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Abstract

The evolution and development of spatial patterns in both living and non-living ob-
jects has been the subject of study for many evolutionary and developmental biol-
ogists. Alan Turing’s “The Chemical Basis of Morphogenesis” in 1952 was a major
breakthrough in which he theorized a system of two different interacting molecules,
called morphogens, which could establish chemical gradients through a “reaction-
diffusion system.” . Here we give a concise description of some of the interesting
mathematical aspects of Turing’s Reaction-Diffusion (RD) mechanism and give an
overview of some popular reaction models incorporated into it. We tried to assimi-
late the idea of Turing’s RD mechanism and utilize it to study the pattern formation
in Passiflora Incarnata (Passion Flower) , which has non-uniform alternate bands of
violet and white coloured pattern on each of its fibrils. We study the pattern using

“Gierer-Meinhardt” model.



Chapter 1
Introduction

Mother nature provides us with several beautiful patterns which can be associated
with living as well as non-living objects. These patterns are nothing but a visual
recurring of a peculiar form and can be modelled mathematically. These patterns
can be thought of as a simple or complex based on their formation. This formation
may contain repetition of color, shapes or other variations. In chemistry also there
are many patterns which can be categorized in spatial and spatio-temporal pattern.
Among the best known pattern the Belousov-Zhabotinskii(BZ) reaction? is the finest
example of oscillatory reaction. In BZ reaction bromate ions oxidise malonic acid
which is catalysed by cerium (Ce®**/Ce’t). Sustained periodic oscillations are ob-
served in cerium ions concentrations. If instead of cerium if one uses the Fe?* /Fe3*t
and phenanthroline, the pattern is visualized as color changes between reddish-orange

and blue.® Now question arises that how does the pattern formation occur?

One of the major issues that developmental biology deals with is to understand the
morphogenesis i.e. the emergence of structure and shape from an almost uniform mass
of dividing cells that constitutes the early embryo. Although genes play a essential
role, genetics says nothing about the mechanism responsible for pattern formation.
Therefore many questions arise such as: What exactly happens during embryo genesis
which leads to an organism’s shape? How do living organisms convert the detailed
one-dimensional genetic information into a three-dimensional map, the shape of the

living organism?

There are many models which explain that how do the different processes come to-

gether and generate patterns. They are categorised in two ways such as: the gradient-



(a) Sand dunes (b) Waves in water

(¢) Butterfly wings (d) Symmertry in flower

Figure 1.1: Exemplary patterns in nature; Source: Internet

type models which involves a simple source-sink mechanism,® the cellular automata
models in which the tissue is discretised and rules are introduced as to explain how
different elements interact with each other” and more complicated models which in-
corporate more sophisticated chemistry and biology. Here we shall focus on the model

from the latter category.

The first person to put forward the kinetic preconception of pattern formation on
a firm mathematical basis was ” Alan Turing”. In 1952 he published a paper entitled
"The Chemical Basis Of Morphogenesis”.® He proposed a mathematical model in
which he explained how different morphogens react together and diffuse through the
tissues. During this process a spatial pattern is set up which in turn determines
the cell differentiation. Thus whatever pattern we observe in nature is because of this
pre-pattern formed during cell differentiation. Turing named this model as ” Reaction-
Diffusion” model. More specifically he considered those morphogens as activator and

inhibitor. The activator stimulated and enhanced the production of the inhibitor,



(a) Target patterns (b) Spiral patterns

Figure 1.2: Spatio-temporal patterns in the Belousov-Zhabotinskii reaction

while inhibitor inhibited the formation of the activator. A more general and refined
form of the reaction diffusion equation, derived from its original form proposed by
Turing is

ou

5 = DViu+ f(u,p), (1.1)

where u is a vector of chemical concentrations, D is the matrix of diffusion coefficients

and f represents chemical coupling with kinetic parameters p.

In late 1960s, Prigogine and co-workers® ! pointed out clearly that the direct spon-
taneous transition from a uniform state to a stationary patterned state (the Turing
bifurcation) requires that the system involves at least one positive (e.g. auto-catalysis)
and one negative feedback (inhibition) process, includes chemical species with appro-
priately different diffusion coefficients and, last but not the least, operates far from
thermodynamic equilibrium. Various scientists extended Turing’s approach to pat-
tern formation in the 1970s and 1980s. Among them Hans Meinhardt!? and James

13,14

Murray are particularly very popular.

The RD model mentioned above (1.1) basically consists of a set of coupled partial
differential equations with first order temporal derivatives on the left hand side and

second order spatial derivatives on the right hand side. This RD model can contain any
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number of concentration variables. According to Turing’s activator-inhibitor model

the RD equation looks like following:

% = Duv2u + f(U,U) (12&)
% = DUVQU + g(u7 U) (]'Qb)

The f(u,v) and g(u,v) are basically kinetic coupling parts which contains coupled
kinetic parameters. Turing proposed these two coupling parts to be linear so that
it can be analytically solvable. Several non-linear kinetics have been also proposed
subsequently. A few proposed non-linear versions of kinetic parts are cited below:

Schnakenberg kinetics®® :

fu,v) = ki — kou + ksuv (1.3a)
g(u,v) = ky — ksuv (1.3b)

Thomas kinetics (adopted by Murray) 6 :

fu,v) = ky — kou — h(u,v) (1.4a)
g(u,v) = ks — kqv — h(u,v) (1.4b)
h(u,v) bl (1.4c)

B k‘ﬁ + k7u + ngQ
Meinhardt kinetics!'” :

k?g’LLZ

fu,v) =k — kau + (1.5a)

g(u,v) = kyu?® — ksv (1.5b)

Out of the above set of three non-linear kinetic equations, kinetics (1.4) and (1.5)
are most extensively employed in the RD model for biological pattern generation such
as cartilage formation in vertebrate limbs, coloured patterns of butterfly wings, alli-
gator teeth, head regeneration in Hydra, spots of cheetah, stripes of Zebra and many

more 112,18

. Since the kinetic terms f(u,v) and g(u,v) involve non-linear coupling
terms, the equations are not analytically solvable. One has to resort to numerical

methods. It is worth mentioning here that the RD equation is analogous to the
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TDSE, except for the imaginary part in the latter.

) - I = NAAPr~a

W Pointed teeth (a) (b}

— i e OOC > S s

A Fangs
A Normat-sized tooth

/\ Replacement tooth

®  Odd-numbered tooth

Computed patterns of alligator teeth (b) Observed patterns on tails of various or-
ganisms, and computed pattern in rectangu-
lar domain

irrepular

regular

simplc complex
(c) Pattern of cheetah spots by mathematical modelling

Figure 1.3: Some of the computed biological patterns using RD equations®

The stepwise procedure for solving the RD eq. (1.2) to generate pattern is to first
find the uniform steady state values for u and v. It is the solution of f(u,v) = 0
and g(u,v) = 0 yielding ug and vy, which are constant with respect to time and
space. Such a uniform steady state which is stable in the absence of diffusion, can be
made unstable in the presence of diffusion and a spatial pattern can evolve. according
to Turing this chemical pattern can serve as the required pre-pattern and cells will

respond in such a way that a spatial heterogeneous structure would be formed.



Figure 1.4: Example of computed patterns by Gierer-Meinhardt kinetics in RD equa-
tions: (A-E) Experimental gene expression for tentacle formation in Hydra; (F-I)
Computed patterns of the same gene expression (brown).?

Passion flower (Passiflora Incarnata) exhibits a beautiful pattern of alternate violet
and white colour on each of its fibrils. Last year, Agastya P. Bhati (MS09010) also
worked on this project. Bhati tried to analyse the pattern in one single fibril. But,
because of the radially symmetric positions of the coloured bands, this time we have
decided to analyse the pattern formation in polar co-ordinates. In this project we have
focused on Gierer-Meinhardt model to generate the desired pattern in the Passion
Flower using the RD theory. We have used finite difference method as a numerical
method.



Chapter 2

Fluid dynamics

2.1 Introduction to the diffusion equation

Let R with n > 1 be the n'* dimensional real space. In particular, we are interested
in the cases of n = 2 and 3. We assume that {2 is small region in this space. Let
P(t, r) be the density function of the constituent particles, where ¢ is the time, and
r € Q2 is a point in the n'"* dimensional space. The dimension of density is number of

particles per unit area (if n = 2) or unit volume (if n = 3).

We need to study the change in function P(%, r) with time ¢ and location r. It can
happen in two ways: one being diffusion, that is the individual particles move, and
the second is production of new particles and/or consumption of existing particles.
This may happen due to several reasons, for example, chemical reaction. We model

both of these possibilities separately.

We first deal with diffusion. The amount of a substance which passes through a
point in space per unit area per unit time is called its flux at that point. According
to Fick’s law of diffusion,'® the flux of density function P(¢, r) is a vector pointing
from high density region to low density region and with its magnitude proportional

to density gradient. Mathematically it can be represented as below:
J(t,r)=—-D(r)V,.P(t,r), (2.1)
where J is the flux of P, D(r) is the diffusion constant at r, V, is the gradient

operator V, f(r) = (3f of of )

ory’ Ory’ 7 Ory,



The production and/or consumption of constituent particles at any point per unit
time, that is the rate of change of the density function, which may occur due to
reasons like physical transformation or chemical reactions, is assumed to be given by
f(t, v, P), which is called the reaction rate. Let O be region in space, then the
total number of constituent particles in O is f oF (t,r)dr, where dr is the infinitesimal

volume element. Thus, the rate of change of the total number of particles is

d

), P(t,r)dr. (2.2)

Now we apply the law of mass conservation on this system to derive the Reaction-

Diffusion equation. The net production of particles inside the region O is
/ f(t,r, P(t,r))dr (2.3)
o
and the total out-flux is
/ J(t,r).n(r)ds, (2.4)
50

where JO is the boundary of O and m(r) is the outer normal direction at r.

Therefore on conserving the total number of particles we get

d

7 OP(t,r)dr: —/50 J(t,r).n(r)dS+/Of(t,r, P(t,r))dr. (2.5)

From the Divergence Theorem in multi-variable calculus we have
/ J(t,r)n(r)dsS = / V.(J(t,r))dr. (2.6)
50 o)

Combining eq. (2.1), (2.5) and (2.6), and interchanging the order of differentiation

and integration we obtain

P(t
/ 9 é{ ") gy — / V. (D), Pt ) + f(t.7, P(t, 7))]dr 1)
& 0
Since the choice of region O is arbitrary, the differential equation
OP(t
ét, r) _ V.(D(r)V,.P(t, 7)) + f(t,r, P(t,T)) (2.8)



holds for any (¢,7). The equation (2.8) is called a reaction diffusion equation.
Here, V.(D(r)V,P(t,r) is the diffusion term, which describes the movement of the
particles under their density gradient and f(t,r, P(t,r)) is the reaction term which

describes the reaction occurring in the domain.

The diffusion coefficient D(7r) may not be a constant always as many systems are
heterogeneous. But when the region of the diffusion is approximately homogeneous,

we can assume that D(r) = D, then eq. (2.8) can be simplified to

O —DAPY [ P), 2.9)

n A2
where AP = V.(V,.P) = > —

=1 7
reaction, the equation is the diffusion equation, as follows

is the Laplacian operator. When there is no

0P
—=DAP. 2.10
5 (2.10)
In classical mathematical physics, the equation T, = AT is called the heat equa-
tion, where T is the temperature function. Conduction of heat can be considered as

a form of diffusion of heat.



