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Abstract

Presented here are the results of analytical and numerical simulations for colloidal systems driven
by ratcheting potential switching on and off stochastically. We observe the variation of the resultant
directed current as a function of the ratcheting frequency. In the case of an interacting colloidal
system, molecular dynamics [3] has revealed resonance of directed current with ratcheting frequency.
The analytical tools necessary, the theoretical paradigm of non-equilibrium statistical mechanics and

stochastic processes(relevant parts) are also discussed in detail.
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Chapter 1

Introduction

This master thesis studies a system of repulsively interacting colloids under the influence of an
external ratchet potential that turns ’on’ and ’off” stochastically. Brownian particles under the influ-
ence of a flashing asymmetric potential experience a time averaged directed current. The Flashing
ratchets have been extensively studied in the context of molecular motors[4], dynamics of colloidal
dispersion[5], Ferro Fluids[6] and particle segregation[7]. Recent experiments with interacting para-
magnetic 2-dimensional colloid in the presence of a 1-dimensional magnetic flashing ratchet showed
variation of the local structure of the particles with change in frequency of ratcheting[8] and an en-
hancement of diffusion coefficient in the transverse direction[9]. Moreover, Laser trapping in colloids
by coupling 2D interacting colloidal particles with 1D time independent, spatially periodic potential
is known to give rise to several interesting mechanical properties and phase transitions[10].

The outline of this thesis is the following. In Chapter 1, we will introduce some basic dynamics
of Brownian particles and their importance. The theoretical paradigm in which these Brownian
particles are studied will also be expanded upon, which are the Langevin and the Fokker-Planck for-
mulations. Furthermore, the mechanism of a ratcheting potential and its influence on the Brownian
particle is discussed. We will understand how useful work can be extracted from ratcheting. We also
present analytical and numerical results of the transport in ratchet systems in the Fokker-Planck
regime in Chapter 2[11]. The analytical results for the net flux are worked in the asymptotic limits of
the ratcheting frequency. In Chapter 3 we explore the system of interacting colloidal particles. Here
we will employ the machinery developed in the previous chapters to describe the system. We will
see that the interesting properties of the flashing ratchet system studied in Chapter 2 is preserved in
addition to new emergent properties. The behavior of the space and time averaged directed current
with respect to the ratcheting frequency in the asymptotic limits is observed to be identical to the
case of a non-interacting ratchet system. But, the interesting dynamics happen in the intermediate
frequencies, where the directed current shows resonance with ratcheting frequency and the resonance
frequencies shows non-monotonic variation with densities. Dynamical phase transitions from modu-
lated solid to modulated liquid phase and back to solid phase is observed with increase in frequency

at suitable densities.



1.1 Brownian Motion and Langevin Equations

Here, we look at the dynamics of a mesoscopic system where the length scales are of the order of a
few pm. Brownian motion in general describes some collective property of a system in many cases,
not just of a single particle. Consider the motion of an particle in a fluid medium(viscosity 7).
Even though the motion appears random, it can obviously be described by Newton’s equations. The

generic equation for a particle under the influence of a damped force is,

dv

mo = —Cv (1.1)

This cannot explain the dynamics of the Brownian particle since the solution tells you that the
velocity after a long time goes to zero. But, we know that the mean square velocity in thermal
equilibrium is k7/m(k Boltzmann constant). So, the term that represents the random force should
be added. Then eqn(1.1) becomes,

d

moy = —Cv+T(t) (1.2)

where I'(t) represents the fluctuating force. This is called the Langevin equation.

1.1.1 Nature of Brownian Particle

In generic cases the fluctuating forces are expected to arise from random impacts of the Brownian
particle with the surrounding medium. This force is supposed to vary rapidly over any observation

time. The important first and second order moments of this force can be modeled as following,
(T(t)) =0, (T(ML(t)) = 2B4(t —t') (1.3)

The second moment gives us the correlation in time of the "noise” force. A delta function indicates
that the noise at one instant is independent of the noise at another. This is called a Gaussian White

noise. B is the noise strength.

1.1.2 Fluctuation Dissipation Theorem

As we understand, there must exist a relation between the friction experienced by the Brownian
particle and the random fluctuations on it. This is called the Fluctuation Dissipation theorem that
relation friction coefficient to strength of the noise. As seen in section(1.1.1), the Langevin equation
for a Brownian particle is,

dv
—_— = T'(¢
mdt Cuv+T(t)

And moments of noise(T") is given eqn(1.3) Now solving the above first order inhomogeneous differ-

ential equation for an expression of velocity v(t) we get,

1/t ,
v(t) = e/ (0) + — / dt’ et /mp (¢ (1.4)
m Jo



To find the expression for root mean squared velocity, we square expression(A.1) and take averages,

2
’U2(t) _ e—2Ct/7nv2(0)+

m m 0 0

(1.5)
The first two terms go to zero as t — oo. The only contribution is from the third term. After

averaging the noise correlation gives a delta term,

1 t ’ t 1"
(W3 (t)) = ﬁ/ dt’ eS¢t )/’”/ e~ /maBs(t —t") (1.6)
0 0

The delta function handles one time integration, the other is done normally.

