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Abstract

Magic Angle Spinning (MAS) is an important technique routinely employed for
obtaining high resolution nuclear magnetic resonance (NMR) spectra in the solid
state. In combination with MAS, the cross-polarization (CP) experiment (referred
to as CPMAS) forms a vital building block in the design of multi-dimensional solid-
state NMR (ssNMR) experiments for studying less sensitive/abundant nuclei. But
efficient implementation of CP schemes at faster MAS remains a challenge. Since,
the efficiency of CP under MAS depends on intrinsic parameters such as the ori-
entation of the dipolar tensor, magnitude of the chemical shift anisotropy (CSA)
interactions and other user control parameters such as the spinning frequency and
RF amplitudes, quantitative description of the underlying spin dynamics has al-
ways remained elusive. So, along with the development of NMR experiments,
refinements in NMR theory are also essential for designing sophisticated experi-
ments and for extracting meaningful constraints from experimental data. To this
end, a modified version of the CP experiment is proposed employing the con-
cept of effective Hamiltonians based on multi-mode Floquet theory. In contrast
to other existing schemes in the literature, the proposed schemes could be im-
plemented at higher magnetic field strengths and at faster spinning frequencies.
Since bio-molecular applications of solid-state NMR (ssNMR) entail the presence
of faster spinning modules, we believe that the design of NMR experiments based

on our approach would be beneficial. Additionally, the mechanism of polarization



transfer in CP experiments is described intuitively invoking the phenomenon of
dipolar truncation. We believe that the current study would provide the neces-
sary impetus for better design of ssNMR experiments and could be a guiding tool
for quantifying the experimental data. The validity of the predictions emerging
from our theory is verified with numerical simulations under different experimental

conditions.
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Chapter 1

Introduction

1.1 Background

Ever since its discovery in 1946'3, nuclear magnetic resonance (NMR) spec-
troscopy has become an indispensable tool for investigating molecular structure
in wide range of systems of chemical, biological and medical relevance. In spite
of its lower sensitivity, NMR enjoys wide popularity (as an analytic tool) mainly
due to the flexibility that it offers in the design of experiments. Through careful
manipulation of the nuclear spin interactions, structural constraints at the molec-
ular level (both in the liquid and solid state) are obtained through sophisticated
experiments. Unlike other forms of spectroscopy, the phenomenon of magnetic res-
onance (like NMR and Electron Spin Resonance (EPR)) results from a quantum
property referred to as ”spin”. Just like charge, mass, etc., spin is also a fun-
damental property exhibited by all sub-atomic particles like electrons, protons,
neutrons, etc. Being a quantum property, the spin of a nucleus is represented by
the spin quantum number ‘I’ and is manifested as spin angular momentum. The
charge distribution within the nucleus facilitates the interaction of matter with

the magnetic field component of the electromagnetic (EM) radiation. In nuclei



with spherical symmetry (nuclei with I = 1/2 satisfy this criterion), the charge
distribution is uniform and results in an intrinsic property commonly referred to
as ‘magnetic dipole moment’. Interestingly, nuclei with non-spherical distribu-
tion of charge (observed in nuclei with 7 > 1/2) result in both dipole as well as
quadrupole moment. In contrast to the magnetic dipole moment, the quadrupole
moment of a nucleus is larger in magnitude and interacts with the electric field
gradient surrounding the nucleus resulting in quadrupolar interaction. A more
detailed description of the various nuclear spin interactions are well-documented
in the literature* 7 and have been consciously omitted in this thesis to avoid rep-
etition.

Similar to other forms of spectroscopy, the appearance of the NMR spectrum
depends on the physical state of the sample under investigation. One of the
prominent features being the broadened spectra in the solid state. The restricted
mobility in the solid state renders the spin interactions anisotropic and is primarily

°. By contrast, the

responsible for the line broadening observed in the spectrum
rapid isotropic motion inherent in the solution state averages the anisotropic inter-
actions and effectively removes them from the spectrum. At first sight, this might
force us to conclude that high resolution NMR spectroscopy would inevitably be
confined to liquid samples. Such a restriction would have been a serious limitation,
since interesting systems of chemical and biological relevance are either insoluble
(in suitable organic solvents) or do not crystallize. However, with the combined

efforts of several research groups® 3!, solid-state NMR (ssNMR) is rapidly emerg-

ing as a viable alternative to solution NMR spectroscopy for structural studies in



proteins. As in solution NMR, efforts to develop ssNMR techniques for proteins
labeled uniformly with *C and * N are underway in several laboratories®3!. To
determine the overall three-dimensional structure of peptides/proteins, it is essen-
tial to integrate different NMR experiments and apply them to 3C, 1° N-labeled
samples depending on the complexity of the system?*+2. This requires sequence-
specific assignment of NMR resonances and measurement of sufficient number of
structural constraints (e.g. internuclear 3C' —13 C' and ¥C —1° N distances and
torsion angles) to obtain a high-resolution structure that is consistent with these

constraints0 32,

The initial breakthrough in solid-state NMR (ssNMR) was provided in 1958 by
Andrew and coworkers®? and independently by Lowe3?* in the form of ‘magic angle
spinning’ (MAS) experiments. In their experiment, the sample under investigation
was rotated along an axis (also referred to as rotor axis) inclined at an angle
0,, = 54.736" with respect to the external magnetic field. On rapid rotation of the
sample along this axis, the broadening effects due to the anisotropic interactions
get minimized resulting in fine structures similar to those found in the solution
state.

