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Abstract

Quantum field theory in curved spacetime is an important framework not only from the point of view
of understanding conceptual notions like particle creation, Hawking radiation, etc., but it has turned out
to be useful in explaining many cosmological observations. Particularly, the quantization of the metric
perturbations during the inflationary phase of the Universe seems to provide a good explanation for the
observed temperature anisotropies in the cosmic microwave background. This thesis explores different
aspects of quantum field theories in cosmologically important FRW spacetimes. In the semiclassical
gravity approach, one is mainly concerned with the expectation value of the stress-energy operator and
ignores the quantum fluctuations in it assuming them to be insignificant. However, these considerations,
based solely on the first-order effects, are bound to fail in case the quantum fluctuations are significant.
The stochastic gravity paradigm considers these fluctuations and quantifies them by the noise kernel. We
show that, for scalar fields in de Sitter spacetime, the late time limit of the noise kernel shows a transition
from vanishing to divergent behavior as the ratio, m/H, is changed in the range [0,3/2]. Similarly, the
noise kernel is found to diverge for massless scalar fields in certain FRW spacetimes. In those cases
in which the noise kernel is non-vanishing (and comparable to the expectation values) or divergent, the
first-order semiclassical analyses are expected to break down and must be supplemented with the second-
order effects in order to make any robust predictions. For massive spinor fields in de Sitter spacetime,
the late time limit of the noise kernel vanishes irrespective of the mass of the spinor field. As far as
massless spinor fields in FRW spacetimes are concerned, the late time limit of the noise kernel vanishes
for expanding FRW spacetimes whereas it diverges for contracting FRW spacetimes. In addition to
the noise kernel behavior, one can also study the dynamics of quantum fields in FRW spacetimes by
coupling them with Unruh deWitt (UdW) detectors. This thesis includes analysis for the case of both
conventional as well as derivatively coupled UdW detectors with a particular focus on studying the
infrared divergences in FRW spacetimes. We find that the infrared divergence of massless scalar fields
in de Sitter spacetime contributes to the response rate of conventional UdW detector whereas it does not
for derivatively coupled UdW detector. However, for massless scalar fields in nearly matter-dominated
spacetimes, the infrared divergences contribute to the rates of both types of UdW detectors. Applying
these results to the coupling of gravitational waves (GWs) with a hydrogen atom, which takes the form of
a generalized derivative UdW coupling, it is argued that the quantized GWs lead to very rapid transitions
within the states of a hydrogen atom while the Universe passes through matter-dominated phase in the
expansion history. These conclusions provide an opportunity to witness quantum effects in relatively

later phases of the Universe as opposed to the quantum effects studied mostly for the early inflationary
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phase of the Universe. These investigations suggest that the cosmological observations corresponding

to the later phases of the Universe may also contain potential quantum signatures.
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Chapter 1

Introduction

The proposal of the existence of an exponentially accelerating inflationary phase [1, 2] for the early
Universe provides mechanisms to explain a number of cosmological observations, for example, the
temperature anisotropies in the cosmic microwave background (CMB), the large-scale structure of the
Universe, etc. [3, 4]. For the Universe to undergo an exponentially accelerating phase, it is required
that the fluid (or matter) driving the Universe through such a phase has negative pressure. The most
commonly used model for inflation assumes that the matter content of the Universe during inflation is
carried by a scalar field (called inflaton) in the presence of a potential [5—8]. By imposing that the form
of the potential satisfies certain ‘slow roll’ conditions, it can be ensured that the scalar field drives the
Universe through a (near de Sitter) inflationary phase. Inflation provides resolutions to many issues as-
sociated with the hot big bang model of the Universe like the horizon problem, flatness problem, etc.
[5, 8, 9]. However, the most remarkable predictions, that inflation provides, come from analyses which
combine the notions of both quantum theory and general relativity. The inflaton field is taken to be inde-
pendent of spatial coordinates, which gives rise to the average homogeneous and isotropic dynamics of
the Universe. On the other hand, the large-scale structure of the Universe represents its deviations from
a purely homogeneous and isotropic evolution. These deviations can be accounted for by considering
perturbations over the otherwise homogeneous and isotropic spacetime and the corresponding matter
content of the Universe [5-8, 10]. In fact, quantum mechanical treatment of these perturbations during
inflation gives rise to predictions which fit well with the observations like the temperature anisotropies
in the CMB, the large-scale structure of the Universe, etc [3, 4]. Hence, this success of the inflation-
ary paradigm suggests a quantum mechanical origin of the present day Universe. Since these metric

and matter perturbations or their combinations evolve over the (near de Sitter) inflationary phase of the



early Universe, treating them quantum mechanically requires us to apply the concepts of quantum field
theory in curved spacetime. Thus, we see that the early Universe provides us with a very rare situa-
tion where both quantum theory and relativity are important and one can treat the early universe as a
test bed for theories which try to build a unified framework for gravity and quantum theory. The pre-
dictions that one obtains by considering quantum treatment of perturbations, depend upon the choice
of initial state in which the perturbations are placed at the start of the inflation. The choice of initial
state for perturbations amounts to assuming specific initial conditions for the Universe. For example,
by placing the perturbations in the ’Bunch-Davies’ vacuum [11-13], we obtain a nearly scale-invariant
power spectra for these perturbations which matches well with many cosmological observations like
CMB anisotropies, etc. [5, 7, 8]. Different choices [14—16] for the initial state like non Bunch-Davies
vacua or non-vacuous states can also be made, provided that the chosen initial state gives an almost
scale-invariant power spectrum with some small characteristic features of its own. One can expect to
be able to distinguish between different initial states only with more detailed cosmological data which
would put further constraints on the allowed initial states. Apart from the choice of initial state for
perturbations, there also exists a plethora of different inflationary models which try to generate the ob-
servationally found near scale-invariant power spectrum for CMB anisotropies. These different models
[17] also predict their own additional characteristic features for the cosmological data and hence, can
be constrained with the availability of detailed data. Therefore, there are many directions in which the
quantum origin of our Universe is being explored [5, 8, 17, 18]. In this chapter, we review some of
these aspects of early Universe physics. We discuss how the early Universe provides a scenario where
both general relativity and quantum mechanics play an important role and gives rise to results that can
be observationally tested. Particularly, we recall the basics of cosmological perturbation theory and the
decomposition of metric and matter perturbations into scalar, vector and tensor parts. By treating these
perturbations upto leading order and taking the case of a single scalar field driven inflation, we discuss
the dynamics of both scalar and tensor perturbations. We consider the quantization of both scalar and
tensor perturbations and their corresponding scale-invariant power spectra. The resultant power spectra
for scalar and tensor perturbations are related to the temperature and polarization maps, respectively, of
the CMB data. In addition to these considerations, there are also other related directions where quantum
effects in early Universe physics are expected to play an important role, for example, the transPlanck-
ian issues in early Universe physics, primordial magnetogenesis, effects of non-vacuous states for the
fluctuations, etc. We provide a brief overview of some of these avenues in early Universe physics where
quantum effects are important before going on to discuss a potential revival of quantum correlations in

late time cosmology.



1.1 Cosmological perturbation theory

Observations [3, 4, 19] tell us that the homogeneity and isotropy of the Universe is only an approxi-
mation. There exist perturbations over the otherwise homogeneous and isotropic FRW geometry of the
Universe and these perturbations are believed to give rise to galaxies, stars, etc., that we observe in the
Universe and also the temperature anisotropy in the cosmic microwave background (CMB). The mag-
nitude of these perturbations is, however, very small. For example, the temperature variations relative
to the average temperature in the CMB are of the order of 107> [19]. Therefore, one can treat these
departures from the homogeneous and isotropic FRW geometry by employing perturbation theory and
maintaining terms upto first order in the perturbations. The perturbed FRW geometry of the spacetime

can be written as follows [5-8, 10]

ds* = a2<nuv+h#v>dx“dxv
- az{ — (1420)dn>+2(9:B— S;)dndx’ + [(1 —29);; +20,9,E +29,F), +hij]dxidxj} :

(1.1

where 9'S; = 0'F; = d'h;; = d’h;; = 0, h;;6"/ = 0 and h;; = hj;.

In the above expression, the perturbations to the FRW metric have been decomposed into scalar, vector,
and tensor perturbations. ¢, y,B and E are scalar perturbations, S; and F; are vector perturbations and
h;;j are tensor perturbations.

Using the Einstein equations and the form of the Einstein tensor for unperturbed FRW metric given in
Appendix A, one can show that the stress energy tensor driving the Universe through unperturbed FRW
phase can be written in a perfect fluid form [5, 9]. Einstein’s equations require that there be perturbations
in the stress energy tensor corresponding to the perturbations over the FRW metric. These perturbations

can be written as [5]

5T, = ﬁazhij +a2 <5,'j5p—|- 8i8j7r“' —|—2a<l-7l']‘-/) + 71'5)
0Ty = ﬁazhol-—a(ﬁ—i—ﬁ)(aiSu%—Su}/)
8Toy = —pa’he+a*dp, (1.2)

where 9'6u}’ = d'ny = d'm; = d/m; = 0, n/;6” = 0 and &} = xj;. The quantities j and p are the
unperturbed pressure and energy density that drive the background spacetime through a purely FRW

phase and all other quantities in the above expressions are perturbations.



Using the above expressions for the perturbed stress energy tensor and the perturbed metric in Einstein’s
equations and the conservation equations of the stress energy tensor and maintaining terms up to first
order in perturbations, one can find the equations which govern the evolution of perturbations [5, 6, 10].
One important issue in cosmological perturbation theory is that of gauge fixing. One finds that one
can modify the scalar and vector perturbations by changing the coordinate system for the background
FRW metric and hence some of the scalar and vector perturbations ought to be unphysical. The tensor
perturbations, however, remain unaffected by coordinate transformations and are all physical except for
the constraints imposed by the transverse and traceless properties [5, 8]. We can get rid of the unphysical
scalar and vector modes by choosing to work in a particular gauge. There exist many choices for gauges
in the literature, for example, the Newtonian gauge, Synchronous gauge, etc [5, 8, 20, 21]. Particularly,
for Newtonian gauge, one has B = E = 0 and the only scalar perturbations that remain are ® = ¢ and
¥Y=uw.

Let us take a scalar field, called the inflaton field [2], which drives the inflationary phase of the early

universe with the following action
1
S:/d“x\ﬁ—g(—Egﬂvauq)&vq)—x/((p)). (1.3)
The equation of motion for the above scalar field is given by
al
@' +2—¢ —VQ+a’Vy=0, (1.4)
a :

where " on ¢ and a denotes a derivative with respect to 1) and V,, represents the derivative of V with

respect to @. The stress energy tensor for the above scalar field is given by

1
Tup = 99339 — gap (58" 0020 +V (9) ). (1.5)

For this scalar field to drive the homogeneous and isotropic inflationary phase, it has to be a function
only of the time coordinate i.e., @ (x) = ¢(n). Thus, the inflaton field satisfies the following equation of

motion i.e.,

! A%
7" +2L 0 + 2% 0. 1.
o'+ L +a 29 0 (1.6)



The energy density and pressure corresponding to the inflaton field are given by

p = (52+V@®). (17)
F = (L -v). (1.8)

Using the above form of the energy density and the Friedmann equation (2.9) for flat FRW spacetimes
1.e., kK = 0, we obtain that

al2 B 871G =12

=5 (35 +v(@). (1.9)

P2 27 (1.10)
P S +V(0)

In order to have an exponentially accelerating expansion of the Universe i.e., the de Sitter phase, the
equation of state parameter, w, should be —1 (see Chapter 2). We see that, for ¢”> << [V (@), we
can have p ~ —p and w = —1. In fact, one can define a set of parameters, & and &, called slow-roll

parameters,

_ 7 d oo L Voo 111
&l 167rG( v) nd B=GV (1.11)

such that €], |&,| << 1 is called the slow-roll condition and it ensures that the spacetime expansion is ap-
proximately exponentially accelerating [5, 6, 8, 22]. There exists a large number of inflaton field models
which differ from each other via the form of their potentials that are used to generate the inflationary

phase (See [17] and references therein).

1.1.1 Mukhanov-Sasaki equation

Let us consider perturbation, § ¢ (x), to the inflaton field that drives the metric perturbations in the FRW

spacetimes i.e.,

¢(x) =¢(n)+5¢(x). (1.12)

One can define a gauge invariant quantity called the ‘comoving curvature perturbation’ which is given
by
ade

R=-%¥Y¥———,
a’

(1.13)



and in fact, it can be shown to satisfy the following equation of motion
Z/
R'4+2%R —V’R=0, (1.14)
Z

25/
“a? . This equation is the famous Mukhanov-Sasaki equation. Another quantity v = zR is also

where 7 =

easily seen to satisfy the following equation of motion

7

Vv, —0, (1.15)
Z

which is the same equation as that of a massless scalar field in an FRW spacetime with scale factor z
(see equation (2.24)). For a purely de Sitter phase, we consider the solutions of the above equation in
the next chapter and choose a particular vacuum state called the Bunch-Davies vacuum [5, 11] . On
superhorizon scales i.e., —km << 1, the power spectrum of the quantity, y = 7, for the Bunch-Davies
vacuum is found to be [6, 8]

H2

(Wpwp) = )8 (K+K) 2 5 (1.16)

From the above expression, we see that the quantity y has a scale-invariant power spectrum. In fact, one
also finds that, on super-horizon scales, the power spectrum of the comoving curvature perturbations,
A% (k), is [6]
2 ng—1
A% (k) = %(Z) (%) o (1.17)
where ng — 1 = 2&; — 6€; and ng, is called the spectral index of the comoving curvature perturbation.
This power spectrum can be related to the temperature anisotropies in the CMB data [8]. Thus, we

obtain an almost scale-invariant power spectrum which agrees with the statistics of the CMB data [23].

The Planck collaboration estimates ng = 0.965 £0.004 [23].

1.1.2 Gravitational waves

The tensor perturbations to the background FRW dynamics of the Universe can also be quantized in a

similar manner. The dynamics of the tensor perturbations, 4;;, is decided by the following action
1 . '
S— g/dn &% @ (()? = (Vhi)?) (1.18)

where h; j5ij =0 and 9'h; = 8jh,-j = 0. The above action for each component of the perturbations

is just the same as that of a massless scalar field in an FRW background and hence they satisfy the



same equation of motion. However, the transverse traceless conditions on the tensor perturbations leave
only two independent components and hence the gravitational waves are dynamically equivalent to two
massless scalar fields in FRW backgrounds.

In addition to the temperature anisotropy map of the CMB, the polarization map of the CMB is also
expected to provide important information which would help constrain different inflationary models.
The electric field associated with CMB photons is polarized in the plane orthogonal to their direction
of motion [5]. The polarization of the electric field in these orthogonal planes can be decomposed in
E-modes and B-modes [24, 25]. The E-modes and B-modes have different parity transformations in the
plane of electric fields [8]. It can be shown [5, 24, 25] that the B-modes do not get any contribution from
scalar fluctuations and get contribution only from tensor fluctuations. Hence, the detection of B-mode
polarization in CMB data provides a probe of primordial tensor perturbations. The auto-correlation of
B-mode polarization can be related to the power spectrum of the tensor fluctuations [8] which we now
calculate for our inflaton field driven inflationary model.

The quantized gravitational waves can be expanded as

hijEm) = ) / dG e3j(8, ) (T hy()bga + ¢ hy(m)b, ) (1.19)
A=+,x

where A = +, x refer to two polarization states. The e;;(g,A)’s satisfy [5]

Y, e€ij(g.2)en(q, ) = 6ubji+ 8k — 88 + 8ijdids + Budid
A=+,

— 041 — 014 jGk — OjxGiqi — 0;1qiqk + 4iq jqrdr - (1.20)

Also, Z;Cm and lA):%)L are the annihilation and creation operators for a state with wave-vector, ¢, and
polarization, A. The h,(n) is the time dependent component of the mode functions. Since the dynamics
of gravitational waves is just that of a massless scalar field in FRW spacetimes, we can choose the
Bunch-Davies vacuum for them as well. On super-horizon scales, the power spectrum of the tensor

perturbations, AZ (k), is given by [6]

8 yH\N\2/ k \nr
80 ==5(5-) (55) 121
r(k) mil 2n aH ( )
where ny = —2¢; is called the spectral index of tensor perturbations. Thus, the power spectrum for

tensor perturbations is almost scale-invariant as well.

One can consider the ratio of the tensor and scalar power spectra, on horizon crossing, called the tensor-



scalar ratio and denoted by r. It is given by
r=As(k=aH)/A%(k=aH) = 16¢; . (1.22)

One of the major goals of the ongoing and planned missions [26] to probe the more detailed statistics of
the CMB is to determine the values of spectral index ng and the tensor-scalar ratio r. Since the power
spectra for scalar and tensor perturbations are defined in terms of the correlations of these perturbations,
they carry important information about the quantum correlations of these perturbations. Apart from these
observables, there are other avenues where quantum correlations are decisive in setting up of observable
effects and we discuss some of them next. All these different effects that we discuss below depend upon
the quantum correlations of metric and matter fluctuations and/or other different fields (like Maxwell
field) during the inflationary universe. So observing such effects tells us about the quantum nature of the
early Universe too, just as the temperature anisotropies in the CMB map, etc. Additional information
about the workings of the early Universe is expected to be obtained by observing the below-discussed

effects.

1.2 Some important avenues capturing quantum features in early uni-

verse physics

* Trans-Planckian issues for inflationary cosmology
The trans-Planckian issues in inflationary cosmology [27, 28] refers to the projection of modes of
super-Planck scales at the start of the inflation to the sub-Planckian and sub-Horizon scales which
are available for observations today. Models of inflation that are generally considered to explain
the observed CMB data last for a ’sufficiently’ long period. During this period of near exponen-
tial expansion of the Universe, the physical distances expand exponentially so much so that the
distances which are smaller than the Planck distance at the start of the inflation get expanded to
distances which are larger than the Planck distance and in fact, by the end of the inflation, they
become even larger than the Hubble radius (see Fig. (1.1)). These modes remain super-horizon
for most of the Universe’s evolution after the end of the inflationary phase and have only recently
become sub-horizon to become available to be observed. This picture presents to us some serious
conceptual issues as we explain the cosmological observations by applying the standard quan-
tum field theory techniques during the inflationary phase of the Universe which are, however,

expected to fail at the distances (energies) which are smaller (higher) than the Planck distance

8



(energy). As the below-Planck scale lengths are expanded to cosmologically observable scales
during inflation, it is expected that they may carry signatures of their past below-Planck length
life with them in their new above-Planck length abode. Hence, other than raising doubts about the
applicability of known laws (which have been verified only in the above-Planck distance regimes)
to these crossing modes, this scenario provides us an opportunity to probe trans-Planckian physics
through cosmological observations at the scales which are not achievable with particle physics ac-
celerators. These issues have been addressed with a number of proposals for dealing with initially
trans-Planckian modes which have now become sub-Planckian. These include using modified
dispersion relations for these crossing modes to account for a possibly different physics at trans-

Planckian scales.

PR

i

Figure 1.1: In this figure, 1c represents a cutoff length (say, Planck length) and Iy represents the
Hubble radius at the end of inflation. Therefore, region I (the shaded area) is below-Planck length
regime, region II is above-Planck length and sub-Hubble regime and region III is both above-Planck
length and super-Hubble regime. The curve in the figure represents the projection of below-Planck
wavelengths to above-Planck lengths and super-Hubble regimes during the inflationary phase. Here
y-axis represents time. This figure is drawn along the lines of a similar figure in [27].

For example, [27, 29] discuss two types of modifications of dispersion relations where for one
type, the power spectrum is not affected by the new physics at trans-Planckian scales whereas the
other type of modification leads to changes in the prediction of scale-invariant power spectrum for
primordial fluctuations. Particularly, [27] divides the length scale into three regions with two pa-

rameters ¢ (represents the Planck-scale) and /g (represents the Hubble Radius). From Eq. (1.15),



for any particular comoving wavenumber, one obtains
2 Z
v- + kv, — —v; =0. (1.23)
Z

Then, [27] assumes that the effect of different physics in super-Planckian regimes is to modify the

dispersion relation i.e., k = a(n)F (k/a(n)). Using the Unruh dispersion relation [30] i.e.,
k
FKk)==kctanh%[(—f>p}, (1.24)

where k¢ = % and p is an arbitrary parameter and considering the minimum energy state with
this dispersion relation, [27] shows that the power spectrum, calculated for modes that are out-
side the horizon at the end of inflation, remains the same as that with standard dispersion relation
i.e., F(k) = k. Other studies [31-33] have also investigated the imprints of Planck scale physics
in terms of modified dispersion relations for trans-Planckian modes on the power spectrum of
primordial fluctuations. Sometimes, as in [34-37], the high-energy trans-Planckian physics is en-
coded through modified position and momentum commutation relations and their implications are
investigated for cosmological observations. Other proposals [38—41] to take into account possi-
ble trans-Planckian physics are also considered like considering non-standard vacua for initially

trans-Planckian modes.

Choice of initial state

In order to obtain the almost scale-invariant power spectrum for primordial fluctuations, generally
all the modes are chosen to start in the Bunch-Davies vacuum in nearly de Sitter inflationary
phase of the Universe. But one can start with more general states than the Bunch-Davies vacuum
state and still find predictions which are in good agreement with the observed data. For example,
[42] argues that coherent states with some constraints are as good as Bunch-Davies state with

regard to explaining the observed data. In particular, [42] considers a coherent state,

C), such
that a;|C) =C (k)|C) and (C|C) = 1 where a; are the annihilation operators corresponding to the
Bunch-Davies vacuum. Now imposing the constraint that C(k) = C*(—k), one can show that, in
superhorizon limit, the power spectrum of the comoving curvature perturbation is given by

1 [ H\2
Azk:———(—), 1.25
R( ) 21’1’%181 27 ( )

which is the same as the power spectrum for the Bunch-Davies state, Eq. (1.17), with ng ~ 1.

Similarly, [43] considers an initial state with a thermal distribution and finds bounds on the cor-
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responding temperature to fit the predictions with the observations. These more general states
would also have their own characteristic features which are expected to be available for probing
in future observations. For example, [16] considers the effects of modifications in the initial state
on the CMB anisotropy, the distortion in the CMB black body radiation and in the Large scale
structure (LSS) of the Universe. Similarly, [14, 44—47] explore non-Gaussianity in CMB data
because of non-vacuum choice for the initial state of the primordial fluctuations. These studies
are expected to provide useful insight into the pre-inflationary era as what happens during that
phase of the Universe’s history would decide the initial state at the start of the inflation. This line
of investigation is also closely related to the trans-Planckian issues as the Planck scale provides
a natural cutoff with respect to which one can treat the sub-Planckian and trans-Planckian modes
differently and place them in different vacuum states as pointed out above. For example, [15] con-
siders non-vacuum states by assuming an inherent scale in the initial state with respect to which
some modes are taken to be vacuous whereas some are taken to be non-vacuous with non-zero
particle content and their power spectra are compared with the observations. Different types of
initial states for inflationary era and their effects on power spectrum have also been considered by

assuming a radiation-dominated pre-inflationary era [48—50].

Inflationary magnetogenesis

There have been many proposals [51-53] to explain the magnetic fields present in the Universe
by considering a primordial inflationary origin for them. Since the standard electromagnetic ac-
tion is conformally invariant, it can be shown that the energy density of magnetic fields decreases
due to the inflationary expansion of the early Universe [54, 55]. However, by breaking the con-
formal invariance of the standard Maxwell’s action with modified actions, one can hope to have
observationally significant magnetic fields. For example, one can consider the following action

for electromagnetic fields [54-56] i.e.,

1
S = ~Ten / d*x\/—g J* (@) Fyy F* (1.26)

where J () breaks the conformal invariance of the standard Maxwell’s action and ¢ is the inflaton
field which drives the universe through inflationary phase. The inclusion of a term like J(¢) mod-
ifies the equation of motion for the vector potential and the mode functions for the vector potential
are no longer the plane wave solutions of the flat spacetime. Quantizing the vector potential, one
can find the energy density of both magnetic and electric fields by taking the vacuum expectation

value of the stress energy operator corresponding to the above action. In fact, specializing to the
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de Sitter spacetime with scale factor a(1) = —(1)/(Hn) and taking J(1) e (1) 72, one finds that

the power spectrum for the magnetic field is scale invariant [55] i.e.,

9H*

Pmagnetic (k)

at horizon crossing. Thus, with the chosen action, one can find a scale invariant power spectrum of
magnetic field generated during the inflationary phase. As already said, there exist many proposals
for modifying Maxwell’s actions with conformal breaking terms or parity violating terms etc [51,
52, 57]. The purpose of these considerations is to obtain a mechanism for primordial generation of
observed magnetic fields in the Universe while also respecting the constraints coming from other

considerations like CMB power spectra, etc.

In addition to the above considerations, there are other quantum effects that are believed to be important
during the early inflationary (near de Sitter) phase of the Universe and are expected to be detected in
more precise future observations. For example, the linear and uncoupled equations for scalar and tensor
perturbations that we discussed above are obtained by expanding the action up to second order in pertur-
bations but one can also study the contribution to the action coming from expansion of the action to third
or higher orders in perturbations. The resultant new terms [7, 58] would provide self-interactions of the
scalar and tensor perturbations and also couple the scalar and tensor perturbations. These interaction
terms give rise to non-Gaussianities [7, 58, 59] in CMB data and we should be able to test them with the
availability of more detailed data.

Most of the studies which consider quantum effects in cosmological contexts are generally considered
for the early Universe physics. It can be shown [60-62] that, starting with the Bunch-Davies state as
the initial state for quantized metric/matter perturbations, the quantum state evolves to become highly
squeezed for all those modes which cross the Hubble radius by the end of inflation. The highly-squeezed
modes remain frozen as such for much of the evolution of the Universe until they re-enter the region in-
side the Hubble radius to become available to be observed. For highly squeezed states, the quantum
averages are equivalent to the averages of classical ensemble of perturbations with stochastic Gaussian
amplitudes [61-63]. Also, for expanding Universe, the comoving distances get enhanced to large phys-
ical separations and the quantum correlations are expected to decay for large physical separations [64].
With all these observations, one expects that the quantum treatment of perturbations during later phases
(after inflation) of the Universe (for example, radiation and matter dominated epochs) should not be

much different from a classical treatment. However, in a recent work [65], it has been shown that the
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quantum correlations of scalar fields during these later phases of the Universe (e.g., for matter domi-
nated era and/or dark energy era) may still remain significant. Thus, it should be interesting to probe
whether quantum effects show revival during these phases of the Universe. Keeping this motivation in
mind and the fact that these later phases of the Universe are modelled by FRW spacetimes, this thesis
studies quantum correlations of fields in de Sitter and FRW spacetimes through noise kernel and Unruh

deWitt detectors as they depend upon the quantum correlations of background fields.

1.3 Outline of the thesis

We divide this thesis in 7 chapters including this one.

* In chapter 2, we discuss very briefly some basic notions about the objects of study in this thesis
i.e., the noise kernel and UdW detectors. We also review basic facts about FRW spacetimes and

discuss the dynamics of both scalar and spinor fields in de Sitter spacetime.

 In chapter 3, we calculate the behaviour of the noise kernel for certain massive scalar fields in de
Sitter spacetime. We find that as the mass of the scalar field is decreased, the noise kernel shows a
transition from vanishing to divergent behaviour. We also study the behaviour of the noise kernel
for massless scalar fields in power-law type FRW spacetimes. The most interesting behaviour is
obtained for massless fields in nearly matter-dominated spacetimes for which the noise kernel is

found to diverge as the spacetimes approach closer and closer to the matter dominated limit

* In chapter 4, we calculate the behaviour of the noise kernel for massive spinor fields in de Sitter
spacetime. We find that the noise kernel always decays as the spacetime expands and the decay
occurs irrespective of the mass of the spinor field. Then we carry out a similar study for massless
spinor fields in all types of FRW spacetimes. It is found that the noise kernel behaves in a manner
that is opposite to the behaviour of the scale factor i.e., the noise kernel decays for expanding

spacetimes and grows for contracting spacetimes.

* In chapter 5, we obtain the expressions of the response rates for conventional and derivatively
coupled Unruh deWitt detectors in different FRW spacetimes, particularly, de Sitter and matter
dominated spacetimes. We find that in the response rate, for derivatively coupled detectors, the
dominating infrared term vanishes in the de Sitter Universe but, for massless scalar fields in nearly

matter dominated cases, the infrared divergent term contributes to the transition probability and
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leads to very rapid transitions within the states of the detector.

In chapter 6, we study how the metric perturbations over FRW spacetimes couple with atoms and
calculate the rate for the atom to make transitions between its different shells caused by metric
perturbations. We obtain that the coupling of perturbations with atoms has an Unruh deWitt like
form and using the results of chapter 5, we conclude that the atoms undergo very rapid transitions

during the nearly matter dominated eras of the Universe.

