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Abstract

Analytic description of radio-frequency (RF) pulses involving quadrupolar spins (I >1/2) in
NMR spectroscopy is fraught with difficulty due to large quadrupolar couplings. In this
thesis, a modest attempt is made to present an analytic description of pulse experiments
involving quadrupolar spins. Specifically, the spin dynamics during selective and non-
selective excitation is described using effective RF Hamiltonians. The formalism presented
provides a framework for deriving the optimum flip-angles required for selective and non-

selective excitations and is in excellent agreement with numerical simulations.
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Chapter 1

Introduction

Nuclear magnetic resonance (NMR) spectroscopy is one of the most commonly employed
techniques for determining structure at molecular level [1]. Along with X-ray
crystallography, it forms the basis for determining the molecular three-dimensional (3D)
structure in a wide range of systems ranging from simple organic compounds to large bio-
molecules. In contrast to the microwave (MW), Infrared (IR) and Ultraviolet (UV)
spectroscopic techniques, NMR is less sensitive with poor signal to noise ratio. Nevertheless,
the versatility in the form of flexibility that it provides with regard to the manipulation of
interactions at atomic level makes it the most popular tool for structural characterization
[2-6]. Subsequently, suites of techniques with differing complexities ranging from simple 1D
to multi-dimensional experiments have emerged resulting in an overall improvement of our
understanding of the causal relationship between structure and function [7, 8, 9]. With recent
technological advancements and innovations in the form of high field magnets, probes etc.,
NMR has rightly become a viable alternative for structure determination both in the solution
and solid state in both orderly and disorderly systems [10].

In addition to being employed as a structural tool, NMR spectroscopy provides a platform for
understanding the foundations of modern physics (e.g. quantum mechanics, statistical
mechanics etc.). Specifically, improvements in our understanding of the theoretical
foundations of quantum mechanics [11] has extended the domain of NMR spectroscopy from
typical chemistry labs to medicine (in the form of magnetic resonance imaging (MRI)),
material science (in the form of Spintronics) and computer industry (in the form of memory
devices, quantum computing) [7]. These interesting applications have resulted mainly due to

our improved understanding of the nuclear spin interactions at the atomic level. Hence,



improvement in our understanding of the nuclear spin interactions is quintessential to further
extend the utility of NMR spectroscopy [12-20].

With this objective in mind, we make an attempt in understanding the dynamics of nuclear
spins in the presence of non-commuting Hamiltonians [21-24]. Specifically, we attempt to
derive an effective Hamiltonian that could be employed to describe pulse-NMR experiments
involving quadrupolar spins. Although the dynamics of spin | = 1/2 systems is well
understood and thoroughly described in the literature, theoretical descriptions involving
quadrupolar spins (I > 1/2) are often fraught with difficulty due to larger magnitude of the
quadrupolar interactions [25-26]. The problem gets further complicated with the non-
commuting nature of the internal spin Hamiltonians. To address this issue, a modest attempt
employing matrix mechanics is proposed in this thesis that could probably lead to a solution

for this problem.

After a brief introduction to the basic concepts in this chapter, the concept of effective
Hamiltonians in pulsed experiments is discussed in chapter-2. A detailed description of pulse
experiments involving quadrupolar spins is presented in chapter-3, followed by a brief

summary and possible extensions in future.

1.1 Basics of NMR

The phenomenon of NMR arises from the interaction between the nuclear spin magnetic
moment with the applied external magnetic field [1]. To facilitate this process, an external
magnetic field is applied to lift the degeneracy of the nuclear spin energy levels. The chapter
begins with elementary aspects of NMR dealing with the concept of nuclear spin, magnetism
and the nuclear spin interactions [8] that enable in the characterization of a sample. An

elementary introduction to the spin dynamics is presented at the end of the chapter.
1.1.1 Nuclear spin and magnetism

The concept of nuclear spin is highly abstract and is introduced here only for explaining the
known experimental results. In contrast to other spectroscopic techniques, NMR
spectroscopy presents an attractive feature wherein the nuclear spin interactions could be

manipulated at the atomic level. In addition to the classical orbital angular momentum, nuclei
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also possess an additional component to the angular momentum due to spin [8], also referred
to as spin angular momentum and characterized by I, the spin quantum number. The resulting
spin angular momentum induces a magnetic moment in the sample and facilitates the
interaction between the sample and the electromagnetic radiation. Being an intrinsic property,
the nuclear magnetic moment is related to the inherent spin angular momentum by the

following relation,
u=yhl (1.1)

where y is the gyromagnetic ratio (rad/s), a constant characteristic of a particular nucleus.

The interaction energy between the nuclear spin with the external magnetic field is
represented by,

E=—uB, (1.2)

wherein, B, represents the strength of the applied external magnetic field. If, the external

magnetic field direction is chosen to be along the z-direction, the above equation reduces to,
E =—yhl B, (1.3)

In the quantum mechanical framework, the observed interaction energy is re-expressed in

terms of the nuclear spin Hamiltonian operator also referred to as the Zeeman Hamiltonian.
H, = —yhl, B, (1.4)

with 1, denoting the spin angular momentum operator along the z —direction. Based on the

above description, nuclei with | = 0 are unaffected by the external magnetic field or in other

words are NMR inactive.
1.1.2 Spin angular momentum operators

In quantum mechanics every observable is associated with an operator. Consequently, the
spin angular momentum exhibited by the nucleus is associated with four operators. The

component of the spin angular momentum along the X, y, z directions is represented by the

operators fx , fy ) respectively. The magnitude 7 (| :«/I(I +1)7) of the spin angular

z

A

momentum vector is represented by the i? operator (i.e.[> =12+ +1?). To complete



the description, the commutator relationship between the spin operators is represented by,

[IAa,IAﬂJzihlAy where «, 3,y are permuted cyclically among x,y,z . Additionally, all the

three spin-operators commute with the I’ operator i.e. [iz,fa ] =0

1.1.3 Spin Eigen states

Each nucleus with spin quantum number ‘I’ is associated with 2I+1 spin states. In the
presence of a large static magnetic field, the degeneracy between the spin states is lifted
facilitating the observation of transitions between the spin levels. In general, the basis state of
a system in quantum mechanics is constructed from the maximum set of commuting
observables i.e. the observables associated with maximum set of commuting operators. Based
on the commutator relations described in the previous section, only the square of the angular
momentum operator along with one of the components of the angular momentum vector are

measurable at a given instant of time. Hence, as a matter of convention, the spin states are
constructed using the observables associated with I* and fz operators [1-8]. Employing the
Dirac’s bra-ket notation, the spin state for a single spin system is represented by the eigen-

ket, |/m). In the above representation, the coefficients I, m correspond to the eigenvalues

associated with 72 and fz operators respectively.

PImy=1(1+1)[1 m) (1.5

[, |1 m)=m|1m) (1.6)

To measure the components of the angular momentum along x and y direction, raising and
lowering operators are defined.

A

[, +il, x.7)

|A+

I_ IX_in (18)

The action of these operators on the spin state is described below,

(1 m) =1+ —m(m+D} 1 m+1) (1.9a)

1 m)= {1 (1 +) —m(m=1)}1 m-1) 1.9b)



1.1.4 Matrix representation of spin operators
(a) Single spin system

In the matrix formulation, the spin states and operators are represented by matrices [8].
Depending on the magnitude of ‘I’, the ket-states and bra-states are represented by column &

row vectors of dimension (21 +1)x1 and 1x (21 +1) respectively. The spin operators are

represented by matrices of dimension (21 +1) x (21 +1).

For example, the spin operators for a spin-1/2 nucleus are represented by a 2x2 matrix,

L 11 0] [0t - _[oo
200 1) 1o o) |1 0]
i[0 -1 1[0 1 , 3[1 0
l, =— l, == 12==
2|1 0] 2[1 0 410 1
Similarly, spin operators for a spin-3/2 nucleus are represented by 4 x4 matrix as following:
300 0 0 V3 0 0] (0 0 0 O]
L _101 0 o0 1o 0 2 0 -_1¥3 0 0 0
Z72(0 0 -1 0 2l0 0 0 3| 2/0 2 0 O
000 -3 0 0 0 0| |0 0 3 0]
1000 0 3 0 0| (0 3 0 0]
2 150 1.0 0 L _ij¥8 0 2 o0 L _1¥3 02 0
210 0 10 20 2 0 -3 " 0 2 0 3
0001 0 0 3 0 | 0 0 B 0

(b) Two spin system

Employing the principle of spin angular momentum [11], the description of basis sets could
be extended to coupled spin systems. Since, the vector addition of spin basis states

corresponding to different spins are orthogonal, the basis set for a coupled spin system is

constructed by a direct product of the individual basis set i.e. | I,m1,m,) =[1, m,)®|1, m,).

For example, the spin operators for a system of two spin-1/2 nucleus are represented by a

4x 4 matrix,



10 0 O 0010 0000
| :10 1 0 0 I+:0 0 01 I{O 0 0 O}
¥ 20 0 -1 0 000 0 |1 00 Of
00 0 -1 0 0 0 0] 0100
1 0 0 O [0 1 0 O] 0000O
| _1j0 -1 0 0 I+:O 00O I{l 00 0}
#2200 01 0 1o 00 1| 1000 0|’
0 0 0 1 0 0 0 0 0010
0 0 10 00 -1 0 1000
1/]0 0 0 1 ijl0 0 0 -1 , 3101 00
b == ’ ly == , I == ,
2/11 0 0O 2l11 0 0 O 410 0 1 O
0100 01 0 O L 00 j
0100 0 -10 0 1000
1/1 0 0 O ij]l 0 0 O , 301 00
lox =3 ’ Ly == : I, =— ,
2|10 0 01 210 0 0 -1 410 0 1 O
0010 0 0 1 0 0 001
where 1, I, I, 1, 17, 17 are spin operators corresponding to nucleus-1, while 1;, 1,

l,, i, |, , 12 are spin operators corresponding to nucleus-2.

1.1.5 Density operator

Since measurements in NMR are made on collection of quantum mechanical systems, the
concept of density matrix was introduced in quantum mechanics by Von Neumann in 1927.
The density matrix in quantum mechanics is analogous to the distribution function in
classical statistical mechanics [1, 8, and 27]. It provides a more general description to a
collection of spin system, without referring to the individual spin states. Employing the bra-

ket formulation, the density operator © o’ is represented by,

p:ZCij|lr//i><l//j‘l (1.10)
ij

where, *c; ’s represent probability amplitudes. |l//> denotes the state function, and is

expressed in terms of orthonormal basis states given by,

i) =2 ald). (112)

N
k=1



The expectation value of an observable is calculated by evaluating the following equation,
(Op) =Tr[p.Op] (112)

To illustrate the utility of this formalism, let us consider a system comprising of identical

spin-1/2 nuclei. The density operator for such a system is represented by, p =|y){(y|. Here,

|w)and (| are represented through column and row vectors given below.

lw)=[c, ¢, ] (1.13a)
C,
(v|= L* } (1.13b)

The coefficients ¢, and c, represents superposition constants and are normalized
(|c05|2 +‘cﬁ‘2 :1).
Using egns. (1.13a) and (1.13b), the density operator is expressed as:

c cc cc

_ o _ aa a”y
p{cﬂ.[ca cﬂ]_[ ’ ] (1.14)

a Vi

CﬂC CﬂC

The diagonal elements of the spin density matrix c_c, and cﬁc’; depict the population of the

two states, while the off-diagonal terms cac; and cﬂc; represent the coherences [8].

1.1.6 Density operator at thermal equilibrium

In the density matrix formalism, the density operator at thermal equilibrium acts as the initial

state and forms the basis for subsequent description of spin dynamics [1].

Since, determination of exact initial density operator is difficult, statistics is often employed
to approximate the populations and coherences at thermal equilibrium. A system that has
been left unperturbed for long is expected to be in thermal equilibrium state. To beginwith,
the populations are governed by the Boltzmann distribution and the coherences are assumed

to be zero.



For example, consider a system consisting of spin-1/2 nuclei, with energy eigenstates |a>

and | ﬂ). Based on eqgn. (1.3), the energy of the two states are given by:

E - —% VB, (1.15a)

1

E, = /1B, (1.15b)

Subsequently, based on Boltzmann distribution the population of « and £ states is given by,

exp{-E, /k;T}

P = 1 (1.16a)
exp{-E, /kyT}+exp{-E, / kg T}

exp{-E, /k;T}

P, = (1.16b)
exp{-E, / kgT}+exp{-E, / kT}

where, E, and Eare energies of the two states described by eqn. (1.15a) and (1.15b), kg is

Boltzmann constant, T is absolute temperature at thermal equilibrium.

Since the energy difference between the two eigenstates is comparable to that of the available

thermal energy (k,T ), population difference between the two states is very small at thermal

equilibrium.

Consequently the exponential factors in eqn. (1.16) are approximated by,

exp{-E, /ksT}=1+ g (1.17a)
B

exp{-E, / kBT}zl—E (12.17b)

where, B:%.

B
Employing egns. (1.17a) and (1.17b), the population of the two states is represented as:

1 B
+

P =4 1.18a

« =5 (1.183)
1 B

p=-_= 1.18b

72 4 ( )

Thus, the density matrix at thermal equilibrium is represented by,



p=|2 , (1.19)

Employing the operators, the density operator is re-expressed as:

1[1 0] B[1 0
pzi{o 1}2{0 —J’ (1.20)

wherein, the first matrix is the identity operator and the second matrix is proportional to the
|, operator, i.e.
1.

