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Abstract

Let H™™! denote the n+1-dimensional (real) hyperbolic space and let S™ denote the
conformal boundary of the hyperbolic space. M(n) denotes the group of conformal
diffeomorphisms of S™ and M,(n) be defined as identity component which consists
of all orientation preserving elements in M (n). Conjugacy classes of isometrics in
M,(n) depends on the conjugacy of T and T~' in M,(n). For an element T' € M (n),
T and T! are conjugate in M(n), but they may not be conjugate in M,(n). T is
called real if T and T~! are conjugate to each other in My(n). Let T be an element
in M,(n), so to T there is an associated element 7, in SO(n + 1). If the complex
conjugate eigenvalues of T, are given by {e®i e~} 0 < 0j < m j = 1,---,k,
then 6,--- ,60, are called the rotation angles of T'. T is called a reqular element if
the rotation angles of T are distinct from each-other. After classification of the real
elements in M,(n) we have parametrized the conjugacy classes of regular elements in
Mo(n). In the parametrization, when 7' is not conjugate to 7!, then enlarge the
group and consider the conjugacy class of T"in M (n). So each such conjugacy class

can be induced with a fibration structure.
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Chapter 1
Hyperbolic Geometry

The theory and proofs in this chapter are based on Ratcliffe, J.G.: Foundation of
Hyperbolic Manifolds, Graduate Texts in Mathematics 149. Springer, Berlin (1994).

In the first half of the nineteenth century Hyperbolic geometry was created in
order to prove the dependence of Euclid’s fifth postulate on the first four. Around
300 B.C. Euclid wrote his famous elements. In thirteen volume work he brilliantly
organized and presented the fundamental propositions of Greek geometry and number
theory. Now in this chapter we will study the hyperbolic geometry defining a new
inner product on R™ which we call the Lorentzian inner product, then we will proceed
to the positive half of the sphere of unit imaginary radius in R®™! which we call

hyperbolic n-space H".

1.1 Lorentzian n-Space

Let z,y be vectors in R™.The Lorentzian inner product of x, y is the real number given
by
TOY = —T1Y1 + T2Y2 + -+ + TplYn (1.1)

Lorentzian n-space is the inner product space consisting of the vector space R™ with
the Lorentzian inner product and is denoted by Rb"~1L,
Let x be a vector in R". The Lorentzian norm (length)of z is defined by the

complex number
|zl = (z 0 2)"2 (1.2)



||| is either zero, positive, or positive imaginary. The absolute value of positive

imaginary ||z|| is denoted by |||x]||.

Figure 1.1: The light cone C? of R1?

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 55 (1994).

We define a vector Z € R"~! by

T = (T9,x3, " ,Tp) (1.3)
Then
||* = —2:* + [z (1.4)
If vectors z,y € R"™, then
roy=—x1Yy1 +TY (1.5)



The hypercone C"~! is defined by equation |z;| = |Z| which is set of all z € R
such that ||z|| = 0. The hypercone C"! is called the light cone of R™. If |z|| = 0,
then the vector x is said to be light-like. A light-like vector x in R" is said to be
positive (or negative) iff z; > 0 (or z; < 0).

If ||z|| > 0, then z is said to be space-like. So z is space-like iff |x;| < |Z|. The exterior
of C"~1 in R" is the open subset of R" consisting of all the space-like vectors.

If ||| is imaginary, then x is said to be time-like. It can be easily seen that z is time-
like iff ;| > |Z|. We say that time-like vector z is said to be positive (or negative)
iff z; > 0 (or 7; < 0). The interior of C"~! in R™ is the open subset of R" consisting
of all the time-like vectors. A vector is said to be space-like if ||z|| > 0 then x is

space-like iff |x1| < |Z|.

Theorem 1. Let x,y be nonzero nonspace-like vectors in R™ with the same parity.

Then x oy < 0 with equality iff x,y are linearly dependent light-like vectors.

Theorem 2. If x,y are nonzero nonspace-like vectors in R™, with the same parity,
andt > 0, then

e the vector tx has the same likeness and parity as x;

e the vector x + vy is nonspace-like with the same parity as x,y; moreover x + 1y is

light-like iff x,y are linearly dependent light-like vectors.

A convex subset of R™ is the set of all positive (or negative) time-like vectors.

1.1.1 Lorentz Transformation

Definition 1.1. A function ¢ : R — R is a Lorentz transformation iff

d(x)od(y) =z oy Va,y in R.

Let {vy,v9, -+ ,v,} is a basis of R™ then it called Lorentz orthonormal iff vi ovy =
—1 and v; o v; = §;; otherwise. The standard basis {eq, ez, - ,e,} of R™ is Lorentz
orthonormal.

Theorem 3. A function ¢ : R™ € R"™ is a Lorentz transformation iff ¢ is linear and
{o(e1), Pp(e2), -+ ,d(en)} is a Lorentz orthonormal basis of R™.



A real n x n matrix A called Lorentzian iff the associated linear transformation
A : R € R, given by A(z) = Az, is Lorentzian. The set of all Lorentzian n x n
matrices together with matrix multiplication forms a group O(1,n — 1), called the
Lorentz group of n x n matrices. There exists an isomorphism between the groups

O(1,n — 1) and the group of Lorentz transformations of R™.

Theorem 4. Let A be a real n X n matriz, and let L be the n X n diagonal matriz
defined by

L =diag(—1,1,--- ,1).
Then the following are equivalent:

e The matriz A is Lorentzian.

e The equation ALA' = L is satisfied by the matriz A.

e The equation A'LA = L is satisfied by the matriz A.

e The columns of A creates a Lorentz orthonormal basis of R™.
o The rows of A creates a Lorentz orthonormal basis of R™.

Suppose a Lorentzian matrix given by A. So A'LA = L, clearly (detA)? = 1.
Therefore detA = £1. The set of all A in O(1,n — 1) with detA =1 be SO(1,n —1).
So index two subgroup of O(1,n — 1) is SO(1,n — 1). This group SO(1,n — 1) is
known as the special Lorentz group.

The set of positive and negative time-like vectors are the two connected components of
all time-like vectors in R”. A Lorentzian matrix A is said to be positive (or negative)
iff A transforms positive time-like vectors into positive (or negative) time-like vectors.
For example, the matrix L is negative. So, a Lorentzian matrix is either negative or
positive.

The set of all positive matrices in O(1,n—1) is given by PO(1,n—1). So PO(1,n—1)
is a subgroup of index two in O(1,n—1). PO(1,n—1), the group of positive matrices
is called the positive Lorentz group. Similarly, the set of all positive matrices in
SO(1,n—1) is given by PSO(1,n—1). So PSO(1,n —1) is a index two subgroup of
SO(1,n —1). The group PSO(1,n — 1) is called the positive special Lorentz group.

Definition 1.2. Two vectors x,y in R™ are Lorentz orthogonal iff x oy = 0.



Theorem 5. Let x,y # 0 Lorentz orthogonal vectors in R™. If x is time-like, then y

18 space-like.

Definition 1.3. Let V' be a vector subspace of R™. Then V s said to be
o time-like iff V' is time-like, or
e space-like iff every nonzero vector in V is space-like, or
e clse light-like.

Theorem 6. For each dimension m, the natural action of PO(1,n — 1) n the set of

m-dimensional time-like vector subspaces of R" is transitive.

Theorem 7. Let x,y be positive (or negative) time-like vectors in R™. Then x oy <

|z|||ly|| with equality iff x,y are linearly dependent.

1.1.2 The Time-Like Angle between Time-Like Vectors

Let z,y be positive (or negative) time-like vectors in R™. If a unique non-negative

real number 7n(z,y) is such that

zoy = |[z[lllyll coshn(z, y).

The n(z, y) is called the Lorentzian time-like angle between z, y. Therefore, n(z,y) = 0

iff x,y are positive scalar multiples of each other.

1.2 Hyperbolic n-Space

A sphere of radius r in R™™! is of constant curvature 1/r? and hyperbolic n-space is of
negative constant curvature, the duality between hyperbolic geometries and spherical
geometries indicates that hyperbolic n-space should be a sphere of imaginary radius.
Since imaginary lengths are possible in Lorentzian (n + 1)-space, we will take model

for hyperbolic n-space the sphere of unit imaginary radius

F = {2eR™ ;|22 = —1}.



