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Abstract

The notion of an absolute value of a field K is a generalization of the notion of
ordinary absolute value of the field C of complex numbers. A real valued function ¢
defined on a field K into non-negative real numbers is called absolute value of K if
b(x) = 0 3 = 0,8(zy) = d(z)8(y) and o(z + y) < 6(x) + 3(y) Yo,y € K. Tn this
thesis, we study absolute values and its basic properties and some significant results
like Ostrowski’s Theorem, Approximation Theorem and Independence Theorem. We
also discuss Archimedean and non-Archimedean absolute values, completion of fields
with respect to absolute values. A non-Archimedean absolute value gives rise to what
is called (additive) valuation. A detailed exposition of discrete valuations is brought

out. We also study Hensel’s Lemma and some of its applications.
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Chapter 1

Archimedean and

Non-Archimedean Absolute Values

1.1 Introduction

The development of absolute values has a long history. It has its roots in the theory
of p-adic numbers developed by Kurt Hensel in the first decade of 20th century.
Motivated by the work of Hensel on the field of p-adic numbers, it was the Hungarian
mathematician Josef Kiirschak who gave the formal definition of absolute value during
the Cambridge International Congress of Mathematicians in 1912. According to him,
the notion of an absolute value of a field K is a generalization of the notion of ordinary
absolute value of the field C of complex numbers. An absolute value of field K is

a mapping ¢ from K into real numbers satisfying the following axioms for all a,b € K :

Definition A real valued function ¢ defined on a field K is called an absolute value
on K if it satisfies the following three conditions:

(I) ¢p(x) > 0,0(x) =0 <=z =0.

(1) ¢(zy) = o(x)9(y)

(D) ¢(z +y) < ¢(x) + o(y) ¥V 2,y € K.



Definition The absolute value sending every non-zero x € K to 1 is called the

trivial absolute value.

Properties

For an absolute value ¢, the following holds:

(1) (&) = 1 for any root of unity & € K; in particular ¢(1) = ¢(—1) = 1 and
o(—x)= ¢(z),VzekK.

(2)p(z7) = ¢g(z) ! forall z £ 0 € K.

(3) oz —y) = ¢(z) —d(y) | Va,y€K.

Examples (1) The ordinary absolute values of R and C.

(2) Let p be a prime number and 0 < ¢ < 1 be a real number. Any non-zero rational
number x can be uniquely written as © = p"m/n,r,m,n € Z,n > 0,(m,n) = 1,p 1
mn.

Define ¢,(z) = ¢". It can be easily checked that ¢,(z + y) < max{¢,(z), ¢,(y)} for
all z,y € Q and thus ¢, is an absolute value on Q. It is called a p — adic absolute
value of Q.

Remark If R is an integral domain with quotient field K and ¢ is a mapping from
R into Rt U {0} satisfying the three properties of an absolute value, then ¢ can be

uniquely extended to an absolute value of K in an obvious way.

Proposition 1.1 The set {¢(n.1) | n € Z} is bounded if and only if ¢ satisfies the
ultrametric inequality ¢(x +y) < max{¢(z),p(y)}V x,y € K.

Proof. Suppose first that ¢(z + y) < max {¢(z),d(y)} for all x,y € K. Clearly the
set {¢(n.1) | n € Z} is same as {¢(0), ¢(1),$(2),---}. For any n € N, ¢(n)

< max {¢(n —1),¢(1)}.Since ¢(1) = 1,it follows using induction that ¢p(n) <1V n €
N.

Conversely suppose that {¢(n.1) | n € Z} is bounded by a constant c¢. Consider
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(¢p(z+y))" for z,y € K and n a positive integer,

n

(¢ +y)" = o((z +9)") = ¢y "Cra™y" ™)

m=0

n

IN

¢("Crn) (P(2)"d(y)" ™)

< (n+1)e maz{o(x), p(y)}"

Taking nth root and letting n — oo, using the fact that lim (n 4 1)/™ = 1.

n—oo

we see that ¢(x +y) < max {p(x), d(y)} . O

Definition An absolute value ¢ on a field K is said to be non-Archimedean if it
satisfies ultrametric inequality i.e. ¢(z 4+ y) < max {¢(z),d(y)} for all z,y € K,

otherwise it is called Archimedean.

Strong triangle law Let ¢ be a non-Archimedean absolute value of a field K.
If 2,y € K and ¢(z) # ¢(y), then ¢(z +y) = maz{d(x), d(y)}.

Proof. Assume that ¢(z) < ¢(y).By definition of non-Archimedean absolute value

o(x +y) < max{p(x), ¢(y)} = ¢(y)

Again by definition of non-Archimedean

o(y) = o(z +y — x) < maz{d(z +y), ¢(x)} (1.1)

and the maximum in (1.1) has to be ¢(x +y) in view of the assumption ¢(x) < ¢(y).
Hence ¢(x +y) = ¢(y).

Note If characteristic of a field K is non-zero, then K has no Archimedean absolute

value in view of Proposition 1.1.

Remark If ¢ is an absolute value on a field K and 0 < A < 1 is a real number,
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then ¢ is also an absolute value of K.

Proof. It is enough to show that for all x,y € K.

(d(z +y))* < (6(2) + (8(y))*

without loss of generality, we can assume that ¢(z) > ¢(y).

(¢ +9))* < (6(2) +0(y)* = (8(2)) (1 + b(y)/d(x))* (1.2)

Since 0< A < 1 and ¢(y)/o(z) < 1, we have

(1+¢(y)/o(2))* <1+ d(y)/dw) < 1+ (6(y)*/(6(x))*.

The above inequality together with (1.2) implies that

(6(z + )" < (6(x)* + (6(y))™.

Proposition 1.2 An absolute value ¢ is non-archimedean iff ¢* is an absolute value

for every real A\ >0.

Proof. Suppose first that ¢(z +y) < max{op(z), d(y)} V z,y € K. So, (¢p(z+y))* <
(maz{d(x), p(y)})* = maz{d(2)* d(y)*} < ¢(2)* + é(y)* ¥ A > 0 and hence ¢* is
an absolute value.

Conversely suppose that ¢ is an absolute value V A > 0. In view of Proposition 1.1,
it is enough to show that the set {¢(n.1)/n € Z} is bounded. Fix a positive integer

n, for any \ > 0,we have

(G(n.1))* < G + (1) + -+ 6(1)* = no(1) = n (1.3)

This is possible only when ¢(n.1) < 1, otherwise the L.H.S. of (1.3) will approach oo
as A tends to co. Thus we have shown that the set {¢(n) | n € Z} is bounded and ¢ is
non-Archimedean by Proposition 1.1. ]

Proposition 1.3 If ¢ is a function defined on a field K satisfying ¢(x) > 0 for every
non-zero x € K,¢(0) = 0, ¢(xy) = ¢(x)p(y) for all x,y € K and ¢p(x + y) <
2 maz{p(x),d(y)}. Then ¢ is an absolute value on K.
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Proof. We first verify that for any finitely many elements x1,--- ,z,, of K, we have
Ga1 + o+ -+ ) < 2m Y p(a;) (1.4)
i=0

Choose an integer r such that 2"~! < m < 2". On taking z; = 0 for m < i < 2" and
using the hypothesis ¢(z+y) < 2 mazx{p(x), ¢(y)}, we see that ¢(x1+xo+- - -+x,,) =
d(ar + -+ + 22r) < 2"maz(<i<m){é(x;)} which implies (1.4). Taking each z; = 1,

the above inequality shows that for each positive integer m, we have
¢(m) < 2m (1.5)

For any elements z,y € K, we now verify ¢(x +y) < ¢(x) + ¢(y).
Let n be a positive integer. Using (1.4),(1.5) and multiplicative property of ¢, we see
that

n

(D@ +y)" = o((x+y)") = (> "Cix'y™™")

=0

<2(n+1) Z $("Ci)op(x) py)"

n

<2n+1)) 2"Cpla)p(y)"

i=0

=4(n+1)(d(z) + ¢(y))"
Taking the nth root of the first and the last term of this inequality and letting n tend
to infinity, we obtain ¢(z+y) < ¢(x)+¢(y). O

Definition Two absolute value ¢; and ¢, of K are called equivalent if 3 a real
number p > 0 such that ¢;(x) = ¢o(z)” for all x € K.
The following theorem was proved by Alexander Ostrowski in 1916. The proof given

below is due to Artin.

Theorem 1.4 Ostrowski’s Theorem (a) Every Archimedean absolute value on Q is
equivalent to the usual one(ordinary absolute value).
(b)Every non-trivial non-Archimedean absolute value of Q is equivalent to a p-adic

absolute value.



Proof: (a) Let ¢ be a non-trivial Archimedean absolute values on Q. So, 3 some

natural number a > 0 for which ¢(a) > 1. Since, for any n € N,
o) =¢(L+1+--+1)<o(1) + (1) +---+ ¢(1) =n (1.6)

we may set
6(a) = a® (17)

where « is a real number 0 < a < 1. We show that any natural number N, ¢(N) =
N¢. Taking an arbitrary natural number N, we decompose it in power of a.
N=xy+za+ - +z,_1a" " where 0 <z, <a—-1,0<i<k—1,2,_1 > 1. Clearly
N satisfies the inequality

ad" 1< N < d”.

Now formula (1.6) and (1.7) yield

O(N) < p(xo) + d(x1)p(a) + -+ - + ¢($k_1)¢(a)k_1

<(a—1)(1 +aa+a2a+___+a(k—1)a)
aka -1 akza ao‘a(
aa_1<(a )CLa—l (a )aa_l

Set C' = (a — 1)-2~; C does not depend on N. We have shown above that

a>—1"

k—1)a
=(a—1)

#(N) < CN°.

Replacing N by N™ in this inequality, for m a natural number, then ¢(N)™ =
H(N™) < CN™ ie. ¢(N) < CY™N® Letting m tend to infinity, we arrive at

¢(N) < N* (1.8)

To prove equality in (1.8), we write N = a* — b, where 0 < b < a* — a*1. Then
H(N) > ¢(a*) — ¢(b) = a*™ — ¢(b). By virtue of (1.8), ¢(b) < b* < (a* — a*~1)*, so

¢(N) > &ka _ (ak _ ak—l)a — aka(l _ (1 _ é)a) > Clea’



where C} = (1 — (1 — 1)®) does not depend on N.
If N is replaced by N™ in the preceding inequality, then

G(N)™ = ¢(N™) > CLN™
which gives ¢(IV) > C’ll/mNa and as m — oo, this yields
¢(N) = N* (1.9)

comparing (1.8) and (1.9), we see that ¢(IN) = N¢ for every natural number N.

Now let x = £N; /Ny be an arbitrary rational number different from zero, then

¢(x) = ¢(N1/N2) = ¢(N1)/d(N2) = N* /Ny = |z|*

So ¢ is equivalent to usual absolute value.

(b)We now turn to the case when ¢(n) < 1 for all numbers n. If for every prime p, we
have ¢(p) = 1, then by the multiplicative property of absolute value, we have ¢(n) = 1
for all n € N. Thus also ¢(z) = 1 V rational  # 0. But this would contradict the
assumption that ¢ is non trivial. Thus for some prime p, we have ¢(p) < 1. Claim
is that if ¢ # p is a prime,then ¢(q) = 1. Suppose to the contrary ¢(q) < 1,then 3
positive exponents k and [ so that ¢(p)* < 1/2, ¢(q)' < 1/2.

Since p* and ¢! are relatively prime, there are integers u and v such that up®4+vq' = 1.
As ¢(u) < 1,¢(v) <1, we would have

1=¢(1) = ¢(wp" +vq') < $(w)d(p)" + d(v)d(g)' < 1/2+1/2.

This contradiction proves the claim. Set ¢(p) = p < 1. Let x = p™(a/b) be a non-zero
rational number, p t ab,a,b € Z. Then ¢(x) = p™.