In chapter 7, we conclude this thesis by providing a detailed chapter-wise summary of all the
results obtained in this thesis and discuss what new insights have been understood about quantum

fields evolving over FRW spacetimes. We also provide some future prospects of our study.
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Chapter 2

Operational Tools

Since the primary goal of this thesis is to study correlations of quantum fields living on de Sitter and
FRW spacetimes, let us collect here, in this chapter, some very basic properties of these spacetimes and
of quantum fields living on them. In particular, how these spacetimes are defined qualitatively and how
their line elements look in most commonly used coordinate systems is discussed. We focus on de Sitter
spacetime and the dynamics of different quantum fields living on this spacetime. One can then use these
studies of quantum fields in de Sitter spacetime to analyze similar studies of quantum fields living on
other FRW spacetimes using certain mappings that exist between quantum fields in de Sitter and FRW
spacetimes (which are discussed in more details in the following chapters). In this chapter, primarily
scalar and spinor fields in de Sitter spacetime are considered. We write the action for these fields, their
equations of motion and solutions to these equations. Since fixing arbitrary constants, which appear
in the solutions to these equations, corresponds to choosing particular particle and anti-particle modes
and hence corresponding particular vacuum state, one particular choice for mode functions is discussed
below which defines what is called the Bunch-Davies vacuum. The expressions of Bunch-Davies Wight-
mann functions for both scalar and spinor fields are also provided. Since we study the correlations of
quantum fields in de Sitter and FRW spacetimes through their noise kernel and by coupling them with

Unruh deWitt detectors, we also provide some preliminary notions about them.
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2.1 FRW spacetimes

The cosmological principle states that the spatial slices of the universe at any given instant of time must
be both homogeneous and isotropic i.e., these slices exhibit translational as well as rotational symmetries
and are, hence, maximally symmetric. We assume that, at least upto zeroth order, the universe obeys the
cosmological principle and hence propose that there exists a coordinate system in which the spacetime

metric of the universe is given by :

ds* = —dr® +a2(t)< + erQ%) , 2.1)

1—kr?

where 7, the time coordinate, is called cosmic time and a(z) is referred to as cosmic scale factor. Here
d Q% is the line element for a 2-sphere and k can take values 0,41 and —1 corresponding to flat, spherical
and hyperbolic spaces. One can show [9, 66, 67] that there are only three types of maximally symmetric
spaces, to which are associated the mentioned three values of k, in any given dimension and the form
of the metric for these maximally symmetric spatial slices can be taken to be as given in the brackets
above. Any metric of the above type, with all types of functional forms for a(z), is called Friedmann
Robertson Walker (in short, FRW) metric and the coordinates in which the spacetime metric assumes
this mathematical form are called comoving coordinates. It is also important to note that the range of
the coordinate r is different for different values of k. For kK = 0 i.e., flat space, r can take values from 0
to oo, for k = 1 i.e., sphere, r can take values from O to 1, and for k = —1 i.e., hyperboloid, r can take
values from —oo to co. The isometry groups for these three cases are also different e.g., for k = 0, the
isometry group is SO(3) x R?, for k = 1, the isometry group is SO(4) while, for k = —1, the isometry

group is SO(1,3). We can write the FRW metric in the following very frequently used form i.e.,

ds? = —di? +a* (1) (d&>+ £2(£)d03) (22)
where
& fork=0
f(€)=14 siné  fork=1 . (2.3)

sinh & fork=—1

We can now make transformation from cosmic time coordinate, ¢, to what is called conformal time,

1. The motivation for introducing conformal time becomes readily apparent when we write the FRW
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metric in the following manner:

dr? dr?
ds* = (1)~ 5~ 2403) . 2.4
S a() az(t)+1—kr2+r 2 ( )
The above form naturally suggests to define some new time coordinate, 7, s.t. dn = % and the FRW
metric takes the following conformally flat avatar
2_ 2 2 g 2 102 2 2 2, 42 2
s’ =a (n)(—dn ot sz> —a (n)<—dn FdEX f (é)sz) . @3)
In general, conformally flat metrics have the following form
ds* = a®(x)(—dn? + gijdx'dx’). (2.6)

where g;; is the metric for spatial slices in more general coordinates and the scale factor, a(x), can depend
on both time and spatial coordinates. For more details on FRW spacetimes, the form of the metric in
some other popular coordinates, their causal structure (in terms of Penrose diagrams), their geodesics

and how they fit with Hubble expansion etc., refer to [9, 66].

In order to study FRW spacetimes further, we need to calculate Christoffel connections, Riemann tensor,
Einstein tensor etc. for these spacetimes. Using Einstein equations and the form of the Einstein tensor
for FRW spacetimes, the expression of the corresponding energy momentum content of the universe
can be obtained. The expressions for these quantities are provided in Appendix A in both conformal
and cosmic time coordinates. In order to be definitive with further discussion, we choose to work with
cosmic time coordinates in the remainder of this section and will give the corresponding conformal time
coordinate results at the end of this section. From the expressions of the components of the Einstein
tensor, given in Appendix A, the form of the energy momentum tensor of the *fluid’ driving the universe

through this FRW ’ride’ can be written as

Tuy = (p(1) +p(1))upuy + p(t)guv , 2.7

where u,, = (—1,0,0,0) and p(¢) and p(¢) have natural interpretation of energy density and pressure,

respectively.
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From the Einstein’s equations, one obtains the following two equations

=3 = 4nG(p+3p)—A, (2.8)
at ok 8nG A
2 g T 3Pty 29)

where the presence of A in the equations just allows for the possibility of the existence of a cosmological
constant. These equations are called the Friedmann equations. We get one more equation from the
conservation of the energy momentum tensor i.e., V,T#" = 0. Conservation laws for v =i i.e., spatial

indices don’t contribute anything whereas for v = 0, we obtain that
p=-3H(p+p), (2.10)

where H, called Hubble parameter, is just a shorthand notation for d/a. It can be easily shown that
certain manipulations of the 2nd and 3rd equations from the above three equations, give rise to the 1st
one in the collection. In that sense only two of these three equations are independent.

In order to deduce anything from the above derived Friedmann equations, we need to provide some
information about the ’nature’ of the fluid i.e., the matter content of the universe. This information is
encoded in what is called the equation of state of the fluid i.e., the functional dependence of the pressure
on the energy density, p = f(p). We use a particular class of equations of state where pressure and

energy density are linearly related i.e.,

p=wp, @.11)

where w is called the equation of state parameter. For these types of fluid, we see that, using (2.10),
p =Ca 30+ (2.12)

where C is some constant. Substituting this dependence of energy density on scaling factor a(z), in
equation (2.9), we find that
, 8nG

A
P2 =220V Cpa 3w L 22 g 2.13
a 3 zb: pa + 361 , ( )

where the summation is over different types of fluids with linearly related equations of state. In fact, we
can drop the 2nd and the 3rd terms on the RHS of the above equation and include them in the summation
with w, = —1 and w = —1/3, in the summation, giving rise to the corresponding terms, respectively.

After the most remarkable discovery of the present day expansion of the universe, deduced from the red-

shifts of the light rays coming from distant galaxies, by Hubble [68], many astronomical surveys and
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cosmological observations have suggested that some of the important eras through which the universe

has evolved are when the RHS in the above equation is dominated by a term with

* w= %: This case is called the radiation dominated case. Since, in this case, 4> o< a~2, we find that
a(t) o< t2. The universe is believed to have been dominated by radiation type of fluid from the end

of the inflation to the redshift of z =~ 3400 [69].

e w = 0: This case is called the dust (or matter) dominated case. Since, in this case, d% «< a~ !,
we find that a(r) < t3. The universe is believed to have been dominated by matter type of fluid

between z ~ 3300 to z ~ 0.3 [69].

* w = —1: This case is called the cosmological constant dominated case. Since, in this case, a2 o<

a®, we find that a(t) = e’. The present day universe is believed to be dominated by the dark
energy. The transition from matter dominated phase to dark-energy dominated phase modelled by

cosmological constant is believed to have taken place at around z ~ 0.3.

There exist many models (see [70] and references therein) to explain the present day dark-energy driven
accelerating expansion of the Universe. In fig. (2.1), we plot the evolution of the average equation of
state parameter as a function of redshift (on log scale) with the contribution coming from all radiation
dominated, matter dominated and dark-energy driven fluids. We have considered models for dark-energy
with constant equation of state parameter (blue and red curves in the figure) with wpy = —1.03 and
wp = —0.5 as well as a dynamical dark-energy equation of state parameter model (magenta curve) with
wa = —1—0.5 Log(1+2z) [70, 71]. Even though the dust (or radiation) type of fluid can still be the
dominant matter for some intervals of z outside the left (or right) shaded area in the figure, the shaded
area represents only that interval of z for which the average equation of state parameter is approximately
0 (or 1/3). This window, too, for which the average equation of state parameter is approximately 0 vary

for different models of dark-energy.
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Figure 2.1: In this figure, we have plotted the average equation of state parameter with the evolution
of universe in terms of redshift parameter, z (on log scale). The left and right shaded areas represent
the values of z corresponding to which the average equation of state parameter is approximately 0 and
1/3, respectively. Three different curves correspond to different models for dark energy component
of the Universe.

Other than the above deduced dependencies of a(z) on t for the mentioned important eras of the
2
universe, we find that, for an arbitrary w, the scaling factor, a(t) o #30+% . In fact, one can also find

the dependence of the scaling factor on the conformal time coordinate, 1, by observing that dn =
2

(dt)/(a(t)) o< (dt)/(t3+)) gives N o< ¢30++) . Substituting the just derived relation between the cosmic
time coordinate and the conformal time coordinate in the expression for the scaling factor, it is seen

2 . : . .
that a(n) o< 13 . From this relation, one sees that, for radiation dominated era a(n) o 7, for dust (or

matter) dominated era a(n) o< n? and for cosmological constant dominated era a(n) o< .

In order to simplify notations for further studies in this thesis, we express a o< t” o< 74 which implies

that

2 J 2
= — n e
P=301w) “ q

(2.14)

Removing w in the above expressions, we obtain ¢ = (p)/(p — 1).

It is in these FRW spacetimes that we aim to study the fluctuations of quantum fields. Like mentioned
at the beginning of this chapter, we shall study quantum fields living on FRW spacetimes in terms
of quantum fields living on de Sitter spacetimes through certain mappings that we will come to in
the following chapters. Before discussing de Sitter spacetime in greater details in the next section of
this chapter, let us just point out that the w = —1 case i.e., the cosmological constant dominated case

1

with a o< ef" o« n~! is what corresponds to the de Sitter case (or at least, a half of it). This is an
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extremely important case to study as it is believed that the present day dark energy dominated expansion
of the universe can be well approximated by this de Sitter phase. Also, the proposal of sufficiently long

inflationary phase of the universe is also modelled by a near de Sitter spacetime.

2.2 de Sitter spacetime

In this section, we introduce some basic aspects of the geometry of de Sitter spacetime. An n dimen-
sional de Sitter spacetime is described as the following embedding in (n+ 1) dimensional Minkowskian
spacetime i.e., R("),

— (X2 + i(x")2 =H. (2.15)
i=1

From the fact that the Minkowskian metric is symmetric under the group SO(1,n) and that the collec-
tion of points defining de Sitter spacetime, through the above equation, is also closed(mapped to the
same collection) under the action of SO(1,n), we can conclude that the metric induced on the de Sitter
spacetime, from the Minkowskian metric, is also symmetric under the group SO(1,n). Since the group
SO(1,n) is generated by ((n)(n+1))/2 number of vector fields and the fact that it is also the maximum
number of Killing vectors possible for any spacetime of dimension n, we conclude that the de Sitter
spacetime has ((n)(n+ 1))/2 Killing vectors and it is a maximally symmetric spacetime. One important
fact about maximally symmetric spacetimes is that the Ricci scalar is a constant for these spacetimes,
therefore, the Ricci scalar for de Sitter spacetime is also a constant and is given by 2(n —1)(n —2)H>.
One can also show that the de Sitter spacetime is a solution of the vacuum FEinstein equations with a
positive cosmological constant, given by ((n — 1)(n —2)/2)H?. Though this last remark about the de
Sitter spacetime can be proven as a theorem, we will see that it becomes quite apparent when we express
the de Sitter metric in the planar coordinates which resembles the above discussed (in the last section)
cosmological constant dominated FRW metric. If we move the —XO2 to the RHS in the above definition
for the de Sitter spacetime, we observe that the topology of the de Sitter spacetime is R x §"~!. Now let
us discuss the planar coordinates which can be used to cover the de Sitter spacetime. For more details,

refer to [9, 66, 72, 73].

21



2.2.1 Planar coordinates with cosmic time and conformal time

In this subsection, we introduce the planar coordinates for the de Sitter spacetime. This is the most
commonly used coordinate system in cosmological applications. This coordinate system is defined by

relating the Minkowski Cartesian coordinates and the planar coordinates in the following way

X" —x0 = j:%,xi:xith,i:I, ..... -1,

0 e*Hl‘
X'4x0 = j:(
+ H

—xixiHeH’>. (2.16)

Now calculating that dX” — dX° = +dte ,dX' = dx'e"" + x'HeM'dt and dX" +dX° = + ( —e Higr —

xix H*eM'dt — 2x;dx;e" H ) , we find that the metric induced on de Sitter spacetime is given by
ds* = —di* + M ax? . (2.17)

One sees that the form of the metric for the spatial sheets, written in the planar coordinates, has the
general form of an FRW metric with k = 0 i.e., the metric on the spatial slices is that of flat space R"~!.

This is the primary reason of referring to this coordinate system as the planar coordinates.

Now let’s make transformation to the conformal time coordinate, 17, by defining dn = dt/a(t) which
casts the above metric in the following conformally flat form ds?> = a?(n)(—dn? +dx?), where dn =
dt/eM" implies that n = —1/(He"") and a(n) = —1/(Hn). Since ¢ lies between (—oo, o), we have that,
from n = —1/(He'"), n lies between (—o0,0). The region covered by any single planar coordinates
chart with its corresponding metric is what one usually understands as de Sitter spacetime in cosmologi-
cal contexts. In fact, this is the spactime that is used to approximately model the present day dark energy
driven universe as well as the early universe inflationary phase.

Before we end this section, let’s consider the Minkowski distance function between any two points of

the de Sitter spacetime which is given by
d(x,y) = Nap (X (x) = X)) (X" (x) = X" (v)) = 2H (1 = Z(x,y)), (2.18)

where x and y are the coordinates of the considered points of the de Sitter spacetime in some co-
ordinate system laid out on it and X“(x) and X“(y) are the coordinates of the same points in the
ambient Minkowski space Cartesian coordinate system. Here Z(x,y) is easily seen to be equal to

H?1X(x)X?(y). One can argue that this function is a biscalar under the action of the de Sitter isome-
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try group. Under an isometry, o, of the de Sitter spacetime, the points x and y go to the points ¢ (x) and
o(y) and the corresponding Minkowski space Cartesian coordinates go to X“(o(x)) = A% (o)X (x) and
X4(o(y)) =A% (0)X"(y) where A(o) is the element of SO(1,n) corresponding to the de Sitter isometry,
o. This implies that Z(o(x),0(y)) = Z(x,y) i.e., it is a biscalar and hence d(x,y) is also a biscalar. In
fact, any biscalar of the de Sitter spacetime can be written as a function of Z. For more details, refer
[72, 74]. We end this section by noticing that the function Z(x,y), in planar coordinates, is given by:

—(n—n')*+(x-)?
2nn’ '

Z(x,y)=1-— (2.19)

2.3 Quantum fields in de Sitter spacetime

Study of quantum field theories on curved spacetimes is an old, rich and still a very thriving area of re-
search [12, 75, 76]. Analyses of this kind have led to deeper insights into the understanding of quantum
field theories and have given rise to phenomena such as Hawking radiation, Unruh effect etc[77-79]. A
major portion of the analyses of QFT on curved spacetimes is, in one way or another, related to the pos-
sibility of choosing different vacua and the lack of "natural’ choices for vacuum in these setups. These
aspects of QFT are not exclusive to the presence of gravitational fields but to all kinds of external fields,
for example presence of external electric field gives rise to non-perturbative Schwinger effect [80, 81]
etc. In this section, we consider quantum fields in de Sitter spacetime which, other than being an im-
portant arena for theoretical investigations [11, 13, 75, 82-85], is immensely important for inflationary
cosmology [1, 2, 5, 7, 8, 10]. We are mainly considering scalar and spinor fields in de Sitter spacetime
and in these considerations, one is presented with the task of making a choice of vacuum before start
building a quantum theory. In this thesis, we work with what is called the Bunch-Davies vacuum for both
scalar and spinor fields and the motivation for making the Bunch-Davies choice is the fact that, in the
asymptotic past, the equations of motion in both these cases resemble the Minkowski spacetime equa-
tions of motion. The Bunch-Davies choice for vacuum corresponds to choosing the arbitrary constants
in such a way that, in the asymptotic past, the mode functions behave like Minkowski space positive
and negative frequency mode functions. Here are also provided outlines for deriving the form of the

Wightmann functions in both these cases.
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2.3.1 Scalar fields

Let us consider a scalar field in an FRW spacetime, in conformal time coordinates with spatially flat

slices. The dynamics of a scalar field in curved spacetime is governed by the following action:

s = _;/d4x¢fg(gaﬁva¢vg¢+vw>)
_ _;/fmﬁwzwwwmww+vw»
= ‘% / d*xa® (= (0 + (Vo) +aV(9)) (2.20)
= 3 [dha (< (9 + (Vo) +aV(9) @21

where ¢’ represents derivative of ¢ with respect to 17. Writing ¢ = a~'v, the above action reduces to

1 , 2 /.,
S= —3 /d4x (— (v)2— EEREEE aav L (Vv)? —|—a4V(v/a)) : (2.22)

In the above equation, v’ and a’ represent derivatives of v and a with respect to 1. With the above action,

we find that the conjugate momentum is T =V — (a’/a)v and the Hamiltonian is given by

/

H= ;/d4x(ﬂ2 + (W) + %(n’v—i— V) +a4V(v/a)> . (2.23)

The equation of motion (e.0.m), for the above action, is given by

1

1
Vv Ly §a3V’(v/a) =0, (2.24)
a

where V' and a” represent double derivatives of v and a with respect to 7 whereas V'(v/a) represents a
derivative of V with respect to ¢ and after taking the derivative with respect to ¢, we replace ¢ with v/a.
Considering a massive scalar field with no interaction i.e., taking V (¢) = m?>¢?, and going to the spatial

Fourier space i.e., taking Fourier transform with respect to spatial coordinates, the e.0o.m becomes

al/
VR — vt =0, (2.25)

The above Fourier space equation of motion is valid for all types of FRW spacetimes expressed in con-
formal time coordinates with flat spatial slices. However, we are interested in studying the dynamics of
quantum scalar fields only in de Sitter spacetime and will study quantum fields in other FRW spacetimes

only later on and, that too, in terms of quantum fields living on de Sitter spacetime through a mapping
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between these spacetimes. Therefore, let us consider the de Sitter case i.e., a(n) = —1/(Hn), for which
the equation of motion is given by
v2_ 1

v (k- %)vk ~0 (2.26)

where v? = (9/4) — (m?/H?). This is Bessel equation and the most general solution to this equation is
given by
1 2
v = cp/—HM (—kn) + dp/—mH (—kn). (2.27)

Now, in order to build quantum field theory for the above setup, we express the field operator as follows

- d37€ ik.xX * —ik.X
v(n,x):/(zﬂ_)}[azvz(n)ek' —i—a%vz(n)e kx| (2.28)

where a; and ag are creation and annihilation operators. Here the above form of the field operator is
determined by requiring that it be Hermitian which is the quantum analog of the requirement that the
considered scalar field is real. Imposing the equal time canonical commutation relations between field
operator and its conjugate momentum operator and also requiring the bosonic statistics, it is found that

v}(s need to satisfy the following condition

i(vive—hc)=1. (2.29)

The above condition holds true for all time if it holds true at any one instant of time. Noticing that

/ 1 1
v = —k/=1 (cHY (—km) + dpHY (—kn)) + o ( —V )y (2.30)

the above condition implies that

ik legl (H{2, (k) H (k) = 1Y (k) HL (k)

g (H (k) B (—kem) = (k) B (k) ) = 1. 2.31)

Since the restriction given by the above constraint is satisfied at all times if it is satisfied at any one
instant of time, let us evaluate it at 17 — —oo limit and find, using the large argument expansion of the

Hankel functions given in Appendix B, that

o5

(Ieg ~1dgI?) = (232)
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Thus, even after having considered all the aspects that are needed to be considered for building a con-
sistent quantum theory, we still have some arbitrariness left to define a unique vacuum. This particular
aspect is not specific to curved spacetimes only but appear in flat spacetime case as well. In order to fix

a vacuum state, we see that, in the 11 — —oo limit, the equation of motion (2.26) reduces to
v+ kv =0, (2.33)

which resembles equation of motion in flat spacetime. Therefore, requiring that the positive frequency

modes behave like flat spacetime positive frequency modes i.e.,a (e ") /(1/2k), in the kn — —oo limit
and using the large argument expansion of the Hankel functions (see Appendix B), one concludes that

T vyl 1

w(n) = [e”“mW—nHé '(~km). (2.34)

Notice that it is the magnitude of the wavevector, k, rather than the wavevector, 75, itself in the subscript of

the mode functions because the RHS is dependent only on the magnitude of the wavevector, k. Another

point is that these mode functions are defined only upto arbitrary phase factors. These mode functions

are generally referred to as the Bunch-Davies mode functions. Before we calculate the Wightmann

function corresponding to the Bunch-Davies vacuum for a massive scalar field, let us see the form of the

Bunch-Davies mode functions for a massless scalar field. For a massless scalar field, the most general

solution to the equation of motion is given by

. —ikn(l_i) Lok (1 L), 2.35

Vi = g kn T dge + in (2.35)

Now performing the same analysis as done for massive scalar fields, the Bunch-Davies positive fre-

quency modes are found to be given by

U gy
= e LY 2.
AT ( kn) (2.36)

These Bunch-Davies mode functions for the massless case can be obtained smoothly from the Bunch-
Davies mode functions for massive field case in the limit m — 0. Therefore, to obtain massless case
expressions, one can simply take the m — 0 limit of the corresponding quantities in the massive case. Let
us now go to the calculation of the form of the Wightmann function for massive case. The Wightmann

function is defined as G(x,y) = (0| ¢(x)¢(y) |0). Therefore, using the form of the field operator given
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above with mode functions taken to be the Bunch-Davies modes, we find that

rH (Mn)? [ d%k Ji
Gley) = MO f (2n)3Hé”<fknx) HY (k)™ 5, 237)
HX(nn')z
_ 8?:2 ) / kdkHS) (—kn, ) HS? (—kny)sin(kr) (2.38)

where r = |¥ — )|. Obtaining a closed form expression for the above integral is an involved exercise
which is carried out at many places [11, 65]. The proof involves expressing the Hankel functions in
some integral representations, given in standard places like [86—89], so that one now has a triple integral
and then after some change of variables and further manipulations one can write the expression again as
a single integral which is then recognizable as an integral representation of the Legendre function. Some
further manipulations give us the commonly encountered following form of the Wightmann function

G(x,y) [11]

H? 1+7
G(x.y) = o T(@T(b)F (5,2, 25, (2.39)

where a,b = (3/2) £ v and Z(x,y)( =1—(—(n—7m")2+ ()?—5)2)/(21‘[11/)> is the invariant distance
function between the points x and y [13]. We will make heavy use of this Wightmann function in the
following chapters as we will mostly be concerned with the Bunch-Davies vacuum. Let us consider
an alternative method to arrive at the above Wightmann function [13]. The field operator satisfies the

following equation

(O—m?)p(x)=0. (2.40)

Since in the Wightman function, the spacetime dependence comes only from the field operators, one

concludes that the Wightmann function also satisfies the above equation i.e.,
(0—m?)G(x,x') =0. (2.41)

Considering a vacuum state that is invariant under the full de Sitter isometry group, we can conclude
that the Wightmann function for such a state is a biscalar (for more information, refer [13]) and, by the
arguments presented above, one obtains that G(x,y) = G(Z(x,y)). Therefore, using the chain rule, the
above equation reduces to

d’G dG  m?

(Z2 1) +4Z 1 + 72 G(2) = 0. (2.42)

Substituting Z = 2Y — 1, we obtain

d*G dG
m+(2—(a+b+1) )— —abG(Y) = (2.43)

Y(1-Y) -
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where a = 3/2 4 1/9/4—m2/H? and b = 3/2 — \/9/4 —m?/H? or vice-versa. This has the form
of the hypergeometric equation and the most general solution to this equation is given by G(Z) =
a>Fi(a,b,2,5%) +byFy(a,b,2,15%). We notice that, for b= 0 and a = (H*/1672)[(a)['(b), the Wight-
mann function has the form of the above obtained Bunch-Davies Wightmann function. Different choices

of a and b give the Wightmann functions for different de Sitter invariant vacua [13, 82, 84, 90-92].

2.3.2 Spinor fields

Let us now consider a spinor field in FRW spacetimes. Spinors in curved spacetime are generally studied

using tetrad formalism. The action for a minimally coupled spinor field is given by

s = /d“x\/fg[iv‘w“vuw*mlﬁw]
f et

YV — (VW) Yy —2myry| + /d4x vau (ipy'y). (2.44)

where y# = ¢, T and {I'",T”} = —2n. Here ¢}, are a tetrad basis and satisfy e; e} % = g"¥. The co-
variant derivative, V,, = dy, — (1/ 8)(1)“&7 [[4,I'5] where the spin connections, w”ﬁ = eleTbF’}u —e™9y el

The equation of motion corresponding to the above action is given by
(iY* V) —m)y =0. (2.45)

Let us consider conformally flat spacetimes i.e., ds> = a?(n)(—dn? +dx?*). For these spacetimes, one
finds that tetrad basis can be taken to be e = (1/a)8;" which implies that ey = a5”, et = (1/a)n*
and e,y = anqyu. With these expressions for tetrad basis and using the fact that T, = (d'/a)(5] 50 +
5{} 89 — nuyn??) (see Appendix A), we find that the spin connections, @yq» = /a)(na“ — Npu ).

With this expression for spin connections, one obtains that

. J 1
iY'v, = él““ <8u — Sa)uab[l'”,l“b]>

|~

(r R + ~Tual [ro,r“]>

(r# Oy + = > . (2.46)

Q| ~.
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With the above expression, the equation of motion is seen to be given by

) 3id'
lF“8u+2—F —am |y =0. (2.47)
a
In Fourier space, it becomes
0~ v 3id

[SI[o%)

and by the field transforamtion , x;(1) = a2 (n)y;(n), it acquires the following form

(iroao —kI— am) x(n) =0. (2.49)
Taking the Weyl representation of the Gamma matrices i.e.,

0 0 1 1 0 . 0 1
= ® andI" = ® o;, (2.50)
1 0 0 1 -1 0

where ® is the tensor product symbol and o7’s stand for the 2 2 Pauli matrices, and decomposing (1)

as given below

2Em =z = [E | g, 2.51)
XR,h(kvn)

where (k.G)&, = h&,, we obtain two coupled linear differential equations which are

idoxr (k) — khyr p(k,m) —amyrn(k,m) = 0,

i00x.n(k, ) +khxpa(k.n) —amxra(km) = 0. (2:52)
Considering the linear combinations of XL,h(%a n) and Xg (k,m) ie.,

k) = B BT HealE),

and taking the case of the de Sitter spacetime i.e., a(n) = —(1/(H™n)), one obtains the following equa-

tions
1 (1 im\2

WL, + (k2 + 4_37;_”’)) iy =0. 2.53)
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These are Bessel’s equation and the most general solutions for u_j, are
1 2
s (k1) = iy /—knH) (k) + Bln/~knHy (<), (2.54)

where v = (1/2) F ((im)/(H)) and &, ’s and B, ’s are arbitrary constants.

We, again, have the standard conundrum of making a choice for the vacuum state. For this case, let us
take the fermionic counterpart of the scalar field Bunch-Davies vacuum by observing that the equation
of motion for spinors become that of flat spacetime equation of motion in the asymptotic past. Hence,
we take " s and Bh ’s to be such that, in the asymptotic past, the spinor mode functions have the form
of flat spacetime positive and negative frequency modes. From (2.53), it is seen that in the asymptotic
past i.e., k1 — —oo limit, u., satisfies u/, + k*uj, = 0 equation. Thus, in the asymptotic past, one has
a criterion to define the positive and negative frequency modes in the same way that one defines them
in flat spacetime. In the k1) — —oo limit, the argument of the Hankel functions goes to large values and

therefore, using the expansion of the Hankel functions for large arguments (see Appendix B) i.e.,

HD() = \/Zemvz‘) [1 i 0(1)} 7 (2.55)

Y@ = e D iro(2)], (20

1
for|z] — e, Re(V) > —3 and |arg(z)| < m,

it is observed that taking aik’s to be non-zero and Bik’s to be zero, the mode functions u.j, behave like
¢~ in the considered asymptotic past limit. For this choice of arbitrary constants i.e., for u.,(k,n) =
aik\/%H\(,]i) (—kn), one can show, using properties of Hankel functions and the equations of motion,
that o = ihat!, ™~ . Imposing that limyy e ui4(k, 1) = (=" )/(V2)), we end up requiring ot , =
\/ﬁe’g("*“/ 2) and the mode functions are given by

—rk T(
weallm) = 4"ﬁWﬂ” D) = flkom), @.57)
—7k I
wnlkn) = e AR (k) = —hg' (k). 2.58)

Thus, one obtains that

f—hg"
k = 2.
XL,h( 717) \6 ) ( 59)
h *
xrn(k,m) = f fﬁg . (2.60)
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To obtain the negative frequency modes, a similar analysis can be carried out as has been done above
for positive frequency modes. For negative frequency modes, let us denote the Fourier coefficient of
ik by v;(1) and the differential equations, written again in the helicity and chirality basis, have —k as
opposed to k. Therefore, if we swap the placement of left and right handed fermions in the four column

spinor i.e., defining

vV,
Vikm) =vin) =] | ®&, (2.61)
ven(k,m)

the set of differential equations for Vg, and vz is same as was for Yz, and x5 i.e., (2.52). Now,

requiring the linear combinations of Vg, and v ;, to behave like (%) /(1/2) in the asymptotic past, we

obtain that
hf*+g
ven(k, = , 2.62
L,h( Tl) \/E ( )
—hf"+¢
Ve (k, = ——. 2.63
R,h( n) \/Q ( )
With these ‘Bunch-Davies modes’, the field operator and its conjugate are expressed as below
PP _3 dk R - iE 2 - i
¥(n,%)=a 2(n) / W; [aghxh(k,n)e"' +b1 vk m)e ™ } (2.64)
and .
g —at [-LEy a2 m)e ™™ 4By 9 (e (2.65)
yn,x)= n (2n) & X T %o N . .