The next obstacle in the high-resolution NMR of solids was the sensitivity
factor. In general, the sensitivity of a nucleus depends on two intrinsic prop-
erties: (1) natural abundance (2) gyromagnetic ratio. Accordingly, nuclei with
lesser abundance and lower gyromagnetic ratios are often termed as dilute nu-
clei. Due to favourable chemical shift dispersion, the NMR spectra of dilute nuclei

(such as 3C, > N) are preferred (over ' H-NMR) in structural investigations in the



solid state. To improve the sensitivity of dilute nuclei, Hartmann and Hahn3® pro-
posed a novel double resonance experiment (later referred to as ‘Cross-polarization’
(CP)), wherein, the polarization from a sensitive nucleus (nuclei with higher gy-
romagnetic ratio, v and higher natural abundance) is transferred to the dilute
nuclei of interest through the dipolar interactions. From an experimental perspec-
tive, the polarization transfer observed in CP experiments is facilitated through
a resonance like phenomenon that involves careful matching of the amplitudes of
the oscillating radio-frequency (RF) fields that are employed on the two channels.
Hence, the combination of MAS with CP experiment seemed a probable solution
for improving both the resolution and sensitivity of the spectrum in the solid state.

In Fig. 1.1, the basic CP scheme is depicted.

1 H DECOUPLING

13¢C RE s

Al

mix

Figure 1.1: Pulse scheme for Continuous Wave CP

Interestingly, from a conceptual viewpoint, this initial line of thought seemed

impractical owing to the averaging effect of MAS. Since dipolar interactions facili-



tate the transfer of polarization among spins, the CP experiment was expected to
fail under MAS conditions. Nevertheless, in 1973 Waugh and coworkers success-
fully demonstrated the implementation of CP experiment under MAS conditions.
In their implementation of the CP experiment, the averaging effect of MAS (on
the dipolar interactions) was compensated temporarily during the CP period by
a careful manipulation of the amplitudes of the RF fields employed on the two
channels. Unlike the matching conditions in static CP experiments, the ampli-
tudes of the RF field employed on the two channels are highly sensitive to the
spinning frequency and are described in detail in the second chapter. Subse-
quently, the CPMAS experiment3® has become an integral building block in the
design of multi-dimensional solid state NMR experiments for studying dilute nu-
clei®375353-65  With the availability of higher magnetic field strengths and faster
spinning modules, sophisticated variants to the original CP experiment have been
developed in the past3” 535363 Consequently, suites of multi-dimensional experi-
ments involving dilute nuclei (such as 3C, ' N) have emerged in ssNMR and have
all been well documented in recent literature®6465,

In spite of the tremendous progress made in the last two decades, ssNMR is
still a developing field and methods towards structural characterization are just
emerging. Similar to other spectroscopic methods, the success of ssNMR relies
on the accuracy of the estimated molecular constraints such as inter-atomic dis-
tances, torsion angles etc. Since the number of molecular constraints estimated
through ssNMR experiments is limited (due to resolution), the accuracy of the

estimated constraints become important in the overall refinement of structure.



Hence, along with the progress on the experimental front, development of ana-
lytic theory/mathematical models is essential for both quantifying experiments
and designing sophisticated variants to existing experiments. Since the molecular
constraints in NMR spectroscopy are estimated through measurement of spin po-
larizations, understanding the mechanism of polarization transfer among nuclear
spins is vital for developing mathematical models for quantifying experimental
data. With this objective in mind, an analytic theory based on the concept of
effective Hamiltonians is proposed in this thesis for elucidating the mechanism
of polarization transfer in ssNMR experiments. A brief outline of the thesis is

presented in the following sections.

1.2 Objectives and Motivation

Problem-1:

To develop an analytic theory /model for describing multiple-pulse sequences with
cycle times occurring at competing timescales with respect to the MAS rotor

period.

Motivation:

To extend the utility of ssNMR in studying biophysical systems, availability of
higher magnetic field strengths and faster spinning modules are essential to im-
prove the resolution of the spectrum. Very often, at faster spinning frequencies,
the cycle time of a typical multiple-pulse sequence approaches to that of the MAS
rotor period. From a theoretical standpoint, the averaging effects of MAS and

multiple-pulse sequences become inseparable in the fast spinning regime and the



whole concept of a time-averaged Hamiltonian based on average Hamiltonian the-
ory (AHT)*% bhecomes invalid. Hence, development of analytic methods based
on Floquet theory%” are essential for describing periodic multiple-pulse sequences

that are incommensurate with the MAS rotor period.

4 N

N /

Figure 1.2: CP in an isolated two-spin system

Problem-2:

To understand the role of time-dependent oscillating fields (phase and amplitude

modulation) in heteronuclear polarization transfer experiments.

Motivation:

In a typical multiple-pulse sequence, the phase and amplitude of the oscillating
magnetic fields play an important role in the time-evolution of the spin system
of interest. In particular, understanding the interconnection between spinning
frequency, modulation frequency and RF amplitude is essential in the design of

multiple-pulse sequences at faster MAS frequencies. Employing multimodal Flo-
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Figure 1.3: Phase/amplitude-modulated CP scheme

quet theory®®, we present an analytic theory for deducing the resonance conditions
in CP experiments that employ phase/amplitude modulations that are incommen-

surate with the MAS rotor period.

Problem-3:

To develop a mathematical model for quantifying polarization transfer to a given

target spin from multiple spin sites.

Motivation:

As discussed earlier, the number of molecular constraints (say interatomic dis-
tances, torsion angles, etc.) that could be estimated from ssNMR are limited due
to poor resolution. Hence, the accuracy of the estimated constraints remain vital
in the refinement of the three-dimensional structure of a typical biological system.

Additionally, due to spectral crowding (a case often encountered in the study of
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Figure 1.4: Polarization transfer from protons to carbons in CP experiments

proteins), selective transfer of polarization is hardly achieved in practice. In such
cases, theoretical descriptions built on isolated spin pair models are of limited
utility. As an alternative, models built on the concept of effective Hamiltonians

seem to be an attractive solution and would be explored in this thesis.

