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Abstract

A'-homotopy theory is a homotopy theory for schemes in which the affine line
A! plays the role of the unit interval. The main objects of study are simplicial
sheaves on the Nisnevich site of smooth schemes of finite type over a field. For
these objects, one constructs analogues of various devices from the classical ho-
motopy theory of topological spaces. One such device is the sheaf of Al-connected
components of a simplicial sheaves.

For a general simplicial sheaf X', the sheaf W§1 (X) of Al-connected components
of X is generally hard to compute. However, one can attempt to study it by means
of the sheaf of naively A'-connected components, denoted by S(X). The sheaf
S(X) may be viewed as a crude approximation to 74 (X), but it is easier to define
and compute, at least when X is a sheaf of sets. The functor § is the main object
of study in this thesis.

When &X' is a sheaf of sets, the direct limit of the sheaves S"(X'), which we
denote by L(X) can be proved to be Al-invariant. In fact, this is the universal
Al-homotopic quotient of X. When W(‘)*I(X ) is Al-invariant, it can be proved to
be isomorphic to £(X). A recent example of Ayoub has shown that 72" (X) is not
always Al-invariant. However, we show that there is a natural bijection between
field valued points of the sheaves £(X) and 72" (X) for any sheaf of sets X

The sheaf £(X) is obtained by iterating S on a the sheaf X infinitely many
times. Our second main result is to show that the infinitely many iterations are
indeed necessary. We achieve this by constructing a family of sheaves {X}},,
indexed by the positive integers, such that S*(X,) # S(X,,) for any i < n.

The third main result of this thesis is regarding retract rational varieties over
an infinite field k. A result of Kahn and Sujatha shows that for a retract rational
variety X, the sheaf 7T§1 (X) is the point sheaf. We strengthen this result by
showing that S(X) is the point sheaf.
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Notations
More(X,Y) Morphisms from an object X to an object Y of a category C.
k(x) Residue field at a point = of a scheme
Ox . Local ring at a point x of a scheme X
R" Henselization of a ring with respect a specified ideal.
(9%1 Henselization of the ring Ox , with respect to its maximal ideal
Xz Spec Oé’(,m where x is a point on a scheme X

Z(I)

Closed subscheme associated to an ideal (or ideal sheaf) I
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Chapter 1

Introduction

1.1 Al'-homotopy theory

Much of the development of algebraic geometry has involved adopting techniques
from algebraic topology. In the context of topological spaces, certain invariants
of interest, such as the fundamental group, are observed to be preserved under
homotopy equivalences. This has led to the development of homotopy theory. The
homotopy category of topological spaces provides us with the natural framework
to study functors that are homotopy invariant, i.e. functors F on the category of
topological spaces such that the morphism F(X) — F(X x [0, 1]), induced by the
projection X x[0, 1] — X, is an isomorphism. In the context of algebraic geometry,
the analogous notion is that of Al-invariance. We say that a contravariant functor
G, defined on some suitable category of schemes, is Al-invariant if for any object
X of the category, the morphism G(X) — G(X x A!), induced by the projection
morphism X x A' — X, is an isomorphism. Many interesting functors, such
as Chow groups, motivic cohomology, étale cohomology, K-theory, etc. exhibit
the property of Al-invariance. This has led to the development of Al-homotopy
theory, which is a homotopy theory for algebraic varieties where the affine line A'
plays the role of the unit interval.

The foundations of this theory were laid by Morel and Voevodsky in [24].

1



2 CHAPTER 1. INTRODUCTION

For a finite-dimensional noetherian scheme S, they constructed the A'-homotopy
category H(S) which provides an appropriate framework for homotopy-theoretic
constructions for schemes over S.

Let Sm/S denote the Nisnevich site of smooth schemes of finite type over S.
Let A?Shv(Sm/S) denote the category of simplicial sheaves over this site. A sim-
plicial version of the Yoneda lemma allows us to embed Sm/S into A?Shv(Sm/S).
The category A% Shv(Sm/S) has a model structure, called the locally injective
model structure. The Al-model structure on this category is obtained by perform-
ing an appropriate process of localization of this model structure with respect to
the set of all projection morphisms of the form X x A! — X where X is a simplicial
sheaf.

One can construct analogues of many concepts from classical homotopy theory
in this context. For example, given any simplicial sheaf X', we can associate to it
the sheaf 78 (X), called the sheaf of A'-connected components of X'. This is the
Al-homotopic analogue of the set of connected components of a topological space.
Similarly, given a pointed sheaf (X, z) and any integer ¢ > 1, we can associate to

it the group sheaf 72" (X, x).

1.2 Sheaf of naively Al-connected components

In [23], Morel establishes analogues of several results from classical homotopy
theory under the assumption that S is the spectrum of a perfect field.

For instance, if X is a topological space, we may interpret its set of con-
nected components and its homotopy groups as discrete topological spaces. A
CW-complex X is discrete if and only if any morphism from a space of the form
U x [0,1] factors through the projection U x [0,1] — U. Thus, we see that an
Al-invariant space may be seen as the A-homotopic analogue of the notion of a
discrete space. Thus, the following result of Morel can be seen as the A'-homotopic

analogue of the statement that the homotopy groups of a pointed topological space
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are discrete topological spaces.

Fact 1.1 ([23, Theorem 1.9]). Let k be a perfect field and let (X, x) be a pointed

simplicial sheaf over Sm/k. Then the sheaves Wﬁl (X, x) are A'-invariant for any

1> 0.

Morel conjectured that for any simplicial sheaf X, the sheaf 72" (X) should
also be Al-invariant. Some evidence for this conjecture was provided by verifying
the Al-invariance in special cases. For instance, it was proved in [10] that 74" (X)
is Al-invariant if X is an H-group. In [3] and[7], it is proved that if X is a
smooth projective curve over an algebraically closed field of characteristic zero,
then W(‘)&Xl (X) is Al-invariant. However, a counter-example to Morel’s conjecture
was found by Ayoub (see [2]).

The sheaf 7r§1 (X) is hard to compute for a general simplicial sheaf X'. However,
one can attempt to understand it through the related notion of the sheaf of naively
Al-connected components, which we denote by S(X'). When X is a sheaf of sets,
S(X) has a rather simple, geometric interpretation. It is simply the Nisnevich
sheafification of the presheaf U — X (U)/ ~, where ~ denotes the equivalence

relation on X(U) generated by Al-homotopy. (See Section 2.3 for a detailed

definition.) There is a canonical sequence of epimorphisms morphism
X = S(X) = 7 (x).

This sheaf S(X) was first defined in [1, Definition 2.2.4] where it was denoted
by msh(X)). Asok and Morel refer to this as the sheaf of Al-chain connected
components of X. However, they define (see [1, 2.2.2]) a variety X to be Al-chain
connected if 72" (X)(L) = « for any finitely generated, separable field extension
L/k. This is weaker than the notion of naive A'-connectedness that we wish to
study. Hence, in order to avoid confusion, we will refer to S(X) as the sheaf of

naively Al-connected components of X. We will say that X is naively A'-connected

if S(X) = .
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The following result of Asok and Morel is the first example of how the sheaf
S(X) may be used to study the sheaf 74" (X).

Fact 1.2 (see [1, 2.4.3]). Let X be a proper variety over a field k. Then, for any
finitely generated separable field extension L/k, the map S(X)(L) — =& (X)(L)

s a bijection.

Asok and Morel conjectured that S(X) — 72" (X)) should be an isomorphism
of sheaves for any proper variety X over k. A counter-example in [3] shows that
this need not be so. However, one still has the following relationship between the

1.
functors S and 7} in general.

Fact 1.3 (see [3, Theorem 1]). Let X be a sheaf of sets over Sm/k. Let L(X)
denote the direct limit ligS”(X). Then, L(X) is an A'-invariant sheaf and we

have a canonical factorization
X =t (X) = L(X).

The canonical morphism 7r§x1 (X) — L(X) is an isomorphism if and only if W§1(X)

is A'-invariant.

The sheaf £(X) is the universal A*-homotopic quotient of X in the sense that
the morphism X — L£(X) is the initial object in the category of all morphisms of
the form X — Z where Z is an Al-invariant sheaf of sets.

As we noted above, Ayoub’s counter-example shows that 7T§1 (X) need not al-
ways be Al-invariat and thus 72" (X) — £(X) need not always be an isomorphism.

However, we will prove the following result:

Theorem 1.4 (see 3.3). Let X be a sheaf of sets on Sm/k. For any finitely
generated, separable field extension L/k, the natural map & (X)(L) — L(X)(L)

15 a bijection.

Theorem 1.4 may be seen as a generalization of Fact 1.2 to arbitrary sheaves of

sets, but where the functor S has to be replaced by hgl S". (If X is a proper variety



1.3. NEAR-RATIONALITY PROPERTIES 5

over a field k, we have a bijection S(X)(L) — L£L(X)(L) for any separable, finitely
generated field extension L/k — see [3, Theorem 3.9].) We show, by constructing a

sequence of examples that the iterations of S in Theorem 1.4 is indeed necessary.

Theorem 1.5. Let k be a field. There ewists a sequence X, of A'-connected
sheaves of sets over Sm/k such that 8" (X,) = wb' (X,) is the trivial one-point

sheaf, but S'(X,) # STHAX,), for every i <n+ 1.

1.3 Near-rationality properties

Let X be a variety over a field k. We say that two points x,y € X(k) are
elementarily R-equivalent if there exists a rational map ¢ : A --» X such that ¢
is defined at 0 and 1, and satisfies ¢(0) = =z and ¢(1) = v.

The relation of being elementarily R-equivalent generates an equivalence rela-
tion on X (k) which we call as R-equivalence. The set of R-equivalence classes of
X (k) will be denoted by X (k)/R. We say that a variety X is R-trivial over k if
X(k)/R = *. We say that X is universally R-trivial if for any finitely generated,
separable field extension L/k, the variety X := X Xgpeck Spec L is R-trivial over
L.

If X is a proper variety over k, a rational map A} --» X actually extends to
a morphism A} — X. Thus, in this case, to say that X is R-trivial over k is
equivalent to the condition S(X)(k) = x. Thus, X is universally R-trivial if and
only if S(X)(L) = * for any finitely generated, separable field extension L/k. By
Fact 1.2, this condition is equivalent to saying that 72 (X)(L) =  for any finitely
generated, separable field extension L/k. A result of Morel (see [21, Lemma 3.3.6]
and [22, Lemma 6.1.3]) shows that this is equivalent to saying that 78 (X) = .
Thus, we see that a proper variety over a field £ is universally R-trivial if and only
if it is Al-connected.

Thus, for proper varieties, A!-connectedness has a very simple algebro-geometric

characterization. Since smooth, proper rational varieties are easily seen to be Al-
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connected, it is natural to compare the notion of Al-connectedness to the notion
of rationality as well as its weaker variants (such as stable rationality, retract ra-
tionality, unirationality, etc.). Note that, for such a comparison, it is important to
assume that the variety is smooth, and not just proper over k. Indeed a singular
rational variety need not be A!-connected in general. (Consider, for instance, the
curve cut out by the homogeneous polynomial Y27 — X3 + X2Z in P%, which is
rational but not A'-connected over R (see [4, Remark 2.3]).

It was proved by Asok and Morel (see [1, Theorem 2.3.6]) that if &k is a field
of characteristic 0, then retract rational varieties are A'-connected. This result
was proved for arbitrary fields by Kahn and Sujatha (see [17, Theorems 8.5.1 and
8.6.2]). In the case when k is an infinite field, we have the following improvement

of this result:

Theorem 1.6. Let k be an infinite field. Let X be a smooth, proper, retract
rational variety over k. Then S(X) = .

Thus, if X is a smooth, proper variety over an infinite field k, we have the

following implications:
retract rational = naively A'-connected = A'-connected

It is not known whether either of the above implications is strict.
The following result of Sawant provides a little more context for the second

implication in the above diagram:

Fact 1.7 (see [28, Theorem 3.2]). Let k be an infinite field and let X be a simplicial
sheaf over Sm/k such that S(X)(L) = x for any finitely generated, separable field
extension L/k. Then S*(X) = .

Thus, if X is any A!-connected, smooth proper variety over an infinite field k,
we see that S?(X) = *. However, it is not clear whether such a variety is naively

Al-connected. It is easy to construct an example of a singular, proper variety X



1.3. NEAR-RATIONALITY PROPERTIES 7

which is Al-connected, but not naively Al-connected. However, no example of a
smooth, proper variety with this property is known.

For a variety X, one might ask for necessary and sufficient conditions for the
morphism S(X) — £(X) (or the morphism S(X) — 74" (X)) to be an isomor-
phism. Theorem 1.6 says that if X is a smooth, proper, retract rational variety over
an infinite field, then S(X) — £(X) (which can be identified with S(X) — 72" (X)
in this case) is an isomorphism. This should be contrasted with the results in [7]
and [8] which says that if X is a smooth, proper surface that is birationally ruled
over a curve of genus > 0, then the morphism S(X) — £(X) is an isomorphism

if and only if X is minimal.
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Chapter 2

Preliminaries on Al-homotopy

theory

In this chapter, we will review the construction of the A'-homotopy category. Our
treatment of this subject is far from comprehensive since we focus only on the

notion of A'-connectedness and the related notion of naive Al-connectedness.

