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Abstract

In this thesis, we study two aspects of infinite dimensional Lie algebras.

In the first part, we study the fusion product modules for current Lie algebras of type A2.

Fusion products of finite-dimensional cyclic modules, that were defined in [23], form an

important class of graded representations of current Lie algebras. In [16], a family of finite-

dimensional indecomposable graded representations of the current Lie algebra called the

Chari-Venkatesh(CV) modules, were introduced via generators and relations, and it was

shown that these modules are related to fusion products. We study a class of CV modules for

current Lie algebras of type A2. By constructing a series of short exact sequences, we obtain

a graded decomposition for them and show that they are isomorphic to fusion products of

two finite-dimensional irreducible modules for current Lie algebras of sl3. Further, using

the graded character of these CV-modules, we obtain an algebraic characterization of the

Littlewood-Richardson coefficients that appear in the decomposition of tensor products of

irreducible sl3(C)-modules.

In the second part, we study the free root spaces of Borcherds-Kac-Moody Lie superalgebras.

Let L be a Borcherds-Kac-Moody Lie superalgebra (BKM superalgebra in short) with the

associated graph G. Any such L is constructed from a free Lie superalgebra by introducing

three different sets of relations on the generators: (1) Chevalley relations, (2) Serre relations,

and (3) Commutation relations coming from the graph G. By Chevalley relations we get a

triangular decomposition L= n+⊕h⊕n− and each roots space Lα is either contained in

n+ or n−. In particular, each Lα involves only the relations (2) and (3). We study the root
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spaces of L which are independent of the Serre relations. We call these roots the free roots of

L. Since these root spaces involve only commutation relations coming from the graph, G

we can study them combinatorially.We construct two different bases for these root spaces

of, L using combinatorics of Lyndon heaps and super Lyndon words. Finally, we relate the

k-chromatic polynomial with root multiplicities of BKM superalgebras.
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Chapter 1

Introduction

In this thesis, we study two aspects of infinite dimensional Lie algebras. The affine Kac-

Moody Lie algebras (in short, KMLA) and the Borcherds Kac-Moody Lie Superalgebras (in

short, BKM superalgebras) are two important classes of infinite-dimensional Lie algebras.

The current algebras of simple Lie algebras are natural parabolic subalgebras of the affine Lie

algebras. The first part is based on our paper [40], where we study certain finite-dimensional

representations of current Lie algebras. The second part is based on paper [49], where we

study the structures of BKM Lie superalgebras.

Let g be the simple Lie algebra over field C and g[t] := g⊗C[t] be the corresponding current

Lie algebra which inherits a grading coming from the natural grading on C[t]. Let C be

a category of finite dimensional graded g[t]- modules. Since the last couple of decades,

researchers have been taking a keen interest in the category C due to its applications in

Quantum affine Lie algebra, mathematical physics and combinatorics. It was shown in [15],

that the graded limit of irreducible finite dimensional representations of quantum affine Lie

algebras are indecomposable (not necessarily irreducible) representations of current algebras

and these play an important role in the study of the tensor product modules of quantum affine

Lie algebra.
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Graded tensor products of finite-dimensional cyclic representations of of current Lie algebras

called fusion product modules were introduced by Feigin and Loktev in [23]. It was shown

in [14], that as conjectured in [23], the graded character of the fusion modules can be

written in terms of Kostka polynomials. Subsequently, it has been shown that these modules

have connections with symmetric Macdonald polynomials [6, 12, 36], Schur positivity

[25, 29], mock theta functions [5, 7] etc, indicating the importance of these representations in

combinatorics and number theory. The category C is also studied in mathematical physics due

to its connection with problems arising there, for example for X = M conjecture [1, 28, 47].

In the first part of the thesis, we study a class of finite-dimensional representations of the

current Lie algebras known as the fusion product modules. It is well known that the set

of irreducible g-modules of simple Lie algebra are parameterized by the set of dominant

integral weights, P+. For λ ∈ P+, let V (λ ) denote the irreducible finite-dimensional g-

module with the highest weight λ and highest weight vector vλ . Given a k-tuple of dominant

integral weights λλλ := (λ1, · · · ,λk) of g and a = (a1,a2, · · · ,ak) ∈ Ck, the tensor product of

the irreducible g-modules V (λ1), V (λ2), · · · , V (λk) , acquires the structure of a g[t]-module,

called an evaluation module as follows:

x⊗P(t).v1 ⊗ v2 ⊗·· ·⊗ vk =
k

∑
i=1

P(ai)v1 ⊗·· ·vi−1 ⊗ x.vi ⊗ vi+1 ⊗·· ·vk.

We denote this g[t]-module by V (λλλ ,a). When these ai’s are all distinct, V (λλλ ,a) is an

irreducible g[t]-module. Constructing a g-equivariant filtration on V (λλλ ,a), a N-graded,

the highest weight, cyclic g[t]-module V (λ1)
a1 ∗ · · · ∗V (λk)

ak , called the fusion product

module, was introduced in [23]. These modules were proposed as a way of constructing

the generalized versions of the Kostka polynomials. In 1999, Feigin and Loktev gave the

following conjecture, which claimed that the fusion product modules are independent of the

evaluation parameters.
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Conjecture 1.0.1. [23] Let g be a simple Lie algebra, V1,V2, . . . ,Vk be cyclic g-modules.

Then for arbitrary k-tuples (z1, . . . ,zk), (a1, . . . ,ak) ∈ Ck of distinct complex numbers,

V z1
1 ∗ . . .∗V zk

k
∼=V a1

1 ∗ . . .∗V ak
k

as g[t]-modules.

While the conjecture in its complete generality is not yet proved, it is known to hold in

certain special cases [14, 24, 16, 46, 27, 13, 4]. It is well understood that the fusion product

modules are quotients of a class of finite-dimensional highest weight integrable modules

called the local Weyl modules [15] and as g-module, V (λ1)
z1 ∗ . . .∗V (λk)

zk is isomorphic to

V (λ1)⊗·· ·⊗V (λk).

We study the structure of the fusion product of two irreducible sl3-modules and, in this case,

give a new proof of the conjecture. We must mention, that the conjecture has already been

resolved for this case in [4]. However, the methods used to establish it are different. Our work

is motivated by the study of the construction of the monomial basis of the local Weyl modules

of sln+1 in [14] and its relation with the presentations of the fusion product modules given in

[16]. We generalize the approach taken in the latter and obtain a graded decomposition of the

fusion product of two irreducible sl3-modules. Though, like in [4], we settle the conjecture

by considering the graded decomposition of the corresponding fusion product modules, we

do not resort to the convex polytopes associated with the Littlewood-Richardson coefficients.

Our method is purely representation theoretic. We prove our results using a set of recurrence

relations on the dimensions of a set of CV modules and deduce the Littlewood-Richardson

coefficients in type A2 as a consequence of the methods that we use.

We now describe our results in some details. Given a pair of dominant integral weights

µµµ = (µ1,µ2), one can canonically associate with it a family of partitions ξξξµµµ indexed by the
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positive roots of g. It can be easily shown that every fusion product module of the form

V (µ1)
a1 ∗V (µ2)

a2 is a quotient of the Chari Venkatesh module V (ξξξµµµ). By associating a series

of short exact sequences of sl3[t]-modules with V (ξξξµµµ), we obtain a sequence of recurrence

formulae on the dimensions of such modules. Using these, induction and the fact that the

dimension of V (ξξξµµµ) is greater than equal to the product of the dimensions of V (µ1) and

V (µ2), we compute the dimension of the module V (ξξξµµµ). This helps us to prove that V (ξξξµµµ)

is isomorphic to the fusion product of two irreducible evaluation modules for sl3[t] with the

highest weights µ1 and µ2 respectively. Our methods help us obtain the graded character of

the modules V (ξξξµµµ). We use them to define a set of polynomials in C[q], which in the limiting

case q → 1 give the Littlewood-Richardson coefficients associated with the decomposition

of the sl3-module V (µ1)⊗V (µ2). Additionally, we give an algebraic characterization of the

Littlewood-Richardson coefficients that appear in the decomposition of tensor products of

irreducible sl3(C)-modules.

In the second part of the thesis, we study the free root spaces of Borcherds Kac-Moody

Lie superalgebras. Borcherds Kac-Moody Lie superalgebras (in short, BKM superalgebras)

[50, 51, 48, 42] are natural generalizations of two important classes of Lie algebras namely

Borcherds algebras (Generalized Kac-Moody algebras) [9, 37, 38, 3] and the Kac-Moody

Lie superalgebras [39, 18, 41, 21, 22]. Due to their application in mathematical physics,

[10, 30, 34], in particular, in the theory of supersymmetry, chiral supergravity, and Gauge

theory, [17, 31], there has been a lot of interest in the study of the structure and representation

theory of these Lie algebras.

Let L be the Borcherds Kac-Moody Lie superalgebra associated with a Borcherds-Cartan

matrix (A,Ψ) and G be the quasi-Dynkin diagram of L. It is well known that such a BKM Lie

superalgebra L is constructed from a free Lie superalgebra by introducing three different sets

of relations, namely the Chevalley relations, Serre relations, and the commutation relations
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that are obtained from the graph G. The roots of L that are independent of the Serre relations

are called the free roots.

Heaps of pieces is a combinatorial tool that was introduced by Xavier Viennot in [55]. In

[43], Lalonde introduced a special class of heaps, namely, Lyndon heaps and showed that

there exists a bijective correspondence between set of Lyndon heaps and basis of free partially

commutative Lie algebras. We observe that these bases can be used to obtain a basis of the

free root spaces of BKM Lie algebra and show that given a supergraph (G,Ψ) one can extend

the notion of Lyndon heaps to super Lyndon heaps and use them to obtain a basis of free

partially commutative Lie superalgebras. In particular we show that for a fixed a tuple of

non-negative integers k = (ki : i ∈ I), if η(k) is a free root, then there exists a natural vector

space isomorphism between the free root space gη(k) and the k grade space of free partially

commutative Lie superalgebras. This gives us a Lyndon heaps basis for the free root spaces

of BKM Lie superalgebras.

Graph polynomials are important graph invariants that carry useful pieces of information

about the associated graphs. Among others, the chromatic polynomials are the most cele-

brated ones. Chromatic polynomials were introduced by Birkhoff as an attempt to solve the

four-color conjecture. In [53, Propositions 1 and 2], a connection between the characters of in-

tegrable representations of a Kac-Moody Lie algebra and linear coefficients of the chromatic

polynomial of the associated Dynkin diagram was established. In [54], as a continuation, an

expression for the chromatic polynomial of a graph G in terms of root multiplicities of the

associated Kac-Moody Lie algebra was obtained and in [3], this connection was extended

to the level of Borcherds algebras and the generalized k-chromatic polynomials. As an

application of this connection, a basis for certain root spaces were constructed using Lyndon

words. We construct a similar basis for free root spaces of BKM Lie superalgebras using

super Lyndon words. We call this new basis LLN basis(Lyndon-Left-Normed basis).
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R. Stanley introduced a symmetric function generalization of chromatic polynomials, which

are called the chromatic symmetric functions. In [2], a connection between the root mul-

tiplicities of Borcherds algebras and the chromatic symmetric functions of the associated

quasi-Dynkin diagrams was discussed. We extend the connection between root multiplicities

of Borcherds algebras and the chromatic polynomial of the associated quasi-Dynkin dia-

grams to the case of Borcherds-Kac-Moody Lie superalgebras and explore the combinatorial

applications of this connection.

The thesis is organized as follows. While the results on the first part of the thesis are given in

Chapters 2-4 , the results second part of the thesis are given in chapters 5-7. The thesis is

structured in the following manner in detail.

• In Chapter 2, we establish the notations and recall the definitions of local Weyl modules,

fusion product module and the Chari-Venkatesh modules. We then show that given a

k-tuple of dominant integral weights λλλ = (λ1, · · · ,λk), one can canonically associate a

Chari-Venkatesh V (ξξξλλλ ) module with it. For k = 2, such an association is unique. We

also list the properties of these modules from [16, 13].

• In Chapter 3, we state and prove the main results of the thesis. Beginning with the

statement of the main theorem Theorem 3.1.2, we study the Chari-Venkatesh modules

associated to a pair of dominant integral weights of sl3. We show that a series of short

exact sequences of sl3[t]-modules can be associated with such a module. Further, we

study these short sequences and, using dimension arguments on the corresponding

modules, complete the proof of the main result which helps establish Conjecture 1.0.1

in the case considered.

• In Chapter 4, we conclude the first part of the thesis, by giving the graded character of

fusion product modules. Additionally, from the graded character of the fusion product

modules, we are able to prove an analog of the Schur positivity conjecture in this case
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and also obtain a set of polynomials in C[q], which in the limiting case q → 1 give the

Littlewood-Richardson coefficients, Theorem 4.4.1.

• In Chapter 5, we recall the definitions of BKM Lie superalgebras, free root spaces,

denominator identity, free partially commutative Lie superalgebras and heaps monoid.

• In Chapter 6, we recall the definition of Lyndon heaps and obtain the Lyndon heaps

basis of Free partially commutative Lie superalgebra. Then by identifying the root

spaces with grade spaces of free partially commutative Lie superalgebras, we obtain

Lyndon heaps basis for free root spaces of BKM Lie superalgebra. By using the

notion of Lyndon words, we construct LLN basis for free root spaces of BKM Lie

superalgebra.

• In Chapter 7, we study some combinatorial properties of free root spaces. The number

of ways a graph G can be k–multicolored using q colors is a polynomial in q, called

the generalized k-chromatic polynomial. We relate the k-chromatic polynomial with

root multiplicities of BKM superalgebras. As a corollary, we obtain a combinatorial

formula for the multiplicities of free roots.





Part-I





Chapter 2

Preliminaries

In this chapter, we set the notations that will be used throughout. We shall denote by C the

field of complex numbers, by Z, Z+, N, the set of integers, the set of non-negative integers

and set of positive integers respectively and by V ∗ the dual of finite dimensional vector space

V over C. We will recall all definitions using notations from [35].

2.1 Simple Lie algebra

Let g be a simple Lie algebra of rank n, h a Cartan subalgebra of g and I = {1, . . . ,n} be the

indexing set. Let ∆ = {αi : i ∈ I} be the set of simple roots of g with respect to h, R+ be the

set of positive roots, R− =−R+ and R = R+∪R− be the set of roots. Let {ωi : i ∈ I} be a

set of fundamental weights. Let P = ∑
i∈I

Zωi (resp. Q = ∑
i=n

Zαi) be the weight lattice (resp.

root lattice) of g and P+ = ∑
i∈I

Z+ωi (resp. Q+ = ∑
i∈I

Z+αi) be the set of dominant integral

weights (resp. positive root lattice) of g. For α ∈ R, let gα = {x ∈ g : h.x = α(h)x, ∀h ∈ h}.

Fix a Chevalley basis {x±α ,hi : α ∈ R+,1 ≤ i ≤ n} of g with x±α ∈ g±α . Let n± =
⊕

α∈R+
Cx±α .
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Then g has a triangular decomposition given by

g= n+⊕h⊕n−.

For i ∈ I, hi = [x+αi
,x−αi

] ∈ h and be the elements of the Cartan subalgebra h. For any

α = ∑niαi ∈ R+, hα = ∑dinihi where di =
2

(αi,αi)
, for i ∈ I. It is well known that C-span of

the set {hα ,x±α } is isomorphic to sl2(C) and we shall denote this subalgebra by sl2(α).

2.1.1 Irreducible modules for simple Lie algebras

By Weyl’s Theorem [35, Theorem 6.3], every finite dimensional representation of a simple

Lie algebra is completely reducible. It is well known that the set of irreducible g-modules

of simple Lie algebra are parameterized by the set of dominant integral weights. Given

λ =
n
∑

i=1
miωi ∈ P+, let V (λ ) denote the irreducible finite-dimensional g-module with the

highest weight λ and highest weight vector vλ . Then V (λ ) = U(n−)vλ and

(i) x+α .vλ = 0, ∀α ∈ R+.

(ii) h.vλ = λ (h)vλ , ∀h ∈ h.

(iii) x−α
λ (hα )+1

.vλ = 0, ∀α ∈ R+.

2.1.2 Weyl group of simple Lie algebra

For each root α ∈ R, we have a reflection sα , defined as sα : h∗ → h∗ by

sα(λ ) = λ −λ (hα)α.
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A reflection sα is said to be a simple reflection if α is simple root. The group W =

⟨sα : α ∈ ∆⟩ generated by simple reflections is called Weyl group of g.

2.2 Affine Lie algebra

With each finite dimensional Lie algebra, one can associate an infinite dimensional Lie

algebra, known as the loop algebra. The underlying vector space of a loop algebra is given as

g[t, t−1] := g⊗C[t, t−1]

where C[t, t−1] is the ring of Laurent polynomials in the indeterminate t and the Lie bracket

is given by

[x⊗ f ,y⊗g] = [x,y]⊗ f g

for all x,y ∈ g and f ,g ∈ C[t, t−1].

A non-twisted affine Kac-Moody Lie algebra ĝ is the semi-direct product of the universal

central extension of g[t, t−1] with a derivation d of g[t, t−1]. As a vector space

ĝ= g⊗C[t, t−1]⊕Cc⊕Cd

where c is central element and d is derivation, with the Lie bracket defined as

[x⊗ tm,y⊗ tn] = [x,y]⊗ tm+n +δm,n(x|y)c

and

[d,x⊗ tm] = m(x⊗ tm)

for all x,y ∈ g, m,n ∈ Z.
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The subalgebras n̂± and the Cartan subalgebra ĥ of ĝ are defined as follows:

ĥ= h⊕Cc⊕Cd,

n̂± = n±⊗C[t]⊕ (n∓⊕h)⊗ t±1C[t±1].

By defining λ (c) = λ (d) = 0 for λ ∈ h∗, every element of h∗ can be considered as an element

of dual space ĥ∗. Let δ ,Λ0 ∈ ĥ∗ be given by

δ (c) = 0 = δ (h), δ (d) = 1,

Λ0(d) = 0 = Λ0(h), Λ(c) = 1.

Let {αi : 0 ≤ i ≤ n,α0 = δ −θ} denote the set of simple roots of ĝ. Let {ei, fi : 0 ≤ i ≤ n}

be a set of Chevalley generators of ĝ where

e0 = fθ ⊗ t, f0 = eθ ⊗ t−1, ei = eαi ⊗1, fi = fαi ⊗1, 1 ≤ i ≤ n

Set

R̂+ := {α +nδ : α ∈ R,n ∈ N}∪R+∪{nδ : n ∈ N}

R̂− := {α −nδ : α ∈ R,n ∈ N}∪R−∪{−nδ : n ∈ N}

R̂re = {α +nδ : α ∈ R,n ∈ Z}

R̂im = {nδ : n ∈ Z\{0}}

Then R̂+, R̂−, R̂re, R̂im are the set of positive, negative, real and imaginary roots of ĝ

with respect to ĥ and R̂ = R̂+ ∪ R̂− = R̂re ∪ R̂im is the set of roots of ĝ. The root space
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decomposition of ĝ is given by

ĝ= ĥ⊕
⊕
β∈R̂

ĝβ

where ĝβ = {x ∈ ĝ : [h,x] = β (h)x,∀ h ∈ ĥ}. For β ∈ R̂re, dim ĝβ = 1 and for β ∈ R̂im,

dim ĝβ = dimh. Let Q̂ =
n
∑

i=0
Zαi (resp.Q̂+ =

n
∑

i=0
Z+αi) be the root lattice (resp. positive

root lattice) and P̂ = {λ ∈ ĥ∗ : λ (hαi) ∈ Z,∀ i, 0 ≤ i ≤ n} (resp. P̂+ = {λ ∈ ĥ∗ : λ (hαi) ∈

Z+,∀ i, 0 ≤ i ≤ n}) denote the weight lattice (resp. dominant weight lattice) of ĝ.

Let

n̂+ =
⊕

β∈R̂+

ĝβ

then b̂ = ĥ⊕ n̂+ is a Borel subalgebra of ĝ and b̂⊕ (n̂−⊗C[t]) is a maximal parabolic

subalgebra of ĝ.

2.3 Current Lie algebra

Let

n̂+ =
⊕

β∈R̂+

ĝβ

and

b̂= ĥ⊕ n̂+.

Then b̂ is a Borel subalgebra of ĝ and g[t] := h⊕ n̂+⊕n− is a maximal parabolic subalgebra

of the loop algebra g[t, t−1] of ĝ, known as the current Lie algebra.

As a vector space g[t] = g⊗C[t], where C[t] denotes the polynomial ring in indeterminate t.

Clearly, g[t] is a Lie algebra with Lie bracket given by

[a⊗ f ,b⊗g] = [a,b]⊗ f g
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for all a,b ∈ g and f ,g ∈C[t]. C[t] has a natural Z+ grading, determined by the degree of the

polynomial. Using the triangular decomposition of g, we have the following decomposition

for current algebra g[t] as n+[t]⊕h[t]⊕n−[t], where for a subalgebra a of g, a[t] := a⊗C[t].

2.3.1 Universal enveloping algebra of g[t]

Let U(g[t]) be the universal enveloping algebra of g[t]. With the Z+-grading inherited from

g[t], U(g[t]) is Z+-graded. We say an element X ∈ U(g[t]) has grade r1+ r2+ · · ·+ rp if X is

of the form (x1 ⊗ tr1)(x2 ⊗ tr2) · · ·(xp ⊗ trp). For a positive integer s, we denote by U(g[t])[s]

the subspace of U(g[t]) spanned by elements of grade s.

For every α ∈ R+, define the power series in the indeterminate u.

X−
α (u) =

∞

∑
m=0

x−α ⊗ tm um+1, Hα(u) = exp
(
−∑

∞
r=1

hα⊗tr

r ur
)
,

and for r,s ∈ N, set

S(r,s) = {(bp)p≥0 : bp ∈ Z+, ∑
p≥0

bp = r, ∑
p≥0

pbp = s}, x(r,s) = ∑
(bp)p≥0∈S(r,s)

s

∏
i=0

(x⊗ t i)(bi).

The following result was proved in [32, Lemma 7.5] and formulated in its present form in

[15, Lemma 1.3].

Lemma 2.3.1. Given s ∈ N, r ∈ Z+ and α ∈ R+, we have

(x+α ⊗ t)(s)(x−α ⊗1)(r+s)− (−1)s(∑
k≥0

x−α (r,r+ s− k)Pα(u)k) ∈U(g[t])n+[t]. (2.3.1)

where Pα(u)k denotes the coefficient of uk is the power series Hα(u) and (y)(s) := ys

s! for

y ∈ g[t].
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2.4 Representations of current Lie algebra g[t]

2.4.1 Graded representations

A graded representation of g[t] is a Z+-graded vector space V such that

V =
⊕

r∈Z+

V [r]

U(g[t])[s].V [r]⊆V [r+ s], ∀ r,s ∈ Z+.

If U,V are two graded representations of g[t], then we say ψ : U → V is a morphism of

graded g[t]-modules if ψ(U [r])⊆V [r] for all r ∈ Z+. For s ∈ Z, let τs be the grade-shifting

operator given by

τs(V )[k] =V [k− s]

for all k ∈ Z+, and graded representations V of g[t]. Given z ∈ C and a g-module U , let

evz(U) denote the corresponding evaluation module for g[t]. Clearly, for z = 0 ev0(U) is a

graded representation and ev0(U)[0] =U.

2.4.2 Local Weyl modules

The notion of local Weyl modules was introduced by Chari and Pressley in [15].

Definition 2.4.1. For λ ∈ P+, the local Weyl module Wloc(λ ), is the g[t]-module generated

by an element wλ with the following defining relations:

• n+⊗C[t]wλ = 0, (h⊗ ts)wλ = λ (h)δs,0wλ , ∀h ∈ h

• (x−αi
⊗1)λ (hi)+1wλ = 0, ∀ i ∈ I.
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Wloc(λ ) is a graded g[t]-module. Any finite dimensional, cyclic, integrable module is a

quotient of Wloc(λ ).

2.4.3 Evaluation module

Definition 2.4.2. Given a finite-dimensional irreducible g-module V and z ∈ C, we define an

action of g[t] on V as follows:

(x⊗ tr)w = zrx.w, x ∈ g, w ∈V, r ∈ Z+.

We denote the g[t]-module thus obtained by evz(V ) and refer to it as the evaluation module.

2.4.4 Fusion modules

The fusion product of g[t]-modules was defined in [23]. Here we recall the definition in the

case that is of interest to us.

Definition 2.4.3. Given z = (z1, · · · ,zs), a s-tuple of distinct complex numbers and finitely

many evaluation modules evz1(V1), · · · ,evzs(Vs), it was proved in [11] that the tensor product

V(z) = evz1(V1)⊗·· ·⊗ evzs(Vs) is an irreducible g[t] module. In this case, the N-grading in

U(g[t]) induces a g-equivariant grading on V(z) given by

V(z)[k] =
⊕

0≤r≤k

U(g[t][r].v1 ⊗·· ·⊗ vs,

where vi is the generator of Vi for 1 ≤ i ≤ s. Then the associated graded g[t]-module

⊕
k∈N

V(z)[k]/V(z)[k−1]

is called the fusion product of V1, · · · ,Vs at z and we denote it by V z1
1 ∗ · · · ∗V zs

s .
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Remark 2.4.4. Given a k-tuple of dominant integral weights λ1, . . . ,λk, and a tuple z =

(z1, · · · ,zk), of pairwise distinct complex numbers, the fusion product module V (λ1)
z1 ∗ . . .∗

V (λk)
zk is a cyclic, finite dimensional, highest weight module with highest weight

k
∑

i=1
λi.

Hence, by the universal property of local Weyl modules, it is a quotient of Wloc(
k
∑

i=1
λi).

Remark 2.4.5. It was observed in [23] that as g-modules, V (λ1)⊗·· ·⊗V (λk) is isomorphic

to V (λ1)
z1 ∗ . . .∗V (λk)

zk . Hence, the dimension of fusion product V (λ1)
z1 ∗ . . .∗V (λk)

zk is

equal to
k
∏
i=1

dimV (λi).

In this context, the following lemmas are useful:

Lemma 2.4.6. Given an irreducible g[t]-module V(z), for v ∈ V(z) let v̄ denote its image in

V z1 ∗ · · · ∗V zs . Then

x⊗ t p.v̄ = x⊗ (t −a1) · · ·(t −ap).v̄, ∀ x ∈ g, and a1, · · · ,ap ∈ C.

2.5 Conjecture on Fusion modules

In 1999, Feigin and Loktev gave the following conjecture, which claims that fusion product

is independent of the evaluation parameters.

Conjecture 2.5.1. [[23]] Let g be a simple Lie algebra, V1,V2, . . . ,Vk, a set of finitely many

cyclic g-modules. Then for any k-tuple of distinct complex numbers, (z1, . . . ,zk),(a1, . . . ,ak)∈

Ck, there exists a g[t]-module isomorphism between V z1
1 ∗ . . .∗V zk

k and V a1
1 ∗ . . .∗V ak

k .

In 2006, Chari and Loktev gave a basis for a Local Weyl module and showed that when

g= sln+1 and λ =
n
∑

i=1
miωi is a dominant integral weight of g, then the dimension of Wloc(λ )

is equal to
n
∏
i=1

(n+1
i

)mi in [14]. Along with the remark 2.4.4, 2.4.5, this showed that the local

Weyl module, Wloc(λ ), is isomorphic to the fusion product of the fundamental representations,
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∗
i
V (ωi)

∗mi . Following independent approaches, Fourier and Littlemann proved the same

result for simply laced current Lie algebras in [26] and Naoi proved it for non simply laced

current Lie algebras in [46].

In 2015, Chari and Venkatesh introduced a new family of quotients of the local Weyl modules.

Using these modules, they reproved the conjecture 2.5.1 when g is of type A1. Using similar

methods, it was shown in [24] and [4] that the conjecture holds in some particular cases for

k = 2.

2.6 CV modules

The new family of quotients of local Weyl modules introduced by Chari and Venkatesh in

[16] are referred to as CV - modules. We now recall their definition.

Definition 2.6.1. For λ ∈ P+, a |R+|-tuple of partitions ξξξ = (ξ α)α∈R+ is said to be λ -

compatible if,

ξ
α = (ξ α

1 ≥ ξ
α
2 ≥ ·· ·), and ∑

i≥1
ξ

α
i = λ (hα), ∀ α ∈ R+.

Given a λ -compatible R+-tuple of partitions ξξξ = (ξα)α∈R+ , the Chari-Venkatesh module

V (ξξξ ) is defined as the cyclic g[t]-module generated by a non-zero vector vξξξ with the following

defining relations:

(n+⊗C[t])vξξξ = 0, (h⊗ ts)vξξξ = λ (h)δs,0vξξξ , ∀h ∈ h, (2.6.1)

(x−α ⊗1)λ (hα )+1vξξξ = 0, (2.6.2)

(x+α ⊗ t)(s)(x−α ⊗1)(r+s)vξξξ = 0, α ∈ R+,r,s ∈ N,s+ r ≥ 1+ rk+ ∑
j≥k+1

ξ
α
j , for k ∈ N.

(2.6.3)
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Note that by definition CV -module V (ξξξ ) is the graded quotient of local Weyl module Wloc(λ )

by the submodule generated by graded elements

{(x+α ⊗ t)(s)(x−α ⊗1)(r+s)wλ : α ∈ R+,r,s ∈ N,s+ r ≥ 1+ rk+ ∑
j≥k+1

ξ
α
j , for k ∈ N}.

2.6.1 Properties of CV -module

For k ∈ Z+ and r,s ∈ N, set

kS(r,s) = {(bp)p≥0 ∈ S(r,s) : bp = 0, for p < k},

S(r,s)k = {(bp)p≥0 ∈ S(r,s) : bp = 0, for p ≥ k},

kx(r,s) = ∑
(bp)p≥0∈kS(r,s)

∏
s
i=0(x⊗ t i)(bi),

x(r,s)k = ∑
(bp)p≥0∈S(r,s)k

∏
s
i=0(x⊗ t i)(bi)

The following lemma was proved in [16, Section 2].

Lemma 2.6.2. Let r,s,k ∈ N and L ∈ Z+ such that r+ s ≥ kr+L. Then the following holds.

(i) For α ∈ R+,

x−α (r,s) = kx−α (r,s)+ ∑
(r′,s′)

x−α (r− r′,s− s′)k kx−α (r
′,s′),

where sum is taken over all pairs r′,s′ ∈N such that r′ < r,s′ < s and r′+ s′ ≥ r′k+L.

(ii) If V is a g[t]-module and v ∈V , then for α ∈ R+,

x−α (r,s)v = 0, if and only if kx−α (r,s).v = 0.

The following lemma is deduced from Lemma 2.3.1, [16, Proposition 2.7].
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Lemma 2.6.3. Given a R+-tuple of partitions ξξξ = (ξ α)α∈R+ , let V (ξξξ ) be the associated

Chari-Ventakesh module with generator vξξξ . Then for all α ∈ R+, we have

(x+α ⊗ t)(r)(x−α ⊗1)(r+s).vξξξ = x−α (r,s).vξξξ , (2.6.4)

(x−α (r,s)− 1x−α (r,s))vξξξ ∈ ∑
r′<r

U(sl3(C))x−α (r′,s)vξξξ , (2.6.5)

Proof. By part(2) of above Lemma 2.6.2, for r,s,k ∈ N and L ∈ Z+,

x−α (r,s)vξξξ = 0, if and only if kx−α (r,s).vξξξ = 0.