B
==—1+—1 1.21
P 5 5z ( )

1.2 Nuclear spin interactions in NMR

As described earlier, the external static magnetic field lifts the degeneracy of the 21 +1
nuclear spin states. In the presence of an oscillating magnetic field, transition between the
nuclear spin states are induced when the frequency of the oscillating magnetic field matches

the energy separation between the spin states.

To quantify the experimental results, it is important to understand the spin interactions. To
beginwith, the spin interactions are generally classified into external and internal interactions.
The external interactions comprise of the Zeeman & RF interaction, while the internal
interactions mainly comprise of (1) chemical shift (2) spin-spin coupling (3) dipolar coupling
(4) quadrupolar interaction. Quantum mechanically the spin interactions are represented by

means of Hamiltonian operators.

H=H, +Hg +He +H, +Hy +H, (1.22)
%,_/
external interactions internal interactions

where, H, (Zeeman interaction), H.- (Radio Frequency interaction), Hs (chemical shift
interaction), H, (spin-spin coupling), H, (dipolar interactions), are magnetic in nature.
While, H,, (quadrupolar interaction) is electrical in nature, exhibited only by nuclei having

non-spherical charge distribution (I >1/2).



1.2.1 Zeeman Interaction

The interaction between the magnetic moment of nuclei (with spin | ) and external magnetic
field is known as the Zeeman interaction. It is by far the largest interaction in NMR
spectroscopy and is employed to lift the degeneracy of the spin states. This results in

enhancing the net magnetization and results in the NMR signal.

Quantum mechanically, this interaction is represented by following Hamiltonian:

H, :_Zﬂiz B :_hzmloliz (1.23)

where, @,, is Larmor frequency of i" nucleus (o, =7:B,), 7 is Planck’s constant divided by

2. y; gyromagnetic ratio of i™ nucleus and By is applied external magnetic field.

Ar I1=1/2 1B)

v

Magnetic field

FIGURE 1. ZEEMAN SPLITTING IN SPIN / = 1/2 NUCLEUS.

E,E and l,—l get lifted.
2 2 2 2

In presence of external magnetic field degeneracy between two eigenstates
Energy gap between two states is directly proportional to the strength of the applied external magnetic field.
1.2.2 Radio frequency interaction

In order to detect the NMR signal, an oscillating magnetic field is applied. The static external
magnetic field lifts the degeneracy of the spin states, while the oscillating magnetic field
induces transitions between the spin states when the frequency matches with the energy

separation. The oscillating magnetic field applied along the x-axis is represented by,

B, (t) = —2B, cos(w, t = g)I (1.24)

10



Where, B, is amplitude, o, is the frequency, ¢ the phase of the applied RF. | represents the

unit vector along x-axis.

Quantum mechanically, this interaction is represented by the following Hamiltonian:

Hee =—1°B

Hee = _th @yl COS(wt+ ) (1.25)

where, @, = ;B is the amplitude of the applied oscillating magnetic field.

1.2.3 Chemical shift interaction

It refers to the interaction between the nuclear magnetic moment with the external magnetic
field, mediated by the surrounding electron clouds. Since the electrons possess magnetic
moment, the effective field experienced by the nucleus varies and is utilized in the
characterization of nuclei of same kind in different chemical environments. For example, the
methyl protons and methylene protons in ethanol experience different static magnetic fields
due to differing electrical environments. Consequently, two peaks are observed in the *H-
NMR spectrum. Depending on the relative orientation of the tiny induced magnetic field
produced by the surrounding electrons, the net magnetic field experienced by the nucleus
varies and is represented by,

B = B, + B (1.26)
where, the induced magnetic field is denoted by B™** = 5B,. Being a second rank tensor

6’ is represented by,

Oxx Oxy Oxz
G=|0y Oy Oy (1.27)
Oy Oy Oy
In solid state NMR spectroscopy, broad chemical shift powder pattern (wide distribution of
chemical shift) is observed due to lack of molecular motions. This dependence of chemical
shift on orientation of crystal with respect to external magnetic field is defined as chemical

shift anisotropy.
Quantum mechanically, the chemical shift interaction is described by,
Hes == 71,68, (1.28)

11



1.2.4 Spin-spin coupling interaction

The interactions between two nuclei mediated through bonding electrons are known as scalar
or indirect or J-coupling. This is quite small in magnitude and is observed in both solution

and solid state NMR spectroscopy. Quantum mechanically, it is represented by,

NN (1.29)
ik

wherein, J is a second rank tensor analogous to the chemical shift tensor described in eqn.
(1.27).

1.2.5 Dipolar interaction

The mutual interaction between two nuclei through space is referred to as dipolar interaction.
The non zero magnetic moment, result in small magnetic fields around a nucleus, and enables
in the interaction with the other nucleus. Due to rapid molecular motion, the dipolar
interaction gets averaged in the solution state. However, the restricted mobility in the solid

state results in non-zero value. The dipolar interaction is represented by,

BT 81
= I..D.l. 1.30
° = s ; (1.30)

3. . . = . .
where, ‘rij‘ is the inter-nuclear distance vector, D is second rank tensor called as dipolar

coupling tensor.

Depending on the spins involved, the dipolar interactions are further classified into

homonuclear (e.g. *H- *H) and heteronuclear (e.g. *3C - *H).

The homonuclear dipolar interaction between spins I, and I, is represented by,

2
0
Hp == (1-3c0s? 6)[31,, 1, — 1,.1,] (1.31)
87r|r12|

while, heteronuclear dipolar interaction between spins I and S can be described by,

Hy = M0 75M g 3005 g)[1,5, ] (1.32)
47r|r|5|

12



1.2.6 Quadrupolar interaction

The quadrupolar interaction is defined as the interaction between nuclear quadrupolar
moment with the electric field gradient. In nuclei with | >1/2, quadrupolar moment results
due to non-spherical distribution of charge. Additionally, the unsymmetrical electric charge
distribution in such systems produces an electric field gradient. Quantum mechanically, this

interaction is represented by,

Hy =1.Q.0 (1.33)
_Q
21(21 -1)h
gives nuclear quadrupolar moment, V is second rank electric field gradient (EFG) tensor.

where, Q = V is quadrupolar coupling tensor. Q is quadrupolar constant, eQ

Depending on, the magnitude of the various terms the quadrupolar Hamiltonian, [egn. (1.33)]

is rewritten by,

Ho =HY +HP +...... (1.34)

where, Hg) is first order quadrupolar Hamiltonian, given by:
a,
HY = ?‘3{352 -1%} (1.35)

Héz’ is second order qudrupolar Hamiltonian, given by:

Oy 7
H® -2 @2, 2 1.36
9= "pz1y (1.36)
2
with the o, = — 292 (radys).
2021 - )

13
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Chapter 2

This chapter describes the effect of pulses in NMR for spin-1/2 system using effective RF
Hamiltonian approach. As a test case we demonstrate the utility of this approach for

describing the cross-polarization experiment involving spin | = 1/2 nuclei.

2.1 Description of pulses in NMR: An Effective RF Hamiltonian

approach

To beginwith, let us consider the description of a single spin (I=1/2) system in the presence of
both static and an oscillating magnetic field. The Hamiltonian for such a system is
represented by,

H =—-hayl, — 2hw, cos(w,t).1, (2.1)

where ‘ @, is the Larmor frequency (@, =y B,) and ‘ o, ’ the amplitude (@, = B, ) of the RF
field (“ @, ’ denotes the frequency of the oscillating magnetic field and is often comparable to

that of w,). For the sake of illustration, the oscillating field is chosen along the x-direction.

The time evolution of a quantum system is described by the quantum-Liouville equation[1,
29],

. dp(t) _
in="= =[H, p(1)] (2.2)

where, ¢ p(t)’ is defined as the density operator and is analogous to the wave function in the

traditional Schrodinger equation. The formal solution to the above Liouville equation
(egn.2.2) incorporating the explicit time-dependence of the Hamiltonian is represented by [1,
29],

-t =t
p(t) =T exp {—éj H (t')dt’} 0(0) T exp {% [H (t’)dt’} (2.3)
0 0
In cases where the Hamiltonian is time-independent, the solution reduces to a much simpler

15



form as illustrated below,
p(t) =exp {—% Ht}p(O) exp {% Ht} (2.4)

To reduce the complexity in the description of the density operator, effective Hamiltonians
have been proposed in the past for facilitating analytic description of the quantum dynamics
[7]. Here, we present an analytic description of the spin dynamics during RF pulses in NMR
experiments. For the sake of simplicity, we confine our discussion to a single-pulse

experiment.

Case-A

In the first approach, the spin system is transformed into the Zeeman interaction frame

defined by,

B(t) = exp {% Hot} o(t)exp {—% Hot} (2.5)

where H, =-na,l, and H,(t) =—2haw, cos(w,t) |, .

Subsequently, the Liouville equation in this new frame is represented by,

. dp(t -

Ih%=[H,p(t)] (2.6)
t

Since, the magnitude of H,is much larger in comparison to that of H,, the unitary

transformation (see eqn. 2.6) basically gets rid of H, in the new frame. However, the RF

Hamiltonian H, is still time-dependent in this new frame and gains additional time-

dependence due to H, as represented below,

H, (t) =exp {% Hot} H, (t) exp {—% Hot}
=—ha)l[lxcos(a)rf — oy )t+ 1, cos(a, +a)0)t]+ (2.7)
—ha)l[ly Sin(a)rf —a)o)t+ l, Sin(a)rf +a)0)t]
At the exact resonance condition (i.e. ®; = @), the above Hamiltonian (eqn. 2.7) is further
simplified by neglecting the high frequency terms (oc 2@, ) under secular approximation,
H, =% |, (2.8)
Employing this approximation [1, 20], the evolution of the system in the interaction frame is

described by,

o(t) =exp{% Hlt},b(O) exp{—% Hlt} (2.9)
16



with 5(0) = p(0) being the initial condition in the interaction frame.

Since, the amplitude (@,) of the pulse is much larger in comparison to the internal spin

interactions (such as chemical shift, dipolar and J-coupling), the time evolution of the system

is mainly governed by the RF Hamiltonian * H,’ during a pulse.

In the interaction frame, the density operator at the end of single pulse of durationt,, is

represented by,
A(t,) =exp(iot,1,)p(0)exp(-iat,I,) (2.10)

For a typical (%)X pulse (i.e. mt, =%), the initial magnetization along z-direction is flipped
to the y-direction i.e. 5(t,)=1,. Subsequently, after, the pulse is switched off, the system
does not evolve in the interaction frame i.e. 5(t, +7)=p(t,) =1, (where ‘ 7" is the duration

after the pulse).

The expectation value of an observable is calculated using Eq. (2.11),
(1,(z)) =Trace[ I,. p(r) |= Trace[ 1, exp{—% Hor}[)(r) exp {% HOT}:|

_ _ (2.11)
=Trace exp{%Hor}lyexp{—%Hor} . p(7) =Trace[fy(r). /3(1')]

Iy

From Eq. (2.11) it is clear that the expectation value of an observable is independent of the
frame of reference. In contrast to the description in the lab frame, both the density operator
and the detection operator are time-dependent in the interaction picture. On further

evaluation, the final result leads to,

(1,(z)) =cosayr.Trace[ I | (2.12)

In the absence of dissipative processes, the magnetization [NMR signal, see eqgn. (2.12)] is
oscillatory, and the Fourier transform of the time-domain signal [egn. (2.12)], yields the

frequency spectrum (stick spectrum). However, in a real system, the spins interact among
themselves in addition to the interaction with the surrounding lattice. Consequently, the time-
domain signal decays with time (commonly referred to as Free-induction decay (FID)). To
mimic the experimental spectrum, the above time-domain signal is often multiplied by a

phenomenological damping term (denoted by T, commonly referred to as the spin-spin
17



relaxation time). Experimentally, the spin-spin relaxation constant is roughly estimated from

the line-width of the peaks [1] observed in the spectrum.

(1,(z)) =cos wor.exp[—%j (2.13)
Case-B

In the second approach, the system is transformed into the interaction frame defined by the
RF-pulse, i.e. p(t) =exp(-iw,t) o(t)exp(io t) where ‘@, ’ is the frequency of the oscillating
magnetic field. Employing the standard algebra in NMR (including the secular
approximation), the equation of motion in the Liouville space is represented by,

ih% ~[-#dal, ~hal, pO)] (2.14)

where, sz(a)rf —a)o) is the off-set. Since the two operators (/_,7.) are non-commuting, a

closed form solution to the above equation (egn. 2.14) is bit complicated. To circumvent this
problem, the standard approach involves the neglect of the off-set term during the pulse. Such
an approach holds well as long as the off-set is smaller in magnitude in comparison to the RF

amplitude i.e. Aw < @, . Hence, during the pulse, the spin system evolves only during the RF

Hamiltonian (H, = -y 1,),

p(t,) =exp(iat,1,) p(0)exp(-iamt, 1)

=1,(if at, = %) (@15)

In contrast to the earlier approach, the system evolves under the off-set term, after the pulse is
switched off i.e.

p(t, +7)=exp(iAwrl,)p(t,) exp(-iAmrl,) (2.16)
= |y cosAwr + |, cosAwr

Following the standard procedure, the expectation value is calculated and represented below,

(1,(2))=Trace[ I, (). 5(z) |
=Trace[(ly cos @, 7+ 1, sinw,7).(1, cos Awr + 1, sin Amﬂ 2.17)
=1cosa,r.Trace[ I} |+ 1cosmyr.Trace| I} |

=C0S @, T
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Not surprisingly, the final result is similar to the one derived in the previous section. Hence,
the derived effective RF Hamiltonians and the approximations employed seem to provide

some physical insights into our understanding of pulse-NMR experiments.