So,¢ is a p-adic absolute value in this case. U

Definition An absolute value ¢ on a field K defines a metric on K if the distance
between two points z,y € K is defined as ¢(x—y). This metric and the corresponding
topology are said to be induced by ¢. Clearly equivalent absolute values on a field

induce the same topology.The following theorem shows that the converse also holds.
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Theorem 1.5 For any non-trivial absolute values ¢1,¢2 of a field K, the following
statements are equivalent:

(i) &1 is equivalent to ¢s.

(ii) ¢1 and ¢y induce the same topology on K.

(iii) The topology induced by ¢y is stronger than the one induced by ¢s.

(iv) For any v € K, ¢1(x) < 1 implies ¢po(x) < 1.

(v) For any x € K, ¢1(x) < 1 if and only if ¢o(z) < 1.

For the proof of above proposition, we need the following Lemma.

Lemma 1.6 Let G be an arbitrary group and let ¢ and v be homomorphisms from G
into the multiplicative group of positive real numbers. Suppose that ¢ is non-trivial
and ¥ (a) < 1 holds whenever ¢(a) < 1 holds. Then there exists a positive number o
such that ¥(a) = (¢(a))® holds for every a € G.

Proof. Since ¢ is non-trivial, there exits an element ¢ € G such that ¢(c) # 1. As
d(c™) = ¢(c) ", replacing ¢ by its inverse if necessary we may assume that ¢(c) > 1.
Then by hypothesis, we have ¥(c™!) < 1 and hence ¥(c) > 1 holds. Let us set
¢(c) = p, ¥(c) = v and determine a positive real number o by v = p®, we shall
now show that ¢ (b) = ¢(b)” holds for any element b € G. Let b be an element of G
such that ¢(b) > 1. As p > 1, for any given positive integer m, an integer n = n(m)
satisfying the inequalities
Pt <o) < pmt (1.10)

we clearly have li_r>n n(m) = oo.
Since ,u”flgb(b)*”rg zoogb(cnflb*m) < 1, it follows from the hypothesis that (¢ 1o™™) <
1, i.e.,

P =) <y)" (1.11)
Similarly ¢(b)™ < p™t! gives ¢(b™c™ ') < 1 which implies that ¢ (b™c™" ) < 1.
So

D) < () = (1.12)
Combining (1.11) and (1.12), we see that

AP < (b)) < 4 (1.13)

8



Taking logarithm, on dividing it follows from (1.10) and (1.13) that

(n—1)logp _logg(b) _ (n+1)logu
(n+1)logy ~logy(b) ~ (n—1)logy

Taking the limit as n — oo , we have

logp(b) _logp 1

logp(b)  logy
Thus we have shown that if ¢(b) > 1, then (b)) = ¢(b)”.
If ¢(b) < 1, we have ¢(b~') > 1. Recall that ¢(c) > 1. So ¢(b~'c) > 1. Then by what
has been proved above ¥(cb™!) = ¢(cb™1)® which implies that 1(b) = ¢(b)" in view of
the equality ¥ (c) = ¢(c)”. O

Proof of Theorem 1.5 Clearly (i) = (ii) and (ii) = (iii).
We now prove (iii) = (iv).There exists € > 0 such that

{ye K|oi(y) <e} C{ye K| da(y) <1} (1.14)

If x € K is such that ¢;(x) < 1, then ¢;(2") < € for some n € N. Then by (1.14) ,
®o(2™) < 1; consequently ¢o(z) < 1. This proves (iii) = (iv)

Assertion (iv) = (i) in view of Lemma 1.6 and thus equivalence of (i) - (iv) is
established.

It may be remarked that from the equivalence of (i) - (iv), we observe that for
any ¢ € K, ¢1(z) < 1iff ¢o(x) < 1. We now prove the equivalence of (iv) and (v).
First we show that (iv)=-(v).

In view of the above remark, it is enough to show that ¢;(z) = 1 iff ¢o(x) = 1.
Suppose that ¢1(x) = 1 and ¢o(x) # 1, then we must have ¢o(x) > 1, which implies
¢a2(x71) < 1 and hence ¢ (x~!) < 1 which is impossible as ¢ (z~!) = 1. Interchanging
the roles of ¢y, ¢ we see that ¢o(z) =1 = ¢1(x) = 1.

(v) = (iv) Let « € K be such that ¢;(z) < 1; we need to show that ¢o(x) < 1. By
virtue of (v), ¢o(z) < 1 but ¢o(z) # 1, otherwise ¢y (z7!) < 1i.e., ¢1(x) > 1 which is
not so. Therefore ¢o(x) < 1. O



1.2 Approximation Theorem

The first instance where the Approximation Theorem had been formulated and
proved, including Archimedean absolute values was Artin — W haples paper of 1945.
Hasse’ in the first edition of his book ZahlenT heorie which was completed in 1938
but was published in 1949 has proved the Approximation Theorem for Algebraic
Number Fields and Algebraic Function Fields.

Theorem 1.7 Let ¢q, ¢, - -+ , ¢, be nontrivial, pairwise nonequivalent absolute values
of a field K. Then for arbitrary chosen elements x1,xo,--- ,x, of K and a positive
real number €, there exists an element x € K satisfying the inequalities ¢;(x — ;) < €

for1 <i<n.
For the proof of Approximation theorem we need the following two lemmas.

Lemma 1.8 Let ¢ be an absolute value of a field K. For an element a € K , the
following hold :
(i) If p(a) < 1, then lim a" =0

n—oo
n

(ii) If p(a) < 1, then T}Lrgo(l - a”) =0
an

1) 1 1 li =1

(i) If ¢(a) > 1, then nggo(Han)

(Recall that lim z, =z if lim ¢(z, —x) = 0).

Proof. (i) is obvious .

(ii) Since we have 1 — ¢(a)" < ¢(1+a™) < 1+ ¢(a)”
we obtain by squeeze principle lim ¢(a" +1) =1
n—oo

hence

ar ) = lim ola”)

lim ¢( Tim m =

n—o00 1 —+ a™

and (ii) is proved .

an ] _a—n ] ¢(a—n)
—1) = lim ¢( ) = lim ———

1+ am n—00 1+a " n—00 ¢(1 + a_”)

The last limit is zero by virtue (ii).

(ili) Note that lim ¢(
n—00
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Lemma 1.9 Let ¢1, ¢a, -+, ds be a finite number of mutually non-equivalent absolute
values of a field K. Then there exists an element a of K such that

(]51(&) > 17¢2(a) < 17' o 7¢s(a) <1

Proof We prove the lemma when s = 2. Since ¢ (z) and ¢5(x) are not equivalent, by
virtue of Proposition 1.2, there exist b, ¢ € K such that ¢;(b) < 1,¢9(b) > 1, ¢1(c) >
1, ¢2(c) < 1.Then the element a = b~ 'c satisfies ¢(a) > 1, ¢o(a) < 1 thereby proving
the lemma in this case .

For general s, we utilize induction on s. Assuming that the lemma holds for s — 1,

we choose b, ¢ of K such that the following inequalities will be satisfied

¢1(b) > 17¢2(b) < 17' v 7¢s—1(b) < 1; ¢1(C) > 17¢8(C) <1

For proving the lemma, we construct a sequence {a,} of elements of K such that
nll_)IIolo ¢1(an) > 1 and nh_)Ir;o di(ap) <1lfor2<i<s

Consider the following two cases :

(i) ¢ps(b) < 1. Set a, =cb™ (n=1,2,---) , then we have ¢;(a,) > 1, ¢s(a,) < 1 and
nh—>I£10 di(an,) =0for 2 <i<s—1. Also 7}1_{20 ¢s(an) =0 or ¢s(c) < 1.

(ii) ¢s(b) > 1. We set a,, = 1‘1’:” . Then by Lemma 1.8,we have

Jim ¢1(an) = ¢1(c) > 1,

lim ¢s(an) = ¢s(c) <1, lim ¢i(a,) =0 for 2<i<s—1

n—oo

Proof of Approximation Theorem. Choose > 0 such that
O(di(x1) + - + i) < eforl <i<s (1.15)

In view of Lemma 1.9 for each ¢ we can choose an element y; € K, 1 <1 < s, such

Set 2, = %, then by Lemma 1.8, ¢;(z;,) — 0 as n — oo for i # j,

11



¢i(zin — 1) — 0 as n —> oo. Given § > 0, choose r sufficiently large such that
Gilzir — 1) <9, ¢j(zi) <O fori#yj,1 <4, j<s.Setz =z, for 1 <i<sso that

Then the element © = x121 + - - - + x4z, satisfies the desired condition. We verify

for i = 1.

¢1($ — l’l) = qbl(Il(Zl — ].) -+ ToZ9 + -+ ZL'nZn)
< ¢i(z1)1(z1 — 1) + d1(x2)d1(22) + - - + d1 () P1(20)
< 8(p1(z1)+d1 (o) 4+ 401 () < € (inview of (1.15) and (1.16)). O

Corollary 1.10 (Independence Theorem) Let ¢1,¢2, - ¢, be a finite number of
mutually non-equivalent non-trivial absolute values of a field K. Then for 1 < r <

n, there exists an element a € K such that the inequalities
o1(a) > 1, pp(a) > 1,¢p41(a) < 1,---  dn(a) <1 hold.

Proof Choose x; € K such that ¢;(z;) > 3/2 for 1 < i < r and ¢;(z;) <
1/2 for r + 1 < j < n. Then by Approximation theorem, 3 a € K such that
dila — ;) < 1/2 for 1 < i < n. Now ¢;(a) > ¢i(z;) — ¢i(a — x;) > 1 for
1 < i < rand ¢;i(a) < ¢i(a — ;) + ¢i(zr;) < 1/24+1/2 for all r +1 < i <
n. U

Remark The Approximation theorem is equivalent to saying that the diagonal set

{(z,z,x,--- ,x)/x € K} is dense in the product topology K; x Ky X -+ x K,, where
K; = K for each i, with the topology given by ¢;.
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1.3 Completions

Definition Topological Field A topological field is a set F', which contains a field
structure and a topology satisfying the following axioms:

(i) The mapping (z,y) — x +y of F' x F' — F' is continuous ;

(ii) The mapping * — —x of F' — F is continuous ;

(ili) The mapping (z,y) — zy of F' x ' — F'is continuous ;

(iv) The mapping * — x~! of F* — F* is continuous ;

where F' x F carries the product topology.

Proposition 1.11 Let K be a field with a absolute value ¢ . Then K is a topological
field with respect to the topology induced by ¢.

Proof Let z,y, 2,y be elements of K. The continuity of the mapping (z,y) — z+y

follows immediately from the inequality
(@' +y) = (x+y) <o’ —2) +¢' (Y —y)

For proving continuity of (z,y) — xy , it is clearly enough to verify that
o'y —xy) < o' — 2)o(y' — y) + d(x)o(y' — y) + d(y)d(a" — ) (1.17)

Write 2’y + 2y = (' — 2)(y —y) + 2/ + 2’y

Le, 'y —axy= (' —x)(y —y) +xy + 2’y — 2zy

e, 2y —xy= (2" —2)(y —y) + 2y —y) +y(a' — )

which quickly yields (1.17). Futhermore, let a be a non-zero element of K and suppose
a’ is another element such that ¢(a’ —a) < @ Then ¢(a’) > ¢(a) — p(a’ —a) > @

So a’ # 0 and
o —a) _ 20—
¢(a’)p(a) d(a)’

The above ineuality shows that the mapping + — ! is continuous on K*. Thus K

is a topological field.
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Definition: A sequence {a,} of elements of K is called a Cauchy sequence if to
any € > 0, there corresponds a positive integer N such that ¢(a, — a,,) < € for all
n,m > N. The sequence {a,} converges to an element a of K if for any € > 0 ,there
exists a positive integer N such that ¢(a, —a) < € for all n > N.

A convergent sequence is a Cauchy sequence but the converse is not always true.
When every Cauchy sequence of elements of K is convergent to an element of K, we
say that the field K is complete w.r.t. ¢ or that (K, ¢) is complete field. We now
show that every field K with a non-trivial absolute value can be densely embedded

into a field complete w.r.t. an absolute value extending the given one.