Here @’s and b’s represent the annihilation operators whereas a*’s and b'’s represent the creation oper-
ators corresponding to the Bunch-Davies modes. The Bunch-Davies vacuum, |0), is defined to be the
state which is annihilated by all the annihilation operators i.e., d; , |0) = 0 and l;z ,10) =0.

The Wightman function for the Bunch-Davies vacuum is given by

/ 7 (x —3 -3 (n/ &k T (T 1/ ik (FF
Sij(xx) = (W) ¥;(+) =a (n)a Z(n)/ )3fo’(k,n)x§(k,n)e"'( ), (2.66)
h

(2m

and

= _Sij(xax/)' (267)
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Using the expressions of the above obtained Bunch-Davies modes and performing some calculations,

one finds that

Sij(e,x) = (w0 g(x))

AT H? 1410 o 1-T
= a(n) {lez "‘m}a(m)a(m)[&r(%ﬂ +5-(x,x) 5 ]7
(2.68)
where
(2L Z2)T(1Fi2
S.(ed) = 1 lfjﬂ)ﬁ i), (24151 7i%.2,2(x.x)). (2.69)

and Z(x,xX') =1+ (((n —n")? - (A%)?)/(4n n’)). Making use of (2.46), the above expression can be

cast in the following form

ia (N, 2 . 0 L1 0

S,‘j(x,x’) — [lrlaif ~|» 32a((1;1)) 1"0+a(nx)m} a(n[j)a(nx/) [S+(x7x )% +S,(X,X )121—‘]
— H—2 l A Qx ial(nX) a m .X)C/ 1"’1—‘0 xx/ 1—1—‘0

=t A gy T e }[&(’ T ]

(2.70)

For more details, refer to [93, 94]. We make very frequent use of the expressions of the Wightman

functions (both for scalar and spinor fields) in the following chapters.

2.4 Stress energy tensor

In classical general relativity (GR), the gravity is assumed to be encoded in the geometry of the spacetime
in terms of the spacetime metric, gy,v. The evolution of spacetime background is given by the Einstein’s
equations i.e.,

where Gy is the Einstein tensor, A is the cosmological constant and 7,y is the stress energy tensor

which is defined as the variation of the matter action with respect to the metric variation i.e.,

23Sy
V=8 8ghv(x) "

Tuv(x) = (2.72)
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Here Sy is the action for the dynamics of the matter content of the universe. The stress energy tensor
accounts for all the energy momentum content that is present in the spacetime. The Einstein’s equations
are a set of classical equations in the sense that nothing quantum mechanical has been assumed about
either the matter or the spacetime (metric). But we believe that everything is fundamentally quantum
mechanical in nature and to account for this quantum mechanical behaviour of, at least, the matter, we
can treat the matter present in the spacetime to be quantum mechanical and keep the spacetime back-
round as classical and this approach is called semiclassical approach. For example, in this approach, we
can take matter in the spacetime as a quantum field evolving over a fixed classical spacetime background.
These considerations lead us to an important arena of quantum field theory in curved spacetime. This
coming together of quantum mechanical ideas and general relativity concepts has given rise to a plethora
of theoretically and conceptually important phenomena like cosmological particle creation, Hawking ra-
diation, etc. [77-79, 95]. Most of these phenomena have their origin in the ambiguity in defining a
vacuum for all times i.e., the lack of the existence of a state which satisfies the notion of a vacuum for
both asymptotic past and asymptotic future in a dynamical spacetime. In this thesis, we focus on QFT in
FRW spacetimes. As discussed in the previous chapter, cosmology provides an area where these notions
based on the interplay of the quantum theory and general relativity play an important role. QFT on FRW
backgrounds has been investigated very extensively in the literature [12, 65, 75, 96—100].

The correlations of quantum fields over the inflationary de Sitter and Friedmann—Robertson—Walker
(FRW) spacetimes (which model the different stages of the evolution of the Universe) are the most
important objects in these quantum fields in curved spacetime analyses. The study of correlations of
quantum fields for the considered FRW spacetimes is the main topic of this thesis. We study the be-
haviour of these correlations, particularly in terms of the noise kernel (which we define below) and also
see that the noise kernel captures the quantum effects of the quantum fields on spacetime. Another line
of investigation to study the behaviour of these correlations that is considered in this thesis is the Unruh
deWitt coupling of discrete localized quantum systems with the quantum fields in these cosmological
spacetimes.

All that we have said till now has focused only on the dynamics of quantum fields in fixed curved space-
time background. But it is natural to ask how the dynamics of quantum fields affect the background
spacetime over which it is evolving. One resolution to this question leads to what is called the semiclas-
sical gravity paradigm. In this approach, one considers the quantum field over a class of spacetimes and
calculate the expectation value of the stress energy operator (which one obtains by replacing the classical
fields by field operators in the classical expression for the stress-energy tensor (2.72)), denoted by T,

corresponding to any state in which the quantum field is placed. One then replaces the classical stress
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energy tensor in the Einstein’s equations, (2.71), by the expectation value of the stress energy operator

and obtains the modified Einstein’s equations of semiclassical gravity i.e.,
Guv + Aguv =87G(T5), (2.73)

where <Ta’§,> represents the properly regularized and renormalized expectation value of stress energy op-
erator with respect to some state. In semiclassical gravity, the goal is to solve the dynamical equation
of the quantum field and the just introduced modified Einstein’s equations in a consistent manner. How-
ever, this approach takes into account only the expectation value of the stress energy operator and its
effect on the background spacetime. But the higher n-point correlations of stress energy operators at
n-spacetime points also carry quantum signatures of the field. In case these n-point correlations of stress
energy operators are relatively large, we expect the semiclassical gravity approach to break down and
realize the need to incorporate the quantum effects of the fields captured by higher n-point correlations
into our analysis. Only by taking into account quantum effects corresponding to higher correlations, we
can expect our theory to be able to make robust claims and predictions related to the behaviour of the
fields and spacetimes in these settings. As a first step to go beyond the semiclassical gravity, we look
at the fluctuations in the stress energy operator in terms of the two point correlations of stress energy
operators with respect to any state in which the field is placed. In fact, one can define such correlations
of stress energy operators through the noise kernel of quantum fields which we discuss in the next sec-
tion. In this thesis, we do not concern ourselves with the effects of three or higher-point correlations of
the stress energy operators. We call the effects based only on the expectation value of the stress energy
operator as first order quantum effects. As we discuss below that, in the stochastic gravity paradigm, the
noise kernel induces metric perturbations to the semiclassical gravity results to linear order, we call the
incorporation of the effects of the two-point correlations of stress energy operators, encoded in the noise
kernel, as second order effects. Only a fully quantum theory is expected to take into account the effects

of all n-point correlations but this is not what this thesis tries to achieve.

2.5 The noise kernel

As discussed in [101], the scope and the validity of the semiclassical gravity results cannot be definitely
known in the absence of a full quantum gravity theory. However, one criterion to be able to make some

remarks about the validity of the results of semiclassical gravity approach is to consider their stability
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in the light of quantum metric fluctuations. The stochastic gravity approach [101, 102] is such a theory
which tries to do just that. More definitely, consider that g,;(x) is a solution of the modified Einstein’s
equation (2.73) and h,p(x) are perturbations over it so that the full metric is given by g (x) + hap(X).
In stochastic gravity, the dynamics of this full metric is given by the following equation, called the

Einstein-Langevin equation [101] i.e.,
Gap(8+h,x) + Agab () + hap(x)) = 878G (T (g +h,x)) + Ean(8:%)) , (2.74)

where G (g+h,x) and (TX (g+ h,x)) have the same meaning as in Eq. (2.72) but with spacetime metric
gab(x) + hap(x) (shown by an explicit dependence of these quantities on g -+ /). The quantity &, (x)! is

a stochastic Gaussian tensor field of rank 2 such that it satisfies the following relation

<éab(x)>s =0 and <§ab(x)écd(x/)>s - Nabcd(xaxl) 5 (275)

where (...); means statistical average. The quantity N,pcq(x,x"), which is related to the two point statis-
tical average of the stochastic tensor field, is called the noise kernel and is one of the main objects in
this thesis to study the quantum correlations of fields in FRW spacetimes. The noise kernel is defined as

follows

Nava() = 3 (i (3) Fea () 2.76)

where 7, (x) = T,(x) — (Tup(x)) and the curly brackets represent the anti-commutator i.e., {A,B} =
AB+ BA. All the expectations are taken with respect to a state in which the field is placed.
In stochastic gravity paradigm, the Einstein-Langevin equation is considered to linear order in perturba-

tions /4 (x) and hence, its dynamics is given by [101]

hap(x) = hQ, (x) + 871G / d*x'\/—8(x')Gapea(x,X)E (), (2.77)

where hgb (x) is the solution of the homogeneous equation obtained by considering the Einstein’s Langevin
equation upto linear order in 4. The quantity Gup.q(x,x’) is the retarded propagator of the mentioned lin-
ear equation in & [101] and the integral in the above expression represents the inhomogeneous solution
in the presence of the stochastic source term. From the above expression, it can also be shown that the
two-point statistical average of h,(x) is related to the noise kernel of the quantum field. Thus, we see
that the stochastic field &, provides the backreaction effects of the two-point quantum correlations of

the stress energy operator on the dynamics of the spacetime. Since we consider linear perturbations

'We have suppressed the explicit dependence of the stochastic field on the background metric g.
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over the expectation value based semiclassical gravity results induced by the noise kernel, we call the
quantum effects encapsulated in the noise kernel as second order. In this thesis, we mainly study the
behaviour of the noise kernel and we will not solve the Einstein-Langevin equation for the derived noise
kernel for the quantum fields in the considered de Sitter and FRW spacetimes. For more details about the
stochastic gravity and the Einstein-Langevin equation, one should refer to the monumental work done

onitin [101]. We also define the following two point correlations of stress energy operators

(apea (0, x)) = (fap (X)fca (x))
= (0T () Tea(x')]0) = (017 (x)]0) (0| Tca (') [0) (2.78)

It is in terms of this above defined correlation of stress energy operators that we study the behaviour of
the correlations of quantum fields in de Sitter and other FRW spacetimes. The noise kernel is a bi-tensor
quantity i.e., it is a rank 2 tensor at spacetime point x and simultaneously it is a rank 2 tensor at spacetime
point x’. We will show that one can contract the noise kernel with some timelike vector field and build
an invariant quantity from the noise kernel. We come to this invariant correlator in chapters 3 and 4.
A number of important observations can be made about the behaviour of a quantum field in a specific
spacetime by studying its noise kernel in that spacetime. For example, the fluctuation in stress energy
operator at some space-time point x is equal to {(7,,(x))?), as is true for any quantum operator, and it
can be obtained from the noise kernel if we take @ = ¢ and b = d and evaluate the noise kernel in the
coincidence limitx’ — x i.e., )},13; (fapab(x,x")). But the coincidence limit, x' — x, leads to UV divergences
in the quantities involving product of quantum fields and hence one needs to handle them properly by
employing proper regularization procedures as is usually required to be done for handling these UV
divergences in quantum field theory [12, 102, 103]. In this thesis, however, we do not concern ourselves
with the coincidence limit of the noise kernel and are mainly focused on studying the behaviour of the
noise kernel for well separated spacetime points. Let us now discuss another approach by which also,
one can study the correlations of quantum fields in cosmologically interesting spacetimes. This approach

is that of Unruh deWitt (UdW) detectors.

2.6 Unruh deWitt (UdW) detector

An Unruh deWitt detector is a point like object following a classical trajectory in spacetime with an

internal discrete quantum structure and it interacts with a quantum field evolving in the spacetime [75,
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104, 105]. The conventional UdW coupling with a quantum field has the following Hamiltonian in the

interaction picture

Hy = cx (D) (1) (x(1)) (2.79)

where ¢ is the coupling constant, y(7) is a switching (real valued) function which determines for how
long the detector interacts with the field, fi(¢) = ot (O)e"ﬁ’ﬂ with Hp being the Hamiltonian for the
internal structure of the detector and [1(0) determines the transitions between the internal states of the
detector. Here ¢(x(7)) is a quantum scalar field at spacetime point x(7) which is the point along the
detector’s trajectory at which the detector is at proper time 7. One can consider the transition probability
for the detector to make a transition from some state |0) , with energy O to another state |Q) ,, with energy
Q whereas the quantum field starts in its vacuum state |0) and ends up in some arbitrary state |y). Using
the time dependent perturbation theory upto first order in coupling constant, c, it can be shown that the

transition amplitude for the above transition is given by

Aeloy ey = —ic | dea(0)(@lpA() [0 (W (x(0)0)

= —ie(@lpR0)[0), [ dex(DE* (Wdx(e)[0).  (280)

Therefore, the transition probability for the detector to go from |0), to |Q) , irrespective of the final state

of the field is given by
P‘O>D‘>‘Q>D _ = = d d 7iQ(’L‘17172)
‘C|2‘<Q‘Dﬂ(0)‘O>D‘2 - ] T TZX(TI)X(TZ)e
Y (0[¢(x(2)) [w) (W] d(x()[0) . (2.81)
lv)

Using the completeness of the final states i.e., L., |W) (y| = 1, the above expression becomes

Po),—l10),
|c[2[{Q, 2(0)]0), |

= /jo /jo drldTZX(Tl)X(Tz)e_ig(fl_TZ)G(x(rl),x(rz))7 (282)

where G(x(71),x(12)) = (0] (x(11))d (x(72)) |0) is the Wightman function of the quantum field. There-
fore, the probability for the above considered process is related to the integrals of the Wightman function
of the quantum field and as such the probability would encode in itself the behaviour of the correlations
of the quantum fields. Thus, in addition to the noise kernel of the quantum fields, finding the expression
of the above probability for quantum fields in curved spacetimes will also provide important insights into
the behaviour of the quantum fields. The correlations of quantum fields at different spacetime points can

also be studied in a similar setting in terms of the generation of entanglement between spatially sepa-
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rated localized quantum systems [106—109]. One can also consider other modified UdW couplings like
the derivative UdW coupling [110-113] which we, in fact, analyze later in the thesis in the context of
quantum fields in FRW spacetimes only. Indeed, there exist many different types of UdW detectors
depending upon whether the detector quantum space is like that of a qubit [105, 114] or a quantum
harmonic oscillator [115, 116], etc. Other features like the point size or finite spatial size [117-120] of
the detector also gives rise to different UdW detectors. One important factor on which the response of
a UdW detector depends is the choice of timelike trajectory along which the UdW detector is moving.
In this work, the UdW detectors are taken to be moving along what are called the comoving trajectories
which will be explained later in the thesis. In this thesis, we also explore the UdW type interaction
of metric perturbations over the otherwise isotropic and homogeneous FRW spacetimes with localized

quantum systems.
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Chapter 3

Stress energy correlator of scalar fields in

FRW spacetimes

In this chapter, we look at the behaviour of the stress energy correlator or noise kernel of scalar fields
in FRW spacetimes. Particularly, we focus on massive scalar fields in de Sitter spacetime and massless
scalar fields in power-law type FRW spacetimes. We will carry out the analysis for scalar fields in de
Sitter spacetime while placing the field in the Bunch-Davies vacuum discussed in the first chapter. We
discuss an equivalence that exists between massless scalar fields in power-law type FRW spacetimes
with massive scalar fields in de Sitter spacetime. Using this equivalence, we place the massless scalar
fields of power-law type FRW spacetimes in the Bunch-Davies state of the corresponding massive scalar
field of the de Sitter spacetime. In case of de Sitter spacetime, we also provide the results for non

minimally coupled scalar fields. Finally, we discuss the implications of the obtained results.
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3.1 Introduction

As motivated in the previous chapter, one way to study the correlations of quantum fields is through
their noise kernel. The noise kernel, in fact, provides how these correlations in quantum fields can
cause fluctuations in the otherwise stable metric solutions of the semiclassical gravity. In that sense, if
the noise kernel or stress energy correlations are large relative to the expectation of the stress energy
operator, we may find ourselves in a situation where the self-consistent solutions of the semiclassical
gravity may no longer have any relevance and we may need to revisit the conclusions based on the
first order semiclassical gravity. Therefore, studying the noise kernel, which captures the second order
quantum effects of the fields, is an important exercise. Particularly, we want to carry out this analysis
for quantum fields in the early Universe as well as for other epochs of the cosmological expansion.
Observations [121] suggest that the Universe went through a near de Sitter configuration during the
early stages of its evolution. We also understand that the vacuum fluctuations in the quantum fields of the
metric and matter perturbations (over the otherwise maximally symmetric configuration of the de Sitter
Universe) sowed the seed of the large scale structure (LSS) of the Universe during the early phase of the
Universe [12, 67, 99, 122]. Therefore, studying the behaviour of the noise kernel for quantum fields in
the early Universe is worth spending time on because if the second order quantum effects are significant,
it may have important implications for how we understand the cosmic microwave background (CMB)
radiations and the origin of structures in the Universe. Quantization of scalar fields over de Sitter space-
time and studying its implications has been a focus of investigation for a long time [82] and a lot of effort
has gone into it [13, 84, 90, 122-136]. One of the most important object for studying free quantum
fields over any spacetime is its Wightman function. It contains in itself the information about how
the quantum field at different spacetime points are correlated with each other. In fact, the vacuum
expectation value of the stress energy operator that appears in the modified Einstein’s equations of
semiclassical gravity can also be written as some derivative operators acting on the Wightman function
of the field [12]. But the Wightman functions of quantum fields need to be handled carefully because
of the many divergences that they carry in cosmological settings [12, 137]. For example, the Wightman
function is an ill-defined object in the coincidence limit i.e., at the same space-time point, because, in
this limit, the Wightman function diverges in a quadratic as well as in a logarithmic manner which is also
called the Hadamard form [12]. These short-distance divergences are related to the high-energy limit of
the theory and can be removed by proper regularization and renormalization techniques in most physical
situations [12, 75, 138]. In case of scalar fields in de Sitter spacetime, the situation gets even worse as

the Wightman function shows a divergence even for different spacetime points when one considers the
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case of a minimally coupled massless scalar field [13, 84, 137]. This divergence for minimally coupled
massless scalar fields is often called the infra-red problem of the de Sitter spacetime and this infrared
divergence of the Wightman function can also be seen in its power spectrum [12, 65]. Some methods
have been worked out ([12, 139]) to make sense of these divergences and obtain physically sensible
results out of them. Using an equivalence between scalar fields in de Sitter and FRW spacetimes given
in [65], the Wightman functions of scalar fields in de Sitter and FRW spacetimes can be related and it
can be shown that the infrared divergence of the de Sitter case is inherited by scalar fields in some FRW
spacetimes. Now if we wish to analyze whether these infrared divergences in de Sitter and some FRW
spacetimes have the potential to make these spacetimes unstable or not, we can study the behaviour
of the noise kernel for the corresponding situations and see whether the second order quantum effects
encoded in the noise kernel are strong enough or not especially in the light of the infra-red problem.
Using the point split form of the stress energy tensor, one can write the noise kernel as a sum of products
of derivatives of Wightman functions [140] and because of this fact, we expect the noise kernel, in
general, to be also infected by the divergences of the Wightman functions. A lot of efforts has gone
into studying the backreation of the quantum fields [91, 96-98, 100, 138, 141]. In addition to de Sitter
spacetime [74, 142], the noise kernel has been investigated for other maximally symmetric spacetimes
[143, 144] as well. In this work, rather than explicitly calculating the backreaction in terms of the metric
fluctuations induced by the noise kernel, we mainly concentrate our attention to calculate the behaviour
of the noise kernel which carries the information about the stochastic part of the Einstein Langevin
equations of the stochastic gravity approach [101] and only qualitatively study the implications of its
behaviour.

To calculate the noise kernel, we follow in the footsteps of [140] but generalize our studies to the de
Sitter and FRW spacetimes. First, we take up the case of massive scalar fields in de Sitter spacetime
and calculate the noise kernel for it. We compare our results with a similar study carried out in [74],
point out the points of departure in our results compared with this study and explain the reasons. We
are interested in studying whether these second order quantum effects grow or decay as the physical
distances between any two spatially separated comoving points increase with the increasing scale factor
in de Sitter expansion. We also want to analyze similar study for FRW spacetimes. These observations

will provide insights into the stability or instability of the considered spacetimes.

We divide this chapter into 6 sections including this one. In section 3.2, we give a brief introduction
of the noise kernel for scalar fields in curved spacetime. In section 3.3, we obtain the late time behaviour

of the noise kernel for a minimally coupled massive scalar field in de Sitter spacetime and discuss its
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behaviour for various masses. We also perform a similar analysis for non-minimally coupled scalar
field case. In section 3.4, we carry out the analysis for massless scalar fields in power-law type FRW
spacetimes and discuss the stability of these spacetimes in light of the obtained results. In section 3.5,
we define an invariant object called the energy energy correlator and calculate its behaviour for all the
spacetimes considered in the sections before it. We discuss the main results obtained in this work and

further future prospects in Section 3.6.

3.2 The noise kernel

Let us consider the action of a minimally coupled massive scalar field in a general spacetime metric i.e.,

1
Sgap-8] = —5 [ dnd*iV=g (s Va9 Vo +n9?). G0

Now using the formula for stress energy tensor (2.72) i.e.,

2 OSum

_ . 3.2
V255 () G-

Taﬁ (x) =

we see that the stress energy tensor for the above action of a minimally coupled scalar field in general

spacetime is given by

1
Tap(x) = Vad V5o — 2ap (8" V9V 50 +m’¢?). (33)

If we specialize to the case of Minkowski spacetime i.e., g4 = T, We can write the stress energy

tensor in the following point-split form

Tap (x) = })iLI}CPgb(X7y)¢(X)¢(y) ) (34)
where
1 |
Py (%,y) = (8,85) = 5 M) VeV = 5 T (3.5)

We can obtain the quantum stress energy operator from the above stress energy tensor expression by

replacing the classical field with the field operator i.e.,

Toup(x) = limPF (x,7)0(x)d(y). (3.6)
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Now using the above formula and the definition of the two point correlations of stress energy operators

i.e., (2.78), in a vacuum state, we see that the stress energy two point correlator is given by

(fabcd(xvx,» = )lri_lg}cpub(xay)Pcd(x,ay,) <0‘$(x)$(y)$(x,)$(yl) ’0>

/ /

¥ =X

—;gI}CPab(x,y)Pcd(X’aY')<0\<73(X)<13(y)\0><0|<13(X’)<13(y’)\0>- (3.7

y/ *}X’

Using the Wick’s theorem, the above expression can also be written as [140]
<fabcd (-x;-xl)> - Z;EPab <x7y)PCd(xlvy,)G(xrx/)G(y?yl) ) (38)
where

G(x,x') = (0[$(x)9(x') |0) , (3.9)

i.e., the Wightman function of the scalar field in the considered vacuum.

3.3 Behaviour of the noise kernel for de Sitter spacetime

Let us write down the expression of the stress energy correlator! i.e., (2.78), for a conformally flat
FRW space-time i.e., for g4 = a(n)znaﬁ. For a minimally coupled scalar field in a conformally flat

space-time, the stress energy operator can again be written in the point split form (3.6) with

. 1 ed\ o 1 /a(n)+a(n’

2
. ) Napm?. (3.10)

We find that the stress energy correlator for a conformally flat FRW spacetime is also given by (3.8) with

the above P, (x,y). For de Sitter space-time i.e., a(n) = —1/(Hn), the explicit expression of the stress

IThe noise kernel can be obtained from the stress energy correlator by simply comparing (2.76) with (2.78).
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energy correlator is given by

<fabcd(xvx,)>d5 = <VbV/cG(xax/)VaV/dG(x7x/) +VbV£1G(xaxl)VaV/cG(x7x,)

- ncdanVaV;)G(x,xl)VbV’GG(x,x ) = ——m*Neq VoG (x,X )V, G(x,X')

1
Hzn/z
1
- nabnYEVYVLG(X7XI)V5V;'G(xvx,) + 7nubn}/5ncdnpcvyv;)G(xvx,)VSV;G(xaxl)

——m nubV G(x,xX'\V,G(x,x)

1
m nabn TlchVG(x X )VSG(X x) H2n2

1
2H2n

1
2H2n2m NasNeaP V) G(x,x' )V Gx,x') + Wm4nabnch(x,xl)G(x,x')>. (3.11)

Now we want to find out what happens to the correlations of the stress energy operators as the Universe
expands in this de Sitter case. For the present work, we consider spacetime points with equal time
coordinates i.e., we work on equal time sheets. We take the points on equal time sheets to be co-moving
with finite spatial distances between them and want to analyse whether (7pq(x,x"))gs grows or not
with the growth of the physical distances between the fixed co-moving points as the de Sitter spacetime

expands i.e., in the a(n) — oo limit.

Minimal coupling

To make any inferences about the behaviour of the spacetime in the light of the magnitude of the noise
kernel or stress energy correlations, we must not have knowledge of the exact expressions of all compo-
nents of the noise kernel. We find that with only knowledge of the behaviour of the (fyo00) component,
we are able to make a qualitative assessment about the stochastic corrections to the first order quantum
effects of the semiclassical gravity. In fact, the degree of the divergences for other components is either
sub dominant or equal to that of (fy000) (Refer Appendix D). We can also relate the (fooo0) with the coor-
dinate independent invariant or energy energy correlator which is introduced below. Thus, we focus on
studying the behaviour of the (a =0, b =0, ¢ =0, d = 0) component of the noise kernel. For de Sitter
spacetime, the 1 — O limit is what corresponds to the late time that is the limit in which the scale factor
grows to large values. Thus, our goal is to analyse the behaviour of the (a =0, b=0, c =0, d =0)
component of the noise kernel on constant time sheets (i.e., 7 = 1’) with finite spatial distances (i.e.,

AX # 0) in the 1 — 0 limit.
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Using the equation (3.11) and formulas from Appendix C, we see that

N6 8 =2\4 m*
(oo (1, %)foo(1.X"))as = <<G”>2[(4Awfl)0 - 3(33) i (zA;C% |+ 6 357w

o [3(AR)? (AD* 2 m? (AR (AX)? g 5(A9)*  (A¥)?  (AX)S
(@) (2116) (8n23 n* Hz((4n2‘ +( 6) >}+(GG)[_ Elns) _(nf’) _(Snl)OD'

(3.12)

In the above equation, a single prime (') on G represents a single derivative with respect to Z and
similarly, two primes represent a double derivative with respect to Z. Now we need to make a choice
for the vacuum state of the scalar field and we choose the vacuum state to be the Bunch-Davies vacuum
introduced in chapter 2. The Wightman function of the scalar field in the Bunch-Davies vacuum is given

by equation (2.39) and therefore, we have

G(Z) = llg;rejuv)r(;—v)zFl(;Jrv,Z—v,z,sz), (3.13)
G(2) = éj;r(;+v>r g—v>2Fl(§+v,g—v,3,l+TZ>, (3.14)
G'(z) = ﬁ;r(;w)r %—v)zFl(%—I—v,%—vA,H_TZ), (3.15)

where v = \/(9/4) — (m2/H?). Using the late time limit (which corresponds Z — —co limit) for the »F}

function [87] i.e.,

I'(b—a)l'(c)(—z) ( i (a)r(a—c+ l)kz_k>

Fi(a,b,e,2) =
2Fi(a,b,c,2) T(b)T(c—a) \&  ki{a—b+1)

C(a—b)T(c)(—z)" ( i (B)(b—c+1)z7*

T e-p)  \& T Kb-atl)

), (3.16)

it can be shown [145] that

7 7 H*T2(V)I2(2 —v gn2—4v
<t00(n’x)too(n’)?/»ds}latetime: - (2 >! A

ﬂ;S 32(M)674v

213 =2v)N**  (656v3 —3244v2 + 5168V — 2655)n54"
16(Ax)8—4Y 64(v — 1)(A%)10-4v

+0(m?)|. (3.17)

45



From the above expression, we observe that the correlations of the stress energy operators on equal time

2—4v

sheets undergo a transition at v = 1/2. The exponent of the most dominant term, 1 , in the above

expression is positive for v < 1/2, e.g., for v =0,

(t00 (1, %)100(11,%))as | e e = 1im [O(M*) ], (3.18)
n—0

and hence the stress energy correlations vanish for v < 1/2. Whereas, for v = 1/2, the correlations
approach an 1 — independent leading term (of course, in the late time limit i.e., 7 — 0 limit) i.e.,

9H*

<too(n,x')too(n,fc”)>ds\lateﬁme = %15% [32754(&?)4 +0o(n)|. (3.19)

This should not come as a surprise because, for v = 1/2, the resultant scalar field theory in de Sitter
spacetime (with m?/H? = 2) is a conformally invariant theory and as such should be ignorant of the
presence of a(1). On the other hand, the leading order behaviour of the correlations diverges for v >
1/2. For example, for v = 3/2 (which corresponds to a massless theory in de Sitter spacetime), the

correlations are given as follows [145]

(foo("”l 7£)t00<n’fl)>ds}late time

tim fim | _2H {— e}+ 20 H [§+14s]+0()
12beth | 12874 2T (A)PN2 | 16m (A%) 12 n
. 9H* H* 3
_%%[128n4n4+16n4(ﬁ)4 5] om] e G20

In the above expression, we start with v = 3/2 — € where € << 1 i.e., we start with nearly massless
scalar fields and we obtain the massless field case by taking € — 0. Thus, we observe that, for spacetime
points on constant time sheets with finite spatial distances between them and in the late time, 1 — 0,
limit, the (a =0, b =0, ¢ =0, d = 0) component of the noise kernel (for a minimally coupled scalar
field in de Sitter spacetime placed in the Bunch-Davies vacuum) shows a transition from a decaying to
a divergent behaviour as v is changed between [0,3/2] with transition taking place at v = 1/2. These
observations should be seen especially in the light of the well known fact that the de Sitter spacetime is

unstable against the particle creation of light mass particles [85, 90, 146—148].
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Comparison with large co-moving distance case

It is important that we compare our results with the ones obtained in [74]. In this work, the noise kernel
is expressed in terms of functions P,Q,R,S,T (which are sums of products of Wightman function and

its first and 2nd order derivatives with respect to the geodesic distance)

(tabea (x,X")))as = P(W)nanpneng + Q(U) (nalpgerar + e ap)

+R(1) (nsne gpar + Npna ac + Nala 8be + MipNe' 8aar) + S(U) (8ac' 8ba' + 8be'8aar) + T (1) 8abv8e'd »
(3.21)

where (1 is the distance of the geodesic which connects the points x and x’. The quantities n,, 1y, gab, 8ad’»
g4, etc. appearing in the above expression are described with respect to the geodesic which connects
the points x and x’. Then, the unit vectors n, and n, are tangent vectors to this geodesic at the points x
and x/, respectively. The object g, is defined by its action which is to move a vector from x’ to x along
the above geodesic in parallel transport manner.