2.2 Cross-Polarization experiment for spin-1/2 system

To improve the sensitivity of NMR experiments involving low abundant/less sensitive nuclei,
nuclear double resonance experiment [2] in the form of cross-polarization (CP) experiments
were developed in NMR. In the CP experiment, the sensitivity of low abundant nuclei is
improved when a thermal contact is established between the low gamma nucleus with high
gamma nucleus [6]. Experimentally, this is implemented when the precessional rates of the
two types of nuclei is matched facilitating the transfer of polarization through the dipolar
interactions. In Figure 2, the basic CP scheme is depicted wherein the polarization transfer
from sensitive "H nuclei (I =1/2) is transferred to the less sensitive (insensitive) *C nuclei
(1 =1/2).

High Power Decoupler

'H

Contact Time

13c

Contact Time

FIGURE 2 PULSE SEQUENCE FOR CP EXPERIMENT

A qualitative picture employing simple vector model is depicted in Figure 3. Initially both the
nuclei are at thermal equilibrium. The experiment begins with a 90° pulse along Y-direction
on the proton channel. The resulting polarization along the X-axis is locked by a constant
magnetic field (commonly referred to as spin-locking field) of strength B,y applied along X-
direction. To facilitate polarization transfer between the spins, an additional RF field of

strength B¢ is applied on the carbon channel. To maximize the polarization transfer, the RF
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fields employed on the two channels are adjusted such that they satisfy the Hartmann-Hahn

condition (¥ uB11=yc Bic) [2].

90°

YuB1 = YcBic

Hartman-Hahn

FIGURE 3 PICTORIAL DEPICTION OF CP EXPERIMENT

In figure brown color vector denotes *H polarization, while violet color vector denotes **C polarization.

To give a formal description of this process, the cross-polarization experiment involving two
spin-1/2 nuclei, is described using the effective RF Hamiltonian formalism.

2.2.1 Hamiltonian

To elucidate the mechanism of polarization transfer among spins, we employ a model two
spin system. The spin Hamiltonian for an isolated two spin system is represented by,
H=H,+H;+Hg (2.18)
where, H; and Hs are single spin Hamiltonians, while Hys is the two spin Hamiltonian.

The Hamiltonian for spins ‘1" and ‘S " is represented below,

H, =—haw, |, —2haw, cos(w, t).1, (2.19a)

Hy = —hamysS, — 2hays c0s(wy <1).S, (2.19b)

z
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In the above expressions @, =y,B,, is the amplitude of the RF field on channel I, y, is
gyromagnetic ratio of spin | and By, is amplitude of the RF on channel I. @, is Larmor

frequency and w, , is spectrometer operating frequency of spin-1 nucleus.

The dipolar Hamiltonian is described by,

H=dlS,, (2.20)

where, d = M35h(1—3cos2 ) is the dipolar constant.

IS

(A) Rotating frame transformation

To study the effect of the RF field on the internal interactions, the spin Hamiltonian is

transformed into the rotating interaction frame via the unitary transformation defined below,
U, =exp(—iay tl,).exp(-ioy ¢tS,) (2.21)

The objective of such a transformation is to remove the contributions arising from the

Zeeman interaction.

In the rotating frame, the single spin Hamiltonian is transformed as depicted below,
H™ =UHU*

H™ =—h(wy, — oy, )1, —2ha, cos(aw, D[, cos(awy, 1) -1, sin(wy ,t)] (2.22a)
which on simplification results in

H* =-hAw, |, —haoy, [1,{1+cos2(w, 1) — 1, sin2(w, ,t)], (2.22b)
where, A, is the chemical shift offset of spin 1 .

Employing the secular approximation, the high frequency terms in the above Hamiltonian are

neglected and it reduces to a much simpler form given below,

H™ =-hAw 1, —hao, 1, (2.22c)

When the RF irradiation is on-resonance (i.e. Aw =0), the Hamiltonian for the single spin in

their respective rotating frames reduces to,

H =—fa, |, (2.22)
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H = —ha S (2.23)

X

Due to commuting nature the two spin Hamiltonian, it remains invariant in the rotating frame.
H =dl,S, (2.24)
The overall Hamiltonian in the rotating frame is represented by,

H™ =, |, —hay S, +dlS, (2.25)

X

Employing the product basis ( |m,mg)) the single spin Hamiltonian, and two spin
Hamiltonian in the rotating frame are represented by,

0010 0100 1 0 0 O
Hrot:_& 0 0O H"":—% 1 00O o 9 0 -1 0 O
! ! s ' IS
211 0 0 O 210 0 01 410 0 -1 0
0100 0010 0 0 0 1

Since the dominant contributions (@, and @,;) in the overall Hamiltonian (see below) are off-

diagonal, an additional transformation is necessary for analytic description.

4 e @y

4 2 2
o5 d o “u
qe__| 2 2
L TR d @
2 4 2
o “u %s _d

2 2

(B) Tilted frame transformation

To fold the dominant contributions, the employed additional unitary transformation is defined

below,

UZ:exp{—i%Iy}.exp{—i%Sy} (2.26)

In the tilted rotating frame the single spin Hamiltonian reduces to eqgn. (2.27) & (2.28), while

the two spin Hamiltonian reduces to egn. (2.29).

H' =—hao, | (2.27)

z
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Hg' = —hayS, (2.28)
Hi =dl.S, (2.29)
The overall Hamiltonian in the tilted rotating frame is represented by,

H" =H" + H' + H}{

H" =-am, |, —hwS, +dl1,S, (2.30)

In the tilted rotating frame the overall Hamiltonian is nearly diagonal (see below)

—%(a)1I + ) 0 0 %
i 0 —%(a)l, — ) % 0
0 % %(a)l, —ay) 0

I % 0 0 %(a)l, +a)ls)_

(C) Hartmann-Hahn condition

To further simplify the description, a third unitary transformation defined by,
U, =exp(—iaytl, ).exp(—iatS,) (2.31)
is performed.

His™ =UsHi U

om0 : .
HE" = Z“*S* exp{-i(w, + o )t}+1_S_exp{i(w, + o )t}]

DQ

"’%[hs exp{_i(wu — W5 )t}+ |7S {i(a)u _wls)t}]

2Q

(2.32)

The resulting two spin Hamiltonian comprises of double quantum (DQ) and zero quantum

(ZQ) operators.

When the RF amplitudes on two channels are matched, @, = @5 , a time independent
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Hamiltonian, (formally known as Hartmann-Hahn matching condition) is obtained.

H,, :%[I*SHS*] (2.33)

The high frequency terms associated with DQ operators are neglected under secular

approximation.
2.2.2 Detection operator

Theoretically, the time domain NMR signal is evaluated by calculating the expectation value

of the S, operator.

(S,)=Trlp(t).S1=Trloy (1).S, ] (2.34)

To have a consistent description, the detection operator is transformed by the transformations

described in the previous section.
Seet =S, €0s(@y st) +sin(@y st)[S, cos(ast) —S, sin(at)] (2.35)
2.2.3 Density operator

At thermal equilibrium, the net magnetization for, both | and S lie along z-axis. In the high

temperature approximation, the density operator © p ’ is represented by,

p=%i+g l, (2.36)

Since the identity operator is invariant the initial density matrix is often expressed by,
pO=21, (2.37)
(A) Pulse sequence

As shown in figure 2, pulse sequence of CP experiment consists of 90° pulse on | channel
along y-direction. This results in rotation of density matrix along x-direction. The impact of

this pulse on initial density matrix is described below,
,5(0) _ ei(;r/2).lyp(o)e—i(;zIZ).ly (2.38)

(2.39)

IX

= p0)-
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(B) Unitary transformations

Analogous to the detection operator, the initial density operator is transformed and
represented by,

e (0) = %[—IZ COs(@y 1) + sin(e, , D[, cos(@y t) — 1 sin(ey, O] (2.40)
(C) Evolution of density matrix

The time evolution of density operator is expressed by,

ih% ~[H.p(1)] (2.41)

Employing the BCH (Baker-Campbell-Hausdorff) expansion the formal solution is expressed

by,

p(t) =exp {% Ht}p(O) exp{—% Ht} = p(0) + (%tj[H,p(O)] + %(%tj [H,[H,p0)]]+.

(2.42)
which on further simplification reduces to,
drorve o+
P © =P O+ [{I'S™ 4178} s (O |+ (2.43)
Syenr =—S; COS(@y st) +sin(@y st)[S, cos(aist) — Sy sin(ewst)]
<Sx > = Tr[peff (t)'sx,eff 1
The time domain signal is expressed by,
i s
<S+> =——dsin(wy ¢t) cos(a)lst).Tr[(I ST—1°S )Sy]
4n (2.44)
—ﬁd sin(e, ) sin(@)Tr[ (=571, +1,57)S, ]
<S+> oc d
VsV (2.45)

In a typical experiment, the Signal (S*) is proportional to y and in the case of CP it is
proportional to y, (the abundant nuclei). Hence the signal of the S spin is enhanced due to
CP. In case of polarization transfer from proton to carbon, the signal enhances up to 4 times
(7 =475).
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2.2.4 Numerical simulations

To check the validity of the analytical theory described in the previous sections, simulations

involving numerical integration of Liouville equation were performed and compared with the

analytical simulations.

In the simulations presented, polarization transfer from *H to **C is evaluated as the function
of mixing time. The analytical results agree well with the numerical simulations and confirm

the validity of the approach presented.

1 an | (A2)
0.5 0.5
0 1 1 ] 0 1 l 1 ]

z !
2 0 0.5 10 0.5 1
E (B1) (B2)
0.5 0.5
O" 1 1 1 ] ' 1 | 1 ]
0 0.5 1 0 0.5 1
Tmix(ms)

FIGURE 4. PLOT OF INTENSITY VS MIXING TIME.
It is a mixing time plot for static Hartmann-Hahn CP for the system of *H and **C. Where black
curve (—) is for RF field of 10 KHz and red curve ( ) is for RF field of 20 KHz on both
proton and carbon channels. Panels Al and A2 are at 500 MHz, while B1 and B2 are at 700 MHz.
Al and B1 correspond to transfer of polarization from *H to aliphatic carbon. A2 and B2 correspond
to polarization transfer from 'H to carbonyl carbon. Solid curve depicts numerical simulations,
while dot represents analytical simulations




Chapter 3

Nuclei with spin quantum number | > 1/2 are termed as quadrupolar nuclei and possess a
non-zero quadrupolar moment as described in section 1.2.6 (of chapter 1). The spin

Hamiltonian for a quadrupolar system is represented by [13-19],
H=H, +Hgy +H,, (3.1)

where, H, and H,. are identical to our earlier description. H, denotes the quadrupolar

interaction and is represented in the principal axis frame (PAS) by,

Hy = 224@12 - 17)+ 212 417 3.2
0 =A@ 1)+ (2415} (32)

where @, ’ is the quadrupolar coupling constant

2
@, = _3¥aQ (3.3)
2121 =Dn
Since, H, and H . are defined in the lab frame, the quadrupolar Hamiltonian defined in the

principal axis frame is transformed to the lab frame via Wigner rotation matrices [14-17]. In

the lab frame, parts of the quadrupolar Hamiltonian that commute with H, are retained as

first order quadrupolar Hamiltonian.

In the lab frame the first order quadrupolar interaction is represented by,

g (@, B.y)
6

HY = {317 -1%} (3.3)

where the coupling constant depends on the Euler angles relating the PAS to the LAS (lab
frame) [14-16].
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The second order interaction terms comprise of the single-quantum and double-quantum

operators and are often negligible at higher magnetic field strengths.
Hg’ oc{I? + If}Jr{IZI+ + 1 {1+ 11,)} (3.4)

From eqgns. (3.1), (3.2), the overall Hamiltonian for a quadrupolar system (to first order) is

represented by,

H =~ {@1;-1%) (35)

— 2ha, cos(w,t).1, +

z

oy (@, f.y)
6

In the following sections, we describe the spin dynamics of integer and half-integer
quadrupolar spins. For the purpose of illustration, we confine our discussion to | =1, 3/2, 5/2

spin systems.

3.1 Description of quadrupolar spins
3.1.1Spinl=1

Based on our earlier description the spin | = 1 system has three states in the |I,m> basis i.e.

