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Abstract

This work consists of two chapters. The initial part includes the study of the solutions of
Cauchy’s basic equation which are equations of the form f(x+y) = f(x) + f(y). We start by
looking at the solution for this equation when the given function has real domain and range.
Various regularity and algebraic conditions leading to the linearity of the solution function
are discussed in detail starting from continuity and generalizing it to the condition where
only the measurability of the function is needed. Concept of almost additive functions are
introduced and the existence of a unique additive function which coincides almost everywhere
with almost additive function is proved. Stability of the solution of a Cauchy’s equation is
discussed in detail with the cases including |f(x+y) — f(x) — f(v)| bounded and unbounded.
Solution of the additive functions when the domain and range is extended to complex plane
is also discussed. Finally the most general solution of Cauchy’s basic equation is constructed
using the existence of a Hamel basis for R over (Q and the existence of a discontinuous solution
for Cauchy’s equation is shown. Then second chapter covers the study of convex functions.
Various properties of convex functions are discussed. Concept of a weaker form of convexity
namely mid convexity of function is introduced and sufficient conditions satisfied by the mid
convex functions to be convex are discussed starting from continuity and generalizing it to
the condition where the function only needs to be measurable. Finally, a more powerful form
of convexity which is log convexity is introduced and the properties of such functions are
discussed.

Basic knowledge of Measure theory, Functional Analysis and Fourier Analysis is assumed
for understanding the topics presented in this work. Any of the non-standard results which are

being used are carefully stated and proved.
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Chapter 1

Cauchy’s basic equation.

Definition 1. Let f : R — R be real valued function satisfying:

fx+y)=fx)+f() ,Vx,y € R. (1.1)

Equation (1.1) is called Cauchy’s basic equation and function f satisfying it is called an addi-

tive function.

This equation was first treated by A. M. Legendre and C. F. Gauss. A. L. Cauchy found
the general continuous solution of the same . We begin with a generalization of the Cauchy’s

theorem.

1.1 Solution of Cauchy’s basic equation

1.1.1 Conditions implying continuity of the solution.

Theorem 2. Let f: R — R be an additive function such that f is bounded in one side on a

non-empty bounded open subset U of R , then f has the general solution
f(x) =cx wherec= f(1). (1.2)

Proof. We first assume that f : R — R is an additive function bounded above in a non-empty
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bounded open set U ; similar arguments will work for the proof in the case f is bounded below.

flx) <M ¥xeU, MeR. (1.3)

By induction, it follows from (1.1) that

FOa+- ) = flx1) +- 4 f ().

Substituting x; = x in the above equation gives

f(nx) =nf(x) VvneN

Now
f(0) = f(0+0) =2f(0)
— f(0)=0.
Also
f(=x)=f(0—x) = f(0) = f(x) = —f(x) VxeR. (1.4)

Define the function g : R — R by

8(x) = f(x) —xf(1).

If we prove g = 0, then the proof will be complete. Observe that g is an additive function and

since f is bounded above in U , g is also bounded above in U. Indeed

gx+y) = fx+y)—(x+y)f(1)
= f)—=xf()+f)—yf(1) =gx)+g);

gx)=f(x)—xf(1) <M—xf(1)<M VxeU, M eR (1.5)

using equation (1.3) and the fact that U is bounded.
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Note that g(x+ 1) = g(x) ,Vx € R which shows g has a period 1, so if U contains an
interval (a,b) of length at least 1, then g will be bounded on R. To the contrary, assume that
U doesn’t contain such an interval. Then since U is a non-empty open set in R, it contains a

non-empty interval (a,b) of length % for some n € N. Since

g() =g+ + ) =ng(>) =0,

it follows that

S| =

So

1
glat—)=glx) WxeR

which shows g has a period % and since g is bounded in (a,b) C U , it follows that g is bounded

all over R. From equation (1.4) and equation (1.5) , we get
—B<g(x)<B,VxeR.
If B <0, then the above equation shows
B=0
which implies g(x) = 0. Now, assume that B > 0 . Since g(nx) =ng(x) ,vneN,
—B<g(nx)=ng(x) <B ,VxeR

B
< <
n_ﬂ@_

,Vx e R.

3| ™

Letting n — oo,we obtain g(x) = 0, which completes the proof. Il

The above theorem leads us to think that slight regularity assumption on the function f
satisfying basic Cauchy equation (1.1) implies in fact a strong regularity which in turn yields

f(x) = cx. Next corollary and theorem support the above assertion.
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Corollary 3. If f : R — R is an additive function that is continuous at a point then f has the

general solution

f(x) =cx wherec= f(1).

Proof. Let f be continuous at xy € R. Then for any € > 0, 36 > 0 such that
|f(t) — f(x0)] <€ whenever |t —xp| < J.
This implies for ¢ € (xo — 8,x0+ )

f(xo) —€ < f(t) < f(xo) +&.

That is , f is bounded in the non-empty bounded interval (xo — 8,xp + 6). The proof is com-

plete on using the above theorem. [

Proposition 4. If f : R — R is an additive function that is continuous at a point then f is

continuous everywhere.

Proof. We will first prove that if f: R — R is an additive function continuous at xo € R, then

f is continuous at 0. Let {y,} be a sequence in R converging to 0. Now

f(xo+yn) = f(x0) + f(n),

letting n — oo

lim f(xo+yn) = f(x0) + lim 7 (yn)-

Since xg + y, converges to xp, continuity of f at xo implies lim,_,c f(xo +yu) = f(x0). This

shows that

f(x0) = f(x0) + lim f(y,)

which yields
lim f(y,) = 0.

n—oo
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From the additive property of f we know, f(0) = 0; so

lim f(yn) = f(0)

n—oo

which proves that f is continuous at 0. Let x € R be arbitrary and {x,} a sequence in R
converging to x , then x — x,, — 0 as n — 0. Since f is continuous at 0, it follows that f(x —

xpn) — 0 as n— oo. Also

fln) = flan—x+x) = f(x, —x)+ f(x).

So
lim f(x,) = lim f(x, —x) + f(x)
which implies
Tim () = £(x).
This proves the continuity of the function f at x. O]

Now we will give some definitions and state some results without proofs which will be

used in the subsequent sections.

Definition 5. (Convolution product): Let f € L'(R) , g € L'(R). Then the convolution
product f * g is defined by

frglx / flx—y)g(y)dy < e, x € R.
Proposition 6. Let f € L'(R), g € L'(R). Then

/_Z |f(x—y)g(y)|dy < oo

for almost all x and for these x, define

W) = (Fr)) = [ =)
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Then h € L'(R) and
A<l f Il g Il

Definition 7. Let f € L!(R) , the Fourier transform f of f at any real ¢ is defined by

f0) = [ rwemax.

Since f € L'(R) the above integral exists for any ¢ € R. Indeed

| 1rwe v [ polax

Proposition 8. The Fourier transform f : L'(R) — Co(R) defined by the mapping f — f is

injective.

Proposition 9. Lusin’s Theorem: Let f be a complex measurable function on R and A C R
with L(A) < oo, f(x) =0 ifx ¢ A. Let € > 0 be arbitrary. Then there exists a g € C.(R) such

that

p({x: flx) #gx)}) <e

and

sup|[g(x)| <sup|f(x)].
xeR xeR

The following lemma which was proved by Hugo Steinhaus is crucial for the proof of the

subsequent theorem.

Lemma 10. Let E C R be a set of positive Lebesgue measure. Then F =E+E ={x+y:x,y € E}

has non-empty interior.

Proof. Without loss of generality, assume that E is of finite Lebesgue measure. Then the

convolution product of the characteristic function yg of E with itself is

) =250+ 250) = | p(e) e (x— 1)
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= /ExE(x—t)dt

It follows from the proposition 6 that 2 € L' (R). Moreover supp(h) C F. Indeed if x ¢ F and

since x can be written as (x —) +¢ with t € E , it follows that x — ¢ ¢ E which in turn implies

x ¢ supp(h).

