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Abstract

The Gauss’s Theorema Egregium and the Gauss Bonnet theorem are few
of the foundational results in Differential geometry that present non trivial
hypothesis about curvature. The former asserts that curvature is an invari-
ant of the metric.

In higher dimensions there is a well known theorem by F. Schur :
THEOREM. Let M be a Riemannian manifold with dim(M) > 3 . If the
sectional curvature K of M is constant at each point of M, then K is actually

constant on M.

In this thesis we have attempted to give an exposition of a celebrated the-
orem of R.S Kulkarni that relates the geometry of the curvature with the
underlying metric. We consider all manifolds and functions to be smooth.
Also all manifolds are assumed to be connected. The theorem is stated as
follows:

FUNDAMENTAL THEOREM (R.S Kulkarni, 1970). If dimension > 4, then
isocurved manifolds with analytic metric are globally isometric except in the
case of diffeomorphic, non-globally isometric manifolds of the same constant
curvature.

In other words, under the above hypothesis, a curvature preserving diffeo-

morphism itself is an isometry.

We will prove the theorem in two chapters. In the first chapter we derive
the necessary results required to prove the theorem. One of the result needed
is the Weyl’s theorem that is stated in the end of the first chapter. In the
second chapter we give the complete proof. We have assumed a knowledge

of John M. Lee’s book on Riemannian geometry for reading the thesis.



Notation

(M, g)= Riemann Manifold equipped with metric g.

T,M= Tangent space at a point p € M.
T (M )= Tangent bundle of M.
T*(M)= Cotangent bundle of M
O(n)= Orthogonal group.

K= Sectional curvature.

R= Curvature tensor.
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Chapter 1
Preliminaries

The reference sources for this chapter are primarily [I], [3].

1.1 Curvature tensor

Definition 1.1. A Riemannian metric on a smooth manifold M is a two tensor field
that is symmetric and positive definite, and thus determines an inner product on each
tangent space T,M. We denote g(X,Y) by (X,Y) for X, Y € T,M. We also denote

any inner product on a vector space by g.

Definition 1.2. Let V' be a real vector space with inner product g. A curvature tensor

with respect to g is a bilinear map
R:V xV — End(V)

which satisfies the following properties :
1. RX,)Y)+ R(Y,X)=0
2. RIX,)Y)Z+R(Y,Z) X+ R(Z,X)Y =0
3. (R(X,Y)Z, W) =(R(Z,W)X,Y).
Remark 1.1. In the Riemannian case, we shall take R(X,Y) = Vixy] — VyVx —

VxVy, where V is the Levi Civita connection.

Definition 1.3. We define sectional curvature as follows: If o = {X,Y'} is a 2-plane

CV then
(R(X,Y)X,Y)

KX, Y) = (X, X)Y,Y) — (X, V)2
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For (M, g), a Riemann manifold let Go(M) denote the Grassman bundle of 2-plane
sections of M and 7 : Go(M) — M the canonical projection.

Remark 1.2. The sectional curvature K is a real-valued function on Go(M).

Definition 1.4 (Isotropic point). Let dim(M) > 3. We say a point p € M 1is isotropic

if K|z-1(p is constant; otherwise, we call p non-isotropic.

Theorem 1.1. Let V,V be two real vector spaces of dimension n > 3 endowed with

inner products g, g respectively. let
R:V xV — End(V)
R:V xV — End(V)

be two curvature tensors (with respect to g, g respectively), and let K, K be correspond-

ing sectional curvatures. Suppose that K # constant, and
f V=V
a sectional curvature preserving linear isomorphism. Then f is a homothety, i.e.,

g(f(x), f(y)) = c.g(z,y),

where ¢ is any constant.

Lemma 1.1. Let V' be a vector space with inner product g, and curvature tensor R.

The following are equivalent:
1. The sectional curvature is constant.
2. RIX,Y)Z =c.({(X,2)Y — (Y, Z)X).