The set F™ is disconnected. The set F™ is a hyperboloid of two sheets given by the
equation x? — |Z|> = 1. The subset of all z in F™ such that z; > 0 (or z; < 0) is
called the positive (or negative) sheet of F™. The hyperboloid model H" of hyperbolic
n-space is defined to be the positive sheet of F™. Let x,y be vectors in H"” and the
Lorentzian time-like angle between z,y is given by n(x,y). The hyperbolic distance

between x,y is defined to be the real number.

n(x,y) = dg(z,y) (1.6)

As ||z||||ly||coshn(z,y) = x oy the equation

coshdy(x,y) = —x 0y (1.7)

1 =

Z2

Figure 1.2: The Hyperboloid F? inside C?

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 61 (1994).

1.2.1 Lorentzian Cross Products

-1 0 0
Let the vectors z,y € R3andlet J=] 0 1 0
0 01

The Lorentzian cross product of x,y is given by

6



ry=Jxxy) (1.8)
Theorem 8. If w,x,y, 2 are vectors in R3, then

e rR¥Y=—-YRx

r1 To I3
e (z®y)oz=|y1 Y2 U3
21 R2 23

e 2@ (y®2) = (woy)z - (zo0a)y

Tow mwoz
e (1®y)o(zQw) =

yow yoz

Theorem 9. If x,y are linearly independent, positive (negative), time-like vectors in

R? | then ||z @ y|| = ||z|||ly||sinhn(z,y) and z @y is space-like.
Theorem 10. If z,y are space-like vectors in R3, then

o |xoy| < |z||l|y|l iff x @y is time-like,

o |zoy|l = |z|llyll if x @y is light-like,

o |zoy| > x|yl iff r @y is space-like
Theorem 11. The hyperbolic distance function dg is a metric on H"

Theorem 12. Every positive Lorentz transformation of R*! restricts to an isometry

of H", and every isometry of H™ extends to a unique positive Lorentz transformation

Of Rn—‘rl.

1.2.2 Hyperbolic Geodesics

Definition 1.4. A hyperbolic line of H" is the intersection of H" with a 2-dimensional
time-like vector subspace of R™1.

Let x,y be two distinct points of H™. Then xz,y span a 2-dimensional time-like subspace
V(z,y) of R"! and so

L(z,y) =H"NV(z,y)

7



is the unique hyperbolic line of H" containing both x,y. L(z,y) is a branch of a
hyperbola.

Definition 1.5. Three points x,y,z of H" are hyperbolically collinear iff there is a

hyperbolic line L of H™ containing points x,y, z.

o If z,y, z are points of H" and

n(@,y) +n(y, 2) = n(z, 2),
then z,y, z are hyperbolically collinear.

Definition 1.6. Two vectors z,y in R""! are Lorentz orthonormal iff ||z||* = —1 and

zoy =0 and [ly|]* =1
Theorem 13. Let « : [a,b] — H" be a curve. Then the following are equivalent:

e The curve o 1s a geodesic arc.

e There are Lorentz orthonormal vectors x,y in R such that
a(t) = (cosh(t — a))x + (sinh(t — a))y.
o The curve « satisfies the differential equation (o — o) = 0.

Theorem 14. A function X\ : R — H" is a geodesic line iff there are Lorentz or-

thonormal vectors x,y in R™ such that
A(t) = (cosht)x + (sinht)y.

e The geodesics of H" are its hyperbolic lines.

1.3 The Hyperbolic Triangles

Define the angle between two hyperbolic lines in H? as the interior angle between their
tangents at the point of intersection. Let x,y, z be three hyperbolically non-collinear
points in H2. Let L(z,y) be the unique geodesic in H? containing z,y. Let H(z,y, 2)
be the closed half-space of H? such that L(z,y) is its boundary and z is in its interior.

The hyperbolic triangle with vertices x,y, z is given by

T(x,y,2) = H(z,y,2) (VH(y, z,2) (N H (2 2,9)
8



Let [z, y] be the segment of L(z,y) joining x,y. The sides of T'(x,y, z) are denoted
by [z,y], [y, 2], [z,z]. Let a,b,c be the hyperbolic lengths of [z,y], [z, 2] and [z, ]
respectively.

Suppose f : [0,a] — H?, g : [0,b] — H? and h : [0,c] — H? are the geodesic arcs
from y to z, z to z, and x to y respectively. The angle o between the sides [z, z] and
[z, y] of T'(x,y, z) is the interior angle between h'(0) and —¢’(b), which is the interior
angle between the tangents at the point of intersection of the sides. In the similar way
as above, angles between the other pair of sides are obtained. Now we shall allow the
vertices of a triangle to belong to the circle at infinity. If two geodesics intersect at the
circle at infinity then angle between them is defined to be zero. If all the three vertices

of a hyperbolic triangle lie on the circle at infinity, it is called an ideal triangle.

Ideal triangles in the hyperbolic plane

Figure 1.3: An ideal triangle with real vertices

The area of a set X in H? is defined by

Area(X) = / /X dz‘jy (1.9)

The area in the unit-disk model D? is

dedy
|| =5 (1.10)

The hyperbolic area is invariant under the isometries of H?2.

Theorem 15. Any ideal triangle in the hyperbolic space has area H?.

9



N

Figure 1.4: An ideal triangle with one vertex at infinity

Theorem 16 (Gauss Bonnet Theorem). Let A be a hyperbolic triangle with angles
o, B,v. Then

Area(A) = —(a+ S +7)

Theorem 17. Let o, 3, v be the angles of a hyperbolic triangle T(x,y, z), then
(D)nizRz,r0y)=7-a
)@y y®z)=r—p
(B)ny®z,z20z)=m—7y

Theorem 18. Let z,y be space-like vectors in R3. If x @ vy is time-like, then

llz @ ylll = llz(ll[yll sinn(z, y).

Proof Since x ®y is time-like, the vector subspace of R? spanned by the vectors z, y

is space-like. We have

lz @ ylI* = (z o y)? — [l [yl
= [|z|*[lyll* cos® n(z, y) — ll=[*[lyl?
= —z|*[ly]|* sin® (=, y).

Theorem 19. If o, 3,7 are the angles of a hyperbolic triangle, then

a+pB+y<m.

10



Proof Let a,f,v be the angles of T'(z,y,z). The vectors z ® y,z ® y, z ® = are
linearly independent. Let

QY 2Ry _2Qx
v = w =
lz®yll’ =@y’ =@

u =

However

Ry ey =(r®y)oz)y

and
0y (=)= ((r®y)oz2)z

It is clear that both v ® v and v ® w are time-like vectors.

cos(n(u, v) + n(v, w))
= cosn(u,v)cosn(v, w) — sinn(u, v) sinn(v, w)
= (uov)(vow) +[lu@vlveul
> (wov)(vou) + (@ v)o (0@ w)
=(uov)(vow)+ (uow)(vowv)— (vow)(uowv))

=uow

= cosn(u,w).
Thus, either
n(u, w) > n(u,v) + (v, w)
2m — 77(“: w) < 77(“: U) + 77(”7 ’U))

We have that n(u,w) = m — a,n(u,v) = B, and n(v,w) = . Thus, either 7 >
a+ B+yorm+a <+ Without loss of generality, assume that « is the largest
angle. If 7 + a < 3+ 7, so the contradiction

T+a<fB+y<m+a
a+pf+y<m.

Theorem 20. (Law of Sines) If «, 3, are the angles of T(x,y,z) and a,b,c are the
lengths of the opposite sides of the hyperbolic triangle, then

sinha __ sinhb __ sinhe

sina sinf ~  siny

11



Proof By taking norms of both sides of equations

(z@1)@@@ey)=—((z®)0y),
(z@y) @ (Yy®2)=—((z®y)o2)y,
(y@2)@(zer)=-((y®z2) o)z,

It is clear that
sinhbsinhcsina = |(x @ y) o 2|,

sinh csinhasin 8 = |(z ® y) o 2|,
sinhasinhbsiny = |[(z ® y) o z|,

Theorem 21. The First Law of Cosines) If o, 8,7 are the angles of T'(z,y,z) and
a, b, c are the lengths of the opposite sides of hyperbolic triangle, then

cosh a cosh b—cosh ¢
sinh a sinh b

cosy =

Proof Since

<y®2)o($®2):<yoz yOfE)
20z ZOoOX
We have that

sinh a sinh b cos v = cosh a cosh b — cosh c.

