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Representation Theory






Chapter 1

Basic Representation Theory

Representation Theory studies group via its action on vector spaces and by studying
these actions one can obtain more information on finite groups. The goal of this
chapter is to introduce the readers to the basics of Representation Theory along with

examples.

1.1 Definitions and Examples

Definition 1.1.1 Let G be a group. A representation of G is a homomorphism
p: G — GL(V), where V is some finite dimensional vector space. We call the

dimension of V' as the degree of the representation, .

We will write p, for p(g) and p, (v) or p,v for the action of p, on v € V. Following

are a few basic examples of representations.

Example 1.1.2 The first example is that of a Trivial Representation. The trivial
representation of a group G is the homomorphism ¢ : G — C* defined as ¢ (g) = 1
for all ¢ € G. This is a degree one representation as GL(C) can be identified with C*.

Trivial representation is possessed by every group.

Example 1.1.3 ¢ : Z/27Z — C* defined as

is clearly a representation.
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Example 1.1.4 Another example of a degree one representation can be for G =

Z]AZ, ¢ : G — C* given by ¢(m) =i is a representation.

Example 1.1.5 In general one can say that, ¢ : Z/nZ — C* given by p(m) =

2mim) /n

e is a representation as C* is group under multiplication. Next, is the example

of a representation for Symmetric Group 5,, on n variables.

Example 1.1.6 Let ¢ : S, — GL,(C) be a map defined on the standard basis
of C" by ¢s(e;) = es(;)- It can be easily checked that it is a homomorphism as it is
defined on the basis elements and therefore is a representation of S,, of degree n.

In particular, when n = 3, we have

010 0 01
papy =1 0 0 | ,pay=]1 0 0
0 01 010

These matrices are the matrix of linear transformation 7' : C* — C"™ defined as
above.

Next, we will define the concept of equivalence of representations.

Definition 1.1.7 Letp: G — GL(V) and ¢ : G — GL(W) be two representations
of G. They are called equivalent if there exists an isomorphism T : V — W such
that v, = Tp,T~Vg € G or equivalently 1, T = Tp,¥g € G.

In this case one writes p ~ 1. In particular p and ¢ have same degrees. In pictures,

the following diagram commutes.

Definition 1.1.8 Let G be a group and p : G — GL(V) be a representation of G.
Let W be a subspace of V. W is said to be G — invariant if one has p;w € W, for
allw e W and g € G .
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Example 1.1.9 Notice that in Example 1.1.6 of representation of S,
Yoler+er+...+e) =€)yt eyt ... Feom =€ +et ... Fe,

Here, the first equality is true because ¢ is a homomorphism and the second equality
holds because ¢ is an element in S,, and also addition of e;’s is commutative. Thus,
one can observe that C(e; +es+ ...+ e,) is a S, — invariant subspace of C". Infact

it is identity for all permutations, o € 5,,.

Definition 1.1.10 Let the representations pV) : G —s GL(Vi) and p® : G —
GL(V3) of a group G be given. Then one can define the direct sum

PV @ p? G — GL(Vi @ V)

as follows

(p(l) ©® p(Q))g<Ula UQ) = (pél) (U1)7 p§2) (02))'

One can understand it better when it is written in terms of matrices. For that, let
pM . G — GL,(C) and p® : G — GL,,(C) be the given representations of G.
Then

PV @ p? G — GLypsn(C)

has the following block matrix form

Pg 0
(V) @ p?), = o
0 py

Example 1.1.11 Define the representation o) : Z/nZ — C* by gpg% = e(Zmim)/n
and ¢? : Z/nZ — C* by @E% = e(=2mm)/n Then

6(27rim) /n 0

1) g @) —
(90 14 )W 0 6(727rim)/n

Definition 1.1.12 Let G be a group and p : G — GL(V') be a representation of
G. Let W <V be a G-invariant subspace, then one may restrict p to get another
representation ply : G — GL(W) defined as (plw)qs(w) = pg(w) forw e W. We
will always have py,(w) € W because W is G-invariant space. Then one says p|w is

subrepresentation of p.
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In mathematics, one generally tries to find some kind of factorization into irreducibles

or primes, so now we will define such elements for representation theory.

Definition 1.1.13 Let G be a group and ¢ : G — GL(V') be a representation of G.

@ 1s said to be irreducible if 0 and V' are the only G-invariant subspaces of V.

Example 1.1.14 Every degree 1 representation of a group G,p : G — C* is
irreducible because there are no proper non-zero subspaces of C.  Let us see an

example of a representation which is not irreducible.

Example 1.1.15 The representation of S, from Example 1.1.6 is not irreducible

because we have seen that C(e; +ex+ ...+ ¢,) is a S,, — invariant subspace of C".

Definition 1.1.16 Let G be a group and p : G — GL(V) be a representation of G.
Then p is said to be completely reducible if V' can be written as V =V, & Vo &
...®V, such that V; are G-invariant subspaces and ply, : G — GL(V;) are irreducible

representations for all i =1,... n.

Definition 1.1.17 Let G be a group and p : G — GL(V') be a representation of G.
p is said to be decomposable if V = V) & Vo and Vi, Vy are non-zero G-invariant

subspaces. FElse, it is said to be indecomposable.

We will now establish the fact that the above notions of decomposability, irre-
ducibility and complete reducibility are dependent only on the equivalence class of a

representation.

Lemma 1.1.18 Let G be a group such that ¢ : G — GL(V') is a representation and
Y : G — GL(W) is a decomposable representation of G- and ¢ ~ . Then ¢ is also

decomposable.

Proof It is given that ¢ ~ 1 which implies that there exists a vector space isomor-
phism 7 : V. — W such that p, = T~'¢,T. Now assume that W = W & W, with
W1, Wy being non-zero G-invariant subspaces of W. This can be done because W is
decomposable.

Let Vi = T-Y(W,) and Vo = T~ 1(W5). Let us first show that V =V} @ Vs.

Indeed if v € Vi NV, then Tv € Wi and Tv € Waie., Tv € W1 N Wy = 0, which
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implies Tv = 0. But T is injective and hence v = 0. If v € V' | then Tv = wy + w, for
some wy, € Wy and wy € Wy, Then v = Tty + T wy € Vi + Vo, Thus V + V4 & Vs,
Next we need to verify that V; and V5 are G-invariant. If v € V;, then g0 = T, Tv.
But Tv € W; implies that ¢, Tv € W; since W; is G-invariant. This implies that
o0 =T ", Tv € T-Y(W;) = V;. Thus Vi and V5 are G-invariant subspaces of V'
such that V' = V; & V5 making V' decomposable as required. [J There are similar

results for irreducible and completely reducible representations.

Lemma 1.1.19 Let G be a group such that ¢ : G — GL(V') is a representation and
Y G — GL(W) is an irreducible representation of G and ¢ ~ 1. Then ¢ is also

irreducible.

Lemma 1.1.20 Let G be a group such that ¢ : G — GL(V) is a representation and
Y : G — GL(W) is a complete reducibility representation of G and ¢ ~ 1. Then ¢

15 also complete reducibility.

1.2 Complete Reducibility and Maschke’s Theo-
rem

Definition 1.2.1 Let G be a group and V be an inner product space. A representation

p:G— GL(V) is called unitary if p, is unitary for all g € G, i.e.,

{£g(v), pg(w)) = (v, w)

for all v,w € V. Also one can say that p is a map from G — U(V, where U(V') is
the set of all unitary maps from V to 'V, v.e., T : V — V such that TT* = 1.

Proposition 1.2.2 Let G be a group and p: G — GL (V) be a unitary representa-

tion of G. Then p is either decomposable or irreducible.

Proof Let us assume that p is not irreducible which implies that there exists a non-
zero proper subspace, W of V' such that it is G — invariant. Then, the orthogonal
complement W+ of W is also non-zero such that V = W @& W+=. Now, the only thing

left to show is that W L is a G — invariant subspace of V.
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Let ve W 1L and w € W, then

(ng,ﬂﬁ ::<pg*1pgvapg*1w>
::<Uapg—1w>
=0

Here, the first equality holds as p is unitary and the second equality holds because
ve Wt and pjrw € W(as W is G — invariant).
Hence, p,u € W+ for v € W, Therefore, W L is a G —invariant subspace of V and

p is decomposable.

Proposition 1.2.3 Let G be a finite group. Then, every representation of G is equiv-

alent to a unitary representation.

Proof Let p: G — GL(V) be a representation of G of degree n. Now, choose
a basis B for V and let T': V' — C* be the isomorphism taking coordinates w.r.t
B. Set ¢, = Tp,7" for g € G. This leads to a representation, ¢ : G — GL,(C)
equivalent to p.

Let (.,.) be the standard inner product on C". Next we will define a new inner product

(.,.) on C™ with the help of averaging trick. Define

(v,w) = Z (pgv, pgw) .

geG

Let us verify that it is indeed an inner product-

First, let us see bilinearity

(c1v1 + cov2,w) = Z (pg(crv1 + cava, pgw)
geG

= Z ((crpgu1 + capgv2, pgw)

geG
=G Z (pgu1, pgw) + 2 Z (pgv2p4v2, Pgw)
geG geG

= c1(vy,w) + co(ve, w)
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Next,

Now,

(v,0) =D {pyv, pgv)

geG

> 0
because each term (p,v, p,v) > 0. If (v,v) = 0, then

0= Z {pgv, pgv)

geqG

which implies that
(pgu, pgv) = 0Vg € G
= (p1v,p1v) =0
= (v,v) =0
=v=0

Hence, we have verified that (.,.) is the inner product.

We now wish to check that ¢ is unitary w.r.t. inner product (.,.).

(nv,00) = > (9gon0, Pgpn)

geG

= Z <<Pgh,U7 Spgh>

geG

Let x = gh, then

(QOhU, pr) - Z <901U7 Qprw>
zeG

= (U’w)
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Corollary 1.2.4 Let G be a finite group and p : G — GL (V) be a representation

of group G. Then p is either decomposable or irreducible.

Proof From Proposition 1.2.3, one can see that there exists a unitary representation
¢ such that p ~ ¢. Now using proposition 1.2.2, ¢ is either irreducible or decompos-

able and so is p (By Lemma 1.1.18 and Lemma 1.1.19). O

The theorem that we are now going to state and prove is a very important result

of this chapter.

Theorem 1.2.5 (Maschke) Let G be a finite group, then for any representation
v : G — GL(V) of G it is possible to write V as V =V, ® Vo & ... ®V,, such that
Vi are G-invariant subspaces and p|y, : G — GL(V;) are irreducible representations

forallt=1,...,n, i.e., it is completely reducible.