Definition 1.5 (Acceptable frame). We define a frame to be an orthonormal basis
of a vector space V. A frame would be called acceptable if for every triple of distinct
indices i, j, k the values K(e;,e;), K(e;,ex), K(ej, ex) are all distinct. Henceforth, we
denote K (e;,e;) as K;;.

Lemma 1.2. Under the hypothesis of Theorem V' admits an acceptable frame.



Proof Let dim(V) = 3. Let {e;,ej,ex} be any frame. If K;;, Ky, K, are not all

distinct, we have the following two cases:

1. K;; = K, = Kj, = K,. We suppose R, to be non-zero, otherwise in view
of Lemma [1.1| curvature would be constant if all the mixed components of the

curvature tensor were zero.

Let T' be an orthogonal transformation which rotates the {e;, e; }-plane through

an angle A, and leaves e, fixed. Then
Te; = cosbe; + sin fe;

Te; = —sinfe; + cos be;.

Let Te, = f.,r =1, j, k. Consider,

(R(fi, [1) [i, [3)

K(fi. [;) =

substituting for f; , f; we evaluate the numerator as

(R(fi, fi) fi, ;) =(R(cos be; + sin fe;, — sin fe; + cos Oe;)(cos fe; + sin fe;),

— sin fe; + cos fe;)

Using bilinearity of the curvature tensor and metric, we evaluate R.H.S

(R(cosfe;, —sinfe;) cosfe;, cosBe;) + (R(cosbe;, cosbe;) cosbe;, cos Oe;)

+ (R(sin fej, cos Oe;) cos fe;, cos Be;) + (R(sin fe;, — sin fe;) cos fe;, cos fe;)

+ (R(cos Oe;, — sin fe;) sin fe;, cos Oe;) + (R(cos Oe;, cos Oe;) sin fe;, cos fe;)

+ (R(sin fej, cos Oe;) sin fe;, cos fe;) + (R(sin fe;, — sin fe;) sin fe;, cos fe;)

+ (R(cos Oe;, — sin fe;) cos Oe;, — sin fe;) + (R(cos be;, cos Oe;) cos Oe;, — sin fe;)
+ (R(sinfe;, cos fe;) cos fe;, — sin fe;) + (R(sin fe;, — sin fe;) cos fe;, — sin fe;)
+ (R(cos fe;, — sin fe;) sin fe;, — sin Oe;) + (R(cos Be;, cos fe;) sin fe;, — sin fe;)
+ (R( )

R(sin fej, cos fe;) sinfe;, —sin fe;) + (R(sinfe;, — sin fe;) sin fe;, — sin fe;).



By cancelling terms and furthur simplification we have,

(cos® 0 + sin® 0)(R(ei, e;)ei, e;) = (R(ei, e5)ei, ;)
= K(ei, €j>
= Kzg

It is easy to check that the denominator is equal to 1. Hence,
K(fz, f]) — Kl] — Ko-
Similarly we get,

K (fi, fx) = cos® 0(R(e;, ex)ei, ex) + sin 20(R(e;, ey )e;, e) + sin® O(R(e;, ex)e;, ex)
= c0s? 0 Rip;, + sin 20 Riji + sin? OR;kjk
= KO =+ sin 29Rzkgk

AIld, K(fj, fk) = KO — sin 29Rzk]k

So we can have for some value of 4, sin 20 # 0 for which the new frame would

become acceptable.
2. Let K;j = Ky, # Kjj, and let ‘Kij — Kjk} = ¢. In this case we have

(a) K(fi, [;) = Ky
(b) K(fi, fr) — Kix = sin® (K, — Kii,) + sin 20 Ryyjy
(C) K(fj, fk) — Kjk = Sin2 G(sz — Kjk) — Sin QHRijk

Again to make the frame acceptable, we choose 6 to be small such that the
R.H.S in (b) and (c) is non-zero and ‘K(fi, fr) — Kik’, ’K(fj, fr) — Kjk’ is < .

The above proof was for a vector space of dimension 3. For a general proof con-
sider a frame f = {ej,es,....,e,} for an n dimensional vector space. To each frame
associate a number N(f) given by the number of distinct triples {7, 7, k} such that
the K;;, K, Kjj, are distinct.