By [16, Proposition 2.7], V (ξξξ ) be the Chari-Ventakesh module is generated by vξξξ with

defining relations of Wloc(λ ) and kx−α (r,s).vξξξ = 0. Therefore by definition of CV-module,

(x+α ⊗ t)(r)(x−α ⊗1)(r+s).vξξξ = x−α (r,s).vξξξ .

Again using part(1) of Lemma 2.6.2 for k = 1, we have s = s′ and

x−α (r,s) = 1x−α (r,s)+∑
r′

x−α (r− r′,0)1 1x−α (r
′,s),

where sum is taken over r′ ∈ N such that r′ < r. Since x−α (r− r′,0)1 ∈U(sl3). Thus,

(x−α (r,s)− 1x−α (r,s))vξξξ ∈ ∑
r′<r

U(sl3(C))x−α (r′,s)vξξξ .
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2.7 Relation between CV -modules and Fusion modules

2.7.1 The set P+(λ ,k) and module Fλλλ for λλλ ∈ P+(λ ,k)

Given λ ∈ P+ and a positive integer k, let

P+(λ ,k) = {λλλ = (λ1, · · · ,λk) ∈ (P+)×k :
k

∑
i=1

λi = λ}.

For α ∈ R+, let λλλ α = (λ1(hα), . . . ,λk(hα)) and let λλλ
↓
α = (λ1(hα)

↓ ≥ . . .≥ λk(hα)
↓) ∈ Zk be

the k-tuple of integers obtained by rearranging the λ j(hα)’s in non-increasing order. Observe

that for each α ∈ R+, λλλ
↓
α is a partition of λ (hα). Hence, ξξξλλλ = (λλλ ↓

α)α∈R+ is a λ -compatible

R+-tuple of partitions. For λλλ ∈ P+, we denote the CV module associated to the R+-tuple of

partitions ξξξλλλ by Fλλλ .

We define an ordering on P+(λ ,k) as follows. Given λλλ = (λ1, · · · ,λk) ∈ P+(λ ,k) and

µµµ = (µ1, · · · ,µk) ∈ P+(λ ,k) we say λλλ majorizes µµµ and write λλλ ⪰ µµµ if for every α ∈ R+,

k

∑
j=i

λ j(hα)
↓ ≥

k

∑
j=i

µ j(hα)
↓, for all 1 ≤ i ≤ k.

Denoting the image of wλ in Fλλλ by vλλλ , we see that Fλλλ is a graded g[t] module generated by

vλλλ with defining relations:

(n−⊗C[t])vλλλ = 0, (h⊗ ts)wλλλ = λ (h)δs,0vλλλ , for all h ∈ h, (2.7.1)

(x−i ⊗1)λ (hi)+1vλλλ = 0, (2.7.2)

(x+α ⊗ t)s(x−α ⊗1)r+svλλλ = 0, s+ r ≥ 1+ rℓ+ ∑
j≥ℓ+1

λ j(hα)
↓, ∀ ℓ ∈ N. (2.7.3)



24 Preliminaries

Observe that for k > 2, there can exist λλλ ,µµµ ∈ P+(λ ,k) such that Fµµµ = Fλλλ . For example,

consider the case when g is of type sl3(C), λ = 3ω1+3ω2 and µµµ = (2ω2,ω1,2ω1+ω2) and

λλλ = (2ω2 +ω1,ω2,2ω1) are elements of P+(λ ,3).

2.7.2 Properties of Fλλλ -module

The following Lemma will be used in the proof of the main theorem.

Lemma 2.7.1. Let λλλ = (λ1, . . . ,λk),µµµ = (µ1, . . . ,µk) ∈ P+(λ ,k). Then

(i) Fµµµ is a quotient of Fλλλ whenever λλλ ⪰ µµµ . In particular, the zero graded module

V (λ )[0]∼= ev0(V (λ )) is the unique irreducible quotient of Fλλλ for all λλλ ∈ P+(λ ,k). .

(ii) g⊗ tkC[t].Fλλλ = 0 and hence Fλλλ is a module for Lie algebra g⊗C[t]/(tk).

(iii) The graded g[t]-module, V (λ1)
z1 ∗ · · · ∗V (λk)

zk is a quotient of Fλλλ , for any set of

distinct scalars z1, · · · ,zk.

Proof. Given λ ∈ P+ and λλλ ,µµµ ∈ P+(λ ,k), let vλλλ , vµµµ be the image of wλ in Fλλλ and Fµµµ

respectively.

(i) Using definition, for all α ∈ R+,

(x+α ⊗ t)(s)(x−α ⊗1)(r+s).vµµµ = 0, wheneverr,s,q ∈ N, satisfyr+ s ≥ 1+qr+
k

∑
j=q+1

µ j(hα)
↓.

Since λλλ ⪰ µµµ , ∑
k
j=q+1 λ j(hα)

↓ ≥ ∑
k
j=q+1 µ j(hα)

↓, for all 0 ≤ q ≤ k−1, α ∈ R+, for r′,s′,q ∈

N are such that r′+ s′ ≥ 1+ r′q+∑
k
j=q+1 λ j(hα)

↓, we have

(x+α ⊗t)(s
′)(x−α ⊗1)(r

′+s′)vµµµ = 0, wheneverr′,s′,q∈N, satisfyr′+s′≥ 1+qr′+
k

∑
j=q+1

λ j(hα)
↓.
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Hence there exists a surjective g[t]-module homomorphism Ψλλλ
µµµ : Fλλλ → Fµµµ , such that

Ψλλλ
µµµ(vλλλ ) = vµµµ . Since λλλ ⪰ (λ ,0, · · · ,0), for all λλλ ∈ P+(λ ,k), V (λ )[0] is a quotient of Fλλλ .

Further, as V (λ )[0] is irreducible as a g-module, it is irreducible as a g[t]-module. Thus

V (λ )[0] is the unique irreducible quotient of Fλλλ for all λλλ ∈ P+(λ ,k).

(ii) Given λλλ ∈ P+(λ ,k), by definition of Fλλλ , we know that for all α ∈ R+, λλλ
↓
α is a partition

of λ (hα) with at most k parts. Hence,

(x+α ⊗ t)(s)(x−α ⊗1)(r+s).vλλλ = 0, r+ s ≥ 1+ kr.

In particular for r = 1, we have x−α ⊗ tk.vλλλ = 0 for all α ∈ R+, which implies that

g⊗ tkC[t].vλλλ = 0.

(iii) We know evziV (λi) is a quotient of the local Weyl module Wloc(λi) for 1 ≤ i ≤ k. If vi

is the image of wλi in evzi(V (λi)), then V (λ1)
z1 ∗ · · · ∗V (λk)

zk is a integrable g[t]-module of

highest weight ∑
k
i=1 λi = λ , generated by the vector v1 ∗· · ·∗vk. Hence V (λ1)

z1 ∗· · ·∗V (λk)
zk

is a quotient of Wloc(λ ), we have

(n+⊗C[t])v1 ∗ · · · ∗ vk = 0, (hi ⊗ ts).λ (hi)δs,0v1 ∗ · · · ∗ vk = 0

(x−αi
⊗1)λ (hi)+1.v1 ∗ · · · ∗ vk = 0.

For α ∈ R+, if σ is an element of the symmetric group Sk such that

λλλ
↓
α = (λσ(1)(hα)≥ ·· · ≥ λσ(k)(hα)),



26 Preliminaries

then using the fact that

x−α ⊗ (t − zσ(1))(t − zσ(2)) · · ·(t − zσ(ℓ)).evzσ(1)V (λσ(1))⊗·· ·⊗ evzσ(ℓ)
V (λσ(ℓ)) = 0,

and

(x+α ⊗ t)s(x−α ⊗1)r+svσ(ℓ+1)⊗·· ·⊗ vσ(k) = 0 ∀ r+ s ≥ 1+ rℓ+
k

∑
j=ℓ+1

λσ( j)(hα),

the same proof as [16, Proposition 6.8] shows that for each α ∈ R+

ℓx−α (r,s).v1 ∗ · · · ∗ vk = 0

whenever r,s, ℓ∈N are such that r+s≥ 1+rℓ+∑ j≥ℓ+1 λ j(hα)
↓. Since V (λ1)

z1 ∗· · ·∗V (λk)
zk

is quotient of local Weyl module Wloc
k
∑

i=1
λi), it follows that V (λ1)

z1 ∗· · ·∗V (λk)
zk is a quotient

of Fλλλ .

Remark 2.7.2. It follows from part (iii) of Lemma 2.7.1 and Remark 2.4.5 that,

dimFλλλ ≥
k

∏
i=1

dimV (λi).



Chapter 3

CV modules and Fusion modules for

current Lie algebra of type A2

In this chapter, we state and prove our main results on fusion product modules. We study

the CV modules and Fusion modules for sl3[t] and prove that the fusion product of two

finite-dimensional irreducible sl3[t]-module is isomorphic to a CV-module. Since the CV

modules are defined by generators and relations, this isomorphism helps to establish the

conjecture 2.5.1 in the case when k = 2 and g is of type A2. While we prove our result using

a representation-theoretic approach, in [8], Barth and Kus establish it using combinatorial

tools.

3.1 Main Results

For g = sl2(C), using a series of canonical short exact sequences, it had been proved in

[16] that, given a partition ξ of a positive integer n, the CV -module, V (ξ ), is isomorphic

to the fusion product of evaluation modules for sl2[t]. Besides proving the conjecture

2.5.1, this helped obtain an explicit monomial basis for the modules V (ξ ). In this section,
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we extend this method in the case when g = sl3(C) and λλλ ∈ P+(λ ,2) for λ ∈ P+. For

λ = λ1ω1 +λ2ω2 ∈ P+, let |λ |:= λ1 +λ2.

Definition 3.1.1. Let g := sl3(C). Given ν ∈ P+ and (λ ,µ) ∈ P+(ν ,2) with λ = λ1ω1 +

λ2ω2 and µ = µ1ω1 +µ2ω2, we say:

i. (λ ,µ) is a partition of ν of first kind if |λ |≥ |µ|, λi ≥ µi for i = 1,2;

ii. (λ ,µ) is a partition of ν of second kind if |λ |≥ |µ|, λ1 ≥ µ1 and µ2 > λ2.

iii. (λ ,µ) is a partition of ν of third kind if |λ |≥ |µ|, λ2 ≥ µ2 and µ1 > λ1.

Notice that if (λ ,µ) is a partition of third kind, then (λ̂ , µ̂) := (λ2ω1 +λ1ω2,µ2ω1 +µ1ω2)

is a partition of second kind and the Dynkin diagram automorphism of sl3(C) that maps

α1 to α2 establishes a g[t]-module isomorphism between Fλ ,µ and F
λ̂ ,µ̂

. In the rest of the

chapter, we shall therefore study the modules Fλ ,µ for partitions (λ ,µ) of λ +µ of first and

second kind only.

Given dominant integral weights, λ = λ1ω1 +λ2ω2, µ = µ1ω1 +µ2ω2 such that |λ |≥ |µ|

and λ1 ≥ µ1, set

F+
λ ,µ =


Fλ+ω2,µ−ω2 if λ2 ≥ µ2 > 0

Fλ+ω1,µ−ω1 if µ1 > 0,µ2 = 0

Fλ+(µ2−λ2)ω2,µ−(µ2−λ2)ω2 if λ2 < µ2

Theorem 3.1.2. Given λ = λ1ω1+λ2ω2, µ = µ1ω1+µ2ω2 ∈ P+ with |λ |≥ |µ| and λ1 ≥ µ1.

(i) Then there exists a short exact sequence

0 → ker(λ ,µ)→ Fλ ,µ
φ(λ ,µ)−→ F+

λ ,µ → 0
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where the kernel, ker(λ ,µ) admits a filtration whose successive quotients are the direct

sum of finitely many Chari-Venkatesh modules.

(ii) For any pair of distinct complex numbers (z1,z2) ∈ C2, there exists a sl3[t]-module

isomorphism between Fλ ,µ and the fusion product V z1(λ )∗V z2(µ) .

3.2 Relations in Fλλλ ,µµµ

Proposition 3.2.1. Given λ ,µ ∈ P+, let Fλ ,µ ,F+
λ ,µ be as described in Theorem 3.1.2. Let

vλ ,µ and v+
λ ,µ be the generators of Fλ ,µ and F+

λ ,µ respectively. Set

Kλ ,µ =


{(x−α2

⊗ t)µ2vλ ,µ ,(x−α12
⊗ t)µ1+µ2vλ ,µ}, if λ2 ≥ µ2 > 0,

{(x−α1
⊗ t)µ1vλ ,µ ,(x−α12

⊗ t)µ1vλ ,µ}, if µ1 > 0, µ2 = 0,

{(x−α12
⊗ t)µ1+λ2+svλ ,µ : 0 < s ≤ µ2 −λ2}, if λ2 < µ2

Then there exists a surjective g[t]-module homomorphism φ(λ ,µ) : Fλ ,µ → F+
λ ,µ such that

φ(λ ,µ)vλ ,µ = v+
λ ,µ and the kernel kerφ(λ ,µ) is the g[t]-module generated by the set Kλ ,µ .

Proof. Given (λ ,µ) ∈ P+(λ +µ,2), such that λ (hα12) = |λ |≥ |µ|= µ(hα12) and λ (hα1)≥

µ(hα1), note that

(λ ,µ)⪰


(λ +ω2,µ −ω2) if λ2 ≥ µ2 > 0

(λ +ω1,µ −ω1) if λ1 ≥ µ1 > 0,µ2 = 0

(λ +(µ2 −λ2)ω2,µ − (µ2 −λ2)ω2) if λ2 < µ2

Hence by Lemma 2.7.1(iii) there exists is a surjective homomorphism φ(λ ,µ) : Fλ ,µ →F+
λ ,µ

such that φ(λ ,µ)(vλ ,µ) = v+
λ ,µ .
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We now analyse the generators of kerφ(λ ,µ) case by case.

Case 1. Suppose 0 < µ2 < λ2. By definition, we have F+
λ ,µ = Fλ+ω2,µ−ω2 . Hence,

x−α1
(r,s).v+

λ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µ1

x−α2
(r,s).v+

λ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µ2 −1

x−α12
(r,s).v+

λ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µ1 +µ2 −1

whereas,

x−αi
(r,s).vλ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µi, for i = 1,2

x−α12
(r,s).vλ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µ1 +µ2

Since by Lemma 2.7.1, (x−α ⊗ t2).vλ ,µ = 0 for all α ∈ R+, it follows that in this case,

x−α2
(r,s).vλ ,µ , x−α12

(r′,s′).vλ ,µ ∈ kerφ(λ ,µ)

for r = s = µ2 and r′ = s′ = µ1 +µ2, i.e.,

(x−α2
⊗ t)µ2.vλ ,µ , (x

−
α12

⊗ t)µ1+µ2.vλ ,µ ∈ kerφ(λ ,µ).

Case 2. Suppose µ2 = 0 and λ1 ≥ µ1 > 0. By definition, we have F+
λ ,µ = Fλ+ω1,µ−ω1 .

Following similar arguments, it is easy to see that

(x−α1
⊗ t)µ1 .vλ ,µ , (x

−
α12

⊗ t)µ1.vλ ,µ ∈ kerφ(λ ,µ).
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Case 3. Suppose µ2 > λ2 ≥ 0. By definition, we have F+
λ ,µ = Fλ+(µ2−λ2)ω2,µ−(µ2−λ2)ω2 .

Hence,

x−αi
(r,s).v+

λ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µi for i = 1,2,

x−α12
(r,s).v+

λ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µ1 +λ2

whereas,

x−αi
(r,s).vλ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µi, for i = 1,2

x−α12
(r,s).vλ ,µ = 0, ∀ r,s ∈ N, with r+ s ≥ 1+ r+µ1 +µ2

Since (x−α12
⊗ t2).vλ ,µ = 0, we see that x−α12

(r,s).vλ ,µ ∈ kerφ(λ ,µ) for µ1 +λ2 < r = s ≤

µ2 +µ1, i.e.,

{(x−α12
⊗ t)µ1+λ2+p.vλ ,µ : 0 < p ≤ µ2 −λ2} ⊂ kerφ(λ ,µ).

Conversely, if X ∈ U(g[t]) is such that X .vλ ,µ ∈ kerφ(λ ,µ), then X .v+
λ ,µ = 0 and hence X

can be written as X = Y +Z where Y is in the left ideal of U(g[t]) generated by the set

IY (λ ,µ)=
{

x+α ⊗ tq, (x−α ⊗1)(λ+µ)(hα )+1,(h⊗ tq)−δq,0(λ +µ)(h).1 : q ∈ Z+,α ∈ R+, h ∈ h
}
,

and Z is in the left ideal of U(g[t]) generated by the set I+Z (λ ,µ) where,

(i). For 0 < µ2 ≤ λ2,

I+Z (λ ,µ) :=
{x−α1

(r,s) : r,s ∈ N, r+ s ≥ 1+ r+µ1}

∪
{

x−α2
(r,s),x−α12

(r′,s′) : r,s,r′,s′ ∈ N, r+ s ≥ r+µ2, r′+ s′ ≥ r′+µ1 +µ2
}
.
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(ii). For 0 < µ1 ≤ λ1, µ2 = 0,

I+Z (λ ,µ) := {x−α1
(r,s),x−α12

(r′,s′) : r,s,r′,s′ ∈ N, r+ s ≥ r+µ1, r′+ s′ ≥ r′+µ1}.

(iii). For µ2 > λ2,

I+Z (λ ,µ) :=

{
x−α1

(r,s),x−α2
(r′,s′) : r,s,r′,s′ ∈ N, r+ s ≥ 1+ r+µ1,r′+ s′ ≥ 1+ r′+λ2

}
∪{x−α12

(r,s) : r,s ∈ N, r+ s ≥ 1+ r+µ1 +λ2}.

Since Y.vλ ,µ = 0 for all Y ∈ IY (λ ,µ) and Z.vλ ,µ = 0, for all Z ∈ {x−α1
(r,s) : r,s ∈ N, r+ s ≥

1+ r+ µ1} when 0 < µ2 ≤ λ2 and Z ∈ {x−α1
(r,s),x−α2

(r′,s′) : r,s,r′,s′ ∈ N, r+ s ≥ 1+ r+

µ1, r′+ s′ > 1+ r′+λ2} when µ2 > λ2, it is clear that kerφ(λ ,µ) is generated by elements

of Kλ ,µ . Hence, the proposition.

Lemma 3.2.2. Given a,b, p ∈ Z+, we have,

(i). [x+α1
⊗ ta,(x−α12

⊗ tb)(p)] =−(x−α12
⊗ tb)(p−1)(x−α2

⊗ ta+b),

(ii). [x+α2
⊗ ta,(x−α12

⊗ tb)(p)] = (x−α12
⊗ tb)(p−1)(x−α1

⊗ ta+b),

(iii). [x−α1
⊗ ta,(x+α12

⊗ tb)(p)] = (x+α12
⊗ tb)(p−1)(x+α2

⊗ ta+b),

(iv). [x−α2
⊗ ta,(x+α12

⊗ tb)(p)] =−(x+α12
⊗ tb)(p−1)(x+α1

⊗ ta+b),

The following is an easy corollary of the lemma.

Corollary 3.2.3. Given a1,a2,b ∈ Z+ we have the following:

(i) [x+α1
,(x−α1

⊗ t)(a1)(x−α12
⊗ t)(b)(x−α2

⊗ t)(a2)]+ (x−α1
⊗ t)(a1)(x−α12

⊗ t)(b−1)(x−α2
⊗ t)(a2+1)

is contained in U(g[t])htC[t]⊕U(g[t])n−t2C[t].

(ii) [x+α2
,(x−α1

⊗ t)(a1)(x−α12
⊗ t)(b)(x−α2

⊗ t)(a2)]− (x−α1
⊗ t)(a1+1)(x−α12

⊗ t)(b−1)(x−α2
⊗ t)(a2)

is contained in U(g[t])htC[t]⊕U(g[t])n−t2C[t].
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We shall use the following notation in the rest of the chapter. For s,r ∈ N and α ∈ R+, set

Xα(r,s) = (x+α ⊗ t)(s)(x−α ⊗1)(r+s)

Further, we denote Xαi(r,s) by Xi(r,s) and Xα12(r,s) by X12(r,s).

Lemma 3.2.4. Suppose V is a sl3[t]-module and for all α ∈ R+, v ∈V satisfies

n+⊗C[t].v = 0, h⊗ tC[t].v = 0, x−α ⊗ t2.v = 0, (x−α ⊗1)l.v = 0, ∀ l ≥ L(0)
α ,

Xα(r,s)v = 0 for r,s ∈ N, r+ s ≥ rk+L(k)
α , where L(k)

α ∈ Z+ for each k ≥ 1,

then we have,

Xα(r,s)(x−α ⊗ t)dv = 0, ∀ r+ s ≥ rk+L(k)
α −2d, α ∈ R+, (3.2.1)

Xα12(r,s)(x
−
αi
⊗ t)dv = 0, ∀ r+ s ≥ rk+L(k)

α12 −d, for some k ≥ 1 i = 1,2,(3.2.2)

X1(r,s)(x−α2
⊗ t)d.v = 0 when r+ s ≥ rk+L(k)

α1 for some k ≥ 1, (3.2.3)

(x−α1
⊗1)l(x−α2

⊗ t)d.v = 0 when l ≥ L(0)
α1 +d (3.2.4)

l

∑
d=0

(
l
d

)
X1(r−d,s)(x−α12

⊗ t)d(x−α2
⊗ t)l−dv = 0, ∀ r+ s ≥ rk+L(0)

α1 (3.2.5)

X2(r,s)(x−α1
⊗ t)d.v = 0, when r+ s ≥ rk+L(k)

α2 for some k ≥ 1,

(x−α2
⊗1)l(x−α1

⊗ t)d.v = 0, when l ≥ L(0)
α2 +d

l
∑

d=0

( l
d

)
X2(r−d,s)(x−α12

⊗ t)d(x−α1
⊗ t)l−dv = 0, ∀ r+ s ≥ rk+L(0)

α2

(3.2.6)

Proof. The relation (3.2.1) follows from [16, Corollary 6.6]. Using Lemma 3.2.2, we have

x−α2
.X12(r,s).v = X12(r,s)x−α2

.v+X12(r,s−1)(x−α2
⊗ t).v.
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Using (2.3.1), and the relations satisfied by v, it follows that,

x−α2
.X12(r,s).v = (−1)s (x−α12

(r,s)x−α2
.v+ x−α12

(r,s−1)x−α2
⊗ t.v

)
+X12(r,s−1).(x−α2

⊗ t).v.

= (−1)s (x−α2
.x−α12

(r,s).v+ x−α12
(r,s−1)x−α2

⊗ t.v
)
+X12(r,s−1).(x−α2

⊗ t).v.

Therefore, when r+ s ≥ rk+L(k)
α12 for some k ∈ N, using the relations satisfied by v, commu-

tativity of x−α2
and x−α12

⊗ ts and Lemma 2.6.2 we get,

X12(r,s−1).(x−α2
⊗ t).v = (−1)s−1x−α12

(r,s−1).(x−α2
⊗ t).v. (3.2.7)

Since,
(x−α12

)(r−s)(x−α12
⊗ t)(s).v = 0, when r+ s ≥ rk+L(k)

α12, for some k ∈ N (3.2.8)

applying x+α1
to (3.2.8) we get,

(x−α12
)(r−s)(x−α12

⊗ t)(s−1)(x−α2
⊗ t).v+(x−α12

)(r−s−1)(x−α12
⊗ t)(s).v = 0, (3.2.9)

when r+ s ≥ rk+L(k)
α12 for some k ∈ N. On the other hand, if r+ s ≥ rk+L(k)

α12 , then for all

k ≥ 0, (r−1)+ s ≥ rk+L(k)
α12 −1 ≥ (r−1)k+L(k)

α12 . Hence,

(x−α12
)(r−1−s).(x−α12

⊗ t)(s).v = 0, when r+ s ≥ rk+L(k)
α12 , for somek ∈ N.

It thus follows from (3.2.7) and (3.2.9) that,

X12(r,s−1).(x−α2
⊗ t).v = (−1)s−1x−α12

(r,s−1).(x−α2
⊗ t).v = 0,

whenever r+ s ≥ rk+L(k)
α12 , for some k ∈ N. This shows that

X12(r,s).(x−α2
⊗ t).v = 0, when r+ s ≥ rk+L(k)

α12 −1, for some k ∈ N.
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For any q > 0,

x+α .(xα2 ⊗ t)q.v = 0, h⊗ ts.(xα2 ⊗ t)q.v = 0, s > 0

by repeating the above arguments we see that (3.2.2) holds.

Using Lemma 3.2.2 we have,

(x−α2
⊗ t)X1(r,s).v = X1(r,s)(x−α2

⊗ t)+X1(r−1,s).(x−α12
⊗ t).v

= X1(r,s)(x−α2
⊗ t)+(x−α12

⊗ t).X1(r−1,s).v
(3.2.10)

If r+ s ≥ rk+L(k)
α1 , then r−1+ s ≥ (r−1)k+L(k)

1 for k ≥ 1. Therefore, using the relations

satisfied by v, we see that

X1(r,s).(x−α2
⊗ t).v = 0, when r+ s ≥ rk+L(k)

α1 for some k ≥ 1,

Further applying x−α2
⊗ t to the relation (x−α1

⊗1)l.v = 0 for l ≥ L(0)
α1 , we get

(x−α1
⊗1)l.x−α2

⊗ t.v = 0, when r+ s ≥ L(0)
α1 +1.

As above, by repeating the above arguments we see that (3.2.4) holds.

Finally, applying (x−α2
⊗ t)l on both sides of (3.2.10) and using the relations satisfied by v,

Lemma 3.2.2 and Lemma 2.3.1 repeatedly, we get

l

∑
d=0

(
l
d

)
X1(r−d,s)(x−α12

⊗ t)d(x−α2
⊗ t)l−dv = 0, ∀ r+ s ≥ rk+L(0)

α1 .

This shows that (3.2.5) holds. Similarly by applying x−α1
on X12(r,s)v and using Lemma 2.3.1

one can show that (3.2.6) holds.



36 CV modules and Fusion modules for current Lie algebra of type A2

3.3 Structure of kerφ(λ ,µ)

We have seen that kerφ(λ ,µ) is a graded submodule of Fλ ,µ . Note that for each m ∈ Z+,

kerφ(λ ,µ)[m] is a finite dimensional sl3-module. In this section we give a filtration of

kerφ(λ ,µ), then using induction and dimension argument obtain a sl3- module decomposi-

tions of the associated graded subspaces of ker(λ ,µ).

By a case by case study, we now give a filtration of the sl3[t]- submodule kerφ(λ ,µ) of Fλ ,µ .

Throughout this section, we assume that for given a pair (λ ,µ) ∈ P+(λ + µ,2), |λ |≥ |µ|

and λ1 ≥ µ1.

3.3.1 Case 1: λ2 ≥ µ2 > 0

Under the given conditions on λ ,µ , set

Sninv(λ ,µ) =

(a1,a2) ∈ Z2
≥0 :

0 ≤ ai ≤ µi, i = {1,2}

µ2 −λ1 ≤ a2 −a1 ≤ λ2 −µ1

 . (3.3.1)

For 0 ≤ j ≤ µ1 +µ2, let

Sninv(λ ,µ)[ j] = {(a1,a2) ∈ Sninv(λ ,µ) : a1 +a2 = j} ;

Vj =


∑

(a1,a2)∈Sninv(λ ,µ)[ j]
U(sl3[t])(x−α1

⊗ t)(a1)(x−α12
⊗ t)(|µ|−a1−a2)(x−α2

⊗ t)(a2).vλ ,µ +V|µ|,

if 0 ≤ j ≤ |µ|−1

U(sl3[t])(x−α2
⊗ t)(µ2).vλ ,µ if j = |µ|

Using Proposition 3.2.1, we have the following theorem which gives us a filtration of

ker(λ ,µ).

Proposition 3.3.1. Given λ ,µ ∈ P+ with |λ |≥ |µ|, λi ≥ µi for i = 1,2 and µ2 > 0, let

Sninv(λ ,µ), and Sninv(λ ,µ)[ j], Vj for 0 ≤ j ≤ |µ| be defined as above. Then 0 ⊂ V|µ| ⊂
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· · · ⊂ V1 ⊂ V0 gives a filtration of kerφ(λ ,µ). Further, there exists a surjective sl3[t]-

homomorphism

φ
(λ ,µ)
j :

⊕
(a1,a2)∈Sninv(λ ,µ)[ j]

τ
∗
|µ|V (λ − (µ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2)→Vj/Vj+1,

for 0 ≤ j < |µ|, and a surjective homomorphism

φ
(λ ,µ)
|µ| : τ

∗
|µ|(Fλ+µ2(ω1−ω2),µ1ω1)→V|µ|.

Proof. Using Lemma 3.2.4 with v = vλ ,µ and,

L(k)
α =


(λ +µ)(hα)+1, k = 0

µ(hα)+1, k = 1

1 k > 1

∀ α ∈ R+.

By Proposition 3.2.1, kerφ(λ ,µ) =U(sl3[t]).(x−α12
⊗t)(|µ|).vλ ,µ +U(sl3[t])(x−α2

⊗t)(µ2)vλ ,µ .

By definition of Fλ ,µ ,

(x−α12
⊗ t)k.vλ ,µ = 0, for k ≥ |µ|, (x−αi

⊗ t)ℓ.vλ ,µ = 0, for ℓ≥ µi, i = 1,2.

Applying (x+α2
⊗ t)a1(x+α1

⊗ t)a2 to the relation (x−α12
⊗ t)k.vλ ,µ = 0 for k > |µ|, using (2.3.1)

and the relation that x⊗ t2.vλ ,µ = 0 for all x ∈ g, it is easy to see that

(x−α1
⊗ t)(a1)(x−α12

⊗ t)(a12)(x−α2
⊗ t)(a2).vλ ,µ = 0, a1 +a12 +a2 > |µ|.

Hence (x⊗ t).(x−α12
⊗ t)(|µ|)vλ ,µ = 0, and (x⊗ t).(x−α2

⊗ t)(µ2)vλ ,µ = 0, for all x ∈ g.
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Now observe that for ai ≤ µi, i = 1,2,

(x+α2
⊗1)a1(x+α1

⊗1)a2(x−α12
⊗ t)(|µ|).vλ ,µ

= (x−α1
⊗ t)(a1)(x−α12

⊗ t)(|µ|−a1−a2)(x−α2
⊗ t)(a2).vλ ,µ ∈ kerφ(λ ,µ).

However, since vλ ,µ satisfies the conditions of Lemma 3.2.4, putting r = |µ|−a2, s = a1 and

l = |µ|−a1 in (3.2.5), for r+ s = |µ|−a2 +a1 > λ1 +µ1 we get,

|µ|−a1

∑
d=0

(
|µ|−a1

d

)
X1(|µ|−a2 −d,a1)(x−α12

⊗ t)d(x−α2
⊗ t)|µ|−a1−dvλ ,µ = 0.

