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Chapter 1

Introduction

The whole of electrodynamics is governed by Maxwell’s equations, together with Lorentz force law.

Maxwell’s equations:

∇ · E =
ρ

ε0
(1.1a)

∇ · B = 0 (1.1b)

∇×E = −∂B

∂t
(1.1c)

∇×B =

(
µ0 J +

1

c2
∂E

∂t

)
(1.1d)

Lorentz Force Law:

F = q (E + v×B) (1.2a)

A solution is termed null when following conditions are satisfied.

E · E−B . B = 0 (1.3a)

E · B = 0 (1.3b)

1.1 Bateman’s construction

To construct the knotted solutions, we would first require a formalism called Bateman’s construction[1][2].

Let us define a complex vector field with the real part as electric field and the imaginary part as

magnetic field.

F = E + iB (1.4)
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The source-less Maxwell’s equations (suppressing the constants) can be re-written in terms of F as:

∇ · F = 0 (1.5a)

∇ × F = i
∂F

∂t
(1.5b)

The real part of equation 1.5(a) is same as equation 1.1 (a) and imaginary part gives equation 1.1

(b). The right hand side of equation 1.5 (b) simplifies to −∂B

∂t
+ i

∂E

∂t
. Hence the real part of the

equation would give equation 1.1 (c) and the imaginary part would result in equation 1.1 (4).

The null condition can be expressed as follows.

F · F = 0 (1.6)

The real part of this equation gives equation 1.3 (a) and the imaginary part gives 1.3 (b).

Defining 2 complex scalars α and β with the following constraint.

∇α×∇β = i (∂tα∇β − ∂tβ∇α) (1.7)

This is the called the Bateman’s condition. If we define,

F = ∇α×∇β (1.8)

We can show that F defined above satisfies equations 1.5 through 1.6. Hence F defines a null solution

of source-less Maxwell’s equations.

Null Condition:

F · F = ∇α×∇β · ∇α×∇β

= ∇α×∇β · i (∂tα∇β − ∂tβ∇α)

= 0

We have used equation 1.7 in the second step.

Divergence Condition:

∇ · F = ∇ · (∇α×∇β)

= ∇β · (∇×∇α)−∇α · (∇×∇β)

= 0
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Curl Condition.

∇× F = ∇× (∇α×∇β)

= ∇× i (∂tα∇β − ∂tβ∇α)

= i (∂tα (∇×∇β) + ∂t (∇α)×∇β − ∂tβ (∇×∇α)− ∂t (∇β)×∇α)

= i (∂t (∇α)×∇β +∇α× ∂t (∇β))

= i∂t (∇α×∇β)

= i∂tF

We have used the following properties of curl and divergence.

∇ · (A×B) = B · (∇×A)−A · (∇×B)

∇× (fA) = f (∇×A)−A× (∇f)

∇×∇f = 0

Clearly, F defined in equation 1.8 along with the Bateman’s condition, equation 1.7, defines a null

solution to the source free Maxwell’s equations. This approach was developed by Bateman and hence

it is called Bateman’s construction.

Now consider any 2 holomorphic functions f and g of α and β. It can be shown that f and g

would also satisfy Bateman’s conditions. Therefore, these new complex scalars would also give rise

to a null solution of Maxwell’s equations.

∇f = ∂αf∇α+ ∂βf∇β

∂tf = ∂αf∂tα+ ∂βf∂tβ

We have similar equations for g. Using these equations we can write.

∇f ×∇g = (∂αf∇α+ ∂βf∇β)× (∂αg∇α+ ∂βg∇β)

= (∂αf∂βg − ∂βf∂αg)∇α×∇β

= i (∂αf∂βg − ∂βf∂αg) (∂tα∇β − ∂tβ∇α)

i (∂tf∇g − ∂tg∇f) = i ((∂αf∂tα+ ∂βf∂tβ) (∂αg∇α+ ∂βg∇β)− (∂αg∂tα+ ∂βg∂tβ) (∂αf∇α+ ∂βf∇β))

= i (∂αf∂βg − ∂βf∂αg) (∂tα∇β − ∂tβ∇α)

3



Hence we get the desired result.

∇f ×∇g = i (∂tf∇g − ∂tg∇f)

The new solution F ′ is related to the old solution F by.

F′ = (∂αf∂βg − ∂βf∂αg) F

So every α and β gives a family of solutions. Moreover, all related solutions have same normalized

Poynting vector.

Plane-wave solutions

Consider α = z − t, β = x+ iy, f = eiα and g = β. We have,

∂tα = −1

∂tβ = 0

∇α = (0, 0, 1)

∇β = (1, i, 0)

Checking Bateman’s condition.