By continuity of curvature, it can be shown that there exists a small variation via
T € O(n) in the neighbourhood of the identity element such that the acceptable
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triplet remains acceptable i.e N(f) < N(T'f). We may choose f such that N(f) is
maximum. If f is not acceptable then there exists a triplet such that the acceptability

condition is not satisfied.

Let that triplet be {e;, e;, e }. If the variation of {e;, e;, e,} by all transformations
in the neighbourhood of the identity in O(n) resulted in the same constant curvature
then the curvature itself would be a constant everywhere which is not the case. So
we may say that there exists sufficiently small variations of {e;, e;, e} such that the
triplet becomes acceptable, which would contradict the choice of f as we started with

N(f) being maximum and hence the proof.

Now we are ready to give the proof of Theorem .
Proof Using Lemma , let {eq,...,e,} be an acceptable frame. Set
fei=¢é
and
g(ei, €5) = aij.

We denote the components of R with respect to the basis {¢;}. Under the hypothesis

we have

K (e, e;) = K(é&;,¢5)

i.e, -

<R(e_i7 e_j)e_i7 6})

aiaj; — (ai;)*

(R(ei, ej)ei ej) =

Hence, we have
(aiiaj; — (aij)*)Rijij = Rijij- (1.1)



Now let {4, j, k} be a distinct triplet and x, y be two real numbers such that atleast
one is non-zero. Now we compute the following:

R(ze: + ye,. 4y,
K(ze; + yej, ex) = (R(ze; + yej, ex)(zei + yej), ex)

((zei +ye;), (wei +ye;)){ex, ex) — ({zei + yej, ex))?
_ <R<£L’€z + Yej, €k>($€i + yej), €k>

1.2
22 + 42 (1.2)
Numerator of Equation (1.2) is given as follows:

(R(ze; + yej, ex)zei, ex) + (R(ve; + yej, er)ye;, ex) = (R(xe;, ep)xe;, er) + (R(yej, ex)xe;, ex)+

(R(wey, ex)ye;, ex) + (R(yey, ex)ye;, ex)
= 1’2<R(6i, ex)ei, ex) + 2xy(R(e;, ex)e;, ex)+
92<R(€j, €k)€i, €k>

= .CL'QRikik + 25173/Rz'kjk + y2Rﬂ€jk
Therefore, we have

2 Risie + 22y Rigr. + y* Ry
K (we; + e, ep) = Ttk T =Rk LY Sk

N
= —. 1.3
ZL‘2 + y2 D ( )
Similar calculations yield,
? Ry + 20y Rage + v R N
K06+ y¢), 1) = — T Ry + :Zy kik + Y ki == (1.4)
(22ai; + 2zya;; + y2aj;)ane — (Tag, + yax) D
From the hypothesis, we have

K(LC@Z' + ye;, ek) = [_((a:e_l + ye_j, e‘k).
So computing,

DN = ((anii -+ ZLCyCLij —+ yzajJ‘)Cka — (QTCLUC + yajk)z)(xQRikik -+ Qx'yRZ]ng -+ yQRjkjk)
= ' (ayape — al) Rigar + 2°y(2asan, Rigjr, + 2aijap Ririr, — 203, Rigjr, — 205 Rigir )+
2?y? (agaps Rigjr + 4aijap, Rige + ajjap, Rigir — az, Rjkix — a?kRikik — daga;k Rk )+

3 2

2y (2aijap, Rjkge + 2050k, Riggr, — 205, Rigge — 20055 Rjrji )+
4 2

Y (ajjame Rjnjr — ajpRjnjn)



and

DN = (2% + y*)(« Rigar, + 20y Ronjie + v* Rjngn)
= &' Rigar + 22°y Rigjr + 2%y (Rjji + Ririr) + 20° Rigie + 4" Ry

By comparing coefficients of 23y, zy3, 2%y%, we get the following:
1. Rigjk = Rirjr(asary — a) + Rigir(@ipars — ainajp).
2. Rijx = Ripjn(ajjap, — a%y) + Rk (aijare — awap).