We next show that # does not vanish almost everywhere. For this consider the Fourier

transform of /1 ,
hy) = /e_zmyxh(x)dx
R

= / —2miy(x—t+t) [/ XE(t) XE(x —t)dt}d
= // —2miy(x— t —t)e_zmthE(l)dldx
N /%E(t)e_zmytdf {/ %E(x—t)e‘zﬂiY(x—f)dx}
R R
N (/ XE(I)e_mytdf) (/ %E(x)e_z’”yxdx)
R R

= () wer

Since E is a set of positive Lebesgue measure, yg does not vanish a.e. So from proposition
8 it can be concluded that ¥ is not the zero function. This in turn implies h is not the zero

function.

Again using proposition 8, it follows that 4 does not vanish a.e. Next we need to show that

h is continuous. Indeed
h(x+ o) — h(x) = /E (e (e o — 1) — g (x—1)) dr

= [ Getuto) = s(u)) du.

XE is a complex measurable function such that y(E) < oo and g (x) = 0 for x ¢ E. Therefore

by Lusin’s theorem , for any € > 0 there exists a g € C.(R) such that

p({x:xe(x) # g()}) <e
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and
sup |g(x)[ < sup|xE(x)].
xeR xe€R
So
|h(x+ o) —h(x)] < | A (xe(u+a)—glu+ o) — (xe(u) —g(u))) + (g(u+ o) — g(u))dul

< /R(IXE u+a)—glu+o)|+ |xe(u) —gu)| + |glu+ o) — g(u)|) du
</ o (o) =gt @)+ Le(u) = ) d)

{XZE

/|g U+ o) — g(u)|du
< 28—|—/R|g u+ o) — g(u)du.

Since g is uniformly continuous on its bounded support, we can find 11 > 0 such that || < 7

will imply [g(u+ a) —g(u)| < €. So

glu+a)— du = / glu+oa)—g(u)ldu
/‘ &)l {X57CE(x)?ég(x)}| ( ) =&l
+ glu+a)—g(u)|du
{rxe(x)=¢ (X)}‘ ( ) =&l
< & +eu(E)

which implies

|h(x+ o) —h(x)| < 2e+ &>+ eu(E).

Since € was arbitrary, we have shown that 4 is continuous, and since A(x) # O for some x €
E, there exists some neighborhood around x in which 4 is non zero which is contained in

supp(h) C F. This proves the existence of a non-empty open set inside F. ]
Next we prove the following theorem.

Theorem 11. Let f : R — R be an additive function that is bounded above by a Lebesgue
measurable function g : R — R on a subset E of strictly positive Lebesgue measure. Then f

has the general solution,

f(x) =cx wherec= f(1)
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Proof. g:R — R is Lebesgue measurable and p(E) > 0. So for each integer n , the subset

E,={x€E :|g(x)| <n} of E is measurable and

EiCE,C...E,C...E.

Since {E,} is a sequence of monotonically increasing measurable sets converging to E ,

lim p(E,) = u(lim E,) = u(E) >0,

n—»oo n—soo

where the first equality follows from monotone convergence theorem. Therefore there exists

some integer N such that

w(Ex) > 0.

This implies that g is bounded on a set of positive Lebesgue measure and so is f. So WLOG,

we may assume that 3 a constant A € R such that

f(x) <M Vxe€Ey.

Finally let z = x+y with x,y € Ey , then

f@)=fx)+fly) <2M

which means there exists a non-empty open set inside Ey + Ex (from Lemma 10) in which f

is bounded above. So the proof is completed once theorem 1 is applied. ]

Corollary 12. A locally Lebesgue integrable function f : R — R satisfying Cauchy’s equation
has the general solution

f(x) =cx wherec= f(1).

The above corollary is a direct consequence of the theorem 11, we may also give an alter-

nate independent proof for the same.
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Proof. Given that f is locally integrable, so it makes sense to consider the following integral

/Olf(x+y)dy= /Olf(x)der/Olf(y)dy.

Using the substitution x+y = ¢, we will get

/X+1f(t)dt — f(x)+a where o = [ f(y)dy.

Differentiating both sides of the above equation and using Fundamental theorem of calculus,

we obtain

flx)=flx+1) = f(x)
= flx—x+1) = f(1).

So

f(x) =cx+k where c = f(1)and k is a constant .

Since f is additive, f(0) = 0 from which we get kK = 0. Hence we have proved

f(x) =cx where c= f(1).

The following generalization is due to W.Sierpinski[refer Sur [’equation fonctionnelle

flx+y)=f(x)+f(y), Fundam. Mat., 116-120(1996)].

Theorem 13. Let f : R — R be an additive function. If f is Lebesgue measurable, then f is

continuous.

Proof. f is given to be both additive and Lebesgue measurable. Let xo € R be arbitrary and
€ > 0 and (a.b) an arbitrary interval. By a version of Lusin’s theorem[refer G. Folland. Real
Analysis: Modern Techniques and Their Applications, 2nd edition, 2nd Chapter] , for every

measurable function g(in this case f) and for every o > 0 there exists a continuous function
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F : R — R such that

pE={xe(ab): fx) #F(x)}) <o (1.6)

where U is the Lebesgue measure on R.

Take o to be l%. Since F is continuous all over the real line, for every € > 0 and any
x € (a,b) there exists a 6(< o) such that |F(x+ h) — F(x)| < € whenever |h| < 6. Since
f(x) =F(x) for x € (a,b)\E , f(x+h) = F(x+h) is true for all x € E|, where u(E;) <
0 +|h| < 6+ 0 (using (1.6)). Therefore

U({xe(a,b): f(x)AF(x)and f(x+h)#F(x+h)}) < u(EUE))<20+96

< 3o0<b—a.

Hence there is a point x € (a,b) dependent on /4 for which f(x) = F(x), f(x+h) = F(x+h),
|F(x+h) — F(x)| < € and therefore |f(x+h) — f(x)| < € is valid. Since f(x+h)— f(x) =
f(xo+h)— f(xp), for any xo € R

|f(x0+h) — fxo)| < &.

Which proves the continuity of f at xy. Since xg € R is arbitrary, it follows that f is continuous

on R. ]
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1.1.2 Algebraic conditions implying linearity of additive functions

In what follows, we make additional algebraic assumption on additive function f and obtain
the solution of the basis Cauchy’s equation. In this direction, the following two results are

interesting and are quite easy to prove.

Theorem 14. Suppose f : R — R is an additive function satisfying the following algebraic

condition

r(5) = 2o 7

X X

then f is continous and has the general solution

f(x) =cx wherec=f(1).

Proof. Let f: R — R be an additive function satisfying the given algebraic condition 1.7. For
x=0,£1, f(x) =xf(1). Indeed,

f(0)=0 = 0x f(1) (additive property)

f() = 1xf(1)
f(=1) = 1xf(—1)=—1x f(1)(additive functions are odd functions)

Now let x € R\{0,£1} , then

1 xr—1
fa=2) = fl—
=1, X
= ( )"f(——) (using the algebraic condition) .
X x=—1

)

Now consider the equation




1.1 Solution of Cauchy’s basic equation 13

So, we get
1 x2—1 2 X
fa=2) = (A5
21?2 2
- (x2x2) f(fol)

o (@=1)? 1 1

B 2x? f(x—l+x+l)
@@= 1

- {(X_l)zf(x—lw—(xﬂ)z (x+1)]

(using the algebraic condition (1.7))

(2~ 1)’

1 1
- L R

uw+ﬂm]

(using additive property of f)

vt 1)2 12
= @+ S @ ).
So,
)C2
fle= ) =" 5w - 2700) (1.8

fle= 2= £~ F() = £~ 5 7). (1.9

Consequently from equations (1.8) and (1.9) we get
1 241 2

F0) =570 = S p ) =)
21 241 2

o = -2
2141 2 211 2

W) =SS = T - S

which implies

2 W= 20

2
[ = xf(1).
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This completes the proof. []

Theorem 15. All ring homomorphisms from R — R are trivial, that is either identity or the

zero map.

Proof. Let f: R — R be a ring homomorphism; so Vx,y € R,

fx+y)=flx)+f(),

flxy) = f(x)f(y)- (1.10)

That is, f is an additive function from R — R satisfying an extra algebraic condition,

namely, equation(1.10). Putting x = y in equation(1.10) gives

That is if x > 0, then

This implies that f is an additive function function which is bounded below in the interval

(0,00) and so from Theorem 2, it follows that f has the general solution of the form
f(x) =cx where c= f(1).
Now from equation equation(1.10), it follows that
fF)=fx1)=f(1)?

which implies that
f(I)=0o0or 1.