∇α×∇β = (−i, 1, 0)

i (∂tα∇β − ∂tβ∇α) = (−i, 1, 0)

As αand β satisfy Bateman’s conditions, so does f and g. F defined by f and g becomes,

F = (ei(z−t), iei(z−t), 0)

E = (cos(z − t),−sin(z − t), 0)

B = (sin(z − t), cos(z − t), 0)

Clearly, this is a circularly polarized plane wave solution.
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1.2 Putting the constants back

Consider the source free Maxwell’s equations. If we make the transformation E′ = E/c and B′ = B,

then we can re-write the Maxwell’s equations as follows.

∇ · E′ = 0 (1.21a)

∇ · B′ = 0 (1.21b)

∇×E′ = −1

c

∂B′

∂t
(1.21c)

∇×B′ =
1

c

∂E′

∂t
(1.21d)

Just as before, defining F ′ = E′ + iB′. Equation 1.5(b) can be expressed as follows.

∇ × F′ =
i

c

∂F′

∂t
= i

∂F′

∂(ct)
(1.22)

If we have solutions to the equation ∇ × F = i
∂F

∂t
, then we can obtain the solutions to equation

1.22 by simply replacing t by ct.

F′(x, y, z, t) = F(x, y, z, ct)

This would give the following as electric and magnetic field in SI units.

E = c Re[F(x, y, z, ct)] (1.23a)

B = Im[F(x, y, z, ct)] (1.23b)

The space-time coordinates are dimension-full. Hence there must be an implicit scale factor a

associated with the variables x, y, z and ct. That is, x = x′/a where x′ has dimensions of [L] and a

is some arbitrary length scale.
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Chapter 2

Knots

Any closed curve embedded in three dimensional Euclidean space is called a knot. A link of m

components consists of m disjoints knots. The formal definition is given below[3].

Definition 1. A link L of m components is a subset of S3, or of R3, that consists of m disjoint,

piecewise linear, simple closed curves. A link of one component is called a knot.

The simplest example of a knot is a circle.

2.1 Torus knots

Definition 2. A torus is a surface of revolution generated by revolving a circle in three dimensional

space about an axis coplanar to the circle.

Definition 3. A meridian curve is a curve that bounds a disk in the interior of torus but doesn’t

bound a disk on the surface of torus. A longitude curve is a curve that intersect a meridian curve

exactly once.

A torus can also be obtained from a rectangle by first forming a cylinder and then joining the open

ends of the cylinder, so that it closes on itself.[4]

Figure 2.1: A torus. ’A’ is a meridian curve, ’B’ is a longitude curve.
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Definition 4. A (p,q) torus knot is a knot on the surface of torus that goes around p times in

the meridian direction and q times in the longitude direction.

Figure 2.2: A (2,3) torus knot. Also known as Trefoil Knot.

If p and q are co-prime, then we get a knot, else we get a link with m components, with m = gcd(p, q).

2.2 Singular Points on a Complex Hyper-surfaces

Topology around a singular point on a complex hyper-surface can be non-trivial. This was studied

in great detail by J. Milnor[5]. Consider the following function of 2 complex variables.

f (z1, z2) = zp1 + zq2 (2.1)

where p and q are positive integers. Defining V to be the hyper-surface spanned by (z1, z2) such

that f (z1, z2) = 0. A singular point of a function is a point where all the directional derivatives are

zero. For the function f , the singular point lies at origin. 2 complex variables span a 4 dimensional

space. The hyper-surface V is a 2 dimensional surface (as f = 0 gives 2 constraints. One each

for real and imaginary part.) embedded in 4 dimensional space. Consider a point z0 on V . On

taking intersection of a sphere centred at z0 with V , we get a curve. We would expect this curve to

homeomorphic to circle. But if z0 is a singular point then the curve can have a more complicated

topology. For instance, if we choose the centre to be origin, we would get p,q torus knot as the curve.

V = {(z1, z2) |zp1 + zq2 = 0} (2.2)

Sε = {(z1, z2) ||z1|2 + |z2|2 = ε2} (2.3)

K = V ∩ Sε (2.4)

To find the loci of K, let us assume z1 = η eiqθ. Then from the condition zp1 + zq2 = 0 we find

that zq2 = −ηpeiqpθ. This gives, z2 = ηp/qe(ipθ+iπ/q). The condition |z1|2 + |z2|2 = ε2 becomes

8



(ηp/q)
2

+ η2 = ε2. This fixes η in terms of epsilon. Hence we get the following.