D Do 2 2
3. Rigir + Rjrjx = Rarax(ajjane — afy) + Rigjr(anare — aiy) +

ARk (aijarr — Qi)
(1)-(2) gives
(agjar — aimaji) (R — Rjkjie) + (aiar, — af,) — (ajiam — a3)) Riggr, = 0. (1.5)
Using (1.1), we get
Aasjane — aimage) Rigje — ((aiare — af) — (ajiam — a3)) (Rigie — Rjje) = 0. (1.6)

Since the frame is acceptable, Rxix — Rjkjr 7# 0, so from the Equations (1.5) and
(1.6) we get

(aiiap, — az,) — (ajjan, — a?k) = a;jap; — ipaji = 0. (1.7)
Let
Z(e;,e;) =0,
4<éja ék) = ¢7
Then o
cosf = (i, €5) — i

(e, e)( ) auay
From Equation (1.7), it follows
Qi Ak QA

— = cosf — cospcosyy = 0.
QiG55 AjiAkk A ALk




By symmetry, we also have,
cos ¢ —cosfcosy =0

cos 1) — cosfcosp = 0.

This is possible only if {¢;, €;, €, } are orthogonal. From Equation (1.7), we also have

2 2 2
Qi Al — aik = ajjakk — Cij = aiiajj — aij.

This shows that {é;,€;,é,} is an orthogonal frame whose vectors are of the same

length i.e f is a homothety.

As an immediate consequence of Theorem we have,

Theorem 1.2. Let
f:M—M

be a curvature preserving diffeomorphism of two Riemann manifolds of dimension > 3.

Then f is conformal on the closure of set of non-isotropic points.

1.2 Conformal change of a metric

In this section we state the propositions that compare different tensors and connec-
tions obtained by a conformal change of a metric. We also state the celebrated Weyl’s

theorem and conformal invariant curvature tensor.

Let (M, g) be a Riemann manifold. Let f be a positive real-valued function on M.

Consider the new Riemann metric
g=19.
Proposition 1.1. For any two vector fields X, Y, we have

VxY =VxY + 5(X,Y)

10



where
1

2f
Here, grad f= gradient of f with respect to the metric g, such that for a vector field

S(X,Y) = (XHY +(YHX —(X,Y)grad f}.

X we have,
(X, grad f) = X f.

Now we define hessian of a real-valued function ¢ on M.
Definition 1.6. For any two vector fields X,Y,

hessy(X,Y) = XY ¢ — (VxY)o.

or

hessy(X,Y) = (Y, Vx(grad ¢)). (1.8)

Remark 1.3. Hessian is a symmetric, bilinear (0,2)-tensor field.

Using hessian of a real-valued function ¢ on M, we define another symmetric,

bilinear (0, 2)-tensor field as follows:

Q(X,Y) = hessy(X,Y) — XoY¢

where () defines a bundle map
Qo: T (M) — T*(M)
such that for any two vector fields X,Y, we have

(Qu(X))(Y) = Q(X,Y).

If G = grad ¢, then from Equation (1.8), we have
Qo(X)=VxG — X¢G.

Now we state the propositions that describe the deformation of various tensors

under the considered conformal change.

Proposition 1.2. For any three vector fields X,Y, Z,

R(IX.Y)Z =R(X,Y)Z+T(X,Y)Z
11



where
T(X,Y)Z ={Q(Y, Z)+(Y, Z)| G|’} X —{Q(X, Z)+(X, Z)|GIIP}Y +(Y, Z)Qo(X ) (X, Z)Qo(Y).

Definition 1.7. Ricci tensor is a symmetric, bilinear (0,2)-tensor field defined as:
for X, Z € T,(M)
Ric(X,Z) = Trace{Y — R(X,Y)Z}.