This completes the proof. ]



1.1 Solution of Cauchy’s basic equation 15

Corollary 16. Let f : R — R be an additive function satisfying the following algebraic con-
dition

() = P Vx e R

then f has the general solution of the form
f(x) =cx wherec= f(1).

Proof. Proof is immediate from the proof of Theorem 15 [
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1.2 Complex valued additive functions

In this this section, we will consider additive functions with range as the field of complex
numbers. Most of the theorems we have proved in the previous section can be generalized to

the case of additive complex valued functions on R. We give the proofs of a few.

Proposition 17. Let f : R — C be a complex valued function satisfying the basic Cauchy’s

equation, that is

fx+y)=fx)+f() ,Vx,yeR (1.11)

If f is continuous at a point, then f has the general solution of the form
f(x) =cx wherec= f(1).
Proof. Let f(x) = fi(x) 4+ t1f2(x) where f] and f; are real valued functions on R. Given that

fx+y)=fx)+f0) ,vxy R,

if follows that

fAx+y)+ihx+y) = A)+1h0)+ ) +1hd).

On equating the real and imaginary part, we get
filx+y) = filx) + f1(y),

Lx+y) = falx) + f2(y)

that is , both f] and f, are additive real valued functions on R. Since f is continuous at a point,

so are its real and imaginary parts. And so proposition 4 applies and we get

fi(x) =cix where ¢; = fi(1),
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f2(x) = cpx where ¢, = fo(1).

Consequently

f(x)=cix+1cy, ¥xeR

which can be written as

f(x)=cx ¥xeR

where ¢ = c| + 1cpx. O]

In the following theorem, we will generalize theorem 2 to the complex valued case.

Theorem 18. Let f: R — C be a complex valued function satisfying the basic Cauchy’s

equation, that is

fx+y)=fx)+f() ,Vx,y € R. (1.12)

If f is bounded in a non-empty open interval of R , then f has the general solution

f(x) =cx wherec= f(1).

Proof. Let f(x) = fi(x) + tf2(x) where f; and f> are real valued functions on R. From the
proof of the previous proposition, it can be concluded that both f and f; are additive functions
on R. Once we prove that both f] and f> are bounded in some non-empty open interval of R,
theorem 2 can be applied. Let U be the non-empty open interval in which f is bounded. That
is

| f(x)||< M, for some M >0and Vx € U.

That is

VH@2+(B0)? < M,

which implies

filx)| <M, ,¥xeU
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and

|f2(x)| <M ,VxeU.

So both fjand f> are additive real valued functions which are bounded in a non-empty open

interval of R and it follows using theorem 2 that
fi(x) =c1x where ¢; = fi(1)

fz(x) = (C2X where Cy = fz(l).

Consequently, f can be written as
f(x) =cix+1cx, ¥VxeR
which, in turn ,can be expressed in the form
f(x)=cx ¥xeR

where ¢ = ¢| + Lcox. [l

Now we will look at solution of the additive function with Complex domain, that is func-

tions f : C — C satisfying
flz4+w)=f(2)+ f(w), Vz,w e C.

We will state a lemma which is crucial in the proof of the subsequent theorem.

Lemma 19. If f : R?> — R is an additive function, that is

f+y) = f(0) + f(y), Yx,yeR?

then there exist additive functions fi : R — R and f> : R — R such that for any x = (x1,x;) € R?

f(x) = filxt) + f2(x2).
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Proof. Let x = (x1,x2) € R? and y = (y1,y2) € R%. The equation

fx+y)=fx)+f()

implies

F (G +y1), (2 +32)) = flx1,x2) + f(v1,52)- (1.13)

Define f1,f> : R — R as
fi(x) = f(x,0), xeR

and

f(x) = f(0,x), x e R.

We claim that both f; and f, are additive functions on R. Indeed

filxr +x2) = f(x1 +x2,0) = f(x1,0) + f(x2,0) = fi(x1) + f1(x2),

where the second equality follows from equation (1.13). Similarly,

fo(x1+x2) = f(0,x1 +x2) = £(0,x1) + f(0,x2) = fa(x1) + f2(x2).

Therefore

f(x) = flx1,x2) = f(x1,0) + £(0,x2) = fi(x1) + f2(x2)-

This completes the proof. U

Theorem 20. If f : C — C is a continuous additive function then there exists complex con-

stants c| and cy such that for any z € C

f(z) =ciz+caZ.
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Proof. Let f:= fi+1f>, where fj : C — Rand f, : C — R. So

flz+w) = filz+w)+1fa(z+w). (1.14)

Since f is an additive function,

flztw)=Ff(@)+f(w) = fi@) +1f2(2) +filw) +1fa(w) = (fi(z) + filw)) +1(f2(2) + f2(w)) ;

equating right hand sides of the above equation and (1.14) , it follows

fi(z+w) = fi(2) + fir(w), for k= 1,2.

Consequently, both f; and f>can be seen as additive functions from R?> — R. Therefore by

lemma(19), there exists additive functions fi; : R — R and f5; : R — R for k = 1,2 such that

fi(z) = fr1(Re(2)) + fio(Im(z)) fork=1,2.

Consequently,

f(2) = fi1(Re(2)) + f12(Im(z)) + 1f21(Re(2)) + 1/ (Im(z)).

Since f is a complex continuous function, fjand f, being the real and imaginary component
of f respectively are continuous. Since f; : R — R is continuous , the coordinate functions

fx1 and fi, are continuous for k = 1,2.

Therefore f;; : R — R is continuous and additive for k, j = 1,2. Hence there exists real

constants ¢y for k, j = 1,2 such that

frj(x) = ckjx, Vxe R.

Therefore

f(z) =c11Re(2) + c12Im(z) +1c21Re(z) + 1eonlm(2)
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= (611 + 1071 )Re(z) + (612 + lC22)Im(Z);

substitute cj1 + tcp1 = a and ¢ 4 ¢y = b in the above equation to yield

f(z) = aRe(z) + bIm(z) = aRe(z) — 1(1b)Im(z)

a+1b a—1b a+1b a—1b
= Re(z) + Re(z) —1 Im(z) +1 Im(z)
a—1b a—1b a+1b a+1b
= Re(z) +1 Im(z) + Re(z) —1 5 Im(z)
—1b +1b
= “ 5 (Re(2) + m(2)) + = (Re(2) — m(2)).
This can be written as f(z) = ¢jz+ ¢2Z , where ¢| = % and ¢, = #. This completes the
proof. []

Theorem 21. Let f: C — C be an additive function. Then f is analytic if and only if there

exists a complex constant ¢ such that

f(@) =cz
that is , f is linear.

Proof. Proof of one direction of the theorem is obvious. We will prove the only if part.
Assume that f: C — C is analytic and additive. Since f is analytic, it is differentiable.

Now differentiating

flzi+2)=f(z1)+ f(z2) (1.15)

with respect to zp, we get

f(z1+22) = f(z2)
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for all z1,z € C. Therefore letting z; = z and zp = 0, we get

flR)=c

where ¢ = f’(0) is a complex constant. The above equation implies that

f(z) =cz+b, (1.16)

where b is a complex constant. Putting z; = zo = 0 in equation (1.15) gives

£(0+0) = 2£(0)

which implies

£(0)=0. (1.17)

From equations (1.16) and (1.17) it follows that » = 0. This completes the proof. ]
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1.3 Stability of Cauchy’s equation

In this section, we are looking at functions which may not be exact additive functions but are
very close to being additive. We will state and prove some conditions in which these functions
will have the same family of solutions as additive functions.

The problem of stability of an equation arises when we actually want to compute the value
of functions in real life using numerical techniques. Since there are no actual real number
representation on a computer, the numerical solution will be in almost all the cases an approx-
imation of actual one. So stability analysis is essential to make sure that the numerical solution
is not far off from the exact one.