K =
(
η eiqθ, ηp/qe(ipθ+iπ/q)

)
(2.5)

K is a curve with parameter θ. To visualise this curve, consider the following figure.

Figure 2.3: Visualising K

θ = 0 correspond to the point on the far right of the red circle parallel to the plane of paper. A

non-zero θ corresponds to a point on the circle obtained by revolving the red circle by an angle of

pθ about an axis perpendicular to the plane of green circle and passing through its centre. In the

plane of red circle, the point corresponding to θ is obtained via a rotation by an angle of qθ. As θ

goes from zero to 2π, the path traced by the point crosses every meridian curve and longitude curve

p times and q times respectively and then closes on itself. Hence it is indeed a p,q torus knot.

The curve lies on the 3-sphere Sε. To visualise the curve, we can also take the stereographic projec-

tion of S3 on R3. A stereographic projection of 2-sphere on a plane passing through the centre is

obtained as follows. Choose any point P on the sphere. Consider the line l joining the north-pole N

and P . The point of intersection (R) of l with the plane passing through the centre is the projection

of P . Stereographic projection in higher dimensions is just a trivial extension of this concept.

Figure 2.4: Stereographic Projection: S2 → R2

For 3-sphere of unit radius, the form of stereographic projection in terms of complex variables is the

9



following. Stereographic Projection:

z1 =
r2 − 1 + 2iz

r2 + 1
(2.6a)

z2 =
2(x− iy)

r2 + 1
(2.6b)

where x, y, z are the Cartesian coordinates and r is the distance from origin. Using equation 2.5

with ε = 1, we can write x, y, z in terms of parameter θ and constant η.

Stereographic Projection of curve K:

x =
1

2
sin
(π

6
− θp

)
ηp/q

(
η cos(θq) + 1

1− η cos(θq)
+ 1

)
(2.7a)

y = −1

2
cos
(π

6
− θp

)
ηp/q

(
η cos(θq) + 1

1− η cos(θq)
+ 1

)
(2.7b)

z = η sin(qθ)

(
η cos(θq) + 1

1− η cos(θq)
+ 1

)
(2.7c)

A parameter plot for p = 2 and q = 3 gives the following. This shows that we can obtain a torus

Figure 2.5: Parametric plot for p = 2 and q = 3 gives a (2,3) torus knot.

knot in three dimensions by taking the intersection of the hyper-surface V with a 3-sphere centred

at the singular point; origin.

10



Chapter 3

Knotted Solutions

Consider the following definition of Bateman’s variables.[2][6]

α =
r2 − t2 + 2iz − 1

r2 − (t− i)2
(3.1a)

β =
2(x− iy)

r2 − (t− i)2
(3.1b)

Checking if Bateman’s condition, equation 1.7, is satisfied.

∇α×∇β =



4x(it−iz+1)

(−t2+2it+x2+y2+z2+1)2

4y(it−iz+1)

(−t2+2it+x2+y2+z2+1)2

− 2i(t2−2t(z+i)−x2−y2+z2+2iz−1)
(−t2+2it+x2+y2+z2+1)2



i (∂tα∇β − ∂tβ∇α) =



4x(it−iz+1)

(−t2+2it+x2+y2+z2+1)2

4y(it−iz+1)

(−t2+2it+x2+y2+z2+1)2

− 2i(t2−2t(z+i)−x2−y2+z2+2iz−1)
(−t2+2it+x2+y2+z2+1)2



As ∇α × ∇β = i (∂tα∇β − ∂tβ∇α), α and β indeed satisfy Bateman’s condition. Hence they

generate a null solution of source-less Maxwell’s equations. Note that at t = 0, the definition of α

and β coincides with the stereographic projection of 3-sphere on R3(equation 2.6). Moreover, we

can check that |α|2 + |β|2 = 1. Now choose f(α, β) = αp, g(α, β) = βp. As f and g are holomorphic

functions of α and β, they also generate a solution of Maxwell’s equations.

F = ∇αp ×∇βq (3.2)

11



Defining ψB = Re(αpβq) and ψE = Im(αpβq). Then it can be shown that ∇ψB .B = 0 and ∇ψE .E.

This implies that the electric and magnetic field lines lie on the surfaces described by ψE = constant

and ψB = constant respectively. The surfaces of constant ψB have a knotted structure. ψB takes

values from −(ppqq/(p+ q)p+q)1/2 to (ppqq/(p+ q)p+q)1/2. For the maximum and minimum values,

ψB = constant forms a knot of zero thickness. When ψB is varied from its maximum/minimum

values to zero, the thickness in increased continually. We get a set of nested torus knots over all

space. At t = 0, we get the following structure for surfaces of constant ψB . The surfaces of constant

ψE also have a similar structure, rotated in space about z-axis by π/2q.