Theorem 1.12 There exists a field K ,complete under an absolute value qg and an
embedding i - K — K, such that ¢(x) = ¢(i(z)),V & € K. The image i(K) is
dense in K. If (K’, ¢E’) 18 another such pair, then there exists a unique continuous

isomorphism f - K — K’ preserving the absolute value such that i’ = f oi.

Proof Step I Existence of (K, ) Let C be the set of all Cauchy sequences {z,,} of
elements of K with component-wise addition and multiplication. C is commutative
ring with 1 = {1} . The set N' = {{z, }nen | lim z,, = 0} is an ideal of C. Note that
{#(an) | n € N} associated with a Cauchy seg&;ee {a,} is always bounded.

We now show that A is maximal ideal of C. Indeed let us suppose that Z is an ideal
of C, different from N, such that C D Z D N. If {a,} is an element of Z which is not
contained in A/. So, 3 €, > 0 such that given any m, 3 n > m with ¢(a,) > €,. Since
{a,} is Cauchy sequence, for given €, 3 n, such that ¢(a, — am) < €/2 V¥ n,m > n,
and 3 ny > ne such that ¢(a,,) > €. Also ¢(an, —am) < €5/2¥ m > no. So¥ m > n.,

P(am) = dlan,) — dan, — am) > € — €/2 = €,/2 (1.18)

Let {b,} denote the sequence in K defined by b, =1V n < n, and b, = a,' Vn > n,.
We now verify {b,} is a Cauchy sequence. Let € > 0 be given, 3 N such that

H(an — ay) < ec2/4¥V n >N (1.19)
. for myn > max{n., N}, We have by virtue of (1.18) and (1.19)

. — ot —a ) = P(an — am) ¢
Fbn =) = 0" = a) = 0 S am) < €

14



So {b,} is Cauchy sequence and {a,b,} € T is a constant sequence V n > n,. Since
{a;% a5t a;'---0,0,0,0} € N C Z. Therefore the constant sequence {1,1,1---} €
Z. Hence Z = C. So, N is a maximal ideal of C. We denote the field C/N by K.
We now define ¢ on K. Let & be any element of K having a sequence {a,} as a

representative. Then for any € > 0, d a positive integer N such that for n,m > N,

| d(an) — dlam) 1< dla, — am) < e

Hence {¢(a,)} is a Cauchy sequence in non negative real numbers and converges to a
non negative real number, its limit does not depend upon the choice of representative
{a,} of & We define ¢(¢&) = nh—glo ¢(ay). One can easily check that ¢ satisfies the
properties of an absolute value on K. The mapping ¢ : K — K defined by a —

class of constant sequence with entry a is obviously an injective homomorphism by
means of which we identify K with a subfield of K. Clearly ¢(a) = ¢(a) V a € K.

Step II Density of K in K. Let ¢ be any element of K with the sequence {a,} as
a representative. Let € > 0 be given, 3 a positive integer n, such that ¢(a, — a,,) <
€/2V n,m > n,. Fix any m > n,, then ¢(€ — an,) = nhi& dlan —am) < €/2 <e.
This proves that K is dense in K.

Step III Completeness of K. Let {&.} be a Cauchy sequence in K. Since K
is dense in K by step I, V n, 3 a, € K such that gg(fn —a,) < 1/n. We verify that
{a,} is a Cauchy sequence in K. Let ¢ > 0 be given, 3 n, such that &(é’n —&m) <
€/2 Y n,m > n,. It may further be assumed that 1/n, < ¢/4. Then V n,m > n,, we
have ¢(ay, — am) < ¢lan — &) + (& — Em) + G(Em — am) < 1/n+¢/24+1/m < e.
Hence {a,} is a Cauchy sequence in K whose class is an element & of K. We show
that (&,) converges to . Let € > 0 be given. 3 N > 2/e such that ¢(a, — a,,) <
€/2V n,m > N. Now for any n > N, ¢(&, — &) < ¢(En — an) + d(an — &)

<1/n+ 77}bl_r)mOO ¢(an — am) < €/2 4 €/2. This proves the completeness of K.

Step IV Uniqueness of completion Let (IA( 1 ) be any other pair with the same
properties as (K,4).For every & = {a,}+N € K, the sequence {i'(a,)} is a Cauchy
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sequence in K’. Let & be its limit in K’. Define f (&) = ¢. From uniqueness
of limits, it follows that f is a homomorphism and injective map. We now verify
f is surjective. Let & € K'. As i'(K) is dense in K’, 3 a sequence {a,} € K
such that {i'(a,)} converges to £'. So, {i(a,)} and hence {a,} is a Cauchy sequence
which shows that & = {a,} + N is the pre-image of ¢’. We now show that f is
absolute value preserving. Let & = {a,} + N € K. Then f(& = 7}13)10@’(@”)
Therefore ¢'(f(€)) = lim ¢'(i'(ay)) = lim ¢(a,) = &(€) which completes the
proof. T T O

Definition A pair (K ,ngﬁ) as in Theorem 1.12 called a completion of the absolute
value field (K, ¢).

Corollary 1.13 The completion of Q w.r.t. the usual absolute value is R.

Definition The completion of Q w.r.t. p — adic absolute value ¢, is called the field
of p — adic numbers. We shall discuss these fields in Chapter 2.
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1.4 Normed Spaces

Definition Let (K, ¢) be an absolute valued field , and let F be a vector space over
K. A real valued function || z || defined for elements x of E is called a norm if it
satisfies the following conditions:

A fzlz05]z||=0<=2=0

(ii)for « € K and = € E, we have || az ||= ¢(a) || = ||.

(iil) [z +y IS 2 [ + ||y |-

The vector space E is then called a normed space. A normed space E has the

structure of a metric space with distance of z,y € E defined as || z —y ||.

Definition Norms || . [|; and || . || of a vector space E are called equivalent if

there exist constants ¢y, ¢y such that || z |1 < e || z ||z, || z [2< 2 || z |1 V2 € E.
Remark Equivalent norms induce the same topology.

DefinitionLet ¢ be an absolute value of a field K. Let E be a finite dimensional
vector space over K with a basis {z1,22, -+ ,2,}. A norm || z ||, is obtained by

setting
| (o= maz;{($(c:))}

where x = a1 + oy + - -+ + a,x, (called max norm)

Remark The above norm (max norm) induces the product topology on E. Indeed
once a basis {z1,xs, -+ ,x,} of E is fixed, there is a canonical isomorphism from
K" — E mapping (aq,---,q,) to a1z + -+ - + apx, where E is endowed with a
topology induced by this max norm and K™ with the product topology where on K we
take the topology corresponding to ¢. If K is complete w.r.t. ¢, then E is complete
w.r.t. the max- norm, because product of two complete metric spaces is complete;

indeed the product topology of two complete metric spaces (X1, d;), (X2, ds) is given
by the metric d((x1,x2), (v1,y2)) = maz(dy(z1,y1), da(T2,Y2)).
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Note In case K is a field extension of K, every absolute value ¢, of K; that restricts
to ¢ on K is a norm of K; compatible with ¢. If K is finite extension of K and K is
complete with respect to ¢, then it will be shown that K; admits only one absolute

value ¢ restricting to ¢ on K. Moreover K is complete with respect to ¢;.

Theorem 1.14 Let ¢ be a non-trivial absolute value of field K and let E be a vector
space over K.Then any two norms || . |1 and || . |2 on E inducing same topology

must be equivalent.

Proof. As ¢ is non trivial absolute value of K, .. 3 an a € K such that ¢(a) =7 > 1.
We need to show that 3 a constant ¢; such that

|z|1i<eci||zlaVzeE (1.20)
Suppose to the contrary it is not true, so V positive integer m, 3 z,, € E such that
[ 2 1> m | 2 |2 (1.21)
3 k € Z, depending on m such that r* <|| z,, [1< r*1, ie., 1<]| y |[1< 7, where
Ym = T/ (1.22)

but by (1.21), || ym 1> m || Ym ||2 ¥ m. Hence, || ym [[2< 1/m || Ym ||1< 7/m. Thus
Ym —> 0 as m — oo w.r.t.]|||2, but ¥, - 0 as m — oo w.r.t.||[|1, || Ym [1>1
which contradicts the fact that they induce the same topology. Thus (1.20) is proved
interchanging therole of || . [|1 and || . || We see that 3 ¢y such that || z |2 < ¢ || z |1
Vo e k. O]

Theorem 1.15 Let K be a field complete with respect to a absolute value ¢. Then any

two norms (compatible with ¢) of finite dimensional K - vector space E are equivalent.

Proof We shall prove that every norm || . || on E is equivalent to max norm || . ||,. We

apply induction on the dimension n of the K vector space E. For n=1, the statement
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is obvious. Assume the theorem is true for n — 1,n > 2, Fix a basis {wq, wq, -+ ,w,}
of E over K and for
E=ow + -+ aw, €ER

€ l< dlan) [ w || +é(ag) | w || +-- -+ ¢lan) || wn ||
<l € llo (I wr ll + [Fewz | 4+ -+ [ wn |])

=p €l

where g = wy || +- -+ || wy ||
Hence it now suffices to show that 3 a constant C' such that || £ |[o< C || £ || always
holds. Suppose to the contrary that no such C' exists. Then for every positive integer

m, there exists ¢/, € E such that

o= s, | &, lo>m| &, | (1.23)

Let j be such that ¢(o;) = mazi<;<,{¢(a;)}.Letting &, = 04]-_15;1. We conclude from
(1.23) that || &, ||[o= 1 and thus

| &m l[< 1/m (1.24)

Now for every m > 1 one of the coefficients of components of &, equals 1. Thus there
must be an infinite subset T of N and fixed j such that coefficient of j* component
of &, equals to 1 for all m € T'. We fix this number j from now on until the end.
Consider the subspace E; of E consisting of all vectors whose j* co-ordinate is equal
to 0, equipped with the norm induced by || . ||. By induction, the restrictions of || . ||
and || . |lo to E; are equivalent. For each m € T, we can write &, = w; + (,,, with
Cm € E1.We verify {(,,} is a Cauchy sequence in F;. Let € > 0 be given 3 N such
that 2/N < e. If m,n > N;m,n € T then

G =G ll = G+ wy —wj = Ga [ < [ &m =&l

Slémll+11&nll < 1/m+1/n < 2/N <e

Consequently {(, }mer is a Cauchy sequence with respect to the restriction of || . || to

E; By induction it follows that {&,,} is also Cauchy w.r.t. || . ||o. Since Ej is complete
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w.r.t. || . |lo, {Gn} converges to some ¢ € Ey. By (1.24), || & ||=]| wj+Gn || < 1/m for
every m € T'. So (,, converges to —w;. Therefore, ( = —w; but —w; ¢ E;. Thus con-
tradiction proves the theorem. 0

The following corollaries will be quickly deduced from the above theorem.

Corollary 1.16 If (K, ¢) is complete absolute valued field and (K, ¢1) is a finite ex-
tension of (K, ¢), then (K1, ¢1) is complete.

Corollary 1.17 Let K be a field with absolute value ¢. Let (K1, ¢1) be a finite extension.
Let (k, é) be completion of (K, ¢), then K, = KKj.

Proof. Since KKl - Kl and KKl is complete being a finite extension of f((by the
above corollary), therefore, K C KK,. So, equality holds i.e. K, = KK;.

Corollary 1.18 Let ¢ be an absolute value of K w.r.t. which it is complete. The
extension of ¢ as an absolute value to a finite extension Ky of K, if it exists, is

unique.

Proof. Let ¢1,1; be extension of (¢, K), then by Theorem 1.15, v, ¢; induce
the same topology on K, therefore by Theorem 1.5, 3 positive real number A
such that 1, = ¢ but ¢, and 9, coincide on K.So, A = 1 if ¢ is non triv-
ial. But if ¢ is trivial on K, then topology on K is discrete.The topology on
K; induced by ¢1,1; are both discrete. So the absolute values ¢;,1; are both
trivial. U

The following theorem gives another proof of corollary 1.18.