The proof of the following theorem was first presented by Hyers, Isac, and Rassias’s [refer
D.H. Hyers, G. Isac, and Th.M. Rassias, Stability of Functional Equations in Several Variables,
Birkhauser, Boston (1998)]

Theorem 22. Let X and Y be Banach spaces and f : X — Y be such that

[ fG+y)=f)=fO) [[< 6 (1.18)
for some 6 > 0 and Vx,y € X. Define

A(x) = lim 27" £(2"x).

n—oo

Then the above limit exists for each x € X and A : X — Y is the unique additive function such
that
|| f(x)—A(x) ||< O forany x € X. (1.19)

Moreover, if f(tx) : R — Y is continuous in t for each fixed x € X , then A is linear. Also

continuity of f at a point in X implies that A is linear(A(x) = cx, for some c € X).

Proof. Letx € X , then from 1.18 , we have

IN

[ f(x+x) = f(x) = f () | 9,

I f(2x)=2f() || < 8,
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and

1
I 5/(20) = f(x) = (1.20)

On using induction, it follows that
[ 277f(2"%) — f(x) |I< (1—-27")8. (1.21)

Indeed, replace x in 1.20 by 2x to get

| 3722~ F29)] <

||

| 5720 ~27(6) — F(20) + 27 () || <

By applying triangle inequality in LHS of the above inequality, we will get
1,5 0
I5f(25x) =2f () [ = [ f(2x) =2f () || = 5,
1 0
| 5@ =2 | < S+ f(20)=2f() [,
0

< B +6
which implies
| 3 /@0 -7 | < 83+ )
So we conclude by induction that
127 @) )| € 8545+ o)
20 22 2n

= (1-27)3.

Now we will show that the sequence {27"f(2"x)} is a Cauchy sequence in ¥ for each x € X.

Let m,n € Z with m > n. Then
1272 =27 F (%) || = 27" |27 X 2 — £(2%) |-
Right hand side of the above equation by is 2~"8(1 —2~"~") using(1.21 ). So,

|27 f(2"x) =27 F(2") || < 278(1—27)
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1 1
|27 F(2") =27 27 1< 8(55 — 5) (122

which proves that {27 f(2"x)} is a Cauchy sequence in Y for each x € X.

Since Y is a Banach space, lim,_..27" f(2"x) exists and equals A(x), say. We next show

that A is an additive function. Replace x and y by 2"x and 2"y respectively in 1.18 to get ,

1277 f(2"(x+y)) 27" f(2"%) =277/ (2"y) [[< 2779,

On letting n — oo to get
[A(x+y) —A(x) —A(y) [[=0

which implies

Alx+y)=A(x)+A(y).
To prove the assertion 1.19 , let n — oo in 1.21 to get

| lim 277 f(2"%) ~ f(0) | < lim(1-27")8,

n—oo

|A(x)—f(x) < 6, VxeX.

Next we will prove that A is unique. Suppose A’ : X — Y is another additive function

satisfying equation(1.19). Then for x € X,

IAG) =A"(x) [|= n~" | Anx) = f(nx) — A (nx) + f () |

<26n"!

(equation(1.19)). Letting n — oo, we get A’ = A.
Suppose f is continous at y € X. Let {x,} be a sequence in X such that x,, — 0 as n — co.

Then for any integer m € Z,

[ AGxn+y) = AG) =] Al) |
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= L[ At 3) — Fm ) + flmsa43) 1) +£ ) ~AG) ]

<26+s

m
(using triangle inequality, equation 1.19 and continuity of f at y for large n and any integer
m); therefore A is also continuous at y. For a fixed x € X, if f(zx) is continuous in ¢, then it
follows that A(tx) is continuous at t and hence A is linear. This completes the proof of the

theorem. O

T. M. Rassias tried to weaken the boundedness hypothesis in the previous theorem and
succeeded in proving what is now known to be the Hyers-Ulam-Rassias stability for the ad-
ditive Cauchy equation. This terminology is due to the fact that theorem proved by Rassias
influenced many Mathematicians to study stability problems of functional equations. We state

and prove this theorem in the following section.

Theorem 23. Let Eyand Eybe Banach spaces and let f : E\ — E» be a function satisfying the

functional inequality

[ fety) = f) =) [[< 0 = I” + [y [I17) (1.23)

for some 6 >0, p € [0,1), and for all x,y € E|.Then there exists a unique additive function

A E| — E such that
20

| £ -AW) 1< 5

[[x (17 (1.24)

for any x € E|. Moreover, if f(tx) is continuous in t for each fixed x € E\ then A linear.

Proof. First we prove the following inequality using induction

n—1
|27~ f@) < 0 x [P ¥ 2. (129

m=0
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Putting x = y in (1.23) and dividing by 2 gives
127 f(2x0) = f) [[< 0] x 1P (1.26)

This proves (1.25) for n=1. Assume that (1.25) is true for some n > 1. Replace x by 2x and

divide throughout by 2 in equation (1.25) to get,

n—1
H 27n71f(2n2x) . f(2x) HS 9271 H I Hp Z Zm(pfl),
=0

2 =

that is ,

n—1
127 g - L2 < o200 | T 270,
m=0
j27 g - L2 jm g Y 270, (1.2)
m=1
Consider the equation
—n— n —n— n 2x 2x
|2 F@ ) — () =l 2 e — L2 Ty

2 2

On using triangle inequality on the right hand side of the above equality, we have

f(2x) | f(2x)

|2y - fw | = 2t - LY LB gy
< 2ty - T2 A2y

n
< 0 x|” Z om(p=1)
m=0
which follows from equations (1.26) and (1.27). This proves (1.25). Since sum of the geomet-

ric series Y, _o 2P~V is - for p € [0,1),

20

|27 2~ £ 1< 5=

lx]7. (1.28)
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Consider the sequence {27"f(2"x)}. For m > n > 0, we have

1277 F(270) = 27" f(2"%) = 27" || 27 F(27 "2 — £(2) |

< onlp—1) 20
- 2-2p

(R

Therefore, {27" f(2"x)}is a Chauchy sequence for each x € E;. Since E; is complete, the
series converges in E,to the limit defined as the following
A(x) = lim 27" £(2").

n—soo

From (1.23) it follows that
1 (2" (x+y) = f(2%) = f(2"y) [I< 270 (| x [|P + [ y [I7)-
Dividing by 2" and letting n — oo in the last expression(p < 1) yields
Alx+y)=A(x+Yy)

which proves that A is an additive function. Letting n — oo in equation (1.28) proves (1.24).

We will now show the uniqueness of A. Let A’ : E; — E; be another additive function such

that for constants € > 0 and g € [0, 1)

A" (x) = fa) < e x|

1
|A(x)—A'(x)] = . | A(nx) — A’ (nx) || (using additive property of A and A”)

1

< —(]A x) | + || f(x) —A’(nx) ||) (using triangular inequality)
n
1

< = p q

< n<2 > P+ [ )

—1 1
= w2 e
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Since left hand side of the above inequality is independent of 7 , letting n — oo, we get A(x) =

A’(x) for all x € Ej.

Assume that f(zx) is continuous in # for any fixed x € E.Since A is additive in E1, A(gx) =
gA(x) for any g € Q. Fix an xpin E; and p € Ej(dual space of E»). Define a function ¢ : R — R
by

() = p(A(tx0))-

¢ is an additive real valued function, indeed

O(t1 +12) = p(A((t1 +12)x0)) = p(A(t1x0) +A(t2x0)) (using additive property of A)

= p(A(t1x0)) + p(A(t2x0)) (using linearity of p)

=¢(t) +9(12).
Moreover, ¢ is a Borel measurable function by the following reasoning:

Let (1) = lim, 027 "p(f(2"tx0)) and ¢, (t) =27"p(f(2"txp)). Then ¢,(¢) are continu-
ous functions for each n. ¢(¢) is the point wise limit of continuous functions. Point wise limit
of Borel measurable functions is bore measurable. Therefore ¢ is a Borel measurable func-
tion. Therefore ¢ is linear[theorem 13] and hence continuous. Let a € R. Then a = lim,, e g,

for some sequence of real numbers {g,} .

¢(at) = @(t lim g,) = lim @ (¢g,) (using continuity of @)
n—soo n—soo

= lim ¢,¢(¢) (using additive property of @)
n—soo

=a(1)

Therefore, ¢(at) = a@ (), for any a € R. This implies A(ax) = aA(x) for any a € R. This

proves A is linear. ]
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Remark 24. The above theorem is a generalization of theorem(22). Indeed, putting p = 0 and

replacing O by g will yield theorem(22).

