., if the initial
state of the system is prepared at the higher temperature, we can still get a higher
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final temperature.

e
��1� + e

��2� + e
�2�1� + 3e�(�1+�2)�

3e��1� + e��2� + e�(�1+�2)� + e�2�1�
=

r1 + r2 + r
2
1 + 3r1r2

3r1 + r2 + r1r2 + r
2
1

=
r1r

�1
2 + 1 + r

2
1r

�1
2 + 3r1

3r1 + r2 + r1r2 + r
2
1

r2.

Let’s figure out when the coefficient of e��2� in the |�i h�| measurement is greater
than one,

r1r
�1
2 + 1 + r

2
1r

�1
2 + 3r1

3r1 + r2 + r1r2 + r
2
1

> 1

=) 0 > (r2 � 1) (r2 + r1) .

This immediately gives the relations,

�r1 > r2 and r2 > 1,

which are never satisfied, or

1 > r2 and � r1 < r2,

which are always satisfied. This means that to get a temperature higher than the
hotter reservoir, e��2� < 1 which is always satisfied, and hence, we will get a tem-
perature above the hotter reservoir all the time if we prepare the state at the tem-
perature of the cooler reservoir.

Now let’s figure out when the coefficient of e��1� in the |+i h+| measurement is
lesser than one,

1 + e
(�1��2)� + e

��1� + 3e��2� + 4e�(�1+�2)�

4 + 3e��1� + e��2� + e�(�1+�2)� + e�2�1�
< 1

=) 1 + r2r
�1
1 + r1 + 3r2 + 4r1r2

4 + 3r1 + r2 + r1r2 + r
2
1

< 1

=) 0 < r
3
1 + r

2
1 (2� 3r2) + r1 (3� 2r2)� r2.

But also we need,
r1 < r2.

From the graph (I took r2 = 0.1) we can also see that for a range of values for r1 we
do get a lower final temperature.

e
��1� + e

��2� + e
�2�1� + 3e�(�1+�2)� + 4e�(2�1+�2)�

4 + 3e��1� + e��2� + e�(�1+�2)� + e�2�1�
=

r1 + r2 + r
2
1 + 3r1r2 + 4r21r2

4 + 3r1 + r2 + r1r2 + r
2
1

=
r1r

�1
2 + 1 + r

2
1r

�1
2 + 3r1 + 4r21

4 + 3r1 + r2 + r1r2 + r
2
1

r2.

Now let’s figure out when the coefficient of e
��2� in the |+i h+| measurement is
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lesser than one,

r1r
�1
2 + 1 + r

2
1r

�1
2 + 3r1 + 4r21

4 + 3r1 + r2 + r1r2 + r
2
1

> 1

=) 0 > r
2
2 + 3r2 (1� r1)� r1.

But also we need,
r1 < r2.

The graph shows that we can also see that for suitably chosen r1 and r2 we do get
a higher final temperature if the system is prepared at the colder temperature. For
population inversion the term in the |�i outcome should be greater than 1,

e
��1� + e

��2� + e
�2�1� + 3e�(�1+�2)�

3e��1� + e��2� + e�(�1+�2)� + e�2�1�
> 1

=) r1 (r2 � 1) > 0.

which give the relations,
r1 > 0 and r2 > 1.

or,
r1 < 0 and r2 < 1.

These show that if |�i is measured and initial state is at the temperature of the cold
reservoir then, we can get population inversion only when the hotter reservoir has
a thermal state which has negative temperature.

A.2 Energy Analysis for Thermalization in ICO

There are 2 thermalizing channels that are a part of the quantum switch(QS). One
is a hot bath and the other is a cold bath. We want to analyze the energy change
after measurement of the control for the system going into the QS and the thermal
baths. For this we model the thermalizing channel as a swap gate

⇣
U

�

SWAP

⌘
which

acts between the system state
�
⇢ 2 H

S
�

and a thermal state
�
⇣
�
�
. Here, �H and �C

will denote the inverse temperatures of the hot and cold baths
�
⇣
�H

�
and

�
⇣
�C

�
re-

spectively. We initialize the control in the state � 2 H
C. The superscript corresponds

to the thermal bath that the operator will act on. For example, U�H

SWAP
acts between

the system and the hot bath.

The initial state we start with is:
�
� ⌦ ⇢⌦ ⇣

�H ⌦ ⇣
�C

�
. The Hamiltonian for the

system and the baths is taken to be H = � |1i h1|, and we assign zero Hamiltonian
to the control for these calculations.