Theorem 22. (The Second Law of Cosines) If o, 3,7 are the angles of a hyperbolic

triangle and a, b, ¢ are the lengths of the opposite sides, then

__ cosacos f3+cosy
coshe = sin asin B
Proof
I YRz /I z2Qx ! xRy
xr = = 2 = ==
o=l ¥ = Tewell” @y
Then
YR _ e
T = =
Mye=T" ¥ = MeaT]
Now since

Zox' 2oz

/ / / /



we have
—sin(7m — a) sin(m — B) cosh ¢ = cos(m — ) — cos(m — ) cos(m — f3).

It is interesting to compare the hyperbolic sine law

sinha __ sinhb __ sinhc
sina ~ sinf ~  siny
with the spherical sine law
sina __ sinb __ sinc
sina = sinf = siny

and the hyperbolic cosine laws

cosh a cosh b—cosh ¢
sinh a sinh b ’

cosy =

cos a cos B+cosy
sin asin 3

coshc =
with the spherical cosine laws

cosh c—cosacosb

cosy = sinhasinhb

cos & cos B+cos 7y

COsC = sin asin B

Recall that
sinta = ¢ sinh a and cosia = cosh a.

Hence, the hyperbolic trigonometry formulas can be obtained from their spherical

counterparts by replacing a, b, ¢ by 7a, ib, ic, respectively.

1.3.1 Area of Hyperbolic Triangles

A sector of H? is defined to be the intersection of two distinct, intersecting, nonop-
posite half-planes of H?. Any sector of H? is congruent to a sector S(a) given by

hyperbolic coordinates (), #) by the inequalities
—a/2 <0< a/2

where « is the angle formed by the two sides of S(«a) at its vertex e;. Let 8 = a/2.
Then the geodesic rays that form the sides of S(«) are represented in parametric form
by

(cosht)e; + (sinht)((cos B)es + (sin f)es) for t >0
13



(cosht)e; + (sinht)((cos B)es — (sin f)es) for ¢ > 0.

These geodesic rays are asymptotic to the 1-dimensional light-like vector subspaces
spanned by the vectors (1, cos 3, sin #) and (1, cos 3, —sin ), respectively. These two
light-like vectors span a 2-dimensional vector subspace V' that intersects H? in a hy-
perbolic line L. Suppose T'(«) be the intersection of S(«) and the closed half-plane

bounded by L and containing the vertex e;.

Figure 1.5: A generalized triangle with two ideal vertices

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 84 (1994).

The fascinating fact about H? is that when viewed from the origin it looks like
the projective disk model with the point e; at its center. It is clear that the two sides
of the sector S(«) meet the hyperbolic line L at infinity. From this point of view,
it is natural to regard T'(«) as a hyperbolic triangle which has two ideal vertices at
infinity. A generalized hyperbolic triangle in H? can be defined in the similar way
that we defined a hyperbolic triangle in H? except that some of its vertices can be
ideal. When observed from the origin, a generalized hyperbolic triangle in H? is a
Euclidean triangle in the projective disk model with its ideal vertices on the circle at
infinity. The angle of a generalized hyperbolic triangle at an ideal vertex is defined
to be zero. An infinite hyperbolic triangle is a generalized hyperbolic triangle with at
least one ideal vertex and an ideal hyperbolic triangle is called an infinite hyperbolic
triangle with three ideal vertices. Every infinite hyperbolic triangle with exactly two
ideal vertices is congruent to T'(a) for some angle . Now we will find a parametric
representation for the side L of T'(«) in terms of hyperbolic coordinates (n,6). The

vector
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(1,cos 3,sin ) x (1, cos B, —sin ) = (—2cosfsin 3, 2sinf3, 0)

is normal with respect to the 2-dimensional vector subspace V' whose intersection

with H? is L. Hence, the equation is satisfied
(cos B)xy — x9 = 0.

by the vectors in V. Now the points of H? satisfy the system of equations

x1 = coshn,
x9 = sinhn cos 6, (1.11)
x3 = sinh 7 sin 6

Thus, the points of L satisfy the equation
x1 = sec BcosB/x3 — 1.
While solving z;, we see that

cos 0

r = —FF—.
! A/ cos? f—cos? B

Hence
Ty = cos 6 cos B
\/ cos? f—cos? 3
and

sin 0 cos 8

Ir3 = —F/—/——.
3 \/ cos? f—cos? 3

Theorem 23. Area T(a) =7 — «

Proof Let the polar angle parameterization of L be defined as
2(0) = (21(0), 22(0), 23(0)

So we have
AreaT (o) = f_ﬁﬁ On(el’x(e)) sinh ndnd6

= %, (coshp(er, x(6)) — 1)do

= ffﬁxl(ﬁ)dﬁ -«
15



and

8 _ [P __ _costdd
Josm(0)do = |7, \/cos? 6—cos?

— f_ﬂﬂ cos 0df

\/sin? B—sin?

= f_ll \/1d—f7’ where u = sin 6 sin 3
= Arcsinult, = .
Hence, we have that
Area T'(a) = 1 — a.
Theorem 24. The area of an ideal hyperbolic triangle is .

Proof Suppose T be any ideal hyperbolic triangle, take a point z in the interior of
T. Then it is possible to subdivide T into three infinite hyperbolic triangles such that
each of which has only finite vertex given by x. Define a, 3, be the angles of the

triangles at the vertex x as shown in the figure. Then we have

Area(T) = (m —a) +(m = B) + (m —v) = .

Figure 1.6: An ideal triangle subdivided into three infinite triangles

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate Texts
in Mathematics 149. Springer, Berlin p. 86 (1994).

Theorem 25. If o, 8,7 are the angles of a generalized hyperbolic triangle T', then

Area(T) =7 — (a+ [+ 7).
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Proof The formula holds if 7" has two or three ideal vertices. Let x and y be the
only two vertices of T" with angles o and 5. On extending the finite side of T, from
Figure, we observe that T is the difference of two infinite hyperbolic triangles T, and

T, with only one finite vertex x,y, respectively. Therefore
Area(T) = Area(T,) — Area(T,) = (7 — a) — .

Now let z,y, z be the three finite vertices of T" with angles «, 8,y. On extending the
sides of T', as in figure, we can have an ideal hyperbolic triangle 7" which can be
subdivided into four regions, one of which is T', and the others are infinite hyperbolic

triangles T, T}, T, with only one finite vertex x,y, z, respectively. Hence, we have

Area(T") = Area(T') + Area(T},) + Area(T,) + Area(T}).

17



Hence

m = Area(T) + (a+ 5+ 7).

Figure 1.7: An infinite triangle 7" expressed as the difference of two triangles

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 87 (1994).

Figure 1.8: The ideal triangle found by extending the sides of T'(z, vy, 2)

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 87 (1994).
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Chapter 2
Inversive Geometry

The theory and proofs in this chapter are based on Ratcliffe, J.G.: Foundation of
Hyperbolic Manifolds, Graduate Texts in Mathematics 149. Springer, Berlin (1994).

The group of transformations of Euclidean space E™ generated by reflections in
hyperplanes and inversions in spheres. It turns out that this group is isomorphic to

the group of isometries of hyperbolic space H"*!.

2.1 Hyperplanes

Definition 2.1. A hyperbolic m-plane of H" is defined as the intersection of H™ with

a (m + 1)-dimensional time-like vector subspace of R™ .

Then a hyperbolic 1-plane of H™ is the hyperbolic line of H". A hyperbolic (n—1)-
plane of H™ is known as a hyperplane of H".
Define = to be a space-like vector of R**!. Then the Lorentzian complement of a
vector subspace (x) spanned by z is an n-dimensional time-like vector subspace of
R"™"!. Hence a hyerplane H™ is given by P = (z)¥ N H™. The hyperplane P is called
the hyperplane of H" Lorentz orthogonal to x.

Theorem 26. Let x,y be linearly independent space-like vectors in R, Then the

following statements are equivalent:

e The vectors x,y satisfy the equation |x o y| < ||z||||y]|-

e The vector subspace V' spanned by x,y s space-like.
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o The hyperplanes P and () of H" Lorentz orthogonal to x,vy, intersect.

2.2 Reflections

Definition 2.2. Let a be defined as a unit vector in E™ and t be a real number.