Z.Gajda showed that the theorem(23) is not valid when p = 1 by constructing the following

counter example.

For fixed 8 > 0 and u := 16, define f : R — R by

Fx) = Y. 27 (2"), x € R,
n=0

where the function ¢ : R — R is given by

(

po ifl<x<eoo

¢(x) = ux if—-l<x<l1

i if—ee<x< —1.
\

Proof. ¢ is continuous and bounded uniformly(|¢ (x)| < ). Therefore the function f(x) is
well defined. Since f is defined in terms of uniformly convergent series of continuous func-

tions, f itself is continuous. Moreover f is uniformly bounded over whole of real line. Indeed
1< L R = 2w x ek
Now we will show that the function f indeed satisfies (1.23) with p = 1. That is
[f(x4y) = f(x) = )] < O(1x] + [y). (1.29)
If x =y =0, then f trivially satisfies (1.29). Next assume that

0 < |x|+[y <1.
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Then there exists N € N such that
2N < x|+ 1yl < 2~ N+1

Hence from the second inequality above , it follows that |2V ~1x| < 1,[2V~1y| < 1 and |2V~ ! (x+
y)| < 1. Therefore for each n € {0,1...,N — 1}, the numbers 2"x , 2"y and 2" (x+y) lie in the

interval (—1,1). Since ¢ is linear on (—1, 1), it follows that

¢(2"(x+y)) —9(2"x) — ¢(2"y) =0,

forn=0,1,2,...,N — 1.Therefore
[fety) —fO) -l Z|¢ 2"(X+y)) 9(2"x) — 9(2"y)|

x| + [ " 21(Jx| + |y[)
_ Z 9 ( 2”(X+y)) ¢(2"x) — 9 (2"y)|
27(|x[ +[yl)
<y oM

L SN (] 1 v

3
< 22—‘;:6;1:9.

which implies f satisfies (1.29). Finally, assume that |x| + |y| > 1, then from boundedness of

f it follows that
[f(x+y) = f(x) = fO)]
x| + [y

<6u=20.

Now contrary to claim, suppose that there exists a § € [0,o0) and an additive function 7 : R —

R such that
|f(x)] =T (x) < 8]x|.

Letting x — oo
lim | f(x) — T'(x)| < lim 8|x]|.
x—0

x—0

|f(limx) —lim 7' (x)| < lim 6 |x|
x—0 x—0

x—0

This implies T is bounded in a neighborhood of 0. So by 2, there exists a real constant ¢ such
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that
T(x) =cx, Vx € R.

Therefor
|f(x) —ex| < 8|x|, Vx eR

which implie
f()

|T|§6+|cl,\7x€R- (1.30)

On the other hand, choose N € Z large enough so that Nu > & + |x|. Then picking an x from
the interval (0, ZN—I,l) we have 2"x € (0,1) for each n € {0,1,...,N — 1}.Consequently for

such an x, we have

0 @) io‘“in
o1

DI e

X X 2"x = 2
2}’1
— Zz)uzTi (since 2"x € (0,1))
n=
= Nu >0+ |x|
which contradicts (1.30). Therefore such a § as assumed cannot exist. O

1.4 Almost additive functions

Definition 25. Let f : R — R be a real valued function such that

flx+y)=fx)+f()

for almost every pair (x,y) € R%. That is the set E = {(x,y) € R?: f(x+y) # f(x) + f(»)}
has planar Lebesgue measure zero. Such a function f is called an almost additive function.
Note that in the previous definition the domain of f can also be R\X where X is a set of

linear Lebesgue measure zero.

P.Erdos asked whether there exists an additive function which is almost everywhere equal

to an almost additive function. The following theorem not only answers the above question



1.4 Almost additive functions 33

positively but also proves its uniqueness of such an additive function.

1.4.1 Existence of additive function almost everywhere equal to almost

additive function

Theorem 26. [W. B. Jukrat] Let f : R — R be an almost additive function. Then there exists

an additive function F : R — R satisfying
F(x+y)=F(x)+F(y) (1.31)

for all (x,y) € R? such that the set K = {x € R: f(x) # F(x)} has linear Lebesgue measure

zero. Also such an F is uniquely determined.

Proof. Let E = {(x,y) € R*: f(x+y) # f(x)+ f(y)}. Then up2(E) = 0. Define E, = {y €
R: (x,y) € E} and H={x € R: (x,y) € E}. Then by Fubini’s theorem,

pg2(E) = g (Ex) x ur(H) =0

which implies ug (E;) = 0 for almost all x € R. Therefore the set N = {x : ur(Ey) # 0} has
linear Lebesgue measure zero. Also if x ¢ N and y ¢ E,, then equation (1.31) is satisfied for
(x,y). Denote N¢ by M. We claim that equation (1.31) holds if x,y,x+y € M. To prove this
claim, select z such that z ¢ E,, z & Ey and y + z ¢ E,. This is possible because E,,E, and
E, —y are null sets and hence the z can be selected from the complement of the union of these

null sets. Therefore such a selection of z implies

fx+y+z) = flx+y)+1(2)
fO+z) = fO)+f(2)

fx+y+z) = fO)+fy+a2).

On equating the right hand sides of the first and third equations above and substituting the
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value of f(y+ z) from the second equation, we get

fx+y)=fx)+f(), x,yeM. (1.32)

We next claim that if xq,y,x2,y2 € M and x| +y; = x» 4y, then

fx)+fn) = flx2) + f(v2)- (1.33)

This claim can be proved by selecting z € M such thaty; —z, y, —z, X1 +y1 —2, o +y, —2 € M.
This is possible because the sets N, y; — N, y, —N and x| +y; — N are null sets and hence z
can be selected from the complement of union of these null sets. Denote y; —z by ¥ and y, —z

by y) respectively. Then y},y5,x1 +y| = x2 +y5 € M and therefore by property (1.32) we get

fon) = fON+1()
fa+y) = fla)+f0h)
fon) = fO02)+£()
fa+yy) = flx2)+ ().

From first and second equations above, we get f(x; +y)) + f(z) = f(x1) + f(y1) and from
third and fourth equations above, we get f(x2 +y5) + f(z) = f(x2) + f(y2) . Therefore on

using the fact that x| +y] = x» +y5 we get

F) +f) = fx2) + f(32)-
Our final claim is if x1,xpx; € M , there exist y;,y, € M such that
X1 +x2+x3=y1+yn

and

Fx1) +f(x2) + f(x3) = f1) + f(v2)- (1.34)

To prove this claim select z € M such that 7/ = x3 —z,x] +2, X +x3 —z2=xp+7 € M . This
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is possible by selecting z avoiding the union of null sets N, x3 — N, N —x; and xp +x3 — N.

Define y; = x1 +z and y, = x, + 7. On application of property (1.32) we get

fs) = fl2)+ /()
f1) = fla)+f(z)
fO2) = flxo)+£(E)

from which we can conclude property (1.34).

To define the required additive function F', we use the fact that every real number z is of
the form x +y with x,y € M. This sum can be formed by simply selecting x € M such that
y =2z—x € M. Such an x exists because N is a null set and such a y exists because N —x is a

null set for all x. Define

F(z):=f(x)+f(y)

F is a well defined function because of the property (1.33 ). If z € M then by property (1.32),
f(z) = f(x)+ f(y) and hence f(z) = F(z) for all z except a set of linear Lebesgue measure
zero. To prove that F is additive , let z; and zpbe arbitrary real numbers. Let x1,y,x2,y2 € M
be such that z; = x; +y; and zo = x; + y>. By applying property (1.34) twice, we will get
P1, P2 € M such that

Xptyr+x2+y2=p1+p2

and

fOa)+fOn) + f(2) + f(02) = f(p1) + f(p2)-

But the left hand side of the second equation above equals F(z;) + F(z2) by definition and
right hand side equals F(p; + p2) = F(z1 + z2). Since zjand zp were arbitrary, this proves F
is additive.