2.2 Laplacian (A) in polar coordinates

In Cartesian Coordinate, The laplacian is as follows

o0?P 0*P
AP = V?P = — —
0x? + 0y?
Now, let’s assume, z = rcosf and y = rsinf
y
I o
2.
(=]
0
r cosfl X
Figure 2.1: polar co-ordinate in 2-D
Then
r? =2 + y° (2.11a)
cosf = —— (2.11Db)
vV + y?
sinf = ——4 (2.11¢)
vVt + y?

Now if we differentiate the above three equations with respect to r and 6 then,

or or

9 cos ’8_y = sinf
90 sinf 00 cost
or r "oy r
2P 2P
Now calculate separately for 8_ and 8_
0x? 0y?

oP  OPor 0P 0

9 = oror T 60w (2.12a)
OP oP sing OP
“ o~ G - =G = (2.12b)

P of  afor  of o0
92 — 95— oror T 900 (2.12¢)
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0*P 0*P sinf OP. sinf, 6 O?P o*pP . _OP
= i [(W) cos + r_2<%) — —(m)] cosf + [(59 ) cosf — sm(‘)(a)

cos@ OP sinf 0*P sin @
LA T L R RES

r

N rr (32_P) 2p sin29(%> B sin29( o?pP )+ sin29(8_P) N sin? 0 GQ_P)
oz~ Vo2 r2 06 r Ord0 ro o or r2 002
(2.14)
Similarly
o*r (62_P) 20 Sin2«9(8_P) N sin2«9(82P) N 00820(8_P) N 00829(62_]3
oy2 " or? S r2 o6 r  0rof ro - or r2 062
(2.15)
Now adding eq. (1.4) and eq. (1.5)
o*P  9*P ?p 1 0P 1 9*P
a2 v ap T o TG0 G (216)
?p 1.0P. 1 0°P
AP =55+ G * 2 G (2.17)

So, this is how the laplacian (A) transform from 2-D Cartesian co-ordinate to polar co-
ordintes . This transformation of laplacian (A) will be used in our Geirer-Meinhardt

model to generate the desired pattern.
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Chapter 3

Theory of Reaction-Diffusion

model

3.1 The Origin Theory Behind Pattern Formation

In this chapter we will briefly discuss about the theory of pattern formation in living
organism. In his seminal paper ”The Chemical Basis of Morphogenesis”® Turing
addressed the issue of how an embryo from its blastula stage, when it is a spherically
symmetric mass of cells, gives rise to an organism which is spherically non-symmetric.
As he proposed in his paper that the morphogens, which he considered to be activators
and inhibitors react together and diffuse through the cells/tissues, they set up a
chemical pre-pattern within the uniform homogeneous mass of cells and the cells then
differentiate following this pre-pattern. Thus leading to the patterns/forms in the
initial uniform mass of cells. Turing proposed a mathematical form to this idea. He
used following two equations in his original paper for studying RD of two morphogens

X and Y in a linear array of N cells:

dx,

pral ax, + by, + p(z, 11 — 22, + x,-1) (3.1a)
dy,
dyt = cx, + dy, + V(errl — 2y, + y?"fl) (3'1b)

where z,, and y, are perturbations in the steady state concentrations of X and Y in
the v cell, a, b, ¢, d are ‘marginal reaction rates’, u and v are cell to cell diffusion
constants for X and Y, respectively, r = 1 to N.

Using the above set of equations Turing actually demonstrated, under certain condi-

tions of parameters, an initially homogeneous distribution of concentrations of X and

12



y at their steady state could lead to spatially heterogeneous patterns of concentra-
tions stable with time, in response to random perturbations about the steady state.
He gave a counter intuitive concept of diffusion driven instability which means,
the system would be resistant to any random perturbation about the steady state in
the absence of diffusion. i.e diffusion has to be there in the system to make the system
unstable and to generate pattern. He also suggests that diffusion rate of inhibitor has

to be more than that of activator.

Turing actually made linearity assumption by which he means that the system
never deviated far from the original homogeneous condition. This linearity assumption
actually permitted him to replace the general reaction rate by linear ones so that the
RD equations become analytically solvable.. He believed that the chemical pre-pattern
is formed during the early stages of embryogenesis when such an assumption is valid.He
mentioned in his paper, “Its justification lies in the fact that the patterns produced in
the early stages when it is valid may be expected to have strong qualitative similarity
to those prevailing in the later stages when it is not.” (Turing, 1952, p.66). But the
linearization led to some stability problems. Turing had also mentioned the possibility

of numerically solving non-linear equations using digital computers.

There are various forms of non-linear kinetics have been proposed which differ in
their derivation. Each has its own advantage as well as disadvantage and yield different

results. Next we are going to discuss few of them in the following chapter.

3.2 Different non-linear kinetics

Since the publication of Turing’s paper several RD models have been considered with
different kinetic terms. These models are more realistic and are derived in three
different ways: (i) empirically, (ii) phenomenologically and (iii) through a hypothetical
reaction. Thomas model is based on type(i), Gierer and Meinhardt model is an
example of type(ii) and the Schnakenberg model belongs to type(iii). Each of them

is discussed one by one.

3.2.1 Thomas Kinetics?

In these empirical type models, kinetics are fitted to experimental data. The immobilized-

6

enzyme substrate-inhibition mechanism of Thomas'® involves the reaction of uric acid

13



(concentration u) with oxygen (concentration v). Both reactants diffuse from a reser-
voir maintained at constant concentrations uy and vy, respectively, on to a membrane

containing the immobilized enzyme uricase. They react in the presence of the enzyme

Fsuv that
so tha
k‘6 + k7u + k8u2

at the empirical rate

B ksuv
fu,v) = a(ug —u) — [y —— (3.2a)
g(u,v) = B(vy — v) — (3.20)

kG + k:7u + 16811127

where ky = «, ky = 8, k1 = aug, k3 = By, ks, kg, k7 and kg are positive constants.

3.2.2 Meinhardt kinetics?

In phenomenological models, the chemicals are considered as activators and inhibitor.

k’gUQ
flu,0) = ky — kou + (3.3a)
~— ~ v
source  linear degradation
autocatalysis in u/inhibition from v
g(u,v) = kg? - ksv (3.3b)

activation by v linear degradation

In Gierer-Meinhardt model'” as shown above, u is the activator; it is produced by
autocatalysis and it activates the production of v, which is the inhibitor, inhibiting

the production of .

3.2.3 Schnakenberg Kinetics?

Schnakenberg (1979)'® proposed a series of trimolecular autocatalytic reactions in-

volving two chemicals as follows:

By 20X +Y By 3x

Y

X224

a1

Y

Using the Law of Mass Action, which states that the rate of a reaction is directly

proportional to the product of the active concentrations of the reactants, and denoting

14



the concentrations of X, Y, A and B by u, v, @ and f3, respectively, we have

fu,v) = a1 — kou + ksu®v (3.4a)
g9(u,v) = 1 — ksu’v, (3.4Db)
where «ay, (1, ko and k3 are (positive) rate constants, k; = aja and ky = (1.

Assuming that there is an abundance of A and B, a and  can be considered to be

approximately constant, and so are k; and k4.

Remark: To verify Turing structures, a variation in diffusion coefficients is essen-

tially required. For a general two-species RD system as shown below, the ratio may

be changed as follows: 2"

ou

— = D,Vu +

T WVeu+ f(u,v)
ov

— =D,V? .
5 WV + g(u,v)

We additionally assume that the activator is involved in a reaction of the form:

U+S<=C

T2

Assuming that both S and C' are immobile, the RD system is now modified to:

0

6—7; = D,V?u + f(u,v) — rius + roc
0

8—: = D,V*v + g(u,v)

dc

ot =Trius TaC,

where s and ¢ are the concentrations of S and C, respectively, and r, ry are rate

constants. If r; and ro are large, then using a singular perturbation, ¢ can be ap-
Sor

proximated in terms of v by ¢ = ru, where r = 221 and we have assumed that the

)
concentration of S remains close to its initial value, sg.

dc _ Ou
ot ot

On the addition of the first and fourth equations above, we obtain the following
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equation for the activator:
0
(1+ r)a—:: = D,V?u + f(u,v).
Thus when r >> 1 the diffusion of the activator is greatly reduced.

This demonstrates one way of reducing the effective diffusion rate of the chemical

activator by the formation of an immobile complex.

3.3 Dimensionless RD System

To make our life simpler we can always reduce the number of parameters in a model

by using appropriate dimensionless quantities. In general, any RD system can be

dimensionless and scaled to take the general form!®

0
8—1; = vf(u,v) + Vu (3.5a)
0
8_: = vg(u,v) + dV>3v, (3.5b)

where d is the ratio of diffusion coefficients and v can have any of the following inter-

pretations Based on its definition and appearance in the dimensionless equations.'®

1. 4"/ is proportional to the linear size of the spatial domain in one dimension and
in two dimensions v is proportional to the area. That is, it can be used as a

handle to increase or decrease the size/volume of the domain.

2. 7 represents the relative strength of the reaction terms which means, for ex-
ample, that an increase in v may represent an increase in the activity of some

rate-limiting step in the reaction sequence.

3.4 Diffusion-Driven Instability Conditions: Lin-
ear Stability Analysis

Definition: Any state (u,v) = (ug,v9) where ug and vy are constants in time and
space, will be called a uniform steady state if it satisfies the eq. (3.5) and the boundary

conditions. We take zero flux boundary conditions.
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Zero flux boundary conditions are satisfied by any (ug, vo), and eq. (3.5) are satisfied

by
f (g, v0) = g(uo, vo) = 0.
As u and v represent chemical concentrations.

Definition: Diffusion-driven instability (DDI), sometimes called Turing instability,
occurs when a uniform steady state is stable to small perturbations in the absence
of diffusion, but becomes unstable to small spatial perturbations when diffusion is

present.

to attain DDI, any steady state has to fulfill certain conditions and those conditions
3

are
Jut 90 <0, Jugv — fogu >0, (3 6)
dfy + gv > 0, (dfu + gv)2 - 4d(fugv - vaU) > 0.
ox .
where x; = — for x =f, g and i = u, v. and

ot

o- (1)
0 d

Remark: The conditions eq. (3.6) for DDI yield that f, > 0 and g, < 0. This
further implies that there are two possible cases for f, and g, since the only restriction
on these terms is that f,g, < 0. So, we can either have f, < 0 and g, > 0 or the other
way round. These correspond to qualitatively different reactions. In the former case,
u is the activator, and is also self-activating, while v is inhibitor, which inhibits both
u and itself. In the latter case, u is the inhibitor, but is self-activating, while, v is the
activator, and self-inhibiting. In both cases, v diffuses more quickly. Another notable
point is that in the former case, concentrations of the two species are in phase, that
is, both are at high or low density in the same region as the pattern grows, while in
the latter case, they are out of phase, that is, u is at a high density where v is low and
vice-versa. Figure 3.1 below illustrates these features. An example of the first case is

the Geirer-Meinhardt kinetics.
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Figure 3.1: Schematic illustration of the two qualitatively different cases of diffu-
sion driven instability. (a) self-activating u also activates v, which inhibits both the
reactants. The resulting initially growing pattern is shown in (c). (b) Here the self-
activating u inhibits v but is itself activated by v with the resulting pattern illustrated
in (d). The matrices give the signs of f, , f, , gu , g» evaluated at the steady state.
(e) and (f) The reaction phase planes near the steady state. The arrows indicate the
direction of change due to reaction (in the absence of diffusion). Case (e) corresponds
to the interactions illustrated in (a) and (c), while that in (f) corresponds to the in-
teractions illustrated in (b) and (d). Reproduced from Murray, J. D. Mathematical
Biology 2002; Vol. II.
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Chapter 4

Measured colour pattern of Passion

flower

The Passiflora Incarnata, commonly known as Passion flower exhibits a very unique,
very fascinating pattern. As shown in figure, the passion flower has a large number of
beautiful coloured fibrils. each fibril has alternate bands of violet and white colours
and the very uniqueness about the pattern is that each coloured band is non-uniform.
If one looks at the flower from top then it can be seen that all the fibrils altogether
generate concentric circles of alternate violet and white colours and the radial sym-
metry that it exhibits is actually the main motive for us to analyse the system in
polar co-ordinates. In this project, we have devoted to RD theory, as discussed in
the earlier chapters to understand the possible mechanism of the pattern formation

in Passion Flower.