The operator for the quantum switch with the U
�H

SWAP
and U

�C

SWAP
is:

W = |0i h0|⌦ U
�H

SWAP
U

�C

SWAP
+ |1i h1|⌦ U

�C

SWAP
U

�H

SWAP
.
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A.2.1 Change in temperature/heat for the baths with SWAP op-
erations for Thermalization

We will first calculate the state at the end of the quantum switch after the measure-
ment of the control and then get the states of the baths individually (Partial trace).
Using this we will be able to calculate the heat change for the system and the baths.

Final state at the end of the switch

S(� ⌦ ⇢⌦ ⇣
�H ⌦ ⇣

�C ) = W (� ⌦ ⇢⌦ ⇣
�H ⌦ ⇣
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=
⇣
|0i h0|⌦ U

�H

SWAP
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� ⌦ ⇢⌦ ⇣
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�

.
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⇣
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⌘†
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�
⇣
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�
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⌘† ⇣
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� ⇣
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U

�C
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⌘†

+ h1| � |1i |1i h1|⌦
�
⇣
�C ⌦ ⇢⌦ ⇣

�H

�
.

To calculate the off-diagonal terms (off-diagonal from the point of view of the con-
trol) we need the unitaries of the SWAP gate. The SWAP gate is:

U
�C

SWAP
=
X

m,n

|ni hm|⌦ I
�H ⌦ |mi hn| .

U
�H

SWAP
=
X

m,n

|ni hm|⌦ |mi hn|⌦ I
�C .

Now to evaluate the off-diagonal terms:

⇣
U
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U

�H

SWAP

⌘ �
⇢⌦ ⇣

�H ⌦ ⇣
�C

� ⇣
U

�H

SWAP
U

�C
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X

q,m,n

|qi hm|⌦ |mi hn|⌦ |ni hq|
!

.
�
⇢⌦ ⇣

�H ⌦ ⇣
�C

�

.

 
X

r,s,p

|pi hs|⌦ |si hr|⌦ |ri hp|
!

=
X

q,m,n,r,s,p

hm| ⇢ |pi |qi hs|⌦ hn| ⇣�H |si |mi hr|⌦ hq| ⇣�C |ri |ni hp| .
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The off-diagonal terms are just Hermitian conjugates of each other, so,

⇣
U

�H

SWAP
U

�C

SWAP

⌘ �
⇢⌦ ⇣

�H ⌦ ⇣
�C

� ⇣
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X
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(hp| ⇢ |mi |si hq|)⌦
�
hs| ⇣�H |ni |ri hm|

�

⌦
�
hr| ⇣�C |qi |pi hn|

�
.

Now that we have the final state after the action of the switch, let’s get the state of
the thermal baths after measurement of the control.

Hot bath state

Partial trace over system and cold bath for off-diagonal terms:

TrS,C
✓⇣

U
�C

SWAP
U

�H

SWAP

⌘ �
⇢⌦ ⇣

�H ⌦ ⇣
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and,
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�C⇣
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Now the final state of the control and the hot bath is:

TrS,C
�
S(� ⌦ ⇢⌦ ⇣

�H ⌦ ⇣
�C )

�
= h0| � |0i |0i h0|⌦
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⇣
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�
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�H⇣
�C

�
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�
⇣
�C⇣

�H⇢
�
.

Let’s take the control in the |+i h+| state and measure along |±i h±| states.

h±|TrS,C
�
S(|+i h+|⌦ ⇢⌦ ⇣

�H ⌦ ⇣
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�
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�
.

Let’s take the initial state of the system to also be a thermal state
�
⇣
�S

�
, then the

final state of the hot bath is:

⇣
H

f± =
h±|TrS,C

�
S(|+i h+|⌦ ⇣
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. (A.3)
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Cold bath state

Following the calculations of the hot bath state, the final state of the control and the
cold bath is:

TrS,H
�
S(� ⌦ ⇢⌦ ⇣

�H ⌦ ⇣
�C )

�
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�
.

Let’s again take the control in the |+i h+| state and measure along |±i h±| states.

h±|TrS,H
�
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�C )

�
|±i = 1

4

�
⇣
�H

�
+

1

4
(⇢)± 1

4

�
⇣
�H⇣

�C⇢+ ⇢⇣
�C⇣

�H

�
.

Again, taking the system to be in a thermal state:
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. (A.4)
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Heat change after measurement

Heat change in the hot bath after measurement is given by:
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Heat change in the cold bath after measurement is given by:
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Heat change in the system after measurement is given by:
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Total heat change in the baths:
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When the system and the baths start at the same state then the heat change for all
three seems to be the same as the final states for all three are the same! There seems
to be some source of energy that is unaccounted. This might come from the work
cost of measurement.

