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Abstract

Considerable interest has been generated recently in understanding the statistics of first
passage events in spatially extended non-equilibrium systems. A persistence probability
P(t), is defined as the probability that the position of the step edge at a point along a
fluctuating step does not return to its initial value (at time r = 0) over time ¢ is found in
these studies to decay in time as a power-law, P(t) ~¢t~% | for large ¢, where 0 is the so-
called persistence exponent. Similar power-law behavior of the persistence probability
has also been found in experiments for other physical processes. The persistence proba-
bility has been obtained both analytically and numerically for a large class of stochastic
processes, Markovian as well as non-Markovian. For single particle systems such as the
Brownian motion, which is also Markovian in nature, the persistence probability is easy
to calculate since the stationary correlator of such a process decays exponentially at all
times. For many body systems where the field ¢ has a space dependence, the calculation
of the zero crossing probability becomes complicated.

In the first part ( Chapter 2 and Chapter 3) of the thesis, we investigate the persis-
tence probability p(z) of the position of a Brownian particle with shape asymmetry in
two dimensions. We explicitly consider two cases diffusion of a free particle and that
of a harmonically trapped particle. The latter is particularly relevant in experiments
that use trapping and tracking techniques to measure the displacements. We provide
analytical expressions of p(¢) for both the scenarios and show that in the absence of
shape asymmetry, the results reduce to the case of an isotropic particle. The analytical
expressions of p(t) are further validated against a numerical simulation of the underly-
ing overdamped dynamics. We also illustrate that p(¢) can be a measure to determine
the shape asymmetry of a colloid and the translational and rotational diffusivities can
be estimated from the measured persistence probability. The advantage of this method
is that it does not require the tracking of the orientation of the particle.

In the second part of the work Chapter 4, we have studied the persistence of the
active asymmetric rigid Brownian particle in two dimensions. Nowadays self-propelled
systems are an interesting topic of research. Active matter systems are any systems
either of biological or artificial origin where the individual components can take up
energy from their environment and use it to move automatically. The energy they con-
sume helps them to perform the task of self-movement. These types of systems form
patterns and exhibit several interesting properties. We have studied the persistence of
such active asymmetric free particle and that in a harmonic trap. We have calculated

5



the analytical expressions of the persistence and thereafter validated those analytical
expressions with numerical simulations.

In the third part of the work Chapter 5, we study the persistence probability p(r)
of stochastic models of surface growth that are restricted by finite system size. Surface
growth is an important stochastic phenomenon that is found in a large class of phys-
ical systems ranging from a few nanometers to a few micrometers. That is why this
process is of so much interest to study its persistence for finite-size lattice. We look at
two specific models of surface growth - the linear Edwards-Wilkinson(EW) model and
the non-linear Kardar-Parisi-Zhang(KPZ) model. In this chapter, we have analytically
studied the persistence of the finite-size system.



|

Introduction

A brief introduction of the concept of persistence probability for the stochastic processes has
been presented in this chapter. The discussion includes the description of the stochastic process,
Fokker-Planck equation, Langevin formalism, and basic concept of the persistence probability.
In addition to that, results of persistence probability of a few non-equilibrium systems which
were calculated earlier by other researchers, have also been included in this chapter. Basically,
this chapter speaks the basics of the whole findings.




Stochastic Variables

A stochastic or random variable is a quantity X, defined by a set of possible values {x},
and a probability distribution on this set. Let us consider an example of dice; after each
throw, the number in the upper face corresponds to variable X, with possible outcomes
x=1{1,2,3,4,5,6} and probabilities of each side is p = % (for an unbiased dice) for each
value of x. The set of possible outcomes (range or set of states) could be discrete,
or continuous, finite or infinite. If the range is discrete (as for the case of dice), the
probability distribution will be given by a set of non-negative numbers {p,}, such that

Ypn=1.

When the range corresponds to an interval [a,b] over the x-axis, the probability dis-
tribution is determined by a non-negative function P(x), with P(x)dx the probability of
X € [x,x+dx], and such that,

/bde(x) =1 (1.1)

This function is called probability density, and the possibility that it contains one or
more delta-like contributions, should not be discarded. As a matter of fact, a discrete
distribution may be written as a continuous one, but only composed of delta contribu-

tions.

Every quantity which is dependent on any stochastic variable is also a stochastic
variable.In any mathematical object, if we add an auxiliary variable ¢, and we get ¥ =
f(x,1). t could be the time or some other parameter. Such Y(¢) is called a stochastic
process. It could be considered as a set of functions or realizations y(t) = f(x,t), each
one obtained when we fix X in one of its possible values. Let X be a stochastic variable
defined on the range (—oo,4o0) and the distribution P(x). The average of the function
f(x) over the distribution is,

~+oo

)= | dxf(x)P() (1.2)

The moment of the variable X can be defined as,

~+o0

W = (X)) = dxx"P(x) (1.3)
Let us introduce characteristic function,
k ek
G(k) = (%) = / dxe™*P(x) 1.4)



The moment generating function is,

G(k) =Y (’:l)! i (1.5)
where, 5
o = (—1)"™ WG(k 0) (1.6)

Another quantity cumulant ;, is defined as,

m!
The first cumulant is the same as the first moment of the stochastic variable x; = u; =

(x), this is the mean of the variable. The second cumulant is, K, = u, — ,ulz = 02, that is
called variance.

We extend all these notions for several variables as well. Considering X = (x,x2,...,X,),
with a probability distribution P(x,xy,....,x,), also called joint probability distribution.
It gives the probability that the set of variables have their values within (x;.x; +dx;) and
(x2,x2 +dx;) etc. Defining moments of this quantity,

~+oo ~+oo
(X“Xz ..... X / / ..... a’xldxz ..... dxn)c1 Xy e X P(X1, X2, 0y X (1.8)

o
G(k ZZ Z “' v' ..... (’n)' (xPxy .. X (1.9)
: !

Correspondingly, in terms of generalized cumulants, it is,

@ g
_exp{ZZ ; ‘u' V' ..... nl Kuk' ...k} (1.10)

Stochastic Differential Equation

One of the most natural, and most important, stochastic differntial equations is given
by,

(1.11)



where B is a function of X (¢)(m x n dimensional matrix) and £ =m-dimensional "white

noise".

Let us make a study Eq.(1.11) in the case for m =n, xo =0, b= 0, and B=1. The solu-
tion becomes an n-dimensional Brownian motion, denoted by W. Therefore a Brownian

motion can be denoted as,

So we can easily assert that "white noise" is the time derivative of Brownian motion.

The general form of Eq.(1.11) becomes,

ax(t) dw (1)
% =bX(t)+ BX(¢) 5 (1.12)
formally multiplying the above equation with ’dr’,
dX(t) = bX(t)dt +B(X(t))dW (¢
(1) = bX (1)1 + BX(1))aW (1) .

X(0) =xo

The terms "dX" and "BdW" are called stochastic differentials, and the expression is called
as a Stochastic Differential Equation. We can find the solution for all > 0 as,

t t
X (1) = xo+ / b(X(s))ds + / B(X(s))dW (1.14)
0 0
Let us assume n =m = 1 and X(r) solves the SDE,
dX = b(X)dt +dW (1.15)

Suppose there is a given smooth function u = u(x). Stochastic differential equation
becomes(when ¢t > 0),
Y(t)=u(X(t)) (1.16)

Using this Eq.(1.16) in Eq.(1.15), we get

dY =u'dX = u'bdt + v/ dW (1.17)

10



1/2

If we compute dY and keep all terms of order dt or (dt)'/=, we get,

1
dY =u'dX + 5u”(dx)2 +....

1
= u’(bdt+u’dW)+Eu”(bdr+dW)2+.... (1.18)

1

= Wb+ %)dt +uldw

By an analogy, it can be said (dW)? = dt. So

1/

du(X) = (u'b+ %)dt+u’dW (1.19)

The extra term “%”dt" is not present in ordinary calculus. This is called chain rule or
Ito’s formula.

A stochastic differential equation is an Ordinary Differential equation, which is
forced by an irregular stochastic process such as Gaussian noise. It is written as Stochas-
tic differential and is interpreted according to Ito or Stratonovich Stochastic Integrals.

) o . . t
Ito description of a stochastic integral is of the form [, f(x(¢'),t")dW (¢') where f(x(¢),1)
is any arbitrary function and W (¢) is a Wiener process, is written as,

t n
FOle), £ )aW (') = lim Y Fxlti1), 1) [W(t,-) —W(z,-_l)} (1.20)
fo =
In the Stratonovich approach, the same stochastic integral has the form,
4|
) ¢ im 3 2| £ )8) + £ ) tio) | (W) =W ()] 2D)
i=1

In the Ito Stochastic integral, the function f is evaluated first at the earlier time while
in the Stratonovich approach, the function is averaged. The difference between the
two approaches changes the form of the stochastic differential equation, the SDE of the
form,

dx(t) = A(x,t)dt + B(x,t)dW (1.22)

Ito description has the form,

1 0B
dx(t) = |A(x,t) — EB(X’I)ﬁ dt + B(x,t)dW (1.23)
Conversely Stratonovich SDE of the form,
1
dx(t) = A’ (x,t) + EB/(x,t)dW (1.24)

11



is equivalent to the Ito SDE,

/

dx(r) = [A’(x,t) + %B’(x,t)%—i] dt + B (x,1)dW (1.25)

In nonequilibrium statistical physics, Langevin SDE may be written as,

F(¢,0,0',0",0)=2¢ (1.26)

Joint and Conditional Probabilities

We consider the concept P(ANB), where AUB is non-empty. An event @ that satisfies
o € Awill only satisfy ® e ANB if w € Baswell. Thus, P(ANB) =P{(wc€A) and (w €B)},
and P(ANB) is called the joint probability, that the event @ is contained in both classes,
or, alternatively, that both the events w € A and w € B occur. Joint probabilities occur
naturally in two ways,

(a) When the event is specified by a vector e.g., m mice and n tigers. The probability
of this event is the joint probability of [ mice (and any number of tigers)] and [n tigers
(and any number of mice)]. All vector specifications are implicitly joint probabilities in
this sense.

(b) When more than one time is considered; what is the probability that (at time #
there are m, tigers and n; mice) and (at time #, there are m, tigers and n, mice). To
consider such a probability, we have effectively created out of the events at time ¢; and
events at time ,, joint events involving one event at each time. In essence, there is no
difference between these two cases except for the fundamental dynamical role of time.

We may specify a condition on the events we are interested in, and consider only
these e.g. the probability of 21 deer given that we know there are 100 tigers. We will be
interested only in those events contained in the set B = {all events where exactly 100
tigers occur}. This means that we define conditional probabilities, which are defined
only on the collection of all sets contained in B. We define the conditional probability

as,
P(ANB)

P(AIB) = —5 5

(1.27)

and this satisfies our intuitive conception that the conditional probability that w € A
(given that we know ® € B), is given by dividing the probability of joint occurrance by

12



the probability of @ € B. We can define in both directions i.e. we have,
P(ANB)=P(A/B)P(B) = P(B/A)P(A) (1.28)

There is no particular conceptual difference between say, the probability of {(21 deers)
gives (100 tigers)} and the reversed concept. However, when two times are involved,
we do see a difference. For example, the probability that a particle is at position x; at
time ¢, given that it was at x, at the previous time #,. The converse sounds strange, i.e
the probability that a particle is at position x| at time ¢;, given that it will be at position
x, at a later time £,.

Let us have a stochastic process Y (r). We write,

Po(y1,115Y2, 825 ooy Yo tn )dy1dys...dyy

for the probability that Y (z;) is within the interval (y;,y; +dy;), Y(#2) in (y2,y2 +dy2),
and so on. These P, may be defined for n = 1,2,... and only for different times. This
hierarchy has the following properties,

(@ P, >0

(b) P, is invariant under permutations of pair (y;,#;) and (y;,t;) (¢) [dy,P, = Py—i
and fdylpl =1

According to the theorem due to Kolmogorov, it is possible to prove that the inverse
is also true. Stochastic process are those sets of functions that satisfy the above condi-
tions. An alternative characterization of the stochastic processes through the hierarchy
of moments,

—+oo ~+o0
‘un(tl,tz,...,tn):<Y([1)Y(Z‘2)....Y(tn)>:/ dyldyz....a’ynylyz...ynpn(yl,tl;yz,tz;....;yn,tn)
(1.29)

Another very important quantity is the conditional probability density P, /,, which
corresponds to the probability of having the value y, at time ¢, y, at time f,,...., y, at
time ¢,, provided that we have Y (¢,11) = ynt1, Y (tni2) = Yni2seees¥ (tntm) = Yntm, it has
definition,

Pn+m(y17tl; s Yy tns Ynt+ 1, Int-15 ----;yn+M7tn+m>
Pm()’n+17tn+1; ----- ;yn—i-m,tn—l—m)

Pn/m(ylutl;~~--;)7n7tn|))n+1,tn+1; ---~;yn+m7tn+m) =

13



Markov Process

For a stochastic process Y (), the conditional probability Py, (y2,%2[y1,1) is the probabil-

ity that Y (#,) has the value of y,, provided Y (¢;) has taken the value of y;. In terms of
this quantity one can express P; as,

Py(y1,t13y2,2) = Pi(y1,01) P11 (02, 2|y1, 1)

To construct the higher order P,, we need transition probabilities P, ,, of higher order,

e P(1.nivativats) = Pa(yistiva 2)Pra(ys,talynfiiva,tz). A stochastic process is
called Markov process, if for any set of n successive times t; <1, < ..... < t,, one has,

Py it s a1, 005 o5 Yn=15t0—1) = Pyt Ons tn|Yn—1,tn—1)

Physically speaking, the conditional probability distribution of y, at t,, given the value
Yn_1 at t,_1 is uniquely determined and is not affected by any knowledge of the values
earlier times. A Markov process is determined by the two distributions Pj(y,7) and
Py/1(y',t'[y;t), from which the entire hierarchy P,(y1,t;.....;y, ) can be constructed. For
instance, consider #; < t, < t3; P3 can be written as,

Ps(y1,t1552,02;3,13) = Pa(y1,t1552,22) Py 2 (3, 83191, 2152, 12)
=P (y1,11552,02) P 1 (3, 83]y2,12) (1.30)
=P (y1,11)P 1 V2, 20y, 1) Py (03,83 [y2, 12)

The single-time-step memory characterizing a Markov process is equivalent to saying
that the future state of the process is only dependent on its present state, and not on the
history of how the process reached the present state. It implies at once that all the joint
PDF of a Markov process are expressible as products of just two independent PDFs as
single-time P; (y,#) and a two-time conditional PDF P, /;(y,t[y’,#’) (where ¢’ <) according
to,

Pn()’natn;)’n—latn—l;-~~§y17t1) = Pl/l()’mtnb’n—l»tn—l) X Pl/l()’n—latn—l|)’n—27tn—2) X...

X Py (v2,22ly1,t1)PL(y, )
(1.3D)

The Markov process is stationary, then Pi(y,z) = P(y) and Py /1 (y,¢|y',t') = Py /1 (vt —¢'[y’)
(a function of the difference (r —¢')).

14



Ornstein-Uhlenbeck Process

It is defined in the region —oo < y < 400, —c0 <t < 4o0 and (f, —#;) = T > 0 through,

Pi(v,t) = 2712 exp{—y*/2} (1.32)

[y2—yie "]?

e

This process defines the velocity of a Brownian particle and is also Gaussian. It is

P(y2,t2|y1,t1) = [27(1 —e_ZT)]_l/zexp{ -

stationary as well, which means

Pn(yl,tl; ..... ;yn,tn) :Pn(yl,tl—l—f; ...... ;yn,tn—|-’l') (1.33)

According to a theorem defined by Doob, it is the only simultaneously Markovian, Gaus-

sian and stationary process.

The self-correlation function of this process is given by

((01)y(r2)) = exp{—|ra —n1[}

Let us put Y(z) = aL(t), t = b, and take the limit » — o and a — oo, but in such a way
that 2a® /b ~ 1, we find,
(L(t1)L(12)) = 8(11 —12) (1.34)

This is called white noise or the Langevin process. Even if L(z) is not a true stochastic
process, its integral corresponds to the Wiener process.

Chapman-Kolmogorov Equation

Let us now derive an important identity that must be obeyed by the transition at any
Markov process. On integrating over y;, it is obtained (¢; <1, < 13),

Py (y1,t13y3,13) :Pl(yl,tl)/dY2P(y2,t2|yl,tl)P(y37f3!y2,t2) (1.35)
Using Baye’s rule,

Py(y1,t13y3,13)

= P(y3,3|y1,11) = /dY2P(y3,t3|Y27lz)P(yz,t2|Y1Jl) (1.36)
Pi(y1,11)

15



This is called the Chapman-Kolmogorov equation. The time ordering is essential; #,
must lie between ¢, and #; for this equation to hold. We can rewrite particular case
Py(y2,t2) = [dyPa(y2,12;y1,11) of the relation among the distributions of the hierarchy as,

Pi(y2,0) = /dy1P(y2,t2|y1J1)P1(Y1J1) (1.37)

This is an additional relation involving the two probability distributions characterizing
a Markov process.

Wiener-Levy Process

It can be defined that, in the range —« < y < 4+ and ¢ > 0, through

P (y,1) = [2mt) " exp{—y? /2t} (1.38)
L2
P(y2,ta|y1,t1) = 27(t —fl)]_l/zexp{ - %}

These functions very easily fulfill the Chapman-Kolmogorov equation. We can show the
self-correlation function as,

(y(t11)y(12)) = min(t1,12) (1.39)

This process defines the position of a Brownian particle in one dimension. It is catago-
rized as a Gaussian process indicating that all P, are Gaussian distributions.

The Master equation

The master equation is a differential equation for the transition probability. Chapman

Kolmogorov equation for equal time arguments,

P(y3,13]y1,t) :/dsz(ya,t3|y2,f)P(y3,t!y1,t) (1.40)

where P(y,,t|y1,t) = 8(y2 —y1) which is the zeroth-order term in the short-time behavior
of P(y','|y,r). Short-time transition probability,

P(ya,t +Atly,t) = 8(y2 — y1)[1 — a'% (3,1) ] + W, (2 |y1) At + O[(At)?] (1.41)

where W;(y|y) is interpreted as the transition probability per unit time from y; to y, at
time ¢. Then, the coefficient [1 —a%(y,#)At] is to be interpreted as the probability that no
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transition takes place during As. From the normalization of P(y;,,|y;,t;) one has,
1= /dsz(yz,t+At|y1,t) ~1—a? (y,t)At+/dy2W,(y2]y1)At (1.42)

Therefore, to first order in A, it is found, a'%(y,r) = [dy,;W;(y2|y1). Interpretation of
a9 (y,1)Ar is the total probability of escape from y, is the time interval (¢,7 + Ar), and
thus 1 —a(%)(y,r)Ar is the probability that no transition takes place during this time.

Inserting differential equation for the transition probability from the Chapman-Kolmogorov
equation, the above short-time expression for the transition probability into it yields,

P(y3,tp + At|y,t1) = /dsz(ys,tz + At|y2,t2)P(y2,12|y1,11)

~ 1 —G(O)(Y3,12)AI]P(y3,t2!y1,ll)+At/dyz"sz(%l)’z)P(yz,tz!yl,ll)
(1.43)

Replacing the value of a(%)(y3,1,) we get,

1
A—I[P(y3,t2+At\y1,l1) —P(y3,12|y1,11)] /dyz[Vsz(y3\y2)P(y2,t2!y1,ll) — Wi, 2[y3)P(y3,12]y1,11)]
(1.449)

If Ar — 0 and changing notations ((yi,t; — yo,%), (2,22 — y',t),y3 — y), the master
equation,

d
5, POstos0) = / dy' W, (yly" ) P(y',t]yo,t0) — Wi (' [y) P (y,1 0, 10)] (1.45)

It is an integro-differential equation. The master equation is a differential form of the
Chapman-Kolmogorov equation. Therefore, it is an expression of the transition proba-
bility P(y,t|yo,%o) but not for P;(y,t). An equation for P (y,7) can be obtained by using the
concept of extraction of a sub-ensemble. Suppose Y (¢) is a stationary Markov process
characterized by P;(Y) and P(y,t|yo,%). Let us define a non-stationary Markov process
Y*(t) for t > to by setting,

P (y,t1) = P(y1,t1y0,%)
P*(y2,2|y1,t1) = P(y2,12]y1,11)

(1.46)

This is a sub-ensemble of Y (¢) characterized by taking the sharp value y, at #y, since
P} (y1,t0) = 0(y1 —y0). More generally, we may extract a sub-ensemble in which at a
given time 7y the values of Y*(¢y) are distributed according to a given probability distri-
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bution p(yy).
P (y1,11) = /dYOP(yhtl vo,t0)p (o) (1.47)

Physically, the extraction of a sub-ensemble means that one ’prepares’ the system in
a certain non-equilibrium state at #,. The above P} (y;,#;) obey the same differential
equation naming Master equation.

apg’t) = / dy' [WyY)P( 1) =W (' |y)P(y,1)] (1.48)

If the range of Y is a discrete set of states labeled with n the equation reduces to,

dPu(t)
dt

= L [Wa P (£) = Wornpa(1)] (1.49)
n

The master equation is a balanced (gain-loss) equation for the problem of each state.
The first term represents gain due to transitions from other states »’ to n, and the second
term is the loss due to transitions into other configurations. The master equation can be
extended to the case of a multi-component Markov process Y;(¢), i = 1,2, ...,N on noting
that the Chapman-Kolmogorov equation is valid as it stands by merely replacing y by
y = (y1,---,yn). Then we get the multivariate counterpart of the master equation,

8P£,z) - /dyl[W(yW)P(y"t) ~W(O'y)P,1)] (1.50)

Kramers-Moyal expansion and Fokker Planck equation

Let us first express the transition probability W as a function of the size r of the jump
from one configuration y’ to another one y, and of the starting point y/,

WO )=wyir),r=y—y

The Master equation becomes,

8Pa();,t) :/er(y—r;r)P(y—i‘,l)—P(yyt)/d’”w(%—’”) (1.51)

Where the sign change is associated with the change of variables y — r =y —y/, is
absorbed in the boundaries, by considering a symmetrical integration interval extending
from —oo to oo,

J2Zdy f(Y) == [l drfly—r)=— [[2drf(y—r)= [12drf(y—r)
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Moreover, since finite integration limits would incorporate an additional dependence
on y, we shall restrict our attention to problems to which the boundary is irrelevant.
Let we now assume that the changes on y occur via small jumps,i.e. that W(y’;r) is a
sharply peaked function of r but varies slowly enough with y. Another assumption is
that P(y,r) itself also varies slowly with y. It is then possible to deal with the shift from
y to y — r in the first integral in the equation usin the Taylor’s expansion,

/HWVm (1) i am[(%) PO0]=PO) [ i i
= (—1)" —
:,El g WO 1P0.0)

(1.52)

Where we have used the first and third terms on the right-hand side of the first equation

cancel each other. Finally introducing jump moments,
a™ (y,t) = /drrmW(y;r)

One gets Kramers-Moyal expansion of the master equation,

8 18’"

Z o gynla” O DP0) (1.53)

If the situation is m > 2, ") (y,) is identically zero or terms are negligible. In this case,

IP(y,t) @ 192
at - _a_y[a(l)(y7t)P<y7t)] +§a_yz[a(2)(yat)P(yat)] (154)

This is widely known as the Fokker-Planck equation. The first term is drift or transport
term and the second term is diffusion term, while a(")(y,r) and a(®(y,r) are drift and
diffusion coefficients.

1.10 SDE and Fokker-Planck equations

Let us establish the mathematical relationship between the Stochastic differential equa-
tion of the Langevin type, and Fokker-Planck equations. The general form of SDE is,

d

—x(1) = flx(e),1] + g[x(1)]5 (¢) (1.55)

*t) = dt
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Here &(1) is white noise with conditions (£(¢)) =0 and (£(¢)&E (1)) = DS(r — '), taking
D =1, relation becomes (£(7)&(¢')) = 6(r —¢'). The assumption is that the process is
Gaussian. Let us integrate Eq.(1.55) over a short time interval ¢,

x(t+8t) —x(t) = flx(t),1] 6t + glx(¢),t]E(r) Ot (1.56)

As x(1) is a Markov process, we can determine its probability distribution P (x,?) as well
as conditional probability distribution P(x,t|x’,#’) for # > ¢’. Let us define a conditional
average corresponding to the average of a function of the stochastic variable x, given
that x has the value y at ¢’ < 1;

(FIx()][x()) = y) = / AXF ()P, 1|y, 1) (1.57)

Due to the property P(x,7|x’,r) = 6(x —x’), we have
(F(x(t) /dx’F P(xXt|y,1) /dx’F(x’)S(x—x’) (1.58)

We will use this definition to find the first few conditional moments of x(¢),

UF()])) = (x(t + 81) (1) / AXF ()8 (x— ¥ )P(x 1 + 81|x,1) 159)
= ((f[x(2),]61)) + ((g[x(t),1]E (1) 1))
It is clear that the first term on the r.h.s.
((flx(2),1]61)) = flx(z),t] 61 (1.60)
and the second term is,
((8[x(t),1]6(2)61)) = g[x(t),1]((E(1))) Ot (1.61)
Based on Langevin’s argument, (x&) = 0, which gives
(Ax(1))) = / ¥ (x—X\P( 1 + 8t|x,1) = flx(t),1]51 (1.62)

20



For the second moment,

:/dx/(x X )2P(X 1+ St|x,1)
{

[£T(r), 118t + g[x(1),1) (1) 61)%))

= ({[fTx(2),1]81)%)) + ((2f[x(0). 1)glx(1), 1) (1) 82%)) (1.63)
+(([glx(r),1)& (1)81)%)

= [flx(r),1]81) +2£[x(r), ]glx(r), 1] {(£ (1)) 67

gle(r), 12{([€ (1) 81)%))

+

Using the properties of the Wiener process,

swor= [ arew) = awer)
Where W () is the Wiener process, and ([€(1)81]2) ~ (AW (1)2) = At, renders
(Ao = [V PPW.a+ Srker) =) e+ 0(67) (164
We can show that in general,
(Ax(0))) = 63, 22

Let us make consideration of an arbitrary function R(x), and evaluate its conditional
average. Using the Chapman-Kolmogorov equation,

/de(x)P(x,t+5t\y,s) = /de(x)/dzP(x,t—I—5t|z,t)P(z,t\y,s)

(1.65)
= /dzP(z,t]y,s)/de(x)P(x,H—5t!z,t)

Expanding R(x) in Taylor series around z, as for 8 ~ 0 we find that, P(x,r + 0t|z,1) ~
0(x—z), and only a neighborhood of z will be relevant,

/de P(x,t+ 8t|y,s) /dzP(z,t|y,s)
1 (1.66)
/ dx [R(@ + (=R (D) + 3R (@) (x—2) + ....}P(x,t +81]z,1)
Putting the normalization condition for P(z,t|y,s), we get

—/dzP Z,t|y,5)R -I-/dzR P(z, t|y,s)/dx(x—z)

(1.67)
-l—/dzER” 2)P(zt]y,s) /dx (x—2)*P(x,1 + 8t|z,1) +
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integrating by parts and using Eqs. (1.62), (1.64) we get,

/ AxR(x)P(x, + 5[y, ) = / R()+ [PCxtlys) - %[ £ 1)P(x, 1y, 5))8t

| 9 (1.68)

_ 2 2

+ 592 [g(x,1)"P(x,t]y,s)|0t + O'(61)

Arranging terms and taking the limit 6+ — 0, gives
d
0= /de(x) [EP(x,t]y,s)
0 1 9? 5

B = 1.69
(= 3L nPGtly.s)] + 53 5 8(en) Plx.tly. o)) | (1.69)

2
2 Plrdly.s) = - F0)P ()] + 5 oyl 2Pl )]

This is the desired Fokker-Planck equation for the transition probability P(x,z|y,s)
associated with the stochastic process driven by the SDE Eq. (1.55).