Consider the hyperplane of E™ which is by
P(a,t) = {zeE" : a -z = t}. (2.1)
FEvery point x in P(a,t) satisfies
a-(x—ta)=0. (2.2)

Therefore P(a,t) is a hyperplane of E™ with normal unit vector a passing from
the point ta. Any hyperplane has exactly two representations P(—a, —t) and P(a,t).
The reflection p of E™ in the plane P(a,t) is given by the formula

p(x) =z + sa, (2.3)
where s is a real scalar so that x + %sa is in P(a,t). This leads to a direct formula
p(x) =x+2(t—a-x)a. (2.4)
Theorem 27. If p is the reflection of E™ in the plane P(a,t), then
o p?(x) =x for all x in E™; and
e p(x) ==z iff v is in P(a,t);
® p is an isometry.

Theorem 28. FEvery isometry of E™ is a composition of at most n + 1 reflections in

hyperplanes.

Proof Let ¢ : E™ — E™ be an isometry and define vg = ¢(0). po be the identity if
vo = 0, or the reflection in the plane P (vy/|vol, [vo]/2) otherwise. So po(vg) = 0 and
then po¢(0) = 0. The map ¢y = po¢ is an orthogonal transformation.

Let ¢p_1 is defined as an orthogonal transformation of E™ which fixes ey, -+, ex_1.
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Suppose vy = ¢r_1(ex) — ek and pi be the identity if v, = 0, or the reflection in the
plane P (vg/|vg],0) otherwise. So préy_1 fixes eg. Also, for each j =1, -+ [k —1, we
see that

vg.e; = (Pp—1(ex) — ex).€;
= ¢k—1(€k)-€j
= ¢k71<€k)-¢k71(ek>
= €.€;
= 0.

Thus e; is in the plane P (vy/|vg|, 0) and then is fixed by pj,. Hence, we observe that
Or = proPr—1 fixes ey, -+, er. So by induction we have that there are maps pg,--- , pn
such that each p; is either the identity or a reflection and p,, - - - po¢ fixes 0, ey, --- ;€.

Thus p, - - - po¢ is a identity and hence ¢ = pg - - - py,.

oOr—1(er) — ek Or—1(ex)

Figure 2.1: The reflection of the point ¢5_1(ex) in the plane P

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 101 (1994).

2.3 Inversions

Let E™ be a euclidean space with a point a inside it and let r be a positive real

number. A sphere of E™ with radius r centered at a is defined as
S(a,r) ={xeE™ : |xr —a| =1} (2.5)
The reflection (or inversion) o of E™ inside the sphere S(a,r) is given by

o(x) =a+ s(z —a) (2.6)
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where s is a positive scalar such that

lo(x) — al|lz — a| = r*. (2.7)

This leads to direct formula

o(z) = a+ (—

H)2(I —a) (2.8)

There is a fair geometric construction of the point o(z). Firstly we assume that x
is inside the sphere, S(a,r) then erect a chord of S(a,r) passing through x which is
perpendicular to the line joining x to a. Let u and v be the endpoints of the chord.
So o(x) is the point 2’ of intersection of the lines tangent to S(a,r) at the points u
and v in the plane including a, u, and v. We can clearly see that the right triangles

T(a,z,v) and T(a,v,x’) are similar to each other.

\x’—a|_ r

r |r—ad (2:9)

a x 2’ =o(z)

Uu

Figure 2.2: The construction of the reflection of a point x in a sphere S(a,r)

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 102 (1994).

Now let us assume that x is outside the sphere S(a,r). Let y is the midpoint of
the line segment [a, z] and let C be the circle centered at y of radius | — y|. Then
the circle C intersects S(a,r) at two points namely u,v and o(z) is the point z’ of

intersection of the line segments [a, 2] and [u, v].
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Figure 2.3: The construction of the reflection of a point = outside the sphere S(a, )

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 103 (1994).

Theorem 29. If o is the reflection of E™ in the sphere S(a,r), then
o o(x) =z iff v is in S(a,r);
o o%(x) =z for all x # a; and
o forallxz,y +# a,

e —y|

(2.10)

e —ally—dl’

Proof (1) AS
lo(z) — alle —a| =%,

We observe that o(x) =z iff [v —a| =7

(2) We see that

(3) We see that

2‘ (z—a) (y—a)

lo(x) —o(y)l =r

z—al? ly—al?
1/2
_ 702 1 _ 2(z—a).(y—a) 4 1 /
o lz—al? lz—al?|y—al? ly—al?
_ 2 le—yl
ly—allz—al*
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2.4 Conformal Transformations

Let U be an open subset of E™ and let ¢ : U — E™ be a C' function. Then ¢ is

differentiable and has continuous partial derivatives. Let ¢’(x) be the matrix (g%(x))
J

of partial derivatives of ¢. Then the function ¢ is said to be conformal iff there exists

a function
k:U—= Ry,

called the scale factor of ¢ and x(z)~'¢/(x) is an orthogonal matrix for every z in U.

The scale factor k of a conformal function ¢ is uniquely determined by ¢, as [k(z)]" =

dete! ()]

Theorem 30. Let A be a real n x n matriz. Then there is a positive scalar k such

that k=*A is an orthogonal matriz iff A preserves angles between nonzero vectors.

Proof Suppose there exists a k& > 0 such that k~*A is an orthogonal matrix. Then
A is nonsingular matrix. Suppose z,y be nonzero vectors in E™. Then Ax and Ay

are nonzero, and A preserves angles, because

cosO(Azx, Ay) = %

_ kTl'Azk'Ay
T |kt Al [k~ Ay

= cosf(z,y).

Conversely, assume that the matrix A preserves angles between nonzero vectors.
Then A is a nonsingular matrix. Since 0(Ae;, Ae;) = 0(e;,e;) = w/2 for all i # j,
the vectors Aeq,--- , Ae, are orthogonal. Let B be an orthogonal matrix such that
Be; = Ae;/|Ae;| for each i. Then B~'A also preserves angles and B~'Ae; = ce;
where ¢; = |Ae;|. Hence, without loss of generality, we may assume that Ae; = ¢e;,

with ¢; > 0, foreachi=1,--- ,n. As
9(14(62 + ej), Aej) = Q(SZ + €5, ej)

for all i # j, we observe

(cieitcjej).ciej 1

@zt~ Vo
Hence 2¢; = ¢ + ¢; and so ¢; = ¢; for all i and j. So, the common value of the c;

is a positive scalar £ such that k1A is orthogonal.
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2.4.1 Angle Between Curves

Let «, 5 : [=b,b] — E™ be a differential curve such that «(0) = 5(0) and «/(0), 5'(0)
are both nonzero. The angle between o and 8 at 0 is defined to be the angle between
a/(0) and 5'(0).

Theorem 31. Let U be an open subset of E™ and let ¢ : U — E™ be a C function.

Then ¢ is conformal iff ¢ preserves angles between differentiable curves in U.

Proof Let us assume that the function ¢ is conformal. Then there is a function
k : U — Ry such that k(x)~'¢/(z) is orthogonal to each z in U. Let o, 8 : [, 0] — U
be differentiable curves such that a(0) = £(0) and o/(0), 8'(0) are both nonzero. We

observe

0((¢2)'(0), (¢5)(0))
= 0(¢'(a(0))a/(0), ¢'(5(0))5'(0))
= 0(/(0), 5(0))-

Hence, the angle between ¢a and ¢ at 0 is the same as the angle between o and
at 0.

Theorem 32. Fvery reflection of E™ in a hyperplane or sphere is conformal and

reverses orientation.

Proof Let p be the reflection of E™ in the plane P(a,t). Then

p(x) =2+ 2(t — a.x)a,
pl(l‘) = (51] — Qaiaj) =1—-2A

where A is the matrix (a;a;). Since p'(z) is independent of ¢, without loss of generality

we may assume that ¢ = 0. Then p is an orthogonal transformation and
plx) = (I —2A)x.

