Characterizing quantum correlations in the nonsignaling
framework

Thesis
For the award of the degree of

DOCTOR OF PHILOSOPHY

Supervised by: Submitted by:

Dr. Sudeshna Sinha C. Jebarathinam

IN PURSUIT OF KNOWLEDGE

Indian Institute of Science Education & Research Mohali
Mohali 140 306
India
October 2015



ii



Declaration

The work presented in this thesis has been carried out by me at the Indian

Institute of Science Education and Research Mohali.

This work has not been submitted in part or in full for a degree, diploma
or a fellowship to any other University or Institute. Whenever contributions of
others are involved, every effort has been made to indicate this clearly, with
due acknowledgement of collaborative research and discussions. This thesis is a
bonafide record of original work done by me and all sources listed within have

been detailed in the bibliography.

C Jebarathinam

Place :
Date :

In my capacity as the supervisor of the candidate’s PhD thesis work, I certify that

the above statements by the candidate are true to the best of my knowledge.

Professor Sudeshna Sinha
Department of Physical Sciences
IISER Mohali

Place :
Date :



ii



List of Publications

Out of this Thesis

. C Jebarathinam Canonical decomposition of quantum correlations in the
framework of generalized nonsignaling theories. arXiv:1407.3170v4 [quant-
ph]

. C Jebarathinam Isolating genuine nonclassicality in tripartite quantum
correlations arXiv:1407.5588v5 [quant-ph] (To be resubmitted to Quantum

Information Processing.)

. C Jebarathinam On total correlations in a bipartite quantum joint proba-
bility distribution. arXiv:1410.1472 [quant-ph]

Other Publications

. C Jebaratnam. Detecting genuine multipartite entanglement in steering
scenarios. Phys. Rev. A, 93, 052311.


https://arxiv.org/abs/1407.3170v4
https://arxiv.org/abs/1407.3170v4
https://arxiv.org/abs/1407.5588v5
http://arxiv.org/abs/1410.1472
http://dx.doi.org/10.1103/PhysRevA.93.052311

ii



Acknowledgements

I would like to thank Prof. Arvind for the opportunity to do quantum foun-
dations and quantum information theory. I am thankful to Professor N. Sathya-
murthy, Director, IISER Mohali for his encouragement and support. I am grateful
to Professor C. G. Mahajan for his encouragement and support. I thank IISER

Mohali for financial support.

I am thankful to Dr. P. Rungta for suggesting me the problems in quantum
foundations and for many inspiring discussions while carrying out this work. I
thank Dr. R. Srikanth, PPISR Bangalore for discussions and useful suggestions.
I would like to thank Dr. K. P. Yogendran, IISER Mohali for discussions and
useful comments. I would like to thank my doctoral committee members: Prof.
Sudeshna Sinha, Prof. Arvind and Dr. Mandip Singh. I would like to thank

Bhupesh Kumar for helping me to make the figures in this thesis.

iii



iv



Abstract

Bell nonlocality of quantum theory refers to the nonclassical correlations ob-
tained by local measurements on spatially separated entangled subsystems. Bell
nonlocality is a resource for device-independent quantum information process-
ing. Quantum discord was introduced as a measure of quantum correlations
which captures nonclassical correlations in separable states as well. Recently, it
has been shown that non-null quantum discord is a resource for quantum infor-

mation processing.

Quantum correlations forms a subset of the set of nonsignaling boxes. This
allows us to characterize quantum correlations as a convex combination of the
extremal boxes of the nonsignaling polytope which are Popescu-Rohrlich boxes
(maximally nonlocal boxes) and local deterministic boxes. There exists multiple
decomposition of quantum correlations in the context of the nonsignaling poly-
tope. I find that the existence of Popescu-Rohrlich box decomposition for local
boxes associates two notions of discord which capture nonclassicality of quantum

correlations originating from Bell nonlocality and EPR-steering.

I introduce, Bell and Mermin discord, and show that any bipartite nonsignal-
ing box admits a three-way decomposition. This decomposition allows us to iso-
late the origin of nonclassicality into three disjoint sources: a Popescu-Rohrlich
box, a maximally EPR-steerable box, and a classical correlation. Interestingly, I
show that all non-null quantum discord states which are neither classical-quantum
states nor quantum-classical states can give rise to nonclassical correlations which
have non-null Bell and/or Mermin discord for suitable incompatible measure-
ments. I introduce two notions of genuine discord, which are the generalizations
of Bell and Mermin discord to the multipartite scenario, to characterize the pres-

ence of genuine nonclassicality in quantum correlations.
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Chapter 1

Introduction

Quantum theory successfully describes the nature within the domain of the
microscopic world in which classical physics fails to explain. Quantum theory
has many distinguishing features such as uncertainty due to incompatibility of
observables, no-cloning, intrinsic randomness to name but a few. Unlike the
special theory of relativity, the axioms of the quantum theory are mathemati-
cal. There have been attempts to give physical postulates for quantum theory
[Bar07, PR97, CDP10]. Quantum theory is consistent with nonsignaling princi-
ple; however, it predicts correlations that are nonlocal in the sense that it violates
a Bell inequality [Bel64, BCP*14]. In an attempt to conjecture that nonsignaling
and nonlocality as axioms for quantum theory, Popescu and Rohrlich found that
there are nonsignaling correlations that are more nonlocal than quantum theory
[PR94]. Thus, nonlocality which seems distinguishing feature of quantum theory

is a generic feature of nonsignaling theories [MAGO6].

In generalized nonsignaling theory (GNST), correlations are constrained
only by the nonsignaling (NS) principle and thus GNST allows nonlocal corre-
lations stronger than that allowed by quantum theory [BLM*05, MAGO06]. It is
known that the set of NS correlations forms a convex polytope known as NS poly-
tope [BLM'05]. Since quantum correlations are contained in the NS polytope,
any quantum correlation can be written as a convex combination of the extremal
boxes of the polytope. One of the goals of studying GNST is to find out what sin-
gles out quantum theory from other nonsignaling theories [SBP09]. GNST has



also been used to study nonlocal correlations, for instance, measures of nonlocal-
ity and quantifier for intrinsic randomness have been proposed in the framework
of GNST [FWWO09, BCSS11, Dha1l3]. Bell-nonlocality, i.e., the violation of a Bell
inequality is a resource for device-independent quantum information processing
[PAB*09, Pel0]. Security of device-independent quantum key distribution was
studied in the context of NS polytope [AGMO06].

All pure entangled states give rise to nonlocality [Gis91]. In the case mixed
states, entanglement and nonlocality are inequivalent [Wer89]. It is natural to
consider that entangled states which do not violate a Bell inequality do not have
nonclassicality. However, it was shown that there are mixed entangled states
which are useful for teleportation, but do not violate a Bell inequality [Pop94].
Recently, it has been shown that there are mixed separable states that give rise
to advantage for certain quantum information tasks [DVB10]; the key resource
behind this advantage is believed to be quantum discord [0Z01]. It would be
interesting to study nonclassical correlations in nonzero quantum discord states,
which include all entangled and separable states, in the context of the NS poly-

tope.

1.1 Nonclassical correlations

In 1935, Einstein, Podolsky, and Rosen (EPR) argued incompleteness of
quantum theory using entangled states and suggested that quantum theory could
be complete if it is supplemented with additional hidden variables that assume lo-
cality and reality [EPR35]. Since then investigations into hidden variable theories
were started to account for the predictions of quantum theory [BEL66, Mer93].
In Ref. [Boh95], Bohm presented the EPR argument using two spin-1/2 particles
(qubits) in a singlet state given as follows,

-y =L (jo1)—
[¥7) = —=(101) ~ [10)). (1.1)

Consider an experiment in which two spatially separated parties, Alice and Bob,
share the singlet state and measure the spin of their qubit along two perpendicu-

lar directions. If Alice measures o, (o), she can predict the measurement result



of o, (o,) on Bob’s side with certainty. Thus, element physical reality exists
for the measurements of o, and o, simultaneously according to the criterion
of EPR. Since the quantum theory does not simultaneously predict the results of
any two incompatible measurements with certainty, EPR argued that quantum
theory is incomplete. In 1964, John Bell invalidated the assumptions of EPR (lo-
cality and realism) by showing that quantum theory is incompatible with local
hidden variable (LHV) theories [Bel64]. The refutation of hidden variables by
quantum theory was first demonstrated by Kochen and Specker [Spe60, KS67],
they showed that measurement results of spin-1 systems predicted by quantum

theory is incompatible with noncontextual hidden variable (NCHV) theories.

1.1.1 Nonlocality

Bell experiments involve in testing whether the correlation between out-
comes of space-like separated measurements exhibits nonlocality or not. If the
violation of a Bell inequality is observed, then nonlocality of the correlation is
demonstrated. In the bipartite Bell scenario, two spatially separated observers,
Alice and Bob, receive subsystems of a correlated composite system and they
perform measurements A and B on their respective subsystems which produce
outcomes a and b. The correlation between the outcomes is described by the
conditional joint probability of getting the outcomes, P(a, b|A, B). Since the mea-
surements are happening at the space-like separated regions, the correlation sat-
isfies nonsignaling principle, i.e., Alice cannot signal to Bob by her choice of

measurement and vice versa.

Bell inequalities are the bounds on the correlations under the constraint
of LHV theories. In an LHV theory, there exist some hidden variables A which
occur with probability p, such that the correlation satisfies the following locality
condition,

P(a, b4, B) = ), psPy(alA)P;(b|B). (1.2)
A

Suppose A corresponds to different run of the experiment, locality implies that for
each run of the experiment the joint probability for the outcome pair factorizes

as the product of marginals corresponding to Alice and Bob, i.e., P,(a, b|A,B) =



P, (alA)P,(b|B). Since the correlation that exhibits nonlocality cannot be written

in the form given in Eq. (1.2), it violates a Bell inequality.

Suppose the parties generate the correlation by making measurements on

a composite quantum system. Quantum theory associates a quantum state de-

scribed by the density operator p in the Hilbert space 7, ® #%; and local mea-

surement operators M4 and Mf such that the correlation is predicted by Born’s
rule as follows,

P(a,blA,B)=Tr(pM2® MP). (1.3)

Quantum states come in two distinct types: entangled and separable. Since the
separable states can be written as a convex combination of the product states,
A g B
p:ZpApA@)PA: (14)
A
the correlations arising from these states satisfy the locality condition in Eq.

(1.2). Thus, only entangled states can lead to the violation of a Bell inequal-

ity.
Bell-CHSH inequality

The simplest physical situation that exhibits nonlocality is the scenario con-
sidered by Clauser etal [CHSH69]. In Bell-CHSH scenario, Alice and Bob perform
two dichotomic measurements A; and B; on their subsystems and generate out-
comes a,,, and b,, where i, j,m,n € {0, 1}. Quantum correlations corresponding to
this scenario can be generated by making spin projective measurements A; = d;-G
and B; = Ej -§ on an ensemble of two spin-1/2 particles (qubits) along the direc-

tions d; and b ; which generate outcomes a,,, b, € {—1,+1}.
Clauser etal derived the following inequality,
| (AoBo) — (AoB1) | < 2—1[(A1By) + (A1B1) |, (1.5)

under the constraint that the correlations satisfy the locality condition in Eq.

(1.2). This inequality is equivalent to,

B :=|({AoB1) + (A1Bo) + (AoBy) — (A1B1) | < 2, (1.6)



which is the famous CHSH inequality. Suppose Alice and Bob receive two spin-
1/2 particles in the singlet state, they can generate correlation which violates
the Bell-CHSH inequality in Eq. (1.6). For the singlet state, quantum theory
predicts (A;B;) = (¢71a;- G ® f)j -GlpT) = —a; - Bj. For the following choice of
measurement directions: d, = %, &; = J, by = —%(J? +$)and b, = %(—fc +73),

the singlet state gives rise to % = 2+/2 > 2.

Hardy’s paradox

Hardy’s test doesn’t involve inequalities and is based on logical contradiction
with local realism [Har92, Har93]. Consider the correlations associated with the

Bell-CHSH scenario that satisfy the following three constraints,

P(+1,+1]|Ag,By) = O (1.7)
P(+1,—1|A1,Bo) = 0 (1.8)
P(—1,+1]Ay,B;) = O. (1.9)

If these correlations can be simulated by the LHV theory, they will satisfy the
condition,
P(+1,+1|A;,B,) = 0. (1.10)

We show that the violation of this condition with the constraints on the correla-
tion given in Egs. (1.7)-(1.9) implies nonlocality. Suppose Alice and Bob observe
the outcome pair +1 and +1 for the measurement A;B;. Under the assumption
of locality, Eq. (1.8) and Eq. (1.9) imply that the outcome of Bob for the mea-
surement of By is +1 and the outcome of Alice for the measurement of A, is +1.
Since in a local realistic theory the measurement of one party should not depend
on the measurement choice of the other party, Alice and Bob must observe the
outcome pair +1 and +1 for the measurement AyB,, however, this contradicts Eq.
(1.7).

Hardy showed that the correlations arising from the pure states except the
extremal states (product and maximally entangled state) satisfy the constraints

in Egs. (1.7)-(1.9) while violating the constraint in Eq. (1.10) for suitable state



dependent measurements. Suppose Alice and Bob share the pure state |¢) =
b|01) +¢|10) +d |11) and make measurements Ay = 0,, A; = |a,){a,|—|a_){a_]|,

By = 0, and By = |b,)(b,|—|b_)(b_|, where |a,) = TIQLI g y — b0

VIbP+HdP’ VIbP+dP’
|b,) = =) 4nq |b_) = <o+l [Gol94, BCO8]. Then, the correlation satis-

A lel2+ld]? / le?+|d]?

fies the constraints in Egs. (1.7)-(1.9) and violates the condition in Eq. (1.10) as

follows,

|bed|?
(1b2 +1d2)(Ic|? + d[2)’
which implies that the correlation is nonlocal if the state is neither a product state

P(+1,+1|A1,B1) ==

(1.11)

nor a maximally entangled state.

1.1.2 Contextuality

LHV theory is a special case of NCHV theory in that every LHV theory is an
NCHYV theory; however, the converse is not true. In NCHV theories, locality is
replaced by noncontextuality. Noncontextuality can be illustrated by the follow-
ing situation. Suppose an observable A is compatible with two observables B and
C,i.e., [A,B] =[A,C] =0 which implies that the joint probabilities p(ab|AB) and
p(aclAC) can be defined. Noncontextuality implies that outcome of the measure-
ment A does not depend on whether it is measured with B or C. These observ-
ables exhibit contextuality if the joint probability p(abc|ABC) cannot be defined.
The simplest physical system that exhibits contextuality is a qutrit system. Re-
cently, KCBS derived a simplest noncontextual inequality which is violated by a
qutrit system with only five measurements [KCBbuS08]. It has been shown that
in a qutrit-qubit system, the violation of the KCBS inequality forbids the violation
of the CHSH inequality and vice versa which demonstrates monogamy between
contextuality and nonlocality [KanCK14]. Similarly, we observe that if a maxi-
mally entangled state gives rise to KS paradox that demonstrates contextuality,

the correlation does not exhibit nonlocality.

Peres’ version of Kochen-Specker (KS) paradox

Peres [Per90] showed that two-qubits in the singlet state exhibits KS paradox

for the Pauli measurements o4, and o, on the first qubit, and, o,, and o, on



the second qubit. The outcomes exhibit anti-correlations for the measurements
O1x02 and 04,05,y since the singlet state is a simultaneous eigenstate of these

two measurement operators as follows,

01x02x|¢_) = _|¢_> (1.12)
01,02, 107) = —l¢7). (1.13)

This implies that the outcome pairs satisfy the following relation,
V(O‘le'ZX)=V(O'1yO'2y)=—1. (1.14)

For the other two choices of joint measurements 04,0,, and 04,0,,, the out-
comes are uncorrelated. However, the singlet state is eigenstate of the product of

these two measurement operators as follows,
(01x02y)(01,02,)197) =—1¢7), (1.15)
which implies that the two outcome pairs satisfy the following relation,
V(01502 )V(01,02,) =—1. (1.16)

If the outcomes can be predetermined noncontextually, Eqs. (1.14) and (1.16)

imply that the following relation should be satisfied,

V(le)v(UZX) = -1
v(ioyv(oyy) = —1 (1.17)
V(olx)V(GZy)V(aly)V(OZx) = -1

This relation is impossible to satisfy since the product of the left-hand side implies

+1 which is not equal to the product of the right-hand side which is —1.

For the measurements that give rise to the Peres’ paradox given in Eq. (1.17),
the correlation arising from the singlet state violates the following EPR-steering

inequality maximally [CJWRO09],
[{ox0y)+(0y0,)| < V2. (1.18)

Notice that the measurements that give rise to the maximal violation of the above
EPR-steering inequality do not give rise to the violation of the Bell-CHSH inequal-
ity. This suggests monogamy relation between the EPR-steering inequality and
the Bell-CHSH inequality.



Mermin’s argument of GHZ paradox

Greenberger, Horne and Zeilinger (GHZ) presented a paradox that illus-
trates nonlocality of quantum theory in the multipartite scenario without using
inequalities [GHZ07]. Let us discuss the Mermin’s version of the GHZ paradox
[Mer90b] which is the tripartite generalization of the Peres’ version of KS para-
dox [Mer90c]. Consider the correlation arising from three-qubits in the following

GHZ-state,
1
| = —[]000) —[111)]. (1.19)
Yeuz) 7 ) )
for the two Pauli measurements o;, and o;, (i = 1,2,3) performed on each

qubit. Since the GHZ-state is the simultaneous eigenstate of the three observables

01y02y03x; 01,0203y, and 01,071,071, as follows,

O1y02y03x | Y6uz) = |V¥guz) (1.20)
O1y02x03y [Y6uz) = |¥guz) (1.21)
01x02y03y Yeuz) = IWeuz), (1.22)

the GHZ state gives rise to perfect correlations for these three measurements that
is the product of the outcomes of the three local Pauli measurements satisfy the
following relation,

V(01,02y03,) =V(01,02x03y) =Vv(01,02,03,) = 1. (1.23)

Since the three observables in Eqs. (1.20)-(1.22) are mutually commuting, the

GHZ-state is also an eigenstate of the product of these observables,

(‘71yUszsx)(U1y02x0"3y)v(01x‘72y03y) [Y6uz) = (01x02x03) Wanz) = —Yenz) »
(1.24)

but this time with — sign. The product of the local outcomes for the measurement

of 01, 0,,03, on the GHZ state implies,
V(01,09,03,) =—1. (1.25)

If local realistic value assignment is possible for the individual observables in Egs.
(1.20)-(1.22), there exists hidden variables A such that the following relation,

V(Uly)V(GZy)V(UBx) = V(Uly)V(GZx)V(UBy) = V(le)V(Gzy)V(GBy) =1 (1.26)



should hold. The product of the left-hand side of this equation implies,

V(le)v(OZX)V(U3x) = 1: (127)
which, however, contradicts the condition in Eq. (1.25).

The GHZ paradox can be tested by the violation of the Mermin inequality
[Mer90a],

| {01x02x03x) = (01x02x03x) = (01502 T3x) — (015 T2, T3 ) | £ 2, (1.28)

which is equivalent to a noncontextual inequality [CnEG*14]. Notice that the
measurements that give rise to the violation of this inequality does not violate a

Svetlichny inequality [Sve87].

1.1.3 Quantum discord

In the seminal paper [0Z01], quantum discord was defined as the difference
between two inequivalent expressions for mutual information. Nonzero quantum
discord was proposed as a measure of quantum correlation which goes beyond
entanglement. Quantum discord of a bipartite state, p, equals to zero iff there

exists a von-Neumann measurement {IT; = [1) ({|} such that [Dat08]
(m,e1)p(m,e1)=p. (1.29)

This implies that the zero-discord states can be written in the classical-quantum
form [PHHO8] p = >, Y1) (Yi| ® pi where [y;) (¢, ] are the orthonormal states
on Alice’s side and p; are quantum states on Bob’s side. The set of classical-
quantum states forms a nonconvex subset of the set of separable states [L.C10].
A separable state which cannot be written in the classical-quantum form has
nonclassical correlation. It has been shown that almost all quantum states have
nonclassical correlation [FACT10]. In Ref. [Del2], it has been shown that the
fidelity of remote quantum state preparation is related to geometric measure of

quantum discord [DVB10]. The geometric measure of left discord is defined as,
27 (p)=2min|lp — x|, (1.30)
XE€Q

where Q, denotes the set of classical-quantum states and || X —Y||> = Tr[ (X —Y)?].



1.2 Nonsignaling polytope

Bipartite Bell scenario can be abstractly described in terms of input-output
devices shared by two parties as follows. Alice and Bob have access to a black
box; when Alice and Bob input A; and B; into the box, the box yields outputs a,,
and b,. In the physical scenario, the inputs correspond to measurement choices
and the outputs correspond to the outcomes of the measurements. Let us denote
the number of possible inputs on Alice’s side and Bob’s side by d; and d; and the
number of possible outputs for a given choice of input on Alice’s side and Bob’s
side by d,, and d,,. A Bell scenario is characterized by the set of N = d; xd; xd,, xd,
joint probability distributions (JPD), P(ay,, b,|A;.B;), which satisfy positivity,

P(a,n, b,lA;,B}) 2 0, (1.31)
normalization constraints,
D P(a, bald, B =1 Vi ], (1.32)
m,n
and nonsignaling constraints,
ZP(am,b |A;,B;)) = P(anlA;,Bj)=P(aylA;) Vi,j,m, (1.33)
ZP(am,b Ai,B;) = P(b,lA,B;)=P(b,|B)) Vi,j,n (1.34)

We refer to the set P(a,,, b,|A;.B;) which satisfy the constraints in Egs. (1.32-

(1.34) as correlation or box.

A box can be regarded as the vector in an N-dimensional space whose co-
ordinates are the joint probabilities. Not all joint probabilities are independent
in the set due to the normalization and the nonsignaling constraints. For each
input pair, one joint probability can be eliminated by using the normalization
constraints in Eq. (1.32); the eliminated one is denoted as P(a,y, by|A;, B;). For
a given input pair, the joint probabilities which have the output that is contained

in the eliminated joint probability can be written as,

P(a, blAi, B)) = P(anlA) — Y P(ay, bylA;,B;) (1.35)
n#n’

P(ay, balA, Bj) = P(b,lB)— > P(ay, b,lA;,B)) (1.36)
m#m’
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which follow from the nonsignaling constraints in Egs. (1.33) and (1.34). Notice
that the marginal and the joint distributions which do not contain a,, or b,, are
linearly independent. Therefore, the set of linearly independent marginal and

joint distributions form a basis of dimension,
D(AN)=d; x (d,, —1)+d; x (d, — 1) +d; x d; x (d;, —1) x (d,, — 1). (1.37)

for the vector space that uniquely describes the set of nonsignaling correlations
[WDAPO8]. A basis set is not unique, i.e., there are the finite number of basis
sets for the nonsignaling space. The basis sets are related to each other by local
reversible operations (LRO). LRO simply relabel the inputs and outputs: Alice
changing her input i — i @ 1, and changing her output conditioned on the input:
m — m& ai ® 3. Bob can perform similar operations. Local reversible opera-
tions (LRO) are analogous to local unitary operations in quantum theory. It is
known that Alice and Bob cannot decrease entanglement and cannot create en-
tanglement from separability by local unitary operations on the quantum states
[HHHHO09], similarly, nonlocality and locality are invariant under LRO. The set of
nonsignaling correlations forms a polytope in D(.4")-dimensional space since it is
an intersection of the finite number of hyperplanes given by Eqs. (1.32)-(1.34).
This polytope is convex since the set of nonsignaling correlations is convex i.e.,
convex combination of any two nonsignaling correlation is another nonsignal-
ing correlation. The nonsignaling polytope is given by the set of D(.4") linearly

independent joint and marginal distributions which satisfy,

Zp(am:bnlAi:Bj) < P(am|Ai)
n#n’
D P(am,bylAuB) < P(byB) V¥ i,j. (1.38)

m#m’

These inequalities give s#-representation for the nonsignaling polytope.

Since a polytope can also be represented in the ¥-representation in which it
is a convex hull of the vertices of the polytope with positive weights. The vertices
of the nonsignaling polytope are the unique solutions of the constraints in Egs.
(1.31)-(1.34) with sufficient number of times the inequalities in Eq. (1.31) are

replaced by equalities. The vertices of the nonsignaling polytope can be divided
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into two classes: deterministic and nondeterministic. A deterministic correla-
tion can be written as the product of the marginals corresponding to Alice and
BOb’ PD(amn bn|Ai;Bj) = PD(amlAi)PD(bnlBj)’ here PD(am|Ai) and PD(am|Ai) can
take either zero or one for all m,n,i,j. A nondeterministic vertex is known as

Popescu-Rohrlich box or maximally nonlocal box [BLM™05].

Local polytope

Any stochastic hidden variable model can be transformed into a determinis-

tic hidden variable model [Fin82a],
P(ay, bylA B)) = paP(a AP, (b, |B)), (1.39)
A

where P, (an|A;) and P,(b,|B;) are deterministic. Therefore, the set of local corre-
lations forms a convex polytope known as Bell polytope or local polytope whose

vertices are the deterministic boxes. All the tight Bell inequalities [WWO01b],

> Cl P(ay, b,lA;,B) <L, (1.40)

m,n,i,j

which are the bounds on the certain linear combinations of the joint probabil-
ities under the constraint in Eq. (1.39), form the facets of the local polytope.
These facet inequalities together with the inequalities in Eq. (1.38) give -

representation for the local polytope.