1.11 Brownian Motion

In this section, we will take a break from our mathematical treatments of the stochastic
processes and look back at their origins. In fact, the whole content of this thesis can
be regarded as the continuation of the analysis of the Brownian motion conceptualized
by Einstein, Smoluchowski, and Langevin. Let us see the historical background of the
Brownian motion.

In 1987, the botanist Robert Brown observed in his microscope the small pollen
grains suspended in water, perform an irregular, jittery motion. He could not explain
the origins of the motion. The explanation came later, on 1905, with the theoretical
treatments by Einstein and Smoluchowski. Einstein derives the mathematics behind
Brownian motion which was able to define many concepts introduced earlier.

The motion observed occurs due to very frequent collisions between the molecules
of the suspension and the pollen grain. An accurate description of these collisions is not
possible that’s why we are more interested in treating them statistically. Let us see it in
one-dimensional setup. Let us consider the density of the particles per unit volume is
n(x,t). In a small interval dr, each particle will experience a shift A due to the collision
effect. The probability p(A) of a certain shift shall be independent for every particle,
independent from its past, and symmetric in nature, p(—A) = p(A), it will have a sharp
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peak around A = 0. So, the density for the time 7 + dt is,
n(x,t+dt) = /dAn(x—A,t)p(A) (1.70)

This formulation is similar to the Chapman-Kolmogorov equation (1.37), which is de-
rived assuming that collisions have no memory.

Now, we expand the LHS of Eq. (1.70) for small dt

n(x,t+dt) :n(x,t)—kdt% (1.71)

This is an important step in deriving the master equation. Let us assume a sharp peak
in p(A), Einstein calculated his version of the Kramers-Moyal expansion:

on A?9d%n

n(x—A,t) zn(x,t) —Aa—*—?ﬁ— ......

(1.72)

Using the results of Eq. (1.72) in Eq. (1.70) and using the symmetry and the normal-
ization of p(A), Einstein gets the diffusion equation, which is Fokker- Planck equation:

on 0%n
So, the diffusion coefficient from Fick’s law of diffusion
1 A?
p=— / an=-p(a) (1.74)

Einstein describes a random walk of the pollen grain with infinitely small steps and
shows how this is related to diffusion. The biggest contribution of Einstein and Smolu-
chowski is finding the relation of the diffusion coefficient D with the temperature T and

the coefficient of Stokes’s friction y and the solution for a spherical particle is:
D=— (1.75)

where kg is Boltzmann’s constant.

1.12 Langevin Formalism

Let us discuss Langevin formalism in brief for Non-equilibrium statistical mechanics.
The well-defined non equilibrium system is the theory of Brownian motion. The basic
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equation of Langevin equation consists of two parts, frictional part which is a systematic
force and random forces, which is fluctuating force. Both the friction and random forces
generated from the interaction of the Brownian particles with their environment. The
equation of motion for Brownian motion is thus given by,

m%v(t) = —&v(t) + 6F(t) (1.76)
It can be written as,
mv = —Ev(t)+n(t) (1.77)

between impacts in any two distinct time intervals. As the frictional force depends
merely on the velocity of the particle and not on its earlier values, we are describing a
Markovian process. The random force behaves as,

(0F(t)) =0 (1.78)
and also,
(8F'(t)8F/ (1)) = 2B6;;6(t—1') (1.79)

Where B is the measure of the strength of the fluctuating force. Eq. (1.78) tells us that
the average of the random force is measured as zero and from Eq. (1.79) we conclude
that there is no correlation between impacts in any two distinct time intervals. As the
frictional force depends merely on the velocity of the particle and not on its earlier
values, we are describing a Markovian process. The velocity of the particle decays to
zero in the absence of random force, but here it doesn’t happen. At thermal equilibrium,
(v?)eq = kT /m. The Langevin equation which is a linear, first order, inhomogeneous

differential equation in nature can be solved as,
! !
W(t) = =€/ (0) + / di' eI SE (Y fm (1.80)
0

The first term states the exponential decay of the initial velocity and the second term
gives the extra velocity produced because of the random noise force. Let us calculate
mean squared velocity. We get from Eq. (1.80) the value of < v?(¢) > as,

(V2 (1)) = e~ 251m2(0) + g(l — e 26t/m) (1.81)

m

In the long time limit, exponential terms drop out, and the quantity tends to the value
B/Em. But in the long time limit mean squared velocity must approach its equilibrium
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value kT /m, consequently, we find B = EkT. This is known as Fluctuation-dissipation
theorem. It is a relation between the strength B of the random force or fluctuating force
with the magnitude of friction force &. It expresses the balance between friction, which
drives any system to a completely "dead state", and the noise which keeps the system

"alive".

Let us rewrite the Langevin equation of Eq.(1.76)

d. ..
= —Eitn() (1.82)

We will evaluate the r.m.s. displacement. Multiply Eq. (1.82) by x, we get,

d d
X—X

_ a2 g
5 —dt(xx) x°=—=&xi+xn(r) (1.83)

Langevin’s original argument was to assume that 1(¢) and x(z) were uncorrelated,
(x(t)n()) =0 (1.84)

Now we take the average of Eq. (1.83)

(S e0)) = 2 0u) = -~ i) (1.85)
We get,
(x(£)%(t)) = Ce™*' + ]g—; (1.86)

If x measures the displacement from the origin (where we consider all the Brownian
particles ar r = 0), we find the condition 0 = C + é‘—;, that gives

(030) = %) = (1= (1.87)
Integrating again, we find,
B2(1) = 2;—; [t— %(1 —e—if)] (1.88)

Now, let us consider two limiting cases,

(a) Initial transient regime: t << %, where we can expand e %" ~ 1 —&r+ 1 (Er)2 — .,
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and we get
(1)) ~ —t (1.89)

that is the inertial motion of the particle during the initial transient( when thermal
velocity 7 = /L)

(b) Asymptotic regime: t.%, where we can approximate ¢4 ~ 0, and then

(2(1)) ~ =t (1.90)
this is the characteristic of a diffusive motion.

Another way to define Brownian motion is to consider the probability distribution
of finding the system within a given velocity range (v,v-+ dv), taking velocity vy at the
initial time 7,

Pdv = P(v,t|vg,to)dv (1.91)
We know that

lim P(v,t +6t)y ;1) = 8(v—) (1.92)
6t—0

The normalized PDF corresponding to the OU distribution is,

m —m(v—vpe ")?

pOstivo) = 3o _6_2W>]1/2exp[ KT(1— e 27y | (1.93)
In the limit of very large value of time, we get,
. 2
61ti£1>1wP(v,t+5t|v/,t) = < T kT) e AT (1.94)

In the Kramers-Moyal expansion of the master equation, when the moments of order
greater than two are zero, we get a Fokker-Planck equation. In this case, the master
equation indicates the gain and loss contributions within the interval (v,v+dv). Accord-
ing to the average values found for (v) and (v?), we get

0 0 D 9?
EP(v,t|v0,to) = —Eévp(v,fh/(),fo) + EWP()’JUOJO) (1.95)

We may impose a condition on 7n(z), which is a Gaussian process. It means that all
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the odd moments are zero and even moments can be written in terms of the second

moment,

(n)n()nt)n(t)) = M) (L)) (nt)n (k) +Mt)n ) (n()n () + .

; " (1.96)
=D {5(1‘1 —t2)6(t3 —t4) + }
1.13 Fokker Planck Equation
Let us consider a stochastic differential equation,
dx(t) = A(x,t)dt + B(x,t)dW (1.97)

The differential of a function f(x(¢)) according to the Ito representation is written as

47 (+(6)) = F(x(0) +dxtt) — )
= 7/ (x(0)dx(e) + 3 S (xle))0)? (1.98)

— £ (x(0)[A(x,0)dt + B(x,1)dW] + % F(e(t)) B2 (x,1)dW?
Using dW? = dt, we get
df(x(t)) = A(x,t) f (x(t))dt + %f”(x(l))Bz(x,t)dt +B(x,t)f (x(t))dW (1.99)

Let us divide Eq. (1.99) by dr and take the noise average,

(df(x@)) _ dfx@))y _ , 1,
=g ) = AN+ S B () (1.100)

If P(x,t|xo,10) is the conditional probability for the process x(¢) then the left-hand side of
Eq. (1.100) is written as

d JdP
) = [avrE a.101
Right-hand side may be written as,
(A(x,0)f + % f"B*(x,1)) = / dx[A(x, 1) f + % F"B?(x,0)|P(x,1|x0, 1) (1.102)
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Now we can integrate by parts and neglect the surface terms

/dxf(x(t))% :/dx

As f(x(z)) is arbitrary, the above equation for conditional probability becomes

P P 102 ( ,
5= (A(x,t)P) +553 (B (x,t)P> (1.104)

Eq. (1.104) is known as the Fokker-Planck equation for the conditional probability. The
first term is the drift term and the second term is the diffusion term.

IA(x, )P  192B2(x,1)P
T T T2 a2 ]f(X(t)) (1.103)

i AN Different Problems of Persistence

The persistence of a continuous stochastic process has recently generated much interest
in a wide variety of non-equilibrium systems including various models of phase order-
ing kinetics, fluctuating interfaces, diffusion, and reaction-diffusion process. The per-
sistence probability p(¢) of a stochastic variable is the probability that the variable has
not changed sign up to time ¢t. That means, the survival-persistence probability is that
a stochastic process X (¢) does not cross zero up to time ¢ is a quantity of long-standing
interest in probability theory which has many practical applications. The derivative of
the persistence probability F(¢) = —dp(t)/dt is the first-passage probability'. Physically

the persistence property has been investigated both theoretically'°

10-16

and experimen-
tally in spatially extended systems that are out of equilibrium. Let us define the
precise concept of persistence probability. Let us take a non-equilibrium field fluctuat-
ing in space and time ¢ (x,7). It may be simply a diffusing field starting from a random
initial configuration or the height of a fluctuating interface. Persistence of such fluctuat-
ing field can simply be defined as, the probability at a fixed point in space, the quantity
sgn|(x,t) — (¢(x,7))] does not change up to time 7. In a wide class of non-equilibrium
systems this probability decays algebraically with an exponent 6'7. This exponent has
been studied in systems like a free random walk in homogeneous and disordered me-
dia'®, diffusion in two dimensions'?, fluctuating interface®, KPZ interface?, critical

21 surface growth’-?% diffusive processes with random initial conditions®?,

2 24,25

dynamics

advected diffusive processes*®, and finance

The persistence probability of spatially extended systems decays as a power law
p(t) ~t=% when 0 is a non-trivial exponent. This algebraic decay of p(t) is applica-
ble for a wide class of non-equilibrium systems. The calculation of the exponent 6 for
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a general stochastic process is extremely difficult, and the exact form of p(¢) exists in
very few cases. In the Brownian systems, X (¢) is Gaussian as well as Markovian, and
the non-stationary process can be mapped into a stationary Ornstein-Uhlenbeck process
X (T) through suitable transformation X — X and r — T with the consequence that the
correlator C(¢) = (X(T)X(0)) decays exponentially at all times. Slepian theory says that
if the stationary correlator C(z) of a Gaussian stochastic process decays purely exponen-
tially at all times, the persistence probability of X (¢) is proportional to C(7T') at late times
and p(t) can then be constructed back by the inverse of the time transformation t — 7.
In the case when the correlation function C(T') of a Gaussian stochastic process does not
decay exponentially at all times, the exponent 6 can be extracted using the independent

interval approximation provided the density of zero crossing remains finite.

The route to calculating the persistence probability is through the non stationary
two-time correlation function. The Lamperti transformation converts the non station-
ary correlator to a stationary process. For a Gaussian Markovian stochastic process, the
persistence probability can be directly calculated using Slepian theorem2°. In contrast,
when the process is non-Markovian, p(z) is evaluated either using the Independent In-
terval Approximation (ITA) when the density of zero crossings stays finite or using a
perturbative expansion. It should be emphasized that IIA or the perturbative expansion
works only for Gaussian stochastic processes.

1.14.1 Some Known Results

Let us consider X(7) a Gaussian Stationary process (GSP), where correlation can be
written as f(t) = (X(7T)X (T + 7)) and we denote P(T, f(7)) as the persistence probability

in the time variable 7. The scaling form

P(T,Af(7)) =P(T, f(7)) (1.105)

P(T,f(A1)) = P(AT, f(7)) (1.106)

The first scaling law implies that we may normalize the correlation function such that
f(0) = 1. The second scaling law denotes a normalization of the time scale. By the way,
this is not possible for all classes of correlation functions. So, we consider processes for
which [f(7) — 1], for small = behaves as |t|*, when o positive. Under such circumstances
the covariance f(7) is said to be class- « if T approaches 0,

[7]*

flr)=1-
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and f(7) is strictly monotone in the neighborhood of the origin. The gamma function
in the denominator comes due to the normalization of the time scale and 0 < o < 2. We

have

(1) f(r)=e" for 0<T<oo

2 (1.108)
P(T, f(1)) = ESin*I[f(T)]
(2) f(t)=1-B%sin*(1/2B) for 0<t<o and 0<B<I
1 7 1 . T T
P(T,f(7)) = 3T ag agtin [ﬁsm(ﬁ)] for 0< B <2n (1.109)
:%( -B) for 2 <T <o

3) f(r)=1~]7| for |t <1
=0 7] > 1 (1.110)

P(T,f(r)):%jt ! [sin '(1=T)—+/T(2—T)]

2

Further, if two different processes which are characterized by the correlation func-
tion f(7) and g(7), then Slepian’s inequality says that if

f(r) < g(7) for 0=t<T (1.111)

then

P(T, f(7)) < P(T,g(7)) (1.112)

The stationary correlator decays exponentially at all times for a Markovian process
and by using Eq. (1.108) we can show that persistence probability also decays expo-
nentially. For the non-Markovian process, correlation does not decay exponentially at
all the time.
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1.14.2 Random Walk Model

The simplest non-equilibrium system is Random Brownian Walker Model?”. Let us

consider ¢(z), which represents the position of a 1-D Brownian walker at time 7. The
position evolves as
d¢

—=n0) (1.113)

Where 1n(r) is a value of white noise with zero mean and J-correlation (¢ (z)¢(¢')) =
6(t —1'). The persistence Py(t) is simply the probability that ¢(¢) does not change sign
up to time 7. We find from Eq. (1.113)

(0(n)d(n)) =2Dn n <t (1.114)

¢ is a Gaussian non-stationary process. Normalizing this process

X(t) = L;) (1.115)
(92(1))
Taking time transformation we get
T =Int (1.116)

and non-stationary correlator becomes
(X(T)X(Dp)) = e 2(T1=T2) (1.117)

As the stationary correlator decays exponentially for all times, by Eq. (1.108) the per-
sistence probability in time variable 7' decays as P(T) ~ ¢~ 7/2. Now we transform back
to the real-time, the persistence probability decays as

p(t) ~ 112 (1.118)

So, persistence exponent 6 = 1/2 for the Random walk model.

1.14.3 Random acceleration Model

The equation of motion for a randomly accelerated particle is

2
% — () (1.119)
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Where 7 is white Gaussian noise. The solution for ¢(z) is

o(1) :/Otdt'(S(l—t/)n(t/) (1.120)

Using the same transformation in Eq. (1.115) and Eq. (1.116) the stationary correlator
makes the form ; |
f(7) = X(T)X(T +7)) = Ee*%f—ie*%T (1.121)

It is of class-2. The exact result has been found by Sinai and Burkhardt is 8 = 1/427.

1.14.4 Brownian Particle in a shear flow

We consider the motion of a Brownian particle, with a unit mass, in an unbounded sol-

vent moving in two-dimensional planar geometry. We consider a stationary distribution
of velocity,
u = (0,ax) (1.122)

The force on the Brownian particle from the imposed flow is given by, F = —{ (v —u),
where v is the instantaneous velocity of the particle and { is Stoke’s friction on the
colloid. The Langevin equation for the position of a colloid r = (x,y) in the overdamped
limit takes the form,

dx
E = Tlx(f)

(1.123)
d_y =ax+1ny(t)
dt Y

When n = (1., n,) these are Gaussian White noise and the correlations are,

(m)=0

(1.124)
(n()@n(t') =2DI5(t 1)

Where [ is the identity matrix and ® is the outer product of a vector quantity. D =kgT /{
diffusion constant, which is the strength of the noise. Two time correlation functions,

(x(t1)x(12)) = 2Dt (1.125)

and
3

(y(t1)y(t2)) = 2Dty +a*D (tlt% — %2) (1.126)
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Cross-correlation functions are,

(x(11)y(t)) = Dat? (1.127)

)
(11)x(82)) = 2Da (nr - %) (1.128)
When t; =, =t we get motion along x-direction purely diffusive, while Mean square
displacement along y-direction is,

(y*(t)) = 2Dt + §a20r3 (1.129)

for short time, t << a~! motion along y-direction becomes purely diffusive. For t >> a~!
Means Square Displacement scales 73, similar to a randomly accelerated particle. Cross-
correlation becomes,

(x(2)y(r)) = Dar? (1.130)

Now the persistence probability has been calculated from the correlation function.
The fundamental idea is to map non-stationary process y(t) to a stationary O-U pro-
cess Y.Stationary correlator C(¢) for Y decays exponentially for all times and the per-
sistence probability can be shown to decay as P(T) ~ Zsin~![C(T)]. Transformation,

Y =y(t)/\/(y*(t)), which yields,

3

2Dty +a’D (113 — 2
PP (1)) = 2] Al ) (1.131)

VOR0) 02 (1) \/ (2011 + 30201} ) (201> + 302013

for t << a~!, the motion of the particle is purely diffusive and neglects the &(¢?) terms,

PP () =2 (1.132)
fort >>a~!, we get
= = _3 15} 121 5] 3/2
(Y(tl)Y(t2)>—§(a> _§<E) (1.133)

Using the time transformation e’ =¢, Eq. (1.132) and Eq. (1.133) become

C(T)=eT/? for t<<a!
(1.134)
= %eT/z — %e”/z for t >> a!

As the stationary correlator for 1 < a~! decays exponentially, the persistence probabil-

ity in the transformed variable T is P(T) ~ e¢~7/? and in real-time p(r) ~ r~'/2. In the

33



asymptotic regime, the correlation function corresponds to that of a randomly accel-

erated particle when the persistence probability is known from the works of Sinai and

Burkhardt, decays as p(t) ~ ¢~ 1/416:28,

1.14.5 Harmonically confined Brownian Particle in shear flow

Like the last system, we have applied a harmonic potential U(r) = %krz. The harmonic
confinement naturally takes place in the experiments of optical tweezers. The stationery
velocity profile equation is found by using the Langevin equation as

dx
7 = o+ () (1.135)

d
d_f = —ky+n,(t) +ax (1.136)

The time evolution of the x, y coordinates is given by,

! '
_ / dl/e—k(t—t )nx(t/)

(1.137)
0= [ arte O )
Correlation functions are,
D —k(t1—13) —k(t;+12)
(x(t1)x(tp)) = Z [e7 7)) — = Ht1)] (1.138)
and
a*D —k(t1—t) _ —k(11+1) —k(t1+12) —k(11—12)
On)y() = S5 [(e 1) _ g KFR)) k(1) 1) e KOTR) — (1) — ) K1 —02))
_ 2k2t1tzefk(”+’2)} + D [e*k(frtz) _ e*k(flthz)}
k
(1.139)
The mean-square displacement for y(¢) becomes,
2
(1)) = 0; kl; [(1—e ) 4 2kte™ M — 2212 2M] + % [1—e 2] (1.140)

If we make Taylor’s series expansion of Eq. (1.139) for t < k!, shows that the dynamics
at short time scales as 2Dt + (2/3)a’*Dt?, and in the asymptotic regime, mean-square
displacement saturates to a value D/k +a’D/k’. In the asymptotic regime, a suitable
time transformation is not found to convert the process y(z) to a Gaussian stationary
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process. Persistence can only be found in the time domain which is smaller than k.

In this domain, persistence probability decays initially as r—!/2, followed by a decay of
—1/428

1.14.6 Persistence exponents for fluctuating interfaces

In this paper® the first passage properties of the fluctuating interfaces have been stud-
ied. The large-scale behavior model of interest is described here by the linear Langevin

equation,
oh

- =
for the height field i(x,¢). Here the dynamic exponent z(usually z =2 or 4) characterizes

—(=V?)h 41 (1.141)

the relaxation mechanism, while 7n(x,7) is a Gaussian noise term, possibly with spatial
correlations. It is assumed that the system starts from a flat interface i.e. h(x,0) = 0.
As Eq.(1.141) is linear and h(x,7) is Gaussian and its temporal statistics at an arbitrary
fixed point in space is fully specified by the auto-correlation function computed from
Eq.(1.141)

A(t,1') = (h(x,0)h(x, 1)) = K[(t'+t)2ﬁ | PP (1.142)

where K is some positive constant, and 8 denotes the dynamic roughness exponent,
which depends on z and the type of noise considered.

A normalized random variable X = h/+/(h?) is introduced and a time transformation
T = Int is taken. Now this Gaussian process is stationary by construction i.e fo(T —T') =
(X(T)X(T")), the correlation function f, can be obtained from Eq(1.142) as,

fo(T) = cosh(T /2)?P — | sinh(T /2)|? (1.143)

Similarly, a normalized stationary process has been associated with the steady-state
problem. The height difference variable is defined as,

H(x,t;t0) = h(x,t +19) — h(x,10) (1.144)
the autocorrelation function has been computed in the limit 7y — o

Ag(t,t) = }L%(H(x,t;to)H(x, t':10)) 1 145)
=K|*P 412 ¢ 1P '

this is precisely the correlator of fractional Brownian motion with Hurst exponent 3 %°.

35



Next A4(t,1') is normalized /A, (t,1)As(f',1') and rewritten in terms of 7 = [nt, this gives,
fs(T) :cosh(ﬁT)—%|2sinh(T/2)\2ﬁ (1.146)

So the short time singularity
fos(T) =1-0(TF) (1.147)

this is applicable for T'— 0, which places them in the class @ = 2. For large T, they
decay with different rates, fys(7T) ~ exp(—AosT) for T — oo, where 4 =1 — 8 and
As = min[B,1 — B], can be interpreted, in analogy with phase ordering kinetics, as the
autocorrelation exponents of the two processes.

For a stationary Gaussian process with a general autocorrelator f(7), the calculation
of the decay exponent 6 of the persistence probability is very hard. Approximate results
can be derived for certain classes of autocorrelators f(7'). In such cases the density of
zero crossings is finite and an independent interval approximation (IIA) gives a very
good estimate of 6331,

For perturbation theory near = 1/2, when persistence probability or a process
whose correlation function differs perturbatively from the Markov process, i.e. whose

autocorrelation function is
f(T)=exp(—A|T|)+€d(T) (1.148)

maybe then calculated from an understanding of the eigenstates of the quantum har-

monic oscillator. In such processes, the exponents are found as>,

B =~ —e(2V/2-1)+6(e)

% (1.149)
65 = E—s‘i‘ﬁ(gz)

1.14.7 Persistence Probabilities of German DAX and Sanghai Index

Here, a detailed analysis of the persistence probability distributions in financial dynam-
ics has been studied. Compared with the auto-correlation function, the persistence
probability distributions describe dynamic correlations non-local in time. Universal and
non-universal behaviors of the German DAX and Shanghai Index are analyzed here,

and numerical simulations of some microscopic models are also done. At the fixed
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point, zp = 0; the interacting herding model produces the scaling behavior of the real
markets?°.

Nowadays physicists are paying much interest in the dynamics of financial markets.
In many body systems, interactions among agents and producers may generate long
range temporal correlations in financial dynamics, and thus results in the dynamic scal-
ing behavior.

In this work, the value of and index(DAX or Shanghai) has been taken as y(¢') at
the time ¢/, and the magnitude of the logarithm price change in a fixed time inter-
val Ar as Z(t',Ar) = |Iny(f' + Ar) — Iny(t')|. The persistence probability P (¢)(P-(r)) has
been defined persistence probability as the probability that Z(¢' +7, At) has always been
above(below) Z(¢',At) in time ¢, i.e. Z(¢' +7,At) > Z(¢',At)(Z(t' +1,Ar) < Z(¢',Ar)) for all
i <t'. Here Z(t',At) is defined as the magnitude of the variation of Iny(t').

The persistence probabilities describe the temporal correlation of Z(¢', Ar) non-local
in time, while the auto-correlation function describes the temporal correlation local in
time. Since Z(¢',At) in financial dynamics is long-range correlated in time, one expects
a non-trivial dynamic behavior. In this work, they first perform the measurements using
the minute-to-minute data of the German Dax from December 1993 to July 1997. The
total number of the records during this period of time is about 350 000. In the mea-
surements, Ar = 1 min has been taken. Plot of the persistence probabilities have been
done on a log-log scale. It is obvious that P_(r) obeys a power law up to four orders of
magnitude, while P, (r) decays to zero rather fast. Compared with the auto-correlation
function calculated with the same data, P, (f) and P, (¢) are much less fluctuating. Dif-
ferent behaviors of P, (r) and Py (¢) indicate the high-low asymmetry in the time series
of y(t'). For P_(t), it is assumed as power law, P_(t) ~ ¢~ %, 0, is the so-called persistence
exponent. Carefully looking at the curve of P_(t) of the German DAX, they observe a
quasi-periodic dropping in the first 2000 minutes. When one measures the slope in a
time interval [500,20000], the persistence exponent of P_(z) is 6, = 0.88(2), clearly dif-
ferent from a random walk. This indicates that Z(¢’, Ar) is indeed long-range correlated
in time.

They have also performed the measurements with the data of the Shanghai Index
from January 1998 to July 2003. The time interval between successive records is 5
minute. Similar to the case of the German DAX, P_(r) obeys a power law and P, ()
decays faster. A quasi-periodic dropping of P_(z) in early times is also observed, but
the period now is less than 300 minutes, because the working day in China is about or
less than five hours in those years. If one measures the slope of the curve in the time
interval [500,20000] the persistence exponent 6, = 0.97(2) is obtained.
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For further understanding the dynamic behavior of financial markets, they introduce
more general persistence probability distributions. Assuming that z, is a real positive
number, they define the generalized persistence probability P (¢,z0)(P-(t,z0)) as the
probability that Z(+' +7,Ar) has never been down(up) to Z(t',At) — zo(Z(¢',At) 4+ z0) in
time 7, for all 7 < 1. At zo =0, Py (¢,20) and P_(t,zp) coincide with the persistence proba-
bilities found in observational studies. For P_(z,z9), a generalized dynamics scaling form
can be written as, P_(t,z9) =t %F_(t* z), a— is an exponent describing the scaling
behavior of zj.