Hence I —2A is an orthogonal matrix, and then p is conformal. There is an orthogonal

transformation ¢ such that ¢(a) = e;. So

¢pp~H () = ¢(¢7' (z) — 2(a.¢7'(z))a)
=2 —2(a.07 (x))e;
=1z —2(¢(a).x)e;

=z —2(eg.x)ey.
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Hence ¢pp~" is the reflection in P(e1,0). Then by chain rule,
det(¢pd™) (x) = detp/(z).
For the computation of determinant of p'(z), we may assume that a = e;. So
—1
I—2A=
0 1

Hence det p'(z) = —1, and thus p reverses orientation.
Let o, be the reflection of E™ in the sphere S(0,r). So

r2

xT

8

or(x) =

|

and so

r

27 2z \ 2
O'/ ([E) = 7"2 (W — W) = W([ — QA),

where A is the matrix (z;z;/|z|*). As I — 2A is orthogonal, and therefore o, is

conformal; moreover o, reverses orientation, as

deto’ (z) = (g)zn det(I — 2A)

Let o be the reflection with respect to S(a,r) and let 7 be the translation by a.

-1

So 7(x) = I and 0 = 7o,7~'. Thus ¢'(z) = o.(x — a). Hence o is conformal and

reverses orientation.

2.5 Sterographic Projection

Identify E™ with E™ x {0} in E™"' . The stereographic projection 7 of E™ onto
S™ — {ens1} is given by projecting x in E" towards (or away from) e, ; unless it
meets the sphere S™ in the distinct point 7(z) other than e,1. Since 7(x) is a point
on the line which passes through x in the direction of e, ;1 — x, there is a scalar s such
that

m(x) =2+ s(ept1 — ). (2.11)
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The condition |7(x)* = [ leads to the value

|z[* — 1
= 2.12
TPl (2.12)
and the direct formula
(2) = ( 21, 2r, |z]*— 1> (2.13)
m(r)=(——, - : .
T+ |z]27 "1+ z)2 |22 =1
Let o be the reflection of E™*! in the sphere S(e,41,v/2). So
2(1; B en—‘rl)
= ey + T 1) 2.14
o(z) R (2.14)
If x is in E™, then we have
2 2x 2x, 2 =1
O'(Q?) = €pt1 + (‘rlv"' 7Q;n7_1> = ( . | | ) (215)

1+ |22 1+ 22 1+ |22 22— 1

Figure 2.4: The stereographic projection m of E? into 5>

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 107 (1994).

Suppose oo be a point which is not in £ and define E* = E" U {c0}. Now 7
is extended to a bijection 7 : E" — S™ by setting 7(c0) = €y41, and define a metric
d on E" by

d(x,y) = [7(z) — 7 (y)l. (2.16)

The metric d is known as the chordal metric on E™.
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2.5.1 Cross Section
Let u, v, z,y be the points of E™ such that z # y and u # v. The cross ratio of these

points is defined be the real number

|(U,U,$,y)’ = (2.17)

The cross ratio is defined as the continuous function of four variables, as the metric

d: E" x E" — R is a continuous function.
Theorem 33. If u,v,x,y are points of E™ such that u # v and x # y, then

|u = z[[v — 9|
R e Te—— 2.18
[U’),Uax?y] |U—U‘|x_y| < )

v -yl
m7v7 I?y - 2.].9
o v.2.9) = (=4 (219)
|u — x|
u’ m? x)y - 2.20
.00, 2.9) = (= (2.20)
v -yl
= 2.21
|u — x|
= 2.22
n.0,,00] = i (222)
Theorem 34. If x,y are in E™, then
2
d(x,00) = ———— (2.23)
(1+ |zf?)2
9N —
d(r,y) = 7=y (2.24)

Proof (1) We see that

= [m(2) = el

211 . 2Ly —2
1+|I|27 Y 1+|.’17|27 1+|x‘2

2
1 .
(I+]af?)2
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(2) We have

d(z,y) = 2zl

T Jr—entilly—enta]

2If*yl 1
(1+|z2)2 (1+y|?2) 2

Theorem 35. Every reflection of E™ in an extended hyperplane is a homeomorphism.

Proof Let p be the reflection of K™ in a hyperplane. Then p is continuous. As
lim p(z) = oo, we have that p is continuous at co. Thus p is a continuous function.
T/E:so;} is inverse of its own, it is a homeomorphism.

Let o be defined as the reflection of E™ in the sphere S(a,r). We extend ¢ to a map
& : E" — E" by setting 6(a) = oo and 6(z) = (a). Then 6(z) = (x) for all x in
S(a,r) and 6% is the identity. The map ¢ is called the reflection of & in the sphere
S(a,r).

Theorem 36. Fuvery reflection of E™ in a sphere of E™ is a homeomorphism.

Proof Let o be defined as the reflection of E™ in the sphere S(a,r) and let 6 be the

extended reflection of E". As 62 is the identity, ¢ is a bijection with inverse 6. The

map & is continuous, since o is continuous, lim p(x) = oo, and lim p(x) = a.Thus &
T—00 T—00

is a homeomorphism.

2.6 Mobius Transformations

A sphere ¥ of E™ is defined to be either a Euclidean sphere S (a,r) or an extended
plane P(a, t) = P(a,t) U oc. p(a, t) is topologically a sphere.

Definition 2.3. A Mdbius transformation of E™ is a finite compostion of reflections

of E™ in sphere.

Let M(E™) be defined as the set of all Mobius transformations of E™. Then
clearly M (E") clearly forms a group under composition. Every isometry of E™ may
be extended in a distinct way to a Mobius transformation of E™. Hence, we may
regard the group of Euclidean isometries I(E™) as a subgroup of M(E™).

Let k be a positive constant and let iy, : E™ — E™ be the function given by ug(z) = k.
Then py is a Mobius transformation, since gy is the composite of the reflection in
5(0,1) followed by the reflection in S(0,vk). Since each similarity of E™ is the
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composite of an isometry followed by gy for some k, every similarity of E™ extends
in a distinct way to a Mobius transformation of E™. Hence, we can also consider the

group of Euclidean similarities S(E™) as a subgroup of M(E™).

Theorem 37. If o is the reflection of E™ in the sphere S(a,r) and oy is the reflection
in S(0,1), and ¢ : E" — E" is given by ¢(x) = a + rz, then o = ¢o1o™".

Proof We see that

= 901 (152 = 601971 (x)

Theorem 38. A function ¢ : E™ — E™ is a Mébius transformation iff it preserves

cross ratios.

Proof Let ¢ be a Mobius transformation. Since ¢ is a composition of the reflections,
we can assume that ¢ is a reflection. A Euclidean similarity preserves cross ratios,
and so ¢(z) = x/|z|>. We observe that

¢(x) — b(y)| = 154

We conclude that

[0(u), ¢(v), ¢(x), 6(y)] = [u, v, 2, y]

if u, v, x,y are all finite and nonzero. Then the remaining cases follow by continuity.

Hence ¢ preserves cross ratios.

Theorem 39. A Mdbius transformation ¢ of En fixes oo iff ¢ is a similarity of E™.

2.6.1 The Isometric Sphere

Let ¢ be a Mobius transformation of E™ with ¢(o0) # oo. Suppose a = ¢~ 1(c0)
and o be the reflection of E” in the sphere S(a,1). So ¢o fixes co. Thus ¢o is a
similarity of E". Therefore, there is a point b of E”, a scalar k > 0, and an orthogonal

transformation A of E™ such that

o(x) =b+ kAo(x). (2.25)
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And h
6(x) — oly)| = — Y

e —ally—al

(2.26)

Now assume that z, y are in S(a,r). So |¢(z) —¢(y)| = |z —y] iff r = VE. Hence ¢
acts as an isometry on the sphere S(a, vk), and S(a, vk) is distinct with this property
among the spheres of E™ centered at the point a. S(a,vk) is known as the isometric

sphere of ¢.

Theorem 40. Let ¢ be a Mébius transformation of E™ with ¢(co0) # co. Then there
1s a unique reflection o in a Fuclidean sphere X and a unique Euclidean isometry 1)

such that ¢ = 1o. Moreover ¥ is the isometric sphere of ¢.

2.6.2 Preservation of Spheres

The equation defining a sphere S(a,r) or P(a,t) in E™ is given by
z|* —2a-z+|a* —7r* =0 (2.27)

or
—2a-x+2t=0, (2.28)

respectively, and these can be given as
aolz|? — 2a - T + apy1 = 0 with |al? > agan1.

Conversely, any vector (ag,--- ,a,41) in R™2 such that |a|*> > apan,1, where

a= (ay,- - ,a,) determines a sphere ¥ of En satisfying the equation
aolz|? — 2a - T + apy1 = 0.