Quantum correlations

Quantum correlations obtained by local measurements on bipartite quantum

systems are given by,

P(am: bnlAiaB

D=Tr(pMM @M, ), (1.41)

. o . . , B;

where p is a bipartite quantum state in a Hilbert space #,® 5%, and, Mfr; and M,’
. e b , B;

are positive operator valued measures satisfying positivity, MaA;n >0and M’ >0,

N . B; : .
and the normalizations, 3, My = 1 and 3., M,’ = 1. The correlation predicted
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by quantum theory as given in Eq. (1.41) implies that the marginal distributions

of Alice and Bob satisfy the nonsignaling principle since »,, P(a, b,|A;,B;) =
>, Te (oM oMy’ ) =Te(pMy @ 1) and 3, Py, bald;, B) = 3, Tr (pMe @ M, ) =
Tr (p 1® ij ) Thus, the set of quantum correlations is contained in the nonsignal-

ing polytope. Quantum correlations form a convex set; however, it is not a poly-

tope [Pit01] since it has infinitely many extremals. Since there are quantum cor-
relations that violate a Bell inequality and the violation is limited by the Tsirelson
bound [Tsi80], quantum correlations are sandwiched between the nonsignaling

polytope and the local polytope.

1.3 Motivation for the results

Local correlations are considered as classical in the device-independent frame-
work. When the local Hilbert space dimensions are constrained, there are local
correlations which can have nonclassicality. There are two kinds of origin of
nonclassicality which are manifested in the type of measurements used for gen-
erating the local correlations. That is, nonclassicality of local correlations can
originate from noncommuting measurements that demonstrate Bell nonlocality
or EPR steering without Bell nonlocality. I observed that just like nonlocal correla-
tions, the local correlations which can imply the presence of nonclassicality have
a Popescu-Rohrlich box decomposition. This motivated me to obtain a canonical
decomposition which can have nonzero Popescu-Rohrlich box component even

for the local correlations.

Moving to the multipartite scenario, the observation of genuine nonlocality
implies the presence of genuine quantum correlation in a device-independent
way. However, there are local correlations which can imply the presence of
genuine quantum correlation when the local Hilbert space dimensions are con-
strained. In this thesis, we focus on those quantum correlations which cor-
respond to Svetlichny-type and Mermin-type scenarios. In the Svetlichny-type
scenario, genuine nonlocality is observed using genuinely entangled states and
noncommuting measurements which lead to violation of a Svetlichny inequality

[Sve87, GSD™09]. In this scenario, there are tripartite qubit correlations which
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are local, but nevertheless, have genuine nonclassicality originating from three-
way nonlocality. In the Mermin-type scenario, genuinely entangled states and
noncommuting measurements that do not demonstrate genuine nonlocality are
used to demonstrate Mermin nonlocality [Mer90a, idZBLWO02]. In the Mermin-
type scenario, there are tripartite qubit correlations which are local, but never-
theless, have genuine nonclassicality originating from Mermin nonlocality. I ob-
served that just like three-way nonlocal correlations, the local correlations which
can imply the presence of genuine nonclassicality have a Svetlichny box decom-
position. This motivated me to obtain a canonical decomposition which can have

nonzero Svetlichny box component even for the local correlations.

1.4 Summary and results

In this thesis, I characterize bipartite and multipartite quantum correlations

using nonsignaling polytopes.

1.4.1 Bipartite quantum correlations

In Chapters 2 and 3, we characterize bipartite nonsignaling boxes with two
binary inputs and two binary outputs. We introduce two notions of nonclassi-
cality of quantum correlations originating from nonlocality and EPR-steering. To
quantify these two types of nonclassicality, we define the two measures, Bell
discord and Mermin discord, which are nonzero also for boxes admitting lo-
cal hidden variable model. We obtain canonical decomposition for nonsignal-
ing boxes using the division of the full nonsignaling polytope with respect to
these two measures. We find that any qubit correlations can be decomposed into
Popescu-Rohrlich box, a maximally EPR-steerable box and a local box with Bell
and Mermin discord equal to zero. We characterize and quantify nonclassical-
ity of bipartite quantum correlations using the canonical decomposition and the
two measures. We show that all quantum states which have non-null quantum

discord with respect to both the subsystems [DVB10] can have Bell discord or
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Mermin discord or both of them simultaneously. We study nonclassicality of var-
ious two-qubit states to illustrate the relevance of Bell and Mermin discord to
isolate the origin of nonclassicality. In Chapter 4, we introduce a third measure
to study total correlations in nonclassical probability distributions arising from

various two-qubit states.

1.4.2 Multipartite quantum correlations

In Chapter 5, we investigate tripartite quantum correlations using Svetlichny-
box polytope which is a generalization of the PR-box polytope to the multipar-
tite scenario. We define Svetlichny discord and Mermin discord which are the
multipartite generalization of the two bipartite measures introduced in Chapters
2 and 3. We find that tripartite qubit correlations which are contained in the
Svetlichny-box polytope can be written as a convex mixture of a Svetlichny-box
which exhibits three-way nonlocality, a three-way contextual box that exhibits the
GHZ paradox and a purely classical box that does not have Svetlichny and tripar-
tite Mermin discord. We illustrate that Svetlichny discord and Mermin discord
quantify three-way nonlocality and three-way contextuality of all pure genuinely
entangled states with respect to this decomposition. We find that separable and
biseparable mixed three-qubit states that have an irreducible genuinely entangled
state component can give rise to genuine three-way nonclassicality with respect
to the measures, Svetlichny and Mermin discord. We define a measure for total
correlations to divide the total amount of correlations in a given quantum joint
probability distribution into three-way nonlocality, three-way contextuality and

genuinely classical correlations.
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Chapter 2

Bell discord and Canonical
decomposition of bipartite
nhonsignhaling boxes

Abstract

We study nonclassicality in bipartite quantum correlations in the context of
nonsignaling polytopes, that goes beyond nonlocality. We introduce the measure,
Bell discord, to quantify nonclassicality of quantum correlations originating from
Bell nonlocality. We find that any nonsignaling box can be written as a convex
mixture of an irreducible Popescu-Rohrlich box and a local box with Bell discord
equals to zero. We illustrate that nonzero Bell discord of quantum correlations

originate from incompatible measurements that give rise to Bell nonlocality:.

2.1 Introduction

Nonlocality of quantum correlations implies the presence of both incom-
patible measurements and entanglement [QVB14]. All pure bipartite entan-
gled states violate a Bell inequality for appropriate incompatible measurements
[Gis91, PR92]. However, Werner showed that nonlocality and entanglement are

inequivalent; there are mixed entangled states which have LHV models for all
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measurements [Wer89]. Thus, not all entangled states can lead to the viola-
tion of a Bell inequality even when incompatible measurements are performed
on them. Quantum discord was introduced as a measure of quantum correla-
tions which quantifies nonclassicality of separable states as well [OZ01]. In Ref.
[Per12], a notion of discord was introduced for states in causal probabilistic the-
ories [CDP10], which demonstrated that non-null discord is generic nonclassical
feature. It would be interesting to investigate whether local correlations arising
from incompatible measurements performed on the quantum discordant states

can have nonclassicality.

In this work, we introduce the measure, Bell discord, to characterize quan-
tum correlations in the framework of GNST. Just like geometric measure of quan-
tum discord [DVB10], nonzero Bell discord detects the presence of nonclassicality
in quantum correlations which do not violate a Bell inequality. We restrict to the
NS polytope in which the black boxes have two binary-inputs and two binary-
outputs, i.e., we characterize only those NS boxes with two binary-inputs and
two binary-outputs. We show that any nonsignaling box can be decomposed into
Popescu-Rohrlich box and a local box with Bell discord equals to zero. We find
that a bipartite qubit correlation has nonzero Bell discord if the measured state
has nonzero left and right quantum discord [DVB10] and the measurements that

give rise to them are incompatible.

2.2 Preliminaries

In GNST, bipartite systems are described by the black boxes shared between
two parties. Suppose Alice and Bob input the random variables A; and B; into a
black box which they share and obtain the outputs a,, and b,,, the behavior of the
given black box is described by the set of conditional probability distributions,
P(a,, bylA;, Bj). In the case of two binary-inputs and two binary-outputs, i.e.,
m,n,i,j € {0,1}, a black box is characterized by 16 probability distributions which

can be represented in matrix notation as follows,
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P(ag, bglAg,Bg) P(ag, b1|Ag,By) P(ay,bglAg, By) P(ay, bilAg, By)
P(agp, bglAg,B1) P(ag, b1|Ag,B1) P(ay,bglAg,B1) P(ay,byilAg, By)
P(agp, bglA1,By) P(ag, b1|A1,Bg) P(ay, bolAq,By) P(ay, bilAq,By)
P(ag, bglA1,B1) P(ag, b1|A1,B;) P(ay, bylAq,B1) Play,byilAq,By)

. 2.1

Barrett et al. [BLM"05] showed that the set of bipartite nonsignaling boxes
() with two binary-inputs and two binary-outputs forms an 8 dimensional con-
vex polytope with 24 vertices. The vertices (or extremal boxes) of this polytope

are 8 PR-boxes,

1 .. . .

5, MO&N=i-j®aidfj®y
PP (a,, b,1A;,B)={ 2 2.2
pr (@m; bnlAi, B) {0, otherwise (2.2)

and 16 deterministic boxes:
1, m=ai®f
Pgﬂye(amy bn|Al:B]) = n= Y] de (23)
0, otherwise.

Here a,f3,y,e € {0,1} and & denotes addition modulo 2. Any NS box can be

written as a convex sum of the 24 extremal boxes:
7 15
P(am, balAi, B)) = D pcPla + Y LaiPh, (2.4)
k=0 =0

with >}, px +>,q = 1. Here k = affy and [ = afiye. All the deterministic
boxes can be written as the product of marginals corresponding to Alice and Bob,
Pp(ap; bylA;, Bj) = Pp(amlA;)Pp(b,|B;), whereas the 8 PR-boxes cannot be written
in product form. Note that unlike the deterministic boxes, the marginals of the
PR boxes are maximally mixed: i.e., P(a,,|A;) = % = P(b,|B;) for all i, j,m,n. The
extremal boxes in a given class are equivalent under local reversible operations

(LRO) which include local relabelling of party’s inputs and outputs.

Bell polytope (%), which is a subpolytope of .4, is a convex hull of the 16

deterministic boxes: if P(a,,, b,|A;, Bj) € £,

15
P(ay, bylAjB)) =D qiPh; Y qi=1. (2.5)
=0 l
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Fine [Fin82a] showed that a box can be simulated by the deterministic local
hidden variable model given above iff the box satisfies the complete set of Bell-
CHSH inequalities [CHSH69, WWO01b]:

= (—1)" {AoBo) + (—1)P" (AgBy)
+(—1)*®7 (4, By) + (—1)**Pe1®1 (A, B,) < 2, (2.6)

‘%aﬁy

which are the nontrivial facets of the Bell polytope. Here
(AB;) = D (—1)"®"P(ay, b,lA,, B).
mn

All nonlocal boxes lie outside the Bell polytope and violate a Bell-CHSH inequal-
ity.

Quantum boxes which belong to the Bell-CHSH scenario [CHSH69] are ob-
tained by two dichotomic measurements on bipartite quantum states described
by the density matrix p,p in the Hilbert space #, ® #%. The Born’s rule predicts

the behavior of the quantum boxes as follows,
Py, bolA;, B)) = Tr (p gty ®//z§;), 2.7)

where ./ /fi’” and //tgj " are the measurement operators generating binary outcomes
am, b, € {—1,1}. A nonlocal box given by decomposition in Eq. (2.4) is quantum
if it can be written in the above form. Since the set of quantum boxes is convex
[WWO01b], any local box can be written in the form given in Eq. (2.7). In this
work, we characterize quantum boxes arising from spin projective measurements
A; =4;-G and B; = i)j - & along the directions d; and i)j on two-qubit systems.

Here & is the vector of Pauli matrices.

2.3 Bell discord

Fine showed that a quantum box violates a Bell-CHSH inequality iff joint
probability distributions for the triples of observables: A, By, B; and A;, By, B;
cannot be defined [Fin82a, Fin82b]. This implies that the measurements that give
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rise to the violation of a Bell-CHSH inequality are incompatible, i.e., measure-
ment observables on Alice’s and Bob’s sides are noncommuting: [Ay,A;]# 0 and
[By, B1] # 0. However, if a quantum box does not violate a Bell-CHSH inequality,
it does not necessarily imply that it cannot arise from incompatible measurements

on an entangled state.

We consider isotropic PR-box [MAG06] which is a mixture of a PR-box and
white noise,
P =pPpgr+(1—p)Py. (2.8)

Here Ppy is the canonical PR-box,

1 1

7 00 3

1 1

= 0 0 =
POOO — 2 2 (29)

PR 1 1|
3 003
11
0 5 50
and Py is white noise defined as follows,

(2.10)

)

P4
A= D= D= D=
e L N L N N
R L N LN N

NN N N

The isotropic PR-box violates the Bell-CHSH inequality, i.e., By = 4p > 2 if
1
25
a decomposition with the single PR-box. We call such a single PR-box in the

p> % Notice that even if the isotropic PR-box is local when p < 3, it admits

decomposition of any box (nonlocal, or not) irreducible PR-box.

The isotropic PR-box which is quantum physically realizable if p < % [MAGO06]
illustrates the following observation.
Observation 1. When local boxes arising from entangled two-qubit states have
an irreducible PR-box component, the projective measurements that give rise to

them are incompatible.

For the noncommuting measurement observables A, = o, A; = 0y, By =

%(ax —o,)and B, = %(ox + 0 ,), the pure entangled states,

[y (0)) =cos6|00) +sinH [11); 0<6 < m/4, (2.11D)

21



give rise to the isotropic PR-box given in Eq. (2.8) with p = %. For this choice
of measurements, the box is nonlocal if sin26 > % However, the box has the

irreducible PR-box component whenever the state is entangled.

The observation that a local box which has an irreducible PR-box component
can arise from incompatible measurements on an entangled state motivates to
define a notion of nonclassicality which we call Bell discord.

Definition 2.1. A box arising from incompatible measurements on a given two-
qubit state has Bell discord iff it admits a decomposition with an irreducible PR-

box component.

Bell discord is not equivalent to Bell nonlocality since local boxes can also
have an irreducible PR-box component; for instance, the isotropic PR-box in Eq.

(2.8) has Bell discord if p > 0, whereas it has Bell nonlocality if p > %

Notice that it is not necessary that a given local box with Bell discord can
only arise from incompatible measurements on a two-qubit state since it can also
arise from a separable state in higher dimensional space for compatible measure-
ments [AGMO06]. We will show that any local box with Bell discord cannot arise

from compatible measurements on two-qubit systems.
Any isotropic PR-box,
P=pP 4 (1-p)py, (2.12)
has a special property that only one of the Bell functions,

Bap = 1(—1)7 (A9Bo) + (=1)° (AoB1)
+(—1)* (A, Bo) + (—1)*®F®1 (A, B,) |, (2.13)

which are the modulus of the Bell-CHSH operators in Eq. (2.6), is nonzero. This
is due to the Bell function monogamy (see Appendix. 2.5.1) of the irreducible
PR-box, Pf,f " in the decomposition. Thus, the above property quantifies Bell
discord of the local isotropic PR-boxes. Local boxes that have an irreducible PR-

box component, in general, have more than one Bell functions nonzero.
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Before defining a measure of Bell discord which quantifies irreducible PR-

box in any box, we construct the following quantities,

Y% = ’|=@00—%01|—|@10—9‘311|.
Yy = ’|9300— Brol — | PBo1 — 9311|‘ (2.14)
Y3 = ’|9300—9311|—|@01—9310|’-

Here ¥, are constructed such that it satisfies the following properties: (i) positiv-
ity, i.e., ¥, > 0, (ii) % = 0 for all the deterministic boxes and (iii) the algebraic
maximum of ¥; is achieved by the PR-boxes, i.e., %; = 4 for any PR-box.
Definition 2.2. Bell discord, ¥, is defined as,

% :=min¥Y, (2.15)
1
where ¥; are given in Eq. (2.14). Here 0 < ¥ < 4.

Bell discord is clearly invariant under LRO and interchange of the subsys-
tems since the set {¥;,i = 1,2,3} is invariant under these two transformations.
Therefore, a ¢ > 0 box cannot be transformed into a ¢ = 0 box by LRO and vice
versa.

Observation 2. The set of local boxes that have ¢ = 0 forms a subset of the set

of all local boxes and is nonconvex.

Proof. The set of ¢ = 0 boxes is nonconvex since certain convex combination of
the deterministic boxes can have ¢ > 0. For instance, the boxes in Eq. (2.12)
can be written as a convex combination of the deterministic boxes when p < 1,
however, it has Bell discord ¢ = 4p > 0 if p > 0. As the deterministic boxes have
% = 0 and the Bell polytope contains ¢ > 0 boxes, the set of ¢ = 0 boxes form a

subset of the local boxes. O

The division of the Bell polytope with respect to ¢ allows us to obtain the
following canonical decomposition of the NS boxes (see Appendix. 2.5.2 for
details).
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Theorem 2.1. Any NS box can be decomposed into PR-box and a local box that

does not have an irreducible PR-box component,
P = PP 4 (1—p)PP=°, (2.16)

where y is the maximal irreducible PR-box component and P?=° is the local box
which has ¢4 = 0.

We say that the decomposition of the NS boxes given in Eq. (2.16) is canon-
ical in that it represents the classification of any NS box according to whether it
has Bell discord or not, which is more general than the classification of NS boxes
into nonlocal and local boxes. Notice that the irreducible PR-box component in
Eq. (2.16) should not be confused with the nonlocal cost which goes to zero for
all the local boxes [EPR92, BCSS11].

Figure 2.1: A two dimensional representation of the NS polytope is shown here. Square
represents the local polytope whose vertices denoted by square points represent the
deterministic boxes. The circular points which lie above the local polytope represent the
PR-boxes. The points which lie on the lines connecting the center of the NS polytope
(white noise) and the square points forms ¢ = 0 nonconvex polytope. Any point that
goes outside the ¢ = 0 region lies on a line joining a PR-box and a ¢ = 0 box; for
instance, any point that lies on the dotted line can be written as a convex mixture of a
PR-box and white noise.

We now notice that a box has nonzero Bell discord iff it admits a decom-
position that has an irreducible PR-box component. For any box given by the
decomposition in Eq. (2.16), ¥ is linear (see Appendix 3.8.3 for illustration),
e, 9(P) = py (PE") +(1—p) 9 (P?=) which implies that 9(P) = 4u > 0 iff
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u > 0. Thus, if a box has nonzero Bell discord, it lies on a line joining a PR-box
and a local box that does not have an irreducible PR-box component (see fig. 2.1
for illustration). The invariance of ¢ under LRO implies that the irreducible PR-
box component in the canonical decomposition given in Eq. (2.16) is invariant
under LRO.

2.4 Bell discord of two-qubit states

We will apply Bell discord to the boxes arising from the pure entangled states
and the Werner states. Nonzero Bell discord of local boxes arising from these
states originates from incompatible measurements which give rise to Bell nonlo-
cality. The incompatibility of measurement observables amounts to d,-d; # 1 and
bo-b; # 1 for the measurement unit vectors. We will find that optimal Bell discord
is achieved by the orthogonal measurements on both the sides, i.e., 4y -ad; = 0
and b, - b, = 0. For a given state, a box has optimal Bell discord if only one of the

Bell functions PBqp in Eq. (2.13) is nonzero.

2.4.1 Pure nonmaximally entangled states

Any pure entangled state can be written in the Schmidt form [Per95] given
in Eq. (2.11). Entanglement of these pure states can be quantified by the tangle,
7 =sin?260 [CKW00].

(a) For the orthogonal measurement settings: d, = £, d; = J, by = %(fc— ¥)
and Bl = %(fc + ¥), the pure entangled states in Eq. (2.11) give to the isotropic

PR-box as follows:

_JT _vT
P_ﬁppR+(1 ﬁ)PN. (2.17)

The above box violates the Bell-CHSH inequality, i.e., Byoo = 2vV27 > 2 if 7 > %
and has Bell discord ¥4 = 2v27 > 0 if © > 0. Notice that the irreducible PR-
box component of the local box in Eq. (2.17) is due to entanglement and the

incompatible measurements that gives rise to Bell nonlocality.
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(b) Popescu and Rohrlich showed that all the pure entangled states give

rise to Bell nonlocality for the state dependent settings [PR92]: d, = 2, d; = X,

7 _ A . A 7 _ I A _ 1 . .
bg =costz+sintx and b; = costz —sintx, where cost = —=- For this settings,

the box can be decomposed into PR-box and a local box which has nonmaximally

mixed marginals and ¥ =0,

T T _
pP= Por+|1— p=0, (2.18)
v1i+71 PR ( 1/1+T) L

Here the ¢ = 0 box, Pﬁ=°, becomes white noise for the maximally entangled
state. For the above box, the Bell-CHSH operator By, = 2v1+7>2if 7 >0

. 47 .
and Bell discord ¢ = = 0if T > 0.

Nonlocality/Bell discord

Tangle

Figure 2.2: Dashed line shows the plots of the Bell-CHSH inequality violation and Bell
discord for the box given in Eq. (2.17). Solid and dotted lines show the plots of the
Bell-CHSH inequality violation and Bell discord respectively for the box given in Eq.

(2.18). We observe that the box in Eq. (2.18) gives optimal violation of the Bell-CHSH

inequality, however, it does not give optimal Bell discord as this box has less Bell discord
than the box in Eq. (2.17).

Notice that the box in Eq. (2.18) has less irreducible PR-box component
than the box in Eq. (2.17) for a given amount of entanglement quantified by
the tangle (see fig. 2.2). Thus, when the pure nonmaximally entangled states
give rise to optimal violation of the Bell-CHSH inequality, the box does not have

optimal Bell discord and has nonmaximally mixed marginals.
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2.4.2 Werner states

Consider the Werner states,
+\ (o)t 1
pw =plY )Y |+(1—P)Z, (2.19)

which are entangled iff p > % [Wer89]. It is known that the Werner states have
nonzero quantum discord if p > 0 [0OZ01]. Similarly, we show that the Werner
states can have Bell discord if p > 0. Notice that the separable Werner states
admit a decomposition with an irreducible maximally entangled state compo-
nent, just like the local isotropic PR-box which admits a decomposition with an

irreducible PR-box component.

For the orthogonal measurement settings that gives rise to the optimal Bell
discord for the pure states given in Eq. (2.17), the Werner states give rise to the

isotropic PR-box as follows,

= (1)
P=—Ppp+|1——|Py. (2.20)
/3 PR )
The above box violates the Bell-CHSH inequality if p? > % and has Bell dis-
cord ¢ = 2+/2p2 > 0 if p > 0. Notice that Bell discord of the local box in Eq.
(2.20) is due to the incompatible measurements performed on the entangled
states which cannot give rise to the violation of a Bell-CHSH inequality or the

separable nonzero quantum discord states.

It has been shown that quantum correlation in mixed states quantified by
quantum discord plays the role of entanglement in pure states and the Werner
states are maximally quantum-correlated states [GSR*13]. Similarly, we observe
that the boxes arising from the Werner states in Eq. (2.20) have analogous be-
havior of the boxes arising from the pure states in Eq. (2.17):

Observation 3. When the pure entangled states and the Werner states give rise to
optimal Bell discord, the component of irreducible maximally entangled state, p,
i.e., quantum discord of the mixed states plays the same role as the concurrence

[Wo098], ¥ =sin20, i.e., entanglement of the pure states.
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2.4.3 Mixed nonmaximally entangled states

We consider the correlations arising from the mixed states that can be writ-

ten as a mixture of the Bell state and the classically-correlated state,

p=plY" )N YT+ —plpce, (2.21)

where peoc = %(lOO) (00| + |11)(11]). We illustrate that for the measurements
that give rise to optimal Bell discord, these states have the same behavior as the
Werner states, and, for the measurements that give rise to optimal Bell nonlocal-

ity, these states and the pure states in Eq. (2.11) have similar behavior:

For the settings that give rise to the noisy PR-box in Eq. (2.17), the correla-
tions arising from the states in Eq. (2.21) have the same decomposition as for the
box arising from the Werner state in Eq. (2.20) as the classically-correlated state
in Eq. (2.21) gives rise to white noise for this settings. Therefore, the correlations
violate the Bell-CHSH inequality if p > % and have Bell discord ¥ = 2+/2p > 0 if
p>0.

For the settings d, = 2, d; = X, by = costz +sintx and b; = costz —sintX,

_ 1 . .. . .

where cost = T the correlations arising from the mixed states in Eq. (2.21)
violate the Bell-CHSH inequality i.e., By9g = 24/1 + p2 > 2 if p > 0 and have Bell
discord ¥ = —2-_ Thus, these correlations have analogous properties of the

Jip

box arising from the pure states in Eq. (2.18); the parameter, p, in the mixed

entangled states plays the role of the parameter, sin26, of the pure states.

2.5 Appendix

2.5.1 Bell function monogamy

The observation that each Bell-CHSH inequality is violated to the algebraic
maximum by only one PR-box and a nonlocal correlation cannot violate more

than a Bell-CHSH inequality suggests trade-off between the Bell functions,

Bap = |{AoBy) +(—1)F (AoBy) + (1) (A1 By)
+(—1)*®P®1 (A, B,)|. (2.22)
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Observation 4. For any given nonsignaling box, P(a,,, b,|A;, B;), the Bell func-

tions in Eq. (2.22) satisfy the monogamy relationship,

Boo+ B; <4, Yj=01,10,11. (2.23)

Proof. Since %, < 2 for all the local boxes, the trade-off relations in Eq. (2.23)
are satisfied by any correlation in the Bell polytope. It is obvious that all the
eight PR-boxes satisfy the trade-off since for any PR-box only one of the Bell
functions attains the value 4 and the rest of them are zero. Geometrically, any
correlation in the nonlocal region lies on a line joining a PR-box and a Bell-local
box which lies on the facet of the local polytope i.e., any nonlocal correlation can

be decomposed as follows,
Pyi=pPpe’ +(1—p)Py, (2.24)

where P; gives the local bound of a Bell-CHSH inequality. Now we consider the
nonlocal correlations which maximize the left hand side of the trade-off in Eq.
(2.23); for instance, any convex mixture of the PR-box and the deterministic box,
P =pPY? + (1 —p)P)°, gives By + B; =4, Vj =01,10,11. O

The Bell function monogamy given in Eq. (2.23) refers to the monogamy of
a given correlation with respect to the different Bell-CHSH inequalities, whereas
the conventional monogamy refers to the monogamy of a given Bell-type inequal-
ity with respect to the different marginal correlations of a given multipartite cor-
relation [PB09].