Theorem 1.19 Let K be a field complete w.r.t. an absolute value ¢ and let Ky be a

finite extension of K. Suppose that K1 admits an extension ¢1 of ¢. Then we have
$1(a) = (¢(Niy /i ()", = [K1 2 K]
and with respect to ¢, Ky is complete.

Proof. The absolute value ¢; is a norm on the vector space K; over K, and coincides

with ¢ on K. Let {wj,ws, -+ ,w,} be a base of K; over K and for an element
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a = aqwy + agws + - - - + a,w, of K, we set || a [[o= maz;{¢(a;)}. Then as norm ¢,
is equivalent to || ||, by the Theorem 1.15, whence we see that K is complete with

respect to ¢;. Suppose now that ¢ () < 1.Then we can show that (¢(Ng, /x(a)) < 1

(n) (n)

as follows. Write o = a; 'wy + -+ -+ a; "w,. Since ¢y is equivalent to max norm and

$1(a™) — 0 as n — oo, it is clear that ¢(a;™) — 0 asn — oo for 1 < i < 7.
Note that Ng,/kx(a") is a homogeneous polynomial of degree r in aﬁ"), e ,aq(a") and
hence ¢(Nk, k(™)) — 0 as n — 00,14.e., ¢(Nk, k()™ as n — oo which proves
that ¢(Ng,/k(a)) < 1. We have consequently ¢(Ng, /x(a)) > 1 when ¢1(a) > 1.

Hence we have whenever ¢(Ng, k(o)) = 1, then ¢1(a) = 1.Now when we are given

r

an element o € K7, we have Nk, /K(W) = 1 and hence we obtain
(=) = 0(a) /(N i) = 1
—) = ¢(a k(@) =
" Niyie(a) o
. = ¢1(a) = (¢(Nk, /x())'/". This completes the proof. O

Note If n =2, Nk, /x(a") = ( gn)<71(w1) + agn)m(wz))(agn)(fz(wl) + agn)02<w2))

= (a\")2 N, jic(wn) + a{VaS" Tre, i (wrws) + (as™) (N e (w3))

Note If (K, ), (K1, ¢1) defined as in the above theorem, then we shall prove in
next chapter by using Hensel’s lemma that the mapping ¢; defined by ¢;(a) =
(¢(Nk, /()" is indeed an absolute value of K.
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1.5 The determination of complete Archimedean

valued fields

Suppose K is a complete field with respect to an Archimedean absolute value ¢.
Since the set {¢(n.1)/ € Z} is not bounded, char K=0. Thus K contains the field
Q of rational numbers. By Theorem 1.4, ¢ restricted to Q is equivalent to usual
absolute value of Q. Thus, the complete field K contains completion of Q with
respect to the ordinary absolute value ,i.e., Kcontains R as a closed subfield. We
shall then show that K must be isomorphic to C or R. This result was first proved
by Ostrowski in 1917. the proof given here is due to Hasse. Recall that if K, L are
fields with absolute values ¢ and 1. Then (K, @) is said isomorphic (L, ) (as absolute

valued field), if 3 a field isomorphism f : K onto L preserving absolute values i.e.,

»(f(x)) = ¢p(x)Vr € K.

Lemma 1.20 Let K be a field complete w.r.t. an absolute value ¢ and E be quadratic
extension of K.Then a real valued function ¢p : E — R defined by

where N is the norm Ng/k, is an absolute value on E.

Proof For the purpose of showing that ¢g is an absolute value , it is sufficient to

show that the inequality
op(a—1) <1+ ép(a) (1.25)
holds for every element o € E. Suppose that there exists an element a € E, (a B K)

such that ¢pp(a — 1) > 1+ ¢p(a). We set @ to be the conjugate of o (w.r.t. K) and
set (X —a)(X —a) = X?4+bX +¢; b,c € K, ¢ # 0. We now have by our assumption

op(a—1) = Vo(N(a—1)) = Vola - Do(a—1) = V(1 +b+c)

and

or(a) = Vo(N(a) = Vé(aa) = /é(c)
AL+ b+c) > 1++/o(c)
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= o(14+b+c)>14+2v/¢(c) + ¢(c)
= 14+ 0¢(b) +é(c) > d(1+b+c) > 14 2/ 0(c) + é(c)

= (4(b))* > 4¢(c) (1.26)
Since ¢ # 0, we have ¢(b) > 0, we then set a, = b and construct a sequence
ai, as, - - - by defining

any1 = —b—c/ay,

We now show a,, is never zero and the sequence {a,} is Cauchy sequence. Since K
is complete, so {a,} converges and therefore there exists an element a € K to which

{an} converges and hence we have
a=—b—claie. a®=—ba—c

which tmplies that « = a € K which is contradiction. Thus the proof is complete,
once we show that a, # 0 and {a,} is Cauchy sequence. To show that a, # 0, it
suffices to show that

¢(an) > ¢(b)/2 (1.27)
Clearly ¢(a.) > ¢(b)/2, suppose ¢(a,) > ¢(b)/2, then
P(an+1) = O(b) — d(c)/d(an) = d(b) — 2¢(c)/P(b) > ¢(b) — (b)/2 = ¢(b)/2.

The last inequality holds in view of (1.26). Thus a,+1 # 0. It only remains to check
that {a,} is a Cauchy sequence. For n > 0, keeping in mind (1.27), we have

Plant1 — an) = d(c/an — c/an-1) = ¢(c)P(an — an—1)/d(an)P(an-1)
< 4(c)d(an — an-1)/d()*.
Set p = 4¢(c)/(b)*. By (1.26), p < 1, The above inequality gives
P(ant1 — an) < polan — an-1) (1.28)

Therefore the series Y oo | ¢(an — an—1) is majorised by ¢(ay —ag) > pey p* and hence

15 convergent. In particular

lim ¢(aps1 —an) =0 (1.29)

n—-oo
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For anyn > 0,k > 1, by virtue of (1.28), we have

P(an = anir) < Plan — ani1)(L+p+ -+ pk_l)'

which tends to zero as n — oo in view of (1.29), there by proving that {a,} is a

Cauchy sequence.

Theorem 1.21 (Ostrowski, 1917)Let K be a field complete with respect to an Archimedean
absolute value ¢. Then (K, @) is isomorphic to (R, |.|) or (C,|.|*) for some A > 0.

Proof. Since K is complete with respect to Archimedean absolute value. So charac-
teristic of K is zero. We may consider K as an extension of Q. Since the restriction
of ¢ to Q is the usual absolute value |.| and the completion of Q under the metric
| | is the real number field R. Hence we may assume that K is the extension of R
and restriction of ¢ to R is usual absolute value |.|. Suppose first that the equation
X2 +1 = 0 is solvable in K, then we assume that K contains C. For element
a+byv/—1 € C, we have by Theorem 1.19

6(a+bv=T) = \/IN(a+b/—T)| = V@ T 7 : a,b € R

Hence K contains C not just as an algebraic subfield but as a field with absoute value.
Now we show that K equals to C. Suppose to contrary K contains C properly. Fiz
an element a € k such that a ¢ C. Consider the mapping = — ¢(z — a) defined
on C. It is continuous on C. Note that for |z| > 2¢(a), ¢(z —a) > ¢(z) — ¢(a) =

2| = ¢(a) > ¢(a). So
min{¢(z — a)|z € C} = min{p(z — a) | |z| < 2¢(a),z € C} (1.30)

Since the set {z € C | |z| < 2¢(a)} is compact subset of C and the mapping z —
¢(z — a) is continuous on C, therefore the set on the R.H.S. of (1.30) is a compact
subset of positive real numbers. So 3 z, € C such that ¢(z, — a) = min{¢(z —a)|z €
C}, set ay = a — z, and denote ¢p(a — z,) = ¢(a1) by A. Fix an element z # 0 in C
with |z| < A. We shall show that,

p(mz —a;) =AVmeN, (1.31)
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this will give us a contradiction because
d(mz —ay) > ¢(mz) — ¢(ar) = m|z| — ¢(a;) — o0 as m — 0.

We first prove (1.31) for m = 1. Let n be a positive integer and & be a primitive
n — th root of unity. Since 2" —a;™ = [[;_,(§'z — a1) we have

n

[T6(62 —a) = o(z" —ar™) < 6(2)" + ¢(ar") = $(2)" + A"

i=1
which by virtue of ¢(&'z — ay) = ¢(E'2 — a+ z,) > X implies that

B ’Zl n—1
— =)

_ ¢(2)" + A ¢(2)" + A"
He o) < [T o6z — a) =T

Since |z| < A, letting n — oo the above inequality implies that ¢(z —ay) < A. Since
Oz —a1) = ¢(z+ 2z, —a) > A, it follows that ¢(z — a;) = X. Repeating the above
argument replacing ay by ay —z = ay (say) we shall obtain ¢(z—as) = ¢(2z—ay) = .
In this way (1.31) is proved and hence the theorem is this case.

Consider the case when K does not contain \/—1, By Lemma 1.20, ¢ can be extended
to an absolute value ¢1, of the field K(\/—1) with respect to which K(v/—1) is
complete by Theorem 1.15. By case I, K(/—1) = C . Since K O R, we conclude K =
R. U

Remark It is immediate from the above theorem that (K, ¢) is complete Archimedean,
and Ky is a finite extension of K, then ¢ can be extended to an absolute value of K.
The analogous result, when ¢ is non-Archimedean will be proved in the next chapter

using Hensel’s Lemma.

Lemma 1.22 (a) R has only one automorphism.

(b) C has only two continuous automorphisms viz. identity and complex conjugation.

Proof (a)Let f be automorphism of R. Then f is identity on Q. Since f maps

squares to squares. So f maps positive real numbers to positive real numbers, i.e.,
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whenever a < b then f(a) < f(b). Let r be any real number . There exist a sequence

{pn/qn} of rational numbers such that
] T —pn/qn ]< 1/n, .. 1 — 1/n < pn/qn <r-4 1/n

So, f(r =1/n) < f(pn/an) < f(r+1/n), de; f(r) =1/n <pn/gn < f(r) +1/n
So, {pn/qn} converges to f(r). Hence f(r) =r.

(b)Let f be an automorphism of C. Then f is identity on Q. It is enough to prove that

f isidentity on R. Let r be any real number, there ezist a sequence {p,/q,} in Q con-

verging to r. Then the sequence {f(pn/qn)} converges to f(r). But f(pn/qn) = Pn/Gn-
So f(r)=r. O

Notation Suppose K is a field embeddable in C, i.e., there exists a isomorphism
o from K into C. In this situation, we denote by ¢, an absolute value of K defined
by ¢s(z) =| o(z) | Yo € K. Note that for isomorphisms o,¢ : K — C, ¢, ~ ¢
> g = Pe.

Proposition 1.23 With the above notation, let o and ¢ be isomorphisms of a field K
into C with ¢, = ¢.. The following hold:

(1) If o(K) CR, then o =¢

(2) If o(K) L R, then s =0 ors=a.

Proof (1) By definition of completion, the completion of (K, ¢,) is (R,| . |).The
completion of (K, o) is (R,|.|) or (C,|.|). By definition of completion,it has to be
(R,|.1]). So, 3 an automorphism f : R — R such that f o 0 = <. By above lemma,
f is identity on R. So o =g.

(2) o(K) ¢ R. By definition, completion of (K, ¢,) is (C,| |).The completion of
(K, o) is (R,| |)or (C,| |). By uniqueness of completion, it has to be (C,| . |). So,
there exists an automorphism f: C — C,| f(z) |=| z | Vz € C such that foo =g.
Such a function f is continuous. Hence, by the above lemma, f = identity or complex
conjugation. So,

O=G¢O0r og=g
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Theorem 1.24 Let ¢ be an Archimedean absolute value of a field K. Then 3 an
1somorphism o from K into C such that ¢ ~ ¢,.