As (x−α2
⊗ t)|µ|−a1−dvλ ,µ = 0, for |µ|−a1 −d > µ2,

µ2

∑
i=0

(
|µ|−a1

µ1 −a1 + i

)
X1(µ2 −a2 +a1 − i,a1)(x−α12

⊗ t)µ1−a1+i(x−α2
⊗ t)µ2−ivλ ,µ = 0,

whenever µ2 −a2 +a1 > λ1. Consequently, we have,

µ2−a2−1
∑

i=0

( |µ|−a1
µ1−a1+i

)
X1(µ2 −a2 +a1 − i,a1)(x−α12

⊗ t)µ1−a1+i(x−α2
⊗ t)µ2−ivλ ,µ

+
( |µ|−a1

µ1−a1+µ2−a2

)
X1(a1,a1)(x−α12

⊗ t)µ1−a1+µ2−a2(x−α2
⊗ t)a2vλ ,µ

+
µ2

∑
i=µ2−a2+1

( |µ|−a1
µ1−a1+i

)
X1(µ2 −a2 +a1 − i,a1)(x−α12

⊗ t)µ1−a1+i(x−α2
⊗ t)µ2−ivλ ,µ = 0,

for µ2 −a2 +a1 > λ1. Using the relation x−α ⊗ ts.vλ ,µ = 0 for s ≥ 2 and α ∈ R+, we see that

(x−α1
⊗ t)(a1)(x−α12

⊗ t)(|µ|−a1−a2)(x−α2
⊗ t)(a2) =

−

(
µ2−a2−1

∑
i=0

(
|µ|−a1

µ1 −a1 + i

)
X1(µ2 −a2 +a1 − i,a1)(x−α12

⊗ t)µ1−a1+i(x−α2
⊗ t)µ2−ivλ ,µ

)
(3.3.2)
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for µ2 −a2 +a1 > λ1, i.e, for (a1,a2) ∈ Z2
>0 with a1 ≤ µ1 and a2 ≤ µ2

(x−α1
⊗ t)(a1)(x−α12

⊗ t)(|µ|−a1−a2)(x−α2
⊗ t)(a2) ⊆

−

(
µ2−a2−1

∑
i=0

U(g)(x−α1
⊗ t)a1(x−α12

⊗ t)µ1−a1(x−α12
⊗ t)µ1−a1+i(x−α2

⊗ t)µ2−ivλ ,µ

)
,

whenever µ2 −a2 +a1 > λ1. Applying the above relations repeatedly, we see that

kerφ(λ ,µ)⊆ ∑
(a1,a2)∈Sninv(λ ,µ)

U(g)(x−α1
⊗ t)(a1)(x−α12

⊗ t)(|µ|−a1−a2)(x−α2
⊗ t)(a2).vλ ,µ

+ U(g)(x−α2
⊗ t)(µ2).vλ ,µ

=
|µ|
∑
j=0

Vj

.

Let 0 ≤ j < |µ|. For a fixed (a1,a2) ∈ Sninv(λ ,µ)[ j], set

Vj,a1 =U(sl3[t])(x−α1
⊗ t)(a1)(x−α12

⊗ t)(|µ|−a1−a2)(x−α2
⊗ t)( j−a1).vλ ,µ .

Since a1 +a2 = j for (a1,a2) ∈ Sninv(λ ,µ)[ j], it follows from (3.2.3) that

x+αi
.Vj,a1 ⊂Vj+1,a1 +Vj+1,a1+1 ⊆Vj+1, for i = 1,2.

Further, as h⊗ tk.vλ ,µ = 0 and x−α ⊗ tℓ = 0 for k ≥ 1 and ℓ≥ 2, we see that,

h⊗ tk.(x−α1
⊗ t)(a1)(x−α12

⊗ t)(|µ|−a1−a2)(x−α2
⊗ t)( j−a1).vλ ,µ .= 0, ∀ h ∈ h, k ≥ 1.

Using Lemma 3.2.4 with L(k)
α12,L

(k)
i as given above, it follows from (3.2.2) that for i = 1,2,

(x−αi
⊗ t).

(
(x−α1

⊗ t)(a1)(x−α12
⊗ t)(µ1+µ1−a1−a2)(x−α2

⊗ t)( j−a1).vλ ,µ

)
= x+αi

.(x+α1
)(a2).(x+α2

)(a1)(x−α12
⊗ t)(|µ|+1).vλ ,µ = 0,
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and
x−α12

⊗ t.
(
(x−α1

⊗ t)(a1)(x−α12
⊗ t)(|µ|−a1−a2)(x−α2

⊗ t)( j−a1).vλ ,µ

)
= (x+α1

)(a2).(x+α2
)(a1)(x−α12

⊗ t)|µ|+1.vλ ,µ = 0,

Hence, Vj,a1/Vj+1∩Vj,a1 is a quotient of the CV-module τ∗|µ|V (ξξξ j,a1
) where ξξξ j,a1

=(ξ α
j,a1

)α∈R+

with
ξ

α1
j,a1

= λ1 −µ2 −a1 +2a2,

ξ
α2
j,a1

= λ2 −µ1 −a2 +2a1,

ξ
α12
j,a1

= |λ |+a1 +a2 −µ1 −µ2.

As (a1,a2) ∈ Sninv(λ ,µ), we see that ξ
α1
j,a1

≥ 0, ξ
α2
j,a1

≥ 0 and hence ξ
α12
j,a1

= ξ
α1
j,a1

+ ξ
α2
j,a1

≥

0. This means for each pair ( j,a1), V (ξξξ j,a1
) is isomorphic to the irreducible sl3-module

V (λ − (µ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2) . Since, for 1 ≤ j < |µ|,

Vj = ∑
0≤a1≤µ1,

Vj,a1,

and a′1s are all distinct, it follows that Vj+1 ⊂Vj and Vj/Vj+1 is a quotient of

⊕
(a1,a2)∈S(λ ,µ)[ j]

τ
∗
|µ|V (λ − (µ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2), ∀ 1 ≤ j < |µ|.

To see that φ
(λ ,µ)
|µ| is a surjective homomorphism, observe that using Lemma 3.2.2 and the

relations satisfied by vλ ,µ ,

x+αi
.(x−α2

⊗ t)(µ2)vλ ,µ = 0, for i = 1,2; h⊗ tk.(x−α2
⊗ t)(µ2)vλ ,µ = 0 for k > 1 .

Further, using Lemma 3.2.4 with L(k)
α12,L

(k)
i as given above, we see that from (3.2.1), –,(3.2.4),

it follows that V|µ| is a quotient of the CV-module τ∗|µ|V (ξξξ ) where ξξξ = (ξ α)α∈R+ with

ξ
α1 = (λ1 +µ2 ≥ µ1 ≥ 0), ξ

α2 = (λ2 −µ2 ≥ 0), ξ
α12 = (|λ |≥ µ1 ≥ 0).
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Clearly, V (ξξξ ) is isomorphic to Fλ+µ2(ω1−ω2),µ1ω1 . This completes the proof of the proposi-

tion.

3.3.2 Case 2: λ2 ≥ µ2, µ2 = 0

In the Proposition 3.3.1, notice that if µ1 = 0, applying (x−α2
⊗ t)µ2 to the relation

(x−α1
⊗1)kvλ ,µ = 0, ∀ k ≥ λ1 +1,

we get,
µ2

∑
d=0

(
µ2
d

)
(xα1 ⊗1)k−d(x−α12

⊗ t)d(x−α2
⊗ t)µ2−dv = 0, ∀ k ≥ λ1 +1.

When µ2 > λ1 and k = λ1 +1, the above relation reduces to

λ1+1

∑
d=0

(
µ2

d

)
(xα1 ⊗1)λ1+1−d(x−α12

⊗ t)d(x−α2
⊗ t)µ2−dv = 0.

Hence we have,

(x−α12
⊗ t)λ1+1(x−α2

⊗ t)µ2−λ1−1vλ ,µ =
λ1

∑
d=0

(
µ2

d

)
(xα1 ⊗1)λ1+1−d(x−α12

⊗ t)d(x−α2
⊗ t)µ1−dvλ ,µ .

(3.3.3)

Since, by Proposition 3.2.1, there is a surjective homomorphism

φ(λ ,µ2ω2) : Fλ ,µ2ω2 → Fλ+ω2,(µ2−1)ω2

whose kernel is generated as a sl3[t]-module by (x−α12
⊗ t)µ2vλ ,µ and (x−α2

⊗ t)µ2vλ ,µ , follow-

ing similar arguments as in Proposition 3.3.1 and using (3.3.3) repeatedly, we see that

kerφ(λ ,µ2ω2)⊂ ∑
(0,a2)∈Sninv(λ ,µ2ω2)

U(g)(x−α12
⊗ t)(µ2−a2)(x−α2

⊗ t)(a2).vλ ,µ ,

where, Sninv(λ ,µ2ω1) = {(0,a2) ∈ Z2
+ : max{0,µ2 −λ1} ≤ a2 ≤ µ2}.
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Let M2 = max{0,µ2 −λ1};

Vj =


U(sl3[t])(x−α12

⊗ t)(µ2− j)(x−α2
⊗ t)( j).vλ ,µ +U(sl3[t])(x−α2

⊗ t)(µ2)vλ ,µ , M2 ≤ j ≤ µ2 −1,

U(sl3[t])(x−α2
⊗ t)(µ2)vλ ,µ , j = µ2

Similar arguments as in Proposition 3.3.1 show that

kerφ(λ ,µ2ω2) =U(sl3[t]).(x−α12
⊗ t)(µ1−M2)(xα2 ⊗ t)(M2).vλ ,µ +U(sl3[t])(x−α2

⊗ t)(µ2)vλ ,µ ,

and 0 ⊂Vµ2 ⊂ ·· · · · ·VM2 = kerφ(λ ,µ2ω2) is a filtration of kerφ(λ ,µ2ω2). Further using the

relation

(x+α1
⊗1)((x−α12

⊗ t)(µ2− j).(x−α2
⊗ t)( j).vλ ,µ) = (x−α12

⊗ t)(µ2− j−1).(x−α2
⊗ t)( j+1).vλ ,µ ,

we see that in this case Vj/Vj+1 is a quotient of τ∗µ2
V (λ −(µ2−2 j)ω1− jω2) for M2 ≤ j ≤ µ2.

This shows that Proposition 3.3.1 holds even when, µ1 = 0 and in this case we have the

following result:

Proposition 3.3.2. Let λ ,µ ∈ P+ with |λ |≥ |µ|, λi ≥ µi for i = 1,2 and µ1 = 0. Then

dimker(λ ,µ)≤
µ2

∑
i=M2

dimV (λ − (µ2 −2i)ω1 − iω2).

By taking, µ1, α1, λ2 and ω1 in place of µ2, α2, λ1 and ω1 resp., the following proposition

can be deduced which gives the filtration for kerφ(λ ,µ) in the case when µ = µ1ω1.

Proposition 3.3.3. Let λ ,µ ∈ P+ with |λ |≥ |µ|, λi ≥ µi for i = 1,2 and µ2 = 0. Then there

exists a surjective homomorphism

φ(λ ,µ1ω1) : Fλ ,µ1ω1 → Fλ ,(µ1−1)ω1,
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and kerφ(λ ,µ1ω1) have a filtration 0⊂Vµ1 ⊂ ·· ·VM1 = kerφ(λ ,µ1ω1) where M1 =max{0,µ1−

λ2},

Vj =U(sl3[t])(x−α1
⊗t)( j)(x−α12

⊗t)(µ1− j)..vλ ,µ +U(sl3[t])(x−α1
⊗t)(µ1)vλ ,µ , for M1 ≤ j ≤ µ1,

and Vj/Vj+1 is a quotient of τ∗µ1
V (λ − jω1 − (µ1 −2 j)ω2) for M1 ≤ j ≤ µ1.

Hence, in this case, we also have the corresponding analog of Proposition 3.3.2:

Proposition 3.3.4. Let λ = λ1ω1 +λ2ω2 ∈ P+ and µ = µ1ω1. Then

dimker(λ ,µ)≤
µ1

∑
i=max{0,µ1−λ2}

dimV (λ − iω1 − (µ1 −2i)ω2).

3.3.3 Case 3: µ2 ≥ λ2

Under the given conditions, for 1 ≤ ℓ≤ µ2 −λ2, set,

ℓSinv(λ ,µ) =

(a1,a2) ∈ Z2
≥0 :

0 ≤ a1 ≤ µ1, 0 ≤ a2 ≤ λ2,

µ1 −µ2 + ℓ≤ a1 −a2 ≤ λ1 −λ2 − ℓ

 ;

ℓSinv(λ ,µ)[ jℓ] = {(a1,a2) ∈ ℓSinv(λ ,µ) : a1 +a2 = jℓ}, for 1 ≤ jℓ ≤ µ1 +λ2;

(3.3.4)

Vℓ,0 = U(sl3[t]).(x−α12
⊗ t)(µ1+λ2+ℓ).vλ ,µ , for1 ≤ ℓ≤ µ2 −λ2,

Vℓ, jℓ = ∑
(a1,a2)∈ℓSinv(λ ,µ),

a1+a2= jℓ

U(sl3[t]).(x−α1
⊗ t)(a1)(x−α12

⊗ t)(µ1+λ2+ℓ−a1−a2)(x−α2
⊗ t)(a2).vλ ,µ

+ U(sl3[t]).(x−α12
⊗ t)(µ1+λ2+ℓ+1).vλ ,µ , for1 ≤ jℓ ≤ µ1 +λ2.

(3.3.5)
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Proposition 3.3.5. Let λ ,µ ∈ P+ with |λ |≥ |µ|, λ1 ≥ µ1 and µ2 ≥ λ2. For 1 ≤ ℓ≤ µ2 −λ2,

0 ≤ jℓ ≤ µ1 +λ2, let ℓSinv(λ ,µ), and ℓSinv(λ ,µ)[ jℓ], Vℓ, jℓ be defined as above. Then

0⊂Vµ2−λ2,µ1+λ2 ⊂ ·· ·⊂V2,µ1+λ2 ⊂V2,2 · · ·V2,1 ⊂V2,0 ⊂V1,µ1+λ2 ⊂ ·· ·V1,1 ⊂V1,0 = kerφ(λ ,µ),

(3.3.6)

gives a filtration of kerφ(λ ,µ). Further, for 1 ≤ ℓ≤ λ2−µ2, 0 < jℓ ≤ µ1+λ2, there exists

sl3[t]-epimorphisms

φ
(λ ,µ)
ℓ, jℓ

:
⊕

(a1,a2)∈ℓSinv(λ ,µ)[ jℓ]
τ∗

µ1+λ2+ℓV (λ1ω1 +µ2ω2 − (λ2 +a1 −2a2 + ℓ)ω1 − (µ1 +a2 −2a1 + ℓ)ω2)

−→Vℓ, jℓ/Vℓ, jℓ+1

and

φ
(λ ,µ)
ℓ,0 : τ

∗
µ1+λ2+ℓV (λ +µ − ℓ(ω1 +ω2))→Vℓ,0/Vℓ,1.

Proof. We prove this proposition in the same way as Proposition 3.3.1, by repeatedly using

Lemma 3.2.4 with v = vλ ,µ ,

L(k)
α =


(λ +µ)(hα)+1, k = 0

min{µ(hα),λ (hα)}+1, k = 1

1 k > 1

∀ α ∈ R+.

By Proposition 3.2.1, in this case kerφ(λ ,µ) is generated as a sl3[t]-module by the set of

vectors {(x
α
−
12
⊗ t)(µ1+λ2+ℓ)vλ ,µ : 1 ≤ ℓ≤ µ2 −λ2}. As (x−α12

⊗ t)p.vλ ,µ = 0 for p > |µ| the

same arguments as in Proposition 3.3.1 show that

(x−α1
⊗ t)a1(x−α12

⊗ t)a12(x−α2
⊗ t)a2.vλ ,µ = 0, for a1 +a12 +a2 ≥ |µ|+1
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and for each 1 ≤ ℓ≤ µ2 −λ2,

(x−α1
⊗t)a1(x−α12

⊗t)(µ1+λ2+ℓ−a1−a2)(x−α2
⊗t)a2 .vλ ,µ ∈ kerφ(λ ,µ), for a1 ≤ µ1 and a2 ≤ λ2.

However, since vλ ,µ satisfies the conditions of Lemma 3.2.4, putting r = µ1 +λ2 −a2 + ℓ,

s = a1 and l = µ1 +λ2 + ℓ−a1 in (3.2.5), for r+ s = µ1 +λ2 + ℓ−a2 +a1 > λ1 + µ1, we

get,

µ1+λ2+ℓ−a1

∑
d=0

(
µ1 +λ2 + ℓ−a1

d

)
X1(µ1+λ2+ℓ−a2−d,a1)(x−α12

⊗t)d(x−α2
⊗t)µ1+λ2+ℓ−a1−d = 0.

Using (x−α2
⊗ t)µ1+λ2+ℓ−a1−dvλ ,µ = 0 for µ1 +λ2 + ℓ−a1 −d > λ2, we get,

λ2

∑
i=0

(
µ1 +λ2 + ℓ−a1

µ1 + ℓ−a1 + i

)
X1(λ2 −a2 +a1 − i,a1)(x−α12

⊗ t)µ1+ℓ−a1+i(x−α2
⊗ t)λ2−i = 0,

and hence,

(x−α1
⊗ t)(a1)(x−α12

⊗ t)(µ1+λ2−a1−a2+ℓ)(x−α2
⊗ t)(a2)

=−
(λ2−a2−1

∑
i=0

(
µ1+λ2+ℓ−a1
µ1+ℓ−a1+i

)
X1(λ2 −a2 +a1 − i,a1)(x−α12

⊗ t)µ1+ℓ−a1+i(x−α2
⊗ t)λ2−i

)
.

The same arguments as Proposition 3.3.1 show that in this case

kerφ(λ ,µ)⊆
µ2−λ2

∑
ℓ=1

∑
(a1,a2)∈ℓSinv(λ ,µ)

U(g)(x−α1
⊗ t)(a1)(x−α12

⊗ t)(|µ|+ℓ−a1−a2)(x−α2
⊗ t)(a2).vλ ,µ ,

=
µ2−λ2

∑
ℓ=1

µ1+λ2+ℓ

∑
jℓ=0

Vℓ, jℓ.
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For a fixed 1 ≤ ℓ≤ µ2 −λ2, and (a1,a2) ∈ ℓSinv(λ ,µ)[ jℓ], set

V (ℓ)
jℓ,a1

=U(sl3[t])(x−α1
⊗ t)(a1)(x−α12

⊗ t)(µ1+λ2+ℓ− jℓ)(x−α2
⊗ t)( jℓ−a1).vλ ,µ .

By definition, V (ℓ)
jℓ,a1

⊂ Vℓ, jℓ . The same arguments as in Proposition 3.3.1, show that for

1 ≤ ℓ≤ µ2 −λ2,

x+αi
.V (ℓ)

jℓ,a1
⊂V (ℓ)

jℓ+1,a1
+V (ℓ)

jℓ+1,a1+1 ⊂Vjℓ+1,ℓ

h⊗ tm.(x−α1
⊗ t)(a1)(x−α12

⊗ t)(µ1+λ2+ℓ− jℓ)(x−α2
⊗ t)( jℓ−a1).vλ ,µ .= 0, for m > 0,

(x−α12
⊗ t)(x−α1

⊗ t)(a1)(x−α12
⊗ t)(µ1+λ2+ℓ− jℓ)(x−α2

⊗ t)( jℓ−a1).vλ ,µ

∈U(sl3[t])(x−α12
⊗ t)(µ1+λ2+ℓ− jℓ+1),

(x−αi
⊗ t)(x−α1

⊗ t)(a1)(x−α12
⊗ t)(µ1+λ2+ℓ− jℓ)(x−α2

⊗ t)( jℓ−a1).vλ ,µ

∈U(sl3[t])(x−α12
⊗ t)(µ1+λ2+ℓ− jℓ+1).

As

U(sl3[t])(x−α12
⊗ t)(µ1+λ2+ℓ+1) ⊂Vℓ, jℓ+1, for jℓ < µ1 +λ2,

U(sl3[t])(x−α12
⊗ t)(µ1+λ2+ℓ+1) ⊂Vℓ+1,0, for jℓ = µ1 +λ2,

we see that for 1 ≤ ℓ≤ µ2−λ2, 0 ≤ jℓ < µ1+λ2 (respectively jℓ = µ1+λ2), V (ℓ)
jℓ,a1

/(V (ℓ)
jℓ,a1

∩

Vℓ, jℓ+1) (respectively, V (ℓ)
µ1+λ2,a1

/(V (ℓ)
µ1+λ2,a1

∩Vℓ+1,0)) is a quotient of the Chari Venkatesh

module V (ξξξ jℓ,a1
) where ξξξ jℓ,a1

= (ξ α
jℓ,a1

)α∈R+ with

ξ
α1
jℓ,a1

= λ1 −λ2 −a1 +2a2 − ℓ≥ 0,

ξ
α2
jℓ,a1

= µ2 −µ1 −a2 − ℓ+2a1 ≥ 0,

ξ α12 = (λ1 −λ2)+(µ2 −µ1)+a1 +a2 −2ℓ≥ 0,
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which is isomorphic to the irreducible sl3-module

τ
∗
µ1+λ2+ℓV ((λ1 −λ2 −a1 +2a2 − ℓ)ω1 +(µ2 −µ1 −a2 +2a1 − ℓ)ω2).

Since these a′1s are all distinct, it follows from (3.3.5), (3.3.6), that Vℓ, jℓ/Vℓ, jℓ+1 (respectively,

Vℓ,µ1+λ2/Vℓ+1,0) is a quotient of

⊕
(a1,a2)∈ℓSinv(λ ,µ)[ jℓ]

τ
∗
µ1+λ2+ℓV (λ1ω1+µ2ω2−(λ2+a2−2a2+ℓ)ω1−(µ1+a2−2a1+ℓ)ω2)

and this completes the proof of the proposition.

3.4 Proof of Theorem 3.1.2

In this section, we complete the proof of Theorem 3.1.2. Recall from Remark 2.7.2 that for

given (λ ,µ) ∈ P+(λ +µ,2)

dimFλ ,µ ≥ dimV (λ ).dimV (µ). (3.4.1)

We obtain the reverse inequality in the following proposition by deducing, from the results

of Section 3.3, a set of recurrence relations on the dimension of CV -modules and using

induction on them. Throughout this section, we assume for ν , γ ∈ P,

dimFν ,γ = 0, whenever either ν or γ is non-zero, non-dominant weight and

dimFν ,γ = dimV (ν) whenever γ = 0, and ν ∈ P+.

Proposition 3.4.1. Let λ ,µ ∈ P+ with |λ |≥ |µ| and λ1 ≥ µ1.
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(i) If (λ ,µ) is a partition of λ +µ of first kind with µ2 > 0 and µ1 = 0, then the surjective

homomorphisms {φ
(λ ,µ)
j : M2 ≤ j ≤ |µ|} given in Proposition 3.3.2 are isomorphisms.

(Here, M2 = max{0,µ2 −λ1}.)

(ii) If (λ ,µ) is a partition of λ +µ of first kind with µ2 > 0 and µ1 > 0, then the surjective

homomorphisms {φ
(λ ,µ)
j : 0 ≤ j ≤ |µ|} given in Proposition 3.3.1 are isomorphisms.

(iii) If (λ ,µ) is a partition of λ + µ of second kind, then the surjective homomorphism

φ
(λ ,µ)
ℓ, jℓ

given in Proposition 3.3.5 is an isomorphism for every 1 ≤ ℓ ≤ µ2 −λ2, 0 ≤

jℓ ≤ µ1 +λ2.

Consequently, dimFλ ,µ = dimV (λ )dimV (µ).

3.4.1 Proof of Proposition 3.4.1(i).

Subcase 1: Suppose λ and µ are both multiples of ω1 and λ1 ≥ µ1.

By Proposition 3.3.2, kerφ(λ1ω1,µ1ω1) is a quotient of V ((λ1 −µ1)ω1 +µ1ω2). Hence,

dimFλ ,µ = dimF(λ1+1)ω1,(µ1−1)ω1 +dimkerφ(λ ,µ)

≤ dimF(λ1+1)ω1,(µ1−1)ω1 +dimV ((λ1 −µ1)ω1 +µ1ω2).
(3.4.2)

Note that for µ1 = 1, F(λ1+1)ω1,(µ1−1)ω1
∼=V ((λ1 +1)ω1). Hence, we have,

dimFλ ,µ ≤ dimV (λ1 +1)ω1)+dimV ((λ1 −1)ω1 +ω2)

≤ 1
2 [(λ1 +2)(λ1 +3)+2λ1(λ1 +2)] = 3

2 .(λ1 +1)(λ1 +2)

= dimV (λ1ω1)dimV (ω1).

Along with (3.4.1), this inequality implies that, dimFλ1ω1,ω1 = dimV (λ1ω1)dimV (ω1).



3.4 Proof of Theorem 3.1.2 49

Now, by induction hypothesis assume that dimFλ1ω1,µ1ω1 = dimV (λ1ω1)dimV (µ1ω1) ∀ µ1 ∈

N such that µ1 < n. Then by using Proposition 3.3.2 we have,

4 dimFλ1ω1,nω1 ≤ 4 dimF(λ1+1)ω1,(n−1)ω1 +4 dimV ((λ1 −n)ω1 +nω2)

≤ [(λ1 +2)(λ1 +3)n(n+1)+2(λ1 −n+1)(n+1)(λ1 +2)]

≤ (λ1 +1)(λ1 +2)(n+1)(n+2) = 4 dimV (λ1ω1)dimV (nω1).

(3.4.3)

Once using (3.4.1), we deduce from 3.4.3 that dimFλ1ω1,nω1 = dimV (λ1ω1)dimV (nω1).

Note that equality of dimension is possible only if kerφ(λ1ω1,µ1ω1) is isomorphic to the CV

module F(λ1−µ1)ω1+µ1ω2,0 =V ((λ1−µ1)ω1+µ1ω2,). Hence Theorem 3.1.2 holds whenever

λ and µ are multiples of a fundamental weight.

Subase 2: Suppose λ ,µ ∈ P+, is such that λ2 > 0, µ2 = 0 and λ1 > µ1 > 0.

Then by Proposition 3.3.2,

dimker(λ ,µ1ω1)≤
µ1

∑
i=max{0,µ1−λ2}

dimV (λ − iω1 − (µ1 −2i)ω2)) (3.4.4)

In particular, this means when µ1 = 1,

2dimFλ ,ω1 ≤ 2dimV (λ +ω1)+2dimV (λ +(ω2 −ω1))+2dimV (λ −ω2)

≤ (λ1 +2)(λ2 +1)(λ1 +λ2 +3)+λ1(λ2 +2)(λ1 +λ2 +2)

+(λ1 +1)(λ2)(λ1 +λ2 +1)

≤ 3(λ1 +1)(λ2 +1)(λ1 +λ2 +2)+(λ2 +1)(2λ1 +λ2 +4)

−(λ2 −λ1 +1)(λ1 +λ2 +2)− (λ1 +1)(λ1 +2λ2 +2)

≤ 3(λ1 +1)(λ2 +1)(λ1 +λ2 +2) = 2dimV (ω1).dimV (λ ).

(3.4.5)

Using the same argument as in Subcase 1, it follows that kerφ(λ ,ω1) is isomorphic to

the direct sum of the CV modules Fλ−(ω1−ω2),0 ⊕Fλ−ω1,0 that is the Theorem 3.1.2 when
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µ1 = 1. By induction hypothesis assume that Theorem 3.1.2 holds for CV module Fλ ,µ1ω1

whenever µ1 ∈ N is such that µ1 < n, i.e,

dimFλ ,µ1ω1 = dimV (λ )dimV (µ1ω1) for all µ1 < n.

Using induction hypothesis and Proposition 3.3.2, for µ1 = n we thus have,

dimkerφ(λ ,nω1)≤ dimV (λ +n(ω2 −ω1))

+∑
n−1
i=max{0,n−λ2} dimV (λ −ω2 − iω1 − (n−1−2i)ω2))

≤ dimV (λ +n(ω2 −ω1))+dimkerφ(λ −ω2,(n−1)ω1)

(3.4.6)

Since by Proposition 3.3.2, dimkerφ(λ ,µ1ω1) = dimFλ ,µ1ω1 −dimFλ+ω1,(µ1−1)ω1, it fol-

lows from (3.4.6) that,

dimFλ ,nω1 ≤ dimFλ+ω1,(n−1)ω1 +dimFλ−ω2,(n−1)ω1 −dimFλ+ω1−ω2,(n−2)ω1

+dimV (λ +n(ω2 −ω1)).
(3.4.7)

4dimFλ ,nω1

≤
(
(λ1 +2)(λ2 +1)(λ1 +λ2 +3)+(λ1 +1)(λ2)(λ1 +λ2 +1)

)
(n)(n+1)

−(λ1 +2)(λ2)(λ1 +λ2 +2)(n−1)n+2(λ1 −n+1)(λ2 +n+1)(λ1 +λ2 +2)

≤
(

3(λ1 +1)(λ2 +1)(λ1 +λ2 +2)−λ1(λ2 +2)(λ1 +λ2 +2)
)

n(n+1)

−(λ1 +2)(λ2)(λ1 +λ2 +2)(n−1)n+2(λ1 −n+1)(λ2 +n+1)(λ1 +λ2 +2)

(using (3.4.5))

≤
(

3(λ1 +1)(λ2 +1)−λ1(λ2 +2)−λ2(λ1 +2)
)
(λ1 +λ2 +2)(n+1)n

+2
(
(λ1 +2)λ2n+(λ1 −n+1)(λ2 +n+1)

)
(λ1 +λ2 +2)

≤
(
(λ1 +1)(λ2 +1)+2

)
(λ1 +λ2 +2)n(n+1)

+2
(

n(λ1λ2 +2λ2 −λ2 +λ1 +1)−n(n+1)+(λ1 +1)(λ2 +1)
)
(λ1 +λ2 +2)

≤ (λ1 +1)(λ2 +1)(λ1 +λ2 +2)n(n+1)+2[(n+1)(λ1 +1)(λ2 +1)](λ1 +λ2 +2)
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≤ (λ1 +λ2 +2)(λ1 +1)(λ2 +1)(n+1)(n+2) = 4dimV (λ ).dimV (µ1ω1).

Along with (3.4.1), using the same arguments as in Subcase 1, we now see that Proposi-

tion 3.4.1(i) holds and hence Theorem 3.1.2 holds in this case.

3.4.2 Proof of Proposition 3.4.1(ii)

Given (λ ,µ) a partition of λ +µ of first kind with µ1,µ2 > 0. then using Proposition 3.3.1

we have,

dimFλ ,µ = dimFλ+ω2,µ−ω2 + dimker(λ ,µ)

≤ dimFλ+ω2,µ−ω2 +dimFλ+µ2(ω1−ω2),µ1ω1

+ ∑
(a1,a2)∈Sninv(λ ,µ)

dimV (λ − (µ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2).