In [74], it is shown that
POT~Z " andR~Z'and § ~Z 22, (3.22)

for Z << —1. Using this, [74] argues that the fluctuations decay faster with the distance as mass
increases. However, such a conclusion is reached by ignoring the dependence of the coefficients of
P(u),0(u) ete., in the above equation, on 1 (and hence on Z as Z = 1 + ((n — n')* — (A%)?)/(2n1"))
and which is justifiable only for the case in which the Z — —oo by keeping the 1 and 1)’ fixed and taking
(A¥)? — o limit. However, for the case in which we do not hold 1) and 1’ fixed, then we will also have to
worry about the behaviour of the coefficients of the P(u), Q(u) etc. to reach to any conclusion about the
overall behaviour of the stress energy correlations in the Z << —1 regime. Particularly, Z << —1 case
can also be achieved by keeping the spatial distance finite AX (# 0) and fixed and working on constant
N — sheets and taking a(7n) — . The just mentioned case is the same one that we have considered in
our analysis and this work has also obtained the same divergences in this case as we have obtained, for

appropriate mass ranges.

Below we provide the calculations for arriving at the behaviour of the noise kernel for the case of non-

minimally coupled scalar fields. We find that though the technical details are a bit different but the overall
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qualitative conclusions can be carried over from the previous case by the replacement m> — m? + 12E H?.

Non-minimal coupling

The action for a non-minimally coupled massive scalar field is given by?
5" (g0, @] = —% / And’% /=g (8P Va9 Vg +m*¢* + ERP?) . (3.23)
The corresponding equation of motion for the field, ¢, is
[O— (126H* +m*)]¢(x) =0, (3.24)

from which one can show that the Wightman function is now given by

H? 1+Z
= @F(a)F(b)zFl (a,b,2,——), (3.25)

G(Z(x,Y) .

where a =3/2+/9/4 — (12EH2 +m?)/(H?) and b = 3/2 — \/9/4 — (12EH% +m2) / (H?).
Using the definition of the stress-energy tensor i.e., equation (2.72), we obtain

nm 1
ap () = VadVpo — S8ap (8" Vy9Vsd +m°0%) + &(Gapd” + 8apg™ VyVs0* — VaVpo? ),

(3.26)

where Ggp is the Einstein tensor. Making use of the fact that, for de Sitter spacetime i.e, gop =

Nap/H ’n?, Gop =—3H zga[;, we can write the stress energy tensor in the following point-split form
wp () = P (x,y)§ ()9 (v) = im (Pap (x,¥) + Map (x,7)) ()9 (7). (3.27)
where
1 2(3HZE + )
P, =[((1-28)8/85 —(=—2 )VIVY — 2 2
ab(x>y) [(( é)a(aab) (2 é)nabn ) rvs (Hn)2+(Hn,)2nab ) (3 8)
and
rs r s V)rcvgc + V%’lvz
Map(x,y) = lzénabn — 2888 |~ (3.29)

2Here superscript nm refers to non-minimal coupling.
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We see that, for & = 0, we obtain the minimally coupled case back which should, in fact, be the case.
Particularly, M, (x,y) vanishes whereas the P,;(x,y) goes to the corresponding expression of the mini-
mally coupled case.

We obtain the stress energy operator by replacing the classical fields by the field operator in the above

expression and find that the stress energy correlator is given by

(fap (V)ied" () = 2m P (v, y) P (') G x, ') G (3, Y)

/! /

¥ =X

= 2}% (Pab(xay)Pcd<xl7y/) +Pab(x7y)Mcd(x/7y/)

y/ *)X,

+ Mep (x,3) Pea (X3 ) 4+ Map (x, ) Meq (X’,y’)> G(x,x)G(y,y'). (3.30)

We provide the exact expressions of the P, P.y, PoapMeg, MapPeq and M M4 terms in the Appendix D.
As in the case of minimal coupling, we find (by using power counting argument) that the most dominant

power of 1 (in the limit ) — 0) is still 2—4v (where v = \/9/4 — (12EH? + m?) /(H?)) i.e.,

n2-4 g

5 7
, |
05 T D) e e = Ji [ ST (AYe

32026 = 1)r(; —v)r(5-v)

4 2
+ (16% +8%(24§ +(3-2v)3) —48E (3 —2v)2 + (3 — 2v)2(29 — 20V + 4v?)

+32E%(27—12v +4v2)))1“2(% —q)} [v]* + 0(n44v)] . (33D

Thus, we find that the behaviour of the noise kernel for non-minimally coupled case is the same as the
behaviour of the noise kernel for minimally coupled case with the difference that m? /H? is now replaced
by m?/H? + 12&. Therefore, we, again, observe the transition of the noise kernel from decaying to
divergent behaviour as m?/H? + 12€ is varied in the range [0,3/2]. From the expression of v, we see
that, for conformal coupling i.e., for & = 1/6, the value of v = 1/2 for massless scalar field and therefore,
for this case, we do not have divergent behaviour for the noise kernel (in the 17 — 0 limit). As the mass
of the field is taken to non-zero values, the value of v becomes less than 1/2 which implies that the stress
energy correlations for these cases vanish for late time limit. It is clear that there exists a range of mass
values for which we can have divergent behaviour of the stress energy correlations in those cases for
which & < 1/6. These divergences are, of course, different from the UV divergences of the Wightman
function as we are using the (a) Regularized Stress Energy Tensor (RSET), and (b) this divergence

appears only for finite co-moving distance in the large scale factor limit. The above analysis shows that
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the growth or the decay of the correlations between stress energy operators (as the physical distances
between the considered fixed co-moving points become large) depends on the value of the coupling &
and mass m of the field. We have discussed the de Sitter spacetime but the Universe is believed to have
undergone other FRW epochs as well. To study the issue of possible quantum backreaction in these

FRW phases, we turn to the case of the behaviour of the noise kernel for FRW spacetimes.

3.4 Behaviour of the noise kernel for FRW spacetimes

In this section, we calculate the behaviour of the noise kernel of massless scalar fields in FRW space-
times. For this, as we have already mentioned, we make use of an equivalence between massless scalar
fields in power-law type FRW spacetimes with massive scalar fields in de Sitter spacetime®. According
to this equivalence, for a power-law type FRW spacetime with scaling factor, a(n) = (Hn)~9, the mass
of the corresponding scalar field in de Sitter space-time is given by m?> = H>(1 — ¢)(2 + ¢). Similarly,

the relationship between the Wightman functions in the two settings is given by
G (x,20) = (Hn)*~ (H') "' G(x,x). (3.32)
With the use of the above relation, we find that

VLGP = (2 (g~ D)) (1)1 Gouo + () (') V,, G, (333)

3This equivalence can be established by noticing that the action of a massless scalar field in a power-law type FRW space-
time i.e., gop = aznaﬁ witha(n) = (Hn)™ 4, is

17
S=-5 / d*xa*(a>n"P g9 9p9) .
and effecting a field redefinition ¢ (x) = (Hn) ™' y(x), the action takes the following form
1 -
S= —5 '/d4xb4 (b 2 T]aﬁaaq/aﬁl[/—mgfflllz) y
where b(1) = (Hn)~! and mgff = H?(1—¢q)(2+q). Thus, we have been able to show that a massless scalar field in an FRW
spacetime with scaling factor, a(n) = (Hn) ™9, can be mapped to a massive scalar field in a de Sitter spacetime with the use of
the above considered field redefinition. This field redefinition i.e., ¢ (x) = (Hn) ™79 y(x), also provide the relation between

the Wightman functions for the corresponding settings i.e., G (x,x') = (H1)7~! (Hn')9~' G(x,x’). For more details on this,
one can refer the Appendix A.2 of [65] where a similar equivalence for the non-minimal case is also considered.
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and

V, VGl = B2 (g — 1)2()7 2 ()2 G8uobvo + (g — 1) () (n')4 2840V VG
+(g—1) M2 8,0V, G+ (n)* (") 'V, VG

—1)? -1 -1
—(Han’)ql<(qnn,) G5”05V0+(qn)6u0VVG+ (qn )SVOVLG—i—VVVLG).

/

(3.34)

Since we are interested in calculating the stress energy correlations between spacetime points which lie
on constant time sheets and have fixed spatial distances, we take 1 = 1’. Different components of the

above expression on constant time sheets are given as follows

VoVoGPt = (Hn)*? :(q ;21)2G+ 4= 1)V0G+ (q; 1)V6G+V0V6G},

VoV Pl = (Hn)zq—z:qn_IVS.G+VOV’jG},

VVoGPE = (Hn)¥? :q’;lviGwing},

VVIGPL = (Hn)™? -V,V’J-G] (3.35)

Thus, we have the expressions for the covariant derivatives of the Wightman function for a massless
scalar field in a power-law type FRW spacetime in terms of the covariant derivatives of the Wightman
function for the corresponding field in de Sitter spacetime. Using these expressions, the expressions
given in Appendix C, and the expression of the (a =0, b =0, ¢ =0, d = 0) component of the stress
energy correlator for a massless scalar field in considered FRW spacetime, we obtain that the stress

energy correlations (for n = n’) is

oo, Doo(1, e = (H)aD [2 -1t oe [ BETTE R e D)
RS IS R (S 5
+(G,)2[1124 (q2—5q:7r6‘21)(A55)2 (2(12_621;3)(@4}
+(G,,)2[(4An)?1)06 . 3(;);)182 (5‘24}] (3.36)
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Using the above expression, we can analyze the behaviour of the correlations of stress energy operators
(for points on constant time sheets) for different values of ¢ i.e., for different types of power-law FRW
spacetimes. We notice that it is only for g € [—2, 1] that the square of the mass of the corresponding field
in de Sitter spacetime is positive and the corresponding values of v lie in the range [—3/2,3/2] which is
also the range that we have considered for the de Sitter case. The values of |v| > 3/2 correspond to the
cases in which g lie outside [—2, 1]. Since our goal is to study the correlations of stress energy operators
in the limit of physical distances (between co-moving points with same time coordinate) going to very
large values i.e., in the late time universe, we conclude that, for g € (0, 1], it is the n — 0 limit which
corresponds to late time limit and for g € [—2,0), the 1] — oo limit represents the late time limit. Below

we discuss the behaviour of the stress energy correlator for different FRW spacetimes.

* g =1: This case is that of a massless scalar field in de Sitter space-time which have already dis-
cussed in the previous section for v =3/2. So, we already know that, in this case, the correlations

diverge as 1~ or a* as 1 — 0 limit.

* g€ (0,1) : Using (3.36) along with (3.13) (expression of the Wightman function in the Bunch-

Davies vacuum), we see that [145]

<f00(Tl 7)_5)2\00(77 ,X/)>P.L. ‘late time

. (Hn)4q74 [H4n44q(A)—C')4q4

lim s ((11 - 12q+4q2)(F(2—q))z(F(0.5+61))2>

4gomdqt+d s
+m (“* 2‘1)4(F(2+q))2(r(—0-5—q))2> +0(n6‘4’1)]. (3.37)

The leading term, in the n — 0 limit, is ((H*/(AX)*~%)/(87°)) ((1 1—12¢+4¢%)(T(2—q))*(T'(0.5+
q))2> which is n— independent and implies that even though the physical distances between co-
moving points on constant time sheets increase with time, the correlations between the stress
energy operators for these points saturates to a constant. Thus, for these cases, we may have the
scenario where the stochastic term in the Einstein Langevin equation may become important pro-
vided that the value it settles to is of the same magnitude or more as compared to the expectation

values used in the semiclassical analysis.

For these cases, in the late time limit, we find that the Wightman function (and hence the stress

energy correlator) does not depend on time (or the scale factor). For spacetime points with same
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1 coordinate i.e., on constant time-sheets, the Wightman function is given by

HA(Hn 2

P.L. - AN
G (nvxvnlvx) - 16752

2Fl(2+CI717Q727177)- (338)

Considering the late time i.e., 1 — 0 limit, we obtain

GRL'(’?%’?/M_CM) =

[r<—1 ~2) (G 5 o (- T
Il-qr'(-q) 5 k(24 29)x
L(1+2)(85) 7 = (1—gh(—qh(— 55) ™
P rerarira & K(—2q) R

Using the form of the scale factor i.e. a(n) = (H1) ™9, we can write H1 = a~'/9 and substituting
this in the above expression, we find the above expansion in terms of the physical distance on

constant time sheets, i.e. a*(A%)?, and scale factor a(n) i.e.,

2
G0 ¥) = 15T 2+9)T(1-q)
r(— 29) (%) 7 a2 = 2+ (1 + (= ) (@A) K(a 2P e) K
L(1 - )T (—q)(@(A¥P2)H &, KI(2+2q)
C+29) () a2 & (1= gh (=) "@@RP) Ha 2ty
L2 +q)T(1+q)(@(A¥2) 4 Ki(=2q)x '

From the above expression, it is easy to see that, for the range of ¢ under consideration and in
the 7 — O limit, the most dominant term is the leading term of the second series in the square
bracket, which has no a dependence and hence the above expression is a independent for late
times. Though, the above expression was 17— dependent for the prior times and it is only for late
times that the 11 dependence gradually wears off and we obtain a constant term as the leading
order term in the 1 — O limit. Thus, at late times, even though the physical distances between any
two co-moving points with small coordinate distances are large, the correlations between them

survive.

* ¢ =0: This case (i.e., a(n) = 1) corresponds to the flat Minkowski spacetime which has already
been studied previously [140, 149, 150]. In the Minkowski spacetime, the Wightman function
for a massless scalar field is G(x,x') = (1)/(4x*(—(n —n')? + (AX)?)). The expression for the

correlations between stress energy operators for spacetime points with same time coordinate i.e.,

53



on constant time-sheets, and with finite spatial distance, is as follows

- 3

{foo(n,X)ioo(n, X)) pr. = AT (3.41)

In case of the Minkowski spacetime, the coordinate distances and the physical distances are the
same and for co-moving points, the correlator has no dynamics i.e., it remains the same for all the

times. Also, the correlations decay with increasing co-moving distances.

g € (—2,0) : For these negative values of ¢, the exponent of the scale factor i.e., a(n) = (Hn) ™4
is positive and hence it is the 17 — oo limit which corresponds to the scale factor going to large

values i.e., the late time limit. The stress energy correlator for these cases is given by [145]

<f00(naz)f00(n7;/)>l’)-ll- |late time %gl:c(Hn)

sg-a| 3H'MY  MPH'(3q+44%)
2w (AX)3 814 (AX)®

H4q

— % ((=4-T7g+6¢*+114°
+647r4(A)?)4<( q+6q +11q’)

(A%)?

+2(1+q)(=1+¢q)*[2y+log( e

)+ 01— g) + ¥ 2+9)]) + 0(772)] . (42

In the above expression, ¥ is the Euler gamma symbol whereas y(©) (z) is the PolyGamma func-
tion. For 1] — oo, the most dominant term is ¢(n*?) which, for fixed Ax, implies that no quantum

correlations survive between stress energy operators in the late time limit.

g = —2 : We treat this case by considering massless scalar fields in nearly matter dominated
spacetimes i.e., ¢ = —2 + € (with € — 0) which then get mapped to nearly massless scalar fields
in de Sitter spacetime as can be seen from the formula, m> = H*(1 — q)(2 + q) ~ 3H?¢ — 0.

For this case, the expression of the correlations between stress energy operators has the following
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expansion [145]

—

3H*
o e 12
<t00(17,X)t00(777X/)>PL~ |late time ~ %glgollg(l)H [W+

2

1 o 9(6H*+ Hlog(\r)) o
1112(A5c’)4(167r4eJr 1674 + (8)>

1 ( 27H* 27(7H4+2H4108((A§)22))

4
2002\ 8nde 1677 +0(e))

22
I 81HY 27THY(1043log(‘Hr))) s
T 16716 <8ﬂ482 T arte +0(e )) +0(n"7)|.

(3.43)

For large but finite 1), we see that the correlations between stress energy operators become in-
finitely large due to presence of 1/¢ terms in the limit € — 0 and hence one has to necessarily
perform the stochastic gravity analysis to take into account the second order quantum effects to
make any reliable conclusion for this setting. One can easily see that this divergence is, in fact,
present at all times. The origin of this divergence is the infrared problem of the massless scalar
field theory in de Sitter spacetime. To see this, notice that the Wightman function for massless
scalar field in ¢ = —2 space-time is related to the Wightman function of the corresponding scalar
field in de Sitter case by the relation

Gy (e) = (HP ') Gyl (x,x), (3.44)
and therefore the term giving rise to infrared divergence in the de Sitter spacetime (which is
spacetime independent) develops a time dependence in the ¢ = —2 spacetime case. Because of this
fact, this infrared term does not go away under the action of the derivative operators of (3.8). One
finds that, for spacetimes with ¢ < —2 and ¢ > 1 corresponding to |v| > 3/2, similar spacetime
dependent divergence shows up (refer to Appendix E) and the semiclassical analysis for these

cases is also vulnerable to breakdown in light of these large quantum fluctuations.
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3.5 The invariant or energy-energy correlator

Up until this point, we have looked at the behaviour of (fopp0) component of the noise kernel for cer-
tain massive scalar fields in de Sitter spacetime and massless scalar fields in a class of power-law type
FRW spacetimes. But this quantity is a particular component of a bitensor quantity whose functional
dependence changes from one coordinate system to another which is also clear from the fact that it
is, in some of the cases considered above, dependent only on the co-ordinate separation (Ax) which
is not a coordinate invariant object. It is, however, not very difficult to construct invariant scalar ob-
jects out of this bitensor quantity. We define one such invariant scalar out of the stress energy corre-
lators. For this purpose, we consider a vector field whose components (in conformal coordinates) are
t*(n,x) = (1/a(n),0,0,0) and hence gaﬁto‘tﬁ = —1 for all spacetime points. It is easy to see that the
considered vector field is normalized tangent vector field to co-moving observers whose spatial coor-
dinates remain fixed. By contracting both the indices of stress energy operator with this vector field
ie., Tup (x)%(x)tP (x) (= Too(n,¥)/a*(n) in conformal coordinates), we obtain a coordinate invariant
object for all spacetime points. In fact, it can be shown that, in the considered spacetimes, the vacuum
expectation value of the stress energy tensor for scalar and spinor fields has the perfect fluid form with
the above chosen vector field i.e., (Tyv) = (p + p)tuty + pguv and therefore, the quantity <Ta,3>t°‘tﬁ is

equal to the energy density i.e., — (To()) = p. Thus, we can now define the following ‘invariant’ correlator

N A

Ty @ (0 (@) (Tap 00 G0P 0))) = Ty @ 0 @) (Fep G101 )
= (v () Tap ) = (B () Tap () ) ()0 (e (e ()

= (fuvap (6 y)) ()" ()" ()P (7). (3.45)

N—

We will refer this coordinate independent object as the invariant correlator or energy-energy correlator

for the rest of this thesis. In conformal coordinates, it acquires the following form
2 {fo000 (x,¥))
(Fuvap (o)) (0 (x)e% ()P (v) = : (3.46)
e @(n:)a (1)

At this point, it is important that we emphasize that the quantity which is coordinate invariant is

(Fvap (e ) ()1 ()% (9)eP (), (3.47)
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but not ({foo00(x,y)))/(a*(Nx)a*(ny)). Itis just that, in conformal coordinates, the invariant correlator is
given by ((foooo (x.¥)))/(a*(11x)a*(ny)).

We now present the results for the behaviour of the invariant correlator in all the cases considered above
in this chapter. For this purpose, we use the results for (fp0o9) obtained in the previous section. Thus, we

have [145]

* g =1 : This case corresponds to de Sitter spacetime. From equation (3.46), we find that, in the
late time i.e, 7 — O limit, the energy energy correlator is O for all the considered values of v
except for v =3/2. For v = 3/2, the energy energy correlator attains a constant value which is
9H®/1287*. The infrared problem of the de Sitter spacetime, present at the level of the Wightman
function for v = 3/2, does not make its presence felt at the level of the stress energy correlator
or the energy energy correlator. In order to treat this case, we need to regularize the Wightman
function properly as a limiting case since the massless fields have no de Sitter invariant vacuum
[13] but the action of the derivative operators in (3.12) remove the problematic part of regularized
massless Wightman function. Similar issue is dealt within [151] and it is shown that the infrared

piece does not contribute to the energy energy correlator.

* g € (0,1) : Making use of the formula (3.46), we find that, for this case, the energy energy

correlator vanishes in the late time 11 — 0 limit.

* ¢ =0 : For this case, we have a(n) = 1 and hence the energy energy correlator is same as the

stress energy correlator (fooo0)-

* g € (—2,0) : For this case also, results from the previous section and the formula (3.46) imply

that the energy energy correlator vanishes in the late time 1 — oo limit.

* g = —2: In this case, the energy energy correlator is divergent in the late time limit (holds, in fact,
for all values of 1) because of the infrared divergent factor present in the Wightman function at

v =3/2. The energy energy correlator similarly diverges for the cases ¢ < —2 and ¢ > 1.
From the above results, we see that the above defined invariant or energy energy correlator vanishes

for most of the cases and hence, for these cases, we do not expect large corrections coming from this

correlator. However, it diverges for a number of cases which we discuss about more in the following.
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3.5.1 Some implications

From chapter 2, we know that the equation of state parameter, w, for an ideal fluid which drives a

particular FRW spacetime is related to the exponent of that spacetime by the formula (2.14) i.e.,

qg=-2/(1+3w). (3.48)

As discussed in chapter 2, for any FRW phase of the Universe i.e., for a given exponent, the ideal
fluid with the corresponding equation of state parameter represents the dominant matter content of the
Universe during that phase. For example, dust phase (¢ = —2) of the Universe is driven by a fluid with
w = 0 whereas the fluid with w = 1/3 drives the Universe through radiation (¢ = —1) phase. From
the above formula, we find that the FRW spacetimes with ¢ € (0, 1] have the corresponding equation of
state parameter w lying in the range € (—eo, —1] whereas fluids with w € [0, ) are related to spacetimes
with ¢ € [—2,0). Thus, using the results obtained in the previous sections, we conclude that the second
order quantum effects ((a = 0,b = 0,c = 0,d = 0) component of the stress energy correlator or the noise
kernel) may be important for w € (—eo, —1] in the late time limit whereas the second order quantum
fluctuations are absent for w € (0,0) in the late time limit. For the case of pressureless dust i.e., w = 0,
driving the Universe through the ¢ = —2 phase, we find that the semiclassical analysis is vulnerable to
a complete breakdown because of the divergent noise kernel. Thus, conclusions derived on the basis
of semi-classical or probably even classical analysis in dust driven spacetime need to be looked with
suspicion and are to be modified by taking into account the stochastic analysis. Thus, for this spacetime,
only a completely (at least including second order quantum effects) quantum analysis is needed to arrive
at reliable results. We expect similar arguments to hold true for ¢ < —2 or g > 1 cases which correspond
to fluids with w € [—1,0]. Therefore, it is necessary to perform a higher order quantum analysis for
these spacetimes. Particularly interesting is the case of accelerating spacetimes (the ones corresponding
to w < —1/3) which as per the analysis performed in this chapter necessarily require a completely

quantum treatment. We can summarize the results of this section by the following diagram:
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. (wrt to
Noise Kernel n)
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Figure 3.1: Relation between different types of fluid (and the corresponding Friedmann space-times)
and the behaviour of noise kernel in these regions.

3.6 Summary

In this chapter, we focus on the second order quantum effects of scalar fields in FRW Universes and
discuss whether these second order effects have the potential to significantly modify the first order semi-
classical gravity analysis. For flat spacetime, we know that the quantum correlations between field (or
stress energy operator) for fixed co-moving spacetime points with same time coordinates remain the
same as the time evolves. In this case, the correlations decay for the points with large physical sepa-
rations whereas they are significant only for points with smaller separations. For FRW spacetimes, the
physical distances between the fixed comoving points with same time coordinates increase as the time
evolves and points which have small physical separations initially grow further in physical separations
with time. Because of this, there are situations, e.g. for conformal fields, where the correlations depend
only on the coordinate distances but not on physical distances and thus, we see that the correlations
remain the same between fixed comoving points even though the physical separation between them is
increasing. What may even happen is that the quantum fluctuations between points with small coordi-
nate distances can get amplified by the scale factors of the FRW spacetimes and develop a potential to

completely breakdown the semiclassical analysis. We present that such behaviour is, in fact, manifested
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by certain FRW spacetimes in the late time limit. Below we present the main results obtained in this

chapter :

* Minimally Coupled Massive Scalar Fields in de Sitter Space-time : First, we analyse the case
of a minimally coupled massive scalar field in de Sitter spacetime. We study how the (a =0, b =
0, ¢ =0, d = 0) component of the noise kernel changes as the mass of the field is varied. In order
to consider only those cases for which the mass is real, we restrict to |v| € [0,3/2] (recall that
m?/H? = 9/4 — v?). From our analysis, we conclude that the considered component of the stress
energy correlator or the noise kernel, for finitely separated points with same time coordinates in
the late time 1 — O limit, shows a transition from zero to divergent behaviour as mass of the field
is varied. More precisely, the considered noise kernel component is vanishing for v € [0,1/2) and
has a finite non-zero value at v = 1/2. However, the same component of the noise kernel diverges
for v > 1/2 in the limit n — 0. Similarly, the invariant or the energy energy correlator (defined
above in the main text) vanishes in the 1 — 0 limit for all the considered values of v except for

v = 3/2 for which it has the value 9H® /1287+.

* Non-Minimally Coupled Scalar Field in de Sitter Space-time: We perform a similar analy-
sis for studying the behaviour of the noise kernel for non-minimally coupled scalar field in de
Sitter spacetime (again, for spacetime points with same time coordinates in the n — 0 limit).
This case has an extra term added to the minimally coupled Lagrangian which is ER¢%. In
this case, one obtains a similar variation of the (¢ = 0,6 = 0,c = 0,d = 0) component of the

noise kernel with v as in the previous case of minimally coupled scalar field except that now

vV =1/9/4— (m*+12EH?)/H?. Thus, we conclude that the considered noise kernel compo-
nent vanishes for (m?/H? +12&) > 2 and is non-zero for (m?/H? + 12&) = 2 but diverges for
(m?/H? 4 12&) < 2. This observation implies that the noise kernel does not diverge for any
mass value in the conformal case i.e., & = 1/6. Similar conclusions regarding the energy-energy
correlator can be made e.g., it is O for (m?/H*+ 12€) € [0,9/4) but is a non-zero constant for

m?/H*+12& =0.

* Massless Scalar Fields in FRW Spacetimes: We make use of an equivalence (shown in [65])
between massless scalar fields in FRW spacetimes with massive scalar fields in de Sitter spacetime
to calculate the noise kernel for the former setting. We, again, consider cases with |v| € [0,3/2] in
de Sitter spacetime for which the corresponding FRW spacetimes have the exponent of the scaling

factor ¢ € [—2,1]. We notice that, for ¢ € (0,1], the late time limit (in which the scale factor
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becomes very large) corresponds to 7 — 0 whereas for ¢ € [—2,0), it corresponds to 11 — co. We
show that, in the late time limit, the considered noise kernel component goes to 0 for g € (—2,0)
whereas it approaches a constant value for g € [0,1). As far as the energy energy correlator is
concerned, we found that, for g € (—2,0) U (0, 1), it is zero. For the remaining power-law type
FRW spacetimes i.e., for ¢ < —2 and ¢ > 1 (with the correpsonding equation of state paramter
lying in the range —1 < w < 0), the Wightman function contains a spacetime dependent divergent
term in it. The conformal time dependent factors relating the de Sitter and the corresponding
FRW Wightman functions provide extra time dependence to the divergent term of the de Sitter
Wightman function and this term then dominates in the noise kernel and the invariant or energy
energy correlator. Hence, these spacetimes are prone to significant quantum fluctuations at late

times.