If ag # 0, then we have

ag”’ |aol

Z:S(i M)

If ap = 0,then
_ » a An+41
2= P (1 57)
The vector (ag, -+ ,a,4+1) is known as coefficient vector for ¥, and it is distinctly

determined by ¥ up to multiplication by a nonzero scalar.
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2.7 Mbobius Transformations of Upper Half-Space

Definition 2.4. A Mébius transformation of upper half-space U™ is a Mdbius trans-

formation of E™ that leaves U™ invariant.

Let M (U™) be the set of all Mobius transformations of U”. Then M (U™) is defined
as a subgroup of M(E™).
The group M(U") of Mébius transformations of U™ is isomorphic to M(E"1).

Theorem 41. FEvery Mobius transformation of U™ is the composition of reflections

of E™ in spheres orthogonal to En-t

Two spheres & and 3 of E™ are said to be orthogonal iff they intersect in E™ and

at each point of intersection in E™ their normal lines are orthogonal.

Theorem 42. Two spheres of En are orthogonal under the following conditions:

(1) The spheres P(a,r) and P(b,s) are orthogonal iff a and b are orthogonal.

(2) The spheres S(a,r) and P(b,s) are orthogonal iff a is in P(b, s).

(3) The spheres S(a,r) and S(b,s) are orthogonal iff r and s satisfy the equation

la — B> = r? + s%.

Figure 2.5: Orthogonal circles S(a,r) and S(b, s)

Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 118 (1994).

Remark: The two spheres 3 and Y’ of E™ are orthogonal iff they are orthogonal

on a single point of intersection in E".
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2.7.1 Mobius Transformations of the Unit n-Ball

Let o be the reflection of E™ in the sphere S(en,v/2). Then

2(x —ey)

=6, + — 2.29
o) = 00t 1 (229)

Therefore de )
|U(:B)| = 1+W+4|$—6n| (2.30)

Hence 4
Y DR 2.31
@ =1+ = (231)

This suggests that o maps lower half-space -U" into the open unit n-ball

B"={x e E": |z| <1} (2.32)

Since o is a homeomorphism of Em it maps every component of E™ — E"! home-
omorphically onto a component of Em — S Hence o maps -U"™ homeomorphically
onto B™ and vice versa. Let p be the reflection of E™ in E"! and we define = op.
Then 7 maps U™ homeomorphically onto B". The Mé&bius transformation 7 is known

as the standard transformation from U™ to B™.

Definition 2.5. A Moébius transformation of S™ is a function ¢ : S™ — S™ such
that 7 1¢m is a Méobius transformation of E", where w1 E™ — S is stereographic

projection.

Let M (S™) is given by the set of all Mobius transformations of S™. Then M (S™)
forms a group under composition. The mapping ¢ — w7~ ! is an isomorphism from
M(E™) to M(S™).

Definition 2.6. A Mobius transformation of the open unit ball B" is a Mobius trans-

formation of E™ which leaves B™ invariant.

Theorem 43. Let ¢ be a Mdébius transformation of B™. If ¢(c0) = oo, then ¢ is
orthogonal. If ¢(0c0) # oo, then the isometric sphere ¥ of ¢ is orthogonal to S™~' and

¢ = Yo, where o is given as the reflection in 3 and Y is an orthogonal transformation.

2.8 The Conformal Ball Model

By redefining the Lorentzian inner product on R"*! to be
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Toy=2x1Y1 + -+ Tp¥Yn — Tnr1Ynti- (233>

The Lorentz group of R™! is given by O(n, 1). Identify R” with R" x {0} in R"*!.
The stereographic projection ¢ of the open unit ball B™ onto hyperbolic space H™ is
given by projecting x in B™ away from —e,,,; unless it meets H™ in the distinct point
((x). Since ((x) is on the line passing through x in the direction of = + e, 41, there

exists a scalar s such that
C(x) =2+ s(x+ eny1).

The condition ||((z)]|*> = —1 leads to the value

and the formula
271 20, 14|z

)= (T T T ) .

The map ( is a bijection of B™ onto H". The inverse of ( is defined by

o = () (2:35)

1+yn+1’ ’1+yn+1

Figure 2.6: The stereographic projection ¢ of B% onto H?
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Image Courtesy: Ratcliffe, J.G.: Foundation of Hyperbolic Manifolds, Graduate
Texts in Mathematics 149. Springer, Berlin p. 122 (1994).

2.8.1 Hyperbolic Translation

Let S(a,r) be defined as a sphere of E™ orthogonal to S"~!. We have ry = |a]? — 1,
and so a determines r. Suppose o, be the reflection in S(a,r). Then o, leaves B"
invariant. Suppose p, be the reflection in the hyperplane a - x = 0. Then p, also

leaves B™ invariant, and thus the composite o,p, also leaves B™ invariant. Define
a* = a/lal?.

It is obvious that

— (Ja)P=Dx+(|z|*+2z-a*+1)a
Tapa(t) = Fan

0apa(0) = a*

Let b be a nonzero point of B™ and let a = b*. Then |a| > 1 and a* = b, then
r = (Ja|* — 1)¥/2. Obviously S(a,r) is orthogonal to S"~!. Thus, define a Mdbius

transformation of B" by

Ty = Opx Pp* -
Then
_(Ib*2=1D)a+ (@2 +23-b+1)b*
Tb(l‘) = EENZaP:

As 7, is the composite of two reflections in hyperplanes orthogonal to the line
(—b/|bl,b/]b]), the transformation 7, acts as a translation along this line. We also
define 7y to be the identity. So 7,(0) = b for all b in B™. The map 7, is said to be the
hyperbolic translation of B™ by b.

Theorem 44. FEvery Mobius transformation of B™ restricts to an isometry of the
conformal ball model B™, and every isometry of B™ extends to a unique Mdbius trans-

formation of B™.

Theorem 45. A subset S of B™ is a hyperbolic sphere of B™ iff S is a Fuclidean
sphere of E™ that is contained in B™.
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2.9 The Upper Half-Space Model

Let n be defined as the standard transformation from upper half-space U™ to the open
unit ball B". Then n = op, where p is the reflection of E" in the hyperplane Em~!
and ¢ is the reflection of E™ in the sphere S(e,, v/2). We define a metric dyy on U™
which is given by

du(z,y) = dg(n(z),n(y)).

The metric dy is said to be the Poincaré metric on U™. By definition, 7 is an
isometry from U™, with the metric dy, to the conformal ball model B™ of hyperbolic
n-space. The metric space consisting of U" together with the metric dy is called the

upper half-space model of hyperbolic n-space.

Theorem 46. Every Mobius transformation of U™ restricts to an isometry of the
upper half-space model U™, and every isometry of U™ extends to an unique Mobius

transformation of U™.

2.10 Classification of Transformations in Unit Ball

Model

Let ¢ be defined as a Mobius transformation of B™.Then ¢ maps the closed ball B™
to itself. By the Brouwer fixed point theorem, we have that ¢ has a fixed point in B".
The transformation ¢ is called
(1) elliptic if ¢ fixes a point of B™;
(2) parabolic if ¢ fixes no point of B™ and fixes a unique point of S™~1;
(3) hyperbolic if ¢ fixes no point of B™ and fixes two points of S™~1.

Let F, be the set of all the fixed points of ¢ in B",and let ¢ be a Mébius trans-

formation of B™. So
Fygp—1 = (Fy) (2.36)

Hence ¢ is elliptic, parabolic, or hyperbolic iff 1¢p~1 is elliptic, parabolic, or
hyperbolic, respectively. Therefore, being elliptic, parabolic, or hyperbolic depends
only on the conjugacy class of ¢ in M (B").
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2.10.1 Elliptic Transformations

Theorem 47. A Mdbius transformation ¢ of B™ is elliptic iff ¢ is conjugate in M(B™)

to an orthogonal transformation of E™.

2.11 Classification of Transformations in Upper-
Half Space Model

Parabolic and hyperbolic transformations can be analyzed easily in the upper half-
space model U™ of hyperbolic space. Elliptic, parabolic, and hyperbolic Mobius trans-
formations of U™ are defined in the similar way as in the conformal ball model B™.
Let ¢ be a Mobius transformation of U”. The transformation ¢ is said to be
(1) elliptic if ¢ fixes a point of U™;
(2) parabolic if ¢ fixes no point of U™ and fixes a unique point of En—t.
(3) hyperbolic if ¢ fixes no point of U™ and fixes two points of En-t,

Remark: Being elliptic, parabolic, or hyperbolic depends only on the conjugacy
class of ¢ in M(U™).