Proof ¢ restricted to Q is equivalent to the usual absolute value. By Theorem 1.21,
the completion ([A(,gbf) of (K, ) is isomorphic to (R,| . \’\) or (C,| . \’\) for some \
positive. In any case there is an isomorphism & : K into C such that ¢(a) = |6(a)|>
for o € K. Now there exists an isomorphism i from K into K such that ¢(x) = ¢(i(x))
VaoekK.

Consider the mapping 6 oi : K — C, denote it by 0. Now for any v € K, ¢(z) =
o(i(z)) =| o(i(z)) *=| o(x) |*. So, ¢ ~ ¢, for some isomorphism o from K into
C. O

Theorem 1.25 Let (K, ¢,) be an Archimedean valued field and K; be an extension of
K. If 01 is an isomorphism from K; into C extending o or o, then ¢, can be extended
as an absolute value ¢,, on K. Conversely, every absolute value of Ky extending ¢,

1s obtained in same manner.

Proof First statement is obvious. Conversely, let ¢ be an absolute value of K
extending ¢, to Ki.Then by Theorem 1.21, there is an isomorphism 11 : Ky into C
and X\ > 0 such that ¢1(z1) =| 71(z1) |* V 2, € Ky. Let 7 denote the restriction of

71 to K, then for any rational number p/q,

| p/q |=| o(p/a) |= ¢o(p/q) = &1(p/a) =| T(p/a) |*=| p/q |"

So A =1, consequently ¢1(x1) =| m1(z1) | ¥V 21 € K7,
which implies that ¢, (x) =| 7(x) | V & € 7. Hence, By Proposition 1.23, T =0 ora.

So, 11 extends o ora. O

Corollary 1.26 Let K1/ K be an algebraic extension. Then every Archimedean absolute
value of K can be extended to K.

Proof Let ¢ be an Archimedean absolute value of K. Then there exists an isomor-

phism o from K into C such that ¢ ~ ¢,. Since o can be extended to isomorphism of
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K into C, then by Theorem 1.25, ¢, has an extension ¢,, to K1 and hence ¢ is ex-
tendible to K. O

Warning The above corollary is not true when K, /K is not an algebraic extension.
For example, Consider K = C and K, = C(t) where t is transcendental element.
Then the usual absolute value of K cannot be extended to Ky.Suppose if ¢1 is an
absolute value of Ky extending the usual absolute value of K. Then by Theorem 1.21,
the completion of (K1, ¢y) is isomorphic to (C,| |). So there exists an isomorphism

o : K1 — C which s identity on C.But such an isomorphism does not exist.

Remark The analogue of Corollary 1.26 also holds for non-Archimedean values and

will be proved in the second chapter using Hensel’s Lemma.

Corollary 1.27 Let ¢ be an Archimedean absolute value of K. Let K; = K(0) be a
extension of K of degree n.Let r1,2ry denote respectively the number of real, complex
roots of the minimal polynomial of 0 over K. Then the number of extensions of ¢ to

Ky are r1 4+ ry or n according as the completion of (K, ¢) is R or C.

Proof Let 0 : K — C be an isomorphism such that ¢ ~ ¢,.The number of

extensions of ¢, to Ki is same as the extensions of ¢ to Ky. Let oy, ---,0, be
all the isomorphisms from K; — C extending o such that oy,--- ,0, are real and
Ori1,0rg2, "+ 5 Opy2r, are complex with o, 4; = O, yryyj. BY Proposition 1.23, ¢, =

bo, <= 0; = (6;) which is possible when o = &, i.e., o(K) CR. Soif o(K) € R,
then all ¢o,, 1 <@ < n are distinct and if o(K) C R, then {¢s,, b0y s Porys Popyias

are all the distinct extensions of ¢, to K.
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Chapter 2

Real Valuations

2.1 Real Valuations via Non-Archimedean abso-

lute values

Let ¢ be a non-Archimedean absolute value of a field K. Define v: K — RU {0}
by setting v(0) = oo,v(x) = —log ¢(x) for non-zero x € K. Then v satisfies the
following properties for all x,y € K.

(1) v(x) = 0o if and only if x =0

(2) v(zy) = v(z) +v(y),

(3) v(o +y) > min{o(z), v(y)}.

Definition A mapping v : K — R U {oo} satisfying the above three properties
is called a real valuation or classical valuation of K. The pair (K, v) is called a valued
field. Conversely if v is a real valuation of a field K, then v gives rise to a non-
Archimedean absolute value ¢ on K defined by ¢ = e™".

The trivial valuation of K is defined to be the one for which v(x) =0 for every non-

zero x € K.

Definition Two real valuations v,v" are said to be equivalent if there exists a real

number p > 0 such that v'(x) = pv(z) for every x € K.
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Remark Let K be a field. There is a natural one to one correspondence between
the set of equivalence classes of real valuations of K and the set of equivalence classes
of non-Archimedean absolute values of K given by v — ¢ = e V;¢p — v = —10G,s.
Also it is clear that under this one-to-one correspondence, the trivial absolute value

corresponds to the trivial valuation of K.
Definitions and Notations Let v be a valuation of a field K.

Valuation Ring The set O, = {x € K |v(z) > 0} is a subring of K called the
valuation ring of v. Since v(z™') = —v(x), for any element x € K either x € O, or
7t € O,. So, O, has K as a field of quotients.

Mazimal Ideal The set M, = {x € K | v(z) > 0} is an ideal of O,. As M, consists
exactly of all the non-units of O,,, M, is maximal ideal and infact is the only mazimal
tdeal of O,. Thus O, is a local ring.

Residue field O,/ M, is called the Residue Field of v or Residue Class Field of
v and the image of an element o € O, under the canonical homomorphism from O,
onto O,/ M, is called the v — residue of a and will be denoted by a.

Value GroupThe group v(K*) is called the value group of v.

Remark If R is an integral domain with quotient field K and v is a mapping on
R satisfying the three conditions of valuation, then v gives rise to a valuation on K

i a natural manner.

Notations Let R be a U.F.D. and © be a prime element of R, then we denote
by v, the ™ — adic valuation of K defined for any non-zero x € R by vy(x) = r,
where x = w"y,y € R, w ty. Its valuation ring O,_ is the localization of R at prime

tdeal TR. In view of the following remark the residue field of v, is isomorphic to the
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quotient field of R/wR. In the particular case when R = Z and p is a prime number,

v, will denote the p — adic valuation of Q.

Remark Let R be a commutative ring and P be a prime ideal of R. Let Rp =
{5 |z eRye€ R\P} and Mp = {5 lzePye R\P}. Prove that Rp/Mp =
quotient field of R/ P.

Proof We define a map f : Rp — quotient field of R/P by defining the image
of an element T € Rp,x € R,y € R\ P by f(z/y) = (x+ P)(y + pP)~L.

Clearly f is well defined, a ring homomorphism and % € kerf <— f(%) = zi—ﬁ =
P <=z € P. So, kerf = Mp. Thus Rp/Mp = quotient field of R/P.

Strong triangle law Let v be a valuation of a field K. If x,y € K are such that
v(x) # v(y). Then v(z +y) = min{v(z),v(y)}.

Proof Assume that v(x) < v(y). By definition of valuation
oz +) > minfo(@),o(y)} = v() 2.1)
Again by definition of valuation
v(z) = v(z +y—y) =min{v(z +y),0y)}
and the above minimum has to be v(xz + y) in view of the assumption v(z) < v(y).

Hence v(x +y) = v(z) in view of equation (2.1).

Topology defined by a Real valuation Let v be a real valuation of a field K.
Then v induces a metric on K; infact it is the metric given by the corresponding
absolute value on K. A base for the neighbourhood system at a point x is the family
of all sets Np,(x) ={y € K | v(x —y) > m} where m runs over all positive integers.
Note that the topology corresponding to a wvaluation is discrete <= corresponding

valuation is trivial.

31



Remark Let (K, v) is a valued field with v real valuation. A sequence {z,} is Cauchy
in K <= v(tpip — x,) —> 00 as n,k —> 00 <= v(Tpy1 — Tp) —> 00 AS N — 00,

o ’U(anrk - xn) = /U(xn+k — Tn+k—1 —+ Tptk—1""" — xn)

> min{v(xn—i—k - xn—&-k—l)a U(xn—&-k—l - xn+k—2)a e 7'U(xn+1 - xn)}

Notation Let (K,v) be a valued field. We shall denote by (K,0) the completion of
(K, v) with respect to the topology defined above.

Theorem 2.1 Let (K,v) be a valued field with a real valuation v. Then the value groups
of v and U are same, the valuation ring Oy of ¥ equals to O, + My and the residue

fields of v and ¥ are canonically isomorphic.

Proof Let x € K* be given. By the density of K in K there exists = € K with
0(z — x) > 0(z). But then by Strong Triangle Law, we have 0(z) = min{t(z —
x),0(x)} = 0(x). So, the value groups of v and ¥ are same. For any given o €
Os,3a € O, such that v(a—a) > 0, So, Oy = O,+M;. Also, clearly M,, = O,NMj;.
Therefore by second theorem of isomorphism, we have Oz /My = O,/O, N My =
O,/ M. O

For the valuations of field K, there is a stronger view of Approzimation Theorem

given by
Theorem 2.2 Let vy, vs, -+ ,v, be pairwise inequivalent valuations of a field K with
value groups I'y,T'y,--- Ty, Then for any x1,--- ,x, € K and v, € I';, 1 <1 <

n, 3 x € K such that v;(x — x;) = ;.
Proof Atmost one of v; can be trivial, say vy is trivial. Choose y; € K such that
vi(y;) =vi for2<i<n (2.2)
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By Approximation Theorem, 3 z,y € K such that
vi(z —x;) > vi,vi(y —yi) > for 2<i<n (2.3)

Infact y and z can be chosen such that y+ z # x1. " if y + z = x1, we replace y by
Yy =y +y, where y, € K is a non-zero element with v;(y,) > ~; for each i > 2, such
an element y, exists(in view of Approzimation Theorem). Now vy (y+z—x1) =0 = 1.
For 2 <i < n, we have by (2.2),(2.3) and Strong Triangle Law

vi(y) = vi(y — i +yi) = min{vi(y — vi),vi(ys)} = vi(ys) = %

vi(y + 2 — ;) = min{vi(y),vi(z — x:)} = v

So, x = y+=z satisfies the desired property. O

Remark The above theorem does not hold for Archimedean absolute values. For
example, let ¢ = the usual absolute value on K = Q(\/g),w be the absolute value
defined by (a + by/5) =| a — b5 |, and s be the normalized absolute value cor-
responding to the 5 — adic value of K,i.e., Claim: vs(x) = (1/5)"@). Claim that
there does not exist any x € K such that ¢(z) = 1,9(x) = 3,¢5(z) = 1. Suppose
such an element * = a + b\/5 exists, then | a®> — 5b* |= 3. Write a = ub =
%, (a1,as) = 1 = (by,by), a;,b; € Z. Since s(a) # s(bV/5). -+ R.H.S. is power of
1/5 multiplied by 1/v/5 and L.H.S. is a power of 1/5. So, by Strong Triangle Law,
Vs(a 4 bv/5) = maz{ys(a), ¥s(bv/5)} = 1. 15(bv/5) # 1.80, 51 by and 51 aras, so we
see a12by® — 5ag?h? = £3ay%by” which shows that X? = +3(mod 5) is solvable. This

contradiction proves the claim.

We now determine all valuation of K(X) which are trivial on K, where K is a

field and X is an in determinate. For this we first prove the following theorem.

Theorem 2.3 Let R be a P.I.D. with quotient field K. Let v be a real valuation on
K such that the valuation ring of v contains R. Then v is equivalent to v, for some

irreducible element m of R.
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Proof Let v be a non-trivial real valuation on K. Let O, be the valuation ring
of K and M, be the maximal ideal, then M, N R is a non-zero prime ideal of R.
Therefore, there exists an irreducible element m € R such that M, N R = nR. For
this m,v(m) > 0.