Figure 4.1: Picture of the Passion flower (top view)
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Table 4.1: Measured pattern in Passion flower; W: White, V: Violet

Tip of the colour band Distance from the centre (cm) Width of the band (cm)

Violet 1.0 1.0
W1 1.6 0.6
V1 1.8 0.2
W2 1.9 0.1
V2 2.1 0.2
W3 2.3 0.2
V3 2.6 0.3
W4 2.9 0.3
V4 3.2 0.3
W5 3.6 0.4
V5 4.1 0.5
W6 4.4 0.3
Vo6 5.0 0.6
W7 5.2 0.2
A\ 8.8 3.6
W8 9.0 0.2

Last year Bhati measured the width of each successive coloured band until the tip
of the fibril, using a centimeter ruler (least count = 0.1 cm), for 21 fibrils. The average
width of each coloured band was plotted in figure 4.2. Bhati also measured the actual
length of 10 fibrils and calculated the average length of the fibrils so as to know the
scaling factor of the measured pattern. The average actual length of a fibril is 3.1 cm.
The measured average length of a fibril in the printout is 8.8 cm. Measured data are

listed in Table 4.1 and a plot of the measured data is shown in Figure 4.2.

Actual length 31 0.35
Measured length 8.8

Scaling factor =

The measured length should be multiplied by 0.35 to get the actual length of the
pattern/width of bands.

From the table 4.1 one can see the non-uniformity of the pattern. The width of
the violet colour keeps on increasing towards the tip of the fibril and the width of
white colour increases initially upto a point , then it starts decreasing and eventually

it vanishes on moving towards the tip of the fibril. Beyond a certain point only violet

20



2 T T T T T l
'‘data.dat' u 1.2 ————
o 15 . 0.8
s
=
[
—
1 A — — - 0.6
05 ¢ . 0.4
Q
Il
& o L N |y Iy N I 6 ) L - 0.2
_D.5 1 1 1 1 1 O

0 2 4 6 8 10 12

scaled up distance from centre (cm)

Figure 4.2: Alternation of white and violet colour bands in a Passion flower

colour sustains on the fibril. But the tail end of each fibril exhibits only white colour

of very small width.
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Chapter 5

Methods and Tools

As mentioned in the previous chapters we studied the system of pattern formation
in Passion Flower (Passiflora Incarnata) using the ”Meinhardt Model” in polar co-
ordinate. But before coming to polar co-ordinates here is the overview of Bhati’s

work.

5.1 Summary of Agastya P. Bhati’s Work

Bhati analysed the system in 1-D Cartesian co-ordinate. He considered a linear array
of N cells (along X-direction) in a single fibril of the passion flower. He assumed
this array of cells to be part of its embryo, during some stage of its embryogenesis,
when the chemical pre-pattern is responsible for the colour bands of the fibril is to
set up through interactions(reactions and diffusions) of morphogens. The RD model

employed to Bhati’s system is as follows:

ou pu? 0%u

g " o Mt Dt 12
0 , 0?
a_lltj = pUQ_I/U_'_DUa_xZ (51b)

where u is the activator concentration, v is the inhibitor concentration, p, u and v are
! . . .
first order rate constants, p is a second order rate constant, D, and D, are diffusion

coefficients of activator and inhibitor respectively.
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Bhati then solved the above equations for uniform steady state solutions using zero

flux boundary conditions which are satisfied by any (ug, vg) and are satisfied by

f('U/O, UO) = g(“’O; UU) - O (523)
2
= &—,uu—i-poz():p,uQ—uv (5.2b)
v
r2
= uozy—p,+@:7jo:—puo. (52C)
np 2 4

Bhati found realistic values of the parameters in appropriate units. In a study
conducted jointly by the U.S. Fish and Wildlife Service and the U.S. Atomic Energy
Commission,?! he found that the average concentration of Chlorophyll a in Phyto-
plankton (a type of microalgae) over an year’s span was of the order of few ug L1,
which is equivalent to few nmol L™'. The colour in PI is also likely to arise from
similar pigments. Therefore, the values of v and v are taken in nmol L™ (nM). The
diffusion coefficient of Rhodamine 6G (a dye) in 50/50 methanol/water solution is
known to be of the order of 107¢ cm? s71.22 The diffusion coefficient of protein, DNA
or other biological molecules in cellular media is expected to be few orders of mag-
nitude smaller than this. The diffusion coefficient of a DNA molecule in E. coli is
found to be of the order of 107 c¢m? s™*.%% he used the values of D, and D, of the
order of 1072 to 10~! ym? s~!. It is worth mentioning here that D, is taken to be 20
times larger than D, as the inhibitor needs to diffuse faster than the activator to yield
concentration patterns. Experimentally, the value of the first order rate constant for
protein-DNA reaction in E. coli is known to be of the order of 1072 s=! and that of

the second order diffusion-controlled rate constant is of the order of 107 M1 g=1.23

Therefore, we have taken these values in the range of 1072 s7! and 1072 nM~! s7!

respectively.

Bhati took a linear array of 3000 cells (along = direction with z ranging from 1 to
3000 microns), with cell number 1 considered to be at the stalk (centre) of the flower.
He considered constantly growing domain, starting with 300 microns, increasing it by
300 microns after every 7000 s, up to maximum of 3000 microns. The same domain

is considered for polar co-ordinates also.

Bhati studied the evolution of activator and inhibitor concentrations for two differ-
ent sets of initial conditions (see below). Values of parameters taken were as follows:

pw=001s"' v=002s" p=001Ls" p =001ls! oM p= 0.00001 nM
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st D, =0.02 yum? s, D, = 0.4 pm? s~ (20 times D, ). Using equation (5.2) the

uniform steady state for these set of parameters is ug = 2.001 nM and vy = 2.002 nM.

Bhati, hereafter, denote the activator and inhibitor concentrations in cell number i
as uli] and v[i] respectively. Initial Condition 1 (IC1) has a very high concentration at
one end of the array of cells with a uniform steady state over the rest of the domain as
follows: u[1] = 2001 nM (1000uy), u[i] = uy (i = 2 to 3000), v[i] = vy (i = 1 to 3000).
Initial condition 2 (IC2) has a slightly higher concentration at one end, gradually
approaching the uniform steady state with increasing cell number as follows: u[l] =
v[i] = 15 nM, thereafter gradually decreasing in steps of 1 nM with increasing cell
number up to u[13] = v[13] = 3 nM, and then uniform steady state uli] = g, v[i] =
vy (i = 14 to 3000). He used 3-point finite difference formula to evaluate the second

order spatial derivative and crank-Nicholson scheme for time evolution.

5.2 Meinhardt’s Model In Polar Co-ordinates

dur0) pu? Pu  10u 1 0%
G0 R S i L GO 5.3
o il LU O e s et il o 2 (5.3a)
v (r-0) - v 10v 1 0%
T =pu° —vu+ D, ﬁ—l-;a-i-ﬁw (5.3b)

Then, we made few assumptions as following:

Ur.g) = Ur U Ve = Urlg

. PP
Uy = CeLmG vg = CeLmG

Here ¢ and ¢ are normalizing constants. Now putting all these assumptions in

equations (5.3), we get

ou, 90 pu?(ce™?) Pu, 10u, micu, 00
um e = 2 ) 4D, R 0 (54
ot o "ot v, (' eim'®) e or2  r Or r2 + cetmd (5.42)
v, . 00 ., . v, 10v, m’cu,
5 + iv,m 5 =P u;(ce™) —vu, + D, 52 + P (5.4b)
Now we have taken two cases such asm = m = 0and m = m = 1. Therefore
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e FOR m =m =0

In this case ¢ = ¢ = 1
ou, pu? 0%u, 1 0u,
_PY w4+ D, - 5.5
ot Uy pre o+ Or? r or + P (5-52)
v, ;g v, 1 Ov,
- . + Dy | —— + = 5.5b
ot Pt vur + orz r 8r] ( )
e FOR m = m =1
7 ]_
In thiscasec = ¢ = —
V2T
ou, 00  pu? %u, 10u, cu, 00
Uy— = — — pu, + D, - — : 5.6
ot T+ ot vy py or?  r Or r2 cett (5.6a)
ov, . 00 Ve, i &v, 10v, cu,
9 0,90 9y, + D, | L0y 2D 5.6b
ot o ot puy(ce”) —vor+ ar?  r or 72 (5.6b)

Because of the i factor we have to separate the equations into real part and imaginary

part. So,
e REAL PART
ou, pu? %u,  10u, cu, po cos
= Lo— » + D, - — 5.7
ot Uy ptt or? r Or r? + c (5:7a)
ov, ;g 0%, 1 Ov, ¢,
il u, c cos — vuv, + D, a2 T Ta, T T ] (5.7b)
e IMAGINARY PART
ol po sin @
- - 5.8
ot c U, (5.82)
00 p u?c sind
- = —"T 5.8b
ot Uy ( )
Now bothm = m' = 0Oandm = m' = 1 parts are solved to get uniform steady

state value for (u,v) = (ug,vg) where ug and vy are constants in time and space. we

take zero flux boundary conditions, which are satisfied by any (ug, vy).
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f(uo,v0) = g(uo,vo) =0 (5.9a)
2
= %—,uu#—po:():p,u?—uv (5.9Db)
/)2
= uy= L Py = LT (5.9¢)
pp' v
e Form =m =1
f(u()’UO) = g<u07 UO) =0 (510&)
2 0 /
= M py + PR — 0= pu?cost — vu, (5.10Db)
v c
vp po cos b pudccosf
o wp'ccos + Jite v v (5.10c)

Here also we have considered the same values for the parameters as Bhati did. In our

case, the uniform steady state values (ug,vy) are:

!

e Form = m = 0, ug =2.001 nM and vy = 2.002 nM.

I

e Form = m = 1,uy=>5.791 nM and vy = 5.793 nM.

These equations are same as the heat equation, mentioned as (2.10) in chapter 2,
except for the additional non-linear coupling terms. The standard heat equation is
analytically solvable with known solutions for Dirichlet, Neumann as well as mixed
boundary conditions. But because of the non-linear coupling terms the heat equation
is not analytically solvable. Therefore we have to resort to numerical methods for
solving our equations. We chose finite difference method here. a description of FD
method is provided in appendix A. 3-point finite difference formula was used to eval-
uate the second order spatial derivative and Crank-Nicholson scheme was employed

for time evolution.