In conclusions, they have investigated the persistence probabilities Py (¢,z9) defined
with the magnitude of the logarithm price change of the financial index, using the data
of the German DAX and Shanghai Index. A power-law behavior is observed for P_(z,z9 =
0) up to some months for both indices. The minute-to-minute data and daily data of the
German DAX consistently yield a same persistence exponent while the minutely data
and daily data of the Shanghai Index do not give a same persistence exponent. These
results indicate that both the German DAX and Shanghai Index are indeed long-range
correlated in time, but they very probably belong to different universality classes.
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Slepian’s theory

Let X(¢) be a real continuous parameter Gaussian process, stationary and continuous in
the mean. It is assumed through out that (X (7)) =0 and r(7) = (X(¢)X(t + 7)). Assume
that it is being dealth with a separable measurable version of the process. The main
concern is the probability P[T,r(7)] that X(T') be non-negative for 0 <7 < T. This quan-
tity is of interest as a means of describing the duration of the excursions taken by the
process from its mean. From P[T,r(7)] the distribution function F[A,r(7)] of the interval
between successive zeros of the process can be determined by differentiation.

From its definition, it is clear that P[T,r(7)] is a non increasing function of 7. It
assumes the value % for T =0. It obeys the scaling laws,

P[T,Ar(t)] = P[T,r(7)]
P[T,r(AT)] = P[AT,r(7)] (A.1)
A>0

It is to be noted, however, that P[T,r(7)] for 0 < T < T depends only on the "piece" of
the covariance function r(7), 0 < 7 < Tj.

The first scaling law of Eq.(A.1) suggests normalizing the covariances to be consid-
ered so that r(0) = 1. The second scaling law of Eq.(A.1) suggests that a normalization
of the time scale is in order.

According to Slepian, when the scaling laws of Eq.(A.1) are taken into account, there
are ’only three distinct covariances for which P[T,r(7)] is known explicitly. These are,

(1)

ri(t) =e 17,0 <7 < oo,

2
P[T,r(1)] = Esin_le_T,O <T < oo

(2)

PIT,rn(B,t)] = %—%—z—sm ! [Bsin (%)], 0< % <2m
:%H—m,2n§%<w
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(3)

n(t)=1-lz, |7[<1

=0, IT| > 1

PIT,r3(1)] = %+%[sm—l(1 T \/T(2—T)}, 0<T<1

The process with covariance r|(7) is Markovian, and it is this special property that
permits determination of P[T,r(7)].

Case(2) corresponds to the stochastic process

t

B

with A, B and ¢ independent random variables, the two former being normal with

X(t) =A+ Bcos [ +¢]

mean zero and variances 1 — 2 and B2 respectively, and the latter being distributed
uniformly in (0,27). The determination of P in this case is an exercise in integration and
elementary probability theory that will be omitted here. For the obvious generalization
of this case, namely,

X(1) :A—I—ZT:B,-COS [[% + ¢,}

P[T,r(7)], can be expressed in principle as a (2N + 1)-fold integral. Except in the case
N =1 presented, the integrals appear untractable.
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2

Persistence in Brownian motion
of a Free ellipsoidal particle in
two dimension

We will investigate the persistence probability p(z) of the position of a Brownian particle with
shape asymmetry in two dimensions. The persistence probability is defined as the probability
that a stochastic variable has not changed its sign in the given time interval. We explicitly
consider two cases- diffusion of a free particle and that of a harmonically trapped particle.
The latter is particularly relevant in experiments that use trapping and tracking techniques to
measure the displacements. We provide analytical expressions of p(z) that are further validated
against numerical simulation and the underlying overdamped dynamics. We also illustrate that
p(t) can be a measure to determine the shape asymmetry of a colloid and the translational
and rotational diffusivities can be estimated from the measured persistence probability. The
advantage of this method is that it does not require the tracking of the orientations of the
particle.
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Introduction

Particles that exhibit a shape asymmetry are abundant in nature with sizes ranging

from few nanometers to few micrometers. Over the last decade, accelerated by the ad-
vancement in particle chemistry, a plethora of such particles with enhanced transport
properties have been developed in an attempt to mimic nature. These synthetically engi-
neered colloids with multi-functional properties often find wide ranging applications in
photonics, nano and biotechnology, drug delivery and other bio-medical uses. Unlike an
isotropic particle, the shape asymmetry leads to different transport properties along the
symmetry axes of the particle and any real-life application would require the knowledge
of these transport properties. Perhaps, the most crucial of these transport properties are
the translational and rotational diffusivities that characterize their stochastic dynamics.
For example, the diffusive dynamics of such particles are completely characterized by
the mobility matrix.

1=34of such an extended

In this chapter, we determine the persistence probability
object. We choose the simplest asymmetric particle — an ellipsoid and look at its two
dimensional Brownian motion. The quasi-two-dimensional confinement is assumed to
be strong, so that the equations of motion in two-dimensions can be applied. Since the
dynamics of the translational and the orientational degrees of freedom are stochastic
due to the thermal fluctuations from the bath, the position and the orientation are both
random variables in time. We use the stochastic nature of the position to calculate the
persistence probability p(r) of the particle. The method has the potential application
of extracting the diffusion coefficients along the two symmetry axes of the particle as
well the rotational diffusion constant. The method, however, is restrictive due to the
non-gaussian nature of the position in the lab frame and is applicable for asymmetric

particles with weak anisotropy.

The theory of Brownian motion of a free spherical particle is well studied, but here
the study of ellipsoidal particle has been conducted. For ellipsoidal or cylindrical parti-
cles, a first-order approximation to a wide variety of asymmetrical molecules, has also
been studied. The analysis of Brownian motion of asymmetrical particles is more com-
plicated as compared to that of a spherical particle, as the coupling of rotational and
translational motion takes place in this case. In precise, the dependence of the in-
stantaneous translational diffusion coefficient on the current orientation of the particle
leads to anisotropic motion for the short time. This will produce substantial changes
and complications in solving the Langevin and the Fokker-Planck descriptions of the
problem.
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These complications are usually overcome by assuming that anisotropic diffusion
lasts only for very short times and the isotropic diffusion is recovered for all reasonable
times, where we can use simply the mathematical formalism valid for a spherical Brow-
nian particle. The transition in dynamical behavior with time is because of the fact that
rotational diffusion ultimately washes out the initial anisotropic translational motion
of the particle. The translational diffusion coefficient in long-time equals the average
of the translational diffusion coefficients along the two semi-axes of the ellipsoidal or
cylindrical particle.

All the results here are mentioned for free asymmetrical particles. In this chapter,
we seek to understand how the intrinsic asymmetry of molecules or aggregates affects
the persistence probability of a Brownian particle. This study gives us an yet another
alternative to determine the diffusion coefficients of such extended object.

This chapter is organized as follows. In Section 2.2 we have presented the Langevin
model of the system with detailed Equations in both the body frame and lab frame. The
detailed calculation of diffusion coefficients in various situations has been calculated
and shown in Section 2.3. The important property persistence has been calculated for
the free particle and the simulation results with plots have been placed in the Sec-
tion 2.4. Finally, a brief conclusion is presented in Section 2.5.

The Langevin Equations For an Ellipsoidal Particle

We consider an ellipsoidal particle in two dimension with mobilities I'j and I} along
the x and y direction respectively and a single rotational mobility I'y. The particle is
immersed in a bath at a temperature 7, so that the translational diffusion coefficients
along the two directions are given by Dy = kgTT'|, Dy = kgTT"; and the rotational dif-
fusion constant Dy = kgTT'y. In a frame fixed to the particle, the translational and
rotational motion of the particle is completely decoupled. However, in the lab-frame,
the shape asymmetry of the particle leads to a coupling between the translational and
rotational motions of the particle. In the body frame the equations of motion of the
particle take the form

Fx_lg = Fcos 0(t) + F,sin0(t) + T« (2)

FyI% = Fycos 0(t) + Fsin0(t) + 1y(1) (2.1)
100 _
0 o T+ Mg
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where F, and F, are the forces acting on the particle along the x and y directions and 7
is the torque acting on the particle. The correlations of the thermal fluctuations in the
body frame are given by,

(
(

) =0
i(ON; (") =2D;8;6(r —1')

=

(2.2)

]

where i, j = x,y,0. In the lab frame, the displacements are related to the body frame as,

Ox =cos00x —sin60y
(2.3)
0y =cos 0y +sin 6%

Using the transformation relation of Eq. 2.3 we can convert equations of motion in Eq.

Y A

dy(t)

o
dx(1) X

Figure 2.1 Representation of an ellipsoid in the x — y lab frame and the ¥ — y body frame The
angle between two frames is 6. The displacement R can be decomposed as (8%, 87) or (dx, dy).

2.1 as

ag(;) _ FXW+A_2FCOS29} +FyA—2rsin29+nx(r)
8_2(;) — Fx% sin26 + F, [I" — %AFCOSZO(M +1y(t) (2.4
20(t

35 =TgT+ne(t)

with the quantities I = (I +I";)/2 and AT =I'; — T, are the average and difference
mobilities of the body, respectively.
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Using Eq. (2.1), the corresponding Langevin equation in the lab frame is given by,

axi 8U

Fri ija—xj—f—rli (2.5)

where U(r) is the external potential and I is the mobility tensor given by,

ol

(2.6)

T+4cos20  4sin26
& sin20 T —4cos26

In the component form, the mobility tensor is given by I';; = T'§;; + 4-A%;;[6(t)], where
the form of AZ is given by

(2.7)

= cos20 sin20
AX =
sin20 —cos20

Using the correlation of the thermal fluctuations from Eq. (2.2), the moments of the
stochastic forces are given by,

(M) =0 (2.8)
(M, () = 2T [8(1)]3(c 1) 2.9
(Mo (t)ne(¢"))10 = 2Dy (t —1') (2.10)

The statistical averages have superscripts to indicate over which noise is the average
taken and subscripts denote that quantities which are kept fixed.It is to be noted that the
movement in the x and y directions are not independent of each other but they are cou-
pled through the angular position of the particle. Thus particle’s translational diffusion
couples to its rotational diffusion and the strength of this coupling behaviour increases
proportionally with particle shape asymmetry, but this is zero for spherical particle. In-
spection of Eq. (2.4) reveals that this phenomenon cannot affect the long-time average
velocity of the particle but could affect the long-time mean square displacements.

Diffusion Coefficients of Ellipsoidal Particle in a Constant
Field Force

In this section,we are aiming to calculate the temporal variation of the diffusion coeffi-
cients of an ellipsoidal particle under constant force field which is constrained to move
in a plane. We shall calculate the three translational diffusion coefficients, namely, the
one along x direction(D;;), the one in the y direction(D,;), and the cross-diffusion co-
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efficient (D1, = D,;). The general formula for diffusion coefficient is,

(i) A (1) gy ™™ = (Axi()) gy (A 1)) g,
2t

Dij(t) = (2.11)

Here (x1,x2) = (x,y).

Let us now calculate Dj; in details. Let us integrate Eq. (2.4) with respect to time,
we get

T AF ! !/ !/ AF ! : !/ !/ ! / /
Ax| (1) :Fxl“t-l-?Fx/ cos20(t')dt +7Fy/ sin20(t")dt -I-/ N (t)dt (2.12)
0 0 0

Now we will calculate the average displacement in the x direction. The ensemble aver-
age of the sinusoidal functions can be calculated by considering the angular displace-
ment AB(z) = 0(t) — 6y is a Gaussian random variable, in which case the listed identity
is valid:

<ei[mA9(t’):|:nA9(t”)]>T]9 — ¢ Do [m2t'+n2t" £2mn min(t' ")) (2.13)

6y :

This implies <cosn0(t)>g(‘)’ = cosnbpe "o’ and <sinn9(t)>g§ = sinnBpe""Po'. And the
average of the translational noise 7, is zero. Now we can find average displacement
along x direction from Eq. (2.12), which is

_ AT ! 1 !
(A (1)) = FTr+ R, / (cos26(+"))dr' + 5 ATF, / (sin20 (")) dr’
0 0
= AT’ ! —4Dot' 3.1 1 L —4Dgt’ ;.1
:Fth-l—?Fx/ cos26pe” 70" dt +§AFFy/ sin26ge” %" dt
0 0
1

- A 1 _ 1 . _
= Fxrt + TFXCOS29()E (1 —e 4D9t) + EAFFy sm290m (1 —e 4D9t)

(2.14)

_ A’ 1
=FItr+ TFX cos20p14(1) + EAFFy sin26y74(t)

Where we have considered 1, = n;ﬁe(l — e~ 4Dat)

To compute mean-squared displacement we take square of Eq. (2.12) and average
it, thus we get

~ 1 t ot
(A (1)) =F2T%2 + S ATF? / / (c0s20(1") cos 20/(i"))dr'di"
0 JO

1 t t t t
+ZAF2Fy2 /0 /0 (sin20(t')sin20 (¢"))dr' dr" + /0 /0 (M Ne(e"))dr' dr”

o s 1 - (2.15)
+ S F2CATY / (c0s20(1))dr' + S FFATTr / (sin26(t'))dr’
0 0

1 t t
+ZAF2FxFy / / (cos26(t')sin26(¢"))dt' dt”
0 J0
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We have removed two integrals comprising products of sinusoidal functions of the par-
ticle’s angle 6(¢) and of translational noise 7,, as these two terms are zero. Now, we

will calculate the integrals separately. Let us first calculate the second integral.

Let us use A6(r) = 0(t) — 6y in the second integral, which becomes

t t
/ / (c0s20(t') cos20(¢"))dt' dt”
0 Jo

= %/Ot /Ot [(cos(490+2A9(t’) +2A0(t"))) + (cos(2A8(¢') — 2A9(r”)))}dﬂd;”

0 (2.16)
— l/ / |:COS4906—4D9[t'+t”+2min(t’,t”)] _|_e—4D9[t'—l—t”—Zmin(t’J")]]dt/dt//
2Jo Jo
=cos46pl,+ 1,
We have calculated integrals I, and I, of Eq. (2.16) separately.
/ drt’ / dt" e Dol (31" +1'] / dt”/ dt' e Dol [3¢'+1"]
"2 2
3 +e—16D9t _ 4e—4D91 (217)
192D%
/ dt’ / dt'e —4Dg(t'—t" / dt”/ dt'e —4Dg (t" 1)
T2 2
4Dgt + e~ ot — | (2.18)
16D?
Similarly we have calculated
t t
/O /O (sin20(") sin20 (")) di'di" = I, — cos 401, (2.19)
t t
/0 /0 (sin20(t") cos20(t"))dt'dt" = sin46yl, (2.20)
The integral [;dt’ [;dt"(n.(t')n.(t")) can be calculated as
! / ! " / i ! / ! " / / i
/0 dt /0 dt" (N (1) me(t")) = 2kBT/0 dt /0 dt"(Ty[0(t")])n, 6 (t' —17)
! - Al
_ szT/ ar' [T+ (c0526(¢) |
0
) 1 — ¢—4Dot (2.21)
=2kpTT't + kpT Al'cos20) ————
4Dg
_ 1 _ 6—4D9t
= 2Dt + ADcos 26
Dg

We have considered diffusion coefficients of the particle in directions parallel and per-
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pendicular to its longest axis are D = kgTT| and D, = kgTT |, respectively. Here,
D= kBTf and AD = kBTAF.

Using all values of Egs. (2.16) (2.17), (2.18), (2.19), (2.20), (2.21) we can calculate
the value of mean-square displacement along x direction of Eq. (2.15).

_’_6716D91 _ 4674D91

(Axi(t)) = 2Dt + % cos26p(1 — e *Pe") + 21242 + %AFQFXZ (cos 469 5357 +
4Dyt ﬁ e“;D"t —1 ) L % <4Det + e—‘;Def 1 osag e 16Dt —24e—4Def>
6Dy 4 16D3 19202
+ %FXZTAFI cos290ﬁ(1 —e Doy 4 %FxFyAFf‘t sinZQOﬁ(l — e~ *Det)
+ %AFZFxFy sindy> " e_liI;ZD_;e_mel

(2.22)

Now to calculate D, we have calculated the value of (Ax;(r))(Ax;(z)), we use Eq. (2.14)
and it becomes

_ 1 1 _
(Ax1 (1)) (Ax; (1)) = FAT%2 + ZAFZFXZ cos? 26, 1607 (1 — e 4Pot)2

1 _
(1—e *Pe2 1 F2ATtT cos26p(1 — e *Pe")
4Dy

I rep2. 2 1

+ ZAF Fy sin” 26 16D§
1 _ _ 1 : 1 _

+ 3p, Al Tt sin 200(1 —e *Pe") + ZAF2FxFy cos 26y sin 290@(1 — e HPor)2
(2.23)

from these two Eq. (2.22) and Eq. (2.23) we find D;; from Eq. (2.11)

_ AI? 1 A2 cos46,
Dy =D+——(F*+F})+— [—(F2 — F? 4 2F,F,tan46y)
32Dy " V' 2l 768D Y
apgi. AT?(F2 4+ F2) AD c0s 26,
31 o 16Dg1—de 400 X Ty p4Det _ ) 225 EY0 —4Dety  (2.94
x(3+e )+ 6407 (e )+ 4Dy (I—e ) (2.24)
A2
— (1= e ) (Freos260 + Fy sin290)2]
0

Similarly we can calculate the average displacement along y direction from Eq. (2.4)
-1 ! A ! !
Ay (t) = KTt — EFyAF/ cosZG(t’)dt’—l—TFx/ sin29(t’)+/ ny(¢")dt’
0 0 0

By a similar calculation, one obtains the translational diffusion coefficient in the y-
direction(D,,) and the cross-diffusion coefficient(D;). The expression for D, can be
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obtained from that for Dy by interchanging F, and F;, and replacing cos26y by —cos26j.

The cross-diffusion term is given by3>,

128 48 64 384

: 2
Dy — ADsin 26, n l [FxFyAF 2cos490 ( 1 ie*“Del n 1 8Dpt Lelwet)
8Dyt 2t Dy

N (FZ— F})AIsin46y < 11

I i
_ —4Def - _8D9t o —16Del>:|
D3 256 96° @ 128° 768°

For the case of zero forces the above expression reduces to the simple forms,

Dy (t) =D+ 0526 (1 — e4Pe")

8Dgt

_AD
Do (t)=D— <D cos 26y (1 — e *Po") (2.25)

ol

D]z(l‘) = sin200(1 —674D9[)

AD
8Dgt

Calculation of Persistence of a free ellipsoidal Particle

We first look at the case of a free ellipsoidal particle. Setting the external potential to

zero, the formal solution to the equation of motion takes the form

xi(t) = /0 "ni(t') 4 x:(0) (2.26)

The mean-square displacement of the particle, averaged over the orientational noise
can be explicitly calculated from the above equation as,

(@), = [[a [ "t mic")
— kT /O "t /O A (T8 )]y S — 1) 2.27)
— 2T /0 A (T l0( )
Using the explicit form of 'y, the mean-square displacement along the x-direction reads

! — A
(Ax%)ne = 2kBT/O dt’ {FJF 7<Cos29(t’)>ne (2.28)

The ensemble average of cos 6(¢) over the thermal fluctuations in the orientational de-
grees of freedom can be done explicitely by noting the fact that A6 = 6(r) — 6 is a
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Gaussian random variable and consequently the following identity holds:
<e:|:BmA6(t’)> _ e*szel/ (2.29)

Using Eq.(2.29) in Eq. (2.28), we finally arrive at

_ AT 1 — *Po!
AP, = 2kpT [rr+ — 0526 (—)1 (2.30)
< >Tle 2 4D9
and 4Dgt
_ Al 1 —e*Po
A, = 2kgT {n — ——sin26, <—)} (2.31)
(A7) ng = 2k 2 4Dy

The above results are well known>>3® and have also been experimentally verified>°.
However, our interest lies in the persistence probability of this system. The route to
determine the persistence probability using the results of Slepian is applicable for a
Gaussian stochastic process®’. In contrast, the body-frame coordinates are non- Gaus-
sian in nature. The non-Gaussian parameter is defined as

(Ax(t)*)

O(t,60) = W -1 (2.32)

t
Ax;(t)Ax;(t = 2Dt +ADM,; (6 / dt/ef4D9t’
(Axi(1)Ax;(1)) gy i(60) | .
= 2DI+ADMU(90)T4(I)

and
(st = [ i)z s
= 1200572 | 'dn / (T (6(01)Tan(6(1))) 1

= 12(kgT)? /0 tdtl /0 t dt (f2+ %AFF(COSZG(Q) +c0s20(ty)) + %(Ar)2<cos29(t1)cosze(t2)>>

- 12[[)2t2 + ADDt cos260t(1) + (AIS))Z (‘L’e(t—m(t)) +cosd8y TG(T4(I)3— ’516(l‘)>>}
(2.34)

We have used,

(c0s26;cos 6,) = %[(cosZ(@l —6,)) + (cos2(0; + 6>))] (2.35)
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and

(cos2[0(t)) — O(ty)]) = e *Poln 0

. (2.36)
<COSZ[9(I1) + 9([2)]> = COS460€74D6 [11+12+2mm(t1 7lz)]

Using Eq.(2.33) and Eq.(2.34) non-Gaussian parameter takes the form,

D

1 (AD>2 [3(1’92‘ — ‘L'gT4(l‘) — T4(l‘)2) + (T9T4<t> — ‘L'Q‘L'16(l) — 31'4(2‘)2) COS49()]

t,6)) = —
o) 24 t+ (42)tu(t) cos 26y ’
(2.37)
where Tg = 1/2Dg and 1,(t) = [idi'e *Pe" = (1 — e "Po") /uDy. An average over the
initial orientation leads to the result,

(2.38)

B(1) = 1 (ADD>21:9(t—T4(t))

8 12
Clearly, for a weak asymmetry, the non-Gaussian parameter is vanishingly small. ¢(z, 6)
exhibits a maximum at ¢ = 7g and vanishes for t < 1 as well as ¢ > 1. Hence, for large

and small times, the body-frame coordinates remain a Gaussian stochastic process.

To calculate the persistence of a free ellipsoidal Brownian particle, we start with Eq.
(2.26) and choose x;(0) = 0. The calculation of the two time correlation function

151 15
(x(t1)x(t2) ) my = /0 i’ [t (et (2.39)
Taking #; > 1, the integral evaluates to the following expression for the two time corre-
lation,
. AT 1 — e 4Pon2
<X(l'1 )X(t2)>rl9 = ZkBTFIZ [1 + E CoSs 6() (Tm)} (240)

In order to transform the non-stationary correlation into a stationary correlation we
first make the transformation X (1) = x(¢) /+/(x*(t))n,, and the correlation (X(r1)X(2))n,

reads as
AT 1—e*Pon2
o 2Dt {1 T or 08 % ( 4Dyt )}
<X(l‘1)X(t2)>n9 = (2.41)

-~ \| 2Dt _ 4D
! {1 + %cos 6o (_1 4€Dgtletl ﬂ

We now define the transformation in time as

1 _ e*4D9[

. AD
T
¢ LT AT

)] (2.42)
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and Eq. (2.41) takes the simple form of
X (T1)X2(T2))ny = ¢~ T1772)/2 (2.43)

Following Slepian®’, if the correlation function of a stochastic variable X(7) decays
exponentially for all times Cxx(T) = e*7, then the persistence probability is given by

P(T) ~sin ' e T (2.44)

Asymptotically, P(T) takes the form P(T) ~ e *T. Consequently, looking at Eq. (2.38)
and transforming back in real time ¢, the persistence probability reads as

1 1
V2Dt 4
AD 1—e *Po!
1+5COSG()( 4€D(9[ )

In the absence of any asymmetry, the expression for p(t) correctly reproduces the per-

p(t) (2.45)

sistence probability of that of a random walker>®. Rearranging Eq. (2.45), the quantity
t'/2p(t) can be recast as

1 AD 1—e47\171/2
1/2 ~ ==
t/7p(t) N [1 + >3 008 90( P )] (2.46)

In the limit of AD — 0, the persistence probability reduces to that of a random walker
p(e) ~ 1712

To test Eq.(2.45), we performed numerical integration of the equations of the equa-
tions of motion using an Euler scheme for discritization. The initial condition was
chosen from a Gaussian distribution with a very small width, so that the sign of r(0)
is clearly defined. The trajectories was evolved in time with an integration time-step
of 6t = 0.001. At every instant the survival of the particle was checked by looking at
the sign of r(¢). Fraction of trajectories for which the position did not change its sign
up to time ¢ gave the survival probability p(z). A total of 10° trajectories were used in
estimating the survival probability. A comparison of the measured p(¢) with that of the
predictions of Eq.(2.45) is shown Fig.(2.2) and Fig.(4.3). The comparison in Fig.(2.2)
clearly shows that the survival probability can pick up the asymmetry in particle shape
even when the difference in the diffusivities is as small as 5%.

The process to extract the diffusion coefficients is as follows:

The first step would be to determine the overall constant is given by .&7 = (2/7)v/2I'5t.
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Figure 2.2 Plot of r!/2p(z) for different choices of translational diffusivities of the anisotropic
particle: Dy =1, D, = 0.5 (blue circles); D =1, D, = 0.8 (orange squares); D=1, D, =0.9
(green diamonds);and D = 1, D, = 0.95 (red triangles).The rotational diffusion constant and
the initial angle 6y, respectively. The solid lines are fit to the data using Eq.(2.46).The fit yields
the overall constant «7. The estimated of values of <« from the fit are 0.025132 + 0.000014
for Dy =1, D, =0.5, 0.025144 +0.000011 for Dy =1, D, =0.8, 0.025166 £ 0.000012 for D =1,
D, =0.9 and 0.025148 +0.000019 for Dy=1,D, =0.95

In Fig.5, we show a plot of &/ as a function of the scaled variable 804 - Since the
value of I is a priori not known. ./ can be fixed by fitting the data with the form
of p(¢) given in the Eq.(2.45). This fit yields the value of <. In Fig.(2.2), we have
shown this fitting for different choices of diffusivities with <7 as the fit parameter. The
value of & is solely determined by the integration time step used to estimate p(¢), and
the estimated values from the fit are given in the caption of Fig.(2.2). An alternative
way to determine ./ is to measure the persistence probability of an isotropic particle
in which case p(t) ~ o/ /v/2Dt. Once this number is known, we look at the quantity
t'2p(t)/ </ In the limit of r — 0, t'/2p(t) /.«/ — (2D+ AD)~'/2, and in the limit of r — oo,

1'2p(t) ) o/ — (2D)~V/2.