(3.4.8)

In particular when µ2 = 1, for (a1,a2) ∈ Sninv(λ ,µ1ω1 +ω2), 0 ≤ a2 < 1 and

µ1 −λ2 ≤ a1 ≤ min{µ1,λ1 −1}. Hence a2 = 0 and we have,

dimFλ ,µ1ω1+ω2 ≤ dimFλ+ω2,µ1ω1 +dimFλ+(ω1−ω2),µ1ω1

+
min{µ1,λ1−1}

∑
i=max{0,µ1−λ2}

dimV (λ − (1+ i)ω1 − (µ1 −2i)ω2).
(3.4.9)

Further, using Proposition 3.3.2 and Proposition 3.4.1(i), we have

dimker(λ −θ ,µ −θ) = dimker(λ −θ ,(µ1 −1)ω1)

=
µ1−1
∑

i=max{0,µ1−λ2}
dimV (λ −θ − iω1 − (µ1 −1−2i)ω2)

Hence (3.4.9) can be rewritten as,

dimFλ ,µ1ω1+ω2 ≤ dimFλ+ω2,µ1ω1 +dimFλ+(ω1−ω2),µ1ω1 +dimker(λ −θ ,(µ1 −1)ω1)

+(1−δµ1,λ1)dimV (λ −ω1 −µ1ω1 +µ1ω2)

(3.4.10)
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When λ1 = µ1, then the right-hand side of the inequality (3.4.10) is equal to,

4
(

dimFλ+ω2,λ1ω1 +dimFλ+(ω1−ω2),λ1ω1 +dimker(λ −θ ,(λ1 −1)ω1)
)

= 4
(

dimFλ+ω2,λ1ω1 +dimFλ+(ω1−ω2),λ1ω1 +dimFλ−θ ,(λ1−1)ω1 −dimFλ−ω2,(λ1−2)ω1

)
= (λ1 +1)(λ2 +2)(λ1 +λ2 +3)(λ1 +1)(λ1 +2)+(λ1 +2)(λ2)(λ1 +λ2 +2)(λ1 +1)(λ1 +2)

+λ1λ2(λ1 +λ2)λ1(λ1 +1)− (λ1 +1)λ2(λ1 +λ2 +1)(λ1 −1)λ1

= (λ1 +1)(λ1 +2)
(
(λ1 +1)(λ2 +2)(λ1 +λ2 +3)+λ2(λ1 +2)(λ1 +λ2 +2)

)
+λ1λ2(λ1 +1)

(
λ1(λ1 +λ2)− (λ1 −1)(λ1 +λ2 +1)

)
= (λ1 +1)(λ1 +2)

[
(λ1 +1)

(
(λ2 +1)(λ1 +λ2 +2)+λ1 +2λ2 +4

)
+(λ1 +λ2 +2)

(
(λ2 +1)(λ1 +1)−λ1 −1+λ2

)]
+λ1λ2(λ1 +1)(λ2 +1)

= 2(λ1 +1)2(λ1 +2)(λ2 +1)(λ1 +λ2 +2)+(λ1 +1)2(λ1 +2)(λ1 +2λ2 +4)

+(λ1 +1)(λ1 +2)λ2(λ1 +λ2 +2)− (λ1 +1)2(λ1 +2)(λ1 +λ2 +2)+λ1λ2(λ1 +1)(λ2 +1)

= 2(λ1 +1)2(λ1 +3)(λ2 +1)(λ1 +λ2 +2)−2(λ1 +1)2(λ2 +1)(λ1 +λ2 +2)

+(λ1 +1)2(λ1 +2)(λ2 +2)+(λ1 +1)(λ1 +2)λ2(λ1 +λ2 +2)+λ1λ2(λ1 +1)(λ2 +1)

= 2(λ1 +1)2(λ1 +3)(λ2 +1)(λ1 +λ2 +2)

+(λ1 +1)
(
(λ1 +λ2 +2)(λ1λ2 +2λ2 −2λ1λ2 −2λ1 −2λ2 −2)

+(λ1 +1)(λ1λ2 +2(λ1 +λ2 +2))+λ1λ2(λ2 +1)
)

= 2(λ1 +1)2(λ1 +3)(λ2 +1)(λ1 +λ2 +2) = dimV (λ )dimV (λ1ω1 +ω2)

When λ1 > µ1, the right-hand side of the inequality (3.4.10) is equal to,

4
(

dimFλ+ω2,µ1ω1 +dimFλ+(ω1−ω2),µ1ω1 +dimFλ−θ ,(µ1−1)ω1

+dimV ((λ1 −µ1 −1)ω1 +(λ2 +µ1)ω2)−dimF(λ1+µ2−2)ω1+(λ2−µ2)ω2+ω1,(µ1−2)ω1

)
=
(
(λ1 +1)(λ2 +2)(λ1 +λ2 +3)(µ1 +1)(µ1 +2)+(λ1 +2)(λ2)(λ1 +λ2 +2)

)
(µ1 +1)

(µ1 +2)+
(

λ1λ2(λ1 +λ2)µ1(µ1 +1)+(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)2

−(λ1 +1)λ2(λ1 +λ2 +1)µ1(µ1 −1)
)

(Using Proposition 3.4.1.(i))
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=
(

3(λ1 +1)(λ2 +1)(λ1 +λ2 +2)− (λ2 +1)(λ1)(λ1 +λ2 +1)
)
(µ1 +1)(µ1 +2)

+
(

λ1λ2(λ1 +λ2)µ1(µ1 +1)+(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)2

−(λ1 +1)λ2(λ1 +λ2 +1)µ1(µ1 +1−2)
)

= 3(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(µ1 +2)

−
(
(λ2 +1)(λ1)(λ1 +λ2 +1)−λ1λ2(λ1 +λ2)+(λ1 +1)λ2(λ1 +λ2 +1)

)
(µ1 +1)µ1

+2(λ1 +λ2 +1)
(
(λ1 −µ1)(λ2 +µ1 +1)+(λ1 +1)λ2µ1 − (λ2 +1)λ1(µ1 +1)

)
= 3(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(µ1 +2)

−
(
(λ1 +λ2 +λ1λ2)(λ1 +λ2 +1)+λ1λ2

)
(µ1 +1)µ1 −2(λ1 +λ2 +1)µ1(µ1 +1)

= 3(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(µ1 +2)−µ1(µ1 +1)(λ1 +1)(λ2 +1)(λ1 +λ2 +2)

= 2(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(µ1 +3) = 4 dimV (λ )dimV (µ1ω1 +ω2)

Hence, along with it (3.4.1), it follows that in this case, Proposition 3.4.1(ii) holds and

dimFλ ,µ1ω1+ω2 = dimV (λ )dimV (µ1ω1 +ω2).

By induction hypothesis assume Proposition 3.4.1(ii) holds for µ2 ∈ N with |µ2|≤ k. Also

note, it follows from the definition of Sninv that whenever λi ≥ µi > 0, for i = 1,2,

Sninv(λ ,µ) = Sninv(λ −θ ,µ −θ)∪{(µ1,b) : b ∈ Z+,0 ≤ b ≤ µ2 −1, |µ|−b ≤ λ1,b ≤ λ2}

∪{(a,µ2 −1) : a ∈ Z+,0 ≤ a ≤ µ1 −1,µ2 +a−µ2 +1 ≤ λ1, |µ|−1−a ≤ λ2}.
(3.4.11)

Hence using Proposition 3.3.1, Proposition 3.3.2, and induction hypothesis on µ2 we have

the following equations :

∑
(a1,a2)∈Sninv(λ−θ ,µ−θ)

dimV (λ −θ − (µ2 −1+a1 −2a2)ω1 − (µ1 −1+a2 −2a1)ω2)

= dimker(λ −θ ,µ −θ)−dimFλ−θ+(µ2−1)(ω1−ω2),(µ1−1)ω1

= dimFλ−θ ,µ−θ −dimFλ−θ+ω2,µ−θ−ω2 −dimFλ−θ+(µ2−1)(ω1−ω2),(µ1−1)ω1.

(3.4.12)
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µ2−1
∑

i=max{0,|µ|−1−λ2}
dimV (λ − (µ2 +µ1 −2b)ω1 − (µ1 +b−2µ1)ω1)

=
µ2−1
∑

i=max{0,|µ|−1−λ2}
dimV (λ − (µ1 +1)ω1 +µ1ω2 − (µ2 −1−2b)ω1 −bω1)

= dimker(λ ′,(µ2 −1)ω2 = dimFλ ′,(µ2−1)ω2 −dimFλ ′+ω2,(µ2−2)ω2,

(3.4.13)

where λ ′ = (λ1 −µ1 −1)ω1 +(λ2 +µ1)ω2, and

µ1−1
∑

i=max{0,|µ|−1−λ2}
dimV (λ − (µ2 +a−2(µ2 −1))ω1 − (|µ|−1−2a)ω2)

=
µ1−1
∑

i=max{0,|µ|−1−λ2}
dimV (λ +µ2(ω1 −µ2)−2ω1 −aω1 − (µ1 −1−2a)ω2)

= dimker(λ ′′,(µ1 −1)ω1)

= dimFλ ′′,(µ1−1)ω1 −dimFλ ′′+ω1,(µ1−2)ω1,

(3.4.14)

where λ ′′ = λ −θ +(µ2 −1)(ω1 −ω2). Using (3.4.11) —(3.4.14), for µ2 = k+1, we can

thus rewrite the inequality (3.4.8) as follows,

4 dimFλ ,µ ≤ 4
(

dimFλ+ω2,µ1ω1+kω2 +dimFλ+(k+1)(ω1−ω2),µ1ω1 +dimFλ−θ ,(µ1−1)ω1+kω2

−dimFλ−θ+ω2,(µ1−1)ω1+(k−1)ω2 −dimFλ−θ+k(ω1−ω2),(µ1−1)ω1 +dimFλ ′,kω2

−dimFλ ′+ω2,(k−1)ω2 +dimFλ ′′,(µ1−1)ω1 −dimFλ ′′+ω1,(µ1−2)ω1

)
≤ 4
(

dimFλ+ω2,µ1ω1+kω2 +dimFλ+µ2(ω1−ω2),µ1ω1 +dimFλ−θ ,(µ1−1)ω1+kω2

+dimFλ ′,kω2 −dimFλ−ω1,(µ1−1)ω1+(k−2)ω2

−dimF(λ1+k)ω1+(λ2−k−1)ω2,(µ1−2)ω1 −dimFλ ′+ω2,(k−1)ω2

)
(3.4.15)

where λ ′ = (λ1 −µ1 −1)ω1 +(λ2 +µ1)ω2 and λ ′′ = (λ1 + k−1)ω1 +(λ2 − k−1)ω2. As-

suming dimFλ ′,µ ′ = 0 whenever λ ′ or µ ′ is not a dominant integral weight and dimFλ ′,µ ′ =

dimV (λ ′) whenever λ ′ ∈ P+ and µ ′ = 0, and using induction hypothesis, the right hand side

of the above inequality is as follows :
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= (λ1 +1)(λ2 +2)(λ1 +λ2 +3)(µ1 +1)(k+1)(µ1 + k+2)

+(λ1 + k+2)(λ1 +λ2 +2)(λ2 − k)(µ1 +1)(µ1 +2)+λ1λ2(λ1 +λ2)µ1(k+1)(µ1 + k+1)

−λ1(λ2 +1)(λ1 +λ2 +1)µ1k(µ1 + k)+(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)(k+1)(k+2)

−(λ1 −µ1)(λ2 +µ1 +2)(λ1 +λ2 +2)(k)(k+1)

−(λ1 + k+1)(λ2 − k)(λ1 +λ2 +1)(µ1 −1)µ1

= (λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(k+1)(µ1 + k+2)

+(λ1 +1)(λ2 +2)(λ1 +λ2 +3)(µ1 +1)(µ1 +2k+2)

+(λ2 −λ1 −2k−1)(λ1 +λ2 +2)(µ1 +1)(µ1 +2)

+λ1λ2(λ1 +λ2)µ1(µ1 +2k+1)−λ1(λ2 +1)(λ1 +λ2 +1)µ1(µ1 +2k−1)

+(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)(2k+2)− (λ1 −µ1)(λ2 +µ1 +2)(λ1 +λ2 +2)2k

−(λ2 −λ1 −2k)(λ1 +λ2 +1)(µ1 −1)µ1

= (λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(k+1)(µ1 + k+2)

+(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(µ1 +2k+4)

−2(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)+(λ1 +1)(λ1 +2λ2 +4)(µ1 +1)(µ1 +2k+2)

+2λ1λ2(λ1 +λ2)µ1 −λ1µ1(λ1 +2λ2 +1)(µ1 +2k−1)

+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)− (λ1 −µ1)(λ1 +µ1 +2λ2 +3)2k

+(λ1 +λ2 +1)(λ2 −λ1 −2k)(4µ1 +2)−2(λ1 + k+1)(µ2
1 +3µ1 +2)

= (λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(k+2)(µ1 + k+3)

−2(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)+(λ1 +1)(λ1 +2λ2 +4)(µ1 +1)(µ1 +2k+2)

+2λ1λ2(λ1 +λ2)µ1 − (λ1 +2λ2 +1)λ1µ1(µ1 +2k−1)

+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)− (λ1 −µ1)(λ1 +µ1 +2λ2 +3)2k

+(λ1 +λ2 +1)(λ2 −λ1 −2k)(4µ1 +2)−2(λ1 + k+1)(µ2
1 +3µ1 +2)

Set

A = −2(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)+(λ1 +1)(λ1 +2λ2 +4)(µ1 +1)(µ1 +2k+2)

+2λ1λ2(λ1 +λ2)µ1 −λ1µ1(λ1 +2λ2 +1)(µ1 +2k−1)

+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)− (λ1 −µ1)(λ1 +µ1 +2λ2 +3)2k

+(λ1 +λ2 +1)(λ2 −λ1 −2k)(4µ1 +2)−2(λ1 + k+1)(µ2
1 +3µ1 +2)
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Then, 4 dimFλ ,µ1ω1+(k+1)ω1 ≤ (λ1+1)(λ2+1)(λ1+λ2+2)(µ1+1)(k+2)(µ1+k+3)+A.

Observe that the coefficient of 2k in A is :

= (λ1 +1)(µ1 +1)(λ1 +2λ2 +4)−λ1µ1(λ1 +2λ2 +1)−λ1(λ1 +µ1 +2λ2 +3)

+µ1(λ1 +µ1 +2λ2 +3)− (λ1 +λ2 +1)(4µ1 +2)− (µ2
1 +3µ1 +2)

= λ1µ1

(
λ1 +2λ2 +4−λ1 −2λ2 −1−4

)
+(λ1 +µ1 +1)(λ1 +2λ2 +4)− (λ 2

1 −µ2
1 )

−(λ1 −µ1)(2λ2 +3)2λ1 −2(λ2 +1)(2µ1 +1)− (µ2
1 +3µ1 +2)

=−λ1µ1 +λ1

(
λ1 +µ1 +1+2λ2 +4−2λ2 −3−2−λ1

)
+2λ2 +4+µ1

(
2λ2 +3+2λ2 +4−4λ2 −4−3

)
−2(λ2 +1)−2 = 0

Using the above relation we see that A reduces to the following:

A = −2(λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)+(λ1 +1)(λ1 +2λ2 +4)(µ1 +1)(µ1 +2)

+2λ1λ2(λ1 +λ2)µ1 −λ1µ1(λ1 +2λ2 +1)(µ1 −1)+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)

+(λ1 +λ2 +1)(λ2 −λ1)(4µ1 +2)−2(λ1 +1)(µ2
1 +3µ1 +2)

= (λ1 +1)(µ1 +1)
(
(µ1 +2)(λ1 +λ2 +2)+(µ1 +2)λ2 −2(λ2 +1)(λ1 +λ2 +2)

)
+2λ1λ2(λ1 +λ2)µ1 −λ1µ1(1+2λ2 +λ1)(µ1 −1)+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)

+(λ1 +λ2 +1)(λ2 −λ1)(4µ1 +2)

= (λ1 +1)(µ1 +1)
(
(λ1 +λ2 +2)(µ1 −2λ2)−λ2(µ1 +2)

)
+λ1µ1

(
2λ2(λ1 +λ2)− (1+2λ2 +λ1).(µ1 −1)

)
+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)

+(λ1 +λ2 +1)(λ2 −λ1)(4µ1 +2)

= λ1µ1

(
µ1(λ1 +λ2)−2λ2(λ1 +λ2)−4λ2 +λ2µ1 +2λ2 +2λ2(λ1 +λ2)−µ1(λ1 +2λ2)

+2λ2

)
+2λ1µ2

1 −λ1µ2
1 +λ 2

1 µ1 +λ1µ1 +(λ1 +µ1 +1)
(
(λ1 +λ2 +2)(µ1 −2λ2)

+λ2(µ1 +2)
)
+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)+(λ1 +λ2 +1)(λ2 −λ1)(4µ1 +2)

= (λ1 +µ1 +1)
(
(λ1 +λ2 +2)(µ1 −2λ2)+λ2(µ1 +2)+λ1µ1

)
+2(λ1 −µ1)(λ2 +µ1 +1)(λ1 +λ2 +1)+(λ1 +λ2 +1)(λ2 −λ1)(4µ1 +2)

= 2(λ1 +λ2 +1)
(
(λ1 +µ1 +1)(µ1 −λ2)+(λ1 −µ1)(λ2 +µ1 +1)+(λ2 −λ1)(2µ1 +1)

)
= 0
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Hence, 4 dimFλ ,µ1ω1+(k+1)ω1 ≤ (λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(k+2)(µ1 + k+3),

which along with (3.4.1) implies

dimFλ ,µ1ω1+(k+1)ω1 = dimV (λ )dimV (µ1ω1 +(k+1)ω1),

whenever dimFλ ,µ1ω1+ℓω1 = dimV (λ )dimV (µ1ω1 + ℓω1) for ℓ ≤ k. This completes the

proof of the proposition in this case.

3.4.3 Proof of Proposition 3.4.1(iii)

Given a partition (λ ,µ) of λ +µ of second kind, we begin by setting some notations. Given

(λ ,µ) ∈ (P+)2, set (ζ λ
µ ,ζ

µ

λ
) ∈ (P+)2 such that

ζ
λ
µ = λ1ω1 +µ2ω2, ζ

µ

λ
= µ1ω1 +λ2ω2,

Using Proposition 3.3.5, we have,

dimFλ ,µ = dimF
ζ λ

µ ,ζ
µ

λ

+dimker(λ ,µ),

dimker(λ ,µ)

≤ ∑
(a1,a2)∈

⋃
1≤ℓ≤µ2−λ2

ℓSinv(λ ,µ)
dimV (ζ λ

µ − ℓθ − (λ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2).

(3.4.16)

We now prove the result by applying induction on µ2 −λ2. For µ2 −λ2 = 1, we have

dimker(λ ,µ) = dimFλ ,µ −dimF
ζ λ

µ ,ζ
µ

λ

,

dimker(λ ,µ)≤ ∑
(a1,a2)∈1Sinv(λ ,µ)

dimV (ζ λ
µ −θ − (λ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2).
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Given λ ,µ ∈ P+ such that |λ |≥ |µ| and µ2 = λ2 +1, clearly λ1 > µ1. Hence (λ −ω1,µ −

ω2) ∈ (P+)2 with λ1 −1 ≥ µ1. Now comparing definitions (3.3.1) and (3.3.4) we see that

1Sinv(λ ,µ1ω1 +(λ2 +1)ω2)

=

(a1,a2) ∈ Z2
≥0 :

0 ≤ a2 ≤ λ2, 0 ≤ a1 ≤ µ1,

λ2 − (λ1 −1)≤ a2 −a1 ≤ (µ2 −1)−µ1


= Sninv(λ −ω1,µ −ω2)∪{(a1,λ2) ∈ Z2

>0 : 0 ≤ a1 ≤ µ1,λ2 − (λ1 −1)≤ λ2 −a1 ≤ λ2 −µ1}

= Sninv(λ −ω1,µ −ω2)∪{(µ1,λ2)}

Further, using Proposition 3.4.1(i)-(ii), we have,

∑
(a1,a2)∈1Sinv(λ ,µ)

dimV (ζ λ
µ −θ − (λ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2)

= ∑
(a1,a2)∈Sninv(λ−ω1,µ−ω2)

dimV ((λ1 −1)ω1 +λ2ω2 − (λ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2)

+ dimV ((λ1 −µ1 +λ2 −1)ω1 +µ1ω2)

= dimV ((λ1 −µ1 +λ2 −1)ω1 +µ1ω2)+dimker(λ −ω1,µ −ω2)

.

Note,

dimker(λ −ω1,µ −ω2) =



dimFλ−ω1,µ−ω2 −dimFλ−ω1+ω2,µ−2ω2

−dimFλ−ω1+λ2(ω1−ω2),µ1ω1 ,
if λ2 ≥ 1,

dimFλ−ω1,µ−ω2 −dimFλ−ω1+ω1,µ−ω2−ω1, if λ2 = 0,

and using Proposition 3.4.1(ii), it follows from above that when λ2 ≥ 1 and µ2 = λ2 +1,

dimFλ ,µ ≤ dimV (λ1ω1 +(λ2 +1)ω2).dimV (µ1ω1 +λ2ω2)

+dimV ((λ1 −1)ω1 +λ2ω2)dimV (µ1ω1 +λ2ω2)

−dimV ((λ1 −1)ω1 +(λ2 +1)ω2).dimV (µ1ω1 +(λ2 −1)ω2)

−dimV ((λ1 +λ2 −1)ω1)dimV (µ1ω1)+dimV ((λ1 +λ2 −µ1 −1)ω1 +µ1ω2)
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4dimFλ ,µ

≤
(
(λ1 +1)(λ2 +2)(λ1 +λ2 +3)+λ1(λ2 +1)(λ1 +λ2 +1)

)
(µ1 +1)(λ2 +1)(µ1 +λ2 +2)

−(λ1)(λ2 +2)(λ1 +λ2 +2)(µ1 +1)(λ2)(µ1 +λ2 +1))

+
(

2(λ1 +λ2 −µ1)− (λ1 +λ2)(µ1 +2)
)
(λ1 +λ2 +1)(µ1 +1)

≤
(

3(λ1 +1)(λ2 +1)− (λ1 +2)λ2

)
(λ1 +λ2 +2)(µ1 +1)(λ2 +1)(µ1 +λ2 +2)

−(λ1)(λ2 +2)(λ1 +λ2 +2)(µ1 +1)(λ2)(µ1 +λ2 +1))

−(λ1 +λ2 +1)(λ1 +λ2 +2)(µ1)(µ1 +1) [using(3.4.5)]

≤
(

3(λ1 +1)(λ2 +1)− (λ1 +2)λ2 −λ1(λ2 +2)
)
(λ1 +λ2 +2)(µ1 +1)(λ2 +1)(µ1 +λ2 +2)

+λ1(λ2 +2)(λ1 +λ2 +2)(µ1 +1)(2λ2 +µ1 +2)− (λ1 +λ2 +1)(λ1 +λ2 +2)µ1(µ1 +1)

≤
(
(λ1 +1)(λ2 +1)+2

)
(λ1 +λ2 +2)(µ1 +1)(λ2 +1)(µ1 +λ2 +2)

+
(
(λ1)(λ2 +2)(2λ2 +µ1 +2)− (λ1 +λ2 +1)µ1

)
(λ1 +λ2 +2)(µ1 +1)

≤ [(λ1 +1)(λ2 +1)+2](λ1 +λ2 +2)(µ1 +1)(λ2 +1)(µ1 +λ2 +2)

+
(
[(λ1 +1)(λ2 +1)+(λ1 −λ2 −1)](2λ2 +µ1 +2)− (λ1 +λ2 +1)µ1]

)
(λ1 +λ2 +2)(µ1 +1)

≤ (λ1 +λ2 +2)(µ1 +1)[(λ1 +1)(λ2 +1)(λ2 +2)(µ1 +λ2 +3)−2(λ1 +1)(λ2 +1)

+(λ1 −λ2 −1)(2λ2 +µ1 +2)+2(λ2 +1)(µ1 +λ2 +2)−µ1(λ1 +λ2 +1)]

≤ (λ1 +1)(λ2 +1)(λ1 +λ2 +2)(µ1 +1)(λ2 +2)(µ1 +λ2 +3)

= 4dimV (λ ).dimV (µ1ω1 +(λ2 +1)ω2)

Along with (3.4.1), the same argument that is used in Proposition 3.4.1(ii) show that Proposi-

tion 3.4.1(iii) holds when µ2 = λ2 +1 and λ2 ≥ 1. Similarly, it can be shown that the result

holds when λ2 = 0 and µ2 = 1.

By induction hypothesis assume that the result holds for all (λ ,µ) ∈ P+(λ +µ,2) of second

kind with µ2 −λ2 ≤ k. For µ2 −λ2 = ℓ > 1, note that by definition (3.3.4),

ℓ+1Sinv(λ ,µ) =

(a1,a2) ∈ Z2
≥0 :

0 ≤ a1 ≤ µ1, λ2 + ℓ+1+a1 −a2 ≤ λ1,

0 ≤ a2 ≤ λ2, µ1 + ℓ+1−a1 +a2 ≤ µ2

 ,

= ℓSinv(λ −ω1,µ −ω2)
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Since under the given conditions, the pair (λ −ω1,µ −ω2) ∈ (P+)2 satisfies the condition

µ2 −1−λ2 = ℓ−1, applying induction hypothesis we see that for all ℓ≤ k,

∑
(a1,a2)∈ ∪

2≤ℓ≤µ2−λ2
ℓSinv(λ ,µ)

dimV (ζ λ
µ − ℓθ − (λ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2)

= dim ker(λ −ω1,µ −ω2) = dim Fλ−ω1,µ−ω2 − dim F
ζ λ

µ −θ ,ζ
µ

λ

.

(3.4.17)

Since λ1 > µ1 and µ2 −λ2 ≥ 1, using definitions (3.3.4) and (3.3.1), observe that,

1Sinv(λ ,µ)

= {(a1,a2) ∈ Z2
≥0 : 0 ≤ a1 ≤ µ1, 0 ≤ a2 ≤ λ2, λ2 − (λ1 −1)≤ a2 −a1 ≤ (µ2 −1)−µ1 }

=



Sninv(ζ
λ
µ −θ ,ζ

µ

λ
)

∪ {(a1,λ2) : max{0,µ1 +λ2 −µ2 +1} ≤ a1 ≤ min{µ1,λ1 −1}},
if λ2 ̸= 0,

Sninv(ζ
λ
µ −θ ,ζ

µ

λ
), if λ2 = 0.

Further, using Proposition 3.3.1 and Proposition 3.4.1(ii), we get,

∑

(a1,a2)∈Sninv(ζ
λ
µ −θ ,ζ

µ

λ
)

dimV (ζ λ
µ −θ − (λ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2)

= dimker(ζ λ
µ −θ ,ζ

µ

λ
)− (1−δλ2,0)dimF

ζ λ
µ −θ+λ2(ω1−ω2),µ1ω1

= dimF
ζ λ

µ −θ ,ζ
µ

λ

−dimF
ζ λ

µ −θ+ω2,ζ
µ

λ
−ω2

− (1−δλ2,0)dimF
ζ λ

µ −θ+λ2(ω1−ω2),µ1ω1

(3.4.18)

and using Proposition 3.3.2 and Proposition 3.4.1(i), we get

∑
(a1,a2)∈S

dimV (ζ λ
µ −θ − (λ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2)

=
µ1

∑
a1=max{0,µ1+λ2−µ2+1}

dimV (ζ λ
µ −θ − (λ2 +a1 −2λ2)ω1 − (µ1 +λ2 −2a1)ω2)

= dimker(ζ λ
µ −θ +λ2(ω1 −ω2),µ1ω1)

= dimF
ζ λ

µ −θ+λ2(ω1−ω2),µ1ω1
−dimF

ζ λ
µ −θ+λ2(ω1−ω2)+ω1,(µ1−1)ω1

(3.4.19)
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where S = {(a1,λ2) : max{0,µ1 +λ2 −µ2 +1} ≤ a1 ≤ min{µ1,λ1 −1}}. Using (3.4.17)–

(3.4.19) in (3.4.16), and applying induction hypothesis, for 1 < ℓ≤ k+1 we have,

dimFλ ,µ ≤



dimF
ζ λ

µ ,ζ
µ

λ

+dimFλ−ω1,µ−ω2 −dimF
ζ λ

µ −ω2,(µ1−1)ω1
, ifλ2 = 0,

dimF
ζ λ

µ ,ζ
µ

λ

+dimFλ−ω1,µ−ω2 −dimF
ζ λ

µ −ω1,(λ2−1)ω2
, if µ1 = 0,

dimF
ζ λ

µ ,ζ
µ

λ

+dimFλ−ω1,µ−ω2 −dimF
ζ λ

µ −ω1,ζ
µ

λ
−ω2

−dimF
ζ λ

µ −λ2(ω2−ω1)−ω2,(µ1−1)ω1
,

if µ1,λ2 ̸= 0.

(3.4.20)

Note that the cases when λ2 = 0 and µ1 = 0 can be obtained from the case when µ1,λ2 ̸= 0

using appropriate substitutions. By induction hypothesis assume that the result holds when

µ2 −λ2 ≤ k. We then prove that the result in the case when µ1λ2 ̸= 0 and µ2 −λ2 = k+1.

Using Proposition 3.4.1(ii), it follows from (3.4.20) that

4dimFλ ,µ ≤ 4
(

dimV (λ1ω1 +(λ2 + k+1)ω2)dimV (µ1ω1 +λ2ω2)

+dimV ((λ1 −1)ω1 +λ2ω2)dimV (µ1ω1 +(λ2 + k)ω2)

−dimV ((λ1 −1)ω1 +(λ2 + k+1)ω2)dimV (µ1ω1 +(λ2 −1)ω2)

−dimV ((λ1 +λ2)ω1 + kω2)dimV ((µ1 −1)ω1)
)

≤ (λ1 +1)(λ2 + k+2)(λ1 +λ2 + k+3)(µ1 +1)(λ2 +1)(µ1 +λ2 +2)

+λ1(µ1 +1)
(
(λ2 +1)(λ1 +λ2 +1)(λ2 + k+1)(µ1 +λ2 + k+2)

−(λ2 + k+2)(λ1λ2 + k+2)λ2(µ1 +λ2 +1)
)

−(λ1 +λ2 +1)(k+1)(λ1 +λ2 + k+2)µ1(µ1 +1)

,

4 dimFλ ,µ

≤ (λ1 +1)(µ1 +1)(λ2 +1)(µ1 +λ2 +2)
(
(λ2 + k+1)(λ1 +λ2 + k+2)+λ1 +2λ2 +2k+4

)
+λ1(λ2 +1)(λ1 +λ2 +1)(µ1 +1)

(
(λ2 + k)(µ1 +λ2 + k+1)+µ1 +2λ2 +2k+2

)
−λ1(µ1 +1)λ2(µ1 +λ2 +1)

(
(λ2 + k+1)(λ1 +λ2 + k+1)+λ1 +2λ2 +2k+3

)
−(λ1 +λ2 +1)µ1(µ1 +1)

(
k(λ1 +λ2 + k+1)+λ1 +λ2 +2k+2

)
(3.4.21)



62 CV modules and Fusion modules for current Lie algebra of type A2

Since for µ2 = λ2 + k, by induction hypothesis,

dimFλ ,µ−ω2 = dimV (λ )dimV (µ −ω2)

= dimV (λ1ω1 +(λ2 + k)ω2)dimV (µ1ω1 +λ2ω2)

+dimV ((λ1 −1)ω1 +λ2ω2)dimV (µ1ω1 +(λ2 + k−1)ω2)

−dimV ((λ1 −1)ω1 +(λ2 + k)ω2).dimV (µ1ω1 +(λ2 −1)ω2)

−dimV ((λ1 +λ2)ω1 +(k−1)ω2)dimV ((µ1 −1)ω1)

and 2dimV (µ)= 2dimV (µ−ω2)+(µ1+1)(µ1+2λ2+2k+4), rearranging the coefficients

in inequality (3.4.21), we get:

4 dimFλ ,µ

≤ 4dimV (λ )dimV (µ −ω2)

+(λ1 +1)(λ2 +1)(µ1 +1)
(
(λ1 +λ2 +2)(µ1 +2λ2 +2k+4)− (λ1 −µ1)(λ2 +2k+2)

)
−λ1λ2

(
(λ1 +λ2 +1)(µ1 +2λ2 +2k+3)− (λ1 −µ1)(λ2 +2k+2)

)
(µ1 +1)

+(λ1 +λ2 +1)
(

λ1(λ2 +1)(µ1 +2λ2 +2k+2)−µ1(λ1 +λ2 +2k+2)
)
(µ1 +1)

≤ 4 dimV (λ )dimV (µ)−
(
(λ1 +1)(λ2 +1)−λ1λ2

)
(λ1 −µ1)(λ2 +2k+2)(µ1 +1)

−λ1λ2(λ1 +λ2 +1)(µ1 +2λ2 +2k+3−µ1 −2λ2 −2k−2)(µ1 +1)

+(λ1 +λ2 +1)[λ1(µ1 +2λ2 +2k+2)−µ1(λ1 +λ2 +2k+2)](µ1 +1)

≤ 4 dimV (λ )dimV (µ)−
(
(λ1 +1)(λ2 +1)−λ1λ2

)
(λ1 −µ1)(λ2 +2k+2)(µ1 +1)

−λ1λ2(λ1 +λ2 +1)(µ1 +2λ2 +2k+3−µ1 −2λ2 −2k−2)(µ1 +1)

+(λ1 +λ2 +1)
(
(λ1 −µ1)(λ2 +2k+2)+λ1λ2

)
(µ1 +1)

= 4 dimV (λ )dimV (µ).