26



Chapter 6
Results and Discussions

We evolve our system both spatially and temporally using ” Finite-Difference” method
for 150000 time steps (At = 1). Lets look at summary of Bhati’s results.

6.1 Overview of Agastya P. Bhati’s results:

2200
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2000 "b 1000 dat" index 0 using 1:3 —— Inhit [— i [—
4 35
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(d) t = 80000 s

Figure 6.1: Evolution of the system along x-axis for initial condition IC1 with con-
centration (nM) along y-axis
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In the case of IC1, the concentration of the activator in cell number 1 is 1000 times
larger than that in other cells. Due to such a high concentration of the activator,
more activator is produced due to self activation and The concentration of the in-
hibitor also increases rapidly. Due to the higher diffusivity of the inhibitor, it inhibits
the production of the activator, and itself in the vicinity. This feature is clearly visi-

ble in figure 6.1 as a long valley between the first two peaks in the concentration profile.

ing 1:3 Activator concl ——— Activator conc. ——
3 Inhibitor conc. —— Inhibtor conc. —_—

ntration (nmol/L)

oncentration (nmol/L)
oncentration (nmol/L)

0 50 100 150 200 250 300 0 50 100 150 200 250 300 0 50 100 150 200 250 300
ositi icron)

(a)t=1s (b) t = 1000 s (c) t = 10000 s

ntration (nmol/L)

o 50 100 150 200 250 300
position (micron)

(d) t = 80000 s

Figure 6.2: Evolution of the system along x-axis for initial condition IC2 with con-
centration (nM) along y-axis

In the case of IC2, the feature of the valley between the first two peaks he got
is not much pronounced as the initial concentration in the cells at one end is not
very high as compared to nearby cells. In general, the higher initial concentration
at one end quickly spreads over the whole width. This feature is expected due to
coupling terms in the Meinhardt’s model. Another consequence of such a coupling is
the concentration pattern oscillating in space, which is a characteristic of activator-

inhibitor models.

In general, Bhati got oscillating concentration values for both activator and in-

hibitor. Notably, the amplitude of the oscillation of the activator is higher than that
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Figure 6.3: Evolution of the system in (x,y) axis for initial condition IC1

300 2 300 2 300 2
15 _ 15 15 _
200 5 200 g 200 s
£ £ =
1y 1 g
¢ g g
100 8 100 S 100 8
0.5 é 0.5 § 05 §
= 2 =
0 o £ o o £ 0 o £
05 & 05§ 05 &
-100 8 -100 8 -100 8
5 5 5
1% 1% 1%
> ] >
-200 ks 200 ks 200 ©
15 © 15 °© 15 °

300 2 -300 2 300 2

300 200 100 ) 100 200 300 300 200 -100 0 100 200 300 300 200 -100 0 100 200 300
position of cells from stalk at centre (microns) position of cells from stalk at centre (microns) position of cells from stalk at centre (microns)

(a) t = 1000 s (b) t = 5000 s (c) t = 10000 s

°
activator conc. - inhibitor conc. (nM)

300 200 -100 0 100 200 300

position of cells from stalk at centre (microns)

(d) t = 80000 s

Figure 6.4: Evolution of the system in (x,y) axis for initial condition IC2

of the inhibitor. This is the reason of activator concentration being higher at crests
and lower at troughs than inhibitor concentration. He represented excess activator as

violet in colour and excess inhibitor as white in colour.
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Bhati was able to get concentric ring pattern from his calculations but of uniform

width, which is not the exact pattern that the passion flower exhibits.

6.2 Meinhardt’s Model in Polar co-ordinates

In polar co-ordinates also we evolve our system for the same time steps as Bhati did.
But, this time we stick to the "initial condition 1”7 only. First we will look at the

system for m = m' = 0 and then form = m' = 1.
6.2.1 m =m =0
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As we can see from 6.5, there is not much different in the oscillation pattern of
both activator and inhibitor concentration from Bhati’s result (6.1). But we can see

the non-uniformity in the widths of concentric bands (6.6) as the system evolves.
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Figure 6.6: Evolution of concentric circular pattern for m = m = 0, violet =

activator and white = inhibitor

We also have changed the values of the parameters and tried to generate the

pattern. We did see a change in the pattern while varying the values of i, v, p and

/

p.

On increasing the values of p and v by 10 percent we can see form 6.7 that the
concentric rings evolve in a different way. At t = 3000s we can see a circular ring
emerging from boundary, merges with the concentric rings evolving from center and

then evolve like the usual way. Same effect we can also see if we change the values of
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Figure 6.8: Evolution of concentric circular pattern for m = m = 0, p
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Here also the pattern evolves the same way as on changing the values of p and v
(6.7) upto t = 7000s. But after that we can see uniformity in the widths.
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Figure 6.9: Evolution of concentric circular pattern for m = m = 0, p =
0.0020, p' = 0.0010, violet = activator and white = inhibitor

In this case the evolution is somewhat different. As we can see in (6.9) at ¢ = 1000s
there is violet colour in the center which is not the case in former case (6.8). Also we

have non-uniformity in the widths as the system evolves with time.
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6.2.2 m=m =1
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Figure 6.10: Evolution of the system along x-axis with concentration (nM) along

y-axis form = m =1

For m = m' = 1 we can see lot of fluctuation in the oscillation of activator-
inhibitor concentration (6.10). Also at ¢t = 2000s it starts to oscillate from the other
end and merge with each other at ¢ = 6000s, then move forward, which is very
different from the earlier cases. Also in the evolution of circular pattern we can see
lots of fluctuations (see 6.11). We can see bright violet and white colour in center at
t = 268s and at t = 522s it disappears. May be we can attribute this bright violet
colour to that part of the fibrils where only violet colour sustains (see 4.1 ) (4.2). This

fluctuations continue upto t = 1000s and after that it evolves as usual.
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Chapter 7
Conclusions and Outlook

We have discussed about the Gierer-Meinhardt Model kinetics in detail by employing
the model successfully in Turing’s RD model and tried to apply the model to get the
beautiful but complicated pattern of the Passion flower. There are lots of fluctuations
we can see in the circular pattern in first few hundred time steps, but Yet we are
not able to generate our measured pattern. but still qualitatively we have been able
to generate the concentric bands of alternate violet and white colour of non-uniform

widths using this activator-inhibitor model.

We have also varied the values of y, v, p, p for m = m' = 0. Here also we have
seen the non-uniformity in the concentric coloured pattern but not the exact pattern
of the flower. One possibility may be the initial condition that we have considered
is not sufficient enough to make the system unstable. May be we can play with
the initial condition also. Another possibility to generate the measured pattern may
be the selection of right numerical method. We can also resort to other numerical

methods like ”Runge-Kutta”. We can also try Fast-Fourier transform.

We plan to continue our work to explore the above mentioned possibilities. We first
need to properly analyse their effects and come up with a mathematical framework for
the same. Then using it we hope to be able to logically choose the parameter values
and vary them accordingly with time and/or space so as to arrive at our desired

pattern.
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Appendix A

Finite Difference methods

Let’s consider a rectangular domain D: 0 < x < a and 0 < y < b and draw straight
lines parallel to x-axis and y-axis as shown in the figure A.1 such that z; = i * Az for

t=1,2,3,---nlandy; = jxAyfor j =1, 2, 3, --- m-1 where Az and Ay are

b
small positive steplengths obtained by Az = & and Ay = —.
n m

i+ \L

Figure A.1: Discretised rectangular domain

Let P, ; = P(x;,y;) be any point in the region D then the co-ordinates z; and y;
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can be obtained by

T = X9 +1i*Ax
. (A1)
Yi = Yo + J x Dy,

where (¢, yo) are the coordinates of the left bottom most point of the rectangle, that
is (0,0) in the present case. If u(x,y) is any continuous function with all necessary

derivatives existing in D then

ou; ;. Ax?0%u; ;

ui:l:l,j = U(ZL‘Z + Al‘, yj) = ui,j + AIE 837] + 2‘ 8272] e (A2a)
Ouij  Ay? uy

Wi o1 = u(z;,y; £ Ay) = ; £ Ay ayj + 1 8y2] ... (A.2Db)

From eq. (A.2), partial derivatives can be approximated as follows:

A - 1 — Ui .
Yig _ Yidlyy = Wimlg O(Ax?),  (Central difference)

Ox 2Ax
— M“A—;u” + O(Ax), (Forward difference)
= %_A—Z%U + O(Ax).  (Backward difference)
ag;’j — Uiy +21 ; Z” — +O(Ay?),  (Central difference)
= u”%;u” + O(Ay),  (Forward difference) i
= U”_A—Z”_l + O(Ay).  (Backward difference)
Gt = SR oy

Now we can convert the partial differential equations into difference equations by
using these approximations and the resultant system of algebraic equations can be
solved using any direct or iterative method. Since the analytical methods for finding
solution of second order partial differential equations depend on the type of PDE, the
numerical schemes also depend on the type of PDE. For example now we will try to

solve a PDE as shown below which is similar to the differential part in Meinhardt
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’

model in polar co-ordinates for m = m' = 0and m = m' = 1. (see 5.5 and 5.6)

ou 0*u  Ou

i C[@ + E] (A.4)

A.1 Forward Time and Central Space (FTCS) Scheme

In this method the time derivative term in the one-dimensional heat eq. (A.4) is
approximated with forward difference and space derivatives are approximated with

second order central differences. Thus, it gives:

utt — u? | — 2ul + ul u?, — ul
7 i C 7—1 7 i+1 i+1 i—1 A5
At [ Ax? AN ] (4.5)
where x; =i Az (1 =0,1,2,3,--- N)andt, =nAt(n=0,1,2,3,------ ).

To distinguish between space and time coordinates superscript index n is used for the
time coordinate whereas a subscript ¢ is used to represent the space position along x

direction. NN is the number of points along the z-direction excluding zeroth point.

At any typical node (i, n), the finite difference eq. (A.5) can be rearranged as

U?H =u; +r(uy —2u + U?H) + R(U?H —ug ) (A.6)

N and R = N

concentrations in the domain at various positions at various times. For n=1, the

where r = It gives a formula to compute the unknown

unknown u is first calculated using the initial conditions at =0 and boundary values
at =0 and =L (where L is the length of the domain). Once the solution at time
step 1 is obtained, the solution at n=2 is calculated in the same manner by making
use of the solution at n=1 and the boundary conditions at =0 and x=L. The same
procedure is repeated until the solution reaches a steady state or until the desired

time step.

Since eq. (A.6) has only one unknown for any ¢ and n, it is called an explicit scheme.
The FTCS scheme is illustrated in Figure A.2.
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() known
@ @

Figure A.2: Sketch for the FTCS scheme

A.2 Backward Time Central Space (BTCS) scheme

If the forward difference approximation for time derivative in the one dimensional
heat eq. (A.4) is replaced with the backward difference and the central difference

approximation for space derivative is used, then eq. (A.4) can be written as

1

n n— n o _ n n n o __.n
Uy — Uy iy = 2w Uy Uty — U

=C AT
At | AV 2Ax (A7)
where7=1,2,3,--- Nandn=1,2,3,------
Alternatively,
ut —uf — C[u?jll —2u ol — (A.8)
At Ax? 2N\ x ’
fori=1,2,3,--- Nandn=20,1,2, ------
Rearranging the above equation, we obtain
™t =l = = 20 ) + R — uf ) (A9)

= (R—r)u'+ (1 +2ru™ — (R+r)ul! = ul

fori=1,2,3,--- Nandn=20,1,2, ------

Since there are three unknown terms in eq. (A.9), the scheme so obtained is referred
to as an implicit method. The main drawback of having more than one unknown
coefficient in any equation, unlike FTCS method, is that the value of the dependent
variable at any typical node say (i, n) cannot be obtained from a single finite difference
equation of the node (i, n), and one has to generate a system of equations for each
time step separately by varying i. Then for each time step there will be a system

of equations equivalent to the number of unknowns in that time step (say N in the
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present case). This linear system of algebraic equations in N unknowns has to be
solved to obtain the solution for each time step . This process has to be repeated
until the desired time step is reached. The scheme (A.9) is called the fully implicit
method.