2.1 The A'-homotopy category

Let k be a field. Let Sm/k denote the category of smooth schemes of finite type
over k, equipped with the Nisnevich topology (see Appendix B). We consider
the category A Shv(Sm/k), of (Nisnevich) sheaves of simplicial sets on Sm/k.
(We refer to the appendix, Section A.2 for some details regarding the category of
simplicial sets.) We will refer to the objects of this category as spaces.

The category A Shv(Sm/k) has a model structure, called the injective local
model structure (see the Appendix, Section A.4). The weak equivalences for this
model structure are the morphism X — ) of spaces which induce weak equiva-
lences on stalks. We will refer to these as simplicial weak equivalences. The cofibra-
tions for this model structure are the monomorphisms. In particular, every space is

cofibrant. Fibrations are defined to be those having the right lifting property with

9
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respect to cofibrations which are also weak equivalences. We will denote the ho-
motopy category associated with this model structure as the simplicial homotopy
category and denote it by Hs(k). Let Fx : A?Shv(Sm/k) — A?Shv(Sm/k) be
a fibrant approximation functor for this model structure.

We note that the category A°?Shv(Sm/k) is actually a simplicial model cat-
egory. This means that given any objects X and )/, we can associate to it a
simplicial set, denoted by Map(X,)), called the simplicial mapping space from
X to Y such that the set Map(X,) )y of O-simplices in this simplicial set is equal
to Moraersho(sm/k)(X,Y). Also, the association (X,Y) — Map(X,Y) satisfies
certain properties that make it compatible with the model structure. We refer to
the Appendix, Sections A.3 and A.4 for details.

The A'-model structure on A?Shv(Sm/k) is defined to be the left Bousfield
localization with respect the set A, of all the projection morphisms of the form
X x A' — X. (We refer to the Appendix, Section A.5 for further details regarding
left Bousfield localizations.) We say that an object X € A?Shv(Sm/k), or its
image in H,(k), is Al-local, if it is A-local in the sense of Section A.5. In other

words, a space X is Al-local if and only if the map
MOTHS(k)(X, y) — MOTHS(k)(X, y X Al)

is a bijection for any space ). The weak equivalences in this model structure
are called as Al-weak equivalences. The homotopy category corresponding to this
model structure is called the A'-homotopy category over k and is denoted by H (k).
We note the cofibrations in this model structure are the same as the ones in the
locally injective model structure, i.e. the are precisely all the cofibrations. In
particular, every space X is a cofibrant object in the A'-model structure as well.

Let L1 denote a fibrant replacement functor for the Al-model structure. Recall
that it comes equipped with a natural transformation 7 : Id — L,1 such that

nx : X — Lyi(X) is an Al-equivalence for any space X. We define the following:

1. For any space X, let 78 (X) := mo(La1 (X)).
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2. For any integer ¢ > 0 and any pointed space (X, z) (i.e. aspace X', along with
a morphism z : Spec (k) — X), we define 72" (X, ) 1= m;(La1 (X), nx(x)).

In general, it is quite difficult to compute the sheaves 78 (X) and 7' (X, z).

This is because it is not easy to do explicit computations involving an fibrant
replacement functor for the A'-model structure. Morel and Voevodsky provide an
explicit description of an Al-fibrant replacement functor, which we recall briefly

in the next section.

2.2 Al-fibrant replacement functor

We begin by recalling the construction of the Morel-Voevodsky Sing, construction.
This is the Al-homotopic analogue of the singular complex in classical algebraic
topology.

In Appendix A.2, we construct the cosimplicial object A in the category of
simplicial set, which mapped the object [n] in the cosimplicial indexing category
A to the standard n-simplex A". Similarly, we constructed the cosimplicial object
|A| in Top which mapped [n] to the standard topological n-simplex. We perform
an analogous construction in the category of smooth schemes.

In the affine A"*!, we use the coordinate functions t,...,t,, so that
A" = Specklty, ..., t].

(Thus, we are labelling the coordinates from 0 to n instead of 1 to n + 1.) For
0 <i < mn,let e denote the point (0,...,1,...,0) (having 1 in the i-th coordinate
and 0 elsewhere). Then, we define A7, to be the n-dimensional linear variety
passing through e, ..., e. Thus,

Yy n”

N Elto, ... tn)
1 := Spec (—Z;?:l = 1) .

If f: [m] — [n]is a morphism in the cosimplicial indexing category A, the

corresponding morphism Ay (f) @ ATy — A%, maps Al to the variety spanned

n

by the points €0y €fm) SO that e]" is mapped to the point €t
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Definition 2.1. Let X be a simplicial sheaf on Sm/k. Then, we define Sing.(X)
to be the diagonal of the bisimplicial sheaf Hom (A%, X') (where Hom denotes the
internal Hom in the category of sheaves). Thus, for a smooth scheme U over k,

we have

(Sing(X))n(U) = Morsnusmi (U X Afr, &y).

For every non-negative integer n and smooth scheme U, the projection mor-
phism U x A}, — U induces a map &, (U x A%,) = &,(U). These maps give us
a morphism X — Sing.(X), which is an Al-weak equivalence (see [24, page 89,
Corollary 3.8]).

Let Ex denote a fibrant replacement functor for the locally injective model
structure on A’ Shv(Sm/k). An explicit example of such a functor is provided by
Morel and Voevodsky in [24, page 70, Theorem 1.66]. Then Morel and Voevodsky

have the following result.

Lemma 2.2 (see [24, page 107, Lemma 2.6]). Let Ly : A?Shv(Sm/k) —
APShv(Sm/k) denote the functor

Lyt = Ex o (Ex o Sing,)" o Ex.

Then, for any simplicial sheaf X, the simplicial sheaf Lyi(X) is A'-fibrant. The
canonical morphism X — Ly (X) is a trivial cofibration for the A'-model struc-

ture.

2.3 Naively Al-connected components

Definition 2.3. Let X be a simplicial sheaf on Sm/k. Then, we define S(X) to
be the sheaf 7y (Sing.(X)).

We will only be interested in this functor in the case when X is a sheaf of sets.
In this situation, S(X) has a somewhat simpler description. For any scheme U,

we have two morphisms og, oy : U — U x A! which map U isomorphically onto the
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closed subschemes U x {0} and U x {1} of U x A! respectively. Correspondingly,
we have the two restriction morphisms of, 07 : X(U x A') — X(U). We say
that two elements f and g of X (U) are A'-homotopic if there exists an element
h € X(U x A') such that oj(h) = f and o}(h) = g. This is a symmetric and
reflexive relation on X' (U), but fails to be transitive in general. The equivalence
relation on X (U) generated by this relation is called Al-chain homotopy. Let
us denote this equivalence relation by ~p. It is easy to check that S(X) is the
Nisnevich sheaf associated to the presheaf U — X (U)/ ~y.

Using the description of the Al-fibrant approximation functor in Lemma 2.2,
we see that there exists a natural transformation Sing, — L,:. For any object
X, the morphism Sing,(X) — L (X) is an Al-weak equivalence. Applying
the functor m(—), we obtain a natural transformation S(—) — 74" (=) which is
generally not an isomorphism. However, if Sing,(X) is A'-local then the morphism
Sing,(X) — Ly (X) is a simplicial weak equivalence. (If M is a model category
and A is a set of morphisms in M such that the left Bousfield localization with
respect to A exists, it is easy to prove that a morphism between A-local objects is
an A-local equivalence if and only if it is a weak equivalence.) It follows that the
canonical morphism S(X) — 7' (X) is an isomorphism if Sing, (X) is A'-local.
(This argument was used in [3], [6] and [7] to show that Sing, of certain varieties

is not A'-local.)
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Chapter 3

Universal Al-homotopic quotient

In this chapter, we prove that for any sheaf of sets F, the morphism W(‘?l (F) —
L(F) induces a bijection on L-valued points where L/k is any finitely generated,
separable field extension. In Section 3.1, we prove that any Nisnevich cover of a
smooth curve can be refined by an elementary Nisnevich cover. In Section 3.2, we
explain how sections of a simplicial sheaf over an elementary Nisnevich cover of
a smooth variety X may be glued to obtain a section over X. In Section 3.3, we

present the proof of Theorem 1.4.

3.1 Nisnevich covers of curves

As discussed in Appendix B, it is easier to construct sections of a Nisnevich sheaf
over an elementary Nisnevich cover. In this section, we will see that if we want to
construct sections over a curve, we can always reduce the situation to that of an

elementary Nisnevich cover.

Lemma 3.1. Let C' be a smooth curve and let p : V — C be a Nisnevich cover.
Then, there exists an elementary Nisnevich cover (py : Vi — C,py : Vo — C)
refining the cover p, in the sense that there exists an open immersion Vi [[ Vo =V

such that the composition Vi [[Va =V L C is equal to py [1p2.

15
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Proof. Let n : Spec L — C' be the generic point of C. Then, n lifts to V and
thus there exists an open immersion U < C which lifts to V. In fact, the lifting
morphism maps U into one of the components of V', which we denote by V;. Then
plv, : Vi — C is a birational étale map, and so it is an open immersion. We write
V =V ][ V4 and denote the morphism p|y, by p;.

The set Z := C\p; (V) consists of a finite number of closed points of C'. Each
of those points can be lifted to V. Suppose Z = {z1,...,2z,}. For 1 <i <m, we

pick a point y; € V5 lifting z;. We define

Vo\ (Upl(zz)>] Uyt YUm}-

Denote the morphism p|y, by pa. Then, we see that the pair (p; : Vi — C,ps :

"/'2:

Vo — () is an elementary Nisnevich cover refining the given cover p: V — C. O

Lemma 3.2. Let C be a smooth curve and let (py : Vi — C,pg : Vo — C) be an
elementary Nisnevich cover of C. Let W be a dense open subscheme of Vi X¢ Vs.
Then, there exists an open subscheme Vy of Vo such that (p1 : Vi — C,paly; : Vg —
() is an elementary Nisnevich cover of C' and the morphism Vi xo V) — Vi X Va

induced by the inclusion Vi — Vo maps Vi X V4 isomorphically onto W'.

Proof. We may assume that C' is irreducible since the result can be proved for
each component of C.
Let mo : Vi X Vo — V5 be the projection on the second factor. Since p; is an

open immersion, m, is an open immersion. We have

(Vi o Vo) = {v € Vs | pa(v) € pr(VA)}.

Since pi(V7) is dense in C and py : Vo — C' is etale, it is easy to check that
mo(V1 X V3) is dense in V;. Let Z be the complement of mo (V) X V3) in Va. Thus,

we have
Z = {v € Va|pa(v) ¢ p1(V1)}.

As V5 is 1-dimensional, Z is a finite set, each point of which is closed.
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We define Vj = my(W) U Z. From the above description of Z, it is easy to see
that (p1 : Vi = C,pafyy : Vi — C) is an elementary Nisnevich cover of C' with the
required property. O]

3.2 Extending homotopies

A key idea in the proof of Theorem 1.4 is to use the homotopy extension property
to glue morphisms. In this section, we will briefly explain this idea.

Let F be a simplicial sheaf over Sm/k. Let X be a smooth scheme over k
and let (py : U — X,py : V — X) be an elementary Nisnevich cover of X (see
B.2). Thus, p; is an open immersion and ps is an étale morphism such that if
Z = X\p1(U), the morphism V' xx Z — Z induced by p, is an isomorphism.
Let W denote the scheme U X x V. Observe that the projection morphism W =
U xx V — V is an open immersion.

Suppose we want to construct a morphism of X into F using this cover. So,
we have a morphism f : U — F and a morphism g : V' — F. By the discussion
following the statement of Fact B.3, we see that if the restrictions of f and g to
W are equal, then f and g can be glued to give a morphism h : X — F.

However, suppose that the morphisms f and g which we have chosen do not
satisfy this property. Then, we would like to modify them so that they can be glued
together. Suppose that the morphisms f|y and g|y are simplicially homotopic,
i.e. there exists a morphism h : W x Al — F such that if ig, i, : Ag — A are the
endpoint morphisms (see the appendix, Section A.2), then we have ho (idy x i) =
flw and h o (idw X i1) = glw. Also assume that we can extend h to a morphism
H :V x A' — F such that H o (idy oig) = f. Then, if f' = H o (idw o iy), we
see that f and g can be glued together to obtain a morphism from X to F.

This is a “homotopy extension” problem, which one sees often in the classical
homotopy theory of topological spaces. In this situation, the existence of the

homotopy extension H can be guaranteed by assuming that F is a fibrant sheaf.



18 CHAPTER 3. UNIVERSAL A'-HOMOTOPIC QUOTIENT

Indeed, the morphism iy : A® — Al is a trivial cofibration and the morphism
F — x is a fibration. Thus by Lemma A.14, the induced morphism ¢ : FA
FA” = F induced by iy is a trivial fibration. The morphism h : W x Al —
F induces (by adjointness relations) a morphism & : W — F2' such that the

following square commutes

W —— FA

L

V——F.

Since the left vertical map is a monomorphism, it is a cofibration. Thus, there
exists a morphism H:V - FA making the diagram commutative. This map
corresponds (via adjointness relations) to a morphism H : V x Al — F_ which is

the homotopy extension morphism we require.

3.3 Field valued points of L(X)

Theorem 3.3. Let F be a sheaf of sets. For any finitely generated, separable field
extension K/k, the natural map 78 (F)(K) — L(F)(K) is a bijection.

