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List of notations

GL,(V)
Z n

<2Z>

VxW

Z(G)

Gl

(@)

A field.

The field containing 2-elements.
The field of complex numbers.
The field of real numbers.

The field of rational numbers.

The quaternion algebra <7%@71>.

Number of elements in a set S.

The dimension a vector space V over the field F.
The set of all F—linear maps from V to F.

A quadratic map.

Polar map associated to a quadratic map gq.

Radical of quadratic form gq.

2-dimensional quadratic form ¢(z,y) = zy.
2-dimensional quadratic form ¢(z,y) = 2% + zy + y2.
Arf Invariant of a quadratic form gq.

Set of quadratic maps from V to W.

Orthogonal sum of quadratic forms ¢; and ¢o.

A quadratic map defined by ¢1 Lg g2(vi,v2) = 0(q1(v1)) + ga2(v2).
Trace of a matrix A.

Tensor product of matrices A and B.

Cyclic group of order n.

Dihedral group of order 2n.

Quaternion group of order 4n.

Quasi dihedral group of order n.

General linear group of n x n matrices.

Elementary abelian group of order 2.

A group defined in Remark |1.3.10
Center of a group G.

Derived subgroup of a group G.
Frattini subgroup of a group G.



ker(p) : Kernel of a homomorphism p.

H2(V,W) : Second cohomology group of V with coefficients in W.

c : A normal 2-cocycle.

soc : Transfer of a normal 2-cocycle ¢ by linear map s.

Inf(c) : Inflation of normal 2-cocycle.

Gx H . Direct product of groups G and H.

(G :  Direct product of n copies of group G.

Gog H :  Central product of groups G and H with identification 6.

G™ :  Central product of n copies of group G.

GxH : Semidirect product of groups G and H.

pX0o : Tensor product of representations p and o.

D :  Representation of quotient group induced from a representation p.
ker (x) : Kernel of a character .

sign x : Sign of a character ¥.

v(x) :  The Schur indicator of a character x.

Z(x) : {g€G : x(g) # 0} for a character x of group G.

soq :  Transfer of a quadratic map ¢ by linear map s.

Vs : rac‘l/soq'

€s :  The canonical surjection from V to V.

qs :  The regular quadratic form induced from s o q.

Gy . The extraspecial 2-group associated to ¢s.

s :  The unique representation of degree at least 2 of extraspecial 2-group Gs.
Xs :  The unique character of degree at least 2 of extraspecial 2-group Gs.
C : Conjugacy class of real special 2-group.

Sy : {s € Homp (Z(G),F2) : v € rad(bsoq)}

F[G] : F-group algebra of a group G.

C[G] :  Complex group algebra of a group G.

Q[G] : Rational group algebra of a group G.

Q[G].¢" :  Commutative part of rational group algebra of Q[G].

A(G,G") : Non-commutative part of rational group algebra of Q[G].

H An element 7 >, h of the group algebra F|G] for a subgroup H of G.



The field obtained by adjoining x(g); g € G to Q.
The Galois group of field extension Q(x) of Q.
The primitive central idempotent of C[G] corresponding to .
The primitive central idempotent of Q[G] corresponding to x.
Trace of an idempotent e.

The special 2-group associated to q(w,z,y,z) =

(2% + wz +wz + Ty, wy).

The special 2-group associated to q(w,z,y, z) =

(wx + yz, wy, xy).

The special 2-group associated to ¢(w, x,y, z,t) =

(wx + wt 4+ yz, wy, wt + xy).

The special 2-group associated to q(w,z,y, z,t) =

(wx + yz, wy, xy, wt).
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Introduction

In this thesis main objects of study are special 2-groups. A finite 2-group G is called a
special 2-group if its commutator subgroup, the Frattini subgroup and the center, all three
coincide and are isomorphic to an elementary abelian group. Nonabelian groups of order
8 are the simplest examples of special 2-groups. Much sophisticated examples of special
2-groups include Sylow 2-subgroups of Suzuki groups. We derive our interest in special

2-groups for the following reason.

e Special 2-groups can be described in terms of quadratic maps between vector spaces
over fields of characteristic 2. This allows one to use the theory of quadratic forms
over such fields to study special 2-groups. Therefore it is interesting to identify

group theoretic properties which can be studied this way.

Zahinda in [Zahl1] used quadratic maps to study totally orthogonal special 2-groups.
In this thesis we explore it further to study various representation theoretic aspects of

special 2-groups.

Study of determining the types of complex representations of groups is related to,
but not equivalent to, the study of strongly real groups. For example in [GowT76], Gow
mentioned that central product of dihedral group of order 8 and quaternion group of
order 8 is a strongly real group with symplectic representation. In this thesis we grossly
generalize this example and produce examples of strongly real special 2-groups which
afford symplectic complex representations. We also tackle the question in the reverse
direction and produce examples of real special 2-groups supporting orthogonal complex
representations only, without being strongly real. These phenomena are not commonly

exhibited by groups. That makes special 2-groups interesting.

X



It turns out that many representation theoretic properties of special 2-groups can be
studied using the description of such groups in terms of quadratic maps. In particular, in
this thesis we obtain methods to determine complex representations, characters, conjugacy
classes and rational Wedderburn decomposition of real special 2-groups using quadratic

maps between vector spaces over fields of characteristic 2.

Organization of the thesis

This thesis is organized into two parts. In first part we summarize results which were
already known before and in the second part we describe results obtained in the thesis.

There are six chapters, three chapters in each part, altogether.

In chapter[l], we discuss the basic results of theory of quadratic forms over fields of char-
acteristic 2 and representation theory. We also discuss the connection between quadratic
maps over fields of characteristic 2, special 2-groups and second cohomology groups. Since
extraspecial 2-groups are building blocks of real special 2-groups, in chapter [2 we collect
the results for extraspecial 2-groups such as their classification, representations and more.
The chapter |3 deals with characterization of real special 2-groups and characterization of

totally orthogonal special 2-groups.

In chapter [4] we give the infinite class of groups for which neither the notion of strong
reality and total orthogonality implies the other. In chapter |, we provide a method
to construct the character table of real special 2-groups using only the quadratic map
associated to the group. The chapter [6] concerns with the Wedderburn decomposition of

rational group algebra of real special 2-groups.

Definitions

The aim of this introductory section on definitions is to briefly recall terminology that is
going to be used throughout the thesis. These definitions will be explained in much detail
later in the thesis chapters as and when required. A separate list of notations is provided

soon after table of contents.



Let G be a finite group. A group G is said to be real if every element of G conjugate
to its inverse. An element g € G is called strongly real if either g is of order 2 or equals
the product of two elements of order 2. A group is called strongly real if all its elements

are strongly real. It is evident that every strongly real group is real.

A complex representation p : G — GL(U) is said to be real if its associated character
is real valued. It is said to be realizable over R if the vector space U admits an R-subspace
Uop such that U = Uy ®p C and U is stable under p(G). If a complex representation is
realizable over R then the corresponding character is real valued. A group is real if and only
if all its representations are real. However, a real group may admit complex representations
which are not realizable over R. Such representations of real groups are called symplectic.
A real representation which is realizable over R is called an orthogonal representation. A

group is said to be totally orthogonal if its all representations are orthogonal.

Let K be a field and G be a group. We denote by K[G] the set of all formal finite
gec g9 for ag € K and g € G. The set K[G], with

component wise addition and with multiplication derived from the multiplication of group

linear combinations of the form a =)
G forms an algebra. We call K[G] the group algebra of G over K.

The element e of K[G] is called idempotent if €2 = e. An idempotent e is called
primitive central idempotent if it lies in the center of K[G] and it can not be written as

e =-¢' +€”, where ¢/ and €’ are non zero idempotents such that e¢’e” = 0.

A theorem of Maschke states that for a finite group G and the field K, the group
algebra K[G] is semisimple if and only if char(K) does not divide |G|. The decomposition
of semisimple group algebra K[G] as direct sum of its simple ideals is called the Wedderburn

decomposition of K[G].

Let F be a field of characteristic 2. Let V and W be vector spaces over F. A map
q:V — W is called a quadratic map if q(aw) = o?q(v) for all v € V and a € F and the
map by 1 V xV — W given by by(v,w) := ¢q(v + w) — q(v) — g(w) is F-bilinear for all
v,w € V. The pair (V, q) is called a quadratic space over F. The subspace rad(b,) := {w €
V i bg(v,w) =0 Vv € V}is called the radical of (V, q). The quadratic space (V, q) is called
regular if rad(by) = 0.



Main results

In this section we state the main results that have been obtained in this thesis.

It is well known that the number of real irreducible representations of a group equals

the number of its real conjugacy classes [[JLOI], Th. 11.12]. However, a natural bijec-

tion between real irreducible representations and real conjugacy classes remains an open

problem.

According to a conjecture of Tiep a finite simple group is strongly real if and only if

it is totally orthogonal. There are many classes of groups which are strongly real as well

as totally orthogonal and those which are neither. For example:

1.

2.

A symmetric groups S, is strongly real as well as totally orthogonal.

Alternating groups A, are real if and only if n = 1,2,5,6,10,14 [Ber69, Th. 1.2].
All real classes of A,, are strongly real [Sul08|, §3, corollary 3]. Moreover its all real

representations are totally orthogonal [Tur92, Th. 1.1].

. All real classes of general linear group GL,(q) are strongly real [Won66, Th. 1]

and all its real representations are orthogonal [Pra98, Th. 4]. Therefore in GLy,(q),
the number of conjugacy classes of strongly real elements is same as the number of

orthogonal characters.

The special linear group SLa(q) is strongly real as well as totally orthogonal when
q is even and it is neither strongly real nor totally orthogonal when ¢ is odd [KST1,
5.3].

. The orthogonal group O,(q) is strongly real [Won66|] as well as totally orthogonal

[Gow85, Th. 1].

. A real group whose Sylow 2-subgroups are abelian is strongly real as well as totally

orthogonal. [Arm96, Cor. 11, Th. 12]

In thesis we exhibit an infinite class of groups, for which neither of the notions of

strong reality and total orthogonality imply the other. These examples lie in the class of

special 2-groups.



Let Fy denote the field with two elements and G be a special 2-group. Then the center
Z(G) and the quotient group % are elementary abelian 2-groups. We can therefore
consider them as vector spaces over the field Fy. The map q : % — Z(Q) given by
q(9Z(G)) = g? for all g € G is a regular quadratic map [[ZahO8], Th. 3.4.11]. This map
is called the quadratic map associated to the special 2-group. Conversely, for a regular
quadratic map ¢ : V' — W such that (by(V x V)) = W there exist a special 2-group,
unique up to isomorphism, such that V' = % and W = Z(G) [[Zahll], Th. 1.4]. This

group is called special 2-group associated to the quadratic map q:V — W.

As a set special 2-group associated to the quadratic map g : V — W issame as V x W
and its group operation is given in remark [T.3.10}

The theory of quadratic maps over fields of characteristic 2 plays an crucial role in
checking properties of special 2-groups. The one to one correspondence between regular
quadratic maps with special 2-groups is utilized to study the properties of these groups.
The first result obtained in the thesis is the characterization of strongly real special 2-

groups.

Theorem 1. Let g : V — W be a regular quadratic map with (by(V x V)) =W and G be
the special 2-group associated to q such that V = %, W = Z(GQ) and q(zZ(G)) = 2.
Then G is strongly real if and only if for every nonzero v € V there exists a € V with
v#a and q(a) = g(a—v) =0.

In [Zah11], Zahinda gives a characterization of totally orthogonal special 2-groups. We
use this characterization (see Th. [3.2.7)) and Th. [1] to get the following results:

Theorem 2. For every m > 5 there exist special 2-groups of order 2™ which are strongly

real but not totally orthogonal.

Theorem 3. For every m > 7 there exist special 2-groups of order 2™ which are totally

orthogonal but not strongly real.
The following lemma is useful in achieving this result.

Lemma 4. Let G1 and Gy be special 2-groups such that Z(Gy) is isomorphic to Z(G2).
Let g1 : Vi — W1 and qo : Vo — Wy be the reqular quadratic maps associated to special 2-
groups G1 and Ga, respectively. Let 0 : W1 — W be an isomorphism of Fo-vector spaces.



Then q1 Lg g2 : Vi ®Va — Wy defined by (1 Lo q2)(vi,v2) = 0(q1(v1)) +q2(v2) is a reqular
quadratic map and the group associated to q1 Lg qo is G1 o9 Ga, where G o9 Go denotes
the central product of G1 and Go with their centers identified through isomorphism 6.

We notice that the quadratic map associated to special 2-groups gives a lot of in-
formation about the types of representations of these groups. This motivates us to
explore the description of special 2-group as quadratic map to provide a method for
constructing the complex character table of a real special 2-groups. Our methods to
compute representations, characters and conjugacy classes can be implemented directly
on the quadratic maps associated to special 2-groups. These methods are based on the

understanding of representations of extraspecial 2-groups.

Let us fix some notations required to state the result. Let G be a special 2-group and
q:V — W be the quadratic map associated to G. For a non-zero s € HomIE‘Z(VV7 Fq) the
composition s o ¢ is called the transfer of ¢ by s. If s o ¢ vanishes on rad(bse,) then sogq
induces a regular quadratic form ¢, : V/rad(bsoq) — F2 [[Zahll] Prop. 1.5]. We denote
by Gy the extraspecial 2-group associated to gs. Following proposition is a refinement in
a result of Zahinda [Zahl11l, Prop. 3.3].

Proposition 5. Let G be a real special 2-group and q : V. — W be the quadratic
map associated to G. Then for every non-zero s € HomFQ(W, Fq) there exist exactly
|(rad(bsoq))| number of inequivalent irreducible representations ¢ of degree at least 2 of G

such that ¢(G) = Gs.

It is well known result that every extraspecial 2-group has a unique faithful represen-
tation of degree at least 2. We construct |(rad(bseq))| number of surjective homomorphism
from real special 2-group G to extraspecial 2-group G5. Then we compose these homo-
morphisms with unique representation of degree at least 2 of G5 to get the inequivalent
irreducible representations of degree at least 2 of G, whose images are isomorphic to Gs.
Therefore representations of degree at least 2 of real special 2-groups associated to a
quadratic map ¢ : V' — W are indexed by (Homp, (W,F2)\{0}) X rad(bsoq)-

For a non-zero s € Homp (W,F2), let ¢,;; 1 < i < [rad(bsoq)| be inequivalent
irreducible representations ¢ of degree at least 2 such that ¢(G) = Gs. Let x,; be

the character afforded by the representation ¢, ;. As a set special 2-group G is same as



V x W. We denote the elements of G by (v, w) € V x W. The following theorem computes

the character x,; at all elements of G.

Theorem 6. Let G be a real special 2-group and q : V. — W be the quadratic map
assoctated to G. Let s € Homp (W,F2). Then

1. xs,i(v,w) # 0 if and only if v € rad(bseq)-
2. For (0,w) € G we have

! of s(w) =
Xs’i(()’w)_{ 2t if s(w) =0

=2l if s(w) =1
where [ is defined by |G| = 22+,
3. Let {v1,va, - vg} be a basis of rad(bsoq). Then
=2l if Ay =1
Xs,i(vjv 0) = l . -
2 if Aj; =0

where Aj; denotes the coefficient of 27 in the binary expansion i —1 = Z;‘:& Aji2.

4. Let g € G be an element with g = [[;_;(vi;,0)(0,w) for 1 <iy <ipg < -+ <ip <k
then

T
Xsi(9) = [ [ sign(xs.i(vi;, 0)). sign(xs,:(0, w)).2"
=1

The proof of above theorem follows from the following two facts:

1. The character x;; of degree at least 2 of G is composition of the homomorphism
from G to G5 and the unique character of degree at least 2 of extraspecial 2-group

Gs.

2. The character of degree at least 2 of an extraspecial 2-group vanishes outside the

center of the group.

We know that characters of a group are class functions. To complete the character
table of a group, we need to know the conjugacy classes of group. It is good to have
description of conjugacy classes of real special 2-groups in terms of quadratic maps. The

following result gives us the same.



Theorem 7. Let G be real special 2-group and q : V. — W be quadratic map associated to
G.

1. Letv e V. If v ¢ rad(bsoq) for all non-zero linear maps s : W — Fa then {(v,w) :
w € W} is a conjugacy class of G.

2. Letv €V and Sy := {s € Homp (Z(G),F2) : v € rad(bsoq) }. Then the conjugacy
class of element (v,w) € G is {(v,w + w') : s(w') =0 for all s € S,}.

We know that for two element g, h of a group G and for all irreducible characters x of
G, x(g9) = x(h) if and only if g and h are conjugate elements in G. We use this fact and
Th. [6] to prove Th. [7]

In the thesis we also establish the utility of the quadratic map associated to a real spe-

cial 2-group in determining the Wedderburn decomposition of its rational group algebra.

It is well known fact that there is one-to-one correspondence between irreducible
characters of a group and primitive central idempotents of its group algebra [YamT74].
The determination of Wedderburn decomposition involves the computation of primitive
central idempotents. We denote the primitive central idempotent of Q[G] by eQ(X),
where x is an irreducible character of G. For a finite subgroup H of G, we denote

~ 1
H::HZheQ[G].

heH

Proposition 8. Let G be real special 2-group.

1. Let x be a one dimensional character of G. If x is trivial character then e@(x) = é,
otherwise eq(x) = ke/r(?) - G.

2. Let x be a character of degree at least 2 of G and Z(x) :={g € G : |x(9)| = x(1)}.
Then eqy(x) = ker(x) — Z(x)-

The proof of above result is very simple. It follows from the definition of primitive

central idempotents using the properties of real special 2-groups and of its characters.

To determine Wedderburn decomposition of rational group algebra of real special 2-
groups, we use Wedderburn decomposition of rational group algebra of extraspecial 2-
groups, which is known [[VL0OG], Prop. 3.4]. The non-commutative part A(G,G’) of



the decomposition is given by Prop. The following result gives the Wedderburn
decomposition of rational group algebra Q[G] of real special 2-group G.

Theorem 9. Let G be a real special 2-group and |G| = 2", |Z(G)| = 2™. Let q be quadratic
map associated to group G and sj : Z(G) — Fa,1 < j < 2™ —1 be non-zero linear maps and
qs; 1s reqular quadratic form. Let Gs;,1 < j < 2™ — 1 be extraspecial 2-groups associated
to quadratic forms qs;,1 < j < 2™ —1 and |Gy, | = 225+ Then

2m—1
@[G] > on—mQ) g @ 2n—m—2liA(st 7 Gs;)

=1

Here A(st,G’sj) denotes the non commutative part of Wedderburn decomposition of

Q[Gs,]-

The crucial step in the proof of above theorem is the computation that establishes
that the ideal of Q[G] generated by idempotent eQ (x) is isomorphic to the ideal of Q[G,]
generated by the idempotent eQ(ij). Here eQ(X) and €Q(Xs ;) denote the idempotent

corresponding to character x of group G and character xs; of degree at least 2 of group Gy, .

Another interesting problem in the theory of group rings is whether the rational group
algebra Q[G] determines up to isomorphism, the group G. In [San81], it is mentioned that
the isomorphism problem was formulated by G. Higman for Integral group rings in his
PhD thesis [Hig40]. The rational group algebra of extraspecial 2-groups determines the
group up to isomorphism [VL06]. As consequence of Th. |§| we show that this is not the
case for real special 2-groups. We explicitly show this by giving the examples of two real
special 2-groups G1 and G such that Q[G1] = Q[G2] but G 2 Gbs.
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Chapter 1

Preliminaries

This chapter is divided into three sections. In we discuss basic results of the theory of
quadratic forms over fields of characteristic 2. In we collect the definitions and results
concerning basics of representation theory. In 1.5 we discuss the connection between
quadratic maps over fields of characteristic 2, special 2-groups and second cohomology
groups. In the end we obtain the correspondence between central products of special 2-

groups and orthogonal sums of their associated quadratic maps.

1.1 Quadratic forms over fields of characteristic 2

Let I be a field of characteristic 2. Let V' and W be finite dimensional vector spaces over

F.

Definition 1.1.1. A map b: V x V — W s called F-bilinear if it satisfies the following

properties:
1. blawy + Bug, w) = ab(vy, w) + Bb(ve, w) for all vi,ve,w € V and a, € F.
2. b(v,awy + Pws) = ab(v,wy) + Bb(v,wz) for all v,wi,wy €V and o, 5 € F
Definition 1.1.2. A map q: V — W is called a quadratic map if
1. q(aw) = a?q(v) for allv eV

2. The map by : V xV — W given by by(v, w) := q(v+w) — q(v) — q(w) is F-bilinear.

3
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For a quadratic map ¢ the map b, is called the polar map of ¢q. A bilinear map b, is
called alternating if by(v,v) =0 for all v € V.

Definition 1.1.3. A quadratic map q : V. — W is said to be a quadratic form if W =F.
A bilinear map by : V x V. — W is said to be a bilinear form if W = F. For a quadratic
form q:V — F, the pair (V,q) is called the quadratic space over F.

Definition 1.1.4. Let V be a 2n-dimensional vector space over F andb:V xV — T be a
bilinear form. A basis {e1, f1, -+ ,en, fn} of V is called symplectic if b(e;, e;) = b(fi, fj) =
0,b(ei, fi) = b(fisei) =1 and ble;, f;) = b(fi,e;) =0 for all i # j.

Remark 1.1.5 Every alternating bilinear form b : V x V — F has a symplectic basis
(see [Sch85, p. 264, th. 8.1]).

If B={e1,ea, - ,e,} is a basis of V then any n x n matrix Q satisfying ¢(z) = 2!Qu,
where x € V is indeterminate column vector and z! denotes the transpose of z, is called

a matriz of q¢ with respect to basis B.

Every matrix of ¢ with respect to same basis is of the form @ + A, where A is an
alternating matrix and @ is the unique upper triangular matrix of ¢ with respect to basis
B. If we change the basis and T is transition matrix for this change of basis then upper
triangular matrix of ¢ with respect to new basis is T*QT'. The matrix of b is the alternating
matriz Q + Q.

Definition 1.1.6. Two n-dimensional quadratic spaces (Vi,q1) and (Va,q2) over F are
said to be isometric if there exists an F-linear isomorphism T : Vi — Vo such that ¢ (v) =

@2(T(v)) for all v € V. Isometry between two quadratic spaces is denoted by (Vi,q1) ~
(Va,q2) or simply q1 ~ qo.

Definition 1.1.7. A quadratic space (V,q) is called the orthogonal sum of (Vi,q1) and
(V2,q2) if V. =V1® Vs and q(v) = q1(v1) + q2(v2), where v = (v1,v2) € V is an arbitrary
element of V. In this case we write ¢ = q1Lgs.

Conversely, let (V, q) be a quadratic space and V;, 1 < i < m be subspaces of V such
that V. =Vi1&--- @V}, and by(v,vj) =0 for v; € Vj,v5 € Vj,i# j. Theng=qL--- Lgp

where ¢; denotes the restriction of ¢ to V;.
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Definition 1.1.8. Let (V,q) be a quadratic space. The subspace rad(by) := {w € V :
bg(v,w) =0V v € V} is called the radical of (V,q). The quadratic space (V,q) is called
regular if rad(by) = 0.

The following theorem is analogous to the diagonalisation of quadratic spaces over the

field of characteristic different from 2.

Proposition 1.1.9 ([Pfi95], p. 13, Th. 4.3). Every quadratic space (V,q) has an orthog-
onal decomposition V- = U & rad(b,) such that (U, q|v) is regular and an orthogonal sum
of 2-dimensional reqular quadratic spaces; whereas (rad(bq), qlrad(s,)) s orthogonal sum of

1-dimensional quadratic spaces.

In other words there exists a basis {e;, fi,g;,1 < i < r,1 < j < s} of V where
2r + s = dim(V) and elements a;,b;,¢c; € F,1 < i < r,1 < j < s such that for all
v="> (xie; +yifi) + > zjg;, we have

q(v) = Z(aix? + miyi + biy?) + Z ¢jz;-

Notation 1.1.10. We denote the quadratic form q(v) = Y (aix; + zyi + biy?) + 3 ¢;27
by [a1,b1]L - Llay, byl L{c1, -+ ,cs). This is called normalized form of a quadratic form
q.

A quadratic form q is regular if s = 0. If s # 0 then ¢ is said to be singular whereas if
r = 0 then ¢ is said to be totally singular. If s > 0, then regular part of a quadratic form
is generally not determined uniquely up to isometry, whereas the part {(ci, ...., ¢;) is always
determined uniquely up to isometry. For example [1,1]@ (1) ~ [0,0]® (1) but [1,1] = [0, 0]
holds if and only if the quadratic equation 22 + z 4+ 1 = 0 has a solution in F.

Remark 1.1.11 It immediately follows from Prop. that every regular quadratic
form over a field of characteristic 2 is even dimensional. Up to isometry, there are only
two regular 2-dimensional quadratic forms over the field containing 2 elements Fy, namely
[0,0] and [1,1].

A quadratic form is said to be isotropic if there exist 0 # v € V such that ¢(v) = 0,
otherwise it is called anisotropic. Quadratic form [0, 0] is the only 2-dimensional regular

isotropic quadratic form up to isometry. It is called the hyperbolic plane and denoted by
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H. A quadratic space is said to be hyperbolic space if it is orthogonal sum of hyperbolic
planes.

As all regular quadratic forms are of even dimension, the dimension invariant eq given
by ¢ — dim(q) mod 2 is trivial. In char(F) = 2 case an invariant at the next level is
the Arf invariant which is an analogue of the discriminant in char(F) # 2 case. It was
defined by Arf in his classical paper [Arf41]. Let ¢ : V' — F be a regular 2n-dimensional
quadratic form. As b, is an alternating form, the space (V,q) has a symplectic basis
{ei, fi,1 < i < n} (see remark . Let o(F) = {22 +2 : = € F}. Since we have
22+ 21 + 23+ 29 = (11 + 22)? + (1 + 22) € (F) and every element of p(F) is its own
inverse under addition. Hence the set p(IF) is a subgroup of (F, +).

Definition 1.1.12. Let (V,q) be a quadratic space and {e;, fi,1 <1i < n} be a symplectic
basis of (V,q). The class of element >, q(ei)q(f;) in the quotient F/p(F), is called the
Arf invariant of q¢ and is denoted by Arf(q). In particular, if ¢ = [a1,b1] L -+ L [an,by]
then Arf(q) = ai1by + -+ + anb, € F/p(F).

Arf invariant is independent of the choice of symplectic basis [Sch85l, p. 340]. Moreover,
for two quadratic forms ¢; and ¢o we have Arf(q; L ¢2) = Arf(q1) + Arf(q2) € F/p(F).

1.2 Real representations

Let G be a finite group. Let C be the field of complex numbers and U be a finite
dimensional vector space over C. We denote the group of isomorphisms of U onto itself

by GL(U). A complex representation of G is a homomorphism p : G — GL(U).