Proof Let ¢ : G — GL (V) be a representation of G. We will prove the above
statement by applying induction on dimension of V.
Let dim(V') = 1, but then ¢ is itself irreducible as V' cannot have any non-zero proper
subspace, so we have proved the statement for dim(V') = 1.
Next, assume that the statement holds true for any vector space having dim(V') < n.
Now, let ¢ : G — GL (V) be a representation of degree n + 1. If ¢ is irreducible
then we are through. Else, ¢ must be decomposable (Corollary 1.2.4) which implies
the existence of non-zero G-invariant subspaces Vi, V5 of V' such that V =V, & V5.
It is clear that dim V) and dim V5 < dimV and we can apply induction on V; and
V,.  Therefore, ¢|y, and ¢|y, are completely reducible and V; can be written as
Vi=VioVid...0Visand Vo = Vo @ Voo @ ... © Vo, where Vi, Vs, are G-
invariant subspaces and ¢|v;,, @[, are irreducible subrepresentations of ¢ for all
1<i<s;1<5<r.
Then

V=V1oVid..dVi;d Vo @V d...0V,,

Therefore, ¢ is completely reducible.



Chapter 2

Character Theory and
Orthogonality Relations

2.1 Morphisms and Schur’s Lemma

Definition 2.1.1 A morphism from the representation p : G — GL(V') to the
representation ¢ : G — GL(W) is a linear map T : V. — W such that Tp, =

w, I Vg € G, or equivalently the diagram below commutes.

v sy

The set of morphisms from p to ¢ is denoted by Homg (p, ).
One can observe that Homg (p,¢) € Hom (V,W).

Remark For an invertible T' € Homg (p, ) the equivalence, p ~ ¢ holds and 7 is
an isomorphism. Also 7' : V. — V € Homg (p, p) if and only if Tp, = p,TVg € G,

i.e., T is commutative with p(G).

Proposition 2.1.2 Let T : V — W be an element in Homg (p, p). Then ker(T') is
a G—invariant subspace of V and T(V) = Im(T) is a G—invariant subspace of W'.

Proof To prove that ker(T') is a G—invariant subspace of V', we need to show that

for w € ker(T), p,w € ker(T) Vg € G.
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So let v € ker(T') and g € G, then Typ,v = p,Tv =0 as v € ker(7T"). This implies that
pow € ker(T)Vg € G. Hence, ker(7T') is a G—invariant subspace of V.

Similarly, if w €Im(7") and g € G, then w = T'v for some v € V. Then p,w = p,Tv =
Typ,v € T. Therefore, pjw €Im(T") and hence G—invariant. 0

Lemma 2.1.3 (Schur’s Lemma) Let ¢, p be two irreducible representations of G

and T € Homg (¢, p) then either T is invertible or T = 0. Equivalently-
1. If ¢ = p, then Homg (p, p) = 0.

2. If p = p, then T'= I with X\ € C.

Remark Given two equivalent irreducible representations ¢, p of G, the dim Homg (¢, p) =

1, because then all linear maps from ¢ to p are scalar multiples of I.

Corollary 2.1.4 For an abelian group G, any irreducible representation has degree

1.

Corollary 2.1.5 Let p: G — GL, (C) be a representation of a finite abelian group
G. Then there exists an invertible matriz T such that T '¢,T is a diagonal matriz

Vg e G.

2.2 Orthogonality Relations

From now onwards we will assume that G is always finite. If p: G — GL,, (C) is a
representation of G, then ¢, = (¢;; (¢9)), where ¢;; (9) € C for 1 <4, j < n. Therefore

there are n? functions.

Proposition 2.2.1 Let p: G — GL(V) and ¢ : G — GL(W) be representations
of G and T : V — W is a linear map. Then:

LT = 15 Y gec 9o Tpy € Home (p, )

2. If T € Homg (p, ), then T* =T.
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3. The map P : Homg (V,W) — Homg (p, ) defined by P(T) = T" is an onto

linear transformation.

Theorem 2.2.2 Let G be a finite group and ¢ : G — GL(V),p: G — GL(W) be

wrreducible representations of G let T : V. — W be a linear transformation, then
1. If ¢ o~ p then T} = 0.

2. Ifo = p then Ty = LD g

deg(p)

Theorem 2.2.3 (Schur’s Orthogonality Relations) Let p : G — U,(C) and
¢ : G — Upn(C) be irreducible representations of G that are both inequivalent and

irreducible. Then

1. <pija§0kl> =0

ifi =k and k =1;
2. {pij» pri) =

S 3=

Otherwise.

Corollary 2.2.4 For an irreducible unitary representation of G, p of degree d, the d?

functions {V/dpy; : 1 < i, < d} makes an orthonormal set.

2.3 Class Functions and Characters

Definition 2.3.1 Let G be a finite group and let L(G) :={f : G — C}. Then L(G)
is called Group Algebra of G and is also denotes as CE. It forms an inner product

space with operations as pointwise addition and multiplication.

Inner product on L(G) is defined as (f1, fo) = |—é| > g f1(9) f2(9)

Definition 2.3.2 Let G be a group and ¢ : G — GL(V) be a representation of
G. We define the character, x, : G — C of ¢ as x,(9) = Tr(py). We call the

character of an irreducible representation as irreducible character.
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Remark For any degree one representation, ¢ : G — C* of G, the character is

same as the representation, i.e, x, = . This is true because x, : G — C such that

Xo(9) =Tr(p,) = ¢(g)Vg € G and hence,
Xe = ¥

So we will assume that for a degree one representation it’s character and representation
is same.

Next are a few properties of character that can be proved easily using the definition.

Proposition 2.3.3 Let G be a group and ¢ : G — GL(V) be a representation of
G. Then x,(1) = dego.

Proposition 2.3.4 If ¢ ~ p, then x, = X,.

Proposition 2.3.5 Let G be a group and ¢ be a representation of G. Then x,(g9) =
Xo(hgh ' )Vg,h € G.

Definition 2.3.6 Let f : G — C be a function. f is said to be a class function
if f(g) = f(hgh™")Vg,h € G. Also, one can say that f is a constant function over
conjugacy classes of G. We use Z(L(G)) to denote the space of class functions.

Remark It can be easily seen that character, x of a representation lies in Z(L(G)).
Proposition 2.3.7 Z(L(G)) forms a vector subspace of L(G)

We now want to find out the dimension of Z(L(G)).
For that let Cl(G) denote the set of conjugacy classes of G. For a conjugacy class
C € Cl(G), we define the function ¢ : G — C as

1 ifgeC;
0 Otherwise.

dclg) =

Proposition 2.3.8 Let B = {0c : C € CI(G)} be a set of functions defined as above.
Then B forms a basis for Z(L(G)). Hence dim(Z(L(G)) = |CU(G)].
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Proof Since §c attains the constant value 1 on conjugacy class C, it is a class
function. Therefore, ¢ € Z(L(G)). We next need to show that B spans Z(L(G)). If
f € Z(L(G)), then [ = > ooy f(C)dc. Indeed, because left hand side evaluated
at g € G equals f(g) while right hand side equals } oy f(C)dc(g). Now, if C" is
the conjugacy class of g then right hand side becomes f(C") (from the definition of
d¢). Since g € C', f(C') = f(g).

So,the only thing left to prove is that B is a linearly independent set. For that assume,

Z acdo = Z Bcoc

CeCl(@) CeCl(G)
-
Z ac(dc)(g Z 50 (0c)(g
CeCi(G) CeCl(G
—
> (ac — Be)dclg) =0
CeCI(G)
If g € C’, then

Qor = BC/VC c Cl(G)

Therefore, B is a linearly independent set of class functions that spans Z(L(G)).

To check that B is an orthonormal set of non zero vectors, consider that C, C" € Cl(G),

then
G if ¢ = ¢
(berde) = =3 bl (g) = { 19 /
€l e 0  Otherwise.
Also |B| = |CI(G)| = dim Z(L(G)). Hence, proved. O

Now we come to one of the important results of this chapter, i.e., First Orthogonality

Relation.

Theorem 2.3.9 (First Orthogonality Relation) Let G be a group and ¢, p be ir-

reducible representations of G. Then

L ifo~p
0 @emwp

(Xgr Xp) =

Thus the set of irreducible characters of G forms an orthonormal set of class functions.

Corollary 2.3.10 For a group G, there are at most |CI(G)| equivalence classes of

wrreducible representations.
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Let us define a notation. For a vector space, V', a representation ¢ and m > 0, we

write
mV=VeVe.. eV mp=9pd¢pd..dp
m copies m c?)rpies
We also set {01, ..., )} as the complete set of irreducible unitary representations

of G and d; = deg o

Definition 2.3.11 Let p be a representation of a group G s.t p ~ miM@. . .Bmp®,

then the number m; is called the multiplicity of 09 in p. It can be easily seen that

deg p=>7_ mid,

Lemma 2.3.12 Let p, p,1) be representations of a group G such that ¢ = p & .

Then X, = X, + Xo-

Theorem 2.3.13 Let G be a group and {oM), ... o)) be the complete set of rep-
resentatives of the equivalence classes of irreducible representations of G. If ¢ ~
mieM @ ... ®myp® Then m; = <x¢, X§§>>. Also, this decomposition of ¢ into irre-

ducible constituents is unique and ¢ is determined by its character upto equivalence.

Proof The main idea used in the proof is that equivalence of representations is an

equivalence relation. Given ¢ ~ mlgp(l) G...P msgp(s), Xo = MaXpm + oo+ M)

<X<p7 X@<i>> =m <X¢<1)7X<p<i>> T+ tmg <X¢<s>,X¢<i)>
Each
o 1 ifi=j
() BN =
X 7X -
=g

<X@,X5@i)> = mV1 < i < s, because V) < o otherwise they would have been in
same equivalence class which is not the case.
From Lemma 2.3.12, the decomposition of ¢ into irreducible constituents is unique
otherwise if there would have been some other decomposition, say ¢ ~ mjyM @ ... @
m, )

MIX ) F -+ MsX o) = M X ) + - oo M

Then @ ~ Vj U
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Corollary 2.3.14 Let G be a group and ¢ be a representation of G. Then ¢ is
irreducible if and only if (x,, X,) = 1.

Theorem 2.3.15 Let G be a group and {oM), ..., o)} be the complete set of irre-
ducible representations of G such that d; = degp®, then |G| = d? + d2 + ... + d2.

Theorem 2.3.16 Let G be a group and p;,d;, 1 <1 < s be the same as above. Then
the set B = {\/d_kgoz(f) 1<k <s,1<1i,j <dg} forms an orthonormal basis for the
Group algebra, L(G).

So far, we have already seen a basis for the set of class functions, namely {0¢c : C' €

CIl(G)}. Next, we would like to look at another basis of Z(L(G)) but it is orthonormal.

Theorem 2.3.17 Let G be a group and Z(L(QG)) be set of class functions. Then the
set B ={x1,X2, ..., Xs} forms an othonormal basis for Z(L(G)).

Proof We will use the same notation as above for this proof. It is clear from first
orthogonality relations (Theorem 2.3.9) that irreducible characters forms an orthonor-
mal set of class functions. We now need to show that the set B spans Z(L(G)). For
that, let f € Z(L(G)). From the previous theorem, f can be written as

k) (k
[ = Cz(‘j)SOZ(‘j)

i7j7k“
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for some constants c ) € C. Here 1 <k <s,1<14,j5 <d,. Also because f is a class

function, for any z € G,
flz) = 9)

1
P A
’LZ Do (g7 ag)
z€G i
Z |§;;soz g 'zg)
S

(k)
Z |G|$§¥Qp 1902: ]ij
Z s
Tr cpx
Z 0 degp®

Z’L’Ld

i,k

k

Notation (cpi’“)l is same as in Proposition 2.2.1. Therefore,
fey T
-~ i B

which in a linear combination of elements in B. Hence, this shows that B forms an

orthonormal basis for Z(L(G)). O

Corollary 2.3.18 Let G be a group. The number of conjugacy classes of G is equal

to the number of equivalence classes of irreducible representations of G.