Proof. 1f x1, 29 € F(K) map to the same element in £(F)(K), we want to prove
that they map to the same element in 72" (F)(K). The hypothesis implies that
there exists some non-negative integer n such that x; and xs map to the same
element in 8" (F)(K). We will prove by induction on n that this implies that
they map to the same element in 72 (F)(K). The case n = 0 is obvious. So we
now assume that the claim is known to be true for n < r for some positive integer
r and now suppose that z;, z, map to the same element in S"!(F)(K).

The images of 1 and x5 in S”(F)(K) are connected by a chain of Al-homotopies.
In other words, there is a sequence of elements yoy = z1,y1,...,Ym = T2 in
S"(F)(K) such that for 0 <14 < m —1, y; is connected to 3,41 by an Al'-homotopy
Al — F. We claim that all the y;’s map to the same element of 74" (F)(K). It
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will suffice to prove the result in the case when m = 1, i.e. we may assume that
there is a single Al-homotopy % : AL — S"(F) connecting z1 and 5.
Since the morphism F — S"(F) is an epimorphism, there exists a Nisnevich

cover p: V — Al and a morphism h : V — F such that the diagram

VL F
|
Al —> 8" (F)

commutes. Using Lemma 3.1, we may assume that V is of the form V =V, [[ V,

such that if p; = p|y; for i = 1,2, then (p; : Vi — Ak, pe : Vo — Ak) is an

elementary Nisnevich cover. Let h; = hly;.
For v =1,2, let m; : V} x V5 — V; be the projection morphism. Then, the two
compositions

Vixar Vo 55 Vi 25 F — S'(F)

for 1 = 1,2 are equal. Thus, there exists a Nisnevich cover U — V| X AL V5 such

that the two compositions
U—Vixg Vo5V 25 F— SYF)

for i = 1,2 are connected by a chain of Al-homotopies. There exists a scheme
W, which is a union of some components of U such that the composition W <
U—V x AL V5 is a dense open immersion. Using Lemma 3.2, we can shrink V5 to
reduce to the situation where W — V; x AL V5 is an isomorphism. So, now we will
actually denote the scheme V; x ar Vo by W (for typographical reasons). Thus,

the two compositions
W =Vixg Va5V 25 F = SL(F)

for i = 1,2 are connected by a chain of Al'-homotopies, which we denote by
H. Thus, H is an ordered sequence (hy, ..., h,) where each h; is a a morphism
W x Ay — 8H(F). Also, for each 1 < i < m, the morphisms h;|wq1y and
hit1|wx oy are the same. (Here we identify both W x {1} and W x {0} with W.)
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Let W = H?:l W; be the decomposition of W into irreducible components.
Let n; : Spec L; — W, be the generic point of W;. Then the restriction of H to
Spec L; x A is a chain of A'-homotopies of Spec L; in S"*(F). By the induction

hypothesis, we can conclude that for every j, the two compositions
Spec L; — W 25V LNy SN T (F)

for ¢ = 1,2 are equal.
Let X = Lgi(F). Thus, X is simplicially fibrant and also A'-local. Also, we
have by definition 7o(X) = &' (F). Thus, the two compositions

Spec L; — W I V; 1y F oy nbt (x0)

for i = 1,2 are connected by a chain of simplicial homotopies of the form Spec L; x
A' — X. (Actually, they can be connected by a single simplicial homotopy using
[14, Proposition 9.5.24(2)], but we do not really need this detail.) These simplicial
homotopies extend to an open subset W} of W; for each j. Thus, if W’ = Uﬁ»’:lW; ,

then we see that the compositions
W' s W I v My 7o ()

for i = 1,2 are connected by a chain of simplicial homotopies of the form W’ x
Al - Xx.
Now, by using Lemma 3.2 to further shrink V5, we may assume that W/ = W.

Thus, we have reduced to the situation where the two compositions
W I v s F oo nb ()

for i = 1,2 are connected by a chain of simplicial homotopies of the form W x Al —
X.
Now, we may use the discussion in Section 3.2 to extend these homotopies

to V5. Thus, we obtain a morphism hj : V5, — X such that the composition
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Va M2 F 5 X is connected to R}, by a chain of simplicial homotopies, and the

compositions

Wy, F Ly

and

TGN VAN Y

are equal. These two homomorphisms may be glued together to give an Al-
homotopy AL — X connecting the image of the point z; in X (K) to a point
where 2}, is simplicially homotopic to the image of 2o in X'(K). Since X is Al-local,
the images of the points z; and z, in X(K) are actually simplicially homotopic.
Thus, we see that the images of x; and x5 in X'(K) are simplicially homotopic.
Hence, the images of 2, and 25 in 78 (X)(K) are equal. This completes the proof

by induction. O]
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Chapter 4

Iterations of the S functor

In this chapter, we construct a family of examples to show that the term L£(X)
in the statement of Theorem 1.4 cannot be replaced by S"(&X') for any positive
integer. In other words, the infinitely many iterations of S are indeed necessary

in general.

4.1 Closed embeddings of sheaves

Definition 4.1. Let F and G be Nisnevich sheaves of sets on Sm; and let i :
F — G be a monomorphism. We say that i is a closed embedding of sheaves if it
has the right lifting property with respect to any dense open immersion U — X,

where X is a smooth variety over k.

Observe that if X is a smooth variety over £ and n : Spec K — X is the
inclusion of the generic point of X, then any closed embedding of schemes has the
right lifting property with respect to n. The analogue of this fact for Nisnevich

sheaves is as follows.

Lemma 4.2. A monomorphism i : F — G is a closed embedding of sheaves if and
only if for any smooth henselian local scheme X with generic point n : Spec K —

X, the morphism i has the right lifting property with respect to 1.

23
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Proof. Let X be a smooth variety over k£ and let U be an open subset of X.

Suppose that we have a diagram

_

_—

T ]l:

g.

For any point = of X, let X, denote the scheme Spec Oé‘(’x and let 7, : Spec K, —
X, denote the generic point of X,. Then, in the diagram

Spec K, —=U ——=F

_ 7

X, = X g.

we obtain a morphism X, — F (indicated by the dashed arrow) making the
diagram commute. This means that there exists a smooth variety X'(z) with an
étale morphism 7 : X* — X, which is an isomorphism on 7~(z) and such that

we have a morphism X* 5 F making the diagram

i

commute. (Note: The superscript z in X7 is only intended to indicate the depen-

—_—
7

_

(Lj
X*l X

dence on = and has no other meaning.)
Thus, we see that there exists a Nisnevich cover X = X and a morphism

X — F such that the diagram

U——=F
I
X2 . X— g
commutes. The morphism X 5 F - G descends to a morphism X — G. Since

F — G is a monomorphism, we see that the morphism X — F also descends to
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a morphism X — F making the lower triangle in the diagram
X—G.

commute, which in turn, makes the upper triangle commute. O
Lemma 4.3. Let F, G and H be Nisnevich sheaves of sets on Smy.

(a) If F — G is a closed embedding of sheaves, then for any morphism H — G,

the morphism F xg H — G s a closed embedding of sheaves.

(b) Let p: F — G be an epimorphism and let i : H — G be a monomorphism of

sheaves. If i’ : F xg H — F is a closed embedding, then so is i.

Proof. Part (a) is obvious; we prove part (b). Let p' : F xg H — H be the
projection on the second factor. Let X be a smooth henselian local scheme with
generic point 1 : Spec K — X. Let a : X — G such that a o n factors through
1. As p is an epimorphism, there exists g : X — F such that po f = «a. Since
po fon = aon factors through 7, the morphism [ o7 factors through i’. As ¢ is
a closed embedding, S factors through i’. Thus, § =i’ o f/ and we have

a=pof=poiof =iopof.

Hence, « factors through . This proves that 7 is a closed embedding. O

4.2 Construction of examples

Consider the Zariski cover of A} given by Vi = A} \ {1} and V5 = A} \ {0}. Let
p: Vi — A,lﬁ and py : Vo — A}g be the inclusion morphisms. Let W := V) X al Vo =
A\ {0,1}. Fori = 1,2 let m; : V) X1 Vo — Vi be the projection (which is an

open immersion).
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We will now inductively construct a sequence of sheaves {Xn}nEZZ_l on Smy,
and morphisms «,, 3, : Speck — A,. Set X_; := Speck and let a_1,53_1 :
Spec k — Spec k be the identity maps.

If X, 1,a,_1, 5,1 are defined, we define X, to be the pushout of the diagram

W]_[WLﬂ/i]_[Vz

N K

W x anl (i)’_))(n

where ¢,, = m [[ 72 and 1), is the composition

idWX(Oén—l L[/Bn—l)\ W % X L

WIIW = W x (Speck ][ Speck)

We define «,, : Speck — X, to be the composition of Speck 9 Vi — X, and
By - Speck — A&, to be the composition of Spec k EN Vo — X,. Clearly, X, = Al

and oy, By are the morphisms Spec k — A! corresponding to the points 0 and 1.

Lemma 4.4. The morphism o, [[ B, : Speck ][] Speck — &, is a closed embed-
ding.

Proof. For n = 0, the conclusion of lemma is clear. Now, assume that n > 0. Let
P = Speck ][ Speck and let v, : P — A, denote the morphism o, [[3,. Let
Q =P Xy, x,u (Vi ][ V2), and let pry and pry denote the projections of this fiber
product to the first and second factors respectively. As v/ is a monomorphism,
the projection pry is also a monomorphism.

The composition P oo Vi][ V2 and the identity morphism idp : P — P
induce a morphism P — Q such that the composition P — Q ™3 P is equal to
idp. Thus, we see that prq is an epimorphism. Thus, pry is an isomorphism.

If we identify Q with P using prq, then pro may be identified with the morphism
O]J1, which is a closed embedding of P into Vi [[ V2. Thus, by apply Lemma
4.3(b) to disjoint union of ¢! and v/, we see that =, is a closed embedding. [

In what follows, the following simple observation will be useful.
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Lemma 4.5. Let f : X — ) be a monomorphism of Nisnevich sheaves. Let T be a
Grothendieck topology on Smy, which is finer than the Nisnevich topology. Suppose
that X is a sheaf for 7. Then, f has the right lifting property with respect to any

T-cover V. — U where U is an essentially smooth scheme over k.

Proof. Suppose we have a diagram

. X

v
|
U

— Y.
Since X is a sheaf for the topology 7, it suffices to prove that the two morphisms

VxyV=V3Sx

are equal. However, we see that the compositions of these morphisms with f
are equal since f o a factors through 5. Thus, the result follows since f is a

monomorphism. O

Define Y, := (W x X,,_1)[[ Vi ][] V2 and let p, : V,, — &), be the morphism
induced by ¢, : W x X,y = X, and ¢, : Vi [[ Vo = X, Let ¢l - W x X,y = Y,
and ¢ : V1 [[Va — Y, be the obvious (inclusion) maps. Thus, ¢/, = p, o ¢!/ and
U = Pn oY)

Lemma 4.6. Let n > 1 be an integer. For any essentially smooth irreducible

scheme Z, any morphism « : Z — X, factors through p,.

Proof. Clearly, p, is an epiomorphism of sheaves. Thus, for any scheme Z and any
morphism « : Z — X, there exists a Nisnevich cover {~; : Z; = Z},c; such that
for each 4, the morphism «z, := a0 ~; is equal to p, o f§; for some f§; : Z; — V.
Let us assume that each Z; is irreducible and let 7; : Spec K; — Z; be the generic
points. Note that I may be taken to be a finite set.

Each f; factors through ¢/ or . Suppose that all the g; factor through

¢!. Then, as ¢/, is a monomorphism, by Lemma 4.5 we see that there exists a
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morphism f: Z — W x &,,_; such that a = ¢/, o 5. Similarly, if all the g; factor
through ¢/, then there exists a morphism 5 : Z — V; [ Va2 such that o = ¢, o 5.
We claim that neither of these conditions hold, then we can change some of the
Bi’s to reduce to the situation where they all factor through /.

Thus, now let us assume that we can find two indices i, 5 € I such that ;
factors through ¢! and f; factors through ¢/. Thus, there exists a morphism
Bl Zi — Vi ][ Va such that 8; = 1, o §; and a morphism 3} : Z; — W x X, 4
such that f; = ¢/ o 3.

Let P be a component of Z; Xz Z; and let Spec L — P be the generic point.

Let p; denote the composition
Spec L — Spec K; BNy 54/ V1HV2 1/)_4; YV
and let p; denote the composition
Spec L — Spec K; N Z; ﬂ—% W x X,_1 d)—% V.

Then, p, o p; = p, o p;. Thus, p; factors through ¢, : W [[W — Vi [[ V2 and p;
factors through ¢, : W[W — W x X,_;.

Since L/Kj; is a separable field extension and since W [[ W is a scheme (and
hence, an étale sheaf), by Lemma 4.5, the morphism f3} o n; factors through .
By Lemma 4.3(a) and Lemma 4.5, v, is a closed embedding. Thus, we see that
f; factors through ¢,. Let 87 : Z; — W [W be such that 3} = ¢, o 37. Let

B+ Zi = Yy be the composition
Z; 2 WIIw B ][Va = Y.

Observe that p,, o B} = pp 0 B;. Thus, we may now replace 3; by B}.
We now repeat this process until we come to a situation where all the ;s

factor through ¢?. This completes the proof. O
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Lemma 4.7. Let n > 1 be an integer. The square

WIIW Vi1 Va

l |

W x Sing X,_; — Sing”' X,

1 a pushout square.