Consider a € R\ wR, then a ¢ M,. . a is a unit of O, and hence v(a) =
0. Also vz(a) = 0. Now for any x = 7"a/b;a,b € R,m { ab,v(x) = muv(m)
as v(ab) = 0 as ab ¢ 7wR. Also v.(x) = m. . v is equivalent to v,. Hence

proved. Il

Theorem 2.4 Every non-trivial valuation on K(X), trivial on K is either equivalent to

the degree valuation v, defined by vm(%) =deg(g(X))—deg(f(X)) or p(X)—adic

valuation for some irreducible polynomial p(X) € K[X].

Proof

Case I: {v(X) > 0}

Take R = K[X]. Then R C O,. So, by Theorem 2.3, v is equivalent to p(X) — adic
valuation for some irreducible element p(X) of K[X].

Case IT v(X) <0,

Then v(X™) < v(X"™) whenever 0 < n < m. Since v(a) = 0V a € K*, we get by
Strong Triangle Law,

v(a, X" +a 1 X"+ +a,) =v(a, X") =nv(X) ifa, #0

e
9(X)

So v is equivalent to V.

) = (deg f(X) —deg g(X))v(X)

We now determine a class of valuations of K[X] which are non-trivial on K, where K

1s a field and X is an indeterminate. 0

Theorem 2.5 Let (K, v) be a real valued field, let p be a real number, and let w :
K[X] — RU{oc} be the mapping defined by,

w(z a; X") = min{v(a;) +ip | 0<i<n}
i—0
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w(ZE) = w(f(X)) — w(g(X)) where f(X),9(X) € K[X],g(X) # 0. Then w is a
valuation on K[X| whose restriction to K is equal to v, and whose value group is the
subgroup of R generated by v(K) and p.
Proof (1) For f(X)=0,w(f(X)) = 0.

n

(2) To show that if f = ZaiXi,g = ijXj are polynomials in K[X], then
i=0

§=0
w(fg) =w(f) +w(g), w(f+g) = min{w(f), w(g)}
m+n
Write fg = Z e X" where ¢, = Z a;bj. Let i,, jo be chosen so that
k=0 i+j=k

o =main{i | v(a;) +ipn =w(f)}, jo=min{j| v(b;) +in=w(g)}

then
Cigrjo = Gibj, + Y aib; (2.4)
i+j:io+j077;?é’io
Since i # lp,0+ J = i, + Jo tmplies i > i, or j > j,, then v(a; b;,) + (io + Jo)pt =
(v(ai,) +ip) 4 (v(bs,) + o) < min{v(a;) +ip) + (v(bj) +jp) | 14 J =i+ Jo, i # o}
Hence by(2.4) and Strong Triangle Law, we have
v(Ciy + Jo) + (io + Jo)ut = v(ai,bj,) 4 (io + jo)pu = w(f) + w(g)

Thus we have shown that,

w(fg) < v(Ciyrg,) + (io + Jo)p = w(f) +w(g) (2.5)

On the other hand, for any k,0 < k < m + n,

v(cg) + kp = v(‘Zk aib;) + kp
> n%ijn{v(ai) +ou(b)) |i+j=k}+ku
= min{ (v(a;) +ip) + (v(b) +p) | i +5 =k}
> w(f) +w(g).
So
w(fg) = w(f) +w(g) (2.6)
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By (2.5)and(2.6), we have w(fg) = w(f)+w(g). We now verify the triangle inequal-
ity. Assume without loss of generality that n = max{degf,deg g}. Set a; = 0 if
m+1<3¢<n. Then

w(f+g) = mm{v(az+b)+z,u|0<z<n}

> min {min(v(a;) + i, v(b;) +ipn) | 0 <i<n}

0<i<n

= min{w(f), w(g)}-

Definition Let v be a valuatz’on of K.The valuation v* of K[X] extending the

valuation v of K defined by v (Z a; X") = min;v(a;) is called the Gaussian extension

of v to K[ X]. A polynomial f(X ) E K[X] is said to be primitive w.r.t. v if v (f(X)) =
0. Since for polynomials f,g € K[X], v*(f,g) = v*(f)+v"(g), it follows that a product
of primitive polynomials is primitive. This is the analogue for valued fields of the well

known Gauss’s lemma for polynomial with coefficients in a U.F.D.

Proposition 2.6 Let K be the residue field of a valuation v of K. Then the residue
field of v® is the simple transcendental extension K(X) of K.

Proof Note that the v® — residueX of X is the transcendental over K, because
if a; € K are such that Z?:Odi)?i =0, a, € O,, then vx(ZaiXi) > 0. So

=0 L
v(a;) > 0 V i, i.e., a; = 0. We now show that the residue field of v* is K(X).

Let £ = (X) be any element of K[X| with v*(§) = 0. Write f(X) =1 f1(X),c1 € K
and v*(f1(X)) =0, g(X) = dig1(X), di € K,v"(q:1(X)) = 0. Since v*(f/g) =0 =
v(er) = v¥(efi) = v*(digr) = v(da).




2.2 Discrete Valuations

Definition Let K be a field and v be a valuation on K. Then v is said to be discrete
if the value group v(K*) is isomorphic to additive group Z. In view of the following

lemma v is discrete if the value group of v is discrete subset of R w.r.t. usual topology.

Lemma 2.7 Let G be a non-trivial subgroup of (R,+). The following conditions are
equivalent:

(1) G is a discrete subgroup of R.

(2) G is not dense in R.

(8) G has a least positive element.

(4) G is cyclic group.

Proof (1)=(2) is trivial. We prove (2)=(3):

Suppose (3) does not hold. Let gy be any positive element of G, 3 g1 € G such that
0< g1 <go If 1 < 9o/2, then fine otherwise we can replace g1 by go — g1 so that
we can assume without loss of generality that 0 < g1 < go/2. 3 an g2 € G such that
0< g < g1/2 < g,/2% Proceeding in this way 3 g; € G such that 0 < g; < g,/2".
If r is any positive real number and (r — €,1 + €) is any neighbourhood of r, then 3
an i such that g; < €. . 3 an integer m such that mg; € (r — €,r + €). Therefore, r
is a closure point of G. This shows that G is dense in R which contradicts (2) and
proves that (2)=(3). Now,(3)=(4): Let go be the least positive element of G. For
any g € G there is an n € Z such that ngo < g < (n+1)go, 0 < g —ngo < go- 4s go
is the least positive element of G, g —ngo = 0 i.e. g = ngy. Hence G = goZ.
(4)=(1): Let G = goZ, go > 0. If r is any real number, then (r — go/2,7 + go/2) can

contain at most one point of G. So r is not a limit point of G.

Definition Let v be a discrete valuation of K. Let gy be the smallest positive element

in the value group of v. An element © of K with v(w) = g, is called an uniformizer

of v.

Remark Let K be a field and v be a discrete valuation on K with value group Z.. An
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element © € K* can be written as un”, where u is the unit of O,,v(x) = r. Indeed if
r=v(x), then v(zr™") = v(x) —rv(n) = 0. Thus u =z~ " is a unit of O,. Also the
maximal ideal M, is a principal ideal generated by m and every other ideal J # 0 of
O, is a principal ideal generated by some power ™ where n = min{v(a) | a € J}. So
O, isa P.I.D., hence Noetherian. The converse is also true as proved by the following

theorem.

Theorem 2.8 Let v be a non-trivial real valuation of K with valuation ring O, having
maximal ideal M,,. Then the following statements are equivalent:

(1)v is a discrete valuation.

(2) Every non-zero ideal of O, is power of M,,.

(3) O, is Noetherian ring.

(4) M, is a principal ideal.

(5) Every ideal of O, is principal.

(6) Every finitely generated fractional ideal of K (relative to O,) is principal.

(7) The set of non-zero fractional ideals of K is a multiplicative group; and

(8) M, # M,

Proof (1) = (2) Let J # 0 be any ideal of O,. By hypothesis v(K*) ~ Z, hence
there exists A > 0 such that v(K*) = Z\. Let t € M, be such that v(t) = X. Then
M, = O,t, because if v(x) > 0, then v(x) > X. So v = (z/t)t € O,t. Let

mA =min{v(y) |y € J} (2.7)

let © € J be such that v(x) = mA. Then by view of (2.7) Oyx C J C O,t™, because
if y € J, then v(yt™™) > 0. On writing t™ = (t™z ')z € O,x, we conclude that
J = O,tm.

(2)=(3): We note that if 0 < k <[ are integers, then M, C M,*. Since every ideal
of O, is a power of M,, then any strictly ascending chain of ideals of O, is finite, so
O, is a Noetherian ring.

(3)=(4): By hypothesis, every ideal of O, is finitely generated. Let J be a non-zero
finitely generated ideal of O, generated by the elements x1,--- ,x,; let us assume

that v(zy) < v(x;) for every i = 2,-++- ,n. Then x; = (v;z, oy € Oyzy because
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v(zixy ™) >0 for every i = 2,3,---n. Hence J = Oyzy + + -+ + Oyx, = Oyxy. Thus
M, must be a principal ideal.

(4)=(5): Let M, = O,t, so v(t) > 0. Let J be any non-zero ideal of O,. Let
v = inf{v(z) | x € J}. If there exists y € J such that v(y) = v, then J = Oy,
because if x € J, then x = (xy~ ')y with v(zy™) > 0, so z € O,y. However, if
v(x) > v for every x € J, there exists y € J such that v < v(y) < v+ v(t) and also
z € J such that v < v(z) < v(y); therefore 0 < v(yz=') < w(t), so yz—' € M, = O,t.
So v(yz"") > v(t), a contradiction.

(5)=(6): Let J be a non-zero finitely generated fractional ideal, so there exists
a € Oy,a # 0, such that aJ C O,, hence by hypothesis aJ = O,x where x € O,
and so J = Oya'x.

(6)=(7): Indeed, each non-zero finitely generated fractional ideal J = O,z has
inverse J 1 = O,z L.

(71)=(8): If M, = M,? then O, = M;'M, = M;'M,* = M, which is impossible.
(8)=(1): Lett € My, t & M,?*, for every element v € O,z # 0, there exists an
integer n > 0 such that nv(t) < v(x) < (n+ Dv(t). If nv(t) < v(z), then z/t"
and t"*'Jx € M,, hence t = itn; € M2, which is contradiction. This shows that

tn

v(z) = no(t), hence v(K) = Z. O

It must be emphasized at once that not at all valuation are discrete. A non-trivial
valuation of an algebraically closed field can’t be discrete as the following remark

shows.

Remark Let K be an algebraically closed field and v is a non-trivial valuation of
K, then the group v(K*) is divisible, i.e., given n € Z,n > 0 and v(z) € v(K*), then
there exists v € v(K*) such that ny = v(z). Choose y € K* such that y* = z. Then
nv(y) = v(z).
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2.3 Complete discrete valued fields

Suppose that K is both complete and discrete with respect to a valuation v with value
group Z. Let {m, | n € Z} be the set of elements of K with

v(m,) =n (2.8)

Then for given ¢; € O,, (i > 1), the series Zcmi converges in K. If ¢, is unit Of

O, then using Strong Triangle Law, we can verify that U(Z CiT) =T

Notation A sum Z a; where a; = 0 for all but finitely many negative i will be

i=—00

denoted by Z a;.
i>>—o00
Definition By a system of representation of the residue field O,/ M., we mean
a subset C of O, satisfying the following properties:
(1) zero € C
(2) c1,¢0 € C,c1 # c3 = ¢1 = ca(mod M,)
(3) For any a € O,,3 ¢ € C such that a = ¢(mod M,).