1.3 Methodology

In the operator formulation of quantum mechanics, the time-evolution of a system

is described by the Liouville-von Neumann equation, %

. Op(t)
—— = [H,p(t 1.1
L A70) (11)
where, p(t) denotes the state of the system after some time ‘¢’. The internal inter-

actions of the system along with its interaction with the external fields (electric/or
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magnetic) is included in the Hamiltonian operator, ‘H’. When the Hamiltonian is
time-independent, the state of a system at any instant of time ‘¢’ is given by the

expression

p(t) :exp{—%Ht} p(0) exp{%Ht} (1.2)
Subsequently, the expectation value of any observable is calculated by the

expression given below:

<Op(t)> = Trace [Op.p(t)] (1.3)

However, as depicted in eq. 1.4, the solution gets quite complicated when the

Hamiltonian is explicitly time-dependent,

t t
p(t) = Texp —% / HEYE S p(0)T exp % / H(#)d (1.4)

0 0
In the brute force approach, the solution to the above problem is obtained nu-
merically by evaluating the time-evolution of the system at shorter time-periods by
assuming a time-independent Hamiltonian. Although such approaches are quite
useful, they are of lesser utility in understanding the nuances of experiments. To
design new experiments or improve existing experiments, it is important to have a
deeper understanding of the spin physics at the microscopic level. Hence, analytic
methods based on average Hamiltonian theory (AHT)*% and Floquet theory®”
were employed in the past to understand and design ssNMR experiments. In
both these approaches, the time-evolution of a system is described through a

time-averaged effective Hamiltonian employing different approximations. In the

10



AHT*56 approach, the cycle times of the multiple-pulse sequences are synchro-
nized on purpose with the MAS rotor period and effective Hamiltonians to the
desired order are derived through Magnus expansion™. By contrast, the Floquet
approach presents a more general framework for describing ssNMR, experiments
without imposing any restriction on the time-modulations. With the availability
of faster spinning modules, design of multiple-pulse experiments at faster spinning
frequencies become quite daunting owing to the competing nature of the MAS
and RF modulations. In such cases, Floquet theory%” seems to be better suited
for describing schemes that are incommensurate with the spinning frequency. A
formal description of multiple-pulse experiments with cycle times incommensurate
with the MAS rotor period is described in this thesis.

To begin with, the nuclear spin Hamiltonians under sample rotation is both
time-dependent and periodic®. As often the case, the Hamiltonian in the rotating
frame is expressed as a sum of single-spin and two-spin interactions represented

by,
H<t) - Hsingle—spin(t) + Htwo—spin(t) + HRF(t) (15)

The single-spin interaction comprises of the isotropic and anisotropic chemical

shift interactions and is represented by,

2 2
Hsingle—spin<t> _ Z w§m)eimwrtlz + Z wk(gm)eimwrtsz (16)

m=—2 m=—2

The interaction among spins is depicted through two-spin Hamiltonians. Hence,
in this thesis, we confine our discussion only to the dipolar interactions,

11



2
— E (m) imwy 1 - -
Htwofspin(t) = L Wrg'€ t |:2[zSz — 5 {[+S + I S+} (17)
m#0 '

In the case of homonuclear dipolar interactions the flip-flop term ( TS~ 4+ I~S™)

is retained while in heteronuclear dipolar interactions it is neglected.

The RF-Hamiltonian is represented by,

HRF(t) = wRF’[(t)]m + wRF,S(t)Sm (18)

In the rotating frame, the RF-Hamiltonian could be time-dependent either
due to variation in its amplitude or phase or both. Such modulations are always
periodic and could be expressed as a Fourier series. To gain analytic insights, the
Hamiltonian is transformed into the RF interaction frame wherein the evolution
of the system is governed only by its internal Hamiltonian.

Although several descriptions based on AHT#5¢ exist in the literature, Flo-
quet theory®” presents a comprehensive framework for describing the dynamics
of MAS experiments under oscillating RF fields. In the Floquet approach, the
time-dependent Hamiltonian is transformed to a time-independent Hamiltonian
through the use of a Fourier series expansion and Floquet theorem.

Consequently, both the nuclear spin states (|[IM)) and the operators (7*)7)
are dressed with the Fourier indices associated with the various modulations in
the system i.e., |[IM,m,ny,ne) and Tr(,ff )nqlm. The periodic modulation imposed

by sample rotation is depicted through the Fourier index ‘m’, while the indices

12



ni,ng depict the modulations due to the oscillating RF fields on spins I and S,
respectively. Employing the Floquet operators the Floquet Hamiltonian is defined

as,

Hp =w, I + wpp 18 + wpp g 102

o0

1 2
+> > Z GO G(DITE (1) + Y GO (ST, (S)

q;fl7 m=—2 |[nj=—o00 no=—00
q#0

;Z Z Z (G®s (1S)T®s | (18)] (1.9)

—k m==2, m1ny=—0c0
To study the time evolution of a spin system, the Floquet Hamiltonian needs
to be diagonalized. One of the standard approaches involves numerical diagonal-
ization in which the eigenvalues are obtained by truncating the dimension of the
Floquet matrix based on the convergence of the eigenvalues. Although, such an
approach seems to be an attractive solution in simple problems, simulations in-
volving multiple time-modulations are quite complicated. This problem is further
accentuated with the increase in the number of spins in the system. To overcome
this limitation, an analytic description of the underlying spin dynamics in the
Floquet space is essential. In the past, this has been accomplished by employing
the concept of effective Floquet Hamiltonians derived from the contact transfor-
mation method™ ™ (also known as the van Vleck transformation method). The
contact transformation method is an operator equivalent of the standard pertur-
bation theory in which all perturbation corrections are obtained in the form of
operators resulting in effective, more nearly diagonal Hamiltonians ™.
To facilitate the implementation of the contact transformation procedure, the