A.3 Crank-Nicholson

Schemes (A.5) and (A.8) are two different methods to solve the one dimensional heat
equation (A.4). Crank-Nicholson scheme is obtained by taking an average of these

two schemes, that is

ultt —u? _C ul = 2uf D al — Clur, —2uf +ul, Wi

At 2 Ax? 2N\ x 2 Ax? 2N\ x
fort=1,2,3,--- Nandn=0,1,2,------

R R r r R, R S
= (5 - §>u?j—11 +(1+ r)u?—i_l - (5 + 5)“?-:11 = (5 - 5)“%1 + (1 =r)uy + (5 + 2—)ui+1
(A.10)
WA c A\t

WhereT‘: m andR: QA;U

Since more than one unknown is involved for each 7 in eq. (A.10) Crank-Nicholson
scheme is also an implicit scheme. Therefore, one has to solve a system of linear
algebraic equations for every time step to get the field variable u. The Crank-Nicholson

scheme is illustrated in Figure A.3.

K2 H 14T H -rf2 ‘ 1 unknown

() known

n+l

/ . 2
time=n ri2 Q'_'j @

i-1 i i+1

Figure A.3: Sketch for the Crank-Nicholson scheme

The linear algebraic system of equations generated by the Crank-Nicholson method

for the time step t"*! are sparse because the finite difference equation obtained at any
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space node, say i and at time step ¢"*! has only three unknown coefficients involving
space nodes i-1 , ¢ and i+1 at t"*!. In matrix notation, these equations can be written
as AU=B , where U is the unknown vector of order N at any time level t"*! B
is the known vector of order N, which involves the values of U at the n'* time step
and A is the coefficient square matrix of order N x N with a tri-diagonal structure

as follows:

b1 C1 0
(05} bg (&)

0 as b3 C3

0 an—1 bn-1 cv—1
0 0 an bN

Such a matrix is called a tri-diagonal matrix and the system of equations with
tridiagonal coefficient matrix is called tridiagonal system. Though direct solvers like
Gauss elimination and LU decomposition can be used to solve these systems there are
some special schemes available to solve tridiagonal systems. One of them is Thomas
algorithm which exploits the tridiagonal nature of the coefficient matrix. Thomas
algorithm is similar to Gauss elimination. However, the novelty in the method is that
the forward elimination and back substitution parts of Gauss elimination are used

only for the non-zero positions of the system AU=B.

A.4 Thomas algorithm for tridiagonal system of

equations

Let us call the three non-zero diagonals of the above coefficient matrix A as a, b and
¢, where b is the element of the principal diagonal, a is the element of the diagonal
before the principal diagonal with zero as the first element and c is the element of the
diagonal that lies after the principal diagonal with a zero as the last element. Then
the order of a, b and ¢ is equal to the number of unknowns for any time step with the

known vector B (with elements d;). Then the Thomas algorithm can be written as:
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Do i = 2 to N (if N is the number of unknowns)

Ci—1
b =b; —a;—
Y
di—y
di =d; — a;
Y
end Do
dy
Uy = —
N b
Doi=N-1to1l
d; — CiUiyq
U = ————
b;

end Do

A.5 Alternate Direction Implicit method

The heat equation in two dimensions is as follows:

ou 0*u 0w
E C(@—i—a—yQ) (A.ll)

Applying Crank-Nicholson scheme to the above equation we get:

n+1 n n+1 n+1 n+1 n n n
Uig —uiy O luilny — 2wl Ul L Mg T 2uil; + Uity
At 2 Ax? Ax?
n+1 n+1 n+1 n n n
LG g T 2§+ Ui L Mg T 2ui; + Ui
2 Ay? Ay?
N Tt bt ) (L4 + 1) ntl 2 ( nt1 Lont!
5 Uiq,5 T Uiy TL T2 Uy 9 Uz j—1 T Wiji1
=3 (ui—l,j + ui—i—l,j) + (L +r+ro)u; — 5 \Yij—1 T Yig
L CAt d CAt
where r = —— and ry = ——
Ax? Ay?’

fori=1,2,3,---N,j=1,2,3,--- Mandn=20,1,2,------

This is certainly a viable scheme; the problem arises in solving the coupled linear
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equations. Whereas in one dimension the system was tridiagonal, that is no longer

true, though the matrix is still very sparse.

Alternate Direction Implicit (ADI) provides a slightly different way of generalizing
the Crank-Nicholson algorithm. It is still second-order accurate in time and space,
and unconditionally stable, but the equations are easier to solve than in the above
case. Here, the idea is to divide each timestep into two steps of size -5 In each
substep, a different dimension is treated implicitly. The equations can be written as
follows:

First half time step: implicit along x direction

ntl n+i n+i nti
Ui * — Uy _C Ui 1% = 2u5 "+ U n Uity = 2U U (A.12)
At A2 Ayz :
Second half time step: implicit along y direction
+1 n+i n+i n+i n+i +1 1 +1
Uig Uiy " | Mimty T 2y " Uiy Yo~ 2ui + g (A.13)
At N INE

fori=1,2,3,--- N,j=1,2,3,--- Mandn=20,1,2,------
Rewriting eq. (A.12):

™ n+%

" n+i N n+2 T2 U
9 U1

+(1+Tl>ui7]‘ o Uit1j = o Yij-  + (1 - )u + 2 Ui (A.14)

This is a tridiagonal system which can be solved using Thomas algorithm for the
unknown u; ; at the time step n + % Similarly eq. (A.13) can be rewritten as:

2 n T2 ™ n+ n+ 1 n+i
_5 1jll+(1+7ﬂ) +1 2u,;r—i{l 2 U, 12]+(1 ) : + 5 2 z+12] (A15)

Since u terms on the right hand side of eq. (A.15) have already been calculated by
solving eq. (A.14), eq. (A.15) is again a tridiagonal system which can also be solved
using Thomas algorithm for wu; ; at time step n+1. This completes one iteration in
time direction and the same is repeated until the desired time step is reached. The
advantage of this method is that each substep requires only the solution of a simple

tridiagonal system.
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Appendix B
C-programs

In this chapter we list our C-programs used for solving the RD equation numerically

(both in Cartesian co-ordinate® and polar co-ordinates)

B.1 Crank-Nicholson scheme on Meinhardt’s model

in 1d Cartesian co-ordinate?

Following are the programmes for numerical solution of Bhati’s one-dimensional Mein-

hardt’s model(both icl and ic2) using Crank-Nicholson scheme.

B.1.1 Initial condition 1

icl.c

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

#define Da 0.02

#define Db 20%*Da

#define nx 3000
//#define ny 100

#define dx 1.0

//#define dy 0.01
#define dt 1.0

#define timeSteps 150000

//void dmatriz_initial (double Alnz][nyl);

void fprintmatrix (double pl[nx+2], FILE *f);

void pattern (double [nx+2], double qlnx+2], FILE *f);

void tridag(double al[l], double b[]l, double c[], double r[], double ¢«
ull, int n);

void neumannbc (double al[nx+2]);

double rl, r3 ;// 72, 74;

int main(void)
/*defining required parameters and vartiables*/

int i, n, nxx=300;
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double ra, rb, a0, b0, rho, rhol, ba;// bb; gamma, a, b, alpha, <
u0, vO0;
double al[nx+2], b[nx+2], f[nx], glnx];
double all[nx], bl[nx], cill[nx], dllnx], til[nx];
// double a2[ny], b2[ny]l, c2[ny], d2[ny], t2[nyl;

double x, t;

FILE xfp, *fpo, *fpa, *fpb;

/*¥initializing the parameters and wvariables*/
ba = 0.00001; //rho0 comstant term activator
//bb = 0.0000; //rho’ constant term inmhibitor
ra = 0.0100; //mu

rb = 0.0200; //nu

rho = 0.0100; //source density activator

rhol = 0.0100; //source density inhibitor

a0 = (rb*rho)/(ra*rhol) + ba/ra;

b0 = (a0O*aOxrhol)/rb;

rl = Daxdt/(dx*dx); //r2 = dt/(dy*dy);

r3 = Dbxdt/(dx*dx); //r4 = d*dt/(dy*dy);

/*¥Initialize concentration arrays and coupling terms*/
for(i=1; i<nx+1; i++)
//sl[i-1] = 0.01%(1. + qc*((doudble) rand ()/RAND_MAX));

ali] a0;// + 0.1*x((doudble) rand ()/(RAND_MAX/2) - 1.0);
bl[i] b0;// + 0.1*x((double) rand()/(RAND_MAX/2) - 1.0);

}

al[1] = 1000xal[1];

// alnz] = 1000*a[nz];

/*initializing boundary values of concentrations using neumann <
boundary conditions*/

alnxx-1];

al2]; alnxx+1]
blnxx-1];

b[2]; blnxx+1]
//neumannbe (a);
//neumannbe (b);

fp=fopen("a_initial.dat","w");
if (fp==NULL)
{

puts("cannot open file\n");
exit (1) ;
fpo=fopen("b_initial.dat","w");
if (fpo==NULL)
puts ("cannot open file\n");
exit (1) ;
}
x = 1.0;
foE(i=1, i<nx+1; i++)
fprintf (fp,"%d\t%f\n",(int) x, alil);
fprintf (fpo,"%d\t%£f\n",(int) x, b[il);

X += dx;

fclose(fp);
fclose(fpo);

for(i=1; i<nxx+1; i++)
// hli-1] = rho*u[s][j]*v[<][5]/(1+uli][j]+K*u[<][5]*u[s][5]);

fli-1] rhoxal[il*al[i]/b[i] - raxal[i] + ba;
gli-1] rholxalil*ali] - rbxb[il;// + bb;
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}
fp=fopen("evolve_a.dat","w");
if (fp==NULL)
{ puts("cannot open file");
exit (1) ;
fpo=fopen("evolve_b.dat","w");
if (fpo==NULL)
puts("cannot open file");
exit (1) ;
fpa=fopen("a_1000.dat","w");
if (fpa==NULL)
{ puts("cannot open file");
exit (1) ;
fpb=fopen("b_1000.dat","w");
if (fpb==NULL)
{ puts("cannot open file");
exit (1) ;
/*Begin time loop*/
for (n=1; n<=timeSteps; n++)

t = n*xdt;
/*Printing concentrations at tintermediate timesx*/

ifEn%lOOO==O)

x = 1.0;
for(i=1; i<nx+1; i++)

fprintf (fp,"%d\t%d\t%Ef\t0o\tO\t%f\n",(int) x,(int) <«
t,alil,alil-b[il);
x += dx;
fprintf (fp,"\n\n");

x = 1.0;
for(i=1; i<nx+1; i++)

fprinzf(fpo,"%d\t%d\t%f\tO\tO\n”,(int) x,(int) t,b[i]);
x += dx;