Once we know the two diffusivities and therefore D, the rotational diffusion constant
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Figure 2.3 Plot of '/?p(r) for different choices of the rotational diffusion constant of the
anisotropic particle: Dg = 0.01 (blue circles), Dy = 0.1 (orange squares), and Dy = 1 (green
diamonds). The translational diffusion constants in all three cases were Dy =1 and D, = 0.5,
and the initial orientation was fixed at 6, =0

0.018

_ 2
can be determined from the quantity (sz% /V 2Dt p(t)) , which goes as
o ’ AD\ [ 1—e Do
)= — | =14+ = || — (2.47)
A1) V2Dtp(t) ( D ) 8Dt

A fit to p(z) with Dy as a fit parameter would yield the value of the rotational dif-
fusion coefficient. This is illustrated in the Fig.(2.5). In fact, fitting the data for p with
AD/D and Dy as fit parameters yields very good estimates for AD/D and Dy. A com-
parison of these values obtained from the fit with the actual values is shown on the
Table 2.1

It should be pointed out that the values of AD/D and Dy obtained from the fit are
sensitive to the value <7, and a careful estimation of . is of paramount importance.

Before we conclude, we would like to remark on the expression for the persistence
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Figure 2.4 Plot of 11/2p(t) /<7 for different choices of translational diffusivities of the anisotropic
particle: Dy =1, D, = 0.5 (blue circles); Dy, D, = 0.9 (green diamonds); D = 1,D; = 0.95
(red triangles). The rotational diffusion constant and the initial orientation were fixed at Dy =1
and 6 = 0, respectively. The black solid line indicates the value of 1/v2D+AD =1/,/D| =
1/1/2, whereas the dashed lines indicates the values of 1/v2D. For the choice translational
diffusivities, the indicated values from top are 1/\@ ~ 0.8165, 0.7454, 0.7255, and 0.7161.

AD/D Dy Estimated AD/D  Estimated Dg

0.01 0.6698+0.0018 0.0117+£0.0002
2/3  0.10 0.67994+0.002 0.1146 +0.0009
1.00  0.681+£0.0295 1.076 £0.06

Table 2.1 A comparison of the actual values of AD/D and Dy used in the simulations to those
obtained from the fit of the data for <7 /2Dt p?(t)

probability when the rotational motion is decoupled from the translational motion of
the colloid. The trivial scenario when this happens is when the particle is isotropic and
the difference in mobilities vanish. Consequently, p(r) ~ t~/2 and j(t) — 1. The other
scenario when this happens is when the rotational diffusion coefficient is large and
the particle rotates very fast. As a result, the term e~*?¢’ decays faster and j(t) ~ !
asymptotically.
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Figure 2.5 Plot of the dimensionless quantity 5(¢)[see Eq. (2.47)] as a function of time for
different choices of the rotational diffusion constant of the anisotropic particle: Dy = 0.01 (blue
circles), Dy = 0.1 (orange squares), and Dg = 1 (green diamonds). The translation diffusion
constants in all cases were D =1 and D, = 0.5. The initial orientation in all the cases were
fixed at 6) = 0. The solid lines are fit to the data using (Eq. (2.47)) using AD/D and Dg as
fit parameters. The estimated values of these parameters from the fit are compared with the
actual values used in the simulation in Table

Conclusion

In this chapter, we have explored the effects of shape asymmetry on the dynamics of

particle movement. In particular, we have studied the diffusion coefficient and persis-
tence of a free ellipsoidal particle. It is well known that for short times the behavior is
anisotropic but becomes isotropic for a longer time. It is usually assumed that for practi-
cal purposes the short-time behavior can be neglected. The movement of an asymmetric
particle can be described by the Langevin Equations for a point particle with an isotropic
translational diffusion coefficient given by the average of the diffusion coefficients along
the major axis of the ellipsoidal particle. The two main results studied here are,

* The translational diffusion coefficients of an asymmetrical free particle. The de-
termination of the rotational and the translational diffusion coefficients has been
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Figure 2.6 Plot of the dimensionless quantity p(r) — 1[see Eq. (2.47)] as a function of time for
different choices of the rotational diffusion constant of the anisotropic particle: Dy = 0.01 (blue
circles), Dg = 0.1 (orange squares), and Dg = 1 (green diamonds). The translation diffusion
constants in all cases were D =1 and D, = 0.5. The initial orientation in all the cases were
fixed at ) = 0. The solid lines are fit to the data using (Eq. (2.47)) using AD/D and Dy as fit
parameters. The dashed line is a plot of #~! indicating the asymptotic decay given in Eq. (2.47)

explicitly carried out for an anisotropic particle that undergoes free Brownian mo-

tion.

* Persistence probability of the free ellipsoidal particle. The persistence probability
is computed from the two-time correlation function using a suitable transforma-
tion in space and time. Additionally, the analytical expression for p(¢) has been
confirmed by the numerical simulation of the underlying stochastic dynamics.

The phenomena studied here, suggest that there exists a strong relationship between
molecular asymmetry and the kinetics of diffusion-limited reactions on the surfaces,

membranes or in crowded environments which are found inside cells.

63



0.100F . Crllf=104 I I :
0.070} cnf=10° Wl |
. enf=10° 7

% 0.050f N cnf:l()6 & 1

0.030

0.030 0.050 0.070 0.100
(8 T 6t/n°)!?

Figure 2.7 Scaled plot of the overall constant <7 for different independent configurations, as
indicated in the legend for diffusivities Dy = 1.0, D, = 0.5 and D =4, D, = 2. In both cases,
the rotational diffusivity was fixed at Dg = 1. The solid line is a plot of y = x.
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3

Persistence in Brownian motion
of a Harmonically Trapped
Ellipsoidal Particle

In this chapter, we are going to study the persistence of the ellipsoidal Brownian particle in
a harmonic potential. This chapter tells the theory used for experimental purposes that use
trapping and tracking techniques to measure the displacements. In experiments, the tracking
of colloidal particles is usually done with laser traps and consequently, it is pertinent to discuss
the scenario where an ellipsoidal particle is trapped in a harmonic trap is isotropic and there is
no preferential direction of alignment. Further, if we suppose strong confinement, then at late
times the deviations from the mean position of the particle are practically zero. Accordingly,
the particle rotates freely so that the angular displacements obey Gaussian statistics. We have
provided the analytical expression of p(r) for the ellipsoidal particle in a harmonic potential and
study the shape asymmetry and later on, we show that in the absence of shape asymmetry, the
result reduces to the case of an isotropic particle. The analytical expression of p(¢) is validated

with the numerical simulation.
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Introduction

We now present the results of a study of a Brownian particle in a harmonic potential.

This model is used to define a Brownian particle in the equilibrium position of a poten-
tial and a small displacement is considered to be harmonic. The particle we are using

are of the dimension of a few micrometers and they are in a thermal bath.

In the experiments, the tracking of colloidal particles is usually conducted with the
help of laser trapping, therefore it is a very much useful physical phenomenon to discuss
the scenario where an ellipsoidal particle is trapped in a harmonic trap. In this chapter,
we assume that the harmonic trap is isotropic in nature which means that there will
be no preferential direction of alignment. We also are assuming that the rotational
dynamics is decoupled from the translational degrees of freedom. This is most certainly
true for a weak confinement of the particle or a small asymmetry. If the confinement is
taken very strong, then at later times, the orientational degrees of freedom undergo a
rotational Brownian motion with a renormalized diffusion coefficient!. We confirmed
these from a separate molecular dynamic simulation of anisotropic bodies that preserve
the hydrodynamics in the fluid.

The main aim of this chapter is to study the persistence®>°

of an ellipsoidal Brow-
nian particle in a harmonic trap. The effect of the harmonic confinement has been
studied using the perturbative expansion method and we have studied the effect of the
shape asymmetry as well. We have studied the effect of the large rotational diffusion

constant of the asymmetric particle on the mean-squared displacement.

This chapter is organized as follows, the first section 3.2 tells about the basic math-
ematical model of the particle using the Langevin dynamic equation, in the second
section 3.2.1, we have studied the perturbation effect in the general solution, and using
that perturbative expansion we have calculated the correlation of different variables of
different orders. In the third section 3.3, we have studied the Mean-squared displace-
ment for large rotational diffusion constant. In the fourth section 3.4, we have studied
the persistence of the ellipsoidal particle in a harmonic trap and at last, we concluded
with section 3.5

3.2 Harmonically Trapped Ellipsoidal Particle

We consider an ellipsoidal particle in two-dimensions having mobilities I'j and I} along
the longer and the shorter axes of the particle. We denoted the body frame x and y direc-
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tions as the longer and the shorter axes respectively. The particle has a single rotation
mobility I'y. The particle is immersed in a heat bath of a temperature 7. So the trans-
lational diffusion coefficients are given by Dy = kTl |, D. = kgTT'| and Dg = kpTTy.
The potential confinement has the form U(x,y) = k(x> +y?)/2 and the corresponding
Langevin equation from Eq.(2.4) takes the form,

dx — 1 1 :

5 = k¥ (F+ EAFCOS 9(t)> - EKyAFsmG(t) + Nx(2)

% = —kxAl'sin 0 (1) — Ky (l_“— %AFCOS 9(t)> +1y(t) (3.1)
2 _

ot =Te

Here ' = (I'j+T';)/2 and AT =T' —T'; and the correlation of the thermal noise follows
Eq.(2.2) and Eq.(2.9). In the lab frame, the displacements are related to the body frame
as Eq.(2.3).

3.2.1 Perturbative Expansion

Defining the vector R = (x,y)7, the equation takes the simple form
. - Al'=
R= Kll‘l+7%(t)}R(t) +n(r) (3.2)

Where

= c0os20 sin20
[ ] 33

AKX =
sin20 —cos20

Eq.(3.1) reduces to that of isotropic particle in absence of any asymmetry and the cor-
rection term due to asymmetry comes from the combination of xkAI'/2. Eq.(3.1) is
basically non-Markovian in nature. Since our interest is to calculate persistence, the
non-Markovian nature of the process plays a significant role in determining p(7). We
used here weak confinement, which gives x values small.

To solve the above equation, we use the perturbative expansion

R(1) =Ro(1) - (%)Rlu) + (%F)zzeza) + ﬁ(%) 3 (3.4)

Substituting Eq.(3.4) in Eq.(3.2) and keeping up to the linear order in kAI'/2 we obtain
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the equations for R(z) and R (z) as

Ry = —K'TR()(I‘) + n(t)
Ry = —kTR(t) +Z(t)Ro(1) (3.5)
Ry = —xTR:(1) +Z(1)R (1)

The solutions for the Eq.(3.5) together with the initial condition R(0) = 0 take the form

/dt/ fK'Ftt ()

/ dt' e T Z(1)Ro (1) (3.6)
/ dt' e T Z(1)R, (1)

In explicit form, the equal time correlation matrix R;(¢)R;(¢) is then given by

(Ri(1)R;(t))n,6 = (Ro.i(t)Ro,;(t))n.6 — (%) (Ro.i(H)R1 (1)) 6
2
+ (K;;r) {<R1’i(t>R17j(t)>n,0 +2(Ro,i(t)R2,;(t))n .6 (3.7)
KAT\
+ﬁQ7J

where we have used the fact that (Ry;R; j) = (Ro jR; ;). Further, note that the thermal
noise correlation given in Eq.(2.8) and Eq.(2.9) gives an additional factor of kAI'/2 in
the correlation terms (Rq i(t)Rg ;(t)), where a, B denotes the order of the perturbation
series.

We next proceed to calculate this equal time correlation matrix using the solutions
in Eq.(3.6). The correlation matrix of Ry(¢) averaged over the translational and the
rotational noise is then given by,

Ro(ORo(1)g0 = [ [ ar"e T T @)y (38)

where in correlation of the thermal noise is understood as an outer product of the
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variable 7, and 7,. Using Eq.(2.8) and Eq.(2.9), the calculation is straight forward.

(Ro(t)Ro(1)) .0 = / dr’ / di" e~ K1) g=KT1") {FH%F@A]&@—/)

= ) | — AF —
= 2kpTe 2K / dt’ <1t [F1+7<9?(t’))n79}

kgT A= /
— i 1(1_ —ZKFZ) +2k Te—zK‘rl/ dt/ 2Tt 2 e%(eo)e—él-Dgl (3.9)

T - _ _ 7 o(2KT—4Dg)t _
— B (1 —Mf) +ADZ(8p)e” > (e = )

K 2k1"—4Dg

knT _ — —4Dgt __ ,—2kIt

_ B 1(1—e—2'<“) +AD9?(90)(6 _—° )
2kI"—4Dg

More explicitly, the mean-square displacement along the x and y direction are given by

knT _ e~ 4Dt _e—ZKft
2 B —2kTt
t =—(1— +ADcos26, = 3.10
o(0)ne==(1—-¢") 0( 2k — 4Dy ) (3.10)
and _
kT _ o—4Dot _ ,—2KTt
2 B —2xTy
t =—(1—- —ADcos28 — 3.11
0300 = 2 (1— ) () G
The cross-correlation function xo(#)yo(¢) reads
e—4D9[ _ e—2K'Tl‘
t)yo(t = ADsin26, —= 3.12
(0000 = ADsin2en (=) (312)

In the limit of ¥ — 0, Egs.(3.10),(3.11) and (3.12) reproduce the correct result of a free
diffusion of an anisotropic particle given in Egs.(2.30) and (2.31). On the other hand,
for AI' — 0 Egs.(3.10), (3.11) and (3.12) yields the correlation matrix for an isotropic
Brownian particle in a harmonic trap.

Our next attempt is to look into the correction to the above expression that comes
from R, (t) and R,(¢). For this, we rewrite the solutions for R;(¢) and R,(z) in explicit

form as

R], /dl‘ (1) Z%‘J R()]

(3.13)
Rzl /dt/ —K'Ft —t Z%U Rl,_]

where the subscripts are for the two spatial dimensions and can take the values 1 and
2. Using Eq.(3.7), we proceed to calculate the terms (R ;(¢)Ro j(t))n.0, (R1,i(t)R1,j(t))n.6
and (R ;(t)R>,;(t))n,6- The detailed calculation of the three terms are calculated here.
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3.2.1.1 Calculation of (R ;(t)R; (1))

(Ro(tRo () = [ aiy [ dthe 0T 11y 05)
= 2kgTe *T(11+102) /0 ! dt) /O ? dthe < T+0) [T&,-Jr %‘%ij(ti)] 8(t) — 1))
= 2kpTT8; ;e <T(1+12) / ! dt) / tzdt’e"(r(ti“é)é(t{ —15)
+2kBTA2F —KT(1+1) / dlz/ dtye T +2) g9 (8) 8 (1 — 15)
= 2kgTT§;je” KT (n+0) /mm(mtz)dtiez'cnl
0

min(tl 7t2)

Al' ¢ Ty
+2kBT7€_KF(“—H2)/O d[ieZKnl %l](ti)

kT T ] = min(t ,tz) —
B 5 [ —kL|—1] _efxl"(zlﬂz)} —I—kBTAFeKF(”Hz)/O 1 dti€2Kle<@ij(fi)
(3.14)

(Roi(1)R1;(1))n <Ro, /dt/ —kT(1—r') %jk(r’)Ro,k(t’)>
n.,0
(3.15)

</dt’ —xL=) Z%,k (t") (Ro,i(t)Rox(t )>n>

Using the final form of (R ;(11)Ro,(t2)) from Eq.(3.14) and identifying 1y =¢, 1, =¢' with
' <t we get

0

<R07i(l‘)R07k(l‘/)> _ ]ﬂ&j[ —k‘l:(t—t’) —Kl"(t—O—t )} +k TAFe—K‘F t+t' / dt/eZK‘l"ﬁ% (tl)

(3.16)
Substituting Eq.(3.16) in Eq.(3.15) we get
_ k T S ST
(ROI()R1J()>ne—</dt’ kL (1—1") Z {B 1 (e~ T0=)
_KF(I-H )) +kBTAF —K‘F H—l‘ / dt/€2KFt1%lk( ):| >
0
— (%) —ZKFI/ dt/ —4D9l ZKTI/ o 1) _’_kBTAl—‘e—2Kft
(3.17)

/dt/ dl‘/EZKrt1<Z%]k Ry tl >
0

_ (kB—T)@ﬁ(QO)eZKD/ dt/(e(2K124D9)t’ _6*4091/)
K 0

— ot t -,
+ kpT Ale™><T! /0 dr’ /0 dr{ezml<292jk(r’)%k(r{)>
k

0
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For the mean-square displacement along the x and the y direction, the second term in
the last line of Eq.(3.17) yeilds

<Z%’lk i >9 = (c0s20(t')cos20(t]) +sin20(t')sin26(1)) g = (cos2(0(t') — O(t])))e

<Z«@zk R (1] > = ¢ #Pol"1)

0
(3.18)

On the other hand for i # j, the term (Y, Zi(t') % (t;))e = 0. Using Eq.(3.18) the
contribution to the mean-square displacement along the x-direction becomes

ks T - e(2kT—4Dg)t _ 1 | _ p=4Det
Ox (¢ = [ — ) cos26pe "' = -
(o()x1(1))n.6 ( ” ) 0 ( (2kT —4Dy) 4Dg

— t t/ .
+kBTAr‘e—2KFZ/ dt’/ di K11 = 4Do 1)
0 0

kgT e~ 4Dot _ p=2kt  ,—2k[t _ ,(2k[+4Dg)t
= | —— ) cos26y _ _
K (2kT" —4Dy) 4Dg

, e(2Kf+4D9)t/ -1

— t
+kBTAFe—2KFt/ dl,/e—4D9l
0

2KF+4D9
kgT e~ 4Dot _ p=2kIt  ,—2kIt _ ,(2kT+4Dg)t (3.19)
cos206 = —
( K ) °\ (kT —4Dy) 4Dg
_ 2xlt 1 1— —4Dgt
+kgTATe 20 [ 2 - °
2kC(2xkT+4Dy) 4Dy (2kT +4Dy)

kgT e~ 4Dot _ p=2kIt  ,—2kIt _ ,(2k[+4Dg)t
= | —— ) cos26) _ _
K (2kT"—4Dy) 4Dg

| — o—2KT1 o—2KT1 _ e—(2KF+4De)t>

kpTAD [ ——— & - _
B <2xr(21<r+41)9) 4Dg(2kT +4Dy)

and that along the y-direction takes the form

Yo()y1(1))n,0 =— (kBTT> COSZGO( (2kT —4Dyg) B 4Dy

o—4Det _ ,—2kTt  ,—2kTt _ e(2KF+4D9)z)
_ _ _ (3.20)
| — o—2KT1 o—2KTt _ e(ZKF+4D9)z>

4 kgTAT [ ——— & _ _
2kT(2kT +4Dg)  4Dg(2kT +4Dy)
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3.2.1.2 Calculation of (R; ;(t)R; (1))

The correlation matrix now takes the form

<Rlz( )le( )>719_/ dr' / di"e —xI(1—t") KF(It”)<Zk‘,ggik(t/)RO,k(t/)zl:%)jl(t”)RO,l(tﬁ)>
2

n,6
(3.21)
Rearranging and averaging first over the translational noise we get,
<R11( Rl,] / dr’ / di"e —kL(t—t' e—KFt —" <Ze%lk ROk( )RO,l(t”)>n>
0
(3.22)

<R1 l( )le( )>T] 0= 2kBT/ dt / dt// — (t t)e*KI:(l*[//)

<Z<%’ik(t') / dtl/ diye KT =) o= KT 7[)[F5kl‘|‘ %kl(tl)}S(ti_té>>
Kl

(3.23)

Integrating over delta function and ignoring the term proportional to A" we get
_ _ ot t min(t' ")
(Rui(1R1 (1)) = 2kpTTe 2T /0 dr' /0 dt" /O dr, 2'<”1<Z<%",k (! )5k1>
0
R )R+ : — 2%oTT —2kTt td/ td// min([/’tﬁ)d/ 2kTt| B (IR (1"
(R1,i(t)Ry j(t))n,0 = 2kpTTe e | ) te Y % (t) % (1)
k1 0
(3.24)

In order to proceed further, we look at (xi(t))ne and (y(¢))n.e by setting i = j and
subsequently using Eq.(3.24)

B — ot t min(t' t -,
(2(1))p 6 = 2kpTTe 24T /0 d /O di” /0 dr T (cos2[0(1) — 0(")])g  (3.25)
General form of the identity used as

<eimA9(t')—inA6(t")>9 _ e—Dg( m2t' 2" —2mnmin(t' 1)) (3.26)
Using the above relation, the averages of the trigonometric functions over the rotational

noise take the form

(cos2[0(t") — 0(t")])g = o~ 4Do (1'+1"=2min(' 1))

(cos2[0(t') + 6(1")]) g = cos4@ge Dol +"+2min(t' 1)) 327)
(sin2[6(r') + 0(")])g = sin4Gye Pt/ +"+2min(t' 1)) '
(sin2[0(") — (")) =0
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Substituting for (cos2[0(¢') — 0(t")]) from Eq.(3.27) we get

— = ! ! min(t'1") ESV 1 ol I
<X%(l‘)>n79 _ 2kBTFe—2KFt/() dl//o dt///o dtiEZKFtle—4Dg(t +t"—2min(¢' ")) (3.28)

T
eZKrmln(t £

2kl

kT T, ! ! Tt 1
<x%(t)>n79 = (%)e—ZKFZ {/O dt//o dt//(ele“t _ 1>e—41)9(; —")

—|—/tdt/ tdt” (ezicfz’ . 1)64D9(t"t'):|
0 t

— T ! ! 1 / " . Y/
<X%(l)>n79 _ 2kBTI‘e_2KF’/O dt//o dt" e—4D9(t +t"" —2min(' 1)) (3.29)

(3.30)
<]£) 2'<1"f{/ dt e4Del/ dt”( (2kT+4Dg )" _ 4Dez”>
t ) ° (3.31)
+ dt’ eZKFz 4D9t dt”e4D9’”}
0 v
(kB ) —2kTt |:/ dl/ —4Dgt’ |:e(2KF—|—4De)z’ 1 - e4D9t/ _ 1]
K 2kT"+4Dg 4Dg (3.32)
/l t/ ZKFI 4D9t/|:e —4Dgt _e—4D9ti|:|
0 4Dy
knT _ t 2Tt —4Dgt’ 1— —4Dyt’
Gilene = (BT>62KDU dtl(z ; 4Dy 2 ef 4Dy 4€D )
’ KL AP - 2K 500 o (3.33)

N ;dt/ eZKFt _e_4D9t/tdl/ e(ZKT“+4D9),/_e4D9,/
0 4D9 0 4Dy

kgT ) Ty |:( 2Tt 1 1 —4Dgt t N 1 4D9t)
K 2kT(2kT +4Dg) 4Dg(2xT +4Dg) 4Dy 16D

( e2KTt ) ¢ 4Dy ( o2k +4Dg)r _ o4Dot _ 1)}
— — e — —
4Dg2kT ) 4Dg 4Dg(2kT +4Dg)  16D?

knT _ 2xIt 1 1— —4Dgt ¢ 1 —4Dgt
<X%(’)>n 0 = 8BL ) 2kt e _ e B N .
’ K 2kI'(2k["+4Dg) 4Dg(2x["+4Dg) 4Dg 16Dy
(eZKFt 1 ¢ ezkfz 1 1 — ¢—4Dot 1 — ¢—4Dot >}
4Dg2kI  4Dg 4Dg(2kT +4Dg) 4Dg(2kT +4Dy) 16D?

+

(3.34)

(3.35)

knT _ 21(?1‘_1 ¢ B 1— —4Dgt
W ))ne = (2 )e T | =2 = S e (3.36)
: K kT(2kT +4Dg) 4D 4D2(2kT +4Dy)
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T — + kI’ —
k['(2x["+4Dy) 4Dg 4D%(2KF+4D9)

knT | — ¢~ 2KIt te—2KTt _ e 2xTt _ ,—(2kT+4Dg)t
e = ()| | 6o

K

3.2.1.3 Calculation Of (R ;(t)R> (1))

15 — ,
(Ro.i(t1)R1,j(12))y = <Ro,i(t1) /O a’téeKr(”tz)Z%jk(té)Ro,k(t£)>

k n

%) — ,
(Roi(t1)R1j(t2))n = /0 diye™ 272 Y 73 (15) (Roi(1)Rox(82))
k

t I ! T / T /
(Roi(t1)R1,j(t2))n = /2 dtée—ld"(tz—tz) Zc%jk(fﬁ) [kl;?(T it {e—xr(n —1) _ e—xr(t1+t2)]
0 k

min(t 1)

_|_kBTAFefKr(Z‘] +t§) /

T4/
A dt//eZKFt %ik (t”)]

kpT S o} =0 =0 =,
(Ro,i(t1)R1,j(t2))n = <_I; )e_Kr(t'm)/ dfée'(%%ji(tﬁ)(emz _e—Kth>
0

_ min(t,t}) —
+ kgTATe ¥ (1+22) /0 "t Y B85 Rt
k
(3.38)
ft
K

+ knTAT —K‘f(ll +l‘2) min(ll Jé) d n 2kt % / % "
B e ) ne Z< () Zi(t"))e
k

S 7 =/ =/ T/
R e e R I G

kgT T ) ! Y
0

+ kg TAT —kL(t)+1) tzd/ min(tl’[é)d m 2xTt" B (B (!
B e 0 5] 0 re Z( () Zi(t"))e
k

(3.39)

78



— 1 —
(xo(t1)x1(t2))n.0 = (%) COSZGoeKF(’1+’2)/2df§ (6(2@7409)% —674D9t£>
0
b ) g L]
+kBTAF€KF(t'H2)/O dfé/ozdf”ezm Y (% (1) % (1)) 6
K
kgT —«T(n+t2) [ 50 (L (2KT—4Dg)s !
0
+ kT ATe L1712 / drh / AT P cos2(0(5) ~ 60" ho

T , .
(xo(t1 )xl(f2>>n,9 = (kB—> cos 200e_KF(’1+’2) / d;é (e(z’fr—@e)tz _ e—4D9t2>
K 0

= t t _
+kBTAFeKr(t1+t2)/2dt£/2dl‘”621{n”e4D9(l§+t"2min(t£,t”))
0 0

2kT—4Dg)ty _ 1 1— €_4D9t2>

kgT - el
(xo(t1)x1(t2 9 = (—) c0s?20 e_KF(ll+lz)( _ _

= t I _
1 kgT ATe <L (1t12) / g dt} / 2 Jp" 2Kt —4Dg (th—1")
0 0

—4Dgty e—K‘rtz e—K‘rtz . e—(4D9+K’f)t2

kBT B e
<XO(I1 x1(t = ——]cos26, e_KFtl( — —
Jxi(2))n.0 = (Z- ) cos 26 T 1D, B,

e2K'fl£ _ 6_4D9t£
ZKF + 4D9

kT = ~4Dgty _ ,—KIn —kTty _ ,—(4Dg+KTD)t
(xo(t1)x1(t2))n,0 = (%) cos26pe K" (e _ ¢ _¢ e " 2)

T
4 kT ATe KT (n17+12) / 2dt§
0

2kT — 4Dy 4Dg
+kBTAre'<F<fl+f2>[ erhol 1o
2kLC(2kT +4Dg)  4Dg(2kT +4Dg)
(3.40)
kgT = (k[—4Dg)ty __ ,—«Th —kTty _ ,(4Dg+xT)t
(xo(t1)x1(t2))n,0 = (B—> cos26pe <h (e ¢ e T RoeerT
K 24T — 4Dy 4Dg
n (kB ) <AF> T |:eK1"t2 _ oK 2 T oKt _ ,—(2kT+4Dg)12
BB (2, - B —«
2r 2k +4Dg  4Dg k[ +4Dg ]
(3.41)
(Ro,i(t)R2,j(1))n,6 = <R01 /dt, K= Z%’]k IRy k(2 >
me (3.42)
—/dt/ —kL(t—t' <Z‘%fk Ro, le( >>71>
0
' ksT\ _wrese) [* 0 T ¥ iy
(R()J'(I)R]’k(t )>77 = (T)e )/ dt' e® tz‘%ki(té) (elcl"tz _e—Krtz)
0
(3.43)

T / ! T
+ kBTAFe* kL (r+1") /) dtl/eZK'Ft Z%kl (té)%il (t//)
l
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Neglecting the second term in Eq.(3.43), we have
T I ! tl T4/ T4/ T4/
(Ro4(1)Ra.j())n.0 _/ di e~ KL= <Z‘@jk <k3 > —KF(t—i—t)/ dtﬁexr%%ki(té) (eKFt2 _e—xl“z2>>
0 0
kBT 1 —kL(t—t") fo(H»t/ ) xLty [ xTth — kIt / /
(Ro,i(t)R,j(t))n.0 = / dr’ / dtye e (6 2—e 2) Y (") Rui(t5)
)

k
ksTN ot [* 0 [* 0 ( oxTy
(Ro,i(t)R2,j(t))n.6 = (T)e . t/o df//o dfé(e - ) Z%’Jk )Zri(ty) ;
(3.44)
For the mean-square displacement along x and y direction, setting j =i and using

Eq.(3.18) we get

(xo(1)x2(1))n,0 = (o (0)ya )>ne—(kB—T T / dar / s (T 1) (cos2(0(¢) ~ 6(1))

_2;<Fz/ dt/ dt 21(1“12 ) —4Dg (f'—1})

(5 )e

= (@)ezm/ dt/e—4Dez / dté <e(2KF+4D9)z§ _e4De;§>

K 0 0 °
= (kB_>e—2K'FZ /t dt/e_4D9’/ (e(z’fri‘me)t -1 B e 4Dot’ _ 1)

: 0 2kT +4Dyg 4Dg
— — |e _ .