Remark 1.4. Ric defines an endomorphism of the tangent bundle:
Rico = T (M) - T*(M) - T (M)

where ¢ is the canonical map defined by Ric and i is the usual identification of T *(M)
with T (M).

Definition 1.8. Scalar curvature:
Sc: M — R
at a point p € M 1is defined as
Sc(p) = Trace Rico(p).

Definition 1.9 (Weyl conformal curvature tensor). Weyl conformal curvature tensor

1s the conformal invariant defined as follows:
C(X,Y)Z =R(X,Y)Z+

L {Rie(Y, Z)X — Ric(X, 2)Y + (¥, Z) Rico(X) ~ (X, Z) Rico(Y )}~

Sc
(n—1)(n—2)

(Y, Z2)X — (X, Z)Y)}.

Theorem 1.3 (Weyl). Let (M, g) be a Riemann manifold of dimension > 4, then M
1s conformally flat iff C' = 0.

12



Chapter 2

The Fundamental theorem

The reference sources for this chapter are primarily [I], [2], [3].

Definition 2.1. Let (M,g),(M,g) be two Riemann manifolds. We say, M, M are

1socurved if there exists a sectional-curvature preserving diffeomorphism
f:M—M

i.e., for every p € M and for every o, a 2-plane section of tangent space T,M, we

have
K(o) = K(f.0).

Theorem 2.1 (Fundamental theorem). If dim > 4, then isocurved manifolds with
analytic metric are globaly isometric except in the case of diffeomorphic but non-

globally isometric manifolds of the same constant curvature.

To give a complete proof of the fundamental theorem we consider the following

cases:

2.1 Conformally non-flat case

Under the “curvature preserving” hypothesis the following proposition relates the

second order tensors with respect to g and g respectively.

Proposition 2.1. Let V be a real vector space equipped with two inner products g, g

and two curvature tensors R, R such that

1. g = Ag for some A\(> 0) € R.
13



2. K=K

Then R = AR, Ric = \Ric, Ricy = Ricy, Sc = Sc, C = \C.

Proof The condition

implies
(X, V)X, Y) (R(X,Y)X,Y)

(
(X, X) (YY) - (X,7)? (X, X){VY) - (X,Y)>

or

(RX,Y)X,Y) =XMR(X,Y)X)Y).
Replacing Y by Y + Z, we get

(RIX,Y)X,Z) = MR(X,Y)X, Z).
Since this holds for all Z, we have

R(X,Y)X = AR(X,Y)X.
By replacing X by X + Z, we get
R(X,Y)Z — R(Y,Z)X = M{R(X,Y)Z — R(Y, Z2)X }.

By symmetry, we also have

RY,Z)X — R(Z,X)Y = MR(Y,Z2)X — R(Z,X)Y},
R(Z, X)Y — R(X,Y)Z = MR(Z,X)Y — R(X,Y)Z}.
From the usual property of the curvature tensor, we have

RIX,Y)Z +R(Y,2)X + R(Z,X)Y = R(X,Y)Z + R(Y,Z)X + R(Z,X)Y = 0.

Hence

R(X,Y)Z = AR(X,Y)Z.

The rest of the propositions follow from this.

14



Now we state the fundamental theorem incase of conformally non-flat manifold.

Theorem 2.2. Let (M, g), (M, g) be isocurved manifolds. Suppose dim(M) > 4 and

M not conformally flat. Then a curvature preserving diffeomorphism is an isometry.

Proof Let
f:M—M

be a sectional curvature preserving diffeomorphism.

We identify M with M via f so that we have the situation where M is equipped
with two metrics g, f*g such that the identity map,

Idys : (M, g) — (M, f*g)

is curvature preserving. Since M is assumed to be conformally non-flat and dim
(M) > 4, it follows from the Theorem [1.3| that C' # 0 on an open dense subset of M

and that if a point is isotropic then C' = 0. Hence, non-isotropic points are dense.

And by Theorem , we know that f is conformal on the closure of the set of
non-isotropic points. So we may write f*g = ¢g for some real valued positive function
¢ on M. In such a case by the previous proposition we have C' = ¢C. But C is
a conformal invariant we have C' = € and since C' # 0 on a dense subset, we have

¢ = 1. Hence, f is an isometry.