Figure 3.1: core field lines for p=1, q=1

Figure 3.2: core field lines for p=2, q=3

Figure 3.3: ψB = 0.45 and ψB = −0.45 for p=1, q=1

12



Figure 3.4: ψB = 0.45 and ψB = 0 for p=1, q=1

Figure 3.5: ψB = 0 for p=2, q=3

Figure 3.6: ψB = 0.1 and ψB = −0.1 for p=2, q=3
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This knotted structure is preserved in time. As time progresses the surfaces of constant ψB twists

and turns but retain their basic structure. At all times these surfaces remain homeomorphic to the

surfaces at t = 0. The energy iso-surfaces propagates in the negative z direction.

Figure 3.7: time evolution of surfaces ψB = 0.45 and ψB = −0.45 for p=1, q=1. Time t=-1, t=0
and t=1 respectively

Figure 3.8: time evolution of surface ψB = 0.1 for p=2, q=3. Time t=-1, t=0 and t=1 respectively

Figure 3.9: time evolution of energy iso-surface for p=1, q=1. Time t=-3, t=0 and t=3 respectively
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Figure 3.10: time evolution of energy iso-surface for p=2, q=3. Time t=-3, t=0 and t=3 respectively

Another interesting feature of this solutions is that the energy profile is very dense and falls off

rapidly.

Figure 3.11: Graph for energy density vs r for p=1, q=1 at time t=0

Figure 3.12: Graph for energy density vs ρ for p=2, q=3 at time t=0
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The Bateman’s construction gives solutions of Maxwell’s equations where constants have been sup-

pressed. To get an idea of energy associated with the solutions we need to put back the constants.

Using the results in section 1.2, we can get the actual field in terms of the solutions constructed by

simply using transformation derived in equation 1.23. This gives the following expression for electric

and magnetic field at t = 0 for hopfion solution, i.e. p = 1 and q = 1.

E = ca2

(
4
(
−x2 + y2 + z2 − a2

)
(x2 + y2 + z2 + a2)

3 ,
8(az − xy)

(x2 + y2 + z2 + a2)
3 ,−

8(xz + ay)

(x2 + y2 + z2 + a2)
3

)
(3.3a)

B = a2

(
8(xy + az)

(x2 + y2 + z2 + a2)
3 ,−

4
(
x2 − y2 + z2 − a2

)
(x2 + y2 + z2 + a2)

3 ,−
8(ax− yz)

(x2 + y2 + z2 + a2)
3

)
(3.3b)

The energy density associated with electromagnetic field is
1

2

(
ε0E

2 +
1

µ0
B2

)
. At t = 0, it turns

out to be,

u =
16a4

(
a4 + 2a2

(
2x2 + z2

)
+ 8axyz +

(
x2 + y2

)2
+ 4y2z2 + z4

)
µ0 (a2 + x2 + y2 + z2)

6 (3.4)

To get an idea of change in energy profile of the electromagnetic field with time we consider the

variation of energy density in a particular direction, with other variables fixed to zero.

u(x, 0, 0, t) =
16a4

(
a4 + 2a2

(
(ct)2 + 2x2

)
+ (ct)4 + x4

)
µ0

(
a4 + 2a2 ((ct)2 + x2) + ((ct)2 − x2)

2
)3 (3.5a)

u(0, y, 0, t) =
16a4

(
a4 + 2a2(ct)2 + (ct)4 + 4(ct)2y2 + y4

)
µ0

(
a4 + 2a2 ((ct)2 + y2) + ((ct)2 − y2)

2
)3 (3.5b)

u(0, 0, z, t) =
16a4

µ0 (a2 + (ct− z)2) (a2 + (ct+ z)2)
3 (3.5c)

Figure 3.13: Dependence of energy density on x for a = 1

Figure 3.14: Dependence of energy density on x for a = 2
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Figure 3.15: Dependence of energy density on y for a = 1

Figure 3.16: Dependence of energy density on z for a = 2

From the graphs it is clear that the energy profile is propagating in -z direction at speed of light. As

time progresses, the energy profile diffuses in x and y direction and appears to move radially out at

speed of light. On increasing the scale a, the energy profile becomes more diffused and peaks at a

lower value. Apart from that, the evolution is very similar to the earlier case.

The total energy associated with the field configuration can be obtained by integrating u over all

space. The total energy turns out to be Energy = 2π2/aµ0.