W) =2 /0 e/ (1.7)
2 _ —2¢t/m, 2 E _ L 2¢t/m
(v*(t)) =e v2(0) + Cm(l e ) (1.8)

Again as t — oo we get,
B

w0) = o (L9)

But in thermal equilibrium value mean squared velocity must approach kT'/m. So comparing with
eqn(1.9) we get,
B = (kT (1.10)

This gives us the relation between the strength of the noise force and the coefficient of friction.

1.2 Fokker-Planck Equations

Fokker-Planck equations are a form of Liouville equation used in studying dynamical systems, with
a noise term. Currently, there are no impositions on the noise term, apart from the requirement to
be Markovian. Markovian noise is memory less,i.e the present value of the noise depends only on
the previous instant and nothing else.
Assuming all constants are scaled let’s write the eqn(1.2) in its primitive form(without constants):
dx
— = F(x)+I() (1.11)
dt
x represents all independent phase variables, i.e x = [z1, Z2,....].
We can look for the probability distribution p(x,t) of the values of x at time ¢. We want the average

of this probability distribution over the noise. This can be achieved by recognizing that p(x,t) is a

conserved quantity

/dxp(x, t)y=1 (1.12)

for all ¢. Like all conserved quantities in phase space we can expect a ’divergence of a flux’ term

i t t
7U(O)e—Ct/m / dt/e_C(t_t/)/mF(t')—i—% dt/e—C(t—t’)/’rnF(t/) / dt//e—c(t—t”)/ml—\(t//)
0



balancing the time derivative of this quantity. The conservation law is

apg;, b, %. (?;;p(x?t)) —0 (1.13)

Replacing the time derivative of the phase variable using the right hand side of eqn.(1.2), we get

apg? 2 - _%' (F)p(x,t) + T()p(x, 1)) (1.14)

We have to derive a noise average solution of p. To simplify the equations, we write out a symbolic

operator. For an arbitrary function ¢, define :

Lo = — (F(x)o) (1.15)

L is analogous to the Liouville operator. Hence, the noise free equation can be written as,

9p _

Frie —Lp (1.16)

Formal solution for the initial value equation of above form,
p(x,t) = e~ Ep(x, 0) (1.17)

Adding the noise term to eqn(1.16), we get

Ip(x,t)
ot

= Lplx, 1) — o (PP 1) (1.18)

Integration over time leads to the equation,

9

e Cp(x.) (1.19)

t
p(x,t) = e~p(x, 0) — / dse™ (=)L
0

We recall that p(x, t) depends on the noise I'(¢) for times smaller than s(t < s), as these are Markovian

processes. Substituting eqn(1.19), in eqn(1.18) we get,

829(8);, t) = —Lp(x,t) — %.(F(t)p(x, 0)) + ;i,r(t)/o dse—(t—5)

L9

X

(L(s)p(x,5)) (1.20)

Now, we average the equation over noise. The p(z,0) is the initial distribution, hence is not affected
by averaging and goes to zero. The second term has a I'(¢)['(s) term. This introduces a §(t — s),
which removes the e~ (*=%) factor in the integral. The Fokker-Planck equation for the noise-averaged

distribution function (p(x,t)) is,

0 7]

O oo 1)) = L P (plx, ) + o B (1) (1.21)

The second term on the RHS of eqn(1.21) accounts for the average effects over noise. We will drop



the ({)) noise averaging symbols here on as we will deal with averaged distributions only.

1.3 The Flashing ratchets

The first reference to ratchets used in a context relevant to us, was made by the polish physicist
Smoluchowski in his thought experiment about Brownian ratchet. It is now popular due to its
feature in Feynman Lectures in Physics[12]. The Feynman-Smoluchowski ratchet and pawl consists
of a paddle wheel and a ratchet and appears to extract useful work from random fluctuations in a
system at thermal equilibrium. To understand more about the Feynman ratchet, refer to detailed

calculations in [13] about the efficiency of such a ratchet.

Can useful work be obtained from random forces?

In the case of a dynamical system we expect thermal fluctuations inherent to the system to be
random. In other words it is one of the sources of noise. In the present context a ratchet is an
asymmetric periodic potential. The flashing ratchet switches between an asymmetric form and a
zero potential(flat line). The ratchet systems have a defining feature, the cooperation of two opposing
tendencies: diffusion which tends to spread and dissipate energy and transport which concentrates
density at specific sites determined by the energy landscape.

Consider Brownian particles kept under the influence of an asymmetric periodic potential in space.
The schematic[Fig 3] presented in the next page illustrates the operation of the ratchet and transport

of particles due to it.The process of ratcheting of the particles is as follows:

1. When asymmetric potential (V(z)) is "On”[Fig 1] the particle density is maximum at the
valleys. The blue particles are tagged to show drift.