Proof Clearly from the above theorem we have dim(Z(L(G))) = s and also from
Proposition 2.3.8, dim(Z(L(QG))) = |Cl(G)|.
Therefore, s = |Cl(G)]. O

Corollary 2.3.19 Let G be a finite group. G is abelian if and only if number of

irreducible representations of G is equal to number of equivalence classes of G.

Proof It is a well known fact that a finite group G is abelian if and only if the number

of conjugacy classes of G is equal to |G|. Therefore, from the above corollary, G is
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abelian if and only if it has |G| many equivalence classes of irreducible representations.

O

Theorem 2.3.20 (Second Orthogonality Relations) Let C,C’ be conjugacy classes
of a finite group G and let g € C and h € C'. Then

e ifc=c

|
0 C4C

Z xXi(9)xi(h) =

Definition 2.3.21 For a finite group G, let x1,...,xs and Cy,...,Cy be the irre-
ducible characters and conjugacy classes of G respectively. Define X to be a s X s

matriz such that (X);; = x:(C;). The matriz X is called the character table of G.
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Chapter 3

Induced Representations

This chapter deals with studying representations of GLs(F,). Representations on

G Ly(F,) are constructed by inducing representations of Borel subgroup, B of G Ly(F,).

3.1 Basics

Definition 3.1.1 For a subgroup H of a group G let (w, V') be a given representation

of H. Define a representation of G as (7%, V) where
VE={f:G—V:f(hg)=m(h)f(g) for allh € H,g € G}
and
(m(9))(x) = f(zg).
(7%, V&) is known as induced representation of G from 7.

Definition 3.1.2 Given two representations (t,U) and 7,V) of G, a linear map

¢ : U — V is called an interwiner or a homomorphism of G-modules if

¢ (7(9) (u)) =7 (9) (d(u)) for allucU

We will now describe the relation between two induced representations. For that, let
G be a finite group and Hy, Hy be two subgroups of G with representations (7, V})
and (my, V3) respectively. For functions f :— V; and A : G — Homge (V4, V2), define
a convolution A x f : G — V5 by

(A1) (9) = 2 3" Alga™)(f (@)

‘ ’xEG

19
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Denote by D the set of all functions A : G — Homg (Vi, Vo) which satisfy
A(haghi) = ma(hs) o A(g) o m(h1)
for all hy € Hy,hy € Hy and g € G.

Theorem 3.1.3 (Mackey) The space Homg(V\®, V,E) is isomorphic to D as a vec-
tor space. In particular, for a function A € D, the corresponding element L €

Homg(VE,VE) is given La(f1) = A x fi for fy € VE.

Proof Given a A € D and f; € V© , it clearly follows from the definitions that
Ax fi € VF and La is an interwiner defined as La(f1) = A * fi. Therefore, we have
a linear map D — Homg(V,E, V&).

Conversely, we will construct an inverse map Homg(V,¢, Vi) — D. Define a collec-

tion, f,, of elements in V¢, indexed by v € V and g € g, defined as

m(h)v if z = hg,h € Hy

fon(z) = )
0 if v ¢ Hig
Also, for v € V;

Alg)(v) =[G : Hi]La(fg—0)(1)

To see this we will solve right hand side by using the definition of La(f;-1,)

(G- Hi]LA(fg—10)(1) =[G+ Hi] (A * fg-1,) (1)
G Hl S A fyr ()

z€G

—% ZAgh m1(h)(v)
—‘LZ Uy (1) (v)

€H,

Z (1gh™"h)(v

€Hy

Ag)(v)

Therefore, from the proof above given any Ln € Homg(V,¢, V%) one can define an
element of D and it is clear that the two maps defined above are inverses of each

other. O
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Lemma 3.1.4 Let G be a group such that H < G and {g1, g2, -..,9s} be the set of
coset representatives of H in G. Let (7, V) and (7%, V) be the representations of H
and G respectively as mentioned above. Let {vi,vs,...,v,} be the basis of V. Then

basis of V& is given by the functions
0pn; :G—=V1<1<5,1<757<n
9i,Vj

defined as

m(h)v; if g =g
591‘,1@' (gh) = ’
0 else

In particular, the dim V¢ = dimV x [G : H].

Proof First, we shall show that d,, ,,’s are linearly independent. That is

ZS: zn:am'égwj =0 ai;=0 Vi, j

i=1 j=1

which implies,

S n

Z Zai,jégi,vj (.T) =0 Vx € G
=1

=1 j5=1

In particular if x = gih for some h € H,

ZZOQ] gi, v gkh Zak]ﬂ-
=1 j=1
h) <Z ak,jvj> Vh € H
j=1

Therefore,

Zawvj:O(:)akJ:O v1§]§n

j=1
Next, we will check that dy, ,,’s span V¢, that is, for any f € V&, one should be able
to find «;; such that

= Z Z 04, 0,

i=1 j=1
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Now if the above holds, then it is true for all g € G, that is,

glo Z Z &% J gz Uj glo

11]1

glo § :alo ]7T

h) (Z Oéz'o,jvj)
f(9io) Z ig,jUj

Therefore, each f can be written in terms of {4y, ., : 1 <i <s,1 < j < n} and hence
it forms a basis for V. Clearly, dim V% = dimV x [G : H]. O

3.2 Representations of GLy(F,)

3.2.1 Conjugacy Classes in GLy(F,)

G = GLy(F,) is a group of 2 x 2 invertible matrices with entries in F,. In this section

we will look at conjugacy classes of G.

Clearly, |G| = (¢* — q)(¢* — 1) = q(q — 1)*(¢ + 1).
a b a v
Two matrices and are conjugates only when {a,c} = {d/,}

0 ¢ 0 ¢
because conjugate matrices have same eigenvalues. With this fact in mind we can see

that there are four families of conjugacy classes of GG, listed as follows-
1. The matrices
a 0
0 «

al =

for a € I}, belong to the centre of G and hence giving ¢ — 1 conjugacy classes

of 1.

2. Consider the matrices

a 1
Uy =
«Q
forae]F;. If
a b
g:
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is an element of G, then

aa a + ba
gUuo =
ca ¢+ do

and

ace d—+ ba
Uagd =
co da

80 g is in the centralizer of u, if and only if ¢ = 0 and @ = d. Thus, us(a € F})
results in ¢ — 1 conjugacy classes and the order of centralizer is ¢(q — 1), so, each

conjugacy class contains ¢> — 1 elements.

3. Let
a 0
dap = € G and (o, B € )
0 p
Also one can see that

-1

0 1 0 1

dap =dga
10 10

Now, if a # B, then gd, 3 = d,pg if and only if b = ¢ = 0. Therefore, the
matrices da g, for o, 8 € F; and a # 8 gives us (¢ — 1)(¢ — 2)/2 conjugacy
classes. Also the order of the centralizer is (¢ — 1)?, so each conjugacy class has

q(q + 1) elements.

4. Consider,

0 1
Vg = (S S ]Fq2 \Fq)
Since s’ and (s+s?) are elements of F,, v; € G.The characterisctic polynomial

of v, is

det( N — v) = A\ — (s +87)) + 17 = (A — 5)(\ — s9).

So v has eigenvalues, (s'™) and (s + s7). As s ¢ F,, vy does not belong to any
of the conjugacy classes constructed earlier.

Observe that
—bs'™ a4 b(s+ s9)

—ds't c+d(s+ s9)

gVvs =
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and
c d
Vsg =
—as'™ +c(s+s7) —bs'T + d(s + s9)
Therefore, v,g = gv, only when ¢ = —bs't? and d = a + b(s + s7). If this holds,
then

ad — be = a* + ab(s + s9) + b*s' ™ = (a + bs)(a + bs?)

Since (a,b) # (0,0) and s,s7 ¢ F,, (a + bs) and (a + bs?) are non-zero. So, g €

centralizer of (vg) if and only if

a b
g —=
—bs'™ a+b(s+ s7)

Thus, the order of the centralizer of v, is ¢ — 1, and the conjugacy class contain-
ing v, has size ¢> — ¢. Also, the matrix v, has eigenvalues r and 79, so it is not
conjugate to vy unless r = s or r = s%. Therefore, F,2 \ F,) can be partitioned
into subsets {s, s?}, each of which gives a conjugacy class representative v, and

different subsets gives representatives of different conjugacy classes.

3.2.2 Parabolically induced representations for GLy(F,)

Let B < GLy(F,) which consists of the invertible upper triangular matrices, i.e.,
B = cac# 0,a,b,c € F,
0

B is also called standard Borel subgroup of G. Let T be a subgroup of G'Ly(F,) which

consists of invertible upper triangular matices with 1’s along diagonal, i.e.,
)
N = :bel,

Also, denote by T the subgroup of G consisting of invertible diagonal matrices.
For x; and xa, characters of [}, one can define character x : T'— C* of T' as
I 0

X = x1 (71) X2 (72)
0 )
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Now, this character can be extended to a character xy of B such that N lie in the

kernel. Therefore,

ry X
X = X1 (1) X2 (22)
0 To
We will now construct representations, say I(xi,x2) of GLs(F,) induced from the

character of B defined above.

Proposition 3.2.1 For the characters x1, x2, p1 and pa of Fy, we have

dim Homar,w,) (L (X1, X2), L (11, p2)) = e1 + €2

where,
o\ — L if x1 = and x2 = po,
0 otherwise
and
0 — L if x1 = p2 and x2 = p,

0 otherwise

Theorem 3.2.2 For the characters x1, X2, i1 and iy of F;, representation I(x1, X2)
of GLy(F,) is irreducible of degree q + 1 unless x1 = x2. For x1 = x2, I(x1,X2) is a

direct sum of two irreducible representations of degrees 1 and q. So

I(x1, x2) ~ I(p1, pi2)
of and only if either
X1 =1 and X2 = po

or else

X1 = H2 and X2 =
Proof On applying Proposition 3.2.1 with y; = u; and xo = s, we can see that

dim Homgr,w,) (L(X1, X2), L (11, p2)) = dim Endgr,w,) (I (x1, X2))
L if x1 # xo,
2 if x1 = x2

Also, if (m,V) is a representation of G and V is a direct sum of distinct irreducible

representations my, T, . . ., s with multiplicities, my, ma, ..., mg then dim Endg(V) =
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ST m2.

Therefore, I(x1, x2) is an irreducible representation if y; # x2. Else in the case when
X1 = X2, it is a direct sum of two irreducible representations as 2 = 12 + 12 is the only
way to write 2 as a sum of nonzero squares.