Of course we can redefine F to get a different energy scale. F = ∇(aα) × ∇(bβ), where a and

b are real constants. The electric and magnetic field gets scaled by ab and energy density by (ab)2.

The Poynting vector can be obtained using, S =
1

µ0
E×B.

S =
16 a4 c

µ0

(
2(ay − xz)

(x2 + y2 + z2 + a2)
5 ,−

2(ax+ yz)

(x2 + y2 + z2 + a2)
5 ,

x2 + y2 − z2 − a2

(x2 + y2 + z2 + a2)
5

)
(3.6)

Comparing with the form of electric field and magnetic field, it is clear that Poynting vector too has

a knotted structure. Now we can compute the total momentum of the system using P = ε0µ0

∫
Sdτ .

The x and y component would give zero when integrating over all space, as both are odd functions

in one or more of variables x, y and z. The z component integrates to −π2cε0/a.

P =

(
0, 0,

−π2cε0
a

)
ẑ (3.7)

If we assume that the field structure is a particle, then the rest mass of the particle turns out to

be around

√
3π2ε0
a

. We can also compute the angular momentum associated with the system is.

17



Angular momentum density is given by l = ε0
∫

r× Sdτ .

l = 16cε0a
4

(
y
(
x2 + z2 − a2

)
+ 2axz + y3

(x2 + y2 + z2 + a2)
5 ,

−
(
x3 + x

(
y2 + z2 − a2

)
− 2ayz

)
(x2 + y2 + z2 + a2)

5 ,
−2a

(
x2 + y2

)
(x2 + y2 + z2 + a2)

5

)
(3.8)

Again, x and y component would give zero upon integration over all space. The z component gives

−π2cε0.

L = −π2cε0 ẑ (3.9)
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Chapter 4

Properties

In this chapter we study some of the classical properties of the solution obtained above, especially

for the case p = 1 and q = 1.

4.1 Reflection

We study the reflection of hopfion from a conducting plane at normal incidence. The electric field

inside a perfect conductor is zero. This results in the following boundary conditions at the surface

of a conductor.

n̂×E = 0 (4.1a)

n̂×H = K (4.1b)

n̂ . D = σ (4.1c)

n̂ . B = 0 (4.1d)

Where H = B/µ0 and D = ε0E. σ and K are induced surface charge density and surface current

density respectively. At the surface of conductor, the tangential component of electric field and

normal component of magnetic field are zero. The normal component of electric field is proportional

to the surface charge density and tangential component of magnetic field is proportional to the

current induced at the surface of conductor. This suggests the following transformations to obtain

the reflected field, for the case when conducting plane is at z = 0.

ER(x, y, z, t) = (−Ex(x, y,−z, t),−Ey(x, y,−z, t), Ez(x, y,−z, t)) (4.2a)

BR(x, y, z, t) = (Bx(x, y,−z, t), By(x, y,−z, t),−Bz(x, y,−z, t)) (4.2b)

The transformation suggests that the tangential component of electric field of the reflected wave

switches direction with respect to the incident wave. The normal component of electric field remains

the same. On the other hand, for magnetic fields the tangential component remains the same and
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normal components switches direction. Let us check whether this transformation works for plane

waves. Consider the following figure. The direction of propagation is shown in blue, magnetic field in

orange and electric field in red. The direction can be obtained by imposing orthogonality of electric

field, magnetics field and Poynting vector, E ×B ∼ K.

Figure 4.1: Reflection of plane wave

• Case 1: Normal Incidence.

At the surface of the conductor electric field and magnetic field both have only tangential

components. The electric field of reflected wave switches direction with respect to the inci-

dent wave, while the direction of magnetic field remains the same. This is in accord with

transformation in equation 4.2.

• Case 2: Oblique Incidence. Electric field lies in the plane of paper.

Magnetic field is tangential and it doesn’t change direction. Electric field has both normal and

tangential components. The tangential component switches direction while normal component

doesn’t.

• Case 3: Oblique Incidence. Magnetic field lies in the plane of paper.

Electric field has only tangential component, which switches direction. The normal component

of magnetic field switches direction while tangential component remain the same.

Linearly polarized plane waves seem to follow the transformation 4.2 when reflected from a conduct-

ing plane at z = 0.

The charge and current induced on the surface of conductor due to the boundary conditions gives

rise to the reflected wave. We show this explicitly for the case of normal incidence. Consider the

following incident wave.

E = E0 cos(ωt− kz)x̂ (4.3a)

B =
E0

c
cos(ωt− kz)ŷ (4.3b)

The reflecting surface is at z = 0. Using 4.2 we obtain the following form of reflected wave.