K 0 2kI"+4Dg 4Dg
_ (kBT> - L—e?be t o 1—e Dol
-\ k J\2kT(2xT +4Dy) 4Dg(2KkF4Dy) 4Dy 1602
_ <k3T> { 1 — 2KIt - te—2KLt . 2T <1 B _41)9;)}

Kk /|2k[(2k[+4Dg) 4Dy 4Dy

(3.45)

The final form of the terms (Ro;(¢)Ro,;)n.0, (R1,i(t)R1,;(t))n,e and (Ra;(t)R2 ;(t))n.e have
been calculated here. Detailed steps of the calculation are written above. The final form

(xo(1)x1(1))n.0 = (o(1)y1(t))n.6

kT e 4Deot _ p—2xTt  ,—2xTt _ ,—(2kT+4Dg)t
( ) c0s26, — —
K (2kT — 4Dyp) 4Dg

kgT\ ; kAT 1— e—zkft e—ZKl:t _ e—(2Kf+4D9)z
() () ey
k /N 2 J\2k[(2kT +4Dg) 4D (2kT +4Dy)

(3.46)

()= 01(0))n.0
B (kBT> [ 1 — o2kt te—2KTI _ e 2KTT _ e(2KF+4D9)t:| (3.47)
T

— — + kI —
K KI'(2kT+4Dy) 4Dy 4D§(2KF+4D9)
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(o (t)x2(2))n.0 = (vo(1)y2(1))n.0

_ <kBT) _1 o e:ZKft B l‘eizKﬁ n 21(1: (1 _ e*4Def)
Kk /|2kC(2kT+4Dg)  4Dg  4Dg

(3.48)

In the limit of k — 0, both (y?(¢)) = (x}(¢)) = 0. The final expression for the mean-
square displacement along the x is given by

w0 = (27) [(1 — o)

K
AT e~ 4Dat _ e—ZK‘ft e—ZKft N e(2Kf+4D9)t
+ (—) cos 26, ( = + ) (3.49)
2 O\ 2kT— 4Dy 4Dqg
KATN2/ 1 _oop, _apgry b okl KAL' 3
SO g -0 ) (1)
+< 2 ) <4Dge (=) = 5y¢ A

and that along the y- direction is given by

<y2(t)>n,9 - <kB_T) {(1 _efszt> _ (%) 008290(6 N

K 2kL — 4Dy 4Dg

KAINZ (1 721(17"1( —4Dgt I kT KAL™ 3
S (g (1)) s ()
+( 2 ) (41)56 ¢ Do A

—4Dgt e—ZKT“t e—ZKTt - e—(ZKF+4D9)t>

(3.50)

3.3 Mean-square displacement for large rotational diffusion
constant

In this section we present an alterate expression for mean-square displacement of an
anisotropic particle which is valid for which rotational diffusion constant is large as
compared to the inverse times scales xI" and kAI. In such a scenario, since the particle
rotates faster, the mobility of the anisotropic particle is an average mobility over the
rotational noise.

The general solution in this case from Eq.(3.2) we can write

R(t) = einéﬁe(f/)]df/ /[ n(t/)er(;’I%[G(t")]dt”dt/
t :O (3.51D)
= / n(;’)e—Kf,’/F[G(t”)}dr”dt/
0
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We start our analysis with Eq.(3.52), but we set R(0) = 0. To proceed further, and
in particular to look at the asymptotic limit of the correlations, we define the variable
u= (t—1')/t. In terms of the new variable u, the solution for R(r) takes the form

t —= K t " "
R(t) =1t /0 due™ KT S AL Jiq A" ZOUD g i — gp] (3.52)

The equal-time correlation is then given by

1 1 = = K t " " K t 7 "
O R
0 0

(M1 —w)nfr(1—u')])y
(3.53)

The correlation of the thermal noise in the transformed variable is

ELLE SRR T (3.54)

(1 =w)nft(1—u)])y

Substituting the noise correlation into Eq.(3.53) and integration over u’ we get
L o Tuu —kAT [, T =y, A=
(R(R(1)) :ZkBTt/ due” K1 b ACHOL ST+ 2720011 —w))] | (3.55)
0

In the asymptotic limit, the integral is dominated by small values of u, the integral in
the exponential from #(1 — ) to ¢ is vanishingly small and can be set to zero. Further,
we set ?[G(t(l —u))|~ ﬁ[@(t)]. Consequently, the correlation matrix averaged over the
translational noise take the form

- A'= ]

(R(1)R(t)) = 2kpTt /O 1 due~ 2Kl {Fl +Z10(0)] (3.56)

Now we have to perform the average over the rotational noise and the integral over u

we arrive at

B e—21cft - —
(R(t)R(1))n.0 = 2ksTt (1zT) (T1+ %(%[Q(I)Dg) (3.57)

Simplifying the result and using Eq.(2.29) we arrive at

_ ksT 2k (T §= —4Dgt
<R(t)R(t)>n,9_F(l e )(r1+ S (60)e ) (3.58)
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The mean-square displacement in the explicit form is given by

T — A
(AP(1))n .6 = kBT (1 - e—Mf) (1 + ﬁCOSZOOe_M)"t) (3.59)
AY* (1)) 0 = kT () o) (AL o 20pe*Po! (3.60)

n7 K 21—‘

and kT AT
(Ax(1)Ay(t))y.0 = BT (1 — e—m) (fsinzeoe—‘mef) (3.61)

Note that there is striking difference between the Egs.(3.59) and (3.60) and that of
Egs.(3.50) and (3.52) with respect to the limit of k — 0. While the later expressions
correctly reproduces the free diffusion of the anisotropic particle, the limit of k¥ — 0 in
Eq.(3.58) yields the correct asymptotic result by setting e 4P’ — 0:

(2(1)) = (2 (t)) = 2kpTTY (3.62)

and
(Ax(t)Ay(t))n,.e =0 (3.63)

The analytical expressions of Egs.(3.50), (3.52), (3.59) and (3.60) are compared
with the numerically mean-square displacements along the two directions in Figs.(3.1)
and (3.2). The mean-square displacements are computed from the numerical integra-
tion of the equations of motion using an Euler discretization scheme with a time step of
ot =0.001.

Persistence Probability

We now turn our attention to the persistence probability of the harmonically trapped
ellipsoid particle. As in the case of a free particle, we assume the anisotropy to be
very small so that the deviation from the Gaussian nature of the stochastic variables
can be ignored. We focus on the two time correlated function (x(t;)x(t2))y 6. Using the
perturbation series given in Eq.(3.4) we have up to order &'(xAI'/2)

(x(t0)x(02)) 0 = (rofen)xo(12))m 0 — (50 ) [(xofen s (2))m o + (o) (1) o] (364

where #; > ;. The correlation functions (xo(t)x;(t2))n,¢ are equal only in the asymptotic
limit , that is for #; and 1, large. In this limit, the expression for the two time correlation
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function takes the form

(x(t1)x(22))n,0 = (x0(11)x0(2) )0 — (KAT) [<x0(f1 )x1(22))n,0 (3.65)

The correlation functions (xo(f1)xo(t2))n,e and (xo(t1)xi(t2))n,e have been derived in
Eq.(3.14) and Eq.(3.41) respectively. For completeness, we quote the main results here.

TT o _
(xo(en)xo(02)} 0 = “ET e Tl g 0]
(Kf—“-D@)[z _ —K‘f{z (3.66)
+ (kB )KAFCOSZBOe Kl {e _ € }
K 2kT — 4Dy

(kT —4Dg)tr __ e—Kft2 e—KTIQ _ e(Kr+4D9)t2)

kgT I
(ol (12)) .0 = (= ) cos 26e '<“1< - -

2kT"—4Dg 4Dg
kB Al _ ek'ftz _ e—Krl‘z 2K.f‘ e—K'ftz _ e—(ZKT+4D9)t2
() () [ BT
K 2r (2x['+4Dg) 4Dg (k['+4Dy)

(3.67)

Note that in calculating the two line correlation function up to an order &'(xAl'), we

will use only the first term appearing in Eq.(3.67). Looking at Eq.(3.65), Egs.(3.66) and
(3.67), it is clear that the first term contained in the parenthesis in Eq.(3.67) cancels
with the term proportional to kAl in Eq.(3.66). The final expression for (x(t;)x(t2))n,6
reads,

2kgT —4Dot2

K

1—e

((1)x(2))n.0 = ( iD,

—Kftl : T KA —Kfl‘z
)e {smh KkI't) + (—2 ) cos26pe < )} (3.68)
As before, defining the variable X (7)) = x(r)//(x*),6, the correlation function of

(X(T1)X(T2))n e is given by

o<1 /2 [sinh kT + ( AF) c0s26pe K72 ( 1—25‘;)%) 1/2
(X(t1)X(2))n,0 = (3.60)

2
7 = “aDgt
e~ KIn/2 sinh x[; + (%) cos26pe 1™ (%)

—4Dgt

Using the transformation e? = eI’ [smh kTt + XL cos20pe <! <1_§T99

formed effective time variable 7, the correlat1on function (X(771)X(72))n,e becomes a

} for a trans-

stationary correlator : (X(71)X(T2))n,0 = ¢~ (1i=12)/2 and the corresponding persistence
probability is given by

\/Eefot/Z

_ _ b\ 11/2
[sinh kIt + <%> cos20pe— kIt (%)]

p(t) ~ (3.70)

84



1000 T T T T T T T 1T T 1T T TTTI

k=1.0
k=0.1
A k=001 &

T TTTTIT

1 111

100

T T T
Ll

10

T T TTT
1 1 llllLll

(AX°(1))
i

T T IIIIIII
1

1

0.1

IIIIIII
TEN

j 8

y. =

[

Ll

0.01 bl vl v vl vl 3 e
1072 107" 10° 10' 10* 10°
!

Figure 3.1 Plot of the mean-square displacement along the x direction of the harmonically
trapped anisotropic particle for different choices of the stiffness of the harmonic potential, as
indicated in the legend. The translational diffusivities and the rotational diffusion constant were
kept fixed at D =1, D, =0.5, and Dg = 0.1 in all the cases. The initial orientation of the particles
was also fixed at 6, = 0. The solid lines are plots of Eqg. (3.50), and the dashed lines are plots
of Eq.(3.60) with the appropriate values of k, D, D, and Dy.

In the limit of AI' — 0 the equation correctly reproduces the persistence probability
of an isotropic particle in the presence of a harmonic trap3°. The other limit of k¥ — 0
reproduces the persistence probability of a free anisotropic particle derived in Eq.(2.45).

In Fig. 3.3, we show the comparison between the analytical expression of p(¢) given
in Eq. (3.70) with the numerically obtained persistence probability. The numerical esti-
mation of the persistence probability was done by discretizing the equations of motion
in Eq. (3.2) with an integration time step of 61 = 0.001. The fraction of trajectories that
did not change sign up to time ¢ gives the persistence probability p(¢). A total of 10°
trajectories were used in determining p(7).
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Figure 3.2 Plot of the mean-square displacement along the y direction of the harmonically
trapped anisotropic particle for different choices of the stiffness of the harmonic potential, as
indicated in the legend. The translational diffusivities and the rotational diffusion constant were
kept fixed at D =1, D, = 0.5, and Dy = 0.1 in all cases. The initial orientation of the particles
was also fixed at 6, = 0. The solid lines are plots of Eqg. (3.52), and the dashed lines are plots
of Eq. (3.58) with the appropriate values of k, D, D, and Dy.

10> 10°

Conclusion

In summary, we have determined the persistence probability of an anisotropic particle in
two spatial dimensions, in the presence as well as in the absence of a confining harmonic
potential. The two-time correlation functions of the position of the particle have been
calculated in both cases. In the case of a harmonically confined particle, a perturbative
solution has been provided for the correlation functions. The persistence probability
is computed from the two-time correlation function using suitable transformations in
space and time. The determination of the rotational and the translational diffusion
coefficients has been explicitly carried out for an anisotropic particle that undergoes free
Brownian motion. Additionally, the analytical results have been confirmed by numerical
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Figure 3.3 Plot of the survival probability p(z) of a harmonically trapped anisotropic particle
for different choices of the rotational diffusion constant and the stiffness of the potential, as
indicated alongside each plot. The plots have been shifted for a better visibility. The solid lines
are plots of Eq. (3.70) with the appropriate values of x, D, D, and Dy. While the rotational
diffusion constant and the spring stiffness were varied, the translational diffusivities and the
initial angle 6, were fixed at values Dy =1, D, =0.5 and 6, =0
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simulation of the underlying stochastic dynamics.
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4

Persistence of Active asymmetric
Brownian particle in two
dimensions

We have studied the persistence probability p(z) of an active Brownian particle with shape asym-
metry in two dimensions. The persistence probability is defined as the probability of a stochastic
variable that has not changed its sign in the fixed given time interval. We have investigated two
cases- diffusion of a free active particle and that of the harmonically trapped particle. In our
earlier work, Ghosh et. al. we had shown that p(¢) can be used to determine translational and
the rotational diffusion constant of an asymmetric shape particle. The method has the advan-
tage that the measurement of the rotational motion of the anisotropic particle is not required. In
this chapter, we extend the study to an active anisotropic particle and show how the persistence
probability of an anisotropic particle is modified in the presence of a propulsion velocity. Further,
we validate our analytical expression against the measured persistence probability from the nu-
merical simulations of single particle Langevin dynamics and test whether the method proposed

in our earlier work can distinguish between an active and a passive anisotropic particle.
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Introduction

In recent years there has been a huge interest in research activities developed regard-

ing the statistical description of systems far from equilibrium. Quite many numbers of
classes in biological and physical systems which are referred to as active matter have

1-12 and experimentally'>'4. The term "active" refers

been studied both theoretically
here to the motion of individual units to move actively by gaining kinetic energy from
the environment. Examples of such systems spread from the dynamical behavior of in-

dividual units such as Brownian motors 1°1© 17,18 19-23

, motile cells macroscopic animals
or artificial self-propelled particles to large ensembles of interacting active particles and
their large-scale collective dynamics. Active matter is a driven system where energy is
provided directly, isotropically, and independently at the level of active particles- which
under dissipation of the energy, generally achieves a systematic movement. In simple
Brownian motion, energy is supplied to the particle by molecular agitation which leads
to stochastic forces. We here generalized the idea of Brownian particles by including an
additional energy source. Self-propulsion is the essential source of energy for most liv-
ing systems, maintaining metabolism and performing movement. The aims of the active
particle paradigm are: to bring the living systems into the ambit of condensed matter
physics, and to study the emergent statistical and thermodynamic laws governing the

system of intrinsically propelled particles.

Thus we study the active Brownian particle. Moreover, the shape deformation of
the particles plays an important role in nonequilibrium transport processes. Han and
co-workers experimentally studied the Brownian motion of isolated ellipsoidal parti-
cles in two dimensions and quantified the crossover from the short-time anisotropic to
long-time isotropic diffusion?*. At the same time, our previous work was to find the
persistence probability of such two-dimensional ellipsoidal Brownian particle?>. Now
we are aiming to study the effect of activity on the system, and how the persistence
probability changes thereafter. It is pertinent to mention here that the first passage
properties of an active Brownian particle was investigated by Basu et. al.?®

This chapter has been organized in the following way: in section 4.2, the basic sys-
tem has been described for the free active particle and the mean squared displacement,
and the persistence are studied. In section 4.3, the active particle has been taken in
harmonic confinement. The dynamics of the particle have been studied and along with
that, we studied the persistence probability verifying it numerically. Section 4.4 con-
cludes the chapter.
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Asymmetric Free Active Brownian Particle in two
dimensions

We have considered an asymmetric self propelled with velocity vy in two dimensions
with mobilities I'y and I'; along the longer and the shorter axes of the particle respec-
tively. We have fixed the body frame x- and y- directions as the long and the short axis,
respectively. The particle has a single rotational mobility I'y. The particle is immersed
in a bath of temperature T so that the translational diffusion coefficients along the two
directions are given by D =kpTT and D, = kgTT |, and the rotational diffusion con-
stant is Dy = kgTT'g. At a given time ¢ the particle can be described by the position
vector of its center of mass r(7) and the angle 6(¢) between the x- axis of the lab-frame
and the long axis of the particle. In this frame the self-propulsion speed, which is taken
along the long axis of the rod, is given by, vp7i(r), where 7i(f) = (cos 6(t),sin 6(¢)) is a unit
vector along the long axis of the particle. In the body frame, the equations of motion
for the center of mass of the particle take the form

Ay j)

-~

X
>

ox

Figure 4.1 Representation of an ellipsoid in the x —y lab frame and the £ — § body frame The
angle between two frames is 6. The displacement R can be decomposed as (6%, 0y) or (6x, dy).
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| 0F . .
r's —Fcose()—i—Fysme(t)+§x()+1v??
Iy g —chose(t)—FxsinG(t)—I—gy(t) (4.1)
196(7) -

Iy TR =1+ & (1)

Here F, and F, are the forces acting on the particle along the x and y axes(in the lab
frame) respectively, and 7 is the torque acting on the particle. The correlation of the
thermal fluctuations in the body frame are given by

(&) =0

o . (4.2)
(& ) = 22T

—0,6( 1)

In the lab frame, the displacements are related to the body frame as

0x =cos08x —sinOy
(4.3)
0y =sin 00X+ cos 06y

Replacing the values of Eq. (4.3) in Eq. (4.1) we get the equations in lab frame in the

27-30

Ito convention as,

g_x =vpcos (1) + F [+ ATF cos20(t)] + ATFFy sin20(t) + &.(t)
?}_ =vosin0(t) + K[ — %cos 20(1)] + %Fx sin20(t) + &, (1) (4.4)
96(1)

5 F3T—|—§9(l‘)

Using Eq.(4.1) , the corresponding Langevin equation in the lab frame is given by,

8x,~ 8U
E = —Fz]a—Xj + 51 (4'5)
where U(r) is the external potential, and the thermal fluctuations from Eq.(4.3) can be
written as
(8o(1)Co (') =2Dg (1 —1')
&, éz / (4.6)
(&i()&;(1") g = 2ksTTi;8(1 —1')
and
- A" [cos20  sin20
L =T8;+— 4.7
/ ) (sin29 —c0s29> (4.7)
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Here I'= ([ +T)/2 and AI' = (') — ) and mobility tensor can be written as I';; =
['5;;+4-A%;;[6(t)], when the form of AZ is written as

Ai’: cos26  sin26
sin20 —cos26

The model investigated in the work of Basu et. al.?® is different than the one that is
presented here. They consider an active Brownian particle without the thermal fluctua-
tions and an explicit shape asymmetry. The dynamics is mapped to that of a Brownian
particle with an effective noise that is not only bounded by the propulsion velocity but
the two time correlation function of the noise decays exponentially. Consequently, in
Eq. (4.4) the second and the third terms are not present.

4.2.1 Mean Square Displacement of the free active particle

We first take the case of free active ellipsoidal particle setting the external potential
zero, the equation of motion takes the form

t t
n@:m/kmme+/§wwﬂ 4.8)
0 0
The mean (Ax(t)), where Ax = x(¢) — x(0) takes
t | — e Dot
@W»:m/@%MﬁM:mwM(————) 4.9)
0 Dg
The mean square displacement of the particle is calculated from Eq. (4.8)
t t
(A2)g, =12 / (cos 6(t') cos B("))didi" + / EEG " (4.10)
0 0

To solve the above integral, we separately solve the two integrals I;, I, which are shown
below respectively from Eq. (4.11) to Eq. (4.16).

I —/ (cos B(t")cos O(t"))dt' dt"

=3 / dr’ / di"([cos (6() +6(:")) +cos (8(r) — 6(1"))] 4.11)

= —008290/ —Dglt'+1"+2min(t' Hdt’dt”—k / —Dg[t'+t" —2min(t' ¢’ ﬂdt,dt”
2 0
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Integral /; is having two separate integrals and solving these two separately

[ .
) _/ o Delt'+1"+2min(t 4")] 44! 441

/ " t t” / "
_/ dt/ dt// 7D9(l‘ +3¢ )+/ dt”/ dt/eng(:;l‘ +l‘)
0 0

" t " ! /!
_/ —Dgt dt/ —3Dgt dt//+/ e—Dgt dt”/ e—3D9t dt/
0 0

6D2 —— (3 —4e Dot - g=Det)

and

Vi /dl/dl// —Dg[t'+t" —2min(t' "))

_/ dt/ dt” —Dg(t'—t" +/ dt”/ dt e*D@l*l‘
_/ —Dgt dt/ Dgt dt//_|_/ —Dgt dt///t Dgl dl
0

_E(Dgt—f—e Dgt 1)
0

So values of Eq.(4.12) and Eq.(4.13) is added to get I; as

cos26y

12D2 (3 _46—09[ +e—4De[) +
0

L =

1
D2 (D@l—i—e Dot _ 1)

Now the second integral I, of Eq.(4.10) is calculated as
t t
= [Lar [ ar"&)Ee)
0 0
t t
— kT / ar’ / dr" (Tl 0(¢)])e, 8t — 1)
0 0

_ ZkBT/Ot di' (T [0(")))e,

(4.12)

(4.13)

(4.14)

(4.15)

Using the explicit form of Iy, from Eq.(4.7) the mean-square displacement along the x-

direction becomes

_ 1— e—4D9[
— 2ksT | Tt + AT cos 26, (—ﬂ
B + Al'cos26) 4Dg
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The final form of Mean-squared displacement is

— 1_ —4Dgt
<Ax2(t)> = 2kgT [Ft + AI'cos 260, <e—>]
4Dy

(4.17)

2 2
v5c0s26y B B
and for y-direction
— 1_ —4D9l
<Ay2(t)> = 2kgT [Ft — AI'cos 26, <+>}
6
4.18
v3cos 26y Dot 4Dy )2 D ( )
_W(:;—él-e +e )+D2(D9l—‘re —1)

In the absence of an active propulsion velocity, the position of the particle in the lab
frame is a non-Gaussian stochastic variable. The non-Gaussian parameter is defined as,

([Ax(r) — (Ax(1))]*) — 3(([Ax(r) — (Ax(1))]?))?
3(([Ax(r) — (Ax(1))]%))?

Defining 19 = 1/2Dg and 7,(t) = (1 — e "P%") /nDy, the expressions in Eq. (4.9) and
Eq. (4.17) take the form

¢(l,90) =

(4.19)

(Ax(t)) = vocos BpT (1) (4.20)

and
1
(Ax(r)2) = 2Dt + ADt4c0s 200 + 27912 ((r —n)+3(n—w) cos290) (4.21)

Further, defining Cg (1) = ([Ax(t) — (Ax(1))]*) = 3({[Ax(r) — (Ax(1))]*))?, the non-Gaussian
parameter is written as,
4, (1)

PO S

(4.22)

Since we evaluate the persistence probability keeping the initial angle 6, fixed,
specifically 8y = 0, we estimate the non-Gaussian parameter at 6, = 0. Further, we
will also consider a weak asymmetry and weak propulsion velocity so that we evaluate
¢(t,60 = 0) only up to the order of v3. The expression for Ce _o(t) takes the form
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3 1
Ch _o(t) = AD? [Emg 3% (1) — 5% %6(1) — T(1)7

16 _ 32 _
+3 (12AD’L'1 (£)t4(1) [1 + %1’9} +t[24Dr12(t) + 3 D1t - 8AD74(t)r9} — 16Dr§) }

(4.23)
The expression for (Ax*(¢)) up to the order of v} has the
3(Ax*(1)) = 12D%*t* + 12DADtt4(t) + 3AD7}
+v§ [( — 6ADTH (1) T4(t) — 8ADTy Ty (1) T4(1) — 4ADTy rf(t)) (4.24)

e ( —12D72(t) — 16D, (1) 79 — 8D (1) Tp + 12ADT4(I)‘L'9> n 24Drgt2}

Clearly from Eq. (4.23) and Eq. (4.24), the non-Gaussian parameter depends on
the ratio AD?/D? and v}/D?.In the limit of weak asymmetry and small propulsion ve-
locity, the non-Gaussian parameter remains small. Further, we note that as t — « the
ratio ¢(z,0) decays as t~! so that the non-Gaussian parameter vanishes. A compar-
ison of ¢(r,0) for an anisotropic particle with weak asymmetry is shown in Fig. 4.2
for two distinct cases -that of a passive anisotropic particle (dashed line) and that of
an active anisotrpic particle (dotted line). The time-dependent ¢(z,0) exhibits a non-
monotonic behaviour with a peak at Dgr ~ 1. Furthermore, we note that ¢(¢,0) of an ac-
tive anisotropic particle vanishes quickly compared to a passive anisotropic particle for
identical values of translational and rotational diffusivities. The higher order moments
for Ax(r) can also be calculated from Eq.(4.8). The linearity of the equation dictates that
moments (Ax*") with n > 2 would contain terms proportional to v3" and AI" and would

be vanishingly small for weak anisotropy and a small propulsion velocity.