2. When the potential is ”Off” (V(z) = 0) [Fig 2] there is no external force on the particles other

than the drag. Hence, they undergo free diffusion spreading in all directions uniformly.

3. The potential is turned ”On” again but now due to the potential landscape there are more
particles that go down the side with the greater slope than the opposite. This results in a greater
aggregation of tagged particles towards the right in [Fig 3] than towards the left. Let Prign
be the probability for the particle to move right and Py, likewise. Now Py, = aL, where
« is the asymmetry parameter that determines the location of the peak in ratchet potential(L
is the length of the period). This is proportional to the area under the green portion in the
[Fig 3]. Similarly,Pr;gnt = (1 — «)L is proportional to the area under yellow. Since, o < 1/2,
Pright > Pleyi. Hence, net drift was created in the +ve x-direction just by taking the aid of

random forces and an asymmetric external potential switching between two states.



Fig 1(b) X
Fig 1 (a),(b): In the “On” state, the probability of
the particles residing in the valley is maximum.
The blue particles are tagged.

Fig 2(a)
P(x)
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Fig 2(b) X

Fig 2 (a),(b): In the “Off” state, the particles
undergo free diffusion.

V(x) Particles moving to the right

%
AN

Fig 3(b) A x

Fig 3 (a),(b): The ratchet is turned “On” again.
Due to the asymmetry in the potential the
tagged particles have drifted in the +x direction
by a distance Ax.

Figure 1.1: Mechanism of Flashing Ratchets



Chapter 2

Two State Systems : A
Fokker-Planck Treatment

In this Chapter we work on a couple of examples of two state systems. This will help us understand
the important role played by Fokker-Planck equations in the understanding of a wide array of systems.
The two state ratchet is of importance as the results emerging from its analysis will help us understand
the system of interacting colloids better. Ratchet systems are ubiquitous in literature. Several

reviews articles have been dedicated to their descriptions or implementations [14]-[16].

2.1 Dichotomic Noise Process

Consider a case of switching between two Stochastic diffusion processes, i.e in terms of dichotomous
noise I';(t) = £1 where i = +, —.

The stochastic differential equations have the form[11],

&= f(z) + T4 () (2.1a)

@ = f(z) +T_() (2.1b)

The Fokker-Planck equations of for a process like equ(2.1a) and equ(2.1b) can be written as [11]:

0 7] 0?

ap.;_(l‘,t) = 7%f(az)p+(x,t) + Dl@p-l-(xvt) - I/[p+(l‘,t) - p_(LL‘,t)] (223)
2

oo (8) = — 2L @ (e,t) + Dy (e,t) = vlp(2,6) ~ p(2,) (2.2b)

where py(z,t) = py(z,& = +1,t) and p_(x,t) = p_(x,§ = —1,t). D; and D, are the diffusion

coefficient corresponding to each state of the noise.Also f(z) = _d;;(x) , where V'(z) is some potential.

From the above eqns(2.2a) and (2.2b) we can construct a continuity equation of the form of eqn(1.13)



by adding them:

D pest) = =2 pap(at) + Dy Lo (,8) + Do (2, ) (2.3)
atp Z, — 817 x)p\x, 18I2p+ x, 281'2297 x, .

From the above equation one can obtain the expression for the current J(x,t). In the stationary state

the current J is obtained from the following eqns:

J = —(D1 = D2)ply (x) — Dap'(x) + f()p(x) (2.42)

Dipi(z) = [f(z)p(x)]’ — 2vp4(x) + vp(z) =0 (2.4Db)

where p (z) and p_ (x) are the long time (stationary) limits of py (x,t) and p_(x,t). We get equ(2.4b)

when we take the left hand side of eqn(2.2a) to 0. The primes are differentiation with respect to x.

Asymptotic Limits

Analytically what we can look at is the asymptotic limits of the above equation and check the form

of J(steady state current).

1. Large frequency (v) limit: We expand p(z),p, (z) and J as a power series in v~ 1.

pr(z) =300 v "y (), p(x) = X0 o v "pu(x) and J = Y07 (v~ "™J,. The leading order

term when the above forms are substituted in eqn(2.4a):

Jo = —(D1 — D2)py,. — Dapy() + f(2)po()

Put, Jo = 0,

—(D1 = D2)ppy(z) — Dapy(z) + f(2)po(x) =0 (2.52)

—2pyo(z) +po(z) =0 (2.5b)

from eqn(2.5b) for the 1st order terms we get,

po+(z) = poém) (2.6)
Substituting eqn(2.6) in eqn(2.5a),
(D1 = D) _ Do) + Fl@im(a) =0 2.1
roy o 2f(@)
po(x) = *ml’o(z)



672V(I)/D1+D2

) 2.8
po() foL e—2V (2)/D1+Da gy .