Along with (3.4.1), the above inequality shows that the results holds when µ2 = λ2 + k+1

and λ2 ≥ 1 and this completes the proof of Proposition 3.4.1(iii).

Proof of Theorem 3.1.2 (i) Observe that part(i) of the theorem follows from Proposition 3.2.1,

Proposition 3.3.1-Proposition 3.3.5 and Proposition 3.4.1.
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(ii). By Lemma 2.7.1, for (λ ,µ) ∈ P+(λ + µ,2), the fusion product V (λ )z1 ∗V (µ)z2 is a

sl3[t]-quotient of Fλ ,µ and by Proposition 3.4.1, dimFλ ,µ = dimV (λ )dimV (µ). So using,

Remark 2.7.1 we conclude that for any distinct pair of complex numbers (z1,z2), Fλ ,µ is

isomorphic to V (λ )z1 ∗V (µ)z2 as a sl3[t]-module.

3.5 Discussion on the case k > 2.

There is a natural question that arises here. Why are we restricting ourselves to the case

k = 2?

To answer this, we observe that when g is of type A2, there exists a one-one correspondence

between elements of P+(ν ,2) and R+-tuple of ν-compatible partitions with number of parts

less than equal to 2. However this fails when we consider elements of P+(ν ,k) for k ≥ 3.

Via an example, we show that for k ≥ 3, there exist fusion product modules that are proper

quotients of CV modules. In future, we intend to study such modules further.

For any λ ∈ P+, ννν = (ν1,ν2,ν3) ∈ P+(λ ,3), and z = (z1,z2,z3), distinct triplet of complex

numbers, set,

V ∗(ννν ,z) :=V (ν1)
z1 ∗V (ν2)

z2 ∗V (ν3)
z3.

In this case, consider g = sl3(C), λ = 3ω1 + 3ω2 and µµµ = (2ω2,ω1,2ω1 +ω2) and λλλ =

(2ω2 +ω1,ω2,2ω1) are elements of P+(λ ,3). Observe that Fλλλ = Fµµµ . But V ∗(λλλ ,z) ≇

V ∗(µµµ,z), as even g module decomposition of both is different. Both are proper quotients of

Fλλλ follows from following arguments.

We have the following exact sequence,

0 −→ Ker(λλλ )−→ Fλλλ ↠ F2ω1+ω2,ω1+2ω2 −→ 0
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with Ker(λλλ ) = U(g[t])(x−α12
⊗ t2)vλλλ having filtration 0 ⊂V3 +V4 ⊂V2 ⊂V1 = Ker(λλλ ) where

V2 = U(g[t])(x−α12
⊗ t)(x−α12

⊗ t2)vλλλ

V3 = U(g[t])(x−α11
⊗ t)(x−α12

⊗ t2)vλλλ

V4 = U(g[t])(x−α22
⊗ t)(x−α12

⊗ t2)vλλλ

such that V1/V2 is quotient of V (2ω1 + 2ω2), hence isomorphic to V (2ω1 + 2ω2) as V1

being generated by a non-zero vector. V2/(V3 +V4) generated by non-zero vector of weight

ω1 +ω2, is quotient of V (ω1 +ω2), hence isomorphic to this. V3 +V4 is a quotient of

V (3ω1)⊕V (3ω2). Hence,

dimker(λλλ )≤ dimV (2ω1 +2ω2)+dimV (ω1 +ω2)+dimV (3ω1)+dimV (3ω2)

But dimF2ω1+ω2,ω1+2ω2 +dimV (2ω1+2ω2)+dimV (ω1+ω2)+dimV (3ω1)= dimV ∗(µµµ,z)

and dimF2ω1+ω2,ω1+2ω2 +dimV (2ω1+2ω2)+dimV (ω1+ω2)+dimV (3ω2)= dimV ∗(λλλ ,z).

Hence

dimFλλλ = dimF2ω1+ω2,ω1+2ω2 +dimker(λλλ )

≤ dimF2ω1+ω2,ω1+2ω2 +dimV (2ω1 +2ω2)+dimV (ω1 +ω2)+dimV (3ω1)

+dimV (3ω2)

= dimV ∗(λλλ ,z)+dimV (3ω1)

= dimV ∗(µµµ,z)+dimV (3ω2)

But V ∗(µµµ,z) (resp. V ∗(λλλ ,z) ) is the quotient of Fλλλ and V (3ω1) (resp. V (3ω2)) occurs in

g-module decomposition of V ∗(µµµ,z) (resp. V ∗(λλλ ,z) ) but not in F2ω1+ω2,ω1+2ω2 , so V (3ω1)

(resp. V (3ω2)) occurs in g-module decomposition of Ker(λλλ ). Thus,

dimker(λλλ )≥ dimV (2ω1 +2ω2)+dimV (ω1 +ω2)+dimV (3ω1)+dimV (3ω2).
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Hence, dimFλλλ = dimV ∗(λλλ ,z)+dimV (3ω1) = dimV ∗(µµµ,z)+dimV (3ω2). Therefore,

V ∗(µµµ,z) =
Fλλλ

< (x−α1 ⊗ t)(x−α12 ⊗ t2)vλλλ >
and V ∗(λλλ ,z) =

Fλλλ

< (x−α2 ⊗ t)(x−α12 ⊗ t2)vλλλ >
.





Chapter 4

Graded character of module Fλ ,µ

For λ ,µ ∈ P+ the CV-module Fλ ,µ is a Z+-graded vector space and for each s > 0, the

subspace Fλ ,µ [s] is a finite-dimensional g-module on which the action of h is semisimple,

i.e.,

Fλ ,µ =
⊕

(η ,s)∈P×Z+

Fλ ,µ [s]η ,

where Fλ ,µ [s]η = {u ∈ Fλ ,µ [s] : hu = η(h)u, ∀h ∈ h}. The graded character of Fλ ,µ is the

polynomial in indeterminate q with coefficient in Z[P] given by

chgr Fλ ,µ = ∑
(η ,s)∈P×Z+

dimFλ ,µ [s]η e(η)qs.

Since for each s ∈ Z+, Fλ ,µ [s] is a finite-dimensional g-module, using Weyl’s theorem,

Fλ ,µ [s] can be written as the direct sum of τ∗s V (ν), with ν ∈ P+. Hence,

chgr Fλ ,µ = ∑
s∈Z+

chgFλ ,µ [s]q
s = ∑

(ν ,s)∈P+×Z+

chg(τ∗s V (ν))qs.
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Define a polynomial in indeterminate q by,

[Fλ ,µ : V (ν)]q = ∑
p≥0

[Fλ ,µ : τ
∗
p(V (ν))]qp,

where [Fλ ,µ : τ∗pV (ν)] is the multiplicity of τ∗pV (ν) in a given filtration of the module Fλ ,µ .

The polynomial [Fλ ,µ : V (ν)]q is called the graded multiplicity of V (ν) in Fλ ,µ and, at q =

1, it gives the numerical multiplicity of V (ν) in the g-module V (λ )⊗V (µ).

4.1 Let (λ ,µ) ∈ P+(λ + µ,2) be a partition of first kind

with µ2 = 0

We know by Proposition 3.3.2 and Proposition 3.4.1(i) that

Fλ ,µ1ω1 = Fλ+ω1,(µ1−1)ω1 ⊕kerφ(λ ,µ1ω1),

kerφ(λ ,µ1ω1)∼=sl3[t]

µ1⊕
a=max{0,µ1−λ2}

τ
∗
µ1

V (λ −aω1 − (µ1 −2a)ω2)

Using the sl3[t]-module decomposition for the successive quotients, Fλ+ jω1,(µ1− j)ω1 , 1 ≤

j ≤ µ1, we have

Fλ ,µ
∼=sl3[t]

µ1⊕
j=0

µ1− j⊕
b j=max{0,µ1− j−λ2}

τ
∗
µ1− jV (λ +( j−b j)ω1 − (µ1 − j−2b j)ω2).

As a consequence the graded character of Fλ ,µ1ω1 is given as follows: Comparing the

coefficients of ω1 and ω2, for given pairs of integers ( j,b j) and (k,bk) we see,

λ +( j−b j)ω1 − (µ1 − j−2b j)ω2 = λ +(k−bk)ω1 − (µ1 − k−2bk)ω2,
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only if j = k and b j = bk. Hence, when λ1 ≥ µ1, each sl3[t]-irreducible component of

Fλ ,µ1ω1 is multiplicity free. Let

ν(a,p) := λ +(µ1 − p−a)ω1 − (p−2a)ω2, ∀ (a, p) ∈ Z2
+,

Pninv(λ ,µ1ω1) = {ν(a,p) : a ∈ [p−λ2, p]∩Z+, p ∈ [0,µ1]∩Z+}.

Then, [Fλ ,µ : V (ν)]q =

 qp, if ν = ν(a,p) ∈ Pninv(λ ,µ1ω1),

0, otherwise.

4.2 Let (λ ,µ) ∈ P+(λ + µ,2) be a partition of first kind

with µ1,µ2 > 0

By Proposition 3.3.1 and Proposition 3.4.1(ii), we have,

Fλ ,µ = Fλ+ω2,µ−ω2 ⊕kerφ(λ ,µ),

kerφ(λ ,µ)∼=sl3[t]τ
∗
µ2
Fλ+µ2(ω1−ω2),µ1ω1

⊕
⊕

(a1,a2)∈Sninv(λ ,µ)

τ
∗
|µ|V (λ − (µ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2)

Using the sl3[t]-module decomposition for the successive quotients Fλ+ jω2,µ− jω2 , 1 ≤ j ≤

µ2, we have,

F(λ ,µ) =

µ2−1⊕
j=0

kerφ(λ + jω2,µ − jω2) ⊕ Fλ+µ2ω2,µ1ω1

∼=sl3[t]

µ2−1⊕
j=0

τ
∗
µ2− jFλ+ jω2+(µ2− j)(ω1−ω2),µ1ω1 ⊕Fλ+µ2ω2,µ1ω1

⊕
µ2⊕
j=0

 ⊕
(a j1 ,a j2)∈Sninv(λ+ jω2,µ− jω2)

τ
∗
|µ|− jV (υ

j
(a j1 ,a j2)

)
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where υ
j
(a j1 ,a j2)

= λ + jω2− (µ2− j+a j1 −2a j2)ω1− (µ1+a j2 −2a j1)ω2. For (ℓ, j) ∈ Z2 ,

let Mλ
µ (ℓ, j) = max{0, |µ|−ℓ−λ2 −2 j}. Using 4.1, we have,

chgr Fλ ,µ =
µ2

∑
j=0

chgr Fλ+ jω2+(µ2− j)(ω1−ω2),µ1ω1 qµ2− j

+
µ2−1

∑
j=0

 ∑
(a j1 ,a j2)∈Sninv(λ+ jω2,µ− jω2)

chg τ
∗
|µ|− jV (υ

j
(a j1 ,a j2)

)

q|µ|− j

=
µ2

∑
j=0

µ1

∑
ℓ=0

 µ1−ℓ

∑
a j
ℓ=Mλ

µ (ℓ, j)

chg τ
∗
|µ|−ℓ− jV (λ + jω2 +(µ2 − j)(ω1 −ω2)+(ℓ−a j

ℓ)ω1 − (µ1 − ℓ−2a j
ℓ)ω2)

q|µ|−ℓ− j

+
µ2−1

∑
j=0

 ∑
(a j1 ,a j2)∈Sninv(λ+ jω2,µ− jω2)

chg τ
∗
|µ|− jV (υ

j
(a j1 ,a j2)

)

q|µ|− j

Comparing the coefficients of ω1 and ω2 in the irreducible components of Fλ ,µ , we now

determine the polynomials [Fλ ,µ : V (ν)]q.

(i). Given (a1,a2) ∈ Sninv(λ ,µ), and integers ℓ, j such that 0 ≤ j ≤ µ2 and 0 ≤ ℓ≤ µ1,

λ + jω2 +(µ2 − j)(ω1 −ω2)+(ℓ−a j
ℓ)ω1 − (µ1 − ℓ−2a j

ℓ)ω2

= λ − (µ2 +a1 −2a2)ω1 − (µ1 +a2 −2a1)ω2

only if

−1 2

2 −1


a1

a2

=

 2µ2 − j+a j
ℓ

2 j−µ2 + ℓ+2a j
ℓ

, that is,

(a1,a2) = ( j+ ℓ+a j
ℓ,µ2 + ℓ).

But by definition, (3.3.1), a2 < µ2, therefore this case cannot occur.
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(ii). For integers j, ℓ such that 0≤ j ≤ µ2 and 0≤ ℓ≤ µ1 and (a j1,a j2)∈ Sninv(λ + jω2,µ−

jω2), aℓ ∈ [max{0, |µ|−ℓ−λ2},µ1 − ℓ]∩Z+,

λ +µ2(ω1 −ω2)+(ℓ−aℓ)ω1 − (µ1 − ℓ−2aℓ)ω2

= λ + jω2 − (µ2 − j+a j1 −2a j2)ω1 − (µ1 +a j2 −2a j1)ω2

only if

−1 2

2 −1


a j1

a j2

=

 2µ2 + ℓ−aℓ− j

−µ2 − j+ ℓ+2aℓ

, that is,

(a j1,a j2) = (ℓ+aℓ− j,µ2 − j+ ℓ).

But by definition, (3.3.1), a j2 < µ2 − j, therefore this case cannot occur.

(iii). Given triples of integers, ( j, ℓ,a j
ℓ) and ( j+ s,r,a j+s

r ), with 0 ≤ j ≤ j+ s ≤ µ2, ℓ,r ∈

[0,µ1] and max{0, |µ|−k−λ2 −2s} ≤ as
k ≤ µ1 − k for s ∈ {ℓ,r} and k ∈ { j, j+ s},

λ + jω2 +(µ2 − j)(ω1 −ω2)+(ℓ−a j
ℓ)ω1 − (µ1 − ℓ−2a j

ℓ)ω2

= λ +( j+ s)ω2 +(µ2 − j− s)(ω1 −ω2)+(r−a j+s
r )ω1 − (µ1 − r−2a j+s

r )ω2,

only if a j
ℓ−a j+s

r = s+ ℓ− r and 2(a j+s
r −a j

ℓ) = ℓ− r−2s, implying,

ℓ= r, and a j
ℓ = a j+s

r + s = a j+s
ℓ + s.

Observe,

if a j
ℓ ∈ [|µ|−λ2 − ℓ−2 j,µ1 − ℓ]∩Z+, for some (ℓ, j) ∈ [0,µ1]× [0,µ2], then,

a j
ℓ+1 ∈ [|µ|−λ2 − ℓ−2( j−1),µ1 − ℓ]∩Z+, unlessa j

ℓ ∈ {µ1 − ℓ, |µ|−λ2 − ℓ−2 j}.
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Setting, νa j
ℓ
= λ +(µ2 + ℓ− (a j

ℓ+ j))ω1 − (|µ|−ℓ−2(a j
ℓ+ j))ω2,

ℓPninv(λ ,µ) ={νa0
ℓ

: a0
ℓ ∈ [|µ|−λ2 − ℓ,µ1 − ℓ]∩Z+}

∪
µ2⋃
j=1

{νa j
ℓ

: a j
ℓ ∈ {µ1 − ℓ, |µ|−λ2 − ℓ−2 j}∩Z+},

we have,

[Fλ ,µ : V (νa j
ℓ
)]q =

a j
ℓ

∑
s=0

q|µ|−ℓ−s− j, for νa j
ℓ
∈ ℓPninv(λ ,µ), ∀ (ℓ, j) ∈ [0,µ1]× [0,µ2].

(iv). Given triples of integers, ( j,a j1,a j2) and ( j+ s,a j′1
,a j′2

), with 0 ≤ j ≤ j+ s ≤ µ2 −

1, (a j1,a j2) ∈ Sninv(λ + jω2,µ − jω2) and (a j′1
,a j′2

) ∈ Sninv(λ +( j + s)ω2,µ − ( j +

s)ω2),

λ + jω2 − (µ2 − j+a j1 −2a j2)ω1 − (µ1 +a j2 −2a j1)ω2

= λ +( j+ s)ω2 − (µ2 − j− s+a j′1
−2a j′2

)ω1 − (µ1 +a j′2
−2a j′1

)ω2

only if

 1 −2

−2 1


a j1

a j2

=

 1 −2

−2 1


a j′1

a j′2

−

s

s

 that is,

(a j1,a j2) = (a j′1
+ s,a j′2

+ s).

From the sets Sninv(λ + jω2,µ − jω2), for 0 ≤ j ≤ µ2, (3.3.1), we see that,

if (a,b) ∈ Sninv(λ +( j+1)ω2,µ − ( j+1)ω2), then (a+1,b+1) ∈ Sninv(λ + jω2,µ − jω2)

unless b−a = λ2 + j−µ1orb−a = µ2 −λ1 − j
.

Setting, ν(a j,b j) = λ + jω2 − (µ2 − j+a j −2b j)ω1 − (µ1 +b j −2a j)ω2,

P1
ninv(λ ,µ) = {ν(a0,b0) : (a0,b0) ∈ Sninv(λ ,µ)}

µ2−1⋃
j=1

ν(a j,b j) :
(a j,b j) ∈ Sninv(λ + jω2,µ − jω2),

b j −a j ∈ {λ2 −µ1 + j,µ2 −λ1 − j}

 ,
. (4.2.1)
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we have, [Fλ ,µ : V (ν(a j,b j))]q =
min{a j,b j}

∑
s=0

q|µ|−s− j, ∀ ν(a j,b j) ∈ P1
ninv(λ ,µ).

Hence,

[Fλ ,µ :V (ν)]q=1 =


min{a j,b j}+1, if ν = νa j,b j ∈ P1

ninv(λ ,µ)

a j
ℓ+1, if ν = νa j

ℓ
∈ ℓPninv(λ ,µ)∀ (ℓ, j) ∈ [0,µ1]× [0,µ2]

0 otherwise.

4.3 Let (λ ,µ) ∈ P+(λ +µ,2) is a partition of second kind

It follows from Proposition 3.3.5 and Proposition 3.4.1(iii) that,

Fλ ,µ = F
ζ λ

µ ,ζ
µ

λ

⊕kerφ(λ ,µ),

kerφ(λ ,µ)∼=sl3[t]

µ2−λ2⊕
ℓ=1

⊕
(a1,a2)∈ℓSinv(λ ,µ)

τ
∗
µ1+λ2+ℓV (ζ λ

µ −(λ2+a1−2a2+ℓ)ω1−(µ1+a2−2a1+ℓ)ω2).

For (ℓ, j) ∈ Z2, let M̂λ
µ (ℓ, j) = max{0, |ζ µ

λ
|−λ2 − ℓ− 2 j}. Since for (λ ,µ), a partition of

second kind, (ζ λ
µ ,ζ

µ

λ
) is a partition of λ +µ of first kind, using 4.2, we get,

chqFλ ,µ

=
µ2−λ2

∑
ℓ=1

q|ζ
µ

λ
|+ℓ

(
∑

(a1,a2)∈ℓSinv(λ ,µ)

chgV (ζ λ
µ − (λ2 +a1 −2a2 + ℓ)ω1 − (µ1 +a2 −2a1 + ℓ)ω2)

)

+
λ2

∑
j=0

 µ1

∑
ℓ=0

 µ1−ℓ

∑
a j
ℓ=M̂λ

µ (ℓ, j)

chgV (η
j,ℓ

a j
ℓ

)

q|ζ
µ

λ
|−ℓ− j

+
λ2−1

∑
j=0

 ∑
(a1,a2)∈Sninv(ζ

λ
µ + jω2,ζ

µ

λ
− jω2)

chgV (η
j
(a1,a2)

)

q|ζ
µ

λ
|− j

where η
j,ℓ

a j
ℓ

= ζ λ
µ + jω2 +(λ2 − j)(ω1 −ω2)+(ℓ−a j

ℓ)ω1 − (µ1 − ℓ−2a j
ℓ)ω2 and η

j
(a1,a2)

=

ζ λ
µ + jω2 − (λ2 − j+ a j1 − 2a j2)ω1 − (µ1 + a j2 − 2a j1)ω2. Now, by comparing the coeffi-
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cients of ω1 and ω2 in the irreducible components of Fλ ,µ we determine the polynomials

[Fλ ,µ ;V (ν)]q.

First observe that for 1 ≤ ℓ≤ µ2 −λ2,

ℓSinv(λ ,µ) = µ2−λ2−rSinv(λ ,µ) for r = µ2 −λ2 − ℓ.

Therefore,

µ2−λ2−rSinv(λ ,µ)=

(a1,a2) ∈ Z2 :
0 ≤ a1 ≤ µ1, 0 ≤ a2 ≤ λ2

µ2 −λ1 − r ≤ a2 −a1 ≤ λ2 −µ1 + r

 ∀ 0≤ r ≤ µ2−λ2−1;

and

µ2−λ2−r−1Sinv(λ ,µ) = µ2−λ2−rSinv(λ ,µ)

∪

(a1,a2) ∈ Z2 :
0 ≤ a1 ≤ µ1, 0 ≤ a1 ≤ λ2,

a2 −a1 ∈ {µ2 −λ1 − r−1,λ2 −µ1 + r+1}

 .

(4.3.1)

(i). Given triplet of integers (r,a1,a2) with 1 ≤ r ≤ µ2 −λ2, (a1,a2) ∈ rSinv(λ ,µ) and

(ℓ, j,a j
ℓ) with 0 ≤ ℓ≤ µ1, , 0 ≤ j ≤ λ2, a j

ℓ ∈ [|ζ µ

λ
|−λ2 − ℓ−2 j,µ1 − ℓ]∩Z+,

ζ
λ
µ − (λ2 +a1 −2a2 + r)ω1 − (µ1 +a2 −2a1 + r)ω2

= ζ
λ
µ + jω2 +(λ2 − j)(ω1 −ω2)+(ℓ−a j

ℓ)ω1 − (µ1 − ℓ−2a j
ℓ)ω2

only if

1 −2

2 −1


a1

a2

=

1 −2

2 −1


a j

ℓ

λ2

+

 j− r− ℓ

2 j+ r+ ℓ

 i.e., when

(a1,a2) = (a j
ℓ+ j+ r+ ℓ,λ2 + ℓ+ r). This cannot happen since a2 ≤ λ2 and r ≤ 1.
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(ii) Given triplets of integers (µ2−λ2−ℓ,a1,a2) and (µ2−λ2−ℓ−s,b1,b2) with 0 ≤ ℓ≤

ℓ+ s ≤ µ2 −λ2 −1, (a1,a2) ∈ µ2−λ2−ℓSinv(λ ,µ) and (b1,b2) ∈ µ2−λ2−ℓ−sSinv(λ ,µ),

ζ
λ
µ − (λ2 +a1 −2a2 +µ2 −λ2 − ℓ)ω1 − (µ1 +a2 −2a1 +µ2 −λ2 − ℓ)ω2

= ζ
λ
µ − (λ2 +b1 −2b2 +µ2 −λ2 − ℓ− s)ω1 − (µ1 +b2 −2b1 +µ2 −λ2 − ℓ− s)ω2)

only if

 1 −2

−2 1


a1

a2

=

 1 −2

−2 1


b1

b2

−

s

s

 i.e., when

(a1,a2) = (b1 + s,b2 + s). (4.3.2)

For (ar,br) ∈ µ2−λ2−rSinv(λ ,µ), set

ϑ(ar,br) = ζ
λ
µ − (λ2 +ar −2br +µ2 −λ2 − r)ω1 − (µ1 +br −2ar +µ2 −λ2 − r)ω2,

Pinv(λ ,µ) ={ϑ(a0,b0) : (a0,b0) ∈ µ2−λ2Sinv(λ ,µ)}∪

µ2−λ2−1⋃
r=1

ϑ(ar,br) :
(ar,br) ∈ µ2−λ2−rSinv(λ ,µ),

br −ar ∈ {µ2 −λ1 − r,λ2 −µ1 + r}

 .

Then it follows from (4.3.1) and (4.3.2) that the distinct irreducible components of

Fλ ,µ that are parametrized by the elements of
µ2−λ2⋃
ℓ=1

ℓSinv(λ ,µ) are V (ϑ(ar,br)), with

ϑ(ar,br) ∈ Pinv(λ ,µ).

Thus, [Fλ ,µ : V (ϑ(ar,br))]q =
min{ar,br}

∑
s=0

q|µ|−r−s, for ϑ(ar,br) ∈ Pinv(λ ,µ).

(iii). Given a triplet of integers (ℓ,a1,a2) with 1 ≤ ℓ≤ µ2 −λ2, (a1,a2) ∈ ℓSinv(λ ,µ) and

( j,b1,b2) with 0 ≤ j ≤ λ2 −1, (b1,b2) ∈ Sninv(ζ
λ
µ + jω2,ζ

µ

λ
− jω2),

ζ
λ
µ − (λ2 +a1 −2a2 + ℓ)ω1 − (µ1 +a2 −2a1 + ℓ)ω2

= ζ
λ
µ − (λ2 +b1 −2b2 − j)ω1 − (µ1 +b2 −2b1 − j)ω2
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only if

 2 −1

−1 2


b1

b2

=

 2 −1

−1 2


a1

a2

+

−ℓ− j

−ℓ− j

 , i.e., when

(b1,b2) = (a1 − ℓ− j,a2 − ℓ− j). (4.3.3)

Hence using (4.3.3), we see,

if for some r = µ2 −λ2 − ℓ, ϑ(ar,br) = ν(a j,b j) with ϑ(ar,br) ∈ Pinv(λ ,µ) and ν(a j,b j) ∈

P1
ninv(ζ

λ
µ ,ζ

µ

λ
) then br − ar = b j − a j. However, by (4.2.1), for j ≥ 1, ν(a j,b j) ∈

P1
ninv(ζ

λ
µ ,ζ

µ

λ
) only if

b j −a j = µ2 −µ1 + j or λ2 −λ1 − j,

whereas, by (3.3.4),

λ2 −λ1 +(µ2 −λ2 − r)≤ br −ar ≤ µ2 −µ1 − (µ2 −λ2 − r),

with 0 ≤ r ≤ µ2 −λ2 − 1. As λ2 −λ1 − j < λ2 −λ1 +(µ2 −λ2 − r) and µ2 − µ1 −

(µ2 −λ2 − r)< µ2 −µ1 + j for all 0 ≤ r ≤ µ2 −λ2 −1 and j > 0, we see that in order

to determine the polynomials [F(λ ,µ) : V (η)]q it is sufficient to consider the cases

when ϑ(ar,br) = ν(a0,b0). Observe that

ζ
λ
µ − (λ2 +ar −2br + r)ω1 − (µ1 +br −2ar + r)ω2

= ζ
λ
µ − (λ2 +(ar − r)−2(br − r))ω1 − (µ1 +(br − r)−2(ar − r))ω2

and [λ2 −λ1 +(µ2 −λ2 − r),µ2 −µ1 − (µ2 −λ2 − r)]⊂ [λ2 −λ1,µ2 −µ1], for 0 ≤

r ≤ µ2 −λ2 −1, and setting,

P̃1
ninv(ζ

λ
µ ,ζ

µ

λ
) =

µ2−1⋃
j=0

ν(a j,b j) :
(a j,b j) ∈ Sninv(ζ

λ
µ + jω2,ζ

µ

λ
− jω2),

b j −a j ∈ {λ2 −µ1 + j,µ2 −λ1 − j}

 ,
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we get, [Fλ ,µ : V (ν(a j,b j))]q =
min{a j,b j}

∑
s=0

q|µ|−s− j, for νa j,b j ∈ P̃1
ninv(ζ

λ
µ ,ζ

µ

λ
).

Thus given a partition (λ ,µ) of λ +µ of the second kind, we have,

[Fλ ,µ :V (ν)]q=1 =



min{a j,b j}+1, if ν = νa j,b j ∈ P̃1
ninv(ζ

λ
µ ,ζ

µ

λ
),

a j
ℓ+1, if ν = νa j

ℓ
∈ ℓPninv(ζ

λ
ν ,ζ

µ

λ
), for(l, j) ∈ [0,µ1]× [0,λ2],

min{ar,br}+1 ifν = ϑ(ar,br) ∈ Pinv(λ ,µ)

0 otherwise

4.4 Littlewood-Richardson Coefficients

The following is an important consequence of the results obtained in this section.

Theorem 4.4.1. For λ ,µ,η ∈ P+, let cη

λ ,µ be the multiplicity of V (η) in the sl3(C)-module

V (λ )⊗V (µ).

i. Suppose (λ ,µ) is a partition of λ +µ of first kind with µ = µ1ω1. Let Pninv(λ ,µ1ω1)

be as defined in Section 4.1. Then

cη

λ ,µ =

 1, if η ∈ Pninv(λ ,µ1ω1)

0, otherwise,

ii. Suppose (λ ,µ) is a partition of λ + µ of first kind with µi > 0 for i = 1,2. Let

P1
ninv(λ ,µ) and ℓPninv(λ ,µ) be defined as in Section 4.2. Then

cη

λ ,µ =


min{a j,b j}+1, whenη = ν(a j,b j) ∈ P1

ninv(λ ,µ),

a j
ℓ+1, whenη = νa j

ℓ
∈ ℓPninv(λ ,µ), for(l, j) ∈ [0,µ1]× [0,µ2],

0 otherwise
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iii. Suppose (λ ,µ) is a partition of λ + µ of second kind. Let Pinv(λ ,µ), P̃1
ninv(ζ

λ
µ ,ζ

µ

λ
),

and ℓPninv(ζ
λ
ν ,ζ

µ

λ
) be defined as in Section 4.3. Then

cη

λ ,µ =



min{ar,br}+1, whenη = ϑ(ar,br) ∈ Pinv(λ ,µ),

min{a j,b j}+1, whenη = νa j,b j ∈ P̃1
ninv(ζ

λ
µ ,ζ

µ

λ
),

a j
ℓ+1, whenη = νa j

ℓ
∈ ℓPninv(ζ

λ
ν ,ζ

µ

λ
), for(l, j) ∈ [0,µ1]× [0,λ2],

0 otherwise



Part-II





Chapter 5

Borcherds Kac-Moody Lie superalgebra

Borcherds Kac-Moody Lie superalgebra (BKM superalgebra in short) is a natural generaliza-

tion of Kac-Moody Lie superalgebra. It can also be regarded as Z2-graded generalization of

Borcherds Kac-Moody Lie algebra. In this part of thesis, we study the free root spaces of

BKM Lie superalgebra and give two types of basis of it using combinatorial tool heaps of

pieces.

In this chapter, we set the notations, recall some basic notions and results from [56, 50] that

we shall use in the subsequent chapters. In this part of the thesis, we shall denote by I, a

countable (possibly infinite) set.