Floquet Hamiltonian is re-expressed as a sum, comprising of a zero-order (Hy)

13



and a perturbing Hamiltonian (H).

where,
_ (m) (n1) (n2)
H[) —wTIF +wRF’[[F +wRF,gIF (111)
H =HY + HY + HY (1.12)

In contrast to the standard perturbation theory, the perturbation corrections in
the contact transformation method are derived through unitary transformations
and expressed in terms of operators. The transformed Hamiltonian (referred to as

effective Hamiltonian) to second-order after a single transformation is represented

by,

HeT = exp(iS))Hp exp(—iSy)
= H" + B + B

7Y = H,

HY = Hy +i[Sy, Hy|

Hél) = % [S1, Hy (1.13)

The final stage involves the description of the time-evolution of the system through

the quantum-Liouville equation given below.

i ag—f) - [H;ff ,p(t)] (1.14)

Here in this thesis, effective Hamiltonians are derived for multiple-pulse exper-
iments that are incommensurate with the spinning frequency. The role of phase

14



and amplitude modulation is described employing multi-mode Floquet theory%.
Through appropriately chosen model systems, polarization transfer in strongly

coupled systems is described beyond the isolated two-spin framework.
1.4 Organization of the Thesis

Employing the cross-polarization experiment as a case study, an analytic model is
proposed in this thesis to describe the mechanism of polarization transfer among
heteronuclear spins in ssNMR. To unravel the mechanism of polarization transfer
and quantify the experimental data in strongly coupled systems, models beyond
the isolated two-spin framework are mandatory. With this objective, an analyti-
cal model based on effective Hamiltonians is proposed to describe the polarization
transfer to a target spin arising from multiple spin sites. Through the concept of
truncated effective Hamiltonians, the dimensionality of the problem is reduced in
the spin space thereby facilitating an analytic description of the spin dynamics in a
reduced subspace. Since bio-molecular applications of ssNMR entail the availabil-
ity of higher magnetic field strengths and faster spinning modules, implementation
of CP experiments at faster spinning frequencies become mandatory 545, Con-
sequently, design of experiments involving RF modulations occurring at competing
timescales with respect to MAS modulations become inevitable.

In the second chapter, the theory of CP experiments under MAS conditions
is described in terms of Floquet theory®’. In the past, the Floquet approach has
been successfully employed for describing pulse experiments employing modula-

tions that are synchronized with the spinning frequency% 7. Alternatively, here

15



in this thesis, we present a framework for describing sequences that employ modu-
lations that are incommensurate with the spinning frequency. Employing a model
spin system comprising of two-spins, polarization transfer in both zero-quantum
(ZQ) and double-quantum (DQ) experiments is described in terms of simple an-
alytic expressions. The interplay between the various anisotropic interactions is
illustrated through simulations by comparing the results obtained from exact nu-
merical methods with those obtained from analytic methods based on effective
Hamiltonians. Employing multi-mode Floquet theory®, an analytic description
of phase/amplitude modulated CP experiments is presented in the third chapter.

In the fourth chapter, the scope of the analytic description presented in the
second chapter is extended beyond the isolated two-spin framework. Employing
the concept of truncated effective Hamiltonians™, the mechanism of polarization
transfer among spins in a strongly coupled network is described. Through appro-
priate model systems, the important role of dipolar truncation” in the propagation
of spin polarization in CP experiments is outlined through rigorous comparisons
with numerical and analytic simulations.

Finally, the fifth chapter contains the summary of the research work with

possible extensions of this work as future prospects.
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Appendix-1

Theory (static case)

To describe the CP experiment, we begin our discussion with a model system
comprising of two spins (/-5). In the laboratory frame, the Hamiltonian for such

a system is represented by,
H=H;+Hs+ Hys (1.15)

where, H; and Hg are single spin Hamiltonians, while H;g denotes the inter-
action Hamiltonian between the spins. The single spin Hamiltonian depicts the
interactions between the nuclear spin magnetic moment with both the static and

oscillating magnetic fields.
H] = —th][Z — 2hwRF7] COS(wspec’[t)Im (116)

HS = —thSsz - QhwRRS COS(wspec,St)Sx (117)

In the above expressions (Eqns. 1.16 & 1.17) ‘wo;’ (or wps) represents the Larmor
frequency while wrp (or wrrs) and ‘Wspees (0r Wspee,s) denote the amplitude
and frequency of the oscillating magnetic field. The interaction among the spins

is denoted by the dipolar Hamiltonian given below,

HIS = 2WIS]zSz (118)
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where, ‘wyg’ is the dipolar constant represented by,

poyrysh 2
wrs = W (]_ — 3cos 9) (]_]_9)

In the above equation # denotes the angle between the dipolar vector and the
static magnetic field. To describe the evolution of the system under its internal
Hamiltonian, the Hamiltonian defined in Eq. 1.15 is transformed into a rotating

frame through the transformation function Uy = exp(iwspec,1t1;) exp(iwspee,stS:)
Hrp=UHU™ (1.20)
In the rotating frame, the single spin Hamiltonian comprises of a static and a

time-dependant terms,

Hir = h—wor + Wspee,1) Lz — 2hwrp 1 coS(Wspee, 1t) [L cOS(Wspee,1t) — Ly sin(wpee,1t) ]
(1.21)
Under secular approximation, the time-dependent terms in the above Hamiltonian

are ignored and Eq. 1.21 reduces to a much simpler form given below,
H[,R = —hAw[]Z — hwRFJIm (122)

where, ‘Aw;’ is the chemical-shift offset for spin-1.
Due to commuting nature of the transformation function U; and Hjg, the

two-spin Hamiltonian remains invariant in the rotating frame.
Higp = 2wisl:S: (1.23)

When the oscillating fields on the two-channels are applied on resonance, the

Hamiltonian in the rotating frame reduces to a much simpler form,

Hr = —hwrply — horpsSy + 2wrsl, S, (1.24)

18



(A) Spin Dynamics in the Tilted Rotating Frame

Since the magnitude of the RF fields often exceeds the dipolar coupling constant,
the Hamiltonian in the rotating frame is tilted through a unitary transformation,
Uy = exp(igl,)exp(i§S,) such that the effective fields on individual spins are

quantized along the z-axis.