Define,
U(z) = e 2V (@)/DitD2 (2.9)
Then eqn(2.8),
U(z)
po(z) =
fOL U(x)dz

Now from eqn(2.4a) for the 2nd order equation,

—(D1 — Da)p () — Dopl(2) + f(2)p1(z) = 1 (2.10a)

Dipgy (z) = [f(@)po+(2)) = 2p14 +p1(2) =0 (2.10b)

eliminating for p | (x) from eqn(2.10b) in substituting in eqn(2.16a),

(D1 — Dz)%[Dlp&(df) = [f(@)por (@)]" + py(2)] = Daopl () + f(z)pr(2) = (2.11)

using eqn(2.6) we get,

(D1~ D)D) ~ F@o@) + D) Dyl ) 4 f@m@) =1 (212)

Multiply and divide by U~ on the both sides and integrate over the period,

L
fo <] Dupg' (z) = [f (#)po(2)]" . [ U (@) de

foL U~ (z)dx fOL U-Yz)dx
(2.13)

+ 242 — Do () + f(w)p1(x)>U1(x)dx
—(D1—D3)

Consider the numerator with the boxed terms as term (b) and the rest as term (a) on the Left

hand side of eqn(2.13).

L /
P \x -
| 0= D) - D) + S U @i
0
Integrating the first 2 terms of the above expression by parts:

= [0 = D) 5 200y 5 s @

L
- [ FGE R m @@ + @)@V @)

=0

Now consider the boxed terms:



L
—(Dy — Dy) /O <D1pg'<x> - [f(x)po<m>}”>U‘1(:c)dx

L 3 T
-0 | <mpo<m>—f<w>p3<x>—] 2/ () — 1" @@ \>U1<x>dw

Consider the boxed terms first,

L
(D1~ D) | <2f’<m>p’o(x> )0 <x>>U1<x>da:
0
integrating by parts the boxed term,

-0~y [ <2f’(w>p6(x) - F@p) + m>v-l<x>dx

L " T
~wi-p) [ <f’(rc)p6(w) v w>rf—1<x>dx

L / T T
= (Ds —Dz)/o <2{)1( szlgz)>U1(x)dx

=0

Now, consider the remaining terms,

L 3( 3(s
=—(Dy — Dz)/o <£?11)1_{D(2;3po($) - wzif_F(D)Q)on(x)>U_l($)d$

L 3 €T xTr) — 3 x T
——0-py) [ <8D1f eole) Ao + D) >U—1(x)dx

(D1 — Dy)? Jo F(x)da
(D1 + D)3 fOL €2V (x)/D1+Da fOL o—2V (z)/ D1+ D3

Jy = (2.14)

Revisiting the expression of stationary current J:

1. (D1 — Dy)? Jo P2(x)dz

Ty o2 2.15
(D1 ¥ Do) [ v s [ e orpimagg * O O

2. Small frequency limit:

For small frequencies the probabilities p;(z), p—(z) and current J are expanded in linear
powers of v. py(x) = > 0 (V" ppy(x) , p—(z) = > 00 V" pu—(z) and J = > > ;™ J,. The

1st order contribution to flux in eqn(2.4a) is zero. The second order terms in current are,

Ji = —Diph . (2) — Doph_(2) + f(@)p1 (&) + f(2)pr—(2) (2.16)

10



The normalization conditions on the probabilities are:

/OLm(x) = /OLp(x) = 1/2;/0Lp(a:) =1 (2.17)

First order terms of eqn(2.10b) for small frequencies gives,

Dipo, () = [f(x)pos ()] =0 (2.18a)

Dapy—(z) = [f(x)po-(z)] =0 (2.18b)

So the expression for po4(z) and po—(x) becomes,

e—V(z)/D1 e—V(x)/D: 210
r) = ;po—(z) = .
po+ () 2f0L oV (0)/Dr gy po— () 2f0L V) Drda (2.19)
Consider the eqn(2.4b) for 2nd order terms,
Dyp, (x) = [f(@)p1+) — pos () + po— =0 (2.20a)
Dopy_(x) = [f(z)p1-) = po-(x) + pot =0 (2.20b)
Integrating the above equations from 0 to =z,
Dipyi(x) — [f(@)p14] _/ Po+ () +/ po— =0 (2.21a)
0 0
Dapy_(x) = [f(2)p1-] —/ po— () +/ po+ =0 (2.21b)
0 0

Define,
Po@) = [ porwdy P-(@) = [ po- iy
0 0
Multiply and divide eqn(2.21a) by €"(*)/P1 and eqn(2.21b) by €' (*) /D, and integrate over the

period,

(Dipiy (@)1 = ([f(@)prelh = (Pr(2))1 + (P-(2))1 =0 (2.22a)

(Dapi_ ()2 — ([f(@)p1-])2 — (P—(x))2 + (P (2))2 = 0 (2.22D)
where for any function K (z),

B foL eV (@)/D;

(K(2)):

i=1,2

)

Using the above expressions in eqns(2.22) we get,

Ji = (P(2)1 + (P ()2 — (P-(2))1 — (Py(2))2 (2.23)