4.2.2 Persistence of the free particle

We now turn our attention to the persistence probability of a free asymmetrical active
Brownian particle. Setting the external potential zero, the formal solution to the equa-
tion of motion becomes

1 1
xi(t) ZXi(O)+/() §i(t’)dt’+v0/o COSG(Z‘/)dZ‘/ (4.25)

To calculate the persistence probability, we start from Eq. (4.25) and choose initial

condition x;(0) = 0. The calculation of two-time correlation function (x(#1)x(t2))g, can
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Figure 4.2 Plot of the non-Gaussian parameter ¢(z,0) for different choices of propulsion veloc-
ity vo of the anisotropic particle: vy = 0(dotted line); vy = 0.01(dashed line). The translational
diffusivities were fixed at D = 1, D, = 0.9. The rotational diffusivity and the initial angle 6, were

fixed at Dy =1 and 6, = 0, respectively.

be achieved by
1 %) 1 15
(xlt)alia))g, =03 [ dry [ "dhieos 0(s)cos () + [ [ (& ()E) “.26)

We can separate Eq.(4.26) into two separate integrals as I3 and I, and calculate them
individually

2 n / 2 / / /
L= A dr, A dty(cos 0(t))cos 0(ty))

2 2
_ ¥ / " arl / ? ) cos 26pe~ Dol 2mintei )] Y0 / " el / ? e Dol -2min(s, 1)
2 Jo 0 2 Jo 0
(4.27)

!/ /
forr; <1,
1+, £2t] =3t +1)
=11+t

/ /
fort; > 1,
1 +th£2t) =t + 34
4
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Lets take the two integrals of Eq.(4.27) as I and 7. The integral Eq.(4.27) can be
calculated in general terms like,

o} té / / té 1 / /
]3:/0 dté/o e_DG(at1+ﬁt2)+/() dt’ / dtie—De(ﬁtl"‘a’z)
)
—aDgty

1— e—ﬁDgtz 1— e—(Ot—i—ﬁ)Dgtz 1— e—(OH—ﬁ)Dgtz l—e
_ _ + _ e*ﬁDeﬁ
afD3  alat+B)D3 | BlatB)D? apD?

for integral I3, (o, B) = (3,1)

—Dpt —4Dgt —3Dgt:
y  l—em02 1—emeRn 5 1—er7ren
I = —e —_—

+
2 2 2
6D 12D% 6D}

and for integral 5, (a,B) = (—1,1)

Ié’:_lL_Dm_i___

So final form of /5 becomes

1
L=} [cos 200< + _ o~Don )

4.28
1—e Doz o Do 1 —ePon (%:26)
- _p Ve

+
2 2
202 ' Dg D}

The second integral I, of Eq. (4.26) is solved as

= [Man [ aneo)a )

1— e—4D912
4Dgt> >}

(4.29)
_ AT
— 2Tt [1 + = cos 290(

Considering t; > t,, the whole integral has been solved. We have solved the integral
considering combination of two integrals /3 and I4, solving them separately in Eq. (4.27)
to Eq. (4.29). We find

_ Al 1 — ¢ 4Dot2 1 —e Do | _ p4Den2
(x(t1)x(t2)) = 2kpT T, [1 + ?COS290 (Tetz)] +§ | cos 290( 607 + 1202
— ¢ Denn - e_SDgtz) _ L —e Do + t_2 __—Dgt 1—ePer
6D 2D Dy D3

(4.30)
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We now set the initial angle 6y = 0. The diffusion coefficients D and AD are renormalized
by the active velocity. Furthermore, we note that the last term in Eq. (4.30) contains
a stationary component which survives in the long time limit of #; and #, large but
(t1 — 1) finite. This, of course, makes the coversion of this non-stationary correlator to a
stationary one slightly problematic. In order to transform the non-stationary correlation
into a stationary correlator, we make the approximation ¢; >> r, so that both the terms
2v319T3(t)ePe" and the last term vie D' (1 — ¢Po2) /D7 in Eq. (4.30). Dropping the
second term in Eq. (4.30) is strictly valid only when #; >> ;. It should be pointed
out that both the terms are proportional to v} and for small vy the effect of these two
terms are not significant as demonstrated later from the numerical estimation of the
persistence probability p(r). Nevertheless, even with this approximation, we want to
figure out how well the analytical expression for p(r) compares with the numerical
results.

Active Brownian particle dynamics is not zero centric stochastic process as the aver-
age of the position variable (x(r)) has non-zero value unlike simple Brownian particle.
So we need to transform the stochastic process as zero centric stochastic process by
subtracting (x(¢))(x(r2)) from the above value of Eq.(4.30).

_ v(z) cos” B 1 — ¢~ Dot1 _ ,~Det2 | ,~De(ti+12) 4.31
(i) (o)) = SO0 P PPl (4:31)
Now for 6y = 0, we subtract Eq.(4.31) from Eq.(4.30) and approximating (¢t; —t,) very
small and 7y, 7, are very large we get,

1 )x(¢ —0 =2D, ¢t -
<x( 1)x( 2)>0070 ef172 2Deff 3D9 4D9t2 3D9Deff Doty

n 1 (AD+ v%)<1—e409’2> 2v3 <l—eD9’2>]

(4.32)
_ 2
Here, D.yy = D+ 55

We use the transformation in the spatial coordinate®! X(r) = x(r)//(x*(t))¢,. The
two-time correlation function of the rescaled variable (X(t1)X(2))¢, becomes,
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) 1172
1 _ 674D9t2 4V 1 efDBtZ
_ 1/2 ( ) _ ( )
¢ 1/t 2D AD
(1)) = (12/11) eft + ADetr{ =5 3Dg \  Dgty
. L p (4.33)

1 —e=4Poni i /1 —e Dot
s ana( ) (1
o1 3Dg Doty

=
i

(X(t1)

where the effective diffusivity is given by Dess = D +v3/2Dg and ADes = AD +v3/3Dg.

We now define the transformation in time as

ADgfp (1 — e Dot 4 1—e Dot

T eff G

= 2Dt | 1 ( )- ( ) 4.34

¢ e 3D\ 4Dyt 3DgDerr \ Dot (4.34)
Using this transformation in time the two-time correlation function (X(77)X(7»)) from
Eq. (4.33) takes the simple form of (X ()X (1)) = e~("i-T2)/2_ Since the stationary corre-

lation function now decays exponentially for all times, following Slepian?, the asymp-
totic form of the persistence probability is found as

P(T)=e*T (4.35)

Transforming back to real-time ¢, we get the persistence probability for the free particle

as
—1/2
(t 0 0) 1 . N ADeff 1— 674D9t 4\% 1— engt / (4 36)
0= /2Dusil 2D \ 4Dgt 3DgDett \ Dot '

Rearranging the above expression, we get

_ B ~1/2
/2 (2,60 = 0) = 1 1+<ADeff) 1 — ¢ 4Pet B 4\% 1 — e Dot
V 2D 2D 4Dyt 3DgDess Doyt
(4.37)
For simple brownian particle where propulsion velocity vy = 0, we get
/2 1
(4.38)

—4Dgt
\/ZD[1+ (o)

This expression is exactly same as for ellipsoidal Brownian particle in two-dimensions°.

In order to validate the expression for the persistence probability we performed numer-
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ical simulations of Eq. (4.4). The initial condition was chosen from a Gaussian distri-
bution with a very small width, so the sign of r(0) is clearly defined. The trajectories
were evolved in time with an integration time-step of 8¢ = 0.001. At every instant, the
survival of the particle trajectory was checked by looking at the sign of r(¢). Fraction of
trajectories for which the position did not change its sign up to time ¢ gave the survival
probability p(¢). A total of 10° trajectories were used in estimating the survival prob-
ability. A comparison of the measured p(r) with that of the predictions of Eq. (4.37)
is shown Figs. 4.3 and 4.4. Both the figures compare the persistence probability for
weakly asymmetric particles. We observe that while the asymmetry of the particle is
picked up as expected from our earlier work?®, for small propulsion velocity 1'/2p(r) is
unable to pick up the activity of the paricle. In the case when the activity of the particle
is comparatively large, the 7'/2p(r) indeed picks up the activity of the particle. When
compared with the analytical expression of Eq. (4.37), for the small propulsion velocity,
the expression compares quite well with the simulation resutls with the overall constant
as the only fit parameter (the dotted lines in the figures). When the data is fitted to
Eq. (4.37) with the overall constant fixed and D and AD as fit parameters, it yields the
correct values of D and AD. However, for comparatively larger values of vy, when the
expression is plotted against the numerical data with the overall constant as the only fit
parameter, the data matches only asymptotically with the analytical expression. On the
other hand, when the data is fitted with Eq. (4.37) with D and AD as fit parameters, the
fit yields a slightly lower value of D and a slightly higher value of AD. For example, in
the case of D = 0.975 and AD = 0.05 (Fig. 4.3 open triangles), we obtain from the fit a
value of D =~ 0.96 and AD ~ 0.08. In the case of D = 0.95 and AD = 0.1 (Fig. 4.4 open
triangles), we obtain from the fit a value of D ~ 0.93 and AD =~ 0.14.

Before we conlcude this section, for completeness we also present the results for
the persistence probability for the stochastic variable y(¢), the y-coordinate of the active
anisotropic particle in the lab frame. Two-time correlation along the y-direction is given

by,

0o =03 [ [ atbisino)sinows) + [ ar [ i@ a)&w) @39
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Figure 4.3 Plot of 1'/2p(r) for different choices of propulsion velocity v, of the anisotropic parti-
cle: vop = 0(open circles);vy = 0.01(open square) and vy = 0.1 (open triangles). The translational
diffusivities were fixed at D| = 1, D, = 0.95. The rotational diffusivity and the initial angle 6, were
fixed at Dg = 1 and 6y = 0, respectively. The dashed lines are the plot of Eq. (4.37) whereas the
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solid lines are fit to the data using Eq. (4.37) with D,ss and AD as fit parameters.
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Dot

Figure 4.4 Plot of 1'/2p(r) for different choices of propulsion velocity v, of the anisotropic parti-
cle: vo = 0(open circles);vy = 0.01(open square) and vy = 0.1 (open triangles). The translational
diffusivities were fixed at D =1, D, = 0.90. The rotational diffusivity and the initial angle were
fixed at Dg = 1 and 6y = 0, respectively. The dashed lines are the plot of Eq. (4.37) whereas the
solid lines are fit to the data using Eq. (4.37) with D,ss and AD as fit parameters.
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From the above Eq.(4.39) we can show the first integral as,

2 n / 2 ! /s 1Y o3 /
KA dt, A dt, (sin 0(t]) sin 0(z,))

V% (" [t} +15—2min(t] 1})) V% S ) [t} +t5+2min(t] 1))
= E dt] dtze 0l 1 12 _ECOSZGO dt] dtze CALaES) 1:52
0 0 0 0

) —Dgtr 1 _ eDgl‘z —Dgtr 1 o e*4Del‘2

1— t 1— 1 — ¢—3Dot2
e—2+—2—€7D6t1—2—C0829()< € —+ — —e efle—2>
2Dy Dg Dy 6Dy 12Dy 6Dy

(4.40)

The two-time correlation along y-direction can be found from Eq.(4.39) and Eq.(4.40).

_ A 1— e*4D9f2 1— e*Detz t 1— engtz
1)y(12))e o = 2kpTTt [1 2 cos26 <—>] p| 1z B Dyl T
()y(r2))e 0 gl 1|1+ R Cos 20 4Dots +v ZD%, +D9 +e D%,
—c0s26y (1 - esz + - e4fef2 — e Pon fme & ezDefz )]
6D3 1202 607
(4.41)
Setting 6y = 0 and neglecting the terms e‘DG(’l_tZ)l’eD_# and e‘DG’II’Z;# in the
[°] 0

above expression for (y(#1)y(t2))¢ ¢ We get

2 —4Dgt 2 —Dgt
_ \% 1 —e *H0"2 % 1 —e "o22
1)y(t = 2kTF+22D>t+<AD— 0)( )+ 0 .
V(t)y(2))e o ( B vo/2Dg |12 3Dy 4Dty 3Dy Dg

(4.42)

Note that along the y-direction the difference is diffusivities is renormalised to AD —
v3/3Dg as opposed to AD +v}/3Dg along the x-direction and the term v3t(t2)/3Dg
has an opposite sign when compared to Eq. (4.31). We now use the transformation
Y (t) = y(t)/+/(¥2(t)) and the two time correlation function takes the form

- 11/2
_ _ 1 o e*4D9[2 VZ 1 _ e*Delz
Y)Y (1)) = (12/0)"/*|2D AD’( > 0( )
- i (4.43)
2Degi + AD! (1 _e_metl) L (1 _e_D9t1>
et eff 4Dty 6Dg Doty
As before, using the transformation in time
AD. . /1 —¢—4Dot 21— Dot
T eff 0
= | 2Degit |1 ( ) ( ) 4.44
¢ et * ZDeff 4Dt + 6D g Dcgr Dot ( )
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we transform the correlator in Eq. (4.42) to a stationary correlation function of the form
¢~ (li—-T2) and the persistence probability along the y-direction takes the form

-1/2
1 AD/ 1— e—4D9t V2 1— e—Dgl‘
oo |, ADy 0 (4.45)
p(t,60=0) 2Dasit T 2D < 4Dyt ) * 0D Dy ( Dot )

Harmonically Trapped Asymmetric Particle

For the experimental purposes harmonical trapping is always an important method.
In this section we will discuss the effect of harmonic trapping on the particle when
the harmonic potential is taken as isotropic potential having no preferred directional
alignment. The potential is taken as U(x,y) = k(x> +y?)/2, and this corresponds to the
Langevin equation from Eq.(4.4)

a_’t‘ = —kx(T+ A—zrcosze(t)) — Ky%r sin20 (1) +-vocos O(1) 4 & (1)

% = —KxA—zr sin26 (1) — ky(F — A—zr c0s26(1)) + vosin O(r) + &x(1) (4.46)
26

E = F3T+€3<t)

Correlation of the thermal noise follows the Eq. (4.6).

4.3.1 Perturbative expansion

Looking at Eq.(4.46), we note in the absence of any asymmetry the equations reduce
to that of an isotropic particle and the correction due to the shape asymmetry comes
in the combination of kAI'/2. Furthermore, the equations of motion in Eq.(4.46) are
coupled and consequently are non-Markovian in nature. Since we are interested in the
persistence probability, the non-Markovian nature of the process plays a significant role
in determining p(z). Fortunately, the coupling is proportional to the difference in the
mobilities A" and therefore vanishes in the limit of weak anisotropy of A" — 0. In this
problem, we will assume weak asymmetry. Let us define the vector space R = (x,y)7,
and the equation takes the general form as

R = [l + A?sz(t)]k(z) +voh 4 (1) (4.47)
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To solve this equation we take the perturbative expansion

KA’ KA’ KAL' 5
R(1) = Ro(t) = (5 Ri (1) + (=) "Ra(1) + (=)’ (4.48)
Substituting Eq. (4.48) in Eq. (4.47) and equalizing both sides we get the equations for

Ry(7) and Ry(z) as

Ro(t) = —&TRo(1) +vofa(t) + & (1)
R, (1) = —k[R; (1) + 2(1)Ro(t) (4.49)
Ro(1) = — TRy (1) + % ()R, (1)

The solutions for Eq. (4.49) defining the initial condition R(0) = 0, becomes

0
t - N o=

R (1) = A dt'e =) (R (1) (4.50)
t N o=

R, (1) = A dt' e (R ()

The explicit form of the correlation matrix R;(t)R;(¢) in the equal time, is given by

(RORI ()0 = (Ros(1)Ro 1)) 2.0 — (5 Ros(0)R1 ).+ (502 [{R1iOR0) 0
F2Ros(0)R2 (1) o] + O (50

(4.51)

Here we have considered the fact that (R ;R; j) = (Ro jR1,). We now start to calculate
the different terms of the correlation matrix. The correlation matrix for Ry(¢) is given
as averaging over the translational and the rotational noise.

4.3.2 Calculation of (Ro;(#)Ro (1))

(Roi(t)Ro(0)) = [ ' [[ar"e e g 1 1)

(4.52)
+/ d[ / dt/ —kL(t—t") e—K‘F(t—t )v(2)<ﬁ(t/)ﬁ(t//)>

Full calculation is done below and the result along the x-direction is found.

There are two integrals, lets say Is and I respectively. Lets calculate these two
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separately

Is = /dl / d" e —kL(t—t") —KF(I l”)<§(l‘ )é(t//»
_/ dr' / dt" e KL (t=1") =KL (11" )[Fl+£<%;’( /)}S(II—IN)

— kpTe 2K / ' [T14 A?F@(r’»] (4.53)
0

kgT P = [t e AL = /
_ B 1(1 _ZKFt)+2kBT€_2KFt/ dt/ezl(rt 7%(90)6_4D6t
0

kBT 2kT—4Dg) _

_ - _ el
— 1(1 —ZKFI) +AD=@(00)€_2KFI (e 2Kf 4D 1>
- 6

For x-direction

—4Dgt _ ,—2xT

2kl — 4D9

kT F
I5 = BT(I —e’z"F’)+ADcos290<

) (4.54)

:/tdt//tdt//er(tt/)eKf(lt,l)v%(ﬁ(t/)ﬁ(t”»
0 0
T t 1 T/ + "
:v(z)e_z'm/ dt’/ dt"e ) (cos 0(1') cos O(¢"))
0 0

2 _ ot t _

Ve _ 1 4l _ 1 4 i 7 IV A S AN

0, 2;<rt/ dt’/ dp" KL+ )[cos290e Dot +1"+2min(t' ")) | ,~Dolt'+t"—2min(r' 1")]
0 0

2
(4.55)
Lets solve the integrals separately
Ig "20 —ZKFt/ dt' / dt' e k(¢ 4+ )Coszeoe—Dg[z’+t”+2min(t’,z”)]
_ VOCOSZGOefzKF, /dt// dt//exl_“(z’+z”)eDg(t’+3t”)+/tdt//texf(t’+t”)eD9(3z’+t”)}
2 0 0 0 '
_ V(ZJ 0025290 o 2xT1 [/te(Kf—Dg)l/dt/ /t e(Kf_3D9)t//dt”+/Ze(Kr_3D9)l/dt/ /te(Kf—Dg)l”dtI/}
0 0 0 t

—4Dgt 6721(1_“1) e 4Dt _ 287(1(1:‘+D9)l + efZKf't

_ v§cos26y [ 2Dg(e N }
N 2 (2Kf—4D9)(KF—3D9)(Kf—D9) (Kf—De)(Kf—3D9)
(4.56)
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2 _ t t
Vo _ - OV, S A
Ig 0, 21(1“[/ dt’/ dt'" e Dg[t'+t" —2min(t' 1")]
0 0

2
V% ZKFZ ! / t/ 17 Kf‘(l/ " =D ! " 1 / 4 1 f‘ ! " D " !
238_ [/ dt / dt" <t +1") g=Do ('~ )+/ dt dt T H") g=Dolt _’)}
0 0
V2 i 4 3 /
:308—21(1—‘[[/ e(KF—Dg)t dt// (k[+Dg)t dl‘"—{—/ (k[+Dg)t' dt/ (xT—Dg)t’ dt”}
0 0 t
_ ﬁ [1 _ 2 (K[+Dg)t +e—2KFt - Do(1— ZKFt) ]
2 L (k['—Dg)(xT+ Dg) Kf(Kf—De)(Kf—i—Dg)
(4.57)
k T _ —4Dgt __ —2kTt
(5(0)) = S (1= ) - ADeos 260 (“ e )
V(Z)COS29() [ 2Dg (e—4D9t _ e—zkft) N e~ 4Dt _26—(K1_“+D9)t _|_e—2Kft
2 (2KF—4D9)(KF—3D9)(K’F—D9) (KF—D@)(KF—3D3)
V% [1 _ 2~ (K[+Dg)t +e—2kft Dg(1— e—ZKfl) }
2 L (k['—Dg) (kT + Dy) k[(kT — Dg) (kT + Dg)
(4.58)

In the limit of ¥ — 0, Eq. (4.58) reproduces Eq. (4.17) which is the correct result of
free diffusion of an anisotropic particle.

4.3.3 Calculation of (Ro;(t1)Ro ;(12))

11 - ,
(Ro.i(t1)Ro j(12)) / dl/ d"e~ <= e_Kr(tz_tz)@(li)g(fé»

+93 / dr' / di'"e=<T =) =K 0—8) (1 i15)

It can be calculated as two separately I; and I3 integrals

(4.59)

1 T /
b= [ ar [" e oD D E ) )
— 2kpTe KT (1+0) / ar! / atse T P8+ AT(0(01)] 801~ 1)

I min(ty,ty) 94T , F min(ty,ty) 2 £
= 2kpTe KL (1+02) / XN d1] 4 2UpT ATe KT (1+72) / <13 (983511 )t}
0 0

- ) — gt kBT AT) cos 26pe KT rH2) / ") axt-apey g

K 0

- - 2kT—4D

_ ke [e”(r(“ ~f2) —e*’(r(“m)] + 2kBT(KAF) cos20pe <) [e( - 0)i2 _ 1]

K K 2kT —4Dg
= ]ﬂe_'d;t‘ [e'cftz — e_Kftz] + 2hsT (KAT) cos 26pe¥T" [e(KF_w_e)tz — e_Krtz]

K K 2kl — 4Dy

(4.60)
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1 [ A
Iy = / dt| / dtye T =) =KL R=0) (G (11)(1))
(2)—KFt1+t2/ dt/ dt' k(] +1}) COSQ(;{)st(é))

V() o KL(t1+1) / dtl/ dt/ Kk ( t1+tz COSzeoeng[z{+t§+2min(ti,t§)]+efDe[thémein(t{,tQ)]]

2
(4.61)
Lets calculate integrals separately

2
Vv5c0s26 .
=20 Oe—xl“ t1+t2/ dt/ dt’ KL(t]+13) p—De [t +13+2min(t] 13 )]

87 2

2 _

% 0028290 o KL(h+12) /tz dtz/ di\e KkL(t1+13) ,—Do (311 +13) +/ dt} dt/ KkL(1]+13) ,—De (t{+3z§)]
)
2
26 - 2 - /
_ VO CO; Oe—Kr(t1+12) / e(K’r—Dg)l2dl2/ (K’F 3D9 [1 dl_ +/ K‘F 3D9)lzdt / (K‘F—Dg)tldti]
i 0 0 1
B V(Z) c0s26p | 2Dy (ele;tle(Kl;f4D9)tz B ef;d_“(tlﬂz))
2 (2Kf—4D9)(Kf—D9)(Kf—3D9)

e—D9t1€—3Delz _ e—Kf[ze—Dgtl _ e—Kftle—Dgtz + e—Kf([1+[2)]

T (kT — 3Dg) (kT — Dy)
(4.62)
2 ! /! . s
Ié/ 20—;<F t1+t2/ dt/ dt’ KFt+t2 —Dglt]+15—2min(1} ,15)]
2
‘;) o~ KD(11+10) [/ dtl/ dthe k(1] +13) ,~De (t5—17) _|_/ dt2 dt/ k(1] +15) ,~Da 1] tz)]
2D9 (efld:‘(l‘]ﬁ»tz) . e*Kf‘(l‘l 71‘2)) e*Dgl‘l eDgtz - e*D@l‘[ e*KF[2 o e*K‘f‘l]e*Dglz _|_67K'1=‘(l‘1+t2)
=2 | T 2kT(kT —Do)(xT+Dg) (kT — Do) (KT + Dg)
(4.63)
el

ksT _r [ T 2kpT o K['=4Dg)tr __ ,—kI1
(xo(t1)x0(12)) = ——e ¥ [ekm —e an} + == (KAL) cos 26pe 1" [ _ }
. K 2k — 4Dy
e—DGlle—?)DGtZ _ e—Kftze—Dgtl _ e—Kftle—Dgtz +e—Kf‘(t1+t2)
(k' —3Dg) (kT — Dyg)
V% [e—Detl eDetz _ e—D@tle—Kftz o e_Kftle_DGtZ + e_K-f‘(tl_Hz)

2 (KF—DQ)(KF+D9)

v% c0s26y
2

2Dy (e—Kft1e(Kf—4De)tz _ e—Kf(t1+t2))

(2kT — 4Dg) (kT — Dg) (kT — 3Dg)

2Dg(e” kD(1+1) _ —Kf(tl—tz))
2kT(kT" — Dg) (kT + Dy)

(4.64)
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As the active particle dynamics is not zero centric stochastic process, we need to trans-

form the process to zero centric by subtracting (Ry(#1))(Ro(%2)) from Eq.(4.64). Taking
for only x-direction, we get

e*Dg(l‘]#»l‘z) - e*Dgtlele:‘lz . e*Delzefo'l‘l +€7Kf‘(ll+lg)

(xo(11)) (x0(r2)) = vG cos® By (kT — Dg)?