111),]1,0), [ —1). In the presence of an external magnetic field the degeneracy is lifted

resulting in the following energy levels.

o1, [11) =y |1 1) (3.62)
wyl,|1-0) = |1 -1) (3.60)
@,1,]10)=0 (3.6¢)

In the absence of quadrupolar interaction, the NMR spectrum for spin | = 1 system, will result

in a single peak. This condition is often obtained in an isotropic liquid sample.
Including first order quadrupolar interaction:

However, in the presence of first order quadrupolar interaction, the energy levels described

above are rearranged as given below,
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HI11) {—%m%}u 1) (3.72)
HIL-1) = {%m%}u 1) (3.7h)

H10) = {—w—;}p 0) (3.7)

For a typical | = 1 system, the NMR spectrum comprises of two peaks corresponding to the
following transitions:

1,1) —|1,0),
1,0) >|1-1)

In the case of anisotropic liquid crystals, the quadrupolar splitting gets averaged due to

molecular motions. However in case of solids, depending on the orientation of electric field
gradient tensor with respect to external magnetic field, the observed quadrupolar splitting
varies. In a powdered sample, the NMR spectrum is broadened due to spatial anisotropy [14-

19].

Below, the energy level diagram for the 1 = 1 system including the first order quadrupolar

interaction is presented.

F 3
|],—1} P - F Y y Y
E " F F ab
/ )y +—-
/ @,
/ 2%
j o
L — \ 2a,
\ \
\C?)o o
\ @y — TQ
\ P
L)
H, HY

FIGURE 5. SPLITTING OF ENERGY LEVELS FOR SPIN | =1 SYSTEM.
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3.1.2 Spin 1 = 3/2
In the case of spin | = 3/2 system ("Li, *Na, K, **Ca, *'Ca, "Br, ¥Br, “Ga, "*Ga, "As, ®Cu,

%Cu, 1B, "®Au etc.) there are four states, §§> ‘E 1> P —l>‘§—g> in the absence

2'2/12'2/"2" 2/’'|2

of quadrupolar interactions, the energies of four states in the presence of external magnetic

field are given below.

3 .3 3 |3 .3
L= ft=)=F-a,|=,t—= 3.8a

3.1 1 |31
L|=t=)=F-w,|=,t—= 3.8b
W1, > 2> +20)0 > 2> (3.8b)

Including first order quadrupolar interaction:

In the presence of first order quadrupolar interaction the Hamiltonian is given by,
a,
H :—ha)olz+?Q{3lf—I2} (3.9)

and the energy levels are rearranged as represented below,

3 3\ [.3 a3 .3
‘2 2> {Jrz% 2}2 2> (3109
3 1\ [L1 . w3 .1

HI3 23V |2l n %8 .2 3.10b
‘2 2> {J“z ° 2}2 2> (310

In contrast to spin | = 1 system, the NMR spectrum of half integer spins (I = 3/2) comprises
of satellite and central transitions.

The satellite transitions are associated with the states,
33 31
—,— % —,—
2 2 2 2
3 1 3 3
_,__ % _,__
335
While the unique central transition is associated with,

Ei — E—_—l = Central transition
2 2 2 2

= Satellite transitions

Below, we depict the possible transitions and frequencies in a spin | = 3/2 system under the

influence of first order quadrupolar interaction.
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FIGURE 6. ENERGY LEVEL SPLITTING FOR SPIN I = 3/2 SYSTEM.

3.1.3 Spin 1 =5/2

Analogous to our earlier description, spin | = 5/2 system (}'0, ®Mg, *’Al, **Mn, **'| etc) is

SOV 53\ |51V 5 1\ 5 3\ |5 5
2'2/° 272/ 272/ 12" 2/ "|2" 2/"|2" 2/

In the presence of first order quadrupolar interaction, the six energy levels are rearranged as

represented by six states i.e.

represented below,

5 5\ [ 5 5 15 5

Hi—t=)=|F-oh+-a, ||=.T= 3.11a
2 2> T2 2 2> (3112
5 3\ [(3 1 75 3

H —,i— — | = h__ _’i_ 311b
: 2> 2an-1a 2 2> (3.11b)
5 1\ [(1 . 4 75 1

T P g 3.41c
2 2> T2 T2 2> (3110

In contrast to spin | = 3/2 system, there are two sets of satellite transitions besides a central

transition.

= one set of Satellite transitions
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= second set of Satellite transitions

2 _> _>‘_,——> }:> Central transition

The transitions and frequencies associated with single quantum excitations for spin | = 5/2

system, is depicted in Fig. 8.

5 5
A ‘E’_E> P - A A
E ! @, + 26,
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v 2°2 -
¢)]
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FIGURE 7. ENERGY LEVEL SPLITTING FOR SPIN I =5/2 SYSTEM
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3.2 RF Pulse description

3.2.1 Outline

Our objective is to derive an effective Hamiltonian that describes the effect of an RF pulse
(See Figure 4) on the spin system. To demonstrate this aspect, effective RF Hamiltonians are
proposed for | = 1, 3/2, 5/2 spin systems (as described in section 3.2.1.1). Employing the
effective Hamiltonians, the density operator after the pulse is evaluated and an analytic

expression for the time-domain signal is derived.

Hf’f

> {ime
P N

t “1

FIGURE 8. PULSE SEQUENCE FOR A SINGLE PULSE EXPERIMENT

3.2.1.1 Effective RF Hamiltonian

The Hamiltonian for a quadrupolar system, in the presence of only first order quadrupolar

interaction is represented by,
Wy 2 2
H =-hw,l, —2hw, cos(w,t).1, +?{3|Z -1} (3.12)

Since the magnitude of Zeeman interaction and quadrupolar interaction is quite large
compared to the magnitude of RF amplitude, it is necessary to get rid of the Zeeman and

quadrupolar interactions using unitary transformations.

To beginwith, the transformation in to the quadrupolar interaction frame is defined by,
a,
U, = exp{i ?Q(mz2 —1 Z)t} (3.13)
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In this frame the Hamiltonian ‘H’ [see eqn. (3.12)] is transformed as represented below,

~ g 0 2 -0 a2 2
H :exp{l?(:%lZ -1 )t}H exp{—l?(BlZ —1 )t} (3.14)

—exp{l—(Blz—l )t}[ hao, |, — 2ha, cos(w, ).l +—Q{3|2—| }]exp{—l — @122 )t}
(3.15)

In the quadrupolar interaction frame, the Zeeman Hamiltonian (H, =—-%am,l, ) is invariant
(i.e. [1,.@317 - IZ)J:O) . However, the RF Hamiltonian is transformed and is evaluated

employing the BCH formula given below,

A =11, Ja @iz [ee 191,790

' (3.16)
[(3I2—| )[B12-17),[@12-17)1, m(wﬁt)

To evaluate this expression, we express the operators in terms of matrices. Then employing

the matrix algebra closed form solution for (3.16) is obtained.
The transformation into the Zeeman interaction frame is defined by,

U, =exp(-iatl,) (3.17)

The Hamiltonian in the Zeeman interaction frame results in the effective RF Hamiltonian.

As described earlier, the detection operator (say | *), and the initial density matrix © p(0) are

transformed identically by the two unitary transformations described above.

Since, [p(0),U,]=0, [p(0),U,]=0, the initial density operator is invariant. However the
detection operator is transformed analogous to the RF Hamiltonian.

3.2.1.2 Evolution of density matrix under effective Hamiltonian

Simultaneously the time evolution of the density matrix is obtained by solving Liouville

equation of motion,

4P _

o =[H. o] (3.18)
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Since, the Hamiltonian is time independent, the final solution for above Liouville equation is

represented by,

p(t) =exp {% Ht} p(0)exp {—% Ht} (3.19)

and is simplified by employing BCH expansion given below,

i i i 1(i.Y
exp{%Ht}p(O)exp{—EHt}:p(0)+££tj[H,p(0)]+a(Etj [H.[H.p(0)]]+.. (3.20)

= p(t) = p(0)+(%t)[H,p(O)]+%(%tj [H.[H, p(O)]]+.... (3.21)

Subsequently, the time domain signal is obtained, by evaluating the trace of evolved density

matrix and the transformed detection operator.
(D) :Tr[,o(t).li} (3.22)

Based on the above formalism, we present an analytical description of pulsesin I =1, 1 = 3/2,
| = 5/2 systems in the following sections.

3.2.21 =1 System
3.2.2.1 Effective RF Hamiltonian for | = 1 system

Quadrupole interaction frame transformation: The Hamiltonian in the quadrupolar

interaction frame [for detail see egn. (4) of appendix 1] defined by

W TIRT ,
U, = exp{lF(?,IZ -1 )t}and is represented by,

0 2 o 0 V2 o
H :—ha)olz+% iSin(%t] 2 0 —2|+Cos %t V20 2 [H-2hacos(, 1)
0 2 o 0 2 o

(3.23)
Zeeman interaction frame transformation: The Hamiltonian in the Zeeman interaction

frame, defined by U, =exp(—imtl,) , is represented [for detail see eqn. (8) of appendix 1] by,
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02 o 0
iSin[%t] 0 0 —2|exp(iogt)+
) 00 0 0
H= i i
0 V2 0 0
+Cos(%t] 0 0 <2 l|exp(imt)+| 2
00 0 0

2 0 0lexp(-iapt)

0 0

J2 0

{~ha, cos(w,t)}

(3.24)

Employing trigonometric identities and combining like coefficients, the above expression

[egn. (3.24)] is simplified and re-expressed below,

(@ +a +w7°)t ei(fwrf o +%Q)t ei(wrf +w0—0)70)t (o +ay f‘%)t 0 V2 0
- 0 0 —2
2 2 0 O 0
i (o +%°)t ei(fmrf —a +%°)t i(r o f%Q)t . ei(fwrf 7@07%‘3)t 0 0
+ - 2 0 0
2 2
ot L0 2o
2 (o + +%°)t i~ +w0+w7o)t (o + —%’)t i(— o+ f%%t 0 V2 0
- + 0 0 2
2 2 0 O 0
(o —op+ o0t (g —ap Nt ol =t oI —a=t 0 0 0
+ + J2 0 o0
2 2
0 5 o

(3.25)

It is important here to realize that the above expression [egn. (3.25)] has been obtained after

invoking the secular approximation (high frequency terms are neglected).
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ei(—@ﬁwﬁ%)t ei(—wrﬁwo—%)t 0 ‘/E 0 i((uﬁfww%)r ei(wrffmof%)r 0 0 0]
- 0 0 2|+ - 2 0 0
2 2 2 2
i heo 0 0 0 0 \E 0
H=-"2 ]
2 ei(—wrf+n)0+w7o)t ei(-wﬁmo-%)t 0 ‘ﬁ 0 ei(wﬁ-w%‘?)t ei(wﬁ-%-%‘?)t 0 0 0
+ + 0 0 2|+ + 20 0
2 2 2 2
0 0 O 0 2 0]
(3.26)

For a given magnetic field strength ‘By’, depending on the relative magnitude of the

quadrupolar coupling (@, ) and RF amplitude (o, ), selective and non-selective transitions

could be induced.

The non-selective experiments are commonly known as hard pulse experiments and are
commonly employed to excite all the transitions. Thus, all the exponential terms become
unity and resulting in an effective RF Hamiltonian corresponding to hard pulse regime

represented by the I, operator,

0 V2 0
H :—% 2 o 2 (3.27)
0 V2 0

By contrast, in the case of selective excitations (called soft pulse experiments) there are two

possible transitions given below,

a,

Casel = w, 2(0)0 —7(9} (3.28a)
@,

Case2 = w, = (a)o +7Q] (3.28b)

Q,
When the frequency of the RF pulse is such that, o, =[a)o—7Qj the effective RF

Hamiltonian under secular approximation is represented by,
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0 V2 0 0 0 0 0 V2 0
go-ledl Il o 2| gz E NARRE
2 2 2 2 2
0 O 0 0
which finally results in,
0 0 O
~ A=-"lg o 2
2
02 0
a,
In a similar vein, for o, = (a)o +7Qj , the effective Hamiltonian is represented by,
042 0 0 0 0 0 V2 0 0
ﬁ:—h—;"l {%}0 0 -2 +{—%} 2 0 0 +{%}0 0 2 +{%}«/§
0 0 O 0 20 0 0 O 0
and reduces to,
0 J2 0
- ﬁ:—% J2 0 0
0 0 O
3.2.2.2 Detection operator
The detection operator “ 1™’ operator and is represented in matrix form as:
0 V2 0
I"=|0 0 2
0O 0 O
D = N3il*
here. N = ——
where, N
The detection operator in the effective interaction frame is represented by,
02 0 0 V2 0
I:+=iSin£%t] 0 0 —2 exp(ia)ot)+Cos(%tj 0 0 2 exp(imt)
0 O 0 0 0 O
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(3.29)

0 0
0 0

J2 0

(3.30)

(3.31)

(3.32)

o o o



3.2.2.3 Evolution of density matrix

The density operator after the pulse is represented by,

(t) = p(O)+(%tj[H ,p(O)]+%[%th [H.[H, pO)]]+-...

10 0
where, p(0)={0 0 0 (3.33)
00 -1

Below, we illustrate the two excitations under selective and non-selective regimes.