11



The expression for current is,

J ~ v[{Py (@)1 + (P ()2 = (P-(2)1 — (Py(2))2] + O(?) (2.24)

2.2 Two State Ratchet

Consider the case when the system switches between two states, from an asymmetric potential to
zero potential. The diffusion constants is same for both states now. So D1 = Dy = D. The potentials

are f1(z) = f(z) and fo(x) = 0. The Fokker-Planck equations the following process are:

2

O (at) = — L F@)p 1) + D o) — vlp (2,6) — p (2 1) (2.250)

O @t) = D p (20) ~ vlp- (2, 1) — i (2,1 (2.25b)

Adding eqn(2.25a) and eqn(2.25b) we get,

2
%p(w, t) = —a%f(w)m(x, t) + D%p(m, t) (2.26a)
Dy (@) + f(@)ps(z) = J (2.26b)
Put left hand side of eqn(2.25a) to zero,
Dpl{(z) = [f(x)p(x)]" — 2vp (x) + vp(x) = 0 (2.27)

1. Large frequency limit: The probabilities p (x), p(x) and current J are expanded in a series

of v~ like in section (2.1). First order terms are,

—2po+(x) + po+(z) =0

pos () = 222 (2.29)

First order terms in eqn(2.26b) with Jy are,

~2Dply, (a) + F()po(x) = 0

o~V ()/2D
T)=—F""—""—"— 2.29
Pele) = 2 (2.29)
Define,
U(z) = e V2P (2.30)
So eqn(2.29) now looks like,
po+() v
0 = —F
" 2 fOL U(z)dx

12



po+ () is normalized to 1/2 and po(x) to 1. The second order terms of eqn(2.27),

prs = 5 [Dpos (@) = (f@)pos) +pa(a)]

Substituting the above expression for p;(x) in second order terms of eqn(2.26b)

%5”) [Dpo+(x) — (f(@)po+) + pr(z)] — Dpy = Jy (2.31)

Using eqn(2.28) the above eqn(2.31) becomes,

fa) D~ (@i + 52| - Dyt(a) = o

Multiply and divide the above equation by U~!(x) and integrate over the period,

: T ”x—xox’pl—m—’x ~(z)dz
I <f( Dot (@) = [ @hpo(@)] + 242 | — D ( >>U (x)d s

2.32
JF U~ (2)dx JyU(z) (2.32)

Consider the numerator of Left hand side of eqn(2.32),

/ < F@) D (x) — F@U o)+ 1)~ Dy <x>>U-1<x>dx

Call the boxed terms as (a) and the rest (b)

(a)

L
/ <f(x)Dp6’+(x) - f(w)[f(x)po(x)]'>U_1(x)dw
0

substituting the expression for pg(z) in the above integral,

L
/ < - if?’(x)po(x) — fA(@)po(z) - f(x)f/(x)po(x)>U_1(x)dx
0

L
1
= / Ef?’(x)dx (2.33)
0



Revisiting the expression for current eqn(2.26b) and using eqn(2.33) we have similar ex-

pression as in section (2.1)

J v x Jy £*@)ds

= o(v? 2.34
DfOL eV (z)/2Dda foL e—V(2)/2D gy ) ( )

From the above expression for directed current we can see that if we have reflection-

symmetric potential then the integral over the period of f3(x) vanishes.

2. Small Frequency limit:

For small frequencies the probabilities p;(z), p—(z) and current J are expanded in linear

powers of v. py(x) = Y0 (V" ppy(x) , p_(z) = > 00 o V" pn—(2) and J = > ;v J,. The

1st order contribution to flux in eqn(2.4a) is zero. The second order terms in current are,

—Dpyy (z) = Dpy_(2) + f(z)p14(2) = )r (2.35)

From eqn(2.27), the 2nd order terms in stationary state are,

Dpiy(z) = [f(@)p14 ()] = poy () + po—(2) =0 (2.36a)

Dpy_(x) = po-(x) + pot(z) = 0 (2.36h)
Integrating the above equations from 0 to z and borrowing expressions from section,

Dp (&) — @)y () — Py(@) + P_(2) = 0 (2:37a)
Dp)_(z) — P_(z) + Py(z) =0 (2.37b)

Multiplying and dividing eqn(2.37a) by ¢¥(®*)/P and integrating over the period we get,

(Dpl 4 (2)) = (f(@)p14 () = (Py(2)) + (P-(2)) = 0
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From the above expression and eqn(2.37b) the expression for second order current becomes,
J1 = (Py(x)) = (P-(z)) + P_(z) — Py (x) (2.38)

where for any function K (z),

foL K(z)eV@/P
(K(z))=""—F——
fo eV(@)/D
The current is,

J ~ v [(Pi(a)) = (P_(x)) + P_(x) — Py ()] + O(?) (2.39)