(4.65)

In Eq(4.65), we neglect the first two terms consisting e 26(11%2) and e Po'1e~*T"2 and

subtract rest of the term from Eq.(4.64) getting transformed two-time correlation as,

(xo(t1)x0(22))trans = (x0(t1)x0(72)) — (xo(t1)){xo(22)) (4.66)

4.3.4 Calculation of (Ro;(#1)Ry ;(12))

15 _ ,
(Roi(11)R1,j(12)) = <Ro,i(f1)/0 dfée_mtz_tz)Z%ﬂc(fﬁ)Ro,k(fﬁ)>
5 B !
Z/zdlﬁe_Kr(l2_lz)Z%jk (t5) <R0i(f1)R0k(l§)>

1]
= [P Y iy [ [ ate 0 GG M) A
(4.67)
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Lets calculate the integrals separately
t T !/ T(+ "
o= [Cdne e 2u) [ar / arye T MG (& (1) (1))
0
) kBT R )
:/0 dl‘é kL (12—15) <Z [ J(e k(1 12))

min(ty,ty) _
1 2kgTAe (t1+t2)/0 2 di" 2K «@ik(fﬁ)]>

_ kBTTeKF(tlthz) /fz dt,e;d'“té <<@ji(lé/)>(€'cﬁé _e—rcfté)
7t "
+2kBTAF (l‘l+t2)/ 1 2 ZKFI‘ Z< ]k t2 //)> (4-68)

_ kBT 7KF l‘1+l‘2 00 / dl 4D9t2 2Kflé . 1)
K

4 2kgT ATe <L (11+12) / dt, / ! 2T = ADg (th+"~2min(t3 ")
0 0

— T—4D —«T. —«T. —(4Dg+xT
- <kBT> COS2906_KFt1( - _6)12 —eth € KTty _ g=(4Do+k )[2)
K 2kT — 4Dy 4Dg
kgT\ /A" T ek _ o=kl 94T o=kt _ ,—(2kT+4Dg)r2
— R €_ 1 — — __
( K >< r > |: 2KF+4D9 4Dg KF—|—4D9 :|

1 = ’ () _ 4
ho= [ dne DY a0 [ dn/ drge M) TR (1] (17)
(4.69)

For x-direction Eq.(4.69) transforms as

110—/ dthe <~ ’2/ dtl/ dt) e KT =11) o=KL (G=1) 21100520 (1) cos O(¢]) cos O ()

+ (sin26(t5) cos B(t1) cos B(z3))]
(4.70)

We can write

1
€026, cos 6, cos B3 = Z[cos(291 — 6, — 603) +cos(260; + 6, — 6s)
+c0s(20; — 0, + 63) +cos (26, + 6, + 65
( ) 1 ( )] 4.71)
sin260; cos 6, cos B3 = Z[sin(261 — 6, — 03) +sin(26, + 6, + 63)

+5sin(26; — 6, + 63) +sin (260 + 6, + 63)]
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—Dg (425 +11+15 —4min(rh 1] ) —4min(¢} 5 ) +2 min(z] £} ))

(cos(20) — 0, — 63)) =e

(cos(26; + 6, — 63)) = cos 20e Lo Aot +4min(ey.f) —4min(s; 1) —2min(r; 17))

(coS(20) — 6> + 63)) = cos26ge Do (4ot —4min(5y 1)) +4min(sy 1) —2min(1}.17))

(coS(26) + 6, + 63)) = cos4Bye Dot HAmin(5 1) +4min(5y ) +2min(1] 1)) 472
(sin(260) — 6, — 63)) = ¢~ Lo+ —4min(ty 1) —4min(ey 1) +2min(1} 17)) '
(sin(20; + 6, — 03)) = sin26pe Do a1+ +4min(.11)—4min(sy 1) ~2min(r} 17))

(sin(26) — 6, + 63)) = sin26pe Lo Hati+a —4min(ty 1) +4min(ty 1) =2 min(1] 1)

(sin(26; + 6, + 63)) = sin4Gpe oW thtoHAmIn(G 1) +4min(s 1)+ 2min(1 1)

Let us calculate Eq.(4.70) by using Eq.(4.72), at first we take the first term (a)(cos(20; — 6, — 63))
and calculate separately

1+t ! _ _
Vo€ e /t2 dté /tl dti /t2 dté/eKFtieKFté/eng(4t§+t{+té/f4min(t£,t{)74min(té,t£')+2min(ti,tg))
0 0
(4.73)
Here in the above integral always r; > r; and in the first case let us take 7| > 1, we get

Case(1), 1] > 1}

Vze_Kf(tl+t2) 1) 1 té e/ ! / / " / " "
0 / dté/ dti/ dté/ekrtleKth 674D9t267D9t167D9t2 e4DetZe4D9t2 efZDet2
A 0
V(Z)e—Dell (eDelz . e—xfzz) V%e—Kftl (exfzz . e—xfzz) (4.74)
4(kT+Dg)?(k['—Dg)  8kI(kT + Dg)(kI— Dg)
V(Q,)e—Krtl (e—Dgl‘z _ e—Kfl‘z) tzv(z)e—Kftze—Dgtl
4(KF+D9)(KF—D9)2 4(KF+D9)(KF—D9)
Case(2), 1] <1
2 —kD(t+t
voe 1+12) /tz dtz/ dtl/ dt"eKrtleKrtze 4D9t2e3D9t1 e3D9’26 2Dt}
+/[2 dté/ dt{ dlé/ekl'“t{exl‘“zé’e—4D9t§e3D9t{ e3D9tge_2D9tq
0 1
v%e”(f h sinhkTt, e K12 _ o= (K[+4Dg)n2
~ 8(kT'+Dg) (kT +2Dp) [ k[ 4Dg ] c
v%efk'fl‘l e—Dgl‘z _ e—Kflz e—Kf[z _ e—(Kr+4D9)tz (47 )
_4(KF+D9)(KF+3DG)[ k[ —Dg 4Dg ]
N v%e’Kft1 [sinh k[t e Doz — e_’d;’?]
4(kT+Dg)(kT'+3Dg) L «kT k[ — Dy
V% efxl_“zl sinh Kftz e—KftQ _ e—(Kl'“+4D9)tg
- 8(Kf+2D9)(Kf—|— 3D9) [ k[ B 4D9 }
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Adding Eq.(4.74) and Eq.(4.75) terms we get the term Eq.(4.73) as,

 vge Doti(ePo2 — ) tzv%e_Kf’Ze_Detl 3v(2)D9e_Krt1 sinh kTt
¢ 4(kT+Dg)*(k[ —Dg) = 4(kT+Dg)(kT' —Dg) 4KkT(kT 4 Dg)(xT —Dg)(xT +2Dg)
v(z;e—xl_“tl (e—Kftz _ e—(Kf+4D9)t2) V(Z)e—Kftl (Kf _ 5D9)(€_D9t2 _ e—Kftz)

 16(kT +2Dg) (kT +Dg) (k[ +3Dg)  4(kT + Dg) (k[ +3Dg) (k[ — Dy)?
(4.76)

The way first term has been calculated similiarly other terms are calculated to find the
exact expression of Eq.(4.70). The results of Integrals due to terms (b), (c), and (d) are

as follows
— _v%ej'd;” [e(xl'“—4D_9)t2 _ e—Kft2 B e—Kftz _ e—(Kf+4D9)lz:| - ] v%ef’d;”_
8xT'(k["+5Dy) 2k — 4Dy 4Dg 4(kI'+5Dg)(kT"—5Dy)
e~ 9Det> _ e—K’flg e—K‘flg _ e—(xf+4D9)zg V%eﬂd—“zl e(Kl'“—4D9)12 _ e—Kle
k[ —9Dyg 4Dg ]+4(Kf+3D9)(Kf—3De)[ 2kl — 4Dy
e—xl'"zz _e¢Don V%e—rd_“tl e(:cl'“—4D9)t2 _ e—Kfzz e—Kl'“tz _ e—(Kf+4D9)t2
k[ — Dy ] 8k (k[ +3Dp) [ 2k — 4Dy a 4Dy ]
V(2)e—1<l“tl e~ 9oty _ e—Kl_“tz e(Kf—4D9)t2 _ e—Kth
+4(;<f—1)9)(1<f+51)9)[ k[ —9Dg 2kl —4Dyg }
v(z)e—Dgtl e—3Don _ e—rd'"tz e—rd'“tz _ e—(Kf+SDe)t2
+4(KF—DG)(KF+SDG)[ k[ —3Dg 8Dg }
4.77)
e ] v%e—Def_l [e—3D(if2 — Kt —tze_’d;h] N ] v%e"d;’_1
4(KF—D9)(K’F—3D9) (K’F—?)D@) 4(KF—D9)(K‘F—3D9)
e—Donr _ e—Kftz e(Kf—4D9)t2 o e—Kftz v(2)e—1<1'"t1 e—4Dotr _ e—Kl_“tz
k[ — Dy B k[ —2Dg } +4(KF+5D9)(KF—5D9) [ k[ — 4Dy
e 9Dotr _ e—K‘ftz v(z)e—;d'“tl e(KF—4D9)t2 o e—Kl_"tz e—xl'“tz o e—(xf+4D9)t2
-~ x[—9Dy ] 16;<f(;<r—31)9)[ k[ —2Dg B 2Dg ]
N ] v(z)e—;d“tl_ [e—Kth _ e—(KF+4D9)t2 B e—Def_z _ e—xl“tz}
4(kI'—=3Dg) (kT +3Dy) 4Dy KI'— Dg
(4.78)
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L ] v(z)e_D"l_l [6—15?91‘2 _ e—K'ftz - e—xl_“tz _ e—(Kf+8D9)t2] N ] vge—zd'"z_l
4(KF—D9)(K‘F—7D9) kI'—15D¢g 8Dg 4(KF—D9)(KF—7D9)
e 9Don _ e—Kftz e(Kf—16D9)t2 - e—Kftz v(z)e—id'"tl e(Kf—16D9)t2 _ e—icl_“tz
k[ —9Dg  2(x[—8Dy) } + 8(kT —7Dg) (kT — 6Dg) [ 2xT" — 16Dy
e—Kl_"tz o e—(Kf+4D9)t2 vge—xl'"tl e—xftz _ e—(Kf+4D9)t2 e 9Donr _ e—Kl_"tz
B 4Dy ]+4(1<f—509)(xf—71)9)[ 4Dy k[ —9Dy
V(Z)e—KFtl e(Kf—]6D9)l2 _ e—Kflz e 9Dot2 _ e—Kftz
+4(1<F—5D9)(1<F—7D9)[ 2k[—16Dy k[ —9Dy ]
V(Z)e—K‘Ftl e—Kl'“tz _ e—(:d'“+4De)t2 e(xf—16D9)t2 _ e—Kl'“zz
+8(KF—SD9)(KF—6D9)[ 4Dy - 2kl — 16Dy ]
(4.79)

Integral values to due term (e) will be same of (a) similarly others. Terms due to
(0, (g), (h) of Eq.(4.72) will be zero for the initial orientational angle 6y = 0. Now for
the simplification we are taking only the term associated with sinhkI?, of Eq.(4.76).
Similarly another same term of sinhxI#, will arise due to the contribution of (e) of
Eq.(4.72).

To make this two-time correlation as zero centric stochastic process we need to sub-
tract the term (Ro(¢1))(R1(#2)) from Eq.(4.67). But for the simplicity of the calculation
we have avoided this term. So, this two-time correlation term becomes,

kBT 4T e(Kf*4D9)l‘2 _ e*K‘flz e*K‘flz _ 67(4D9+K‘f)l‘2
xo(t1)x1 (2 :(—)005296’”1( — —
(xo(11)x1(12)) . o < 4Dy 1Dy
kBT Al Tt eK'flz _ e—K'flg 2K-f‘ e—KFIQ _ e—(ZK‘f—H‘-De)tz
e — e 1 — - —
< K ><2F> [ 2k +4Dg  4Dg kKI['+4Dg ]

3V(2)D9 e T ginh kIt
2KF(KF+D9)(KF - Dg)(Kf‘—f— 2D9)

(4.80)

Following Eq. (5.53), the mean-square displacement (x?(¢)) up to the first order correc-
tion is given by (x*(r)) = (x§(1))¢ g — (KAL) (xo(1)x1(t))¢ o. From Egs. (4.58) and (4.80)
it is clear that the second term in Eq. (4.58) cancels with the first term in Eq. (4.80).
Further, since we are interested in the expression for the mean square displacement up
to the first order, the expression for (x?(¢)) becomes
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_ —2kTt _ ,—(4Dg+2kT)t
(1)) = (lﬂ> [(1 — e 2Ky | kAT cos 26 (e © )

K 4Dg
V% 0526, [ 2D6(674D9t - efzxfz> N e—4Dot _ 267(Kf‘+D9)t + efzxfz
2 (2Kf—4D9)(K‘f—3D9)(Kf—D9) (KF—DQ)(KF—3D9)
N v% [1 _ 9o~ (K[+Dg)t _|_6721<1_"t Dy(1— 6721(1_“1> }
2 L (k[ —Dg) (kT + Dy) k[ (k[ — Dg) (kT + Dg)
AT 3v3Dg e~ Tt sinh kTt

2k (kT + Dg) (kT — Dg) (kT +2Dy)

(4.81)

4.3.5 Persistence probability

We are going to calculate the persistence probability of the harmonically trapped active
asymmetric Brownian particle. The two-time correlation function (x(t)x(t;))¢ g can be

written in terms of perturbation series terms as

(KAL)
2

(x(t11)x(12))g,0 = (xo(t1)x0(12)) .0 — [(xo(t1)x1(12)) .0 + (x1(1)x0(72))e 9]  (4.82)

where #| > ;. The correlation functions (x(t)x1(%2))¢ ¢ and (x; (#1)xo(t2))¢ ¢ are equal in
asymptotic limit, that is, for #; and 7, large. In the limit, the expression for the two-time
correlation function takes the form

(x(t1)x(12)) g .0 = (xo(t1)x0(12)) £ 0 — (KAT) {xo(11)x1(22)) ¢ 0 (4.83)

For initial angle 6y = 0 all the terms of both (xo(¢1)x0(z2)) and (xo(1)x;(z2)) survive.
But for the simplicity of the calculation we will neglect several terms. From Eq.(4.64)
we neglect the first term of the third part and the terms e P¢'1e=3Po2 and ¢—*T2¢—Dott
from the third part, and similarly from the fourth part we neglect the terms containing
eDot1ePot2 and e *¥T12¢~Dolt | Again we have taken consideration of the transformed two-
time correlation terms defined in Eq.(4.65) and Eq.(4.66). And from the Eq.(4.80) only
first part and the first term of the second part and the third part have been taken, and
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other terms are neglected. Thus the correlation becomes,

(x(t1)x(22)) =0

= | /2kgT 2D AT 3vZD _
— o KIn ( B Volle _ 4+ _VO 4 _ )sinh 4 W)
K K['(kT'— Dg)(kT'+Dg) 2T (kI'+ Dy ) (k[ — Dg)(xT"+2Dy)
4D%V%(€7KFZZ _ e*Dgl‘g) 1— e*4D91‘2

+(AD)

(Kf—?)De)(Kf—l—Dg)(Kf—De)z 4Dy

(4.84)

After a little algebra, the two-time correlation function for the x-coordinate of the posi-

tion vector,

—«I 2kBT . _ 4D2 vz(e_Kftz _ e—Dgtz)
1)x(12) gm0 = €11 | (S5 ) simh T 00 _
e =e [ o) 2+(KF—3DG)(KF+D9)(KF—DG)2 (4.85)
.85
+ 2kBT KAI' — kTt 1— €_4D9t2
K 2 )¢ 4Dy
2
where the effective trap constant x’ is defined as x¥'~! = k= ![1 — vyDe n

D(KF—DQ )(KF+D9)

KA 3Do
2 2D(KF+DQ)(KF—D9)(KF+ZDQ)

As before, we define the variable X (r) = x(t)//(x?)¢ ¢ and the correlation function
of (X(t1)X(t2))¢ ¢ is found,

(X(t1)X(12))g.0 =

- 2pT \ o S 4Dgv3(e” T —e~Po't) 2kpT \ (KALY ,—«kTt (1—e*Po"1 1/2
e/ | (287 ) sinh Tty 4 (B0 o+ (22) (435) et (5™
e ¥I0/2 | (ogpr o F 4DFv3(e 12— Po"2) 2T\ (KATY ,— kTt [ 1—e*Por2
(P ) sinb T2+ o 2o oy (BT (55) e (125,
(4.86)
Using the time transformation for an imaginary time variable T, such that
o | (2ksT sD AT 3viD _
el = ¢ K1 ( L et +—=—— T >sinhK‘Ft
K K[(k['—Dg) (k[ +Dg)  2I' (k['+ Dg) (kT — Dg) (k' +2Dyg)
4D2 2 e—Kft _ ¢~ Det 1 — ¢—4Dot
_ 0 0( _ _ ) 5 —|—(AD)—
(KF—3D9)(KF—|—D9)(K'F—D9) 4Dg
(4.87)

The two time correlation function in Eq. (4.86) transforms into a stationary correla-
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tor of the form C(T; — T») = ¢~ (Ti=72)/2 and the persistence probability in the asymptotic
limit in the imaginary variable T is given by p(T) ~ e~7/2. Transforming back into
real-time, the persistence probability becomes

4D%v%(e_’(f’ — e Do)
(K'f— 3D9)(KF+D9>(KF—D9)2

—-1/2
L (k8T (*AT oy 1 — e 4Pot /
— e —
K 2 4Dg

In the limit of vy — 0, the equation correctly reproduces the result for a passive anisotropic

o | (2ksT _
p(t,80 = 0) = ¢ *T1/2 [(’%) sinh kL7 +

(4.88)

particle.?>. In order to validate the equation, we performed numerical simulations of
Eq. (4.46) with the initial condition chosen from a Gaussian distribution with a very
small width, so that the sign of r(0) is well defined. The trajectories were evolved
in time with an integration time step of o = 0.001. The persistence probability was
determined from the fraction of trajectories for which x(z) did not change its sign. A
comparison of the measured persistence probability is shown in Fig. 4.5 for two val-
ues k. There is an excellent agreement of the measured survival probability with the

analytical expression given in Eq. (4.88).
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102°
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Figure 4.5 Plot of p(r) for different choices of stiffness of the potential k of the harmonically
trapped anisotropic particle (blue square for k¥ = 0.01 and orange triangle for k¥ = 0.10) for self-
propelled velocity vo = 0.05: the colours representing different stiffness of the potential are
written above the plot. The rotational diffusion constant and initial angle 6, were fixed at Dg = 1
and 6, = 0, translational diffusivities are fixed as D =1, D, = 0.5. The blue dashed line is the
plot of Eq.(4.88) for k = 0.01 and the orange solid line is the plot of Eq.(4.88) for k = 0.10 with
the appropriate values of D, D, , and Dg.
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Conclusion

In brief, we have calculated the persistence probability along the x-axis of an active

anisotropic particle in two dimensions in the absence of any potential and in the pres-
ence of a harmonic potential. Two-time correlation function has been calculated in the
both cases. In the case of the harmonic trapping, we have used a perturbative solution
for calculating the correlation functions. The persistence probability has been calcu-
lated with suitable space and time transformations. We have calculated persistence
probability both analytically and numerically. We discussed single particle properties
by the orientational and translational correlation functions presenting some analytical
results for this model. We have shown how the addition of the self-propelled velocity
for active Brownian particle changes the dynamics and the persistence of the system
than the passive Brownian particle.
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O

Persistence of surface growth
with finite size effect in KPZ
interface

Surface growth is a common phenomenon in many processes of fundamental interest and ap-
plied fields, occurring over a broad range of length scales with atomistic growth models that
range from a few nanometers to biological systems (such as the growth of tumors) that range
to a few millimeters. Such deposition processes are inherently spatially extended systems that
are stochastic in nature. Theoretical modeling of such systems is usually done using stochas-
tic coarse-grained growth equations- the dynamical evolution of the surface height is governed
by either a linear or a nonlinear Langevin equation, depending on the underlying microscopic
dynamics. In this chapter, we look at the persistence probability p(¢) of stochastic models of
surface growth which is restricted by finite system size. We look at two particular models of
surface growth - the linear Edwards-Wilkinson model and the non-linear Kardar-Parisi-Zhang
model. The purpose of this chapter is to present analytical results for the persistence p(r) for
finite-size system.
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Introduction

Here we start the systematic study of the different growth processes and the corre-

sponding universality classes ' . In the growth process, there are two simplest growth
models, random deposition model(RD) and ballistic deposition model(BD)”. The sim-
plest model RD allows us to determine the scaling components exactly, and to construct
a continuum growth equation that leads to the same scaling exponents. A comparatively
complicated model is BD model. RD model is described as: From a randomly taken site
over the surface, a particle falls vertically until it reaches the top of the column under it,
upon where it is deposited. Thus we choose a column randomly and increase its height
h(t) by one. The most important difference between RD and BD model is that the RD
interface is uncorrelated. On the other hand in BD model, the particles are capable of
sticking to the edge of the neighboring columns leading to lateral growth, allowing the
spread of correlations along the surface.

The dynamic scaling behavior of stochastic growth equations is characterized by
several universality classes. Every choice of universality class is characterized by a set
of scaling exponents depending upon the dimensionality of the problem. The exponents
are denoted as «, 3, and z, when «a represents the roughness exponent exploring the
dependence of the amplitude of height fluctuations in the steady state regime (¢t >> L%)
on the sample size L, B denotes the growth exponent describing the initial power-law
growth of the interface width in the transient regime (1 <<t << L?), and z represents
the dynamical exponent related to the system size dependence of the time when the
interface width attains saturation. We use the single-valued function A(r,¢) representing
the height of the growing sample at position r and deposition time z.The interfacial
height fluctuations are denoted by the root-mean-squared height deviation which is the
interface width, that is a function of the substrate size L and deposition time ¢:

W(L,1) = ([h(r,t) — h(t)]?)/? (5.1)

here h(r)=average sample thickness. W (L,7) o< P fort << LZand W (L,t) o< L* fort >> L7,
L* being the equilibration time of the interface when its stationary roughness is fully
developed.

In RD model, every column grows independently as there is no correlation between
the columns. The probability that the column grows independently is p = 1/L, where L
is the system size. The probability that the column has height 4 after the deposition of
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N particles is,

P(h,N) = (ZZ) p(1—p)N "

Average height grows linearly with time (h) = Y | hP(h,n) = Np = N/L =t. Similarly
the second moment is straight forwardly calculated as (h*) = Np(1 — p) +N?p*. The
width of the interface is given w?(t) = ((h— (h))?) = (h*) — (h)*> = ¥ (1 — }). So we con-

clude as w(t) ~1'/2. So B = % The differential equation representing the RD model
is oh(x.t)

x,t)

at =F + Tl (X, t)

F is the average number of particles arriving at site x. 1(x,¢) is the random fluctuation
whose average is zero and the second moment is (1 (x,7)n(x',t")) =2Dd(x —x')6(r — ).
General solution

t
h(x,t) = Fr + / di'n(x,1')
0
From this relation, we can also derive w?(¢) = 2Dt. Thus we obtain the same exponent
B=1/2.
Let us generalize the growth equation with a form

oh(x,1)
ot

= G(h,x,t)+1n(x,1)

Here G(h,x,t) is a general term that depends on the interface height, position, and time.
To find the growth equation, we list some basic symmetries

e Invariance under translation in time.

* Translation invariance along the growth direction. This means that the equation
is constructed from the combination of Vi, V2h,.....,V"h.

* Translational invariance in the direction perpendicular to the growth direction.
* Rotation and inversion symmetry about the growth direction.

* Up/down symmetry for A, that means the interface fluctuations are similar w.r.t
the mean interface height.

Considering all these conditions we may construct a general growth equation as,

dh(x,1)
Jt

= (V2h) 4+ (V*h) + ...+ (V2"h) + (V2R) (VR)? + ..+ (VR) (VR)Y 41 (x,1)
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The simplest equation describing the fluctuations of the equilibrium interface is Edward-
Wilkinson(EW) equation, taking the form

dh(x,1)

=vV2h+n(x,1) (5.2)
Jt
here v is surface tension, and vV2h term influences to smoothen the interface. The
scaling exponents for EW equation is o = 234, B = 224, and z =2

Now the rather complicated form of describing a growth equation is the KPZ equa-
tion, which is obtained using physical principles which motivate the addition of nonlin-
ear terms to the linear theory and symmetry principles as we use for the EW case. We
include lateral growth in the equation. Growth happens locally normal to the interface
generating the nonlinear term (Vh)?. Adding this term to the EW equation we get the
KPZ equation as follows

dh(x,1)

== VV2h+4 A(Vh)? +1(x,1) (5.3)

The first term smoothens the interface with diffusivity v > 0, and the second term
is the slope-dependent growth velocity of strength A, A > 0 for convenience. From this
equation we can easily say that the interface growth governed by the KPZ equation has
nonzero velocity even in the absence of an external driving force. The scaling exponents
in this case are « = (2—d)/3, B =(2—d)/(4+d). Ford=1,a=1/3 and B =1/5.

In this chapter, we look at the persistence probability p(z) of stochastic models of sur-
face growth which is restricted by a finite system size. We look at two particular mod-
els of surface growth - the linear Edwards-Wilkinson model (EW) and the non-linear
Kardar-Parisi-Zhang model (KPZ). The phenomenon of persistence in the continuum
version of these two models has been well studied and the persistence exponents are
also known.®? For instance, the steady-state persistence exponents for both these mod-
els are related to the growth exponent  as 8 = 1 — 3,%? even though the KPZ equation
is a non-linear equation. Numerically obtained values of the steady state persistence
exponent for the one-dimensional KPZ equation were found to be 6 ~ 0.66, close to
the predicted value of 2/3,° whereas for the EW model the exponent was found to be
~ (.74, close to the predicted value of 3 /4. While these results are for continuum equa-
tions of surface growth, expressions for the persistence probability in spatially discrete
surface growth models with finite-size effects are not well-known. Our aim is to investi-
gate the persistence probability for discrete models of surface growth equations with a
finite-size. In an infinite spatially extended system, the boundary conditions do not play
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a significant role. The scenario changes when the system size is finite and it is expected
that the well-known algebraic decay of p() is lost.

The rest of the chapter is organized as follows: in Section 5.2 we present a brief
introduction to the models of surface growth. In Section 5.3 we present our work on
the persistence probabilities for the Edwards-Wilkinson model of surface growth on a
finite one-dimensional lattice ( Section 5.3.1) and for the Kardar-Parisi-Zhang model of

surface growth on a finite one-dimensional lattice (Section 5.3.2).

5.2 Dynamic Scaling and Stochastic Growth Models

Since it is convenient to write the evolution equations in terms of the deviation of
the height from its spatial average value, h(r,t) — h(t), from now on we will denote by
h(r,t) the interface height fluctuation measured from the average height. Using different

scaling exponents (o, 3,z) we get,

(a) The Edward-Wilkinson (EW) second-order linear equation: (a = %, B = }‘,z =2)
MEL) — voh(r) () (5.4)
(b) The KPZ second-order nonlinear equation: (o = %, B = %,z = %)

ahg’;”) = VV2h(r,t) + A|Vh(r,0) 2 +1(r,1) (5.5)
(c) The Mullins-Herring (MH) fourth-order linear equation: (o = %, B = %,z =4(1,1,4
ahé‘;” ) VA h(e) () (5.6)

(d) The MBE fourth-order nonlinear equation: (o = %, B = %,Z = 13—0)
OMEL) — vwh(r.) + AV (VRO 4 (e (5.7)

The term 7n(r,?) represents the noise term. We assume that the noise has Gaussian
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distribution with zero mean and correlator:

((ry,1)N(rz,12)) = D8 (ry —12)8 (11 —12) (5.8)

Calculation of Persistence

In this section, we present our calculations for the determination of the persistence
probability of the local height fluctuation in two models of surface growth. In both the
models, we consider the system to be bounded by a finite system size with a prescribed
boundary condition. Our first step is to consider the linear stochastic model of growth
described by the Edwards-Wilkinson model, discretized on a one-dimensional lattice.
Consequent to this, we look at the non-linear Kardar-Parisi-Zhang model of surface
growth.