To show the uniqueness of the additive function F, let | and F,be additive functions which
coincide with each other almost everywhere except on a set of measure zero. Let M be the set
on which Fjagrees with F>. F| — F>, = 0 for all z € M. But every real number z can be written
as the sum x+y with x,y € M and hence F; — F;, vanishes everywhere on the real line. This

proves the uniqueness of the additive function F. ]



36 Cauchy’s basic equation.

1.5 Most general solution for Cauchy equations

In 7905, G.Hamel used the existence of Hamel Basis to find the most general solution of an
additive function on R. In this section we will look at the construction of additive functions

using a Hamel basis of R over Q.

1.5.1 Construction of additive functions using Hamel basis

Theorem 27. Let B be a Hamel basis of R over Q and f : B — R be any arbitrary function.

Then there exists an additive function F : R — R such that F|p = f

Proof. Let B be a Hamel basis of R over Q and f : B — R be any arbitrary function. Every

x € R can be written uniquely as finite linear combination of elements of B. That is
n
x=Y qibi,
i=1
where ¢; € Q and b; € B. Define the new function F : R — R by
F(x) =Y aif (b)) (1.35)

Clearly, F|g = f. Moreover, F is additive also. Indeed if x; =Y | q1;0; and xo = Y| qo;b;

are two real numbers with g1;,¢2;, € Q and b; € B. Then

n n
Fxi+x) = F(Y qubi+) qubi)
i=1 =

M=

= F( (QI1+C[21)b)

~.

|
=

(q1i+q2) f(bi)

N
Il
—_

= iQsz +quf
i=1
— Fln)+Fx)

which follows from the definition of F. This proves that F is additive. ]
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Corollary 28. Basic Cauchy Equation has discontinuous solutions.

Proof. Let B be a Hamel basis of R over (Q and f : B — R be a function such that there exists

distinct bjand b, in B such that
f(b1) 2 f(bz)_ (1.36)
b1 by

Such a by and b; exist whenever there does not exists a constant ¢ € R such that f(b;) = cb;
for all b; in B. Let F be as defined in the previous theorem. Then F is additive and F|g = f.

From Corollary 3 of Theorem 2, continuity of F at a single point will imply that

f(x) =cx VxeR ,wherec= f(1)

which is not possible due to condition(1.36). Thus F is discontinuous everywhere which

proves our Corollary. [






Chapter 2

Convex functions and inequalities.

2.1 Convex functions on R.

Definition 29. Let / be an open interval in R. A function f : R — R is called convex if

JAx+(1=24)y) SAf(x)+(1=2)f(y) 2.1

forall x,y e Iand A € [0,1].
If the inequality in (2.1) is strict, then f is called strictly convex.

In all our further discussions in this section, f and A are defined according to 29 unless

otherwise stated.

2.1.1 Geometric interpretation of convex functions.

If A, B and C are three distinct points on graph of a convex function f with B lying between A

and C, then B lies on or below chord AC. This can be stated in terms of slopes as

slope(AB) < slope(AC) < slope(BC) (2.2)

with strict inequalities in case of strictly convex functions.
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2.1.2 Properties of Convex functions.

In this subsection, we will discuss the implications or necessary conditions for a convex func-

tion.

Theorem 30. A finite convex function f defined on a closed interval [a,b] is bounded above

by M = max{f(a), f(b)} and bounded below by m =2 f(“52) — M.

Proof. For any z=Ax+ (1 —A)yin [a,b], we have
f@) <Afa)+(1=A)y <AM+(1-A)M =M

where the first inequality follows from the convexity of f. Also we can write any arbitrary

a+b

point in [a,b] in the form +1 for some ¢ € R and from the convexity of f, it follows that

b, 1 b b
FERE) < 37T+ 3 (2 )
which implies
b b b
FEZ 40 2200 - (2 )
Now using —f(# —1) > —M we get
A 2200 M= m

O

Convex functions can be discontinuous on end points of the interval in which they are

defined. To show this consider the example of f : [0, 1] — R defined by

0 0<x<1

1 x=1

f is clearly discontinuous at x = 1 and still convex.

Our next theorem shows how they behave in the interior of the domain interval.
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Theorem 31. Let f : I — R be a convex function , then f satisfies Lipschitz condition on any

closed interval |a,blin interior I°0f I. That is there exists a real constant k such that
[F () = f )] < ke =] (2.3)
forall x,y € |a,b]. Consequently f is absolutely continuous on |a,b].

Proof. Let € > 0 be such that a — € , b+ ¢ € I, this also implies [a,b] € I°. Let x and y be

distinct points in [a, b]. Define

8 J—
it b=x)
|y — x|
and
__ly—=+
e+ly—x|

Then clearly z € [a,b] and y = Az+ (1 — A)x. Indeed

y—x| € €
AZ_}— 1_)/ X = ‘ —X —J’-—x
( ) 8+!y—x\y 8+\y—x](y ) e+|y—x
_Ety—x
8—|—|y—x]y Y

Therefore from convexity of f we have

fO)SAfR)+ (A =2)f(x) = A(f(2) = f(x) + f(x)

which implies

£~ £ <A —m) < 2= g )

where M and m are the upper and lower bounds of f in [a,b] respectively. Since this is true

for any x,y € [a,b], putting k = @ in the above inequality gives

|f(¥) = f(x)] < kly — x|

as desired.
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Now for any & > 0, we can define § = € /k so that for any collection {(a;,b;)}] of
disjoint open subintervals of [a,b] with Y7, (b —a;) < 0, ¥ |f(b) — f(a;)| < €. Thus we

have proved the uniform continuity of f on [a,b]. O

Definition 32. Left and right derivatives of a function are defined respectively as

/ . lmf(y)_f(x)

f‘(x)_lyrx y—x
and

/ . lmf(y)_f(x)

f+(x)—1yu y—x

Theorem 33. Let f : I — R be a convex function, then both f’ (x) and f' (x) exist and are

increasing(strictly increasing if f is a strict convex function).

Proof. Let w,x,y,z € I° withw <x <y <zandA,B,C and D be (w, f(w)), (x, f(x)),(y, f(¥))

and (z, f(z)) on the graph of f. From inequality (2.2), we get
slope(AB) < slope(AC) < slope(BC) < slope(BD) < slope(CD). (2.4)

Therefore
[0 —fB) o &) =)
x—y = z=y

(2.5)

Also it can be seen that slope(BC) increases as x Ty and slope(CD) decreases as z | y. So the
LHS of inequality(2.5) increases as x Ty and RHS of inequality(2.5) increases as x | y. Thus
f"(y) and £/ (y) exist and satisfy

L) < FL) (2.6)
Also from inequality(2.4),
Py < LI FOV I ) _ @)
xX—w y—Xx

which combined with inequality(2.6) gives
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for all w < y in I°. This proves that /. and f” are increasing functions.
Replacing all the inequalities in the above discussion with strict inequalities, it follows that

f.and f” are strictly increasing functions when f is strictly convex. O]

We will now look at the existence of the derivative of a convex function.

Theorem 34. Let f : I — R be a convex(strict convex) function defined on an open interval I,
then the set

E={xel: f'(x)failtoexists}

is countable and f'(x) is continuous on I\E.

Proof. Let w,x,y,z be as in the proof of the previous theorem. Then from inequality(2.4),

JO) = flx)

fr(x) < y—x

Also from the previous theorem, f is a monotone function, so the right hand limit and left

hand limit exists. Therefore

FO)=fx)  fy)—f(w)

lim % (x) < lim =
w

2.8
xjw xjw y—Xx y ’ 2:8)

where the equality follows from the continuity of f in /°. Also

im0 = (W)

)_ _ g
wwoy—X = Fiw)

and combining this inequality with inequality(2.8) gives

lim f7, (x) < f% (w).

xlw

But w < x implies

Fiw) < fix)

and therefore implies

%ﬁwzﬁw. (2.9)
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Similarly we can show that

mﬁwzﬂw. (2.10)

From equations (2.9) and (2.10), it is clear that f} (w) = f’ (w) if and only if f’ is con-
tinuous at w. Therefore existence of f’at a point is same as the continuity of f’ at that point.
Since f! is a monotone functions, all its discontinuities are jumps and hence the number of
discontinuities are countable. Therefore on I\E, f’ is continuous and hence f’ which agrees

with £ on /\E is continuous. O

Since we have established the countability of discontinuities of a convex functions, now

we will look into what happens when the derivative exists.