Let U’ be a subspace of U such that for all u € U’, we have p(g)u € U’ for all g € G.
Then we say that U’ is stable under the action of G. A representation p: G — GL(U) is
said to be irreducible if U # 0 and if U’ is subspace of U, which is stable under the action
of G, then either U' =0 or U' =U.

Let tr denote the trace of a linear transformation. The map x : G — C defined by
x(g) = tr(p(g)) for all g € G is called the character afforded by the representation p.

A map ¢ : G — C is called class function if ¢(g) = ¥ (hgh™') for all g,h € G. The

characters of a group are class functions. In fact, the set of all irreducible characters of a
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finite group G forms a basis of the vector space of all class functions on G ([JLOI) corollary
15.4]). Thus we have the following result:

Proposition 1.2.1 ([JLO1], Prop. 15.5). Let G be a finite group and g,h € G. Then g is
conjugate to h if and only if x(g) = x(h) for all irreducible characters x of G.

Definition 1.2.2. Two representations p : G — GL(Uy) and ¢ : G — GL(Us) are called
equivalent if there exists an isomorphism o : Uy — Uy such that p(g) = o~ (¢(g))o for all
gea@qG.

The following proposition provides a criteria for equivalence of representations.

Proposition 1.2.3 ([Ser77],p. 16, Cor. 2). Let p; and py be two representations of a
group G and x1 and X2 denote the characters afforded by p1 and po respectively. The
representations p1 and pe are equivalent if and only if x1(g9) = x2(g) for all g € G.

To find the complete list of distinct irreducible characters of a finite group is the
fundamental problem of character theory of finite groups. The following result gives an

easy method to check that whether a list of distinct irreducible characters is complete.

Theorem 1.2.4 ([JLO1], Th. 11.12). Let G be a finite group and xi, X2, - Xk be the
k

complete list of distinct irreducible characters of G. Then sz-(l)2 = |G|.

i=1
Definition 1.2.5. A representation p : G — GL(U) is called a real representation of
a group G if x(9) € R for all g € G , where x denotes the character afforded by the

representation p.

Definition 1.2.6. Let G be a group. An element g € G is called real if there exists h € G
such that g~ = hgh™".

Let G be a group and g € G be a real element. By definition there exists h € G such
that g=! = hgh™!. Since for all k € G, we have

khk Y (kgk ) khk™! = k(hgh ™Dk = kg7 k™! = (kgk™1)~L.

Therefore all the conjugates of a real element are also real. A conjugacy class consisting

real elements is called a real conjugacy class .
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It is well known that the number of irreducible representations of a finite group is same
as the number of its conjugacy classes. The following proposition states the similar result

for real representations.

Theorem 1.2.7 ([JLOI], Th. 11.12). Let G be a finite group. The number of real

irreducible representations of G is same as the number of real conjugacy classes of G.

Definition 1.2.8. A complex representation p : G — GL(U) is said to be realizable over
R of the vector space U admits an R-subspace Uy such that U = Uy @p C and Uy is stable
under p(G).

Using Prop. it is clear that every representation that is realizable over R is a
real representation. In fact depending on whether or not a real representation is realizable

over R, there is further classification of representations as orthogonal and symplectic.

Definition 1.2.9. A real representation p : G — GL(U) is called orthogonal representa-

tion if it is realizable over R. Otherwise it is called symplectic representation.

In our discussion, we have three types of representations, namely orthogonal, sym-
plectic and those representations which are not real. Now we define Schur indicator of
a character. The Schur indicator of a character determines the type of representation
afforded by the character.

Definition 1.2.10. Let G be a group and x : G — C be an irreducible character of G.
The Schur indicator v(x) of character x is defined by

1
v0) = 1 > x(g?)
geG
The Schur indicator of character x can take only three values. The values taken by

Schur indicator are 0,1 and —1.

Proposition 1.2.11 ([JLOI], Corollary 23.17). Let p be an irreducible representation of
G and x be the character afforded by p. Then

0  if pis not real
v(x) =< 1 if p is orthogonal
—1 if p is symplectic

Now we give the examples of representations of each type.
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Example 1.2.12

1. Let Cy := (a : a* = 1) be the cyclic group of order 4. Let p : Cy — C be the
representation of Cy defined by ¢(a) = i, where i denotes the primitive fourth root
of unity. Let x1 be the character afforded by the representation ¢. Since

1

Vi) = 3000+ x(@) +x(a) + () = 12-2)=0

10 +2n() = |

4

The representation ¢ of C4 defined above is not real representation.

2. For dihedral group Dy = (a,b : a* = b> = 1,bab™! = a~!) the homomorphism
p: Dy — GL(C?) defined by

0 1 1 0
p(a)=<_1 0)’ p(b)=<0 _1>

is the unique irreducible representation of degree at least 2 of Dy. Let xo be the

character afforded by the representation p- We compute

1
§ x2(g 6x2( )+2x2(a2)):1(6x2—2x2):1.
g€D4

Therefore o is orthogonal.

3. For quaternion group Qo2 = (c,d : ¢* = 1,d? = ¢?,dcd™" = ¢™!) the homomorphism
o : Q2 — GL(C?), where

0 1 i 0
U(C):<—1 0)’ U(d):<0 —i)

is the unique irreducible representation of degree at least 2 of ()o. Let x3 be the

character afforded by the representation o. We compute

1
Z xs(9%) = 5 ((2xs(1 )+6X3(c2)):Z(2x2—6><2):—1.
g€Q2

Therefore y3 is symplectic.

Since we need to determine representations up to equivalence, using isomorphism
GL(C") 2 GL,(C) between linear transformations and matrices that arises after fixing a
basis, we may take the target group of representations as group GL,(C). Now we define
the tensor product of two representations. We begin with the definition of tensor product

of two matrices.
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Definition 1.2.13. Let A = [aij]nxn and B be two complex matrices. Then the tensor

product of matrices A and B is defined by

allB a12B cee alnB

ag1B axB -+ a,B
A® B =

amB aneB -+ apnB

Note that tr(A ® B) = tr(A). tr(B).

Definition 1.2.14. Let G and H be two groups. Let p : G — GL,(C) and 0 : H —
GL,,,(C) be the representations of group G and H respectively. The tensor product p® o :
G x H — GLyyn (C) of the representations p and o is defined by (p®0o)(g,h) = p(g) @c(h)
for all (g,h) € G x H.

The following theorem illustrates the utility of defining the tensor product of two
representations. It provides a description of representations of direct products of groups

in terms of irreducible representations of direct factors.

Theorem 1.2.15 ([Gor80], Ch. 3, Th. 7.2). Let H and K be two finite groups and
G = H x K be the direct product of H and K. Let p : H — GL,(C) and 0 : K —
GL,,(C) be irreducible representations of H and K, respectively. Then the tensor product
pRo:G— GLyyn(C) of p and o is an irreducible representation of G. Moreover, every
irreducible representation of G = H x K 1is equivalent to a representation of the form pRo

for a suitable choice of p and o.

The above theorem implies that the tensor product of representations is again a
representation. The following proposition helps in determining the type of tensor product

of representations in terms of types of the individual components of the tensor product.

Proposition 1.2.16. Let p1 and ps be two representations of groups G and H respectively.
Let x, x1 and x2 be the characters afforded by representations p1®pa, p1 and pa respectively.

Then v(x) = v(x1)-v(x2)-

Proof For two matrices A and B, we have tr(A ® B) = tr(A).tr(B). By definition of
tensor product of representations, it follows that xy = x1.x2. Here x1.x2 : G x H — C is
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defined by x1.x2(g9,h) = x1(g)-x2(h) for all (g,h) € G x H. Now we compute

v(x) = v(x1-x2)

1
Y > xixalg.h)
(g,h)EGXxH

1
:m Z x1(g)-xz2(h)
(g,h)EGXxH

= |G\><1\H] Z ZXl(g)-X2(h>

heH \geG

- |C1;| S | <|;r| 3 ><2<h>>

geG heH

=v(x1)-v(x2)-

g

Corollary 1.2.17. Let p1 and py be two representations of groups G- and H respectively.
The representation p1 ® ps of G X H is real if and only if both the representations p1 and
p2 are real. Moreover, the representation p1 ® pa is orthogonal if and only if either both
p1 and p2 are orthogonal or both p1 and pa are symplectic. The representation p1 ® pa is

symplectic if and only if exactly one of p1 and ps is symplectic.

Proof The proof follows from the Prop. [1.2.11f and Prop. [1.2.16 O

Definition 1.2.18. Let G be a group and p : G — GL,,(C) a representation of G. Let
N be a normal subgroup of G such that N C ker(p). Then p induce a representation
P % — GL,(C) of % defined by p(gN) = p(g) of % for all gN € % It is called the

representation induced by p.

Proposition 1.2.19. Let G be a group and p : G — GL,(C) be its representation. Let
N be a normal subgroup of G such that N C ker(p). Let p : % — GL,(C) be the
representation induced by p. Let x and X be the characters afforded by the representations

p and p respectively. Then v(x) = v(X).
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Proof Since p(gN) = p(g) for all gN € &, we have x(gN) = x(g) for all gN € &.

N> N
Using definition of Schur indicator v(x), we compute
? Z
N 1
G| !
1
=@ Z
ge
= v(x)
]

Corollary 1.2.20. The type of induced representation p is same as the type of represen-

tation p.
Definition 1.2.21. Let G be a group. Let x be a character of G.
1. We denote the subgroup {g € G : x(g) = x(1)} by ker(x).

2. The set {g € G : |x(g9)| = x(1)} forms a subgroup of G. We denote this subgroup
by Z(x)-

Now we state some results related to the subgroup Z(x).

Lemma 1.2.22 ([[sa69], Lemma 2.27). Let G be a group. Let p be a representation of G
and x be the character afforded by p. Then

1. Z(x) ={9 € G : p(g) =M for some X € C}.

2 7 (gSy) = 2%

Lemma 1.2.23 ([Isa69]). Let G be a group and x be a character of G. The character x
vanishes outside Z(x) if and only if x(1)? = |G : Z(x)].
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1.3 Special 2-groups

In this section Fo denotes the field containing two elements. Here we discuss the connection
between special 2-groups and quadratic maps over the field Fs.
For a finite group G, let Z(G) and G’ denote the center and derived subgroup of G,

respectively.

Definition 1.3.1. Let G be a non-trivial finite group. The intersection of maximal
subgroups of G is called the Frattini subgroup of G. It is denoted by ®(G). For the

trivial group, Frattini subgroup is defined to be trivial.

For a group G, we denote the direct product of n copies of G by (G)". A p-group G
is called elementary abelian if G is an abelian group of exponent p. The direct product of

some copies of % is elementary abelian 2-group.

Remark 1.3.2

1. For a p-group G, the Frattini subgroup ®(G) is the smallest normal subgroup of G
such that the quotient group % is elementary abelian 2-group (see [KS04, p. 106,
5.2.8)).

2. For a finite p-group G, the Frattini subgroup ®(G) = G'GP, where G’ is derived
subgroup of G and GP = (¢ : g € G) (see [Rob96, p.140,5.3.2]). Since every

commutator is a product of squares as shown below:
lg,h] = g7'h~ gh = g7'h"*hgh = g"'h2ggghgh = (9" "hg) 29 *(gh)*,
for p = 2, we have ®(G) = G% = (¢*> : g€ G).

Definition 1.3.3. A 2-group G is called a special 2-group if ®(G) = G' = Z(G) = (%)n
for some n € N. Moreover, a special 2-group G is called extraspecial 2-group if |Z(G)| = 2.

For special 2-group G, note that the quotient % and Z(G) both are elementary

abelian 2-groups. Therefore we may regard them as vector spaces over Fs.

Theorem 1.3.4 ([Zah08], Th. 3.4.11). Let G be a special 2-group and q : % — Z(G)
be the map given by q(xZ(G)) = 22 for all x € G. Then q is a reqular quadratic map and
be(2Z(G),yZ(G)) = zyz~ty™! for allz,y € G.
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Proof Let x,y € G. Since G is a special 2-group, z%,y? € Z(G) and

by(zZ(G),yZ(Q)) = q(zyZ(G))(¢(zZ(G) " (a(yZ(G)) ™"

= (zy)’z 2y~
= arfzxyyfzxy
= xilyfla:y

Now we check that by is bilinear map. We recall that Z(G) = G’ as G is a special 2-group.
Let z,y,2z € G.

be(222(G),yZ(G)) = (z2) "y~ (z2)y
= z_lx_ly_laczy
2 a Yy ey ey

= (7 'y ay) (e 7y ey)

= by (2 Z(G),yZ(G))by(22(G), yZ(G))

-1

On similar lines, One can check that by (¢ Z(G), y2Z(G)) = by(xZ(G),yZ(G))by(Z(G), 2Z(Q)).

1

Therefore ¢ : %~ — Z(G) is a quadratic map. Since z € Z(G) if and only if z 1y tzy = 1
Z(Q)

for every y € GG, the quadratic map ¢ : % — Z(@G) is regular. O
Note that for the quadratic map ¢ in the above theorem, the image of b, generates

Z(@). This quadratic map q is called the quadratic map associated to the special 2-group
G.

1.3.1 Cocycles, quadratic maps and central extensions

Let V and W denote two vector spaces over Fy. Let Quad(V, W) denote the set of quadratic
maps from V to W. We consider it as a group under the group operation of point wise
addition of maps. In what follows, we discuss the connection between Quad(V, W) and
H?(V,W), the second cohomology group of V with coefficients in W. We begin with the

definition of normal 2-cocycle.

Definition 1.3.5. A map ¢ : VXV — W is called a normal 2-cocycle on V' with coefficients
in W if for all v,v1,v9,v3 € V it satisfies the following conditions:

i. c(vg,v3) — c(vy + v2,v3) + ¢(v1,v2 + v3) — c(v1,v2) = 0.
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ii. ¢(v,0) = ¢(0,v) = 0.
The set of normal 2-cocycles on 'V with coefficients in W is denoted by Z*(V,W).
The set Z2(V, W) forms an abelian group under the operation of point wise addition.

Definition 1.3.6. Let A : V. — W be a linear map such that \(0) = 0. Then the map
ey VXV — W defined by cx(v1,v2) = A(v2) —A(vi+v2)+A(v1) is a normal 2-cocycle. The
normal 2-cocycles obtained this way are called normal 2-coboundaries and their collection
is denoted by B2(V,W).

The set B?(V, W) forms a subgroup of Z2(V, W).

Definition 1.3.7. The quotient H*(V,W) = gz%% is called the second cohomology

group of V' with coefficients in W.
The following proposition gives the correspondence between H?(V, W) and Quad(V, W).

Proposition 1.3.8 ([Zahll], Prop. 1.2). The map ¢ : Z*(V,W) — Quad(V,W) which
maps ¢ € Z*(V,W) to the quadratic map q. defined by q.(x) = c(x, ) induces a homo-
morphism between H?(V,W) and Quad(V,W). If the dimension of V is finite then this

homomorphism is an isomorphism.

Now we define the central extension and discuss the one-one correspondence between
the elements of H?(V,W) and central extensions of W by V. We consider V and W as

groups under the operation of vector space addition.

Definition 1.3.9. A group G is called a central extension of V. by W if there exist a short
exact sequence of groups 1 - W — G — V — 1 such that W C Z(QG).

Two central extensions 1 > W 3G B3V 5 1land1 > W B Gy BV — 1 are said
to be equivalent if there exists an isomorphism ¢ : G1 — G4 such that my 09 = w1 and 9 is
the identity map on W. The set of equivalent classes of central extension of W by V is in
one to one correspondence with H2(V, W) [Wei94, §6.6]. We record this correspondence

in the following remark for further reference.
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Remarks 1.3.10

1. The central extension of W by V corresponding to a cocycle class [c] € H?(V,W) is
isomorphic to the group V xW, where the underlying set of the group V xW is just
the cartesian product V' x W and its group operation is defined by

(v,w)(V,w') = (v+, e(v,v) +w+ w)

for all v,v" € V and w,w’ € W. The identity element this group is (0,0) and the

inverse of (v, w) is (v, c(v,v) + w).

2. Conversely, let 1 - W 5 G 5 V — 1 be a central extension. Let s: V — G be
a map such that s(0) = 1 and 7 o s is identity map on V. For all v1,vy € V, we

suppose c(v,v2) = s(v1)s(v2)s(v1 + ve) L. We compute

m(c(v1,v2)) = m(s(vy)s(va)s(vy + v2) 1)

= 7o s(vy)mos(vy)mos(vy +wvg) L

=v; + vy — (v1 + v2)

=0.

Therefore c¢(vy,v2) € ker(m) = Im(a) = W. From the associativity of the multipli-
cation of G, it follows that ¢: V' x V' — W is a normal 2-cocycle.

If the dimension of V is finite then Prop. [1.3.§ and the correspondence of elements
of H?(V,W) with central extension of V by W gives a useful correspondence between
Quad(V, W) and central extension of V' by W [Zah11].

Let ¢ : V. — W be a regular quadratic map and the image of b, generates W.
The following result asserts that the group corresponding to ¢ is a special 2-group. We

reproduce the proof of this result from [Zah11].

Theorem 1.3.11 ([Zahll], Th. 1.4). Letq: V — W be a regular quadratic map. Suppose
that W = (by(V x V)). Then there exists a special 2-group G associated with quadratic

map q such that W = Z(G) and V = % Such a group is unique up to isomorphism.

Proof Recall that Quad(V, W) denotes the group of quadratic maps under the point wise
addition. It follows from Prop. that Quad(V, W) is isomorphic to H%(V, W) as an
abelian group. Let ¢ € Z2(V, W) be such that class [c] of ¢ in H?(V, W) corresponds to the
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quadratic map ¢q : V' — W. Therefore ¢(v) = ¢(v,v) for all v € V. Using cocycle relation
(see definition [1.3.5]), we compute the polar map to be by(vi,v2) = c(v1, v2) + c(ve, v1).

The central extension corresponding to normal 2-cocycle [¢] € H?(V,W) is group G,
where underlying set of G is V' x W and the operation of G is as defined in remark|1.3.10[(1).
Let g = (v,w) € G for v € V and w € W. We compute

q(v) = c(v,v) = (0,¢c(v,v)) = (v +v,c(v,v) + w+w) = (v,w)(v,w) = 92'
Moreover for g1 = (v1,w1), g2 = (v2,w2) € G for v1,vy € V and wy, ws € W, we have

97 95 g192 = (v1, c(vr,v1) + w1) (v2, c(va, va) + wa)(v1, w1 ) (va, W)
= (0, c(v1,v2) + c(v2,v1))
= c(v1, v2) + ¢(va, V1)

= bt](vh '1}2)

Now we show that W = Z(G). Let g = (v,w) € Z(G) for v € V and w € W. For
all h € G, we have g~ 'h~'gh = 1. Hence from the above calculation, it follows that
bg(v,v") = 0 for all v/ € V. Using the hypothesis that ¢ is a regular quadratic map, we
conclude that v = 0. Therefore g = (0,w) € W. Conversely, let g € W, then g = (0, w)
and by(0,v") = 0 for all ' € V. Therefore g~ 'h~1gh =1 for all h € G and g € Z(G).

Next we claim that W = G’. Since for all g1,¢92 € G, gl_lgz_lglgg lies in the image
of by and the image of b, lies in W, the derived subgroup G’ C W and by(V x V) C W.
Using hypothesis W = (by(V x V)), we get that W C G".

Finally we claim that W = ®(G). Since W is vector space over Fa, W is an elementary
abelian 2-group. Also q : V' — W is quadratic map defined by q(v) = v? for all v € V.
Therefore for all g € G, g> € W and order of a non identity element of G is either 2 or 4.
This implies that G is a 2-group.

Using remark[1.3.2(2), we have ®(G) = (¢> : g € G). Now from the definition of ¢, it
follows that ®(G) C W and (q(V)) = ®(G). Using by(v1,v2) = q(v1) — q(v1 + v2) + q(v2),
we get that (b,(V x V)) C (¢(V)). By hypothesis, W = (b,(V x V)) and it follows that
W c {q(V)) = &(G).
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Thus G is a special 2-group. Since G is central extension of V by W, the sequence

1-W 3 G5V —1is an exact sequence. Therefore V 22 ker%r) = Im(ga) = Z(GG)' O

This group is called the special 2-group associated to the quadratic map q. From Th.
and Th. we get a one to one correspondence between special 2-groups and
regular quadratic maps ¢ : V'€ W with (by(V xV') = W). The quadratic map associated to
a special 2-group is very useful to study the properties of these groups. For an illustration,

we have the following lemma:

Lemma 1.3.12. Let G be a special 2-group and q : % =V - W := Z(G) be the
quadratic map associated to it. The order of a non-trivial element of G is either 2 or 4.

Moreover if g = (v,w) € G, then g> = 1 if and only if q(v) = 0.

Proof Since ¢ : % =V = W := Z(G) is defined by ¢(9Z(G)) = g¢* for all
9Z(G) € %, we have g € Z(G) for all ¢ € G. This implies that (¢%)? = ¢* =1
for all g € G as Z(G) is an elementary abelian 2-group.

Let g = (v,w) € G. Since ¢® = (v,w)(v,w) = (v+v,c(v,v) +w+ w) = (0,q(v)), we
get that g2 = 1 if and only if ¢(v) = 0. O

1.3.2 The central product of special 2-groups

The aim of this section is to show that the orthogonal sum of quadratic maps corresponds
to central product of corresponding special 2-group. We first define the notion of central

product of two groups.

Definition 1.3.13. Let G and Ga be two groups with isomorphic centers. Let Z(G1)
and Z(G2) be their centers and 6 : Z(G1) — Z(G2) be an isomorphism of groups. Let N
denote the normal subgroup {(z,y) € Z(G1) x Z(G2) : 0(x)y = 1} of G1 x G2. The central
product G1og G of groups G1 and G with the identification 6 is the quotient of the direct
product G1 X Go by N.

The following lemma relates ‘orthogonal sum’ of quadratic maps to central products.

Lemma 1.3.14 ([KK15|, Lemma 2.5). Let G1 and Gy be special 2-groups such that

Z(Gh) is isomorphic to Z(Gg). Let 1 : Vi = % — Wy = Z(G1) and q2 = Vo =
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G»
Z(G2)

respectively. Let 6 : W1 — Ws be an isomorphism of groups. Then q1 Lg qo : V1B Vo — Woy

— Wy := Z(G2) be regular quadratic maps associated to special 2-groups G1 and Ga,

defined by (q1 Lo q2)(v1,v2) = 0(q1(v1)) + q2(v2) is a regular quadratic map and the group
associated to g1 Ly qo is G1 o9 Go.

Proof Let ¢ = q1 1y q2. We first show that ¢ is a quadratic map. For a € Fy and
(vi,v2) € V1 @ Vi, we check

= q(avi, avy),
=0(q1(avy)) + g2(ave),
= 0(a’q(v1)) + Pqa(v2),
= a?0(q1(v1)) + a’qa(va),
=a®(0(q1(v1)) + q2(v2)),

= a2q(vl, V).

q(a(v1, v2))

Now we compute the polar map b, associated to ¢ = q1 Ly go.

bg((v1, v2), (v1,v5)) = q((v1,v2) + (v1,25)) — q(v1, v2) — q(vy, v3),
= q(v1 + vy, v2 +vy) — q(v1,v2) — q(vy,v3),
= 0(q1(v1 + 1)) + q2(v2 +v5) — 0(q1(v1)) — ga(v2) — O(q1(v7)) — g2(v5),
o(
o(

q1(v1 +v)) — q1(v1) — @1 (v])) + q2(v2 + vh) — q2(v2) — ga(v5),

bg, (v1, Ull)) + by, (va, Ué):

where (v1,v2), (v],v5) € Vi @ Vo and by, , by, are the polar maps associated to ¢ and g¢o,

respectively. Now we check that the polar map b, is bilinear.

be((v1,v2) + (v3,v4), (v1,03)) = bg((v1 + v3,v2 + va), (v1, v3)),

bgy (V1 + v3,01)) + by, (v2 + va,v3),

1, V1) + by (V3,01)) + by (v2, v3) + by, (v4,v5),
+0(bg, (v3,01)) + by, (v2, v3) + by, (v4,v5),
+ by, (v2,v5) + 0(bg, (v3,v7)) + by, (va, v5),
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where (v1,v2), (vs,v4), (vV],v5) € V1 @ Va. On similar lines, one can check that
bg((v1, v2), (v1,v5) + (v, 0})) = by((v1,v2), (v1, v3)) + by((v1, v2), (v5,v}))
for (v1,v2), (v],v5), (vh,v)) € V1 & V3 and
bg(u(v1, v2), (V], v3)) = abg((v1, v2), (v], v3)) = bg((v1, v2), a(v1,v5))
for a € Fo and (vy,v2), (v, vh) € V1 @ Va.
Now we show that the quadratic map g is regular. Let (vi, v2) € rad(by) and (v],v}) €

Vi@ Va. Then 0 = bQ((Ulvv2)> (Ulla Ué)) = e(bfh (’Ulvvi)) + bgy (’U2vvé)' Thus H(bm (v1, Ull)) =
by, (v2,vh) for every (vi,v)) € Vi @ Va. In particular for vh = 0, we have 0(bg, (v1,v]))

bg,(v2,0) = 0. Since € is an isomorphism, by, (vi,v]) = 0 for every vi € Vi. Thus we
conclude that v; = 0 as ¢ is a regular quadratic map. That vo = 0 follows from a similar

argument, and it confirms that ¢ is regular.

To show that the regular quadratic map ¢ is associated to G0y Ga, let ¢; € Z2(Vq, Wh)
and ¢y € Z?(Va, Ws) be normal 2-cocycles corresponding to quadratic maps ¢; and g,
respectively. Let cp :=0(c1) L co : (V1 & Vo) x (V1 @ Vo) — Wy be the map defined by

/ / / /
co((v1,v2), (v1,v5)) = O(c1(v1,v7)) + ca(v2, vy).
We check that ¢y is a normal 2-cocycle on Vi @ Vo with coefficients in Ws. For

(v1,v2), (v}, vh), (v],vh) € Vi @ Va, we compute:
00((1]17 Ué): (vilr Ug)) - CQ((v17v2) + (vizvé)v (vlllvvg)) + 69((v1’ 1)2), (Uiv ﬂé) + (’Ulllv/ug)) - 09((7}17 ’Ug), (Ulh Ué))

0(c1(vy,v7)) + ca(vh,v5) = O(c1(v1 4 v7, 7)) — ca(ve 4 vh,v5) 4 O(c1 (v1, 0] + v7)) + ca(v2, vy + v5y) — O(c1 (v1,v])) — c2(v2,v3),
= 0(c1(vy,v7) = c1(v1 + 01, 07) + e1(vi, v + o)) = c1(v1,v])) + c2(vh,v5) — c2(v2 +v5,v5) + ca(v2, v5 +vy) — c2(v2,v3),

o(

0)+0=0

Now for (vy,v2) € Vi @ Vi, we compute:
co((v1,v2),(0,0)) = 0(c1(v1,0)) + c2(v2,0) = 0(0) + 0= 0

c9((0,0), (v1,v2)) = 6(c1(0,v1)) + 2(0,v2) = 6(0) + 0 =0
We also compute that if ¢; and ¢o are normal 2-coboundaries then ¢y also a normal
2-coboundary. Let A\; : V3 — W is a map such that A\1(0) = 0 and ¢; (v, v}) = A\ (v]) —
A1(v1 + v}) + Ai(v1) for v1,v] € V1. Let Ay : Vo — Wy is a map such that Ay(0) = 0
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and c;(ve, vh) = Ao(vh) — Aa(va + vh) 4+ Aa(v2) for vy, vy € Vi, Now we show that in this
case ¢y is also a normal 2-coboundary. We define a map A : V3 @ Vo — Wy by A(v1,v2) =
O(A1(v1)) + A2(ve) for vy € V) and vg € V. We check that A(0,0) = 6(A1(0)) + A2(0) = 0.