Proof. We will prove that for any essentially smooth irreducible scheme Z over k,
the square
(¢n)
(WIIW)(Z) ==V 1 V2)(2)

(W x 2,-1)(2) g 2(2)

is a pushout square. Once this is proved, we take Z = U x A™ for m > 0 where
U is a smooth henselian local scheme over k. Now, using the fact that V;, V5 and
W are Al-rigid, the result follows.

By Lemma 4.6, the function

W x X )(2) [T ][ V2)(2) = Xa(2)

is a surjection. Also, the pushouts of cofibrations are cofibrations, so the functions
(On)z, (Un)z, (¢),)z and (¥!)z are injective. Thus, it suffices to show that if
ae WV][Ve)(Z) and 5 € (W x X,-1)(Z) are such that (¢})z(a) = (¢,,)z(8),
then there exists v € (W [[W)(Z) such that (¢,)z(7) = « and (¢,,)z(7) = B.

If (1) z(a) = (¢),)z(B), there exists a Nisnevich cover Z' — Z such that there
exists o/ € (W [[W)(Z') such that (6,)7(+') = alz and (6)7(7') = Bz By
Lemma 4.5, 7/ factors through a morphism v : Z — W [[ W. This completes the
proof. O

Theorem 4.8. Let n > 0 be an integer.
(1) Sing‘f1 X, is simplicially equivalent to X, _;.

(2) S(Xn) = Ao
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Proof. We prove this theorem by induction on n. Since Xy = Al, the result is
easily seen to be true for n = 0.

Suppose the result is known to be true for n < m where m > 0. In the diagram

W x Sing® X, ~<— W[[W —=V, [[Va

| I

WX Xy g<——WIW—=WV]][V

the vertical arrows are simplicial equivalences and the horizontal arrows are cofi-
brations. Thus, for n = m + 1 we see that the pushouts of these diagrams are
simplicially equivalent. Thus, Sing‘f1 X, is simplicial equivalent to X,,_;. This
proves (1). Since S(X,) = mo(Sing X)) = 7(X,_1) = X,_1 by definition, this
proves (2). O

Finally, we are able to prove Theorem 1.5, which we restate here:

Theorem 4.9. Let k be a field. There exists a sequence X, of A'-connected
sheaves of sets over Sm/k such that 8" (X,) = n' (X,) is the trivial one-point

sheaf, but S'(X,) # S (X,), for every i < n+ 1.

Proof. A repeated application of Theorem 4.8 shows that S"*1(X},) is the trivial
one point sheaf. It also shows that X, is Al-connected. It is clear from the

construction of X,, that S(X,,) # S"™(X,), for every i < n + 1. O



Chapter 5

Naive Al-connectedness of retract

rational varieties

In this chapter, we will prove that smooth, proper, retract rational varieties over an
infinite field k are naively A'-connected. Section 5.1 shows how one can construct
the germ of a homotopy, which we call as an infinitesimal homotopy, on any smooth
variety. In a rational variety, one can use an infinitesimal homotopy to construct
Al-homotopy by the simple process of truncating power series. The main idea
behind our proof is to execute a more sophisticated version of this idea by using

the Weierstrass preparation theorem for henselian rings.

5.1 Infinitesimal homotopies

Notation 5.1. If X is a scheme and z is a point on X, the local scheme Spec ng,x
will be denoted by X,. (We have already used this notation in the proof of Lemma
4.2.) The canonical morphism X, — X will be denoted by w,.

For any ring R, an infinitesimal homotopy of Spec R in a scheme X is a mor-
phism h : Spec R{t} — X (Recall ( Appendix C.2) the meaning of notation
R{t}). Let oy : Spec R — Spec R{t} be the morphism induced by the quotient

31
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homomorphism R{t} — R{t}/tR{t} = R (see Appendix C.2). We say that this
infinitesimal homotopy starts from the morphism h o gy : Spec R — X.

The following lemma shows that for a smooth variety X and a point z € X,
one can easily construct the germ of a homotopy of X, in X starting from the

canonical morphism w, : X, — X.

Lemma 5.2. Let X be a smooth d-dimensional variety over k. Let x be a point of
X. Let U be an open subset of X. Let R = O?{,x and let w, : Spec (R) =: X, — X
be the canonical morphism. Then, there exists a morphism h : Spec R{t} — X

starting from w, such that
Spec k(z){t} — Spec R{t} X
maps the generic point of Spec k(x){t} into U.
Proof. 1f x € U, we may take h to be the composition
Spec R{t} — Spec R % X

where the first morphism is induced by the inclusion R < R{t}. Thus, we will
now assume that x ¢ U. Let Z = X\U.

For any non-negative integer n, consider the functor
U+ Morse (U x Speck[t]/(t"T), X)

on the category of k-schemes. This functor is known to be representable by a k-
scheme of finite type (see [13]), which we denote by J,,(X). Let J(X) = Jim Jn(X),
where the inverse limit is computed in the category of k-schemes. The quotient
homomorphism k[[t]] — k[t]/{#"*1) induces the morphism 7% : J(X) — J,(X).
For n > m, let 7, : Jo(X) — Jiu(X) denotes the morphism induced by the
quotient homomorphism k[t]/(t" 1) — k[t]/{t™+1).

Choose a morphism v : Specr(x)[[t]] = X which maps the closed point of
Spec k(z)[[t]] to z and the generic point into U. For any n > 0, let ~,, denote the
composition

Spec k(x)[t]/{t"T) — Spec k(x)[[t]] XX,
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We identify ~, with a x(x)-valued point of J,(X), which we denote by 7,. We
define gy : Spec R — Jo(X) = X to be the morphism w,. For n > 1, we will
inductively construct a morphism g, : Spec R — J,,(X) such that:

(i) the composition Spec k(z) — Spec R N Jn(X) is equal to 7, and

(ii) the composition m,; ,, © Gni1 equals Gy,

Suppose g, has been chosen for some non-negative integer n. Since X is smooth,
Jnt1(X) = Jo(X) is smooth. (In fact, it is an affine bundle for all n — see [20,
Lemma 9.1]). So we can choose a morphism g, 1 : Spec R — J,,41(X) satisfying
the conditions (i) and (ii) (see [12, Corollary 17.16.3, (ii)]).

The collection {g,}n>o defines a morphism g : Spec R — J(X), which corre-
sponds to a morphism g : Spec R[[t]] — X. The restriction of g to x(z)[[t]] is equal
to 7.

There exists an integer n such that if 4" : Spec x(x)[[t]] — X satisfies

T'n,Spec x(z) (’7) = T'n,Spec k() (7/)7

then 7' maps the generic point of Speck(x)[[t]] into U. (Indeed, if there is no
such n, then since J(Z) = T&an(X), it will follow that v € J(Z), which is not
true.) By Facts C.6 and C.7, there exists a morphism h : Spec R{t} — X such
that 72X (h) = X (g). This proves the lemma. O

Remark 5.3. As we see in the above proof, it is very easy to construct a mor-
phism Spec R[[t]] — X. We could have used this as our notion of “infinitesimal
homotopy”, if we had an analogue of Fact C.4 for the ring R[[t]], at least when
R is regular. (Such a result was proved in characteristic 0 by Lafon in [19].) The
proof of the preparation theorem for R{t} in [9] crucially uses the fact that the
functor R{t} is a colimit of finite type R-algebras and we do not know if it can
be adapted to give an analogous result for R[[t]]. So we choose to work with the

ring R{t} instead.



34 CHAPTER 5. RETRACT RATIONAL VARIETIES

5.2 Rational curves in projective space

Let us fix a base field k. Let L be any field containing k. We will use Ty and T} as
homogeneous coordinates on P}. In other words, we will write P} = Proj L[Tp, T1].
We will identify A} = Spec L[t] with the open subscheme P}\ Z(T}) by identifying
t with Ty/T;. We will denote the point (0 : 1) of P} by 0 and the point (1 : 0)
by oop. Thus, t is a parameter at 0, and 1/t is a parameter at cor. To avoid
making the notation cumbersome, we will write 0 and oo instead of 07 and ooy,
in the following discussion.

A morphism ¢ : P} — P& can be represented by an (N +1)-tuple (P, ..., Py)
of homogeneous polynomials of a fixed degree d, such that P; # 0 for some 7. (Of
course, some of the P;’s may be equal to 0. The zero polynomial can be assigned
any degree.) Such a representation is not unique, but if we require the polynomials
to be coprime, it is unique up to multiplication by a unit. Dehomogenizing this
(N 4 1)-tuple with respect to 77 gives an (N + 1)-tuple of polynomials in ¢, which
describes the restriction of ¢ to the open subscheme D(T}).

Recall that given a morphism from P}\Z(T}) to Py, it can be uniquely ex-
tended to a morphism P} — PY. A morphism from P}\Z(T}) to PY is given by
an (N + 1)-tuple of polynomials in L[t], such that at least one of the polynomials
is non-zero. Thus, we see that a morphism P} — P4 can be represented in three
ways — using (N + 1)-tuples of homogeneous polynomials of a same degree in
(Ty, Ty) or by using (N + 1)-tuples of polynomials in either ¢ or 1/¢. (Again, note
that these representations are unique up to multiplication by a unit if we require
the polynomials to be coprime.)

Given a morphism ¢ : P} — PY we choose a representation of ¢ by an (N +1)-
tuple of polynomials (F,..., Py) in k[t] which are coprime. Let m > 0 be any
integer. For 0 < ¢ < N, let P/ be the polynomial obtained by truncating P; to
degree m. Then, the (N + 1)-tuple (P, ..., Py) is called the m-jet of ¢ at 0.

Similarly, we can define the m-jet of ¢ at co. Note that these are well-defined up
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to multiplication by a unit.

The following lemma shows that given a closed subscheme W of PY of codi-
mension > 2, and non-negative integers m; and msy, there exists a morphism
¢ : P, — P& such that it maps PL\{0, 0o} into PY\W, has a prescribed m;-jet at

0 and a prescribed mo-jet at co.

Lemma 5.4. Let k be an infinite field and let L be a field containing k. Let N
be a positive integer. Let W be a closed subscheme of PY of codimension > 2.
Let P = (Fy,...,Py) and (Qo,...,Qn) be (N + 1)-tuples of polynomials in L[t].
Assume that P; # 0 and Q; # 0 for some indices i,j. Let my be an integer such
that my > max; degP;. Assume that P;(0) # 0 for some i. Then, there exists an
(N + 1)-tuple (co, - .. ,cn) € KN such that the following conditions hold:

(a) For 0 <i < N, let R;(t) = P,(t) + t™ e, + t™*2Q,;(t). Then, the polyno-

mials Ry, ..., Ry are coprime.

(c) Let ¢ : Pt — P be the morphism represented by the (N+1)-tuple (Ry, ..., Ry).
Then ¢(PI\{0,00}) C PN\W.

Note that if ¢ is as described in the lemma, the m;-jet of ¢ at 0is (FPy(t), ..., Pn(t))
and if my = max; deg Q;, then the mo-jet of ¢ at oo is (Qo(1/%),...Qn(1/1)).

Proof. For any point x = (g, ...,7y) of Aj ™ and 0 < i < N, we define
RE(t) = Pi(t) + zt™ ' + Qu(t)t™ .
Let ¢, : A}Q(I) — A" be the morphism defined by
¢a(s) = (B5(s), .-, By (s))

for any s € A, (,y. Let C(W) C ANT1 be the cone over WW.
We define

B = {(z,5,2)|6(s) = 2} C AN x (AL\{0}) x C(W).
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This is a closed subset of AN x (AJ\{0}) x C(W). Let pry : B — A" be the
projection map onto the first factor. We need to show that the complement of the
image of pr; contains some k-rational point.

Let prog : Ay T x (AI\{0}) x C(W) — (A}\{0}) x C(W) by the projection map
onto the product of the second and third factors. We would like to estimate the
dimension of the fibre pry;' (v) where v = (s, 2) € AJ\{0} x C(W). The equation
¢.(s) = z imposes N + 1 linear conditions on A} *!. Thus, the fibre has dimension
0. Thus, it follows that dim(B) <0+ 1+ dim(C(W)) < N.

It follows that the closure of pri(B) is of dimension < N. The result follows

since k is an infinite field. O

Remark 5.5. This lemma is one of the main reasons for requiring the field & to
be infinite in Theorem 1.6. The lemma need not hold if & is a finite field since all

the k-rational points of PY may be contained in W.

5.3 Retract rational varieties

We first set up some notation.

Notation 5.6. Given a scheme X (resp. an affine scheme X = Spec R), and an
ideal sheaf Z (resp. an ideal I C R), we will denote by Z(Z) (resp. Z(I)) the
closed subscheme of X associated to the ideal sheaf Z (resp. the ideal I). If £ is
a line bundle on X and S is a set of sections of £, we may also write Z(.5) for the

closed subschemes defined by the vanishing of the elements of S.

Theorem 5.7. Let k be an infinite field. Let X be a smooth, proper, retract

rational variety over k. Then S(X) = .

Proof. Since X is retract rational, there exists a positive integer N > 1, and
rational maps ¢ : X --» PY and ¢ : PY --» X such that 1) o ¢ is the identity map
on X. Since k is infinite, this implies that X (k) is non-empty. Since X is a smooth,

proper, retract rational variety, we have 74" (X) = #, and so S(X)(k) = *. Thus,
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to prove that X is naively Al-connected, it suffices to prove that for any point z,
there exists a chain of A'-homotopies of X, (see Notation 5.1) in X connecting
the canonical morphism w, : X, — X to a morphism that factors through some
morphism Speck — X.