2.5.2 Proof of theorem 2.1

Before we show that any NS box can be written as a convex mixture of an
irreducible PR-box and a local with ¢ = 0, we make the following observations.

Observation 5. The unequal mixture of any two PR-boxes: pPj, + qPIJ; here

R>
p > q, can be written as the mixture of an irreducible PR-box and a Bell-local

box.
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Proof. pPi, +qPl, = (p—q)PL, + 2quij. Here Plij = 1(Pi, + P}).) is a Bell-local
box since uniform mixture of any two PR-boxes does not violate a Bell-CHSH

inequality. Notice that the second PR-box, p)

»r> in the unequal mixture is not

irreducible as its presence vanishes by the uniform mixture in the other possible

decomposition. O

Observation 6. ¥ calculates the irreducible PR-box component in the mixture of
the 8 PR-boxes: 3./ _, piPk, given in Eq. (2.4).

Proof. Notice that P5t? is the anti-PR-box to Pk, with k = 0,2,4, 6 since uniform
mixture of these two PR-boxes gives white noise. The evaluation of ¥; for the

mixture of the 8 PR-boxes gives,

% (Zka}fR) = 4|’|P0_P1| —Ip2 —pgl‘
k
—.|p4—p5|—|p6—p7|’|- (2.25)

The observation 5 implies that the terms |p; — pi41| in this equation give the
irreducible PR-box component in the mixture of the two PR-boxes whose equal
mixture gives white noise. Thus, (mini Y, (Zk kaﬁR)) /4 gives the irreducible PR-
box component in the mixture of the 4 reduced components of the PR-boxes that

does not contain any anti-PR-box. O

Observation 7. Any NS box can be decomposed in a convex mixture of a nonlocal

box and a local box with ¢ =0,

P=nPy,+(1—n)P7=". (2.26)

Proof. Since the set of NS boxes is convex and the Bell polytope is contained
inside the full NS polytope, any NS box lies on a line segment joining a nonlocal
box and a local box. Suppose the local box in the decomposition given in Eq.
(2.26) has ¢ > 0, then it cannot represent all the ¢4 = 0 boxes. Thus, the division
of the Bell polytope into a ¢ > 0 region and ¥ = 0 region allows us to write any

NS box as a convex mixture of a nonlocal box and a local box with ¢ = 0. O
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We now rewrite the decomposition of any NS box given in Eq. (2.4) as a
convex combination of the 8 PR-boxes and a restricted local box that cannot be

written as a convex sum of the PR-boxes and the deterministic boxes:

7 7
P= ngkP;‘R + (1 —ngk) P; k=apy, (2.27)
=0 =0

where P, # > rkP}i‘R +> slPé, i.e., P, cannot have nonzero r;, overall possible
decompositions. We wish to reduce the combination of the 8 PR-boxes in Eq.
(2.27) to the mixture of an irreducible PR-box and a local box by using the pro-
cedure given in observation 5. It follows from the observation 6 that we should
first reduce the mixture of the 8 PR-boxes to the mixture of the 4 PR-boxes which
does not contain any anti-PR-box, and white noise. Then, we further reduce it to
the mixture of an irreducible PR-box and the local boxes which are the uniform

mixture of the two PR-boxes:
7 3
ngPZ,‘R = ,nglfY + ZP1P£ + pnPy- (2.28)
k=0 =1

Here u is obtained by minimizing the PR-box component over all possible de-
compositions, i.e., u> 0iff 37_ g, Pk # > | q,P! +pyPy. Now substituting Eq.
(2.28) in Eq. (2.27), we get the following decomposition of any NS box,

P=uPPr ¢ (1—w)p,. (2.29)
Here 3
1
e {Zm{ +pyPy + (1—ng)PL}.
=1 k

This local box cannot have an irreducible PR-box component since u is the max-
imal irreducible PR-box component. Further, it follows from the observation 7
that the local box in Eq. (2.29) must have ¢ = 0. This ends the proof of the

theorem 2.1.
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Chapter 3

Mermin discord and
3-decomposition of
bipartite NS boxes

Abstract

We introduce the measure, Mermin discord, to characterize nonclassicality
of bipartite quantum correlations originating from EPR-steering. We obtain a
3-decomposition that any bipartite box with two binary inputs and two binary
outputs can be decomposed into Popescu-Rohrlich (PR) box, a maximally local
box, and a local box with Bell and Mermin discord equal to zero. Bell and Mermin
discord quantify two types of nonclassicality of correlations arising from all quan-
tum correlated states which are neither classical-quantum states nor quantum-
classical states. We show that Bell and Mermin discord serve us the witnesses
of nonclassicality of local boxes at the tomography level, i.e., nonzero value of
these measures imply incompatible measurements and nonzero quantum discord
by assuming the dimensionality and which measurements are performed. The
3-decomposition serves us to isolate the origin of the two types of nonclassicality
into a PR-box and a maximally local box which is related to EPR-steering, respec-
tively. We study a quantum polytope that has an overlap with all the four regions

of the full NS polytope to figure out the constraints of quantum correlations.
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3.1 Introduction

EPR-steering is a form of quantum nonlocality which is weaker than Bell
nonlocality [WJD07]. Quantum correlations exhibit EPR-steering if they cannot
be described by the hybrid LHV-Local Hidden State (LHS) model [SJWP10]. EPR-
steering is witnessed by the violation of steering inequalities [CJWR09, SJTWP10,
CFFW15]. Both incompatible measurements and entanglement are necessary
for the violation of an EPR-steering inequality. EPR-steerablity, i.e., violation
of a steering inequality is a resource for semi-device-independent quantum key
distribution [BCW'12].

In Chapter 2, we have seen that local qubit correlations which have Bell
discord can arise from incompatible measurements. If a local box has zero Bell
discord, it does not necessarily imply that it cannot arise from incompatible mea-
surements on an entangled state. There are measurement correlations which
have LHV model, nevertheless, violate an EPR-steering inequality when they arise
from two-qubit systems. Therefore, both incompatible measurements and entan-

glement are necessary to produce these local boxes using two-qubit systems.

In this chapter, we introduce the measure Mermin discord to characterize
quantum correlations going beyond EPR-steering. We observe that Bell and Mer-
min discord divide the full NS polytope into four regions depending on whether
Bell discord and/or Mermin discord is zero. This division of the NS polytope al-
lows us to obtain a 3-decomposition of any NS box. This decomposition allows
us to isolate the origin of nonclassicality into three disjoint sources: a PR-box, a
maximally local box which exhibits EPR-steerability, and a classical box. We show
that all quantum correlated states which have nonzero left and right quantum dis-
cord [DVB10] can give rise to nonclassical correlations which have nonzero Bell

and/or Mermin discord for suitable incompatible measurements.
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3.2 Mermin discord

A quantum box is EPR-steerable from Alice to Bob if it cannot be described
by the hybrid LHV-LHS model,

P(a, bolAi, Bj) = D P(MP(ay A, A)Po(bnlBj, A), 3.1)
A

where Py(b,|Bj,A) = Trp l'/ﬂlsj " is the distribution arising from a quantum state

pa- Consider the following EPR-steering inequality,
(AoBo) — (A1B1) < V2, (3.2)

where B, = o, and B, = o, [SJWP10]. Those local boxes that violate this steer-
ing inequality cannot have the LHV-LHS model in which Alice and Bob have ac-
cess to black-box measurements and projective qubit measurements, respectively,

to simulate the measurement correlations [BCW'12].

For the incompatible measurements: Ay = o, A; = 0y, By = 0, and B; =
oy, the Bell state, [yp*), does not give rise to Bell nonlocality, however, it gives
rise to the violation of the EPR-steering inequality in Eq. (3.2). For this choice of

measurements, the Bell state gives rise to the following maximally local box,

3.3)

)
=
Il
[« RENTENER NI
SN N T )

[T N T N )
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We call a box that gives the local bound of a Bell-CHSH inequality in Eq. (2.6),
ie., Byp, = 2, maximally local. Further, the above box is maximally EPR-
steerable in that it violates the EPR-steering inequality maximally. Notice that

the following maximally local and correlated box,

300 3
o 2 19
PCC=1221’ (3.4)
3 0.0 3
1 1
0 3 3 0
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is not EPR-steerable since it cannot arise from incompatible measurements on
an entangled two-qubit state. We refer to a maximally local and correlated box

which is EPR-steerable as Mermin box.

The Mermin box in Eq. (3.3) can also arise from a classically-correlated state
in higher dimensional space for compatible measurements [AMP12]. However,
if one of the subsystem is restricted to be qubit, the Mermin box arises from a
maximally entangled two-qubit state as it can violate the EPR-steering inequality
maximally. Thus, the violation of the steering inequality in Eq. (3.2) implies the
presence of entanglement in the local boxes in a semi-device-independent way
[BCW*12].

Consider isotropic Mermin box which is the convex mixture of the Mermin

box in Eq. (3.3) and white noise,

For incompatible measurements that lead to the maximal violation of the EPR-
steering inequality in Eq. (3.2), the nonmaximally entangled states in Eq. (2.11)
give rise to the isotropic Mermin box with p =sin26. Analogous to the isotropic
PR-box, the isotropic Mermin box arising from the pure entangled states, |[4(0)),
violates the EPR-steering inequality if sin26 > % However, it has the irreducible
Mermin box component whenever the state is entangled. Thus, the isotropic
Mermin box illustrates the following observation.

Observation 8. When local boxes arising from entangled two-qubit states have
an irreducible Mermin box component, the measurements that give rise to them

are incompatible.

Notice that the isotropic Mermin-box has zero Bell discord, i.e., it has ¥ = 0.
The observation that the local boxes which have neither Bell discord nor EPR-
steerablity can arise from incompatible measurements on entangled states moti-
vates to define a notion of nonclassicality which we call Mermin discord.
Definition 3.1. A box arising from incompatible measurements on a two-qubit
state has Mermin discord if it admits a decomposition with an irreducible Mermin

box component.
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We observe that the isotropic Mermin box can have EPR-steerablity only
when the Mermin box component is larger than a certain amount. Thus, analo-
gous to the statement that Bell discord and Bell nonlocality are inequivalent, we

have the observation that Mermin discord is not equivalent to EPR-steering.

Figure 3.1: A three-dimensional representation of the NS polytope with two binary
inputs and two binary outputs is shown here. The octagonal cylinder represents the
local polytope. The lines connecting the deterministic boxes represented by red points
define one of the facet for the local polytope; the PR-box which violates the Bell-CHSH
inequality corresponding to this facet is represented by triangle point on the top of the
NS polytope. The region below the curved surface contains quantum correlations and
the point on this curved surface is the Tsirelson box. The star and square points on the
facet of the local polytope represent quantum and nonquantum Mermin boxes
respectively. The triangular region (shown by dotted lines) which is a convex hull of the
PR-box, the Mermin box, and white noise represents the 3-decomposition fact that any
point that lies inside the triangle can be decomposed into PR-box, the Mermin-box and
white noise. The line connecting the PR-box and white noise represents the isotropic
PR-box and the line joining the Mermin box and white noise represents the isotropic
Mermin box.
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We consider the following Mermin inequalities:

Mypy = (a® & 1){(—1) (ABo)+(—1)**Fr®! (A, B, )}
+(a® B){(—1)P®7 (ApB;) + (—1)*®" (A1 Bo)}
<2 for afy=00y,01y;
Mapy = (@ ® BY{(=1)" (AoBo) + (—1)**P7®! (A, B,)}
+(a @ ® 1){(—1)" (AgB1)+(—1)% (A1Bo)}
<2 for afy=10y,11y. (3.6)

The left-hand side of the EPR-steering inequality in Eq. (3.2) is one of the Mermin
operators, .#,g,, in the above inequalities. The multipartite generalization of
M p, generate the Mermin inequalities [Mer90a, WW01a], hence the name. Just
as the complete set of Bell-CHSH inequalities, the set of these Mermin inequalities

is invariant under LRO and thus it forms a complete set [WWO01b].

Consider the following 8 maximally local boxes:

Paﬁy(a b lA,B)=1{ i men=i-j i j
M \dms OnlAis Bj) =14 3, =i-jeaiefjey
0, otherwise,
here afy = 00y, 10y, and, for affy =01y, 11y,
P (4, bolA;,B) ={ i, men=i-jeaiepjer (3.7)
0, otherwise,

which are the equal mixture of the four deterministic boxes. These boxes can be
obtained from the Mermin box in Eq. (3.3) by LRO. Thus, there are 8 Mermin-
boxes which can have maximal EPR-steerability. Just as there exists the cor-
respondence between the 8 PR-boxes and the 8 Bell-CHSH inequalities, there
exists the correspondence between the 8 Mermin boxes and the 8 Mermin oper-
ators, #,p,, in Eq. (3.6): a Mermin box cannot take the algebraic maximum of
2 for more than one Mermin operator. Notice that the Mermin operators can
be written as the uniform mixture of two Bell-CHSH operators; for instance,
Mooo = %(%ooo + %B110)- Similarly, the Mermin boxes can also be decomposed

: : : . : 000 _ 1 (p000 , p110
into the uniform mixture of two PR-boxes; for instance, P;;" = 3 (PPR + Ppp )
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The complete set of bipartite Mermin inequalities in Eq. (3.6) do not distin-
guish between EPR-steerable and non-steerable boxes since the algebraic maxi-
mum of any Mermin operator, .#,p,, is 2 which is equal to the right-hand side of
Eq. (3.6). However, magnitude of the modulus of the Mermin operators, .#,p :=
| # o, serve to construct Mermin discord. Here .#,o = | {(AgBo)+(—1)*®" (A;B;) |
and Ao = | (AoB1) + (—1)° (A1Bo) |.

Observation 9. For any Mermin box, only one of the Mermin functions, .#,g,
attains 2 and the rest of them are zero, whereas for the deterministic boxes and

the PR-boxes, two of the Mermin functions attain 2 and the other two are zero.

This observation leads us to define a measure of Mermin discord similar to
the measure of Bell discord.
Definition 3.2. Mermin discord, £, is defined as,

£ :=min &;, (3.8)
J

where, 2, = || Moy — Mo1| — | Mo — M11]|, and 2, and 25 are obtained by per-
muting ./, in £;. Here 0 < 2 <2.

Mermin discord is constructed such that all the PR-boxes and the determin-
istic boxes have 2 = 0, and, the algebraic maximum of £ is achieved by the
Mermin boxes, i.e., 2 = 2 for any Mermin box. Further, Mermin discord is in-
variant under LRO and permutation of the parties as the set {;} is invariant

under these two transformations.

We consider the following maximally-local box,

1000

1 1

1190
pm—=| 2 2 (3.9
M 1 1

37 0 30

1 1

o1 1o

Notice that the Mermin box in Eq. (3.3) and the above box are equivalent
with respect to (A;B;), i.e., both the boxes have (A(B;) = —(A;B;) = 1 and
(AoB;) = (A1By) = 0. These two maximally local boxes differ by their marginals;
the Mermin box in Eq. (3.3) has maximally mixed marginals, whereas the one in

Eq. (3.9) has nonmaximally mixed marginals.
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Observation 10. A maximally-local box that has £ = 2 is, in general, a convex
combination of a maximally mixed marginals Mermin box and the four nonmaxi-

mally mixed marginals Mermin boxes which are equivalent with respect to (4;B;),

pefr = Z Pu Py + PPy (3.10)
i=1

where an are the four nonmaximally mixed marginals Mermin boxes which all
have the same values for (A;B;) and Paﬁ = T Zl 1 Py is one of the eight Mermin

boxes in Eq. (3.7) which have maximally mixed marginals.

Proof. Since the two Mermin boxes in Egs. (3.3) and (3.9) are equivalent with
respect to (A;B;), any convex mixture of these two boxes again have £ = 2. There
are four nonmaximally mixed marginals Mermin boxes which are equivalent with
respect to (A;B;) corresponding to a given maximally mixed marginals Mermin
box. Thus, any convex mixture of these five Mermin boxes is again a £ = 2
box. It can be checked that the equal mixture of the four nonmaximally mixed
marginals Mermin boxes which are equivalent with respect to (A;B;) gives the

maximally mixed marginals Mermin box. O

Observation 11. 2 divides the ¢4 = 0 region into a 2 > 0 regionand ¥ =2 =0

nonconvex region.

Proof. Since all the deterministic boxes have ¥ = £ = 0 and the Mermin boxes
have ¥ = 0, the set of ¥ = 2 = 0 boxes forms a nonconvex subregion of the

9 = 0 region. O

The division of the ¢ = 0 region with respect to £ allows us to obtain the
following canonical decomposition of the local boxes with ¥ = 0 (see Appendix.
3.8.2 for details).

Theorem 3.1. Any local box, P;’=°, which does not have Bell discord can be decom-

posed into maximally local box with £ = 2 and a local box with ¢ = 2 =0,

PP=0 = ¢p2P" 4 (1-)PY=Y, (3.11)

PﬁY

oo 15 the maximally local box with £ = 2, { is the maximal irreducible

where,

component of this box and PJ=9 is the local box with ¢ = 2 = 0.
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From linearity of £ with respect to the decomposition given in Eq. (3.11),
it follows that 2(P/=°) = {2 (P;/iz) +(1 -2 (PY=5) = 2¢. This implies that

the component, ¢, in Eq. (3.11) is invariant under LRO.

3.3 Mermin discord of two-qubit states

The following inequalities,
Mo, < V2, (3.12)

where .#,p, are the Mermin operators given in Eq. (3.6), form the complete set
of EPR-steering inequalities if the measurement operators on Alice’s or Bob’s side
are anti-commuting qubit observables [SJWP10]. Suppose B, = o, and B; = o,
then these inequalities can be obtained from the EPR-steering inequality in Eq.
(3.2) by LRO. The local boxes which violate an EPR-steering inequality in Eq.

(3.12) are the subset of the local boxes which have Mermin discord.

We will apply Mermin discord to the local boxes arising from the pure en-
tangled states in Eq. (2.11) and the Werner states in Eq. (2.19). A nonzero
Mermin discord of the non-steerable boxes originates from incompatible mea-
surements that give rise to EPR-steering. We will find that optimal Mermin dis-
cord is achieved by the orthogonal measurements which do not give rise to Bell

nonlocality.

3.3.1 Pure entangled states

(a) For the settings d, = X, d; = ¥, T)o = % and Bl = y, the pure entangled
states in Eq. (2.11) give rise to the noisy Mermin-box which is a mixture of a

Mermin box and white noise as follows:
p000 | pl10

pP= ﬁ(%)+(1—ﬁ)ﬂ\h (3.13)

where T =sin26. The above box violates the EPR-steering inequality, i.e., #yy =
2J7T > V2 if 1 > % and has Mermin discord 2 = 24/7 > 0 if T > 0. Notice
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that the irreducible Mermin-box component in the non EPR-steerable box in Eq.
(3.13) is due to the incompatible measurements that gives rise to EPR-steering

and entanglement.

EPR-steering/Mermin discord

0.0 0.2 0.4 0.6 0.8 1.0

Tangle

Figure 3.2: Dashed line shows the plots of the EPR-steering violation and Mermin
discord for the box given in Eq. (3.13). Solid and dotted lines show the plots of the
EPR-steering violation and Mermin discord respectively for the box given in Eq. (3.14).
We observe that the box in Eq. (3.14) has less Mermin discord than the box in Eq.
(3.13) despite the fact that the former gives rise to optimal violation of the EPR-steering
inequality.

(b) For the settings, d, = %(é +x), d; = %(z“ —X), BO = costZ +sintX,

and b, = cos t —sin t%, where cost = ﬁ, all the pure entangled states violate

the EPR-steering inequality, i.e., #oo, = V2V 1+ 7 > +/2 if T > 0. For this set-
tings, the box can be decomposed into Mermin box and a nonmaximally mixed

marginals box with ¥ = 2 =0,

POOO +P110
pP= v(%)ﬂhwpﬁg, (3.14)
where v = ‘/‘/1% The ¥ = 2 =0 box, PJ=3, in this decomposition becomes white
noise, Py, for the maximally entangled state. The above box has Mermin discord
_ 2427 .
2=7=>0 if T>0.

Notice that the box in Eq. (3.13) has more irreducible Mermin box com-
ponent than the box in Eq. (3.14) for a given amount of entanglement (see fig.

3.2). Thus, when the pure nonmaximally entangled states give rise to optimal
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violation of an EPR-steering inequality, the box does not have optimal Mermin

discord and has nonmaximally mixed marginals.

3.3.2 Werner states

For the settings that gives rise to the optimal Mermin discord given in Eq.
(3.13), the box arising from the Werner states in Eq. (2.19) can be decomposed
into Mermin box and white noise as follows,

000 110
Ppp” + Py )

P=(1—p)PN+p( PR 5 (3.15)

The above box violates the EPR-steering inequality if p > % and has Mermin
discord £ = 2p > 0 if p > 0. Thus, Mermin discord of the the local box in Eq.
(3.15) also detects nonclassicality of the entangled states, which cannot give rise
to the violation of an EPR-steering inequality, and the separable nonzero quantum

discord states.

3.4 Bell and Mermin discord vs nonzero quantum
discord and incompatibility

In the case of two-qubit states and projective measurements, we will show
that both incompatible measurements and nonzero left and right quantum dis-

cord are necessary for nonzero Bell/Mermin discord.

Theorem 3.2. No compatible measurements on two-qubit states can give rise to

nongero Bell/Mermin discord.

Proof. Any two-qubit state, up to local unitary equivalence, can be represented

as,

-

1
pAB = Z(]].A®]].B+F'6'®]].B+1].A®§'O'

3
+> 60, 80)), (3.16)
i=1
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where the coefficients ¢; = Trp,0; ® 0, i = x,y,2, form a diagonal matrix de-
noted by C. Here |?|? + |5]% + ||C||?> < 3 with equality holds for the pure states.

The expectation value of the above states is given by,

Let us calculate ¥ and 2 for the states given in Eq. (3.16) for compatible
measurements on Alice’s side. Suppose we choose measurement directions as
d, = @; = a, the measurement observables commute, i.e., [Ay,A;] = 0. For this
choice of compatible measurements on Alice’s side, B,y = B,; = 2d, - Cby, and,
By = By, = 24, - Cby. This implies that ¥ = 2 = 0 for any choice of com-
patible measurements on one side and any choice of compatible/incompatible

measurements on the other side. O

Any separable state which has nonzero left and right quantum discord can-
not be decomposed in the classical-quantum (CQ) or quantum-classical (QC)
form [DVB10]. The CQ states can be written as,

1
pca = pili)il® 1, (3.18)
i=0

whereas QC states can be written as,

1

PQCZZPj¢j®|j><j|- (3.19)

j=0

Here {|i)} and {|j)} are the orthonormal sets, and, y; and ¢; are the arbitrary
quantum states. Despite the CQ and QC states are not the product states in gen-
eral, their joint expectation value can be written in the factorized form, (AB) =
flaf (b), here & and b are the measurement directions chosen by Alice and
Bob respectively. This factorization of the expectation value for the CQ and QC
states implies that they cannot have nonzero Bell/Mermin discord for all mea-

surements.

Theorem 3.3. All classical-quantum and quantum-classical states have zero Bell

and Mermin discord, i.e., 4 = £ = 0 for all measurements.

44



Proof. In the Bloch sphere representation, the CQ states in Eq. (3.18) can be

written as:

peg = %(nw-a)@(m%.&)

+%(]1—f~-6)®(]1+§’1-6), (3.20)

where  is the Bloch vector for the projectors |i)(i| and 5; are the Bloch vector for
the states y;. Notice that #* appears twice in the above decomposition because of
the orthogonality of projectors on Alice’s side; as a result of this, the expectation

value factorizes as follows,
(AiBj) = (&; - #) (b} - (oS0 — P151)), (3.21)
whose form is similar to that of a product state,
1 - = - 4
P=pa®pp= Z[(ll+r-0)®(11+s-0)].

We have observed that the optimal settings have the following property: for the
Bell discord one has, d,-d; = 0, by-b; =0 and &; - BJ- = :l:iz, whereas for the
Mermin discord one has: d,-a; =0, by - b; =0 and 4; = +b;. Since the optimal
settings that maximizes ¥ and £ have the common property that measurements
on Alice’s side or Bob’s side are orthogonal, we choose orthogonal measurements
on Alice’ side to maximize ¥ and £ with respect to the correlation given in Eq.
(3.21). Suppose we choose d, - * = 1, the orthogonality condition (4, - d; = 0)
implies that @, -# = 0. For this choice of orthogonal measurements on Alice’s side,
Boo = (bo + b1) - (PoSo — P151)l, Bor = |(bo— b1) - (PoSo — P151)I, Bro = (b + by) -
(PoSo—p151)l, and By, = |(bo—b1)-(poSo—p151)| which implies that ¢ = 2 = 0 for
all possible measurements on Bob’s side. Similarly, we can prove that 4 =2 =0
for the QC states since ¥ and £ are symmetric under the permutation of the

parties. O

Since the joint expectation value of any quantum-correlated state, which
has nonzero left and right quantum discord, cannot be written in the factorized
form, i.e., (AB) # f(a)f (b), all quantum correlated states can give rise to nonzero

Bell/Mermin discord for suitable incompatible measurements.
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3.5 3-decomposition of NS boxes

The canonical decomposition given in Eq. (2.16) is not the most general
one for any given NS box. Since the canonical decomposition for the boxes with
¢ = 0 given in Eq. (3.11) implies that the ¥ = 0 box in Eq. (2.16) can be
decomposed into box with £ =2 and a box ¥ = £ = 0, we obtain the following
3-decomposition fact of NS boxes.