One can observe many interesting implications of these results. We find that the spacetimes, driven by
fluids with equation of state parameter, w > 0, or w < —1 (corresponding to phantom Universes), do
not get significant corrections from second order quantum effects and are likely stable against stochastic
fluctuations provided that the expectation values are large. These implications, therefore, lend support to
the structure of quantum fluctuations suggested in [65]. A number of other interesting conclusions can
be drawn from this work. For example, the divergence in the de Sitter noise kernel, in the n — O limit,
for the cases with v > 1/2 has a time dependence (i.e., it is dynamical) as opposed to the spacetime
independent divergence in the Wightman function which, too, is present only for the minimally coupled
massless case. We also observe, in the case of phantom spacetimes i.e., for w < —1, the considered
noise kernel component does not blow up but still has a non-zero value which is significant even at
large physical distances corresponding to the points which have otherwise small coordinate separations.
The most drastic effect of second order quantum fluctuations (and hence, leading to potentially large
stochastic corrections to the semiclassical analysis and in fact, probably even disrupting the first order
analysis altogether) is expected for the ¢ = —2 case which has a divergence present in the noise kernel
for all times. Similar behaviour is also expected for spacetimes driven by fluids with w € (—1,0]. Thus,
it is important that we take these second order quantum fluctuations into account to study the dynamics
of massless scalar fields in these spacetimes and only with such an analysis, we will be able to make

robust predictions about these spacetimes and the massless fields evolving in them.
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Chapter 4

Stress energy correlator of spinor fields in

de Sitter and FRW spacetimes

In this chapter, we evaluate the behaviour of the stress energy correlator of spinor fields in FRW space-
times. We consider the cases of arbitrarily massive spinor fields in de Sitter spacetime and massless
spinor fields in all types of FRW spacetimes. For spinor fields in de Sitter spacetime, we perform the
calculations by placing the field in the fermionic Bunch-Davies vacuum which is discussed in chapter 2.
For massless spinor fields, we make use of their conformal invariance in FRW spacetimes and place the
massless fields in the Poincare vacuum of the corresponding massless spinor field in flat spacetime. Like
in the scalar field study, we look at the behaviour of the stress energy correlator for spacetime points ly-
ing on constant time sheets. We also compare the obtained results for spinor fields with the ones derived

for scalar fields in the previous chapter.

4.1 Introduction

We know that, other than the scalar fields, the fermionic fields are also present in the Universe and
the second order quantum effects of these spinor fields, encoded in the noise kernel, may also affect
the dynamics of the background spacetimes. Thus, it is important to analyze the behaviour of the stress
energy correlator for spinor fields in FRW spacetimes because, on the basis of the behaviour of the stress
energy correlator, we will be able to say something about the stability of the background spacetimes

against second order quantum effects of spinor fields. Since spinor fields, just like any other field,
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can couple with the metric perturbations through their stress energy tensor, the stress energy correlator
also provides corrections to the power spectrum of metric perturbations, particularly gravitational waves.
There are some past works that have considered the modifications to gravitational waves by spinor fields.
For example, in the works [152, 153], correction to the gravitational wave spectra by the spinor fields
has been analyzed for the inflationary phase of the Universe. Similarly, in [154—156], the backreaction
of spinor fields on gravitational waves have been looked at during the reheating era, assuming that the
fermions are produced during this reheating phase of the Universe. Studying the stress energy correlator
of spinor fields in FRW spacetimes can provide us with new insights into the dynamics of these FRW
spacetimes. In this chapter, we study the behaviour of the stress energy correlator/noise kernel of spinor
fields in general FRW spacetimes. For arbitrarily massive spinor fields in de Sitter spacetime, we perform
this analysis for the case in which they are placed in the fermionic Bunch-Davies vacuum of chapter 2,
which, as we saw, are defined analogously to how one defines scalar field Bunch-Davies vacuum. We
also consider massless spinor fields in general FRW spacetimes. To perform the analysis for these cases,
we use the conformal invariance of massless spinor fields in FRW spacetimes according to which one can
relate a massless spinor field in any FRW spacetime with another massless spinor field in any other FRW
spacetime through some time-dependent conformal factors. This equivalence also relates the Wightman
functions in the two related settings. We also compare our results for spinor fields obtained in this chapter
with the results for scalar fields obtained in chapter 3. This analysis of massless spinor fields in FRW
spacetimes can be directly applied to cosmological contexts since different eras in the evolution history
of the Universe can be approximated by FRW spacetimes. For example, the equation of state parameter
for present day dark energy driven Universe is estimated to be equal to —1.03 - 0.03 using the data
from surveys [23] and hence, our analysis which includes both the quintessence regime (—1 < w < —%)
and the phantom regime (w < —1) can be applied to the present day phase of the Universe [157]. This
analysis, as applied to phantom Universes, has a physical appeal only if the phantom phase can prevent
itself from its inherent big rip [157, 158] problem (in which the scale factor and the energy density
diverges in a finite time interval) which is, in fact, possible if we have a dynamical equation of state
parameter caused by certain potentials [159] for which the Universe indeed goes through a phantom
phase but exits it before the big rip of the phantom phase arrives.

This chapter is divided into 6 sections including this one. In section 4.2, we make use of mapping
between massless spinor fields in de Sitter and general FRW spacetimes to relate the expressions of the
Wightman function in the two settings. In section 4.3, we express the noise kernel as a sum of some
derivatives acting on product of Wightman functions using the point-split form of the stress energy

operator. In section 4.4, we study the behaviour of the noise kernel for massive spinor fields in de Sitter
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spacetime placing them in the Bunch-Davies vacuum and analyse how it varies with the mass of the field.
In section 4.5, we carry out a similar exercise for massless spinor fields in general FRW spacetimes. In

section 4.6, we provide a summary of all our findings and discuss their possible implications.

4.2 Equivalence between massless spinor fields in FRW spacetimes and

de Sitter spacetime

In the last chapter, we made use of an equivalence between massless scalar fields in power-law type
FRW spacetimes with massive scalar fields in de Sitter spacetime. In this chapter, we employ the con-
formal invariance of massless spinor fields to relate the Wightman function in one FRW spacetime to the
Wightman function in other FRW spacetime. Let us first consider a massive spinor field in an arbitrary

FRW spacetime with ds?> = a®(n)(—dn? + dx*) whose action is given by

S = /d4x\/—g [PV y —myy]
4. 3. 3d
= /d xa‘w[lF“8u+l%F —am}l]/. 4.1)
Under the field redefinition, y = F (1), the above action becomes
3

_ / F/
s = [d P[4 i T4 T~ 42)

and if we demand that @’ F? = b* and [i %1—0 + il%l"0 — am} = [i 32—1,’;1'0 — bm’} , we have the action for a

spinor field in an FRW spacetime with ds®> = b?(n)(—dn? +d¥?) i.e.,

] 30
s — / d4xb3Q[iF’“‘8u+i%F°—bm’}Q. 4.3)

The condition that a>F% = b3 translates to

3¢ F' 3
—t == —. 4.4
2a + F 2b S
which, when used with the condition
R @5)
i— i—I" —am| = |i—I" —bm .
2a F 2b ’
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implies that m' = §m. We can make the following observations from this analysis

* Firstly, we see that a massless spinor field in an FRW spacetime can be related to another massless
spinor field in any other arbitrary FRW spacetime, in particular we can map a massless spinor in

any FRW spacetime to a massless spinor field in de Sitter or flat spacetime.

* Secondly, we can use the above mapping to study particle creation of spinor fields in FRW space-
times in terms of similar questions in flat/de Sitter spacetimes. For example, if we take b(1) = 1
and m = (1/a(n)), then we have m’ = constant i.e., we have mapped a spinor field with time-
dependent mass in an FRW spacetime to a spinor field in flat spacetime with constant mass. Simi-
lar types of equivalences can be used to study usual investigations of particle creation etc. in FRW

spacetimes in terms of equivalent questions in relatively more easily tractable settings.

* Another very exciting possibility is to map a massless spinor () and a massless scalar field (¢)
interacting through Yukawa coupling (with d being the coupling constant) in an FRW spacetime
(a(n) < n~9) to a massless spinor field and a massive scalar field interacting through Yukawa
coupling in de Sitter spacetime. For this, we notice that the relevant action i.e.,

3ia
2a

2
S = /d4x[a3l/7<i1““8“+ rO)w+%(—nﬂvau¢av¢)+a4d¢q/w], (4.6)

under the mapping y = (—Hn)*%(lfq)Q (from above analysis) and ¢ = (—Hn)~ (=9 ¢ (Refer

[65]), transforms to

s = /d4x[(—Hn)3Q<iF“8u—231; >Q+(_H;)2<—U“V8HC8VC

_C(H) 24 g) —q)HZ) n <—Hn>-4dcsm] , 47

which is just a massless spinor field and a massive, m?> = (24 ¢)(1 — g), scalar field interacting
through Yukawa coupling in de Sitter spacetime. A number of past works ([160—-162]) have con-
sidered Yukawa coupling in FRW spacetimes and one can try to analyse how above considered

transformations fit into these considerations.

All of these are interesting and possibly important directions to explore. However, in the present work,
we are concerned with studying the behaviour of noise kernel of massless spinor fields in FRW space-
times which, as we have seen, are related to massless spinor fields in de Sitter spacetime. Employing

this equivalence we evaluate the behaviour of the noise kernel for massless spinor fields in general FRW

66



spacetimes in terms of the de Sitter quantities i.e., we take b(n) = —(1/(Hn)). The Wightman functions

for the two settings are related as follows

SH () = (Wi w () = (F(m)FM)(Qi0)Q;())

= 5— Sf.lat (x,x/) . 4.8)
‘We also have

R (¢ 0) = () wi(x)) = (F(M)F ()& ("))

— — 4.9)

We employ these relations later on when we evaluate the noise kernel for massless spinor fields in general

FRW spacetimes.

4.3 Noise kernel for spinor fields

Using the formula (2.72) for the stres energy tensor i.e.,

2 oS
) == = ) (410

we obtain that the stress energy tensor for minimally coupled spinor fields in curved spacetime (with the

action (2.44)) is given by [12, 163]

I 2= R i._ — L« )
T,lLV = —Eg#V[WYlVZW_WVA}AW]+§[W)/(#VV)W—IVV(V’)/‘“)W]—|—m(//(//g#v
= ; “
G [V s —m) = (Var +m) |y S0V ) — Vv
4.11)

Like in the case of scalar field, we write the spinor field stress energy tensor in a point-split form i.e.,
Tuv(x) :)}/ig}cpuvij(%xl)‘l_/i(x)‘l/j(xl)> (4.12)
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where there is an implicit sum over i and j and

- .
Pavig.') = =S8 [ V5 —m) = (574 +m)] 5[0, V%) -

ij 2 )(CV ’y‘u)]

(4.13)

We obtain the stress energy operator from the stress energy tensor by replacing the classical spinor fields
by the corresponding quantum spinor fields. Now we use the above obtained point-split form of the

stress energy operator in the definition of the stress energy correlator (2.78) i.e.,

{fabea(x,¥)) = (Tap(X)Tea (y)) = (Tap(x)) (Tea () , (4.14)

and obtain that it is given by

(Fabea(5,9)) = Hm B Pagg (e, Praia (') | (95 00) 95, () 90 0 ')

X %)Cy —y

Using Wick’s theorem, the above expression becomes

A

(Fabea(x,y)) = lim lim Pop; (x,x") Peaua (v,5') | (Wi (¢ )llfz(y’)><ll71(X')!/7k(y)>]- (4.16)

X —=xy' —y

Identifying that the terms in the first square bracket in (4.13) are just the Dirac equation operator and its
adjoint and the fact that V is a linear combination of the solutions of the Dirac equation and V is a linear
combination of the solutions of the adjoint of the Dirac equation, the terms in the first bracket in (4.13)

gives zero when they act on W and . Keeping this into account, we obtain that the noise kernel is given

by

. R = =
(tapea(x,y)) = )}}g}!}glyz[ﬁuvi)—V)((ﬂb)]u[?’(cv}) V{C%z)]k, Sir(x',y)Su(y',x)

. . 1 —>x/ — ./

= g}g}l}inyz [Tr(}/(a Vb)S(x’,y)y(c VZ)S(y',x))
= = =y -
Tr(%a ViSO 3) Vi1 SO,x) = Tr(S(,3)%e Vi SO,%) Vi 1)
- -
FTr(SE ) V30800 Vi) |- (4.17)

The above expressions have been derived without assuming any particular spacetime metric and are

valid for any general spacetime. Now we specialize to the case of arbitrarily massive spinor fields in
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de Sitter spacetime and provide the behaviour of the noise kernel for this case in the next section. We
perform the noise kernel calculations for the fermionic Bunch Davies vacuum which we considered in
Chapter 2. Like in the scalar field case, here also we calculate the behaviour of the (a=b=c=d =0)

component of the noise kernel for exactly the same reasons as for the scalar fields case.

4.4 Noise kernel for spinor fields in de Sitter spacetime

Let us now consider the case of masssive spinor fields in de Sitter spacetime. Using the above obtained
expression of the noise kernel as a sum of derivatives acting on product of Wightman functions i.e.,
(4.17), and taking the vacuum to be the fermionic Bunch-Davies vacuum for which the Wightman func-
tion is given by (2.70) and also using that ?’6 = d;, we obtain that the (¢ = b = ¢ = d = 0) component

of the noise kernel is given by [164]

Tr (FOS(x',y)FoS(y',x))

X' —=xy =y

(@me:mmmdmfm1%%+%%—%%—%%

. / /v ! H4
= lim lim =2 | Y 0 + 080 — O 3 — ) | ———
,\’/ﬁ)xy’ﬁy 4 \/W
. d, 1+el®
Tr<r0[irla;+iaxr0+ax'mHZSe(x’,y) * }
ay’ e=+ 2

T, [iF68§/+ia/ylro+ay/m} [ Y Sg(y/,x)l_‘_ero}) . (4.18)
ay' e=+ 2
where a, stands for —(1/(Hm,)) (we take this convention for the rest of this section). By applying the
operators in the big square brackets on the factor ((H*)/ (\/@x@yayay)) and using the product rule, we
find that this factor cancels the factor a,a, in the above expression in the above limits. Finally, we are
left with the following expression

X —=xy =y

2 . . H4 X 9y X Y X x3Y
{foooo(x,y)) = lim lim e [90 dy + 339y — I Iy — 9, ]

1+er0}

/
Tr| Ty [irla{ +iﬂrﬂ+ax,m} [ Y Se(¥.y)
ay — 2

/ Cl// 1 FO
ro[irﬁagﬂlruay,m}[ng(y’,x) +e } . (4.19)
ay e=+ 2
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Therefore, to study the behaviour of the above expression for the stress energy correlator, we need to
evaluate the above derivatives. We also need to find the traces of the gamma matrices which can be

evaluated using the known properties [12] of the gamma matrices.

4.4.1 Gamma mechanics

The expression (4.19) can be written as follows (using cyclic property of the traces)

R H* / .
<t0000(x,y)> = lim hm — [80 8y +85“8y 85“ 33 — 85‘83
X—xy—y 4
;A 1+er?
Y Y 7r( Ty +i% 10+ agm] <]
E=t 5=+ ay 2
/ a// 1 6F0
ro{ir“a;ﬂ—yr‘bray/m” +2 ] Se(x',y)Ss(y',x)
ay
H* / ;
= lim lim — | ] 8) + 959y — dy Iy — 9, 9
X¥oxy—y 4

/!

/ / a / / /

Y ¥ 1r (izrer“Pag dy +PT*MTOP20 +iaymI* MPI;
e=+ 5=+ ay

+i? XFOMF"P&) 2% il I‘OMFOP—i—zm—ay/FOMP
ay ay ay

tiaumMT®PJY + iax/m—y’Ml—'OP +ayay szP> Se(X,y)S5 (%),
Cly/
(4.20)

where M = {%} and P = {1—0%5}

If we now evaluate the traces of the gamma matrices in the above expression, we find that it reduces to

[164]

Goooo(x,y)) = — lim Tim 2 [ao 3+ AL — a5 — agag’] x
X' —=xy'—y
! ay, )
y > y 2 X
8; (80 J <ax, gimay ) 9, (ay/ gimay )80
a;l a;/ . / /
+<ay—£lmay> (a—x/—e‘tmax/) Se(x',y)Se (v, x)
+8M95 9y (S+ ()8 (', x) +S- (', y)Sy (ny))] : (4.21)
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4.4.2 Stress energy correlator on equal time sheets

As in the scalar field case, we find the behaviour of the considered component of the stress energy
correlator for spacetime points which lie on same time sheets i.e., for which 1 = 1, = 7n,, and have
finite spatial separation between them. However, it is important that we take all the derivatives before
taking 1, = 1, and in fact, all the limits appearing in the above expression should also be taken only
after evaluating the derivatives first. In order to evaluate the derivatives in the above obtained expression
of the stress energy correlator, we use the property of Sy (x,y) that it is a function of x and y only through
the de Sitter invariant distance i.e., S+ (x,x") =S4 (Z(x,x’)). Making use of formulae in Appendix C, the

considered stress energy correlator component for points on equal time sheets is given by

o)) = (818" (= e0-40) [ SO - ERT (st [ (B0
+ 254 0) [
+ X (=) %) [(21;)84 _ (ﬁﬂ + oS,
+ (1_?>2[(Si)2[(2;84}+S;§8+S£S,[(SA;):JFTM
st | 5

(4.22)

SeSe (AY)* {3 (M’)z} SeSe (AX)*  SeS¢ (A%)°
8 4né Ln2  n* 16 8nl'2 16 8n'2

As in the scalar field case, we want to study the behaviour of the stress energy correlator for the limit
in which the scale factor goes to infinity which, for de Sitter case, corresponds to 17 — O limit. We
now recall that the S,s are Hypergeometric functions (refer (2.69)) and the derivatives of Hypergeo-
metric functions are also Hypergeometric functions [165]. Taking these facts into account and using
the asymptotic behaviour of Hypergeometric functions, the considered component of the stress energy

correlator, in the 7 — 0 limit, has the following leading order behaviour [164]

2H4Y? (14 15)(25)
w3 (AX)®  sinh(Z2n)

(foooo (x,y)) = +0(nh). (4.23)
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There are a number of observations that one can make from the above expression. We see that the
considered component of the stress energy correlator/noise kernel decays to O in the late time limit
i.e., 1 — 0. This decay of the correlations of stress energy operators, for spatially separated points,
occurs independently of the mass of the field and hence we see that this decay is a universal feature
for all spinor fields whether massive or light. We observe that these results for spinor fields stand in
contrast with the results for scalar fields, obtained in the previous chapter. Where in this case, we
always have decay in the stress energy correlations, the considered component of the stress energy
correlator for scalar fields shows a transition from decaying to divergent behaviour with the variation
of the mass of the scalar field (refer Chapter 3). To understand these results better, recall that any
two spatially separated points with finite coordinate distance have negligible physical separation in the
past (i.e., in the 1 — —oo limit) because the scale factor goes to zero in the asymptotic past and hence
the correlations between quantum fields for these spatially separated points is large in the asymptotic
past. However, as time progresses, the scale factor (multiplying the coordinate distances to give the
physical distances) increases and the physical separations between spatially separated points (with finite
coordinate distances) increase. We expect that the correlations between stress energy operators (or
any other quantities depending upon quantum field correlations) for spatially separated points should
decrease as the physical distances between these points increase with time and this is, in fact, what we
observe for stress energy correlations of arbitrarily massive spinor fields. This means that the quantum
dynamics of spinor fields (whether massive or light) over de Sitter spacetime can not compensate for the
decay in the correlations caused by the increasing physical separations between spatially separated points
in the de Sitter spacetime and the stress energy correlations vanish in the 7 — 0 limit. But the results of
the previous chapter suggest that the quantum dynamics of light scalar fields, with (m?/H?) € [0,2], can
indeed overcome the decay in the correlations caused by the increasing physical separations between
spatially separated points and we have divergenct correlations between stress energy operators in these
cases. We also observe that the considered component of the stress energy correlator/noise kernel goes
inversely to the coordinate distances of the spatially separated points which is to say that it takes longer
to have the same decay between points with less coordinate distances compared to the ones with large
coordinate distances.

Since we know that the noise kernel is a bi-tensor quantity and hence frame dependent, we express our
results also in terms of the invariant/ energy-energy correlator of the previous chapter. Recall that, in the

conformal coordinates, the invariant correlator has the following form

avap s )W ()P 3) = 0B 424
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Using the expression of the stress energy correlations obtained above for spatially separated points in
the late time limit, we find that the leading order behaviour of the invariant correlator in the late time

limit is [164]
3

2HERS (1+15)(5)
w3 (AX)®  sinh(Z2n)

(4.25)

We observe that the qualitative behaviour of the invariant corrrelator is the same as that of the above
considered component of the noise kernel i.e., we still have a universal decay for invariant correlations
independent of the mass of the spinor field. The only change that we have for the invariant correlator
compared to the noise kernel component is that we have an extra factor of (Hn)* multiplying the noise

kernel expression and because of which the late time decay of the invariant correlator is even faster.

4.5 Noise kernel for massless spinors in general FRW spacetimes

Now we turn our focus to the case of massless spinor fields in general FRW spacetimes and calculate
the behaviour of the stress energy correlator and the invariant correlator for them. To perform the
analysis for this case, we employ the relation between the Wightman functions of massless spinor fields
in general FRW spacetimes with that of the corresponding massless spinor field in de Sitter spacetime
that we discussed in section 4.2. As we discussed earlier in section 4.2, this equivalence is analogous
to the equivalence between scalar fields in FRW and de Sitter spacetimes that we made use of in last
chapter. According to the equivalence of spinor fields, we can relate a massless spinor field, y, in an
FRW spacetime with scale factor, a(n), to another massless spinor field, Q, in de Sitter spacetime and

the relation between them is y(x) = ((b(n))/(a(n)))>Q(x) where b(n) = —(1/(Hn)). The relations

between the Wightman functions in these related settings are as follows

- (40 () e
and 3 2
o = (5) () w0 a2

Substituting these relations in the formula (4.17), we obtain the following expression for the (a =0, b =

0, ¢ =0, d = 0) component of the stress energy correlator/ noise kernel for a massless spinor field in an
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FRW spacetime (with scale factor a, = a(ny))

[‘)‘) % + 3595 5 % - aa]HW

(foogo (x.3)) =

[S1[o%}

X' —xy =y Gy dyay)

Tr<ro[irla;’ XFOHZSS ,y1+£r0}r

oy +i i ] [ L 5:0/x) ;FOD (4.28)
Using the product rule of differentiation, one finds that the action of the derivative operators in the larger
square brackets is such that the factor H*((b,bybyby)/(axavayay) %) on the right of the brackets comes
to the left of the brackets with the derivatives in the larger square brackets acting only on the left over
trace term. Also, the factor H*((bbybyby)/ (axax/ayay/)%) multiplies the factor a,a, to give us that the
above considered component of the noise kernel is ((byby)?/(axay)?) times the noise kernel of massless
spinor field in de Sitter spacetime. Using the fact that, for massless spinor fields in de Sitter spacetime,

we have
1

167°(1-Z(x,y)) "
the above expression for the stress energy correlator of massless spinor field in FRW spacetimes becomes

[164]

§+(Z(x,y)) = S-(Z(x,)) =

(4.29)
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(4.30)

From the above expression, we observe that the considered noise kernel component (corresponding to
a massless spinor field in an FRW spacetime with scale factor a, = a(1,)) has a behaviour opposite to
that of the scale factor. For spatially separated points with same time coordinates i.e., on constant time
sheets, the correlations between stress energy operators for massless spinor field grow for contracting
spacetimes whereas the stress energy correlations decay for expanding spacetimes. We also observe
that any monotonic or non-monotonic behaviour in the scale factor is reflected in the behaviour of the
stress energy correlations. For example, for a monotonically increasing scale factor corresponding to
an expanding spacetime, the stress energy correlations between spatially separated points are always
smaller on a given constant time sheet compared to their magnitude for all constant time slices that lie
earlier than the given time sheet. Let us now consider the behaviour of the considered component of the
stress energy correlator for power-law type FRW spacetimes i.e., a(1) o< 1179. We obtain the following

expression for these spacetimes [164]

3
(#6000 (.30 = gy ()™ (431)
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Here, as in the previous chapter for scalar field case, we discuss these results for different power-law type
FRW spacetimes in terms of the corresponding equation of state parameter. As discussed in the previous
chapter, for spacetimes with positive values of ¢ i.e for g € (0,), the late time limit (in which the scale
factor goes to infinity) corresponds to the 17 — O limit and the corresponding equation of state paramer, w,
belongs to the range (—eo, —1/3). Phantom spacetimes driven by fluids with equation of state parameter,
w € (—eo,—1), and quintessence spacetimes driven by fluids with w € (—1,—1/3) belong to this class
of power-law type FRW spacetimes. In fact, the present day dark-energy driven Universe belongs to this
regime with w = —1.03 £0.03 [23]. Spacetimes with negative values of g i.e. g € (—o0,0), have the
late time limit given by 11 — oo and the corresponding equation of state parameter, w € (—1/3,00). This
class of power-law type FRW spacetimes with negative g values include both the radiation dominated as
well as matter dominated cases. For all power-law type FRW spacetimes, the considered stress energy
correlator component vanishes in the late time limit as all of them are expanding spacetimes for which we
have already seen that the correlations decay with the evolution of the spacetimes. Along similar lines
as in the previous section, such an observation about the decay of correlations between stress energy
operators (for spatially separated comoving points) with the evolution of expanding spacetimes imply
that the quantum evolution of massless spinor fields in expanding FRW spacetimes is different than that
for massless scalar fields in certain FRW spacetimes (see previous chapter) in that it can overcome the
decaying effects of increasing physical separations between spatially separated comoving points in an
expanding spacetime.

As is done for previously considered cases, for this case also, we look at the behaviour of the coordinate
independent correlator introduced in the previous chapter and also discussed in the previous section
i.e., the invariant correlator. For spatially separated points on equal time sheets, the invariant correlator
behaves as follows

(foooo x:¥) _ 5 3

@(m)a(n,) 2 AR (4.32)

From the above expression, it is easily seen that the qualitative behaviour of the invariant correlator is
same as the behaviour of the (a = b = ¢ = d = 0) component of the stress energy correlator except
for the fact that the scale factor has more negative power in the former case as compared to the latter.
Particularly, we notice that the invariant correlator vanishes for expanding spacetimes whereas it diverges
for contracting spacetimes.

We can compare the results obtained here for massless spinor fields in power-law type FRW spacetimes
with the ones obtained in the previous chapter for massless scalar fields in the same spacetimes. On one

hand, we have seen that, for massless spinor fields, there is always a decay of stress energy correlations in
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power-law type expanding spacetimes whereas, on the other hand, in case of minimally coupled massless
scalar fields, we found that there are certain power-law type expanding FRW spacetimes for which the
stress energy correlations are significant. For example, for spacetimes with w € (0,—1/3)U(—1/3,—1),
there are significant second order quantum effects of massless scalar fields quantified by the noise kernel/
stress energy correlator. Thus, we conclude that, in cases where we have both massless spinor and scalar
fields present in these power-law FRW spacetimes, we expect only the scalar field (but not the spinor

field) to provide second order quantum corrections to first order semiclassical gravity analysis.

4.6 Summary

Here, we collect all the important results that we have derived in this chapter. Our focus, in this chapter,
has been on studying the dynamics of massive spinor fields in de Sitter spacetime and massless spinor
fields in general FRW spacetimes. Particularly, we have calculated the behaviour of the stress energy
correlator for spatially separated points in the late time limit. We place the massive spinor fields consid-
ered in de Sitter spacetime in the fermionic Bunch-Davies vacuum and for massless spinor fields in FRW
spacetimes, we have employed their conformal invariance to place them in the Bunch-Davies vacuum of

the related massless spinor field of de Sitter spacetime. The main results of this chapter are as follows

* Behaviour of the noise kernel for spinor fields in de Sitter spacetime: First, we look at the
behaviour of the (¢ = b = ¢ = d = 0) component of the stress energy correlator for arbitrarily
massive spinor fields in de Sitter spacetime. We observe that the leading order behaviour of this
component of the stress energy correlator, for spatially separated points on constant time slices,
vanishes in the late time 11 — O limit. We also observe that the decay in the stress energy corre-
lations is a universal feature of these correlations for massive spinor fields in de Sitter spacetime
as this decay occurs independently of the mass of the field. In that sense, the behaviour of the
stress energy correlators for spinor fields is in contrast to that for scalar fields as there are scalar
fields with certain mass range which have, in fact, divergent stress energy correlator (see previous
chapter). The invariant correlator for arbitrarily massive spinor fields also decays in the late time
limit (with even faster rate compared to the considered stress energy correlator component). The
considered correlators also have the usual decay with the increasing coordinate distances between

the spatially separated points.
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* Behaviour of the noise kernel for spinor fields in FRW spacetimes: We also look at the be-
haviour of the (¢ = b = ¢ = d = 0) component of the stress energy correlator/noise kernel for
massless spinor fields in FRW spacetimes. For this purpose, we have employed the equivalence
between massless spinor fields in general FRW spacetimes with that of massless spinor field in
de Sitter spacetime. We observe that the considered component of the stress energy correlator
behaves opposite to the scale factor. For expanding spacetimes, the correlations decay whereas
they grow for contracting spacetimes. This is true, particularly, for power-law expanding FRW
spacetimes and hence, we find that these results for massless spinor fields is in contrast to those for
massless scalar fields in the same spacetimes (as seen in the last chapter, there are certain power-
law type expanding FRW spacetimes for which the noise kernel does not decay). The invariant
correlator for massless spinor fields in FRW spacetimes also behaves opposite to the behaviour of

the scale factor.