Hyp = UyHpU; ! (1.25)

Consequently, the dipolar Hamiltonian gets modified and is expressed in terms of

zero-quantum (ZQ) and double-quantum (DQ) operators.

HTR = WRF,IIz + wRF’SSZ + % []+S_ + ]_S—q + % |:I+S+ + I_S_} (126)

N J/
—~ —~

zZQ DQ

To have a consistent description, both the initial density operator (p(0) = I,.) and
the detection operator ‘S,” during the CP mixing period are transformed by the

unitary transformations U; and Us.

prr(0) = I, (1.27)

Serr =195 (1.28)

Subsequently, the polarization transfer (from spin / to S) during the CP mixing

period is calculated by evaluating the standard expression given below,
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(S:(t)) = Tr[prr(t).5:]

= Tr [exp(—¢ Hrrt)prr(0) exp(; Hrgt).S.

(I.(t)) = Tr [prr(t).I.]

=Tr [exp(—%HTRt)pTR(O) eXp(%HTRt).[Z}

wis)? [V (wrs)2+ (A)
(wis)? + (B)? 2

experiments could be deduced as described below,

(1) ZQ matching condition (wrr; = wgrrs)

(1.29 , 1.30) reduce to a much simpler form.

(S.(1)) = sin® (w[;t>

20

(1.29)

(1.30)

where, A = wrp; — wrrs and Y, = wrpr + wrrs. Employing the above expres-

sions, the optimal matching conditions for efficient polarization transfer in CP

When the amplitude of the RF fields are identical, (i.e. A = 0) the above Eqns

(1.31)



(L(1)) = 1 — sin’ <“’f—5t) (1.32)
(2) DQ matching condition (wrp; = —wrrs)

In a similar vein, when the amplitudes of the RF fields are phase-shifted (i.e.

> =0) we get the double-quantum matching condition.
t
(S.(t)) = —sin? (“’ITS) (1.33)

wrgl

(L.(t)) = 1+ sin? <T) (1.34)

Based on the above analytic results, it is clear that the exchange trajectories in
CP experiments depend on both the matching conditions as well as the magnitude
of the dipolar coupling constant. Employing the above expressions (eqns. 1.31 and
1.33) polarization transfer in CP experiments are calculated and is depicted below
through simulations.

As depicted in eq. 1.33, when the mismatch between the RF amplitudes in-
creases, (A in the ZQ-CP and ) in the case of DQ-CP), the efficiency of polar-

ization transfer decreases in CP experiments.

(B) Spin Dynamics in the Tilted RF interaction
frame

The calculations in the tilted rotating frame could further be simplified by trans-
forming into an interaction frame defined by the transformation function, Us =

exp(iwgrptl,) exp(iwprstSy)

Hypp = UsHppUs™ (1.35)
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Figure 1.5: Simulations depicting polarization transfer from spin-I (*H) to spin-S
(133C) in CP (static) experiments under (A) ZQ and (B) DQ matching conditions at
600MHz ' H Larmor frequency. For the sake of simplicity, the chemical shift anisotropy
is ignored in the simulations. The dipolar coupling between the spins was set to 2901
Hz and the RF field employed on both the channels was 10kHz

In the tilted ‘RF’ interaction frame the Hamiltonian of the system is purely dipolar

in nature and is represented by,

HTRF =

et [[+S+ exp{—i(wrrr + wrrs)t} + 1S~ exp{i(wrp + WRF,S)t}]

N ~ 9

+ % (175~ exp{—i(wrrs — wrrs)t} + I~ ST exp{i(wrrs — wrr,s)t}]
ZQ

(1.36)

When the ‘ZQ’ matching condition is satisfied (wgr; = wgrrs) the above Hamilto-

nian reduces to a time-independent Hamiltonian containing only the ZQ operators.

Hep= % [[t5~ +175%]

22
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Employing the transformed density operator and detection operator (eqns. 1.27

and 1.28), the polarization transfer from I to S is given by,

(S:(t)) =T [prre(t).S:] (1.38)
o [(Wist
= sin (—2 )
In a similar vein, when (wgrp; = —Wrrs) , the effective Hamiltonian reduces to a

much simpler form comprising of DQ operators,
Happ = % [Tt5* + 1757 (1.39)

Subsequently, the polarization transfer to spin ‘S’ is given by,

(S:(t)) = Tr[prrr(l).S:] (1.40)

A thorough description of the CP experiment under MAS conditions in the pres-
ence of anisotropic interactions will be presented in the second chapter of this

thesis.
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Chapter 2

Analytic Theory of CPMAS
Experiments

2.1 Background

After its successful demonstration in 1973, the CP-MAS experiment! has be-
come an integral part of many multi-dimensional experiments. In a typical multi-
dimensional experiment involving less sensitive nuclei, the initial cross-polarization
step involves the transfer of the abundant ' H polarization to one of the less abun-
dant nuclei, say >N (or 3C). Following this step, a sequential transfer of po-
larization from >N to 3C' (or ¥C to N) is established through a second CP
process. With the availability of faster spinning modules, sample heating and
degradation has become an important issue to deal with in ssNMR experiments.
To this end, several new approaches have emerged in recent years to address the

above mentioned issues?”.