By Lemma 3.1.4, dimension of I(xi,x2) = dimC x [GLy(F,) : B] = ¢+ 1. If
X1 = Xa, the representation of GLy(F,), one have an irreducible representation
of degree 1, namely one dimensional invariant subspace generated by the function
f(g) = x1(det(g)). It clearly satisfies f(hg) = x(h)f(g) for all h € B and g € G,
hence lies in the space of I(x1, chis) resulting in the one dimensional representation
of GLy(F,). The other component then is q dimensional.

If x1 # xo then as mentioned earlier, (1, x2) is irreducible. By proposition 6.3.1,
there is a non-zero element in Homgr,w,)(1(X1, X2), (11, p2)) if and only if x; = iy
and xo = o or 1 = pg and o = py. Since, they are irreducible these homomor-

phisms must be isomorphisms. U

Let x = (x1,x2) be a character of B. We have thus far constructed the following
representations of G Ly (F,):

1. When x; # X2, the irreducible representation of G'Ly(F,) is of degree ¢ + 1.

Since the representations corresponding to the character (xi, x2) and (x2, x1)

1

are isomorphic, we have 5(¢ — 1)(¢ — 2) irreducible representations of degree

g+ 1.

2. When x; = X2, there are two irreducible representations of degrees 1 and ¢ of
GLy(F,). All these are pairwise non-isomorphic, hence we have ¢ — 1 represen-

tations of degree 1 and ¢ — 1 representations of degree q.

We know that the number of irreducible representations is equal to the number of
conjugacy classes in a group and we have looked at

(¢—D@-2)

(=1 +(g—1)+ 5

irreducible representations, and there are ¢> — 1 conjugacy classes of GLy(F,). So, we
are left to look at %(q2 — q) irreducible representations.

Also, if {m, 7, ..., 7} forms a complete set of irreducible representations of degrees
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dy,ds, ..., ds with multiplicities my, mo, ..., ms of a group G, then

i=1

On applying above to GLy(F,), we get

S0 - 2+ 17+ (0~ 1)+ (g~ )

and using the above equation, we get the difference as %(q2 —q)(q — 1)2. Therefore,

%(q2 — ¢) many representations left are of degree ¢ — 1 each.

3.3 Representations of Frobenius Group

Let ¢ be a power of a prime number and let

1 b .
Foo1 = :ae]Fq,bEIFq
0 a

F, -1 is a Frobenius group of order ¢(¢ — 1).

It can also be easily verified that F,,_; is isomorphic to the set of affine functions,
{f:F, —Fy: f(x)=ax+bacF;,beF,}

Let

10
H = :bel,
01

Clearly, |H| = q and H = F,. Also H is a normal subgroup of the Frobenius group

F, 4—1. A complete set of coset representatives of H in F, ,_; is

10
C = ra €T,
0 a
Now we will define a representation of H and will then induce it to write representa-
tions of F 4.
Let p: H — C* be given by
1 b

P =€
01

2mib/q

To check that a given induced representation is irreducible or not we have Mackey’s

Criterion . Below is the version of Mackey’s Criterion for a normal subgroup H of G.
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Theorem 3.3.1 (Mackey’s Criterion) Let H be a normal subgroup of G and ¢ :
H — GL4(C) be an irreducible representation. Then the induced representation of
© on G is also irreducible if and only if for some s ¢ H the representation ¢° : H —»

GL4(C) defined as ¢*(h) = p(s~1hs) does not have ¢ as an irreducible constituent.

So to check that the induced representation of p on F,, 1, say pf@e=* is irreducible or

1 0
not, let s = be such that a # 1, then
0 a!
] -1
» 1 b _, 10 1 b 1 0 _, 1 ba g
01 0 a 01 0 at 0 1

Therefore, p and p° are inequivalent irreducible characters of H. So, from Mackey’s
Criterion pfe-1 is an irreducible representation of degree [F,,—1 : H] = ¢ — 1 (from

Lemma 3.1.4). Hence,

pfeet  F, 1 — GL, 1(C).

Also, from Theorem 2.3.15,

=D+ @-Dg-1)=(@q-1)1+q—1)=qlg—1) = |Fyq|

Now, we are left with ¢ — 1 degree 1 representations of F,,_;. Given a character
x : F; — C* we have

XFq’q_l : Fq,q—l —C

defined as
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Chapter 4

Fourier Analysis on Finite Groups

This chapter introduces the reader with the concept of Fourier transform and Fourier
Inversion on Finite Abelian as well as non-Abelian Groups. We will also introduce
an algebraic structure on L(G) which comes from the convolution product. The

applications of which we will see in later chapters.

4.1 The Convolution Product

In this section we define the concept of convolution product in L(G), which then will

explain the name, Group Algebra for L(G).

Definition 4.1.1 For a finite group G and fi, fo € L(G) the convolution product of
f1 and f5 is a function, f1 * fo : G — C defined by

f1*f2 Zfl Ty f2

yeG

We would now like to show that convolution product provides a ring structure on
L(G).

So, to each g € G, associate the delta function o, defined as

5. (2) 1 ife=g
X g
! 0 otherwise

Proposition 4.1.2 Let g,h € G, then 0, * 6, = dgp.

31
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Proof Let * be the convolution, then

0y On(w) = > dy(xy™")on(y)

yeG

L'=gand h = y ie.,

and the only non-zero term on right hand side is when zy~
g = xh~" which implies z = gh. Therefore, o, * 0y, = dgp,. O

Now if fi, fo € L(G), then

fi= Zfl (9) 8g, fo = Zfz(g)(sg

geG geG

Theorem 4.1.3 Let G be a finite group and L(G) denotes it’s Group Algebra. Then
L(G) forms a ring with pointwise addition and convolution as multiplication. Also,

the multiplicative identity of L(G) is 0y.

Proof Firstly, we need to show that it is an additive abelian group. Clearly, it is
closed under addition. Also the identity element exists, i.e., the zero function, say
fo : G — C defined by fo(x) = OVz € G. Inverse of every function f is —f which is
in L(G) such that f+(—f) = fo. Alsofor fi, fo € L(G), (fi+ fo)(x) = fi(z)+ fo(x) =
fa(x) + fi(z) = (f2 + f1)(x)Vx € G Therefore, it is an abelian additive group.

Next we need to show that convolution is associative and distributive. For associa-

tivity, let f1, fo, f3 € L(G). Then,

[(fr 5 fo) % fa] () = D [fr % falzy ) fs(y)

yeG

— Z Z filzy™ 27 fa(2) fa(y)

yeG zeG

Let u=z2y =y 2! =u'!= 2z=uy ! Then,

((fr# fo) % fa] (2) = D> we Gfi(wu) foluy™) fa(y)

yeG

= filzu™) Yy € Gha(uy ) fs(y)

ueG

= filzu™)[f2* fs](u)

ueG

= [fi* (fax f3)|(2)
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Hence convolution product on L(G) is associative.

To see that it distributes over addition, let fi, fa, f3 € L(G), then

(fi+ fo)  fol@) =Y (fr+ fo) (ay ™) fo(y)

=" Ay Ry + > fley™) )
yEG yeG

= (fi* f3) (x) + (fa * f3) (2)

Similarly, one can check that fi x (fa+ f3) = f1* fo+ f1 x fs.
So L(G) forms a ring with pointwise addition and convolution product as multiplica-

tion. Next, let’s check the multiplicative identity. Let a € L(G), then

ax (@) =3 aley™)o(y) = alx)

yeG

The equality holds because d;(y) will be nonzero only when y = 1. Similarly,

Sy xa(z) = di(xy Maly)

yeG

=a(z)Ver € G

Equality holds because 1 (xy~!) is non zero only when y = . O
In the previous chapter, we denoted the space of class functions by Z(L(G)). We
know that for a ring R, Z(R) is used for the center of the ring so next we will explain

the notation Z(L(QG)) for the ring L(G).

Proposition 4.1.4 Let G be a group then the set of class functions Z(L(G)) forms
the center of G.

Proof We need to show that a function f : G — C is a class function if and only
if fxa=axf forallaeL(Q)
First, let f be a class function and let @ € L(G). Then,

ax fx) =" alzy™)f(y)

yeG

= aley™) flaya™)

yeG
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The first equality holds because f is a class function. Now, let z = zy !

Hence, a * f = f % a. Conversely, let f € center of L(G).
Claim f(gh) = f(hg) for all h,g € G

Justification

Flgh) =Y flgy™)on-1(y) = f* 6h1(g)

yeG@
=0p % f(g) =D o (gy ) f ()
yeG
= f(hg)

The last equality holds because 6,1 # 0 < gy~! = h™! & y = hy.
Hence, f(ghg™') = f(hg~'g) = f(h) showing that f is class function. O

4.2 Fourier Analysis on Finite Abelian Groups

For a finite abelian group G, the set of class functions is same as L(G). Clearly,
Z(L(@)) C L(G). Now for any function f € L(G), f(g) = f(gh™*h) = f(hgh™") for all g,h €
G. So f € Z(L(Q))

Hence, L(G) forms a commutative ring when G is an abelian group.

Definition 4.2.1 For a finite abelian group G, we define the the dual group of G as
the set of all irreducible characters, x : G — C* It is denoted by G.

Proposition 4.2.2 For a finite abelian group G and x,0 € G, define a product on
G as (x-0) (9) = x(9)0(g). Then G forms an abelian group with respect to the above
defined product and |G| = |G).
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Proof Let y,0 € G, then

X-0(g192) = x(9192)0(9192)
X(91)x(92)0(91)0(g2)
= X(91)0(91)x(92)0(92)
= (x.0) (91)- (x-0) (g2)

Hence, G is closed under the defined product. Also, the product is commutative as

well as associative. The trivial character x;(g) = 1 for all g € G is the identity for G.

Also, x '(g) = x(9)~" = x(g) is the inverse. Indeed, y.x "' = x1. Therefore, G forms
an abelian group.

It is known that the number of irreducible characters of an abelian group G is |G|, so

Gl =1G. O

Definition 4.2.3 Let G be a finite abelian group and f € L(G). Then the Fourier
transform of f is the function f : G — C defined as

FOO=1GI{f.x) =D fl9)x(9)

geG

The numbers |G| (f,x) are known as the Fourier coefficients of f.

Example 4.2.4 If 6,60, € G, then

N ’G‘ lf 61 - 62
01(02) = |G| (01,02) =
0 else

by the orthogonality relations. So, 6 = |G|d,

Theorem 4.2.5 (Fourier Inversion Theorem) For a finite abelian group G and
the function f € L(G),
1 A
f= @ Z FOOx-

xeé

Proof It is just an easy computation.

F=> (fx)x

xed

=G 2l x

xe@

- ,—; S oo

xe@
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i

Next, we will show that Fourier transform of a function is a linear transformation.

Proposition 4.2.6 For a finite abelian group G, the map T : L(G) — L(G) defined

as T(f) = [ is invertible and linear.