Theorem 3.4. Any NS box can be written as a convex mixture of a PR-box, a

maximally-local box with £ = 2 and a local box with 4 = 2 =0,

P =uPP 1+ PP 4 (1—pu—»)PE=0. (3.22)

The 3-decomposition given above serves as the most general canonical de-
composition of the NS boxes as it classifies any given NS box according to whether

it has Bell or/and Mermin discord.

3-decomposition of two-qubit states.— For any given quantum correlated
state, there are three types of incompatible measurements which give rise to
HD¥Y>0and 2 =0(i) ¥=0and £ > 0 and (i) ¥ >0 and £ > 0 (3-
decomposition). We will analyze 3-decomposition of the pure entangled states
and the Werner states in order to illustrate the new insights that may be obtained

regarding the origin of nonclassicality.

3.5.1 Maximally entangled state

When the maximally entangled state gives rise to a nonlocal box which has
a 3-decomposition, the box also violates an EPR-steering inequality. For the mea-
surement settings: do = X, d, = J, by = /PR —+/1—py and by = /T—px +/BJ,
where % < p <1, the box arising from the Bell state, [¢)*) = LZ(IOO) +|11)), can
be decomposed into PR-box, a Mermin box which is a uniform mixture of two
PR-boxes and white noise as follows,
PP+

2 )+(1—u— v)Py, (3.23)

P:,nggO+ v(
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where u = /1—p and v = ,/p — v/1—p. The above box has Bell and Mermin
discord simultaneously when % <p<l,ie, 9=4y/1—p>0ifp#1and
2 =2(/p—+/1—p) > 0if p # 5. The box in Eq. (3.23) violates the Bell-
CHSH inequality, i.e., Bygo = 2(ﬁ+ M) > 2 if p # 1 and the EPR-steering
inequality, i.e., Moo = 24/P > V2if p # % Notice that when the settings becomes
optimal for the violation of the EPR-steering inequality which happens at p =1,
the PR-box and Mermin box components in the 3-decomposition go to zero and
maximal respectively. Thus, the Mermin-box component in the nonlocal box in
Eq. (3.23) originates from incompatible measurements that give rise to maximal

EPR-steerability.

3.5.2 Pure nonmaximally entangled states

(a) We define the settings: d, = s& + cJ, d; = ck —sJ, by = %(fc + )
and 131 = %(fc —¥), where s = sin26 and ¢ = cos26. For this state dependent
settings, the pure nonmaximally entangled states in Eq. (2.11) give rise to a

3-decomposition as follows,
pooo 4 plly
P=(1—u—v)Py+ v(% +,1,LP19£0, (3.29)

where v=|c+s—|c—s|| and u = %|S—C|- The box has nonzero Bell and Mermin

discord as follows (see fig. 3.3),

¥ = 2V2t|VT—V1-1|

1
>0 exceptwhen s#0,

V2
and
1
Qzﬁs‘|c+s|—|c—s| >0 except when s;éO,E

_ 2v/27t when c¢>s
B 24/27(1—72) when s>c.

Notice that the box in Eq. (3.24) has only Bell discord when 6 = n/4 since the
settings becomes optimal for Bell discord. Similarly, it has only Mermin discord

when 6 = 1/8 since the settings becomes optimal for Mermin discord.
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Nonclassicality

Tangle

Figure 3.3: Bell and Mermin discord of the box given in Eq. (3.24) are shown by dotted
and solid lines respectively.

(b) For the settings: d, = cX +s2, d; = sX —c3, BO = %(fc +2) and 751 =
%(—fc + £), the box arising from the pure entangled states has the following
3-decomposition,

000 4 plly
P=(1—v—pwPJ0+ v(%) +uPy, (3.25)

where the PR-box and Mermin box components, u and v, are the same as for
the box given in Eq. (3.24). The ¥ = 2 = 0 box, PJ=), in Eq. (3.25) has
nonmaximally mixed marginals, whereas the ¥4 = £ = 0 box in Eq. (3.24) has
maximally mixed marginals. Thus, the boxes in Egs. (3.24) and (3.25) differ
only by their marginals because of this reason the violation of the Bell-CHSH

inequality is larger for the latter box than the former box (see fig. 3.4).

3.5.3 Mixed quantum discordant states

For the settings dy = pX++1—p2y,d; = v/1—p2x—py, BO = %(fc+j/) and
_131 = %(JAC — ¥), the Werner states in Eq. (2.19) give rise to a 3-decomposition as

follows,

po00 11y
P=(1—u—v)Py+ v(%)wpggo, (3.26)
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Bell-CHSH

Tangle

Figure 3.4: The violation of the Bell-CHSH inequality for the box in Egs. (3.24) and
(3.25) are shown by dotted and solid lines respectively.

where v = %|p+ V1-p2—|p—+/1—p?|| and p = %|p—\/1—p2|. The box

has nonzero Bell and Mermin discord as follows,

Y = Zﬁp‘p—\/l—pz‘
1

>0 exceptwhen p#0,—

V2

and

9=«/§p‘p+v1—p2—’p—v1—p2H

>0 exceptwhen p#0,1
_ [ 2v/2p* when 0<p<j;

B { 2v24/p?(1—p?) when 1<p<1.

3.6 Tsirelson bound

Here we are interested in a restricted NS polytope, .4, whose vertices are

the 8 Tsirelson boxes,

1 1
pabT Epggy N (1 _ E)pN’ (3.27)

and the 8 quantum Mermin-boxes, P]@ﬁ " which are given in Eq. (3.7) to figure

out the constraints of quantum correlations. This polytope can be realized by

49



Figure 3.5: The square and the star points on the facet of the local polytope represent
the classically-correlated (CC) boxes and the quantum Mermin boxes respectively. The
subpolytope, A;,,, formed by the PR-boxes and the CC boxes is represented by the
region connecting the triangle point on the top, the square points and the triangle point
at the centre of the bottom (white noise). The subpolytope, A7,,m, Whose vertices are
the Tsirelson boxes and CC boxes is represented by the region connecting the triangle
point on the curved surface, the square points and white noise. The subpolytope, A7,
whose vertices are the Tsirelson boxes and Mermin boxes is represented by the region
connecting the triangle point on the curved surface, the star points and white noise. The
region connecting the square points and white noise represents the subpolytope, £,
formed by the CC boxes. The subpolytope, %4,, formed by the Mermin boxes is
represented by the region connecting the star points and white noise.

quantum theory which we illustrate by the correlations arising from the convex

mixture of the 8 maximally entangled states,

1 1
p=.> pilvl) w1|+Zqu|¢k Ypil, (3.28)

k=0 j=0 k=0 j=0

where |’(/JJ) ‘/_(IOO) +(=1)/ik|11)) and |<;b ) f(|01)+( 1)/ik|10)). For the

measurement settings, .#r:

dp=2%x, d;=J, by=
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the correlation arising from the states in Eq. (3.28) can be decomposed into 8

Tsirelson boxes,

P(p.ottr) = piPR"+ P + PP +p1p”

+qQPO 4 qLpOI0 4 qOpI11 4 gl plIo, (3.30)
For the measurement settings, ./, :
do=%, d =3, by=—Fy and b, =%, (3.31)

the correlation arising from the states in Eq. (3.28) can be decomposed into 8

Mermin boxes,

P(p,My) = poPy” + PPy’ + PPy + 1Py

+qOPOM + g PO + 0P + q1 Pl (3.32)

Since the set of quantum correlations is convex [Pit01, WWO01a], any convex

mixture of the two correlations given in Egs. (3.30) and (3.32),

is also quantum realizable which implies that the polytope A7, is quantum.

We obtain the following relationship between the two quantum correlations
given in Egs. (3.30) and (3.32).
Observation 12. For any state given in Eq. (3.28), Bell discord of the correlation
given in Eq. (3.30) is related to the Mermin discord of the correlation given in
Eq. (3.32) as follows,

G(P(p, Mr)) = V22(P(p, My)). (3.34)

Proof. The Bell functions for the settings given in Eq. (3.29) reduce to the Mer-
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min functions for the settings given in Eq. (3.31) as follows:

ggaﬁ = %l(ax®(0x+ay)>+(_1)ﬁ (O-x®(o-x_o-y)>+(_1)a <O-y®(o-x+o-y)>

+(_1)a®[3’€91 <Uy ® (Ux - a_y)) |

(@@ po1)VI(-1) (0, 80,)+(-1)*(0,®0,)]

+(a® B)V2|(-1) (o, ®0,) +(-1)**F*®1 (0 ® 0,) |

=24, for aff=00,01,

= ap 3.35
(@0 P (0, 80,)+(-1) (0, ®7,) | (3:3%)

+aofo1)vV2(—1) (o, ®0,)+(—1)*®F (¢ ®0,)|

| = V24,5 for ap =10,11

due to the linearity of quantum theory, (A+ B) = (A) + (B). The relationship be-
tween the Bell and Mermin functions given in Eq. (3.35) implies that 4(p, #1) =

The relationship between Bell and Mermin discord given in Eq. (3.34)
implies that the Mermin boxes limit nonlocality of the most nonlocal quantum
boxes to the Tsirelson bound since ¥(p, #;) < 2+/2 follows from the fact that
2(p, My) < 2.

We now discuss the constraints of the quantum region, A, inside the full
NS polytope. Notice that correlations in the region .4; have maximal local ran-
domness i.e., {A); = (B); = 0. If the full NS polytope is constrained by maximal
local randomness, it gives rise to a subpolytope, A},,, whose vertices are the 8
PR-boxes and 8 classically-correlated (CC) boxes,

%, men=ai®fj®y

ng)’(am, bnlAi’Bj) = { (3.36)

0, otherwise.

The polytope, A7,,n, Whose vertices are the 8 Tsirelson boxes and the 8 CC
boxes is obtained by constraining .A7,,, by the Tsirelson inequalities, %,g, < 242
[Tsi80]. The polytope A7, is quantum since its vertices are quantum realizable
[Pit01]. Notice that the polytope, A, is contained inside A7, (see fig. 3.5).
Since the Mermin boxes with maximally mixed marginals limits nonlocality of

quantum correlations, finding the physical constraints of .4; would help us to
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single out quantum theory. The set of local boxes which have maximal local ran-
domness forms a polytope, %,,.,,» whose vertices are the CC boxes. Inside this
polytope, there exists a polytope, %, whose vertices are the 8 maximally mixed

marginals Mermin boxes.

3.7 Conclusions

We have introduced the measures, Bell discord (¢) and Mermin discord (£2),
to characterize quantum correlations arising from two-qubit states within the
framework of GNST. We find that when local boxes have nonzero Bell/Mermin
discord, they can arise from incompatible measurements on two-qubit states
which have entanglement in the case of pure states and quantum correlation
going beyond entanglement in the case of mixed states. Nonzero Bell discord
of local boxes which have nonclassicality originates from incompatible measure-
ments that give rise to Bell nonlocality. We have observed that there are local
boxes which exhibits EPR-steerability. We have introduced Mermin boxes which
are maximally local and have maximal EPR-steerability. Nonzero Mermin dis-
cord of non EPR-steerable boxes which have nonclassicality originates from in-
compatible measurements that give rise to EPR-steering. We have introduced a
3-decomposition which allows us to isolate the origin of nonclassicality into three

disjoint sources: a PR-box, a Mermin box, and a classical box.

We find that all quantum-correlated states which are neither classical-quantum
states nor quantume-classical states can give rise to a 3-decomposition, i.e., nonzero
Bell discord or/and Mermin discord for suitable incompatible measurements. We
find that when pure entangled states and Werner states give rise optimal Bell
or Mermin discord, quantum correlation quantified by quantum discord in the
Werner states plays a role analogous to entanglement in the pure states. We
have shown that Bell and Mermin discord in general serve as the witnesses of
nonclassicality of local boxes at the tomography level [GBS15], i.e., nonzero
Bell/Mermin discord implies the presence of both nonzero quantum discord and
incompatible measurements when the dimension of the measured systems is re-

stricted to be 2 x 2 and measurements performed are restricted to be projective.
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However, we have considered only those boxes with two binary inputs and two
binary outputs. Similarly, it would be interesting to study quantum correlations
arising from d, x dy states by using NS polytope in which the black boxes have
more inputs and more outputs [BLM*05, JM05]. In Ref. [Jeb14b], I have gen-
eralized Bell and Mermin discord to the multipartite scenario using Svetlichny
inequalities and Mermin inequalities which detect genuine nonlocality and GHZ
paradox [BCP*14].

3.8 Appendix

3.8.1 Mermin boxes

Bell polytope admits two types of Mermin boxes which can be distinguished
by their marginals. We have found that there are 8 Mermin boxes which have

maximally mixed marginals. The following 32 maximally local boxes:

apye _ J
Py _(5m$l$a nojep + 6;1169)/5%96)
afye _ J
Py _(5m€Bl®a nep + 5:neay5nea)eae) (3.37)

which are equal mixture of two deterministic boxes, can be obtained from the
Mermin box in Eq. (3.9) by LRO. Thus, there are 32 Mermin boxes with nonmax-
imally mixed marginals. As all the Mermin boxes are maximally-local, they lie on

the facet of the Bell polytope (see fig. 3.1).

3.8.2 Proof of theorem 3.1
Since all Mermin boxes have ¢ = 0, we obtain the following observation.

Observation 13. Any local box with ¢ = 0 can be written as a convex mixture

of the maximally local boxes with £ = 2 and the deterministic boxes,

7 15
= =>"pPE_,+ > qiPh. (3.38)
k=0 =0

Here szz is one of the maximally local box given in Eq. (3.10).
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The following observations are useful to show the theorem 3.1.
Observation 14. The unequal mixture of any two Mermin boxes which differ by
(AiBj): pPllw +qP2; p > g, can be written as a convex mixture of an irreducible

Mermin box and a box with £ = 0.

Proof. pPl +qP% = (p—q)P} +2qPg—o. Here Po_q = 2(PL + P2) is a box with
£ = 0 since it is a uniform mixture of the two Mermin boxes which differ by
(AiB;). O

Observation 15. £ calculates the component of irreducible maximally local box
with £ = 2 in the mixture of the 8 maximally local boxes: ZZ:O pkpg=2 given in
Eq. (3.38).

Proof. Notice that the uniform mixture of Pfé:z and Pg;lz with k =0, 2,4, 6 gives
a zero-expectation box, which has (A4;B;) = 0 Vi,j. We call Pg;lz anti-Mermin

box. The evaluation of 2, for the mixture of the 8 maximally local boxes gives,

7
2, (Zpkpgzz) = 2|‘|P0—P1| - |P2—P3|‘
k=0

—’|p4—psl—|p6—p7|’|- (3.39)

The observation 14 implies that the terms |p; — px,1| in this equation give the
irreducible maximally local box component in the mixture of the two maxi-
mally local boxes boxes whose equal mixture gives a zero-expectation box. Thus,
(mini 2; (ZZ:O pkpgzz)) /2 gives the irreducible component of the box with 2 =
2 in the mixture of the 4 reduced components of the 2 = 2 boxes that does not

contain any anti-Mermin-box. O

Let us now prove the theorem 3.1 which goes similar to the proof of the
theorem 2.1. Any local box with ¢4 = 0 given by the decomposition in Eq. (3.38)
can be rewritten as a convex mixture of the 8 maximally local boxes which have

£ =2 and a local box which does not have the components of the £ = 2 boxes,

7 7
P =>"qPk_,+ (I—qu)PL, (3.40)
k=0 k=0
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where P; # >, rkpgzz +> slPé, i.e., P; cannot have nonzero r; overall possible
decompositions. It follows from observations 14 and 15 that the mixture of the
8 maximally local boxes in this decomposition can be written as the mixture of
an irreducible 2 = 2 box, and the 7 boxes which are the uniform mixture of two
£ = 2 boxes:

7 4 3
> akPl_, =P+ > Pl + > viPi. (3.41)
k=0 i=1 i=1

Here { is obtained by minimizing the component of the single maximally lo-
cal box overall possible decomposition, PziC are the zero-expectation boxes, and
PLi are the uniform mixture two maximally local boxes which are not the zero-
expectation boxes. Now substituting Eq. (3.41) in Eq. (3.40), we get the follow-

ing decomposition of any box with ¢ =0,
PP ={Pgy_y+(1—-0PI=]. (3.42)

Here

4 3 7
Pe=g . C){; tPL +;viPLi + (1 —;)Qk) p.}.

This box has ¥ = 2 = 0 since it does not have the irreducible Mermin box and

PR-box components, i.e., it belongs to the ¥ = 2 = 0 region.

3.8.3 Linearity of Bell and Mermin discord w.r.t the canonical
decompositions

4 is, in general, not linear for the decomposition of a given correlation into
the convex mixture of two ¢ > 0 boxes. For instance, consider a correlation

which is the convex mixture of two PR-boxes,
P= pP}l;R +qP}];R; p>q, (3.43)

which has ¢(P) = 4(p —q). Suppose ¥ is linear for this decomposition, ¥(P) =
p%(P}i,R) + q‘ﬁ(PI];R) =4 # 4(p —q). However, ¥ is linear for the decomposition of
the correlation in Eq. (3.43) into a mixture of a single PR-box and a ¢ = 0 box,

' J
PII’R+PPR)

2 (3.44)

P= (p—q)P£R+2q(
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¢ is, in general, also not linear for the decomposition of a correlation into the
convex mixture of two ¢ = 0 boxes. For instance, consider the following uniform
mixture of two Mermin boxes (the triangle point on the facet of the local polytope
in fig. 3.1),

1 1

P= EP;, + Epfw, (3.45)

where PL = 3 (P + P111) and P2 = 5(P2%°+ P1L0). Evaluation of ¢ on the
right hand side by using linearity gives 3 4(PL)+1%(P%) =0, however, 4(P) = 2.
The correlation in Eq. (3.45) can also be written in the isotropic PR-box form as
follows,

1 1

It is obvious that ¥ is linear for this decomposition. Similarly, we can observe
that Mermin discord is, in general, not linear for the the decomposition of a
given correlation into a mixture of two £ > 0 boxes or £ = 0 boxes and linear

for the canonical decomposition.
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Chapter 4

On total correlations in
bipartite quantum
probability distributions

Abstract

We discuss the problem of separating the total correlations in a given quan-
tum probability distribution into nonlocality, contextuality, and classical correla-
tions. Bell discord and Mermin discord which quantify nonclassicality of quantum
correlations going beyond Bell nonlocality and EPR-steering, respectively, are in-
terpreted as distance measures in the nonsignaling polytope. A measure of total
correlations is introduced to divide the total amount of correlations into a purely
nonclassical and a classical part. We show that quantum correlations arising from

the two-qubit states satisfy additivity relations among these three measures.

4.1 Introduction

When measurements on an ensemble of entangled particles give rise to the
violations of a Bell inequality [Bel64, BCP"14], one may ask the question of EPR2
[EPR92] whether all the particle pairs in the ensemble behave nonlocally or only

some pairs are nonlocally correlated and the other pairs are locally correlated.
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EPR2 approach to quantum correlation consists in decomposing a given quan-
tum joint probability distribution into a nonlocal and a local distribution to find
out whether the correlation is fully nonlocal or it has local content. EPR2 showed
that if the particle pairs are in the singlet state, they all behave nonlocally. How-
ever, EPR2 showed that nonmaximally entangled states cannot have nonlocality
purely. Thus, total correlations arising from measurements on composite quan-

tum systems can be divided into a purely nonlocal and a local part.

In Chapters 2 and 3, Bell discord and Mermin discord have been proposed
as measures of quantum correlations to quantify nonlocality and EPR-steering of
correlations arising from the quantum correlated states [0Z01, GBGZ11, MBC"12]
and it has been observed that any bipartite qubit correlation can be decomposed
in a convex mixture of an irreducible nonlocal correlation, an irreducible EPR-
steerable correlation and a local correlations which has null Bell and Mermin
discord. This 3-decomposition fact of quantum correlations suggests that when
measurements on an ensemble of the bipartite quantum system gives rise to Bell
and Mermin discord simultaneously, the ensemble can be divided into a purely
nonlocal, an EPR-steerable and a local part which might have classical correla-

tions.

In this work, we discuss the analogous problem of dividing the total corre-
lations in a given quantum state into a purely nonclassical and a classical part
[HVO1, GPWO05, MBC*12] to quantum joint probability distributions. We show
that Bell discord and Mermin discord defined in Chapters 2 and 3 can be in-
terpreted as distance measures in the nonsignaling polytope and thus they are
analogous to the geometric measure of quantum discord [DVB10]. Inspired by
this interpretation, we define a third distance measure to quantify the amount of
total correlations in quantum joint probability distributions. We study additivity

relation for quantum correlations in two-qubit systems.

4.2 The three distance measures

The distance measures are useful tool in quantum information theory to

quantify nonclassicality of quantum states and to divide the total correlations in
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a given quantum state into a nonclassical and a purely a classical part [HHHHO09,
MBC"12, MPS™10]. In Ref. [MPS™10], measures of quantum correlations that go
beyond entanglement were defined using the concept of distance measures and
it was shown that the distance from a given state to its closest product state gives
total correlations. Similarly, we will propose Bell discord and Mermin discord as
distance measures for nonclassicality of quantum correlations going beyond non-
locality. We will define a distance measure that is nonzero iff a given correlation
described by the joint probability distributions (JPD) is nonproduct to quantify

total correlations in quantum JPD.

Bell-CHSH scenario [CHSH69] can be abstractly described in terms black
boxes shared between two spatially separated observers; Alice and Bob input
two variables A; and B; into the box and obtain two distinct outputs a,, and b, on
their part of the box (i, j,m,n € {0,1}). The behavior of a given box is described
by the set of 16 joint probability distributions (JPD),

P(ay: bylAB;) = %[1 +(—1)™ (A +(~1)" (B))
+(—=1)""(A;B;)], 4.1)

where (A;B;) = X, P(am, bylA;, Bj) =3, . P(am, by|A;, B;) are joint expectation
values, and, (A;) = P(ay|A;)—P(a;|4;) and (B;) = P(b,|B;)—P(b;|B;) are marginal
expectation values. Here & denotes addition modulus 2. The set of nonsignal-
ing boxes () corresponding to this scenario forms an 8 dimensional convex

polytope which has 24 extremal boxes [BLM"05]: they are 8 PR-boxes,

, mén=ijeaid®fj®y

. (4.2)
X otherwise,

O NI

PEPY (ay, bolA;, By) = {

and 16 deterministic boxes:
1, m=ai®p,

pebre = n=yj®e (4.3)
0, otherwise.
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4.2.1 Bell discord

All the Bell-CHSH inequalities [WWO01b],

Bap, = (1) (AgBy) +(—1)P®7 (A,B;)
+  (=1)*®7(A;By) + (—1)*®F®r®1 (A B ) < 2, (4.4)

form eight facets for the Bell polytope. We may consider the eight Bell functions,

%a/jy:
distance is measured by the modulus of these Bell functions, %, :=|B,p,-

to form the eight orthogonal coordinates for the metric space in which

Observation 16. The Bell functions, 9, satisfy the triangle inequality,

Bap(P1,Py) < Bop(P1) + Bop(Py). (4.5)

Proof. Consider the following convex mixture of the two PR-boxes,
P =pP +qPR, (4.6)

which has %,,(P) = 4|p —q|. Here %By,(P) can be regarded as measuring the
distance between the boxes P; = pPR° + (1 —p)Py and P, = qPJ3' + (1 —q)Py
which have %,,(P;) = 4p and %Byy(P,) = 4q. The triangle inequality in Eq. (4.5)
follows since %Bgo(Py1, Py) =4lp —ql < Bop(P1) + Bop(Py) =4p +4q =4. O

The isotropic PR-boxes,
Pa/j)/ — Paﬂ}/ 1 P 4.7
ipR — Pnlfpr + (1= pn)Py; 4.7)

define the eight orthogonal coordinates in which each coordinate is a line joining
a PR-box and white noise. Geometrically for a given box, each 2,5 measures
the distance of a box which is, in general, different than the given box from the

origin. The white noise, Py, which has 3,5, = 0 is at the origin. Since a PR-box

apy
can lie on top of only one of the facets, the distance of a PR-box from the origin is
measured by only one of the Bell functions. For instance, the PR-box, PSSY, gives
%Boo = 4 and the other %,z are zero; it is at the largest distance from the origin.
Since the isotropic PR-boxes in Eq. (4.7) lie along only one of the coordinates,

they have only one of the Bell function nonzero, i.e., 8,5 = 4p,; and the rest
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of the three Bell functions take zero. All the four Bell functions measure the
distance of any deterministic box simultaneously since the deterministic boxes

have %,5 = 2 for all af, i.e., they lie on the hyperplane.
Bell discord, ¥, is constructed using the Bell functions as follows,

9 =min¥,, (4.8)

where ¥, = || Boo— Bo1|—|B1o— 9311|’ and %, and ¥, are obtained by permuting
Bup In 9. Here 0 < ¢ < 4. The deterministic boxes have ¢ = 0, whereas the
PR-boxes have ¢4 = 4. As Bell discord is made up of %4, it also satisfies the
triangle inequality.

Proposition 1. If a given nonextremal correlation has an irreducible PR-box com-
ponent, ¥ measures how far the given correlation from a local box that does not
have an irreducible PR-box component in the metric space defined by the Bell

functions.