A.2.2 Comparing previous calculations to this one

Let’s verify the state of the system at the end, just to check if the procedure is correct.
Partial trace over the bath states gives the off-diagonal terms as:
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The measurement of the control in the |±i h±| basis gives,
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If the system is a thermal state then the final state is,
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Which is what we should get. So the calculations seem correct and at least doesn’t
change the analysis of the system.

A.2.3 Non-Selective Measurement on baths after SWAP Opera-
tion

The problem with the previous calculations seems to be that the system remains
correlated with the bath after the application of thermalization (SWAP operation).
To remove these correlation we will now do an unselected measurement on the bath
states and check if the heat change is affected. The Kraus operators of the QS are
now:
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The final state after the switch action is:
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where, Diag(M) is a diagonal matrix with diagonal entries of M . As before, we
evaluate the off-diagonal terms and get,
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Partial trace over system and cold bath for off-diagonal terms:
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Similarly,
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Again taking the system to be a thermal state ⇣�S , after measurement the state of
the hot bath is hence,
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Hence, as we can see, the state at the end remains the same. So the calculations
won’t change and we still have a discrepancy in heat.

A.2.4 Complete Decorrelation of bath

In the previous calculations, we saw that after each SWAP operation, the bath still
has classical correlations with the system and control. So let’s try decorrelating the
bath after the switch has operated but the control has not been measured. The final
state after the switch operation is:
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The local bath states are:
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The decorrelated state is hence:
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If the control is prepared in the |+i h+| state and the states(temperatures) of the
system and the baths are taken to be same initially

�
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and the control is measured
in the |±i h±| basis then:
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Energy from measurement of control system

The energy change of the system due to measurement of control is:
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The energy change of the bath due to measurement of control is:

�H,C = 0.

Therefore, energy change due of the baths is zero. Again, all the energy seems to
be coming from the measurement but this time the expressions match. Hence, the
energy due to the measurement is:
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Appendix B

Work Benefit of Channels

Here, we derive the results for the work benefit of the quantum switch channel. We
start with proving that the second law holds for the described protocol. We then
use the protocol to compare the quantum switch with the classical switch channel.
Finally, we work out the example from the text.

B.1 Analysis for the Quantum Switch

B.1.1 Notations and Setup

To study the work benefit of the quantum switch(QS), we will need the following
ingredients:

1. A system ⇢
S in Hilbert space H

S and Hamiltonian H
S and a control ⇢C in

Hilbert space H
C and Hamiltonian H

C . We start with ⇢
T = ⇢

C ⌦ ⇢
S and call

it the “target” with Hamiltonian for it being HT = H
C ⌦ I + I ⌦ H

S. The
subsystem will be denoted by the superscript letter.

2. A reservoir at temperature T (��1) containing thermal states ⌧B in Hilbert
space H

B and Hamiltonian H
B.

3. A channel C which acts on the target. The subscript such as CSw denotes the
kind of channel, here it being the switch channel.

4. S (⇢) denotes the Von Neumann entropy of ⇢ and F (⇢) is its free energy.

5. � (⇢) denotes the diagonal matrix
P

s
hs| ⇢ |si |si hs|.

6. To define work benefit, we follow the protocol:

(a) Target and bath are initialized in uncorrelated state: ⇢ = ⇢
T ⌦ ⌧

B, for
which we don’t assign any work benefit/cost: Wa = 0.

(b) A channel is applied only on the target state: � = C[⇢T ] ⌦ ⌧
B. For the

work benefit of the QS we will apply CSw, so: � = CSw[⇢T ] ⌦ ⌧
B. The

work benefit of this operation is Wb = Tr
�
HT⇢

T �HTCSw[⇢T ]
�
.
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(c) Unitary interaction is applied between the target and the bath to reset the
state of the target: �0 = U�U

† = U
�
CSw[⇢T ]⌦ ⌧

B
�
U

† such that TrB (�0) =
TrB

�
U
�
CSw[⇢T ]⌦ ⌧

B
�
U

†� = ⇢
T = ⇢

C ⌦ ⇢
S. This unitary commutes with

all Hamiltonians and hence, does not contribute to any energy. For this
we see that the work benefit is bounded by the change in free energy of
the target: Wc  �FT = F

�
�
T
�
� F

�
⇢
T
�
. This bound can be reached

following an optimal protocol [SSP14].