Proof Let G be such that |G| = n. From the definition, T'(¢1 f1 + ¢ f2) = clﬁgﬁ

erfi+ afa(X) = n{enfi + eafa, X)
= c1n (fi, x) + c2n (f2, x)
= c1fi(x) + c2fa(X) Vx € G

Therefore, ¢; fl/—k\cQ fo=a fl + co fz. We need to check T is bijective. Let’s first check
injectivity. Let

fhi=1h
f00) = H(x) Vy €@
G] (f1,x) = |G| {f2:x)
(f1,x) = (f2:X)
(fi—fax) = Vy € G
fi= 1

So, it is injective and also dim L(G) = n = dim L(G). Therefore, T is an invertible
linear transformation. U
One can also define a ring structure on L(G) using pointwise multiplication defined as
(f.9)(x) = f(z)g(z). And it can be easily checked that if §; is the multiplicative iden-
tity of L(G) under convolution, the map I : G — C defined by [(¢g) =1 forall g € G
is the identity of L(G) under pointwise multiplication.

One can establish an isomorphism between both these rings as done in the next the-

orern.

Theorem 4.2.7 Let G be a finite abelian group and fi, fo € L(G). Then the Fourier

transform satisfies

Fro o= fifo.
So, the linear map T : L(G) — L(é) defined as Tf = [ gives an isomorphism
between the rings (L(G), +, ) and (L(G), +,.).



4.2. FOURIER ANALYSIS ON FINITE ABELIAN GROUPS 37

Proof From Proposition 4.2.6, one already knows that 7" is an isomorphism of vector

spaces. So it is enough to show that T'(f; * fo) = T f1.T fo, i.e.,
fixfa= ]El.f2
Let |G| = n.

Fix Fa(X) = n (fi % fa, X)

=0 SO+ )N ()
zeG

= ZWZ filzy™) faly)

=3 W)Y filey)x(x)

We will now change the variable z, i.e, z = zy !

Fix 200 =Y )Y fi()x(Gy)

yeG zeG

=Y LWXW Y AEX(2)

yeG zeG

= Z f1(2)x(2) Z f2(y)X(y)

z€G yeqG

=n{fi,x) n{f2x)
= fi(x)-f2(x) vx € G

Therefore,
Jix fa= fl.fQ

4

Example 4.2.8 This exapmle is the summary of whatever we have seen so far for
the case when G = Z/nZ. Let f, g : Z — C be two periodic functions with period n,
ie., f(x+n) = f(x) for all x € Z. It can be clearly observed that periodic functions
with period n are in one one to correspondence with elements of L (Z/nZ). The

convolution product is defined as

s ) =3 A - B ()
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And the Fourier transform of a function f; € L (Z/nZ) is

n—1

fiG) = Z F1(k)el—2midk)/n

k=0
By Theorem 4.2.5,

S|

n—1
f1() = Zfl(k?)@(_%ikk)/n
k=0

Next, we need a lemma on eigenvector and eigenvalues of the convolution operator

on L(G).

Lemma 4.2.9 For an abelian group G and f € L(G), define the convolution operator
My : L(G) — L(G) by Ms(f1) = f* fi. Then My is a linear map and x is an
eigenvector of My with eigenvalue as f(x) forall x € G

Proof To check that My is linear, for fi, fo € L(G) and ¢;, ¢, € C, consider

My(erfr + cafa) = My (cofi + c2f2)
=fxcafi+ frcafs
=afxfitofxf
= et My(f1) + c2My(f2)

Next, let |G| =n and y € G. Then

f*X:f.f(:f.ncSX

n if xy==0
The equality holds as x = n (x,0) =
0 else
Therefore, x = nd,
A fO)n ifx=0
(f-ndy)(0) =
0 else

for some 6 € G. So f.néx = f(x)néx Therefore,

—_—

fxx= JE(X)WSX

Now applying the Fourier Inversion Theorem and using x = nd,
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The only term that will survive is when § = x. Therefore, M, (x) = f* x = f(x)x-

So y is an eigenvector with eigenvalue as f (x)

4.3 Fourier Analysis on non-abelian Groups

Given a non-abelian group G, it is clear that Z(L(G)) # L(G) and hence L(G) be-
comes a non commutative ring. Therefore, one can’t find a Fourier transform that
turns convolution into pointwise multiplication.

Let us look at another interpretation of Theorem 4.2.7 which will lead us in under-
standing the notion of Fourier transform for a non-abelian group:

Let G be a finite abelian group of order n and x1, X2, ..., X» be the irreducible char-
acters. Then for each f € L(G), define T': L(G) — C" as

T(f) = (n{f.xa) s n(fixa) - on{foxa)) = (FOa), F@)s- o f(xa)-

It is easy to verify that T is an isomorphism of vector spaces. Indeed, it is linear (Prop.
4.2.6). Since dim L(G) = n = dim C" it only remains to show that 7" is injective which
is also true because of the Fourier inversion theorem as one can recover f and f from

T f. Therefore,
Theorem 4.3.1 For a finite abelian group G of order n, L(G) = C".

Also, this suggests that for an abelian group all irreducible representations are degree
one and for a non-abelian group C should be replaced by matrix rings over C.

For a finite group G of order n, let {p™®, ¢ denote the complete set of irreducible
unitary representations of G such that d;, = degp™. Each entry of the matrix of

(k

representation is a function gol-]) : G — C given by goék) = (@? (g)) Now let us

define Fourier transform for a finite group.

Definition 4.3.2 For a finite group G define T : L(G) — My (C) x ... x My (C)

by
Tf = (feM), ..., f(e™))

where, f(pM);; = n<f, gpl(-;c)> = D cc f(g)gagf)(g). Tf is known as the Fourier

transform of f.

Next is the Fourier inversion theorem for a non-abelian group G.
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Theorem 4.3.3 For a non-abelian group G of order n let G :— C be a function.
Then

def k) Z]gpz] .

z]k

Proof The computation is carried using the fact that \/dkgpgf) forms an orthonormal

basis of L(G).

F=> <f, \/d—kso§f)> Vil

ijk
= _den<f Pij >(70’L]
1,5,k
- _Zd’ff ’J%J
1,5,k
Hence, proved. U

Proposition 4.3.4 Let G be a finite group and T : L(G) — My, (C) x ... x M, (C)

S

be the Fourier transform then T is a vector space isomorphism.

Proof It is an easy check that T is a linear map. Also, injectivity of T is ensured

by Fourier inversion theorem and
dim L(G) = |G| = d? +d3+ ...+ d* = dim My, (C) x ... x My, (C).
Therefore, T" is an isomorphism of vector spaces. Il
Theorem 4.3.5 (Wedderburn) Let G be a finite group and
T:L(G) — My (C) x...x My (C)

be the Fourier transform then T is a ring isomorphism.



Chapter 5

Random Walk on Finite Groups

The most famous analogy to a random walk is that of a drunkard wandering off
a village with no particular direction. So one can assume the village to be a graph
where the intersection of streets represent vertices and the streets represent the edges.
Whenever the drunkard reaches to one of the vertices, i.e., intersection, he randomly
decides which way to go and continues on his path. Natural questions that can be
asked includes the deunkard’s probability to reach a certain point after say, n steps?
amongst many more questions. It doesn’t seem very useful to study an ambling
drunkard, rather on ecan think of the random walker as a particle involved in the
diffusion process. Or may be one can think of vertices representing the configuration
of a deck of cards and edges representing the transformation from one configuration
to other. Then the random walk represents the change of one configuration to the

other.

5.1 Probability on Finite Group

One can define the probability distribution function on a Group. This section deals
with defining a few probabilistic concepts with respect to a finite group. Also a notion

of distance and convergence will be introduced for probabilities.

5.1.1 Basics

Definition 5.1.1 A random variable is a G-valued function X : Q) — G where )

18 a probability space.

41
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Definition 5.1.2 The probability distribution of a random variable X is a
function P : G — [0,1] defined as

P(g) := Prob[X = ¢

such that the following holds

> Plg)=1.

geG

Also, if we have a subset A C G, we put

P(A):=)_P(g).

geA

Definition 5.1.3 Define the set

supp(P) ={g € G : P(g) # 0}.

This set is called support of the probability P.

Let us consider a few examples of probability distribution functions.

Example 5.1.4 Consider the set G = Z and let P(0) = 1 and P(I) = 1. Then P

is the probability for which 0 and 1 are equally probable.

Example 5.1.5 Let G be a finite group. We define the uniform distribution, U on
G as

Vge G

Usually it is thought as being unbiased.

Example 5.1.6 Let G be a finite group. Then, for any g € GG, we define a probability
distribution d, as
1 ifth=g
6g(h) =

0 else
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5.1.2 Convolution Product on Probabilities

One can observe that P € L(G) and hence one can define convolution product on
probabilities and this product has got a probabilistic interpretation as well. Let G
be a group. Let P and ) be two probabilities on G with X and Y as associated
random variables, respectively. Now we want to look at the quantity Prob[XY = g].
For XY = ¢ to occur and Y = 2 we must have X = gz~!. Thus, the probability
that these two occur simultaneously is P(gz~!)Q(z). But z can have as many as |G|

choices. Therefore,

Prob[XY = g] = Zngl =PxQ(g).

zeG

Hence, one can think convolution product of probabilities as the probability distri-
bution of XY whenever X and Y are themselves independent random variables with

respect to the probabilities P and @) respectively.

It still remains to show that the convolution product of probabilities is also a proba-

bility.

Proposition 5.1.7 Let G be a finite group and let P and Q) be probabilities on
G, then P x Q is also a probability distribution on G. Moreover, supp(P * Q) =

supp(P).supp(Q).

Proof Clearly, one can see that

0< 3" Pgh™HQh) < 3" Q(h) =

heG heG

Therefore, P x Q(g) € [0,1] Vg € G. Next,

Y PxQ9)=>> Plga)Q(x)

geG geG zeG

=> Qx)Y_ Plgz)

zeG geG

=> Q=)

zeG

=1
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1

The third equality holds because gz~" runs through every element of GG exactly once

1

as g does when x7" remains fixed. Therefore, P * () is a probability on G.

Moving onto the second part of the theorem, we can see that P*Q(g) # 0 if and only
if there exists € G such that P(gz™') # 0 and Q(z) # 0.

Let a = gr~! and b = z. One can now conclude that P x Q(g) # 0 if and only if
there exists a € supp(P) and b € supp(Q) such that ab = g. Hence, Supp(P * Q) =

Supp(P).Supp(Q) O

5.1.3 Norm on Probabilities

There are a few notions of distance between the probabilities, so here we will introduce

them and also establish the relations between them.

Definition 5.1.8 Let G be a finite group. L' — norm on L(G) is defined as

£l =D _1f(g) for 1f € L(G)

geG
One can observe that if P € L(G), then [|P|l; = 1. Next are a few properties of

L' — norm.

Proposition 5.1.9 If fi, fo € L(G) and ¢ € C, then the following holds-
1. ||fillh =0 if and only if f; =0 ;
2. lefille = lel [ Aallx 5
3. \fi+ falln < [ fille + 1 folly ( the triangle inequality);

4o fr* falle < I falla- Il f2lle-

Proof

1. First, let || f1][1 = 0. Then by the definition,
1Al = Z |f1(g)] =0
geG
Since each term is positive and sum of positive terms can be zero if and only if
each term, i.e., |f1(g)| = 0. Hence f; =0 on G.