2.3 Numerical Scheme

As we have seen the analytical results show us the partial story of the behavior directed current with
changing ratcheting frequency. The numerical scheme[1] used here generates finite difference form of
the Fokker-Planck [eqn(1.21)] which can be seen as a discrete Markov chain(Memory less processes).
The equations have been discretized on a lattice as a jump process in the following manner. Consider

a particle residing on the nt" site,

dP,
T: = —(Bp_1/2 + Frq1/2)Pn + Fu_1/2Pa—1/2 + Buy1/2Prg1)2 (2.40)

(Fn—1/2Pn—1— Bn_1/2Pn) — (Fag1/2Pn — Brg1/2Pnt1) = Jn_12 — Jnt1/2

Fh12 Fopin
/\f_\/\{_\/\{_\/\
O 9, ) 9, O—X
[ N

. Xn—1 *n Xn+1 o

Bh12 Bpyin

Figure 2.1: Spatial discretization schematic [1]

P, is the probability of finding the particle at site n at time t. x,, = zg+ nAx, where Az is the step
size.

The terms B,,_1/p and B, /s refer to backward fluxes from sites x,, and x,1, respectively and
F,’s the forward fluxes .The terms have been arranged in order to show the net forward(J,41/2)

and backward (J,_1/2) fluxes from the site z,,. Eqn(2.40) can be written in a concise manner as,

P

— =LP 2.41
o (2.41)

15



where L is tridiagonal N X N matrix with entries,

Ln,n = _(Fn+1/2 + Bn71/2) (242&)
Ln,nfl == Bn—1/2 (242b)
Ln,n—‘,—l = Fn+1/2 (2420)

The quantity P, (t) is the probability of finding the motor site z,, at time .

Tn+Ax/2
P, (t) =~ / P(Xn, t)dx = p(x,,, t)Ax (2.43)
x

n—Az/2

as z, represents the interval (z,,—1/2, Zn41/2). The probability flux is zero at thermodynamic equi-

librium. That is,

Jnt1/2 = Frg1/2Peq(2n) AT — By i1 /9Peq(Tn1) Az =0 (2.44)

for all n.This places a constraint on the jump rates. Similar constraints can be obtained by keeping
Jn—172 = 0.
The equilibrium solution of eqn(1.21) can be simply verified to be the Boltzmann distribution by
equating the RHS to zero

Deq x exp(—V(z)) (2.45)

Now from eqn(2.42) we can see that

Froti)2 o Peq(Tnt1)

= = exp(—AV, 2.46
Buris  Peglan) ( +1/2) (2.46)
where
AViyry2 = V(rpy1) = Viwn) (2.47)
The expression for the jump rates are:
—DAV, 410
F = 2.48
n+1/2 (Ax)z(exp(—AVnH/g) — 1) ( a)
DAV, 11/2

Buyija = B oAV ) = 1) (2.48D)

where D is the diffusion coefficient. This can be found by finding the local approximate solutions
of the Fokker-Planck eqn(1.21). Knowing this we can recast eqn(1.21) in the form of eqn(2.40).
Detailed derivation of eqn(2.48a,b) can be found in [1].

Two State Ratchet

Now we proceed to the Two State Ratchet system. We revisit eqn(2.25a,b):

0 dv 0?

0
ap-‘r(x:t) = aix%p-i-(a%t) + D@p-‘r(l‘?t) - V[p.,.(x,t) —p_(x,t)]
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0 @)= DL () vl (2.0) — p 1)
The net flux at steady state goes to zero. The value of v can be varied as a parameter. To solve
eqns(2.21) and (2.22), we use boundary conditions p;(z + L,t) = p;(x,t) where L is the period. We
now have to solve it on a grid, say of N points, each with a co-ordinate in x. We choose a grid here
such that x, = (n — 1/2)L/N. Unlike eqn(2.40) here we have two equations describing the system,
hence the matrix will be 2N X2N dimensional(call it M)

dP

— =MP 2.4
o (2.49)

The form of the matrix can be identified by looking at equs(2.25a) and (2.25b):

L) K K
M — (2.50)
K L&) - K

where the L(V’s(i = +,—) are N x N matrices evaluated using V(z) and have the same form as
defined in eqns(2.48a,b). But, L requires additional boundary conditions to make sure that entries

still make sense at the ends as evaluation of V(z) at the boundaries causes problems.

LY, = By, (2.51)
L(ll)N = Fz(vlzrl/z (2.52)

K are just N x N diagonal matrices with values of the ratcheting frequency. We take potentials of
the form:

V(z) = szn(%m) + O.25in(4%w) (2.53)

The potential ¢ () has the first three terms of the fourier expansion of saw-tooth potential of period
L and amplitude A. Now we have the full description of the algorithm, all we have to do is simulate

it and analyze the behavior.

2.4 Simulation Results

Simulations were performed on a lattice size of N = 100, with periodic Length L=8. The time
step At = 7.1x107% and step size in space Az = 0.08. The initial conditions for probabilities was
Pyy =1

The variation of scaled dimensionless directed current J with ratcheting frequency v is shown in [Fig

2.2).
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Figure 2.2: Scaled dimensionless probability current J vs Switching frequency v

Asymptotic Nature:

Large frequency Limit

Freqlslency (2] :

Figure 2.3: Product J * v vs Switching frequency v

We observe a saturation of the current with »~! at very large frequencies.