Er = −E0 cos(ωt+ kz)x̂ (4.4a)

Br =
E0

c
cos(ωt+ kz)ŷ (4.4b)
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Now we can use the boundary conditions in equation 4.1 to obtain the following form for induced

surface charge and current.

σ = 0 (4.5a)

K = 2
E0

c µ0
cos(ωt) x̂ (4.5b)

We can obtain the retarded potential using the following formulae.

V(~r, t) =
1

4πε0

∫
d3x′

ρ(~r′, tr)

|~r − ~r′|
(4.6a)

A(~r, t) =
µ0

4π

∫
d3x′

J(~r′, tr)

|~r − ~r′|
(4.6b)

Where, tr = t−|~r− ~r′|/c is the retarded time. Clearly, the scalar potential will be zero as there is no

induced charge density. To compute the vector potential at (0, 0, z) for z < 0, consider the following

figure (fig. 4.2).

Figure 4.2: Computing retarded potentials

A(~r, t) =
2E0µ0

4πcµ0

∫ ∫
ρ′dρ′dθ′

cos
(
ω
(
t− |~r − ~r′|/c

))
|~r − ~r′|

x̂

=
E0

c

∫ ∞
0

ρ′dρ′
cos
(
ω
(
t− (ρ′2 + z2)1/2/c

))
(ρ′2 + z2)1/2

x̂

Define, u2 = ρ′2 + z2. Then udu = ρ′dρ′. For negative z, the limits of integration changes from

0→∞ to −z →∞. Making the mentioned substitution in the integral results in the following.

A(~r, t) =
E0

c

∫ ∞
−z

udu
cos (ω (t− u/c))

u
x̂

=
E0

c

∫ ∞
−z

du cos (ω (t− u/c)) x̂

=
E0

ω
sin(ωt+ kz) x̂+ const
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Now we can determine the electric field and magnetic field from the scalar and vector potentials

using following formulae.

E = −∇V− ∂A

∂t
(4.9a)

B = ∇×A (4.9b)

We get back the reflected wave.

E = −E0 cos (ωt+ kz) x̂ (4.10a)

B =
E0

c
cos (ωt+ kz) ŷ (4.10b)

This proves that the transformation 4.2 works very well for plane waves, at least for normal incidence.

Applying the same transformation to the hopfion (p = 1, q = 1) solution, we get the following form

for the electric and magnetic fields at t = 0.

ER = c

(
4
(
x2 − y2 − z2 + 1

)
(x2 + y2 + z2 + 1)

3 ,
8(xy + z)

(x2 + y2 + z2 + 1)
3 ,−

8(y − xz)
(x2 + y2 + z2 + 1)

3

)
(4.11a)

ER =

(
8xy − 8z

(x2 + y2 + z2 + 1)
3 ,−

4
(
x2 − y2 + z2 − 1

)
(x2 + y2 + z2 + 1)

3 ,
8(x+ yz)

(x2 + y2 + z2 + 1)
3

)
(4.11b)

To check whether the reflected field also have knotted structure, we need to find an analogue of ψE

and ψB introduced in chapter 3.

∇ψE(x, y, z, t) ·E(x, y, z, t) = 0 (4.12a)

∇ψB(x, y, z, t) ·B(x, y, z, t) = 0 (4.12b)

We need to find ψrE and ψrB , such that,

∇ψrE(x, y, z, t) ·ER(x, y, z, t) = 0 (4.13a)

∇ψrB(x, y, z, t) ·BR(x, y, z, t) = 0 (4.13b)

Using transformation 4.2, we can re-write equation 4.13(a) as follows.

∇ψrE · (−Ex(x, y,−z, t),−Ey(x, y,−z, t), Ez(x, y,−z, t)) = 0

⇒− ∂ψrE(x, y, z, t)

∂x
Ex(x, y,−z, t)− ∂ψrE(x, y, z, t)

∂y
Ey(x, y,−z, t) +

∂ψrE(x, y, z, t)

∂z
Ez(x, y,−z, t) = 0

Now if we make the transformation z → −z we get,

− ∂ψrE(x, y,−z, t)
∂x

Ex(x, y, z, t)− ∂ψrE(x, y,−z, t)
∂y

Ey(x, y, z, t)− ∂ψrE(x, y,−z, t)
∂z

Ez(x, y, z, t) = 0
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This is same as,

∇ψrE(x, y,−z, t) ·E = 0

Comparing with equation 4.12(a) it is clear that ψrE(x, y, z, t) = ψE(x, y,−z, t). A similar analysis

for equation 4.13(b) can be done to obtain ψrB . This time we will have,

∇ψrE · (Bx(x, y,−z, t), By(x, y,−z, t),−Bz(x, y,−z, t)) = 0

After z → −z transformation we will get,

∂ψrB(x, y,−z, t)
∂x

Bx(x, y, z, t)
∂ψrB(x, y,−z, t)

∂y
By(x, y, z, t)

∂ψrB(x, y,−z, t)
∂z

Bz(x, y, z, t) = 0

Again we get a similar form.