On the basis of these results, one can infer that, for massless spinor fields in expanding FRW spacetimes
and arbitrarily massive spinor fields in de Sitter spacetime, the second order quantum effects (quanti-
fied by the stress energy correlator) do not provide any significant corrections to the results obtained
using the first order quantum analysis based only on the quantum averages of the stress energy operator.
Hence, in these scenarios, we can expect the predictions made from the first order analysis to hold true
against quantum fluctuations. One important point to emphasize is that the above conclusions have been
obtained assuming the Bunch-Davies like vacua for spinor fields and it would be interesting to perform

similar analysis for other vacua as well.
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Chapter 5

Response of derivatively coupled Unruh

deWitt detectors in FRW spacetimes

As argued in chapter 2, one way to study the correlations of quantum fields in curved spacetime is
through studying the response of UdW detectors which couple with quantum fields. In this chapter, we
study the quantum fields in FRW spacetimes by coupling them with both conventional and derivatively
coupled UdW detectors. In this analysis also, we make use of the FRW-de Sitter equivalence that we
have talked about earlier. Particularly, the focus of this study is on the infrared divergence of the Bunch-
Davies vacuum in the massless limit and also on the related infrared divergence which is inherited by

massless scalar field in matter dominated spacetime.

5.1 Introduction

It can be shown [166, 167] that the UdW detectors can be used to model the interaction between electro-
magnetic waves and atoms. This provides an opportunity to verify the predictions obtained from UdW
detector analyses through quantum optical setups like testing the validity of thermal response of UdW
detector while in uniformly accelerating motion in flat spacetime [104, 105]. It should also be interesting
to analyse the curvature effect of curved spacetimes on the response of UdW detectors [168]. In that
regard, our Universe’s expansion history provides a situation where there is curvature present and one
can study the curvature effects of these FRW spacetimes on UdW detectors. Many works in the past

[169-174], have taken up the analysis of quantum fields in FRW spacetimes through UdW coupling.
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For example, response of UdW detector coupled with real quantum scalar fields in de Sitter spacetime
have been studied in [169], whereas the case of complex scalar fields which are quadratically coupled
with UdW detectors in de Sitter spacetime have been analysed in [173], [171] considers the case of
scalar fields for conformal vacua in FRW spacetimes. The Wightman function of quantum fields in
FRW spacetimes are well known to show infrared divergences [13, 65, 84, 123, 124, 134, 137]. In a
study done in [175] for flat spacetimes, it has been shown that the divergences in correlation functions
have the potential to strongly enhance the UdW responses so as to reveal small acceleration dependence.
Since the quantum fields in FRW spacetimes possess infrared divergences, we expect that these diver-
gences can also cause an enhancement in the response of UdW detectors. This motivates us to analyse
the response of UdW detectors which are coupled to quantum fields in FRW spacetimes. We consider
the response of both conventionally coupled and derivatively coupled UdW detectors by coupling them
to quantum fields in FRW spacetimes. The motivation for studying derivatively coupled UdW detectors
will be explained once we discuss conventional UdW detectors.

We divide the remaining chapter in three sections. In section 5.2, the case of conventionally coupled
UdW detectors is considered. Particularly, we look at the finite time response rate of UdW detectors
which are coupled to scalar fields in de Sitter, radiation-dominated and matter-dominated spacetimes.
In section 5.3, a similar consideration with derivatively coupled UdW detectors has been carried out. In

section 5.4, we collect all the important results derived in this chapter.

5.2 Conventional UdW detectors

This section considers the analysis of massless scalar fields in FRW spacetimes by coupling them with
conventional UdW detectors. From chapter 2, we recall that the interaction Hamiltonian for conventional

UdW detectors is given by equation (2.79) i.e.,

Hiy = e (TD)A(T)§(x(7)), (5.1)

where the meaning of different symbols is explained in chapter 2.

For the scenario in which the detector goes from a state |0),, to another state |2),, (which have en-

ergies 0 and Q, respectively) while the field goes from |y) to any arbitrary final state which we finally
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trace over, the transition probability, is given by Eq. (2.82) i.e.,

Pysa = c*[p(Q12(0)[0), !2/ dndny(n)x(n)e O RG(x(1),x(1)), (5.2)

where G(x(71),x(2)) = (w]$ (x(11))d (x(2))|w) is the Wightman function of the field for the state | ).

Considering the case of finite time uniform switching for the interval (7;, 7r), the above expression

reduces to

Tf Tf .
Pysa = o (QU(0)[0) / / dT1d e 2O G (x(1)),x(12)) - (5.3)
Ti Ti

As already mentioned, we want to analyse how the response of UdW detectors is affected by the cur-
vature of different FRW epochs of the Universe and the divergences present in the field correlations
in these spacetimes. To perform this analysis, we specialize to the case of FRW spacetimes. We take
UdW detectors to be moving along the comoving trajectories i.e., for which the spatial coordinates
are fixed and the comoving or cosmic time is the proper time. We switch to the conformal coordi-
nates i.e., d7 = a(n)dn with a(n) being the scale factor of the FRW spacetime under investigation i.e.,

ds*> = a*(n)(—dn? + dx?). In conformal coordinates, the above expression becomes

A nyor _l. _
Poosa = o (@URO)[0), F [ [ dmydme SN a(m (o) Glx(m) x()). (54)
LI

where 7; and 77 are the conformal coordinate values corresponding to 7; and 7, respectively.

Let us introduce the following combinations of 17; and 1,

ni—+mn
2

n andAn=n;—n.

For m1,1m2 € (Mi;Ny), 7 € (Mi,ny). For any fixed 7 € (1;,(ni + ny)/2), we have m; € (1;,27] —
ni) and An € (=2(7 —n;),2(7 — ;). For f) € ((ni+ny)/2,My), we have n, € (27 — 1y, My) and An €
(—2(nf—1),2(ns —N)). Changing the variables to (7),An) in the equation (5.4), the rate of transition
probability with respect to 7, for fj € (n;, (n; +1y)/2), is found to be

s R / " 4(am) e am ) -1 (en)/2)
Ao @RO0),P dn — Jam-n)

G((f+ (am)/2),x(7 ~ () /2) )a(R + (An)/2)a(f — (An)/2) . (5.5)
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For f] € ((ni+mny)/2,1ny), the rate has the following form

S o _ / T (A) e aHan)/2)—5(a-(sn)/2)
p(Qa(0)[0)p > dn ~2(n;—1)

G((f+ (an)/2).x(7 — () /2) )a(R + (An)/2)a(f — (An)/2) . (5.6)

Let us now analyze the case of interest i.e., massless scalar fields in power-law type FRW spacetimes.
To perform the calculations for this case, we employ the FRW-de Sitter equivalence which we discussed

in chapter 3. The Wightman functions in the two settings are related by the Eq. (3.32) i.e.,
G (x1,20) = (HM)* ' (HM)* ' G* (x1,x2). (5.7)

As in chapter 3, we take the de Sitter vacuum to be the Bunch-Davies vacuum of chapter 2 for which the
Wightman function is given by Eq. (2.39) and we perform the calculations corresponding to it.

Formula for the mass of the scalar field in de Sitter spacetime which is equivalent to a massless scalar
field in FRW spacetime with a(n) = (Hn) 9 i.e., m*> = H*(1 — q)(2 + q), implies that the square of the
mass is positive only for the cases in which g € [—2,1). These are the spacetimes that we considered in
Chapter 3 and in this chapter also, we focus only on them. Let us briefly look at the response rate for
UdW detectors which remain operative for the full time range of these spacetimes. One can argue (see
Appendix F) that the Q and H dependences of the infinite time response rate with respect to 7] is given

by
1 dPyq
Ap(QA(0)|0)p > df

o (QH )T (5.8)

This expression tells us that the response rate increases with increasing H for ¢ € (—2,0) whereas it
decreases with increasing H for ¢ € (0,1). Since, for FRW spacetimes, the Ricci scalar, R < H*?, we
see that the Ricci scalar and the above response rate behaves opposite of each other as a function of H.
We also observe that the response rate changes maximally with H either for ¢ = —2 or ¢ = 1 depending

upon whether H > 1 or H < 1 respectively.

During the evolution history of our Universe, it has stayed in any particular FRW like phase only for a
finite time, therefore we now take up the finite time response rates for the following cases. We again

take the case in which UdW detectors move along comoving trajectories.
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5.2.1 Nearly massless scalar fields in de Sitter spacetime

In this subsection, we look at the finite time response rate of a UdW detector when it is coupled to nearly
massless scalar fields in de Sitter spacetime. For nearly massless fields, v =3/2 — § where § << I.

The Wightman function [65] for this case, expanded as a power series in 0, is

H? 2 4
dS N = 4
G (z(x,x))_(—16n2>(5+y 4 21n(y)+41n2+0(5)). (5.9)

Thus, from the above expression, we notice the well known infrared divergence [84, 124, 125, 134] of

massless scalar fields in de Sitter spacetime. Making use of (5.5), the UdW detector response rate, for

i € (Mi,(Ni+1ny)/2), is

| RS, 1w TN
A @ROE di° 167 OV G 2) e
2 47— (An)*/4) (An —ie)?
(5- (An —ie)? 4_21”(_<~2_(An)2/4))
Faln2 + 0(5)) . (5.10)

One can obtain a similar formula for the case in which ) € ((1n;+1y)/2,1ny) using Eq. (5.6). The above
integrand is easily seen to have poles at (An) = £27), i€ but the interval over which the above integral is
performed does not contain the 47 poles. If we enclose the contour in the lower half plane of the (An)
complex plane (see Fig. (5.1)), then the value of the integral for any term in the Wightman function along
the above real line segment is equal to the integral of that term along the curved part of the contour in
the lower half plane, with the i€ pole of the upper half plane making no contribution. The integral along
the curved part of the above contour is a proper integral and hence is finite. Keeping these observations

in mind, we find that the response rate has the following expansion in § [176]

1 dRfSq 1 1 pAaem) 1+ (an)/2\ # 1
QOO dn 5<8”2/—2(ﬁ—m) (G an)2) <ﬁ2—<An>2/4>>
)

(5.11)

Thus, we observe that the UdW response rate for the present case of nearly massless fields in de Sitter
spacetime shows the same infrared (IR) divergence as is present in the Wightman function for this case.
Therefore, the smaller the mass becomes, the faster the transitions take place within the internal states
of UdW detectors.

There have been a number of past works which consider UdW detectors coupled with scalar fields in de
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Sitter spacetime. For example, the infinite time UdW response rate has been analysed in [169] for scalar
fields in de Sitter spacetime. [177-179] analyse the dynamics of scalar fields in de Sitter spacetime
from open quantum systems framework with different detector trajectories and different field vacua. We
now consider a similar analysis for other FRW spacetimes which model different epochs of universe’s

evolution history.

bie N

Figure 5.1: The chosen contour does not contain the poles inside it.

5.2.2 Massless scalar fields in radiation dominated spacetime

In this subsection, we consider a UdW detector which couples to a massless scalar field in radiation
dominated universe. The radiation dominated spacetime phase of the Universe is believed to suceed the
inflationary phase of the Universe. The scale factor for this case is a(n) = (Hn) i.e., ¢ = —1. The mass
of the scalar field in de Sitter spacetime corresponding to the massless field in radiation dominated case
is (m?/H?) = 2 and the Wightman function is
H2

rad _ 2 -2 _ (g2 -1
G (x(m),x(m2)) = (H min2) I ) (H*mn2)

1
4r2(n —np —i€)?’

(5.12)

This case of massless scalar field in radiation dominated spacetime is also conformally related to a
massless scalar field in flat spacetime (refer to Chapter 3 of [75]). For this case, the comoving time is
related to the conformal time by the relation (2H. t)% = H1). With the above Wightman function and the

comoving time and conformal time relation, the transition probability for this case is found to be

RS = A2 dmdne”

rad  _ _02|D<Q|.a(0)|0>0|2/nf s S (ni—n3) ! . (5.13)
ni I (m —m2 —ie)?
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Using the expression (5.5), the UdW detector response rate with respect to 7}, for fj € (n,-, (mi+nys)/ 2) ,
is seen to be given by [176]

1 dPyd, 1 /2(ﬁn,~> o 1
A o _ _ 1 d(amyeeinen__L__ s 4
o QRO df a2 ) oy 1AV @n—ie?

A similar formula is obtained for ) € ((n;4+ny)/2,ny) if one uses the formula (5.6). The above response
rate for massless scalar fields in radiation dominated spacetimes is easily seen to be similar to that of
flat spacetime case except that in the present case one has QHT) in place of Q in the flat spacetime case.
Making use of the same arguments as were used in the previous subsection, we enclose the contour in
the lower half plane and thus the i€ pole does not lie inside the contour. Hence, the above integral on
the specified real line segment is equal to the integral of the above integrand along the curved part of
the contour. This integral is a proper integral and hence is finite in value. Therefore, we can say that the
UdW response rate for a massless field in radiation dominated spacetime is finite and it does not lead
to any significant enchancement of transitions within the internal quantum states of the detector. Let us

now turn to the case of massless scalar fields in nearly matter dominated spacetimes.

5.2.3 Massless scalar fields in nearly matter dominated spacetimes

Let us now couple UdW detectors to massless scalar fields in nearly matter-dominated spacetimes. For
nearly matter dominated spacetimes i.e., for ¢ = —2 + 6 where 6 << 1, the mass of the scalar fields in

de Sitter spacetime corresponding to massless fields in these spacetimes is given by

2

5= (1-q)2+q) = (3-8)8 =33, (5.15)

and it approaches zero as 0 goes to zero. Thus, we see that as spacetimes approach the matter dominated
spacetime limit the mass of the corresponding scalar field in de Sitter spacetime approaches zero and we
expect that the infrared divergence of massless scalar fields in de Sitter spacetime is inherited by massless
scalar fields in nearly matter dominated spacetimes and they manifest themselves in the UdW response
rate for these cases. In fact, the Wightman function for massless fields in nearly matter dominated

spacetimes, using Eq. (5.7) and Eq. (5.15), is seen to have the following expression

H> \/2 4
G (w(m)x(m2)) = () (50 5) <g+§—4—21n(y)+4ln2+0(3)). (5.16)
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a
For this case, the comoving time is related to the conformal time by the relation ((3 — 5)Ht) 370 =

(Hn). From expression (5.5), we find that the UdW detector response rate for the present case, for

i1 € (Mi,(Ni+1ny)/2), is

T U e e
(g - 4(77(1:7 (_Al’l);/“) —4—2in( - m> +4In2
ZO AR (L o5+ (am) 2)
(AR (L g1 — (am) 2)
+0(6)> . (5.17)

As in the previous cases, the integral of any of the above terms can be argued to be finite. Hence, the

expansion of the above expression in the & — 0 limit is given by [176]

matter 2(f—mn; ; -
i Al 2dPO_~>Q _ 1 12/ (7 —m;) d(AT)e (30 +(4n)/(4)(am) _ 1 !
lp (QIR0)[0)p > df o \ 87 /2 (7% —(An)2/4)

+0(8°). (5.18)

Thus, the UdW response rate for massless scalar fields in nearly matter dominated spacetimes has 1/0
term as the most dominant term in the 8 — 0 limit. From the above expression, we can conclude that
the response rate becomes very fast for 6 being close to zero. The origin of this behaviour of response
rate for the present case of nearly matter dominated spacetimes is in the infrared divergence of the
corresponding nearly massless scalar fields in de Sitter spacetime. From the formula m? = H?(1 —
q)(2+ q), we see that the mass of the scalar field in de Sitter spacetime equivalent to massless scalar
fields in FRW spacetimes approaches zero for both ¢ = —2 and ¢ = 1 cases. Hence, for both these limits,
the UdW response rate is expected to show divergent behaviour. To demonstrate this for the considered
spacetimes i.e, for ¢ € (—2,1), we numerically plot the formula (5.5) for the Wightman function (5.7) as
a function of g taking specific values for 1;, 1y, 7], Q and H. Figure 5.2a shows the variation of response
rate as a function of ¢ for the range (—2,0) while the variation of the response rate as a function of ¢
for the range (0, 1) is shown in figure 5.2b. The figures show that the UdW response rate is finite for all
q values except when g approaches the values —2 and 1. We saw above that the UdW response rate for
massless scalar fields in de Sitter spacetime inherits the infrared divergence of its Wightman function.

Any quantity which depends upon the Wightman function can be, in general, expected to suffer from
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(a) For g € (—2,0) (b) For g € (0,1)

(Taking n; = 1,ny =4,71 =2, Q=1 and (Taking n; = -3,nr = 0,7
H=1) Q=1landH =1)

-2,

Figure 5.2: Variation of the response rate for a conventionally coupled UdW detector as a function of
q. (a) shows that the response rate diverges as g approaches —2 i.e., matter dominated spacetime and
similarly (b) shows that the response rate diverges as g approaches 1 i.e., de Sitter spacetime.

the same infrared divergences as that of the Wightman function. The infrared divergence of massless
scalar fields in de Sitter spacetime has been discussed at many places [84, 123, 124, 134, 180, 181]. In
order to obtain physically meaningful IR finite results, many suggestions have been given [181, 182].
For example, one resolution is to consider vacua which do not enjoy the full de Sitter symmetry but
which are IR finite for massless fields in de Sitter spacetime [13, 84, 125, 180]. Sometimes, it is also
argued that only those operators which are IR finite should be considered physical. Such a line of
argument is presented in [131] which states that only shift invariant operators, like the differences of the
field operators and derivatives of the field operators etc., should be taken as truly physical observables
as they are free from infrared divergences, as [131] shows, at least, for massless scalar fields in de
Sitter spacetime. Similarly, the derivative operators in the stress energy tensor kill the time independent
infrared divergence term of massless scalar fields in de Sitter spacetime in the evaluation of the stress
energy expectation and hence it does not suffer from infrared divergence [90]. From these arguments,
one would expect that for more ‘physical’ derivatively coupled UdW detectors, the UdW rates would not
suffer from IR divergences. In fact, certain previous works [110, 113, 183] have considered derivatively
coupled UdW detectors to deal with IR divergences. Keeping in mind this motivation, we now consider

derivatively coupled UdW detectors coupled with massless fields in FRW spacetimes.
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5.3 Derivatively coupled UdW detectors

This section considers the case of derivatively coupled UdW detectors. In case of these detectors, the

interaction Hamiltonian is given as follows [110]

Hin = e (1)1 (0)X° Vo (x(7)) = cfi()x(t )difﬁ( (7)), (5.19)

where we see that instead of coupling with the field operator, the detector couples with the derivative of
the field with respect to the proper time along the classical trajectory of the detector i.e., (d/dT)d (x(7)),
and all other terms have the same meaning as in the previous section. The dot over x® denotes a derivative
with respect to the proper time. Considering the case in which the detector starts in some state |0) , with
energy 0 and makes a transition to a state |Q), with energy © while the field starting from the state
|y) is allowed to go to any arbitrary final state, the probability for this to take place, upto first order in

perturbation theory, is

d d

dt dt, ——Gx(1),x(n)). (5.20)

Poosa =l (QIRO)/0), [ [[ dmidese 0 g (0 ()

Let us again specialize to the case of FRW spacetimes. Like in the previous section, the UdW detectors
are taken to move along comoving trajectories for which the comoving time is the proper time for
detectors. Thus, transforming to conformal coordinates i.e., dT = a(1)dn, the probability, for a detector

that is uniformly operative for a finite time interval, can be expressed as

0 d d
Phsa =l @UO)I0)p [ [ amanae 00 S0 G o) a(). - 521)

Let us transform to the (7},An) coordinates of the previous section. In these coordinates, the rate of

transition with respect to 7} , for fj € (n;, (n; +ny)/2), is

1 dP0_>Q /Z(ﬁn,—) (el
( = = d(An) e~ QE(M+(An)/2)—1(7—(An)/2))
Ap (Qa(0)|0), > dff iy (An)
d d FRW
(700" ) (x(1-+ (an)/2) x(m — (8m)/2)) | 522
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For f] € ((ni+mny)/2,1ny), the rate has the following form

! dPy-o /z(nfﬁ) —iQ(t(7 —(fj—
_ _ = d(AN)e R T(M+(An)/2)—2(—(An)/2))
2p QRO sty
d d _rrw > .
Kdm i, © ) (x(1+(am)/2).x(7 - (am) /2) )] - 5:23)

To express the term [((d/dm)(d/dnz)GFRW> (x(f] +(An)/2),x(7 — (An)/2))] in the square brack-
ets, as a function of 7] and A7, we first evaluate the derivatives of the Wightman function with respect
to 111 and 1, and only after that we transform the resultant expression in (7),An) coordinates.

Using the Wightman function (5.7) for massless scalar fields in FRW spacetimes, we see that (refer to

Appendix G)

d d G9S dG® ((n) —n, —ie)(—2ie)
GFRW ’ — (H? (g—1)—+(g—1
a0y dm (x(n1),x(1M2)) (H™mim2) (g—1) s (g—1) dy ( n’n2 )
2 ~dS 2 2 dS 2 2 2
+d G2 y((Tll-i-zlz)2 + € )+dG (i +;]22+8 )] (5.24)
dy nin; dy nin;

Substituting the above expression for the derivatives of the Wightman function in the response rate for-
mula (5.22), we investigate the behavior of the rate for derivatively coupled UdW detectors. We compare
the results obtained for the present derivatively coupled case to the case of conventional coupling of the
previous section.

As in the previous section, let us first discuss how the infinite time response rate for these detectors
depend on the energy gap, Q, between the detector states and on the parameter H which appears in the
expression of the scale factor (a(n) = (Hn) 9) of the FRW spacetime. In Appendix F, we argue that

the Q and H dependence of the infinite time rate for these detectors in FRW spacetimes is given by

1 dPyq
|p (QIR(0)[0), > d7

o« Q2 (QH )T . (5.25)

Therefore, compared to the infinite time rate for conventional UdW detectors, the Q dependence has an
extra factor of 2 in the exponent. But the H dependence is the same for the present case as for the case of
conventional UdW detectors considered in the previous section. Particularly, we see that, for g € (0,1),
the exponent of H is negative and hence the rate decreases as H increases. Whereas for ¢ € (—2,0), the
exponent of H is positive and hence the rate increases as H increases. Recalling that, for the considered
FRW spacetimes, the Ricci scalar, R o< H 29 it is seen that the behaviours of the Ricci scalar and the

infinite time rate with H are opposite of each other.
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Let us now consider the analysis of finite time response rate of derivatively coupled UdW detectors for
the cases which were considered in the previous section. For these detectors, we find that the infrared di-
vergence of massless scalar fields in de Sitter spacetime does not contribute to the response rate whereas
for massless scalar fields in nearly matter dominated spacetimes, the corresponding infrared divergence

contributes to the response rate.

5.3.1 Nearly massless scalar fields in de Sitter spacetime

In this subsection, the analysis is carried out for nearly massless scalar fields in de Sitter spacetime
which couple to derivatively coupled UdW detectors. Because the infrared divergence for this case has
no spacetime dependence (see equation (5.9)) and it is the derivatives of the Wightman function which
appears in the expression of the rate i.e., equation (5.22), we find that the rate for nearly massless fields
in de Sitter spacetime does not share the infrared divergence of the Wightman function for this case. To
see it explicitly, let us substitute the expression (5.24) in the formula for the rate i.e., (5.22), taking g = 1

and the expression (5.9) for GS. We obtain that the rate, for 7] € (1, (1; +1ys)/2), is given by [176]

1 dP§S, H?> xn-m) N+ (AN)/2\ & 1 3
oI el I U] C ooty M remers G L)
+267 +2ie(An) ) +0(3) . (5.26)

From the above expression, we see that the rate for the present case does not contain infrared divergence
of the massless fields in de Sitter spacetime. Hence, the rate of transitions for derivatively coupled
UdW detectors among its internal quantum levels does not diverge as the mass of the field approaches
zero. The behaviour of the rate for the present case can be demonstrated by numerically plotting its
expression (5.26). In fig. 5.3a, we plot the variation of the rate as a function of Q taking 6 = 0.001
with the values of other parameters specified in the figure. Negative values for Q in the plot, refer to the
cases in which the detector de-excites to a lower energy state from a higher energy state whereas positive
values of Q refer to the cases in which the detector makes a transition from a lower energy state to a
higher energy state. For more ‘physical’ derivative operators, the infrared divergence of massless scalar
fields in de Sitter spacetime is expected not to make its appearance in the response rate corresponding
to the derivative coupling [131]. These infrared divergences, however, may still appear for certain FRW

spacetimes even with these ‘physical’ derivative couplings.
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5.3.2 Massless scalar fields in radiation dominated spacetime

Now we consider the behavior of derivatively coupled UdW detectors interacting with massless scalar

fields in radiation-dominated spacetime i.e., ¢ = —1 case. Taking ¢ = —1 in (5.24), one finds that

H? 4H?ig(n; — M — i€)

d d
“ 4 _
4m2(ny —m —ig)>  4m*(m — o —ie)?

G“(x(n),x(n)) = (Hmm2)™?

dny dny
2H2((m+m)* +€2)  HA(ni+nj+e?) (5.2
Am2(my —mp—ie)*  AmP(m—m—ie)*| '
Thus, the rate with respect to 7], for 7 € (1;, (1 +1ny)/2), is [176]
1 dP}“, /2<ﬁm> d(a )e—iﬂHﬁ(An) 1 1 i€
2 0 2 g7 - - n 22 2 {_ —ie? —e)3

lp (QIE(0)[0)p > dn ~2(-m) Hr <ﬁ2_(An)2 /4) (An —ig)>  (An —ig)
(47°+e?) (277 +(An)*/2+ &%) (5.28)
2(An —ig)* 4(An —ie)* '

Employing the same arguments as have been used in the previous section, the above expression for the
rate is seen to be finite in value. Therefore, we conclude that, for the present case, the rate of transitions
for a derivatively coupled UdW detector among its internal quantum levels are finite just as the rate of
transitions are finite for conventional UdW detectors coupled with massless fields in radiation dominated
spacetime. We plot the above expression for the rate as a function of Q in figure 5.3b. From figures 5.3a
and 5.3b, we see that the de-excitation rate for both de Sitter and radiation dominated cases are more

pronounced than the excitation rates.

5.3.3 Massless scalar fields in nearly matter dominated spacetimes

This subsection considers the case of derivatively coupled UdW detectors which interact with massless
scalar fields in nearly matter-dominated spacetimes. For this case, the infrared divergent term that the
Wightman function (5.16) inherits from the corresponding nearly massless scalar fields in de Sitter
spacetime has spacetime-dependent factors multiplying it. Thus, under the action of the derivatives
appearing in the response rate expression (5.22) or (5.23), this term survives. Using the relation that the

conformal and comoving times are related by

_ H2n3675(ln(Hn)) _ H2n3(

_ 4 2
t s . 1+——51n(Hn))+0(5 ), (5.29)

3
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Figure 5.3: Variation of the response rate for a derivatively coupled UdW detector as a function of Q.

and the Wightman function (5.16) in the response rate formula (5.22), one obtains that the rate, for

f € (Ni,(Mi+1ny)/2), has the following form [176]

1 drs” L9 / 2 (A~ 2ECT R 1
= ~ = <\ oo e o
lp (QIA(0)[0)p > a7 6 \ 8H 7> J 25—y (7% — (An)2/4)*
+0(8°). (5.30)

Thus, we conclude that in the limit § — 0, the leading order term is the (1/8) term and this results in
very rapid transitions within the internal quantum states of the detector. Therefore, the present case UdW
rate shows the infrared divergence of the considered massless scalar fields in nearly matter dominated
spacetimes. The behaviour of detectors for the present case is unlike the behaviour of detectors for the

case of nearly massless scalar fields in de Sitter spacetime where the derivatively coupled UdW detectors
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do not manifest the infrared divergence of the field.
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(Taking n; = 1,y = 4,7 = 2, (Taking 1; = —=3,1n7 = 0,7 = =2,
Q=1landH=1) Q=1landH=1)

Figure 5.4: Variation of the response rate for a derivatively coupled UdW detector as a function
of q. (a) shows that the response rate diverges as g approaches —2 i.e., derivatively coupled UdW
detectors manifest infrared divergence for matter dominated spacetime. However, (b) shows that the
response rate is finite for all g € (0,1) i.e., the infrared divergence of de Sitter spacetime disappears
for derivatively coupled detectors.