Let us fix a point z € X. We will denote the ring Oél(,x by R. We now set up
some notation for working with the scheme Pk,

We use the notation in Section 5.2, so that 0 and oo denote the points (0 : 1)
and (1 : 0) of P, = Proj k[Ty, T1] respectively. Let og and o, be the sections of the
projection morphism P} 2 P} x Spec R — Spec R, mapping Spec R isomorphically
onto the closed subschemes Z(Ty) = {0} x Spec R and Z(T}) = {oo} x Spec R,
respectively. We will denote the rational function 7y /77 by ¢ and thus identify the
open subscheme PL\ Z(T}) with Spec R[t].

We will construct a morphism H : ]P’}% — X such that H ooy = w, and H o0
factors through some morphism Spec k — X. Clearly, this will prove the result.

There exists an ideal sheaf K on P} such that if 7 : Y — PY is the blowup of
PN at K, the map y := t o7 is a morphism from Y to X. The sheaf K can be
chosen so that W := Z(K) is a variety (possibly reducible) of codimension > 2.
Let V = PY\W. Let U C X be an open subset on which ¢ is defined and such that
¢(U) C V. The ideal sheaf K corresponds to a homogeneous ideal of k[ X, . .., Xy]
generated by homogeneous polynomials py,...,p,.. We may assume, without loss
of generality, that the polynomials py,...,p, are all of the same degree [. Note
that r > 2.

The polynomials py, ..., p, define global sections of K({), which generate KC(1).
Thus, we obtain a surjective morphism Opy — K(I). Thus, we have the following

sequence of homomorphisms of sheaves of graded Op~-rings
Sym(Ogw) — Sym(K(1)) — @ K7 (1).
§=0

This gives us a closed embedding of Y into PY x P}~

Using Lemma 5.2, we choose an infinitesimal homotopy h : Spec R{t} — X
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starting at w, such that A maps the point 7y of Spec R{t}, corresponding to the
ideal mR{t}, into U. This gives us a rational map ¢oh : Spec R{t} --+ P¥ which
can be represented by an (N + 1)-tuple f := (fo,..., fv) where f; € R{t}. We
choose the f; to be coprime in the unique factorization domain R{t}. Let I denote
the ideal (fo,..., fv). The rational map ¢ o h is a morphism if and only if this
ideal is principal. Let J denote the ideal (p;(f),...,p,(f)).

Recall that we have chosen h in such a way that the point 1y of Spec R{t},
corresponding to the ideal mR{t}, is mapped into U. Thus, the rational map ¢oh
is well-defined on 7y. Since we have chosen the f; to be coprime elements of the
unique factorization domain R{t}, it follows that at least one of the f; does not
vanish on 79. By performing a change of coordinates on P{, we may reduce to
the situation where none of the f; vanishes on 79. (Such a change of coordinates
exists since k is an infinite field.) Thus, for each i, we have f; = ulﬁ where u; is
a unit in R{t} and f; is a Weierstrass polynomial.

Recall that ¢oh maps the point 1o into V. The zero set of the ideal (py,...,p.)
is contained in the complement of V. Thus, at least one of the polynomials p; does
not vanish on 9. We may assume that all the p;’s are of the same degree. Suppose
p1 does not vanish on 79. Then, for each ¢ # 1, we can replace p; by p; + €;p1
where ¢; is 0 if p; does not vanish at 7y and is equal to 1 otherwise. Thus, we may
assume that none of the polynomials p; vanishes at 7.

Thus, p;(f) = v; - P; where v; is a unit in R{t} and P; is a Weierstrass polyno-
mial. Let p:=1¢- (Hl ﬁ)Q . <HJ PJ)Q Then, p is an element of the ideal I.J and
it is a Weierstrass polynomial with deg,(p) > 1.

For 0 < i < N, we can express f; in the form

fi =0 +pBi

where «; € R[t] with deg,(a;) < deg,(p) and 5; € R{t}.
For 0 < i < N, let @;(t) € x(x)[t] be the image of a;(t) under the quotient
homomorphism R[t] — R[t|/mR[t] = k(z)[t]. Let d be the largest non-negative
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integer such that t¢ divides @;(t) for all i. Let (\,...,An) € EVT! such that
(Ao : ... Ay) € V(k). (The existence of such an (N + 1)-tuple (Ao, ..., An)
follows from the assumption that k is infinite.) We apply Lemma 5.4 to the two
(N + 1)-tuples

(qo(t) /1y (t) /1, ... an(t)/th) and (Aoy- -5 An)

of polynomials in k(z)[t]. We see that there exists an (N +1)-tuple (po, ..., un) €
kN+1 such that the (N+1) polynomials Ry(t), ..., Ry(t) in k(z)[t] the polynomials
defined by

Ri(t) = a(t) /t* + (i + Nit) - & @)=,
are coprime and define a morphism u : IP’i(I) — P¥ mapping P;(x)\{o, oo} into
PN\TV.

Let g = (go,...,gn) where g;i(t) = ay(t) + (s + Ait) - p(t) for 0 < i < N.
Then, if g,(t) € r(z)[t] is the image of g;(¢) under the quotient homomorphism
R[t] — k(x)[t], we see that g;(t) = t¢R;(t) for all i. Thus, the following conditions
hold:

(A) The polynomials gy(t),..., gy (t) have no common zeros in A;(I)\{O}.

(B) If g denotes the (N +1)-tuple (gy,- .., gy ), then the collection of polynomials
p1(8);---,p-(8) in £(x)[t] has no common zero in A, \{0}.

Let I and J be the ideals (g0, ---,gn) and (p1(g), ..., p-(g)) of R[t] respectively.
For 0 <: <N,

9i=fi+p- (i+ Nt =)= filL+(p/fi) - (i + Xt — Bi)]. (5.3.1)
As t divides p/f;, it is a non-unit in R{t}, and so g; is a unit multiple of f; in
R{t}, for each i . In particular, we have TR{t} = 1I.
Similarly, for 1 < i <r,

pi(g) — pi(f) = Z(gj = f) - Qi

J
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where ();; is some element of R{t}. Thus,

pi(g) = pi(H)[1 + (p/pi(f)) - Q] (5.3.2)

for some Q; € R{t}. Ast divides p/p;(f), it is a non-unit in R{t}, and so p;(g) is
a unit multiple of p;(f) in R{t}. This proves that JR{t} = J.

We would now like to show that the R-algebra homomorphism R[t]/(I.J) —
R{t}/(1J) is an isomorphism. This statement is trivially true if 1. is the unit
ideal. Thus, let us assume, for now, that IJ is not the unit ideal. We would like
to apply Lemma C.5, and so we verify that IJ satisfies the hypothesis of that
lemma.

Condition (A), which was imposed on the (N + 1)-tuple g, implies that if
is not the unit ideal, then the only prime ideal containing I and mR|[t] is (m,t).
Condition (B) implies the same for .J. Since at least one of the ideals I and .J is
not the unit ideal, it follows that .J satisfies condition (2) of Lemma C.5.

Now, we verify that the homomorphism R — R[t]/(I.]) is a finite extension.
For this, it suffices to find an element of 1.J such that its leading coefficient (as a
polynomial in ¢) is an invertible element of R.

First, we note that there exists an index iy, 0 < 9 < N such that \;, #
0. Thus, ¢, is a polynomial in ¢ with a leading coefficient that is a unit in
R. Secondly, we observe that for 1 < j < r, p;(g) is a polynomial in ¢ with
degree < deg(p;) - (deg,(p) + 1). The coefficient of tdes(pi)-(dee(P)+1) g equal to
Pi(Xo, ..., An). Since (Ao : ..., An) is in V, there exists an index j, such that
Pjo(Xo, ..., An) # 0. Thus, p,,(g) is a polynomial in ¢ with a leading coefficient
that is an invertible element in R. Thus, g;, - p;,(8) € 1J is a polynomial in ¢
with a leading coefficient that is an invertible element of R. Thus, we see that the
homomorphism R — R[t]/(I.]) is a finite extension.

Thus, if IJ is not the unit ideal, we may now apply Lemma C.5 to conclude
that the morphism

6 : Spec R{t} — Spec R]t]
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induces an isomorphism of the closed subscheme Z(IJ) C Spec R{t} with the
closed subscheme Z(I.J) C Spec RJt]. Of course, as we noted above, if I.J happens
to be the unit ideal, Z(1.J) — Z(I.J) is trivially an isomorphism.

Let 7 : B — Spec R{t} denote the blowup of Spec R{t} at the ideal IJ and
let 7 : B — Spec R[t] denote the blowup of Spec R[t] at the ideal I.J. Since
TJR{t} = I.J, we see that

B~RB X $pec R[] Opec R{t}.

Let us denote the projection morphism B — B by €. Since 0§ maps Z(IJ)
isomorphically onto the closed subscheme Z(I.J) of Spec R[t], it follows that ¢’
maps 7~ 1(Z(1.J)) isomorphically onto 7~*(Z(I1.J)).

Since the ideal sheaf 771(I)-Op is invertible, the rational map A’ : Spec R{t} —
PY defined by the (N+1)-tuple (fo, ..., fn) lifts to a morphism B — PV. Since the
ideal sheaf 771(.J)- Op is also invertible, it further lifts to a morphism h” : B — Y.

Thus, the diagram

B—" .y
Tl lx
Spec R{t}— X

commutes.
Similarly, the rational map /' : Spec R[t] --» PY, defined by the (N + 1)-tuple

(go, - - -, gn) lifts to a morphism W :B—Y. Thus, the diagram

B— % B M .y
O
Spec R{t} —*—~ Spec R[t] X

commutes. Notice that, in the above diagram, we do not yet have a morphism
from Spec R[t] to X making the diagram commute. We will prove that such a
morphism exists.

We have the two morphisms A" and 1" 0 from B to Y. These need not be
equal. However we will show that they agree on 7=!(Z(1.J)). This claim is trivial

if 1.J is the unit ideal. Thus, we now assume that [.J is not the unit ideal.
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Let z be any point of 77'(Z(IJ)). We want to prove that that h”(z) =
h" 0 0'(z). Recall that we have fixed an embedding of Y into PY x Pi~t Let
pri PV x Pt — PY and pry : PY x Pi' — P! be the projection morphisms.
It will suffice to prove that pr; o B(z) = pri o h" 0 0/(z) for i = 1, 2.

For any element r € R{t}, we will denote its image in Op ., by r as well. Let n,
denote the maximal ideal of the local ring Op .. Since 7(z) € Z(I.J), there exists
at least one element in the set {fo,..., fv,p1(f),...,p-(f)} which is a non-unit
in Op .. Let us pick one such element and denote it by g,. Recall that we had
chosen p to be equal to ¢ - (Hl ﬁ)Q . (H] P]>2 Thus, it follows that, in the ring
Op,., the non-unit element ¢, divides p/f; for every i and p/p;(f) for every j. We
will use this observation in the following discussion.

The restriction of prioh” to Spec Op , is given by the (N-+1)-tuple (fo, ..., fn).
We know that the ideal I - Op , is principal. Thus, there exists an index ¢, such
that fi/fi. € Op.. for all i. Let f! = fi/f;. for 0 <i < N. If f/ is the image of f/

in Op_,/n, =: k(z), the composition

h//

Spec k(z) = B X222, pY

is given by the (N 4 1)-tuple (f3, fi,---, fa). of elements in x(z). Note that
T-1
Recall (see equation (5.3.1)) that g; = fi(1+ (p/f;) (s + Nt — 3;)). Let ¢; =
F1(1+ (p/ fi)(ui + Nt — B;)) for every i. Thus, we have g; = f;_g. for every i.
Let g/ denote the image of g} in s(2). As we observed above, p/f; is in n,.
Thus, we see that f/ = g/ for every i.
The composition

prioh’ o6’

Speck(z) = B Py

is given by the (N + 1)-tuple (g, g, -+, g%). Since g/ = f! for every i, we see
that pry o B(z) = pryo b o 0/(z).

Similarly, using equation (5.3.2), we can show that pryoh(z) = prooh’ 0 0/(2)
for any point z € 7-1(Z(1J)). Thus, we conclude that h”(z) = k" o #'(z) for any
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zeT Y Z(1J)).

Now, suppose 2 and 2z, are two distinct points of B such that 7(z;) = 7(22) =
z. Then, as 7 is an isomorphism on the complement of Z(1J), we see that z €
Z(IJ). Recall that 6 maps 6~1(Z(1.J)) = Z(I.J) isomorphically onto Z(I.J) and
that # maps 7~'(Z(1J)) maps isomorphically onto 7~*(Z(I1.J)). Thus, there exist
unique points y; and yo in ¢~ (Z(1J)) such that ¢'(y;) = z for i = 1,2. Also,
706 = 6or, and since 6 is an injective on Z(I.J), we see that 7(y1) = 7(y2).

Since y o " = h o7, we see that xy o h”(y;) = x o h”(y2). Thus,

Xoh'(z1) = xoh" ol (y)
=X©° h”(yl)
= x o h'(y2)

=Y oh” o 0 (y2) = x © E”(zz).

Note that 7 is a proper, birational morphism. Also, as Spec R[t] is normal, we
have 7,(Og) = Ogspec r- Thus, we may apply [30, Lemma 8.11.1] and [11, chapter
11T Cor. 11.4] to conclude that there exists a morphism % : Spec R[t] — X such
that y o h” = ho 7.