∇ψrB(x, y,−z, t) ·B = 0

Comparing with equation 4.12(b) it is clear that ψrB(x, y, z, t) = ψB(x, y,−z, t). Re-writing the

results.

ψrE(x, y, z, t) = ψE(x, y,−z, t) (4.14a)

ψrB(x, y, z, t) = ψB(x, y,−z, t) (4.14b)

We plot the surfaces of constant ψrB for p = 1 and q = 1.

Figure 4.3: ψrB = 0.45 and ψrB = −0.45 for p = 1 and q = 1.

We can see that the reflected fields also have knotted structure.
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Figure 4.4: Evolution of energy iso-surfaces of total electromagnetic field. t = −2, t = 0 and t = 2
respectively.

As in the case of plane waves, we can compute the charge and current density induced on the

conducting plane surface. At t = 0 we get the following results.

σ = − 16y

(x2 + y2 + 1)
3 (4.15a)

K =
16xy

(x2 + y2 + 1)
3 x̂+

8
(
−x2 + y2 + 1

)
(x2 + y2 + 1)

3 ŷ (4.15b)

Figure 4.5: Evolution of surface charge density. t = 0 and t = 1 respectively.

Figure 4.6: Evolution of surface current density. t = 0 and t = 1 respectively.

The induced charge and current densities must produce the reflected field. We can use equations 4.6

and 4.9 to check whether we get back the reflected wave. But due to the complicated form of surface

charge and current densities, we were unable to compute the integrals.
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4.2 Particle Trajectory

We plot the trajectory of a particle in presence of knotted electromagnetic field corresponding to

p = 1 and q = 1. The initial conditions are, x = 1, y = 1, z = 0, v = 0 at t = 0.

Figure 4.7: Trajectory of a particle in presence of knotted field.

Figure 4.8: Velocity vs time. Red is x component of velocity, green is y and blue is z
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4.3 Emf induced

In this section we study the emf induced in a coil in presence of knotted electromagnetic field. We

choose a square coil placed on the plane x = 0. The vertices are at (0,1,1), (0,1,-1), (0,-1,1) and

(0,-1,-1). The emf induced on a coil is given by,

emf =

∮
E · dl (4.16)

Using Stoke’s theorem we can write,

emf =

∫
Ω

∇×E · dA = −
∫

Ω

∂B

∂t
· dA (4.17)

Figure 4.9: Induced emf due to the presence of knotted field.
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Chapter 5

Formalism

5.1 Covariant Formalism

In this section we express the Bateman’s construction covariantly[7]. Using index notation we can

re-write equation 1.4 as,

Ei + iBi = εijk∂jα∂kβ (5.1)

If Fµν is the electromagnetic field tensor, equation 5.1 can be written as,

F 0i +
i

2
εijkFjk = εijk∂jα∂kβ

Where Ei is F 0i and Bi is
i

2
εijkFjk. Defining ε0ijk = εijk and ε0ijk = −εijk, we get the following as

the covariant form.

Fµν − i

2
εµναβFαβ = −εµνρσ∂ρα∂σβ (5.2)

The i,j component of the equation 5.2 gives.

F ij − iεijk0Fk0 = −εijk0(∂kα∂0β − ∂0α∂kβ)

εijkBk − iεijkEk = εijk(∂tα∂kβ − ∂kα∂tβ)

Bk − iEk = (∂tα∂kβ − ∂kα∂tβ)

Ek + iBk = (∂tα∂kβ − ∂kα∂tβ)

Comparing this with equation 5.1, we can see that Bateman’s condition is already encoded in equation

5.2. Hence it contains all the information about equations of motions. We can also right down the

four vector potential in terms of α and β.

εµναβFαβ = −2εµνρσIm[∂ρα∂σβ]
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We can use the identity,

εµνρ1σ1ε
µνρ2σ2 = −2

(
δρ2ρ1 δ

σ2
σ1
− δρ2σ1

δσ2
ρ1

)
(5.3)

to get the following results.