5.1 BKM Supermatrix and associated Lie superalgebra

Definition 5.1.1. A Z2-graded vector space V is a direct sum, V0 ⊕V1, of vector spaces. We

call elements of V0 (resp. V1) even (resp. odd). The non-zero elements of V0 ∪V1 are all

homogeneous. For any homogeneous element x ∈Vi, i ∈ Z2, we set x̄ = i, the degree of x.
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A Lie superalgebra is a Z2-graded vector space L=L0⊕L1 with Lie bracket, [ , ] :L×L→L

satisfying the following:

(i) [Li,L j]⊆ Li+ j for i, j ∈ Z2,

(ii) [a,b] =−(−1)āb̄[b,a],

(iii) (−1)āc̄[a, [b,c]]+ (−1)āb̄[b, [a,c]]+ (−1)b̄c̄[c, [a,b]] = 0

for all homogeneous elements a,b,c ∈ L

Remark 5.1.2. Any Lie superalgebra L is a Lie sub-superalgebra of gl(L) via the adjoint

action, where L is considered as a Z2-graded vector space.

Definition 5.1.3. Let Ψ be any subset of I. A real matrix A = (ai j)i, j∈I together with a choice

of Ψ is said to be a Borcherds-Kac-Moody supermatrix (BKM supermatrix in short) if the

following conditions are satisfied: For i, j ∈ I we have

(i) aii = 2 or aii ≤ 0.

(ii) ai j ≤ 0 if i ̸= j.

(iii) ai j = 0 if and only if a ji = 0.

(iv) ai j ∈ Z if aii = 2.

(v) ai j ∈ 2Z if aii = 2 and i ∈ Ψ.

Remark 5.1.4. A is said to be symmetrizable if there exists a diagonal matrix D= diag(di)i∈I

with positive entries such that DA is symmetric.

Definition 5.1.5. An index i ∈ I is said to be real if aii = 2 and imaginary if aii ≤ 0. Denote

by

Ire = {i ∈ I : aii = 2},

Ψre = Ψ∩ Ire,

Ψ0 = {i ∈ Ψ : aii = 0}

.
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Definition 5.1.6. The BKM Lie superalgebra associated with a BKM supermatrix (A,Ψ) is

the Lie superalgebra L(A,Ψ) generated by ei, fi,hi, i ∈ I with the following defining relations:

(i) [hi,h j] = 0 for i, j ∈ I,

(ii) [hi,e j] = ai je j, [hi, f j] =−ai j f j for i, j ∈ I,

(iii) [ei, f j] = δi jhi for i, j ∈ I,

(iv) deghi = 0, i ∈ I,

(v) degei = 0 = deg fi if i /∈ Ψ, degei = 1 = deg fi if i ∈ Ψ,

(vi) (ad ei)
1−ai je j = 0 = (ad fi)

1−ai j f j if i ∈ Ire and i ̸= j,

(vii) (ad ei)
1−

ai j
2 e j = 0 = (ad fi)

1−
ai j
2 f j if i ∈ Ψre and i ̸= j,

(viii) (ad ei)
1−

ai j
2 e j = 0 = (ad fi)

1−
ai j
2 f j if i ∈ Ψ0 and i = j, i.e., [ei,ei] = 0 = [ fi, fi] for

i ∈ Ψ0,

(ix) [ei,e j] = 0 = [ fi, f j] if ai j = 0.

The relations (vi)-(viii) are refered to as Serre relations of L.

The abelian Lie sub-superalgebra h spanned by {hi : i ∈ I} is called the Cartan subalgebra of

L(A,Ψ). Let {αi : i ∈ I} be the set of simple roots of L(A,Ψ), {αi : i ∈ Ψ = I1} be the set

of odd simple roots and {αi : i ∈ I0 = I \ I1} be the set of even simple roots of L(A,Ψ). If

aii > 0 for all i ∈ I then L(A,Ψ) is said to be Kac-Moody Lie superalgebra.

Remark 5.1.7. All finite dimensional semisimple Lie algebras and affine Lie algebras

are BKM algebras. However, all finite dimensional and affine Lie superalgebras are not

BKM Lie superalgebras. A simple finite dimensional Lie superalgebra L is a BKM super-

algebra if and only if L is of type A(m,0) = sl(m+1,1), A(m,1) = sl(m+1,2),B(0,n) =
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osp(1,2n),B(m,1)= osp(2m+1,2),C(n)= osp(2,2n−2),D(m,1)= osp(2m,2),D(2,1;α)

for α ̸= 0,−1, F(4), and G(3). An affine BKM Lie superalgebra is either a Kac-Moody Lie

superalgebra or has degenerate generalized symmetric Cartan matrix A = (0).

5.2 Quasi Dynkin diagram

Definition 5.2.1. Let G be a countable (possibly infinite) simple graph with vertex set V =

{αi : i ∈ I} and a subset Ψ ⊆ I. The vertices in V1 = {αi : i ∈ Ψ} (resp. V0 = {αi : i ∈ I\Ψ})

are called odd (resp. even) vertices of G. Such a graph (G,Ψ) with Z2-graded vertex set V

is called a supergraph. If A is the classical adjacency matrix of the graph G then the pair

(A,Ψ) is called the adjacency matrix of the supergraph (G,Ψ).

Definition 5.2.2. Let (A = (ai j),Ψ) be a BKM supermatrix and L be the associated BKM

superalgebra. The quasi Dynkin diagram of L is the supergraph (G,Ψ) with vertex set V

such that two vertices αi,α j ∈V are connected by an edge if and only if ai j ̸= 0. We often

refer to (G,Ψ) simply as the graph of L.

In other words, the quasi Dynkin diagram can be obtained from the Dynkin diagram of L by

replacing all the multi edges with a single edge. For any subset S ⊆ Π, we denote by |S| the

number of elements in S. The subgraph induced by the subset S is denoted by GS. A subset

S ⊆ Π is said to be connected if the corresponding subgraph GS is connected, and S is said to

be independent if GS is totally disconnected.

5.3 Root System

Definition 5.3.1. The formal root lattice Q is defined as the free abelian group generated

by αi, i ∈ I with a real valued bilinear form (αi,α j) = ai j. Let ∆ be root system of BKM
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superalgebra and ∆+ := ∆∩Q+ the set of positive roots where Q+ := ∑
i∈I

Z+αi is the positive

root lattice of L.

Definition 5.3.2. Define three functions ht : ∆ −→ N, supp : ∆ −→ P(I), and wt : ∆ −→ ZI
+

where P(I) denotes the power set of I such that for α = ∑kiαi ∈ ∆,

ht(α) = ∑ki

supp(α) = {i ∈ I : ki ̸= 0}

wt(α) := k = (ki : i ∈ I)

.

For α =
n
∑
j=1

m jα j ∈ ∆, the root space Lα is defined as

Lα = {x ∈ L : [h,x] = α(h)x ∀ h ∈ h}.

For i ∈ I, Lαi = Cei and L−αi = C fi. The root space Lα (resp. L−α ) is generated by the

brackets of an element of Lα1 m1-times with an element of Lα2 m2-times, ..., with an element

of Lαn mn-times, i.e., [ei j , [· · · [ei2,ei1 ]]] (resp. [ fi j , [· · · [ fi2, fi1]]] ). Such a root α is said to

be an odd root if the number of ik,1 ≤ k ≤ j, coming from I1 is odd otherwise it is an

even root, denoted as ∆1 and ∆0 respectively. So, a root space Lα is either contained in the

even part L0̄ or odd part L1̄ of the BKM superalgebra L. The dimension of root space Lα

is called the multiplicity of root α . All root spaces are finite dimensional. Observe that

dimLαi = 1 = dimL−αi , i ∈ I.

Definition 5.3.3. A root α = ∑
i∈I

kiαi ∈ Q+ having weight k = (ki : i ∈ I) is said to be a free

root, if ki ≤ 1 for i ∈ Ire ⊔Ψ0. A root α ∈ ∆ is called real if and only if (α,α)> 0 otherwise

we call it an imaginary root. The set of real roots is denoted by ∆re and imaginary roots by

∆im = ∆\∆re.
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It was shown in [56, Proposition 2.40] that for i∈ Iim, if α ∈ ∆+\{αi} such that supp(α+αi)

is connected then, for all j ∈ Z+, α + jαi ∈ ∆+. If α ∈ ∆ then supp(α) is connected.

Definition 5.3.4. The generalized Cartan decomposition of the BKM superalgebra L is

defined as

L∼= n−⊕h⊕n+, where n± =
⊕

α∈±∆+

Lα .

5.4 Weyl Group

For α ∈ ∆re, define the reflection sα along the hyperplane perpendicular to α by

sα(λ ) = λ − 2(λ ,α)

(α,α)
α.

The Weyl Group W of BKM superalgebra L is generated by simple reflections sα , α ∈ ∆re.

Also, bilinear form on L is W -invariant, i.e. (w(α),w(β )) = (α,β ) for all α,β ∈ ∆.

Define the length of w ∈W by length of reduced expression of w, denoted by ℓ(w). A vector

ρ ∈ h∗ such that 2(ρ,αi) = (αi,αi) for all i ∈ I is called the Weyl vector. Such a vector exist

only if there exists a non-degenerate bilinear form on h∗.

Remark 5.4.1. The Chevalley automorphism w of order 4 acting on BKM superalgebra L by

w(ei) =

 fi, if i ∈ Ψ

− fi, otherwise

5.5 Denominator identity

Let Ω be the set of all γ ∈ Q+ such that
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(i) γ = ∑
r
j=1 αi j + ∑

s
k=1 likβik where the αi j (resp. βik) are distinct even (resp. odd)

imaginary simple roots,

(ii) (αi j ,αik) = (βi j ,βik) = 0 for j ̸= k; (αi j ,βik) = 0 for all j,k;

(iii) If lik ≥ 2, then (βik ,βik) = 0.

The following denominator identity of BKM superalgebras is proved in [56, Section 2.6]:

∑
w∈W

∑
γ∈Ω

ε(w)ε(γ)ew(ρ−γ)−ρ =
∏α∈∆0

+
(1− e−α)mult(α)

∏α∈∆1
+
(1+ e−α)mult(α)

(5.5.1)

where mult(α) = dimLα , ε(w) = (−1)l(w) and ε(γ) = (−1)htγ .

Remark 5.5.1. If Ψ is the empty set then Equation (5.5.1) reduces to the denominator

identity of the Borcherds algebras. Further, if Iim is also empty, then Equation (5.5.1) reduces

to the denominator identity of the Kac-Moody algebras.

5.6 Free partially commutative Lie superalgebras

Let (G,Ψ) be a supergraph with a vertex set V = {αi : i ∈ I} and edge set E(G). =V0 ⊔V1

where Vj = {αi : i ∈ I j} for j ∈ {0,1} and edge set E(G). V is totally ordered with respect

to the order induced from set I. Let V ∗ be the free monoid generated by V . Note that V ∗ is

totally ordered with respect to the lexicographic order. A word w ∈V ∗ is called even if the

number of alphabets from V1 in w is even and odd otherwise. This defines a Z2−gradation

on V ∗. First, we define the free Lie superalgebra on a Z2-graded set V =V0 ⊔V1.

Definition 5.6.1. Let V be the Z2-graded vector space with basis V and T (V) be the tensor

algebra on V . The algebra T (V) has an induced Z2-gradation, which makes it an associative

superalgebra with basis V ∗. Clearly, T (V) has a natural Lie superalgebra structure. The free
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Lie superalgebra on the superset, V denoted by FLS(V ), is defined to be the smallest Lie

sub-superalgebra of T (V) containing V .

If V1 is an empty set, then FLS(V ) is a free Lie algebra on the set V0.

Definition 5.6.2. Let J be the ideal in FLS(V ) generated by the relations {[αi,α j] :

(αi,α j) /∈ E(G)}. The quotient algebra FLS(V )
J , denoted by LS(G,Ψ), is the free par-

tially commutative Lie superalgebra associated with the supergraph (G,Ψ). When Ψ = I1

is the empty set, LS(G,Ψ) is the free partially commutative Lie algebra associated with the

graph G and is denoted by L(G). It is well-known that FLS(V ) and hence LS(G,Ψ) is

graded by ZI
+.

5.7 Free partially commutative super monoid

Let M(V,G,Ψ) :=V ∗/∼ be the free partially commutative super monoid associated with a

supergraph (G,Ψ), where ∼ is generated by the relations ab ∼ ba, if (a,b) /∈ E(G). Observe

that M(V,G,Ψ) has a natural Z2-gradation induced from the Z2-gradation of V ∗. When Ψ is

empty, M(V,G,Ψ) is called the free partially commutative monoid associated with the graph

G and denoted simply by M(V,G).

Associate with each element [a] ∈ M(V,G,Ψ) a unique element ã ∈V ∗ which is the maximal

element in [a] with respect to the lexicographic order. This element is called the standard

word of the class [a] and it is denoted by st([a]). A total order on M(V,G,Ψ) is then given

as follows:

[a]< [b]⇔ st [a]< st [b]. (5.7.1)



5.8 Heaps monoid 89

5.8 Heaps monoid

We now recall essential definitions from the theory of heaps of pieces to define pyramids and

Lyndon heaps from [44].

5.8.1 Heaps of pieces

Let (G,Ψ) be a supergraph with a vertex set V = {αi : i ∈ I} and edge set E(G). V is totally

ordered with respect to order induced from set I. Define a relation ζ on the set, V such

that aζ b for a,b ∈ V , if a and b are connected by an edge in the super graph (G,Ψ), i.e.,

(a,b) ∈ E(G).

A pre-heap E over (V,ζ ) is a finite subset of V ×{0,1,2, . . .} satisfying, if (a,m),(b,n) ∈ E

with aζ b, then m ̸= n. Each element (a,m) of E is called a basic piece. For (a,m) ∈ E, the

position and level of the piece (a,m) is denoted by

π(a,m) = a, h(a,m) = m.

A basic piece will be simply denoted by a when we do not need to emphasize its level. The

set π(E) is defined to be the set of all positions occupied by the pieces of E.

A partial order ≤E is defined on a pre-heap E as follows:

(a,m)≤E (b,n) if aζ b and m < n.

Two pre-heaps E and F are said to be isomorphic if there exists a position preserving order

isomorphism φ between (E,≤E) and (F,≤F).

A heap E over (V,ζ ) is a pre-heap over (V,ζ ) such that: if (a,m) ∈ E with m > 0 then there

exists (b,m−1) ∈ E such that aζ b. Every isomorphism class of pre-heaps contains exactly
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one heap, and this is the unique pre-heap E in the class for which ∑
(a,m)∈E

h(a,m) is minimal.

Observe that, for any αi ∈V , {(αi,1)} is also a heap, which we shall denote by αi.

Remark 5.8.1. The graph G can have a countably infinite number of vertices, but each heap

E over the graph G has only a finite number of pieces by definition.

Let H(V,ζ ) denote the set of all heaps over (V,ζ ). Let |E| denote the number of pieces in E

and for a ∈V , |E|a denote the number of pieces of E in the position a. Define a map

H(V,ζ )−→ ZI
+

by E 7→ (ki)i∈I where ki is the number of pieces of E at position αi, i.e.,

ki = |{(a,m) ∈ E : π(a,m) = αi}|= |E|αi

This defines a natural ZI
+-gradation on the set H(V,ζ ) of all heaps. Let Hk(V,ζ ) be the

set of all heaps of grade k for k = (ki)i∈I ∈ ZI
+.

Define the superposition E ◦F , of F over E, as heap F ‘falls’ over E. H(V,ζ ) is a monoid

with product as superposition of heaps. Define a map

ψ : V ∗ →H(V,ζ )

by, ψ(p1 p2 · · · pk) = p1 ◦ p2 ◦ · · · ◦ pk. Observe that ψ−1(E) is the set of all linear orders

compatible with ≤E . Since M(V,G,Ψ) =V ∗/∼ where a ∼ b means (a,b) /∈ E(G), it is clear

that ψ extends to grade and order-preserving isomorphism of the monoids M(V,G,Ψ) and

H(V,ζ ). This defines a total order on H(V,ζ ). It also defines a Z2-grading, H(V,ζ ) =

H0(V,ζ )⊕H1(V,ζ ) where H0(V,ζ ) (resp. H1(V,ζ )) consists of all those heaps in which

the number of pieces coming from V1 is even (resp. odd). The standard word of a heap E is

defined to be st(E) = st(ψ−1(E)) [c.f. Equation (5.7.1)].
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5.8.2 Pyramids and Lyndon heaps

For a heap E, minE is the heap composed of minimal pieces of E with respect to ≤E , i.e.,

set of pieces of heap E of level 1. A heap E such that minE = {a} is said to be a pyramid

with the basis a.

A heap E is said to be periodic if there exists a heap F ̸= 0 (0 - empty heap) and an integer

k ≥ 2 such that E = Fk. Similarly, E is primitive if E =U ◦V =V ◦U implies either U = 0

or V = 0. If the minimum piece of pyramid has the lowest position (with respect to the total

order on I) then such a pyramid is known as admissible pyramid.

A pyramid E with the basis {p} such that |E|p= 1 is said to an elementary pyramid.

An admissible pyramid that is also elementary is known as a super-letter. The set of all

super-letters in H(V,ζ ) is denoted by A(V,ζ ).

Let E be a heap. If E = U ◦V for some heaps U and V, we say that V ◦U is a transpose of E.

The transitive closure of transposition is an equivalence relation on H(V,ζ ), which we call

the conjugacy relation of heaps and is denoted by ∼c.

A non-empty heap E is said to be Lyndon if E is primitive and minimal in its conjugacy class.

Let LH(V,ζ ) denote the set of all Lyndon heaps over the super graph (G,Ψ).

The following diagram is an example of Lyndon heap. All the diagrams of heaps and Lyndon

heaps in this chapter has the following assumptions: Let G be path graph on vertex set

V = {α1,α2,α3,α4} and α1 < α2 < α3 < α4.

Example 5.8.2. A Lyndon heap over the path graph on 4 vertices.
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α1 α3α2 α4

α1

α1

α2

α3

α3

α4

This is example of Lyndon heap E = α1α2α3α1α4α3.

Using Lyndon heaps, there is a Lyndon heaps basis defined for free partially commutative

Lie algebras, we will generalize this notion to super Lyndon heaps and construct a basis of

free partially commutative Lie superalgbera. Then we identify the free root spaces of a BKM

superalgebra with the grade spaces of free partially commutative Lie superalgebra. This

identification helps to construct one type of basis, known as the Lyndon heaps basis, for the

free root spaces of a BKM superalgebra L.



Chapter 6

Basis of free root spaces

This chapter’s objective is to introduce two types of free root space basis, namely Lyndon

heaps basis and Lyndon Left Normed (LLN) basis. Throughout this chapter, we fix a tuple

k = (ki : i ∈ I) ∈ ZI
+ such that ki ≤ 1 for i ∈ Ire ⊔Ψ0. Set, η(k) = ∑kiαi and wt(η(k)) = k.

6.1 Main Result I: Lyndon heaps basis of free root spaces

The aim of this section is to identify the free root spaces of a BKM superalgebra with the

grade spaces of free partially commutative Lie superalgebra. This identification helps to

construct the Lyndon basis for the free root spaces of a BKM superalgebra L.

We begin by recalling the definition of standard factorization of Lyndon heaps and the Lyndon

heaps basis of Lalonde from [43].

Definition 6.1.1. If E is a Lyndon heap then the standard factorization Σ(E) of E is given by

Σ(E) = (F,N), where

1. F ̸= 0 (empty heap)
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2. E = F ◦N

3. N is Lyndon

4. N is minimal in the total order on H(V,ζ ).

We associate a Lie monomial Λ(E) in L(G) corresponding to each Lyndon heap E ∈H(V,ζ )

in the following way.

Λ(E) =

 αi if E = αi ∈V

[Λ(F1),Λ(F2)] if Σ(E) = (F1,F2)

The following theorem gives the Lyndon basis of the free partially commutative Lie algebra

L(G).

Theorem 6.1.2. [43] The set {Λ(E) : E ∈H(V,ζ ) is a Lyndon heap} forms a basis of L(G).

6.1.1 The identification of the spaces Lη(k) and LSk(G)

Let LS(G,Ψ) be the free partially commutative Lie superalgebra associated with the super-

graph (G,Ψ). The following lemma establishes a natural vector space isomorphism between

the root space Lη(k) of L and the grade space LSk(G,Ψ) of LS(G,Ψ).

Lemma 6.1.3. Let η(k) = ∑kiαi ∈ ∆+ with wt(η(k)) = k = (ki : i ∈ I) ∈ ZI
+ such that

ki ≤ 1 for i ∈ Ire ⊔Ψ0. Then

(i) The root space Lη(k) can be identified with the grade space LSk(G). In particular,

dimLη(k) = dimLSk(G,Ψ).

(ii) The root space Lη(k) is independent of the Serre relations.
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Proof. The positive part n+ of L can be written as (
⊕

α∈∆+
free

Lα)
⊕

(
⊕

α∈∆+
non-free

Lα). Using the

defining relation (ix) of L, there exist a natural grade preserving surjective map

ϒ : LS(G,Ψ)↠ n+

given by αi 7→ ei. Using the defining relations (vi)-(viii) of L, we see that the kernel of this

map is generated by the elements

(ad αi)
1−ai jα j if i ∈ Ire and i ̸= j,

(ad αi)
1−

ai j
2 α j if i ∈ Ψ

re and i ̸= j, and

(adαi)
1−

ai j
2 α j if i ∈ Ψ0 and i = j

of LS(G,Ψ). Observe that in all these elements, some αi’s (corresponding to a real simple

root or an odd simple root of norm zero) occur at least twice. Since ϒ preserves the grading,

the grade space LSk(G,Ψ) is injectively mapped onto the free root space Lη(k) of L by our

assumption on k. This completes the proof.

6.1.2 Super Lyndon heaps and the standard factorization

We have seen in Theorem 6.1.2 that the Lyndon heaps in H(V,ζ ) parameterizes a basis for

free partially commutative Lie algebra L(G). Now we generalize this result to free partially

commutative Lie superalgebras by introducing the notion of super Lyndon heaps.

Definition 6.1.4. A heap E ∈H(V,ζ ) =H0(V,ζ )⊕H1(V,ζ ) is said to be a super Lyndon

heap if E satisfies one of the following conditions:

• E is a Lyndon heap.
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• E = F ◦F where F ∈H1(V,ζ ) is Lyndon.

Let SLH(V,ζ ) be the set of all super Lyndon heaps over the supergraph (G,Ψ).

Example 6.1.5. A super Lyndon heap over the path graph on 4 vertices with I1 = {α1,α2,α3}

and I0 = {α4} is the following.

α1 α3α2 α4

α1

α2

α2

α3

α3α1

This is an example of a super Lyndon heap E = α1α2α3α1α2α3 with F = α1α2α3, a Lyndon

heap in H1(V,ζ ).

Definition 6.1.6. Let E be a super Lyndon heap in H(V,ζ ). If E = F ◦F where F is a

Lyndon heap in H1(V,ζ ) then Σ(E) = (F,F) is the standard factorization of E. We associate

a Lie word Λ(E) in LS(G) corresponding to each super Lyndon heap E ∈H(V,ζ ) as follows

Λ(E) =

 αi if E = αi ∈V

[Λ(F1),Λ(F2)] if Σ(E) = (F1,F2)
.

6.1.3 Basis of free partially commutative Lie superalgebras

The following theorem is the main result of this section. Here we construct the Lyndon heaps

basis for free partially commutative Lie superalgebras.

Theorem 6.1.7. The set {Λ(E) : E ∈H(V,ζ ) is super Lyndon} forms a basis of LS(G,Ψ).
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The rest of the section is dedicated to the proof of the above theorem. The proof of the

following lemma is immediate.

Lemma 6.1.8. Let E ∈ SLHk(V,ζ ). Then Λ(E) = ∑
F∈SLHk(V,ζ )

αFF where αF ∈ Z. Since

there are finite number of heaps of degree k, the sum is a finite sum.

Proposition 6.1.9. The set H(V,ζ ) parameterizes a basis for the universal enveloping

algebra of the free partially commutative Lie superalgebra LS(G,Ψ).

Proof. Let U be the C-span of the heaps monoid H(V,ζ ) associated with the supergraph

(G,Ψ). Then U has an algebra structure induced from the multiplication in H(V,ζ ). This is

the free partially commutative superalgebra associated with the supergraph (G,Ψ). Since

it is the smallest associative superalgebra containing LS(G), U is the universal enveloping

algebra of the Lie superalgebra LS(G,Ψ).

Proposition 6.1.10. Let L be a super Lyndon heap of weight k over the supergraph (G,Ψ).

Put Λ(L) = ∑
E∈SLHk(V,ζ )

αEE. Then

(i) αL = 1 if L is a Lyndon heap

(ii) αL = 2 if L = L1 ◦L1, L1 is Lyndon heap in H1(V,ζ )

(iii) If αE ̸= 0 then E ≥ L.

Proof. If E is a Lyndon heap, then part(i) and (iii) follow from [43, Theorem 4.2].

(ii) Let L = L1 ◦L1 where L1 is Lyndon heap in H1(V,ζ ). We have,

Λ(L) = [Λ(L1),Λ(L1)]

= [ ∑
E≥L1

αEE, ∑
E ′≥L1

αE ′E ′] (Using part(i) and (iii)) for Lyndon heaps)

= [L1,L1]+ ∑
E>L1
E ′>L1

αEαE ′[E,E ′]+ ∑
E>L1

αE [E,L1]+ ∑
E ′>L1

αE ′[L1,E ′]

= 2L+∑K>L αKK.
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This proves (ii).

(iii) Since, st(E ◦E
′
)≥ st(E) ·st(E ′

)> st(L1) ·st(L1)=: st(L1◦L1), this implies, E ◦E
′
> L.

Similarly, we have E
′ ◦E > L. Also, E ◦L1 > L, L1 ◦E > L. Hence (iii) follows.

Corollary 6.1.11. The set B = {Λ(L) : L is a super Lyndon heap} is linearly independent in

LS(G,Ψ).

Proof. Assume that

∑
L∈B

βLΛ(L) = 0, βL ∈ C

where all but finitely many βL are zero. Then by the Proposition 6.1.10, we have

∑
L∈B

βL

(
∑

E≥L
wt(E)=wt(L)

αEE
)
= 0

∑
L∈B

βL

αLL+ ∑
E>L

wt(E)=wt(L)

αEE

= 0 where αL =


1, if L ∈ LH(V,ζ )

2, if L = E ◦E, E ∈H1(V,ζ )

This implies,

∑
L∈LH(V,ζ )

βLL+2 ∑
L=E◦E

E∈LH1(V,ζ )

βLL+ ∑
L∈B

∑
E>L

wt(E)=wt(L)

βLαEE = 0

Since LS is graded space, for each k in the grade space LSk(G,Ψ), we get,



∑
L∈LHk(V,ζ )

βLL+ ∑
E>L

wt(E)=wt(L)
E∈SLHk(V,ζ )

βLαEE = 0 , if ki is odd for some i ∈ supp(k)

∑
L∈LHk(V,ζ )

βLL+2 ∑
L∈LHk(V,ζ )

L=E◦E
E∈LH1(V,ζ )

βLL+ ∑
E>L

wt(E)=wt(L)
L∈SLHk(V,ζ )

βLαEE = 0 , otherwise.
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Since heaps form a basis of U=C(H(V,ζ )) it follows that βL = 0 for all L ∈ B in the above

equations. This completes the proof.

Proposition 6.1.12. Let L and M be super Lyndon heaps such that L < M. Then

[Λ(L),Λ(M)] = ∑
N∈SLH(V,ζ )

N<M
deg(N)=deg(L◦M)

αNΛ(N).

Proof. We prove the result by considering the three different cases.

Case (i):- Suppose L,M are Lyndon heaps satisfying L < M, then result follows from [43,

Theorem 4.4].

Case (ii):- Suppose exactly one of L,M is a super Lyndon heap. Without loss of generality,

assume that L = L1 ◦L1 where L1 is Lyndon heap in H1(V,ζ ) and M is an arbitrary Lyndon

heap. Now,

[Λ(L),Λ(M)] = [[Λ(L1),Λ(L1)],Λ(M)]

= 2[Λ(L1), [Λ(L1),Λ(M)]]

= 2[Λ(L1), ∑
N1∈LH(V,ζ )

N1<M
deg(N1)=deg(L1◦M)

αN1Λ(N1)] (∵ L1 < L1 ◦L1 = L < M)

= 2 ∑
N1∈LH(V,ζ )

N1<M
deg(N1)=deg(L1◦M)

αN1[Λ(L1),Λ(N1)]

= 2

 ∑
N1∈LH(V,ζ )

L1<N1<M
deg(N1)=deg(L1◦M)

αN1[Λ(L1),Λ(N1)]+ ∑
N1∈LH(V,ζ )

N1<L1
deg(N1)=deg(L1◦M)

αN1[Λ(L1),Λ(N1)]


Using case (i) in the first term of the above equation, we get,
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∑
N1∈LH(V,ζ )

L1<N1<M
deg(N1)=deg(L1◦M)

αN1[Λ(L1),Λ(N1)] = ∑
N1∈LH(V,ζ )

N1<M
deg(N1)=deg(L1◦M)

αN1

 ∑
N2∈LH(V,ζ )

N2<N1<M
deg(N2)=deg(L1◦N1)=deg(L◦M)

αN2Λ(N2)



= ∑
N2∈LH(V,ζ )

N2<M
deg(N2)=deg(LoM)

 ∑
N′∈LH(V,ζ )

N2<N′<M
deg(N′)=deg(L1◦M)

αN′


︸ ︷︷ ︸

some constant cN2

αN2Λ(N2)

= ∑
N2∈LH(V,ζ )

N2<M
deg(N2)=deg(L◦M)

(cN2αN2)Λ(N2)

For the second summation, [Λ(L1),Λ(N1)] = −(−1)aN1 bL1 [Λ(N1),Λ(L1)] where aN1,bL1 ∈

{0,1} according to N1,L1 ∈Hi(V,ζ ) for i ∈ {0,1}. Therefore,

[Λ(L1),Λ(N1)] =−(−1)aN1bL1 ∑
K∈LH(V,ζ )

K<L1<M
deg(K)=deg(N1◦L1)=deg(L◦M)

αKΛ(K)

∑
N1∈LH(V,ζ )

N1<M
deg(N1)=deg(L1◦M)

L1>N1

αN1 [Λ(L1),Λ(N1)] =− ∑
N1∈LH(V,ζ )

N1<M
deg(N1)=deg(L1◦M)

αN1

(−1)aN1bL1 ∑
K∈LH(V,ζ )

K<L1<M
deg(K)=deg(L◦M)

αKΛ(K)



=− ∑
K∈LH(V,ζ )

K<M
deg(K)=deg(L◦M)

 ∑
N′∈LH(V,ζ )

K<N′<M
deg(N′)=deg(L1◦M)

(−1)aN′bL1 αN′


︸ ︷︷ ︸

constant cK

αKΛ(K)

= ∑
K∈LH(V,ζ )

K<M
deg(K)=deg(L◦M)

α ′
KΛ(K) where α ′

K =−cKαK.
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Thus,

[Λ(L),Λ(M)] = 2
(

∑
N2∈LH(V,ζ )

N2<M
deg(N2)=deg(L◦M)

(cN2αN2)Λ(N2)+ ∑
K∈LH(V,ζ )

K<M
deg(K)=deg(L◦M)

α
′
KΛ(K)

)
.