Proof. Any NS correlation can be written as a convex combination of an irre-
ducible PR-box and a local box which has ¢ = 0 [Jeb14a],

— B ¥=0
P=9'Py" +(1—-9)P". (4.9)

This canonical decomposition implies that the correlation that has an irreducible
PR-box component lies on the line segment joining the PR-box and the local box
with ¢ = 0. Thus, Bell discord of the correlation in Eq. (4.9) given by 4(P) = 49’
gives the distance of the given correlation from the ¢ = 0 box in the canonical

decomposition. O

Consider the following convex mixture of the PR-box and the deterministic
box,
P =pP3% + qP3™. (4.10)

For these correlations, %Bgoo = p Booo(Pon’) +q Booo(Pp) = 4p +2q = 2(p + 1) and
% = 4p. Notice that, By, > ¥; By, measures the distance of the correlation from
the origin and is equal to the sum of the distance of the noisy deterministic box,

qPp +(1—q)Py, and the noisy PR-box, pPpg + (1 —p)Py, whereas ¢4 measures the
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distance of the correlation from the deterministic box and is equal to the distance
of the correlation from the origin minus the distance of the noisy deterministic

box.

Bell-CHSH inequality violation versus nongero Bell discord:- For any NS box
given by the canonical decomposition in Eq. (4.9), the Bell-CHSH operator
Bapy(P) = 49" +1(1 - ¢'), where | = B,

>0 If¥ > %, it is for sure that the correlation gives the violation of the

(Pﬁzo). Consider the case when

Bell-CHSH inequality. Now consider the following two cases.

(i) Suppose Bp, (P=°) = 0, the correlations cannot give rise to the viola-

apfy
tion of the Bell-CHSH inequality when 0 < p < % Therefore, for the violation of
the Bell-CHSH inequality upon increasing the PR-box content, first the box has
to be lifted to the face of the Bell polytope by the PR-box content which happens

;7 1
at ¥ =3

(i) Suppose B, (P/=°) = 2. Then any small amount of the PR-box content

will give rise to the violation of the Bell-CHSH inequality because the box lies on

the face of the Bell polytope when ¥’ = 0.

Thus, the violation of a Bell inequality depends on the amount of irreducible
PR-box content as well as the local box in the canonical decomposition, whereas
nonzero Bell discord depends only on the amount of irreducible PR-box content.
Popescu and Rohrlich showed that all pure entangled states violate a Bell-CHSH
inequality [PR92]. However, there are mixed entangled states that do not violate
a Bell-CHSH inequality [HHHHO09]. The reason for the nonviolation of any Bell
inequality by some entangled states is that the local box in the canonical decom-
position does not have sufficient amount of magnitude for the Bell operator to

lift the correlation to go outside the Bell polytope.
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4.2.2 Mermin discord

We may as well consider the eight Mermin functions,

Mapy = (@@ ®1{(—1)" (AoB1)+(—1)" (A1 Bo)}
+(a ® B){(—1)" (AgBo) + (—1)**F*7®1 (A, B, )}
for afy=00y,01y;
Mapy = (a®B{(=1)P (A4gBy)+(=1)* (A;By)}
+a® B & 1){(=1)" (AoBo) + (—1)** 1 (4,B,)}
for afy=10y,11y, (4.11)
to form eight orthogonal coordinates for the metric space in which ./, :=

|#,p,| serve as the distance function. The following eight Mermin boxes which

have maximally mixed marginals,

3 i®j=0
PP (4, bolA;,B)=1{ i, men=i-jeaiepjey for afy=00y,10y
0, otherwise,
3 ioj=1
= % meén=i-jeaid®pfjoy for afy=01y,11y
0 otherwise,

(4.12)

lie along extremum of only one of the coordinates. Therefore, the distance of the

isotropic Mermin-boxes,

PR =p Py + (1—p )Py, (4.13)
are measured by only one of the Mermin functions.

Mermin discord, £, is constructed using the Mermin functions as follows,

2 =min 2,. (4.14)
1

Here 2, = (| Myg— My1| — Ixfllo—/flm‘ and £, and £, are obtained by permut-

ing ,p in ;. Since the distance of the PR-boxes and the deterministic boxes
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are simultaneously measured by two Mermin functions (i.e., they lie on the hy-
perplane), they have £ = 0. The isotropic Mermin boxes in Eq. (4.13) have
£ =2p,.

Proposition 2. If a given correlation has nonzero Mermin discord, 2 measures
the distance of the given correlation from a correlation with £ = 0 in the metric

space of Mermin functions.

Proof. Any NS correlation can be written as a convex mixture of a maximally
local box with 2 = 2 which lies on extremum of one of the coordinates, .#g,
and a 2 =0 box [Jeb14a],

P =P +(1-2)Py_,. (4.15)

This canonical decomposition implies that the correlation that has an irreducible
Mermin box component lies on a line segment joining the 2 = 2 box and the
& = 0 box. Thus, Mermin discord of the correlation in Eq. (4.15) given by
2(P) = 22’ measures the distance of the given correlation from the 2 = 0 box,

Pgy_o, in the canonical decomposition. O]

4.2.3 J measure

The analysis of quantum correlations arising from the two-qubit states done
in the last chapter implies that up to local reversible operations any quantum
correlation can be decomposed into a convex mixture of a PR-box, a Mermin-

box, and a restricted local box,

000 11y
P= %’ngwg’(%) +(1-9' —2)PJ=0, (4.16)
where %(ngo + P;;Y) are the two Mermin boxes canonical to the PR-box, PJY°,

and PJ=) is the local box which has ¢ = 2 = 0. The local box in this decompo-
sition is, in general, a nonproduct box and, therefore, possesses classical corre-
lations. The 3-decomposition given in Eq. (4.16) implies that total nonclassical

correlation in a given qubit box is a sum of Bell discord and Mermin discord.
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The observation that ¢4 and £ measure the distance of a given box from the
corresponding ¢ = 0 box and £ = 0 box, respectively, in the 3-decomposition
invites us to define the quantity & that gives the distance of a given quantum
box from the corresponding uncorrelated box that is a product of the marginals
of the given box.

Definition 4.1. & is defined as,

= . 1
T n;%x,%ﬁ (4.17)
Here,
9(1/3 = |%aﬁ - %gg)dl’
where,
#h = 1(Ao) (Bo) +(=1)° (Ag) (By)

+(—1)* (A1) (Bo) + (—1)*®F®1(A}) (By) I.

This measure has the following properties:
1. 7 >0.
2. 7 =0 iff the box is product i.e., P(ay, b,l|A;, B;) = Ps(an|A;)Pg(b,|B;).

Proof. Since B,; = A" /gOd for the product box, 7,5 = 0 V af. For any

rod
B
implies that J,5 > 0 for any nonproduct box. O

box that can not written in the product form, %,z # 985 which, in turn,

3. Maximization in Eq. (4.17) makes & invariant under LRO and permutation
of the parties. As the canonical decomposition for quantum correlations in
Eq. (4.16) implies that max %, contains the total amount of nonclassi-
cality in the given JPD, maximization is used in Eq. (4.17) rather than

minimization.

Proof. Under local reversible operations and the permutation of the parties

Tap in Eq. (4.17) transform into each other. O

As a consequence of the three properties of 7 given above, we obtain the follow-

ing additivity relation for quantum correlations.
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Theorem 1. When a given two-qubit state gives rise to Bell and/or Mermin dis-

cord, the correlation satisfy,
T=9+2+%. (4.18)

Here € quantifies classical correlations.

Proof. Consider the correlation given by the canonical decomposition given in

Eqg. (4.16). Since this correlation maximizes %,

T(P) = |Boo(P)— B (P
= ‘4y’+2£’+(1—%’—Q’)(%OO(ngoo)—%é’g"d(ngoo))‘
= 9+2+%, (4.19)
where
¢=(1-9-2) P2-0)— @l (P2 0)‘ (4.20)
O

4.3 Quantum correlations

Here we study total correlations in the quantum boxes obtained by spin pro-
jective measurements on the two-qubit systems: Alice performs measurements
A; = @; - G on her qubit along the two directions d; and Bob performs mea-
surements B; = b j - & on her qubit along the two directions b j- Any quantum-
correlated state which is neither a classical-quantum state nor a quantum-classical
state can give rise to (1) a Bell discordant box which has 4 > 0 and 2 =0, (2)
a Mermin discordant box which has ¥ = 0 and £ > 0, and (3) a Bell-Mermin
discordant box which has ¢ > 0 and 2 > 0, for three different incompatible
measurements [Jeb14a]. Just like the set of zero quantum discord is non-convex
[FACT10, LC10], the set of ¥ = £ = 0 correlations forms a nonconvex subset of
all local correlations. The set of quantum correlations that violate a Bell-CHSH
inequality is a subset of ¢ > 0 correlations. The set of quantum correlations that
violate an EPR-steering inequality [CJWR09],

Moy < V2, (4.21)
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with [Ag,A;]=—1 or [By,B;] =—1, is a subset of £ > 0 correlations.

For the incompatible measurements: Ay = o, A; = 0y, By = 0, and B; =
oy, the Bell state,
1
) = —
v V2

does not give rise to Bell nonlocality, however, it gives rise to Peres’ version of KS

(100) +[11)), (4.22)

paradox [Per90]. For this choice of measurements, the Bell state gives rise to the

following Mermin box,

1 1
3 00 3
11 1 1
Py=| 1 1 11 (4.23)
2 4 4 1
0 3 20

Yet, this correlation is contextual in the sense that it exhibits logical contradiction
with noncontextual-realism, i.e., the outcomes does not admit a non-contextual-
realist value assignment as follows: The first and fourth rows in Eq. (4.23) imply
that the outcomes of AyB, = 1 and A;B; = —1; if the outcomes are predeter-
mined noncontextually, it should satisfy, A,B;A; By = —1, but this contradicts the
rows 2 and 3 because there is a nonzero probability for AyB; = A;B, = 1 or
ApB; = A;By = —1. We shall refer Mermin box as a contextual box when it vi-
olates an EPR-steering inequality. The measurements that gives rise to maximal
violation of a Bell-CHSH inequality (the Tsirelson bound) does not give rise to
the violation of an EPR-steering inequality and vice versa due to the monogamy

between nonlocality and contextuality,
G+29 <4, (4.24)

For general incompatible measurements, quantum correlations arising from the
entangled states violate a Bell-CHSH inequality and an EPR-steering inequality
simultaneously, however, the trade-off exists between the amount of nonlocality
and the amount of contextuality as given by the above relation. This trade-off
relation is analogous to the trade-off relationship between KCBS inequality and
Bell-CHSH inequality derived in Ref. [KanCK14] in the sense that both reveals

monogamy between contextuality and nonlocality.

Since the correlations arising from the product states, p,5 = p4 ® pp, factor-

ize as the product of marginals corresponding to Alice and Bob, they have 7 = 0.
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The set of 7 = 0 boxes is a subset of the set of boxes with ¥ = 2 =0, {PJ=5}.
Any nonproduct state can give rise to nonzero . The set of ¥4 > 0 boxes and

2 > 0 boxes are the subset of > 0 boxes.

4.3.1 Maximally entangled state

Define the measurement settings: dy, = X, d; = ¥, _130 = ,/px—+/1—py and
51 =4/1—px+ ,/py, where % < p < 1. For this settings, the correlations arising
from the Bell state, |1*), can be decomposed in a convex mixture of a PR-box, a

contextual box, and white noise as,

10000 , o [ PER T PrR” .
P=9'Pp’+ 2| H—— |+ (1-¢' - 2Py, (4.25)

where ¥’ = /1—p and 2’ = ,/p — +/1—p. These correlations violate the Bell-
CHSH inequality i.e., By = 2(@4— m) > 2 if p # 1 and violate the EPR-
steering inequality i.e., .#;; = 2P > V2 if p # % Since the correlation maxi-
mally violates the Bell-CHSH inequality when p = %, each pair in the ensemble
of two-qubits exhibits nonlocality for the chosen measurements [EPR92]. When
p is increased from % to 1, the number of pairs exhibiting nonlocality decreases
and goes to zero when p = 1. However, the correlation maximally violates the
EPR-steering inequality when p = 1 which implies that each pair in the ensemble
of two-qubits exhibits local contextuality as the measurements gives rise to the
bipartite version of the GHZ paradox [Mer90c, GHZO07]. If p is decreased from 1
to %, the number of pairs exhibiting local contextuality decreases and the number
of pairs exhibiting nonlocality increases as the violation EPR-steering inequality
decreases and the violation of Bell-CHSH inequality increases. The total amount

of correlations in the JPD given in Eq. (4.25) is quantified by,

9:2(ﬁ+,/1—p)=<g+gz={

1
o whn poi @9
which implies that the JPD does not have the component of a classically cor-
related box. When the chosen measurements are performed on the ensemble
of two-qubits, each pair in a fraction of the ensemble quantified by 2’ behaves
contextually, each pair in a fraction of the ensemble quantified by v/2%’ behaves

nonlocally and the remaining fraction behaves as noise.
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4.3.2 Schmidt states

Consider the correlations arising from the Schmidt states:
1
Ps= é_l(]l® 1+c(o,®1+1®0,)+s(0,®0,—0,, ®oy)+oz®az), (4.27)

where ¢ = cos26, s =sin26 and 0 < 6 < 7. The correlation can be decomposed
into a convex mixture of a correlation arising from the maximally entangled state

and a correlation arising from a classically correlated state,

P=sP([y*))+(1—s)P(pcc), (4.28)

where P (|1,b+)) is a correlation arising from the maximally entangled state and

P (pcc) is a correlation arising from the classically correlated state,

1 c 1 C
= 1+—) 00) (00 +—(1——) 11) (11,
p=35(1+7=)100) (001 + 3 (1- ) 111) (11]

which is not a physical state.

Bell-Schmidt box

(i) Maximally mixed marginals correlations:- The Schmidt states give to the
noisy PR-box:

P:s[%ngo+(1—%)PN]+(1—S)PN, (4.29)

for the measurement settings: d, =X, d; = ¥, T)O = %(fc—j/) and 31 = %(fc +7¥).
These correlations violate the Bell-CHSH inequality i.e., By = 2v/2s > 2 if s >

-L . Since the local box in Eq. (4.29) gives %y, = 0, violation of a Bell-CHSH

V2
inequality is not achieved by entanglement when 0 < p < % The correlations
have,

T =9 =242, (4.30)

which implies that both 7 and ¢ measure the distance of the box from white
noise. For this measurement settings, a fraction of the ensemble quantified by s

exhibits nonlocality purely and the remaining fraction behaves as white noise.
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(i) Nonmaximally mixed marginals correlations:- For the Popescu-Rohrlich

measurement settings [PR92]: d, = 2, d; = %, by = cost? +sint% and b, =
1

V1+s2°

box and a local box with nonmaximally mixed marginals and ¢ =0,

costz —sintx, where cost = the correlations can be decomposed into PR-

P =

1 1
82[«/1+52PPR+(1_ V1 +52)PN]
+(1—=5%)P"=(p). (4.31)

Here P;’=(p) is a distribution arising from the product state,

P =pa®pPp, (4.32)

where
C

1—s2

pa=ps=3[1+ = JI0) 01+ 5 [1- = ] mal.

2 1—s2

The ¢ = 0 box in this decomposition is responsible for the violation of the Bell
1.
_27
tope when s = 0, any tiny amount of entanglement can give rise to the violation
of the Bell-CHSH inequality i.e., By = 2/ 1+s2 > 2 if s > 0. The correlations

have,

inequality when 0 < s < as the box is already lifted to the face of the Bell poly-

452
T=9= e (4.33)
S

That is both ¢ and & measure the distance of the box from the local box in

the canonical decomposition as PL%:O in Eq. (4.31) is a product box. Despite
the correlations in Eq. (4.29) do not violate the Bell-CHSH inequality when
0<s< %, they have more nonlocality than the correlations in Eq. (4.31) as
the former correlations have more irreducible PR-box component than the latter

correlations. When the Popescu-Rohrlich measurements are performed on the

V2s?
V1+s2

purely and the pairs in the remaining fraction are uncorrelated.

Schmidt state, a fraction of the ensemble quantified by exhibits nonlocality

For the settings d, = 2, d; = X, BO = %(é + x) and Bl = %(é —X), the

correlations can be decomposed as follows,

P =s[%PPR+(1—%)PN:|+(1—S)PL%:0(P), (4.34)
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where P?=%(p) arises from the correlated state,

1

o= 5(1 + i)mo) (00| +%(1—ﬁ) 111) (11].

The difference between this box and the box in Eq. (4.29) is that the ¢ = 0 box
in Eq. (4.34) is not a product box. The correlations violate the Bell inequality,
i.e., By = V2(1+s) > 2 if s > v/2—1; since the ¥ = 0 box in Eq. (4.34) is
nonproduct, more entangled states violate the Bell inequality compared to the
correlations in Eq. (4.29). The correlations have ¢ = 2+/2s and 7 = v2s(1 +5).
Since the JPD has the component of a classically correlated box, it has 7 # 4.

The classical correlations are quantified by,
€=9%—T =+2s(1—s)>0 when s#0,1. (4.35)

Thus, a fraction of the ensemble given by s exhibits nonlocality purely, and the

pairs in the remaining fraction exhibit classical correlations.

Mermin-Schmidt box

(i) For the settings d, = &, @, = —J, by = § and b, = %, the Schmidt states
give rise to the noisy Mermin-box:

000 , pl11
s Ppp” + Ppg
2

P= )+ (1—5)Py, (4.36)

which violates the EPR-steering inequality i.e., .#o, = 25 > v/2 if s > % Grudka
et al. [GHH"14] have quantified contextuality of isotropic XOR-boxes and it has
been found that an isotropic XOR box is contextual only when the component
of the XOR box is larger than a certain amount; similarly, we observe that the
isotropic Mermin box in Eq. (4.36) can exhibit EPR-steering only when the Mer-
min box component is larger than a certain amount. Thus, analogous to the state-
ment that Bell discord and nonlocality are inequivalent, we have the observation
that Mermin discord is not equivalent to contextuality of quantum correlations.

The local correlations in Eq. (4.36) have,

T =92 =2s, 4.37)
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which implies that a fraction of the ensemble quantified by s behaves contextually,
and the remaining fraction behaves as white noise.

(ii) For the settings d, = %(2 +%),d; = %(2 — %), by = cost8 —sint%, and
7 A . A _ 1 . .
b, =costZ +sintX, where cost = > the correlations can be decomposed in a
convex mixture of a Mermin box and a local box with £ = 0 and nonmaximally

mixed marginals,

V1+s2 2 Vitsz) "

+(1 _SZ)szo(P), (4.38)

where Py_o(p) is a local box arising from the product state in Eq. (4.32). Since
the £ = 0 box in this decomposition gives the local bound when s = 0, the box
violates the EPR-steering inequality, i.e., #y, = v2V1+s2 > V2 if s > 0. The

box has,

24/2s2
Vi+sZ

Since the 2 = 0 box in Eq. (4.38) is a product box, the amount of total correla-

T=2= (4.39)

tions equals to Mermin discord. Notice that for a given amount of entanglement,
the correlations in Eq. (4.36) have more Mermin discord than that for the corre-
lations in Eq. (4.38) which implies that the latter correlations have less amount

of contextuality than the former correlations.

For the settings d, = %(é +x), d; = %(é —Xx), BO = %(é —X), and 31 =

%(é + X), the Schmidt states give rise to the following correlation,
po00 4 pli1
P=s (%) +(1—s)P?=(p), (4.40)

where P?=%(p) arises from the correlated state,
1 c 1 c
== 1+—) 00) (00 +—(1——) 11) (11].
p =75 (1+7=)100) (00l + > (1 =) 111) (11]

This box violates the EPR-steering inequality i.e., #y, = (1+s) > V2 if s > v/2—1
which is larger violation than that for the box in Eq. (4.36). The correlations
have 7 =s(1+s) and £ = 2s which implies that the classical correlations in the

JPD is quantified as follows,

€=2—-T=s5(1—s)>0 when s#0,1. (4.41)
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Bell-Mermin-Schmidt box

(i) The correlations can be decomposed into a convex mixture of a PR-box,

a Mermin-box, and white noise:

P = (1—q—g)Py+1(P0+Py)
1 1
+ —P°°°+(1——)P], (4.42)
g[ﬁ PR vz) N

for the settings: dy, =sx +cy, d; = cx —sy, BO = %(fc + §) and 31 = %(fc -3,

s||c+s|—|c—s]|

where q = —5 and g = |s(s —c)|. This box gives,

¢ =2+v2s|s—c| >0 except when 97&0,%,

Q2 = s«/ﬁ’lc+s|—|c—s| >0 except when 0#0,%

24252 when c¢>s
24/2cs when s>c¢

and

P 24252 when s>c
B 2+/2cs when c¢>s
= 94+ 2, (4.43)

which implies that the box has nonclassical correlations purely as the box does
not have classical correlation component; a fraction of the ensemble quantified by
g exhibits nonlocality wholly, a fraction of the ensemble quantified by g exhibits

contextuality and the remaining fraction behaves as white noise.

(ii) For the settings: dy, = cX +s2, d; = sX —c2, Bo = %(fc +£) and T)l =
%(—fc + £), the correlations have the same amount of ¢ and £ as for the corre-
lations in Eq. (4.42), however, they have a different amount of & which is given

as follows,

V2s%(1+s) when s>c¢
v2cs(1+s) when c¢>s.
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Thus, the correlations arising from the latter settings (ii) have the decomposition
that has the same amount of PR-box and Mermin box components as for the for-
mer settings (i) except that white noise in Eq. (4.42) is replaced by the classically

correlated box. The classical correlations are quantified by,

€ = Y+2-T
V2s>(1—s) when s>c¢
V2cs(1—s) when c¢>s.

4.3.3 Werner states

Consider the correlations arising from the Werner states [Wer89],
+ + 1
pw =plp )T+ (A -p)7 (4.44)

The Werner states are entangled if p > % and have nonzero quantum discord if
p > 0 [0Z01]. Since the Werner states have the component of an irreducible
entangled state if p > 0, they can give rise to nonclassical correlations if p > 0.
As the Werner states can only give rise to maximally mixed marginals correla-
tions, the nonclassical correlations arising from the Werner states cannot have

the component of classical correlation.

Bell-Werner box

The correlations have the following decomposition,

P=p[%ngo+(1—%)PN]+(1—p)PN. (4.45)

for the settings that correspond to the correlation in Eq. (4.29). These correla-

tions have,

T =9 =2vV2p. (4.46)
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Mermin-Werner box

The Werner states give rise to the noisy Mermin box,

000 111
Ppp” + Py )

P=(1-p)Py +p( R 5 (4.47)

for the settings corresponding to the correlation in Eq. (4.36). These correlations

have,
T =2=2p. (4.48)

Bell-Mermin-Werner box

Th correlations admit the following decomposition:

P=(1—q—r)Py+3 (PR +Pp") +IrIPSY, (4.49)

for the settings: dy = /pX ++/1—pJy, dy = /1 —px—,/PJ, by = %(JAC +¥) and
Bl = %(3’%_)’}), whereq=p+/2(1—p)and r = %p(ﬁ— V1 —p) The box gives

¢ = 2v2p|/p—+/1—p|>0 except when p#o,%,
2 = Vap|vp+VI=p—|vp—vI-p||

>0 exceptwhen p#0,1

[ 2py/2p when 0<p<3}
| 2pv/2(0—p) when 1<p<1

and

- 2pv/2(1—p) when 0<p<3
| 2pv/2p when 1<p<1
G+ 2. (4.50)

4.3.4 Mixture of maximally entangled state with colored noise

Consider the correlations arising from the mixture of the Bell state and the

classically correlated state,

p=plp*) YT+ (1—plpces (4.51)
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where p.c = %(lOO) (00| +|11)(11]). Only when suitable incompatible measure-
ments that lie in the xz-plane are performed on these states, correlations arising

from these states have different nonclassical behavior than the Werner states.

Bell discordant box

For the settings that give rise to the noisy PR-box in Eq. (4.29),

T =9 =2V2p. (4.52)

The measurement settings, d, = 2, d; = %, by = cost? + sintf and b, =
1
ity, Boo = 2v/1+p2 > 2, if p > 0. Since the box lies at the face of the Bell
polytope when p = 0, any tiny amount of entanglement gives rise to the violation
Bell-CHSH inequality. The correlations have ¥ = 1/% and 7 = 24/1+ p2 which

p

implies that the classical correlations is quantified as follows,

costZ—sintX, where cost = gives rise to the violation of the Bell inequal-

C=T—9Y= (4.53)

Mermin discordant box

The measurement settings, d, = %(ﬁ—f-fc), d; = %(é—fc), BO =costZ+sintX

1
EPR-steering inequality, .#,, = v2+4/1+p2 > /2, if p > 0. The correlations

have £ = f/% and 7 = v24/1 + p2 which implies that the amount of classical

correlations in the JPD is quantified as follows,

and b; = costZ —sintx, where cost = gives rise to the violation of the

2
=7 _g=Y2-P) (4.54)

v 1+p?
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Bell-Mermin discordant box

For the measurement settings dy, = ,/p2 + /1—px, d; = /1—pz— /DX,
BO = %(ﬁ +X) and 31 = %(ﬁ — %), the correlations have the same amount of Bell
discord and Mermin discord as for the correlations in Eq. (4.49), however, the

box has different amount of total correlations,

(1+p)yv/2(1—p) when 0<p<1i
(1+p)v/2p when 3<p<1
> 9+, (4.55)

T

because of the classically correlated noise. The amount of classical correlations

is given by,

¢ = T-9-2
{(1—P)\/2(1—p) when 0<p<l

(1-p)y/2p when i<p<1.

4.4 Conclusion

We have interpreted Bell discord and Mermin discord as distance measures
for nonlocality and contextuality which led us to construct the distance measure,
T, which is zero iff the box is a product. We have discussed the problem of
separating the total correlations in the quantum boxes into nonlocality, contextu-
ality and classical correlations using these three measures. We have studied the
additivity relation for quantum correlations in two-qubit systems. The distance
measure interpretation has allowed us to understand why some entangled states

cannot lead to the violation of a Bell-CHSH inequality.
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Chapter 5

Isolating genuine
nonclassicality in tripartite
quantum correlations

Abstract

We introduce the measures, Svetlichny and Mermin discord, to characterize
the presence of genuine nonclassicality in tripartite quantum correlations. We
show that any correlation in the Svetlichny-box polytope which is a subpoly-
tope of full nonsignaling polytope admits a three-way decomposition using these
measures of nonclassicality. This decomposition allows us to isolate the origin of
nonclassicality into three disjoint sources: a Svetlichny box, a maximally two-way
nonlocal box, and a classical correlation. Svetlichny and Mermin discord quan-
tify three-way nonlocality and three-way contextuality of quantum correlations
with respect to the three-way decomposition in that they reveal the presence of
incompatible measurements. A third measure is introduced to separate the total
correlations in a quantum joint probability distribution into a purely nonclassical

and a classical part.