Fµν = Im[∂µα∂νβ − ∂να∂µβ] (5.4)

= ∂µAν − ∂νAµ (5.5)

Aµ = Im[Hµ] (5.6)

Hµ =
1

2
(α∂µβ − β∂µα) (5.7)

5.2 Map to SU(2) gauge theories

Quaternions

Quaternions are extension of complex numbers. It has 4 basis elements: 1, i, j and k. The product

rules are: i2 = j2 = k2 = ijk = −1, ij = k and cyclic terms, ji = −k and cyclic terms. We can find

a representation for the basis using 2 dimensional Pauli matrices: 1 = I2×2, i = −iσ1, j = −iσ2 and

k = −iσ3. Defining,

q =
1

m
(α+ βj) =

1

m
(α0 + iα1 + (β0 + iβ1) j) =

1

m
(α0 + iα1 + jβ0 + kβ1) (5.8)

q∗ =
1

m
(α0 − iα1 − jβ0 − kβ1) =

1

m
(α0 − iα1 − j (β0 + iβ1)) =

1

m
(α∗ − βj) (5.9)

where m =
√
|α|2 + |β|2 = 1. Also, qq∗ = 1. Defining quaternionic potential as follows.[7]

Qµ = q∂µq∗ (5.10)

Q∗µ = q∗∂µq = ∂µ(qq∗)− q∂µq∗ = −Qµ (5.11)

As, ∂µ(qq∗) = 0. The quaternionic potential can be simplified to following.

[
Qµ,Qν

]
= (q∂µq∗) (q∂νq

∗)− (q∂νq
∗) (q∂µq∗)

= (∂µ(qq∗)− (∂µq)q∗) q∂νq
∗ − (∂ν(qq∗)− (∂νq)q∗) q∂µq∗

We get,

[
Qµ,Qν

]
= − (∂µq∂νq

∗ − ∂νq∂µq∗) (5.12)

∂µQν − ∂νQµ = ∂µ (q∂νq
∗)− ∂ν (q∂µq∗) = (∂µq∂νq

∗ − ∂νq∂µq∗) (5.13)

The field strength is given by Qµν = ∂µQν−∂νQµ+
[
Qµ,Qν

]
= 0. Hence it is a pure gauge solution.
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5.3 Gauge Transformation

In this section we explore the gauge freedom with respect to Bateman’s variables, α and β. We

consider infinitesimal gauge transformation of the 4-vector potential.

Aµ → A′µ = Aµ + ∂µ(cθ) (5.14)

Where c and θ are real functions. The general infinitesimal transformation for α and β is.

α→ α′ = α+ 4iaαθ (5.15a)

β → β′ = β + 4ibβθ (5.15b)

A factor of 4i has been kept for later convenience. Using equation 5.6 we get.

Aµ =
Hµ −H∗µ

2i
=

1

4i
((α∂µβ − β∂µα)− c.c.)

δAµ =
1

4i
((δα∂µβ + α∂µ(δβ)− δβ∂µα− β∂µ(δα))− c.c.)

c∂µθ + (∂µc)θ =
1

4i
((4iaαθ∂µβ + α∂µ(4ibβθ)− 4ibβθ∂µα− β∂µ(4iaαθ))− c.c.)

c∂µθ + (∂µc)θ = ((aαθ∂µβ + α∂µ(bβθ)− bβθ∂µα− β∂µ(aαθ)) + c.c.)

Where c.c. denotes complex conjugate. In the last step the sign of complex conjugate term has been

changed as we have taken i outside the bracket. Equating the coefficient of θ and ∂µθ on both sides

of last equation gives the following result.

c = αβ(b− a) + c.c. (5.16a)

∂µc = (αβ∂µb− αβ∂µa+ αb∂µβ − αa∂µβ + βb∂µα− βa∂µα) + c.c. (5.16b)

Taking the derivative of equation 5.13(a) and subtracting with equation 5.13(b) would give the

following consistency condition.

(aα∂µβ − bβ∂µα) + c.c = 0 (5.17)

This is a very restricting condition. For instance if we ignore the complex conjugate term, then the

above condition implies ∂µβ = f(~x, t)∂µα. This implies ∂µα∂νβ is symmetric. Hence right hand

side of equation 5.2 becomes zero (As we are contracting symmetric tensor with an anti-symmetric

tensor). So, field strength is zero. Alternatively, it would imply ∇α is proportional to ∇β. Hence

their cross product would be zero. This implies that F in equation 1.8 is zero. Again we get the

same conclusion that the field strength is zero. So, prime-facie it appears that Bateman’s variables

doesn’t exhibit gauge freedom for a general field configuration. But the involvement of complex

conjugate terms demands analysis in greater detail, which we haven’t been able to complete due to

time constraints.
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