Now, we will show that A can be extended to a morphism H : PL — X. (Recall
that Py = Proj R[Tp, T1] contains Spec R[t] as the open subscheme P}\ (Spec R X
{o0}), via the identification t = Ty /T}.)

For 0 <i < N, let G;(Ty,T1) € R[Tp,T1] be defined by

GZ‘(T07T1) = Tldegt(pH_l . gz(TQ/Tl)

Thus, each G; is a homogeneous polynomial of degree deg,(p) + 1 in R[Ty, T1].
The coefficient of T, S ce:P)F1 Gi(Ty, Ty) is A\;. Recall that there exists an index
1o such that )\;, is a non-zero element of k. Thus, G;, has no zero in the closed
subscheme Z(T}) of PL. Thus, the rational map H' : PL --» PY defined by the
(N +1)-tuple (G, ...,Gy) is defined on an open subscheme of P} containing the
closed subscheme Z(T7). The restriction of H' to the open subscheme P%L\ Z(T}) =
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Spec R|[t] is given by the (N + 1)-tuple (go(t),...,gn(t)). Thus, it is the same as
the rational map /’. Thus, H' is defined on the open subscheme PL\ Z(I). (Note
that the morphism Z(I) < Spec R[t] — PL is closed since Z(I) is finite over
Spec R. The same is true for the closed subschemes Z(J) and Z(1.J) of Spec R][t].
So, we view Z(I), Z(J) and Z(IJ) as closed subschemes of PL.)

On the open subscheme Spec R[t]\Z(I.J) of Spec R]t], where ¢ o I’ is well-
defined, it agrees with the restriction of the morphism h. Thus, we see that ¢ o H’
agrees with 1 on PL\(Z(IJ) U Z(T3)). Since PL\Z(T}) (where h is defined) and
PL\Z(IJ) (where ¢ o H' is defined) form a Zariski open cover of PL, we see
that there exists a morphism H : P, — X extending h. Now we compute the
morphisms H o 0y and H o g4, from Spec R to X.

The morphism H o o is the same as ho 09. So we will now compute ho 0p.
We will prove that it is the same as the canonical morphism w,. Note that h o
0o = wy. (Recall from Section 5.1 that o is the morphism Spec R — Spec R{t}
corresponding to the quotient homomorphism R{t} — R{t}/tR{t} = R.) Thus,

it is enough to prove that ho 0o = hooy. For this, it will suffice to show that if n

denotes the generic point of Spec R, then the two compositions

hoa'\o

Spec k(n) — Spec R X

hoog

are equal.

The rational map A’ : Spec R{t} --+ P is defined on the open subscheme
Spec R{t}\V(I) of Spec R{t} and it is represented by the (N+1)-tuple (fo, . .., fx).
Since t divides p, the image of f; under the quotient homomorphism R{t} —
R{t}/tR{t} = R is ;(0), i.e. the constant term in the polynomial «;(t) € R[t].
Since the f; were chosen to be coprime, we see that at least one of the elements
ao(0),...,axn(0) is non-zero. Thus, the morphism k' 0o 5 o n : Specr(n) — PV
is represented by the (N + 1)-tuple (ap(0),...,an(0)). Similarly, the morphism
I o0 on: Speck(n) — PV is also represented by the same (N + 1)-tuple. Com-

posing with ¢, we obtain the desired conclusion that the morphism h o g o 7 is
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equal to ho 0o on. Thus, it follows that ho 0o is equal to w,.

The restriction of H' to the closed subscheme Z(T)) of PL maps Z(T}) to
the point (Ao : ... : Ay) of PY. The morphism H agrees with H’ on an open
subscheme of P}, containing Z(7;). Thus H o o, maps Spec R to the k-valued
point ¥ ((Ao : ... : Ay)) of X. This completes the proof. O
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Appendix A

Model categories

The theory of model categories provides a framework for doing computations in the
localization of a category with respect to a class of morphisms. The prototypical
example is that of the category of topological space, which one localizes with
respect to the class of weak equivalences to obtain the homotopy category. The
theory of model categories axiomatizes the machinery of classical homotopy theory.
Model categories were introduced by Quillen in [25]. We will use [14] and [15] as

our main references for this material.

A.1 Basic definitions

Before we define a model category, we fix two pieces of terminology. Firstly, recall
that if C is a category and X and Y are objects of C, we say that X is a retract of
Y if there exist morphisms f: X — Y and ¢ : Y — X such that go f = 1x. This
notion is easily extended to morphisms as well. Recall that the morphisms in a
category C also form a category, which we denote by More. Given two morphisms

f: X —=Yand g:U — V in C, a morphism from f to g in the category Mor¢ is

47
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a commutative square of the form

X—"=U
1)
Yy -V,
Thus, we say that f is a retract of ¢ if we have a commutative diagram of the
form
x-roy-tox
f 9 !
y vy
such that p’op =1x and ¢’ o ¢ = 1y.
The second piece of terminology we recall is that of right /left lifting properties
of morphisms. Given morphisms i : A — B and p: X — Y, we say that (i,p) is

a lifting pair if given any commutative square of the form

1)

B——~Y,

_

there exists a morphism B — X making the resulting diagram commute. In this
case, we will also say that ¢ has the left-lifting property with respect to p, and that
p has the right-lifting property with respect to i.

Definition A.1. A model category is a category M equipped with three distin-
guished classes of morphisms, called weak equivalences, cofibrations and fibrations,
satisfying the axioms (1)-(5) given below. A cofibration (resp. fibration) that is

also a weak equivalence is called a trivial cofibration (resp. trivial fibration).
1. M is closed under small limits and colimits.
2. Weak equivalences, cofibrations and fibrations are closed under retracts.

3. Let f and g be two composable morphisms. Then if any two out of f, g and

go f is a weak equivalence, so is the third.
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4. Cofibrations have the left lifting property with respect to all trivial fibra-
tions and trivial cofibrations have the left lifting property with respect to all

fibrations.
5. Every morphism f : X — Y has two functorial factorizations as follows:

(i) f = qoi where i is a cofibration and ¢ is a trivial fibration, and

(ii) f = poj where j is a trivial cofibration and p is a fibration.

The three distinguished classes of morphisms are said to define a model structure

on the category M.

The object of interest in such a situation is the localization of M with re-
spect to the class of weak equivalences. Fibrations and cofibrations constitute the

machinery that makes it possible to compute morphisms in the localization.

Definition A.2. Let M be a model category. The localization of M with respect
to the class of weak equivalences is called the homotopy category of M. We denote

it by Ho(M).

Remark A.3. It can be proved that a morphism is a trivial cofibration if and
only if it has the left-lifting property with respect to all fibrations. Analogous
characterizations of cofibrations, fibrations and trivial fibrations in terms of lifting
properties also hold. Thus, we see that any two of the three distinguished classes

mentioned in Definition A.1 determine the third.

Remark A.4. Observe that the axioms for a model category are self-dual. In
other words, a given model structure on M defines a model structure on the
opposite category M where the weak equivalences are the opposites of weak
equivalences in M, the cofibrations are the opposites of fibrations in M and the
fibrations are the opposites of cofibrations in M.

Thus, given a statement about model categories, one can write the dual of

the statement by reversing the directions of all morphisms and interchanging the
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role of fibrations and cofibrations, and of limits and colimits. The proof of any
statement can also be a dualized to obtain a proof of the dual. This is the principle

of duality in model categories.

Since a model category M admits all small colimits and limits, it has an initial
object, which we denote by (), and a final object, which we denote by . (It is
possible that () and * are isomorphic, in which case the model category is said to
be pointed.) An object X is said to be cofibrant (resp. fibrant) if the canonical
morphism () — X (resp. X — ) is a cofibration (resp. fibration). An object is
said to be cofibrant-fibrant if it is both, cofibrant as well as fibrant.

A fibrant approximation functor on the model category M is a functor F :
M — M equipped with a natural transformation Id — F' such that for any
object X of M, the object F(X) is fibrant and the morphism X — F(X) is a
weak equivalence. We can similarly define the notion of cofibrant approximation
functors. The existence of both, fibrant and cofibrant approximation functors, is
guaranteed by condition (5) in Definition A.1.

We mention a few classical examples.

Example A.5. Let Top denote the category of topological spaces. We now
describe the classical model structure on this category. See [15, Section 2.4] for
the proof.

A continuous map f : X — Y is said to be a weak equivalence if it induces a
bijection my(X) = mo(Y) and group isomorphisms 7;(X, z) = m;(Y, f(z)) for any
r e X.

For n > 0, let D™ denote the closed unit ball in R™. A continuous map is said
to be a fibration if it has the right lifting property with respect to morphisms of
the form D" — D™ x [0, 1], z — (x,0) for all non-negative integers n. (Such maps
are also called Serre fibrations.) It can be proved that every topological space is
a fibrant object.

The cofibrations are the maps which have the left lifting property with respect
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to maps which are fibrations as well as weak equivalences.

Example A.6. The category of simplicial sets is an important example which we

will discuss in some detail in Section A.2.

Example A.7. Let R be a ring and let Ch(R) denote the category of chain com-
plexes of (left) R-modules. A morphism f : X, — Y, between chain complexes is
said to be a weak equivalence if the induced homomorphism H,(f) : H,(X) —
H,(Y') between homology modules is an isomorphism for all n. We define a mor-
phism to be a cofibration if it is an injection. The fibrations are defined to be the
morphisms having the right lifting property with respect to cofibrations which are

also weak equivalences. (See [15, Theorem 2.3.13] for the proof.)

Now we briefly explain how cofibrations and fibrations provide the machinery
to compute the morphisms in the homotopy category.

Let M.; denote the full subcategory of cofibrant-fibrant objects of M. Let
Ho(M.y) denote the localization of M., with respect to the class of weak equiv-
alences in M,;. Then, we have an obvious functor Ho(M.r) — Ho(M). Since
every object of M is weakly equivalent to an object of M.; (which can actually
be functorially chosen), it is easy to prove that Ho(M.;) — Ho(M) is an equiv-
alence of categories. (See [15, Proposition 1.2.3].) However, it is possible to get a

much more elegant description of morphisms in Ho(M.y).
Definition A.8. Let M be a model category.

1. Let X be an object of M. A cylinder object for M is a factorization
XX 5 cyl(x) B x

of the morphism 1y [J[1x : X[[X — X, where i is a cofibration and p
is a weak equivalence. (Such a factorization exists due to condition (5) in
Definition A.1.) The morphism i can be written in the form i = i ][4
where g and 7; are morphisms from X to Cyl(X). (Cylinder objects for a

given object X are not unique.)
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2. Let f,g: X — Y be a pair of morphisms in M. A left homotopy from f
to g consists of a choice of a cylinder object X as in (1), and a morphism
H : Cyl(X) — Y such that H oiy = f and H oi; = g. If such a homotopy
exists, we say that f is left homotopic to g.

3. By dualizing (1), we obtain the notion of a path object for any given object
of M.

4. By dualizing (2), we obtain the notion of a right homotopy between two

morphisms in M.
5. If a pair of maps is both left and right homotopic, we say that it is homotopic.

6. A morphism f: X — Y in M is said to be a homotopy equivalence if there
exists a morphism ¢ : Y — X such that g o f is homotopic to 1x and fog

is homotopic to 1y.

Proposition A.9. Let M be a model category. Let X be a cofibrant object and
Y be a fibrant object. Then, a pair of maps f,qg: X — Y s left homotopic if and
only if it is right homotopic. Moreover, in this case, being left (and hence right)

homotopic is an equivalence relation on Morp(X,Y).

The above result tells us that for any two objects X and Y of M., homotopy
is an equivalence relation on the set Mory(X,Y). Let us denote the set of equiv-
alence classes by Morpy(X,Y)/ ~. Then, it is easy to check homotopy classes
of morphisms are well-behaved under composition. Indeed, we can construct a
category M,s/ ~, the objects of which are the cofibrant-fibrant objects of M and
the set of morphisms from an object X to an object Y is the set Mory(X,Y)/ ~.
Clearly, the image of f € Morp(X,Y') maps to an isomorphism in M,/ ~ if and
only if it is an homotopy equivalence.

It is easy to see that any homotopy equivalence is a weak equivalence. Thus,

the functor M.y — Ho(M.y) factors as M.y — M.s/ ~— Ho(M.y).
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Theorem A.10 (See [15, Prop. 1.2.8 and Cor. 1.2.9]). Let M be a model category.
Let X and Y be cofibrant-fibrant objects of M. Then a morphism f : X — Y
1s a weak equivalence if and only if it is a homotopy equivalence. The functor

M. — Ho(My) is an isomorphism of categories.

The above result is a generalization of the classical result of Whitehead, which
states that a continuous map between CW-complexes is a weak equivalence if and
only if it is homotopy equivalence.

We end this section by describing the appropriate notion of functors between
model categories. To require functors between model categories to preserve the
model structure is too restrictive in practice. Instead, it is more appropriate to
consider adjoint pairs such that the left adjoint preserves “half” of the model

structure and the right adjoint preserves the other half.

Definition A.11. Let M and N be model categories. We say that a functor
F: M — N isaleft Quillen functor if it is a left adjoint and preserves cofibrations
and trivial cofibrations. Similarly, we say that a functor G : N' — M is a right

Quillen functor if it is a right adjoint and preserves fibrations and trivial fibrations.

It is easy to verify that if F' is a left Quillen functor, its right adjoint is a right
Quillen fucntor and vice versa. If F' is a left Quillen functor and G is its adjoint,
we say that the pair (F,G) is a Quillen pair.