{printf(fpo,”\n\n");

//Printing concentrations at first 1000 timesteps
i%(n <= 1000)

x = 1.0;
for(i=1; i<nxx+1; i++)

fprintf (fpa,"%d\t%d\t%f\t0O\tO\t%f\n",(int) x,(int)

t,ali]l,alil-bl[i]);
x += dx;
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fprintf (fpa,"\n\n");

x = 1.0;
for(i=1; i<nxx+1; i++)

fprintf (fpb,"%d\t%d\t%f\t0\t0\n", (int) x,(int) t,b[i]);
X += dx;

{printf(fpb,”\n\n");

/*Thomas algorithm to update concentration values*/

/*¥Initializing tridiagonal coefficients*/

for(i=0; i<nxx; i++)

al[i] = -0.5%r1;

bi1[i] = 1 + r1;

cl[i] = -0.5%r1;

di[i] = 0.5*ri1*al[i] + (1-ri1)*al[i+1] + O0.5xri1xal[i+2] + <
dtxf[i];

/*update boundary coefficients for neumann bc*/

cl1[0] = -r1;
all[nxx-1] = -r1;

/*Solving for tridiagonal matriz equation*/
tridag(al,bl,cl,dl,tl,nxx);
/*Back substitution: updating concentration a*/

for(i=0; i<nxx; i++)
ali+1] = t1fi];

/*repeating the above procedure for concentration b*/

for(i=0; i<nxx; i++)

al[i] = -0.5%r3;
bi[i] = 1 + r3;
cl[i] = -0.5%r3;
d1[i] = 0.5*%r3*b[i] + (1-r3)*b[i+1] + 0.5*r3*xb[i+2] + <«
dt*gl[i]l;
c1[0] = -r3;
all[nxx-1] = -r3;

tridag(al,bl,cl,dl,tl,nxx);
/*Back substitution: Updating concentrations bx*/

for(i=0; i<nxx; i++)
bli+1] = t1fil;

/*End of first half time step*/
/*Update coupling termsx*/

for(i=1; i<nxx+1; i++)

//q = sl[i-1]*a[i]*a[4];
fli-1] rho*al[il*a[i]l/b[i] - rax*xal[i] + ba;
gli-1] rhol*a[il*a[i] - rb*xb[il;// + bb;

/*Update boundary valuesx*/
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a[0] al[2]; alnxx+1]
b [0] b[2]; blnxx+1]
//neumannbe (a) ;
//neumannbe (b);

if (n%7000==0 && nxx < nx)
nxx += 300;

alnxx-1];
blnxx-1];

3

fclose(fp);
fclose(fpo);

fpo=fopen("finala.dat","w");
if (fpo==NULL)
{
puts("cannot open file");
exit (1) ;
fp=fopen("finalb.dat","w");
if (fp==NULL)
puts("cannot open file");
exit (1) ;
fprintmatrix(a,fpo);
fprintmatrix(b,fp);

fclose(fpo);
fclose(fp);

fp=fopen("pattern_final.dat","w");
if (£p==NULL)
{ puts("cannot open file");
exit (1) ;
pattern(b,a,fp);
fclose(fp);

return O;

void fprintmatrix (double p[nx+2], FILE *f)
{

int 1i;
double x;
x = 1.0;
foE(i=1; i<nx+1; i++)
fprintf (£,"%d\t%f\t0\t0\n",(int) x,pl[il);
X += dx;
}
}
void pattern (double pl[nx+2], double qlnx+2], FILE *f)
{
int i
double x, y;
x = 1.0;
foi(i=1; i<nx+1; i++)
y = plil - qlil;
if(y > 0)
fprintf (£,"%d\t%f\t0\t0\n", (int) x, y);
else
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fprintf (£,"%d\t0.000000\t0\t0\n",(int) x);
X += dx;
}
}
void tridag(double a[]l, double b[]l, double c[], double r[],

ull, int n)
int j;
double bet, gaml[n];

// gam=dvector (1,n);
if (b[0] == 0.0) printf("Error 1 in tridag\n");
ul0]=r[0]/(bet=b[0]);
for 1;j<n; j++)
gamJ[J] clj-11/bet;
bet=b[jl-aljl*xgam[j];
if (bet == 0.0) printf("Error 2 in tridag\n");
uljl=(rl[jl-aljl*ulj-1]1)/bet;

}
for (} (n-2) )

uljl -= gam%3+1]*u[3+1]
{/ free_dvector(gam,1,n);

void neumannbc (double al[nx+2])

al0]l=a[2],;

alnx+1]= atnx 1];

double <«

B.1.2 Initial condition 2

ic2.c

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

#define Da 0.02

#define Db 20%*Da

#define nx 3000
//#define ny 100

#define dx 1.0

//#define dy 0 01
#define dt 1.

#define tlmeSteps 150000

//votd dmatriz_initial (float Alnz][nyl);
void fprintmatrix (float pl[nx+2], FILE *f)
void pattern (float [nx+2] float q[nx+2], FILE *f);

void tridag(float al float b[]l, float c[], float r[]l, float ull,

int n);
void neumannbc(float alnx+2]);
float rl, r3;// 12, T4;

int main(void)
/*defining required parameters and variablesx*/
int i, n, nxx=300;
float ra, rb, a0, b0, rho, rhol, ba;// bb; gamma, a, b,
u0,

0
float a?nx+2] blnx+2], f[nx], glnx];
float all[nx], bl[nx], cill[nx], dllnx], ti1lnx];
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29 //  float a2[nyl, b2[ny], c2[ny], d2[ny], t2[nyl];
30 float x, t;
31 FILE *fp, *fpo, xfpa, *fpb;

33 /*¥initializing the parameters and wvartables*/

35 ba = 0.00001; //7Tho0 constant term activator
36 //bb = 0.0000; //rho’ constant term imhibitor
37 ra = 0.0100; //mu

38 rb = 0.0200; //nu

39 rho = 0.0100; //source density activator

40 rhol = 0.0100; //source density inhibitor

41

42 a0 = (rb*rho)/(ra*xrhol) + ba/ra;

ii b0 = (a0*aOxrhol)/rb;

45 rl = Daxdt/(dxx*dx); //r2 = dt/(dy*dy);
ig r3 = Dbxdt/(dx*dx); //r4 = d*dt/(dy*dy);

48 /*¥Initialize concentration arrays and coupling terms*/
50 fgr(i=1; i<nx+1; i++)

52 //sl[1-1] = 0.01%x(1. +
53 alil] a0;// + 0.1x((
g% ) bl[i] b0;// + 0.1%((

57 n=15;
58 for(i=1; n > (int) al; i++)

60 al[i]l = (float) n;
61 n--;

ge*((float) rand()/RAND_MAX)) ;
loat) rand ()/(RAND_MAX/2) - 1.0);
loat) rand ()/(RAND_MAX/2) - 1.0);

f
f

5;
Ei=1; n > (int) bO; i++)

(=2}
J
o
—_
[
—
]

(float) n;

ks
70 //al[1] = 1000*a[1];
71 // alnz] = 1000*alnz];
72 /*¥initializing boundary values of concentrations using neumann <
boundary conditionsx*/

74 al[0] = a[2]; al[nxx+1]
75 b[0] = b[2]; blnxx+1]
76  //meumannbec (a);
77 //meumannbec (b);

79 fp=fopen("a_initial.dat","w");
81 if (£p==NULL)
{

aln
blnxx-1];

83 puts("cannot open file\n");
84 exit (1) ;
}
87 fpo=fopen("b_initial.dat","w");
89 if (fpo==NULL)
{
91 puts("cannot open file\n");
92 exit (1);
93 }
X 1.0;
96  for(i=1;

98 fprintf (fp,"%d\t%f\n",(int) x, a[l]);
99 fprlntf(fpo,"%d\tAf\n" (int) x, bl[il);

i<nx+1; i++)

e}
J
r"'\H ]

x += dx;
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fclose(fp);
fclose(fpo);

for(i=1; i<nxx+1; i++)
// hli-1] = rho*uls][j]*v[2][5]/(1+uls][j]+K*u[<][7]*uw[s][5]);

]
f[i-1] rho*a[i]*a[if/b[i] - raxal[i] + ba;
gli-1] rhol*a[il*al[i] - rbxb[il];// + bb;

fp=fopen("evolve_a.dat","w");
if (fp==NULL)
{ puts ("cannot open file");
exit (1) ;
fpo=fopen("evolve_b.dat","w");
if (fpo==NULL)
{ puts("cannot open file");
exit (1) ;
fpa=fopen("a_1000.dat","w");
if (fpa==NULL)
{ puts("cannot open file");
exit (1) ;
fpb=fopen("b_1000.dat","w");
if (£pb==NULL)
{ puts("cannot open file");
exit (1) ;
/*Begin time loop*/
for (n=1; n<=timeSteps; n++)

t = n*xdt;
/*Printing concentrations at intermediate times*/

ifgn%1000==0)

x = 1.0;
for(i=1; i<nx+1; i++)

fprintf (fp,"%d\t%d\t%£\t0\tO\t%f\n",(int) x,(int) <«
t,alil,alil-b[il);
x += dx;
fprintf (fp,"\n\n");

x = 1.0;
for(i=1; i<nx+1; i++)

fprintf (fpo,"%d\t%d\t%f\t0\t0\n", (int) x,(int) t,b[i]);
X += dx;
fprintf (fpo,"\n\n");
}
//Printing concentrations at first 1000 timesteps

if(n <= 1000)
{
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for (i=1; i<nxx+1; i++)
fprintf (fpa, "%d\t%d\t%f\t0\t0O\t%f\n",(int) x,(int) <«

t,alil,alil-bl[il);
x += dx;

>

fprintf (fpa,"\n\n");

x = 1.0;
for(i=1; i<nxx+1; i++)

fpringf(fpb,”%d\t%d\t%f\tO\tO\n”,(int) x,(int) t,b[i]);
X += dx;

fprintf (fpb,"\n\n");
}

/*Thomas algorithm to update concentration values*/

/*¥Intitializing tridiagonal coefficients*/

for(i=0; i<nxx; i++)

al[i] = -0.5%r1;

b1[i] = 1 + r1;

cl1[i] = -0.5%r1;

di[i] = 0.5*r1xa[i] + (1-ri1)*al[i+1] + O0.5*xri1x*xal[i+2] + <«
dt*f[i];

/*update boundary coeffictents for neumann bc*/

c1[0] = -r1;
all[nxx-1] = -r1;

/*Solving for tridiagonal matriz equation*/
tridag(al,bl,cl,dl,tl,nxx);
/*Back substitution: updating concentration a*/

for(i=0; i<nxx; i++)
ali+1] = t1fil;

/*repeating the above procedure for concentration b*/

for(i=0; i<nxx; i++)

al[i] = -0.5%r3;
b1[i] = 1 + r3;
cl1[i] = -0.5%r3;
di1[i] = 0.5*%r3%b[i] + (1-r3)*b[i+1] + 0.5*%xr3*xb[i+2] + <«
dt*glil;
cl1[0] = -r3;
all[nxx-1] = -r3;

tridag(al,bl,cl,dl,tl,nxx);
/*Back substitution: Updating concentrations bx*/

for(i=0; i<nxx; i++)
b[i+1] = t1lil;