A) Non-selective excitations

In the case of non-selective excitations, the density matrix after the pulse [for detail see eqgn.
(9) of appendix 1] is represented by,

100 0 2 o0
= p(t)=Cos(at)| 0 0 0 —iSin(a)lt)% V2 0 2 s
0 0 -1 0 2 o0 (3.34)

The time domain signal is obtained by evaluating [for detail see egn. (10) of appendix 1] the

following equation:

|> :Tr[p(t).ﬂ
< (3.35)
which on simplification reduces to,

~ inQtHa)ot —i%tﬁ-iwot
(T)=2nzsin(ayt){© = (3.36)

From egn. (3.36), the maximum intensity obtained for time domain signal in non-selective

excitations is N?, when Sin(et) is equal to unity, i.e. t="_

2]
B) Selective excitations
As discussed in egn. (3.28), for a I = 1 system there are two matching conditions
: Wy
corresponding to @, = 00—7 .
Case 1: The density matrix after the pulse [for detail see eqn. (11) of appendix 1] with

a,
frequency, o, = (coo —?Q] is represented by,
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1 0 O 00 O 0 0 O

p()=/0 0 0 —iSin(\/Ea)lt)% 00 -1 +{Cos(«/§a)1t)—1}% 01 0 (3.37)
0 0 -1 01 0 0 0 -1
The time domain signal obtained is represented by,
:+ _ 1 2¢; i[%_%}
<| >—$N sin(v2at e (3.38)
From eqn. (3.38), the maximum intensity obtained for time domain signal in this selective
o .1 . . L V4
excitation case is— N2, when Sin(«/2at) is equal to unity, i.e. t =
7 (V2at) is eq y 272

()
In a similar vein, the time domain signal for Case 2, w,; = (a)o +7Qj , IS represented by,

:+ 3 1 -~ i[a}o+w7qjt
<| >_$N sin(v2et)e (3.39)
From eqgn. (3.39), the maximum intensity obtained for time domain signal in this selective
o .1 . . L /4
excitation case is—— N2, when Sin(«/2at) is equal to unity, i.e. t =
% (V2at) is eq y 272

Below, we summarize the final results for the spin | = 1 system.

Table 1. Summary of spin | =1 results.

S.No. | Matching Condition | Frequency Intensity Pulse duration
1 o, @, 1 P s
- 9 -9 —N?
= + +
O = W 5 @, 2 ﬁ 2\/50)1
2 o, @ 1., T
=@ ——2 _-Q —N
W =y 5 @, 5 \/5 2\/50)1
3 Hard pulse Both frequencies | N2 N? Ea
20,
. .1
In table 1, value of N for spin | =1 is—.
2
Below, we present the numerically simulated spectrum of spin | =1, for varying symmetries

(=0, 0.5, 1). The numerical simulations presented correspond to a powdered sample and

comprise of 6044 orientations. Employing the analytic expression for the time-domain signal
and subsequent Fourier transformation, the frequency domain spectrum is obtained using a
numerical code in FORTRAN.
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0.4 —

T

0 _l T T T T | T T T T | T T T T | T T T T | T T T T | T T T T |
3 -2 -1 0 1 2 3
Frequency (v) [kHz] —

FIGURE 9(A). POWDER AVERAGED SPECTRUM OF SPIN I = 1, WITH =0

This is a hard pulse (n/2) spectrum for **N nuclei (spin | = 1) acquired over 6044 orientations, with
quadrupolar constant, @, = 3/4 KHz, and CQ =1 KHz. @, = 3/4 KHz, and CQ =1 KHz.

o
o
l

Intensity —

0.4 —

Frequency (v) [kHz] —

FIGURE 9(B). POWDER AVERAGED SPECTRUM OF SPIN | = 1, WITH 7 =0.5.

This is a hard pulse (n/2) spectrum for **N nuclei (spin | = 1) acquired over 6044 orientations, with
quadrupolar constant, Wy = 3/4 KHz, and CQ =1 KHz.
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0 _l T T T T I T T T T I T T T T I T T T T I T T T T I T T T T I
3 -2 -1 0 1 2 3
Frequency (v) [kHz] —

FIGURE 9(C). POWDER AVERAGED SPECTRUM OF SPIN I = 1, WITH =1

This is a hard pulse (n/2) spectrum for **N nuclei (spin | = 1) acquired over 6044 orientations, with
quadrupolar constant, Wy = 3/4 KHz, and CQ =1 KHz.
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3.2.3 1 = 3/2 System

Following the description in the earlier sections, the Hamiltonian for spin | = 3/2 in the
quadrupolar interaction frame and Zeeman interaction frame is represented in egn. (3.40) and

(3.41) respectively [for details see appendix 2].

0000 (0 3 0 0]
00 20 -3 0 0 0
+iSin(w,t) V3
0200 0 0 0 -3
0 0 0O
~ 0 0 3 0
H =-hw,l, + - B S {—ha)lcos(a)rft)}
0 3 0 o0
3 0 0 O
+ Cos(wyt) V3
0 0 0 3
0 0 3 0
(3.40)
0 00O 0 00O
= 0 020 0 00O
H ={-ho, cos(w,t exp(iw,t) + exp(—iaw,t
{-hacos(@ O | o o g ePGed)+] o lexe(-ieg)
0 00O 0 00O
0 3 0 0] 0 0 0 O]
0O 0 0 O -3 0 0 O
+iSin(w,t) exp(im,t) + V3 exp(—iw,t)
0 0 0 —\/3 0O 0 0 O
0 0 0 0 L0 0 3 0
0 V3 0 0] 0 0 0 O]
0 0 0 O 30 0 O
+Cos(a,t) exp(io,t) + V3 exp(—ia,t)
0 0 0 3 0 0 0 O
0 0 0 O 0 0 3 0
- - - V30, (3.41)

Employing secular approximation and equating like terms the effective RF Hamiltonian is

represented below,
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0000 00
i 0020 i 0 00
{e|(wrf —a)o)t} n {el(—wﬁ +a)0)t} "
0000 0 00
0000 0 00
0B o o] [0 0 0 0]
~ ha)l ei(—a),,f+a)0+wQ)t ei(—w,,,+a)0—a)Q)t 0 O 0 O ei(a)rf—wOJra)Q)t ei(a)rf—wo—a)Q)t _\E O 0 0
H=—=<+ - + -
2 2 2 0 0 0 —f3 2 2 0 0 0 0
000 0| [0 030
0 B0 0] [0 0 0 0]
. ei(—wﬁ+w0+a;o)t+ei(—(u,f+a)o—wo)t 0 O 0 0 . ei(cu,f—woJra)Q)t+ei(w,f—a)0—ch)t \j:)_) O 0 0
2 2 00 03 2 2 000 00
0 0 0 0] [0 0 3 0]
(3.42)

In the case of the non-selective excitations, the effective RF Hamiltonian depicted in eqgn.

(3.42) reduces to |, operator, represented by,

0 3 0 0]

- 3 0 2 0
i _ha|\B (3.43)

210 2 0 43

0 0 3 0

In the case of selective excitations, the matching condition corresponds to a set of satellite

transition and a central transition.

Casel = w, :(a)o—a)Q) ) -
— Satellite transition (3.44a)
Case2 = w, = (a)o + ay,

Case3 = a, =(o, )} — Central transition (3.44b)

The effective RF Hamiltonian for central transition is given by eqgn. (3.47), while the
effective Hamiltonians for the satellite transitions are represented by eqgn. (3.45) and (3.46)

respectively.
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00 0 0]
H::_@000 0
210 0 0 B
0 0 3 0]
0 3 0 0]
G__halE 0 00
2/0 0 00
0 0 0 0]
0 0 00
G__he|0 0 20
210 2 00
0 000

(3.45)

(3.46)

(3.47)

Following the procedure given in the previous sections, the transformed detection operator

and the density operator are represented below by eqns. (3.48) and (3.49) respectively.

0000 0 V30 0
o000 2 0 taisin|° ° 0 °
= ) ,
000 of Pl o 0 0 -3
0000 0 00 O
300 0
110 1 0 0
o) L
PO=210 0 1 o
00 0 -3

3.2.3.2 Evolution of density matrix

exp(iayt) + Cos(aw,t)

0
0
0
10

B

0
0
0

As mentioned in eqn. (3.21), the density operator after the pulse is represented by,

p(t) = p(O)+(%tj[H ,p(O)]+%(%tjz [H.[H, p(0)]]+....

A) Non-selective excitations

0
0
0
0

0
0
3

0_

exp(iot)

(3.48)

(3.49)

In the case of non-selective excitation, the density operator [see eqn. (9) of appendix 2] after

the pulse is represented by,
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00 0 0 -3 0 0]
01 0 O 3 0 -2 0
p(t)=Cos(wt): isin() X ¥ (350)
2|0 0 -1 © 2l o 2 0 -3
0 0 -3 0 o0 B o |
and the time domain signal [see eqgn. (10) of appendix 2] is represented by eqn. (3.51)
~ ) iogt+iapt —iogt+iapt
<| > - NZSin(a)lt){Ze"""‘ +3 +ze } (3.51)

From eqn. (3.51), the maximum intensity obtained for time domain signal in non-selective

excitations isN?, when Sin(e;t) is equal to unity, i.e. t= T
2]

B) Selective excitations

.Case 1: When a, =(a)o—a)Q), the density operator after the pulse [see egn. (11) of

appendix 2] is represented by,

300 O 000 O 00 O
1/0 1 0 - 1/0 0 0 O 1/0 0 0 O
t)y=— —iSin{ V3ot )= Cos(v3mt)-1: =
PO=310 0 ([w1)2000—1+{ (Vaot) }2001 0
0 0 0 -3 001 0 0 00 -1
(3.52)
Subsequently the time domain signal [see eqn. (12) of appendix 2] is represented by,
<f +>:§N23in(ﬁ@t)e""°“‘%‘ (3.53)

From eqn. (3.53), the maximum intensity obtained for time domain signal in this selective

B3

excitation case is— N?, when Sin \/§a)t is equal to unity, i.e. t= il
5 (VBart) is eq y o
Case 2: when @, = @, + @y, the time domain signal is represented by,
<f+> - ? N ZSin(\Ea)lt)ei%“i”"t (3.54)

Similarly, for this case of selective excitation, maximum intensity of time domain signal

B3

obtained is7N2, att=—2

Z«Ea)l '
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Case 3: In the case of the central transition (@, = ®,), the density operator after the pulse

[for detail see egn. (15) of appendix 2] is represented by,

30 0 O 00 0 O 00 O
110 1 0 O .. 1/0 0 -1 O 110 1 0 O
t)=— —1Sin(2mt) = +:Cos(2at)-1{ =
P0=310 o - (208)315 1 o o[HCsRe-YZl, o 4 g
00 0 -3 00 0 O 00 0O
(3.55)
The resulting time domain signal [see eqn. (16) of appendix 2] is represented by,
<I:+> = N?Sin(2a,t)exp(icyt) (3.56)

From eqn. (3.56), the maximum intensity obtained for time domain signal of central transition

is N?, when Sin(2et) is equal to unity, i.e. t=2
@y

The results for spin | = 3/2 are tabulated below.

Table 2. Summary of spin | = 3/2 results.

S.No. | Matching condition Frequency Intensity Pulse duration
1 @ = 0y + @0 @, + ENZ V4
2 2\/§a)1
2 Wy =@y — g @, — ﬁNz V1
2 2\/§a)1
3 @, = @, w, N° K
4a,
4 Hard pul All th
ard pulse o ree o N2 §N2 §N2 T
quencies 192 19 20)1

In table 2, value of N is i

N3

Below, we are presenting the numerically simulated spectrum of spin | = 3/2, for varying
symmetries (=0, 0.5, 1). Confirming our formalism spin | = 3/2 spectrum, shows a central

band and one set of satellite transitions.
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Frequency (v) [kHz] —

FIGURE 10(A). POWDER AVERAGED SPECTRUM OF SPIN | = 3/2, WITH 7=0.
This is a hard pulse (n/2) spectrum for 2Na nuclei (spin | = 3/2) acquired over 6044 orientations,
with quadrupolar constant, Wy = 2/5 KHz, and CQ =1 KHz.
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Intensity —
[=]
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=]

Frequency (v) [kHz] —

FIGURE 10(B). POWDER AVERAGED SPECTRUM OF SPIN | = 3/2 WITH 7 =0.5.
This is a hard pulse (n/2) spectrum for ?*Na nuclei (spin | = 3/2) acquired over 6044 orientations,
with quadrupolar constant, @, = 2/5 KHz, and CQ =1 KHz.
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FIGURE 10(C). POWDER AVERAGED SPECTRUM OF SPIN I = 3/2, WITH 7n=1.0.
This is a hard pulse (n/2) spectrum for 2Na nuclei (spin | = 3/2) acquired over 6044 orientations,
with quadrupolar constant, Wy = 2/5 KHz and CQ =1 KHz.
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3.2.4 1 =5/2 System

3.2.4.1 Effective RF Hamiltonian

Following the description in the earlier sections, the effective RF Hamiltonian for a spin | =

5/2 system is derived [for detail see egn. (4) and (8) of appendix 3] and is represented below,

{ei(*wn Wo)t}

ei(—wr, +cu0+2wo)t

O O O O O o

0

O O O o o

ei (-0 tay—2ag)t

O O O O o o

2

|

i(-oy +w0+2(uQ)t

2

e

i(~o tay—2a)t

|

1T O O O w o o

O O O o o o

f

2

ei(—mr, +ag—ag)t

2

ei(—wr, +agtag)t
+
2

(- +ap+og)t

2

|

ei(fwrf +ay—mg)t

O O O O o o

+
2

.