5.1 Introduction

Correlations between outcomes of local measurements on entangled states

are in general incompatible with local hidden variable (LHV) theories [Bel64].

81



In the multipartite scenario, distinct types of LHV theories exist [BCP*14]. In the
tripartite case, Svetlichny showed that quantum correlations can have genuine
nonlocality which cannot be explained by hybrid local-nonlocal hidden variable
(HLHV) theory [Sve87]. Just like bipartite quantum correlations cannot violate
a Bell-CHSH inequality more than the Tsirelson bound [BCP*14], multipartite
quantum correlations cannot violate a Svetlichny inequality more than a certain
bound [SS02]. Quantum theory is only a subclass of a multipartite generalized
nonsignaling theory that predicts extremal genuine nonlocality [MAGO6]. Gener-
alized nonsignaling theories have been under investigation to find out what phys-
ical principles exactly captures quantum correlations in addition to nonsignaling
principle and nonlocality [PR94, BCP*14]. In Ref. [FSA*13], it was shown that
a complete characterization of quantum correlations requires genuine multipar-
tite principles. Genuine multipartite nonlocality is a resource for multipartite
quantum information tasks [AGMO06]. Thus, characterizing and quantifying mul-
tipartite correlations using genuine multipartite concepts is of interest to both

foundations and quantum information.

Georgi et al. [GBGZ11] introduced a notion of genuine discord to quan-
tify tripartite nonclassicality in quantum states that cannot be reduced to the
correlations in subsystems. In this work, we introduce two notions of genuine
discord for tripartite NS boxes. We characterize genuine nonclassicality of tri-
partite quantum correlations by using two binary inputs and two binary outputs
nonsignaling (NS) polytope [PBS11]. We define Svetlichny and Mermin discord
using Svetlichny and Mermin operators which put an upper bound on the corre-
lations under the constraints of the HLHV model [Sve87] and fully LHV model
[Mer90a]. Analogous to genuine quantum discord [GBGZ11], these measures
detect the presence of genuine nonclassicality in Svetlichny-local correlations as
well. We obtain a 3-decomposition that any correlation in the Svetlichny-box
polytope which is a subpolytope of full NS polytope can be written as a convex
combination of a Svetlichny-box, a maximally three-way contextual box, and a
box which does not have Svetlichny and Mermin discord. Svetlichny and Mermin
discord quantify the components of Svetlichny-box and three-way contextual box
respectively in the 3-decomposition. Thus, Svetlichny and Mermin discord quan-

tify genuine nonclassicality of Svetlichny-local quantum correlations originating
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from Svetlichny nonlocality and three-way contextuality respectively. We iden-
tify the set of genuinely nonclassical biseparable and separable three-qubit states

using Svetlichny and Mermin discord.

This chapter is organized as follows. In Sec. 5.2, we review the tripartite
nonsignaling polytope with two-inputs and two-outputs. In Sec. 5.3, we define
Svetlichny-box polytope and the two measures, Svetlichny and Mermin discord.
In this section, we find the canonical decomposition of any correlation in the
Svetlichny-box polytope. In Sec. 5.4, we characterize quantum correlations aris-

ing from 2 x 2 x 2 states. We present conclusions in Sec. 5.5.

5.2 Preliminaries

Consider the Bell scenario in which three spatially separated parties, Al-
ice, Bob and Charlie, share a tripartite box which has two binary inputs and
two binary outputs per party. The correlation between the outputs is captured
by the set of joint probability distributions (JPDs), P(a,,, by, ¢,lA;, Bj, Cy), here
m,n,o,i,j,k € {0,1}. In addition to positivity and normalization, the JPDs char-

acterizing a given box satisfy nonsignaling constraints:
> P, by, €olA;, By, G) = P(by, B}, C)  Vn,0,1, 7.k, (5.1)
m

and the permutations. The set of such NS boxes forms a convex polytope, ./, in
a 26 dimensional space [BLM*05]. Any box that belongs to this polytope can be
uniquely described by 6 single-party, 12 two-party and 8 three-party expectations

as follows,

P(Clm, bn, CO |AiﬂBjﬁ Ck)
1
= g[l + (=)™ (A) + (=1)" (B)) + (=1)° (C) + (=1)™®" (A;B;)
+(=1)"®° (A; Cy) + (—=1)"° <Bjck> + (—1)menee <AiBjCk>]- (5.2)
Pironio et al. [PBS11] found that .4 has 53856 extremal boxes (vertices) which

belong to 46 classes. The vertices in each class are equivalent in that they can

be converted into each other through local reversible operations (LRO), which
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include local relabeling of the inputs and outputs [BLM*05]. These 46 classes of
vertices can be classified into local, two-way nonlocal and 44 classes of three-way

nonlocal vertices.

Two-way local polytope, %,, is a convex subpolytope of 4 whose vertices
are the 64 local vertices and the 48 two-way nonlocal vertices. The local vertices

are fully deterministic boxes given as follows,

1, m=ai®f
n=yj®e
o=Cken

0, otherwise.

PEPTN (a0, by, colA;, By, C) = (5.3)

Here a,f,y,¢,{,n € {0,1} and & denotes addition modulo 2. The two-way non-
local vertices are the bipartite PR-boxes: there are 16 vertices in which PR-box is

shared between A and B,

meén=i-jeai®fjey & o=c¢ck

) (5.4)
otherwise,

1

szﬁye(am: bm Co |Ai:Bj: Ck) = { S,
and the other 32 two-way nonlocal vertices, Plaf " and Pzagﬁ ¢ in which PR-box
is shared by AC and BC are similarly defined. %, can be divided into a two-way
nonlocal region and Bell-local polytope, £, whose vertices are the deterministic
boxes given in Eq. (5.3). All correlations in ¥ can be explained by the LHV

theory, i.e., the correlations can be decomposed as follows,

P(am’ bm Co |Ai:Bja Ck) = Zplpl(am|Ai)P)L(bn|Bj)P)L(Ck|Ck): (5.5)
A

whereas all correlations in the two-way nonlocal region can be decomposed into
the hybrid local-nonlocal form in which arbitrary nonlocality consistent with
nonsignaling principle is allowed between two parties in the different biparti-

tions,

AB|C AC|B A|BC
P(am, by, ¢,|A;, Bj, Cr) = p1 E PP, 4 p, E:quA "+ ps E:UPA' , (5.6)
A A A

where P28I¢ = P,(a,,, b,lA;, B;)P,(c,|Cy), and, where PfclB and Pf'BC are similarly

A
defined.

J
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Bell-nonlocal correlations that do not admit the decomposition in Eq. (5.6)
exhibit genuine three-way nonlocality. Three-way nonlocal correlations violate
a facet inequality corresponding to %,. Bancal et al. [BBGP13] found that %,
has 185 classes of facet inequalities. In this work, we consider two classes of
3-way nonlocal vertices that belong to the classes 8 and 46 given in Pironio et
al. [PBS11]. The extremal boxes that belong to the class 8 violate a class 99
facet inequality to its algebraic maximum. A representative of the class 99 facet

inequality is given by,
23 = (AoBo) + (AgCo) + (B1Co) + (A1BoC1) — (A1B1C1) <3, (5.7)

The representative of class 8 extremal box given in the table of Ref. [PBS11] has

{AoBo) = (AoB1) = (AoCo) = (BoCo) = (B1Co) = (A1BoC1) = —(A1B,C;) =1 and the

rest of the expectations are zero which imply ,%299 = 5. The extremal boxes that

belong to the class 46 are 16 Svetlichny-boxes,

, meén®o=i-j®i -k®j -kdai®pfjdrkde

R otherwise,
(5.8)

[« RN N

Psoi,/j}/e(am, bn: Co |Ai:Bj) Ck): {

which violate one of the class 185 facet inequalities,
yaﬁye — Z(_l)i.jeai-k@j.k@aieﬁjeayk@e (AiBjCk> <4, (5.9)
ijk
to its algebraic maximum of 8. A class 185 facet inequality is known as Svetlichny
inequality [Sve87]. We will refer to the correlations which do not violate a

Svetlichny inequality as Svetlichny-local.

In this work, we consider quantum correlations arising from Svetlichny sce-
nario [Sve87] in which the parties generate the JPDs by making spin projective
measurements A; = @;-G, Bj = b j+0 and Cy = ¢ - & on an ensemble of three-qubit
system described by the density matrix p in the Hilbert space 7' ® 7 ® ;.

The correlation predicted by quantum theory is defined as follows,
P, b ColA;, Bj, C) = Tr (T @ TT @ 11, ) (5.10)
m> Yns> Lol Py, Lk Y A B; Ce )’ .
where

My =1/2[1 +am&i-5],ngj =1/2[1+ b,b; -6]&ng°k =1/2[1 +c,é - 5]

85



are the projectors generating binary outcomes a,,, b,,c, € {—1,1}. Any such tri-
partite quantum correlation can be written as a convex mixture of the extremal

boxes of the tripartite NS polytope.

5.3 Svetlichny-box polytope and two notions of genuine
nonclassicality for Svetlichny-local boxes

Svetlichny-box polytope, £, is a restricted NS polytope in which we discard
in total 53856—128 = 53728 extremal boxes. The 128 extremal boxes of # are the
Svetlichny-boxes, the bipartite PR-boxes and the deterministic boxes. Svetlichny-

box polytope is convex, i.e., if P € %,

15 15 15 15 63
p =Zpipslv+Zqu;2+ZriP;3+ZsiP213+thP}J, (5.11)
i=0 i=0 i=0 i=0 =0

with 35, pi+25 i+ 25 rit 28+ 2.t =1,i = afye and j = afyedn. Svetlichny-
box polytope can be divided into a three-way nonlocal region and the two-way

local polytope (%,).

%, is a convex hull of the 48 two-way nonlocal vertices and the 64 deter-

ministic boxes, i.e., if P € %,
15 15 15 63
P = D qPl+ > rPl+ Y sPl+ > t;P);
i=0 i=0 i=0 =0
Dlgt > Y sty =1, (5.12)
i i i j

The set of correlations in %, is only a subset of the Svetlichny-local correlations as
there are three-way nonlocal correlations that satisfy the Svetlichny inequalities
[BBGP13].

Proposition 3. The complete set of Svetlichny inequalities is a necessary and
sufficient condition for the correlations in # to belong to the two-way local poly-

tope.

Proof. Svetlichny inequality can be interpreted as bipartite Bell-CHSH inequality

between any two combined system and the third system which can be readily
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Svetlichny box

Deterministic box

@ White noise

Figure 5.1: A three-dimensional representation of the Svetlichny-box polytope is shown
here. The fully deterministic boxes are represented by the circular points on the
hexadecagon. The bipartite PR-boxes are represented by the circular points on the
octagon. The circular point on the top represents the Svetlichny-box. The region that
lies above the hexadecagon and below the octagon represents the two-way nonlocal
region. The region below the curved surface contains quantum correlations and the
point on this curved surface represents the quantum box that achieves maximal
Svetlichny nonlocality. The star and square points represent quantum and nonquantum
Mermin boxes respectively. The triangular region (shown by dotted lines) which is a
convex hull of the Svetlichny-box, the Mermin box and white noise represents the
3-decomposition fact that any point that lies inside the triangle can be decomposed into
Svetlichny-box, the Mermin-box and white noise. The circular point at the center of the
hexadecagon is the isotropic Svetlichny-box with pg, = 3 which can be decomposed as
an equal mixture of the 16 deterministic boxes or an equal mixture of two quantum
Mermin boxes.

seen by rewriting Svetlichny operator as bipartite Bell-CHSH operator, for in-

stance,
F0000=((AoB1 +A1By)(Co + C1) — (AgBy —A1B1)(Co— C1)) .

Here we have considered the combined system AB as a single subsystem. In the
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bipartite scenario, the complete set of Bell-CHSH inequalities,

Bapy = (—1) (AoBy) +(—1)P®7 (A,B;)

+  (—1)%®7 (A Bg) + (—1)*®Fer®1 (A B1) < 2, (5.13)

afy

serve as the necessary and sufficient condition for the correlations to belong to
the Bell polytope and is invariant under LRO [Fin82a, WWO01b]. Just as the com-
plete set of Bell-CHSH inequalities, the set of Svetlichny inequalities in Eq. (5.9)
is invariant under LRO and the permutations of the parties and, therefore, they
form a complete set of inequalities [WWO01a]. As any genuinely nonlocal corre-
lation in £ can be written as a convex combination of an irreducible Svetlichny-
box and a Svetlichny-local box (see fig. 5.1), it violates a Svetlichny inequality.
If genuine nonlocality of a correlation is due to some other extremal three-way
nonlocal box, it may not violate a Svetlichny inequality; for instance, the class 8
three-way nonlocal box which violates a class 99 facet inequality does not violate

a Svetlichny inequality. O

The Bell-local polytope (%), which is a subpolytope of the two-way local

polytope, is a convex hull of the 64 deterministic boxes, i.e., if P € &£,

63
P=>"t;Ph >itj=1. (5.14)
j=0 J

Proposition 4. The necessary and sufficient condition for a correlation to admit
the local deterministic hidden variable model inEq. (5.14) is that the correlation
and its three bipartite marginals satisfy all the Mermin inequalities and all the
Bell-CHSH inequalities.

Proof. The decomposition in Eq. (5.14) implies that all three bipartite marginal
distributions can be written as a convex combination of the 16 deterministic
boxes that are the vertices of the bipartiteBell polytope, however, the converse
is not true as there are nonlocal correlations whose bipartite marginal correla-
tions admit a local deterministic model. Therefore, the three complete set of

Bell-CHSH inequalities corresponding to the three bipartite marginals is only a
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sufficient condition for the correlations to belong to the tripartite Bell-local poly-
tope. Notice that the nonlocal correlations that satisfy all the Bell-CHSH inequal-
ities violate a Mermin inequality in Eq. (5.27), for instance, a tripartite Mermin
box in Eq. (5.25) whose marginal correlations are white noise violate a Mermin
inequality. The set of Mermin inequalities in Eq. (5.27) is invariant under LRO
and thus it forms a complete set of inequalities [WWO01a]. Consider the following

Mermin inequality,
((AOBO _AlBl)CO - (AOB]. _AlBO)C1> S 2. (5.15)

This inequality becomes bipartite Bell-CHSH inequality between A and B iff C is
deterministic i.e., (C;) = +1. Therefore, there are nonlocal correlations that do
not violate a Mermin inequality; however, they violate a Bell-CHSH inequality

since nonlocality is due to one of the bipartite marginals. O

5.3.1 Svetlichny discord

Consider isotropic Svetlichny-box which is a convex mixture of the Svetlichny-

box and white noise,

P = ps, P2 + (1—pg, )Py. (5.16)

The isotropic Svetlichny-box violates the Svetlichny inequality i.e., %000 = 8psy >
4if pg, > % Notice that even if the isotropic Svetlichny-box is local when pg, < %,
it admits a decomposition that has the single Svetlichny-box component. We call
such a single Svetlichny-box in the decomposition of any correlation (three-way

nonlocal, or not) irreducible Svetlichny-box.

The isotropic Svetlichny-box which is quantum realizable if pg, < % illus-
trates the following observation.
Observation 17. When a Svetlichny-local correlation arising from a given gen-
uinely entangled state has an irreducible Svetlichny-box component, the correla-
tion arises from incompatible measurements which are noncommuting on each
side: [Ay,A;]#0, [By,B;]# 0 and [Cy, C;]#O0.
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Proof. For the incompatible measurements Ay = o,, A; = 0, By =0y, By =0
and C, = % (crx —(—1)kay), the GHZ state,

y

=S
V2

violates the Svetlichny inequality, Fg0o < 4, to its quantum bound of 4+/2. For

1Y 6rz) = —=(1000) +111)), (5.17)

this choice of measurements, the GGHZ states,

[Yegrz) =cosB|000) +sinf [111); 0<H < —, (5.18)

L

give rise to the isotropic Svetlichny-box in Eq. (5.16) with pg, = %. Thus, the
nonzero irreducible Svetlichny-box component implies the presence of incompat-

ible measurements and genuine entanglement even if the correlation is local. [

The observation that Svetlichny-local quantum correlations that have an ir-
reducible Svetlichny-box component can arise from incompatible measurements
performed on the genuinely entangled states motivates to define a notion of gen-
uine nonclassicality which we call Svetlichny discord.

Definition 5.1. A quantum correlation arising from incompatible measurements
performed on a given three-qubit state is said to have Svetlichny discord iff the
correlation admits a decomposition with an irreducible Svetlichny-box compo-

nent.

Svetlichny discord is of course not equivalent to Svetlichny nonlocality since
there are Svetlichny-local correlations that have an irreducible Svetlichny-box
component; for instance, the isotropic Svetlichny-box in Eq. (5.16) has Svetlichny

discord if pg, > 0 and exhibits Svetlichny nonlocality if pg, > %

We now define a measure of Svetlichny discord to detect irreducible Svetlichny-
box component in any correlation by using the modulus of the Svetlichny func-
tions in Eq. (5.9),

yaﬁ)/ — Z(_l)i.j@i-kej.keaieﬁjeyk (AiBjCk) ) (5.19)
ijk

Definition 5.2. Svetlichny discord, ¥, is defined as,

9 =min{9,, ..., %}, (5.20)
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where

Y% = |‘|%oo_%01|—|%10_%11|’

—‘|5”100 — 01l = 1F10 — S0l

and the other eight ¥; are obtained by permuting #,4, in %,;. Here 0 < ¢ < 8.

Svetlichny discord is constructed such that it satisfies the following proper-
ties: (i) positivity, i.e., ¢ > 0, (ii) the bipartite PR-boxes and the deterministic
boxes have ¢ = 0, (iii) the algebraic maximum of Svetlichny discord is achieved
by the Svetlichny boxes, i.e., ¢ = 8 for any Svetlichny-box. Svetlichny discord is
clearly invariant under LRO since the set {%;} is invariant under LRO. Svetlichny
discord divides the correlations in the two-way local polytope into two disjoint
sets: ¢ > 0 boxes and ¥ = 0 boxes. Before characterizing the ¥ > 0 boxes, we
make the following two observations.

Observation 18. The set of ¥ = 0 boxes forms a subpolytope of the two-way

local polytope and is nonconvex.

Proof. The set of ¢4 = 0 boxes is nonconvex since certain convex mixture of the
% = 0 boxes can have ¥ > 0; for instance, the isotropic Svetlichny-box in Eq.
(5.16) can be written as the convex mixture of the deterministic boxes if pg, < %,
however, it has Svetlichny discord ¥ = 8p if pg, > 0. Thus, the set of ¥ =
0 boxes forms a nonconvex subpolytope of the two-way local polytope as the

deterministic boxes and the bipartite PR-boxes have ¥ = 0. O

Observation 19. An unequal mixture of any two Svetlichny-boxes: pP: + qP;

VI

here p > g, can be written as the convex sum of an irreducible Svetlichny-box

and a Svetlichny-local box.

Proof. pPév + ngv =(p —q)PSiv + 2qPSiiL. Here P;iL = %(ng +ng) is a Svetlichny-

local box since uniform mixture of any two Svetlichny-boxes belongs to the two-

way local polytope. Notice that the second Svetlichny-box, Pg in the unequal

v)
mixture is not irreducible as its presence vanishes with the first Svetlichny-box in

the other possible decomposition by the uniform mixture. O
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We obtain the following canonical decomposition of the correlations in Z.
Lemma 1. Any correlation that belongs to the Svetlichny-box polytope can be
written as a convex mixture of an irreducible Svetlichny-box and a Svetlichny-
local box with ¢ =0,

P=9'PP" 1 (1-9)PI . (5.21)
Proof. Any correlation given by the decomposition in Eq. (5.11) can be written
as the convex combination of the 16 Svetlichny-boxes and a Svetlichny-local box

that does not have the Svetlichny-box components,

15 15
P=>) gPi + (1 —Z&-)Pm (5.22)
i=0 i=0
15 i 15 i 15 i 15 i 63 i
here Pg,; # D20 PiPe, + 2020 AP+ 2000 T Pl + 200 SiPas +Z].=0 t;.P]J) i.e., Pg,;
cannot have nonzero p!. Thus this decomposition is obtained by maximizing the
Svetlichny-box components p; in Eq. (5.11) overall possible decompositions. It
follows from the observation 19 that the mixture of the Svetlichny-boxes in the
first term in Eq. (5.22) can be written as a mixture of a single Svetlichny-box

and the 15 Svetlichny-local boxes, P! ., which are the uniform mixture of two

SvL>
Svetlichny-boxes. The largest component of the Svetlichny-box which is unequal
to any other Svetlichny-box components in Eq. (5.22) gives rise to irreducible

Svetlichny-box component, ¥’
_ 15
D &iPh, =GP+ piPl (5.23)
L i=1

Here ¢’ is obtained by minimizing the single Svetlichny-box excess overall pos-
sible decompositions i.e., ¥ > 0 iif >, g;Pi, # 3., q;PL , to ensure that this
component is irreducible. Substituting Eq. (5.23) in Eq. (5.22), we get the
canonical decomposition for any correlation in £,

P=9'P{ 1+ (1-9)PI, (5.24)

where PY70 = {3 p;PL +(1—3,8)Ps,.}. The fact that the Svetlichny-

P%ZO

local box, Pg,;”,

in this decomposition has ¢ = 0 follows from the geometry of

the convex polytope that any point in the polytope lies along a line joining the
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two points of the polytope: Notice that ¢ divides the two-way local polytope into
a ¥ > 0 region and ¥ = 0 polytope. Since the box in the first term in the decom-
position given in Eq. (5.24) is from the ¢ > 0 region and the decomposition is for

any correlation, the box in the second term must be from the ¢ = 0 polytope. [

It follows from the canonical decomposition in Eq. (5.21) that a Svetlichny-
local correlation has nonzero Svetlichny discord iff it admits a decomposition
with an irreducible Svetlichny-box component.

Corrolory 1. Svetlichny discord of the correlation given by the decomposition in
Eq. (5.21) is given by ¥ = 8¥%’.

Proof. The nonextremal correlations in the two-way local polytope can have the
following three types of linear combination due to the convexity of #Z: (i) a
convex mixture of two ¢ = 0 boxes, (ii) a convex mixture of two ¢ > 0 boxes
and (iii) a convex mixture of a ¢ > 0 box and a ¢ = 0 box. Since certain
convex mixture of the ¥ = 0 boxes (¢ > 0 boxes) can have ¥ > 0 (¥ =0), ¥
is, in general, not linear for the two decompositions (i) and (ii). However, ¥ is
linear for the decomposition (iii) which implies that Svetlichny discord for the
correlation given by the decomposition in Eq. (5.21) can be evaluated as follows,

G(P)=9'9 (P ) +(1- 99 (P°) =8%' > 0if ¥’ > 0. O

Thus, we say that the decomposition of the correlations given in Eq. (5.21) is
canonical in that it classifies any box in Z according to whether it has Svetlichny
discord or not.

Corrolory 2. Irreducible Svetlichny-box component, ¢’, in the canonical decom-
position given in Eq. (5.21) is invariant under LRO and permutations of the

parties.

Proof. Since ¥ is invariant under LRO and permutations of the parties, the irre-

ducible Svetlichny-box component, ¢¥’, in Eq. (5.21) is invariant under LRO. [J
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5.3.2 Mermin-boxes

For the following choice of incompatible measurements: A, = o, A} =0,
By =0y, By =0y, Cy = 04, and C; = 0, the correlation arising from the GHZ

state can be written as an equal mixture of the four bipartite PR-boxes as follows,

4
1
Pag (G by ColA0, B, Ci) = 7 > L Pa@nlA)Pa (b, B, G, (5.25)
A=1
where Pl(am|Ai) = 5£n®i’ P2(am|Ai) = 5;1@1'@17 PS(am|Ai) = 5;1@1; P4(am|Ai) =
5;: Pl(bny Co|Bj: Ck) = P;}lgoz PZ(bn:ColBj; Ck) = P;}lzlz PS(bn:ColBj) Ck) = ngl and

P4(bp,¢,|B;j, Ci) = PppP. Thus, this correlation cannot give rise to the violation of
a Svetlichny inequality, however, the correlation is genuinely nonclassical since it
exhibits the GHZ paradox [GHZ07]. Mermin illustrated that the measurements
associated with the GHZ paradox exhibits KS paradox that illustrates contextual-
ity as well as Bell nonlocality [Mer90c]. For the measurements that give rise to

the correlation in Eq. (5.25), the outcomes satisfy the following relation:
AOBOCO = —AoBlcl = —AlBocl == _AIBICO =1. (5.26)

It can be inferred from this relation that the correlation exhibits logical contra-
diction with a local(noncontextual)-realistic value assignment to the observables.
We call a maximally two-way nonlocal box that exhibits the logical contradic-
tion with noncontextual-realism Mermin-box; for instance, the correlation in Eq.
(5.25) represents a Mermin-box as it violates a Mermin inequality [Mer90a] max-

imally and exhibits the GHZ paradox.