Small Frequecy Limit

Jiv

4 5 7 3 5

lz‘requency-{v}

Figure 2.4: Product Jv vs Switching frequency v

At small frequencies we observe a linear relation of the current with v.
Hence, we observe that the numerical simulations of the directed current concur with the analytical

results in the asymptotic limits of the ratcheting frequency.
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Chapter 3

Interacting Colloids

We consider a system of two-dimensional repulsively interacting colloids, which are driven by a
one-dimensional varying asymmetric potential turning on and off stochastically. This situation is
similar to what we have dealt with in the previous chapter, but the interacting term complicates the
solution and also gives rise to new effects which are observed in real colloidal systems. Experiments
on confined colloids (say, between two glass plates) subject to a laser with spatially periodic 1D
potential commensurate to the mean particle separation, have observed the remarkable phenomena
of Laser Induced Freezing and melting with increase in the strength of the potential. It is found that
at a particular wave vector of the incident laser (which corresponds to where the liquid structure
develops its first peak) there emerges a triangular lattice with two-dimensional symmetry. Beyond
a certain external field intensity of the external field the colloid becomes a crystal. The higher field

strengths, the crystal structure becomes unstable and gives rise to re-entrant melting[2].

\ Laser beam
——> glass plate

Ve 8 /e /8/8 />
Intensily patters

— polyball

Figure 3.1: Laser Induced Freezing|[2]
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3.1 Model

Considered here as a model colloid, is a system of purely repulsively interacting particles interacting

via a soft-core potential
o 12 o\ 12
oo = ()"~ (2) (3.1)

with cut off distance r = r. beyond which SU(r) = 0. Here 8 = 1/kgT sets the energy scale and o
sets the length scale. The 1-D ratchet is along the y-direction with the following form:

Usns(,) = Vo (8) {sin(sz) + asin(?y)} (3.2)

where Vj(t) switches between 0 and Uy with a frequency v.

Off

Figure 3.2: Schematic of a 2D colloid under the influence of an 1D asymmetric ratchet along y-
direction, switching between ’on’ and ’off’ states.

Molecular Dynamics done by [3] using setting the parameter o = 0.2 and Uy = 1. A leap frog
algorithm (to solve equations of the type of Newton’s equation) was used with periodic length of the
ratcheting potential set commensurate to the lattice separation along the y-direction, L = a,. For a
triangular lattice, the plane separation a, = \/ga/ 2 and the density p = 2/ V/3ad?.

At very high and very low ratcheting frequencies the variation the directed current with frequency
observed is similar to chapter(2). At high frequencies, much larger than the internal relaxation
time of the particles, the system experiences and effective periodic potential. At low frequencies,
there is observed a slow transition between modulated liquid and solid phase. In the intermediate
frequencies, the directed current due to the ratchet show resonance with the frequency and varies

non-monotonically with density.

3.2 Transport

Let us denote the ’on’ and ’off’ states of the ratchet as '+’ and '—' which is characterized by N-

particle probabilities densities Py (ry,rs...,rn) and P_(ry,ra...,ry) respectively. U(r — r’) denotes
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the interaction between particles.

For a system of a N particles the canonical ensemble(N,V,T),

ZN = f f e PUNdridr,y...dry is the configurational integral taken over all possible configurations
of particle positions. For finding a particle in a configuration with particle 1 in position 71, 2 in
position ry we have,

p*(r1,ra...,ry)dry dra...dry = %drl dry...dry

One can obtain the reduced probability as in our case if we fix only 1 particle and the remain-
ing N-1 particles have no constraint. We can integrate the above expression over the remaining

coordinates,

p*(ry,re...Ty) = f...fe;iUdrg...drN

Here he particles being identical, the N-1 particles can occupy any of the coordinates. So the
local density for a single particle becomes,

pi = %fB(rl,rg...,rN)dr2...drN = N [Pi(ry,rs...,ry)drs...dry

where i = 4, —

The joint density distribution follows from arguments similar to above expression,

T, = N(N — ]_) fRdI'g...dI‘N = pz-pogi(r—r’)

gi(r-r’) is the radial distribution function or the density-density correlation in the 4 the state, pg is

the mean density. The ratcheting dynamics can be explained by the following equations [4]:

0
ap-i-(xvyat) + V‘]-i- - V[p+(l’,y,t) - p—(xa yat)} =0 (33&)
0
P (,y,t) +V.J_ —vp_(2,y,t) — py(2,9,t)] =0 (3.3b)

where J; = —DVp;(z,y,t) + ak%pi(x,y,t)Fi.

F; = =VV(r) - po [ dr'g;(r-r*)VU(r — 1').

for i = 4+,—. The force F; is the mean force averaged over all configurations 2,...N acting on a
particle which at some fixed configuration. And a is a constant which takes the values a = 0 for
non-interacting system and a = 1 for an interacting system.