2

|

|

O O O O o o

O O O o o o

00 000000
00 000000

0 0| (ifuy-ay)|0 0 0000

00 +{e }0 03000

00 000000

0 0] 00000 0]

5000 0] 0

0 000 O 5
0 00 0 0 ei(wr,—a)o+2wo)t ei(wr,—a)D—ZwQ)t 0

0 000 0 +{ 2 2 } 0

0 000 —f5 0

0 000 O | 0
05000 0] 0
00000 O 5
00 000 0 ei (o ~@y+2a0 )t ei(w,, —ap—2aq)t 0
00 000 O +{ 2 2 } 0
0 0 000 5 0
00 000 O] |0
0 0 0 0] 0 0
22 0 0 0 0 0
0 0 0 0 ei(wr, —oy+ag )t ei(wr, —op—ag )t 0 -2 \/5
0 0 22 0 +{ 2 2 } 0 0
0 0 0 0 0 0
0 0 0 O 0 0
0 0 0 0 0] 0 0
0220 0 0 0 0
0 0 0 0 0f [t gerawig 22
0 0 0 2420 +{ 2 2 }0 0
0 0 0 0 0 0 0
0 0 0 0 0] 0 0

O O O O O O ©O o o o o o

O O O O O O O o o o o o

O O O O O O O o o o o o

O O O O © O O O O o o oo o o o

)
N
oooooooooooo%ﬂoooooélooooo

o O O o o

242

(3.57)

In the case of non-selective excitations, the above Hamiltonian reduces to a much simpler

form . This result is in agreement with the earlier descriptions involving |1 = 1 & 3/2 systems.
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0 5 0 0 0
5 0 242 o 0
5 _ha| 0 22 0 3 0 o0 (3.58)
210 o0 3 0 22 o0
0 0 22 o0 f
0 0 0 <5 0]

The selective excitations comprise of two sets of satellite transitions and one central

transition.
Casel = w; =@, + @, _ ] .
— first set of satellite transition (3.59a)
Case2 = w,; =m, —ay,
Case 3 = w,; =@, + 20, ) .
— second set of satellite transition (3.59Db)
Case 4 = w; =, — 2w,

Case 5 = w, :a)o} — central transition (3.590)

The effective RF Hamiltonians corresponding to these transitions are represented below by
eqns. (3.60), (3.61), (3.62), (3.63), (3.64) respectively.

0 0 0 00O
0 0 22 0 0 O
G__l®|o 2y2 0 00 0 (3.60)
210 0 0O 00O
0 0 0 00O
0 0 0 0 0 0]
0 00 O 0 0]
000 O 0 0
ﬁ:_@000 0 0 0 o)
210 00 0 22 0
0002/2 0 0
000 O 0 0]
0 5 00 0 O]
J5 0 0000
G__ @0 0 0000 (3.62)
210 0 0000
0 0 0000
0 0 000 0
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(3.63)

0
0

0
0

0 00O
0 00O

0
0
5

0

0 000 O

0000 5

50000 O

7|0 0 0 0 0

ZH

(3.64)

0 00 O0OO

0 00 O0OO

000O0O0O
0 00O0O0O

2100 3 000

hw |0 0 0 3 0 0

I
uT

The transformed density operator and the detection operator for a spin | = 5/2 system are

depicted below by egn. (3.65) and (3.66) respectively

(3.65)

0
0
0

0
0

500 O

0 300
1/0 0 1 0

0
-1 0 O

2|0 0 O
000 O

0
5

-3
0

000 O

p(0) =

05000 0

00000 0
00000 0
00000 O
00 0005

0 0 000 O

+{Cos(2a,t) -1/ 2}

0
0

045000

0 0 000
0 0 000
0 0 000

0
0

00 000 -5

+i{Sin(20,1)]

000000
000000

10 0 0 3 00

200 00000

000000
000000

+

L § e

0 0

0

0 0 2v2

0
0

0
0

0

0

0 0 2y2

0
0

0
0

(3.66)
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3.2.4.4 Evolution of density matrix

A) Non-selective excitations

In the case non-selective excitation, the density operator after a single pulse is evaluated [for
detail see egn.( 9) of appendix 3] and represented below,

0300 00 5 0 22 0 0o o0
001 0 0 O 0 2J2 0 -3 0 0
p(t) = Cos(ayt) X _isin(at) V2
210 0 0 -1 0 O 2l 0 o0 3 0 22 0
000 0 360 0 0 0 22 0 -5
000 0 0 5 o 0 o o o]
(3.67)

Employing the trace expression, the time domain signal is evaluated [see eqgn. (10) of
appendix 3] and given below,

~ ] 9 ) eiZth+iw0t e—iZth+iw0t einH—iwot e—ia)Qt+ia)0t
<|*>= N2Sin(@yt)] 2" +5 * 18 * (3.68)
2 2 2
From eqgn. (3.86), the maximum intensity obtained for time domain signal in non-selective

excitation is N?, when Sin(at) is equal to unity, i.e. t=2
2

B) Selective excitations

In the cases of selective excitations, we have a central transition and two sets of satellite
transitions

1) Central transition (@, = o,)

The density operator and the time domain signal [for detail see egn. (19) and (20) of appendix
3] is represented by eqns. (3.69) and (3.70) below,

5000 00 000000 0000 00
0300 00 0000 00 0000 00
Joljo oo O—iSin(3wlt)1000_100+{COs(3w1t)—1}1001 00
20000 -1 0 0 200010 00 20000 -1 00
0000 -30 0000 00 0000 00
0000 0 5 0000 00 0000 00
(3.69)
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~

I +

(3.70)

<

From eqn. (3.70), the maximum intensity obtained for time domain signal in the case of

>:§N28in(3a}1t)exp(iwot)

central transition is gNZ, when Sin(3at) is equal to unity, i.e. t =——
2]

2) Satellite transitions

First set of satellite transitions: (o, = v, + @),

When o, = o, + @, , the evolved density operator and the time domain signals [see eqn. (11)

and (12) of appendix 3] is represented by,

5000 0 0 000000 0000 0
0300 00 001000 0000 0
oot 0 00 1101 0000 o010 0
t)== —iSin( 242t | = +{Cos(2v2amt|-1}=
PO=310 00 4 0 o (fwl)zoooooo{ (220 }2000—10
0000 =30 000000 000 0 0
0000 05 000 00 0 000 00
(37
<f+> = 2N ZiSin(2\/§cz)1t)e”‘")”i“’°t (3.72)

In similar vein, time domain signal for matching condition (o, = @, —@,) , is represented by,

<f > = J2NZisin(2y2at )& (3.73)

From eqns. (3.72) and (3.73), the maximum intensity obtained for time domain signal in this

T

4\5601

satellite transition is<2N?, when Sin(zﬁa)lt) is equal to unity, i.e. t=

Second set of satellite transitions: @, =(a, +2am, )

In the case of w, (a)o +2a, ) the evolved density operator and the time domain signal [see

eqn. (15) and (16) of appendix 3] is represented by,

54

O O O O o o




5000 0 0 0 -1
0300 0 0 10
0010 0 0 _ 110 0
—iSin{v5at)=
000 -100 (\/_wl)zoo
0000 =30 00
0000 0 5 0 0

<f+> - % NZSin(VBat e

From eqn. (3.36), the maximum intensity obtained for time domain signal

O O O o o o

O O O o o o

In a similar vein, when @, =(@, —2a, ), the time domain signal is represented by,

<I:+> = % N 2Sin («/ga)lt)e’iz%”i%t

00 100000
00 010000
00 110 0 0000
+{Cos|+bart|-1}=

oo{(fa’l)}zoooooo
00 000000
0 0 000000

(3.74)

(3.75)

(3.76)

From eqns. (3.75) and (3.76), the maximum intensity obtained for time domain signal in this

set of satellite transition is7 N?, when Sin(\/gcolt) is equal to unity, i.e. t =

N3

/A

Z\Ea)l

The summary of our calculations for spin | =5/2 are tabulated below in table 4.

Table 3. Summary of spin | = 5/2 results.

S.No. | Matching Condition | Frequency Intensity Pulse duration

1 =0y + wy + @y J2N2 T
4«/5(01

2 W = Wy —ay wy — @y J2N2 7
4«/5(01

3 Wy = @, + 200, @y + 2w, £N2 7
2 2\/§a)l

4 w; = @, — 20, @, — 20, ﬁNZ 7
2 2\/§a)l

5 WO = Wy ) 3 N2 7

2 6w,

6 Hard pulse All five_ gNZ ENZ ENZ Ea

frequencies 2 "2 2| 20

AN? 4N?

In table 3, value of N is 3 )
\/35

Below, we are presenting the numerically simulated spectrum of spin | = 5/2, for varying
symmetries (=0, 0.5, 1). In agreement with our formalism spin | = 5/2 spectrum, depicts a

central band and two set of satellite transitions.
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01 —

Intensity —

0 _| T T T T | T T T T | T T T T | T T T T | T T 1 T | T T 1 T |
Frequency (kHz) —

FIGURE 11(A). POWDER AVERAGED SPECTRUM OF SPIN | =5/2, WITH 7=0.
This is a hard pulse (n/2) spectrum for 2’Al nuclei (spin | = 5/2) acquired over 6044 orientations,
with quadrupolar constant, Wy = 6/35 KHz, and CQ =1 KHz.

01 —

Intensity —

ﬂ_l T T 1 | T T 1 | T T 1 | T T 1 | T 171 | T 171 |

Frequency (kHz) —

FIGURE 11(B). POWDER AVERAGED SPECTRUM OF SPIN | =5/2, WITH 7=0.5.
This is a hard pulse (n/2) spectrum for 2’Al nuclei (spin | = 5/2) acquired over 6044 orientations,
with quadrupolar constant, Wy = 6/35 KHz, and CQ =1 KHz.
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0.2 —

0.15 —

Intensity —
=]
=
L

0.05 —

':I_l T LI | T LI | T T T T | T T T T | LI T | LI T |

-1.5 -1 0.5 ] 0.5 1 1.5
Frequency (kHz) —

FIGURE 11(C). POWDER AVERAGED SPECTRUM OF SPIN I =5/2, WITH 7 =1.0.
This is a hard pulse (n/2) spectrum for 2’Al nuclei (spin | = 5/2) acquired over 6044 orientations,
with quadrupolar constant, Wq = 6/35 KHz, and CQ =1 KHz.
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Chapter 4

Summary and Future perspectives

The effective RF Hamiltonians derived in the previous chapter presents a framework for
improving the excitation efficiency in both integer and half-integer spins. In contrast to non-
selective excitation, the excitation efficiency in the case of selective transitions depends on
the spin states involved. For a selective transition between the levels say (for, 1 detection

operator)
[1,M) > [1,M -1)
the optimum flip angle for a spin ‘I’ could be summarized by a simple relation,

9_ T
2 JaM)(T-M 1D’

where M is the projection of the spin angular momentum along the

z-direction. The analytic derivations presented could facilitate in improving the excitation
efficiency of multi-quantum transitions employed in multi-pulse experiments and would be
described elsewhere. Additionally, employing the methodology presented, we plan to

investigate the effect of second order quadrupolar interactions on the spin dynamics.
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Appendix-1

Detailed matrix algebra relating to spin | = 1.

1. Effective Hamiltonian

Quadrupolar interaction frame transformation:

(l¢t)

[ BIZ=17),1, ](|¢t)+[(3|2—| )[@B1Z2-12),1, ﬂ
(@i -1”)[@E - )[(3|2_| )N, m('ét!)3+ .....

Employing, above mentioned BCH expansion, Hamiltonian in matrix representation is
written as:

1)

0 V2 o 0 32 o0 _ 2_ 0 92 0
A=V2 o a|vagn| -z o 32|+ lem 0 o7
0 V2 o0 0 32 o o 92 o
- - 2
. 0 32 o L 0 92 o0 @
+(I¢;t|) 32 —3\5 0 _Sﬁ +—(I¢;_t|) 32 gﬁ 0 Qﬁ ......
' 0 332 o0 0 w2 o
Eqgn.(2) is rearranged as:
0 J2 o 0 32 o0
H=|v2 0 2|+ {(l¢t)+(¢) 3+ }—3\/5 0 -3J2
0 2 0 0 32 o
(3)
o 0 92 o
+{(I¢t) +@32 ........ } W2 0 92
21 41
0 92 o

Using exponential expansion of trigonometric function Cosine and Sine, eqgn. (3) is written
as:

0 32 o 0 92 o
:—Sln(3¢t) 32 0 32 |+lcosa)|ovz 0 92 (4)
9
0 32 o 0 92 o
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Zeeman interaction frame transformation: Hamiltonian in Zeeman interaction frame is
given by,

0 V2 o0 0 V2 0
H = exp(-imytl,) iSin[%Qt -2 0 —J2|+Cos %Qt V2 0 V2| expliagtl,){~ho, cos(w, 1)}
0 V2 0 0 2 0
A B
()

Solution for above expression (eqn. 5) is obtained by employing BCH expansion mentioned
below:

z . (im,t)? (imt)’
H:x+[Y,x](ua)ot)+[Y,[Y,x]]#+[v,[v,[\(,x]]]#+ ......... (6)
Action of I, operator on matrix A of egn. (5) is given as:

0 V2 0 0 V2 o o0 N2 0| 10 {2 o0
70 Zl+eplvz o -+ gm0 gl g oo LBl

2! 3!