(d) Work benefit is got by optimizing over all initial states and protocols:

W
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= max⇢T {Wa +Wb +Wc} = max⇢T�

�1
�
S
�
⇢
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�
� S

�
CSw

�
⇢
T
���

.

(B.1)

We will do a lot of playing around with this equation for the quantum switch
case, and compare it with the classical switch to see if there is a benefit. Later we will
also consider conditional work benefit due to the measurement of the control. But
before that, we will prove the second law for this protocol and, we also consider the
cost of resetting the ancillae that are used in the implementation of each channel.
These ancillae also need to be reset to their initial state.

B.1.2 Proof of Second Law

Here, we prove the second law for the protocol. We start with a target system ⇢
T

and an uncorrelated bath state ⌧
B. A unitary transformation acts between them

such that ⇢0 = U
�
⇢
T ⌦ ⌧

B
�
U

†. As the system and bath are initially correlated and
they undergo a unitary interaction, we have
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=) �ST +�SB � 0. (B.2)

For such a protocol, we take the change in internal energy as the average change in
energy of the system, the heat as the average change in energy of the baths, and the
work is implicitly defined to adhere to the first law, i.e.,

�U = Tr
⇥
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,
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.

The first law is given by,
�U +Q+W = 0. (B.3)

Using this and the above inequality, we get,

�FT +�FB +W  0.

As the thermal state is a state of minimum free energy, we get,

W  ��FT .
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In [SSP14] we see that, one can reach the bound for individual quantum systems,
upto a second order of approximation.

B.1.3 Work benefit of ancilla resetting for the Quantum Switch

The quantum switch channel is simulated using two ancillae
�
⇢
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F
�
, one for each

channel in it:

CSw

�
⇢
T
�
= TrEF

⇣
U

TEF

sw

�
⇢
T ⌦ ⇢

E ⌦ ⇢
F
� �

U
TEF

sw

�†⌘
= TrEF (⇠) .

For this unitary interaction we have,
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Using subadditivity of entropy we have,
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From the definition of mutual information, we have,
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Reset is done using a thermal state, hence, the work benefit of reset of the ancil-
lae is bounded by the change in free energy:

W
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reset  ���1 (�SE +�SF ) . (B.4)

Hence, the bound for work benefit for the complete cycle is:
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(B.5)
As we know, the mutual information is a positive quantity. Hence, this seems to
show that the work benefit of using the quantum switch
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is al-

ways negative and never be optimal, i.e.,
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, unless the mu-
tual information become zero, which shouldn’t be possible for the quantum switch
or even superposition of paths.



72 Work Benefit of Channels

Exact value of work benefit including reset

Here, we will use a tri-partite mutual information, defined as:
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Instead of using the subadditivity of entropy to get a bound, we write:
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As the work benefit of reset of the ancillae is bounded by the change in free energy
we have,
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and hence,
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where, we reach this bound for the optimized reset protocol and hence,
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B.2 Work Benefit for Classical vs Quantum Switch

The work benefit of the classical switch is (Maximization will be assumed wherever
necessary):
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where, �CS

Cl
is the final state of the system and control after the operation of the

classical switch unitary.
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The work benefit for the quantum switch is:
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where, �CS is the final state of the system and control after the operation of the
quantum switch unitary, and the final state of the control system is,
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Now, we use the coherence function, defined as,

C [�] = min�✏Ir
D (�||�) ,

where, Ir is the set of incoherent states in the basis of � and D (�||�) is the relative
entropy (Kullback-Leibler divergence). Now, using Lagrange multipliers we find the
minimum to be at � = � [�], hence,
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Example

We will take the simple case of a qubit system with the control in the |+i h+| state.
We shall put two thermalization channels (to same temperature �) in the switch
and initiate the system in the thermal state ⇣� with the same temperature �, where,
A =

p
⇣�. The final state of the control is,
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The entropy of the thermal state can be written as,
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The coherence functions are,
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So the change in coherence function and the mutual information are,
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The work benefit for the classical case is,

W
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= 0.
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The mutual information can be written as,
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We simplify this term by term. So, we have,
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Now the terms,
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Hence, the work benefit of the quantum switch for this case is,
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(B.9)
We use this for the numerical analysis for comparing the quantum switch and the
classical switch. We see that this becomes negative, indicating that the classical
switch is better for work extraction. This may be due to creation and consumption
of quantum correlations in the quantum switch operation.
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Appendix C

Quasiprobabilites and Fluctuation
Theorem

C.1 Approaching Quasiprobability Distribution

Here, we will discuss the weak measurement of work following the publication
by Lostaglio [Los18]. We apply the weak measurement and modify the two-point
measurement scheme to measure the energy of the system ⇢. We will change the
notation a little here. The initial Hamiltonian will be H =

P
i
✏i |ii hi| =

P
i
✏iEi

with Ei = |ii hi| being the initial energy projectors and the final Hamiltonian in
the Heisenberg picture will be U

†
HU =

P
j
✏j⇧j where, ⇧j = U

† |ji hj|U are the
final energy projectors in the Heisenberg picture. With this let us now get the MH
distribution from the modified TPM protocol.