/*End of first half time step*/
/*Update coupling terms*/

for(i=1; i<nxx+1; i++)
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//q = sl[i-1]*a[i]*a[4];

/*Update boundary wvalues*/

al[0] = a[2]; alnxx+1]
b[0] = b[2]; blnxx+1]
//neumannbe (a) ;
//neumannbc (b);

if (n%7000==0 && nxx < nx)
nxx += 300;

al[nxx-1];
blnxx-1];

3

fclose(fp);
fclose(fpo);

fpo=fopen("finala.dat","w");
if (fpo==NULL)
puts("cannot open file");
exit (1) ;
fp=fopen("finalb.dat","w");
if (fp==NULL)
{
puts("cannot open file");
exit (1) ;
fprintmatrix(a,fpo);
fprintmatrix(b,fp);

fclose(fpo);
fclose(fp);

fp=fopen("pattern_final.dat","w");
if (£p==NULL)
{ puts("cannot open file");
exit (1) ;
pattern(b,a,fp);
fclose(fp);

return O0;

void fprintmatrix (float pl[nx+2], FILE xf)
{

rho*al[il*al[i]l/b[i] - raxali] + ba;
rhol*al[il*al[i] - rb*b[il;// + bb;

int 1i;
float x;
x = 1.0;
for(i=1; i<nx+1; i++)
fprintf (£,"%d\t%f\n",(int) x,pl[il);
x += dx;
}

void pattern (float pl[nx+2], float qlnx+2],
{

int i;
float x, y;
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x = 1.0;
for(l 1; i<nx+1; i++)
y = plil - qlil;
if(y > 0)
fprlntf(f "hA\t%ENt0\Nt0\n", (int) x,y);
else
fprintf (£,"%d\t0.000000\t0\t0\n",(int) x);
X += dx;
}
}
void tridag(float all, float b[]l, float c[], float rl[],
int n)
int j;
float bet, gam[n];
// gam=dvector (1,n);
if (b[0] == 0.0) printf("Error 1 in tridag\n");

ul0]l=r[0]/(bet=b[0]
for 1;j<n; j++)
zant)

)
l=c[j-1]1/bet;

bet=b[jl-aljl*xgam[j];

if (bet == 0.0)

}

f (i=(n-2);j>=0;j--
3 } n J[J+1]3<u[3+1]

ulj]l -= gam

// free_dvector(gam,1,n);

}

void neumannbc(float al[nx+2])

a[0]l=a[2];

alnx+1]= atnx 1];

printf ("Error 2 in tridag\n");
uljl=(rljl-aljl*ulj-11)/bet;

float ull,

o

B.2 Crank-Nicolson scheme on Meinhardt’s model

in polar co-ordinates

C-programmes to numerically solve the Meinhardt’s model in polar co-ordinates using

Finite difference methods are listed below:

B21 m=m =

0

m0.c

#include <stdio.h>
#include <math.h>
#include <stdlib.h>

#define Da 0.02
#define Db 20%*Da
#define nx 3000
//#define ny 100
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#define dx 1.0

//#define dy 0.01
#define dt 1.0

#define timeSteps 150000

//void dmatriz_initial (float A[nz][nyl);
FILE =*f);

void fprintmatrix (float pl[nx+2],

void pattern (float §[nx+2], float q[nx+2][j
s float cl],

void tridag(float al float bl[],
int n);
void neumannbc(float al[nx+2]);

float rl, r3, R1, R3;// r2, 74;

%nt main(void)

/*defining required parameters and vartiables*/

int i, n, nxx=300;
float ra, rb, a0, b0, rho, rhol,
u0, vO0;

float a[n£+2], bl[nx+2], flnx], glnx]
float allnx], bl[nx], cillnx], dl[nx

//  float a2[ny], b2[nyl, c2[ny],
float x, t;
FILE xfp, *fpo, *fpa, *fpb;

ba;// bb; gamma,

]i t1[nx];

a2[ny], t2[ny];

/*initializing the parameters and wvartables*/

ba = 0.00001; //rho0 comstant term activator
//bb = 0.0000; //rho’ constant term inmhibitor
O .

ra = 0.0100; //mu
rb = 0.0200; //nu

rho = 0.0100; //source density activator
rhol = 0.0100; //source density inhibitor

a0 = (rb*rho)/(ra*rhol) + ba/ra;
b0 = (a0O*aOxrhol)/rb;

rl = Dax*xdt/(dx*dx); //r2 =

r3 = Dbxdt/(dx*dx); //r4 =

dt/(dy*dy);
d*dt/(dy*dy) ;

FILE #*f);
float rl[],

a,

float ull,

b, alpha,

/*Initialize concentration arrays and coupling terms*/

for(i=1; i<nx+1; i++)

//sli-1] = 0.01*(1. + qec*((float) rand()/RAND_MAX));
ali] = a0;// + 0.1*%((float) rand()/(RAND_MAX/2) - 1.0);
bl[i] = b0;// + 0.1%((float) rand ()/(RAND_MAX/2) - 1.0);

al[1] = 1000x*al[1];
/ alnz] = 1000*a[nz];

P

/*¥initializing boundary values of concentrations using neumann <=

boundary conditions*/

al0] = a[2]; alnxx+1] = al[nxx-1]
b[0] = b[2]; blnxx+1] = blnxx-1]
//neumannbdbe (a);

//neumannbe (b) ;
fp=fopen("a_initial.dat","w");

ifEfp==NULL)

puts("cannot open file\n");

exit (1) ;

fpo=fopen("b_initial.dat","w");
if (fpo==NULL)
{

’

>

puts("cannot open file\n");

exit (1) ;
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}

1.0;
(i=1; i<nx+1; i++)

fprintf (fp,"%d\t%f\n",(int) x, ali]
fprintf (fpo,"%d\t%f\n",(int) x, b[i
x += dx;

X
fo

AR

fclose(fp);
fclose(fpo);

for(i=1; i<nxx+1; i++)
// hli-1] = rhoxul[<][j]*v[i][5]/(1+u[i][j]+K*u[i][5]*ul<][5]);

fli-1] (rho*ali]l*al[i])/b[i]l - ra*xal[i] + ba;
gli-1] rhol*al[i]l*al[i] - rb*b[il;// + bb;

fp=fopen("evolve_a.dat","w");
if (£p==NULL)
{

puts("cannot open file");
exit (1) ;

fpo=fopen("evolve_b.dat","w");
if (fpo==NULL)
{ puts("cannot open file");
exit (1) ;
fpa=fopen("a_1000.dat","w");
if (fpa==NULL)
{ puts("cannot open file");
exit (1) ;
fpb=fopen("b_1000.dat","w");
if (fpb==NULL)
{ puts("cannot open file");
exit (1) ;
/*Begin time loop*/
for (n=1; n<=timeSteps; n++)

t = n*dt;
/*Printing concentrations at intermediate timesx*/

ifEn%lOOO==O)

x = 1.0;
for(i=1; i<nx+1; i++)

fprintf (fp,"%d\t%d\t%f\t0\tO\t%f\n",(int) x,(int) <«

t,alil,ali]l-b[i]);
X += dx;

>

fprintf (fp,"\n\n");

x = 1.0;
for(i=1; i<nx+1; i++)

fprintf (fpo,"%d\t%d\t%f\t0\t0\n",(int) x,(int) t,b[il);
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157 {printf(fpo,”\n\n");

160 //Printing concentrations at first 1000 timesteps
162 i%(n <= 1000)

164 x = 1.0;
165 for(i=1; i<nxx+1; i++)

167 fprintf (fpa, "%d\t%d\t%f\t0\t0O\t%f\n",(int) x,(int) <+
t,alil,alil-b[il);
168 x += dx;
}
171 fprintf (fpa,"\n\n");

173 x = 1.0;
174 for(i=1; i<nxx+1; i++)

176 fprintf (fpb, "%d\t%d\t%f\t0\t0\n",(int) x,(int) t,b[il]);
177 x += dx;

}
180 {printf(fpb,"\n\n”);

183 R1 Da*dt/(2*xx*dx) ;

%gg R3 Dbxdt/ (2*x*dx) ;

%gg /*Thomas algorithm to update concentration values*/

188

%88 /*¥Initializing tridiagonal coefficients*/

191 for(i=0; i<nxx; i++)

192

193 al[i] = -0.5%xr1+0.5%R1;

194 bi[i] = 1 + ri;

195 c1[i] = -0.5%r1-0.5%*R1;

196 di[i] = (0.5%r1-0.5%R1)*al[i] + (1-ri1)*xali+1] + <«
(0.5*%xr1+0.5*xR1)*a[i+2] + dtx*f[i];

197 }

198

%88 /*update boundary coeffictients for neumann bc*/

201 c1[0] = -r1-R1;

%8% al[nxx-1] = -rl+R1;

%8% /*¥Solving for tridiagonal matriz equation*/

%89 tridag(al,bl,cl,dl,tl,nxx);

%88 /*Back substitution: updating concentration a*/

210 for(i=0; i<nxx; i++)

211 ali+1]l = t1fil;

213 /*repeating the above procedure for concentration b*/

21

215 for(i=0; i<nxx; i++)

216

217 al[i] = -0.5*r3+0.5%R3;

218 b1[i] = 1 + r3;

219 c1[i] = -0.5%xr3-0.5%R3;

220 di[i] = (0.5%r3-0.5*%R3)*b[i] + (1-r3)*b[i+1] + ¢
(0.5*%r3+0.5*%R3)*b[i+2] + dt*gl[i];

221 }

222

223 c1[0] = -r3-R3;

%%g al[nxx-1] = -r3+R3;

226 tridag(al,bl,cl,dl,tl,nxx);
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/*Back substitution: Updating concentrations bx*/

for(i=0; i<nxx; i++)
bli+1] = t1fi];

/*End of first half time step*/
/*Update coupling terms*/

for(i=1; i<nxx+1l; i++)

//q = sl[i-1]*ali]*al%];
fli-1] = (rhox*ali]*a[i])/b[i] - rax*xal[il] + ba;
) gli-1] = rhol*alil*ali] - rbxb[il;// + bb;

/*Update boundary values*/

al0] = a[2]; alnxx+1]
b[0] = b[2]; blnxx+1]
//neumannbe (a);
//neumannbc (b);

if (n%7000==0 && nxx < nx)
nxx += 300;

al[nxx-1];
blnxx-1];

3

fclose(fp);
fclose(fpo);

fpo=fopen("finala.dat","w");
if (fpo==NULL)
puts("cannot open file");
exit (1) ;
fp=fopen("finalb.dat","w");
if (fp==NULL)
{
puts("cannot open file");
exit (1) ;
fprintmatrix(a,fpo);
fprintmatrix(b,fp);

fclose(fpo);
fclose(fp);

fp=fopen("pattern_final.dat","w");
if (£p==NULL)
puts("cannot open file");
exit (1) ;
pattern(b,a,fp);
fclose(fp);

return O;

}
void fprintmatrix (float pl[nx+2], FILE xf)
{

int i;

float x;