0 V2 0 0 -2 0 0 V2 0 0 -2 0
In this expression lower diagonals are changing the signs alternatively. So after splitting in
two matrices, closed form solution is given as:

0 V2 0 0 0 0

0 0 —2|expligt)+|—2 0 0 |exp(—icyt) (72)
0 0 0 0 J2 0
Similarly, action of I, on matrix B of eqn. (5) is given as:

0 V2 0 0 V2 of to N2 0| J0 2 0
0 Z|+lon 2 o JL@@ 0 ﬁ+@_ﬁ 0 2|+

0 V2 o0 0 2 0 1o 2 0 o0 2 0
Here, also lower diagonal changes the sign alternatively. Hence after splitting matrices
solution is given as:

02 0 0 0 0

0 0 2l|expimt)+|v2 0 0lexp(—iayt) (7b)

0O 0 O 0 2 0
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Using results of egn. (7), solution of egn. (5) is written as:

0 V2 0|
iSin[w—th] 0 0 V2 |expliogt)+
) 0 0 0
H = :
0J2 o
+Cos(w7QtJ 0 0 /2 |exp(imt)+
00 0

2. Evolution of density matrix

Evolved density matrix under effective Hamiltonian is obtained by:

p(t) =p<0>+(%tj[Hw((»]%[%tjz[H1[H’P<°>]]+

The initial density matrix for spin-1 nuclei is given by:

10 0
50)=/0 0 0
00 -1

[0 0 0
2 0 o exp(—ia,t)
0 V2 0
0 0 0
20 0exp(-iayt)
0 V2 0

A) Hard pulse regime: Hamiltonian [see egn. (3.27)] is represented by,

0 2 o

l_:|:_ha)l \/5 0 \/5
2

0 2 o

Density matrix evolved under this Hamiltonian, is given by:

10 0 0 V2 o
p(t){o 0 0]+(—ia)lt)% 2 o 2
0 0 -1 0 2 0 |

41

0 0 1

10 0]
i t4
+M{o 0 0|+

. 2
. (—iant)
2!

(—ia)lt)5
51

71

{—hcol cos(w, t)}

©)
O e 0 ]
00 0+%%\E 0 2
0 0 -1 ' 0 V2 o
1 o e o (—ia)t)610 0
E‘E 0 —\/§+6—joo 0
0 J2 o0 |00 -1




0 2 o
. 1 0 O
+{1+(_let) (iaat) (_let)6+ ..... } 00 O
21 4 6!
0 0 -1
10 O 0 -2 0
= p(t) =Cos(a;t)| 0 0 0 —iSin(a)lt)% 2 0 2
0 0 -1
0 V2 0 )
Expectation value of time domain signal is given by:
<f*>=Tr[pﬂ)f*}
0 0 2 0 0 -2
s - 10... (l)Q . COQ .
<I >:Tr —|S|n(a)1t)§ iSin 7t 0 2 0 |exp(iwyt)+Cos 7t 0 2 0 |exp(iopt)
0 0 -2 0 0 2
= @,
- <| > _ —2i5in(a)lt){005 {%t}exp(ia)ot)} (10)

Maximum intensity is N?, when Sin(at) is equal to unity, i.e. tzzl
2]

B) Soft Pulse regime

Case 1: Effective Hamiltonian [see eqn. (3.29)] is represented as:

0 O 0
ﬁ:-hg’lo 0 2
0 V2 o0
Density matrix evolved under this Hamiltonian, is given by:
10 0 000('t)2000(t)300 0
—1 —i
pt)=/0 0 0 +(—ia)1t)%0 0 2|+ ;): %O 2 0|+ g)ll %0 0 -242
00 -1 0 V2 0 ' 00 -2 ' 0242 0
. [00 0 s |0 O 0 . s [0 0 0
ot 1ot —lat
+(Z’j)%o4o (g)l)%o 0 —4\/§+(Z’j)%oso
0 0 4 0 42 0 ) 0 0 -8



3 5 7 B 7
100 _ (—\/Eia)lt) (—\/iia)lt) (—\/zia)lt) 1 000
= pt)=/0 0 0 |+ (—\/Ela)lt)-i- + . =10 0 -1
3! 5! 7! 2
00 -1 01 0
2 4 6 B B
(—xﬁia)lt) (—xﬁia)lt) (—xﬁia)lt) 1 000
+ + + + o =10 1 0
2! 41 6! 2
0 0 -1
1 0 O 0 0 O 0 0 O
— p(t)=|0 0 0 —iSin(ﬁa)lt)l 00 -1 +{Cos(ﬁa)lt)—l}% 01 0
0 0 1 01 O 0 0 1 (11)
. 00 O 00 O
= a, a,
<|+>=Tr —iSin(ﬁwlt)E iSin[TQt} 00 0 exp(ia)ot)+Cos{7Qt} 0 0 0 |exp(imyg)
00 -2 00 2
:><I:*>:—ii8in(\/§a)lt) —iSin &t exp(imyt) + Cos &t exp(iayt)
NA) 2 2
(12)
. . T | . . L V4
Maximum intensity is —— N?, when Sin(«/2et) is equal to unity, i.e. t =
vis (V2at) is eq y 27

Case 2: Effective Hamiltonian [see eqn. (3.30)] for this matching condition is represented as:

0 V2 o
ﬁ:-hg’l V2 0 o
O 0 O

Density matrix evolved under this Hamiltonian, is given by:

10 0 0 -2 o| 2 0 _ 0 22
1 (-imt)’ 1 (-imt)’ 1
pt)=|0 0 0 +(—ia)1t)§ V2 o0 ol+ 21 > 20 3—:5 22 o0
00 -1 0 0 O ' 0 0 0 0o 0
.4 0 0 .| 0 420 . 8 0
it ot it
(Hat) 1), o, Ha) 1, 5 5 of,Hal) 1y 4
A 2 51 2 61 2
0 0 0 0 0 o0 0 0

o O

o O O



1 0 O \/— 3 . 5 . 7 0 -1
—/2iat it it
:p(t){o 0 O}L{(ﬁiqt)+( 1) +( ) +( ) 1 0
3! 51 7! 2
00 -1 0 0
—ﬁia)t ’ —\/Eia)t * —\/gia)t ° 10
+{( 1)+( 1)+( 1)+ ..... i0—1
2! 41 6! 2
0 0
10 0 0 -1 0 1 00
= pt)=|0 0 0 —iSin(«/fcolt)% 10 0 +{003(ﬁw1t)—1}% 0 -1 0
0 0 -1 0 0 O 0 0O (13)
00 O 0 0 O
= [0) Q,
<.I+>=Tr —iSin(«/Ea)lt)% iSin{%t} 00 O exp(ia)ot)+Cos{7Qt} 0 0 O |exp(iogt)
00 —2 00 V2
= 1 ... .| @ ] @, .
=3 <.|+> -5 |S|n(«/§a)1t){—|8|n{%t}exp(l%t) +Cos {%t}exp(l%t)} (14)
. . U | . . . V4
Maximum intensity is —— N?, when Sin(«/2et) is equal to unity, i.e. t =
vis (V2at) is eq y 2720
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Appendix 2

Detailed matrix algebra for spin | = 3/2.

1. Effective Hamiltonian

Quadrupolar interaction frame transformation:

«+[B12 =121, Jig) +[ @17 = 17),[ 312 — 1 ),|Xﬂ('¢t)
(@2 -1 @2 -17)[@2 -1, th)

Employing, above mentioned BCH expansion, Hamiltonian in matrix representation is

written as:
0 3 0 o0 0 3 0 o0
5 3 0 2 0 B 0 0 o0 igt)2
oL +(igt).6.% B3 L (igt)”
210 2 0 B 20 0 0 -3 2
0 0 3 0] 0 0 3 0 |
0 B o .
o ~ o
L) 13 0 0 0 | (ign
3! 2l o 0 0 -3 4!
0 0 3 0 |
Above expression, eqn. (2) is rearranged as:
0 3 0 0] 0 63
S 13 0 2 0 {(|6¢t)+(l6¢t) }11—6\/5 0
2l0 2 0 B J26 0 o0
0 0 3 0 0 0
0 3643
i) (igt) 3643 0
Lo Gen' |1 1)36V3
2! 41 236 0 0
0 0

0 3
PR
210 0
0 0
0 5
o L[ V3 0
210 0
0 0
0 0 |
0 0
0 -6\3
63 0 |
0 0 |
0 0
0 3643
363 0

1)
0 0
0 0
0 3
J3 0
0 0
0 o0
0 3
J3 o0
@

Using exponential expansion of trigonometric functions Cosine and Sine, eqgn. (3) is written

as:
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I
11

N |-

w

0

NG
0
0

0
2
0

Ne

3

0
2
0

N

0
0

3

0

+123in(6¢t)

0
NG

0
| 0

Na

0
0
0

0 0
2 _3§ +%{Cos(6¢t)—1}
3 0

0
3

0

0

0
0
0

B

0
0
0

N

Zeeman interaction frame transformation: Hamiltonian in Zeeman interaction frame is
given by:

H = exp(—iamytl,)

O O o o

O DD O O

O O NN O

0
0
0
0

+iSin(a,t)

0
-3
0

0

B

0
0
0

0
0
0

B

.
0

-3
O_

B

0 3
3

+ Cos(aw,t) V3
0
0

0
0
0

0 0
0 0
0 3
NI

C

0
0

B

0
(4)

exp(ioytl,)

x{~ha, cos(a, 1)}

(5)

Solution for above expression is obtained by employing BCH expansion mentioned below:

H =X +[Y,X](ia)ot)+[Y,[Y,X]J%J{Y’[Y’[Y’X]ﬂ

Action of |, operator on matrix A of eqn. (5) is given as:

o O O O

O N O O

O O NN O

o O O O

+ (iwyt)

o O o O

o O

(@)

o O NN O

0
0
0
0

000
(iot)? [0 0 2
20020

000

—(iw‘)t)3 F e,
3!

0 0

0|, (i)’ |0

o/ 3 |o

0 0

0

0
—2

0

O O N O

(6)

In above expression lower element changes its polarity alternatively, by splitting the matrices
closed solution of above expression is given as:

o O O O

o O O O

O O NN O

o O O O

exp(im,t) +

0

0
0

O N O O

o O O O

0

0
0

0
exp(—iayt)

Similarly, action of I, on matrix B of egn. (5) is given as:
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0 3 0 o0 0 3 0 0 0 3 0 0
-3 0 0o o0 @D V3 0 0 0| (et)’|3 0 0 0
0 0 0 -3 lo 0 0 -3 20 o 0 0 B
0 0 3 o0 0 0 —3 0 0 0 3 0
0 3 0 0 0 3 0 0 0 3 0 o0
Lo’ (N3 00 0| Gen'|VB 0 0 0| (e300 0 0|
3 1o 0 0 B 4 1o 0 0 B 5! 0 0 0 —B
0 0 —3 0 0 0 —3 o0 0 0 3 0
Here, also lower diagonal changes the polarity alternatively. After splitting matrices, closed
form solution is given by:
0 3 0 0 0O 0 0 O
0 00 0 expiagt) +| 0 00 exp(—im,t) (7b)
0 0 0 3 0O 0 0 O
0 0 0 O 0 0 3 0
Similarly, action of I, on matrix C of eqn. (5) is given as
0 3 0 0 0 3 0 0 0 3 0 o0
3 0 0 o0 + (o) 3 0 0 0| (en)’|¥3 0 0 0 .
0 0 0 3B 0 0 0 B 2l 1o 0 0 B
0 0 3 0 0 0 —3 0 0 0 3 0
0 3 0 0 0 3 0 o0 0 3 0 0
(iot)’| -3 0 0 0| (wt)|B 0 0 0| (gt)|—3 0 0 0
3 o 0o o0 3 4 1o 0 0 B 5.1 o 0 0 <3|
0 0 —3 0 0 0 3 0 0 0 —3 0

Similarly, here also lower diagonal changes the polarity alternatively. After splitting matrices,
closed form solution is given by:

0 3 0 0 0O 0 0 O
0 0 0 O 0 0 O
exp(ia,t) + exp(—im,t) (7¢)
0 0 0 3 0O 0 O
0 0 0 O 0 0 +3 0

Using results of egn. (7), solution of egn. (5) is written as:
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0 00O 0 00O
= 0 0 20 . 0 00O
H ={-ha, cos(w,1)} 000 0 exp(io,t) + 02 0 0 exp(—iw,t)
0 00O 0 00O
0 3 0 ] [0 0 O
0O 0 0 O -3 0 0
+1iSin(w,t) exp(im,t) + V3
0 0 0 —3 0 0 0
0 0 0 0 0 0 B
0 3 0 0] 0 0 0 O]
0 0 0 O 3 0 0 O
+Cos(ayt) exp(ia,t) + V3
0 0 0 3 0O 0 0 O
0 0 0 0| |0 0 3 0]

2. Evolution of density matrix

Evolved density matrix under effective Hamiltonian is obtained by:

p(t) = p(O)+(%tj[H ,p(O)]+%(%tjz [H.[H., p(O)]]+....