Theorem 2.9 Let K be a field complete, discrete with respect to a valuation v with
value group 7Z. Let C be a complete system of representatives of the residue field
O,/ M, containing zero. Let m, € K be such that satisfying (2.8). Then an arbitrary

element a € K can be uniquely written as

a= Z i, ¢ €C (2.9)

1>>—00

More specifically if © is a uniformizer of K, we may write

a= Y or (2.10)

1>>—00

When furthermore v(a) = n in (2.9)and(2.10), we have ¢, # 0,¢; =0V i < n.
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Proof If a = 0, we take ¢; = 0. So, suppose v(a) = n. We shall first set ¢; = 0

Lis a unit, so 3 an element c,(# 0) € C such that u =

forall it <n. Asu = an™
cn(mod M,) Then clearly v(arm,' —¢,) > 0 or equivalently v(a — ¢, m,) > v(m,) = n.
Let ay = a — ¢,m, and ny = v(ay) > n. Here we set ¢; = 0 forn < i < ny. So
3 ¢, € C such that :Tll = ¢, (mod M,),v(ay — cpymn,) > ny. Set ag = ag — ¢y, Ty,
say v(az) = ng > mny > n+ 1. Set ¢; = 0 for ny < i < ny. Choose ¢, such that
7?722 = ¢y, (mod M), v(ag — CpyTiny) > Na. Set ag = ag — Cpy Ty, Say v(ag) = ng > ng >
n+ 2. Set ¢; =0 for ny < i < n3. Repeating this process and adding zero co-efficient

if mecessary, we obtain the existence of the sequence
a = cpTy + Cn+1Tn+1 + -+ Crn T, + (m41

where V(amy1) > Ny = n+m ¥ m > 1. Letting m — oo, we have

00
a = E C;T; = E CT;.
1=n

1>>—00
Uniqueness Suppose we have two expansions of a, a = Z cimi, ¢ € C and
1>>—00
a = Z cmi, ¢ € C with ¢; # ¢, for some i. Let i, be the minimum of such i
i>>—00
[e.e] [e.e] o0
for which ¢; # ¢,.. Then ZC”T" = chm. o6, — ¢ ), = — Z (¢; — c)m; and

=10 =1%o i=1o+1
/

hence v((c;, — ¢ )m;,) > io +1 = ¢, — ¢ € My, ie., ¢, =c; (mod M,) which is

o

not possible. Thus the expansion is unique.
Corollary A complete valued field is uncountable.

Definition Let R = F[X]| be the ring of polynomials over any field K in an in-
determinate X. Let v denote X — adic valuation on K = F[X], corresponding to
the prime element X of R. The residue field of v is isomorphic to F[X]/(X) = F.
Since Oy /My = {0,/ M,} = F. We may take F as complete system representatives
of Oy modulo My. .. by Theorem 2.9, every element of K can be uniquely written
as Z a; X', a€F, K is called the field of Laurent Series over F'. The valuation

i>>—00
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ring O, is called the ring of formal power series over F and is denoted by F[[X]].

It consists of series of type ZaiXi, a; € F.

i=0
Remark Let (K,v) be complete discrete valued field. If char(K) is same as the
char of residue field of v, then it was proved in 1936 that 3 subfield F' of O,which
can be chosen as a complete system of representatives of O,/ M.,. So in this situation
K = F((n)) where w is a uniformizer of v. Thus every complete discrete valued
field whose char is same as that of its residue field is isomorphic to the field of

Laurent Series.

2.4 p— adic numbers

Definition Let Q be equipped with p — adic valuation v, corresponding to the prime
p defined for any integer n, taking v,(n) = the highest power of p dividing n and Q,
be the completion of Q with respect to v,. Then Q, is called the field of p — adic

numbers. The valuation ring of v, is called ring of p — adic integers.

Remark Keeping in mind the residue field of v, is isomorphic to that of v, in view of
Theorem 2.1 and latter is isomorphic to Z/pZ, So we may choose C = {0,1,--- ,p—1}
as a complete system of representatives of residue field of vU,. Therefore in view of
Theorem 2.9, every x € Q, can be uniquely written as Z a;pt where 0 < a; < p—1

1>>—00
[es)

for each i. A p — adic integer can be uniquely written as Z a;p’,0 < a; <p—1 for

. i=0
each 1.

Example (1) 3 — adic expansion of —1
—1=a,(mod 3) = a, =2

=% = qy(mod 3) = —1 = ay(mod 3) = a; = 2.
—1=4 = ay(mod 3) = —1 = ax(mod 3) = ap = 2.
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L —1=2+23+23*+23+--.
Indeed the sum of series on R.H.S. is

20+3+3+-)=—==-1

(2) 3 — adic expansion of%

2 =a,(mod 3) = a, =2

MT“O = a)(mod 3) = F = ai(mod 3) = a, =0

% = as(mod 3)i.e., ?1
1

% asz(mod 3) 1
%TJ = as(mod 3) i.e

as(mod 3) = ay =1

e. 22 =ag(mod 3) = a3 =2
. ZH(mod 3) = as =1
-3

73_1 = as(mod 3) i.e., 3z = as(mod 3) = a5 = 0,a6 = 1,a7 = 2,ag = 1, - --

S0, 2=2+0x3+1x3F+2xF+1x3+0x3 +

=2+ (0+9+54+81)1+3"+3°+--+)
144 9 1
1—34 5 5

The following theorem shows that the p — adic expansion of each rational number is

=2+

periodic.

Definition A p — adic Expansion of a p — adic integer z € Q, is z = Z a;p’ is said

i=0
to be finite if a; = 0 for all but finitely many i, and is said to be periodic infinte if
there exists m > 0 and k > 1 such that as = a; where s =t (mod k) for s,t > m.

Theorem 2.10 Let z be a non-zero p — adic integer. Then
(1) z has a finite p — adic expansion iff z is a natural number.
(2) z has a periodic infinite p — adic expansion iff z is a p — adic integer such that

z€Q\N.

Proof (1) Clearly finite p — adic expansion has sum equal to a natural number.
Conversely, Suppose z(# 0) be a natural number. We prove by induction. Assume
that the result is true for all integers y,0 <y < z. Let k > 0 be such that p* < z <
Pl then 2z = appF 4y where 1 < ap, < p—1 and 0 < y < p*. By induction hypothesis,
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Y= ap_1p" - dapta, with0 < a; < p—1. Thus z has finite p— adic expansion.

Proof (2) Suppose that p — adic integer z has periodic infinite series Zaipi say
i=0
dm > 0 and k > 1 such that as = a; where s = t(mod k) for s,t > m. Let
m—1 m+k—1
c= Zaipi, b= Z a;p’. So
i=0 i=m
00 m—1 00
z = Z a;p' = Z a;p" + Z a;p'.
i=0 i=0 i=m
z—c= Zaipi =b+ Z a;p’
i=m i=m+k
= b—i—pk(Zaipi) =b+pF(z—c)
ie(z—c)(1—p") =band z=c+ # € Q.

We verify that = ¢ N. If z € Z, then (p*—1) | b which is possible only when a; = p—1
form < i < m+k—1. In this situation b = p™(p*—1) and so z = Z?:ol aipp'—p™ < 0.
Coversely, Suppose z € Q\ N. We first show that there exists m,k € N and t,u € Z
such that 0 <t < p™, 0 <u < p* and

m

up
(1—p")
Let z = § where a,d € Z, d > 0 and (p,d) = 1. Hence there exists k > 1 such
that p* = 1(mod d), hence z = b(p* — 1)~ for some b € Z. Choose m € N such that
—p™ < b < p™. Since (p™, pF—1) =1, there are t,u € Z such that b = t(p*—1) —up™
and w can be chosen such that 0 < u < pF —1 if z>0 and 1 <wu<pk if z < 0. This

z=t+ (2.11)

is possible because we can solve the congruence Xp™ + b = 0(mod p* — 1) with u as

desired, say
up™ +b = (pF — 1)t (2.12)

We now verify 0 < t < p™. Consider first the case when z > 0. Since u < p* —2 and
b < p™, it follows that the L.H.S. of (2.12) is strictly less than (p* —1)p™, comparing
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with the R.H.S. of (2.12), we see that 0 < t < p™. When z < 0,i.e., b < 0, then
keeping in mind that u < p*—1, we have up™+b < (p*—1)p™ and hence (2.12) implies
that t < p™. Further using the fact u > 1 and b > —p™, we see that up™ +b > 0
and hence t > 0 by (2.12). Thus 0 < t < p™ in both cases and hence (2.11) is
proved. Recall that 0 < u < p*, infact u > 0 because otherwise z € N. So there exists

m—1 k—1
oy @1y 5 Amyk—1 € 10,1,,-++ ,p— 1} such that t = Z @z‘pi and u = Zam-i-lpi'
i=0 1=0
k-1
m—1 Z am—Hpm—H
3 up™ i i=0
we conclude using (2.11) that z =t + 1fpk = Zaip + 1y
i=0
[e'S) m—1 k—1
Since ﬁ = Z(pk)l, we have z = Z a;p’ + Z U™ (1 4+ p* 4 )
=0 i=0 i=0
o
= ap,
i=0
where fori, j > m, i = j(modm),a; = a;. O

The proof of the above gives an easy method to write down the p — adic expansion of

a rational number.

Some Examples

(1) 7 — adic expansion of —1
—1=a,(mod 7) = a, =6
=t = gy (mod 7) = a1 = 6

=4 = ay(mod T) = az = 6

=1 =64+6XT+6xT>+---

Indeed the sum of series on
R.H.S. :6+6(7+72+...)

=6+6(T)(1+7+7+-)



(2) 7 — adic expansion of

2 =a,(mod 7) = a, =2

3

572 Eal(mOd 7) %1:@1(m0d 7) .'.CL1:4
?7_ = ay(mod 7) =

al

73—0,2
S = az(mod 7) =

( )

> ( )

52 =ay(mod 7) = Z=as(mod 7), - as=1
( )

27
=2_q,

“—— =as(mod 7) =

Similarly ag =5, ar =2, ag=1,---
=24 AXTAEX TP A2X TP A IX T HAX T 5 X T+ 2x T +1x B+ -
=24 TA+5XTH2XTP+IXT)+TPA+5XTH2XTP+1IXT)+ 724 +5 X T+

2X T +1x 7T+ -+ Let us cross check the sum of above series; It is

=24+ TA+EXTH2Xx TP+ I xTHA+T+784--1)

1 73
0 T X480 % —— —9_ L2
XA X T 55

(8) 7 — adic expansion of 2

?3 = a,(mod 7),.".a, =5

=34,

S = ay(mod 7

)i _',CL1:2
529 = gy(mod 7) =
) =

5
=2
5
—1 . _

5 ,..a3—4

S—— = ag(mod 7 = =a4

( )

= az(mod 7),. . a3 =1
( )
2 = ay( )

52 = ay(mod 7) = .o.ag =b.

o

Similarly as = 2, ag =1, a7 =4,---
LR =SR2 LT AT 5T 2T 1T AT
Indeed the sum of series on R.H.S. is
1440 -3

2 3 4 8 _ _
B+2xT7T+1xT+4xT)(1+T 47 ---)_1_74_?_
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2.5 Hensel’s Lemma and its applications

In 1904, Hensel proved a remarkable result which shows that under certain condition,
the factorisation of a polynomial F(x) € Zlx] modulo a prime p is related to its
factorisation over the ring of p — adic integers. We now study this result known as

Hensel’s Lemma for complete valued fields.

Theorem 2.11 Hensel’s Lemma Let (K,v) be a complete valued field, where v is
a real valuation with valuation ring O, having mazximal ideal M, and residue field
K =0,/M,. Let F(X),G,(X), H,(X) be polynomials belonging to O,[X] satisfying
the following conditions:

(i) F(X) = G,(X)H,(X)(modM,)

(ii) The leading co-efficient g of G,(X) is a units of O,.

(iii) Go(X) and Ho(X) are relatively prime in K[X]

Then there exists polynomials G(X), H(X) € O,[X] satisfying the following condi-
tions.