62



302 x = 1.0;
%82 for(l 1; i<nx+1; i++)
305 fprintf (£,"%d\t%f\t0\t0\n", (int) x,pl[il);
306 x += dx;
307
308 }
309
310 void pattern (float pl[nx+2], float ql[nx+2], FILE *f)
311 {
312 int 1i;
313 float x, y;
314
315 x = 1.0;
316 for(l 1; i<nx+1; i++)
%%273 [i] [i]
y = plil = qlil;
319 if(y > 0)
320 fprlntf(f "hA\t%ENtONtO\n", (int) x, y);
321 else
g%% fprintf (£,"%d\t0.000000\t0\t0\n",(int) x);
324 x += dx;
325 }
150
328 void tric;ag(float al[l, float bl[]l, float cl[], float r[], float ul]l, <«
int n
329 {
330 int j;
331
332 float bet, gam[n];
333
334 // gam=dvector(1,n);
335 if (b[0] == 0.0) printf("Error 1 in tridag\n");
336 ul0]=r[0]/(bet=b[0]);
337 for 1;j<n; j++)
338 gamJ[J] clj-11/vet;
339 bet=b[jl-aljl*xgam[j];
340 if (bet == 0.0) printf("Error 2 in tridag\n");
341 uljl=(r[jl-aljl*ulj-11)/bet;
342
343 }
344
345 for (j=(n-2);3j>=0;j--
346 ul J} -= gamJ[J+1]*u[J+1]
347 // free_dvector(gam,1,n);
348 }
349
%g(l) void neumannbc (float al[nx+2])
352
353 a[0]l=al2];
354 alnx+1]=alnx- 1]1;
355 }
li
B22 m=m =1
ml.c
1 #include <stdio.h>
2 #include <math.h>
i#include <stdlib.h>
5 #define Da 0.02
6 #define Db 20*Da
7 #define nx 3000
8 //#define ny 100
9 #define dx 1.0
10 //#define dy 0.01
11 #define dt 1.0
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#define PI 3.14159265
#define timeSteps 150000

//void dmatriz_initial (float Alnz][ny]);

FILE *f);

void pattern (float [nx+2], float qlnx+2], FILE xf);
float c[], float rl[],

void fprintmatrix (float p[nx+2],

void tridag(float all]l, float bl[],
int n);

void neumannbc (float al[nx+2]);

float rl, r3, R1, R3;// r2, 74;

%nt main(void)

/*defining required parameters and variables*/

int i, n, nxx=300;

float ra, rb, a0, b0, rho, rhol, ba;// bb; gamma, a, b, alpha,

u0, vO0;
float al[nx+2], b[nx+2], f[nx],

glnx];

float allnx], bil[nx], cilnx], dilnx],
//  float a2[nyl, b2[nyl, c2[nyl, d2[ny]l, t2[ny];

float x, t, e

, I
FILE *xfp, *fpo,

B C b
*fpa, *xfpb;

t1[nx];

/*initializing the parameters and wvartables*/

ba = 0.00001; //rho0 comnstant term activator
//bb = 0.0000; //rho’ conmstant term imhibitor

ra = 0.0100; //mu
rb = 0.0200; //nu

rho = 0.0100; //source density activator
rhol = 0.0100; //source density inhibitor

dt/(dy*dy);

e = cos(PI/6);

m = sin(PI/6);

c = 1/sqrt (2*PI);

a0 = (rb*rho)/(rax*xrhol*xcxe) + (baxe)/(rax*c);
b0 = (aO*aO*xrhol*c*e)/rb;

rl = Dax*xdt/(dxx*dx); //r2 =

r3 = Dbxdt/(dx*dx); //r4 =

d*dt/(dy*dy) ;

float ull,

/*Initialize concentration arrays and coupling termsx*/

for(i=1; i<nx+1; i++)

//sli-1] = 0.01*(1. + qe*((float) rand()/RAND_MAX));

alil]
bl[il]

3

al[1] = 1000*al1];
// alnz] = 1000*al[nz];

/*¥initializing boundary values of concentrations using neumann <

boundary conditions*/

al[0] = a[2]; alnxx+1]
b[0] = b[2]; blnxx+1]
//neumannbdbe (a);
//neumannbe (b);

fp=fopen("a_initial.dat","w");
if (fp==NULL)
{

alnxx-1];
blnxx-1];

puts("cannot open file\n");

exit (1) ;

fpo=fopen("b_initial.dat","w");
if (fpo==NULL)

puts ("cannot open file\n");

exit (1) ;
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a0;// + 0.1%((float) rand ()/(RAND_MAX/2)
b0;// + 0.1%x((float) rand()/(RAND_MAX/2)

- 1.0);
- 1.0);
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}

0

X 1.0;
for(i=1; i<nx+1; i++)

AR

fprintf (fp,"%d\t%f\n",(int) x, ali]
fprintf (fpo,"%d\t%f\n",(int) x, b[i
X += dx;

fclose(fp);
fclose (fpo);
for(i=1; i<nxx+1; i++)
// hli-1] = rho*ul[<][j]*v[i][5]/(1+u[i][j]+K*u[i][5]*ul<][5]);
f[i-1] = (rhoxali]=*al[i])/b[i] - ra*xali]l - (Dax*cx*xal[i])/(x*x) ¢
+ (ba*e)/c - (ba*m)/(c*alil);
gli-1] = rholx*al[i]*al[i]l*c*xe - rbx*b[i] - (Db*cxb[i])/(x*x) + ¢
) (rhol*al[il*al[il*c*m)/b[i];// + bb;
fp=fopen("evolve_a.dat","w");
if (fp==NULL)
{
puts ("cannot open file");
exit (1) ;
fpo=fopen("evolve_b.dat","w");
if (fpo==NULL)
puts ("cannot open file");
exit (1) ;
fpa=fopen("a_1000.dat","w");
if (fpa==NULL)
{
puts ("cannot open file");
exit (1) ;
fpb=fopen("b_1000.dat","w");
if (fpb==NULL)
{
puts ("cannot open file");
exit (1) ;
/*Begin time loop*/
for (n=1; n<=timeSteps; n++)

t = n*xdt;
/*Printing concentrations at intermediate timesx*/

ifEn%lOOO==O)

x = 1.0;
for(i=1; i<nx+1; i++)

fprintf (fp,"%d\t%d\t%f\t0\tO\t%f\n",(int) x,(int) <
t,alil,alil-b[i]);
x += dx;
fprintf (fp,"\n\n");
x = 1.0;

for(iél; i<nx+1; i++)
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{

fprintf (fpo,"%d\t%d\t%f\t0\t0\n",(int) x,(int) t,b[i]);

x += dx;
fprintf (fpo,"\n\n");
}

//Printing concentrations at first 1000 timesteps
i%(n <= 1000)

x = 1.0;
for(i=1; i<nxx+1; i++)

fprintf (fpa, "%d\t%d\t%f\t0\t0O\t%f\n",(int) x,(int) <

t,alil,alil-bl[il);
x += dx;

>

fprintf (fpa,"\n\n");

x = 1.0;
for(i=1; i<nxx+1; i++)

fprintf (fpb,"%d\t%d\t%f\t0\t0\n",(int) x,(int) t,b[il);

x += dx;
fprintf (fpb,"\n\n");
}

R1
R3

Daxdt/(2*xx*dx) ;
Db*xdt/ (2%x*dx) ;

/*Thomas algorithm to update concentration values*/

/*¥Initializing tridiagonal coefficients*/

for(i=0; i<nxx; i++)

al[i] = -0.5%r1+0.5%R1;

bi[i] =1 + rl;

cl[i] = -0.5%r1-0.5%R1;

di[i] = (0.5*r1-0.5%R1)*al[i] + (1-ri1)=*ali+1] + ¢
} (0.5%r1+0.5*%R1)*xal[i+2] + dt*f[i];

/*update boundary coefficients for neumann bc*/
c1[0] = -r1-R1;
all[nxx-1] = -ri1+R1;

/*¥Solving for tridiagonal matriz equation*/
tridag(al,bl,cl,dl,tl,nxx);
/*Back substitution: updating concentration a*/

for(i=0; i<nxx; i++)
ali+1] = t1[i];

/*repeating the above procedure for concentration b*/

for(i=0; i<nxx; i++)

al[i] = -0.5*r3+0.5%R3;

bi[i] = 1 + r3;

cl[i] = -0.5%¥r3-0.5%R3;

di1[i] = (0.5*%r3-0.5*%*R3)*b[i] + (1-r3)*b[i+1] + <«

(0.5*%r3+0.5*%R3)*b[i+2] + dt*gl[i];

}

c1[0] = -r3-R3;
al[nxx-1] = -r3+R3;
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%%g tridag(al,bl,cl,dl,tl,nxx);

%g% /*Back substitution: Updating concentrations b*/
233 for(i=0; i<nxx; i++)

241 bli+1) = t1ti];

%gg /*End of first half time step*/

%gg /*Update coupling terms*/

240

241 for(i=1; i<nxx+1l; i++)

242 {

243 //q = sli-1]*ali]*ali];

241 £fi-11 2 (rhoralil*alil)/bli] - rasalil -

H
(Da*c*al[il]) /(x*x) + (baxe)/c - (bax*m)/(c*alil);
245 gli-1] = rholx*al[il*al[il*c*e - rb*b[i] - (Db*cx*b[i])/(x*x)
046 3 + (rholxaf[il*al[il*c*m)/b[il;// + bb;

248 /*Update boundary valuesx*/

250 al[0] al[2]; alnxx+1]
251 b[0] = b[2]; blnxx+1]
252 //neumannbe (a) ;
253 //neumannbe (b) ;

255 if (n%7000==0 && nxx < nx)
256 nxx += 300;

258 }

260 fclose(fp);
261 fclose(fpo);

alnxx-1];
blnxx-1];

263 fpo=fopen("finala.dat","w");
265 if (fpo==NULL)
{
267 puts("cannot open file");
268 exit (1);
}
271 fp=fopen("finalb.dat","w");
273 if (£p==NULL)
{
275 puts("cannot open file");
276 exit (1);
}
279 fprintmatrix(a,fpo);
280 fprintmatrix(b,fp);

282 fclose(fpo);
283 fclose(fp);

285 fp=fopen("pattern_final.dat","w");
287 if (fp==NULL)

{
289 puts ("cannot open file");
290 exit (1) ;

}
293 pattern(b,a,fp);
295 fclose(fp);

297 return O;
208 }

300 void fprintmatrix (float pl[nx+2], FILE xf)
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{

int i;
float x;
x = 1.0;
for(l 1; i<nx+1; i++)
fprintf (£,"%d\t%f\t0\t0\n", (int) x,pl[il);
X += dx;
}
}

void pattern (float pl[nx+2], float qlnx+2], FILE *f)
{

int 1i;
float x, y;

x =
for(l 1; i<nx+1; i++)
y = plil - qlil;
if(y > 0)
fprintf (£,"%d\t%f\t0\t0\n", (int) x, y);
else
fprintf (£,"%d\t0.000000\t0\t0\n",(int) x);
X += dx;
}
}
void tridag(float all, float b[]l, float c[], float r[], float ull,
int n)
int j;

float bet, gaml[n];

// gam=dvector (1,n);
if (b[0] == 0.0) printf("Error 1 in tridag\n");
ul0]l=r[0]/(bet=b[0]);
for (j=1;j<mn;j++) {
gam%j]=c[j—1]/bet;
bet=b[jl-aljl*xgam[j];
if (bet == 0.0) printf("Error 2 in tridag\n");
uljl=(rl[jl-aljl*ulj-1]1)/bet;

}
for (} (n-2); %> 0;3--)

uljl] -= ganm J+1]*u[J+1]
{/ free_dvector(gam,1,n);

void neumannbc(float al[nx+2])
a[0]l=a[2];
N alnx+1]= atnx 11;

H
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