C.1.1 Modified Two-Point Measurement Scheme

Following the protocol in 4.2, we initialize the measurement apparatus (M) in the
state:

| i =
Z

dxG (x) |xi ,

where, G (x) is a Gaussian distribution, centered at 0 and with standard deviation s

given by,
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�
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2
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2s2
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.

The interaction unitary Uint is now applied to couple ⇢ and M ,
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,
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we define,
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where, E?
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projectors onto the orthogonal subspace of Ei, and hence,
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Unselective projective measurement of {|xi hx|} on the measurement device fol-
lowed by the unitary driving U is given by:
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This unitary is followed by a final energy measurement. The expectation value of
the device position, upon post-selecting outcome ✏j in the final energy measurement
is:
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and qj is the normalization given by,
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Finally we get,
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Now in the strong measurement regime s ! 0:
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As we have seen, this leads to the interpretation of hXi
✏j

as the probability of ✏i
being the initial energy measurement given that ✏j is the second measured energy
value. In the weak measurement regime s ! 1:
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Hence, we get the MH distribution from the modified TPM protocol.
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C.1.2 Method of Best-Possible Estimate

Another method to get to this distribution is to try to find the best possible estimate
of the initial energy measurement from the final energy similar to Allahverdyan’s
work [All14]. We need the definitions: HI = H, HF = U

†
HU and ⇧j =

��j̃
↵ ⌦

j̃
��.

To get the best possible estimate, we define a function f on HF which we optimize
to get the best estimate. We will see that the MH distribution will arise out of this
optimization. We have the function:

f (HF ) =
X

j

fj⇧j

We optimize this to get fj. To optimize we use the statistical deviation [Hal04]
between the two operators defined as:
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Using differentiation, we can minimize this to get,
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✏i (0) pi|j

where, pi|j is the probability of measuring ✏i given ✏j was measured in the second
measurement. Hence,

Tr [⇧j⇢] pi|j = pjpi|j = ReTr [⇢Ei⇧j] = p
MH

ji
(C.4)

C.2 Getting Coherent part from Negativity of Margenau-
Hill Distribution

Now that we have seen how the MH distribution is derived, let us see look at how
the negativity of this distribution affects the fluctuation term ⌥. The Margenau-Hill
distribution can be re-written as:
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The second terms gives the non-classical part. Now let us look at ⌥and substitute
the re-written expression (pij ⌘ p

MH
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):
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The classical part of ⌥ is
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C.3 Analysing ⌥

Here we analyze ⌥ = ⌥d +⌥c. First, let’s find out when the non-classical part is 0:
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One trivial way, this is true is when,
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So, if [⇢, H]� = 0, then ⌥c = 0. With this trivial result, let us move on to find the
bounds of ⌥ for different cases of initial states and unitary evolution. From here on,
we will primarily focus on the case where, ⇢ is a qubit.

C.3.1 Non-coherent(Diagonal) Initial States

Let’s start with the case where, ⇢ = ⇢d, i.e., it is diagonal in the initial energy basis.
As we saw previously ⌥c = 0 for any ⇢d.
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Using Jensen’s inequality:
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⌥d = 1 when:
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that is, the initial state is the thermal state. Also when:

[U,H]� = 0, (C.12)

that is, the evolution does not provide any energy and does not create coherence in
the energy levels. Even for non-coherent initial states, the evolution can result in
⌥ < 1 or ⌥ > 1, as a result of the shift from the equilibrium state or the generation
of coherence by the unitary evolution. Let us take the example of a qubit, and study
the effect of coherence: Let,

⇠ = |hi |U | ji|2 = |hj |U | ii|2 , (C.13)

for i 6= j, This denotes the transition probabilities. So,

1� ⇠ = |hi |U | ii|2 ,

and,
0  ⇠  1. (C.14)

Hence, for qubits we have:

⌥d =
X

i,j

pie
��(✏j�✏i) |hi |U | ji|2 =

X

i 6=j

pie
��(✏j�✏i)⇠ +

X

i

pi |hi |U | ii|2 =
 
X

i 6=j

pie
��(✏j�✏i) � 1

!
⇠ + 1

=1 + (�� 1) ⇠. (C.15)

� denotes the shift of the initial diagonal state from the equilibrium state. It is
one when ⇢d = ⇢

eq. while, ⇠ gives the transition probabilities and an idea of the
generation of coherence. For simplicity, let us take ✏0 = 0, ✏1 = �. We have,

�� 1 =
X

i 6=j

pie
��(✏j�✏i) � 1.
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We make the following re-definitions,

e
��� =

1� r�

1 + r�
=) e

�� =
1 + r�

1� r�
,

p0 =
1 + rz

2
, p1 =

1� rz

2
.

where, r� is the magnitude of the radius of the Gibb’s state on the Bloch sphere and
rz is the magnitude of the �Z axis projection of the radius of the initial state ⇢.

�� 1 =

✓
1 + rz

2

◆
1� r�

1 + r�
+

✓
1� rz

2

◆
1 + r�

1� r�
� 1 =

1� r� + rz � rzr�

2 (1 + r�)
+

1 + r� � rz � rzr�

2 (1� r�)
� 1

=
1� r� + rz � rzr�

2 (1 + r�)
+

�1 + 3r� � rz � rzr�

2 (1� r�)
=

�2rzr� + 2r2
��

1� r
2
�

� =
2r� (r� � rz)�

1� r
2
�

�

=) �� 1 =
2r� (r� � rz)�

1� r
2
�

� . (C.16)

Therefore,

⌥d = 1+(�� 1) ⇠ = 1+

 
2r� (r� � rz)�

1� r
2
�

�
!
⇠ = 1+

 
2r2

�

1� r
2
�

!
⇠�

 
2rzr�
1� r

2
�

!
⇠ (C.17)

The maxima of (�� 1) can approach positive infinity, while the minima is
p

1� r2
z
�

1 at r� = rz

1+
p

1�r2z

. This has been found using wolframalpha. So, in summary we

have, p
1� r2

z
� 1  (�� 1) < 1, (C.18)

0  ⇠  1, (C.19)

e
���E  ⌥Cl

< 1 =) ���E  ln⌥Cl
< 1. (C.20)

Notice:-

• ⌥d = 1, when ⇠ = 0 or rz = r�.

• ⌥d < 1, when ⇠ 6= 0 or rz > r�, i.e., the initial state is more pure than the
equilibrium state.

• ⌥d > 1, when ⇠ 6= 0 or rz < r�, i.e., the initial state is more mixed than the
equilibrium state.

In effect, any value of ⌥ 6= 1 tells that there is some coherence generation due to
the unitary for diagonal, non-equilibrium initial states. The purity of the initial state
makes ⌥ < 1 or ⌥ > 1. So, coherence generation is necessary for ⌥ 6= 1 for diagonal
initial states but not sufficient as we have to guarantee that the initial state is not
the equilibrium state.
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C.3.2 Coherent Initial States

Any state ⇢ can be written as ⇢ = ⇢d + ⇢c where, ⇢c has only the off-diagonal terms,
or the “coherent part” of the state. We have already seen that ⌥c = 0 for ⇢d and we
have studied ⌥d for ⇢d. Now, we study the effect of ⇢c on ⌥. ⌥d = 0 for ⇢c of course
as Ei⇢cEi = 0. We only need to study ⌥c.

Effect of coherence on ⌥

⌥c = ⌥
NCl

c
=
X

i,j

e
��(✏j�✏i)

1

2
Tr [(⇢c � ⇢

c

i

0)⇧j] =
1

2
Tr
h⇥
(⇢eq)�1

, ⇢c

⇤
+
U

†
⇢
eq
U

i

=
1

2

X

i,j

e
��(✏j�✏i)Tr [⇢c⇧j]�

1

2

X

i,j

e
��(✏j�✏i)Tr [(I� Ei) ⇢c (I� Ei)⇧j] ,

where,
⇢
c

i

0 = (I� Ei) ⇢c (I� Ei) ,

First notice, ⌥c = 0 when, [U,H] = 0. Therefore, whenever there is no generation
of coherence because of the evolution, we have ⌥ = 1 which agrees with everything
done previously. For the case of qubits,

(I� Ei) = E
?
i
,

Therefore,
Tr [(I� Ei) ⇢c (I� Ei)⇧j] = 0,

and so,

⌥c =
1

2

X

i,j

e
��(✏j�✏i)Tr [⇢c⇧j]