Let @ : M — M is a cofibrant approximation functor. Then, if (F,G) are
as above, it can be proved that F takes weak equivalences between cofibrant
objects into weak equivalences. Thus, the functor F o () takes weak equivalences
to weak equivalences, and hence induces a functor LF : Ho(M) — Ho(N), which
we call as the left derived functor of F. Similarly, if R : N' — N is a fibrant
approximation functor, G o R induces a functor RG : Ho(N) — Ho(M). One
can show that (LF, RG) is an adjoint pair (see [15, Lemma 1.3.10]). If this pair
actually gives an equivalence between Ho(M) and Ho(N'), we say that (F,G) is

a Quillen equivalence.
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A.2 Simplicial sets

We first define the cosimplicial indexing category A.

e For any non-negative integer n, let [n] denote the ordered set {0 <1 < ... <

n}. The set of objects of A is {[n]|n € Z>o}.
e The morphisms from |[m] to [n] in A are the order-preserving maps.
The opposite category A is called as the simplicial indexing category.
Definition A.12. Let C be any category.

1. A cosimplicial object in C is a functor A — C. The category of cosimplicial
objects in C is denoted by AC. Given a cosimplicial object X : A — C, the
object X ([n]) will be written as X™.

2. A simplicial object in C is a functor A°? — C. The category of simplicial
objects in C is denoted by A°C. Given a simplicial object X : A? — C,
the object X ([n]) will be written as X,.

To begin with, we are particularly interested in the case C = Set. A simplicial
object in Set is called a simplicial set. If X is a simplicial set, the set X, is called
the set of n-simplices of X.

For any non-negative integer n, we define the standard n-simplex A™ € Obj(ASet)
be the functor Mora(—, [n]), which is a contravariant functor from A to Set and
hence may be interpreted as a covariant functor from A to Set. The func-
tor [n] — A™ is a covariant functor from A to A%Set and so is a cosimplicial
object in A°’Set. We denote this cosimplicial object by A. Using Yoneda’s
lemma, it is easy to see that for any simplicial set X, there is a natural bijection
X, = Moraorses (A", X).

Note that there are precisely two morphisms from [0] to [1] = {0 < 1}, one

which carries 0 to 0 and the other which carries 0 to 1. The corresponding mor-
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phisms A? — A® will be denoted by iy and i; respectively and called the endpoints
of Al

In order to define a model structure on A°’Set, we first want to define what
are the We now wish to define a functor from A to Top, called the geometric
realization functor. For this, we first need to define a cosimplicial object in Top,
which we will denote by |A].

Let ef be the element (0,...,0) € R". For 1 <i <n, let e be the element of

R™ having ¢-th coordinate equal to 1 and all other coordinates equal to 0. Let
A" =) teplo<t; <land Y t;=1}.
i=0 i=0

Thus, |A|" is the convex hull of ef, ..., el'. If f: [m] — [n] is a morphism in A,
we define |A|(f) : |A|™ — |A|™ by
|A’(f)(z tiey" = Z ti€f)-
i=0 i=0
It is easy to see that |A|(go f) = |Al(g) o |A|(f). Thus, |A|is a cosimplicial object
in Top.

For any topological space X, we define Sing(X) to be a simplicial set by setting
by Sing(X), = Morrep(|Al", X). For any f : [m] — [n], the corresponding map
Sing(X)(f) : Morrop(|A|™, X) — Morrep(|A™, X) is given by precomposing
with |A|(f) : |A]™ — |JA]". This gives a functor Sing : Top — A%Set. It can
be proved that this functor has a left adjoint, which we write as X — |X| for any
simplicial set X. One can verify that |[A"| = |A|". The functor X — |X]| is called
the geometric realization functor.

As an example, observe that |A°] is just a point, |A!| is actually isomorphic
to the interval [0,1] and the geometric realizations of the endpoint morphisms
io, 11 : A® — A correspond to the endpoints of the interval |Al].

Given any simplicial set X, we define my(X) to be equal to m(| X|), i.e. the set
of path connected components of the topological space | X|. Given any x € X, we

view it as a morphism z : A — X. Applying the geometric realization functor,



56 APPENDIX A. MODEL CATEGORIES

we get |z] : |A?| — |X|. Since |A° = % (a point), we may identify |z| with a
point of the space |X|. For any integer ¢ > 0, we define m;(X, z) to be equal to
the group m; (| X/, |z|).

A morphism f : X — Y of simplicial sets is said to be a weak equivalence
if and only if it induces a bijection 7y(X) — m(Y) and a group isomorphisms
mi(X,x) = m(Y, f(x)) for any x € Xy. In other words, f is a weak equivalence
if and only if |f| : |X]| — |Y] is a weak equivalence in the model category of
topological spaces.

A morphism f : X — Y of simplicial sets is a cofibration if and only if it is
a monomorphism, i.e. f, : X,, — Y, is an injection for every n. Thus, every
simplicial set is a cofibrant object.

A fibration of simplicial sets is a morphism that has the right lifting property
with respect to every morphism that is both a cofibration as well as a weak equiv-
alence. Fibrations of simplicial sets are also called as Kan fibrations and fibrant
simplicial sets are called as Kan complexes.

It can be proved that this gives a model structure on Top (see [15, Chapter
3]). Also, the pair (| — |, Sing(—)) gives a Quillen equivalence between A°Set
and Top.

A.3 Simplicial model categories

We will restrict ourselves to a very brief sketch of the notion of simplicial model
categories. A precise discussion may be found in [14, Section 9.1]. We also refer the
reader to a more general discussion in [15, Section 4.2] regarding model categories
enriched over monoidal model categories.

A simplicial category is a category C, equipped with a rule that associates to
each pair of objects X and Y, a simplicial set Map(X,Y"), called the simplicial

mapping space from X to Y. This is required to satisfy the following requirements:

e The association (X,Y) — Map(X,Y) is required satisfy all the properties
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satisfied by sets of morphisms. In other words, there exists an associative
composition rule for mapping spaces, an identity map iy : A — Map(X, X)

and the analogues of the left and right unit laws hold.

e For every pair of objects (X, Y'), we have a bijection Map(X,Y )y = More(X,Y)

which is compatible with the composition rules.

Example A.13. A basic example is the category of simplicial sets. For simpli-
cial sets X and Y, we define the simplicial set Map(X,Y) by Map(X,Y), =
Map(X x A™)Y). Given a morphism f : [m] — [n] in A, the corresponding map
Map(X,Y ), — Map(X,Y),, is induced by the map A(f) : A™ — A". Given
simplicial sets K and L, we define K ® L := K x L and K* := Map(L, K).

A simplicial model category is a model category M that is also equipped with

the structure of a simplicial category, along with bifunctors
M x ASet — M, (Z,K)—~ Z x K

and

(APSet)” x M — M, (K,Z) s Z%
satisfying the following axioms:
1. There are natural isomorphisms
Map(X @ K,Y) = Map(K, Map(X,Y)) = Map(X,YX).

Note that the mapping space in the center is from the simplicial category
structure on the category of simplicial sets while the mapping spaces on the

left and right are from the simplicial category structure on M.

2. Given a cofibration i : A — B and a fibration p : X — Y in M, the map of

simplicial sets
Map(B,X) — Map(A, X) X papa,yy Map(B,Y)

is a fibration. It is a trivial fibration if either ¢ or p is a weak equivalence.
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The second condition above can viewed as an enhanced version of the lifting axiom
in the definition of a model category (condition (4) in Definition A.1). Indeed, it

can be interpreted to mean that in a diagram of the form

A——sX

I

B——Y
where ¢ is a cofibration, p is a fibration and at least one of ¢ or p is a weak
equivalence, a lifting morphism B — Y not only exists but is also unique up to

homotopy equivalence (see [14, Prop. 9.6.1]).
We note a consequence of the second condition and the adjointness relation in

the first condition.

Lemma A.14 ((see [14, Proposition 9.3.8])). If j : L — K is an inclusion (i.e.
cofibration) of simplicial sets and p : X —'Y is a fibration in M, then the mor-
phism X5 — X1 xy1 YX is a fibration in M. It is a trivial fibration if either j

or p 1s a weak equivalence.

A.4 Simplicial sheaves

Let T be a Grothendieck site and let Shv(T) denote the category of sheaves of sets
on T. A simplicial sheaf on T is a sheaf taking values in the category of simplicial
sets. It is easy to see that such a sheaf may also be viewed as a simplicial object
in the category Shu(T). Thus, we will denote the category of simplicial sheaves
by A?Shv(T). We will describe a model structure on this category, called the
locally injective model structure.

Let X denote an object of A?Shv(T). Let my(X) denote the sheafification of
the presheaf U +— mo(X(U)). This is called the sheaf of (simplicially) connected
components of X.

Let V' be any object of T and let x be any element of X'(V'). Then, for any

positive integer i, let m;(X|y,z) denote the sheafification of the presheaf (U +—
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V)= mi(X(U),z|y) on the site T/V.
We say that a morphism f: X — Y is a weak equivalence if the following two

conditions hold:

e The induced morphism mo(f) : mo(X) — mo()) is an isomorphism.

e For any object V of T, any element z € X(V), and any integer i > 0,
the induced morphism m;(X |y, z) — m;(Y, f(x)) is an isomorphism of group

sheaves on the site T'/V.

If T is a site with enough points, it can be easily seen that f : X — ) is a weak
equivalence if and only if f induces a weak equivalence between the stalks of X
and ) at all points of 7.

A morphism in A?Shv(T) is said to be a cofibration if it is a monomorphism.
A morphism is said to be a fibration if it has the right lifting property with
respect to all cofibrations that are also weak equivalences. It can be proved that
this defines a model structure on A?Shv(T). We refer to [16, Cor. 2.7] for the
proof.

In fact, A?Shv(T) has the structure of a simplicial model category. For any
simplicial set K, the sheaf associated to K will also be denoted by K. Then, for
any two simplicial sheaves X and ), we define Map(X,)) to be the simplicial set

such that its set of n-simplicies is given by
Map(X,Y)y := Moracrshery(X x A, V).

If K is a simplicial set and X is a simplicial sheaf, K ® X is just the product
K x X of the constant sheaf associated to K with X. The object XX is simply
Map(K, X).

A.5 Left Bousfield localizations

Let M be a model category and let A be a class of morphisms in M. We would

like to modify the model structure on M in such a way that the morphisms in A
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also become weak equivalences. This is analogous to the notion of localization of
categories. However, depending on whether we require the “localization functor”
to be a left or right Quillen functor, we obtain two different notions of localization.

Given a model category M and a class of maps A, a left localization of M with
respect to A is a model category £ along with a left Quillen functor j : M — L
such that the following properties hold:

(a) The left derived functor of j maps the images of the elements of .4 in Ho(M)

to isomorphisms in Ho(L).

(b) If ¢ : M — N is aleft Quillen functor from M into any other model category
N such that the left derived functor of ¢ maps the images of elements of A
in Ho(M) to isomorphisms in Ho(N'), then ¢ factors uniquely as ¢ = 5 oj

where 5 is a left Quillen functor.

A right localization of M with respect to A may be defined in an analogous manner.

We focus on a specific kind of left localization, called the left Bousfield local-
1zation. This notion and the related results that we quote below make sense in a
very general setting (see [14, Chapter 3]). However, we restrict ourselves to the
case of a simplicial model category since that is sufficient for our requirements.

Let M be a simplicial model category and let A be a class of morphisms in
M. Let C : M — M be a cofibrant approximation functor and let F : M — M
a fibrant approximation functor.

We say that an object Z is A-local if for any morphism f : U — V in
A, the morphism of simplicial sets Map(C(V), F(Z)) — Map(C(U), F(Z)) is
a weak equivalence. This is equivalent to saying that the map Moruoa(V, Z) —
Moryoay (U, Z) is a bijection for any morphism f: U — V in A.

A morphism h : X — Y in M is said to be an A-local equivalence if for any A-
local object Z the morphism of simplicial sets Map(C(Y), F(Z)) = Map(C(X), F(Z))

is a weak equivalence. This is equivalent to saying that the map Morgoa (Y, Z) —
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Moruomy (X, Z) is a bijection for any A-local object Z. It follows from the defi-
nition that the elements of A are all A-local equivalences.
A left Bousfield localization of M with respect to A is a model category struc-

ture L4M on the underlying category of M such that the following conditions
hold:

(a) The weak equivalences in L 4M are precisely the A-local equivalences.
(b) The cofibrations of L 4(M) are precisely the cofibrations of M.

(c) The fibrations of L4(M) are the morphisms which have the right lifting

property with respect to cofibrations that are A-local equivalences.

A left Bousfield localization of M with respect to A, if it exists, is actually a left
localization of M with respect to A (see [14, Prop. 3.3.18]).

If a left Bousfield localization L 4(M) of M with respect to A exists, then the
identity functor of the underlying category of M is a left Quillen functor from
the model category M to the model category L4(M). The right adjoint of this
functor, which is the identity functor itself, is a right Quillen functor from L 4(M)
to M. It follows immediately from this that if an object X is fibrant in L 4(M),
then it is an A-local object which is fibrant in M. The converse of this statement
requires a small technical condition.

A model category M is left proper if every pushout of a weak equivalence along

a cofibration is a weak equivalence.