The sequences developed so far could be classified
into two main categories (1) first order recoupling (2) second order recoupling.
In the first order recoupling schemes, polarization transfer between two groups

of spins is established (through the dipolar interactions) when one of the match-

ing conditions |vgzpg £ Ugp | = v, or 2u, is satisfied. Such schemes in principle
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could be designed by employing either (a) higher RF powers at moderate spinning
frequencies (b) higher spinning frequencies with lower RF powers. To facilitate
analytic descriptions based on Average Hamiltonian theory (AHT)®?, the time-
periods associated with the modulations (namely due to RF irradiation) are often
synchronized with the sample spinning frequency i.e. vgp; = pv, , Vppg = 10, (p
and r are chosen to be integers).

Employing AHT formalism, suites of dipolar recoupling methods have emerged
wherein, the amplitudes of the RF fields employed on the two channels are cho-
sen carefully to avoid matching conditions that result in the reintroduction of the
CSA interactions. When the sum ( vgzp; + Vppg = mu,, (DQ matching condi-
tion) or the difference ( |vzp; — Vgrg| = mu, (ZQ matching condition) between
the RF fields is matched to the spinning frequency, a time-independent dipolar
Hamiltonian is obtained (See Eq. 2.12) suggesting the reintroduction of dipolar
interactions under MAS. Since the time-period of the modulations employed on
the two channels are commensurate ( 7. = N7, ) with the rotor period, the DQ
matching condition is never easily satisfied in MAS experiments. Consequently,
dipolar recoupling experiments satisfying only the Z(Q) matching condition have
emerged. ' To prevent the reintroduction (or recoupling) of the CSA interac-
tions, the indices p and r in ZQ experiments should differ by m (i.e., p,r > 2
and |[p—r| = 1 or 2 . Hence, the amplitude of the RF fields employed on the
two channels should be significantly greater than the sample spinning frequency
(i.e. vgr > 3v, ). Since bio-molecular applications of ssNMR, necessitate higher

13,14 (

magnetic field strengths and faster spinning frequencies for improved spectral
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resolution), sequences that are synchronized with sample spinning frequency are

of limited utility.

2.2 Definition of the Problem

With this objective, an analytic theory is proposed for designing CP experiments
that employ modulations that are incommensurate with the spinning frequency.
Since the RF and MAS modulations are incommensurate, we resort to Floquet the-
ory'. In the Floquet treatment, the time-dependent Hamiltonian is transformed
into a time-independent Hamiltonian via Fourier series expansion. Subsequently,
the spin dynamics could be described either in the Floquet state space or the
Floquet operator (Liouville) space. To present a general description of the spin
dynamics, the multipole formulation of Floquet theory (MMFT)! is employed in
the present study. In the past, the MMFT approach has been employed to de-
scribe the spin dynamics in the Floquet-Liouville space!® 1. Alternatively, in this
thesis we present a formalism to describe schemes that employ RF modulations
that are incommensurate with the spinning frequency. Specifically, the polariza-
tion transfer in CP experiments is described in the Floquet-state space through

simple analytic expressions.

2.3 Discussion

2.3.1 Spin Hamiltonians under MAS conditions

To explain the transformations of the internal spin Hamiltonians under rotations,
spherical tensor operator basis is routinely employed in solid-state NMR 2%2!. Such

a description, presents a suitable framework for understanding the effects of sample
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spinning on the various interactions in the solid state. Following the standard
procedure?* 22, the spatial and spin parts of the interactions are expressed in

terms of irreducible spherical tensor operators, as given below,

2 k

Hy=C*Y" N (1) 'R (2.1)

k=0 q=—k

In the above equation, ‘A’ represents spin interactions (such as chemical shift,
dipole-dipole interaction, spin-spin coupling, quadrupolar interaction etc.) and
‘C* the physical constants specific to a particular spin interaction ‘A’. The spa-
tial and spin parts are expressed in terms of R(Ak)_q and Tf\k)q (wherein ‘k’” denotes
the rank and ‘g’ the corresponding component) operators respectively. Since the
nuclear spin interactions result from interactions among vector quantities, the spa-
tial part of the interactions are expressed in terms of second rank tensors, R(f)*q.
To minimize the complexity involved in the description, spatial tensors (Rf\k)_q)
are often described in the principal axis system (PAS). Hence, a series of transfor-
mations is necessary for a unified description. Under secular approximation, the
general form of the interaction Hamiltonian depicted in Eq. 2.1 is truncated to a set

of terms/operators that commute with the Zeeman interaction i.e. [I, T(k)q] =0

(implies, ¢ = 0)

=R+ B O T+ B T 22)

The first term ‘RE\O)O’ is isotropic and invariant under rotations, while the sec-
ond term ‘Rg\l)o (t)” has no effect on the spectrum as only symmetric and traceless
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quantities are measured in NMR spectroscopy. Hence, the only term that con-
tributes to the spectrum in MAS experiments is ‘R&Q)O (t)’?2. Since, spatial tensor
operators are described in the PAS, a series of coordinate transformations are per-
formed to obtain the MAS Hamiltonian in the laboratory frame (from the PAS
to Molecular Axis System (MolAS) to Rotor Axis System (RAS) and finally to

Laboratory Axis System (LAS)).

D@ (Qpar) D@ (Qurr) D@ (QRr)

PAS mol AS RAS LAS

Employing the spatial tensor operators defined in the PAS the operators in the

LAS are derived systematically using Wigner rotation matrices??,
k
k)0 k)
Rifas ()= D Dy (Qean) Dy Qur) Dy Qo) R Fas (2:3)
q7¢117¢I2:—k

In the above equation, D*)(€2,5) denotes the Wigner rotation matrix?® of order
‘k’” which describes the transformations of irreducible spherical tensor components
among various axis systems.