=
1

2

X

i,j,k 6=l

ckle
��(✏j�✏i)Tr

⇥
|ki hl|U † |ji hj|U

⇤

=
1

2

X

i,j,k 6=l,m

ckle
��(✏j�✏i)�km hl|U † |ji hj|U |mi

=
1

2

X

i,j,k 6=l

ckle
��(✏j�✏i) hl|U † |ji hj|U |ki

=
1

2

X

i

e
�✏i

X

j,k 6=l

ckle
��✏j hl|U † |ji hj|U |ki

=
1

2

X

i

e
�✏i

 
X

j 6=k

cjke
��✏j hk|U † |ji hj|U |ji+

X

j 6=k

ckje
��✏j hj|U † |ji hj|U |ki

!

=
X

i

e
�✏iRe

 
X

j 6=k

cjke
��✏j hk|U † |ji hj|U |ji

!
.
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For qubits, the unitary matrix is:

U =


e
i�cos� �e

�i�sin�
e
i�sin� e

�i�cos�

�
,

and so,

Re

 
X

j 6=k

cjke
��✏j hk|U † |ji hj|U |ji

!
= Re

�
�c01e

i(�+�)cos�sin�+ c10e
���

e
�i(�+�)cos�sin�

�

=
Re
�
�ce

i(�+�) + ce
���

e
�i(�+�)

�

2
sin2�

=
Re
�
�ce

i↵ + ce
���

e
�i↵
�

2
sin2�,

where, � + � = ↵. For states on the Bloch sphere:

⇢c =
1

2
(rx�x + ry�y) =

1

2
rsin (✓) (�xcos'+ �ysin') ,

where, r is the bloch sphere radius, ✓ is the angle made by the bloch vector r with
the Z axis, and ' is the angle made by the projection of the bloch vector on the XY
plane with the X axis.

c =
1

2
rsin (✓) e�i'

,

substituting we get,

Re
�
�ce

i↵ + ce
���

e
�i↵
�

2
sin (2�) =

Re
�
�e

i(↵�') + e
���

e
�i(↵�')

�

4
rsin (✓) sin (2�)

=

✓
e
��� � 1

4

◆
rsin (✓) cos (↵� ') sin (2�) .

Using e
��� = 1�r�

1+r�
, we get,

✓
e
��� � 1

4

◆
rsin (✓) cos (↵� ') sin (2�) =

✓
�rr�

2 (1 + r�)

◆
sin (✓) cos (↵� ') sin (2�) ,

⌥c =

 
�rr�

1� r
2
�

!
sin (✓) cos (↵� ') sin (2�) . (C.21)

We have already seen that ⌥c is non-zero only if the initial state has coherence.
Moreover, for classical dynamics which is given by either identity or a bit flip, ⌥c = 0
as in this case, � = ⇡

2 and (↵� ') = 0 as � = ⇡

2 and we choose � =
�
'� ⇡

2

�
.

Therefore, the dynamics also should generate coherence for ⌥c to be non-zero.
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Negativity of ⌥c and ⌥

Here, we find where ⌥c becomes negative and where ⌥ becomes negative. Let
rxy = rsin (✓). First note, ⌥c  0 if,

cos (↵� ') sin2� � 0,

as,  
�rxyr�

1� r
2
�

!
 0.

This happens when,

{cos (↵� ') � 0} and {sin2� � 0} ,

i.e.,
n
�⇡

2
+ 2n⇡ + '  ↵  ⇡

2
+ 2n⇡ + '

o
and

n
n⇡  �  ⇡

2
+ n⇡

o
, (C.22)

or when,
{cos (↵� ')  0} and {sin2�  0} ,

i.e.,
⇢
⇡

2
+ 2n⇡ + '  ↵  3⇡

2
+ 2n⇡ + '

�
and

n
�⇡

2
+ n⇡  �  n⇡

o
, (C.23)

Now ⌥ is negative in parts of these regions. Take rz = rcos✓. To analyze this, first
notice that ⇠ = sin2

�. So,

⌥d = 1 + (�� 1) ⇠ = 1 +

 
2r� (r� � rz)�

1� r
2
�

� � 1

!
sin2

�,

and,

⌥ = ⌥d+⌥c = 1+sin2
�

 
2r� (r� � rz)�

1� r
2
�

� � 1

!
�
 

rxyr�

1� r
2
�

!
cos (↵� ') sin2�. (C.24)