(a) F(X) = G(X)H(X)

(b) deg G(X) =deg G,(X) , g is the leading coefficient of G(X)

(c) G(X)=Go(X),HX) = H,(X) (mod M,)

Proof Let r,s denote respectively the degree of Go(X), F(X). Then deg Hy(X) <
s —r. So there exists a polynomial ho(X) € O,[X]| with deg ho(X) < s —1r such that
ho(X) = Hy(X) (mod M,). Replacing H,(X) by ho(X), we may assume without
loss of generality that degHyo(X) < s — 1. Since Go(X) and H,(X) are coprime ,
3 C(X),D(X) € O,[X] such that

G (X)C(X) + H,(X)D(X) = 1

Set
p=min{v*(F — G,H,),v"(G,(X)C(X) + H,(X)D(X) — 1)} (2.13)

clearly p > 0. Choose z € O, such that 0 < v(z) < p. Then the polynomial
W,(X) =2"HF(X) — Go(X)H,(X)) € O,[z]. We divide the proof into two steps.
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Step I We construct sequences of polynomials G;(X), H;(X), W;(X) € O,[z] sat-
1sfying the following three properties fort=0,1,2,---

(1) degGi(X) =, deg Hi(X) < s —r, leading coefficient of G;(X) is g.

(Il) Gi(X) — G;_1(X) € 2°0O,[X], Hi(X) — H;_1(X) € 2°O,[X]

(11I) F(X) = Gi(X)Hy(X) = 2" Wi(X).

Clearly G,(X), H,(X) satisfy (I), (III), for i = 0 and condition (II) is void. As
induction hypothesis, suppose that there are polynomials, G;(X), H;(X), W;(X) sat-
isfying (I) - (III) for 0 < i < n — 1. We now construct G,(X), H,(X). Since the
leading coefficient of Go(X) is a unit of O,, by division 3 Q,(X),U,(X) € O,[X]
with deg U, (X) < r such that

W1 (X)D(X) = Qu(X)Go(X) + Up(X) (2.14)
Let V,,(X) € O,[X] be a polynomial of least degree such that
W1 (X)C(X) + Qu(X)H,(X) — Vi(X) € 2 O,[X] (2.15)
Then leading coefficient of V,(X) & 20,. We now verify that
Vo (X)Go(X) + Up(X)Hy(X) — Wy_y(X) € 20,[X] (2.16)
On substituting for U,(X) from (2.14), we see that
Va(X)Go(X) + Un(X) Ho(X) = Wi (X)

= Va(X)Go(X) + (Waa (X) D(X) = Qn(X)Go(X)) Ho(X) = Wiy (X)
= Waa(X)(D(X)Ho(X) = 1) = Go(X)(Qn(X) Ho(X) — Vo (X))
= Wh 1 (X)(C(X)Go(X)+D(X)Ho(X)—=1) = Go(X) (W1 (X)C(X)+D(X) Ho(X) =V, (X))

By choice of z,C(X)G,(X) 4+ D(X)H,(X) — 1 € 20,[x] ; also by view of (2.15),
W1 (X)C(X) + Qu(X)Ho(X) — V(X)) € 20,[z]. So (2.16) is verified.

Claim is that degV,,(X) < s —r. Suppose to the contrary degV,,(X) > s —r. Keeping
in mind that degW,,—1(X) < s by induction , the above supposition show that

deg(U,(X)Hy(X)—W,_1(X)) < maz{deg(V,(X)H(X),degW,_1(X)} < s < deg(V,,(X)G,(X))
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By virtue of (2.16), the above inequality implies that the leading coefficient (V,,(X)Go(X)) €
20,. As leading coefficient of G, is a unit of O,, we would have leading coefficient
(V) € 20,, Which is impossible in view of choice of V,(X) and hence the claim is

proved.
Define polynomials G,,(X), H,(X) by

Gr(X) = Gt (X) + 2"Un(X), Ho(X) = Hy 1 (X) + 2"V, (X) (2.17)

Recall that deg U,, < r , also by the claim degV, < s —1r , so G,(X), H,(X) satisfy
condition (I) ; clearly condition (II) is satisfied. To verify condition (III) write

F(X) = Gu(X)Hy(X) = F(X) = (Gp1(X) + 2"Un (X)) (Hp1(X) + 2"Vi (X))

= F(X) =Gt (X) Hyo1 (X) = 2" (Vi (X) Gt (X) U (X) Hym1 (X)) =27 U (X) Vi (X))

Note that Vi, (X)Gp—1(X)+Un(X)Hyo 1 (X) =W,y € 20,[X] , because V,(X)Go(X)+
Un(X)Ho(X) = W, 1(X) € 20,[X] by (2.16) and G,—1 — G, H,—1 — H, belonging
to zO,[X] in view of condition (II) being satisfied for 1 <i <n — 1.

Step II We show that there ezists polynomials G(X), H(X) in O,[X] with the desired
properties. Write G;(X) = Zg,;ij,Hi(X) = Zhinj , Since condition (II) is
=0 =0

satisfied, the sequences (gio)ieNa ) (gir)ieNv (hio)ieNa B (his—'r)ieN are v - Cauchy,
hence v - convergent. Let gy, -+ , Gr, o, -+, hs_ be their respective v - limits. Set

G(X) = Zgi(X)j, H(X) = Zthj. Clearly G(X) has degree r with l.c. g. Since
=0 =0

G(X)—Gu(X),H(X)— Hy(X), F(X) = Gn(X)H,(X) as in 2"O,[X] for anyn € N
, we have F(X) — G(X)H(X) € ,.N?"Ou[X]. Hence F(X) = G(X)H(X) as
desired. O

The following theorem is an immediate corollary of Hensel’s Lemma

Corollary 2.12 Let (K,v) be as in the above theorem. If F(X) € O,[X]| has a simple
zero C, in the residue class field K, , i.e. , F(C,) = O and F'(C,) # O , then F(X)
has a zero C € O, such that C = C,,.
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We can prove very nice results using Hensel’s Lemma.

Theorem 2.13 If p and q are distinct primes , there exists no isomorphism between

the fields Q,, Q,.

IS

Proof It is enough to show that there exists a polynomial h(X) € Q[X] which is
irreducible in Q,[X], but reducible in Q,[X]. Let r € Z be an integer such that r =
0(mod p),r = 1(mod q). Let h(X) = X? +rX + pq. Using Eisenstein’s irreducibility
criterion in Z,, we deduce that h(X) is irreducible in Q,[X]. Since X*+rX +pq =
X2+ X = X(X+1) (mod M,,). By Hensel’s lemma in Qq, X? 41X +pq is reducible

in Qg[X]. O

Note For any prime p, there exists no isomorphism between the fields R and Q,.

Since p is a square in R but not a square in Q,.
Theorem 2.14 The only endomorphism of Q,, is the identity.

Proof Let f : Q, — Q, be an endomorphism , hence f(r) = r for every rational
number r € Q. If v € Q, , then we may write x = up*»® , where p € Q, is a unit
of the valuation ring Z,. It follows that f(x) = f(u)p*»@. If we show that f(u) is
unit , this mean that v,(f(z)) = v,(z) for every x € Q, , therefore f is a continuous
mapping in the topology defined by the valuation v,. Since Q is dense in its completion
Qp and f is identity on Q, it follows from continuity of f that f is must be identity
on Q,. O
We still have to show that f(u) is unit of Q, , for every unit . For this, we will

prove the following theorem.

Theorem 2.15 p € Z,, is a unit of Z,, if and only if there exist infinitely many integers
n > 0 such that y?~' has an nth root in Z,.

Proof If there exist an integer n > 0 for which P~ has an nth root t € Q, , then
t" = P~ implies nv(t) = (p — 1)v,(u), therefore (p — 1)v,(u) is a multiple of n. As
it is true for infinitely many integers n, we must have v,(p) = 0.

Conversely, suppose v,(u) = 0 , then the image of p in the residue field of v,

20



is not zero, but Z, |< p >= F,. So p?~!' = 1. Since X" — 7! = X" -1 =
(X =X+ 4+ X + 1)(mod M,,). So, i#~! = 1(mod M.,,). If n is not a
multiple of p, then 1 is not repeated root of X® —1. Thus X —1, X" 14 -+ X +1 are
relatively prime polynomials. Since Q, is complete valued field, by Hensel’s Lemma
, X™ — Pt has a linear factor X — C' € Z,[X], so u?~' has an nth root in Z,, for
every n not a multiple of p.

Thus, it is indeed true that if v is a unit of Z, and f is an isomorphism, then f(u)

has the same characteristic property of i and so it is also a unit of Z,.

Remark Let p > 3 be prime. The analogue of Fermat’s Last Theorem does
not hold in Q,. 3 o, B,v € Qq,q # p , not all zero such that o 4+ P = . Consider
F(X)=XP+ ¢+ (—1)". Then F(X)= X? —1 mod q. Since 1 is a simple root of
F(X) modulo q, by Hensel’s Lemma 3 o € Z,, such that o + ¢* + (—1)" = 0.

Hensel’s Lemma can also be used to check irreducibility of polynomials over complete

valued fields as shown by the following theorem.

Theorem 2.16 Let (K,v) be complete valued field, where v is a real valuation with
valuation ring O, having mazimal ideal M,. Let F(X) = a,X™ + -+ + a,(a, # 0)
be a polynomial € O,[X] with a, = 0(mod M,). If any one of ay, -+ ,a,_1 is unit of
O, , then F(X) is reducible in O,[X].

Proof Let a; be the first unit appearing among the co-efficients of F(X). Set G,(X) =
a; X" 4 o+ a,, Hy(X) = 1, then we have G,(X), H,(X) € O,[X] and F(X) —
Go(X)Hy(X) = ap X" + -+ + a; 1 X" = 0(mod M,). Hence by Hensel’s Lemma,
there exists G(X), H(X) € O,[X] such that

F(X)=G(X)H(X),degG(X) = degGo(X)=n—1i,0<n—i<n
The polynomial F'(X) is therefore reducible in O,[X].

Theorem 2.17 Let (K,v) be complete valued field and let f(X) = X" +a; X" 1+ +
a, be an irreducible polynomial in K[X|. If the coefficient a,, belongs to O, , then all

other co-efficients a; are contained in O,.
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Proof Suppose that mini<;<n{v(a;)} = v(a;,) <0, then the polynomial

FIX]=a; (f(X)) = boX" + -+,

Jo

is contained in O,[X] and b, = 0(mod M,). Since a,, € O,,v(b,) >0 500 < j, <n
, and b;, = 1. Since by previous theorem, F'(X) is reducible in O,[X] and therefore
f(X) is reducible in K[X|. This contradiction proves the theorem. O

We now prove one of the most important applications of Hensel’s Lemma viz. if
(K,v) is a complete valued field, then v can be extended to any finite extension of K,

the uniqueness of extension was already proved in Theorem 1.19.

Theorem 2.18 Let (K, v) be complete valued field and let K, be an extension of degree

n. Then v can be extended (uniquely) to a valuation of Ky, which is given by vy () =
v(Ng, k(@) ac K,

Proof For o, € Ky, clearly vi(a) = 00 & Nk, x(a) =0 a =0 and v1(af) =
vi(a) +vi(B). To verify vi(a+ B) > min{vi(a),v1(5)} , we prove that for o € Kj,
whenever vi(a) > 0, then vi(a+ 1) > 0. Suppose vi(ar) > 0 for some element
a € Ki. Then

U(NK1|K(04)) Z 0 (218)

Let f(X)=X"4+a; X" ' +.--+a, be the minimial polynomial of o over K. Recall
that Nk, k(o) = +alf K (218) = w(a,) >0, . by Theorem 2.17 all a; € O,.
Now f(X — 1) is the minimial polynomial of a + 1 over K and the constant term of

f(X —1)is f(—1), so
Nicyjie(a +1) = £(f(—1))FH @)

Since f(X) € O,[X], f(-1) € Oy, .. Ngyr(la+1) € Oy = vi(a+1) >0 as
desired. (|

Corollary 2.19 Let (K, v) be a complete valued field with respect to a real valuation v.

Then v can be (uniquely) extended to a valuation v of the algebraic closer K of K.
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Proof For arbitrary o, 8 € K , we define () = %
Note that for any finite extension K of K(«),

. v(Ngyx(a))
) = =R K

For a,p € [?, we have to verify
v(a + B) = min{v(e), v(B)}, v(eB) = v(a) + V()

Fiz one such pair o, B € K and take K, = K(a, B) , then by above theorem v/K; is

valuation of K. Hence the corollary. O
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