In the case of chemical shift anisotropy (CSA), the spatial component in the
laboratory axis system for ¥ nucleus is represented as,

2
REW s () = > DY () DY) Qi) DSy () REY 1,

m,mi,ma=—2

2
= Y DY (Qpm)DE,(rr) REY g™

m m1,m2:—2

= Z wy™ giment (2.4)

m=—2

In the case of CSA interactions, the following components of the spatial tensor are
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non-zero in the PAS.

(2)0

Ris,pasi = Oanis (2.5)
2)£2
R(C’BS‘,PAS,i = _\/Lgéam‘sn (2.6)

(‘Oanis’ and ‘n’ represent the ‘chemical shift anisotropy” and ‘asymmetry parameter’
respectively).
In a similar vein, the transformation relating the spatial component of the

dipolar interaction between i and j* nuclei is represented by,

2
2)0 2 2)ma
R(D,)LAS,ij (t) = Z Dr(r%gml(QPM)Dgzm(QMR)Dr(n[))(QRL)R(D?PAS,ij

m,mi,ma=—2
2

2)m imwy
= Y D@, (u)DE, (Qir) RS P e

m,mi,ma=—2

—
where,
2)0
R(D,)PAS,ij = \/gwij (2.8)
(wij = % is the dipolar coupling constant) is the only non-zero term in the
i

dipolar principal axis frame.

2.3.2 Theory of CP-MAS experiments at faster spinning
frequencies

To deduce the matching conditions in CPMAS experiments, we begin our discus-
sion employing a model system comprising of two-spins. In the rotating frame
the MAS spin Hamiltonian for an isolated two-spin heteronuclear (I-S) system is
represented by,
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Figure 2.1: Pulse sequence depicting the polarization transfer in double cross-
polarization (DCP)?427 experiments. The RF amplitude is not synchronized with the
sample spinning frequency i.e., v # Nuv,.

2 2 2
H(t) = Z w§m)eim””1—z - Z wfgm)eimwrtSz + Z Qw%)eimw[ZSz
m=—2 m=—2 m=—2,
m70

+ wWrr il + WRFSS: (2.9)
The spatial anisotropy associated with the chemical shift and dipolar interactions
are represented by w&m) (A=1,5)and w%), respectively. For the sake of conve-
nience, the isotropic part of the chemical shift interaction (represented by w&o)) is
included along with the anisotropic part in our description. In the rotating frame,
the oscillating radiofrequency (RF) field is time-independent, (wpy ; and wyp g Tep-
resent the RF amplitudes on the spins [ and S, respectively). To simplify the de-
scription, the above Hamiltonian is transformed into a tilted frame (also described
in Appendix-1) defined by the transformation operator, U, = exp(i3I,) exp(i5S,)
as,

H(t) = U H(t) U (2.10)
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H(t) —wRF[] +prss + Z 2&)15 ezmwrt[zsz

m=—2,
m70
_ w[ Z w zmth[
m=—2,
m##0
2
—wéO)Sx - Z wém)eimthSx (2.11)
mA0

In the tilted rotating frame the RF part of the Hamiltonian is quantized along the
z-axis (i.e., diagonal) while the chemical shift and the dipolar interactions are off-
diagonal. To deduce the optimum CP conditions (describe the recoupling process),
the Hamiltonian in the tilted frame is further transformed into the RF interaction
frame defined by the transformation operator Uy = exp(iwgptl,) exp(iwgr stS>)
. Subsequently, the Hamiltonian in the tilted RF interaction frame is further split
into single-spin and two-spin interactions . The single-spin Hamiltonian depicts
both the isotropic and anisotropic chemical shift interactions and is expressed in
terms of single-quantum (SQ) operators, while the two-spin Hamiltonian comprises

of the dipolar-interactions and is expressed in terms of DQ and ZQ operators:

2 (m) 2 (m)

ﬁ(ﬂ —_ _ Z w[_ei(mwrﬂ:wRF,I)tI:l:_ Z iei(mwrinRs)tsi

2 2
m:—Q’ m=—2

2
+ % Z wy;}) [I+S+ei(wRF,1+wRF,S)t + I_S_e_i(wRF,I+WRF,S)t:| eimwrt

m=—az,

1 .
+ - Z w}g) |:]+S—el WRE,I— wRFS + ] S-‘r —1 wRFI prs)t:| elmwrt (212)

In contrast to static CP experiments, the internal spin Hamiltonians in the tilted
RF interaction frame are modulated by both MAS and the RF irradiation. When
the amplitudes of the RF fields are adjusted to one of the matching conditions?® 3
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(|vrrs £ VrF 1| = v, Or 2v,.), a part of the two-spin Hamiltonian (refer to Eq 2.12)
becomes time-independent under MAS conditions (commonly referred to as ‘re-
coupled Hamiltonian’). To maximize the polarization transfer among spins, the
amplitudes of the RF fields are adjusted to avoid undesired matching conditions
that result in the reintroduction of CSA interactions. In theoretical descriptions
based on AHT?®?, the undesirable matching conditions are avoided when the RF
amplitudes exceed the spinning frequency (i.e., vgr > 21,). From an experi-
mental standpoint, the RF requirements on the probes increase with the MAS
frequency, thereby limiting the implementation of first order CP experiments at
faster spinning frequencies. Since, biomolecular applications of ssNMR entail the
implementation of CP experiments at faster spinning frequencies, alternate strate-
gies in the form of second-order CP experiments have emerged in recent past3 34,
As an alternative to this current trend, we reinvestigate the entire CP process
using Floquet theory with the objective of finding alternate recoupling conditions.
In contrast to the AHT approach, Floquet theory presents a more general frame-
work without any constraints on the magnitude of the RF modulations on the
system. To facilitate analytic description, the Hamiltonian in the RF interaction

frame (Eq. 2.12) is re-expressed in terms of multipole operators?°.
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Table 2.1: Description of product operators in terms of Multipole operators