Case (iii):- Suppose L = L1 ◦L1, M = M1 ◦M1 where L1,M1 are Lyndon heaps in H1(V,ζ )

satisfying L < M. Then

[Λ(L),Λ(M)] = [[Λ(L1),Λ(L1)],Λ(M)]

= 2[Λ(L1), [Λ(L1),Λ(M)]]

= 2[Λ(L1), ∑
N∈LH(V,ζ )

N<M
deg(N)=deg(L1◦M)

αNΛ(N)] (by the previous case)

= 2 ∑
N∈LH(V,ζ )

N<M
deg(N)=deg(L1◦M)

αN [Λ(L1),Λ(N)]

= 2
(

∑
N∈LH(V,ζ )

L1<N<M
deg(N)=deg(L1◦M)

αN [Λ(L1),Λ(N)]+ ∑
N∈LH(V,ζ )

N<M and L1>N
deg(N)=deg(L1◦M)

αN [Λ(L1),Λ(N)]
)

For those N ∈ LH(V,ζ ) such that, L1 < N then by first case,

[Λ(L1),Λ(N)] = ∑
K∈LH(V,ζ )

K<N<M
deg(K)=deg(L1◦N)

βKΛ(K)

⇒ ∑
N∈LH(V,ζ )

N<M
deg(N)=deg(L1◦M)

L1<N

αN [Λ(L1),Λ(N)] = ∑
N∈LH(V,ζ )

N<M
deg(N)=deg(L1◦M)

αN

 ∑
K∈LH(V,ζ )

K<M
deg(K)=deg(L◦M)

βKΛ(K)


= ∑

K∈LH(V,ζ )
K<M

deg(K)=deg(L◦M)

α ′
KΛ(K)
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For N ∈ LH(V,ζ ) such that L1 > N we have,

[Λ(L1),Λ(N)] =−[Λ(N),Λ(L1)] =− ∑
N∈LH(V,ζ )

K2<L1
deg(K2)=deg(N◦L1)

βK2Λ(K2)

∑
N∈LH(V,ζ )

N<M
deg(N)=deg(L1◦M)

L1>N

αN [Λ(L1),Λ(N)] = ∑
N∈LH(V,ζ )

N<M
deg(N)=deg(L1◦M)

αN

(
∑

K2∈LH(V,ζ )
K<L1<M

deg(K2)=deg(L◦M)

βK2Λ(K2)
)

= ∑
K2∈LH(V,ζ )

K2<M
deg(K2)=deg(L◦M)

α
′
K2

Λ(K2)

[Λ(L),Λ(M)] = 2
(

∑
K∈LH(V,ζ )

K<M
deg(K)=deg(L◦M)

α
′
KΛ(K)+ ∑

K2∈LH(V,ζ )
K2<M

deg(K2)=deg(L◦M)

α
′
K2

Λ(K2)
)

This completes the proof.

By the above proposition, the Lie subsuperalgebra generated by B = {Λ(L) : L is super

Lyndon heap} in LS(G,Ψ) contains V . So this subalgebra is equal to LS(G,Ψ). This

completes the proof of Theorem 6.1.7 and in turn, gives the Lyndon basis for the free roots

spaces of BKM superalgebra L whose associated supergraph is (G,Ψ) [c.f Lemma 6.1.3].

Example 6.1.13. Consider the BKM superalgebra L associated with the BKM supermatrix

A =



2 −1 0 0 0 0

−1 −3 −4 −1 0 0

0 −4 −4 0 0 −1

0 −1 0 2 −1 0

0 0 0 −1 −2 0

0 0 −1 0 0 −3


.

The quasi-Dynkin diagram G of L is as follows:
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α1 α2

α3

α4

α6

α5

We have I = {1,2,3,4,5,6},Ψ = {3,5} and Ire = {1,4}. Assume the natural total order on I.

Let k = (0,0,3,0,0,3) ∈ Z+[I]. Then η(k) = 3α3 +3α6 ∈ ∆1
+. Fix i = 3 (minimal element

in the support of k), then the super Lyndon heaps of weight η(k) are

{α3α3α6α6α3α6, α3α3α3α6α6α6, α3α3α6α3α6α6}

with standard factorization Σ(α3α3α6α6α3α6) = (α3α3α6α6,α3α6), Σ(α3α3α3α6α6α6) =

(α3,α3α3α6α6α6) and Σ(α3α3α6α3α6α6) = (α3,α3α6α3α6α6). The associated Lie mono-

mials

{
[[e3, [[e3,e6],e6]], [e3,e6]], [e3, [e3, [[[e3,e6],e6],e6]]], [e3, [[e3,e6], [[e3,e6],e6]]]

}

spans Lη(k). We have dimLη(k) = 3 [c.f. Example 7.3.6]. So these Lie monomials form a

basis for Lη(k).

Example 6.1.14. Consider the BKM superalgebra L associated with the BKM supermatrix

A =



2 −1 0 0 0 0

−1 −3 −1 0 0 0

0 −2 −4 −1 0 0

0 0 −1 2 −1 0

0 0 0 −1 −2 −1

0 0 0 0 −1 −3


.
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The quasi-Dynkin diagram G of L is as follows:

α1 α2 α3 α4 α6 α5

We have I = {1,2,3,4,5,6}, Ψ = {3,5}, Ire = {1,4},η(k) = 2α3+α4+2α5+α6. Assume

the natural total order on I. Fix i = 3, observe that the Lyndon heaps of weight η(k)

are {α3α3α4α5α5α6, α3α3α4α5α6α5} with standard factorizations, Σ(α3α3α4α5α6α5) =

(α3,α3α4α5α6α5) and Σ(α3α3α4α5α5α6) = (α3,α3α4α5α5α6). The associated Lie mono-

mials are

{[e3, [e3, [e4, [[e5,e6],e5]]]], [e3, [e3, [e4, [e5, [e5,e6]]]]]}

which form a spanning set of Lη(k). Since dimLη(k) = 2 [c.f. Example 7.3.7]. These Lie

monomials form a basis of Lη(k).

6.2 Main result II: LLN basis of free root spaces

In this section, we extend the [3, Theorem 2] to the case of free root spaces of BKM Lie

superalgebras L. In what follows in this section, we use the super-Jacobi identity (up to sign)

to prove our results.

6.2.1 Initial alphabet and Left normed Lie word associated with a word

Given [w̃] ∈ M(V,G,Ψ) [c.f. Section 5.7] and w = b1 · · ·br be an element in the class [w̃].

We define,

length of w = |w|= r

|i(w)| = |{ j : b j = αi}| ∀ i ∈ I

supp(w) = {i ∈ I : |i(w)|̸= 0}

wt(w) = ∑
i∈I
|i(w)|αi.
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For i ∈ I, the initial multiplicity of αi in w is defined to be the largest k ≥ 0 for which there

exists u ∈ M(V,G,Ψ) such that w = αk
i u. We define the initial alphabet IAm(w) of w to be

the multiset in which each αi ∈ I occurs as many times as its initial multiplicity in w. The

underlying set is denoted by IA(w). The left normed Lie word associated with w is defined

by

e(w) = [[· · · [[eb1,eb2],eb3 ] · · · ,ebr−1]ebr ] ∈ L. (6.2.1)

Using the Jacobi identity, it is easy to see that the association w 7→ e(w) is well-defined and

preserves the Z2−grading.

6.2.2 Lyndon words and their Standard factorization

For a fixed i0 ∈ I (which is assumed to be minimal in the total order on I), consider the set

Xi0 = {w ∈ M(V,G,Ψ) : IAm(w) = {αi0} and |i0(w)|= 1}.

Using (5.7.1) Xi0 (and hence X ∗
i0) is totally ordered and Z2−graded. We denote by FLS(Xi0)

the free Lie superalgebra generated by Xi0 = Xi0,0 ⊔Xi0,1 where Xi0,0 (resp. Xi0,1) is the set

of even (resp. odd) elements in Xi0 .

Universal property of the free Lie superalgebra FLS(Xi0): Let l be a Lie superalgebra

and Φ : Xi0 → l, a set map that preserves the Z2 grading. Then Φ can be extended to a Lie

superalgebra homomorphism Φ : FLS(Xi0)→ l.

Definition 6.2.1. A non–empty word w ∈ X ∗
i0 is called a Lyndon word if it satisfies one of

the following equivalent definitions:

• w is strictly smaller than any of its proper cyclic rotations.

• w ∈ Xi0 or w = uv for Lyndon words u and v with u < v.
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We say, w = uv is a standard factorization of Lyndon word w when u,v are Lyndon words

such that u < v and v is of maximal possible length satisfying this property. The standard

factorization of w is denoted by σ(w) = (u,v).

6.2.3 Super Lyndon words and their associated Lie word

Definition 6.2.2. A word w ∈ X ∗
i0 is said to be super Lyndon if w satisfies one of the

following conditions [19]:

• w is a Lyndon word.

• w = uu where u ∈ X ∗
i0,1 is Lyndon. In this case, we define w = uu is the standard

factorization of w, i.e., σ(w) = (u,u).

We will use Lyndon words (resp. super Lyndon words) to construct a basis for the Borcherds

Lie algebras (resp. BKM Lie superalgebras). To each super Lyndon word w ∈ X ∗
i0 , we

associate a Lie word L(w) in FLS(Xi0) as follows.

• If w ∈ Xi0 , then L(w) = w.

• If w = uv is the standard factorization of w, then L(w) = [L(u),L(v)].

For more details about Lyndon words and super Lyndon words, see [20, 45, 52]. The

following result can be seen in [20, 45] and the basis constructed there is known as the

Lyndon basis for free Lie superalgebras.

Proposition 6.2.3. The set {L(w) : w ∈ X ∗
i0 is super Lyndon} forms a basis of FLS(Xi0).

Corollary 6.2.4. If the set Xi0,1 is empty then FLS(Xi0) becomes the free Lie algebra

FL(Xi0). In this case, {L(w) : w ∈ X ∗
i0 is Lyndon} forms a basis of FL(Xi0).
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6.2.4 LLN basis of BKM superalgebras

In this section, we construct another basis of free root spaces, which is known as Lyndon

Left Normed (LLN) basis.

Define a map

Φ : Xi0 → L, Φ(w) = e(w)

where e(w) is the left normed Lie word associated with w. The map Φ preserves the Z2

grading. By the universal property, we have a Lie superalgebra homomorphism

Φ : FLS(Xi0)→ L, w 7→ e(w) ∀ w ∈ Xi0 . (6.2.2)

Since Φ preserves the Q+-grading and L can be infinite-dimensional, the map Φ need not be

surjective. Let L(i0) be the image of the homomorphism Φ in L. Then L(i0) is Q+-graded

Lie sub-superalgebra of L generated by {e(w) : w ∈ Xi0}. Observe that Φ maps any basis

of the free Lie superalgebra FLS(Xi0) to L(i0) and the image spans L(i0). For any root

η(k) = ∑kiαi ∈Q+ satisfying ki ≤ 1 for i ∈ Ire ⊔Ψ0, we construct a basis for the root space

Lη(k) from this spanning set. This is done by identifying the following combinatorial model

from [3] with the set of super Lyndon heaps of weight k.

Ci0(k,G) = {w ∈ X ∗
i0 : w is a super Lyndon word, wt(w) = η(k)}, ι(w) := Φ◦L(w).

(6.2.3)

This basis is known as Lyndon Left Normed (LLN) basis.

Theorem 6.2.5. With the notations as defined above, the set
{

ι(w) : w ∈Ci0(k,G)
}

is a

basis of the root space Lη(k). Moreover, if ki0 = 1, the set {e(w) : w ∈ Xi0, wt(w) = η(k)}

forms a left-normed basis of Lη(k).

We need the following lemmas in order to prove the theorem.
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Lemma 6.2.6. The root space Lη(k) = L(i0)η(k) for η(k) = ∑kiαi ∈Q+ satisfying ki ≤ 1

for i ∈ Ire ⊔Ψ0.

Lemma 6.2.7. With the notations as above, we have

|Ci0(k,G)|= dimFLSk(Xi0) = dimLSk(G,Ψ).

The proofs of these lemmas are postponed to the subsequent section. By assuming them, we

prove the theorem.

Proof. By Lemma 6.2.6, Lη(k) = L(i0)η(k). So,
{

ι(w) : w ∈Ci0(k,G)
}

is a spanning set

for Lη(k) of cardinality equal to |Ci0(k,G)|. Now, Lemmas 6.2.7 and 6.1.3 show that{
ι(w) : w ∈Ci0(k,G)

}
is in fact a basis.

We now show two examples to explain Theorem 6.2.5.

Example 6.2.8. From Example 6.1.13, consider the root space Lη(k) where η(k) = 3α3 +

3α6. Fix i0 = 3. Super Lyndon words of weight η(k) in C3(k,G) = {w ∈ X ∗
3 : wt(w) =

η(k),w is super Lyndon} are {α3α3α6α6α3α6, α3α3α3α6α6α6, α3α3α6α3α6α6} and cor-

responding Lie monomials are

{
[[e3, [[e3,e6],e6]], [e3,e6]], [e3, [e3, [[[e3,e6],e6],e6]]], [e3, [[e3,e6], [[e3,e6],e6]]]

}

which spans Lη(k). But mult(η(k)) = 3 [c.f. Example 7.3.6]. So, these Lie monomials form

a basis for Lη(k).

Example 6.2.9. From Example 6.1.14, consider the root space Lη(k) where η(k) = 2α3 +

α4 +2α5 +α6. Fix i0 = 3, observe that

X3 = {α3, α3α4, α3α4α5, α3α4α5α6, α3α4α4, α3α4α5α4α5, · · ·}.
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The only Lyndon words on X ∗
3 of weight η(k) are {α3α3α4α5α5α6, α3α3α4α5α6α5} with

standard factorization, σ(α3α3α4α5α5α6) = (α3,α3α4α5α5α6), and σ(α3α3α4α5α6α5) =

(α3,α3α4α5α6α5) respectively. Hence the corresponding Lie monomials

{
[e3, [[[[e3,e4],e5],e6],e5]], [e3, [[[[e3,e4],e5],e5],e6]]

}

spans Lη(k). But mult(η(k)) = 2 [c.f. Example 7.3.7]. Hence, these Lie monomials form a

basis for Lη(k).

6.2.5 Proof of Lemma 6.2.6

We claim that Lη(k) = L(i0)η(k). This is proved in multiple steps. First, we show that the

left normed Lie words of weight k starting with a fixed αi0 ∈V , for i0 ∈ I, spans Lη(k).

Lemma 6.2.10. Fix an index i ∈ I. Then the root space Lη(k) is spanned by the set of left

normed Lie words {e(w) : w ∈ X ∗
i0,wt(w) = η(k)}.

Proof. Observe, w ∈ X ∗
i0 if and only if IA(w) = {αi0}. Since, the set B = {e(w) : w ∈

Mk(V,G,Ψ)} forms a spanning set for Lη(k), to prove the required result, it is enough to

show that each element of B can be written as a linear combination of left normed Lie

words e(w) satisfying wt(w) = η(k) and IA(w) = {αi0}. Let w = b1b2 · · ·br ∈ Mk(V,G,Ψ).

Assume that b1 = αi0 . If |IA(w)|> 1 then e(w) = 0 and there is nothing to prove. If

|IA(w)|= 1 then IA(w) = {αi0} and the proof follows in this case. When b1 ̸= αi0 , consider

the set i(w) = { j : b j = αi0}. Assume min{i(w)}= p+1 and set w′ = b1b2 · · ·bpαi0 . First,

we claim,
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e(w′)

= e(αi0b1b2 · · ·bp)+
p
∑

j1=2
e(αi0b j1b1b2 · · · ˆb j1 · · ·bp)

+ ∑
1< j2< j1≤p

e(αi0b j1b j2b1b2 · · · ˆb j2 · · · ˆb j1 · · ·bp)

+ ∑
1< j3< j2< j1≤p

e(αi0b j1b j2b j3b1b2 · · · ˆb j3 · · · ˆb j2 · · · ˆb j1 · · ·bp)

+ ∑
1< j4< j3< j2< j1≤p

e(αi0b j1b j2b j3b j4b1b2 · · · ˆb j4 · · · ˆb j3 · · · ˆb j2 · · · ˆb j1 · · ·bp)+ · · ·

+ ∑
1< jp−2< jp−3<···< j2< j1≤p

e(αi0b j1b j2b j3 · · ·b jp−3b jp−2b1b2 · · · ˆb jp−2 · · · ˆb jp−3 · · · ˆb j2 · · · ˆb j1 · · ·bp)

+e(αi0bpbp−1 · · ·b2b1)

where â means the omission of the alphabet a in the expression. We prove the claim by apply

induction on p. For p = 1,

w′ = b1αi0 ⇒ e(w′) = [eαi0
,eb1] = e(αi0b1).

Assume that the result is true for p = k. Now, consider p = k+1

e(b1b2 . . .bk+1αi0) = [[[[[[eb1,eb2],eb3]],eb4] · · · ,ebk ],ebk+1],eαi0
]

= [[[[[eb′1
,eb3]eb4], · · · ,ebk ],ebk+1 ],eαi0

]
(6.2.4)

by taking [eb1 ,eb2] = eb′1
, i.e.,b

′
1 = [b1,b2]. Using the induction hypothesis on the right-hand

side of Equation 6.2.4, we get

[[[[[[[eb′1
,eb3],eb4], · · · ,ebk ],ebk+1],eαi0

] = e(b′1b3b4 . . .bk+1αi0)

= e(αi0b
′
1b3 · · ·bk+1)+ ∑

3≤ j≤k+1
e(αi0b jb

′
1b3 · · · b̂ j · · ·bk+1)

+ ∑
3≤ j2< j1≤k+1

e(αi0b j1b j2b
′
1b3 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)+ · · ·

+ ∑
3≤ jk−1<···< j2< j1≤k+1

e(αi0b j1b j2b j3 · · ·b jk−1b
′
1b3 · · · ˆb jk−1 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

+e(αi0bk+1bk · · ·b
′
1)

(6.2.5)
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Now,

e(αi0b j1b j2 · · ·b jt b
′
1)

= [[[[eαi0
,eb j1

],eb j2
], · · · ,eb jt

]︸ ︷︷ ︸
x

, [ eb1︸︷︷︸
y

, eb2︸︷︷︸
z

]]

= [[[[[eαi0
,eb j1

],eb j2
], · · · ,eb jt

],eb1],eb2]︸ ︷︷ ︸
[[x,y],z]

+[[[[[eαi0
,eb j1

],eb j2
], · · · ,eb jt

],eb2],eb1]︸ ︷︷ ︸
[[x,z],y]

= e(αi0b j1b j2 · · ·b jt b1b2)+ e(αi0b j1b j2 · · ·b jt b2b1).

This implies,

e(αi0b j1b j2 · · ·b jt b
′
1b3 · · ·bk+1)

= [[[[[[eαi0
,eb j1

],eb j2
], · · ·eb jt

]eb′1
]︸ ︷︷ ︸

e(αi0b j1 b j2 ···b jt b′1)

,eb3], · · ·ebk+1 ] = [[[e(αi0b j1b j2 · · ·b jt b
′
1),eb3], · · · ,ebk+1]

= [[[e(αi0b j1b j2 · · ·b jt b1b2)+ e(αi0b j1b j2 · · ·b jt b2b1),eb3], · · · ,ebk+1]

= [[e(αi0b j1b j2..b jt b1b2),eb3], ..,ebk+1]+ [[e(ib j1b j2..b jt b2b1),eb3 ]..,ebk+1 ]

= e(αi0b j1b j2 · · ·b jt b1b2b3 · · ·bk+1)+ e(αi0b j1b j2 · · ·b jt b2b1b3 · · ·bk+1)

(6.2.6)

Using Equation 6.2.6 in Equation (6.2.5) we get,

[[[[[eb′1
,eb3]eb4], · · · ,ebk ],ebk+1 ],eαi0

]

=e(αi0b1b2b3 · · ·bk+1)+ e(αi0b2b1b3 · · ·bk+1)

+ ∑
3≤ j≤k+1

(
e(αi0b jb1b2b3 · · · b̂ j · · ·bk+1)+ e(αi0b jb2b1b3 · · · b̂ j · · ·bk+1)

)
+ ∑

3≤ j2< j1≤k+1

(
e(αi0b j1b j2b1b2b3 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)+ e(αi0b j1b j2b2b1b3 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

)
+ · · ·+ ∑

3≤ jk−1<···< j2< j1≤k+1

(
e(αi0b j1b j2b j3 · · ·b jk−1b1b2 · · · ˆb jk−1 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

+ e(αi0b j1b j2b j3 · · ·b jk−1b2b1 · · · ˆb jk−1 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)
)

+(e(αi0bk+1bk · · ·b1b2)+ e(αi0bk+1bk · · ·b2b1))
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=

(
e(αi0b1b2b3 · · ·bk+1)+ e(αi0b2b1b3 · · ·bk+1)+ ∑

3≤ j≤k+1
e(αi0b jb1b2b3 · · · b̂ j · · ·bk+1)

)

+

(
∑

3≤ j≤k+1
e(αi0b jb2b1b3 · · · b̂ j · · ·bk+1)+ ∑

3≤ j2< j1≤k+1
e(αi0b j1b j2b1b2b3 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

)

+
(

∑
3≤ j2< j1≤k+1

e(αi0b j1b j2b2b1b3 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

+ ∑
3≤ j3< j2< j1≤k+1

e(αi0b j1b j2b j3b2b1b3 · · · ˆb j3 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)
)
+ · · ·+

+
(

∑
3≤ jk−1<···< j2< j1≤k+1

e(αi0b j1b j2b j3 · · ·b jk−1b2b1 · · · ˆb jk−1 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

+ e(αi0bk+1bk · · ·b1b2)
)
+ e(αi0bk+1bk · · ·b2b1)

=
k+1

∑
j=1

e(αi0b jb1b2 · · · b̂ j · · ·bk+1)+ ∑
1< j2< j1≤k+1

e(αi0b j1b j2b1b2 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

+ ∑
1< j3< j2< j1≤k+1

e(αi0b j1b j2b j3b1b2 · · · ˆb j3 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)+ · · ·+

+ ∑
1< jk−1<···< j2< j1≤k+1

e(αi0b j1b j2b j3 · · ·b jk−1b1b2 · · · ˆb jk−1 · · · ˆb j2 · · · ˆb j1 · · ·bk+1)

+ e(αi0bk+1bk · · ·b2b1)

Thus the result is true for p=k+1. This proves our claim. Hence we have,

e(w′) =e(αi0b1b2 · · ·bp)+
p

∑
j1=2

e(w j1)+ ∑
1< j2< j1≤p

e(w j1 j2)+ ∑
1< j3< j2< j1≤p

e(w j1 j2 j3)+ · · ·+

+ e(wp(p−1)···2·1)

where w j1 j2··· jℓ =(αi0b j1b j2 · · ·b jℓb1b2 · · · b̂ jℓ · · · ˆb jℓ−1 · · · ˆb j1 · · ·bp). Observe that all the words

w j1,... jm appearing in the summand of e(w′) have the same weight. Further, they belong

to Xi0 , e(w j1 j2··· jℓ) = 0 whenever some b jp commutes with αi0 ,b j1 ,b j2 , · · · ,b jp−1 . By the
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linearity of the brackets we have,

e(w′ ·bp+2) =
p

∑
j1=1

e(w j1 ·bp+2)+ ∑
1< j2< j1≤p

e(w j1 j2 ·bp+2)+ ∑
1< j3< j2< j1≤p

e(w j1 j2 j3 ·bp+2)

+ · · ·+ e(wp(p−1)···2.1 ·bp+2)

Similarly, the remaining alphabets bp+3, . . . ,br can be added to the above expression. This

gives,

e(w) = ∑
u∈X ∗

i0
wt(u)=η(k)

α(u)e(u) for some scalars α(u).

Hence the lemma.

Lemma 6.2.11. If u ̸= v ∈X ∗
i0 are Lyndon words then exactly one element of the set {uv,vu}

is Lyndon.

Proof. We observe that if u < v then uv is Lyndon, otherwise vu is Lyndon.

Lemma 6.2.12. Let w, w̃ ∈ X ∗
i0 be Lyndon words with standard factorization w = u1u2, w̃ =

v1v2. Assume that ww̃ is a Lyndon word. Then

[L(w),L(w̃)] ∈ span{L(Ci0(wt(ww̃)),G)}.

Proof. We have two possibles situations: either u2 ≥ w̃ or u2 < w̃.

If u2 ≥ w̃ then σ(ww̃) = (u1u2,v1v2) is the standard factorization of ww̃. Indeed σ(ww̃) ̸=

(u1u21,u22v1v2) for any standard factorization σ(u2)= (u21,u22), as u22 < w̃≤ u2 = u21u22

implies u22 < u21 i.e. as u2 = u21u22 cannot be a Lyndon word. Thus, σ(ww̃) = (u1u2,v1v2)

and [L(w),L(w̃)] = L(ww̃)∈ span{L(Ci0(wt(ww̃)),G)}. Hence the lemma holds in this case.
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If u2 < w̃ then σ(ww̃) = (u1,u2v1v2). Observe that σ(ww̃) ̸= (u11,u12u2v1v2) for any

standard factorization σ(u1) = (u11,u12) of u1as u12 < u2 implies u12u2 is the longest right

factor of w = u11u12u2 which contradicts w = u1u2 is the standard factorization.

If σ(ww̃) = (u1,u2v1v2) then

[L(w),L(w̃)] = [L(u1u2),L(w̃)]

= [[L(u1),L(u2)],L(w̃)]

= [L(u1), [L(u2),L(w̃)]+ [[L(u1),L(w̃)],L(u2)]

(6.2.7)

subcase(i):- If u2w̃ is a Lyndon word with σ(u2w̃) = (u2, w̃) and u1w̃ is a Lyndon word

with σ(u1w̃) = (u1, w̃) then

[L(w),L(w̃)] = [L(u1),L(u2w̃)]+ [L(u1w̃),L(u2)]

= [L(u1),L(u2w̃)]+L(u1w̃u2)

as u2 < w̃ so σ(u1w̃u2) = (u1w̃,u2).

We repeat the above procedure on [L(u1),L(u2w̃)] and the subsequent terms till we get terms

like [L(v1),L(v2)], where v1,v2 are Lyndon words with v1 ∈ Xi0. This is possible since

wt(u1)< wt(w).

subcase(ii):- If u2w̃ is a Lyndon word with σ(u2w̃) = (u21,u22w̃) where σ(u2) = (u21,u22)

and σ(u1w̃) = (u1, w̃) then right-hand side of Equation 6.2.7 is equal to,

= [L(u1), [[L(u21),L(u22)],L(w̃)]]+ [L(u1w̃),L(u2)]

= [L(u1), [[L(u21),L(w̃)],L(u22)]]+ [L(u1), [L(u21), [L(u22),L(w̃)]]]+L(u1w̃u2)

(6.2.8)

We repeat the above procedure firstly for [L(u21),L(w̃)], [L(u22),L(w̃)], then using this in

the Equation 6.2.8 and repeat the procedure for subsequent terms and stop when terms like

[L(v1),L(v2)], are obtained where v1,v2 are Lyndon words with v1 ∈ Xi0.
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subcase(iii):- If u2w̃ is Lyndon word with σ(u2w̃) = (u21,u22w̃) where σ(u2) = (u21,u22)

and u1w̃ is Lyndon word with σ(u1w̃) = (u11,u12w̃) where σ(u1) = (u11,u12) then then

right-hand side of Equation 6.2.7 is equal to,

=[L(u1), [[L(u21),L(u22)],L(w̃)]]+ [[[L(u11),L(u12)],L(w̃)],L(u2)]

=[L(u1), [[L(u21),L(w̃)],L(u22)]]+ [L(u1), [L(u21), [L(u22),L(w̃)]]]

+ [[L(u11), [L(u12),L(w̃)]],L(u2)]+ [[[L(u11),L(w̃)],L(u12)],L(u1)]

(6.2.9)

We repeat the above procedure for [L(u12),L(w̃)], [L(u11),L(w̃)], then using this in the

Equation 6.2.9 and repeat the procedure for subsequent terms and stop when terms like

[L(v1),L(v2)], are obtained where v1,v2 are super Lyndon words with v1 ∈ Xi0 .

The following example explains the above lemma. Here we denote any word w=αi0αi+1 . . .α j

by w = i(i+1) . . . j to avoid confusion.

Example 6.2.13. Consider the root space gη(k) where η(k) = 2α3+α4+2α5+α6 from Ex-

ample 6.1.14. Fix i0 = 3 . Let w = 334345,w′ = 34635364 ∈X ∗
3 then σ(w) = (3,34345) =

(u1,u2),σ(w′) = (346,35364) = (v1,v2). Thus L(w) = [L(u1),L(u2)] = [3, [34,345]] and

L(w′) = [L(v1),L(v2)] = [346, [35,364]]. Since

σ(ww′) = σ(334345︸ ︷︷ ︸
u1u2

34635364︸ ︷︷ ︸
w′

) = ( 3︸︷︷︸
u1

,3434534635364︸ ︷︷ ︸
u2w′

),

we have,

[L(w),L(w′)] =[[L(3),L(34345)]︸ ︷︷ ︸
[L(u1),L(u2)]

,L(34635364)︸ ︷︷ ︸
L(w′)

]

=[L(3), [L(34345),L(34635364)]]︸ ︷︷ ︸
[L(u1),[L(u2),L(w′)]]

+[[L(3),L(34635364)],L(34345)]︸ ︷︷ ︸
[[L(u1),L(w′)],L(u2)]

=[L(3), [[L(34),L(345)],L(34635364)]]︸ ︷︷ ︸
[L(u1),[[L(u21),L(u22)],L(w′)]]

+[L(334635364),L(34345)]︸ ︷︷ ︸
[L(u1w′),L(u2)]
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=[L(3), [[L(34),L(34635364)],L(345)]+ [L(34), [L(345),L(34635364)]]︸ ︷︷ ︸
[[L(u21),L(w′)],L(u22)]+[L(u21),[L(u22),L(w′)]]

]

+L(33463536434345)︸ ︷︷ ︸
L(u1w′u2)

=[L(3), [L(3434635364),L(345)]+ [L(34),L(34534635364)]︸ ︷︷ ︸
[L(u21w′),L(u22)]+[L(u21u22),L(w′)]

]+L(33463536434345)︸ ︷︷ ︸
L(u1w′u2)

=[L(3),L(3434635364345)+L(3434534635364)︸ ︷︷ ︸
L(u21w′u22)+L(u21u22)w′)

]+L(33463536434345)︸ ︷︷ ︸
L(u1w′u2)

=L(33434635364345)︸ ︷︷ ︸
L(u1u21w′u22)

+L(33434534635364)︸ ︷︷ ︸
L(u1u21u22w′)

+L(33463536434345)︸ ︷︷ ︸
L(u1w′u2)

Example 6.2.14. Let I = {1,2,3,4,5,6}, Ψ = {3,5}, I1 = {3,5}, I0 = {1,2,4,6}, Ire = {1,4},

η(k) = 2α3 +α4 + 2α5 +α6. Fix i0 = 3 . Let w = 334365,w′ = 34635364 ∈ X ∗
3 then

σ(w) = (3,34365) = (u1,u2),σ(w′) = (346,35364) = (v1,v2) be standard factorization of

these words. Since σ(ww′) = σ(334365︸ ︷︷ ︸
u1u2

34635364︸ ︷︷ ︸
w′

) = ( 3︸︷︷︸
u1

,3436534635364︸ ︷︷ ︸
u2w′

),

[L(w),L(w′)] = [[L(3),L(34365)]︸ ︷︷ ︸
[L(u1),L(u2)]

,L(34635364)︸ ︷︷ ︸
L(w′)

]

= [L(3), [L(34365),L(34635364)]]︸ ︷︷ ︸
[L(u1),[L(u2),L(w′)]]

+[[L(3),L(34635364)],L(34345)]︸ ︷︷ ︸
[[L(u1),L(w′)],L(u2)]

= [L(3),L(3436534635364)]︸ ︷︷ ︸
[L(u1),L(u2w′)]

+[L(334635364),L(34345)]︸ ︷︷ ︸
[L(u1w′),L(u2)]

= L(33436534635364)︸ ︷︷ ︸
L(u1u2w′)

+L(33463536434345)︸ ︷︷ ︸
L(u1w′u2)

Lemma 6.2.15. If wa and wb are super Lyndon words then

[L(wa),L(wb)] ∈ span{L(Ci0(wt(wawb)),G)}.
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Proof. Since wa and wb are super Lyndon words, we have the following cases:-

(i) σ(wa) = (u,u), σ(wb) = (v1,v2) where v1 ̸= v2.