Converse is obvious by the definition.
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2. Consider f; € L(G) and ¢ € C. Then again using the definition,

lefillh = lefi(g)

geG

= lelfi9)

geG

=[c| Y _Ifi(9)

geG
= [c||[fllx

3. Let f1, fo € L(G), then

1fi+ falh = Z |(f1 + f2)(9)

geG

= Z |f1(g9) + falyg
geG

<Y 1Al + ) 1f2(9)
geG geG

= |[fille + 11 £2llx

4. Consider fi, fo € L(G), then

[f1* falli = Z |f1 = f(g)

geG
=> 1D Algh™h) fa(h)
hed

geG
<Y AGEHIIf(R)]

g€G heG

= Z | f2()] Z |fi(gh™

heG geG

= | full-Nl follx

The last equality holds because gh™! runs over all elements of G.

45

We will now define yet another notion of distance between probabilities, i.e., total

variation distance.

Definition 5.1.10 Let P and Q) be probabilities on a group G.The total variation

distance between P and () is defined as

1P = Qllrv = max|P(A) — Q(4)]
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In other words, the two probabilities differ by little with respect to the total variation

distance if they are close enough on every subset of G.

There is a close relation between L; — norm and total variation distance. To es-

tablish it, we require the following lemma.

Lemma 5.1.11 Let G be a group and P and () be probability distributions on it. Let
A={geG: Pg)=2Qg)}t and B={geG: Qg) = P(g)} Then

1P = Qllrv = P(A) — Q(A) = Q(B) — P(B).

Proposition 5.1.12 Let P and () be probabilities on a finite group G. Then the

following equality always holds:

1
1P~ Qllry = 5117 - @l

Proof By Lemma 5.1.11

1P~ Qllrv = 5 (P(4) ~ Q(4) + Q(B) ~ P(B))
=2 |2 (Plo) — Qo) + X (Qlo) -~ Plo))
=2 Y IP9) - Q)
geG
= 2IP -l

O
Since we have defined distance between the probabilities, there is also the notion of

convergence.

Definition 5.1.13 Let {Pn}n21 be the sequence of probabilities on G. The sequence
{Pn}n21 is said to be convergent to a probability P if for given € > 0, there exists

k > 0 such that ||P, — P||rv < € whenever n > k.
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5.2 Random Walks on Finite Groups

For a probability P on a group G, we will write P** for the k' convolution power of

P.

Definition 5.2.1 Let G be a finite group and P be a probability distribution function
on it. The sequence of probability distributions {P**}y>; is called the random walk

on G driven by P.

Let us look at this in simple words. Suppose the walk starts at identity and then an
element of GG is chosen according to P, say ¢; and the walker moves to ¢g;. Then he

chooses another element g, according to P and moves to g»¢; and so on.
Definition 5.2.2 Let G be a finite group. Let S be a subset of G such that:
1. 1¢S5,
2. s S implies s~ € S.

A subset S of G satisfying above properties is called a symmetric subset of G. Given
a symmetric subset S of G, one can define the Cayley Graph of G with respect to
S as a graph for which the vertex set is G and there is an edge {g,h} connecting g
and h if gh=t € S, or hg=t € S.

A random walk on a Cayley Graph of a group G, say I' can be thought of as a random
walk on G.

Example 5.2.3 Let G be a group such that S is a symmetric subset of GG. Given
G and S, let I" be the Cayley graph of the group G w.r.t symmetric subset S. Then
one can define a simple random walk on I' as a random walk on G which is driven
by the probability (Ps = 1/|S]).0s. Here again, the walk starts at the identity of G.
Now, if after the k" step of the walk, the walker is at the vertex g € G, he randomly
choses an element s € S according to Pg and the walker moves to the vertex sg. This

is equivalent to the walk of an ambling drunkard through the graph T'.

Example 5.2.4 Let p and ¢ be numbers between 0 and 1 such that p+q¢ = 1. Let’s

assume that one has a particle which is moving on a regular n—gon. The particle
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moves one step anti-clockwise with probability ¢ and clockwise with probability p.
Then this forms a random walk on the group Z/nZ which is driven by the probability
p(% + Q(;_T.

Next we have the model of the diffusion process known as Ehrenfest’s Urn model.

Example 5.2.5 Consider two urns, say A and B and let urn A contain n numbered
balls. Now, the balls from urn A are chosen at random (with equal probability) and
transferres to urn B. With this as the process one can label the configuration space by
elements of the group (Z/27)". For instance, if v = (¢1,¢2,...,¢,) € (Z/2Z)", then
the correspponding configuration is that the i** ball is in urn A if ¢; = 0 and it is in
urn B if ¢; = 1. Hence, the initial configuration would be (0,0, ...,0), i.e, all the balls
are in urn A. Consider e; to be the vector for which the only nonzero position is *
position and it’s value is 1. The configuration e; + v is obtained from v by switching

the position of the 7" ball. Thus this process of exchanging the balls in between urns

corresponds to a random walk on group (Z/2Z)™ which is driven by the probability
1
PS: 5(561 +562++6€n)

This can also be thought of as a simple random walk on (Z/2Z)" w.r.t S = {e1,ea,...,€,}.

Now we will look at an example related to card shuffling.

Example 5.2.6 This example can be considered as a random walk on the Symmetric
group S,. For example the permutation (3,2,1) takes the top card to the third
position, second one to the first position and the third card to the second position,
while the remaining deck is as it is. Let us look at random transpositions.

Suppose that there is a dealer who randomly chooses a card from the deck with each
of his hands (the cards can be same also) and then swaps the two cards. Given the
positions ¢ and j s.t. ¢ # j, there are exactly two ways in which the dealer can pick a
pair, i.e., ¢ with left hand and j with right hand or vice versa. So the probability of
performing the transposition (i,j) = % Also, the probability that the dealer picks
the same position, say ¢« with both hands is # However, the resulting permutation
of positions remains identity for all 7+ and the probability of performing identity is %

Therefore, one can model this random transpositions shuffle as a random walk on S,
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which is driven by P according as-

% if 0 = identity
P(o) =4 % if o= transposition
0 else

One can view a random walk on a group GG as a way that randomly generates an
element of G and generally one would like the result to be unbiased, i.e., all the
elements of G to be equally likely. So an interesting question is, does the sequence

{P**}}>1 converges to U, the uniform probability distribution on G

5.3 Spectrum and Upper Bound Lemma

Let G be a finite group (throughout this section) and P be a probability distribu-
tion on G. When we analyze the random walk on G, it leads us to analyzing and
understanding the convolution powers of P. So for that matter one can associate the

convolution operator to P defined as
M : L(G) — L(G) such that M(f,) := P * fi
In particular M*(5;) = P**.

Definition 5.3.1 Let G be a finite group. For a random walk on G driven by P, one
can define spectrum of the walk to be the set of all eigenvalues, with multiplicities,

of the linear convolution operator, M. Spectrum of the walk is denoted by Spec(P).

Consider

PxU(g) =Y P(gh™")U(h)

- G P
1

heG

:@:U(g)

One can easily see that U, uniform distribution is an eigenvector of M with eigenvalue

1,i.e., PxU = U. The eigenvalue 1 is called trivial.

Lemma 5.3.2 Let A € Spec(P). Then |\ <1 for all eigenvalues in Spec(P).
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Proof Let A € Spec(P), then
Pxf=A = |Px[f(g)] = |ALIf(9)l

> P(gh7)f(h)

heG

<> IPgh7 M f(B)]

heG

A[Lf ()] =

Summing both sides of the equation over all elements of G

AL @< D2 IP(ghMIIf(B)]

geG g€G heG
=D If(W)I)_|IPgh™)]
heG geG
= If(n)]
heG
ALY 1@< 1f ()]
geq heG
Therefore, || < 1, or equivalently Spec(P) C {z € C: |z| < 1}. O

In case of an abelian group, it is quite easy to understand the spectrum via Fourier

analysis.

Theorem 5.3.3 Let P be a probability distribution on a finite abelian group G and ]5)
denote Fourier transform of P. Then Spec(P) = {P(x) : x € G}, and the multiplicity
of an eigenvalue X € Spec(P) is the equal to the number of characters x for which
P(x) =\

Proof This is a special case of Lemma 4.2.9 O

Let us compute spectrum for some of the random walks that we have already seen.

Example 5.3.4 Lazy Random Walk on Z/nZ is a walk on Z/nZ driven by the
probability
1 1 1
P = 565 + Z(ST—F 1571
As usual we will define,

Xk(m) _ 6(27rilcm)/n
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From the above theorem, Spec(P) = {P(x) : x € G}, so we need to compute P ().

P(Xk) = |G| (P, xx)
== P

reG

_ 1 + le(—Zﬂ'ik)/n + 16(271"”{?)/77,
4

2 4
The last equality comes from substituting the expression for P and the fact that the

only terms surviving will be when r = 0,1, —1

Example 5.3.5 Ehrenfest’s Urn Model As seen earlier it is the random walk on
G = (Z/2Z)" which is driven by P = L(8., +0¢,+...+0,). To calculate the spectrum
we have to look at the irreducible characters of G. Consider v = (cq,...,¢,) € G and

define a(v) = {i: ¢; =1}. Given Y C {1,2,...,n}, define xy : G — C by

xy(v) = (1) la(v)NY|

Then G = {xy : Y C{1,2,...,n}}. Clearly, |G| = |G| = 2" and also each xy is an
irreducible character of G because (xy,xy) =1VY C{1,2,...,n}. Now,

p(XY) = |G| (P, xv)

NCINE

-1 52(561 00y + . 4 00,)(9)xy(9)

geG

The only terms that will be surviving in the above equation will be that corresponding

to g € {e1,...,e,}. Solet us calculate xy(e;), i.e.,

-1 itieY
Xy () =
1 else
So, |Y| elements of {ey,...,e,} will contribute a value of —1/n and the rest n — |Y|
will contribute a value of 1/n. Therefore,
A 2lY
Py =1- 211
n

n

‘Y‘) because this is the number of

and the multiplicity of each eigenvalue will be (

subsets Y with |Y| elements.
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We will now define the norm that comes from the inner product on L(G) and es-

tablish it’s relation with L'-norm. For f € L(G)

£l = v {S 1)

It can be easily checked that it satisfies all the properties of norm.

Lemma 5.3.6 For a finite group G and f € L(G) we have || f|1 < |G|.||f]l-

Proof Let y; be the trivial character of G, then x1(g) = 1Vg € G. We will write
| f| for the function defined as |f|(g) :=|f(g)| for g € G. Then

=D 1F @) =" 1f1(9) = |G- f]xa) < AGLISIDall = 1G] Al

geG geG

where the inequality is the Cauchy-Schwarz inequality, i.e, | (v, w)| < ||v]|.||w|| and
the fact that ||x1|| = 1. O
Next comes a very important formula that relates the original norm of a function to

the norm of it’s Fourier transform.
Theorem 5.3.7 (Plancherel Formula) Let G be a finite abelian group and fi, fo €
L(G). Then
o do) = oo (o o)
1G]

Consequently, || f||* = ”@f-

Proof Using Theorem 4.2.5 for f; and f, gives

fi= |G|Zf1

YEG

fa= ‘G‘Zfz

x€G

Then,

<f1,f2 <|G\Zfl X, ‘G’Zfz >

0eG
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The second equality holds because of the first orthogonality relation and the third
equality holds due to the fact that G = G. The second part of the theorem is proved

once we subsitute f; = fy above. O

The following inequality was derived by Persi Diaconis and Mehrdad Shahshahani
in 1981.