We say that a Mermin-box exhibits three-way contextuality in analogy with
Svetlichny-box which exhibits three-way nonlocality. Just as there are 16 Svetlichny-
boxes maximally violating only one of the Svetlichny inequalities, there are 16 tri-
partite Mermin-boxes arising from the GHZ states which maximally violate only
one of the Mermin inequalities [WWO01a],

Mapye=(a®PpOYS1)AM],

bye T (a®@poy)d , <2, (5.27)

afye —
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where

Mo = (=1 (AGBoCr) + (—1)P® (A9B1 Co)
+(—1)%%¢ (A, By Co) + (—1)*®Fer®e@l (A, B, C))
Mapre = (—1)*®P®e1 (A B, Co) + (—1)**7®® (A, By Cy)

+(—1)Per®e®l (A B, C)) + (1) (AgByCo) -

The Mermin inequalities serve as the criterion for the tripartite EPR-steering un-
der the constraint that the measurements chosen by each party is noncommuting
[CHRW11]. In the seminal paper, Mermin inequality was derived by using anti-
commuting observable on each side to show that the correlations arising from
the genuinely multipartite entangled states are incompatible with the fully LHV
model [Mer90a], furthermore, this Mermin inequality is equivalent to a noncon-
textual inequality [CnEG*14].

There are two types of two-way nonlocal correlations which can be distin-
guished according to whether nonlocality is due to tripartite correlations or bi-
partite correlations.

Definition 5.3. We say that a correlation in the two-way nonlocal region ex-
hibits three-way contextuality iff the observed nonlocality is due to the tripartite

correlation.

Just as genuine three-way nonlocal correlations exhibit monogamy of Svetlichny
inequality violation (see Appendix 5.6.2), three-way contextual correlations ex-
hibit monogamy of Mermin inequality violation, i.e., a three-way contextual box
can violate only one of the Mermin inequalities in Eq. (5.27). As the Svetlichny-
boxes and the bipartite PR-boxes maximally violate two Mermin inequalities, they
do not exhibit monogamy of Mermin inequality violation. Thus, monogamy of
Mermin inequality violation distinguishes three-way contextual correlations from
other nonlocal correlations. Mermin-boxes are the extremal correlations of the
set of three-way contextual correlation as they violate a Mermin inequality max-

imally.

Notice that the Mermin-boxes associated with the GHZ paradox can be de-

composed into the uniform mixture of two Svetlichny-boxes; for instance, the
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Mermin-box in Eq. (5.25) can be written as follows,
1
Py = (P + PII10) (5.28)

Thus, the nonlocality of these maximally two-way nonlocal boxes is not due to the
bipartite correlations as they have maximally mixed bipartite marginals. Not all
uniform mixture of two Svetlichny-boxes can give rise to three-way contextuality;
for instance, white noise can be decomposed into the uniform mixture of the two
Svetlichny-boxes. The uniform mixture of two Svetlichny-boxes in a Mermin-
box destroys three-way nonlocality; however, the perfect correlations left in it for
the four joint measurements, A;B;Cy, leads to genuine three-way contextuality
[Mer90c]. The decomposition of the Mermin-box given in Eq. (5.25) implies
that the set of two-way nonlocal correlations which do not possess three-way
contextuality is nonconvex in that certain convex mixture of the bipartite PR-
boxes gives rise to a genuinely three-way contextual correlation. Notice that if
we permute the party’s indices in the decomposition in Eq. (5.25), it will also
give rise to the Mermin-box. Thus, three-way contextuality of the correlations

are symmetric under the permutations of the parties.

Two-way local polytope admits two types of Mermin-boxes which can be
distinguished by their marginals.
Observation 20. The nonmaximally mixed bipartite marginals Mermin-boxes
are not quantum realizable, whereas the maximally mixed bipartite marginals

Mermin-boxes are quantum realizable.

Proof. Consider the following uniform mixture of two bipartite PR-boxes,

2
1
P= E :Pl(amlAi)Pl(bn:ColBj) Ck) (5.29)
2 A=1

where P;(a,,|A)=5" _, Py(a,|A;) = &'

A
mei’ mel’

Py(by,¢,|B;, C)=Pp°, and

Py(bp,¢,|B;, Ci) = POR!. Notice that this correlation that has nonmaximally mixed
marginals and the Mermin box in Eq. (5.25) which has maximally mixed marginals
are equivalent with respect to the joint expectations (4;B;Cy). Thus, the correla-
tion in Eq. (5.29) also exhibits the logical contradiction with local-realism and

violate only one of the Mermin inequalities. Notice that the marginal distribution
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P(a,,|A;) of the Mermin box in Eq. (5.29) has the deterministic outcome for the
input A; and fully random outcomes for the input A,. Since there does not exist
a quantum state that can give rise to the deterministic outcome and random out-
comes simultaneously, the Mermin boxes with nonmaximally mixed marginals

are nonquantum boxes. O

5.3.3 Mermin discord and 3-decomposition

Consider isotropic Mermin-box which is a convex mixture of the Mermin-box

in Eq. (5.25) and white noise,

The isotropic Mermin-box violates the Mermin inequality i.e., #yp19 = 4Py > 2
if pyr > % Notice that even if the isotropic Mermin-box is local when p,,; < %, it
admits a decomposition that has the single Mermin-box component. We call such
a single Mermin-box in any correlation (nonlocal, or not) irreducible Mermin-

box.

The following observation can be illustrated by the isotropic Mermin-box.
Observation 21. When a local quantum correlation arising from a given gen-
uinely entangled state has an irreducible Mermin-box component, the correlation

arises from incompatible measurements that give rise to three-way contextuality.

Proof. For the incompatible measurements that give rise to the GHZ paradox in
Eq. (5.26), the GGHZ states in Eq. (5.18) give rise to the isotropic Mermin-
box in Eq. (5.30) with p;; = sin26. Thus, the nonzero irreducible Mermin-
box component implies the presence of incompatible measurements and genuine

entanglement even if the correlation is local. O

The observation that local quantum correlations that have an irreducible
Mermin-box component can arise from incompatible measurements performed
on the genuinely entangled states motivates to define a notion of genuine non-

classicality which we call Mermin discord.
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Definition 5.4. A quantum correlation arising from incompatible measurements
performed on a given three-qubit state is said to have Mermin discord iff the

correlation admits a decomposition with an irreducible Mermin-box component.

Mermin discord is not equivalent to three-way contextuality since the cor-
relations that do not violate a Mermin inequality can also have an irreducible

Mermin-box component; for instance, the isotropic Mermin-box in Eq. (5.30)
1
E.
Observation 22. For any Mermin-box, only one of the Mermin functions, .#,p, :=

has Mermin discord if p,; > 0 and exhibits three-way contextuality if p,; >

|-#opyel, attains the maximum and the rest of them take zero, where .#,,. are

the Mermin operators given in Eq. (5.27).

The above observation motivates us to define a measure of Mermin discord
using the Mermin functions similar to the measure of Svetlichny discord.

Definition 5.5. Mermin discord, 2, is defined as,
2 =min{L24, ..., 29}, (5.31)
where

2, = |‘|//looo — Moor| — | Mo10 — M1

—‘|/ﬂ100 — M1 | — | Mr10 — A111]]],

and the other eight &; are obtained by permuting .#,, in £;. Here 0 < 2 < 4.

Mermin discord is constructed such that it satisfies the following properties:
(i) £ = 0 for the Svetlichny-boxes, bipartite PR-boxes and deterministic boxes
(ii) the algebraic maximum of 2 is achieved by the Mermin boxes, i.e., 2 = 4 for
any Mermin-box and (iii) £ is invariant under LRO since the set {£;} is invariant
under LRO.

We obtain the following observations from the Mermin discord defined in
Eq. (5.31).
Observation 23. The set of 2 = 0 boxes in £ forms a nonconvex subpolytope of

the full Svetlichny-box polytope.
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Proof. Since the extremal boxes of the Svetlichny-box polytope have 2 = 0, and
certain convex mixture of the 2 = 0 boxes can have £ > 0, the set of 2 =0

boxes forms a nonconvex subpolytope of the full Svetlichny-box polytope. O

Observation 24. £ divides the ¢ = 0 polytope into a £ > O regionand ¥ = 2 =

0 nonconvex polytope.

Proof. Since all the bipartite PR-boxes and deterministic boxes have ¥ = 2 =0
and certain convex mixture of these extremal boxes can have 2 > 0, the set of

4 = 2 = 0 boxes forms a nonconvex subpolytope of the ¢4 = 0 polytope. O]

Observation 25. A 2 =4 box is, in general, a convex combination of a quantum
Mermin-box and the four non-quantum Mermin-boxes which are equivalent with
respect to (A;B;Cy),
4
Po_y=uPy+ Y vPyh, (5.32)
i=1
where Pﬁ has maximally mixed bipartite marginals and PA’}[Q have nonmaximally
mixed bipartite marginals; all the Mermin-boxes in this decomposition violate

the same Mermin inequality as they are equivalent with respect to (A;B;Cy).

Proof. Notice that any convex mixture of the two Mermin boxes in Egs. (5.25)
and (5.29) have £ = 4. There are four nonquantum Mermin boxes which are
equivalent with respect to (A;B;Cy) corresponding to a given quantum Mermin

box. Thus, any convex mixture of these five Mermin boxes have £ = 4. O

We obtain the following 3-decomposition fact of the Svetlichny-box poly-
tope.
Theorem 5.1. Any correlation in # given by the decomposition in Eq. (5.11) can
be written as a convex mixture of a Svetlichny-box, a maximally two-way nonlocal
box with 2 =4 and a box with ¢ = 2 =0,

P=9'PP 1 @'Py_y+(1—-9' —2)PI0. (5.33)
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Proof. Since all the Mermin-boxes have ¢ = 0, they belong to the ¢ = 0 polytope.
Therefore, any ¢ = 0 box can be written as a convex mixture of the Mermin-boxes

and a Svetlichny-local box that does not have the Mermin-box components,

15

64 15 64
G= i Qj
P = b 4 S Bl (1_ S zvj)pm, (5.3
i—0 =1

i=0 j=1

where PI(Vzli and 'Y

v~ are quantum and non-quantum Mermin-boxes. It follows

from the observation 25 that the mixture of the Mermin boxes in this decom-
position can be written as the mixture of the 16 maximally two-way nonlocal
boxes that have 2 = 4. Notice that unequal mixture of any two 2 = 4 boxes
that violate the two different Mermin inequalities in Eq. (5.27): pP,,_, +qP5_,,
p > q, can be written as a mixture of an irreducible 2 = 4 box and a local box
which is a uniform mixture of the two 2 = 4 boxes: (p —q)P,_ 4 1 2qP;, here
P, = 3(PL_,+P2_,) is a Bell-local box which has 2 = 0. Therefore, the first
term in the decomposition given in Eq. (5.34) can be written as a mixture of an

irreducible £ = 4 box and a Bell-local box,

15

1
SuPE +> vipyY = 2Py, +ZsjliPLi, (5.35)
i=0 j i=1

where PLi are the Bell-local boxes which are the uniform mixture of two 2 = 4
boxes. Here 2" is obtained by minimizing the single 2 = 4 box excess overall
possible decompositions i.e., 2" > 0 iff Zilio uiPA%i +2 ij;[Qj # 21121 l/P}. Sub-
stituting Eq. (5.35) in Eq. (5.34), we obtain the canonical decomposition of the
¢ = (0 correlations,

PI0=2"Py 4+ (1—2")P3=, (5.36)

where PJ=0 = L {21121 L,P} + (1 T -2 Vj)PSvL}- The fact that the
box in the second term in this decomposition has ¥ = 2 = 0 follows from the
geometry of the 4 = 0 polytope: The observation 24 implies that any correlation
in the ¢¥ = 0 polytope lies on a line segment joininga 2 > 0boxanda ¥ =2 =0
box. Therefore, the box in the second term in the decomposition given in Eq.
(5.36) must have ¥ = 2 = 0 as the box in the first term has £ > 0. Thus,
decomposing the ¢ = 0 box in Eq. (5.21) as given in Eq. (5.36) gives the
canonical decomposition given in Eq. (5.33) with 2’ = 2"(1—¥). O
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Corrolory 3. A correlation has nonzero Mermin discord iff it admits a decompo-
sition with an irreducible Mermin box component since Mermin discord 2 = 42’

for the correlation given by the canonical decomposition in Eq. (5.33).

Proof. Any correlation in £ given by the 3-decomposition in Eq. (5.33) can be
written as a convex mixture of a maximally two-way nonlocal box with 2 = 4
and a box with 2 =0,

P=92Py_,+(1— 2 )Py, (5.37)

where Py_y = 5 ((1 -9 —2)PI0+ 9’ P:vﬁ Ye). The nonconvexity property
of the 2 = 0 polytope implies that certain convex combination of the 2 = 0
boxes can have £ > 0 and there are 2 = 0 boxes which can be written as a
convex mixture of two £ > 0 boxes. Thus, £ is not linear for these two types of
decomposition. However, £ is linear for the decomposition given in Eq. (5.37)
since the convex mixture of a £ > 0 box and a £ = 0 box is always a £ > 0
box. Therefore, Mermin discord of the correlation in Eq. (5.37) is given by
2(P)= 2'2(Py_y)+(1—2)2(P27°) =42’ > 0 if 2’ > 0. As any correlation

SvL
that has an irreducible Mermin-box component lies on a line segment joining a
Mermin-box and a £ = 0 box, it has £ > 0. O

5.3.4 Monogamy between the measures

As the total amount of irreducible Svetlichny-box and irreducible Mermin-
box components of a correlation given by the decomposition in Eq. (5.33) is
constrained i.e., 4’ + 2’ < 1 which follows from the probability constraint in the
3-decomposition, we obtain the following trade-off relation.

Corrolory 4. Svetlichny discord and Mermin discord of any given correlation

satisfy the following monogamy relation,

9Y+22 <8. (5.38)

This tradeoff relation reveals monogamy between three-way contextual cor-

relations and three-way nonlocal correlations and is analogous to the monogamy
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relations between locally contextual correlations and nonlocal correlations de-
rived by Kurzynski et al. [KanCK14]. The monogamy relations given by Kurzynski
et al. implies that when measurements on qutrit system gives rise to contextuality
in a qutrit-qubit entangled system, then these measurements do not give rise to
nonlocality for all measurements on qubit system. Similar monogamy character
follows from the observations 17 and 21: For the measurements that gives rise to
the GHZ paradox, the GHZ state gives rise to maximal Mermin discord and zero
Svetlichny discord, i.e., 2 = 4 and ¥ = 0 which is consistent with Eq. (5.38).
Thus, for the measurements that give rise to the GHZ paradox, the GGHZ states
give rise to only Mermin discord i.e., £ = 4sin26 and ¢ = 0. Notice that for the
measurements that gives rise to maximal three-way nonlocality, the GGHZ states
give rise to only Svetlichny discord, i.e., 4 = 4v/2sin26 and 2 = 0. Thus, we see
that the measurements that gives rise to extremal three-way contextuality do not

give rise to three-way nonlocality and vice versa.

For general incompatible measurements, quantum correlations can have
three-way contextuality and three-way nonlocality simultaneously, however, the
tradeoff exists between three-way nonlocality and three-way contextuality as
given by Eq. (5.38). For instance, the correlations arising from the GHZ state for
the measurements Ay = 0, A; = 0y, By = /po, —+/1—po,, By = y/1—po, +
VPoy, Cy = 0 and C; = o, can be decomposed into the Svetlichny-box, the
Mermin-box which is a uniform mixture of two Svetlichny-boxes, and white noise
as follows,

PO 1 Pl

— ¢/ p0000 /
P =4'PY +Q( 5

)+(1—‘£’—Q’)PN, (5.39)

where ¢’ = \/1—p, 2’ = /p—+/1—p and 5 < p < 1. These correlations have
Y+2=4/p<4

5.4 Quantum correlations

We will observe that any tripartite qubit correlation in the Svetlichny-box

polytope can be decomposed into Svetlichny-box, a Mermin box with maximally
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mixed marginals and a box with ¥ = 2 =0,
P=9'PP°+ 2'py +(1-9' —2)PI. (5.40)

We will characterize genuine nonclassicality of quantum correlations arising from
local projective measurements along the directions d;, b; and ¢ on the three-

qubit systems using this three-way decomposition.

We will apply Svetlichny discord and Mermin discord to quantify nonclas-
sicality of correlations arising from two inequivalent classes of pure genuinely
entangled states [DVCOO] and the Werner states. For these states, a nonzero
Svetlichny discord originates from incompatible measurements that give rise to
Svetlichny nonlocality. Similarly, a nonzero Mermin discord originates from in-
compatible measurements that give rise to three-way contextuality. For a given
nonclassical quantum state, there are three different incompatible measurements
corresponding to (i) Svetlichny discordant correlation which has ¢ > 0 and
2 =0, (ii) Mermin discordant correlation which has ¥ = 0 and £ > 0 and (iii)
Svetlichny-Mermin discordant correlation which has ¢ > 0 and £ > 0. Three-
way nonlocal quantum correlations in # are the subset of ¢ > 0 correlations,
whereas three-way contextual quantum correlations are the subset of £ > 0 cor-

relations.

Svetlichny (Mermin) discord for a given nonclassical state is maximized by
minimizing the number of nonzero Svetlichny (Mermin) functions overall incom-
patible measurements that give rise to 4 > 0 (£ > 0). In the subsequent sections,

we will choose the following four measurement settings:

dp=x, a;=y, bj=ﬁ(x+(—1)wl}’), Co=Xx, =Y (5.41)
do=2%, a4;=% Bj=i(ﬁ+(—1)ffc) 8o=%, &=% (5.42)
5 5 ‘/z > 5
do=%, a1=3, bo=% b=y, &=% &=3 (5.43)
do=2%, a4, =%, by=%2 b =% =% ¢&=4% (5.44)

for studying correlations arising from the genuinely nonclassical quantum states.

The first two settings correspond to Svetlichny discordant correlations, whereas
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the last two settings correspond to Mermin discordant correlations. We will apply
Svetlichny and Mermin discord to various states in order to illustrate the new
insights that may be obtained regarding the origin of genuine nonclassicality. We
will also apply the two bipartite measures, Bell and Mermin discord [Jebl14a],
to the marginal correlations. We denote the Bell and Mermin discord by %;; and

£;;, here ij indicates Bell/Mermin discord is between which two qubits.

5.4.1 GHZ-class states

The GHZ-class states which have bipartite entanglement between A and B

are given as follows,
[145) = c0s 0]000) +sin 6]11){ cos 65]0) +sin 5]1) } . (5.45)

The genuine tripartite entanglement is quantified by the three tangle [CKWO00],
T4 = (sin20 sin 03)?, and the bipartite entanglement is quantified by the concur-

rence [Wo098], C;5 = sin20 cos 0;.

Svetlichny discordant box

The settings in Eq. (5.41) maximizes Svetlichny discord for the GHZ-class
states, since the correlations have only one of the Svetlichny functions nonzero
i.e., %oo = 44/275 and the rest of the Svetlichny functions are zero which implies
that Svetlichny discord ¥ = 4,/275. The correlations can be decomposed as

follows,
v 73 50000 VT3 ,9=0
p= EPSV + 1— E PSvL N (546)
where the ¥ = 0 box, PS%TO, is given in Eq. (5.82). These correlations are

Svetlichny-local if 0 < 75 < %, however, they have genuine nonclassicality origi-
nating from incompatible measurements that give rise to Svetlichny nonlocality
if T3 > 0. In addition to Svetlichny discord, the correlations have Bell discord
between A and B, ¥, = 24/2C15.

Ghose et al. [GSD"09] provided optimal measurement settings that give

maximal violation of the Svetlichny inequality with respect to the GHZ-class
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Nonlocality

Tangle

Figure 5.2: Dashed line shows the plots of the Svetlichny inequality violation and
Svetlichny discord for the JPD given in Eq. (5.46) with 6 = 7. Solid and dotted lines
show the plots of the Svetlichny inequality violation and Svetlichny discord respectively
for the JPD given in Eq. (5.47) with 6 = %. We observe that the JPD in Eq. (5.47) which
gives optimal violation of the Svetlichny inequality does not give optimal Svetlichny
discord for the GHZ-class states, % |000) + % |11) {cos 65 |0) +sin 65 |1)}.

states; for instance, the settings a; = % (2 +(-1)19),b; = % (& +(1)%19), & =

Sinfy_ gi(—1)ke1_Sinbs g cosfy g gives rise to the violation of the Svetlichny

4/ 1+sin? 05 4/ 1+sin2 6, Y 4/ 1+sin2 6,
inequality, Fp00 = 44/ 6122 +2745 > 4, if Clz2 + 274 > 1. For this optimal settings,

the correlations admit the following decomposition,

P = —3 p°3°°+(1——f3 )ps‘ﬁjo, (5.47)

Ve +2r; ° V€2 + 21,

where the ¢ = 0 box, P70, is given in Eq. (5.83). These correlations have

873

2
12+273

gled as the correlations have the irreducible Svetlichny-box component. Thus,

Svetlichny discord ¥ = which is nonzero if the state is genuinely entan-
the Svetlichny-local correlations in Eq. (5.47) have three-way nonclassicality

originating from Svetlichny nonlocality when 0 < C122 +273<1.

Notice that the correlations in Eq. (5.47) have less irreducible Svetlichny-
box component than the correlations in Eq. (5.46) for a given amount of entan-
glement quantified by the three-tangle (see fig. 5.2). Thus, for the pure states,
the measurement settings which is optimal for Svetlichny discord does not, in
general, maximize the violation of the Svetlichny inequality and vice versa. For

the GGHZ states, the correlations in Egs. (5.46) and (5.47) become the isotropic
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Svetlichny-box,

P= %ngoo + (1 - %) Py. (5.48)

Mermin discordant box

The settings in Eq. (5.43) maximizes Mermin discord for the GHZ-class
states, since only one of the Mermin functions is nonzero for this settings. The
correlations can be written as a convex mixture of the Mermin-box and a Bell-
local box: 0000, p1110

P= \/?3(%%(1—\/?3);)5#0, (5.49)
where the Bell-local box, P;?=°, which has 2 = 0 is given in Eq. (5.84). These
correlations have Mermin discord £ = 4,/75 and bipartite Mermin discord £, =
2,/71,. Despite the correlations violate the Mermin inequality only if 75 > %, they
have genuine three-way nonclassicality originating from three-way contextuality

if T3> 0.

A

Consider the following state dependent settings: 4, = X, 4o = ¥, b; =

1 (& i®la a sin O3 N k sin6s N cosf; 4 . . .
—= (X +(—=1Y (= —=—=x+(—1 + £ which gives rise
V2 ( ( ) }’), k 4/ 1+sin? 64 ( ) \/1+sin2 05 Y \/1+sin2 05 &

to optimal three-way contextuality. For this settings, the GHZ-class states give rise
to two nonzero Mermin functions .#,, = ?(f—fig) and 19 = 24/2(CZ, + 273)
which implies that there are GHZ-class states tllzlat give rise to the violation of two
Mermin inequalities. Notice that all the GHZ-class states with 6 = 7 give rise
to three-way contextuality since they exhibit monogamy of Mermin inequality

violation. The correlations admit the following decomposition,

2 P0000+P1110 2 3
po Y2 ( Gt W PR 1 B P20, (5.50)

V€% +215 2 V€% +215

where the Bell-local box, P2=°, is given in Eq. (5.85). These correlations have
2% ang bipartite Bell discord ¥;, = 2v/2Cy5.

2
121273

Notice that the correlations in Eq. (5.50) have less irreducible tripartite Mermin-

tripartite Mermin discord 2 =

box component than the correlations in Eq. (5.49) for a given amount of entan-
glement. For the GGHZ states, both the correlations in Egs. (5.49) and (5.50)
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become the isotropic Mermin-box,

0000 1110
P+ Py

P= \/T—g(%)—k(l—\/f—?’)PN. (5.51)

Svetlichny-Mermin discordant box

For the following state dependent measurement settings: d, = X, 4; = ¥,
by =sin20% —cos207, by = cos20% +sin207, & = % and & = §, the GGHZ state

in Eq. (5.18) gives rise to Svetlichny discord and Mermin discord simultaneously:

g — | 87s when 0<6<g
B 84/73(1—713) when F<6<Z
> 0 if 73#0,1

Q2 = 4‘773—\/ T3(1—T3)‘

1
> 0 if TB#O,E.

The correlations have a 3-decomposition as follows,

0000 +P111r
=5 i (1-9'—-2')py, (5.52)

— ¢/ p0000 /
P =4'P{’ +Q( 5

where ¥’ = ¢/8 and 2’ = 2/4. Since the measurement settings corresponds
to the GHZ paradox when 6 = ©/4 and maximal three-way nonlocality when
0 = n/8, the correlation has zero irreducible Svetlichny-box component when

6 = n/4 and zero irreducible Mermin-box component when 6 = /8.

Svetlichny-box polytope vs three-way nonlocal quantum correlations

Bancal et al. [BBGP13] conjectured that all pure genuinely entangled states
can give rise to three-way nonlocal correlations and it was noticed that there are
three-way nonlocal quantum correlations arising from the pure states which do
not violate a Svetlichny inequality. In Ref. [MPS14], it has been shown that all
the GGHZ states can give rise to the violation of a class 99 facet inequality whose

representative is given in Eq. (5.7). For instance, the correlation arising from
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the GGHZ states in Eq. (5.18) has £,° = 1+2v'1+sin?26 > 3 if 73 > 0 for the
measurement settings d, =2, d; = X, i)j =cost? + (—1)sintx, ¢, =2 and & = &,
1

Vv 1+sin% 20

quantum bound of 1+ 2+/2 and can be decomposed in a convex mixture of the

where cost = . For 6 = 7, the correlation violates this inequality to its

class 8 extremal box given in the table of Ref. [PBS11] and a local box,

1 1
P=—P +(1——)P . (5.53)
V2’ v2)
Here P; arises from the state p = psc ® %, where pyc = %(lOO)(OOI +]11)(11]).
As genuine nonlocality of the correlation is due to the class 8 extremal box, the
correlation does not violate a Svetlichny inequality and hence it does not belong
to the three-way nonlocal region of the Svetlichny-box polytope. Notice that the

correlation in Eq. (5.53) has ¥ = 2 =0.