Theorem 48. A Modbius transformation ¢ of U™ is parabolic iff ¢ is conjugate in
M(U™) to a fized point free isometry of E"~1L.
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Chapter 3

Conjugacy Classes in Mobius

Groups

The theory and proofs in this chapter are influenced from Gongopadhyay, K., Conju-
gacy classes in Mobius groups, Geom Dedicata (2011) 151:245-258 Springer Science+
Business Media B.V. (2010).

3.1 Introduction

The n+ 1-dimensional hyperbolic space is denoted by H**! and the conformal bound-
ary of the hyperbolic space is denoted by S™. M (n) denotes the group of conformal
diffeomorphisms of S* and M,(n) be defined as identity component which consists of
all orientation preserving elements in M (n). Conjugacy classes of isometrics in M,(n)
depends on the conjugacy of T and T~' in M,(n). An element T € M(n), T and
T~ are conjugate in M(n), but they may not be conjugate in M,(n). T is called
real if T and T~! are conjugate to each other in My(n). Let T be an element in
M,(n), so to T there is a related element 7, in SO(n + 1). If the complex conjugate
eigenvalues of T, are given by {¢?% e %} 0<0j <7, j=1,---,k, then 0y, -+ 0
are called the rotation angles of T'. T is called a regular element if the rotation angles
of T are different from each-other. After classification of the real elements in M,(n)
we have parametrized the conjugacy classes of regular elements in Mo(n). In the
parametrization, when T is not conjugate to 7!, then enlarge the group and con-
sider the conjugacy class of T in M (n). So each such conjugacy class can be induced

with a fibration structure.
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3.2 Real Elements in Mobius Groups

Definition 3.1. An element g in a linear algebraic group G is known as real if it is

conjugate in G to its own inverse. Every element in M(n) is real.

The n + 1-dimensional hyperbolic space is denoted by H"*! and the conformal
boundary of the hyperbolic space is denoted by S". M (n) denotes the group of con-
formal diffeomorphisms of S™ and M,(n) be defined as identity component which are
all orientation preserving elements in M (n). The group of isometries of H*™! is iden-
tified with the group M(n). In the ball model and the upper-half space model of the
hyperbolic space, we denote the isometry group and its identity component by M (n)
and M,(n), respectively.

Determine the conjugacy classes in M (n) by the minimal polynomial and the
characteristic polynomial of an isometry. In general, an element in M (n) is conjugate
to its inverse. Rather, this does not holds for elements in M,(n). Take an example
of an unipotent isometry T € M,(1) which is not conjugate to its inverse. It is clear
by identifying M,(1) with PSL(2,R). therefore a conjugacy class in M (n) possibly
breaks into conjugacy classes in M,(n). The inverse of an isometry 7" is not conjugate
to itself in M,(n). So to investigate the conjugacy classes in M,(n) it is necessary to
classify the elements which are conjugate in M,(n) to their inverse. The classification
of such type of elements essentially helps in classifying the conjugacy classes of M,(n).

Let V be a real vector space of dimension n+1 provided a non-degenerate quadratic
form Q with signature (n, 1), i.e. corresponding to a suitable coordinate system Q
has the form Q(z) = a2 + --- + 22 | — x2. The full group of isometries of (V, Q) is
denoted by O(n, 1) and SO(n, 1) subgroup of O(n) with all isometries of det 1. It is
easy to see that SO(n,1) is a index 2 subgroup in O(n,1). It has two components.

e v € V time-like, if Q(v) < 0,
v € V space-like, if Q(v) > 0,
v e V light-like, if Q(v) = 0.

e A subspace W is time-like, if Qlw is non-degenerate and indefinite,
A subspace W is space-like, if Qlw >0,
A subspace W is light-like, if Q|w = 0.

There are two components of hyperboloid {v € V|Q(v) = —1}. One component

with the vector e, = (0,0,---,0,1) is known as hyperboloid or linear model of the
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hyperbolic space H". The index 2 subgroup of O(n, 1) is the isometry group (H"), it
preserves the hyperplane H". The group M (n) and I(H"*!) are identified with each
other, by this similar identification M,(n) = SO,(n + 1,1). The identity component
of the groups M (n) and SO(n + 1,1) are same, the difference is due to their second
components. In M(n) the second component consists of the orientation-reversing

isometries of hyperbolic n + 1-space, H"*! having det -1.

Theorem 49. 1. Every element in SO,(n,1) is real iff n = 0 (mod4) or n =
3 (mod4).

2. If n = 1 (mod4), then an element T in SO,(n,1) is real iff it is either a

hyperbolic isometry with at least one eigenvalue 1, or, it is not hyperbolic.

3. If n =2 (mod4),then an element T in SO,(n, 1) is real iff one of the following
holds.
(a) T is hyperbolic,
(b) T is a non-hyperbolic with at least one eigenvalue -1,
(c¢) T is non-hyperbolic, it has no eigenvalue -1, and there is at least one eigen-

vector to 1 which is space-like.

Proof Consider 7T is an elliptic element of SO,(n,1). So T fixes a time-like eigen vec-
tor v. The space-like orthogonal complement to the 1-dimensional subspace spanned
by v is W and dim (W) is n, then we write V = v @ w for A € R. So T, = T|w
is an element in SO(n). If n # 2 (mod4), so there exists an orthogonal map
S, : W — W provided that determinant S, = 1 and S,7,5;' = T,'. therefore

S, 0

there exists S = in SO,(n,1) provided that STS™* = T~!. therefore T

is real in SO,(n,1). Now consider n = 2 (mod 4), and consider T' has no space-like
eigenvalue 1. So in this case, any choice of S, has determinant essentially -1. there-
fore it is not possible to choose any S as above. Thus 7' can not be real.

Consider T be a hyperbolic. So T" has a real eigenvalue r» > 0. As a result, V has an
orthogonal decomposition V =V, & W, such that V, is a 2-dimensional orthogonally
indecomposable time-like subspace and W is its space-like orthogonal complement of
dimension (n — 1). Denote T, = T'y,, T, = T'|w. Since T is semi simple(i.e. a diago-
nalizable element of finite dimensional vector space V'), and V, is an eigen space of T,
by considering any element S which conjugates T to T—! must preserve V,. It is clear
that any f in I(H") provided that fT,f~! = T."! must have det -1. Therefore T is real
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in SO,(n, 1) iff it is possible choose an S, in O(n—1) provided that S,T,5,! = T, ! and
determinant S, = —1 (because if T is real then 7" must be strongly real thus product
of two involutions). This happens only when n — 1 #Z 0 (mod4), i.e. n Z1 (mod4),
or T, has an eigenvalue +1.

Consider n = 1 (mod 4) and T has no space-like eigenvalue £1. As shown in above
paragraph, any choice of S, would have determinant essentially 1, and thus 7" can not
be real in SO,(n,1).

Consider T be a parabolic. Implies that T" has a time-like non-degenerate inde-
composable sub-space V; having dimension 3, and V = V; & W, such that W is the
space-like (n — 2)-dimensional orthogonal complement of V;. Minimal polynomial of
Ty, is (x — 1)3. Suppose Ty = T'ly,, T, = T'|w. Then V; must be invariant under an
isometry S with property that T is conjugate to T—!. Therefore signature of Qly, is
(2,1), thus suppose T} as an unipotent isometry in I(H?). Tt is clear that any isometry
Sy in I(H?) which conjugates T} to Ty ' with det -1. Thus T is real for an element
S, in O(n — 2) provided that S,7,S,' = T,' and determinant S, = —1 (by similar
argument as in above paragraph). This only happens when n — 2 = 0 (mod 4) i.e.
n # 2 (mod4), or S, has an eigenvalue £1. It is clear that when n # 2 (mod 4) and
T has no space-like eigenvalue +1, subsequently any element S which conjugates T’
to T~! have determinant essentially -1, and thus it is not possible that T is real in

this case.

Definition 3.2. An element T in SO,(n, 1) is called strongly real if it can be written

as a product of two involutions in SO,(n,1).