Theorem 5.3.8 (Upper Bound Lemma) Let G be a finite group and Q be a prob-
ability on G. Then

1Q - Ulhy < § 3 dTr@(nQ))

where the sum is over all non-trivial irreducible representations p of G and d, is the

degree of p.

Lemma 5.3.9 (Upper bound lemma for abelian groups) Let G be a finite abelian
group and let G* be the set of non-trivial irreducible characters of G. Let Q) be a prob-
ability on G. Then

1 A
Q= Ulltv < 5 > 1P

xeG*

Proof Applying Proposition 5.1.12 and Lemma 5.3.6, one can see that
1 1
1Q - Ullgy = 71Q - I3 < £1G11Q - U1 (5.1)

By Plancherel formula (Theorem 5.3.7 and the fact that Fourier transform is a linear

map,

So let us evaluate <Q, Q> , <Q, U> and <U, U>
U(x) = G (U, x) = (x1,x) =

So,
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1 ~ ~ 1
U>=@ZU<><>U |G|Zéxl 0=

x€G

<QQ>—@+|—G|ZQ

On substituting the above calculated values in ||Q — U||?

1
2
Q- Ul *@‘F@ZQ |G|_|G| ZG

Substituting the above in eq. 5.1 gives

Q- Ul < {161 |G|Z|Q vl DALY

XEG* xeG*

Corollary 5.3.10 For a finite abelian group G and a probability distribution P on

G, we have

1P = Uy < 5 Z\P ).

xEG
One can obtain bounds on the rate of convergence for a variety of random walks.

These can be obtained by applying upper bound lemma.

Theorem 5.3.11 Let

1

Po =
s n+1

(6(0,0,..0) + 0y + ...+ 0c,)

be the probability distribution on the group (Z/27)", where e; is the vector with 1 in
the i position and 0 in all other coordinates. Let ¢ be a positive constant. Then for

k> (n+1)(log n+ c)/4 the inequality

, -
IPsE = Ullgy < 5 (¢ = 1)

holds.
And if k < (n+ 1)(log n — ¢)/4 where 0 < ¢ < log n and n is sufficiently large then

1Pg" = Ullgy =1 —20e7

holds.
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Before proving it let us analyze it. It can be observed that 4/ ee_; =1 3 0 extremely

e “—1
2 ~~

fast as ¢ — oo whereas 1 — 20e™¢ goes to 1 very quickly. If ¢ = 10, then
0.004765 and 1 — 20e™¢ =~ 0.999092.

Roughly speaking, theorem says that all the possible configurations of balls in two
urns are almost equally likely in (n + 1)(log n)/4 steps but in any fewer steps it is
not even close to uniform. This phenomenon of changing very rapidly to uniform
behaviour is called the cut-off phenomenon by Diaconis.

Let us prove the theorem. For that the following inequalities are required-

1. For 0 <4< |28, (") < (D).

i—1 7

2. U0<z<1,(1—z)* <e 2 vE>0.

Proof [Proof of Theorem 5.3.11] The characters of G are already states in Example
5.3.5, so consider |Y| = j and applying the corollary to Upper bound lemma gives

1= (n 2j 1%
P —U|qy < = 1— 5.2
17 mv_4ggg)[ 2] (5:2)

On expanding RHS of eq. 5.2, one can observe that the first and the last term are
equal and similarly one can find that the second term is greater then the second last

term (using inequality 1 stated above) and so on,we obtain

1 n 2; 1%
P*k_UQ < = 1—
1P = Ul < 5 ) (J[ n+J

(n) nn—1)..(n—j+1) _

J

Also,

J! J!

Using inequality 2, when =z = n2—+j1, one would obtain

1 LHTHJ nd _ars
1P — U2, < 3 > e
j=1

Suppose now that £ > (n + 1)(log n + ¢)/4. Then

7]'0
log n—j _ €

nJ

—4kj .
en+tt < e™!
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Therefore,
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=2
. 1 1
1P5* = Ully < 5

—e7Je
4!

[

j=1

=1
— (e
=17

()

IN

AN
N~ DN~

Theorem 5.3.12 For n odd, let Ps be the probability distribution on Z/nZ given by

PS = 1/2'<5T+ 5—T): then

for k > n?.

2

*k sz
1Ps" = Ullry < e72n

Forn > 6 and k > 0, the inequality

holds.

]_ 77r2 7r4
|P5* = Ullry = g 5t



Chapter 6

Calculations

Let G be a finite group and ) be a probability distribution on G. This chapter
priovides a few examples of the calculation of ||Q — Ul|2,, with the help of upper
bound lemma for various extraspecial groups like Dy, Qs and Dy o Dy. Also we

present some plots obtained from GAP simulations on G Ly (F,) and SLy(F,).

6.1 Dihedral Group of order 8

Let D4 be the dihedral group of order 8. Then Dy = (r,s:rt=s*=1,(sr)? =1)

There are 5 irreducible representations of Dy, say ¢1, va, @3, @4, @5 defined as following

Representation ©i(1) ©i(s)
Y1 1 1
%2 1 -1
@3 -1 1
P4 -1 -1
0 1 1 0

¥5

-1 0 0 —1

The set of generators considered for random walk on Dy is S = {1,r,s} and the

probability used to drive the random walk on Dy is
1
Pg = 5(51+6r+58)

Let Q = P&* then
1 N ~
Q= Uldy <+ 34,7 Q))

S7
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equals
5

. 1 Pk () PoE ()"
IPs = Ullgy < 5" doTr (P (0) P ()"
=2

Let us evaluate PiF (p;) for i = 2,...,5. Since Pi* (¢;) = Ps ()", it is sufficient to

evaluate Pg (;). Hence,

Ps(¢) =Y Ps(g)ei (9)

g€Dy

-y §<51+ar+58> (9) i (9)

_ e+ ei(r) +eils)
3

fori=2,...,5

Therefore,
— 1 —
Pi* (p2) = 3% P (3)

— -1
P§k (@4) = 3_k

1+ ki k
k 1— ki

Pékk (@5) =

Now on substituting the values of Pz (¢;) in eq. 5.1, we get

HPS*'“—U|!2TV<1 3+2x (2+ 4k?)

4 32k
2
St
Comparison Table for Dy

Number of steps, k£ | Part of Upper Bounds | GAP Calculation
1 4.2 %1071 -
2 1.20 x 107! -
3 2.7 x 1072 2.05 x 1072
4 5.1 x 1073 3.45 x 1073
5 8.7 x 1074 4.53 x 10~*
6 1.3 x 107 6.18 x 107
7 3.1 x107° 1.62 x 107
8 2.01 x 107° 2.65 x 1076
9 4.22 x 1077 2.34 x 1077
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0.45

—eo— Upper Bound Lemma
0.4} —=—-  GAP Calculation

0.35 |

0.25

0.2

1Ps* = Ullzy

0.15 |

0.1}

30
35

Number of steps, k

Figure 6.1: Comparison graph for Dy

6.2 Quaternion Group,Qs

Let Qg be quaternion group of order 8. Then Qg = {(a,b: a* = 1,0? = a® bab™* = a™1)

There are 5 irreducible representations of (g, say V1, Vs, 13, U4, 15 defined as following

Representation @i(a) ©;i(b)
(o 1 1
(25 1 -1
)3 -1 -1
Py -1 1
0 1 1 0

)5

-1 0 0 —z




60 CHAPTER 6. CALCULATIONS

Let S = {1,a,b} be the set of generators to be used for random walk on Qg, and
probability used to drive the random walk be

1
Pg = 5(51+<5a+5b)
We need to evaluate 1/355 (¢;) for i =2,....5. So,

Ps(1;) = Y Ps(g)¥i (9)

9eQs
1
= Z 3 (01 + 00 + ) (9) ¥i (9)
9eQs
_ i (1) + ¥ (a) + ¢ (b) fori=2... .5
3
Therefore,
—_— 1 —_—
Pg* (1) = 3 = D (W)
/E _1
P (¢4)::E§;
- (V2—1) (1=ivD) (V241 (1+ivD)* i[(1=iv2)*—(1+iv2)"]
Pk (1h5) = 2v2 2v2
S i[(1+iv2)F—(1—iv2)*] (VI (1—ivDF+(vV2-1) (1+iVD)*
2v2 2v2

Now on substituting the values of P* (;) in eq. 5.1, we get

1P~ Uy < 1 3”;—3)]
3+4x 3k
T 4 x 3%
Comparison Table for Qg
Number of steps, k£ | Part of Upper Bounds | GAP Calculation
1 7.8 x 1071 -
2 1.6 x 107¢ -
3 4.2 x 1072 2.06 x 1072
4 1.3 x 1072 8.7x 1073
5} 4.1 x 1073 2.5 x 1073
6 1.37 x 10~* 9.14 x 1074
7 4.58 x 10~ 3.05 x 107
8 1.52 x 1074 1.23 x 1074
9 5.08 x 107 2.98 x 107
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0.8 —e— Upper Bound Lemma |

—=—  GAP Calculation

0.7

0.6

0.5

041

1Ps* = Ullzv

0.3}

0.2

0.1

| | | | | | | |
o0 =} N < Ne} 0 = [\
— [} [} [\ N [} (el ™

16 |

| | | | | | | |
SO N <+ © w O o <t
i i i

Number of steps, k

Figure 6.2: Comparison graph for QJg

6.3 Central Product of D, with D,, Dyo D,

There are a total of 17 representations of D,j0D,. The unique non linear representation
is given by, ¢ : Dyo Dy — GL(4,C) defined as $((a,b)) = ¢(a,b), where (a,b) =
(a,b)N and (a,b) € Dy x Dj.

Also, ¢(a,b) = (5 ® ps5)(a,b) = ps(a) @ ps(b).