We compute:

0(c1(v1,v1)) + c2(v2,v5)

O(A1(v1) — A (v1 +v1) + Ar(v1)) + A2(vh) — A2 (v + v5) + A2 (v2)
O(A1(v]))) + Xa(vh) — (A1 (v1 + v])) — Aa(ve + vh) + O0(A1(v1)) + Aa(v2)
)‘(U » Ug ) ((2}1,2}1,)—l—(vz,vé))—l—)\(vl,vg)

co((v1,v2), (v],v3))

The above calculation ensures that the association ([0(c1)], [c2]) = [ca] € H?*(V4 @
Vo, Ws) is well-defined. Further, the normal 2-cocycle ¢y corresponds to the quadratic

form q as
co((v1,v2), (v1,v2)) = 0c1(vi,v1)) + c2(v2, v2) = 0(q1(v1)) + g2(v2) = q(v1, v2).
The special 2-group associated to ¢ is G := (V; @ Vo) xWa, with the group operation
((vi,v2),w) - ((v],v5),w') = ((v1 + v1,v2 + v5), co((v1, v2), (v],03)) + w + w').

We need to show that G ~ G og G2. By definition G oy G2 is the quotient of G x G4 by
N where N := {(z,y) € Z(G1) x Z(G2) : 6(x)+y = 0} is a normal subgroup of G; x Gs.
Define ¢ : G1 x Gy — G by

o((v1, wr), (v2, w2)) = ((v1,v2),0(w1) + w2)

where (vi,w1) € G1 and (vg, w2) € Go. We notice that ¢ is a group homomorphism as for

(v, wy), (v, w)) € Gy and (v, ws), (v, wh) € G we have,

O(((v1,w1), (v2,w2)) - ((v],wh), (v3,w)))

(v1, wr). (v, wh)), ((v2, w2).(vh, w3)))

vy + 7, e (vi, v)) + wp + wh), (ve + v, ca(va, vh) + we + wh))

vt + v, 02 +05), 0(cr (v1,v1)) + O(w1) + 0(w)) + e2(v2,v5) + wa + w))

+ c2(va, v) + 0(w1) + w2 + O(wy) + wy)

v1,v2) + (v1,03), co((v1, v2), (V1,v5)) + 0(w1) + wa + O(wy) + w))
v1,v2), 0(wr) + wa)((vy,v5), O(w}) + wh)

= ¢((v1,w1), (v2, w2)) (v, wh), (vh, wy)).

v1 4 vy, v + vy), 0(ci (v, v))

)
(
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The homomorphism ¢ is surjective because for an arbitrary ((v1,v2),w) € G we have

¢((U1,0), (UQ,U))) = ((1)1,1)2),21}).

Now we compute ker (¢).

ker (¢) = vl,wl), vg,wg) S G1 X G2 : ¢((U1,w1), (’Ug,’wg)) = ((0,0),0)}

( ( )

(Ul,w1), (Ug,wg)) S Gl X G2 : ((7)1,7)2),9(71)1) +w2)) = ((0,0),0)}
( ( )

(

vi,w1), (v2,ws2)) € Gy X Gg : v1 = 0,v2 = 0,0(wy) + wy = 0}

0,w1),(0,wz)) € G1 x G2 : O(wy) + wa = 0}
wl,wg) S Z(Gl) X Z(Gg) : G(wl) —+ wo = 0}

Il
e e RSN

(
(
(
(
(

I
=

Therefore, finally we have G ~ GLr&2 = G152 = G 0p Gy, O




Chapter 2

Extraspecial 2-groups

This chapter consists of three sections. In we record the classification of extraspecial
2-groups using quadratic forms associated with these groups. In and we describe
the representations of extraspecial 2-groups and Wedderburn decomposition of rational
group algebra of extraspecial 2-groups, respectively. In we also recall one dimensional

representations of special 2-groups.

Recall that a special 2-group G is called extraspecial 2-group if |Z(G)| = 2. Let Fy
be the field containing two elements. The classification of extraspecial 2-groups using
quadratic forms over [y is outlined in [Wil09]. Extraspecial 2-groups can also be classified
using group theoretic methods (see [Gor80]). However the classification of extraspecial
2-groups using quadratic forms is a beautiful application of the theory of quadratic forms
over fields of characteristic 2. In the following section, we use the theory of quadratic

forms over Fy to classify extraspecial 2-groups.

2.1 Classification of extraspecial 2-groups

Let V be a vector space over Fo and ¢ : V' — Fs be a regular quadratic form. Let G be a
special 2-group associated to ¢ (see Th. [1.3.11]). One may regard Z(G) as the field of two
elements and therefore the group G is an extraspecial 2-group. Conversely, Let G be a

extraspecial 2-group. The quadratic map associated to G given by Th. is a regular

23
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quadratic form over FFs.

Proposition 2.1.1. The order of an extraspecial group is 2°"*1 for some n € N.

Proof A regular quadratic form over a field of characteristic two is even dimensional
(see remark . Let G be an extraspecial 2-group and ¢ : V' — Fy be the quadratic
form associated to it as in Th. Since the quadratic form ¢; is regular, dim]FQV =2n
for some n € N. From G is in bijection with V' xFy. Therefore |G| = 22" x 2 = 22n+1,

O

From now onwards, D4 will denote the dihedral group of order 8 and ()2 will denote

the quaternion group of order 8 . These groups can be presented as:

Dy={a,b : a*=0b*=1,bab~t =a 1)
Q2= (c,d : *=1,d*>=c% ded ! =c1)

Proposition 2.1.2. Let V be the two dimensional vector space over Fy and q : V — Fq
be a reqular quadratic form. Then the extraspecial 2-group associated to q is either Qs and
Dy.

Proof The quadratic forms ¢; = [0,0] and g2 = [1, 1] are the only regular 2-dimensional
quadratic forms over Fy up to isometry (see remark . Recall that ¢1(z,y) = zy and
q2(z,y) = 22 + 2y + y?. We show that the dihedral group Dy is the extraspecial 2-group
associated to the quadratic form [0,0]. From Th. we have that V' xFy is the group
associated to ¢ : V — o, where the multiplication is defined by

(v,0)) (W, a) = (v+ v, e1(v, V) + a+ )

where v,0' € V, a,a’ € Fy and ¢; € H?(V,F3) is the normal 2-cocycle such that
q1(v) = c1(v,v) for allv € V.

Consider the map 1 : Dy — V xFy defined by (a) = ((1,1),1) and v(b) = ((1,0),1),
where a and b are generating elements of D, as in the presentation of Ds. Now we claim
that ¢ is an isomorphism of groups. Clearly both Dy and V;xFy are groups of order 8.
It is easy to check that the orders of ((1,1),1) and ((1,0),1) are 4 and 2, respectively.
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Moreover,
((1,0), 1)((1,1), ™" = ((1,0), 1)((1,1),ex((1,1),(1,1)) +1)
= ((1,0), D((1, 1), u (1, 1) + 1)
= ((1,0),1)((1,1),0)
(1,1),1((1,0), (1,1)) + 1)

Therefore 1 is an isomorphism of groups. On similar lines it can be shown that the
quaternion group @2 is the group associated with quadratic form go = [1, 1]. In that case,
an isomorphism is given by 9’ : Qo — VoxFy, where ¥/(c) = ((1,1),1), ¥'(d) = ((1,0),1)

and ¢, d denote generators of group Q2 as in the given presentation of Q2. O

Proposition 2.1.3. Let g1 = [0,0]L[0,0] and g2 = [1,1]L[1,1] be two quadratic forms

over Fo. Then q1 is isometric to qo.

Proof We have ¢1(w,z,y, 2) = wr +yz and g2(w, 2,9, 2) = w? +wr + 2%+ +yz + 22

The following map is the isometry between the quadratic forms ¢; and qo.

w—T+y+z
r—w+y+z
Y—w+xT+z

Z=wW+T+Yy
O

Proposition 2.1.4. The group D4 o Dy is isomorphic to Q2 o Q2 where o denotes the

central product of groups.

Proof From lemma and Prop. the quadratic form associated to D4 o Dy
is [0,0] L [0,0] and that the quadratic form associated to Q2 o Q2 is [1,1] L [1,1]. The
quadratic forms [0,0] L [0, 0] and [1,1] L [1,1] are isometric ( Prop. 2.1.3)). Now the result
follows from Th. [L.3.17] O



26 CHAPTER 2. EXTRASPECIAL 2-GROUPS

Proposition 2.1.5. For every n € N, there are exactly two extraspecial 2-groups of order
220+l namely Dyo Dyo---0 Dy (n copies of Dy) and Qgo Dyo---0 Dy (n— 1 copies of
Dy).

Proof Let G be an extraspecial 2-group and ¢ : V — Fy be the associated regular
quadratic form. Since ¢ is regular, dimp, (V) is even (see remark . We assume that
dimp, (V) = 2n for some n € N. From Prop it follows that ¢ is an orthogonal sum
of two dimensional regular quadratic spaces over Fa. Since [0,0] L [0,0] ~ [1,1] L [1,1]
(see Prop. [2.1.3)), we conclude that either ¢ ~ [0,0] L [0,0] L --- L [0,0] or ¢ ~ [1,1] L
[0,0] L ---]0,0]. By Prop. we know that the quadratic forms [0,0] and [1, 1] are
associated with the groups Dy and @2, respectively. It follows from lemma that
orthogonal sum of quadratic forms corresponds to the central product of extraspecial 2-
groups. Therefore, we conclude that the group associated to ¢ is either Dyjo Djo---0 Dy
(n copies of Dyg) or Qa0Dyo---0Dy (n—1 copies of Dy). This completes the classification

of extraspecial 2-groups. Il

Notation 2.1.6. From now onwards, we denote the extraspecial 2-group Dyo Dyo---0Dy
(n copies of Dy) and Qa0 Dyo---0Dy (n—1 copies of Dy) by D™ and Qy o Dé(;@—l))

respectively.

Remark 2.1.7 The Arf invariant of quadratic form ¢ ~ [0,0] L [0,0] L --- L [0,0]
associated to extraspecial 2-group Dfln)
q~[1,1] L [0,0] L --- L [0,0] associated to extraspecial 2-group @2 o Din_l) is equal to
1.

is trivial. The Arf invariant of quadratic form

2.2 Representations of extraspecial 2-groups

The method of writing one dimensional representations of extraspecial 2-groups is exactly
same as that of writing one dimensional representation for special 2-group. We discuss in

general, the method of writing one dimensional representation of special 2-groups.

2.2.1 One dimensional representations of special 2-groups

The representations of degree one are called one dimensional representations. Finding one

dimensional representations of special 2-groups is elementary and is based on the following



2.2. REPRESENTATIONS OF EXTRASPECIAL 2-GROUPS 27

well-known results.

Theorem 2.2.1 ([JLOI], Th. 17.11). Let G be a finite group. The one dimensional
representations of G are precisely the lifts to G of the irreducible representations of % In
particular, the number of distinct one dimensional representations of G equals the index
of G' in G, where G' denotes the derived subgroup of G. O

In view of Th. and Th. [1.2.15] we make the following remark on the one
dimensional representations of special 2-groups.
Remark 2.2.2 For a special 2-group G the quotient % is isomorphic to a direct
product of copies of % The group % has only one non-trivial irreducible representation.
Using Th. [1.2.15| one can write all irreducible representations of % Now from Th.
and the equality Z(G) = G’ for special 2-groups, one can write all one dimensional

representations of special 2-groups.

The following section concerns the representations of dimension at least 2 of extraspe-

cial 2-groups.

2.2.2 Representations of dimension at least 2 of extraspecial
2-groups

The extraspecial 2-groups are central products of copies of non-abelian groups of order 8
(see Prop. [2.1.5). The following theorem provides a method to write representations of
central products of groups when the irreducible representations of individual components

are known.

Theorem 2.2.3 ([Gor80],Ch. 3, Th. 7.2). Let H and K be two groups and ¢ : Z(H) —
Z(K) be a group isomorphism. Let N := {(h,k) € Z(H) x Z(K) : ((h)k = 1} and
G=HoK = % be the central product of groups H and K. Let p: H x K — GL(n,C)
be a representation of H x K. If N C ker(p) then p induce representation p of G defined
by p((h,k)N) = p(h, k) for all (h,k)N € G. All irreducible representations of G = H o K
are of this type. Moreover a representation p is irreducible if and only if p is irreducible.

O
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We use the above theorem to describe representations of degree at least 2 of extraspecial

2-groups.

Remark 2.2.4

1. For the dihedral group Dy = {(a,b : a* =b?> = 1,bab~! = a~!) the homomorphism
p: Dy — GL(2,C) defined by

0 1 1 0
=41 ) =1 %)

is the only irreducible representation of degree at least 2.

2. For the quaternion group Q2 = (c,d : ¢* = 1,d> = 2, ded™ = c7!) the
homomorphism o : Q2 — GL(2,C), where

0 1 i 0
U(C):(—1 0)’ U(d):(o —i)

is the only irreducible representation of degree at least 2.

Based on this remark, we have the following :

Proposition 2.2.5. Every extraspecial 2-group has a unique irreducible representation of

degree at least 2.

Proof Let v : 1 < i < 4 be one dimensional representations of the group D4. From
Th. the irreducible representations of degree at least 2 of the group D4 x Dy are
p®@7 1 <4< 4and p® p, where p is as in remark 1). The central product
DyoDy = %, where N := {(1,1), (a2, a®)} is normal subgroup of the group D4 x Dj.
The subgroup N is contained in the kernel of p ® p but not contained in the kernel of
p®; for all 1 < ¢ < 4. From Th. it is evident that p ® p is the only representation
of degree at least 2 of D4 x Dy, which induces the representation @ of Dy o Dy. This
generalises to the fact that the representation p ® p@\ -® p (n copies of p) is the only

(n) 1)

representation of degree at least 2 of D, . Similarly the group Qg o Dfln_ has unique

irreducible representation of degree at least 2, namely J®p§\--- ®p (n—1 copies of p). O



2.2. REPRESENTATIONS OF EXTRASPECIAL 2-GROUPS 29

Remark 2.2.6 The degree of unique representation of degree at least 2 of extraspecial
2-group of order 22"*! is 27 This irreducible representation of degree at least 2 of
extraspecial 2-group is faithful (see |[Gor80, p. 208, Th. 5.5]).

Lemma 2.2.7. Let G be an extraspecial 2-group of order 22" 1 and x be the character of

its unique irreducible representation of degree at least 2. Then

2" if g is the identity element of G
x(9) = —2" if g is a non trivial element of Z(G)

0 otherwise.

Proof The extraspecial 2-group G is isomorphic to either Din) or Qo oDinil) (see Prop.
21.5).

Let ¢ : G — GL(2",C) be the irreducible representation of degree at least 2 of Dfln).
Then p = p(XJ;@T ®p (n copies of p), where p is unique representation of degree at least
2 of Dy as in remark [2.2.4{1).

By Th. we know that ¢(1) = p(1)®p(1)®---®@p(1)(n times). Let x, and x, be
the characters afforded by representations ¢ and p respectively. Using the fact that for two
matrices A and B, tr(A® B) = tr(A) tr(B), we have x,(1) = x,(1) ® x,(1) @ -+ ® x,(1).
Since p(1) is 2 x 2 identity matrix (see remark (1)) we get x,(1) = 2. We know
that order of center of Di") is 2. If 1 # g € Z(G) then g = (a2,1,---, 1), where a? is the

non-trivial element of Z(D,). We have

Xe(9) = tr(p(a®) @ p(1) ® -+ @ p(1))
= tr(p(a®)) tr(p(1)) - - - tr(p(1))
— _on

If g= (91,92, ,q1) € G — Z(G), then for some 1 <i < I, we have g; € Dy — Z(D,) and
Xp(gi) = 0. Thus x,(9) = 0. This proves the result if G =2 Dyo Dyo---0 Dy (I copies
of Dy). On the other hand if G = Q0 D[(lnfl), then the representation of degree at least
2 of G is a®p®/pé§T --®p (I — 1 copies of p). Here o and p are unique representations of
degree at least 2 of Q2 and Dy, respectively as in remark On similar lines, one can
prove result in this case as well. Il

The following proposition gives the type of irreducible representation of degree at least

2 of extraspecial 2-groups.
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Proposition 2.2.8. The irreducible representation of degree at least 2 of extraspecial 2-

group Dfln) s orthogonal, while that of Qg o Din_l) s symplectic.

Proof It follows from example [1.2.12|2) that the unique irreducible representation p of
degree at least 2 of D, is orthogonal. The irreducible representation of degree at least 2
of Dyo Dyo---0Dy (I copies of Dy) is induced from the tensor product of n copies of
p. From corollary and corollary it follows that irreducible representation of
degree at least 2 of Dyo Dyo---0 Dy (I copies of Dy) is orthogonal.

Example (3) shows that the unique irreducible representation ¢ of degree at
least 2 of Q5 is symplectic. The irreducible representation of degree at least 2 of Qo0 Dyo
--0 Dy (I —1 copies of Dy) is induced from the tensor product of ¢ with [ — 1 copies
of representation p of Dy. From corollary and corollary it follows that the
irreducible representation of degree at least 2 of Q2 0 Dyjo--- 0 Dy (I copies of Dy) is

symplectic. O

Proposition 2.2.9. Let G be an extraspecial 2-group and q : V — Fo be quadratic
form associated to G. The unique irreducible representation of degree at least 2 of G
is orthogonal (symplectic) if and only if Arf(q) =0 (Arf(q) =1).

Proof It follows from the remark and the Prop. [2.2.8 O

We summarize the above results regarding the type of representation of degree at least

2 of extraspecial 2-groups in following table for the further reference:

T f tati
Extraspecial 2-group ype of representation Arf Invariant
of degree at least 2
D Orthogonal 0
Qs 0 Dfln_l) Symplectic

Table 2.1: Arf Invariant for associated quadratic form and type of representation of

degree at least 2 for extraspecial 2-groups.
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2.3 Wedderburn decomposition of rational group

algebra of extraspecial 2-groups

Let K be a field and G be a finite group. Let K[G] = {}_ .5 Agg,Ag € K}. We define

addition and multiplication on K[G] as follows:

D g+ D 1gg =Y (Ag+ 1)y

geG geG geG
D Xgg D mh= Y utpg)g
9€G  heG 9€G heG

Under the above defined addition and multiplication, K[G] is K-algebra. It is called the
K-group algebra of G .

The famous theorem of Maschke states that K[G] is semisimple if and only if char(K)
does not divide |G| (see [PMS02], Th. 3.4.7). The following theorem is another celebrated

result in the theory of group rings.

Theorem 2.3.1. Wedderburn Artin Theorem [[PMS02], Th. 3.4.9] Let G be a finite
group and let K be a field such that char(K) does not divide |G|. Then

1. K[G] is a direct sum of a finite number of its two sided ideals A;; 1 <1i<r. Also
for all1 <i<r, A; is a simple ring.

2. Each simple component A; is isomorphic to My,(D;), where D; is a division ring

containing a copy of K in its center. Also FG = @I_ My, (D;) as K-algebras.

The decomposition of group algebra K[G] given in Th. is called the Wedderburn

decomposition of K[G]. We recall the definition of primitive central idempotent.

Definition 2.3.2. An element e of a ring R is called idempotent if e = e. A set of

idempotents {e1,ea,- - ,e.} is called a complete set of primitive central idempotents if
1. e; € Z(R) for all 1 <i <r, where Z(R) denotes the center of the ring R.
2.e1+ex+---+e =1andee; =0 foralll <i,j<randi#j.

3. No e; can be written as e; = ¢ +¢€”, where € and €” are non zero idempotents with

e’ = 0.
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The decomposition of K[G] = A; & As@--- B A, as a direct sum of simple components
corresponds to a complete set primitive central idempotents {ej,ea,---e,} such that
A,EF[G]Q, 1 SZST

The determination of Wedderburn decomposition of a group algebra is one of the
fundamental problems in the theory of group rings. A group algebra K[G] is called rational
group algebra if K = Q.

Notation 2.3.3. Let G be a finite group and H be its subgroup. We denote the element
i Snen h of QG by H.

Definition 2.3.4. Let Q denote the field of rational numbers. Let G be a finite group and

Q[G] be its rational group algebra. Then we can split the rational group algebra as.
Q[G] = Q[G].¢" @ Q[G].(1 - &).

The first part Q[G].G" is isomorphic to Q[%] It contains all the commutative ideals of

Q[G] and is called commutative part of Q[G]. The second part Q[G].(1 — G) is called
non-commutative part and is denoted by A(G,G").

Now we discuss the Wedderburn decomposition of extraspecial 2-groups. We first state

the following well known results:

Remark 2.3.5 Let G be direct product of n copies of cyclic group Co of order 2.
Then Q[G] is a direct sum of 2" copies of Q (see [PMS02, p. 150, Exercise 3]). For an

227+l the quotient group % is an elementary abelian 2-

extraspecial 2-group G of order
group of order 22". Thus we get that Q[%] ~QaQa---®Q (22" copies of Q). Therefore
the commutative part of Wedderburn decomposition of extraspecial 2-group G of order

227+1 consists orthogonal sum of 22" copies of the field of rational numbers.

The following result gives us the non commutative component A(G, G”) of Wedderburn
—1,-1

decomposition of extraspecial 2-groups. Let H denote the Quaternion algebra > over
the field Q. We recall that H can be described as a 4-dimensional vector space over Q[G]

with basis {1,4, j, k} and multiplication defined by i> = j2 = —1 and ij = —ji = k.

Proposition 2.3.6 ([VLO6|, Prop. 3.4). Let G be an extraspecial 2-group of order 22" 1 n >
2.
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1. IfG = D" then A(G,G") = My (Q).
2. If G = Q0 D" ™Y then A(G,G') = Myn (H).

We conclude this chapter with a table of extraspecial 2-groups of order 22"*! with
their associated quadratic forms and the non commutative component A(G,G’) of their
Wedderburn decomposition. This table will be helpful in Part II of thesis.

Extraspecial 2-group Quadratic form A(G,G)
. 0,0] L[0,0] L---110,0
Dy 0,0] L {0,0) [0,0] My (Q)
(n copies of [0,0])
1,1] L 1 4L
QZ o DZ(Lnfl) [ ) ] [07 0] [07 O] [Oa O] ]\42n_1 (H)

(n — 1 copies of [0,0])

Table 2.2: A(G, G") for an extraspecial 2-group G.
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Chapter 3

Totally orthogonal special 2-groups

This short chapter summarizes the results of Zahinda [Zah1l]. In this chapter we mainly
discuss a characterization of totally orthogonal special 2-groups based on the associated
quadratic map. This is indeed a nice illustration of the utility of associating a quadratic

map to special 2-groups.

3.1 Real Special 2-groups

Let G be a group. Recall from definition that an element g € G is called real if there
exist h € H such that g=!' = hgh™!.

Definition 3.1.1. A group is called real if its all elements are real.

All symmetric groups, Dihedral groups and extraspecial 2-groups are examples of real

groups. The following theorem gives a criterion to determine if a special 2-group is real.

Theorem 3.1.2 ([Zahll], Th. 2.1). Let G be special 2-group and q : V. — W be the

quadratic map associated to G. The following assertions are equivalent:
1. The group G is real.

ii. For allv € V, there exists a € V such that q(a) = q(v — a).

35
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3.2 Totally orthogonal special 2-groups

We recall from definition that a representation is said to be orthogonal if it is
realizable over the field R.

Definition 3.2.1. A group G is said to be totally orthogonal group if its all complex

irreducible representations are of orthogonal type.

To state a criterion for checking total orthogonality of a special 2-group, we need the

following definition:

Definition 3.2.2. Let V and W be vector spaces over Fo and q : V. — W be a quadratic
map. Let s € HomFQ(VV, F2). The map soq:V — Fo is a quadratic form with polar form
bsog :=500bg : V x V — IFo. The quadratic form s o q is called the transfer of q by s.

The quadratic form s o ¢ may not be regular. For example, consider the regular
quadratic map ¢ : V — W defined by q(z,y, z) = (xy,zz) for all (z,y,2z) € V. We take
the linear map s : W — Fo defined by s(wy,w2) = wy for (wy,wy) € W. Now the transfer
of ¢ by s is given by s o q(x,y, z) = xy, which is not a regular quadratic form. However,
taking a suitable quotient of V' may yield a regular quadratic form. This is explained in

the following lemma.

Lemma 3.2.3 ([Zahll], Prop. 1.5(i)). Let V and W be vector spaces over Fy and q :
V — W be a quadratic map. Let s € HomFQ(I/V, F2) and s o q be the transfer of q by s. If
soq(rad(bseq)) = 0 then soq induces a regqular quadratic form qs from Vs := m to Fy
defined by qs(es(v)) = soq(v) for allv € V. Here €5 : V — Vj is the canonical surjection.

Proof Since so g(rad(bseq) = 0, we have rad(bsoq) C ker(s o ¢). Therefore, s o ¢ induces
a quadratic form ¢ : Vy = m — Fy defined by gs(es(v)) = soq(v) for all v € V,
where €5 : V' — Vj is the canonical surjection. We first check that the quadratic form g,
is well defined.

Let v,w € V such that es(v) = e5(w). Let r € rad(bsoq) be such that v = w +r. We

compute:
qs(€s(v)) — gs(es(w)) = s 0 q(v) — s 0 g(w)
= s0q(w+7) — 50 q(w)
= sog(w+r) —soq(w) - soq(r)
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= bgoq(w, 1)
=0.

We now show that the quadratic form g5 : Vs — Fo is regular. For v, w € V, we compute

by, (€s(v), €s(w)) = gs(es(v)) + gs(es(w)) — gs(es(v) + €s(w))

= 5(q(v)) + s(q(w)) — s(q(v + w))
= 5(q(v) + q(w) = (v + w))

= 5(bg(v, w))

= bgoq(v, w)

Let es(v) € rad(bg,). Then from the above computation, we conclude that bgeq(v, w;) =0
for a set {w;]_,} of coset representing of V' in rad(bseq). Let w € V be any arbitrary

element. Then we write w = w; + w’ for a suitable w’ € rad(bsoq) and 1 <1 < r. Then
bsog(V, W) = bsog(v, w;) + bsoq(v,w') =0

Therefore v € rad(bsoq) and es(v) = 0. Thus rad(bg, ) is the trivial subspace of V and the

quadratic form ¢ is regular. O

The following lemma is implicit in the proof of Proposition 3.3 of [Zah11]

Lemma 3.2.4. Let G be a special 2-group and q : V — W be the quadratic map associated
to group G. If G is real then for all s € Homp (W, F2), the radical rad(bsoq) vanishes under

soq, the transfer of q by s.