Theorem 50. An element T in SO,(n,1) is strongly real iff it is real.

Proof Consider T is an isometry of H"™! and T is real. It is sufficient to construct
an involution g in SO,(n,1) provided that ¢Tg~' = T~!. The construction of g as

done in the above theorem, and the decomposition of V' as shown in the above proof.

3.3 Reality properties of conjugacy classes in M,(n)

Definition 3.3. Let G be a group. An element g in G is called real if there exists h
in G provided that hgh™ = g='. An element g in G is an involution if ¢> = 1.

Definition 3.4. An element g in G is called strongly real if it can be written as a

product of two involutions in G.
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A strongly real element in G is always real. Conversely, a real element g € G is

strongly real iff there is a conjugating element in G which is an involution.

3.3.1 Reality in SO(n)

Suppose V be an n-dimensional vector space over R which has with a non-degenerate
positive definite quadratic form ¢g. The isometry group is denoted by O(n) and let
SO(n) denote the subgroup O(n) of index two contaning isometries with det 1. We
can identify V with Euclidean space E™.

Theorem 51. Let T' be an element in SO(n). Then T is strongly real in SO(n) iff
n # 2 (mod 4) or an orthogonal decomposition of V into orthogonally indecomposable

T-invariant subspaces contains an odd dimensional summand.

Proof LetT € SO(n) and has no eigenvalue 1. Then V has an orthogonal decom-

position.
V=Vi&. - -dV,

into two dimensional invariant subspaces. Each V; with dimension 2, so in this
case for each i = 1,--- |k, there is an involution f; provided that f;T|v,f; ' = T|"
Let f = fi® fo®---@ fr. Then f is an involution, and f7'f~! = T—!, and determinant
f = (=1)z. therefore determinant f = 1 iff either of the conditions provided in the
theorem are satisfied. If determinant f = 1, then T = f.fT, the product of two

involutions.

Theorem 52. Consider n is even and T be an element in SO(n). Consider the

manimal polynomial of T is a power of an irreducible quadratic polynomial over R.
Then T is real iff n £ 2 (mod 4).

Proof As the minimal polynomial of T is a irreducible power polynomial over R,
assume that the only eigenvalues over C are {¢%, e=}. Let yr(x) = (v9—2 cos z+1)™
be the characteristic polynomial of 7. So n = 2m. Let S € O(n) provided that
STS™ =T7! Let V, = V®g C be its complexification then identify 7" with T ®g id
and also view it as an operator on V.. Let V. = V4V _y be the decomposition into its
eigenspaces. So S interchanges Vy and V_g. It is clear that determinant S = (—1)™.

thus S is an element of SO(n) iff m is even.

Theorem 53. Let T be an element in SO(n). Consider 1 and -1 are not eigenvalues
of T. Then T is real iff n Z 2 (mod 4).

43



Proof If +1 is not an eigenvalue of T', then the only possibility of n is being even.

For T' in SO(n) there exists a decomposition of V into T-invariant subspaces
V=V,®- - @V,

where for each i = 1,2,--- |k, V; ~ Rlz]/(2* — 2cosf;x + 1)™ for m; > 1. Let S
be an element in O(n) provided that ST'S™! = T~!. Then S keeps each V; invariant.
Let S; = S|y, T; = Ty, are restrictions of S and T on V;. Then S;T;S; ' = T, .
therefore det S; = (—1)™. therefore det S = I1*_,detS; = (—1)2n. thus det S = 1 iff

n _

5 = 2m. This completes the theorem.

Theorem 54. Let T be an element in SO(n). Then T is real in SO(n) iff either
n#2 (mod4) or T has an eigenvalue £1.

Proof Consider S € O(n) be provided that ST'S™ = T~!. If T has no eigenvalue
1,—1 and n # 2 (mod 4), then it can be clearly seen from the above theorem that det
S can not be equal to 1. Thus T is not real.

Consider T has an eigenvalue +1. If -1 is an eigen value of T, then it should have
an even multiplicity. Therefore an orthogonal decomposition of V into T-invariant

subspaces
V=V,®&---®dV, OA DAy,

where each V; is T-invariant and even dimensional, T'|y, = I, T|y_, = —1. Con-
sider W =V;&®---@V. Then dimension of W is even. By the reality of the orthogonal
group, there exists an orthogonal map S,, : W — W provided that S, T,,S;' = T,;!
with det S, = I or -1. Since the maps [ and —I commutes with every element in
the orthogonal group, after selecting such S, the maps S; : A — A can be selected
accordingly provided that STS™! = T-! and det S = 1, where S = S, ® S; ® S_;.
thus T is real in SO(n).

Theorem 55. An element T' in SO(n) is real iff it is strongly real.

Proof Let T is an element of SO(n) provided that n # 2 (mod 4). Then by theorem
T is real and by theorem T is strongly real, so clearly T is real iff T" is strongly
real for n # 2 (mod 4).

T has an eigen value of 1 iff T" is only real by theorem . But T has an eigen value
+1 iff orthogonal decompostion of V into orthogonally indecomposable 7" invariant

subspaces contains an odd dimensional summand. therefore by theorem T is

44



strongly real.

Therefore T is real iff it is strongly real.

45



46



Bibliography

1]

2]

[9]

Ahlfors, L.V., Mobius Transformations and Clifford Numbers. Differential Geom-
etry and Complex Analysis. Springer, Berlin (1985), pp. 65-73.

Chen, S.S., Greenberg, L.: Hyperbolic Spaces,Contributions to Analysis (A Col-
lection of Papers Dedicated to Lipman Bers), Academic Press, New York (1974),
pp- 49-87.

Feit,W., Zuckerman, G.J., Reality properties of conjugacy classes in spin groups
and symplectic groups. Algebraists homage: papers in ring theory and related top-
ics (New Haven, Conn., 1981). Contemp. Math., 13, Am. Math. Soc., Providence,
R.I. (1982), pp. 239-253.

Gongopadhyay, K., Conjugacy classes in Mébius groups, Geom Dedicata (2011),
Springer Science+ Business Media B.V. (2010), pp. 151:245-258.

Gongopadhyay, K., Kulkarni, R.S.: z-Classes of isometries of the hyperbolic space.
Conform Geom. Dyn. 13 (2009), pp. 91-109.

Kulkarni, R.S., Conjugacy classes in M(n). Conformal Geometry (Bonn,
1985/1986) Aspects Math., E12, Vieweg, Braunschweig, (1988), pp. 41-64.

Ratcliffe, J.G., Foundation of Hyperbolic Manifolds, Graduate Texts in Mathe-
matics 149. Springer, Berlin (1994).

Singh, A., Thakur, M., Reality properties of conjugacy classes in 5. Israel J.Math.
145 (2005), pp. 157-192.

Tiep, P.H., Zalesski, A.E., Real conjugacy classes in algebraic groups and nite
groups of Lie type. J. Group Theory 8 (2005), pp. 291-315.

[10] Wada, M., Conjugacy invariants of Mobius transformations. Complex Var. The-

ory Appl. 15(2) (1990), pp. 125-133.
47



[11] Wonenburger, M.J., Transformations which are products of two involutions. J.

Math. Mech. 16 (1966), pp. 327-338.

48



	List of Figures
	Notation
	Abstract
	Hyperbolic Geometry
	Lorentzian n-Space
	Lorentz Transformation
	The Time-Like Angle between Time-Like Vectors

	Hyperbolic n-Space
	Lorentzian Cross Products
	Hyperbolic Geodesics

	The Hyperbolic Triangles
	Area of Hyperbolic Triangles


	Inversive Geometry
	Hyperplanes
	Reflections
	Inversions
	Conformal Transformations
	Angle Between Curves

	Sterographic Projection
	Cross Section

	Möbius Transformations
	The Isometric Sphere
	Preservation of Spheres

	Möbius Transformations of Upper Half-Space
	Möbius Transformations of the Unit n-Ball

	The Conformal Ball Model
	Hyperbolic Translation

	The Upper Half-Space Model
	Classification of Transformations in Unit Ball Model
	Elliptic Transformations

	Classification of Transformations in Upper-Half Space Model

	Conjugacy Classes in Möbius Groups
	Introduction
	Real Elements in Möbius Groups
	Reality properties of conjugacy classes in Mo(n)
	Reality in SO(n)