The initial density matrix for spin-3/2 nuclei is given by:

30 0 0
. qlo1 0 o
Sy 1
PO=310 0 _1 o

00 0 -3

A) Hard pulse regime

Effective Hamiltonian [see eqn. (3.43)] is represented as:

0 3 0 0]
- 3 0 2 0
H=—ha)1£\/_

2l0 2 0 B

0 0 3 0

Density matrix evolved under this Hamiltonian, is given by:
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00 0 0 -3 0 0 300 0
10 30 =2 0| (Het)1l0 1 0 0] (-igt)
pt)=— +(—ia)1t)1 ¥ +( o) 1 +( i) 1
0 -1 0 0 2 0 -3 21 20 0 -1 0 3 2
00 -3 0 0 B o 00 0 -3
‘0 3 0 0] 300 0 (0 3 0 0]
B30 2 0 +(—|a)1t)410 10 0 +(—|a)1t)51x/§ 0 -2 0|,
o 2 0 5 i 3lo 0 1 o 5 20 2 o 5T
0 0 3 0 000 3 0 0 B 0
‘0 3 0 0|
“iot)  (iet) (ot 3 0 -2 0
= p(t) = (—ia)lt)+( of)  Het)  (det) 1 V3
3! 51 7! 2l 0 2 0 -3
0 0 3 0|
300 0]
. . 4 .
Gt | (Ciet)' (dat)’ |10 1 0 o0
2! 41 6! 210 0 -1 0
00 0 -3
300 0 ‘0 -3 0 0|
0 1 0 3 0 2 0
—  p(t) = Cos(wyt) S _isin(a) 2| V3
0 0 -1 0 2| 0 2 0 -3
00 0 -3
0 0 V3 0
—_ - J_ - (9)_
00 -230 000 O 000 O
: . 100 0 0 030 283 030 23| .
I*>:Tr —iSin(at)= +1Sin(w,t +Cos(w,t exp(iomt
< (1)200 4 0 (Q)o 0 (Q)oo 0 Pliogt)
] 00 0 0 000 -3 000 3 |
Maximum intensity is N?, when Sin(at) is equal to unity, i.e. t=-"
2]
- < |> — —iSin(ayt) {2+ 3Cos(wyt) | explicyt) (10)

B) Soft Pulse regime

Case 1: Effective Hamiltonian [see eqn. (3.45)] for this matching condition is represented as:
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In

0
ha, 0
0
0

0
0
0

0

0 0]
0 O
0 V3
V3 0

Density matrix evolved under this Hamiltonian, is given by:

300 0 00 0 0 000 0 00 0 0
-t L 00 +(_iw1t)10 00 0 +(—ia)1t)210 00 0}(@)310 00 0
210 0 -1 0 200 0 0 —3| 20 2003 0 3l 2000 0 -33
000 -3 _ooﬁo_ 000 -3 _003\,@ 0 |
000 0 00 0 0] 00 0 0

(o) 1{0 00 0| (dotf100 0 0 ) (at)1/0 0 0 0

4 20 09 0 51200 0 93] 6 2[00 27 0

000 -9 0093 0 00 0 -27
300 0 ; i 0 0 0 O
:>/O(t)=1 01 00 + (_\Eia)lt)+(_ﬁiwlt) +(—\/§ia)1t) Fonnn 10000
210 0 -1 0 3! 51 210 0 0 -1
00 0 -3 001 0
, . ) 0 0 0 0
(—xﬁiwlt) (—«@iwlt) (—«ﬁiwﬂ) 1/0 0 0 ©
i ot a7 e f2l00 1 0
0 00 -1
300 0 000 O 0 0 0 O
110 1 0 N 110 0 0 0 110 0 0 0
:>p(t):5 00 1 —|S|n(«/§a)1t)§ 00 0 -1 +{Cos(J§w1t)—1}E 001 0
00 0 -3 001 0 0 0 0 -1
12)

000 O 000 O
<f+>=Tr —iSin(\/§wt)1 sin@ 0l 2 0 % Thcosn] Y Y Y 0 lexptiont
)7 ’lo 0 0 0 /o 0 0 O 0
000 -3 000 3
= < |> _ —\/§iSin(\/§a)1t)%{—iSin(a)Qt) + Cos(ayt) exp(icy) -
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B3

Maximum intensity is — N2, when Sin \/§a)t is equal to unity, i.e. t = il
yis (V3at) iseq y 2o
Case 2: Effective Hamiltonian [see eqn. (3.46)] for this matching condition is represented as:
0 3 0 0]
G__talB 0 00
210 0 00
|0 0 0 0]
Density matrix evolved under this Hamiltonian, is given by:
300 0 0 -3 0 0 30 00 [0 33 0 0]
010 0 Siwt) 100 =3 0 0 (-iwt)
o=t +(—ia;1t)1ﬁ 0 00|, (Hat) 1 Lot 1138 0 0 0
200 0 -1 0 200 0 00 20 210 0 0O 32 0 00
00 0 -3 0 0 00 0 000 0 00
90 00 [0 93 0 0 270 0 0]
+(—ia)1t)41 0900 +(—|a)lt)51 93 0 0 0 +(—ico1t)61 0 27 00
41 200 0 00 51200 0 00 6 20 0 00|
0 0 00 00 0 0 0 0]
30 0 O 5 . 0 -1 0 0]
LI N t)+(—J§iw1t) (HBat) 11 0 00
= — — ol|l+—m—m@ F+———@@8@@+ ....... —
PU=510 0 -1 0 . 31 51 2l0 0 0 0
0O 0 0 -3 0 0 0 0]
, A ] 1 0 0O
(—Biat)  (—Biat) (~BGiot) 110 -1 0 0
+ + + + . —
21 41 6! 2|10 0 0 O
0O 0 0O
30 0 O -1 0 0 1 0 0O
110 1 O . 111 0 0 O 10 -1 0 O
= p(t) == —iSin(«/3wt)= +3Cos(«3mt)—-1; =
PO=310 o 1 (‘/_wl)zo 0 0 { (VBat) }20 0 00
00 0 -3 0 0 0O 0O 0 0O
(13)
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—iSin(\/§a)lt)%

Maximum intensity is

iSin(w,t)

o O o O

0
B3

0
0

o O o o

0
0
0
0
j

+ Cos(w,t)

|> - —\/§iSin(\/§a)1t)%{iSin(a)Qt) + Cos(ayt) exp(iot)

B3

N?, when Sin(\ﬁa}lt) is equal to unity, i.e. t =

o O o O

0
B3

0
0

o O o o

T

2\/§a)1

O O o o

exp(io,t)

(14)

Case 3: Effective Hamiltonian [see eqn. (3.47)] for this matching condition is represented as:

O N O O

O O N O

o O O O

Density matrix evolved under this Hamiltonian, is given by:

30
110 1
t) ==

p(t) 5o o
00
_|_

3

1|0

= p(t) =—
p()20
0

0 0 00 0 0 0000
0 0 00 -1 0| (iwt)’|0 2 0 0| (i)
+(-imt) +—( o) +( o)
10 0100 20 [00 -2 0] 3l
0 -3 0 00 0000
0000 00 0 0 0
(Hmt)'|0 8 0 0 +(—ia)1t)51 0 0 -16 0| (-imyt)’ 1|0
4 |00 80 5 201 0 0f 6 20
0000 00 0 0 0
0 0 O 0
1 2iot)  (-2iwt)
00 + (—2ia)lt)+( o) +( o) F v 10
0 -1 0 3! 51 210
0 0 -3 0
0
+{(2ia)lt)2 (Rat) (2iet)’ } 10
21 41 6! 2(0
0

O O r O ©O +» O o

0]

O O O O o o o
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0 0 O 0 0
110 1 0| .. 1 -1 0 1
= o(t) =— —i1Sin(2w.t)= +1Cos(2mt) -1} =
0 0 -3 00 0 O
I 0000 000 O 0
= - 1/l0 0 0 0| . 000 43 0
I*>:Tr —iSin(2at)= +iSin(w.t + Cos(aw,t
< Rat) g o 2 oM@y o o @)
0000 000 O 0
N <|> - —2iSin(2wlt)%exp(iw0t)

Maximum intensity is N?, when Sin(2a;t) is equal to unity, i.e. t="
2]
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Appendix 3

Detailed matrix algebra for spin | = 5/2

1. Effective RF Hamiltonian

Quadrupolar interaction frame transformation:

H =1 +[B12=12), 1, JGgt) +[ 317 = 17),[ 312 = 17),1, ] (igt)?

21
[(3|§ —13),[@12-17),[@IZ 1)1, m(";—t')s+ .........

+
D

Employing, above mentioned BCH expansion, Hamiltonian in matrix representation is
written as:

05 0 0 0 o] [0 2FE 0 0 0 0
B0 0 0 0 A5 0 122 0 0 0
a1 0 22 0 3 0 o+(i¢t) 0 -122 0 0 0 0 )"
200 0 3 0 A2 0 0 0 0 0 -2 0 2!
00 0 0 22 0 5 0 0 0 122 0 -2
000 0 0 5 0 0 0 0 0 15 0 |
0 45 0 0 0 0 0 wsBs o0 0 0 0
wh 0 122 0 0 0 785 0 4302 0 0 0
0 7242 0 0 0 0 gy’| 0 422 00 0 0
0 0 0 0 702 0| 33| 0 0 0 0 42 0
0 0 0 722 0 144 0 0 0 422 0 178
0 0 0 0 45 0 | 0 0 0 0 BB 0
0 27365 0 0 0 0
201365 0 25942 0 0 0
g0 250\2 0 0 0 0, 2
a1 0 0 0 0 2592 0
0 0 0 2942 0 207365
0 0 0 0 207365 0

Above expression, eqn. (2) is rearranged as:
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Using exponential expansion of trigonometric function Cosine and Sine, egn. (3) is written

as:

0
0
0
0

0 500 0

50 00 0
0

0 00 O
0 00 O
0 00 O

0 00

5

0
0

0

5

+Cos(124t) 0

0
0

0 500 0
5 0 00 0

0 00 0 O
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0 00 O

0
0

0 00 0 —p

0

+iSin(L2gt)

00000 O]

000O0O0O

000O0O0CO
000O0O0O
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“21l0 03000

H

0

0

022 0 0
(6¢1) j_

+Cos

0
0 22 0
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0242 0 0
in(6¢1) OJ_
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Zeeman interaction frame transformation: Hamiltonian in Zeeman interaction frame is
given by:

0000 0 0] 0 500 0 0
0000000 5 000 0 o0
A —exp(iog )l ° 03 0 0+iSin(2a)Qt) 0 00000
003000 0 0 00 0 O
000O0O0O 0 0 00 0 —f5
000000 0 0 005 0|
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B
‘0 (500 0 0] 0 0 0 O 0 0]
5 000 0 0 0 0 22 0 0 0
+Cos(2a,t) 0 00000 +iSin(a)Qt)O 22 0 0 0 0
0 000 0 O 0 0 0 0 -2420
0 0 00 0 5 0 0 242 0 0
0 0 00 +5 0 0 0o 0 0 0]
C D
0 0 0 0 0 0]
0 0 22 0 0 0
+Cos(e,t) 022 0 0 0 0 exp(iytl, ) {~he, cos(e, 1)} (5)
00 0 0 2420
0 0 22 0 o0
0 0 0 0 0]
E

Solution for above expression is obtained by employing BCH expansion mentioned below:

H = X +[Y,X](ia)ot)+[Y,[Y,X]]%+[Y,[Y,[Y,X]ﬂ%+ ......... 6)

Action of 1, on Matrix A of egn. (5) is given as follows:
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Again lower diagonals changes the polarity, so close solution is given by splitting the

matrices as following:

exp(—iay,t)

(7c)

0 000 O O

5000 0 0

0 000 O O
0 000 O O

0 000 O O

0 000 5 0

exp(im,t) +

5000 0

0

0 0 000 O

0 0 00O0 O
0 0 00O0 O

0 0 000 5

0 0 000 O

Action of 1, on Matrix D of egn. (5) is given as follows:
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Close solution after splitting the matrices is given as:
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Close solution of above expression by splitting the matrices is given as:
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Using results of eqgn. (7), solution of egn. (5) is given as:
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2. Evolution of density matrix
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Evolved density matrix under effective Hamiltonian is obtained by:

o(t) = p(0) +(%t)[H ,p(O)]+%(%tj2 [H.[H, p(0)]]+

The initial density matrix for spin-5/2 nuclei is given by:
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A) Hard pulse regime: Effective Hamiltonian [see eqn. (3.58)] is represented as:

Density matrix evolved under this Hamiltonian, is given by:
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Case 1: Effective Hamiltonian [see eqn. (3.60)] for this matching condition is represented as:
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Density matrix evolved under this Hamiltonian, is given by:
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Case 2: Effective Hamiltonian [see eqn. (3.61)] for this matching condition is represented as:
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Density matrix evolved under this Hamiltonian, is given by:
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Case 3: Effective Hamiltonian [see eqn. (3.62)] for this matching condition is represented as:
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Case 4: Effective Hamiltonian [see eqn. (63)] for this matching condition is represented as:
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Case 5: Effective Hamiltonian [see eqn. (3.64)] for this matching condition is represented as:
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Density matrix evolved under this Hamiltonian, is given by:
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