Proof Let G be the real special 2-group associated to a quadratic map ¢ : V := % —
Z(G) =: W. We recall that q(gZ(G)) = ¢* for all gZ(G) € % and the polar map
bq L Ztey X ztey — 2(G) of ¢is by(012(G), 922(G)) = 91 ' 95 9192 for 912(G), 922(G) €
—e~ (see Th. . Let s € Homp, (W.F3). The polar map bsoq := s 0 by : % X

( )
% — Ty of the transfer s o ¢ turns out to be bsog(912(G), 92Z(G)) = s(g; 95 *9192)
for 1 Z(G),92Z(G) € %G) We prove that quadratic form s o ¢ vanishes on the radical
rad(bsoq). That will finish the proof in the view of lemma Let r € G be such that

rZ(G) € rad(bseq). For all g € G,

1 = bsog(9Z(G),rZ(G)) = s(g ' tgr).
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As G is real group, there exists h € G such that r—' = h='rh. In particular for g = h, we

have
1 =bsoq(hZ(G),rZ(G)) = s(h™tr=thr) = 3(1"2) =s(q(rZ(Q)) =soq(rZ(Q)).

Thus s o g (rad(bseq)) is trivial. O

Remark 3.2.5 The above lemmas imply that for a real special 2-group G associated
to a quadratic map ¢: V — W and s € Hosz(W, Fs), the quadratic form soq: V — Fo

induces a regular quadratic form g5 : Vi — Fy as defined in the statement of lemma [3.2.3

Now through an example of special 2-group we show that the transfer of quadratic
map by some linear map may not vanish on the radical if the corresponding group is not

real.

Example 3.2.6 We consider the group G defined by
G ={a,bc:a®>=b"=c"=1,bc = cb,aba™! = bc?, aca™ = cb?).
We make following observations about G.

e The center of G is Z(G) := (b%,¢? : b* = ¢* = 1,bc = cb), and the quotient by the
center is ;& = (a,b,¢: a® = b* = & = (ab)” = (ac)” = (be)” = 1). Both Z(G)

and % are elementary abelian 2-groups.

e The group G is a special 2-group as |G| = 32 and Z(G) = ®(G) = G’ = (b, :
b =ct =1,bc = cb).

We identify % with a 3-dimensional vector space V and Z(G) with a 2-dimensional

vector space W over the field Fo. Therefore, as a set, the group G gets identified with
V x W. Let {e1 = (1,0,0),e2 = (0,1,0),e3 = (0,0,1)} be a basis of V and {f; =
(1,0), f2 = (0,1)} be a basis of W over Fy. The quadratic map ¢ : V — W associated to
the special 2-group G is defined by

q(z,y,2) = (2> +ay,y* + 22);  (z,y,2) = 2(1,0,0) +y(0,1,0) + 2(0,0,1) € V.

We use the Th. to show that group G is not real. The following table shows that
for v = (0, 1,0), there does not exist a € V' such that ¢(a) = g(v — a).
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a v—a | q(a) | q(v—a)
(0,0,0) | (0,1,0) | (0,0) | (0,1)
(1,0,0) | (1,1,0) [ (0,0) | (1,1)
(0,1,0) | (0,0,0) | (0,1) | (0,0)
(0,0,1) | (0,1,1) [ (1,0) | (1,1)
(1,1,0) | (1,0,0) | (1,1) | (0,0)
(1,0,1) | (1,1,1) [ (1,1) | (0,0)
0,1,1) | (0,0,1) [ (1,1) | (1,0)
(1,1,1) | (1,0,1) [ (0,0) | (1,1)

Table 3.1: Special 2-group G defined in example |3.2.6 is not real.

Consider the linear map s : W — Fa defined by s(w;,ws) — w;. The transfer
soq : V — Fy of ¢ by s is given by soq(z,y, z) = 2°+zy. We compute rad(bsoq) = ((0,0,1)).
Since s 0 ¢(0,0,1) = 1, we conclude that s o g does not not vanish on rad(bseq).

The following theorem states a criterion to check the total orthogonality of a real
special 2-group. The outline of the proof that we indicate here is due to Zahinda [Zah11].
We reproduce it here for the sake of brevity.

Theorem 3.2.7 ([Zahl1l], Th. 3.5). Let G be the special 2-group associated to a quadratic
map q:V — W. If G is real then the following are equivalent:

i. The group G is totally orthogonal.

ii. For all non-zero s € Homp (W, F2) the Arf invariant Arf(qs) is trivial.

Proof (i) = (ii) Since G is real, for any non zero linear map s : W — Fq, the remark
3.2.5|implies that the quadratic form s o ¢ induces a regular quadratic form ¢, as defined
in lemma [3.2.3

Let G be the extraspecial 2-group associated to regular quadratic form ¢ (Th. .
There is a surjective group homomorphism fs from G to extraspecial 2-group Gs.

The extraspecial 2-group G5 has unique irreducible representation ps; of degree at
least 2 (Prop. [2.2.6). The composition of these two maps p := p, o fs is an irreducible
representation of special 2-group G.

Since G is totally orthogonal special 2-group, the representation p of G is orthogonal.

This implies the representation ps; of group G, is orthogonal. Since g5 is quadratic form
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associated to G, using Prop. we get Arf(gs) = 0.

(77) = (7) The outline of the proof of converse part is as follows: For any representation
p of degree at least 2 of group G, the group p(G) is an extraspecial 2-group. Let ¢, be the
quadratic form associated to the group p(G) as defined in Th. Note that p(Z(G) is
a cyclic group of order 2.

The restriction of p on Z(G) is a linear map from Z(G) to Fy. We denote this by s.
Since the group G is real, the transfer of quadratic map ¢ by s induces a regular quadratic
form ¢4 (see remark . Then one can show that g5 ~ gq,.

The representation p induces an irreducible representation p’ of extraspecial 2-group
p(G). The degree and type of both the representations p and p’ is same. Therefore
P’ is unique irreducible representation of degree at least 2 of extraspecial 2-group p(QG).
Now using the fact that ¢, = ¢s and the hypothesis Arf(¢;) = 0 for all non zero s €
Homp, (W,Fs), we conclude, using Prop. that p’ is orthogonal. Therefore the

representation p of G is orthogonal. g



Part 11

Results obtained in the thesis
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Chapter 4

Strong reality and symplectic

representations

The aim of this chapter is to exhibit an infinite class of strongly real finite groups with
symplectic representations and conversely, totally orthogonal groups which are not strongly
real. All examples exhibited here are special 2-groups. It is conjecture of Tiep that such
examples are not possible in the case of finite simple groups. The results of this chapter
indicates that the analogue of Tiep’s conjecture is false in a strong sense for special 2-
groups.

This chapter is divided in to two sections. In we obtain a criterion for strong
reality of special 2-group using the associated quadratic maps. Next section is devoted to
exhibit an infinite class of finite groups for which neither the notion of strong reality and
total orthogonality implies the other. At the end of this chapter we tabulate the lists of all
groups up to order 128, which are strongly real and afford symplectic representations and
conversely, totally orthogonal groups which are not strongly real. These lists have been

obtained using the computer algebra system GAP [GAPOS|.

There are plenty of examples of groups which are both strongly real and totally
orthogonal. The symmetric group S, is both strongly real and totally orthogonal. The
alternating group A, is real if and only if n = 1,2,5,6,10,14 [Ber69, Th. 1.2]. All real

classes of A, are strongly real [Sul08| §3, corollary 3]. Moreover its all real representations
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are totally orthogonal [Tur92, Th. 1.1].

All real classes of general linear group GL,(q) are strongly real [Won66l, Th. 1] and all
its real representations are orthogonal [Prad8, Th. 4]. Therefore in GLy(g), the number of
conjugacy classes of strongly real elements is same as the number of orthogonal characters.

The special linear group SLo(q) is strongly real as well as totally orthogonal when ¢ is
even and it is neither strongly real nor totally orthogonal when ¢ is odd [KS11l 5.3].

The orthogonal group Oy(q) is strongly real [Won66] as well as totally orthogonal
[Gow85, Th. 1]. A real group whose Sylow 2-subgroups are abelian is strongly real as well
as totally orthogonal. [Arm96, Cor. 11, Th. 12]

This motivates us to compare the two notions for arbitrary groups.

4.1 Strongly real special 2-groups

We begin with the definition of strongly real elements. In the following definitions, G

denotes a group.

Definition 4.1.1. An element g € G is called strongly real if there exists an element
h € G such that h> =1 and g~' = hgh™!.

An element h € G is called an involution if the order of h is 2. Every involution
is a strongly real element, since for every involution h, the identity element 1 € G
satisfies ! = 1h1~!. Let g be a strongly real element in G which is not an involution.
Then by definition, there exists ~ € G such that h?> = 1 and g~' = hgh™'. Since
gh7tgh™' = (gh~'g)h~! = h™2 = 1, an strongly real element g is either a involution

or a product of two involutions.

We show that if an element is strongly real then all its conjugates are strongly real.
Let g € G be a strongly real element. By definition, there exists h € G be such that h? = 1
and ¢g~! = hgh~!. Let ¢’ € G, since h? = 1, we have (¢’hg’~1)? = 1 and

1 1 /—1)—1'

(g'hg'")d'99' (g'hg ) = g'hgh g = g'g T g = (g g
Definition 4.1.2. A group G is called strongly real if all its elements are strongly real.
We now record a few lemmas.

Lemma 4.1.3 ([KK15|], Lemma 3.5). The direct product of strongly real groups is strongly

real.
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Proof Let G and G’ be strongly real groups. Let (g,¢9') € G x G'. Then there exists
h € Gand W € G such that h2 = 1 = B, g71 = h™lgh and ¢ ! = b’ ¢'h’. Now
(h,h")? = (1,1) and

- _ -1 1 _
(B, 1) Mg, 9" ) (A, 1)) = (W™ gh, W g'h) = (g7, ") = (g,9") "
Thus G x H is strongly real. U

Lemma 4.1.4 ([KK15|], Lemma 3.4). The central product of two strongly real groups is a

strongly real group.

Proof The direct product of two strongly real groups is a strongly real group (see lemma
4.1.3). Central products are quotients of direct products. Thus to prove the lemma,
we need to show that a quotient of a strongly real group is strongly real. Let G be a
strongly real group and N be a normal subgroup of G. Let % be the quotient group and
gN € % Let h € G be such that h? = 1 and g~' = hgh™!. Then AN € % is such that
hANhN = h?N = N and hNgN(hN)~! = hgh™'N = g~!N = (¢gN)~!. Therefore central

product of two strongly real groups is strongly real. O

The following theorem gives a characterization of strongly real special 2-groups. We
use the quadratic map associated to special 2-group to check the strong reality of these
groups.

Theorem 4.1.5 ([KK15], Th. 3.1). Let G be the special 2-group associated to quadratic
map q : V — W. Then G is strongly real if and only if for every non-zero v € V there
exists a € V with v # a and q(a) = q(a —v) = 0.

Proof We first suppose G to be strongly real. Let x € G and we write 2Z(G) =v € V.
Since G is strongly real there exists ¥ € G such that 4> = 1 and yz~! = zy. We take
a =yZ(G). We know that q(a) = q(yZ(G)) = y?> = 1. Now we compute
g(a—v) = q(yZ(G)(=Z(G))™)
=q(yz™'2(Q))
= (yz ™)
= yx_lxy

=y’=1eG



46 CHAPTER 4. STRONGLY REAL GROUPS

Thus we have ¢(a —v) = g(a) = 0.

For the converse part, we recall that G = V xW where the group operation is defined
by

(v,w)(V, W) = (v+ 2, c(v,v) + w+ W)
(v,w)™! = (v, c(v,v) + w).

where ¢ is a normal 2-cocycle and ¢(z) = c(z,z). Let * = (v,w) € VxW = G. By
hypothesis there exists a € V such that ¢(a) = g(a—v) = 0. We choose y = (a—v,0) € G.
We first check that y? = 1 € G, whose image in V xW is (0,0).

> =(a—v,0)+ (a—v,0) = (2(a —v),cla—v,a —v)) = (2(a —v),q(a —v)) = (0,0)
Moreover

y try = (a—v,0)(v,w)(a —v,0) =

1

Therefore yzy = x~'. Further since 4> = 1, we conclude that yry~' = 7! and G is

strongly real. O

A quadratic map ¢ : V — W is said to be isotropic if there exists a non-zero element
v € V such that ¢(v) = 0. From above theorem, it is clear that the quadratic map
associated to a strongly real special 2-group is always isotropic. However the converse is
not true. For example, consider the special 2-group G associated to the quadratic map
q:V — W defined by q(x,y,2) = (#? + xy + y?,x2z). This quadratic map is isotropic
because ¢(0,0,1) = (0,0). But we claim that the group G is not strongly real. We use
the Th. to establish our claim. We first find all @ € V such that ¢(a) = 0. Let
a:= (z,y,2) € V such that q(a) = 0. This gives us 22 + zy + y?> = 2z = 0. It implies that
x =y = 0 and z may take any value. Hence the value of a is either (0,0,0) or (0,0,1).
We consider v = (1,1,1) € V. The following table confirms that there does not exist any
a € V such that ¢(a) = g¢(a —v) = 0.
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a v—a | qv—a)
(0,0,0) | (1,1,1) | (1,1)
(0,0,1) | (1,1,0) (1,0)

Table 4.1: Special 2-group G associated to q(z,y,2) = (2* + 2y + y*, x2) is not

strongly real.

We use Th. to the study strong reality of extraspecial 2-groups. The notations

are same as defined in notation 2.1.6]

Proposition 4.1.6 ([KK15], Prop. 4.1). All extraspecial 2-groups except Qo are strongly

real.

Proof We first show that the Dihedral group D, is strongly real. The quadratic form
associated to Dihedral group Dy is [0,0]. We recall that [0, 0] is 2-dimensional quadratic
form q : V — Fy defined by ¢(x,y) = zy. We use Th. to show that D, is strongly
real group. For each v € V' we have to exhibit some a € V such that ¢(a) = g(a —v) = 0.
The following table demonstrates that it is indeed possible.

(% a

(0,0),(1,0),(0,1) | (0,0)
(1,1) (1,0)

Table 4.2: The group D, is strongly real.

By lemma the groups Din), n € N are strongly real. Now we proof that groups
Q20 Dfln_l) are strongly real. We again use Th. The quadratic form associated to
Q20Dy4is ¢=10,0] L[1,1]. Asamap q:V — Fs is given by

q(w,z,y,2) = w? +wz + 2%+ yz

For each v € V, the following table gives the a € V' such that ¢(a) = q(a —v) = 0.
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v a
(0,0,0,1),(0,0,1,0),(1,1,1,1),(1,0,1,1), (0,1,1,1),(0,0,0,0) | (0,0,0,0)
(0,0,1,1) (0,0,0,1)
(1,0,0,0),(0,1,0,0),(1,1,1,0),(1,1,0,1) (1,1,1,1)
(0,1,1,0),(0,1,0,1),(1,1,0,0) (0,1,1,1)
(1,0,1,0),(1,0,0,1) (1,0,1,1)

Table 4.3: The group Qs o Di"il) is strongly real.

By repeated use of lemma we get that groups Qs o Din_l) for n > 2 are strongly

real.
The only left out extraspecial 2-group is (Q2, which is not strongly real. This is because

there is only one involution in ()2, which is central. O

Lemma 4.1.7. The Quaternion group Q2 is real.

Proof The quadratic form associated to quaternion group Qs is [1,1]. We recall that
[1,1] is a 2-dimensional quadratic form g : V — Fy defined by q(z,y) = 2? + zy + %. We
use Th. to show that ()2 is a real group. For each v € V', the following table exhibits
a € V such that ¢(a) = g(a — v).

(0,0),(0,1) | (1,0)
(1,0),(1,1) | (0,1)

Table 4.4: The group @) is real.

O
It is clear that every strongly real group is real. Therefore Prop. and lemma
imply that all extraspecial 2-groups are real.

4.2 Examples

In this section, we give the examples of strongly real groups which are not totally orthogo-

nal and vice-versa. The examples of such groups shall be built up on other such examples
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of groups of smaller orders. The following lemmas are useful in the building of infinite

series of such examples.

Lemma 4.2.1 ([KK15], Lemma 3.5). The direct product of totally orthogonal groups is
totally orthogonal.

Proof Since the representations of a direct product are the tensor products of repre-
sentations of the individual components [Gor80, Ch. 3, Th. 7.2] and the tensor product
of two orthogonal representations is orthogonal (see corollary|1.2.17)), the lemma follows. [J

Lemma 4.2.2 ([KK15|, Lemma 3.6). Let G and H be special 2-groups. Then

1. The direct product G x H is a special 2-group.

2. If H is totally orthogonal and if there is an isomorphism 0 : Z(G) — Z(H) between
the centers of G and H then G is totally orthogonal if and only if G og H is totally

orthogonal.

Proof
1. We know that Z(G x H) = Z(G) x Z(H) and (G x H) = G’ x H'. Also
BGxH) = {(g,h)? : (9,h) € GxH} = {(¢",h?) : g € G, h € H} = B(G)xD(H),
Where (G x H) denotes the Frattini subgroup of G x H. Since Z(G) and Z(H) are
elementary abelian 2-groups and Z(G x H) = Z(G) x Z(H), the center Z(G x H) is
also an elementary abelian 2-group. This gives Z(G x H) = (G x H)' = ®(G x H)

and these are elementary abelian 2-groups. Thus G x H is a special 2-group.

2. Let ¢1 and g2 be the quadratic maps associated to special 2-groups G and H
respectively. It is easy to check that (g1 Lo q2)s = 6(q1)s L (¢2)s for a non zero
linear map s : Z(H) — Fa. Also Arf((q1 Lo ¢2)s) = Arf(0(q1)s) + Arf((g2)s). Since
H is totally orthogonal, Arf((g2)s) = 0 for all non zero linear maps s : Z(H) — Fa
(Th. [3.2.7). Therefore Arf((q1 Lg g2)s) = 0 if and only if Arf(6(¢2)s) = 0 for all
non zero linear maps s : Z(H) — Fy. Now again using Th. we have that the
group G is totally orthogonal if and only if G oy H is totally orthogonal.

O
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4.2.1 Totally orthogonal but not strongly real groups

This section is devoted to give examples of strongly real special 2-groups with symplectic
representations. We begin with such examples in class of extraspecial 2-groups. The
notations are same as defined in notation

Proposition 4.2.3 ([KK15], Example 4.2). All extraspecial 2-groups Q2 o Dz(lnfl), n> 2

are examples of strongly real groups which are not totally orthogonal.

Proof Let G be an extraspecial 2-group associated to a quadratic form g. The HomFQ (Fy,Fy)
consists only of one non zero element, namely the identity map. Now by Th.
the group G is totally orthogonal if and only if Arf(g) is trivial. Extraspecial 2-groups
QQODl(lnil) are not totally orthogonal because the Arf invariant of the associated quadratic
form ¢ = [1,1] L [0,0]--- L [0,0] is not trivial. From the Prop. we know that
all extraspecial 2-groups expect Qo are strongly real. Thus all extraspecial 2-groups

Q20 Dinfl), n > 2 are strongly real groups which are not totally orthogonal. U

In the view of Th. we mention that for all n € N, extraspecial 2-groups
Dfln) are totally orthogonal. This is because the Arf invariant of the quadratic form
g =10,0] L [0,0]--- L [0,0] associated to the group Din) is trivial.

The computer algebra system GAP [GAPOS| confirms that the extraspecial 2-group
Q2 o Dy is smallest strongly real group which is not totally orthogonal. We give GAP
[GAPOS] code to check this in the appendix. The order of group Q20 Dy is 32 and it is the
only such group of order 32. The next order in which an example of strongly real group
with symplectic representations is found is 64. We record strongly real special 2-group of

order 64 which is not totally orthogonal group in the following example.

Example 4.2.4 ([KK15], Example 4.3) Let V (resp. W) be a vector space of dimension
4 (resp. 2) over the field Fy. Consider the regular quadratic map q(w,z,y, z) = (2% +
wzr + wz + zy,wy) from V to W. We show that the special 2-group associated to ¢ is
strongly real but not totally orthogonal. We use the Th. to show that the special
2-group G is strongly real. In the following table we give a € V for every v € V such that

q(a) = q(v—a)=0.
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v a
(1,0,0,0), (0,1,0,0), (0,0,1,0), (1,0,0,1), (0,1,1,1) | (0,0,0,0)
(0,0,0,1),(1,1,0,0),(1,0,1,0), (1,1,1,1) (1,0,0,0)
(0,1,1,0),(0,1,0, 1) (0,0,1,0)
(0,0,1,1) (0,1,0,0)
(1,1,1,0),(1,0,1,1),(1,1,0,1) (1,0,0,1)

Table 4.5: The group Gg4 is strongly real.

We know that every strongly real group is also real. We use Th. to check that
the special 2-group associated to g is not totally orthogonal. Let s : W — Fg be the linear
map given by s(wq,ws) = wy + wy for (wi,wz) € W. The quadratic form soq: V — Fy
given by s o q(w,z,y, 2) = (22 + wr + wz + 2y + wy) is regular. Therefore the quadratic
forms s o ¢ and g5 are same. The following change of variables in s o ¢ converts it to the
form [1,1] L [0,0]:

W w—+x+ =2
T=T+yY
Yy—y+w

Z—=y+z

The Arf Invariant of [1,1] L [0,0] is equal to 1. Thus we have a linear map s : W — [y
for which the Arf invariant of the quadratic form ¢, is not trivial. Hence by Th. this
group G is not totally orthogonal.

Remark 4.2.5 We have checked using GAP [GAPO§| that special 2-group associated
to ¢ is only special 2-group of order 64 which is strongly real and not totally orthogonal.
The GAP [GAPOS] coding need to check this is given in the appendix.

Notation 4.2.6. We denote the unique strongly real special 2-group of order 64 which
is not totally orthogonal by Ggs. The quadratic map associated to Ggy is q(w,x,y,z) =
(22 + wx + wz + Y, wy).
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The groups Gg4 and G = Ca X (Q20 Dy), where Cy is the group of order 2 are the only
strongly real groups of order 64 which are not totally orthogonal. U

We now have all the ingredients to prove the following theorem.

Theorem 4.2.7 ([KK15], Th. A). For every m > 5 there exist special 2-groups of order

2™ which are strongly real but not totally orthogonal.

Proof Let m € N. We first suppose that m is odd and m = 2n + 1. By Prop.
the extraspecial 2-groups ()2 o Dfln_l) for n > 2 are strongly real groups with symplectic

representation.

Now we consider the case when m is even and the two sub cases: m = 6 + 4n and
m = 8 + 4n. First suppose that m = 6 4+ 4n. The groups Ggq o (D4 X D4)(”) are strongly
real but not totally orthogonal of order 6 + 4n, where Gg4 is the group as in example
and (D4 x D4)™ denotes the n-fold central product of Dy x Dy. The group Dy is strongly
real and totally orthogonal special 2-group, whereas Gg4 is strongly real special 2-group

which is not totally orthogonal. Now the proof follows from lemma lemma [£.1.4 and
example

Finally we consider the case m = 8 4 4n. The group ((Qg 0 Dy4) x Dy) o (Dy x Dy)™
are strongly real but not totally orthogonal of order 8 4+ 4n. It follows from lemma [4.2.2
lemma and Prop. as the group Q)2 o Dy is strongly real extraspecial 2-group
which is not totally orthogonal. This completes the proof. O

4.2.2 Strongly real but not totally orthogonal groups

This section is devoted to construct examples of special 2-groups which are totally or-
thogonal but not strongly real. We construct such examples by finding a quadratic map
q : V. — W between vector spaces over field Fy such that the Arf invariant Arf(gs) is
trivial for all non-zero s € Homp, (W,F2) and there exists a non-zero v € V' for which no
a € V satisfies ¢(a) = g(a —v) = 0. The Th. and Th. imply that the special
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2-groups associated to such quadratic maps are totally orthogonal but not strongly real.

Example 4.2.8 ([KKI5], Example 5.1) Let V be the 4-dimensional vector space over Fy

and W be the 3-dimensional vector space over Fy. We define a quadratic map ¢ : V — W
by

q(w,z,y,2) = (wr +yz,wy,zy); (w,z,y,2) €V (4.1)
The polar map b, of ¢ is given by
be((wi, 1,91, 21), (W2, T2, Y2, 22)) = (W12 + T1W2 + Y122 + 21Y2, W1Y2 + Y1W2, T1Y2 + Y122)

where (w1, 21,y1,21), (W2, T2, Y2, 22) € V.

We check that rad(b,) = 0. Let (w,z,y, 2) € rad(by). Then for all (wq,z1,y1,21) € V,
we have by((w, z,v, ), (w1, 21,y1, 21)) = 0. This implies wzy + 2w + yz1 + 2y1 = wy1 +
ywi = zy1 + yz1 = 0 and hence ((w,z,y,2) = 0 € V. Since by((1,0,0,0),(0,1,0,0)) =
(1,0,0), b4((1,0,0,0), (0,0,1,0)) = (0, 1,0) and by((0,1,0,0), (0,0,1,0)) = (0,0, 1) we have
(bg(V x V)) = W. From Th. there exist a unique special 2-group whose associated
quadratic map is ¢. We denote this group by Gi9g. The order of this group is |V| x |W| =
128.
To check that special 2-group associated to the quadratic map ¢ is real, for each v € V,
we give a € V such the criteria of Th. is satisfied.

v a q(a) = q(a—v)
(0,0,0,0),(1,0,0,0), (0,1,0,0), (0,0,1,0),
(0,0,0,1),(1,0,0,1),(0,1,0,1)

(0,0,0,0) (0,0,0)

(1,1,0,0),(1,1,0,1),(1,0,1,0) (1,0,0,0) (0,0,0)
(0,1,1,0),(0,0,1,1),(0,1,1,1),(1,0,1,1) | (0,0,1,0) (0,0,0)
(0,0,0,1),(1,1,1,1) (0,0,1,1) (1,0,0)

Table 4.6: The group Giag is real.