S = {(17 1)7 (T’ 1)7 (S’ 1)7 (17T)7 (17 S)}
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For 15 linear representations of Dy o Dy, ];g\’“ () (]/3*\’f)* (¥)

sentations and Pk (o) (P5*)* (¢) = (§)2k for the rest 5 linear representations. Also,

k(1) 41 K2 % k(k—1) |
() - R k(k-D41 k(-1 —k(k—2)
_j2 k(k—1) k(-1 41 —k(k—2)

e k(k—2) E(k—=2)  k(k—3)+1

5
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_ 1
= 52k

for 10 of the repre-

Therefore, on substituting the above calculated values in the Upper Bound Lemma,

we get

5% 3% + 10 4+ 16k* — 32k3 + 32k2 + 4

1Ps" = Ullzy <

4 x 52k
o hx 3% 4+ 16k* — 32k3 + 32k + 14
- 4 x 52
Comparison Table for Dy o Dy

Number of steps, k | Part of Upper Bounds | GAP Calculation
1 7.5 x 1071 -
2 2.188 x 1071 -
3 7.01 x 1072 -
4 2.26 x 1072 2.16 x 1072
) 7.2 %1073 5.84 x 1073
6 2.73 x 1073 1.9 x 1073
7 9.8 x 1074 7.29 x 1074
8 3.53 x 1074 2.47 x 1074
9 1.27 x 1074 1.04 x 1074

6.4 Random Walk on GLy(F,)

a b
c d

GLy(F,) =

cad —bc# 0 and a,b,c,d € F,

The set of generators considered for random walk on GLy(F,) is

0 1 0 1 o1 0 d

A\ p,d €FLd#1
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0.8 B

—o— Upper Bound Lemma

07l —s-  GAP Calculation |

0.6

0.5

041

1Ps* = Ulizv

0.3

021

| | | | | | | |
o0 e} N < Ne} 0 = [\
— [} [} N [} [} ™ ™

16 |

| | | | | | | |
SO N <+ © w O o <t
— — —

Number of steps, k

Figure 6.3: Comparison graph for Do D,

And probability used to drive the walk is

1
PSZEZ(SS

seS

6.4.1 Upper Bound for GLy(Fs)

Let G := GLy(FF3). There are a total of 8 representations of G Ly(F3) say ¢1, v2, ©3, ¢4,
s, ©6, 7, and g such that ¢q is trivial and @y = I(x1, x2) for x1 = x2 be degree
one representation and p3 = I(x1,x2) for x1 # x2 be degree 4 representation (no-
tation same as in Section 3.2). These are the only representations of G that we are
considering for Upper Bound Lemma because we want to see the effect of these on

upper bounds as compared to the remaining representations of GG. Set of generators
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considered for random walk is

We need to evaluate Eg\k (i) for i =2,3. So,

Ps () =Y Ps(g)ei (9)

geG

1
=D 5 (01040 + Ge 405+ 0.) (9) i (9)
geqG
901‘(1)+<Pz‘(a)+90z‘(b);r%(0)+90z‘(d)+90i(6) for i — 2.3

Here, 1,a,0b, ¢, d, e are the elements of S. Now,

— 4
Pg (p2) = 6

2 0 1 -1
Ps (p3) =

1 -1 1 -1

-1 1 -1 1

— — 4 (14 122% + 38%
tr (P (pa) (P () = ( T )

Thus a part of Upper Bound Lemma turns out to be

2\ % 4(1+ 122 4 38%)
3 602
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Comparison table for G Ly(F3)
Number of steps, k | Part of Upper Bounds | GAP Calculation
1 1.988 -
2 6.7 x 1071 -
3 2.61 x 107! -
4 1.03 x 107! 8.12 x 1072
5 4.15 x 1072 4.26 x 1072
6 2.67 x 1072 2.41 x 1072
7 6.68 x 1073 1.32 x 1072
8 2.68 x 1073 7.31 x 1073
9 1.08 x 1073 4.57 x 1073
10 4.31 x 1074 2.57 x 1073
11 1.73 x 107* 1.47 x 1073
12 6.93 x 107° 7.9 x 107*
I I I
9l —=—  GAP Calculation
Upper Bound Lemma
1.8}
1.6 |
14+
N
o 1.2 1
o
1y
08
0.6 -
0.4+
0.2}
0 DDDDDDDDDDDDD
= - = - = -
i i [N} (@]

Number of steps, k

Figure 6.4: Comparison graph for G Ly (FF3)
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GAP Calculation for GLy(F,)

Number of steps, k | ¢ =2 q=3 q=>5 q="1

1 - - - -

2 - - - -

3 4.01 x 1072 | - - -

4 1.69 x 1072 | 8.11 x 10722 | - -

5 7.48 x 1073 | 4.26 x 1072 | 0.150557 -

6 3.54 x 1073 | 2.41 x 1072 | 9.44845 x 1072 | 0.131479

7 148 x 1072 | 1.33 x 1072 | 5.71 x 1072 7.94 x 1072
8 7.82x107% | 7.32x 1073 3.382x 1072 | 4.79 x 1072
9 3.10 x 107* | 4.571 x 1073 | 2.078 x 1072 | 2.77 x 1072
10 1.2x107* | 257 x 1073 | 1.19334 x 1072 | 1.711 x 102
11 491 x107° | 1472 x 1073 | 7.33 x 1073 1.116 x 1072
12 1.64 x 1075 | 7.88 x 107* | 4.704 x 1073 | 8.37 x 1073
13 1.95 x 1075 | 5.9341 x 10~* | 3.10 x 1073 6.264 x 1072
14 2.33x107° | 3.61 x 107* [ 2204 x 107® | 5.12 x 1073
15 2.78 x 107 | 2.68 x 10™* | 1.76 x 1073 4.41 x 1073

6.5 Random Walk on SLy(F,)

Let us first have a look at a set of generators for SLy(IF,).

6.5.1 Transvections

Definition 6.5.1 Let V be a vector space. A map 7 € GL(V) not equal to the
identity map is called a transvection, if there exists a hyperplane W of V' satisfying
Tlw = 1w and 7(v) —v € W for allv € V. We call W as the fixed hyperplane of

T.

Proposition 6.5.2 Let 7 be a transvection in GL(V). Then T always lie in SL(V'),

i.e., for a given basis of V- and W determinant of the matriz of T is always 1.

Theorem 6.5.3 The set of transvections generate the group SL(V).
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+q:
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Number of steps, k

Figure 6.5: GAP Calculation for Upper Bounds of GLy(IF,)

Let S be the set of transvections on V' = (F,)". We would like to ask as to how large
k has to be for the product of k£ transvections to yield a uniformly random element

of SL,(F,).

Theorem 6.5.4 (M. Hildebrand[Hil92]) For sufficiently large n and all ¢ > 0,

where ¢ = k — n, there exist positive constants A and \ such that
HPS*k — UHTV < Ae”‘c

holds.

Given € > 0, there exist ¢ > 0 such that for k = n — ¢ and sufficiently large n,
||Ps*k—U||Tv >1—c¢€

holds.
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From above theorem one can conclude that for any &k < n, it is not possible for

the product of k transvections to be uniform on SL,(F,), and for any k > n, it is

always possible to get close enough to the uniform distribution on SL,(F,) through

transvections.

6.5.2 GAP Calculation

The set of generators considered for random walk on SLy(F,) is

SLy(F,) =

S:

a b

cad —bc #0,ad —bc =1 and a,b,c,d € F,

c d

0 1

1 A 1
0 1 7

And probability used to drive the walk is

Pg

SES

1
:EZ(SS

DA, € T

1

GAP Calculation for SLy(F,)

kE | qg=2 q=3 q=>5 q=171 q=11 q=13

1 - - - - - -

2 - - - - - -

3 | 4.1x10°? - - - - -

4 [ 167x1072 |6.19x 1072 | 1.16 x 107" | 1.448 x 107! | 1.756 x 107! | 1.87 x 107!
5 [74x107% |3.32x1072 |5.634x 1072 |6.70 x 1072 | 7.56 x 1072 | 7.90 x 1072
6 |[336x107% |1.9x1072 |261x1072 |295%x1072 |3.12x107% |3.42x 102
7 | 156 x 1073 | 984 x 107 | 1.324x 1072 | 1.36 x 1072 | 1.433 x 1072 | 1.57 x 1072
8 [6.28x107* |5.67x107% |6.613x 1072 | 6.56 x 1072 | 7.034 x 1073 | 9.17 x 1073
9 [337x107* |298x107% |3.03x107% |2.704x 1073|425 x107% |585x 1073
10 | 1.62 x 107* | 1.56 x 1073 | 1.50 x 107% | 1.64 x 1073 | 3.18 x 107* | 4.818 x 1073
11 [8.63x107* |9.29 x 107* | 8.65 x 107* | 1.091 x 1073 | 2.66 x 1072 | 4.028 x 1073
12 5.595 x 107° | 542 x 107* | 5.27 x 107* | 7.53 x 107* | 2.38 x 1073 | 3.582 x 1073
13 13.020 x 1075 [ 3.39 x 10~* [ 3.161 x 107* | 7.24 x 107* | 2.213 x 1073 | 3.62 x 1073
14 | 8.61 x 1076 | 2478 x 107* | 2.27 x 10™* | 6.753 x 10™* | 2.042 x 1073 | 3.652 x 1073
15 | 1.153 x 107° | 1.640 x 107* | 2.023 x 107* | 54 x 107* | 2.16 x 107® | 3.35 x 1073
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Figure 6.6: GAP Calculation for Upper Bounds of SLy(IF,)

6.6 Upper Bound on Frobenius Group

Let g be a prime power and

1 b
Fog1= 0 ta € (Z/pZ)",b € (Z/pZ)

Clearly order of F,, ;1 is ¢(q — 1).

The set of generators considered for random walk

10 11 10
S = 0= b=
01 01 0 u

And probability used to drive the walk is

1
PS:EZ%

sES

on F,, 1 is

: € Fy and is of order ¢ — 1

26 |
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6.6.1 Upper Bound for I3,

There are 3 representations of Fj o say o1, @2 and @3 such that ¢ is trivial and 3 is

the degree 2 representation. The set of generators used for random walk is

S = ,a = b=

We need to evaluate f’g (i) for i =2,3. Since ﬁ? (pi) = Ps (¢;)¥, it is sufficient to

evaluate Pg (pi)- So,

Ps (i)=Y Ps(g)pi(9)

geF3 2

-y é(al + 04+ ) (9) 91 (9)

gEF3 2

:807/( )+()013(a/>+(102(b) fori:2,3

Now,

— 1
Ps (p2) = 3

14+ 6271'1'/3 1

P —
s (903> 1 14+ 647ri/3

P e B 0= (3)

/\ — 2 2 + 2€2m'/3
Pk (@s) (PgF)" (p3) = .
2 4 2¢*m/3 2

Thus Upper Bound Lemma turns out to be

) 18
||Psk—U\|2Tv§ﬁ+@

1
= 32k-2




Appendix A

GAP Program

We have written a GAP Program for simulation of a random walk on a given group
G and S be set of generators. Given k, the number of steps, it also returns the total

variation norm ||P{* — U||%.

#Simulation of Random Walk for any group G, with its set of
Generators, S and k is the number of steps we want to traverse.

A1l G, S and k are to be given by the user.

P := [1;

iter := 100000;

for i in [1..iter] do
a := Identity(®);
for j in [1..k] do

b := Random(8);
a := bxa;

od;

Add(P,a);

od;
Q := Collected(P);

#Also this calculates ||P"*k-U||_TV for the specified group, G.

L := Concatenation(Q);
s := Length(L);
¢ := Order(G);

71
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if s = 2xc then

f :=20;
for i in [1..c] do
d := 2%i;
e := Float(L[d]/iter);
g := (e-Float(1/0rder(G)));
if SignFloat(g) = -1 then
g 1= ~lxg
fi;
f = f+g;
od;
f := Float ((f*f)/4);
S = s+1;

fi;

APPENDIX A. GAP PROGRAM
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