5.4.2 W-class states

We now study the correlations arising from the W-class states,
[Y,,) = a|100) + 3010) + v |001), (5.54)

We may consider the three nonvanishing bipartite concurrences C,, = 2af, C;3 =
2ay and Cy; = 2By or the minimal concurrence of assistance [CJK"10] C%. =
min{Cy,, Cy3, Cy3} as genuine tripartite entanglement measure for W-class states.
The optimal settings that maximizes Svetlichny/Mermin discord for the GHZ-

class states do not maximize Svetlichny/Mermin discord for the W-class states.

Svetlichny discordant box

Svetlichny discord for the W-class states is maximized by the settings in Eq.

(5.42) which gives rise to,

3
Y = mi{l‘ﬁi=4«/2C“
1=

min

>0 iff C;5Cy3>0,
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where

Y% = 1/§|‘|1"'C12"‘C13"‘C723|—|1"‘C712—C713—C723|‘

,

—’|1—C12—C13 + Co3| = [1 = C1p + C13 — Cos

and ¥, and ¥; are obtained by permuting the four 4, in %;. The correlations
can be decomposed in a convex mixture of a Svetlichny-box and a Svetlichny-
local box which has ¢ = 0 as follows,

a

ce. Cri _
p— \r/n%npé)‘}oo T (1 _ %) Ps%zo' (5.55)

The bipartite marginals of these correlations have ¥, = 2\/@, 213 = 2Cy3
and %3 = 24/2C2;. The correlations do not violate a Svetlichny inequality when
Cyz + Cy3 + Cy3 < 24/2—1, however, Svetlichny discord is nonzero whenever the
state is genuinely entangled. The Svetlichny-local box in Eq. (5.55) must have a
decomposition which has the class 8 extremal box as the correlations also violate
a class 99 facet inequality of ¥, when C;5 + % (Cy3 + Cy3) > 3 — V2. Therefore,
the three-way nonlocal correlations arising from the W-class states lie outside the
Svetlichny-box polytope.

Observation 26. When the W-class states give rise to Svetlichny discord, two

bipartite marginals have Bell discord, and they satisfy monogamy of Bell discord,

G+ Yy < 4. (5.56)

This tradeoff relation originates from monogamy of Bell nonlocality [Ton09]
(see Appendix 5.6.4).

Mermin discordant box

Mermin discord for the W-class states is maximized by settings in Eq. (5.44)

which gives rises to,

3
£ = min&,; =4C*

i=1 min

>0 iff C;5Cy3>0,
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where
£ = |’|1+C12+C13+C23|—|1+C12—C13—C23|’

—‘|1—C12—C13+C23|—|1—C12 + C13 — Cosl|l,

and &, and & are obtained by permuting the four .#,g, in £,. The correlations
can be decomposed into a convex mixture of a tripartite Mermin-box and a Bell-
local box which has ¥ = 2 =0,

0001
[PSV +P§3“]
|

1-cC¢

min

pP=cC¢

min

) P2=0. (5.57)

The bipartite marginals of these correlations have 2, = 2C5, 2,53 = 2C;3 and
&,3 = 2Cy3. The correlations are genuinely two-way nonlocal if C;5 + C3+ Cy3 >
1, however, they have nonzero tripartite Mermin discord if the state is genuinely
entangled. Thus, nonzero Mermin discord of the local correlations in Eq. (5.57)
originates from three-way contextuality.

Observation 27. When the correlations arising from the W-class states have tri-
partite Mermin discord, at least two bipartite marginals have Mermin discord,

and they satisfy monogamy of Mermin discord,

L+ 2 <2, (5.58)

As this tradeoff originates from the monogamy of Mermin-box in three-qubit

systems (see Appendix 5.6.4), it includes monogamy of EPR-steering [Reil3].

5.4.3 Mixture of GHZ state with white noise

Here we study the correlations arising from the following Werner states
[Wer89],

1
Pw :pw)GHZ)(wGHZl"i'(l_p)Z: (5.59)

where |Ygy7) = %(lOOO) +|111)). The Werner states are separable iff p < 0.2,
biseparable iff 0.2 < p < 0.429 and genuinely entangled iff p > 0.429 [GS10].
Notice that these Werner states have the component of the irreducible GHZ state,

p, even if the state is separable. We show that the Werner states can give rise to
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Svetlichny/Mermin discord if p > 0. Thus, the separable and biseparable states
that have an irreducible genuinely entangled state component are genuinely non-

classical states as they can give rise to Svetlichny/Mermin discord.

Svetlichny discordant box

For the settings in Eq. (5.41), the Werner states give rise to the isotropic
Svetlichny-box,

p p
P =——pJ% 4 (1 — —) Py. (5.60)

V2 V2
These correlations admit the local deterministic model if p < % and have Svetlichny
discord ¥ = 4p+/2. Due to the component of the irreducible GHZ state and the
incompatible measurements, the local correlations arising from the Werner states

have genuine nonclassicality originating from Svetlichny nonlocality if p > 0.

Mermin discordant box

For the settings in Eq. (5.43) which gives maximal Mermin discord for the

GHZ-class states, the Werner states give rise to the isotropic Mermin-box,

0000 1110
p= (PSV +PSV
_p _—

> )+ (1—p)Py. (5.61)

These correlations have Mermin discord 2 = 4p > 0 whenever the state has

the irreducible GHZ state component. The correlations do not violate a Mermin

inequality if p < %, however, they have genuine nonclassicality originating from

three-way contextuality if p > 0.

5.4.4 Biseparable W class state

Consider the following biseparable state,

1 1 1
p =5 1W50) (Wil + 5 1WaE) (Wag |+ S IWRE) (wifl, (5.62)

111



e = 25(1100) +1010)), |y4¢) = —5(1100) +001)) and [p3¢) = —=(1010) +
|001)). Svetlichny/Mermin discord for the above biseparable state can be achieved
only for the suitable settings that lie in the xz-plane, for instance, the settings
given in Eq. (5.42) gives rise to Svetlichny discord ¥ = %ﬁ. The correlation can

be decomposed as follows,

= % [%ng + (1 — %)Pﬁ’g}% + % (M)PB
+%PA[%P}}I§1 +(1—%)PN], (5.63)
where Py = P(a,,|A;), Py = P(b,|B;) and P; = P(c,|C;) are the distributions arising
from the state |0). Notice that the correlation arising from this state does not have
Svetlichny/Mermin discord for all the settings that lie in the x y-plane as the state
belongs to biseparable W class i.e., the state can be written as a convex mixture
of an irreducible genuinely entangled state that belongs to the W-class and a state

which cannot give rise to Svetlichny/Mermin discord.

5.4.5 Mixture of GHZ state and W state

Consider the correlations arising from the following states,

P =pYeuz) Wouzl +alv¥w) (Ywl. (5.64)

where |Yy,) = %(IlOO) +]010) + |001)). Since the optimal settings that gives
maximal Svetlichny/Mermin discord for the GHZ state does not give nonzero
Svetlichny/Mermin discord for the W-state and vice versa, Svetlichny/Mermin
discord for these states arise from the component of the GHZ state or the W state

for the four settings given in Egs. (5.41)-(5.44).

For the settings in Eq. (5.41), the correlations have Svetlichny discord ¥ =
4+/2p and admit the following decomposition,

1 1 _

where Pgﬁo is a Svetlichny-local box arising from the W state which has zero

Svetlichny discord.
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For the settings in Eq. (5.42), the correlations have Svetlichny discord ¥ =

83@ and admit the following decomposition,

P = pPy (euz) +aPy; (hw), (5.66)
where Pﬁfo(wGHz) is the three-way nonlocal box arising from the GHZ state

given in Eq. (5.53) and P, °(vy) is the three-way nonlocal box arising from the
W state given in Eq. (5.55) with C¢ 2

min 3°

As the correlations in Eq. (5.66) violates the class 99 facet inequality, they
do not belong to the Svetlichny-box polytope. However, the correlations in Eq.

(5.65) belong to the three-way nonlocal region of the Svetlichny-box polytope.

5.4.6 Classical-quantum, quantum-classical and genuinely
quantum-correlated states

A mixed three-qubit state can give rise to Svetlichny discord or Mermin dis-
cord iff all the three qubits are nonclassically correlated. The states that do not
have Svetlichny discord and Mermin discord can be decomposed in the form of
classical-quantum or quantum-classical states defined as follows.

Definition 5.6. The classical-quantum (CQ) states can be decomposed as,
pélef% = Z pipt® p5C, (5.67)
i

whereas the quantum-classical (QC) states can be decomposed as,

12|3
por’=> pipP e pf (5.68)
i
or
p(lfclz — Z pipi€ ® p?, (5.69)
i

where p8, pf¢, and pP¢ are, in general, quantum-correlated states which are
neither classical-quantum nor quantum-classical states [DVB10] and there is no
restriction on p?, p?, and p¢.

Theorem 5.2. All CQ and QC states given in Egs. (5.67)-(5.69) have 4 =2 =0

for all measurements.
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Proof. Consider the QC states as given in Eq. (5.68). For these states, the expec-

tation value factorizes as follows,
(A;B;Ce) Zpl AB;), (C); (5.70)

which implies that the Svetlichny operators in %, factorize as follows,

Zpl{%ooo )i— 111<

cg1=|‘ Zpl{ggooo Codit By (C1)i}|—

Zpl {‘%000 Ci)i+ %iu (CO

'Zpl{%ooo 1)i— #11, (Cols

|Zp1{=% 010 <C0>i_ ggioo (Cl)i

_|‘ |ZP1{=%010 Co)i+ Bigo (C1)i}

Here %i which are the Bell functions in the CHSH inequalities in Eq. (5.13)

Zpl{%mo {Co)i +=%100 (Cy)i} Zpl{‘%ow )i— Bloo 00 (Co)i}

’|. (5.71)

and (Ck) are evaluated for p! s and pc given in Eq. (5.68). Let us now try to
maximize ¢; with respect to the quantum-classical states in which p, are the
quantum-correlated states. For an optimal settings that gives nonzero for only
one of %éﬁy in Eq. (5.71), ¢ = 0. Similarly, we can prove that 2 = 0 by
exploiting the factorization property in Eq. (5.70).

Since ¥ and 2 are symmetric under the permutations of the parties, they

are also zero for the states in Egs. (5.67) and (5.69) for all measurements. O

All the genuinely entangled states are only a subset of the set of nonclassical
states with respect to ¢ and 2. The nonclassical biseparable and separable states
are the genuinely quantum-correlated states.

Definition 5.7. A genuinely quantum-correlated state cannot be written in the
classical-quantum or quantume-classical form given in Egs. (5.67) -(5.69) and

admits the following decomposition,
p=p1 ). qip} @ pLe +pzZq1pJ ®p; +pgzqkp£3®p,f, (5.72)
i

with atleast two of the three coefficients p;, p,, and p; are nonzero.
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5.4.7 Total correlations

In Ref. [Jebl4c], a measure has been introduced to study the total correla-
tions in a bipartite quantum joint probability distribution. The tripartite general-
ization of this measure is defined as follows:

Definition 5.8. Total genuine correlations, 7, is defined as,

T = min{T1gj3, T13)2> T1j23} (5.73)
where
_ 123
Tals = MaX|Sapy = S p, |
here,

12]3 Gk kOai®f]
‘Sﬂaﬁ)lf — |Z(_1)l]®l koj-keaiepjeyk (AiBj> €1,
ijk

and where 735, and ;)53 are similarly defined.

7 is defined such that it satisfies the following properties: (i) & > 0, (ii)
J = 0 iff the JPD can be written in the product form P = P(a,|A;)P(b,, ¢,|B;, Cy)
and the permutations, and (iii) J is invariant under LRO and symmetric under
permutations of the parties. J is analogous to the measure for total genuine
tripartite correlations defined in [GBGZ11] as both the measures vanish for the
product states that can be written as p = p4 ® pgc and the permutations.
Observation 28. As a consequence of these three properties, 7 gives rise to the

additivity relation (see Appendix 5.6.5),
T=9+2+% (5.74)

for quantum correlations in the Svetlichny-box polytope. Here ¢ quantifies gen-
uinely classical correlations and the negative sign is observed for pure genuinely

entangled states.

Total correlations in the 3-decomposition of the GHZ state

EPR2 [EPR92] showed that each pair in an ensemble of two-qubits in the sin-
glet state exhibits nonlocality if the ensemble maximally violates a Bell-CHSH in-

equality. Then, for nonmaximal violation by the nonmaximally entangled states,
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EPR2 showed that only certain fraction of the ensemble behaves nonlocally and
the remaining fraction behaves locally. EPR2 conjecture for multi-qubit systems
implies that when an ensemble of three qubits in the GHZ state gives rise to
the maximal violation of a Svetlichny inequality, each trio in the ensemble be-
haves nonlocally. Consider the correlations arising from the GHZ state given in
Eq. (5.39). The correlation violates the Svetlichny inequality if p # 1 and gives
maximal violation when p = % Since the violation of the Svetlichny inequality
decreases if p is increased from % to 1, the number of trios exhibiting nonlocality
decreases and goes to zero when p = 1. However, the correlation gives rise to
the GHZ paradox when p = 1 which implies that each trio in the ensemble be-
haves contextually [GHZ07, Mer90c, CnEG*14]. If p is decreased from 1 to %,
the number of trios behaving contextually will decrease and the number of trios
behaving nonlocally will increase as the violation of the Mermin inequality that
detects the GHZ paradox decreases and the violation of the Svetlichny inequality
increases. The correlations in Eq. (5.39) can be written as a mixture of the three-
way nonlocal box that violates the Svetlichny inequality to its quantum bound,

the three-way contextual box which exhibits the GHZ paradox and white noise,

1 1 P0000+P1111
p = ﬁ%’[—P§°O°+(1——)PN:|+Q’ UL L.
v2 V2 2

+(1—v29' - 2')py. (5.75)

Therefore, the fractions v/2%’ and &’ of the total ensemble exhibits nonlocality
and contextuality (GHZ paradox) and the remaining fraction behaves as white

noise when % < p < 1. The total correlations in Eq. (5.39) is given by,

¢ wh =3
9:4(«/5+\/_1—p)=<y+g={ Waen P . (5.76)

which is the sum of Svetlichny discord and Mermin discord. Thus, ¥ and £ sep-
arates the total amount of nonclassical correlations in the JPDs into nonlocality

and contextuality.
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5.5 Conclusions

We have introduced the measures, Svetlichny and Mermin discord, to char-
acterize tripartite quantum correlations in the context of the Svetlichny-box poly-
tope. We have obtained the 3-decomposition of any correlation in the Svetlichny-
box polytope into Svetlichny-box, a maximally two-way nonlocal box that ex-
hibits three-way contextuality and a box with Svetlichny and Mermin discord
equal to zero. We have defined the two types of Mermin boxes that are three-
way contextual and extremal with respect to the 3-decomposition. We find that
the Svetlichny-box polytope does not characterize all genuinely three-way non-

local quantum correlations.

Svetlichny discord and Mermin discord quantify three-way nonlocality and
three-way contextuality of quantum correlations with respect to the 3-decomposition
even if the correlations do not violate a Svetlichny inequality or a Mermin in-
equality. In the case of pure states, Svetlichny and Mermin discord can be nonzero
iff the state is genuinely entangled. Moving to the mixed states, Svetlichny/Mermin
discord detects the component of the irreducible genuinely entangled state. If a
mixed state has an irreducible GHZ-class state and an irreducible W-class state
components simultaneously, nonzero Svetlichny/Mermin discord originates from
the GHZ-class state or the W-class state. We find that when GGHZ states and
Werner states give rise optimal Svetlichny or Mermin discord, irreducible GHZ
state component in the Werner states plays a role analogous to entanglement in
the GGHZ states.

5.6 Appendix

5.6.1 An example to illustrate the notion of irreducible
Svetlichny-box in unequal mixture of the Svetlichny-boxes

Notice that the subtraction done in ¥; given in Eq. (5.20) serves to calcu-

late the amount of single Svetlichny-box excess in the unequal mixture of the

Svetlichny-boxes. Nonzero ¥; does not necessarily imply that the correlation has
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an irreducible Svetlichny-box component which can be illustrated by the follow-

ing correlation,
P =0.4P°% +0.3P210 +0.2P3 0% +0.1P011, (5.77)

which has ¢; = 1.6, however, other ¥; are zero. Nonzero ¥; for this correlation
implies that it can be written as a convex mixture of a single Svetlichny-box and
a local box,

P=9'PY% +(1—-9")P,, (5.78)

where ¢’ = 0.2 and P, = §P99%0 + 2p2100.4 2 p1000 4 L pOl10 The single Svetlichny-
box component in this decomposition is not irreducible as ¢’ vanishes for other
possible decompositions. Thus, minimizing the single Svetlichny-box component
overall possible decompositions in Eq. (5.23) corresponds to the minimization in

Eq. (5.20) as ¥ is intended to detect irreducible Svetlichny-box component.

5.6.2 Svetlichny function monogamy

The fact that the violation of a Svetlichny inequality is monogamous, i.e., a
Svetlichny nonlocal correlation cannot violate more than a Svetlichny inequality
in Eq. (5.9) leads to the following Svetlichny function monogamy.

Proposition 5. For any given correlation P(an, by, c,lA;, B, Cy), the Svetlichny
functions,
Sy = Z(_l)i.j@i.kej.keai@ﬁjeyk (AiBjCk> ’ (5.79)
ijk

satisfy the monogamy relationship,
S+ <8 Vi j, (5.80)

where % and &} are any two of the Svetlichny functions defined in Eq. (5.79).
Proof. Since the correlations in the two-way local polytope satisfy the complete
set of Svetlichny inequalities, they satisfy the trade-off relations in Eq. (5.80). All

the Svetlichny-boxes satisfy the trade-off relations in Eq. (5.80), since only one of

the Svetlichny functions attains the algebraic maximum and the rest of them are
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zero for any Svetlichny box. Any nonextremal Svetlichny-nonlocal box in %Zcan
be written as a convex mixture of a Svetlichny-box and a Svetlichny-local box

that gives the local bound of 4 for a Svetlichny inequality (see fig. 5.1),
P =pPiP 4 (1-p)Py,;. (5.81)

Now consider the Svetlichny-nonlocal correlations that maximize the left-hand
side of Eq. (5.80); for instance, any convex mixture of the Svetlichny-box and

the deterministic box, P = pPg?% + (1 — p)Pp°%, gives oo + % =8 V. O

5.6.3 The ¥ =0 and 2 =0 correlations

¢ C
pY=0 — ¢POOOPC+(1— 12
2y 2— /7
Here P(p() arises from the state, pc = ag|x,){x,| + aj|x_)(x_|, where a; =  +
(_1)i +/2(sin? 0 sin 65 cos 05)

) PP (pe). (5.82)

2—y/T3—C12
010 , p100
p¥=0 _ Ciy ([ Ppr tPpp P(pl)
L T 1 _g 2 Pc
1 T3 AB 2
— /
1-9 ( VC2 +214

Here P(p;) and P(pZ) arise from the states, p} = a,|0)(0] + a;|1)(1| and p? =

sin® 0 sin O3 cos O 1 _1Yi__cosbs
bol0)(Ol+ =7, (|0><1|+|1><0|)+b1|1><1|,whereal—2[1+( V' mere |

: 4/ 1+sin? 6. cos? O+sin? 6 cos 265 )—Cy, cos 6
bi=3|1+(-1) i ) =Crocosh | g g = T
A/ 1+sin? 05(1—C1,—9") /CE 4275

= p000 | p110 =
Pigzoz V712 PR PR P]S-i— 1V 12 PyPc. (5.84)
I-v&\ 2 A

Here P(p.) is a distribution arising from the state p. = ag|x,)(x, |+ aj|x_){x_|

_1 _ i sin? 0 sin O5 cos Oy
where a; = 5 +(-1) S By
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((g/
2=0_ 712 ,000p( -1
P _1_Q/PPRP(pC)+

1
— (1—9;,—2')PyP(p2). (5.85)

Here P(p/) and P(p2) arise from the states pi. = ao|0)(0| + a;|1)(1] and pZ =

sin 0 sin 05 cos Oy =1 _qyi__cosfs
bol0)(0+==g =57 (10){1] +[1){01)+b;[1)(1], where g, 2[1+( 1) —m]
1 Py 4/ 1+sin? 93(c0526+sin29c05263)—%l’2 cos 03 ; ;
b;=3 [1 +(-1) W EEerer ey ,2'=2/4and 9], =9/4.

5.6.4 Proof for Monogamy of Bell discord and monogamy of
Mermin discord

In the tripartite correlation scenario, Bell discord of subsystems AB and AC

are constrained by the monogamy;,

G0+ G5 < 4. (5.86)

Proof. As nonzero Bell discord requires an irreducible PR-box component, ¥,
and %5 are simultaneously nonzero if both the bipartite marginals have an ir-
reducible PR-box component. Suppose parties A and B share a PR-box, then the
third party is uncorrelated [MAGO6]. The only possible way for the joint parties,
AB and AC share a PR-box simultaneously and maximize the left-hand side in Eq.

(5.86) is that they share the correlation given by the convex mixture,
P = pPpRPc + qPps Pp. (5.87)

For this correlation, %, + %3 = 4. O

In a three-qubit system, Mermin discord arising from the bipartite systems

AB and AC are constrained by the monogamy,

D5+ 2,5 <2. (5.88)
Proof. In a two-qubit system, a pure Mermin-box arises iff the parties share a

maximally entangled state [Jeb14a]. Suppose subsystem AB of a three-qubit sys-

tem gives rise to a Mermin-box, a third party cannot share a Mermin-box due to
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the monogamy of entanglement [CKWO0O]. Thus, the only possible way for the
joint parties, AB and AC share a Mermin-box simultaneously and maximizes the
left-hand side in Eq. (5.88) is that the parties share the correlation given by the
convex mixture,

P = pPiPP. +qPy’ Py. (5.89)

For this correlation, £, + 2,3 = 2. O

5.6.5 Proof for the additivity relation

The decomposition given in Eq. (5.52) implies that up to local unitary oper-
ations any quantum correlation arising from a three-qubit state has the following
3-decomposition,

0000 111y

— 0000 S S 9=0
P=9'Pg, +£2’(%)+(1—%’—9’)p9:0, (5.90)

1 ( p0000 111y
where 5 (PSV + P,

box P°%. Since this correlation maximizes o,

) are the two Mermin-boxes canonical to the Svetlichny-

T(P) = |Foo(P)—max{ T (P), Fpoa (P), e (P}
= 189'+42' +(1-9' — 2) [ Ho(P5=))
= max{, (P320), Sonp (P=)s on (Pa=)}]
= 94+2+%, (5.91)

where

¢ = (1—9' —2)|Foo(PI=0

— max{F (P=9), T (PS=3), S (PI=}. (5.92)
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Chapter 6
Discussion

We have defined the two measures, Bell discord and Mermin discord, which
are also nonzero for boxes admitting local hidden variable model. By using these
measures, we have characterized nonclassicality of bipartite qubit correlations
within the framework of generalized nonsignaling theories. For the bipartite
nonsignaling boxes, we have obtained a canonical decomposition which is ex-
pressed as a convex combination of three boxes. In this decomposition, the pres-
ence of nonclassicality is manifested in three different ways: when only the frac-
tion of PR box (which exhibits nonlocality) is nonzero, or only the fraction of
Mermin box (which exhibits EPR steering) is nonzero, or both the PR box and
Mermin box fractions are nonzero. Bell and Mermin discords serve us to quan-
tify the PR box fraction and Mermin box fraction, respectively, in the canonical
decomposition. We have shown that in the case of boxes arising from two-qubit
states, both nonzero left and right quantum discords are necessary for nonzero
Bell/Mermin discord. In this case, nonzero Bell and Mermin discords originate
from noncommuting measurements that give rise to Bell nonlocality and EPR

steering (without Bell nonlocality), respectively.

We have generalized Bell and Mermin discords to the tripartite case to char-
acterize genuine nonclassicality of tripartite qubit correlations. We have obtained
a three-way decomposition for the tripartite nonsignaling boxes, which general-
izes the bipartite canonical decomposition. In this decomposition, the presence of
genuine nonclassicality is manifested in three different ways: when only the frac-

tion of Svetlichny box (which exhibits genuine nonlocality) is nonzero, or only
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the fraction of Mermin box (which exhibits three-way contextuality) is nonzero,
or both the Svetlichny box and Mermin box fractions are nonzero. The mea-
sures, Svetlichny and Mermin discords, serve us to quantify the Svetlichny-box
and Mermin-box components, respectively, in the three-way decomposition. In
the multipartite case, genuine quantum discord quantifies quantum correlation
that is shared among all the subsystems of the multipartite system. We have
demonstrated that if a box, having any of the tripartite Svetlichny/Mermin dis-
cord nonzero, arises from a three-qubit state then presence of genuine tripartite
quantum discord is guaranteed, even when the box has a local hidden variable

description.

In this thesis, we have restricted ourselves to the nonsignaling boxes with
two binary inputs and two binary outputs. It would be interesting to generalize
Bell and Mermin discords to the scenario in which the black boxes have more than
two outputs for a given input. This would be useful to characterize nonclassicality

of quantum correlations arising from two-qudit states.

The canonical decomposition of bipartite nonsignaling boxes suggests that
any bipartite quantum state can be decomposed in a convex mixture of a pure en-
tangled state and a separable state which is neither a classical-quantum state nor
a quantum-classical state. This decomposition would be relevant to quantifying

quantum correlation that goes beyond entanglement.

The tripartite Svetlichny and Mermin discords can be defined for n-partite
nonsignaling boxes with more than three parties by using n-partite Svetlichny
and Mermin inequalities. These quantities may be useful for characterizing mul-

tipartite quantum states.

Bell and Mermin discords may have implications for characterizing intrinsic
randomness of quantum correlations. It may be interesting to relate Bell/Mermin
discord to various measures of intrinsic randomness such as observed random-

ness, device-independent randomness and semi-device-independent randomness.
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