To show that G1ag is not strongly real, we consider v = (1,1,1,1) € V. Then for every
a € V with g(a) = 0 we claim that g(v — a) # 0. We first identify all a € V such that
q(a) =0. Let a = (w,z,y,2) € V be a vector such that ¢(w, z,y, z) = 0. This implies

wr+yz=wy=ay =0
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If y # 0 then the above condition forces * = w = z = 0. Thus we have a = (0,0,1,0).
If y = 0 then above condition implies that either w = 0 or z = 0. Therefore we
conclude that a € {(0,0,0,0), (0,1,0,0),(1,0,0,0),(0,0,0,1),(0,1,0,1),(1,0,0,1)}. In the

following table, we compute that for every such a, g(a — v) # 0.

a a—v q(a —v)
(0,0,1,0) | (1,1,0,1) | (1,0,0)
(0,0,0,0) | (1,1,1,1) | (0,1,1)
(0,1,0,0) | (1,0,1,1) | (1,1,0)
(1,0,0,0) | (0,1,1,1) | (1,0,1)
(0,0,0,1) | (1,1,1,0) | (1,1,1)
(0,1,0,1) | (1,0,1,0) | (0,1,0)
(1,0,0,1) | (0,1,1,0) | (0,0,1)

Table 4.7: The group G195 is not strongly real.

The above table and the Th. confirm that G1ag is not strongly real.

Now we show that the special 2-group (G128 associated to the quadratic map ¢ as in
equation (4.1]) is totally orthogonal. Since dimp, (W,F2) = 3, there exist exactly 7 non-zero

Fs-linear maps from W to Fo, which are the following
sn(T,y,2) =iz + jy + kz; (z,y,2) e W, 1 <n <7,

where n = 4i + 2§ + k is the binary expansion of n € {1,2,---,7}. We write various

transfer maps of ¢:

sioqlw,x,y, =7y,

s2o0qlw,x,y, = wy,

s3oqlw,,Y, :wy+xy:(w+$)y7

ssoq(w,x,y,2) =wx +yz + xy = wzr + (2 + )y,

( z)
( z)
( z)
sgoq(w,x,y,2) =wxr +yz,
( z)
s¢ o q(w,x,y, z) = wr + yz + wy = wx + (z + w)y,
sroq(w,x,y,z) = wr +yz + wy + vy = wr + (2 + w + )y,
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where (w, z,y, z) € V. By the linear change of variables, the quadratic forms s;0q and s3oq
are isometric to sy 0q : V — Fy defined by s3 0 q(w, x,y, z) = wy. Whereas the remaining
quadratic forms are isometric to s40¢q : V — Fy defined by s4 0 q(w, z,y, 2) = wx + yz by

suitable linear changes of variables.

Now rad(bs,0q) = ((0,1,0,0),(0,0,0,1)) and m =((1,0,0,0),(0,0,1,0)). There-

fore s o g induces regular quadratic form g, : —7—5 d(l‘)/ 5 [Fy defined by gs, (o, B) = af3,
520
where (o, 8) € m. Since the quadratic form gs, is isometric to [0,0], Arf(gs,) = 0.
5‘20

On the other hand, the subspace rad(bs,oq) is trivial. Therefore quadratic form s4 o g is

regular. The quadratic form gs, is same as s4oq, which is [0,0] L [0, 0]. Hence Arf(gs,) = 0.

As a consequence, for all s € Horr1F2(V[/'7 [Fy) the Arf invariant of the quadratic form g
is trivial and by Th. the group G1sg is totally orthogonal. O

Now we give examples of totally orthogonal special 2-groups of order 2% and 2? which
are not strongly real. These examples are building blocks for constructing such examples

in order 2™ for every m > 7.

Example 4.2.9 ([KK15], Example 5.2) Let V and W be vector spaces over the field
Fy with dimp (V) =5 and dimp (W) = 3. We check that the special 2-group associated
to the quadratic map ¢ : V' — W defined by

q(w,z,y, 2,t) = (wz + wt + yz,wy, wt + zy); (w,x,y,2,t) €V (4.2)

is totally orthogonal but not strongly real group of order 28. We show that this group is
not strongly real using Th. Let a := (w,z,y,2,t) € V such that g(a) = 0 implies
that wx + wt + yz = wy = wt + xy = 0. If w = 0, this condition forces that yz = zy = 0.

If we further suppose that y = 0, we get the following set of values of a.
{(07 07 07 07 0)? (07 17 07 07 0)? (07 07 07 17 0)? (07 07 07 07 1)7 (07 17 07 17 0)? (07 07 07 17 1)(07 17 07 17 1)}'

On the other hand if we consider w = 0 and y # 0, then we get x = z = 0. Thus in this
case values of a are (0,0,1,0,0) and (0,0,1,0,1). Now we consider the case w # 0, then by
condition g(a) = 0 we have y =t = x = 0 and the values of @ in this case are (1,0,0,0,0)
and (1,0,0,1,0). This completes the list of a € V with property ¢(a) = 0. Consider
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v=(1,1,1,1,1) € V. The calculation in the following table shows that ¢(v — a) # 0, for
all a € V for which ¢(a) = 0.

a a—v g(a—v)
(0,0,0,0,0) | (1,1,1,1,1) | (1,1,0)
(1,0,0,0,0) | (0,1,1,1,1) | (1,0,1)
(0,1,0,0,0) | (1,0,1,1,1) | (0,1,1)
(0,0,1,0,0) | (1,1,0,1,1) | (0,0,1)
(0,0,0,1,0) | (1,1,1,0,1) | (0,1,0)
(0,0,0,0,1) | (1,1,1,1,0) | (0,1,1)
(1,0,0,1,0) | (0,1,1,0,1) | (0,0,1)
(0,1,0,1,0) | (1,0,1,0,1) | (1,1,1)
(0,1,0,0,1) | (1,0,1,1,0) | (1,1,0)
(0,0,1,0,1) | (1,1,0,1,0) | (1,0,0)
(0,0,0,1,1) | (1,1,1,0,0) | (1,1,1)
(0,1,0,1,1) | (1,0,1,0,0) | (0,1,0)

Table 4.8: The group Gasg is not strongly real.

By Th. we conclude that the special 2-group associated with quadratic map
defined in equation (4.2) is not strongly real. Now we use Th. to show that this group
is real. In the following table, for every v € V, we find a € V such that ¢(a) = q(v — a).

v a q(a) = g(a —v)
(0,0,0,0,0),(1,0,0,0,0),(0,1,0,0,0), (0,0, 1,0,0),
(1,0,0,1,0),(0,1,0,1,0),(0,1,0,0,1),(0,0,0,1,1), (0,0,0,0,0) (0,0,0)
(0,0,0,1,0),(0,0,0,0,1),(0,1,0,1,1),(0,0,1,0,1)
(1,1,0,0,0),(1,0,1,0,0),(1,0,0,0,1),(1,0,0,1,1), (1,0,0,0,0) (0,0,0)
(1,0,1,0,1),(1,1,0,0,1),(1,1,0,1,0),(1,1,0,1,1)
(0,1,1,0,0),(0,0,1,1,0),(0,0,1,1,1),(0,1,1,0,1), 0,0,1,0) (0,0,0)

(0,1,1,1,0),(1,0,1,1,0),(0,1,1,1,1)
(1,1,1,0,0),(1,1,1,1,0) (0,0,1,1,0) (1,0,0)
(1,1,1,1,1),(1,1,1,0,1) (0,1,1,1,0) (1,0,1)
(1,0,1,1,1) (0,1,1,0,0) (0,0,1)

Table 4.9: The group Gase is real.

Now we explicitly make a calculation to show that special 2-group associated to the
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quadratic map as defined in the equation (4.2)) is totally orthogonal. Since dimp, (W, Fy) =

3, there exist exactly 7 non-zero Fo-linear maps from W to Fy, which are the following
sn(,y,2) =iz +jy+kz  (2,9,2) €W, 1<n<7T,

where n = 4i + 25 + k is the binary expansion of n € {1,2,---,7}. We write various
transfer maps of ¢:
s1oq(w,x,y, z,t) =
spoq(w,x,y, 2.t
s3oq(w,x,y, 2t y+ wt + xy = wt + (w + x)y,
x+wt+yz=yz+ (x4 t)w,

x4+ wt+yz+wt+zy =yz+ (w+y)z,
r+wt+yz+wy=yz+ (x+t+y)w,

) =w
) =w
) =w
sgoq(w,x,y,z,t) =w
) =w
s¢oq(w,x,y,z,t) =w

) =w

(

(
ssoq(w,x,y, z,t

(

(

z+ wt +yz + wy + wt + 2y = wr + (2 + w + x)y.

s704 w7x7y7zat =
where (w, z,y,z) € V. We first consider the quadratic form spo0q : V' — Fy defined by sy 0
q(w,z,y, 2,t) = wy. Now we compute that rad(bs,o,) = ((0,1,0,0,0),(0,0,0,1,0),(0,0,0,0,1))
and rm(l‘fm = ((1,0,0,0,0),(0,0,1,0,0)). Therefore s9o0q induces regular quadratic form
sy m — Fy defined by ¢, (c, B) = a8, where (o, B) € m. Now the quadratic
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form g, is isometric to [0, 0], so Arf(gs,) = 0.

Except s o ¢ all the other transfer maps are isometric to s;1 o q : V — Fo defined
by s1 0 q(w, z,y, z) = wt 4+ zy by suitable linear changes of variables. Here rad(bs,oq) =
((0,0,0,1,0)) and m =((1,0,0,0,0),(0,1,0,0,0),(0,0,1,0,0),(0,0,0,0,1)). There-

fore s; o ¢ induces regular quadratic form g, : m — Fy defined by g¢s, (o, 8,7, w) =
SlO

af + yw, where (a,f,v,w) € m. Now the quadratic form g5, is isometric to

[0,0] L [0,0], so Arf(gs,) = 0.

Thus we conclude that for all s € Hom(W,Fq) the quadratic form g5 is isometric to
either [0,0] or [0,0] L [0,0], therefore Arf(gs) = 0 for all s € Hom(W,Fs). Thus by Th.
the special 2-group associated with quadratic map defined in equation (4.2)) is totally
orthogonal. (|
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Example 4.2.10 ([KK15], Example 5.3) We consider two vector spaces V and W over
Fy with dimp (V) =5 and dimp (W) = 4. We check that the special 2-group associated
to the quadratic map ¢q : V — W defined by

q(w,z,y, z,t) = (wz + yz,wy, zy,wt); (w,z,y,2,t) € V. (4.3)

is totally orthogonal but not strongly real group of order 2°.

To show that the special 2-group associated to quadratic map as defined in equation
is not strongly real, we take v = (1,1,1,1,1) € V. We first compute all a :=
(w,z,y,z,t) € V such that g(a) = 0. The condition ¢(a) = 0 implies that wz +yz = wy =
zy = wt = 0. If w = 0, this condition forces that yz = xzy = 0. If we further suppose that
y = 0, we get the following set of

{(07 07 07 07 0)7 (07 17 07 07 0)7 (07 07 07 17 0)7 (07 07 07 07 1)7 (07 17 07 17 0)7 (07 07 07 17 1)(07 17 07 17 1)}'

On the other hand if we consider w = 0 and y # 0, then we get x = z = 0. Thus in
this case values of a are (0,0,1,0,0) and (0,0,1,0,1). Now we consider the case w # 0,
then by condition ¢(a) = 0 we have y =t = x = 0 and the values of a in this case are
(1,0,0,0,0) and (1,0,0,1,0). This completes the list of a € V' with property ¢(a) = 0.
From the following table, we have that g(v —a) # 0 for all a € V' with ¢g(a) = 0.

a a—v q(a —v)
(0,0,0,0,0) | (1,1,1,1,1) | (0,1,1,1)
(1,0,0,0,0) | (0,1,1,1,1) | (1,0,1,0)
(0,1,0,0,0) | (1,0,1,1,1) | (1,1,0,1)
(0,0,1,0,0) | (1,1,0,1,1) | (1,0,0,1)
(0,0,0,1,0) | (1,1,1,0,1) | (1,1,1.1)
(0,0,0,0,1) | (1,1,1,1,0) | (0,1,1,0)
(1,0,0,1,0) | (0,1,1,0,1) | (0,0,1,0)
(0,1,0,1,0) | (1,0,1,0,1) | (0,1,0,1)
(0,1,0,0,1) | (1,0,1,1,0) | (1,1,0,0)
(0,0,1,0,1) | (1,1,0,1,0) | (1,0,0,0)
(0,0,0,1,1) | (1,1,1,0,0) | (1,1,1,0)
(0,1,0,1,1) | (1,0,1,0,0) | (0,1,0,0)

Table 4.10: The group G55 is not strongly real.
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In view of Th. the above table confirms that special 2-group associated to
quadratic map as defined in equation is not strongly real. The special 2-group
associated to quadratic map as defined in equation is real (Th. . The following
table gives the value of a € V for all v € V' such that ¢(a) = ¢(v — a).

) a Q<a) ZQ(G_U)
(0,0,0,0,0),(1,0,0,0,0),(0,1,0,0,0),(0,0,1,0,0),
(1,0,0,1,0),(0,1,0,1,0),(0,1,0,0,1),(0,0,0,1,1), | (0,0,0,0,0) (0,0,0,0)

(0,0,0,1,0),(0,0,0,0,1),(0,1,0,1,1),(0,0,1,0, 1)

( (
1,1,0,0,0),(1,0,1,0,0),(1,0,0,0,1),(1,0,0,1,1
( ) Y Y 7 )7( Y Y ) ) )7(( Y Y ) ) )7(( Y ) ) Y )7 (1’070’070) (0’070’0)

(1,0,1,0,1),(1,1,0,0,1),(1,1,0,1,0),(1,1,0,1,1)

(0,1,1,0,0),(0,0,1,1,0),(0,0,1,1,1),(0,1,1,0,1),

(0,1,1,1,0),(1,0,1,1,0), (0,1,1,1,1) (0,0,1,0) (0,0,0,0)
(1,1,1,1,1),(1,1,1,1,0) (1,1,0,0,0) | (1,0,0,0)
(1,0,1,1,1) (1,0,0,1,0) | (0,0,0,0)
(1,1,1,0,0) (0,0,1,1,0) (1,0,0,0)
(1,1,1,0,1) (0,0.1.1,1) | (1,0,0,0)

Table 4.11: The group G512 is real.

Now we make the calculations to show that special 2-group associated to quadratic
map as defined in equation (4.3) is totally orthogonal. Since dimp, (W,F2) = 4, there exist

exactly 15 non-zero Fo-linear maps from W to Fsy, which are the following
snl(@,y, z,w) = iz + jy + kz +lw;  (2,y,2,w) € W,1<n < 15,

where n = 8i + 47 + 2k + [ is the binary expansion of n € {1,2,---,15}. We write various

transfer maps of ¢:

810 Q(w;x7y72'at = wtv

w’ $7y7 Z7t

)

S92 0 Q(wawvyv Zt) =y,
5304 )
)

(
(

w
5404 wa$7y727t = wy,
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ssoq(w,x,y, 2z,t) = wy + wt = (y + t)w,

wy + zy = (w + x)y,
wy + wt + xy = 2y + (t + y)w,

Sg oqlw,x, Y,z 7t

stoqlw,x,yY,z 7t

sgoqlw,x,yY, z 7t wx—i—yz

sgoq(w,x,y,z,t) =wr+yz+wt =yz+ (z+t)w

(
wr +yz +zy =yz + (w+y)z,
wr+yz+wt+azy=(r+2)y+ (z+t)w

Slloqw7x7y7 7t

Slzoqw7x7y7 7t

wx + yz +wy = yz + (v + y)w,
wr +yz + wy +wt =yz + (x +y + t)w,

si3oq\w,x,Y, z 7t

suuoq(w,x,y,z,t) =wr +yz +wy +zy =wzr + (2 + w+ )y,

( ) =
( )
( )
( )
( )
s10 0 q(w,x,y, z,t)
( )
( )
( )
( )
( ) =

sisoq(w,z,y,2,t) =wr +yz +wy + oy +wt = (z+Hw+ (2 + w + 2)y.

where (w,z,y,z) € V. The quadratic forms s; o ¢,s2 0 ¢,s5 0 ¢ and sg o ¢ are iso-
metric to the quadratic form sy o g : V. — Fa defined by s2 o q(w,x,y,2,t) = wy.
Now we compute rad(bs,oq) = ((0,1,0,0,0),(0,0,0,1,0),(0,0,0,0,1)) and m =
((1,0,0,0,0),(0,0,1,0,0)). Therefore syoq induces a regular quadratic form gs, : m —
Fy defined by gs, (o, f) = af, where («a, ) € m. Now the quadratic form g¢s, is
isometric to [0, 0], so Arf(gs,) = 0.

All the other transfer maps are isometric to s3oq : V — Fy by suitable linear changes
of variables. Here rad(bs,.q) = ((0,0,0,1,0)) and s3 o ¢ induces regular quadratic form
Qs3 - m — [y defined by ng(aaﬁa%W) = O‘B + yw, where (O[,ﬁ,’%&)) € m‘

Now the quadratic form ¢s, is isometric to [0,0] L [0,0], so Arf(gs,) = 0.

Therefore for all s € Hom(W,Fy), Arf(¢s) = 0. Now by Th. and by Th.
the special 2-group associated to quadratic map defined in the equation (4.3) is a totally

orthogonal group which is not strongly real. O

Notation 4.2.11. We denote the special 2-groups associated to quadratic maps as defined
by the equations , and by G1as, Gass and Gs1o respectively.

We now have all the ingredients to prove the following theorem.

Theorem 4.2.12 ([KK15], Th. B). For every m > 7 there exist special 2-groups of order

2™ which are totally orthogonal but not strongly real.
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Proof We consider the groups Giag x DY, Gase x DY and Gg12 x DY, where D} denotes
the n-fold direct product of Dy. It is computed that the groups Giog, Gose and Gxio

are strongly real groups which are not totally orthogonal in examples [4.2.8] [4.2.9] [4.2.10]

respectively. Whereas the group D, is strongly real as well as totally orthogonal. Now
using lemma we conclude that the groups are G128 X D}, Gasg X D} and G512 x D}
are totally orthogonal special 2-groups which are not strongly real. Their orders are
27+3n 98+3n and 29437, This completes the proof of the Theorem. O

Remark 4.2.13 We remark that the smallest totally orthogonal special 2-group which
is not strongly real is of order 128. We have checked using GAP [GAPOS§]| that the smallest
totally orthogonal group which is not strongly real is of order 64. That group, though, is
not a special 2-group. We give GAP [GAPOS8] code to check this in the appendix.

In the following table we record all totally orthogonal groups of order at most 128
which are not strongly real. Here C,,, D, QD,, and @,, denote the cyclic group of order n,
dihedral group of order 2n, quasidihedral group of order n and quaternion group of order
4n, respectively and G x H, Gx H and Go H denote the direct product, semidirect product
and central product of groups G and H respectively. This table has been obtained using
GAP [GAPO§|. We give GAP [GAPOS] code used to make this table in the appendix.

SmallGroups library ID Structure description Order | Special group
(64,177) (Cy x Dg) : Cs 64 No
(128,453) ((Cs x Cy) : C3) : Cy 128 No
(128,931) (((Cg x C3) : C) : Cg) : Cy 128 No
(128,932) ((Cy x Cy x C3) : Cy) : Cq 128 No
(128,982) (Cy x QD32) : Co 128 No
(128,1345) ((Cq x Cy x Cy x Dy) : Cy 128 Yes
(128,1389) (Co x ((Cy x Cy) : Cq)) : Cq 128 Yes
(128, 1544) (Cy x ((Cy x Cy x Cy x Cq) : C3)) : Cy 128 Yes
(128,1550) (Co x ((Cy x Cy) : Cq)) : Cq 128 Yes
(128,1880) (Cy x (Cy x Dg) : Co) 128 No
(128,1924) (Co X ((Cy x Cy x Cq) : Cq)) : Co 128 No
(128,1949) (Co x ((Cy x Cy) : C3)) : Cy 128 No

Table 4.12: Totally orthogonal groups which are not strongly real up to order 128.

In the following table, we record all strongly real groups up to order 128 which are
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not totally orthogonal. Again, this table has been obtained using GAP [GAP0§|. We give
GAP |[GAPO§| code used to make this table in the appendix.

SmallGroups library ID Structure description Order | Special group
(32, 50) Q20 Dy 32 Extraspecial
(64,218) (Cy x (Cy x C3) : Cq)) : Cy 64 Yes
(64,265) Cy x ((Cy x Q2) : Co) 64 No
(128,1347) (Co x Cy x ((C4 x C3) : Cg)) : Co 128 Yes
(128,1388) (Co x ((Cy x C3) : Cy)) : Co 128 Yes
(128,1407) (Co x ((Cy x Oy x Cg) : Cg)) : Cy 128 Yes
(128, 2180) Cy x ((Co x (Cy x C3) : C3)) : Cq) 128 No
(128,2318) (Co x ((Cy x Q) : C3))) : Co 128 No
(128,2324) Cy x (Cy x ((Cy x Q) : C) 128 No
(128,2327) Qo0Dy0Dy 128 Extraspecial

Table 4.13: Strongly real groups which are not totally orthogonal up to order 128.



Chapter 5

Representations of real special

2-groups

The aim of this chapter is to utilize the description of special 2-groups in terms of quadratic
maps to construct the conjugacy classes, irreducible representations and complex character
tables of real special 2-groups.

This chapter consists of four sections. In the first section we describe irreducible
representations of real special 2-groups. In and we describe a method to construct
the character table of real special 2-groups. These two sections deal with the characters and
conjugacy classes of real special 2-groups. In we illustrate our method of constructing

character tables of real special 2-groups through examples.

Realization of abstract groups as groups of linear transformations is known as repre-
sentation theory. In the theory of representations, there are number of ways of getting new
representations from already known representations. In this chapter, we describe a method
to write representations of real special 2-groups using the well known representations
of extraspecial 2-groups. A large portion of the chapter is devoted to patch together
the information of extraspecial 2-groups. This is done by converting quadratic maps
associated to real special 2-groups to quadratic forms associated to extraspecial 2-groups

by composing them with suitable linear maps.

Recall from example that conversion of quadratic map to regular quadratic forms

63
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is indeed possible if the corresponding group is real. For this reason, we deal only with
those special 2-groups which are real. A major part of this chapter concerns refining the
Prop. [[Zahll], Prop. 3.3]. Before stating this proposition, we recall the notations from
Let G be a real special 2-group and ¢ : V' — W be the quadratic map associated to
it. Let s € Homp, (W, F2) be a non-zero linear map. The map soq is called the transfer of
quadratic map ¢ by s. If the group G is real, then s o ¢ induces a regular quadratic form
from V; := m to Fy (see remark . We denote this form by ¢;. We denote the

extraspecial 2-group associated to the quadratic form ¢ by Gs.

Proposition 5.0.14 ([Zahll], Prop. 3.3). Let G be a real special 2-group and q : V :=
—Z?G) — Z(G) =: W be the quadratic map associated to G. Then

1. For every non-zero s € HomIF2 (W,Fy), there exists an irreducible representation ¢
of degree at least 2 of G such that o(G) = Gs.

2. Conwversely, for all irreducible representations ¢ of degree at least 2 of G, there exists
a non-zero s € Homp (W, F2) such that ¢(G) = G.

5.1 Representations

This section is devoted to describe all irreducible representations of real special 2-groups.

We first record a useful lemma:

Lemma 5.1.1. Let G be a real special 2-group and q : V. — W be the quadratic map
assoctated to G. For 0 # s € Homp (W,F2) let g5 : Vs = m — [y be the regular
quadratic form induced from transfer map soq. Let G denote the special 2-group associated
~ GS

to qs. Then Vg ~ AEAE

Proof We recall from remark [1.3.10| that the group G has underlying set V; x Fy and
its group operation is given by (v, w)(v',w’) = (v + v/, cs(v, V") + w + w'), where ¢ is the
normal 2-cocycle corresponding to quadratic form ¢, (see Prop. [1.3.8). We consider Vs as
a group under addition and define £ : G5 — Vi by £(v,w) = v. Clearly £ is a surjection.
Therefore kg(sg) > V. Now to prove the result, we need to show that ker(§) = Z(Gy). If
(v,w) € ker(§) then v = 0. For all (v/,w') € G5, we have

(0, w)(v',w") = (04", ¢5(0,v") + w4+ w') = (v +0,¢5(v',0) + w + w') = (v, w')(0, w)
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Thus Z(Gs) contains ker(£). Now for the reverse inclusion let (v,w) € Z(Gs). Then

for all (v/,w") € G, we have

(v,w) (v, w') = (v, w')(v,w)

—~

= W+, es(v,0) +w+w) = +v,e5(v,v) +w+w)

= cs(v,0) = s (V') v).

By [Zahlll Prop. 1.2], we have by, (v,v") = ¢s(v,v") —¢s(v', v). From the above calculation,
we have by, (v,v") = 0 for all v' € V5. Thus v € radb,,. Since gs is a regular quadratic
form, v = 0 and therefore (v, w) € ker(§). O

We refine of the first part of Prop. by observing that for every non-zero
s € Homp (W, F2), there are exactly [rad(bsoq)| number of inequivalent irreducible repre-
sentations ¢ of degree at least 2 of G such that ¢(G) = G5. Here |rad(bsoq)| denotes the

size of the radical rad(bsoq)-

Before stating next proposition, we record some definitions, which will be used later.

Definition 5.1.2. 1. Letc: VXV — W be a normal 2-cocycle and s € Homp (W, F2).
Then soc:V xV — Fy defined by s o c(v,v") = s(c(v,v")) for all v,v' € V is a

normal 2-cocycle. It is called the transfer of ¢ by s .

2. Let €5 : V — Vy be the canonical surjection and cs : Vs x Vs — W be a normal
2-cocycle. Then Inf(cs) : V x V — Fy defined by Inf(cs)(v,v") = cs(es(v), e5(v')) for

v,v' € V is a normal 2-cocycle. It is called the inflation of cs .

Proposition 5.1.3. Let G be a real special 2-group and q : 'V := % — Z(G) =W
be the quadratic map associated to G. Then for every non-zero s € Homﬂz2 (W,Fq) there
exist at least | rad(bsoq)| number of surjective homomorphisms from G to the extraspecial

2-group G.

Proof Let s € Homp, (W,F2) be a non-zero map. We have |rad(bseq)| = 2k for some
k € N as rad(bsoq) is a subspace of V. Since the order of Homp, (rad(bsoq),F2) is same
as that of rad(bsoq), we have 2F linear maps from rad(bsoq) to Fo. We enumerate these
linear maps as t;; 1 < i < 2F. For rest of the proof we fix a vector space complement V'
of rad(bsoq) in V. Thus we write V' = rad(bsoq) ® V'. Define h; : V- — Fy by h;(v) = t;(x),



66 CHAPTER 5. REPRESENTATIONS OF REAL SPECIAL 2-GROUPS

where v = (z,y) € V with z € rad(bsoq) and y € V.

Let [c] denote the class of normal 2-cocycle ¢ in H?(V,W). Using Prop. we
have a normal 2-cocycle ¢ such that ¢([c]) = ¢, where ¢ is the isomorphism between
H2(V,W) and Quad(V, W) as in Prop. Let s € Homp, (W,F2) be a non zero map
and soc:V x V — Fs be the transfer of ¢ by s. Let ¢s; be a normal 2-cocycle such that
#([cs]) = qs, where ¢ is the isomorphism between H?(V;,Fs) and Quad(V,Fy) defined in

Prop.