Theorem 35. Let [ : (a,b) — R be a differentiable function. Then f is convex(strictly convex)

if and only if f' is an increasing(strictly increasing) function.

Proof. Let f: (a,b) — R be differentiable and convex(strictly convex), then from theorem
33, it is obvious that f” is an increasing(strictly increasing) function. Now for the converse
suppose that f : (a,b) — R is differentiable with increasing derivative. From the fundamental

theorem of calculus,

y
f@—ﬂﬂ=lﬂ@m @.11)

for any x,y € (a,b). Now let a and b be arbitrary positive reals such that a+ b = 1. For proving
convexity of f , it is enough to show that f(ax+ by) < af(x)+bf(y) for any x,y € (a,b).

Assume that x < y, then from (2.11), it follows that

af(x)+bf(y)—(a+Db)f(ax+by) = b(f(y)—flax+by))—a(f(ax+by)— f(x))
ax-+by

— b fydi-a / 7t

ax—+by X

y ax+by
> bf'(ax—i—by)/ dt—af'(ax—i—by)/ dt
X

ax+by
= f'(ax+by) [ax+ by — (ax+by)(a+b)]

= 0.
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which implies

flax+by) <af(x)+bf(y).

This completes the proof for the convex functions. Replacing inequalities in the above discus-

sions with strict inequalities proves the case for strictly convex functions. [

Theorem 36. Let f : (a,b) — R is a twice differentiable function on (a,b). Then f is convex

if and only if f"(x) > 0, also if f"(x) > Oon (a,b), then f is strictly convex on the interval.

Proof. Given that f”(x) exists for all x in (a,b), therefore f/(x) exists for all x in (a,b). But
f"(x) > 0 if and only if f/(x) is an increasing function which happens if and only if f is a
convex function from the previous theorem. Also if f”(x) > 0, then f’(x) is strictly increasing
and again from the previous theorem, it follows that f is a strictly convex function. This

completes the proof. O]

It is interesting to note that there exists function f which is strictly convex , but f”(x) = 0.
To see this, take the example of f(x) =x" where n is any positive even integer greater than 2

defined on any open interval (a,b) containing 0. It is clear that f(x) is strictly increasing, but
f"(x) =n(n—1)x"2

£(0) = 0.

Now we will define a weaker condition than convexity.

2.2 Mid convex functions

Definition 37. A function f: (a,b) — R is called mid convex or weakly convex if

M)<

FEE2) < 3 (70 + £0) @12

for all x,y € (a,b).
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2.2.1 Properties of Mid convex functions

Theorem 38. Finite sum of mid convex functions which are defined on the same interval is
mid convex. Also let fi, f>,--- be an infinite sequence of mid convex functions defined on the

same interval such that { f,(x)} has a point wise limit f on the interval, then f is mid convex.

Proof. Let f1, f2, -, f, be a finite collection of mid convex functions defined on an interval

(a,b). Then for any x,y € (a,b),

(Fi )+9) = file+3) + fale+y) < 3 (A +AO) + 5 () + H0))

which follows from the mid convexity of f; and f,. This indeed imply

(fi+fo)x+y) < %((fl +£2)(x)+(fi+2))).

This proves that fi + f, is mid convex. Now using induction it can be proven that fi + f> +
.-+ f, 1s a mid convex function. Now let fi, f>,--- be an infinite sequence of mid convex
functions defined on the interval (a,b) such that {f,(x)} has a point wise limit f on (a,b).

Then for any x,y € (a,b), mid convexity of f, gives

X+y
2

A2 < S (0 +HO)

and on taking limits on both sides

which indeed gives

This completes the proof. [

It should be noted that convexity implies mid convexity(take A = %), but the converse is

not true.
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Consider R as a vector space over Q with the Hamel basis {4;} . Every real number x can

be written as a
x= Zci(x)hl

where the summation is taken over all elements of the Hamel basis and c;(x) corresponds to
the rational coefficient of 4; in th summation. ¢ can be seen as a function of x taking rational

values. Also c¢ is additive, indeed if

x= Zci(x)h,

y= Zci()’)hl
then

xX+y= Zc, x)+ci(y

which implies

clx+y) = clx) +c(y).
Also % is a rational which implies

Yy e e

(57)=3

proving that ¢ is mid convex. On the other hand , ¢ cannot be convex. Indeed c is a non-
constant function taking only rational values and therefore discontinuous everywhere, hence
by theorem 31 ¢ cannot be convex.

We shall prove this after looking at the following set of conditions which has to be satisfied

by weakly convex functions to be convex.

Lemma 39. Let f: (a,b) — R be a mid convex function and xi,x3,...,x, € (a,b). Also let

r,r2,...,1p € Q such that rix; € (a,b) fori=1,2,....nand "', r; = 1. Then

flrixi+--+rpx) <rif(x) +-+raf(xn). (2.13)
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Proof. Let f and x1,x3,...,X, € (a,b) be as in the hypothesis of the theorem. Then we will

first show
X1+x2+---+x,
n

WA

) < %f(X1+xz+---+xn). (2.14)

Let inequality (2.14) be true for some n € N, then it is also true for 2n. Indeed

X144 + Xpy 14X

XL+ Xg X1+ X

f( = ) = f—E——)
< (AT | gt
1, x4+ X+ X1+
< Ef( . )

where the first inequality follows from the mid convexity of f and the second inequality fol-
lows from the assumption that inequality (2.14) is true for n. Next we will show that if in-

equality (2.14) holds for some n+ 1 € N, then it holds for n as well. Let x,x,...,x, € (a,b)

and define x,1 = W It is clear that x,, 1 € (a,b) since min{xy,...,x,} < xpy1 <
max{xp,...,x, }. Also
Flaer) = LI
_ X1+X2+ -+ Xy +Xpp1
= [ n+1 )
1
< L) )+ )+ S o)
1 1
f(xn—i-l)_mf(xn—i-l) < m[f(xl)+f(x2)+"'+f(xn)]
I fln) S )+ )+ )

XXt 4
n

I

)

IN

)+ £ o) 4 f )

where the first inequality follows from our assumption that inequality (2.14) holds for n + 1.
Hence (2.14) is true for n when it is true for n+ 1. Since 2n can be as large as required, we
have proved the result (2.14) for all n € N.

Now let ry,rs,...,r, € Q such that rix; € (a,b) fori=1,2,...,nand Y ;r; = 1. Let [ be

the least common denominator of r,r,...,r,. Then

1 1
rixi o rax, = 7(lr|x| + o lrx,) = 7(s1x1 + ot spxn)
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where s; =Ilr; € Z and Y ;s; = [ fori =1,...,n. Therefore

S1X]+ -+ SpX
Flrxi 4 +rmx) = F(22 z ey

SR -ILERIS I
< %(S]f(x1>+"'+snf(xn))

= nf) 44 raf ()

where the first inequality follows from the property (2.14) applied to each s;. This completes
the proof. ]

2.2.2 Sufficient conditions for mid convex functions that implies Convex-
ity
Theorem 40. Let f : (a,b) — R be a continuous mid convex function, then f is convex.

Proof. Let f be as in the hypothesis of the theorem. Let A € (0, 1), by denseness of QQ, there

exists a rational sequence {r, } converging to A. Also for any x,y € (a,b)

fOx+(1=A)y) = f(lim s+ (1= lim r,)y)
= lim f(re+ (1=r))
< lim rf(@) + (1= 1) £0)

= Af)+(A=2)f0).

where the first equality follows from the continuity of f and first inequality follows from

lemma 39. This completes the proof. [

Theorem 41. Let f : (a,b) — R be a mid convex function that is bounded above in (a,b) then

f is convex.