Fact A.15. Let M be a left proper simplicial model category. Let A be a class
of morphisms in M such that the left Bousfield localization L (M) exists. Then,
an object Z is fibrant in L 4(M) model structure if and only if it is A-local and
fibrant in M (see [14, Prop. 3.4.1].

To prove the existence of a Bousfield localization requires us to impose certain

technical conditions on the model category M. Since we do not need the general
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result for our purposes, we will not discuss this question. (See [14, Chapter 4] for

one such existence theorem.) We restrict ourselves to quoting the following:

Fact A.16 (see [24, Theorem 2.5, page 71]). Let T be a small Grothendieck site
and let A be a set of morphisms in A°?Shv(T'). Then the left Bousfield localization
of A?Shu(T) exists.



Appendix B

The Nisnevich topology

The Nisnevich topology is a Grothendieck topology for schemes. We review some

basic properties of this topology. The main reference for this material is [24].

B.1 Nisnevich coverings

Definition B.1. Let X be a scheme. A Nisnevich covering of X is a family of
étale morphisms {p; : U; — X}; such that for any point z of X, there exists an
index j and a point v € U, such that p;(u) = x and the induced homomorphism

k() — k(u) is an isomorphism of fields.

We now fix a base scheme S which is noetherian and of finite dimension. We
consider the category Sm/S of smooth schemes of finite type over S. It is easy to
check that Nisnevich coverings constitute a Grothendieck pretopology on Sm/S.
The corresponding Grothendieck topology is called the Nisnevich topology. This
topology is strictly finer than the Zariski topology and strictly coarser than the
étale topology.

Recall that for any scheme X over S, the presheaf hx(—) := Morgm, s(—, X)
represented by X is a sheaf for the étale topology. As the étale topology is finer
than the Nisnevich topology, it follows that hx is a Nisnevich sheaf. This gives us
a fully faithful embedding Sm/S — Shv(Sm/S), X — hx.

63
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B.2 Points for the Nisnevich topology

Let X be a smooth scheme of finite type over S and let  be a point of X.
A Nisnevich neighbourhood of x in X is an étale morphism of pointed schemes
p: (Uyu) — (X,z) such that the induced morphism k(z) — k(u) is a field iso-
morphism. If p : (Uyu) — (X,z) and ¢ : (V,v) — (X,z) are two Nisnevich
neighbourhoods of z in X, a morphism from p to ¢ is defined to be a morphism
¢ (Uyu) — (V,v) of pointed schemes, such that p = g o ¢. The Nisnevich neigh-
bourhood of x in X form a cofiltered category. Given any Nisnevich sheaf F,
we define F, = lim F (U) where the direct limit is over all Nisnevich neighbour-
hoods (U,u) — (X, z) of z in X. We call F, as the stalk of F at x. The functor
Shv(Sm/S) — Set is a point of the topos Shv(Sm/S). This topos has enough

points.

The above construction of stalks is a special case of a more general definition,
which extends any presheaf on Sm/S to essentially smooth schemes. A scheme
over S is said to be essentially smooth if it is the inverse limit of a cofiltered system
of smooth schemes S-schemes with transition maps that are étale and affine. In
general, an essentially smooth S-scheme is not on object of Sm/S. However,
given a presheaf F on Sm/S, we define its value on an essentially smooth scheme
X = lim X, (where (X, ) is a cofiltered system of smooth S-schemes as described
above), we define F(X) := lig}"(Xa).

Given a smooth scheme X over S and a point x of X, it is easy to see that
the inverse limit of all the Nisnevich neighbourhoods of x in X is an essentially
smooth scheme. In fact, as we see in Appendix C, it is precisely the henselian
local scheme Spec O% .. Thus, the ring O% ., which is the henselization of the
usual local ring Oy ,, is the appropriate notion of the “local ring at a point” for

the Nisnevich topology.
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B.3 Nisnevich sheaves

An important property of the Nisnevich topology is that Nisnevich sheaves can be

described in terms of a special class of coverings.

Definition B.2. Let X be a scheme. An elementary Nisnevich cover of X is a

pair of morphisms (p; : U — X,py : V — X) such that
(a) pp is an open immersion,
(b) pe is an étale morphism, and

(c) if Z = X\p1(U), the morphism V xx Z — Z induced by ps is an isomor-
phism.

It is clear that the pair of maps in an elementary Nisnevich cover actually do
constitute a Nisnevich covering of X. For an elementary Nisnevich cover of X as

above, the square

UxxV—V
l Lpz
U X

p1

is called an elementary distinguished square.

Fact B.3 (see [24, Prop. 1.4, page 96]). A presheaf F on Sm/S is a Nisnevich
sheaf if and only if for any elementary Nisnevich cover (p1 : U — X, py: V — X),

the square

18 cartesian.

If F is a Nisnevich sheaf, the fact that the above square is cartesian follows

from the definition of a sheaf. The converse, however, is non-trivial.
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We will use the above fact to construct sections of Nisnevich sheaves. Suppose
F is a Nisnevich sheaf and (p; : U — X,ps : V — X)) are a pair of morphisms
which constitute a Nisnevich covering of X. To construct a section of F over
X, we need to pick a section o € F(U) and a section 7 € F(V) such that the

following three conditions hold:

(a) The images of ¢ under restriction along two projection morphisms F(U) =

F(U xx U) are the same.

(b) The images of T under restriction along two projection morphisms F (V) =

F(V xx V) are the same.

(c¢) The image of o under F(U) — F(U xx V) is equal to the image of 7 under
FV)—=FUxx V).

However, if (p1,p2) is an elementary Nisnevich cover as in Definition B.2, we are
only required to check (c¢). This makes it very easy to construct sections in such

situations.



Appendix C

Henselization

Given a variety X and a point x on X, a Zariski neighbourhood of z in X is an
open subset of X containing x. These neighbourhoods form a cofiltered system
(where the morphisms are just inclusions) and the inverse limit of this system is
the spectrum of the local ring Ox .. As we discussed in B.2, we can perform an
analogous construction using Nisnevich neighbourhoods of a point and thus obtain
the notion of an “infinitesimal neighbourhood of x at X, which happens to be
the spectrum of the henselization of the local ring Ox .

More generally, we can talk about the infinitesimal neighbourhood of a Z in
X, where Z is a closed subscheme of X. In the context of the Zariski topology,
this gives us the notion of Zariski pairs. In the context of the Nisnevich topology,

we have the corresponding notion of henselian pairs.

C.1 Henselian pairs

In this section, a pair will mean an ordered pair of the form (R, I') where R is a ring
and / is an ideal in R. A morphism of pairs (R,I) — (S, J) is a homomorphism
¢ : R — S such that ¢(I) C J.

Given a pair (R,I), an étale R-algebra R — S is said to be a Nisnevich
neighbourhood of (R,I) if R/I — S/IS is an isomorphism. (This is called as

67
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an étale neighbourhood of (R,I) in [27].) The category of such R-algebras is a a
filtered subcategory of the category of all R-algebras. Let R" denote the direct
limit of the Nisnevich neighbourhoods of (R, I) (computed in the category of all
R-algebras). We say that R" is the henselization of R at I. If I" denote the ideal
IR", we will also say that (R", I") is the henselization of (R, I).

We say that a pair (R, I) is a henselian pair if the canonical morphism (R, I) —
(RM, I') is an isomorphism of pairs. It can be proved that henselization is a functor
from the category of all pairs into the full subcategory of henselian pairs. It is the
left adjoint of the inclusion functor from the category of henselian pairs into the
category of pairs ([29, Lemma 15.12.1]). In particular, for a fixed pair (R, I), the
morphism (R, ) — (R", I") is an initial object in the category of all morphisms
(R,I) — (S,J) from (R, ) into a henselian pair (S, J).

For a pair (R, I), let R denote the I-adic completion of R and let T denote
the ideal /R. Then the pair (fi, T ) is henselian. Thus, the canonical morphism
(R,I) — (R, 1) factors as (R,I) — (R",I") — (R, 1).

Fact C.1. The canonical morphism (R,I) — (R" I") induces an isomorphism
R — R (see [29, Lemma 15.12.2]). Here Rh is the I-adic (or equivalently I"-
adic) completion of R".

A little more can be said in the noetherian case:

Fact C.2 (see [29, 15.12.4]). Let (R, 1) be a pair such that R is noetherian. Then
if R" is the henselization of R at I, the canonical homomorphism R — R" is a

flat extension. Also, R" is noetherian and R" — Risa faithfully flat extension.

If R is a local ring with maximal ideal m, the henselization of R at m will be
called as the henselization of R. If the pair (R, m) is a henselian pair, we say that

R is a henselian local ring. In this special case, Fact C.3 implies the following:

Fact C.3 (See [12, Theorem 18.5.11, (c)]). Let U = Spec R where R is a henselian
local ring. Let u be the closed point of U. Let f :'V — U be a finite morphism.
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Then, V' s the disjoint union of the schemes Spec Oy, where v ranges over all

the points of f~(u).

C.2 Henselian power series

Let R be a commutative ring and let R[t] denote the polynomial ring in one
variable with coefficients in R. Then, the henselization of R[t] at the ideal (t) will
be called as the ring of henselian power series and will be denoted by R{t}.

First, let us take R to be a noetherian ring. Then, Fact C.2 implies that
R{t} injects into R[[t]] and we will identify R{t} with its image in R[[t]]. Since
R{t} — R][[t]] is faithfully flat, it is easy to see that an element f € R{t} is a unit
if and only if it is a unit in R[[t]], i.e. if and only if its image under the quotient
map R[[t]] — R[[t]]/{t) = R is a unit in R.

The results stated in the previous paragraph continue to hold even when R is
not noetherian. Indeed, the functor R — R{t} commutes with filtered colimits.
So one can express R as a filtered colimit of its finitely generated Z-algebras and
generalize the above statements to the non-noetherian setting. ( See [9, Subsection
2.1.2).)

If (R,m) is a local ring, a polynomial f(t) € R[t] is said to be a Weierstrass

polynomial if it is of the form f(t) = t?+aq_1t* ' +...+ay where a; € m for all 4.

Fact C.4 ([9, Proposition 3.1.2]). Let (R,m) be a henselian local ring. Let
[ € R{t}\mR{t}. Then f can be uniquely factored as f = P - u where P is a
Weierstrass polynomial and w is a unit in R{t}. Also, the natural homomorphism

R[t]/(P) — R{t}/{f) is an isomorphism.
We will require the following easy consequence of this result.

Lemma C.5. Let R be a henselian local ring with maximal ideal m. Let I be a

proper ideal of R[t] such that the following conditions hold:

1. The homomorphism R — R[t]/I is a finite extension.
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2. The only prime ideal of R[t] containing I and mR]t] is (m,t).
Then, the homomorphism R[t]/I — R{t}/IR{t} is an isomorphism.

Proof. Let Z = Spec R][t]/I, which we view as a closed subscheme of Spec R[t]. Let
xo be the closed point of Spec R and let yo be the point of Spec R[t] corresponding
to the ideal (m,t).

Let m : Z — Spec R be the morphism corresponding to the R-algebra homo-
morphism R — R[t]/I. According to condition (1), 7 is a finite morphism. Thus,
if z € Z is any point, there exists a point 2y in its closure such that m(z) = .
By (2), the closed subscheme Z and the fibre 771(xy) have only the point ¥, in
common. Thus, we see that every point of Z lies in the closure of .

By Fact C.3, we see that Z is isomorphic to Spec Oz,,. Thus, we see that if
S = R[t](mu, then the homomorphism R[t]/] — S/IS is an isomorphism.

The ring R{t} is a local ring with maximal ideal (m,¢). Thus, the canonical ho-
momorphism R[t] — R{t} induces a local homomorphism S — R{t}. This homo-
morphism is flat, and since it is a local homomorphism, it is faithfully flat. Thus,
as 1S ¢ mS, we see that IR{t} ¢ mR{t}. Let f be an element of I R{t}\mR{t}.
Then, by Fact C.4 f = u-p where u is a unit in R{t} and p is a Weierstrass
polynomial. Since S — R{t} is a faithfully flat extension, IS = SNIR{t}. Thus,
pelS.

By Fact C.4, the ring homomorphism R|[t]/pR[t] — R{t}/pR{t} is an isomor-
phism. Thus, it follows that the homomorphism S/pS — R{t}/pR{t} is surjective.
It is also injective since it is a faithfully flat extension. Thus, it is an isomorphism.

As pS C IS and pR{t} C IR{t}, it follows that S/IS — R{t}/IR{t} is an

isomorphism. This completes the proof. m

C.3 The approximation property

Henselization and completion are two different notions of an “infinitesimal neigh-

bourhood” of a closed subscheme. “Approximation theorems” allow us to solve
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problems in the completion of a ring, and then use it to obtain a solution in the
henselization.

A noetherian local ring (R, m) is said to be an approzimation ring if for any
finite system of polynomial equations with coefficients in R, the set of solutions
in R is dense, with respect to the m-adic topology, in the set of solutions in the
m-adic completion R.

We note the following two results of Popescu.

Fact C.6 (See [26, Theorem 1.3]). Ezcellent henselian local rings are approxima-

tion Tings.

Fact C.7 (See [[26, Corollary 3.5]). Let (R,m) be an approximation ring. Then

R{t} is an approzimation ring.

In order to apply these results to the henselizations of local rings at points of

varieties, we recall the following:

Fact C.8 (See [12, Corollary 18.7.6]). Let k be a field. Let X be a variety over k

and let © be a point of X. Then, the ring Og(,x 1s an excellent ring.
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