Let Inf(cs) : V x V' — Fy denote the inflation of ¢5. Now we compute

Inf(cs)(v,v) = gs(es(v)) = s(q(v)) = s o c(v,v)

This implies that under the isomorphism ¢ : H%(V,Fs) — Quad(V,F2), both [Inf(cs)] and
[s o c] are preimages of the same quadratic map.

Therefore Inf(cs) and s o ¢ are cohomologous [Zahlll, Prop. 3.3] and there exists a
coboundary A : V' — [y such that A(0) = 0 and

Inf(cg)(v,v") = soc(v,v") = Av + ') + A(v) + A(v). (5.1)

We have now all the ingredients to define surjective homomorphisms from G to G4 for
each i ;1 < i < 2*. Define fsi: G — G by

[si(v,w) = (&5(v), s(w) = A(v) = hi(v))

forv e V,w € W. It follows from the following direct computation that each fs; : G — G

is a group homomorphism.

Jsi((v,w) (', w') = fsi(v+0 c(v,v") + w+w')
= (es(v+ '), s(c(v,v') + w+w') — ANv+ ") = hi(v+ 7))
= (e5(v) + €5(V'), cs(€s(v), €5(V") + s(w) + s(w') — A(v) — A(v") — hi(v) — hi (V"))
= (es(v), s(w) = A(v) = hi(v))(€s(v), s(w) = A(v') — hi(v"))
= foi((v,w)) foi( (v, w"))
for (v,w), (v, w') € G.

Now we check that the homomorphisms f,; for each i;1 <7 < 2F are surjective. Let

(vs,ws) € Gg where vy € Vi and wg € Fo. The surjectivity of maps €5 and s provides
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v €V and w € W such that €5(v) = vs and s(w) = ws. Further, since A\(v), h;(v) € Fy and
s is surjective, there exist wi, wy € W such that A(v) = s(w1) and h;(v) = s(w2). Now we

compute:

fsi(v,w 4 w1 + w2) = (€5(v), s(w + w1 + w2) — A(v) — hi(v))
= (es(v), s(w) + s(w1) + s(wa) — A(v) — h;(v))

= (s, ws)

This calculation confirms that f;; is surjective for each i;1 <17 < 2% Further fsi31 <1<
2k are distinct homomorphisms. If i # j, then there exists v € V such that h;(v) # h;(v),
this implies fs; # fs;. Hence there are at least |rad(bsoq)| = 2% number of surjective

homomorphisms form G to the extraspecial 2-group Gs. U

Proposition 5.1.4. Let G be a real special 2-group and q : V = % — Z(G) =: W be
the quadratic map associated to G. Then for every non-zero s € Hosz(VV, Fq) there exist

at least |(rad(bsoq))| number of inequivalent irreducible representations ¢ of degree at least
2 of G such that p(G) = Gs.

Proof Let s € Homp (W,F2) be a non-zero linear map and | rad(bsoq)| = 2. The group
G is extraspecial 2-group, it has a unique irreducible faithful representation of degree at
least 2 (see remark . Let ¢4 denote the unique irreducible faithful representation of
degree at least 2 of Gs. Then we define ¢ ; := @50 fs; for 1 < i < 2k where fsi is as
in the proof of Prop. [5.1.3| Clearly ¢, ; are irreducible representations of G of the degree
same as that of ps. Moreover we have ¢, ;(G) = ¢s(fs.i(G)) = ps(Gs) = G5 as the map
fsi: G — Gy is surjective and ¢, is faithful.

Let xs; and x5 ; be the characters of representations ¢, ; and ¢, ;, respectively. Now
using Prop we show that ¢, ; and ¢, ; are equivalent if and only if ¢ = j. For this if
i # j, we need to find g € G such that x,:(g9) # Xxs,;(9)-

Let xs be the character afforded by the representation ¢ of group Gs. From the
definition of representations ¢, ; and ¢, ;, it follows that xs; = xs0 fs; and xs; = xs° fs,j-

If |(rad(bsoq))| = 1 then there is nothing to prove. If |(rad(bseq))| > 1, then for i # j
there exists (v,0) € G where v € rad(bsoq) such that h;(v) # h;(v). For the homomorphism
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fs. as defined in Prop. we have
f&i(v? O) = (07 _)‘(U) - hi(v))v f&j(v? 0) = (07 —)\(’U) - hj(v))

It implies that one of f;;(v,0) and f, ;(v,0) is the identity element of the group Gj,
while the other is the non-trivial element of Z(Gs). Without loss of generality we assume
that

fs,i(v,0) = (0,0) € Z(Gs),  fs,;(v,0) = (0,1) € Z(Gy).

Let the order of G be 22!, Then by lemma [2.2.7]

XS,i(v7 O) = Xs© fS,i(v?O) = XS(Oa 0) =2m
Xs,j(vv 0) = Xs© fs,j(va 0) = XS(()? 1) =-2m

This proves that ¢, ; and ¢, ; are inequivalent if ¢ # j. O

The following theorem implies that all irreducible representations of degree at least 2

of real special 2-groups are of the form g ; for suitable s € HomIF2 (W,Fy) and 1 < i <
|(rad (bsog))|-

Theorem 5.1.5. Let G be a real special 2-group and q : 'V := % — Z(G) = W be
the quadratic map associated to G. Then {¢s; : s € Homp (W,Fs),1 < i < 2k1 s the
complete list of irreducible representations of degree at least 2 of G; where s ; are as in

Prop. and 2* is the size of the radical rad(bsoq).

Proof Let |G| = 2" and [Z(G)| = 2™. Since the order of Homp, (Z(G),F2) and Z(G)
are same, the number of non-zero linear maps from Z(G) to Fa is |Z(G)] — 1 = 2™ — 1.
We denote these linear maps by si, S92, , Som_1.

First we use Prop. to prove that g ; and ¢, ; are inequivalent representations
of G if either p # q or i # j. If p = ¢ then it follows from the proof of Prop. that
©s,,i 1s not equivalent to o, ; if @ # j.

Suppose p # q. From Prop it follows that ¢,,:(G) = G, and ps, ;(G) = G, .
If G, # G, then ¢, ; is not equivalent to s, ;.

Suppose that G5, = G, and |G, | = |Gs,| = 221, Since s, and s, are distinct linear
maps, there exist w € W such that s,(w) # sq(w). Then f,, ;(0,w) = (0,s,(w)) and
Js4.i(0,w) = (0, 84(w)). Therefore one of fs, ;(0,w) and f, ;(0,w) is the identity element

of group G, = G, while other is non identity element of the center of group. Let xs, Xs,,.i
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and x5, j be the characters afforded by representations ¢s, @5, ; and s, ;, respectively. By
the description of ¢, ; and ¢, ; as in the proof of Prop. it follows that

Xopsi (05 0) = Xs(fs,i(0,w)) X, (0, w) = X5(fs.,5(0, 0))

without loss of generality, using lemmawe assume that x,, :(0,w) = 2t and Xsq,j (0, w) =
—2!. Now from Prop. [1.2.3] it follows that the representations s, and g, ;i are
inequivalent if either p # ¢ or 7 # j.

We know that sum of squares of degrees of all the inequivalent irreducible represen-
tations of a finite groups is equal to the order of the group (Th. . We now prove
the result by showing that squares of degrees of representations ¢, ; and one dimensional

representations of group G adds up to 2", which is the order of group G.

Let |G,,| = 227! for some non-zero linear map s; € Homp, (W,F2). Also we have
|Z(Gs;)| = 2 as G, are extraspecial 2-groups. By lemma it follows that

Vel
| c., ‘:]radb5j0q|
Z(C-;)
Therefore |rad bs;oq = 2;—;:1 By Prop. [5.1.4) there are at least |radbs,o,| number of

~Y

irreducible inequivalent representations ¢ of degree at least 2 of G such that ¢(G) = G;.
The degree of these representations is same as the degree of the faithful representation
©s; of G ;- It follows from remark that the degree of the faithful representation of
degree at least 2 of extraspecial 2-groups of order 22+1 is 2li. Using the Th. and
the fact that G’ = Z(G), we have that apart from the representations of degree at least
2, G has |%| number of one dimensional representations. Now we compute the sum of

squares of degrees of irreducible representations of G.

2m—1

G 2 — 112 G 2 ‘Z(GG)| 112
]—ZG |.1% 4+ E ]rad(bsjoq)].(Qﬂ) :\—ZG |.1% 4+ E —a [(29)
(@) =1 (&) =1 7S
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2m_1 on—m
=2 Z 22l (2lj)2
j=1
2m—1
=2 Y v
j=1
= QT (2™ —1)2nT™
="
=|Gl.

Therefore G' can not afford representations of degree at least 2 except ¢, ; and {¢s; : s €
Homp, (W,F3)} where 1 < i < 2¥ is the complete list of irreducible representations of
degree at least 2 of G. O

We now record a lemma for further reference with all the notations same as above.

Lemma 5.1.6. Let xs; be a character of degree at least 2 of real special 2-group G then

G
ker(xs,i) GS :

Il

Proof Let ¢, be the representation afforded by the character x;; then from Prop. [5.1.4
we have ¢, ;(G) = Gs. Now ¢, ; is a group homomorphism, so ¢, ;(G) = ﬁ

know that ker(¢s;) = ker(xs,). Therefore & — = G O

. Also we

5.2 Characters

The aim of this section is to provide a method to write the characters of degree at least 2

of real special 2-groups. With the notations of Prop. |[5.1.4] we have the following:

Proposition 5.2.1. Let G be a real special 2-group. Let xs; be the character of the
representation @, ;, as described in the proof of Prop. . Let the order of G be 22+1.
Then
28 if fo(g) =1
Xs,i(9) =< =21 if f5.i(g) is non-trivial element of Z(Gs)

0 otherwise
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Proof Let s be the irreducible representation of degree at least 2 of the extraspecial
2-group G5 and xs be the character afforded by . It follows from lemma that for
g € G, we have

2l ifg=1
xs(g) = —2! if g is the non-trivial element of Z(G)
0 otherwise

From Prop. we know that ¢s; = @50 fs;. Thus we have xs; = xs © fs;. Now the
result follows by using lemma, and the fact that xsi(g9) = xs(fs,i(g)) for all g € G.

O

Lemma 5.2.2. Let @, ; be the irreducible representation of degree at least 2 of real special
2-group G. Letdiag(1,1,--- ,1) denote the identity matriz of order 2 and diag(—1, —1,--- , —1)
denote the diagonal matriz of order 28 with diagonal entries equal to —1. Then for all

geG:

0s.i(g) = { diag(1,1,---,1) i xou(g) = ol

diag(—1,-1,---,—1) if xs.(g) = —2'

Proof It follows from Prop. that if ys:(g) = 2! then f5;(g) is the identity element
of extraspecial 2-group Gs. Let ¢s be the unique irreducible representation of degree at
least 2 of G,5. Form Prop. we know that ¢s; = pso fs;. Thus if fs;(g) = 1 then

‘ps,i(g) = ‘Ps(fs,i(g)) = st(l) = diag(lv I, 71)'

On the other hand if ys;(g) = —2' then fs;(g) is the non identity element of Z(G)
(Prop. . The representation @, of group G, is either equivalent to p ® ,0/®_\ -® p(l
copies of p) or o ® p ®p®--- @ p(l—1 copies of p) depending on whether G, = Dil_l) or
Gs =2 (o0 Dfll) (see remark . Here p and o are irreducible representations of degree
at least 2 of group D4 and @9, respectively.

Suppose Gy = Dil) and g = (a2,1,1,---,1) be the non identity element of Z(G,),
where a? denotes the non identity element of Z(Dy). We know that p(a?) = diag(—1, —1)
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(see remark [2.2.4)(1)). We compute
805(9) = (705((&27 17 17 ) 1))
::0@:0@?'@/0((&271717'”11))
=pla®) @ p(1) ®@--- @ p(1)
= diag(—1,-1,---,—1)
Now the result follows from the fact ¢s; = ¢ o fs;. On similar lines, one can prove the

result for the case G5 = Q2 o Dfll_l). O
For a character y of a group G, we recall that Z(x) ={g € G : |x(9)| = x(1)}.

Definition 5.2.3. For the character xs,; of real special 2-group G and for g € Z(xs:), we
define

en(xes(a)) —1 if xs,i(g) is negative
sign(xs.; =
gn{Xs,il\g 1 ’if Xs,i(g) 18 positive

Theorem 5.2.4. Let G be a real special 2-group and q : V. — W be the quadratic map
associated to G. Let s € Homp, (W,Fs). Then
1. Xsi(v,w) # 0 if and only if v € rad(bsoq)-

2. For (0,w) € G we have

2l if s(w)

0
-2 ifs(w) =1

Xs,i((),w) = {

where 1 is defined by |G| = 2241,

3. Let {v1,va, - vi} be an ordered basis of rad(bsoq). Then
=2l if A =1
(v:,0) = )
Xsi(0,0) { 2l ifA;;i=0
where Aj; denotes the coefficient of 27 in the binary expansion i —1 = Z?;& Ajyin.

4. Let g € G be an element with g = [[;_;(vi;,0)(0,w) for 1 <y <ipg < -+ <ip <k
then

,
Xsi(9) = [ [ sign(xss(vi;, 0)). sign(xs.:(0,w)).2
j=1
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Proof

1. Let xs is the irreducible character of degree at least 2 of the extraspecial 2-group

G, and fs; is homomorphism defined in Prop. From the Prop. we have
Xs,i = Xs © [si- Let (v,w) € G, then

XS,Z'(U7 w) = Xs(fs,i(vv w))
= Xs(€s(v), s(w) = A(v) = hi(v))

By lemma it follows for g € G, we have xs(g) # 0 if and only if g ¢ Z(Gy).
Now (z,y) € Z(G,) if and only if = 0. Thus x,,(v, w) = 0 if and only if €5(v) = 0.
Here €5 : V' — Vs is the canonical surjection. Therefore e5(v) = 0 precisely when

v € rad(bsoq). Hence the result follows.

2. Let (0,w) € Z(G) then

XS,i(()? w) = Xs(fs,i(oa w))
= Xs(€5(0), s(w) — A(0) — hs(0))
= xs(0, 5(w))

Let [ be defined by |G| = 2%+, From lemma and the above calculation, we

have
2l if s(w) =0
=2l if s(w) =1

Xs,i(oa w) = {

3. Let {v1,va,- - vi} be a basis of rad(bsoq). Let Aj; be defined by the binary expansion
i—1=A0;2"+ A2" + -+ A28

where 1 < i < 2*. Consider a map A : V — Fy as in equation in the proof of
Prop. We define a map 6 : rad(bsoq) — Fa by

r T
0 Z% :Z)\(Uij)f0r1§i1<i2<---<iT§]<;
Jj=1 j=1

Notice that the map 6 is nothing but the linear extension of v — A(v) to rad(bseq)-
Thus ¢ € Homp, (rad(bseg), F2). We recall from the proof of Prop. the
description of maps h; : V. — Fy ; 1 < i < 2%, By definition, h;(v;) = t;(v;) as
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vj € rad(bsoq). Let t; € Homp, (rad(bseq),F2) be defined by t;(v;) = A;;. Since
both {t; : 1 <4 < 2%} and {# — ¢, : 1 < i < 2%} denote the same set, namely the
set of all the linear maps from rad(bse,) to F2, by a suitable permutation we may

assume that ¢; = 6 — t;. Thus we have

Xs,i(0550) = Xs(fs,i(v5,0))
= Xs(€s(v5), $(0) = A(v;) — hi(v;))
= xs(0, =A(v;) — ti(vy))
= xs(0, A(vy) — 0(v)) + t3(v)))
= Xs(0, A(vj) = A(vj) + t;(v;)))
= Xs(0,ti(v;))
= Xs(0, Aj)

Therefore

xs(0,1) if A;; =1 -2l if A =1
XS(O, 0) if Aj,i =0

Xs,i(vj,0) = { : 7 - 9! ifA: =0
7t

. Let {v1,v2,- -+, v} be a basis of rad(bseq). Take g = [];_;(vs;,0)(0,w) € G; where

1 <41 <ig <--- <14, < k. Since pg; is a group homomorphism, we have

T

0sil9) = @si | ] (vi;»0)(0,w)

J=1

T
= H ©s,i (Vi 0)ps,i (0, w)
j=1

Now it follows from from Th. [5.2.4(2) and Th. [5.2.4]3) that the value of xs;(v;,0)
and ys,i(0,w) is either 2! or —2!. Using Lemma [5.2.2) we get that ¢s;(vj,0) and
¢si(0,w) is equal to diag(1,1,---,1) or diag(—1,—1,---,—1). Now using above
calculation and definition [5.2.3] we have

T

Xsi | [T(vi,-00(0,w) | = J] sign(xs.i(vs,,0)). sign(xs,i(o, w)).2"
j=1 i=1

Hence the result follows. O



5.3. CONJUGACY CLASSES 75

The following table summarizes the Th. Notations of table are same as Th.
Let |G| = 2", |Z(G)| = 2™ and |G| = 2%+1. We recall from the proof of Th.
that in this case |rad(bsoq| = 2™ 2. We fix an ordered basis {v1,va, -+ ,vg} of
rad(bsoq)-

Type of element Xs,i(v, w) Number of elements
{(v,w) : v 7é 0,v ¢ rad(bsoq} 0 2n — gn—2l
{(0,w) : s(w) = 0} 2!
{(o, ) s(w) =1} —2! 2"
{(v;,0): A JZ =1} —2!
{(v;,0) : Aj; = 0} 2! (n—m—21).2m
{(vj,w) : 0 # (0,w) € Z(G)} | sign(xs,i(v),0))- sign(xs,i(0, w)).2"
[ 11 (vi;,0)(0,w) where 1 < i, [Tj=1 sign(xs,i(vi;, 0)). (2n—m—2_
<ig<---<ip<kandj>2 sign(xs.i(0,w)).2! (n—m—2l)—1).2m

Table 5.1: Character values for characters of degree at least 2 of real special 2-groups.

Corollary 5.2.5. FEvery irreducible character x of degree at least 2 of real special 2-groups

vanishes outside Z(x).

Proof Let x be the character afforded by the representation ¢. From lemma |1.2.22] it
follows that Z(x) = {g € G : &(g) = A for some A € C}. Thus we have Z(x) = {g €
G : x(g) = Ax(1) for some X € C}. Now the result follows from Th. O

5.3 Conjugacy classes

To write the character table of a group, we need to know its conjugacy classes. In this
section, we form the conjugacy classes of real special 2-groups using the quadratic map
associated to it. To distinguish two conjugacy classes, we use the well known fact that
two elements g, h of a group G are conjugate if and only if x(g) = x(h) for all irreducible
characters y of G (Prop. . The aim of this section is to prove the following theorem:

Theorem 5.3.1. Let G be real special 2-group and q : % =V = W = Z(G) be the
quadratic map associated to G. Let v € V.
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1. If v ¢ rad(bsoq) for all non-zero linear maps s : W — Fy then {(v,w) : w € W} is a

conjugacy class of G.

2. Consider the set S, := {s € Homp_(Z(G),F2) : v € rad(bsoq)}. Then the conjugacy
class of element (v,w) € G is {(v,w+w') : s(w') =0 for all s € S, }.

Proof We know that the elements of W = Z(G) form conjugacy classes containing only
one element. We claim that for v1 # vo € V and v # 0, vy # 0 in V, the elements of the
set {(v1,w) : w € W} are not conjugate to any element of set {(ve,w) : w € Z(G)}. Since
Z(G) = G', the one dimensional characters of G are the lifts of irreducible characters of
% =V (Th. . Therefore for all one dimensional characters x of G, x(v,w) =
X(v,0) for all w € W = Z(G). It follows from Prop. and the fact that V' is a abelian
group that for v1 # 0, ve # 0 in V, there exist a character x of V such that y(v1) # x(v2).

We denote the lift of the character xy by x. Then for all w € W,

x(v1,w) = x(v1,0) = x(v1) # X(v2) = x(v2,0) = x(v2, w)

Again using Prop. we conclude that the elements of the set {(v1,w) : w € W} are not
conjugate to any element of set {(vs, w) : w € Z(G)}. Therefore the sets {(v,w) : w € W}
indexed by non-zero v € V are mutually disjoint. This way, we divide the non-central

elements of G into |%] — 1 number of sets each containing |Z(G)| elements.

We now prove the part 1 of the statement: Let v ¢ rad(bsoq) for all non-zero linear
maps s : W — Fy. From above discussion, we know that all the one dimensional characters
takes same value on all the elements of the set {(v,w) : w € W}. Now suppose that x is
character of degree at least 2. Since v ¢ rad(bsoq), by Th. [5.2.4(1) x(v,w) = 0 for all the
elements of set {(v,w) : w € Z(G)}. Thus in this case all the characters of group G takes
same values on the elements of set {(v,w) : w € W}. Now it follows from the Prop. [L.2.]]
that {(v,w) : w € W} is a conjugacy class of G.

We now prove the part 2 of the statement: Let w; € Z(G) be such that s(w;) =1
for some non-zero s € S,. We know that x,; = xs o fsi, where X, is unique irreducible
character of degree at least 2 of extraspecial 2-group G and f; is the homomorphism

from G to G, as given in Prop. [5.1.3

Xs,i (v, w) = Xs(€5(v), s(w) = A(v) = hi(v)) = x5(0, s(w) = A(v) = hi(v))
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Xs,i (0w + w1) = Xs(€s(v), s(w +w1) = Av) = hi(v)) = xs(0, s(w) +1 = A(v) = hq(v))

It is clear that one of xs;(v,w) and xs;(v,w + wy) is xs(0,0) = 2!, while the other
one is xs(0,1) = —2', where 2! is the degree of the character Xsi- Thus xei(v,wy) #
Xs,i(v, w1 +w) and it follows from Prop. [1.2.1|that (v, w) and (v, w+w;) are not conjugates.

Let v € rad(bsoq) and w’ € W be such that s(w') = 0 for all non-zero linear maps in
Sy. We know that for one dimensional characters y we have x((v,w)) = x((v,w + w")).
Let xs, be a character of degree at least 2 such that v ¢ rad(bseq), then xs((v,w)) =
Xs,i((v,w+w')) =0.

Finally we consider the characters x,; of degree at least 2 such that v € rad(bseq).

Then as earlier

Xs,i(0,w) = xs(0, s(w) = A(v) — hi(v))
Xsi (0w +w') = xs(0,5(w) + s(w') = A(v) = hi(v)) = xs(0, s(w) = A(v) = hi(v))

Thus again in this case x;;((v,w)) = xs,i((v,w+w')). By Prop. (v, w) is conjugate
to (v,w +w'). O

We summarize the types of conjugacy classes of special 2-group G in the following
table. The notations in the table are same as that of Th. B.3.11

Type of element Conjugacy class
v ¢ rad(bse,) for all
0 # s € Hom(Z(G),Fy)
v € rad(bse,) for all
seS,

{(v,w) :w € Z(G)}

{(v,w+w):s(w)=0VseS,}

Table 5.2: Conjugacy classes of real special 2-groups.

5.4 Examples

In this concluding section we demonstrate through examples that the results proved in

earlier sections can be used to construct the character table of a real special 2-groups.
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Example 5.4.1 The first example that we consider is of the group G defined by
G ={a,bc,d, f:a®> =b*= (ab)? = d,c* = (ac)? = f,d* = f* = (be)* = (df)* = 1).
We make following observations about G.

e The center of G is Z(G) = (d, f : d> = f? = (df)? = 1), and the quotient by the
center is G == (a,b,¢: a® = b2 = & = (ab)" = (ac)” = (bc)” = 1). Both Z(G)

and % are elementary abelian 2-groups.

e The group G is a special 2-group as |G| =32 and Z(G) = ®(G) =G’ = (d, f : d* =
fA=df)?=1).

We identify Z(%) with a 3-dimensional vector space V and Z(G) with a 2-dimensional
vector space W over the field Fy. Therefore, as a set, the group G gets identified with
V x W. Let {e1 = (1,0,0),e2 = (0,1,0),e3 = (0,0,1)} be a basis of V and {f; =
(1,0), f2 = (0,1)} be a basis of W over Fy. The quadratic map ¢ : V' — W associated to
the special 2-group G is defined by

q(z,y,2) = (@* + 2y +y*, 2% +22);  (2,9,2) = 2(1,0,0) +y(0,1,0) + 2(0,0,1) € V.

We claim that the group G is real. We use Th. to justify this claim. Let v € V.
We find a € V such that g(a) = ¢(v — a) to show that G is indeed real. The following
table explicitly exhibits such a € V for a given v € V.

) a Q(a) = Q(U - a)
(0,0,0,),(0,1,0)
(0,0,1),(0,1,1) (1,0,0) (1,9)
(1,0,0,),(1,1,0) 0.1,0 (L.0)

(1,0,1),(1,1,1)

Table 5.3: The group G defined in the example is real.

It follows therefore that G is real.
Since dimFQ(W, Fy) = 2, there are exactly three non zero linear maps s : W — Fy.

In the following table we compute the radical rad(bs,o,) for each non-zero linear map
S; - W — Fs.
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Linear map (s) sogq bsoq rad(bsoq) | |rad(bsoq)]
- bs (o] b b b /7 /7 !
Sl(’LU1,'lU2) =w q2($7y,z) ) 1 q((m y ’f) (J?/ y z )) <63> 2
rrH+ry+vy =xy +xyY
= bs (o] b b b) /7 /7 !
o | 10 el )| )
2+ xz =xz +xz
q(z,y,2) =
bs.oq((zyy,2), (2,1, 2
sz(wi,we) =wy +wy | 22+ a(y+2) ? q((/ Y , b ( , ys) (e2 +e3) 2
=z(y' +2)+2'(y+2)
+(y +2)°

Table 5.4: Calculation of rad(bs,) for all non zero s € Homp (W,F3) and ¢

associated to group G defined in example [5.4.1

We compute the conjugacy classes of G using Th. Since e3 € rad(bs,0q), the set
{(e3,w) : w € W} splits into two conjugacy classes {(es,0), (e3, f2)} and {(es, f1), (e3, fi+
f2)}. Similarly for ey € rad(bs,oq) and ez + e3 € rad(bs,oq), the sets {(e2,w) | w € W}
and {(e2 + e3,w) | w € W} also split in to more than one conjugacy classes. Whereas
the remaining elements of V' do not belong to any rad(bse) for all non zero linear map
s : W — Fa. Therefore the set {(v,w) : w e W} forve Vandv ¢ {e3, ez, ez +e3} forms

one conjugacy class. We write all the conjugacy classes of G in the following table:

C1 = {(0,0)} Co={(0, f1)}
C3 ={(0, f2)} Ca={(0, f1 + f2)}
Cs = {(e1,0), (e1, f1), (€1, f2), (ex, f1 + f2) } Co = {(e2,0), (e2, f1)}
Cr = {(e2, f2); (e2, f1 + f2)} Cs = {(e3,0), (e3, f2)}

Cio = {(6170)(62’0)7 (61’0)(6270)(07f1)7
(6170)(627 O)(O’ f2)7 (61’ 0)(6270)(0, fl + fQ)}

C12 = {(e2,0)(e3,0), (e2,0)(e3,0)(0, f1 + f2)}

Cia = {(e1,0)(e2,0)(es, 0),

(6170)(6270)(63’0)(07 f1)7

(61’0)(6270)(63’O)(Oaf2)7
(e1,0)(e2,0)(e3,0)(0, f1 + f2)}

Co = {(es, f1), (e3, f1 + fa) }

Cn = {(61,0)(63,0), (6170)(63,0)(0,f1),
(617 0)(83,0)(0, f2)? (61, 0)(6370)(07 fl + fQ)}

Cl3 = {(62’0)(633 O)(O, fl)v (6270)(637 O)<Oa f2)}

Table 5.5: Conjugacy classes of group G defined in example [5.4.1]

Now, for each non-zero linear map s : W — Fy we compute the regular quadratic




80 CHAPTER 5. REPRESENTATIONS OF REAL SPECIAL 2-GROUPS

forms ¢s up to isometry and determine the extraspecial 2-groups G associated to these

quadratic forms using remark

Linear map (s) sogq gs | Gs | |Gs| | Characters | Degree
5(w15w2) = wq Q(Lyvz) :1‘2+1‘y+y2 [151] QZ 8 Xs1,1y Xs1,2 2
S(wla ’LU2) = Wa Q(xay7 Z) = 2? +xz [01 Dy 3 Xsa,15 Xs2,2 2
q(z,y,2) =
s(wi,wy) = wy + w 1,1 8 a1y Xs 2
(w1, w2) = w1 + ws 2ty +2) + (g + 2)° [1,1] | Q2 Xss,15 Xss,2

Table 5.6: Characters of degree at least 2 of group G defined in example [5.4.1]

For each non-zero linear map s : W — Fy we compute | rad(bsoq)| number of irreducible
characters xs ; of degree at least 2 using Th. The one dimensional characters of
group G are determined using the remark

This summarizes to the following character table of G.