Figure 5.3c shows the variation of the rate for the present case as a function of Q. The values of the
other parameters which appear in the rate expression are given in the caption of the figure. From the
figure, we see that, for small values of Q, the rate shows similar behaviour for both excitations and de-
excitations. This can be argued to be expected from the above expression where the leading order term
is invariant under the change of sign of Q and in the limit  — 0, this term is the one which would decide
the rate. In the case of non-zero but small values of §, the other subdominant terms grow for larger Q
to make the vacuum de-excitations take over the excitations and break the Q — —Q symmetry. This
behaviour of the present case is not seen for the previously considered cases of de Sitter and radiation
dominated spacetimes where there was no symmetry between de-excitation and excitation rates. In order
to demonstrate the behaviour of the derivatively coupled UdW detectors interacting with massless scalar
fields in different FRW spacetimes, we plot the corresponding response rates in figure 5.4 as a function
of g. As argued above, we see that the response rate diverges as ¢ — —2 whereas it remains finite
as g — 1. This is different from the behaviour of the response rate for conventionally coupled UdW

detectors where it diverges as g approaches both —2 and 1.

93



5.4 Summary

In this chapter, we have looked at the correlations of quantum fields in FRW spacetimes by coupling
them to UdW detectors. The cases of both conventionally and derivatively coupled UdW detectors have
been considered. We have employed the FRW-de Sitter equivalence that we discussed in Chapter 3.
Using this equivalence we place the massless fields in FRW spacetimes in the Bunch-Davies like vacua
of the corresponding massive scalar fields in de Sitter spacetime. The main results obtained in this

chapter are as follows

1. Conventional UdW detectors : First, we consider the case of conventionally coupled UdW de-
tectors interacting with massless scalar fields in FRW spacetimes. It is found that, for nearly
massless scalar fields in de Sitter spacetime, the infrared divergent term present in the Wightman
function manifests itself at the response rate level and leads to very rapid transitions within the
detector states as the mass of the field is taken to smaller and smaller values. We also consider
the case of massless scalar fields in nearly matter dominated spacetimes in which the Wightman
function inherits the infrared divergence of the corresponding nearly massless scalar fields in de
Sitter spacetime. The response rate for massless scalar fields in nearly matter dominated space-
times also shows these infrared divergences. We analyse the response rate of UdW detectors for
some other FRW spacetimes also but the mentioned divergence occurs for the de Sitter and matter

dominated spacetimes.

2. Derivatively coupled UdW detectors : Next, we take up the case of derivatively coupled UdW
detectors interacting with massless scalar fields in FRW spacetimes and nearly massless scalar
fields in de Sitter spacetime. In this case, because the derivatives of the Wightman function decide
the rate, the spacetime independent infrared divergent term of the de Sitter case vanishes under
the action of derivatives and does not contribute to the transition rates of the detector. In the case
of massless scalar fields in nearly matter dominated spacetimes, the infrared divergent term is
spacetime dependent and does not vanish under the action of derivatives. Hence, the response
rate for this case gets contribution from the infrared divergent term and the rate becomes faster
and faster as the spacetimes approach the matter dominated limit. Among the considered FRW
spacetimes in the chapter, it is shown that it is only for the case of matter dominated spacetime

that the response rate shows infrared divergences.

Analysis performed in this chapter has been mostly formal but in the next chapter, we consider the appli-
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cability of the results obtained in this chapter to the case of coupling of atoms with metric perturbations
over FRW spacetimes, which can be shown to harbour same kind of vacuum correlator structure as that

of a scalar field.
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Chapter 6

Atoms in FRW spacetimes

In this chapter, we look at the dynamics of atoms in FRW spacetimes with and without metric per-
turbations over them. We consider the atoms to be moving along comoving trajectories and write the
interaction between the atoms and the spacetime curvature by building Fermi normal coordinates about
the comoving trajectories of atoms. We show that the coupling of atoms with tensor perturbations over
FRW spacetimes takes the form of a generalized UdW detector and apply the results obtained in the

previous chapter to this situation. We also discuss the potential observational signatures of this analysis.

6.1 Atoms in curved spacetime

Let us consider the dynamics of atoms in curved spacetimes. Following the treatment given in [184], let
us assume that the center of mass of an atom follows a classical time-like trajectory in spacetime. The
internal structure of the atom is governed by considering that the electron follows the Dirac equation in
the presence of the electromagnetic potential of the nucleus. Thus, the internal quantum space of the

atom is decided by
Vo = (= (&™) Pm+i(e®) YV v, 6.1)

where v is a four component Dirac spinor and y* = ¢4 T are the curved spacetime gamma matrices
that relate to flat spacetime gamma matrices, I'%, via tetrad basis e . The flat space gamma matrices, 1'%,

satisfy the algebra that {T'*, T?} = —21 and the tetrad basis relate the metric of the spacetime with the
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Minkowski metric as elie} g,v = Nap. The covariant derivatives are given by
1 ab .
Vy=20u— §(D w[Tas Tp] —igAy, (6.2)

where w“ﬁ = eﬁerb 1"%“ —e™ dues are components of the spin connection. The electromagnetic four-
potential, A, is determined by solving the curved spacetime Maxwell’s equations in the presence of a
point source at the nucleus.

Now we build Fermi normal coordinates (FNCs) around the ‘central’ timelike geodesic that the center of
mass of the atom follows. The construction of the FNCs is shown in figure 6.1. The points which lie on
the central timelike geodesic are taken to have zero spatial coordinates and the time component for these
points is taken to be the proper time for them along the central geodesic. For a point, say P, which does
not lie on the central geodesic (as shown in the figure 6.1), we consider the unique space-like geodesic,
I, passing from P which intersects the central geodesic orthogonally at point, say G, then the point P
is assigned the time coordinate of the point G. To assign spatial coordinates to point P, we consider the
tangent vector, ', to I at point G and take the spatial coordinates to be x' = vis where s is the proper
time along I" from P to G.

One can show that the different components of the metric written upto 2nd order in FNCs have the

Figure 6.1: This figure captures the construction of Fermi normal coordinates. Here, y is some time-
like geodesic about which we construct FNCs. P is some point in the spacetime which intersects y
orthogonally at point G via the unique spacelike geodesic I'. v’ are the components of the tangent
vector to I" at point G.
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following expansion

g0 = —1—Rpomx'x", (6.3)
goi = _%ROIimxlxm ; (6.4)
gij = &j— %Ri, XX, (6.5)

g = —1+ %(le — 2Roi0m ) X' X" (6.6)

Other quantities like the inverse metric components, the tetrad bases, and the Christoffel connections,
etc. can also be similarly written up to second order in FNCs. For more details, refer to [184, 185].
Substituting the above given expansion of spacetime metric in the curved spacetime Dirac equation and

Maxwell’s equation, it can be shown that the Dirac equation has the following form
ia[l[/: (—iai8i+mﬁ —£+H1>l//, (6.7)
r

where 3, o' are the Dirac matrices. Here H; denotes the perturbation to the flat spacetime Dirac equation
in the central Coulomb potential % by the curvature induced terms. Here { = Ze? where e is the electron’s
charge and Z is the number of protons in the nucleus. The full expression for the interaction Hamiltonian,
Hj, is given in [184].

Taking the non-relativistic limit of the above equation, we obtain the following Schrodinger equation

form [184]

(i:;t - m) Y= (— iw - f —+ %mROZOmxlxm> V. (6.8)

In the above equation, the term containing Ryq,, represents the corrections to the flat spacetime Schrodinger
equation (with the central Coulomb potential of the nucleus) by the curvature of the spacetime. Unlike y
in the Dirac equation, ¥ in the above equation is a one-component function of space and time. The above
introduced curvature induced corrections are obtained by working only upto 2nd order in FNCs. Here
Ry are the Riemann tensor components and are to be evaluated for the points on central geodesic

in FNCs. The Riemann components in FNCs are related to those in an arbitrary coordinate system,

Rarbitrary

uvys by

FNC __ parbitraryu—v -y
Rabcd - R‘uvyﬁ a€p€c€ (69)

where &4 are a set of orthonormal basis parallel transported along the central timelike geodesic. The

vector field E’g represents the tangent vector field to the central geodesic.
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In subsequent sections, we make use of the formalism presented in this section to study the curvature

effects of the unperturbed and perturbed FRW spacetimes on the atoms moving in these spacetimes.

6.2 FRW spacetimes with no perturbation

Let us take the case of an atom in flat FRW spacetimes with scale factor a(n) and consider that the
center of mass of the atom moves along comoving trajectories for which the spatial coordinates are fixed
i.e., x*(t) = (n(t),c"). Hence, we obtain the following tangent vector field for comoving trajectories in

FRW spacetimes

“ ()

One can take the following set of orthonormal basis vectors which are parallel transported along the

considered comoving geodesics
1
eo = (1 0,0,0), E‘ll = (0,1,0 0), e2 = 7(0 0,1,0), 63 = (0,0,0,1). (6.11)

Thus, the relation between the Riemann tensor in the chosen conformal coordinates and FNCs, using
FNC _ pCon zH2v3Y28 . FNC _ pC 4 ot Con _ "_ .n
Rojom =Ry e/ éyen, , is found to be given by R = Ry, /@ . Substituting Ry = — &, (aa” —a'”)

in this relation, we see that

1
Rbom = —Om— (ad" —a), (6.12)

where ’ represents a derivative with respect to conformal time, 17,. The interaction Hamiltonian in
Eq. (6.8) becomes
md ,

H[ = *551" s (613)

where ‘represents a derivative with respect to comoving time coordinate, ¢.
If we consider the case in which the atom makes a transition from some atomic state y,,;,,, to W, under
the cosmological expansion of FRW spacetimes, then the probability for this to happen, up to first order

in perturbation theory, is given by

2 N nf 1 a4’ a/Z A /2
_ —iQ(t 1 1 2 2
Py = ’<‘l’n/l/m "’ | Woim) | / dm /, dme™ (r(m)= (m))alaz (;1 a%) (;2 - a%> )
(6.14)

where Q = E,yy — E,; is the difference in the energies of the considered atomic states.

It is clear from the form of the interaction Hamiltonian that the above transition probability is zero for
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those cases in which the considered atomic states (between which the atom makes the transition) have

different spherical harmonics. To make it precise, let us consider

(Wt | Vo) = [ dr v B (r)Rur) [ [ sin a6 do ¥ (6.0) (6,9). (6.15)

From the above integral, we see that the interaction Hamiltonian makes a contribution only in the radial
integral part but not in the angular integrals. Thus, for states with different spherical harmonics, the
above integral vanishes because of the orthonormality of the spherical harmonics (allowed transitions
for the £'#* term i.e., the selection rules are given in Appendix H). This result is not surprising as the
FRW expansion of the Universe has homogeneous and isotropic spatial slices at all times and thus the
expansion respects the spherical symmetry of the spatial slices. In fact, taking a(n) = (Hn) 9, one
finds that the above expression for transition probability, between states with same spherical harmonics,

is given by [176]

m?>H*¢? . 2y ul . 3 B
Plp”[’"_)wn’lm — T’/dr 'ARn’l(”)Rnl(")‘ / dnl . ane lQ(’(nl) t(ﬂz))(Hannz)q 2' (616)

From the above formula, one can then find the rate of transitions with respect to 7] by going to (7,An)
coordinates. But the main point is that the transitions take place only between states with same spherical
harmonics and hence there is no change of angular momenta that is caused by FRW spacetimes with no
metric perturbations. Other thing to notice from the above formula is that as the overlap between the
radial wavefunctions of the states (which are participating in the transition) decreases, the probability
of transition between them also decreases. We also notice that to obtain this result, nothing quantum
has been assumed for the background spacetime and hence the considered transitions are the result
of the purely classical expansion of the FRW spacetimes. Therefore, by considering quantized metric
perturbations over FRW backgrounds if one finds that they can lead to transitions between states with
different spherical harmonics, then observing such transitions would provide a hint for the quantum

nature of the perturbations over FRW backgrounds.

6.3 FRW spacetimes with perturbations

In this section, we consider FRW spacetimes with metric perturbations over them i.e.,
ds* = a*(n) (Muv + by )dx"dx” . (6.17)

101



The perturbation in the above metric leads to perturbations in the comoving trajectories of the previous
section. Considering the above metric, one finds that (refer to [186]) the set of parallel transported

orthonormal basis considered in the previous section has the following perturbations upto first order in

hie.,
) 1 h
eg = ;(14’%7‘/01')’ (6.18)
. 1 N
g = 5(V0i+h0iv5ij_?l+§8i] ), 6.19)

where Vj;, @y along with A, denote deviations from the comoving geodesics of the unperturbed FRW

spacetimes of the previous section. The quantities Vj;, @y are given by

a 1 a
Voi + gVOi = Eai/’lOO — hy; — 5/101', (6.20)
1 .
wli = —58,21(8ih0j —djhyi). (6.21)

Instead of studying all scalar, vector and tensor perturbations, we specialize to the case of gravitational
waves i.e., we take hog = ho; = 0 and only A;; non-zero. The tensor perturbations, ;;, satisfy h; j5ij =0
and 8% 0h; 7 = 0. For the case of tensor perturbations, the quantities Vo; = @, = 0 and the perturbed

comoving geodesics in perturbed FRW spacetimes have the following form

1
e = —(1,0), (6.22)
a
1 .
el = —(0,8/ —1). 2
el a(0751 2) (6 3)

The above expressions tell us that the tangent vector field to the considered comoving geodesics is not
affected upto first order in /. This implies that for comoving geodesics, upto first order in 4, the spatial

coordinates remain fixed and the proper time is just the same as the cosmic time i.e., x*(¢) = (1(¢), ).

Thus, using the formula Eq. (6.9) and the above derived set of orthonormal basis to the comoving
geodesics in the perturbed FRW spacetimes, we relate the Reimann tensor coponents in FNCs in terms

of those in conformal coordinate system as follows

FNC __ pCon 2U5V=y=20
Riped = Rivys€a€peiey - (6.24)
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For the components of the Riemann tensor that appear in the interaction Hamiltonian Eq. (6.8) are given

by

Riw = Riwsépe/een
1 e hk hh,
= R, (8 =) (3 - 57) (6.25)

The Riemann tensor components that we need, have the following form in conformal coordinates (refer
[7, 10D
aa’ / Cl2 "
RS = —§(ad” — a?) — (ad” — ) hyy, — Thlm — Ehlm. (6.26)
Substituting the above expression in Eq. (6.25), we obtain that the relevant Riemann tensor components

in the FNCs, upto first order in 4, are given by

1 ad 612 " ]’lk hﬁl
RN = (- dulad’ )~ (@ "y = o, = G, ) (3 - 5 ) (8- )
1 ad' 612 "
= a4( Sinlad” —a®) = Zehy, = Shiy, ) + O(R?) (6.27)

Therefore, using the above expression, the interaction Hamiltonian becomes

1 / ! 2 "
H = %f ( — S (aa” - a’z) - %h,m — S )" (6.28)

As already mentioned above, ’ represents derivative with respect to conformal time, 7], and " represents

derivative with respect to comoving time, ¢. Here,
d
Hin = (- 61," -2 h1m> (6.30)
a 2

Let us look at the probability for the above interaction term to cause the atom to make a transition from
Wyim to W,y and for the field to make a transition from an initial vacuum state to all possible final
states i.e., we trace over all the allowed final states of the field. For the above interaction Hamiltonian,

the transition probability, upto first order in perturbation theory, is given by [176]

m2

PWnIm‘”Vn’l’nﬂ = T <Wn’l’m’|£iﬁj |1//nlm>* <Wn’l’m/|£p£k |Wnlm>

nr nr ,
/ dmy | dme D a(ny)a(ng) (0] Ay (€, m)Hp(E,m2)10) , (6.31)
i JNi
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where Q = E,yy — E,; is the difference in the energies of the considered atomic states and the fixed spatial
coordinates for the comoving trajectory of the atom are denoted by ¢. It is clear that in case there are no
perturbations over FRW backgrounds i.e., for /i, = 0, the interaction Hamiltonian reduces to the case
of the previous section. Though, without perturbations, the only allowed transitions are between states
with the same spherical harmonics (as seen in the previous section), we expect that the introduction of

perturbations would also lead to transitions between states with different spherical harmonics.

6.3.1 Tensor perturbation induced transitions

As seen in chapter 1, any component of the gravitational waves or the tensor perturbations in FRW
spacetimes satisfy the same equation of motion as satisfied by a massless scalar field in FRW background
ie.,

/
25 h, —Vhy, =0. (6.32)
a

Because of the symmetry, transverse and traceless properties of the tensor perturbations, there are only
two independent polarization states of gravitational waves in an FRW spacetime. Thus, the dynamics
of gravitational waves in an FRW background are equivalent to that of two massless scalar fields in that
FRW spacetime.

Using the equation of motion for the components of the tensor perturbations i.e., Eq. (6.32), the Hy,, can
be written in the following form

Im

1 /ad 0 a
Hiy = =it ad' =)+ 5

(ad" —a aa@ o 7v§) hum(1,). (6.33)

at

As seen in chapter 1, the quantized tensor perturbations have the following expansion

hem= ¥ [ @de@a) (e Mg+ e R mbL,) (6.34)
A=+,x

where ¢ is the constant spatial vector for the considered comoving trajectories and all other symbols

have their usual meaning (see chapter 1). The e;;(¢g,4)’s satisfy Eq. (1.20) [5] i.e.,

Y eij(G,A)en(q. 1) = 8y 8j1 + 81 — i + 8ijdidi + Sudid
A=+,X

—8q 41 — 6ud jqr — 8jx4iqr — 8;1Gidx + 4iq Grqi - (6.35)
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The time evolution part of the mode functions i.e., i,(7), satisfy
/
" a
hy(M)+2—hy(n) +q*hy(n) = 0, (6.36)

and hence we see that it is independent of the polarization state and direction of the wave vector of mode
functions.

For the rest of the chapter, we specialize to those transitions that take place between states with different
spherical harmonics i.e., (I,m) # (I',m"). For these transitions, the &, term of Eq. (6.33) i.e., H},,, drops
out. Using Eq. (6.33) and the point splitting technique, we can write the two point correlation between

H;;’s as follows

(O] H;j(¢1,m1)Hpe(¢1,m2) |0)
2

o1 a1a18 aj -\ 1 aza,28 022 .
7<7 V) (787112_3 z><0|hu(61,ﬂ1) k(C2,m2)[0) . (6.37)

2 0m 2 O

m
G —C a‘lt ag

Using Eq. (6.34) for h;; and the commutation relations between creation and annihilation operators, the

two point correlation between h;;’s appearing in the above expression is seen to be given by

(01 hij (&, m)hpi(c2,m2) [0) = /d G eij(4,2)ep(@, 1) n () (m2)
A=+,%x
= /d%i( Y eij(d,A)ep %U) TG p (m)h;(M2) (6.38)
A=+,%x

We make use of the relation (6.35) in the above integral and move every g; contribution from (6.35)
outside of the above integral by replacing every such factor with a partial derivative with respect to spatial
coordinates. Finally, we obtain that the two point function of tensor perturbations can be expressed as
a sum of products of different Kronecker delta’s and spatial partial derivatives acting on the two point

correlation of some scalar field i.e.,

~ — 2 — aClpa 8Cllacl} aCl/&Clk
<O‘ hij(cl » M )hpk (C27 712) |O> = <5ip6jk + 6ik5_]p 51] 5pk + 51] V2 + 5pk V2 61]7 V2
c Cl €1
0z,,0¢ 02,0z 92,9,  0¢,0z,;0%,0¢ —
. 6lk 1]2 Ip (Sjp 2Clk o 6}]{ 112 Ip + li 121 ;P 1k /d3é-‘elq.(c|fc‘2)hq(nl)h*(nz) . (639)
vz vz vz V2 v2 ) ‘

From Eqgs. (6.31), (6.37) and (6.39), we see that the interaction of atoms with gravitational waves takes
the form of a generalized derivatively coupled UdW detector where we now also have spatial derivatives

along with time derivatives. Here instead of having two levels for the UdW detector, we have many (in
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fact, infinite) quantum levels corresponding to the atomic states of the hydrogen atom and in place of
quantum scalar fields, we have quantized tensor perturbations. Combining these equations, one obtains
that the transition probability for the atom to make transitions between states with different angular

momentum quantum numbers is given by [176]

2

m i " o n . Ny ny w _
Py Y1y = 4 (Wt | £°% [ Whim) <‘Vn’l’m”xpxk | Wim) lim dm / dnze e
C1—C ni i
1 alal1 0 a% ! aza/2 0 a% ) dz,, 0z, 36“351;
a51' Cik a51'851 92,9z, ag1;’851 az"1;‘851‘851 azlk 3o ig.(¢—¢
Tty hee Ty U ey )/d G Dy (1) ().
1 (] & 1 ¢ (]
(6.40)

The above expression leads to a number of important results. For example, as we have considered only
those transitions which involve a non-trivial change of spherical harmonics, the classical FRW expansion
considered in the previous section does not contribute to the present case, and hence, the considered
transitions are the results of the metric perturbations only. To make further remarks, one needs to specify
the state in which the quantized metric perturbations are placed. Since the equation satisfied by %,(n)
is the same as that of time dependent part of massless scalar field mode functions in FRW backgrounds,
we can take the integral in the above expression corresponding to different scalar field vacua. As an
example, we can take the above integral to be the Wightman function Eq. (5.7) considered in the previous
chapter. As we saw in the last chapter that the derivatively coupled UdW detectors experience very rapid
transitions within their internal quantum space while interacting with massless scalar fields in nearly
matter dominated spacetimes, we expect that the atoms should also experience these rapid transitions
when they pass through nearly matter dominated phases of the Universe because of their interaction
with quantized tensor perturbations. In fact, if we consider the case in which the atom is in nearly matter

dominated backgrounds and we take the above integral to be given by Eq. (5.16) i.e.,

H>\/2 4
matter _ 2 —3+6 a2 _4_
G (x(m) (i) = () () (34 -4 i) a2+ 0(9).

then we see that the 1/ term has time dependent conformal factors multiplying it and hence it does not
vanish under the derivatives present in the transition probability expression given above. Hence, in the
limit 8 — 0, the rate becomes very large and we expect that these transitions within the atomic states

during nearly matter dominated spacetimes should have potentially important observational signatures.
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6.4 Summary

In this chapter, we have looked at the dynamics of atoms in FRW backgrounds with and without pertur-
bations over them. By working in the leading order in FNCs built around the classical time-like geodesic
of the center of mass of the atom, the interaction term between the atom and the curvature of the back-
ground spacetime has been written for FRW spacetimes with and without metric perturbations. We show
that the classical expansion of the FRW backgrounds with no metric perturbations can cause transitions
only between those atomic states which have the same spherical harmonics. This result is expected as
the FRW expansion of the Universe respects the homogeneity and isotropy of the spatial slices of the
spacetime. Also, these transitions are purely classical in the sense that nothing quantum mechanical has
been assumed about the background spacetime while deriving the stated conclusion. We also arrive at
the coupling of atoms with tensor perturbations over FRW spacetimes and find that the coupling takes
the form of a generalized derivatively coupled UdW detector. Since the tensor perturbations over an
FRW spacetime are equivalent to two massless scalar fields in the same FRW spacetime, the vacuum
correlations of quantized tensor perturbations have the same structure as that of massless scalar fields in
FRW spacetimes. This fact implies that the vacuum correlations of tensor perturbations during nearly
matter dominated phases acquire the infrared divergences of the nearly massless scalar fields in de Sitter
spacetime (as discussed in previous chapter). Thus, by considering quantized tensor perturbations and
the equivalence of tensor perturbations with two massless scalar fields in FRW background, we argue
that the results obtained in the previous chapter regarding the derivatively coupled UdW detector can
be carried over to the coupling of atoms with quantized tensor perturbations. Particularly, atoms in-
teracting with gravitational waves during nearly matter dominated spacetimes are expected to lead to
very rapid transitions within their internal quantum space. We expect that these rapid transitions within
the atomic states of an atom caused by quantized tensor perturbations (gravitons), have the tendency to
leave significant imprint on the CMB while they pass through nearly matter dominated phase of the Uni-
verse. Compared to the case of FRW spacetimes with no perturbations over them, we find that the tensor
perturbations can also cause transitions even between states which have different spherical harmonics.
Another important aspect is that the transitions caused by the tensor perturbations are quantum in nature

as we have considered the quantized tensor perturbations over FRW spacetimes.
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Chapter 7

Conclusion

Quantum field theory in curved spacetimes is an important framework that tries to bring together notions
of quantum theory and relativity and explores the implications that follow from such an interplay. Appli-
cations of quantum field theory in curved spacetime during the early inflationary phase of the Universe
have provided predictions that fit well with observations like the temperature anisotropies in the cosmic
microwave background (CMB) etc [23]. Thus, quantum effects during the evolution of the Universe
play an important role, particularly during the early inflationary (near de Sitter) phase. After passing
through the inflationary phase, the universe also underwent radiation dominated phase which was then
followed by matter dominated phase. In this thesis, we have investigated quantum fields during different
epochs of the Universe’s evolution. We have considered not only de Sitter spacetime but also other FRW
spacetimes (including radiation and matter dominated phases) to see whether quantum effects during
these later phases of the Universe evolution can become important or not. We have investigated quan-
tum fields in FRW backgrounds through the behaviour of corresponding noise kernels and by coupling

them with Unruh deWitt (UdW) detectors.

In chapter 3, we have studied the quantum effects of scalar fields evolving on fixed classical back-
grounds encapsulated in the behaviour of the noise kernel of the stochastic gravity paradigm [101]. In
semiclassical gravity, one is interested in effects of the expectation of the stress energy operator of the
field under consideration whereas the noise kernel captures the two point correlations of stress energy
operators. Considering massive scalar fields in de Sitter spacetime and placing them in the Bunch-Davies
vacuum, we have looked at the behaviour of the noise kernel for spacetime points which have same time

coordinates but a finite spatial distance. It is shown that the noise kernel for this case, in the late time
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limit i.e., the limit in which the scale factor becomes very large, shows a transition from vanishing to

divergent behavior as the parameter v ( = \/(9/4) — (m2/H?)) is changed in the range [0,3/2] with the
transition taking place at v = 1/2. Similarly, to study the behaviour of the noise kernel for massless
scalar fields in power-law FRW spacetimes, we employed an equivalence that relates a massless scalar
field in a power-law FRW spacetime with a massive scalar field in de Sitter spacetime. Using this equiv-
alence, we expressed the Wightman function of the massless field in the considered FRW spacetime in
terms of time dependent conformal factors and the Wightman function of the corresponding massive
field in de Sitter which is taken to be corresponding to the Bunch-Davies one. Again considering the
case of spacetime points which have the same time coordinates and finite spatial distance, we find that,
for power-law FRW spacetimes with ¢ € [0, 1), the noise kernel saturates to constant values in the late
time limits of those spacetimes. The most interesting behaviour is obtained for massless fields in nearly
matter dominated spacetimes. For these cases, it is found that, for sufficiently late time limit, the noise
kernel becomes larger and larger as the spacetimes approach closer and closer to the matter dominated
limit. Since the matter dominated case corresponds to later phase of the Universe’s evolution, it can
be expected that the quantum effects can become very large during these phases. In fact, the cases
for which the noise kernel becomes significantly large, we expect that, for these cases, second-order
quantum effects have the potential to modify the conclusions drawn from the first-order semiclassical

gravity.

In chapter 4, we have investigated the dynamics of spinor fields in de Sitter and FRW spacetimes
by studying the behaviour of the corresponding noise kernel. For arbitrarily massive spinor fields in
de Sitter spacetime, the analysis has been carried out by placing them in the fermionic Bunch-Davies
vacuum which is defined analogously to how one defines the scalar field Bunch-Davies vacuum. Like
in the case of scalar fields, the behaviour of the noise kernel for the present case has been studied for
spacetime points which have same time coordinates and have finite spatial distance between them. It
is shown in this thesis that the noise kernel for massive spinor fields in de Sitter spacetime decays in
the late time limit. Thus, the correlations between stress energy operators of spinor matter decay as
the de Sitter spacetime expands. This decay of correlations for spinor fields, for spatially separated
points on constant time sheets, has been shown to occur irrespective of the mass of the spinor field i.e.,
the fact that how massive or light the spinor field is, does not save it from the eventual decay of the
correlations. This behaviour of the noise kernel is in contrast to the behaviour of the noise kernel for
scalar fields where for light scalar fields, the noise kernel can attain very large values in late time limits.

This thesis has also looked at how the stress energy correlations of massless spinor fields in general
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FRW spacetimes behave. For these cases, we have used the conformal invariance of the massless spinor
fields and placed the fields in the Poincare vacuum of the corresponding massless spinor field of the flat
spacetime. Since massless spinor fields are conformal, their correlations in FRW spacetimes follow a
similar structure as that of massless spinors in flat spacetime along with some time dependent conformal
factors and in fact, the noise kernel for FRW spacetimes is also found to be conformally related to the flat
spacetime noise kernel. One would expect similar such results for electromagnetic fields as well which
are also conformal. It is shown that the noise kernel of a massless spinor field in an FRW spacetime,
for spatially separated spacetime points on constant time sheets, behaves opposite to the behaviour of
the scale factor. This implies that the correlations, between (massless) spinor matter located at spatially
separated points on constant time sheets, decay during the expanding phases of the universe while they
grow for contracting spacetime metrics. Thus, we have found that the second order quantum effects
of spinor fields do not play any significant role during the entire (expanding) evolution history of the
Universe. Therefore, with both scalar and spinor fields present in expanding FRW backgrounds, it is only
the scalar fields which are expected to contribute second order quantum effects and hence potentially

modify the predictions obtained solely from first order semiclassical gravity analyses.