Since the ratcheting potential acts along the y-direction, the current along it is J, = J.§ p The
stationary state dynamics is given by the space and time-averaged particle in the y-direction(i.e the

direction of ratcheting),

1 Tm L$ Ly )

where the time is averaged over 7,,, = nt (t = 1/v), n denotes the number of switchings. L, and L,
are the dimensions of the lattice.

From the MD simulation graphs of J(flux) vs Frequency v the following interpolation formula was
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extracted for the form of the flux:
vf

where k is some proportionality constant and pvy has the dimensions of current with vy an intrinsic
velocity. It can be seen that this corresponds to the behavior of the two state ratchet mentioned in
the previous sections at high frequencies J, = v~ and at low frequencies Jy = v. The aim is to

reproduce this empirical form from other methods.

3.3 Non-Interacting case

Now in eqn(3.3a) and eqn(3.3b) put @ = 0 in the expression for the mean force F;. We also know

that the external ratcheting potential is only a function of the y-direction. So we get,

Fy =-VV(y) (3.6a)
F_ =0 (3.6b)

Now in eqns (338“) and (33b) let er((E, y7t) = p+(xv t)p+(yv t) and p- (iC, Y, t) =D- (iC, t)p* (yv t)

%er (:L’, t)p+ (yv t) = szer (:L’, t)p+ (yv t) + V[va+ (:L'v t)p+ (yv t)] + V[p+ ((E, t)p+ (y7 t) —P- (xv t)p, (ya tﬂ3~7a)

%p, (ZL’, t)p, (y7 t) = szp, (1'7 t)p, (ya t) + V[p* (1’, t)p, (yv t) — P+ (.’E, t)er (ya tIB7b)

Now consider eqn(3.7a) and integrate it along the x-direction,

0 0 0? 0?
/ 900 504 (2.0) o0, ) 5000 = / | D (1.0) 550+ (0.0) + D)5 5401

400 0 00+ ) D D (0 4) = -, ) (0)

(3.8)

We know the normalization conditions give us,

/pi(r, t)dr =1 (3.9)

where i = +, — and r = z,y. Using this condition in eqn(3.8) we get,

) o2 P o2 92V (y)
/dl‘ [p+(y7t)atp+($7t) - Dp+(y,t)aw2p+(x,t)} = —&m(y,t) + DaTlQPJr(y,t) + Ty2p+(y’t)

+a‘g3§1‘/)apg(5’t) +vp+(y,t) —p—(y,1)]

(3.10)
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Now we integrate eqn(3.10) along the y-direction,

2 2
/dy/dff [m(y,t);m(w,t)—l?m( t)éizm(x,t)} =/dy[—;p+(y,t)+D§yzp+(y,t)

v,
0%V (y) OV (y) Op+(y,t)

+Ty2p+(y7 )+Ty y

+v[p+(y,t) — p—(y,1)]

Then we end up with,

9 82 ) 52 82V (y)
/d:v [&m(%U - Daxgm(w,t)} + /dy[atm(y,t) —Dafyzm(y?t) - Tﬁm(y,t) o

The switching terms vanish with integration over the coordinates. Similarly if we integrate eqn(3.7b)

along the x and y directions we end with following equation,

2 2
/ dn | gro-(0.0) = Do (2)] = / o |-t = Dy p-n)] (312

Now adding eqn(3.11) and eqn(3.12) and noting that p4 (r,t) + p_(r,t) = p(z,t).

/d:z: [gtp(x,t) —Daﬁﬁp(z,t)} +/ dy[;p(y’t)‘D(jyzp(y’t)_ag/ygy)Z)*(y’t)_a‘g)@(}y) W] =0

The only way the above equation go to zero if terms under both integral signs go to zero. This give

us
0 9?
ap(m,t) = D—azzp(x,t) (3.13a)
d 2h >’V(y) IV (y) Op+(y,t)
5P 1) ayzp(yﬂt)Jr 092 p+(y,t) + By 9y (3.13b)

Hence, we have simple diffusion along the x-direction. Direction motion is observed along the direc-
tion of ratcheting(y-direction). We can also see that in eqns(3.11) and (3.12) the equations should
independently vanish. This tells us that the net drift along x-direction in both ’on’ and ’off’ states is

zero and it is purely diffusive. Along, the y-direction in the ’off’ state the process is purely diffusive.

3.4 Conclusions

The aim was partially achieved with the understanding of interacting systems from molecular dy-
namics simulations. The non-interacting case in 2-dimensions gives us results similar to what was
observed in chapter 2. The Fokker-Planck equation presented above is clearly difficult to solve ana-
lytically in the interacting case. Numerical solutions seem to be possible. The challenge is to figure

out the right form of the radial distribution function. This can be approximated from the Molecular
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Dynamics simulations. The Fokker-Planck approach to the problem still remains interesting.
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