First, ⌥c is most negative in terms of r, ✓ and r� when, cos (↵� ') sin2� = 1. Let us
take, � = ⇡

4 and ↵ � ' = 0 or � = 3⇡
4 and ↵ � ' = ⇡. So, for ⌥ to be negative, we

need:
1

2
+

�
r
2
�
� r�r (cos✓ + sin✓)

�
�
1� r

2
�

� < 0

=)
1 + r

2
�

2r�
< r (cos✓ + sin✓) .
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which is possible. In general we want:

⌥ = 1 + sin2
�

 
2r� (r� � rz)�

1� r
2
�

� � 1

!
�
 

rxyr�

1� r
2
�

!
cos (↵� ') sin2�  0

=) r
2
�
(1� 3⇠) + 2r�r

⇣
sin✓cos (↵� ')

p
⇠ (1� ⇠) + ⇠cos✓

⌘
� (1� ⇠) � 0.

Let us try to find the minimum value of ⌥ with respect to the process dependent
quantities, i.e., ↵ and �:

@⌥

@↵
=

 
rxyr�

1� r
2
�

!
sin (↵� ') sin2� = 0,

which is satisfied when: ↵ = '+ n⇡ or � = n⇡.

@⌥

@�
= sin2�

 
2r� (r� � rz)�

1� r
2
�

� � 1

!
�
 
2rxyr�
1� r

2
�

!
cos (↵� ') cos2� = 0,

=) sin2�

 
2r� (r� � rz)�

1� r
2
�

� � 1

!
=

 
2rxyr�
1� r

2
�

!
cos (↵� ') cos2�.

When � = n⇡, this condition is satisfied when: ↵ = '+ n⇡ + ⇡

2 . When ↵ = '+ n⇡,
this condition is satisfied when:

� =
1

2
arctan

"
(±2rxyr�)�

3r2
�
� 2rzr� � 1

�
#
.

For this we have,

⌥c = �
 

rxyr�

1� r
2
�

!
cos (↵� ') sin2� = �

 
rxyr�

1� r
2
�

!
sin

(
arctan

 
±2rxyr�

3r2
�
� 2rzr� � 1

!)
,

sin{arctan (x)} = ± xp
x2 + 1

,

⌥c = ±
 

rxyr�

1� r
2
�

! ⇣
2rxyr�

3r2
�
�2rzr��1

⌘

r⇣
±2rxyr�

3r2
�
�2rzr��1

⌘2
+ 1

,

which are the extrema values of ⌥c. Next let us summarize and conclude the
results for analysis ⌥.

C.4 Summary

We had:
⌥ =

X

i,j

e
��(✏j�✏i)Tr [⇢Ei⇧j] ,
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⌥d =
X

i,j

e
��(✏j�✏i)Tr [Ei⇢dEi⇧j] ,

⌥c =
X

i,j

e
��(✏j�✏i)

1

2
Tr [(⇢c � ⇢

0
c
)⇧j] ,

We expressed them for qubits on a Bloch sphere as:

⌥d = 1+(�� 1) ⇠ = 1+

 
2r� (r� � rcos✓)�

1� r
2
�

� � 1

!
sin2

� = 1+

 
2r� (r� � rcos✓)�

1� r
2
�

� � 1

!
⇠,

⌥c =

 
�rr�

1� r
2
�

!⇣p
⇠ (1� ⇠)

⌘
sin (✓) cos (↵� ') ,

⌥ = 1 + sin2
�

 
2r� (r� � rcos✓)�

1� r
2
�

� � 1

!
�
 

rr�

1� r
2
�

!
sin✓cos (↵� ') sin2�

=1 +

 
2r� (r� � rcos✓)�

1� r
2
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� � 1

!
⇠ �

 
rr�

1� r
2
�

!⇣p
⇠ (1� ⇠)

⌘
sin✓cos (↵� ') ,

where, the Bloch vector is ~r = (rsin✓cos', rsin✓sin', rcos✓). For ⌥ = ⌥d + ⌥c we
notice:-

• ⇢cl, Ucl =) ⌥ � 0, ⌥c = 0

• ⇢cl, U =) ⌥ � 0, ⌥c = 0

• ⇢, Ucl =) ⌥ � 0, ⌥c = 0

• ⇢, U =) ⌥ � 0 or ⌥  0, ⌥c 6= 0 : For the |+i h+| state we saw that, ⌥ � 0
for all ↵ and ⇠, even if ⌥c  0

So, ⌥c gives a signature of the incompatibility between the initial projectors{Ei}i
and the final projectors{⇧j}j.

Q.E.D.