In chapter 5, we studied the correlations of scalar fields by coupling them with Unruh deWitt (UdW)
detectors. Unruh deWitt detectors record the correlations of quantum fields in any particular state by
undergoing transitions within its internal quantum space while following classical trajectories in space-
time. First, we considered the case of conventional UdW coupling where the operator causing transitions
within the UdW detector’s internal quantum space couples with the field through a monopole coupling.
For the case in which the detector makes a transition from some state |0) to another state |Q) with en-
ergies 0 and Q, respectively and the field starts in vacuum while is allowed to go any arbitrary state,
the transition probability depends upon the Wightman function of the field in the considered spacetime.
With this setting, we studied the case of massless scalar fields in FRW spacetimes as well as nearly mass-
less scalar fields in de Sitter spacetime. We again employed the equivalence between massless fields in
FRW spacetimes with massive fields in de Sitter spacetime that was also used for analyzing the noise
kernel for these fields. The detectors were taken to follow comoving trajectories and the scalar fields
were placed in the Bunch-Davies like vacua just as in the noise kernel analysis. For nearly massless
scalar fields in de Sitter spacetime or massless scalar fields in nearly matter dominated spacetimes, the
Wightman functions have a term of infrared origin which dominates over any other term. It was shown
that the transition probability, in these cases, are dominated by these dominating terms of infrared origin

and they lead to very fast transition rates. We also considered the case of derivatively coupled Un-
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ruh deWitt detectors where the detector couples to the derivative of the field with respect to the proper
time along the detector’s trajectory. For these detectors, the transition probability depends upon the
derivatives of the Wightman function of the field under consideration. It was shown that the dominating
infrared term vanishes in the de Sitter Universe because the infrared term is spacetime independent in
this case and goes to zero under the action of derivatives. But, for massless scalar fields in nearly matter
dominated case, there are time dependent conformal factors multiplying the infrared divergent term and
it contributes to the transition probability even in this derivatively coupled case. Thus, we expect that if
there are physical systems which couple with background scalar fields in a derivatively coupled UdW
manner during matter dominated phases of the Universe, then the background field should lead to very

rapid transitions within the internal states of the physical systems.

In chapter 6, we have explored the dynamics of atoms in unperturbed FRW backgrounds as well
as perturbed FRW backgrounds i.e., with metric perturbations over FRW spacetimes. Particularly, the
tensor perturbations over an FRW spacetime behave like two massless scalar fields in the same FRW
spacetime and hence this analysis again provides a scenario where one hopes to see the effects of corre-
lations of quantum scalar fields in FRW spacetimes. For this analysis, we have taken the center of mass
of the atom to move along classical trajectories, which we take to be comoving trajectories, and the in-
ternal structure of the atom is taken to be decided by the quantum mechanics of a particle in the presence
of the electromagnetic potential of the nucleus in curved spacetime. Building Fermi normal coordinates
(FNCs) about the timelike trajectory of the atom, one can show that, in curved spacetimce to the lowest
order in FNCs, the internal structure of the atom is governed by the flat spacetime Schrodinger equation
in the central electrostatic potential of the nucleus and interaction term between the atom and the curva-
ture of the spacetime is given by (m/ 2)R010p£lﬁp [184] where m is the mass of the electron in the atom,
e is the charge of the electron and Ry, are the Riemann tensor components expressing the curvature
induced corrections to the flat spacetime Schrodinger equation with the central Coulomb potential of the
nucleus. We showed that for unperturbed FRW spacetimes, the interaction term can cause transitions
of electrons only within those atomic states which have same spherical harmonics as one would expect
because of the spatial homogeneity and isotropy of the FRW backgrounds. We then considered the case
of perturbed FRW backgrounds with metric perturbations i.e., ds* = a*(1)(Nuy + huv)dx*dx" where a
is the scaling factor of the background FRW spacetime. For this case, it has been shown in the thesis that
the interaction term between curvature of the spacetime and the atom takes the form of a generalized
derivatively coupled Unruh deWitt detector where the internal transitions in the atom are induced by the

position operators and background fields are the metric perturbations over the FRW spacetimes. Thus,
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one can carry the results obtained in the previous study to this case. Particularly, with this interaction
Hamiltonian and specializing to the case of only tensor perturbations, we have shown that the rate of
transitions within the atomic states of the atom when it passes through nearly matter dominated phases
of the Universe, becomes extremely large. We expect that these extremely rapid transitions within atoms
during the nearly matter dominated phases of the Universe would leave their characteristic imprints on

CMB whose presence in observations should provide a hint of quantum nature of gravity.

Thus, these studies have shown that the quantum effects in cosmological contexts are not only im-
portant for early inflationary (near de Sitter) phase but they can become important also during the late
time epochs (particularly matter dominated era) of the Universe. We conclude this from the large noise
kernel for massless scalar fields in nearly matter dominated spacetimes as well as rapid transitions within
the derivatively coupled UdW detectors e.g., atoms, caused by massless fields in nearly matter domi-
nated spacetimes. Though these results have been derived by placing quantum fields in FRW spacetimes
in the Bunch-Davies like vacua, we expect that for other well-behaved normalizable states also these
results are not going to change significantly as such states also have the Bunch-Davies like character
along with their own characteristic features [42, 187, 188]. In any case, it is important to perform the
analysis carried out here (for Bunch-Davies like vacua) to other states as well. Hence, performing these
analyses for non-vacuous states as well as other vacua is a direction that we think is worth exploring.
The investigation of the potential consequences of the rapid transition rates within atoms caused by their
coupling with quantized tensor perturbations while they pass through nearly matter dominated phases
of the Universe is something that, we expect, may provide a new window for testing quantum nature
of gravity. It should be particularly interesting to explore its signatures on cosmological data like the
cosmic microwave background. Another interesting possibility that one can explore in this setting of
coupling of atoms with quantized tensor perturbations is that of entanglement generation between spa-
tially separated atoms via the tensor perturbations. Such an analysis would fit in the general paradigm of
testing quantum nature of gravity through entanglement generation between spatially separated quantum
systems, mainly in quantum optical settings [189-192]. The analysis that should be followed for this
scenario is, though, more akin to what is done in [193, 194] but with the derivatively coupled UdW like
interaction term that we have for atoms interacting with tensor perturbations. The generation of entan-
glement between spatially separated quantum systems is possible because of the non-trivial quantum

correlations of quantum fields between different spacetime points.

One important quantum feature, other than the ones considered in this work, that one can investigate
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for quantum fields in FRW spacetimes is that of quantum entanglement. It should be interesting and
potentially important to investigate quantum information theoretic notions in cosmological contexts and
whether they will have any characteristic features in the cosmological data that one can look for. For
example, one can analyze the effects of the existence of entanglement between modes of scalar and
tensor perturbations or between the modes of metric perturbations and the electromagnetic field. These
analyses would require checking whether the presence of the mentioned entanglement leaves the other-
wise well-verified features of the data unaffected as well as at the same time leaving their own imprints
whose presence in the data would confirm the presence of the considered entanglement. Another impor-
tant quantum consideration for cosmological contexts is to look for mechanisms that lead the quantum
fluctuations during the inflation to decohere to give rise to the observed classical CMB spectrum. One
mechanism that could be a possible explanation for this quantum to classical transition is based on the
fact that it is only the super horizon modes during the inflation that are observationally available today
not the sub horizon modes. Therefore, we can treat the quantum system consisting only of the super hori-
zon modes as an open quantum system interacting with the environment consisting of the sub horizon
modes and study the consequences of the evolution of this system. This setting provides a background
for potentially important studies. For example, we can consider the evolution of the reduced density
matrices of super horizon scalar and tensor modes by solving for their corresponding equations obtained
by tracing over the unobserved sub-horizon modes. We obtain Lindblad terms leading to non-unitary
evolution only if we include non-linear interaction terms which couple the sub and super horizon modes
[195-197]. Such an analysis would tell us how the off diagonal terms in the reduced density matrices
vanish and lead to the decoherence of the quantum system of super horizon modes. One can also anal-
yse how a partial decoherence would manifest itself in the CMB data and provide the signatures of the
quantum origin of our universe.

Another line of investigation that may further enrich our understanding of the quantum workings of the
Universe is to explore the spectrum of tensor modes sourced by primordial magnetic fields. In order to
explain large scale magnetic fields observed in our universe, many primordial origin proposals [51-55]
have been put forth. Among these models, certain inflationary models with particular types of con-
formal invariance breaking terms and parity-violating terms for the Maxwell field seem to provide an
explanation for the observationally relevant values for magnetic fields. Other than explaining the ob-
served values, the Maxwell field can act as a source for primordial scalar and tensor mode fluctuations.
Therefore, this allows for the possibility of testing the viability of these models of primordial origin for
magnetic fields by comparing the theoretical predictions for Maxwell field induced characteristics in the

scalar and tensor spectra with the upcoming data.
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Appendix A

Christoffel connections and geometrical

quantities for FRW spacetimes

In this appendix, we provide expressions of Christoffel connections, Riemann tensor, Ricci tensor, Ricci

scalar and Einstein tensor for FRW spacetimes in both cosmic and conformal time coordinates

A.1 In conformal time coordinates

In conformal time coordinates, the FRW metric is given by:

ds* = a*(n)(—dn? + g;;dx'dx’) (A1)
i.e.,
1 0 o0 o0
) 0
guv =a"(n) i . (A.2)
0 8ij
- 0 -

With this, we find that the non-zero Christoffel connections are

/ / /
a

o _ 4@ 0 _ 5 ko _ o sk9 I
Loy = e Uy = 8k Loy = 5zga Oy = I, (A.3)

115



where f;k are the Christoffel connections for the 3-metric g;; and prime, " denotes a derivative with
respect to 1. Using the above expressions for Christoffel connections, we see that the only non-zero

components of the Riemann tensor are

a// a/2 . . a// a/Z k . . a/2 . .
(; - ;)gkia Rooi = (; - ﬁ) &, Ry = Ry + ?(@igﬂ — §8i) (A4
where I?;kl( = k(8.8 — 6/ jx) for maximally symmetric spaces and k corresponds to different types of

maximally symmetric spaces.) are the components of the Riemann tensor for the 3-metric g;;. Similarly,

the components of the Ricci tensor are given by :

a ~
Ry = 0, R; = (; + — + 2K)g;. (AS)

R=6(—+—) (A.6)

a a2

which readily implies that the components of the Einstein tensor are the following:

Gy = 3(a— + k), G = 0, G; = (- 2— + — — kgj. (A7)

A.2 In cosmic time coordinates

In cosmic time coordinates, the FRW metric is given by:

ds* = —dt?* +a*(t)gijdx'dx’ (A.8)
1.e.,
1 0 o o]
0 (A.9)
guv = . .
0 a*(1)gi
- 0 -

116



With this, we find that the non-zero Christoffel connections are

- i .
Oy = guaa, Ty = & Ty = T (A.10)

where f;k are the Christoffel connections for the 3-metric g;; and a dot over scaling factor, a(t), denotes
a derivative with respect to cosmic time, ¢. Using the above expressions for Christoffel connections, we

see that the only non-zero components of the Riemann tensor are

Ry, = aigu, Ry, = -8, Ry = Ry + (&g — 8gu) (A.11)

i
a

where I?;kl is the same as in the above section. Similarly, the components of the Ricci tensor are given

by :
a .. .2 ~
Ry = —3;, Ri = 0, R; = (ad + 24" + 2k)gj. (A.12)

This provides the following expression for Ricci scalar:

.. .2
a a k
R=6(—-—+—=+— A.13
C+5+7) (A13)
using which, we find that the components of the Einstein tensor are given as follows:
a? k . .2 ~
Goy = 3(; + ?), Goi = 0, Gij = —(2ad + & + k)gi. (A.14)
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Appendix B

Some basic properties of the Hankel

functions

In this appendix, we collect some important properties of the Hankel functions that have been used in

this thesis. The following differential equation, called Bessel’s equation,

+(1-2) 1) =0, (B.1)

72

PfE) | 1df()

d?z z dz

has two linearly independent solutions, Jy(z) and Yy (z), called the Bessel functions. Hankel functions
are related to the Bessel functions by the relations AV (z) =Jv(2) +iYy(z) and Y (z) = (2) —iYy(2)

which implies that the Hankel functions are also solutions of the Bessel’s equation. We also observe that
1 * 2) /_x
(B (@) =2 () (B.2)

using the fact that the Bessel functions satisfy similar properties.

Derivative of the Hankel functions w.r.t. z is given by:

S (@) =1 () - SH @) (B.3)
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We also make use of the following large argument expansion of the Hankel functions quite often in this

thesis.

HV(g) = \/Zei(zgvﬁ)[HO(i)]’ (B.4)
06 - 2 o]

1
for|z| = oo, Re(V) > ~3 and |arg(z)| < 7.

Certain other properties that have been used in the main text, but may not have been necessarily referred

to, are

HYG@) = e™H (), (B.6)
HY@) = e™HP(2), (B.7)
V(™) = —HZ(2) =—e™HP(2), (B.8)
HPY (™) = —HY(z2) = —™HV (7). (B.9)

Above given properties of the Hankel functions have been taken from [86, 89]. For more, refer to same.
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Appendix C

Basic computation on constant time

surface

Here we enlist some important formulae that are used in evaluating stress energy correlator/noise kernel.

Z(x',y)
dZ(X,y)

ox'H

dZ(x',y)
ayY
9*Z(x',y)
ox'Vax'H
*Z(x',y)
dyYoyH
9*Z(x,y)
dyVox'H
PZ(x,y)
dyPdx'Vax'H

I*Z(x',y)
dx'P Iy dyH

(nx’ - 71y)2 - (9_5/ _)’)
an/ny
As? Sun— (x' =y
;?/ny g Ny My
As? x —
21.m2 V°+( ,y)v
| <My Ny My
AS2 /
x/ Ly
As?
n,n3 u06v0
¥y
As?
2 5 8106v0
L Xy
[ As?
i 0u00v00p0
x' 'y
Nuv S Nup s
nxfnf. P niny Y

5uo Ov00p0 + ——5—5—

y

121

viv 3

(C.1)

(C.2)

(C.3)

(C.4)

(C.5)

(C.6)

(C.7)



p0 — v0 — 10
nany Nen? Nen? Nen;

/_
+ Nuv S Mup S Mvp S 2(x y)p 5”05‘,0 (C.8)

In the above expressions, As> = —(1y — )% + (¥ — ¥)2. With the above formulae and using the fact

that, for de-Sitter invariant vacuum, G(x',y) = G(Z(x',y)), we obtain

(x/—y)u As?
VuG = G/[ o +2nxfny26”°}’ (C.9)
V.G — G,[i(x’—y)v+ As? 5 } C.10)
x’v — nx/ny 2n%ny vO | » ( .
! As? (X' —y) As?
Vv = o[ = Y 8
SR [ Mely  20em3 OH nefy 213, VO]
My (X =Y)u (X' —y)y As?
+ G — Svo + S0 — ———=8,00,0 | - (C.11)
{nx/ny nzn, 0 memz M0 an2n2™ )

In the above expressions, a single prime (') on G represents a single derivative with respect to Z and
similarly, two primes represent a double derivative with respect to Z. On constant time sheets i.e.,

Ny = Ny, we have

Ax')?
2y = 1\ .12
) T (C.12)
[ —y)i
v,G = G| - } (C.13)
_ I ).
V.G = G —(xnf)’}, (C.14)
()2
Vo6 = o[ | (C.15)
2m,
(22
VG = G (xznf) | (C.16)
[ x — i)C/— i 5,"
Vv, — o - i y)f}ju(;’[f;}, (C.17)
- nx’ nx’
(A (2 /- )
Vxlovy./'G = G” (x y;]n(gc y> ]_G/[(xn3y)]]v (CIS)
_ N 3)\2 I ).
Vv = @ ) }%—G’[(x 3y)’}, (C.19)
: 213 Ny
() — )4 1 (;/_—»)2
v, — o Gl A y . '
WG = O[T |+a| o | (C.20)
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Appendix D

Power counting for noise kernel

D.0.1 Minimal coupling

In this appendix, we present a power counting argument to find out for what values of v the noise kernel
for de Sitter space-time i.e., the equation (3.12), diverges as 1 — 0 (late time universe). If we look at
the first term in the equation (3.12) i.e.,

(A%)° | (A%)° | (A%)*

(G")? (D.1)
we see that the most divergent term in the square brackets is O(n~!2). So, if we can find the values of v
for which the least power of ) in (G”)? is < 12, then we have found the range of v for which this term
diverges.

Since the Wightman function and its derivatives are functions of ((14Z)/2)(=1—((A%¥)?/(4n?)))
we must look at the series expansion of the Wightman function and its derivative at large values of their
arguments in the n — 0 limit. If we look at the following series expansion of ,Fj(a,b,c,z) [87] (valid

for large |z| and @ — b ¢ Z)*:

T —-al(c)(—2)" & & (a—c+1)z7k
Filebed = FpRc—a) & k(a—bt by
-b

[(a—b)l(c)(=2)" Zbk(b—C—l-l)kZ_k

T T@re—b) A K(atbti)

D.2)

ISee equations (3.13), (3.14), (3.15).
2In our case, a — b = 2v which is not an integer for every value of v in the range [0, 3} except for v =0, %, 1,3 5. But we
have already considered these cases separately in the section 3.
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and keep in mind equation (3.15), we find that the least power of 1 in (G”)? is 14 —4v. Therefore, the
above term diverges for v > 1/2. A similar analysis with the other terms in the equation (3.12) tells us
that the equation (3.12) diverges for v > 1/2.

These arguments can be applied to the general components of the noise kernel. In fact, looking at
the least powers of 71 in the formulae listed in the Appendix C for different covariant derivatives of

Wightman function on constant time sheets and the equation (3.11), we see that

Leading order
(Fab (N, B)tea (0, 4') >as behaviour in
n

a=0b=0,c=0,d=0 o=
a=0,b=0,c=0,d=1 o> )
a=0,b=jc=0,d=0 om’—*)
a=0,b=j,c=0,d=1 on* )
a=ib=j,c=0,d=0 o= )
a=0b=0,c=k,d=1 on*+)
a=i,b=jc=kd=0 on*)
a=0,b=j,c=kd=1 on*+)
a=ib=ic=kd=1 and k#1 on*)
a=i,b=jc=kd=k and i #j om**)
a=ib=i,c=kd=k on**)
a=ib=jc=kd=1and i#jk#1| On**)

D.0.2 Non-minimal coupling

Below is given the expression of the noise kernel for the non-minimally coupled massive scalar field on
de Sitter space-time in terms of the Wightman function and its covariant derivatives. First, we substituted
the expression (3.27) for stress-energy tensor in the definition of the noise kernel (2.78). Since the
definition of the noise kernel contains the vacuum expectation of product of two stress-energy tensors
and each stress-energy operator contains two field operators, we would get the vacuum expectation of
product of four field operators. Then, we can use the Wick theorem to express this vacuum expectation
as the product of two Wightman function and obtain the equation (3.30). We obtain the below given

expression by substituting the expressions (3.28), (3.29) for P, (x,y) and M, (x,y) in equation(3.30)

(tay ()t () = | (1=28)* (Vs VeG(x, ') VaVG(x,x') + ViV G(x, ') VoV G(x,x))

(m?+6H?E)(1—28&)
H2n/2
(1—-4&)?

—(1-48)(1-2E)Nn "V, VLG (x,x ) V5V, G(x,x) + Tnabnya Nea?°VyVpG(x,x ) V5V G (x,x)

- (1 - 4&)(1 - 2§)ncdanVaV;)G(x,x’)VbV;G(x,x’) - nchaG(x,x’)VbG(x,x’)
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(m? +6H?E)(1 —4&) (m>+6H?E)(1—2¢&)

NabN " NeaVyG(x,2 )V 5G(x,x) -

Nap V.G (x, X )V, G (x,x")

2H?n" H’n?
st 65551;21 —4¢) NabNea’® Vi G(x, 4" )V G (x,x) + W(6H25 +m ) NapNea G
+2& [2n.q(1 =2&) (V(anb)D’G) —2(1-2&)(V(,GVp) V(.ViG) - WﬁabnchD’G
(14N (179.GV,16) + (1~ 46 (179, 6V, 9,36+ B9, v 6
+2& | 2nap (1 —2€) (DV’(CGV&)G) —2(1-28)(V(aV)V(.GV,G) — WﬂubnchDG
—(1-46)NwNea(n"OVGV,G) + (1 - 4E)Na(M™V (V1) V, GV, G) + WwGV(MG

+4&°

NapNea ('GOG + GO G) — Ny (V. V) GOG + GOV V;) G)

N (V(aVe)GO'G+ GV (V) T'G) + (Vo V)GV ( Vi G+ GV (V) V[ V) G)

( (D.3)

The first square bracket contains the P,;,P.; term, the second and the third square brackets contain the
P.yM.; and M, P, ; terms respectively. Whereas the fourth square bracket contains the M, M., term. We
can use the same power counting analysis as is done for the minimal coupling section of this appendix

and study the behaviour of divergences for noise kernel as a function of mass and the coupling constant

g.
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Appendix E

Divergence in noise kernel for o € (—1,0)

driven universe

Looking at the equation (85) of [65], we see that the Wightman function for massless scalar field in

Friedmann space-times is given by :

1

2 /q,I ) 5—V
G(x,x') = B ("’72) / ds—>" . (E.1)
3 0 (s2—2Zs+1)2

Case g < —2:
For this case, we have v = g+ 1/2 < —3/2. Now, consider the integral for large s values i.e.,

ﬂ

2 ng—1 oo _
G(x,x') = m [finite term+/ ds s_%_v<1 —2g + : )
N s

82 52
Bz(nn’)ql{ . /°° ,;,v( 3 z 1 345 z 1\’
_ e )T 1-2( 2242 —2Z 4= )}
872 Jinite term + N dss 2 s +52 +2>I<2>l<2 s +s2 +
3 5 7
B*(nn’)! { .. (s_i_" sT27V 3 g1V
— PN [ einite s 37 _2 I k] @®2
= finite term+ —%—v+ B 2_%_v+(0werp0wersofs) Nl - (E.2)

In the above expression N is used to divide the integration range (0,o0) to (0,N) U (N, o) and the finite
term above corresponds to the part of the integral with the integration range (0,N). Since Z =1+
W’ we see that the highest collective power of 1 and 1’ is —3 + 2v and one such highest power

term is multiplying an 1 and 1’ independent and always diverging term s~ 2~V|% in the expression for
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Wightman function. This implies that the behaviour of noise kernel, in this case, is similar to the g = —2
3

(or correspondingly to v = —3 case). In fact, the leading order divergent term is
- HY(g—1)*
byd / .
(too (11, X)t00(N, X)) pL. = 1287 nStag2 (E.3)
where g =v — 1 andl:ﬂ
2 € 34v
Caseg > 1:
For this case, we have v =g+ 1/2 > 3/2. Now, consider the integral for small s values i.e.,
2 Ng— 3
G(x,x’)—ﬁ(gzz)[flmteterm—i—/ ds s1™ V( —2Zs+s ) 2}
2(nn")e- 3%5 :
:B(gzz)[flmteterm—i-/ ds sz 1— < Zs+s2)+2*;*2<—22s+s2> +)}
2 = v 3 Iy
= % {finite term+ (izi + 3Z;v —3 72 -+ (higher powers of s)) |8} . (E4)
87 2~ 27V f3V

In the above expression € is used to divide the integration range (0,c0) to (0,€) U (&,0) and the fi-
nite term above corresponds to the part of the integral with the integration range (€,00). From the

above expression, we find that the term s3/27V|¢ i

is most divergent for the considered case of ¢ > 1 and
hence correspondingly for v > 3 /2. This always divergent term comes with the time dependent factors
(nm’)@=1 and hence is also present in the noise kernel expressions as this survives the time derivatives
present in the noise kernel expression. Thus, for the considered case of ¢ > 1, the behaviour of the noise

kernel is similar to the noise kernel behaviour for the case of g = —2.
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Appendix F

Q2 and H dependence of infinite time

response rate

In this appendix, we consider the infinite time response rate of conventionally and derivatively coupled
UdW detectors in FRW spacetimes i.e., a(n) = (Hn) 7 with g € (=2, 1). By making use of the dimen-
sional analysis, we try to find out the dependence of the response rate on the energy gap between the

detector’s states as well as on the parameter H.

F.0.1 Conventionally coupled Unruh deWitt detector

Let us consider the spacetimes with ¢ € (—2,0) for which the cosmic time is related to the conformal

H*qnl*q

time by the relation 1 = =~ 7

and ¢ € (0,00) for n € (0,0). Using these relations and the formulae

(5.4),(5.7), we find that the transition probability is given by

-QH 1

oo oo 1— 1—
PO%Q:C2‘D <Q’,LAL(O)|0>D|2/O /0 dnldnze’(l—q) (m q_n2 q)(Hz‘l’[l‘l‘[z)_lGds(y(x(nl),x(nz))). (Fl)

Now defining a new variable z = QH 1'%, we can pull out all the Q and H dependence out of the

integral

q
-

Pooso _ /°°/°° dzidzy  (2122)
2[p ([ (0)[0)p 2 o Jo (1-9)* (QH-a)7 H?(z122) ™
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dzidzy _;ja—=) (2 2 3 3
- // e A =] 2F1(7+v,f—v,2,1—%132)
0

0o (1—¢)? 1672(z122) 2 2

=+ = 12
(z] 1z, q*is(QH*‘l)lfq)

where y = — for comoving observers. Since the only Q and H dependences in

1
(z122) 1=

1
the integral are through the term €(QH 7)™ which go to zero in the € — 0 limit, we find that the above
integral does not depend upon € and H. However, the rate, say with respect to f] = w or some other

linear combinations of 1; and 7, has the Q and H dependence of the following type

1 dPy 0

0 22« (QH )T E3
2l (QIR0)0), 2 dn (@A) (E3)

Similarly, for spacetimes with ¢ € (0, 1), the response rate again has the same Q and H dependences.

F.0.2 Derivatively coupled Unruh deWitt detector

Let us again consider the spacetimes with ¢ € (—2,0). In order to find the Q and H dependences of
response rate for derivatively coupled cases, we make use of the following formulae for the infinite time

transition probability for derivatively coupled UdW detectors

) - o Cotetr e d d
Pyo=c%p (QI#(0)|0>D|2/ / dnidne” M=) = = G(x(n),x(1n)). (F.4)
o Jo dn dnp

Performing the same steps as in the previous subsection and using the formulae (5.24) for double deriva-
tives of the Wightman function for FRW spacetimes, one obtains that the response rate for derivatively

coupled UdW detectors has the following Q and H dependences

1 dPy 0
p(Qa(0)|0)p > df

Q*(QH )T (F.5)

We obtain the same Q and H dependences of the response rate for spacetimes with ¢ € (0, 1)
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Appendix G

Derivatives of the Wightman function

In this appendix, we express the double time derivative (appearing in the expression (5.21) of the re-
sponse rate for derivatively coupled UdW detectors) of the FRW Wightman function in terms of the
derivatives of the de Sitter Wightman function by using the relation (5.7) between the Wightman func-

tions in the two settings i.e.,
G (x1,20) = (H*mm2)* ' G® (y(x1,x2)) - (G.D

Using the product rule of differentiation, we have

d d e dG® /1 dy 1 dy
77GFRWX X — H2 q1|: -1 2 1+ (g—1 JE A A
g O ) xe)) = ) =102 ) (e )
d*’G™ dy dy dG® d*
s ’ )] (G2)
dy> dmdn,  dy dmdn
In conformal coordinates, the de Sitter invariant distance is given by
— _ _ie)2 A)—C'Z
y= (M —n2—ig)"+( )' (G.3)
mn2
For comoving observers, we have
4 _ (771—772—18)5—771—772—13) G
dm nin2
ay (771—772—18)(21+712—18) G.5)
dm, mn,
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dy (M —m—ig)(n +m—ig)+2(n1 —ie)m

(G.6)

dmdn, 77127722
dy dy _ y(m+m)+e?)
dm dn, nin3 '

Using these expressions, we see that

(G.7)

L G4S dG? /(n —np — ig)(—2ig)
4 4 oFRW 7 - (H? q-1 — 12—+ (g—1
dn, dms (x(M1),x(12)) (H™mm2)"" (g —1) i (g—1) dy ( nin; )
+d2GdS y((m+m)+e?)  dGP (nf+n; +82)] : (G.8)
dy? nin; dv - mim
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Appendix H

Flat spacetime hydrogen atom and

selection rules

We can solve for the energy eigenfunctions of the unperturbed flat spacetime hydrogen atom Hamilto-

nian. We find that they are given by

Yanim = R (r)Y/"(6,9) (H.1)
where Y;" (6, ¢) are the spherical harmonics and R (r) are the radial part of the eigenfunctions. R,;(r)

)= () e (2 2 ()

where Liljll are associated Laguerre polynomials and ag = ﬁ Here n,l and m are just the hydrogen

are given by

atom quantum numbers.
Using the orthonormality of spherical harmonics and the properties of addition of angular momenta, we

find that the selections rules for the transitions
<, lI',m|x|n,l,m >

are as given in table 1.

Using the above selection rules, we can find the selection rules for the transitions of the form

<’ U',m|x'xP|n,l,m >
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Xy z
Al | Am | Al | Am
+1|+£1]+1] O

Table H.1: Selection rules for transitions of the type < n’, I, m/|x'|n,l,m >.

which are given in the table 2.

2.2 2
X7, Y7, XY, yX XZ,¥YZ Z

Al Am Al Am Al Am
-2,0,2 | -2,0,2 | -2,02 | -1,1 | 2,02 | O

Table H.2: Selection rules for transitions of the type < n’, I, m/|x'x” |n,1,m >.
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