5.3.1 Persistence for Edward-Wilkinson system on a finite lattice

We consider the Edwards-Wilkinson model of surface growth on a one-dimensional lat-
tice with a finite domain size extending from —L to L. The finite domain is discretized
into a one-dimensional lattice with 2N points, such that Na = L, where the lattice spac-
ing is defined as a. At each lattice point the height profile is denoted as 4,(¢). The con-
tinuum stochastic model of surface growth given in Eq. (5.4) in one dimension reads
* oh(x,t)  d%h

at’ =V33 +n(x,1) (5.9
Where & is the Gaussian stochastic noise. The correlations of the & are given by

,1)) =0
(n(x,1)) (5.10)
(e, 1) = 2D8(t —1')(x )
The boundary condition is chosen to be %) L= 0. The discretized form of Eq. (5.9) on
a one dimensional lattice takes the form
oh,(t) v M
= - E[fz,l+1(t)+h,,_1(z)—2hn] + (5.11)

Note the y/a in the Eq.(5.11) comes from the spatial delta correlation of the noise in
the continuum equation. The formal solution to Eq. (5.11) together with the boundary

134



condition for 4, is given by

ha(t) = Xo+2)_X,coskpn (5.12)
p

where X, are the Fourier modes for p # 0 and X; is the p = 0 mode. The boundary
condition dictates that sink,N = 0 and therfore we get k, = pm/N, so that the formal

solution takes the form
prn

ha(t) = Xo +2Zp:x,,cosT (5.13)
Substituting Eq. (5.13) in Eq. (5.11), we get for X,
(cos (PP = _2Y ~cos (P cos (P 4 T
Tipeos(2) =25 [1-cos ()] e () 1 2 s

We multiply throughout Eq. (5.14) with cos(¢nn/N) and carry out a sum over n. The
left hand side of Eq. (5.14) gives

ZZX cos < ) cos (q;n) ZX / dxcos (p:x> cos (an) Z Opg =

(5.15)

Similarly, the first term on the right hand side of Eq. (5.14) becomes

1 rL
- ZkaXp Ccos (p—m) cos (@) =— kaXp—/ dxcos (p—m> cos (q—m)
N N aJj-r L L
pn P
I I (5.16)
- _EZXp@w - _Equq
P

Where k), = 2 Y(1—cos BF v )- For large enough N, we approximate k), as k, = L2 2, where

we have used the fact that Na = L. The equation for the time evolution of X, follows
the stochastic differential equation

0X
a_tp = —kpXp+1) (5.17)

where the stochastic noise 1, is given by

Va prn
Zzn:nncos (T) (5.18)

The statistical correlations of 1, follows from 7,. The first moment of 1, is zero. The
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second moment is given by

<np<t)nq(t/)>:%rgn<nn(t)nm(t’)>cos<@>Cos<qn'm>

N N

= 2ﬁ3(t—t’)2cos <p_7rn> cos <@> (5.19)
412 _ N N
2Da

L D
= mS(r —1)=8,4= Zép,q(S(t —t)

The noise correlations for p = 0 mode also follows from Eq. (5.18). While the first

moment remains zero due to the Gaussian nature of 7, the second moment is given by

(Mo()M0(t")) = 157 L () (1)) = 225807 X Su
= %5(;—/)2 = %50—/)

n

In deriving the last line of Eq. (5.20), we have used the fact that }',, = 2N and Na = L.

With the noise correlation at hand, we now proceed to calculate the two-time correltion
functions. The solution for X,, for p # 0, is given by

t !
Xp(7) :/0 dr'e o=, (1)

(5.21)
and for p =0, X, obeys the simple random walk equation

Xo(t) = /0 "dr'mo () (5.22)

With #; > 1,, the two-time correlation function for (X, (¢1)X,(r2)) take the form

(

—t forp=¢g=0
L2 pP=q

D va2p?  vmlgt\
Z5p,q 2 + X
(Xp(11)Xy(12)) =

12
2 vi2p2 vild? (5.23)
o -n) _ Y fz]

—e 12 le 12

( forp#q#0

We now want to determine the persistence probability in such a system. For this, we

choose the height profile at n = 0 as the stochastic variable, corresponding to x =0 in

136



the continumm limit. Putting » = 0 in the formal solution Eq. (5.13), we get

ho(t) = Xo+2) X, (5.24)
p

The two-time correlation function (hy(t;)ho(t2)) is given by

{ho(11)ho(12)) = (Xo(11)Xo(12)) +4 Y (X, (11)Xy(12)) (5.25)
P
Substituting the two-time correlation functions derived in Eq. (5.23), and noting that
the delta function in Eq. (5.23) for p # g # 0 is removed by the sum over ¢ in Eq. (5.25)
we get

D 2D & [(2vEPpR\ ' [ v, v
(ho(t)ho(12)) = —ta+ =) ( szp ) X [e g (hm)} (5.26)

With this expression in hand, we first consider the limit of L — . To this end we use
the Euler-Maclaurin formula for the sum over the Fourier modes.

i ~1
Z (2v7r2p2 ) [e V”Lzzl’z (h=n) _ - "”L22”2 (t +t2)}
12

p=1

(5.27)

L oo e*sz(l] 72‘2) o e*sz(trH‘z) 1
- E/o VkZ 2

ekaz(tl 7t2) _67Vk2<ll +1p

e ) Therefore, in this limit of L — oo, the sum is rewritten

where f(k) =

—kp(l‘l —12) o e—kp(ll—l—lg) /oo e—sz(l‘l —tz) o e—Vk2(11+12)
0

%, dk—5[F(0)+ f(=)]  (5.28)

Where f(k,) = <~ (1142)2;:4('7 ") " In the limit of k — 0 we get f(0) = 1,/2 so that the
expression in Eq. (5.26) become

Dl‘
L2

(ho(t1)ho(r2)) = 12+ e

o~ dk e*sz(l‘] 7[2) _ e*Vk2(l‘|+l‘2)
-p| =
/oo 2 vk?

The final form of the two-time correlation function in Eq. (5.29) is the well known result

2D oodk [erz(ﬁ 71‘2) _ e*sz(erz)
0

(5.29)

for the one dimensional Edwards-Wilkinson model of surface growth in the continuum
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limit. %19 Denoting C(1,12) = (ho(t))ho(t2)) we get
D 1/2 12
C(t1,1) = ;[(ll +0) /= (t1—1)7] (5.30)

We now define the nromalised variable H(t) = ho(t)//(h(t)) and the two-time correla-
tion function of H(¢t), A(t1,t2) = (H(t))H (12)) = C(t1,12) /1/C(t1,11)C(t2,12) is given by

C(tl,tz)
\/C (t1,11)C(t2,12)

SN O

The non-stationary correlation function in Eq. (5.31) is transformed in to a stationary

A(t,1) =
(5.3D)

correlator using the transformation 7 = Int, so that we get
A(Ty,T5) = A(Ty — Ts) = fo(T) = [coshT /2]'/2 — [sinh T /2]'/? (5.32)

In the opposite limit of L — 0, only the first term in Eq. (5.26) survives and the correla-
tion function for the normalised variable H(t) = ho(t)/4/(h}(t)) is given by

5]
(H(t1)H (1)) = - (5.33)

1
This is the result for a simple random walk and the non-stationary correlation function
is converted to a stationary correlator using the transformation 7 = In¢. In the imaginary
time 7, the two-time correlation function becomes stationary: (H (T} )H (T3)) = e~ Ti=12)/2

and the persistence probability is that of a simple random walker p(z) ~ ¢~/ 2.
We now study the case when L is finite. Thus, L is kept fixed while 7 is varied.

To this end, in the expression for the two-time correlation function in Eq. (5.26) we
keep the long wavelength mode 7 /L corresponding to p = 1. The two-time correlation
function becomes

D 2% v, . vm?
(ho(t1)ho(t2)) = T [tz + 26 2" sinh L—tz] (5.34)

The first limiting case we note is that of v — 0 when each lattice site is independent of its
neighboring site and evolves according to a simple random walk model. In this case, we
note that the correlation function in Eq. (5.34) becomes that of a simple random walker
and consequently we expect the persistence probability to be p(r) ~ t=1/2, In order to
proceed further, we note that the non-stationary correlation function in Eq. (5.34) in
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its exact form can not be transformed to a stationary correlator without any further
approximation. When ¢, and t, are such that va?t/L? >> 1, the first term in Eq. (5.34)
dominates and consequently the persistence probability is that of a random walker:
p(t) ~ 1712, In the opposite limit of vx?/L> << 1 we approximate the correlator in
Eq. (5.34) as:

2
D v\ sinh Y%,
(ho(t1)ho(22)) = Y 1+2<1 7 tl) L

D vr? (5.35)
=—tH|1+21——t :
ce[+2 (1= 70
_3D T, 2wr2t
T L2 32!

We can now convert this to a stationary correlation function — first using the trans-
formations H(t) = ho(t)// (h3(t)) so that

2
5 | 1—(2/3)Y%0
(H(t)H (1)) = | (5.36)
o 1-(2/3)" 5"
The transformation to a time T is given by
1/2
P (5.37)

12
(1-3)
so that (H(T)H(T»)) = e~(T1=T2)/2 and following Slepian'!, the persistence probability

in real-time is given by
1 2 v\
)~ — (1= —— 5.38
po~— (1375 (5.38)
For term in the bracket in Eq. (5.38) can be exponentiated to get an alternate form for
p(t):

1 _1lve
p(t) ~ Ee 312 (5.39)
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5.3.2 Persistence in KPZ growth at finite size limit

We now focus on the discretized Kardar-Parisi-Zhang model of surface growth. The

conitnumm model in Eq. (5.5) in one-dimension take the form

oh,  9%hy, ohy\*
W—VW”(W) 1 (5-40)

The boundary conditions remain the same as in the preceeding section, that is, %) L=
0. As before, we spatially discretize the equation on a one-dimensional lattice with a
lattice spacing a:

oh, Vv

o hn+l_hn71 2 Nn
5 —;[hn+1+hn—1 2hn]+l(T) +% (5.41)

Here A is the non-linear coupling parameter. We choose a weak A for two reasons- first

a perturbative expansion around A =0 can be done and the solution to Eq. (5.41) can be
constructed using the perturbative solution. Secondly, the choice of a weak A is dictated
by the requirement of & (x,) to be a Gaussian process. In the Edwards-Wilkinson model
since h(x,t) is linear, the process remains a Gaussian stochastic process. However, this
is not true for the KPZ equation since it contains a nonlinear term.

We consider the perturbative expansion
By = B+ AR+ A2+ O(A%) (5.42)

Substituting Eq. (5.42) in Eq. (5.41) and comparing the left hand and the right side to
the powers of A we get for 40

oy Vg 0 0o, M
5, = plfner +hny = 2hy] + \/—na (5.43)
and for il as
ohy V., 1 0 (M 2
o Uy = 20 () (5.44)
To proceed further, we note that the solution given in Eq. (5.42), must obey the bound-

0 1
dition at each order of A. Specificall h f”ln) —0 ai> —0and
ary condition at each order o pECI ca y, one nas ot . > oy s and Sso

on. Consequently, we write the solution as
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0 _ y0 0. P
h, = X, —|—2;Xp cos —~

hy=2Y'X) cosann (5.45)
P

3
hy=2Y X7 cos %

As before, we will be interested in the two-time correlation for hy. Using Eq. (5.45), the
two-time correlation function (ho(t;)ho(r2)) takes the form

(ho(t1)ho(t2)) = (hQ(t1)hg(12)) + A* (o (1) g (£2))

= (X0 (11)X0 (12)) +4 Y (X, (1)X] (12)) + 427 Y (X, (11) X (12)
pq p.q

(5.46)

In writing Eq. (5.46), we have ignored the term (h3(#1)h3(r2)) and (h3(t1)h3(t2)) in the
order A? term since they contain higher order exponential decays. The equation for the
zeroth order h) obeys the same differential equation as that of the discrete Edwards-
Wilkinson model (see Eq. (5.11)) and therefore the solution for hg is known. Conse-
quently, the two-time correlation function (X[(,)(II)X(?(Q» follows from Eq. (5.23). We
focus on the solution of h,. Substituting the expression of #, in terms of X, from
Eq.(5.45), we get

\% 1
[ZZXICOS p_ma} == ZZX; (cos%
p
2
—1 1 1 —1
—i—cosM ZCosp—m>] +4—2 ZX[?C n+ ZXOCOS )
N as | 5
(5.47)
This equation can be simplified to
8X1 prn 2v T
1 pan pr
Z Y ——EZXPCOS—<1—COSW>
(5.48)

pin . pm . qwn . 4%
XOXosm—sm—sm—sm—
2 22’ N N N
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Multiplying both sides with the factor cos kl’f," and summing over n, we get

Xl
ZZ&&t 7m = ZZXICOS—HCOS%<1—COSII)V—%>
(5.49)

T km T
ZZXOXO sm in arn coS " sin p_ sin ar
N N N N

The term of L.H.S. of Eq.(5.49) can be expressed as

pT km 1 [tL T kT L. L.
ZZchos—ncos—n— Xl—/ dxcosucos—x:—ZXlépk:—Xk] (5.50)
N al-r L L a’ PR g

The first term of R.H.S. of Eq.(5.49) can be written as

prn knn / X kﬂ?x
-~V Y kX = 2 X,~ Ll 2 X,
2 kp pCOS - cos kp dxcos 25 cos I kp 6pk

L
= ——ki X

a

(5.51)
The second term of R.H.S of Eq.(5.49) can be simplified as
k
2a2 ZZX OX 0 sm in q;\r]n cos 17\171 sin % sin %
1 k
ZXOX0 sm Tnt2 dx sin 22 cos T gin I
2a2 Nal-L L L L
L (5.52)
2a2 ZXOXO sm— sin — N 7 —(6p.g—k + Op.g+k)
qm
a3 ZXOXO sm — sm N (Sp,qfk + 5p,q+k)
Using the simplifications of Eq.(5.50), (5.51), (5.52) in Eq.(5.49) and we get
x| 2v
8_tp =-—= (1 —co >X +—ZZXOXosm—sm [0p.g+k + Op.g—k]
_ 0 (CI+P) : 0 0. (@—p)T . qm
—kX +4 22 pﬂqusst ZX X SIHTSIHW

(5.53)
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The general solution is

X! 4a22/ At e—kot=1) p+q( X1 )Sin(P-l]-VCI)n

T ( - . (5.54)
.4 0 (N\YO(\ i \ 4P q
sin = +X,_ ()X, () sin ———— N sin N
I Calculation of (X!(1)X) (1))
Xy} 02)) = o | [ [ty T (X2 (X0 (X0, ()X, (1)
p1, q1
e kp(t1=11) p=kg(2=13) ip (p+p)7 sin P17 sin (g+a1)7 sin Ak
N N N N
b [ [t T X0, X8, (DX (5)X0 () Hr0 e htet)
p1 ql
(p+p1) in plﬂs. (@1 —q)m . a7
N N
+/ dll/ diy Y (Xp,_p(11)Xp, (¢ )Xz?Jrql(/)qul(lé»e_kp([l_ll)e_kq(tz_tz)
P11
. (pl—p)n . p17r - (g+q)m . qim
S1n Sin Sin Sin
N N
+ [ / th Y (X0, (11X (1)X0, (X0 (1))t~ hle s
P17C]1
sin (p1—p)z sin pi% sin (@1 =) sin s
N N N N
(5.55)
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First term of the correlation can be expanded as

(ptp)m . pim . (gHq)T . qiT
<X3+p1( i)XO( )Xc?+q1( ’)X(?l(té»sm S sin = =—sin =

[<X[(9)+p1< 1)Xp, (1)) (X g, (5)X0, (1)) + (Xpsp, (1) X5 4, (1)) (X, (1), (15))

X0, (10 (04)) (X0, (XD (4] sin PP 3 P G (020007 G 017

N N N N
D? 1 — e kotmtg=kpit 1 — e katar2 o= ay 12
4L2 [plz;h P+P1,P1 kpl +kp+p1 q+41,91 kq+q1 +kq1
5 e koo =13l _ o=kqra1t3 p=kpip i e ko =13l _ p=kq 13 p—kp, 1}
+p1§1 prpvaT kp+pi + kg, e kpy +kq,
5 e kpip =15] _ o=kqy 15 p=kpip 1y e ko =131 _ o=kqra)13 p—kp 1]
i plzm P kp+pi +kq, P kp +kq+q: ]

” [ Z 0p,00, 01 — et | — et hara sin pir sin (p+p1)7
p.Vv~q,
4L2 P1,q1 kPl +kp+P1 k‘]l +k¢I+Q1 N N

e korm 0=0] _ o=kpip 1l g=karpity p=kpy l1=15] _ p=kp, (51 +13)

kP+P1 + ktI+P1 2k171

A Q+611
sin N sin Zﬁpq

sin (p+p1)7 sin (61+p1)7t gin2 P17 1Ys e Fpep 1015 _ p=kpp, (1]413)

N N N 2k py

N

R S 2(ptp)m o piT (pHHH)n]
kpl +kP+(1+p1 N N N

(5.56)

Before we carefully examine Eq. (5.56) term by term, we note that in the two-time
correlation function in Eq. (5.46), the term in the order of A2 has a double sum over
the Fourier modes denoted by p and ¢. Consequently, in the first term in Eq. (5.56), this
double sum picks up the modes p =0 and ¢ = 0 and therefore, even for the choice of
the lowest value of p; = 1, the first term corresponds to largest time scale 7, L= vyr?/12.
In contrast, when we look at the second and the third term, the first term in the sum
corresponds to p = 1, p; = 1 with p+ p; = 2. Therefore, the lowest relaxation time scale
that appears in these terms correpsond to 7, '=4vr?/L%. Consequently, in our final
expression we ignore the two terms.

Looking at the three other terms in Eq. (5.55), the four-point correlation function
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can be similarly decomposed as product of two-point correlation functions.

0 0 0 0 . (ptp)m . pim . (1 —q@)T g7
Z <Xp+p1(ti)Xp1 (t{)qu,q(té)qu (t5)) sin sin sin sin

pLa1 N N N N
= Y (X, (t)Xp, (1)) (Xgy—g(15)Xg (1)) + (X p, (11)X g, —g(15)) (X, (11)X], (13)) (5.57)
pLa1
. (ptp)r . pim . (-7 . qiT
+ (X;er (] )X(?1 (#5)) (XI(,)1 (ti)X;)I,q(té)ﬂ sin sin sin sin

N N N N

(pi—p)r . pim . (g+q)m . qi©
S1n S1in Sin

0 (w0 (/%0 (w0 ()
Z (Xp,—p (1) X, (1)) X4 4, (12)Xy, () sin ~ v ~ -

P1,91

= Y [(Xp, ()X, (1D)Xg, g, (12)Xg, (1)) + (X)), (11)X5 4, (12))(Xp, (11)X, (12)) - (5.58)
P1:q1

. (p—p)T . pim . (g+q)T . qiT
—l—(XSI,p(Ii)Xgl (t§)><X£1 (ti)Xgl+q(té))]51n N Sin o sin e sin =

0 N0 (/\y0 N0 (o PL=P)T - PIT . (1 —q)T . 1T
p% (Xp,—p(11)X, (11)Xy, —4(t2) X, (£2)) sin N Sin o sin = sin =

Y, (X, (D)X, (1)) (Xg, o (12)Xg, (12)) + (Xp, (1)) Xg, () (X, (1)X, (12)) (5.59)

P1:91
0 0 0 (110 (=Pt . PTG =T i
+ (X, (1)X,, (1)) (X, (1) X, _,(t3))] sin sin—— sin sin

N N N N

The first terms in the all the three expression will have 6,06, and therefore we retain
these terms in the final expression of (X;(11)X, (t2)).

1— eiQkplti 1 — eiZk‘Jlté
2kpl 2kql

4D? n 1 / /
X)X (1)) = —— / dr! / dthe ko= hal=s) J°
64L7a* Jo 0 P

. KL 17
0p,004,0 sin’ pir sin’ nr
N N

(5.60)

To break the summation, putting p; = 1,q; = 1, we get sin 2% ~ 2% for N — oo, simplify
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delta functions as p = 0,4 = 0 So Eq.(5.60) becomes

D2 1 1 12 72vn2t§ 72\/71:2[& 71'2612 2
XX} () = g [ [T - 1= ) ()
DZ LZ _avr?y L2 _2valn
= |- (e ][t— l—e 22 }
64v2L2[1 2v7r2( e 7 ]|n 2v7r2( ¢ )
(5.61)

Two-time correlation ((t1)ho(12))

We have taken the initial condition Xl} (0) =0.

Using the general solution in Eq. (5.54) the detailed calculations of two-time cor-
relation function in the order A2 has been presented in the Section(5.3.3). Combining
Egs.(5.23), (5.46) and (5.61), we get

D D L*> _vi_ _va?
(ho(t)ho(r2)) = T2+ 75 [e () _ =0 ("“2)}
D2 12 L2 vty LZ 22, (562)
e — t - 1 L, 2 ] [f _ 1 P
T2 162 [ ! 2wr2( e 2| 2wr2( e )

5.3.5 For finite r but L — 0

In the finite + domain if L — 0 the term related to L? can be neglected. Putting this
condition in Eq.(5.62),

(5.63)

(5.64)

T:

Now time transformation may be taken as e
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After the time transformation we get, (H (T} )H(T3)) = e~ "1=T2)/2 Following Slepian'’,
if the correlation function of a stochastic variable decays exponentially for all times
C(T) = e*7T, then the persistence probability is given by

P(T) = %sin—l(e—“) (5.65)

Asymptotically, P(T) takes the form P(T) ~ ¢ *T. Consequently, in real time the persis-
tence probability is found as

1 A2

+ Tev2 (5.66)

p(t)L—0 ~ o
Zt

It is quite interesting that the expression of p(z) in the asymptotic limit of + — < goes to
a constant value of A2/16v2. In principle, one can use this result to extract the ratio of
A /v, with the advantage being that the system size required to extract the information
need not be very large.

Conclusion

We conclude that the results of the persistence in surface growth in finite lattice provide

us with a valuable set of tools for investigating the dynamics of a non-equilibrium sys-
tem. We have taken a lattice in finite domain size extending from —L to +L. We have
calculated the analytical expression of persistence for Edward-Wilkinson surface growth
for the conditions L — 0, L — o and for the finite value of L. Again we have calculated
the persistence expression analytically for the KPZ surface growth process when L — 0
and L is finite but large. In conclusion, we have investigated the persistence probability
in the models of surface growth analytically strictly restricted by a finite domain.
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Summary and Outlook

We present a brief summary of the work done in this thesis. The summary of the work done and
the significance of the work have been summarised briefly for a quick overview.
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In this thesis, we have studied the phenomenon of persistence in a class of non-
equilibrium systems. Persistence plays a very important role in describing a stochastic
process in nature, specifically providing the non-stationary dynamics of the system. The
phenomenon of persistence is typically quantified through the persistence probability
p(t)- the probability that a stochastic variable has not changed its sign up-to time ¢. For
a wide range of non-equilibrium systems, this probability has been shown to decay as
a power law with an exponent 6 that depends on the non-trivial memory-dependent
dynamics of such out-of-equilibrium systems.

In the course of this thesis, we have presented explicit results for the persistence
probability of an anisotropic particle in two spatial dimensions, in presence, as well as
in absence of a confining harmonic potential. The two-time correlation functions of the
position of the particle have been calculated in both cases. In the case of a harmonically
confined particle, a perturbative solution has been provided for the correlation func-
tions. The persistence probability is computed from the two-time correlation function
using suitable transformations in space and time. Further, we have demonstrated using
numerical simulations, that the persistence probability can be an extremely useful tool
in measuring the translational and the rotational diffusion coefficients of an asymmetric
particle. The advantage of this method is that it does not require the measurement of
the orientational degrees of freedom. As a corollary, our method also demonstrated that
it can detect the shape asymmetry of the particle when the two translational diffusivities
differed by 5%.

Additionally, the work on anisotropic Brownian particle has been extended for the
case of an active anisotropic particle. From the analytic expression, it is clear that the
propulsion velocity not only renormalizes the long-time diffusion coefficient, but also
renormalizes the anisotropic part of the diffusion tensor. The analytic expression has
been compared with numerical simulations and is in excellent agreement when the
propulsion velocity is small. When compared to that of a passive anisotropic particle,
we observed that the persistence probability can not detect propulsion velocities which
are small even for those cases where the translational diffusivities differed by 5%. p(r)
however could distinguish between an active and a passive particle when the propulsion
velocity was large. As before, we also provide an expression for p(z), validated by nu-
merical simulations, when such an active anisotropic particle is confined in an isotropic

harmonic trap, a situation extremely relevant in experimental scenarios.

In our final work, we deviate from the single particle dynamics to that of coarse-
grained models of surface growth in one dimension that are bounded by a finite domain.
We took two models- one is the linear Edward-Wilkinson(EW) Model and building on
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the results from the EW model, we studied the non-linear Kardar-Parisi-Zhang(KPZ)
model. The phenomenon of persistence in the continuum version of these two models
has been well studied and the persistence exponents are also known. But the expression
for the persistence probability in spatially discrete surface growth models with finite size
effect is not known. In an infinite spatially extended system, the boundary conditions
do not play any significant role. The expression change when the system size is finite.

My future aim is to work on to study the entropy and work production in active
systems. The most interesting part is the effect of active bath in the efficiency. We aim to
model efficient engines, those have better application in energy harvesting techniques.
Another interesting phenomena which I will work on stochastic resetting problems and
fluctuations and entropy production associated with restart process.

Theoretical and experimental attempts have been made to understand the laws of
thermodynamics and non-equilibrium fluctuation relations for active matter. Particu-
larly, the dissipation of energy in active systems can be a useful tool to measure the
violation of fluctuation dissipation theorem (FDT). We consider to investigate interest-
ing problems related to the passive particle in an active bath. The entropy generation
of such systems is an interesting study. Moreover the other interesting set of problems
are investigating heat engines in active heat reservoirs. And entropy production due to
stochastic resetting. More specifically saying, we will study entropy production, super
diffusion properties of Brownian, colloidal particle, flexible and semi-flexible polymers
in active bath. The effect of confinement in different potential like harmonic and time
dependent potential and its effect on entropy production. Additionally we will study
the shape effect of the particle in entropy production, specifically if the particle is asym-
metric.
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Representation of an ellipsoid in the x —y lab frame and the X — § body
frame The angle between two frames is 6. The displacement R can be
decomposed as (6%,6¥) or (6x,8y). . . . . . . . ...
Plot of t'/2p(t) for different choices of translational diffusivities of the
anisotropic particle: Dy=1,D; =05 (blue circles); Dy=1,D; =0.3
(orange squares); Dy=1,D; =09 (green diamonds);and D=1,
D, = 0.95 (red triangles).The rotational diffusion constant and the
initial angle 6y, respectively. The solid lines are fit to the data us-
ing Eq.(2.46).The fit yields the overall constant «#. The estimated of
values of .« from the fit are 0.025132+0.000014 for D) =1, D; = 0.5,
0.02514440.000011 for DH =1,D, =0.8,0.025166+0.000012 for DH =
1, D, =0.9 and 0.025148 +=0.000019 for D= 1,D, =095.......
Plot of t'/2p(¢) for different choices of the rotational diffusion constant
of the anisotropic particle: Dg = 0.01 (blue circles), Dy = 0.1 (orange
squares), and Dy = 1 (green diamonds). The translational diffusion
constants in all three cases were D =1 and D, = 0.5, and the initial
orientation was fixedat 6p=0 . . . . . . . .. .. .. ... ... ...
Plot of t!/2p(1) /.7 for different choices of translational diffusivities of
the anisotropic particle: Dy=1,D, =05 (blue circles); Dy, D, =09
(green diamonds); Dy =1,D; =0.95 (red triangles). The rotational
diffusion constant and the initial orientation were fixed at Dy = 1
and 6y = 0, respectively. The black solid line indicates the value of
1/V2D+AD =1/,/D| = 1/+/2, whereas the dashed lines indicates the
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in all the cases were fixed at 6y = 0. The solid lines are fit to the data
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