Proof. Let f be as in the hypothesis of the theorem and be bounded by M € R in (a,b).
Suppose to the contrary assume that f is not convex. Then there exists A € (0,1) and x,y €

(a,b) such that
fAx+[1=Ay) = (Af(x)+[1=A]f(y)) = h>0.
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Choose n € N big enough so that M — min{ f(x), f(v)} < nh. Let a € R such that

A—a € Q (2.15)
A+na € Q. (2.16)

Such an a exists because of the denseness of rational numbers. Also

(e na)xt (1= [t nal)y) + 5 (A —a)x+ (1= [ ~a])y)

=Ax+[1— A}y,
on applying lemma 39 gives

1
n+1

S+ na)s-+ (1= 2+ nal)y) + = f(2 = a)x+ (1 = [ ~a]}y)

> f(Ax+[1=Aly);

which implies

f((A+na)x+ (1 —[A +nal)y)

2 (n+DAf(x)+[1=Alf () +h) —nf((A —a)x+(1—[A —a])y). 2.17)

Also from (2.15) and lemma 39 gives

f(A=a)x+(1=[A—a])y) < (A —a)f(x)+(1—[A —a]) f(y). (2.18)
On combining equations (2.17) and (2.18), we will get

f((A+na)x+(1—[A+na))y) > f(x)[pPA +A —nA +na]+f(y)[n—nA +1—A —n+nA —na]+(n+1)h



2.2 Mid convex functions 51

= [A+nd f(x)+fO)[1—(A+na)]+(n+1)h

> min{f(x),f(y)} +n(n+1)h
> M,

which contradicts our assumption that f is bounded above by M. Therefore f should be convex

and this completes the proof. [
Now we shall give a weaker sufficiency condition for a mid convex function to be convex.

Theorem 42. Let f: (a,b) — R be a mid convex function that is Lebesgue measurable, then

f is continuous and hence convex.

Proof. To the contrary, we start with the assumption that f is not continuous. Let xo € (a,b)

be a point of discontinuity. Choose ¢ such that (xo — 2¢,xp +2¢) C (a,b) and define
B, :={x € (a,b): f(x) > n}.

for n € N. Note that {B, } is a collection of measurable sets since f is measurable. For a fixed
n, choose u € B, N (xg —c,xp+c). Such a u exists for each n since otherwise f will be bounded
in a neighborhood of xpand hence by theorem 41 f will be continuous at xy. Select A € [0, 1].

Then

u+27Lc+u—27Lc]§%[f(qu;Lc)ij(u_}w)] (2.19)

n<f(u)=fl

where the inequality follows from the mid convexity of f. From equation (2.19) it follows
that either f(u+ Ac) > n or f(u— Ac) > n which implies either u+ Ac € B, or u — Ac € By,.
This is equivalent to saying if M, = {x:x =y —u,y € B, }, then either Ac € M,, or —Ac € M,,.

Since A was arbitrary chosen, it is true for all A € [0, 1]. Now we shall show that

¢ < W(My) = 1(By). (2.20)

Equality in the above equation follows from the translation invariant property of Lebesgue
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measure. Also for a fixed n, Ac or —Ac lies in M,, for all A € [0,1]. Therefore if A} =
M,N[—c,0] and Ay = M, N[0, ¢|, then —A; UA, = [0, ¢|. Therefore

c=p[0,c] < u(—A1)+1(A2) = u(A1) + u(A2) = (A1 UA2) < u(M,),

where the first inequality follows from the sub additivity of measure, second equality fol-
lows from the translation invariant property of measure and third inequality follows from the
additive property of measure. This proves equation (2.20) which implies

¢ < lim p(B,) = lim u(05By),

n—soo

where the equality follows from the fact that {B,,} is a sequence of decreasing measurable set.
This implies N;;_, B, is nonempty and hence there exists a point v € (a,b) such that f(v) > n
for every n € N which contradicts the definition of f as a function to the real line. This shows

our assumption that f is not a continuous function is wrong which completes the proof. [

Now we will look at a stronger condition than convexity.

2.3 Log convex functions

Definition 43. A positive function f : (a,b) — R is called a log convex function if logof is a

convex function.

It is easy to note that a log convex function is always convex, indeed if f is a log con-
vex function then the function itself is the composition of exponential function with logof .
However a convex function may not be log convex. Consider the example of f(x) = x on an

interval (0,1). f(x) is convex but logof(x) = logx is not convex on (0, 1).

Now we shall look at some properties of log convex functions.
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2.3.1 Properties of Log convex functions.

Theorem 44. Finite product of log convex functions is log convex. Let f1, f>,--- be an infinite
sequence of log convex functions defined on the same interval such that {f,(x)} has a point

wise limit f which is positive on the same interval. Then f is a log convex function.

Proof. Let f1, f2,---, fn be a finite collection of log convex functions defined on an interval

(a,b). Then

log(fifa---fn) =log(f1)+log(fa)+---+1log(fn)-

Since finite sum of convex functions is convex , log(fif>...fu) is convex from the above ex-
pression and hence fi f> ... f, is log convex by definition. Let fi, f,-- - be an infinite sequence
of log convex functions defined on the same interval (a,b) such that {f,(x)} has a point wise

limit f which is positive on the same interval. Then for x,y € (a,b) and A € [0, 1],
logofu(Ax+(1—=2)y) < Alogofu(x)+ (1 —A)logofu(y).
On taking limit of n on both sides ,

lim logof,(Ax-+ (1-A)y) < A lim logof, (x) + (1~ 4) lim logo , ()
which implies
logo lim f,(Ax+ (1~ A)y) < Alogo lim f,(x) + (1~ A)logo lim f, (y)

where the limit is taken inside due to the continuity of log function. Therefore

logof(Ax+(1—2A)y) < Alogof(x)+ (1 —2)logof(y)

which shows that f is a log convex function and hence completing the proof. [

Theorem 45. Let [ : (a,b) — R is a strictly positive function satisfying the following inequal-
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ity
1 (et 2
f(x)f"(x) (2f )” o 0
(f(x))
then f is log convex.
Proof. Define g(x) =logof(x). Then
/
/ f'(x)
X)) =
e
and
g//(x) _ f(x)f”(x> _ (f/(x))z )
(f(x))?
Therefore 7%/ ”((;‘()x_))(zf (x)” > 0 implies g"”(x) > 0 and theorem 36 shows that g is a convex
function and hence f is a log convex function. ]

Next we present a result which is not so obvious from the definition of log convex func-

tions.

Theorem 46. Let f and g are log convex functions on the same interval, then f + g is also log

convex on the same interval.

Proof. Let f and g be log convex functions defined on (a.b). We shall show that log(f + g)
is mid convex and hence from the continuity of log(f -+ g), it will follow that log(f + g) is
convex.

Let x1,x; € (a,b), then the log convexity of f and g gives the mid convexity of logo f and

logog.
X1 +Xx2
2

(log(f (x1)) +1og(f(x2))),

| —

log(f( ) <

on taking the exponential of both LHS and RHS,

X1 +x2

e

) < (f(x1)f(x2))?

which implies

)2 < flxn)f(x2). 2.21)
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Similarly we get
(xl +x7
£

)% < g(x1)f(x2). (2.22)
To show the mid convexity of f + g, we have to show given conditions (2.21) and (2.22),

X1 +x2 X1+ X2

(f(T) +g(T)>2 < (f(x1) +g(x1)) (f(x2) +g(x2))-

This is proven once we show that if aj,a»,b1,b;,c1,c; are positive real numbers with a;c; —

b? >0 fori=1,2, then
(a1 +a2)(c1+¢2) — (b1 +b2)2 >0.

Consider the real quadratic form apx*+ 2bixy + ciy2 for i = 1,2 where a; > 0. Then

ai(a,-x2 +2bixy + ciyz) = a,-2x2 +2a;ibixy + ajciy?

= (aix+ b,‘y)2 + (aici — biz)yz-

From the above expression its clear that if a;c; — bi2 > 0, the quadratic form apx* + 2bixy + c,~y2

can never take negative values for any x,y. That is
a,-)c2 ~+2bixy + c,~y2 >0
for i = 1,2 which implies
(a1 +a2)x* +2(by +by)xy+ (¢ +c2)y* > 0.

Therefore the determinant of the matrix corresponding to the quadratic form (a; + az)x? +

2(by +by)xy + (c1 + ¢2)y? is non negative. In other words
(a1 +a2)(c1 +c2) — (b1 +b2)* > 0.

This proves the mid convexity of f + g. Since both f and g are convex and hence continuous
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functions inside the defined interval, f + g is also continuous inside the interval and hence by

theorem 40, f + g is convex. This completes the proof. ]
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