2.2 Conformally flat case

Theorem 2.3. Let (M,g), (M,g) be isocurved manifolds with dim > 4, and M
conformally flat. Moreover, assume that the set of non-isotropic points is dense. Then

the curvature preserving diffeomorphism is an isometry.

Remark 2.1. In this case, since M s conformally flat we take
g=¢"gq

where gq is the flat metric and o s a smooth function on M. Like in the conformally

non-flat case we reduce the situation to the one in which M is equipped with two

15



metrics g, g and the Identity map
Idy = (M, g) — (M, g)

18 curvature preserving. Moreover, we have assumed the set of non-isotropic points to
be dense so by Theorem we may write

g=e*g
where o : M — R.

Before giving the proof for the above Theorem we make the following observations
in view of the Propositions [I.1 and [I.2] stated in the Section [I.2]:

Observations

1. For any three orthonormal vector fields X, Y, Z with respect to the metric go,

we have

QX,Z2)Yp—Q,Z)Xp =0.

2. Let {X3,...,X,} be aset of orthonormal vector fields with repect to go, so that,

grady(p) = D (Xip) Xi.

)

Again for any three orthonormal vector fields X, Y, Z with respect to the metric

Jo, We have

QX 2)Xp + QY. 2)Y ¢ — {Q(X, X) + Q.Y )} 2o + 2 [ Q(Z, Xi)Xip = 0.

Lemma 2.1. Consider (M, g) be conformally flat with dim(M) > 4. Suppose for a
point p € M, (gradyp)p # 0, where grad, is the gradient with respect to the flat metric
go- Then p is isotropic.

Proof Let
X, = gradyp

 leradge|lo”
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and let { X5, ..., X,,} be orthonormal vector fields with respect to gy which are tangent

to the level surface of ¢ in a neighbourhood of p. Then X; are orthonormal,

(X10)(p) = |lgradyello #0, X,p=0fori >1

In Observations (1) and (2), we set X = X;,Y = X;,Z = Xj, where {1,4,j} are

distinct. Then we have the following:

1. Q(XZ,XJ) - O,Z %],’l > 1,] > 1.

2. Q(Xl,Xz) =0,7> 1.

3. Q(X;, Xi) = Q(X1, Xy).
From the above conditions we conclude that p is isotropicﬂ .

Now we are ready to give a proof of the Theorem .
Proof In view of the situation to which we have reduced the hypothesis of Theo-
rem [2.3 if grad ¢ # 0, then by the above Lemma, the set of isotropic points has
non-empty interior which contradicts our hypothesis of non-isotropic points being

dense.

Hence grad ¢ = 0 or ¢ = ¢, where ¢ is a constant. Since we started with

g=e*g
which implies,
_ K
K=—
e

And since we our not considering the case of K = 0, the “curvature-preserving”

hypothesis implies

AN
Il
o

1We have used the fact that for orthonormal vector fields {X1,..., X, }, Q(X;, X;) = \d;;, where
A M — R, the condition implies M is of constant curvature.
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2.3 Complete proof

So far we have shown that a sectional curvature preserving diffeomorphism f is an
isometry on the closure of the set of non-isotropic points. Thus to show that f is
indeed a global isometry, a sufficient condition is that the set of non-isotropic points
is dense.

We state the fundamental theorem again and the following argument will establish

the complete proof.

Theorem 2.4 (Fundamental theorem). If dim > 4, then isocurved manifolds with
analytic metric are globaly isometric except in the case of diffeomorphic but not globally

1sometric manifolds of the same constant curvature.

Proof If the set of isotropic points has a non-empty interior, then by Schur’s theo-
rem we would have the sectional curvature to be constant on each of its connected
components. In particular, it would be constant on an open subset of Gy(M). Hence
by the analyticity of the sectional curvature (equivalently, that of the metric) it would

be constant everywhere.
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