(ii) σ(wa) = (u1,u2), σ(wb) = (v,v) where u1 ̸= u2.

(iii) σ(wa) = (u,u), σ(wb) = (v,v).

(iv) σ(wa) = (u1,u2), σ(wb) = (v1,v2) where u1 ̸= u2, v1 ̸= v2.

Case(i):- Let σ(wa) = (u,u), σ(wb) = (v1,v2). Then σ(wawb) = (u,uv1v2). Thus,

[L(wa),L(wb)] = [[L(u),L(u)],L(wb)]

= 2[L(u), [L(u),L(wb)]]

= 2[L(u),L(uwb)]

= L(uuwb)

Case(ii):- Let σ(wa) = (u1,u2), σ(wb) = (v,v). If u2 < v then σ(wawb) = (u1,u2vv).

Thus,

[L(wa),L(wb)] = [[L(u1),L(u2)],L(wb)]

= [[L(u1),L(wb)],L(u2)]+ [L(u1), [L(u2),L(wb)]]

= [L(u1wb),L(u2)]+ [L(u1),L(u2wb)])]

Otherwise, σ(wawb) = (u1u2,vv). This implies,

[L(wa),L(wb)] = L(wawb)

Case(iii):- Let σ(wa) = (u,u), σ(wb) = (v,v). Since u < v, σ(wawb) = (u,uvv). Thus,

[L(wa),L(wb)] = [[L(u),L(u)],L(wb)]

= [L(u),L(uwb)].
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Case(iv):- Let σ(wa) = (u1,u2), σ(wb) = (v1,v2) where u1 ̸= u2, v1 ̸= v2. This case follows

from Lemma 6.2.12.

Lemma 6.2.16. The root space Lη(k) is contained in the span {e(L(Ci0(k,G))}.

Proof. Let e(w) ∈ Lη(k) for some w ∈ Mk(V,ζ ). By Lemma 6.2.10, we can assume that

IA(w) = {αi0} . We prove the lemma by induction on ht(η(k)). If ht(η(k)) = 1 then

w = αi0 and there is nothing to prove. Assume that the result is true for any w̃ such that

ht(wt(w̃))< ht(η(k)). Let w = αi0b1b2 · · ·br = αi0 ·u.

If i0(u) = φ then w ∈ Xi0 ⇒ L(w) = w ⇒ e(w) = e(L(w)) ∈ span{e(L(Ci0(k,G))}.

If i0(u) ̸= φ , suppose min{i0(u)}= p+1. Then setting w′ = αi0b1b2 · · ·bpαi0 . We have,

e(w′) = [[[[eαi0
,eb1],eb2 ] · · · ,ebp],eαi0

]

=−[eαi0
, [[[eαi0

,eb1],eb2] · · · ,ebp]]

=−e(L(αi0αi0b1 · · ·bp)).

This implies, e(w′)∈ span{e(L(Ci0(wt(w′),G))} as (αi0αi0b1 · · ·bp) is a super Lyndon word.

Now,

e(w′ ·bp+2) = [[[[[e(αi0),eb1],eb2] · · · ,ebp],eαi0
],ebp+2 ] = [e(w′),ebp+2]

= [[e(αi0),e(αi0b1b2 · · ·bp)],ebp+2]

= [e(αi0), [e(αi0b1b2 · · ·bp),ebp+2 ]]+ [[e(αi0),ebp+2],e(αi0b1b2 · · ·bp)]

= [e(αi0),e(αi0b1b2 · · ·bpbp+2)]+ [e(αi0bp+2),e(αi0b1b2 · · ·bp)]
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Similarly, using the Jacobi identity, we have

e(w) =[e(αi0),e(αi0b1b2 · · · ˆbp+1 · · ·br)]+
k

∑
t=p+2

[e(αi0b1b2 · · · ˆbp+1 · · · b̂t · · ·br),e(αi0bt)]+

+
k

∑
p+2≤t1<t2≤r

[e(αi0b1b2 · · · ˆbp+1 · · · b̂t1 · · · b̂t2 · · ·br),e(αi0bt1bt2)]

+
k

∑
p+2≤t1<t2<t3≤r

[e(αi0b1b2 · · · ˆbp+1 · · · b̂t1 · · · b̂t2 · · · b̂t3 · · ·br),e(αi0bt1bt2bt3)]+ · · ·

+[e(αi0b1 · · ·bp),e(αi0bp+2 · · ·br)]

Using induction hypothesis, we see that each term on the right-hand side is of the form

[e(αi0b1b2 · · · b̂pbp+1 · · · b̂t1 · · · b̂t2 · · · b̂t j · · ·br),e(αi0bt1bt2 · · ·bt j)]=

[
∑
a

e(L(wa)),∑
b

e(L(wb))

]

as wt(αi0b1b2 · · · b̂pbp+1 · · · b̂t1 · · · b̂t2 · · · b̂t j · · ·br)< wt(w) and wt(αi0bt1bt2 · · ·bt j)< wt(w).

So,

e(αi0b1b2 · · · b̂pbp+1 · · · b̂t1 · · · b̂t2 · · · b̂t j · · ·br) = ∑
a

e(L(wa))

e(αi0bt1bt2 · · ·bt j) = ∑
b

e(L(wb))

where wa and wb are super Lyndon words such that wt(wb) = wt(αi0bt1bt2 · · ·bt j) and

wt(wa) = wt(αi0b1b2 · · · b̂pbp+1 · · · b̂t1 · · · b̂t2 · · · b̂t j · · ·br). This implies,

[
∑
a

e(L(wa)),∑
b

e(L(wb))

]
= ∑

a,b
[e(L(wa)),e(L(wb))]

= ∑
a,b

e([L(wa),L(wb)]) .

By Lemma 6.2.15, [L(wa),L(wb)] ∈ span{L(Ci0(k,G))}. Thus,

∑
a,b

e([L(wa),L(wb)]) ∈ span{e(L(Ci0(k,G))}
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i.e.,

e(w) ∈ span{e(L(Ci0(k,G))}.

Hence Lη(k) is contained in the span of {e(L(Ci0(k,G))} ⊆ L(i0) .

6.2.6 Proof of Lemma 6.2.7 (Identification of Ci0(k,G) and super Lyn-

don heaps)

Fix k = (k j : j ∈ I) ∈ ZI
+ such that k j ≤ 1 for j ∈ Ire ⊔Ψ0. Fix i0 ∈ I and assume that i0 is

the minimum element in the total order of I such that ki0 ̸= 0. Consider,

Xi0 = {w ∈ M(V,G,Ψ) : IAm(w) = {αi0} and αi0 occurs only once in w}.

Let w ∈ Xi0 and E = ψ(w) be the corresponding heap. Then

1. IAm(w) = {αi0} implies that E is a pyramid.

2. αi0 occurs exactly once in w implies that E is elementary.

3. αi0 is the minimum element in the total order of V implies that E is an admissible

pyramid.

Therefore,

w ∈ Xi0 if and only if E = ψ(w) is a super-letter. (6.2.10)

Let Ai0(V,ζ ) be the set of all super-letters with basis {αi0} in H(V,ζ ). Let A∗
i0(V,ζ ) be

the monoid generated by Ai0(V,ζ ) in H(V,ζ ). Then A∗
i0(V,ζ ) =A∗

i0,0(V,ζ )⊕A∗
i0,1(V,ζ )

is also Z2-graded. From [44, Section 2.1, Proposition 1.3.5 and Proposition 2.1.5], it follows

that this monoid is free. Since H(V,ζ ) is totally ordered, Ai0(V,ζ ) is totally ordered. Hence
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A∗
i0(V,ζ ) is totally ordered by the lexicographic order induced from the order in Ai0(V,ζ )

(call it ≤∗).

The following proposition from [44, Proposition 2.1.6] illustrates the relation between the

total order ≤ on the heaps monoid H(V,ζ ) and the total order ≤∗ on the monoid A∗
i0(V,ζ ).

Proposition 6.2.17. Let E,F ∈A∗
i0(V,ζ ). Then E ≤∗ F if, and only if, E ≤ F.

With respect to this ordering, we can define Lyndon words over the alphabets Ai0(V,ζ ). The

following proposition from [44, Proposition 2.1.7] illustrates the relationship between the

Lyndon words in A∗
i0(V,ζ ) and the Lyndon heaps in H(V,ζ ).

Proposition 6.2.18. For E ∈A∗
i0(V,ζ ), E is a Lyndon word in A∗

i0(V,ζ ) if and only if E is a

Lyndon heap as an element of H(V,ζ ).

Next, we prove the following generalization of Proposition 6.2.18 for the case of super

Lyndon words and super Lyndon heaps.

Proposition 6.2.19. For E ∈A∗
i0(V,ζ ), E is a super Lyndon word in A∗

i0(V,ζ ) if and only if

E is a super Lyndon heap as an element of H(V,ζ ).

Proof. Let E ∈A∗
i0(V,ζ ) be a super Lyndon word. Then two cases can occur.

Case(i). Suppose E is a Lyndon word A∗
i0(V,ζ ) then, by Proposition 6.2.18, E is a Lyndon

heap and hence is a super Lyndon heap in H(V,ζ ).

Case(ii). Suppose E = F ◦F for some Lyndon word F ∈ A∗
i0,1(V,ζ ) then by Proposition

6.2.18, F is a Lyndon heap in H(V,ζ ) and hence E = F ◦F is a super Lyndon heap in

H(V,ζ ).

Conversely, suppose E is a super Lyndon heap in H(V,ζ ).

Case(i). If E is a Lyndon heap in H(V,ζ ) then, by Proposition 6.2.18, E is a Lyndon word

and hence is a super Lyndon word in A∗
i0(V,ζ ).
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Case(ii). If E = F ◦F for some Lyndon heap F ∈H(V,ζ ) then, by Proposition 6.2.18, F is

a Lyndon word in A∗
i0,1(V,ζ ) and hence E = F ◦F is a super Lyndon word in A∗

i0(V,ζ ).

Proof of Lemma 6.2.7: By Equation (6.2.10), we can identify X ∗
i0 with A∗

i0(V,ζ ). This

implies,

|Ci0(k,G)|= |{ super Lyndon words in X ∗
i0 of weight k}|

= |{ super Lyndon words of weight k in A∗
i0(V,ζ )}|

= |{ super Lyndon heaps of weight k in H(V,ζ )}|

= dimLSk(G)

= dimLη(k) (By Theorem 6.1.7).

This shows that the elements of Ci0(k,G) are precisely the Lyndon heaps of weight k. Hence

the lemma.



Chapter 7

Combinatorial properties of free roots of

BKM superalgebras

In this chapter, we explore the combinatorial properties of free roots of BKM superalgebras.

Let (G,Ψ) be a finite simple supergraph with vertex set V = {αi : i ∈ I}, edge set E(G), and

the set of odd vertices parameterized by Ψ ⊆ I [c.f. Definition 5.2.1].

7.1 Free roots of BKM superalgebras

Let (A = (bi j),Ψ) be the adjacency matrix of a finite simple supergraph (G,Ψ). We construct

a class of BKM supermatrices from (A,Ψ) as follows:

(i). Replace the diagonal zeros of A by arbitrary real numbers.

(ii). If one such number is positive, then replace all the non-zero entries in the corresponding

row by arbitrary non-positive integers (resp. non-positive even integers) provided i /∈ Ψ (resp.

i ∈ Ψ). Otherwise, replace the non-zero entries in the associated row of A with arbitrary

non-positive real numbers.
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Let MΨ(G) be the set of BKM supermatrices associated with the supergraph (G,Ψ) con-

structed in this way. Let M(G) =
⋃

Ψ⊆I
MΨ(G) and C(G) be the set of all BKM superalgebras

whose quasi-Dynkin diagram is (G,Ψ) for some Ψ⊆ I. We observe that the set C(G) consists

of BKM superalgebras whose associated BKM supermatrices are in M(G). In the following

context, we recall the following lemma.

Lemma 7.1.1. [56, Proposition 2.40] Let i ∈ Iim and α ∈ ∆+\{αi} such that α(hi) < 0.

Then α + jαi ∈ ∆+ for all j ∈ Z+.

In the following proposition, we prove that all the BKM superalgebras belonging to C(G)

share the same set of free roots and have equal respective multiplicities.

Proposition 7.1.2. Let G be a graph. Let L be a BKM superalgebra which is an element of

C(G). Let Q+ be the root lattice of L. We have,

1. If α ∈ Q+ is free, then α is a root in L if and only if suppα is connected in G. In

particular, ∆m(L1) = ∆m(L2) for L1,L2 ∈ C(G). Further, if Iim = /0 then there exists a

one-one correspondence between the connected subgraphs of G and the free roots of

L.

2. For any L ∈ C(G), the multiplicity of a free root α depends only on the graph G and

this multiplicity is equal to the number of super Lyndon heaps of weight k = (ki : i ∈ I)

where α = ∑
i∈I

kiαi.

Proof. The necessary part of (1) is straight forward, and we prove the sufficiency part.

Assume α ∈ Q+ is free and suppα is connected in G.

By applying induction on height of α , we show α is a root of L. Clearly, α is a root

when ht(α) = 1. Suppose ht(α) = 2, i.e., α = αi +α j and ai j < 0. If αi is real, then

sαi(α j) = α j −ai jαi is a root of L implying αi +α j is a root as the root chain of α j through
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αi contains α j +mαi for all 0 ≤ m ≤ k for some k ∈N. If both αi and α j are imaginary, then

Lemma 7.1.1 completes the proof.

Assume that the result is true for all connected free α ∈ Q+ of height r− 1. Let β be a

connected free element of height r in Q+. Since suppβ is connected, there exists a vertex

αi ∈ suppβ such that suppβ\{αi} is connected in G. Now, α = ∑
α j∈suppβ

j ̸=i

α j is connected,

free, and has height r−1. By the induction hypothesis α is a root in L. If αi is real then

sαi(α) is a root, hence β = α +αi is also root. If αi is imaginary then, by Lemma 7.1.1, β is

a root. This completes the proof of (1). Now, the proof of (2) follows from Lemma 6.1.3 and

Theorem 6.1.7.

Example 7.1.3. Let l1 ≥ 1, l2 ≥ 2 and l3 ≥ 3 be positive integers satisfying l1 = l2 = l3.

Then the complex finite dimensional simple Lie algebras Al1,Bl2 and Cl3 have the same

quasi-Dynkin diagram, the path graph on l1 vertices with Ψ = /0. These algebras have the

same set of free roots by the Proposition 7.1.2.

Proposition 7.1.4. [51, Corollary 2.1.23] A simple finite dimensional Lie superalgebra L is a

BKM superalgebra if and only if L is contragredient of type A(m,0) = sl(m+1,1),A(m,1) =

sl(m+1,2),B(0,n)= osp(1,2n),B(m,1)= osp(2m+1,2),C(n)= osp(2,2n−2),D(m,1)=

osp(2m,2),D(2,1,α) for α = 0,−1,F(4), and G(3).

Using Proposition 7.1.4, we list, in Table 7.1, the BKM superalgebras for which the path

graph on 4 vertices is the quasi-Dynkin diagram along with its free roots.

Remark 7.1.5. We observe that the number of free roots of a BKM superalgebra is equal to

the number of connected subgraphs C(G) of G. In particular, when G is a tree, this number

is equal to the number of subtrees of G.
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Table 7.1 BKM superalgebras with equal set of free roots

BKM superalgebras Simple roots [39, Section 2.5.4] Free roots
A4 α1 = ε1 − ε2,α2 = ε2 − ε3, α1,α2,α3,α4,α12,α13,

α3 = ε3 − ε4,α4 = ε4 − ε5. α14,α23,α24,α34.
B4 α1 = ε1 − ε2,α2 = ε2 − ε3, α1,α2,α3,α4,α12,α13,

α3 = ε3 − ε4,α4 = ε4. α14,α23,α24,α34.
C4 α1 = ε1 − ε2,α2 = ε2 − ε3, α1,α2,α3,α4,α12,α13,

α3 = ε3 − ε4,α4 = 2ε4. α14,α23,α24,α34.
A(3,0) α1 = ε1 − ε2,α2 = ε2 − ε3, α1,α2,α3,α4,α12,α13,

α3 = ε3 − ε4,α4 = ε4 −δ1. α14,α23,α24,α34.
A(2,1) α1 = ε1 − ε2,α2 = ε2 − ε3, α1,α2,α3,α4,α12,α13,

α3 = ε3 −δ1,α4 = δ1 −δ2. α14,α23,α24,α34.
B(0,4) α1 = δ1 −δ2,α2 = δ2 −δ3, α1,α2,α3,α4,α12,α13,

α3 = δ3 −δ4,α4 = δ4. α14,α23,α24,α34.
B(3,1) α1 = δ1 − ε1,α2 = ε1 − ε2, α1,α2,α3,α4,α12,α13,

α3 = ε2 − ε3,α4 = ε3. α14,α23,α24,α34.
C(4) α1 = ε1 −δ1,α2 = δ1 −δ2, α1,α2,α3,α4,α12,α13,

α3 = δ2 −δ3,α4 = 2δ3. α14,α23,α24,α34.

F(4) α1 =
1
2(ε1 + ε2 + ε3 +δ ),α2 =−ε1, α1,α2,α3,α4,α12,α13,

α3 = ε1 − ε2,α4 = ε2 − ε3. α14,α23,α24,α34.

7.2 Multicoloring and the k-chromatic polynomial of G

For any finite set S, let P(S) be the power set of S. For a tuple of non–negative integers

k = (ki : i ∈ I) ∈ ZI
+, set supp(k) = {i ∈ I : ki ̸= 0}.

Definition 7.2.1. We call a map τ : V → P({1, . . . ,q}) a proper vertex k–multicoloring of G

if the following conditions are satisfied:

(i) For all i ∈ I, |τ(αi)|= ki,

(ii) For all i, j ∈ I such that (αi,α j) ∈ E(G) we have τ(αi)∩ τ(α j) = /0.

For more details on multicoloring, we refer to [33]. The case ki = 1, for i ∈ I, corresponds

to the classical graph coloring of graph G. The number of ways in which a graph G can

be k–multicolored using q colors is a polynomial in q called the generalized k-chromatic
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polynomial (k-chromatic polynomial in short). It is denoted by πG
k (q). A k-chromatic

polynomial is defined as follows. Let Pk(k,G) be the set of all ordered k–tuples (P1, . . . ,Pk)

such that:

1. each Pi is a non–empty independent subset of V , i.e. no two vertices have an edge

between them;

2. For all i ∈ I, αi occurs exactly ki times in total in the disjoint union P1∪̇ · · · ∪̇Pk.

Then,

π
G
k (q) = ∑

k≥0
|Pk(k,G)|

(
q
k

)
. (7.2.1)

Let G(k) be the graph constructed as follows: For each j ∈ supp(k), take a clique (complete

graph) of size k j with vertex set {α1
j , . . . ,α

k j
j } and join all vertices of the r–th and s–th

cliques if (αr,αs) ∈ E(G). Let π
G(k)
1 (q) be the chromatic polynomial of the graph G(k). We

have the following relation between the ordinary chromatic polynomials and the k-chromatic

polynomials:

π
G
k (q) =

1
k!

π
G(k)
1 (q) (7.2.2)

where k!= ∏i∈I ki!.

7.2.1 Bond lattice and an isomorphism of lattices

For the rest of this paper, we fix a tuple of non-negative integers k = (ki : i ∈ I) such that

ki ≤ 1 for i ∈ Ire ∪Ψ0 and set η(k) = ∑kiαi.

Definition 7.2.2. Let LG(k) be the weighted bond lattice of G, which is the set of J =

{J1, . . . ,Jk} satisfying the following properties:

(i) J is a multiset, i.e. we allow Ji = J j for i ̸= j;
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(ii) each Ji is a multiset and the subgraph spanned by the underlying set of Ji is a connected

subgraph of G for each 1 ≤ i ≤ k;

(iii) For all i ∈ I, αi occurs exactly ki times in total in the disjoint union J1∪̇ · · · ∪̇Jk.

For J ∈ LG(k) we denote by D(Ji,J) the multiplicity of Ji in J and set

mult(β (Ji)) = dim Lβ (Ji),

where, β (Ji) = ∑α∈Ji α . Let J0 = {Ji ∈ J : β (Ji) ∈ ∆0
+} and J1 = J\J0.

In the following context, we recall the following lemma.

Lemma 7.2.3. [3, Lemma 3.4] Let P be the collection of multisets γ = {β1, . . . ,βr} (we allow

βi = β j for i ̸= j) such that each βi ∈ ∆+ and β1+ · · ·+βr = η(k). The map ψ : LG(k)→ P

defined by {J1, . . . ,Jk} 7→ {β (J1), . . . ,β (Jk)} is a bijection.

7.3 Main Result (Chromatic polynomial and root multiplic-

ities)

Now we relate the k-chromatic polynomial with root multiplicities of BKM superalgebras.

Theorem 7.3.1. Let G be the quasi Dynkin diagram of a BKM superalgebra L. Assume

k = (ki : i ∈ I) ∈ ZI
+ is such that ki ≤ 1 for i ∈ Ire ∪Ψ0. Then

π
G
k (q) = (−1)ht(η(k))

∑
J∈LG(k)

(−1)|J|+|J1| ∏
J∈J0

(
q mult(β (J))

D(J,J)

)
∏

J∈J1

(
−q mult(β (J))

D(J,J)

)
.

where LG(k) is the bond lattice of weight k of the graph G.
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As a corollary, we obtained the following result, which gives a combinatorial formula for the

multiplicities of free roots.

Corollary 7.3.2. We have,

mult(η(k)) = ∑
ℓ|k

µ(ℓ)

ℓ
|πG

k/ℓ(q)[q]|, if η(k) = ∑
i∈I

kiαi ∈ ∆
+
0

and

mult(η(k)) = ∑
ℓ|k

(−1)ℓ+1µ(ℓ)

ℓ
|πG

k/ℓ(q)[q]|, if η(k) ∈ ∆
+
1

where |πG
k (q)[q]| denotes the absolute value of the coefficient of q in πG

k (q) and µ is the

Möbius function. If ki’s are relatively prime, in particular if for some i ∈ I, ki = 1, we have,

mult(η(k)) = |πG
k (q)[q]| for any η(k) ∈ ∆

+.

7.3.1 Proof of Theorem 7.3.1

For a Weyl group element w∈W , fix a reduced word w= si1 · · ·sik and let I(w)= {αi1, . . . ,αik}.

Observe that I(w) is independent of the choice of the reduced expression of w. For

γ = ∑
i∈I

miαi ∈ Ω, let Im(γ) be the multiset {αi, . . . ,αi︸ ︷︷ ︸
mi times

: i ∈ I} and I(γ), the underlying set of

Im(γ). Define

Ψ0(γ) = I(γ)∩Ψ0,

J (γ) = {w ∈W\{e} : I(w)∪ I(γ) is an independent set}.

The following lemma is a generalization of [54, Lemma 2.3] (for Kac-Moody Lie algebras)

and [3, Lemma 3.6] (for Borcherds algebras) in the setting of BKM superalgebras. Since the

proof of this lemma is similar to the proof of the Borcherds algebras case, we omit the proof

here.
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Lemma 7.3.3. Let w ∈W, γ = ∑
i∈I\Ψ0

αi+ ∑
i∈Ψ0

miαi ∈ Ω. For w ∈W, set ρ −w(ρ)+w(γ) =

∑α∈Π bα(w,γ)α . Then we have

(i) bα(w,γ) ∈ Z+ for all α ∈ Π and bα(w,γ) = 0 if α /∈ I(w)∪ I(γ).

(ii) bα(w,γ)≥ 1 for all α ∈ I(w).

(iii) bα(w,γ) = 1 if α ∈ I(γ)\Ψ0(γ) and bα(w,γ) = mα if α ∈ Ψ0(γ).

(iv) If w ∈ J (γ), then bα(w,γ) = 1 for all α ∈ I(w)∪ (I(γ)\Ψ0(γ)), bα(w,γ) = mα for all

α ∈ Ψ0(γ).

(v) If w /∈ J (γ)∪{e}, then there exists α ∈ I(w)⊆ Πre such that bα(w,γ)> 1.

The following proposition is an easy consequence of the above lemma and essential to prove

Theorem 7.3.1. Let U be the sum-side of the denominator identity (Equation (5.5.1)), i.e.,

U := ∑
w∈W

∑
γ∈Ω

ε(w)ε(γ)ew(ρ−γ)−ρ . (7.3.1)

Proposition 7.3.4. Let q ∈ Z. Then

Uq[e−η(k)] = (−1)ht(η(k))
π

G
k (q),

where Uq[e−η(k)] denotes the coefficient of e−η(k) in Uq.

Proof. Note, Uq = (1+(U −1))q = ∑
k≥0

(q
k

)
(U −1)k. From Lemma 7.3.3, we get

w(ρ)−ρ −w(γ) =−γ − ∑
α∈I(w)

α, for w ∈ J (γ)∪{e}.
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Since ki ≤ 1 for i ∈ Ire ⊔Ψ0, the coefficient of e−η(k) in (U −1)k is equal to

(
∑

γ∈Ω

γ ̸=0

∑
w∈J (γ)

ε(γ)ε(w)e−γ−∑α∈I(w) α
)k
[e−η(k)]. (7.3.2)

i.e.,

(U −1)k[e−η(k)] = ∑
(γ1,...,γk)
(w1,...,wk)

ε(γ1) · · ·ε(γk)ε(w1) · · ·ε(wk), (7.3.3)

where the sum ranges over all k–tuples (γ1, . . . ,γk) ∈ Ωk and (w1, . . . ,wk) ∈W k such that

• wi ∈ J (γi)∪{e}, 1 ≤ i ≤ k,

• I(w1) ∪̇ · · · ∪̇ I(wk) = {αi : i ∈ Ire,ki = 1},

• I(wi)∪ I(γi) ̸= /0 for each 1 ≤ i ≤ k,

• γ1 + · · ·+ γk = ∑
i∈Iim

kiαi.

It follows that (I(w1)∪ I(γ1), . . . , I(wk)∪ I(γk)) ∈ Pk(k,G), i.e., the sum ranges over all

elements in Pk(k,G). Hence,

(U −1)k[e−η(k)] = (−1)ht(η(k))|Pk(k,G)|. (7.3.4)

Therefore using Equation (7.2.1), we have

Uq[e−η(k)] = ∑
k≥0

(q
k

)
(U −1)k[e−η(k)] = ∑

k≥0

(q
k

)
(−1)ht(η(k))|Pk(k,G)|

= (−1)ht(η(k)) πG
k (q).

Remark 7.3.5. In order to extend the [3, Theorem 1] to the case of BKM superalgebras,

we need the extra assumption, ki ≤ 1 for i ∈ Ψ0. If ki > 1 for some i ∈ Ψ0, then each γi
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contributes Im(γi) to the required coefficient in Equation (7.3.2). Note that Im(γi) and hence

I(wi)∪ Im(γi) can be multisets. Since the independent sets considered in Equation (7.2.1)

are not multisets, by assuming ki ≤ 1 for i ∈ Ψ0, we dismiss the possibility of Im(γi) to be a

multiset.

Proof of Theorem 7.3.1: By the denominator identity (5.5.1),

U =
∏α∈∆0

+
(1− e−α)mult(α)

∏α∈∆1
+
(1+ e−α)mult(α)

, (7.3.5)

and hence,

Uq =
∏α∈∆0

+
(1− e−α)qmult(α)

∏α∈∆1
+
(1+ e−α)qmult(α)

= ∏
α∈∆+

(1− ε(α)e−α)ε(α)qmult(α)

= ∏
α∈∆+

( ∑
k≥0

(−ε(α))k
(

ε(α)qmult(α)

k

)
e−kα).

(7.3.6)

where ε(α) = 1 if α ∈ ∆0
+ and −1 if α ∈ ∆1

+.

On the other hand, by Proposition 7.3.4,

Uq[e−η(k)] = (−1)ht(η(k))
π

G
k (q).

Hence, from Equation 7.3.6, we get,

π
G
k (q) = (−1)ht(η(k))

∑
J∈LG(k)

(−1)|J|+|J1| ∏
J∈J0

(
q mult(β (J))

D(J,J)

)
∏

J∈J1

(
−q mult(β (J))

D(J,J)

)
.

Formula for multiplicities of free roots

Let A :=C[[Xi : i ∈ I]] with Xi = e−αi be the algebra of formal power series. For ζ ∈A with

constant term 1, log(ζ ) =−∑k≥1
(1−ζ )k

k is well–defined.
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Proof of Corollary 7.3.2: Considering U as an element of A [c.f. Equation 7.3.1], using

Proposition 7.3.4,

−log(U) = ∑
k≥1

(1−U)k

k
,

i.e.,−log(U)[e−η(k)] = ∑
k≥1

(1−U)k[e−η(k)]

k
,

= ∑
k≥1

(−1)k

k
(−1)ht(η(k)|Pk(k,G)| ( By Equation 7.3.4)

= (−1)ht(η(k))
∑
k≥1

(−1)k

k
|Pk(k,G)|

= |πG
k (q)[q]| ( By Equation 7.2.1).

Now applying −log to Equation 7.3.5, we get,

∑
ℓ∈N
ℓ|k

1
ℓ

mult(η (k/ℓ)) = |πG
k (q)[q]| if β (k) ∈ ∆

+
0 (7.3.7)

and

∑
ℓ∈N
ℓ|k

(−1)ℓ+1

ℓ
mult(η (k/ℓ)) = |πG

k (q)[q]| if β (k) ∈ ∆
+
1 . (7.3.8)

The statement of the corollary is now an easy consequence of the following Möbius inversion

formula: g(d) = ∑d|n f (d) ⇐⇒ f (n) = ∑d|n µ( n
d )g(d) where µ is the möbius function.

Example 7.3.6. Consider the BKM superalgebra L and the root space η(k) = 3α3 +3α6 ∈

∆1
+ from Example 6.1.13. The k-chromatic polynomial of the quasi Dynkin diagram G of L

is equal to

π
G
k (q) =

(
q
3

)(
q−3

3

)
=

1
3!3!

q(q−1)(q−2)(q−3)(q−4)(q−5).
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By Corollary 7.3.2, since η(k) is odd,

mult(η(k)) = ∑
ℓ|k

(−1)ℓ+1µ(ℓ)

ℓ
|πG

k/ℓ(q)[q]|

= |πG
k (q)[q]|+

µ(3)
3

|πG
k′(q)[q]| where k′ = (0,0,1,0,0,1)

=
10
3
− 1

3
= 3

Example 7.3.7. Consider the BKM superalgebra L from the previous example. Let k =

(2,1,0,1,2,0) ∈ ZI
+. Then η(k) = 2α1 +α2 +α4 +2α5 ∈ ∆0

+. We have

mult(η(k)) = ∑
ℓ|k

µ(ℓ)

ℓ
|πG

k/ℓ(q)[q]|

This implies that mult(η(k)) = |πG
k (q)[q]|. We have πG

k (q) =
1
4q(q−1)3(q−2)2. Therefore

mult(η(k)) = 1.
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