G |C|Cy | C3 | Cy|Cs | Cs|Cqr|Cs| Cy|Cip|Cii|Cia|Ciz|Cia
X1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X2 1 1 1 1 1 1 1 |-1(-1]1|-1]|-1|-1]-1
X3 1 1 1 1 1 |—-1]-1]1 1 |—-1] 1 |-1|-1]-1
X4 1 1 1 1 1 | —-1|—-1|-1]—-1|-1|-1]1 1 1
X5 1 1 1 1 | -1 1 1 1 1 |—-1]-1|1 1 | -1
X6 1 1 1 1 | -1 1 1 |—-1|-1|-1] 1 |-1|-1|1
X7 1 1 1 1 |—-1|-1]-1] 1 1 1 |—-1]-1-1]1
X8 1 1 1 1 | —-1|-1|-1|-1|-1|1 1 1 1 | -1
Xs;1 | 2 (-2 2 [=2]0 0 0 2 | =210 0 0 0 0
Xs12 | 2| =2 2 |=2] 0 0 0| -2 2 0 0 0 0 0
Xsod | 21 2 | =220 2 | =210 0 0 0 0 0 0
Xs22 | 2 2| =210 |-2] 2 0 0 0 0 0 0 0
Xss1 | 2 | =2 —=2] 2 0 0 0 0 0 0 2 | =210
Xsz2 | 2 | —2| =2 0 0 0 0 0 | -2 2 0

Table 5.7: character table of group GG defined in example [5.4.1].
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Example 5.4.2 The next example that we consider is of the group G = {(a,b,c,d : a* =
b*=c*=d? =1,c¢® = a? aca = beb = ded = ¢, bab = dadb? = a, dbd = b).

We make following observations about G.

e The center of G is Z(G) := (a?,b% : a* = b* = 1,bab = a), and the quotient by the
center is % = {(a,bc,d:a’* =0 =2 =d* = (c;b)2 = (c;c)2 = (aid)2 = (bic)2 =
2

(bid)2 = (cd)” =1). Both Z(G) and % are elementary abelian 2-groups.

e The group G is a special 2-group as |G| = 64 and Z(G) = ®(G) = G' = (a?,b? :
a* =b* = 1,bab = a).

We identify % with a 4-dimensional vector space V and Z(G) with a 2-dimensional
vector space W over the field Fy. Therefore, as a set, the group G gets identified with
V x W. Let {e; = (1,0,0,0),e2 = (0,1,0,0),e3 = (0,0,1,0),e4 = (0,0,0,1)} be a basis of
V and {f1 = (1,0), f2 = (0,1)} be a basis of W over Fo. The quadratic map ¢ : V — W
associated to the special 2-group G is defined by

q(z,y, z,w) = (¥ + 2y + yz + vw, 2 + 2% + 22);

where  (z,y,z,w) = x(1,0,0,0) + y(0,1,0,0) + 2(0,0,1,0) + w(0,0,0,1) € V.

We claim that the group G is real. We use Th. to justify this claim. Let v € V.
We find a € V such that ¢(a) = q¢(v — a) to show that G is a real group. The following
table explicitly exhibits such a € V for a given v € V.

v a q(a) = q(v —a)
(0,0,0,0),(0,1,0,0),(1,0,1,1),(1,1,1,0) (1,0,0.0) 0.1)
(0,0,1,0),(1,0,1,0),(0,1,1,1),(1,1,1,1)

(1,0,0,0),(1,1,0,1) (1,1,0,1),(0,0,0,1) | (0,0,1,0) (0,1)
(0,1,1,0,),(0,0,1,1 (1,1,0,0) (0,1)
(1,0,0,1),(1,1,0,0) (0,1,1,0) (0,1)

Table 5.8: The group G defined in the example is real.

It follows therefore that G is real.
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Since dimFQ(W, Fy) = 2, there are exactly three non zero linear maps s : W — Fy.
In the following table we compute the radical rad(bs,o,) for each non-zero linear map
si W — Fo.

s soq bsoq rad(bsoq)
bSlo(Q)((xﬂ Y, z, w)7 (‘T/’ y/’ Z/7 w/))
s1(w, wa) Q‘ﬁx’yf’w)_: =y +2)+y(z+2) (1
- w x z + zw
1 Yy yTy +rw' 4 2w
s (w1, ws) q(z,y,z,w) = bsyo(q) (2,9, 2, W), @',y 2, w') (e2,€4)
= ws 2?+ 22 + 2z =z’ +a'z ’
S (U) W ) = Q(xay,zaw) = bsso(q)((xayazaw)7(x/’y/”z/’w/))
dw 1+5) o(y +w) + 2"+ =2y + ') +2'(y +w) ()
rr 2(x+y) + (x+y)° t2@' +y) + (e +y)

Table 5.9: Calculation of rad(bs.,) for all non zero s € HomFQ(WR) and ¢ associated
to group G defined in example [5.4.2]

We compute the conjugacy classes of G using Th[5.3.1] Except the elements in the set
{e2,e4, €2 + €4}, no other non trivial element of V' belongs to any rad(bsoq). Therefore the
sets {(v,w) : we W} forveV and v ¢ {eg,eq,e2 + €4} form a conjugacy classes in G.
Since {ez, e4, e2+e4} C rad(bsyoq), the sets {(v,w) : w e W} for v € {eg, eq,e2+e4} split
into two conjugacy classes, namely {(v,0), (v, f1)} and {(v, f2), (v, f1 + f2)}. We give the
conjugacy classes of GG is the following table:

C1 = {(0,0)} Co={(0, f1)}
Cs ={(0, f2)} Ca={(0, f1 + f2)}
Cs = {(e1,0), (e1, f1), (e1, f2), (e, f1 + f2) } Cs = {(€2,0), (e2, f1)}
Cr = {(e2, f2), (e2, f1 + f2)} Cs = {(e3,0), (e3, f1)}, {(es, f2), (€3, f1 + f2)}
Co = {(e4,0), (eq, f1)} Cio = {(ea, f2), (es, f1 + f2) }
C11 = {(e1,0)(e2,0), (e1,0)(e2,0)(0, f1), Ci2 = {(e1,0)(es,0), (e1,0)(es,0)(0, f1),
(e1,0)(e2,0)(0, f2), (e1,0)(e2,0)(0, f1 + f2)} (e1,0)(e3,0)(0, f2), (e1,0)(e3,0)(0, f1 + f2) }
Ciz = {(6170)(6470)’ (61,0)(64,0)(0,f1), Cia = {(62’0)(6370)7 (6270)(6370)(0’ f1)7
(e1,0)(e4,0)(0, f2), (e1,0)(e4,0)(0, f1 + f2)} (e2,0)(e3,0)(0, f2), (e2,0)(e3,0)(0, f1 + f2)}
Ci5 = {(e2,0)(e4,0), (e2,0)(es,0)(0, f1)} Ci6 = {(€2,0)(e4,0)(0, f2), (e2,0)(e4,0)(0, f1 + f2)}




5.4. EXAMPLES

83

Cl7 = {( )(6470) (6370)(64a0)(07f1)1
(e3,0)(ea, )(0 f2), (e3,0)(es,0)(0, f1 + f2)}

Cis = {(e1,0)(e2,0)(e3,0),
(e1,0)(e2,0)(e3,0)(0, f1),

(617 O)(627 0)(
(e1,0)(e2,0)(es,

€3,
0)

)
)(O7f2)a
0, f1+ f2)}

Ci9 = {(617 )(6210)(647 )
(61’0)(625 )(6470)(0 fl)
(e1,0)(e2,0)(e4,0)(0, f2),

C20 = {(€1,0)(es,0)(e4,0),
(e1,0)(es,0)(eq,0)(0, f1),

(817 0)(63’ 0)(64,
0)(0, f1 + f2)}

(615 0)(63, O)(64’

)(O7f2)a

(e1,0)(e2,0)(eq,0)(0, f1 + f2)}
Ca1 = {(e2,0)(es3,0)(eq,0),
(e2,0)(es,0)(ea,0)(0, f1),
(e2,0)(es,0)(ea, 0)(0, f2),

(6270)(6370)(64a0)(0af1 +f2)}

622 = {(61,0)(62, 0)(6370)(64, 0),
(61, 0)(62, O)(e370)(€47 0)((), fl)a

(617 0) (62, O) (637 0)(64v
(e1,0)(e2,0)(e3,0)(e4,0)

0)(07 fQ)a
(0, f1+ f2)}

Table 5.10: Conjugacy classes of group G defined in example [5.4.2]

Now, for each non-zero linear map s : W — Fo we compute the regular quadratic forms g,

up to isometry and determine the extraspecial 2-groups G associated to these quadratic
forms using remark

Linear map (s) soq qs Gy |G| Characters | Degree
S(wlva) q(x7y7’z) = [0,0] J_ [070] D4 o D4 32 Xshl 4
= wy yly+z+2)+zw
s(wr,ws) (12(:177 y;z) = 1] 0, 3 Xs2,15 Xs2,2 9
= wo T4+ 2¢ a2z Xs2,31 Xs2,4
S(uwy. ws) q(z,y,2) =
e ely+w)+22+ | 0,00 L[L1] | DioQs | 32 X1 4
| ety ety

Table 5.11: Characters of degree at least 2 of group G defined in example [5.4.2]

For each non-zero linear map s; :

W — Fy we compute |rad(bs,oq)| number of

irreducible characters x,; of degree at least 2 using Th}5.2.4, The one dimensional

characters of G are determined using remark
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0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 volv— | v— | ¥ | TEX
0 0 0 0 0 0 || ¢ 0 0 0 0 ¢ |e—| 0 ¢ |ec—| 0 |e—|e—| @ g | vX
0 0 0 0 0 0 ¢ | =] o 0 0 0 |e—| ¢ 0 ¢ |ec—| 0 |e—|e—| @ g | £X
0 0 0 0 0 0 ¢ || o 0 0 0 ¢ |e—| 0 |e—| ¢ 0 |ec—|e—| ¢ g | eX
0 0 0 0 0 0 |e—| ¢ 0 0 0 0 |e—| @ 0 |ec—| ¢ 0 |ec—|e—| ¢ g | X
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 o |v—| ¥ | ¥— | ¥ | ¥''X
1 I— | 1= | 1— | 1— 1 1 1 1 1 1 1 I— | 1= |1=|1=—| 1= |1 1 1 1 1 91X
1— 1 1 1 I— | 1= | 1— | 1— 1 1— 1 1 1 T (1= |1—|1=|1=-| 1 1 1 1 gIX
1— 1 1 1— 1 1— 1 1 1— 1 1— 1 = | 1= 1 |[1=|1=|1=-| 1 1 1 1 vixX
1 - | 1— 1 1 1 = | 1= | 1= | 1— | 1— 1 1 1 T (1= |1—|1—| 1 1 1 1 eIX
1— 1 1— 1 1 1 - | 1= | 1— 1 1 I— | 1= | 1= 1= 1 T [1—| 1 1 1 1 eIx
1 - 1 1— 1 - 1 1 - | 1— 1 1— 1 T [1—] 1 T [1—| 1 1 1 1 X
1 1— 1 1 I— | 1= | 1— | 1— 1 1 I— | 1= | 1= |1=| 1 1 T [1—=| 1 1 1 1 01X
1— 1 - | 1— | 1— 1 1 1 1 - | 1— | 1— 1 1 1 1 T [1—| 1 1 1 1 6X
- | 1— 1 1 1 1 1 1 1 I— | 1= | 1= | 1= | 1= |1=|1=|1=| 1 I 1 1 1 8X
1 1 - | 1— 1 - | 1— | 1— 1 1 - | 1— 1 T (1= |1—|1—-| 1 I 1 1 1 LX
1 1 1— 1 - | T— 1 1 - | 1— 1 = | 1= | 1= 1 |1=|1=| 1 I 1 1 1 9x
- | 1I— 1 - | 1— 1 I— | 1— | 1I— 1 1 1— 1 1 1 - | 1I— 1 1 1 1 1 X
1 1 1 - | 1— 1 = | 1= | 1= | 1— | 1— 1 = | 1= 1= 1 1 I T T 1 T vX
I— | 1— | 1— 1 - | 1— 1 1 - 1 - 1 1 T | 1| T T T 1 1 1 T €X
I— | 1= | 1— | 1— 1 - | 1— | 1— 1 1— 1 1 I— | 1—| 1 1 I I I I 1 1 eX
I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 I I I 1 1 X
NNU ﬁNU ONU mHU wHD NHD @HD mHD wHD MHD NHD HHD OHD mD wD N.D oD mD wU mU NU HD [9)
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Chapter 6

Wedderburn decomposition of
rational group algebra of real

special 2-groups

The aim of this chapter is to describe a method to write the Wedderburn decomposition of
rational group algebra of real special 2-groups. We make use of quadratic maps associated

to these groups to obtain this decomposition.

This chapter is divided into three sections. The first section is devoted to the compu-
tation of primitive central idempotents of rational group algebra of real special 2-groups.
In we obtain the Wedderburn decomposition of rational group algebra Q|G| of a real
special 2-group G using the associated quadratic map. In we illustrate our method
of determining the Wedderburn decomposition through examples. In we show that
rational group algebra of real special 2-groups does not determine the group. This is in

contrast with the case of extraspecial 2-groups [VL06).

Let G be a finite group and Q[G] be the rational group algebra of G. The problem
of determining a complete set of primitive central idempotents and the Wedderburn
decomposition of Q[G] is one of the fundamental problems of group rings. Apart from
various classical methods of finding explicit expressions of primitive central idempotents,

there are character free methods or methods without involving computation in extensions

85
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of the rationals such as using subgroup structure as in [JLP03] and [BP12].
In this chapter, for a real special 2-group G, we demonstrate a new approach to
determine the Wedderburn decomposition of Q[G]. We determine the Wedderburn de-

composition of Q[G] using the theory of quadratic forms over fields of characteristic 2.

6.1 Primitive central idempotents

We begin by recalling the theorem of Maschke for a field K and group G, the group
algebra K[G] is semisimple if and only if char(K) does not divide |G|. Let char(K) does
not divide |G|, the decomposition of K[G] as the direct sum of simple ideals is called the
Wedderburn decomposition of K[G]. An element e of K[G] is called idempotent if e = e.
Moreover an idempotent e of K[G] is called primitive central if it lies in center of K[G]
and can not be written as e = €’ +¢”, where €’ and €¢” are non zero idempotents such that
e'e’ = 0. We say that the set {e1,e2, -+ ,es} of primitive central idempotents is complete
ifeir +ex+---+e =1 and eje; = 0 for all 1 < 4,57 < s and i # j. It is well known
that the decomposition K[G] = A1 @ As @ --- @ As as a direct sum of simple components
corresponds to a complete set of primitive central idempotents {ej,es,---es} such that
A; 2 K[G]e;, 1 < i < s. Thus the problem of determining Wedderburn decomposition
involves the computation of primitive central idempotents. This section is devoted to

compute a complete set of primitive central idempotents of a real special 2-group.

For a finite group G, the set of primitive central idempotents of complex algebra C[G]
corresponds to set of its irreducible complex characters of G. Let y denote an irreducible
character of group G. The primitive central idempotent of complex algebra C[G] of group

G corresponding to x is given by

We now describe the primitive central idempotents for Q[G]. Let x be a complex
character of G. Let Q(x) denote the field obtained by adjoining all character values
x(9);9 € G to Q. To obtain eQ (x), the primitive central idempotent of Q[G] corresponding
to x, we add idempotents e(o o x) with o € Gal(Q(x)/Q). Thus it is given by eQ(X) =

ZaeGal(Q(x)/Q) e(o o x) [Yam74].
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Remark 6.1.1 For a real special 2-group G, it follows from remark and Th.
that for all irreducible characters x of G, x(g9) € Z for all ¢ € G. Thus in

case of real special 2-groups, Gal(Q(x)/Q) is trivial for all irreducible characters and

e(x) =e() = X2 5 o x(9)g7 = X5 e X(9)g-

We will make use of this remark in the computation of primitive central idempotents of
rational algebra Q[G] for real special 2-group G. We begin with computation of primitive
central idempotents corresponding to one dimensional characters. Recall that for a finite

subgroup H of G, H = ﬁ > hem h denotes an element of the group algebra Q[G].

Lemma 6.1.2. Let x be a one dimensional character of a real special 2-group G. If x is

a trivial character then e@(x) = G, otherwise e@(x) = @ -G.

G then

Proof Let x be a one dimensional character of real special 2-group. If ker(x) =
=G.

Xx(g) =1 for all g € G. In this case €Q(X) = % > gec x(9)g™! = ‘—Cl;' > gec

Now we consider the case ker(x) # G. The one dimensional characters of G are the lifts
of irreducible characters of % In case of special 2-groups, % is an elementary abelian
2-group so X(g) = {%1} for all characters y of g Since x : G — C is defined by
x(9) = x(9G"), we have x(G) = {£1}. Further x : G — {£1} is a group homomorphism,
therefore ﬁ(x) =~ {£1}. Hence |%(X)| = 2. Also x(g) = 1forall g € ker(x) and x(g9) = —1
for all g € G — ker(x). Since the group G is real, x(g) = x(¢~!). Thus we have

(g0 =25 S xlo)g !

geG

=61;| g- D> g

g€ker(x) g€G—ker(x)

=Cl;| 2 Z g—zg

g€ker(x) geG

2 1
CIRORAP X

g€ker(x) geG
= ker(y) — G.
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Before computing the primitive central idempotents corresponding to characters of
degree at least 2, we recall the notations of chapter Let G be a real special 2-group
and ¢ : V — W be the quadratic map associated to it. Let s € HomFQ(VV, Fs) be non
zero linear maps and s o ¢ be the transfer of ¢ by s. Then s o ¢ induce regular quadratic
forms ¢, from V := m to [y (see remark. We denote the extraspecial 2-groups
associated to the quadratic forms ¢s by G. From Prop. and Th. it is clear that
for every non-zero s € Homp, (W,F2), G has exactly |(rad(bseq))| number of inequivalent
irreducible representations ¢ of degree at least 2 of G such that ¢(G) = G5. We denote

the characters associated to these representations by xs; : 1 <14 < |(rad(bsoq))|-

We recall from definition that Z(x)={9€ G| x(g) #0}.

Pr0p051t10n 6.1. 3 Let x be a character of degree at least 2 of real special 2-group G then
e = ker(y) — Z(0)-

Proof It follows from corollary that y vanishes outside Z(x). Therefore x(1)? =
|G : Z(x)| using lemma [1.2.23] Let x = x,; for non zero linear map s : Z(G) — Fy and
1 <i < |(rad(bseq))|. From lemma we get that ker( 7 = G, thus Z(ker( ) = Z(Gs).

)
Also lemma [1.2.22(2) gives that Z(ker( )) kfr(gc)) Therefore |ker(()2)| =1Z(Gs)| =2 as G

is an extraspecial 2-groups.

By definition of ker(y) we have that x(g) = x(1) for all g € ker(x). From Th.
it follows that x(g) = —x(1) for all Z(x) — ker(x). Since G is real, x(g) = x(g 1) for all
g € G. Now we compute the primitive central idempotent eQ (x) using remark

eg(x) = Tgﬁ > x(9)g

geG

R R (01 TR 1

] g€ker(x) 9E€Z(x)—ker(x)

12
o 1D SRR SR

g€ker(x) 9€Z(x)—ker(x)
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:|z1| 29 D

g€ker(x) 9EZ(x)—ker(x)
1
= 2 ) g- > g
1Z(x)|
g€ker(x) 9€Z(x)
2 1
= g — g
1Z(x)| 2 1Z(x)| 2
g€ker(x) 9EZ(x)

g

Corollary 6.1.4. Let x be the character of degree at least 2 of an extraspecial 2-group G
then eQ(X) =1-2Z(G).

Proof Let G be extraspecial 2-group. The unique character x of degree at least 2 of
G is faithful (see remark [2.2.6). From lemma it follows that Z(x) = Z(G). Using
Prop. [6.1.3] we have e(@(x) =1-2Z(Q). O

The primitive central idempotents of extraspecial 2-groups given by the above corollary

are also computed in [BP12, 3.1].

6.2 Wedderburn decomposition

In this section we determine the Wedderburn decomposition of rational group algebra
Q[G] of a real special 2-group G. Let G be a group and % be a quotient of G. Let
¢ : G — & be the canonical map defined by ¢(g) = gH for all g € G. Let Q[G] and Q[%]
be rational group algebras of groups G and %, respectively. Then ¢ : Q[G] — Q[%] is the
linear expansion of the map ¢. The algebra homomorphism ¢ : Q[G] — Q[%] is defined
by ¢(>-agg) = agp(g) =D aggH for g € G and oy € Q.

Lemma 6.2.1. Let ¢ : Q[G] — Q[§] be the canonical map and K be a normal subgroup

of G containing H then ¢(K) = K/H.
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Proof Let K be a normal subgroup of G such that H C K then

. 1 1 |H]| —
¢(K):¢<|K‘Zk>:’K|ZkH:|K‘ > kH=K/H.

keK keK kHeX

O

Definition 6.2.2. Let e denote an idempotent in rational group algebra Q[G]. The trace
tr(e) of e is defined to be the coefficient of 1 in e.

Remark 6.2.3 The Q-vector space dimension of ideal Q[GJe is |G]|. tr(e). To see this
let e = > ccagg be a central idempotent and P : Q[G] — Q[G] be the map defined
by P(3_,cqbgg) = (deG bgg> e for all 3 obgg € Q[G]. Let tr(P) denote the trace
of linear map P. Since Q[G]| = Im(P) @ ker(P) we have dim(Im(P)) = dim(Q[Gle) =
tr(P). We take G as a basis of Q[G], we compute tr(P) = |G|.a; = |G].tr(e). Therefore
dim(Q[Gle) = |G]. tr(e).

Proposition 6.2.4. Let G be a real special 2-group and X, ; be the character of degree at
least 2 of G as described in section . Then Q[G].eQ(XS,Z-) >~ Q[Gs](1 — Z(Gs)).-

Proof Let ¢: Q[G] — Q[%] be the canonical map. Let eqy(xs,i) be the primitive

central idempotent corresponding to the character x,; of degree at least 2 of group G.

—

Then from Prop. [6.1.3| we have €Q(Xs,i) = ker(xs,i) — Z(Xs,i). Now using lemma [6.2.1|and

the fact that kfr((xx) =7 (kerG(X)) (see lemma [1.2.22]) we compute

—_—
— — ~ — ~ G

PleQ(Xs,i)) = dlker(xsi) — Z(Xsi)) =1 — Zxs:)/ ker(xs,i) =1 — Z(m)~

Now using ¢, we define a map ¢’ : Q[G].e@(xsﬂ-) — Q[%](T— Z(Wi“)) by

—

(Y aggeqied) = 3 agdlo). (0~ Z(—)

Since the map ¢ is surjective, the map ¢’ is also a surjective map. /Nﬂv we show that
vector space dimension of ideal Q[G].GQ(XSJ) and Q[Wi)]@ - Z(ﬁ)) over Q are

same.
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We compute the dimension of ideals using remark we first calculate

tr(eqXei)) = T — e = T~ SR~ e
Q0D = Tier(ea)] ~ 20wl Ther]  2ker(red)] ~ 2ker(re)]

Hence dimension of @[G].e@(xsﬂ') is equal to % Now by lemma [5.1.6| the group
¢ >~ G,. This gives that |Z(=—%—)| = 2. Hence the dimension of Q[—%—](1 —

ker(x/szi ker(xs,:) ker(xs,i)
Z(m)) 18 greiay- Now using lemma [5.1.6 we get Q[Gl.eq(xsi) = QIGL)(1 —
Z(Gy)). O

Recall from definition that A(G, G') denotes the non-commutative part Q[G].(1—

o~

G') of the group algebra Q[G] of G.

Theorem 6.2.5. Let G be a real special 2-group and q be the associated quadratic map.
Let s : Z(G) — Fo be a non-zero linear map and qs is be the reqular quadratic form
as defined in the statement of lemma[3.2.3. Let G4 be extraspecial 2-group associated to
qs- Then A(Gs,GY) appears |(rad(bsoq)| many times in the Wedderburn decomposition of
QIG].

Proof It follows from Prop. and Th that for every non-zero s € Homp, (Z(G), F2),
there exist exactly |(rad(bsoq))| number of inequivalent irreducible representations ¢ of
degree at least 2 of G such that ¢(G) = G,. Let xs;; where 1 < i < |(rad(bsoq))| be
irreducible character associated to these representations and eQ(Xs.i); where 1 < 4 <
|(rad(bsoq))| be primitive central idempotents corresponding to these characters. Now
from Prop. the left ideal generated by each of these idempotents is isomorphic to
Q[Gs)(1— Z/(\GS)) Since Gy is extraspecial 2-group, we have Z(Gy) = G’,. This gives that
QIGLI(1 ~ Z(Gy)) = QIG,](1 ~ GL) = A(Gs, GY). 0

Theorem 6.2.6. Let G be a real special 2-group and |G| = 2", |Z(G)| = 2™. Let q be
the quadratic map associated to G and s; : Z(G) — Fa,1 < j < 2™ — 1 be non-zero
linear maps. Letl qs; be reqular quadratic forms as defined in the statement of lemma
. Let Gs;,1 < j < 2™ — 1 be extraspecial 2-groups associated to quadratic forms
Gs;,1 < j<2™—1 and |Gy,| =221, Then

om 1
@[G] o 2n—mQ @ @ 2n—m—2l]’A(st’ G;J)

J=1
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Proof Since G is a special 2-group, G’ = Z(G) and the quotient group g is an
elementary abelian 2-group. Using remark the rational group algebra Q[%] is a
direct sum of |%] copies of Q. Now |G| = 2" and |G’| = |Z(G)| = 2™. Therefore Q[G]
contains direct sum of 2"~ copies of Q.

G
Z(G)

The group associated to the quadratic form gs; : Tad(bs o0)
SjO

— [y is the extraspecial

G
Aten G
. Z(G) ~ s —
2-group Gs;. Using lemma |5.1.1, we have (b, 00 Z(Gij)' Therefore |rad(bs;oq)| =

|ZG(SG)‘ . Since G, is an extraspecial 2-group, |rad(bseq)| = 2n=m=2l; - From Thl6.2.5| it

lzG5 Z(Gs |

2m 1
follows that @ 2"_7”_2le(st, G;j) is direct summand in the Wedderburn decompo-
j=1
sition of Q[G]. Adding the 2"~™ copies of the field of rational numbers corresponding
2m 1

to linear part, we get that 2" "Q & @ 2”_m_2le(st,G’sj) is a direct summand in
j=1
the Wedderburn decomposition of Q[G]. Now the proof follows from dimension count

over field of rational numbers Q. The dimension of Q[G] over Q is |G| = 2". Since
|Gs,;| = 22li+1 the dimension of A(Gs;, Gy)) s 22l (see Prop- Hence the dimension
of 2~ m@@@2 LA (G, G )1s NI ] 4 M ] x 2y 5 92 — 9n ]

Note that Gs; are extraspecial 2-groups and the non-commutative part A(st,G;J_)

of the Wedderburn decomposition of their rational group algebra has been described by
Prop. and summarized in table in

6.2.1 Examples

In this section, we explicitly compute the Wedderburn decomposition of two real special

2-groups using the method developed in this chapter.

1. Consider the group G = (a,b,c,d, f : a> = b> = (ab)? = d,c* = (ac)? = f,d*> = f? =
(be)? = (df)? = 1). We know from example - 5.4.1| that the group G is real special
2-group of order 32. The quadratic map ¢ : Z(G) — Z(@G) associated to G is given
by

q(,y.2) = (@° +xy+y°, 22 +az); (2,y,2) = 2(1,0,0) +y(0,1,0) +2(0,0,1) € V.
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The extraspecial 2-groups G corresponding to the regular quadratic forms ¢, in-
duced from the transfers s o ¢ of ¢ by s for all non-zero linear maps s : W — Ty
are summarized in the following table. The non-commutative part A(Gs, G%) of
Wedderburn decomposition of Q[G;] is given in table The detailed calculation

is done in example [5.4.1

Linear map (s) s | Gs | |Gs|] | A(Gs,GY)

s1(wi, wa) = wy [1,1] | Q2| 2° H

s1(wy, we) = wy 0,0] | Dy | 2° My (Q)
s (wy, wy) = wy +wy | [1,1] | Qg | 2° H

Table 6.1: Computation of non-commutative part of Wedderburn decomposition of
Q[G] for group G defined in example [5.4.1]

Now using Th. the Wedderburn decomposition of rational group algebra Q[G]

1S

Q[G] = 8Q @ 2M>(Q) @ 4H.

2. For the next example, we consider the group G = (a,b,c,d : a* = b* = ¢* = d® =
1,c¢® = a® aca = beb = ded = c¢,bab = dadb® = a,dbd = b). From example it
follows that the group G is real special 2-group of order 64. The map ¢ : % —
Z(@G) defined by q(z,y, z,w) = (v + 2y + yz + 2w, 2? + 22 + x2);  (v,y,2,w) =
x(1,0,0,0) + y(0,1,0,0) + 2(0,0,1,0) + w(0,0,0,1) € V is the quadratic map

associated to group G.

The extraspecial 2-groups G corresponding to the regular quadratic forms ¢, in-
duced from the transfers s o ¢ of ¢ by s for all non-zero linear maps s : W — Fo
are summarized in the following table. The non-commutative part A(Gs, G%) of
Wedderburn decomposition of Q[G5] is given in table For a detailed calculation,

see example [5.4.2
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Linear map (s) qs G |G| | A(Gs,GY)

s1(wq,wy) = wy [0,0] L[0,0] | DyoDy| 2° M,(Q)

s1(wy, wy) = wy [1,1] Q- 23 H
s1(wy,we) = wy +ws | [1,1] L]0,0] | Qa0 Dy | 2° M, (H)

Table 6.2: Computation of non-commutative part of Wedderburn decomposition of
Q[G] for group G defined in example [5.4.2]

Now using Th. the Wedderburn decomposition of rational group algebra of
group G is
Q[G] = 16Q © My(Q) © 4H & Mo (H).

6.3 Isomorphism Problem

An interesting problem in the theory of group rings is the Isomorphism problem. In
[San&1], it is mentioned that the isomorphism problem was formulated by G. Higman for
Integral group rings in his PhD thesis of [Hig40]. The isomorphism problem asks whether a
group algebra determines the group. It means whether the ring isomorphism R[G] = R[H]
implies that G = H for some ring R, for some groups G and H. It is shown in [VL0G6,
Corollary 3.5] that for extraspecial 2-groups, Q[G] = Q[H] if and only if G = H. In this

section, we show that this is not the case for special 2-groups.

We exhibit two examples to show that the isomorphism Q[G] = Q[H] does not imply
that the isomorphism of G and H, where G and H are real special 2-groups.

Example 6.3.1 G; := (a,b,c,d,f : a®>=b*=c*=d* = f> =dcd 'c=a"'b"1ab =
b=lc7lbe = a 'd lad = a ¢ lac = 1, faf = ac?, fof = b, fef = ¢, fdf = bd).

The order of group G; is 26. The center of Gy is Z(Gy) = (b,c? : b? = ¢t =
1,bc? = ¢?b) and |Z(G)| = 22. The group G is a special 2-group. We identify Z%l)

with a 4-dimensional vector space Vi and Z(G;) with a 2-dimensional vector space Wi
over the field Fo. Therefore, as a set, the group G gets identified with V3 x Wy. Let
{e1 = (1,0,0,0),e2 = (0,1,0,0),e3 = (0,0,1,0),e4 = (0,0,0,1)} be a basis of V; and
{fi = (1,0), fo = (0,1)} be a basis of W; over Fy. The quadratic map ¢; : Vi — W;
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associated to G is given by qi(z,y,z,w) = (y* + zw + yz + zy, x2). For every v € Vi,
the following table gives an element a € Vi such that ¢;(v —a) = q1(a). Thus Th.

confirms that G is a real group.

v a
(0,0,0,0), (0,1,0,0),(1,0,1,1),(1,1,1,0),(1,1,1,1) | (1,0,0,0)
(0,0,1,0),(1,0,0,1),(0,1,1,0),(0,1,1,1),(1,1,0,1) | (0,0,0,1)
(0,0,0,1),(1,0,1,0),(0,1,0,1),(0,0,1,1) (0,0,1,0)
(1,1,0,0) (1,0,0,1)
(1,0,0,0) (0,1,0,1)

Table 6.3: The group G; defined in example is real.

Since dim]FQ(Wl,IFQ) = 2, there are exactly three non zero linear maps s : W; — Fa.

In the following table we compute the radical rad(bs,oq)) for these linear maps.

S s$0q bsoq rad(bsoq)
bslo(q)((x7y7z7w)? (xlay/>z/>w/))
s1(wi,w T,Y, 2, W) =
1(w1, we) 2‘.:{ y+ )+ =yl +2) +y(z+2) (1)
= w X z Tw
! Y Iy +zw + 2w
52(wlaw2) q(x,y,z,w) = bs2o(q)((x,y,z,w), (xlay/>zl>w/)) <62 64>
= wo xz =z +a'z ’
. Q(w7y7 Z) = b83o(q)((w7y7zaw)7 (xlvy/7z/7w/))
53(w1,w2) = . , ’ ’ 1
w1+ w yly +2)+ =y +2) +y(y+2) (1)
1 2
z(w+y+2) +a(w +y' +2') + 2 (w+y+ 2)

Table 6.4: Calculation of rad(bs,) for all non zero s € Homp (W,F2) and g
associated to group G defined in example [6.3.1]

The extraspecial 2-groups G corresponding to the regular quadratic forms ¢, induced
from the transfers s o ¢ of ¢ by s for all non-zero linear maps s : W; — Fy are
summarized in the following table. The non-commutative part A(Gs, G%) of Wedderburn
decomposition of Q[G;] is given in table
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Linear map (s) qs G |G| | A(Gs,GY)

s1(wq,wy) = wy [0,0] L[0,0] | DyoDy| 2° M,(Q)

s1(wy, wa) = wy [0, 0] D, 23 My(Q)
s1(wy,wy) = wy +wsy | [0,0] L[0,0] | Dyo Dy | 2° M4(Q)

Table 6.5: Computation of non-commutative part of Wedderburn decomposition of

Q[G4] for group G defined in example [6.3.1]

Now using Th. the Wedderburn decomposition of rational group algebra Q[G1]
is
Q[G1] = 16Q @ 2M4(Q) ® 4M2(Q).

Example 6.3.2 Gs:= (a,b,c,d,f : a> =0 =c*=d? = f? =decd 'c=a"'b"1ab =
b~lclbe =atdtad = alctac = 1, faf = ac?, fof = b, fef = be L, fdf = c2d).

The order of group Gy is 2. The center of Gy is Z(Ga) = (b,c? : b = C* =
1,bc? = ¢%b) and |Z(G2)| = 22. The group Gs is special 2-group. We identify Z(GG22)
with a 4-dimensional vector space Vo and Z(G2) with a 2-dimensional vector space Wa
over the field Fo. Therefore, as a set, the group Go gets identified with Vo x Wy, Let
{e7 = (1,0,0,0),e2 = (0,1,0,0),es = (0,0,1,0),e4 = (0,0,0,1)} be a basis of V4 and
{fi = (1,0), fo2 = (0,1)} be a basis of Wy over Fy. The quadratic map ¢ : Vo — Wh
associated to Go is given by q(z,y,z,w) = (xw + yz + zy,xz). For every v € Vb, the
following table gives an element a € V5 such that ga2(v — a) = g2(a). Thus Th.

confirms that G is a real group.

v a
(0,1,0,0),(1,1,0,0),(0,1,0,1),(0,0,1,0), (1,0,0,1), (0,0,1,1) | (0,0,0,1)
(0,0,0,1),(0,1,1,0),(1,0,1,0),(0,1,1,1),(1,1,1,1) (0,0, 1,0)
(0,0,0,0),(1,0,1,1),(1,1,0,1) (1,0,0,0)
(1,0,0,0),(1,1,1,0) (1,1,0,1)

Table 6.6: The group G, defined in example [6.3.2] is real.

Here dimIF?(WQ,FQ) = 2. Therefore there are exactly three non zero linear maps
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s : Wy — Fa. In the following table we compute the radical rad(bs,oq)) for these linear

maps.
S soq bsoq rad(bsoq)
bslo(q)((:cvy?'sz)?(‘r/vy/azlaw/))
S1 (W1, W2 q\z,Yy,z,w) =
2 i) = ya'+7) + v +2) <1>
= w1 Ty + Yz + rxw , ,
+rw + rw
32(w17w2) q(x,y,z,w) - bSQO(q)((x7y7Z7w)7(xlvy/7z,7w/)) <€2 €4>
= wo Tz =z + 'z 7
q(z,y,2,w) = bs::,O(q)((x?y?va)? (xlvylazlaw,))
s3(w1, wa) = 2 il
N z(y +w) + 27+ =y + 2y (1)
w1 w2
ety +@+y)?® | ta@ +y+2) +a'(wry+z)

Table 6.7: Calculation of rad(bs,) for all non zero s € Homp (W,F3) and g

associated to group G defined in example [6.3.2]

The extraspecial 2-groups G corresponding to the regular quadratic forms ¢, induced
from the transfers s o g of ga by s for all non-zero linear maps s : Wy — Fo are
summarized in the following table. The non-commutative part A(Gs, G%) of Wedderburn
decomposition of Q[G;] is given in table

Linear map (s) qs G |Gs| | A(Gs, GY)

s1(wy, wy) = wy [0,0] L[0,0] | DyoDy| 2° M4(Q)

s1(wy, we) = wy [0, 0] D, 23 My(Q)
s1(wy,we) = wy +wy | [0,0] L[0,0] | DyoDy | 2° M4 (Q)

Table 6.8: Computation of non-commutative part of Wedderburn decomposition of
Q[G,] for group G defined in example [6.3.2]

Now using Th. the Wedderburn decomposition of rational group algebra is

Q[G2] = 16Q @ 2My(Q) © 4M2(Q).

Proposition 6.3.3. The groups Gy defined in example and G defined in example
are not isomorphic.



98

CHAPTER 6. WEDDERBURN DECOMPOSITION

Proof We prove that the groups G; and G2 are not isomorphic by showing that the

group G has 11 conjugacy classes with elements of order 2, while the group G2 has 13

conjugacy classes with elements of order 2. We compute the conjugacy classes of these
groups by using Th. From lemma [1.3.12] we recall that the order of a non trivial

element g of special 2-group is 2 if and only if ¢ vanishes on ¢Z(G), where ¢ is quadratic

map associated to group G. If ¢ does not vanish ¢gZ(G) then order of g is 4. We use

this to compute the order of elements of groups G; and G2. For a conjugacy class C, let
o(C) denotes the order of its elements. With the notations same as in example we

compute conjugacy classes of G and order of its element in the following table:

Conjugacy class o(C Conjugacy class o(C)
¢ ={(0,0)} 2 C2 ={(0, f1)} 2
Cs ={(0, f2)} 2 Ca = {(0, 1 + f2)} 2
Cs = {(e1,0), (e1, f1), (1, f2), (e1, f1 + f2)} 2 Ce = {(e2,0), (e2, f1)} 4
C7 = {(e2, f2), (e2, f1 + f2)} 4 Cs = {(e3,0), (es, f2), (e3, f1), (es, f1 + f2)} 2
Co = {(e4,0), (e4, f1)} 2 Cio = {(eq, f2), (e4, f1 + f2)} 2
Ci1 = {(e1,0)(e2,0), (e1,0)(e2,0)(0, f1), 9 C12 = {(e1,0)(e3,0), (e1,0)(es,0)(0, f1), 4
(e1,0)(e2,0)(0, f2), (e1,0)(e2,0)(0, f1 + f2)} (e1,0)(es,0)(0, f2), (e1,0)(es,0)(0, f1 + f2)}
Ciz = {(6170)(6470)7 (6170)(6470)(07f1)’ 4 Cia = {(6270)(6370)7 (62’0)(6370)(07 fl)r 2
(e1,0)(eq,0)(0, f2), (e1,0)(eq,0)(0, f1 + f2)} (e2,0)(es,0)(0, f2), (e2,0)(e3,0)(0, f1 + f2)}
Ci5 = {(e2,0)(e4,0), (e2,0)(e4,0)(0, f1)} 4 | Cis = {(e2,0)(e4,0)(0, f2), (e2,0)(e4,0)(0, f1 + f2)} | 4
Ci6 = {(e1,0)(ez2,0)(es,0),
C15 = {(e3,0)(e4,0), (e3,0)(ea,0)(0, f1), 9 (e1,0)(ez2,0)(es,0)(0, f1), 4
(e3,0)(e4,0)(0, f2), (e3,0)(e4,0)(0, f1 + f2)} (e1,0)(ez,0)(es, 0)(0, f2),
(e1,0)(e2,0)(es, 0)(0, f1 + f2)}
Ci6 = {(e1,0)(e2,0)(e4,0), Ci6 = {(e1,0)(es,0)(eq,0),
(e1,0)(e2,0)(ea;0)(0, f1), 4 (e1,0)(es,0)(es,0)(0, f1), 4
(6170)(6270)(6470)(07f2)7 (6170)(6370)(64v0)(07 f2)7
(e1,0)(ez,0)(e4,0)(0, f1 + f2)} (e1,0)(es,0)(e4,0)(0, f1 + f2)}
Ci6 = {(e2,0)(es,0)(e4,0), Ci6 = {(e1,0)(e2,0)(e3,0)(es,0),
(e2,0)(e3,0)(ea,0)(0, f1), 9 (e1,0)(e2,0)(e3,0)(ea,0)(0, f1), 4
(6270)(6370)(6470)(07f2)7 (8170)(6270)(6370)(6470)(07 f2)7
(e2,0)(es,0)(e4,0)(0, f1 + f2)} (e1,0)(ez2,0)(es,0)(es,0)(0, f1 + f2)}

Table 6.9: Conjugacy classes and order of their elements of group Gj.

With the notations same as in example we compute conjugacy classes of G and

order of its element in the following table:
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Conjugacy class (c Conjugacy class o(C)
€1 ={(0,0)} 2 C2 = {(0, f1)} 2
C3 ={(0, f2)} 2 Ca=1{(0, /1 + f2)} 2
Cs = {(e1,0), (e1, f1), (e1, f2), (e1, f1 + f2)} 2 Co = {(e2,0), (e2, f1)} 2
Cr = {(e2, f2), (e2, f1 + f2)} 2 Cs = {(e3,0), (3, f2), (e3, 1), (e3, f1 + f2)} 2
Co = {(e4,0), (e, f1)} 2 Cio = {(e4, f2), (ea; f1 + f2)} 2
C11 = {(e1,0)(e2,0), (e1,0)(ez,0)(0, f1), 4 Ci2 = {(e1,0)(es, 0), (e1,0)(es,0)(0, f1), 4
(e1,0)(e2,0)(0, f2), (e1,0)(e2,0)(0, f1 + f2)} (e1,0)(e3,0)(0, f2), (e1,0)(e3,0)(0, f1 + f2)}
C13 = {(e1,0)(e4,0), (e1,0)(ea, 0)(0, f1), 4 C14 = {(e2,0)(e3,0), (e2,0)(es,0)(0, f1), 4
(e1,0)(e4,0)(0, f2), (e1,0)(e4,0)(0, f1 + f2)} (e2,0)(es,0)(0, f2), (e2,0)(es,0)(0, f1 + f2)}
Ci5 = {(e2,0)(e4,0), (e2,0)(e4,0)(0, f1)} 2 | Cis ={(e2,0)(e4,0)(0, f2), (e2,0)(e4,0)(0, f1 + f2)} | 2
Cigs = {(e1,0)(ez2,0)(es,0),
C17 = {(e3,0)(e4,0), (e3,0)(es,0)(0, f1), 9 (e1,0)(ez,0)(es, 0)(0, f1), 4
(e3,0)(ea,0)(0, f2), (e3,0)(ea,0)(0, f1 + f2)} (e1,0)(e2,0)(es,0)(0, f2),
(e1,0)(e2,0)(es,0)(0, f1 + f2)}
Ci9 = {(e1,0)(e2,0)(e4,0), Ca0 = {(e1,0)(e3,0)(eq,0),
(e1,0)(ez2,0)(e4,0)(0, f1), 9 (e1,0)(es,0)(es,0)(0, f1), 4
(e1,0)(e2,0)(ea;0)(0, f2), (e1,0)(es,0)(es,0)(0, f2),
(e1,0)(e2,0)(e4,0)(0, f1 + f2)} (e1,0)(es,0)(e4,0)(0, f1 + f2)}
Co1 = {(e2,0)(es,0)(e4,0), Ca2 = {(e1,0)(e2,0)(es3,0)(e4,0),
(e2,0)(es,0)(es,0)(0, f1), 4 (e1,0)(ez,0)(es, 0)(ea,0)(0, f1), 4

(e2,0)(es, 0)(es,0)(0, f2),
(e2,0)(es3,0)(e4,0)(0, f1 + f2)}

(61, 0)(621 O)(€3,0)(€4, 0)(07 f2)7
(e1,0)(e2,0)(es,0)(e4,0)(0, f1 + f2)}

Table 6.10: Conjugacy classes and order of their elements of group Gb.

We conclude the chapter with the following remark:

O

Remark 6.3.4 The computation in example and example shows that Q[G1] =
Q[G2] and by Prop groups G and G2 are not isomorphic.

This establishes that rational group algebras of real special 2-groups do not determine

the group.
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Appendix A

GAP Codes

We record our GAP code to check whether a group is special 2-group, extraspecial 2-group,

real, strongly real or totally orthogonal.

Program 1

#Checks if G is a real group.

G;

"real";

output := 0;

=
i

NrConjugacyClasses(G);
CharacterTable(G) ;
RealClasses(T);

o A
o

if N = Size(R) then
output := "real";
fi;

103
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Program 2

#Checks if G is a special 2-group or extraspecial 2-group.
G;
"2-Group";
"special";
"extraspecial";
output := 0;
if IsPGroup(G) = True and Order(G) mod(2) = O then
output := "2-Group";
fi;
if output = "2-Group" then
D :

DerivedSubgroup(G) ;
Centre(G);

FrattiniSubgroup(G);
Elements(C);
= [;

for g in 1 do
if gxg = 1[1] then

Add( j, g );
fi;

od;

H := Group( j );

o= omoQ
1

if D=Cand C = F and F = H then
output := "special";
fi;
fi;
if
output = "special" and Size(C) = 2 then
output := "extraspecial";
fi;
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Program 3

#Checks if G is a strongly real group.

G;

"stronglyreal";

output := 0;

ccsize := NrConjugacyClasses(G);
involutions := [];

tested := [];

Add(tested, ConjugacyClass(G,Identity(G)));
for g in G do
if Order(g) = 2 then
Add(involutions, g);
fi;
od;
Add(involutions, Identity(G));

for g in involutions do

for h in involutions do
if ((Size(tested) = ccsize) = false) then
Add(tested, ConjugacyClass(G, gxh));
Add(tested, ConjugacyClass(G, h*g));

fi;

tested := Set(tested);

od;
od;

if Size(tested) = ccsize then
output := "stronglyreal";
fi;
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Program 4

#Check if G is a totally orthogonal group.

G;

"real";
"totallyorthogonal";
output := 0;

outputl := 0;

CharacterTable(G) ;
NrConjugacyClasses(T) ;
RealClasses(T);
Indicator(T,2);

H D o= 4
i

if N = Size(R) then

outputl := "real";

fi;

if outputl = "real" and -1 in I then
output := 0;
else

output := "totallyorthogonal";

fi;

In the following, we provide our GAP code used to make table and table
This GAP code returns a list of totally orthogonal groups that are not strongly real up

to order 128 and a list of strongly real groups with symplectic representations up to order
128.



# Returns a list of real groups up to order 128.

real := [];

for i in [1..128] do
m := Size(A11SmallGroups(i));
for j in [1..m] do

G := SmallGroup(i,j);

Run Program 1

if output = "real" then
Add(real, G);

fi;
od;

od;

#Returns a list of strongly real groups up to order 128.

stronglyreal := [];

for G in real do
Run Program 3

if output = "stronglyreal" then
Add(stronglyreal,G);

fi;
od;

#Returns a list of totally orthogonal groups up to order 128.

totallyorthogonal := [];

for G in real do

Run Program 4
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if output = "totallyorthogonal" then
Add (totallyorthogonal,G) ;
fi;
od;

#Returns a list of totally orthogonal groups up to order 128

which are not strongly real.

k := [1;
TNS := [];
finall := [];

for G in totallyorthogonal do
if G in stronglyreal then
Add(k,G);
else
Add (TNS,G);
fi;
od;

for G in TNS do
I:=IdSmallGroup(G);

D:=StructureDescription(G);
Run Program 1

Add(finall, I);

Add(finall, D);

Add(finall, output);
od;

#Returns a list of strongly real groups up to order 128
which are not totally orthogonal.

1 :=[1;
SNT := [];
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final2 := [];
for G in stronglyreal do
if G in totallyorthogonal then
Add(1,G);
else
Add (SNT,G);
fi;
od;

for G in SNT do
I:=IdSmallGroup(G);

D:=StructureDescription(G);
Run Program 1

Add(final2, I);

Add(final2,D);

Add(final2, output);
od;

Now we discuss the output of above program. The following list contains totally
orthogonal groups which are not strongly real up to order 128. It is clear from the list
that the smallest totally orthogonal group which is not strongly real is of order 64 whereas
smallest such special 2-group is of order 128 as mentioned in remark

gap> finall;

[ [ 64, 177 1, "(C2 x D16) : C2", "2-Group",
128, 453 1, "(C2 x D16) : C2", "2-Group",
128, 931 1, "(((C8 : C2) : C2) : C2) : C2", "2-Group",
128, 932 ], "((C4 x C2 x C2) : C4) : C2", "2-Group",
128, 982 1, "((C4 x C2 x C2) : C4) : C2", "2-Group",
128, 1345 ], "(C2 x C2 x C2 x D8) : C2", "special",
128, 1389 1, "(C2 x ((C4 x C4) : C2)) : C2", "special",
128, 1544 1, "(C2 x ((C2 x €2 x C2 x C2) : C2)) : C2", "special",
128, 1550 ], "(C2 x ((C4 x C4) : C2)) : C2", "special",
128, 1880 ], "C2 x ((C2 x D16) : C2)", "2-Group",

M
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[ 128, 1924 ], "(C2 x ((C4 x C2 x C2) : C2)) : C2", "2-Group",
[ 128, 1949 ], "(C2 x ((C4 x C4) : C2)) : C2", "2-Group" ]

The following list contains strongly real groups which are not totally orthogonal up
to order 128. It is clear from the list that the smallest strongly real group which is not
totally orthogonal is of order 32 which is isomorphic to extraspecial 2-group Q2 o D4. As
mentioned in remark there is only one special 2-group of order 64 which is strongly
real but not totally orthogonal.

gap> final2;

[ [ 32, 5601, "(C2 x Q8) : C2", "extraspecial",

64, 218 1, "(C2 x ((C4 x C2) : C2)) : C2", "special",

64, 265 1, "(C2 x ((C4 x C2) : C2)) : C2", "2-Group",

128, 1347 ], "(C2 x C2 x ((C4 x C2) : C2)) : C2", "special",
128, 1388 ], "(C2 x ((C4 x C2) : C4)) : C2", "special",

128, 1407 1, "(C2 x ((C4 x C2 x C2) : C2)) : C2", "special",
128, 2180 1, "C2 x ((C2 x ((C4 x C2) : C2)) : C2)", "2-Group",
128, 2318 1, "(C2 x ((C2 x Q8) : C2)) : C2", "2-Group",

128, 2324 ], "C2 x C2 x ((C2 x Q8) : C2)", "2-Group",

128, 2327 1, "(C2 x ((C2 x @8) : C2)) : C2", "extraspecial" ]

m
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