Single-spin

I = —iTWO(I), I*! = £i/2TW*Y(T)

Two-spin (DQ)

ISt = —122(18),1- 8~ = —T?)=2(I9)

Two-spin (ZQ)

Its= = ZTO0(18) + %T(I)O(IS) - %T@)O(JS)

I-St = %T(O)O(IS) — %T(I)O(IS) + L 7™0(18)

NG

21.5. = L TOO(1S) | [2TCV(18)

N

—_qwgm) eiquF,ItZ'T(l)Q(I)

V2
g=—1m=-2
1 2
+ Z \—/_%wgm) eiquF’StiT(l)q(S)
qg=—1m=-2
1 9 i T(2)2([S)ei(wRF,I+wRF,s)t .
_ Z WY,;) + ezmwrt
m=—2,m=£0 TR)=2([S)e " WrritwrEs)t
[ [ HTO°(18)+ |
\/LET(l)()([S)_F eHWRrF,I—WRF,S5)t
L7018
1 2 (m) V6 ( ) imwrt
+§ Z WIS _|_ € "
m=—2,m#0 \/LgT(O)()(]S)_
\/LiT(l)O(]S)_f_ e~ HWRFI—WRF,S)t
NG 2)0(19)

20,35

(2.13)

The relation between the product operators and the spherical tensor opera-

tors 20,35

is described in table 2.1. A detailed description of the Spherical Tensor

Operators in the multipole basis is given in Appendix-2. For convenience we follow

the above convention. Employing Floquet theorem, the time-dependent Hamilto-

nian (as depicted in Eq. 2.13) is transformed into a time-independent Hamiltonian

via Fourier series expansion. The transformed Hamiltonian (commonly referred to
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as Floquet Hamiltonian) is defined in an infinite dimensional vector space using

the irreducible Floquet tensor operator (IFT) basis!®

Hp =w I3 + wpp 1o + wrrs

L | DD G (irie (D+

DIl

=T | S Gl (ST (9)

m,qna
ng=—00

G2 (1S)TP?  (IS)+

2 00 m,ni,ng m,ni,n2
+
DI Y P ¥
m=—2,m#0 nine=—oco | (§ (]S) (IS)

m,—ni,—ng m —ni,—

2 o | GWO (19T

153D SEEED SN E

2
k=0 m=—2,m#0 n1,n2=—0c0 (_1)kG(k) (]S)T(k (IS)

m,—ni,ng m,—ni,ng

18)+

m ’Vll —nz(

(2.14)

The IFT operator basis is constructed from a direct product between the spin
(T™®4() )2° and the Fourier operators ( Fi¥) )36, The indices m, ny, ny represent
the Fourier indices associated with MAS, RF modulation on spin ‘I’ and RF mod-
ulation on spin ‘S’, respectively. The underlying theoretical framework and their
utility in the description of ssNMR experiments are well documented and would
not be elaborated upon any further in this thesis!”1837. Since, the Hamiltonian is
off-diagonal both in the spin (¢ # 0) and the Fourier dimension (m,nq,ny # 0) ,
effective Hamiltonians based on the method of contact transformation have been
17-19,38

employed in the present work to reduce the complexity in the Floquet space

In the effective Hamiltonian approach based on contact transformation, the
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Floquet Hamiltonian in Eq. 2.14 is re-expressed as a sum involving a zero order
and a perturbing Hamiltonian. The zero order Hamiltonian comprises of operators
that are diagonal in the Fourier dimension, while the perturbing Hamiltonian
contains operators with off-diagonality in the Fourier dimensions as represented

below. The non-zero coefficients involved in H; are tabulated in Table 2.2

H() = wrlém) + L«)RF,III(:l) + CURF,S[[(—ILZ) (215)
i i Z Ggly)gm ([)Z.Télljlgn (I)+
Hl — nl——OO
1 1
S| Y G ()T (S)
ng=—00

2 00 ngnl,HQ([S) mn1,n2<18)

m=—2 mm=—co | G2 (IS)TP? | (IS)

m#0 m,—ni,—n2 m —ni,—n2

2 s GWO _ (IS)TWO _ (18)+

m,ni,—nar m,ni,—

k=0 m=—2 nj,ne=—00 (—l)kG(k)O (]S) m —nq, m(]S)

m,—ni,n2

(2.16)
To reduce the complexity in the Floquet space, an effective Hamiltonian is pro-
posed by transforming the original Floquet Hamiltonian (Eq. 2.14) through a

unitary transformation defined by the operator, U = ¢,

HY!' = UHp U™ = 51 Hpem (2.17)
gn—m

= H, ——[S1,[S1... [S1, Hp] .. 2.18

+§_:0(n—m)![1[1 [S1, Hm) -.]] (2.18)

In Eq. 2.18, S; represents the transformation function, H,, the various perturba-
tion terms (arranged in the decreasing order of magnitude) and HY the pertur-
bation corrections in terms of operators corresponding to a given order depicted
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Table 2.2: The non-zero ‘G’ coefficients employed in the Floquet Hamiltonian

Single-spin | G2, (I) = \_/—%wgm), G, (S) = \_/—%wém)

Two-spin (DQ) G2, (1S) = FLul)
Two-spin (ZQ) G7(’2,)7217n2 (IS) = ﬁw%)

1)0 m
ng,)m,nz (IS) = ﬁ(’és)

G0, 1, (1S) = izl

by ‘n’. As a general procedure®, the transformation function, S; is expressed in
terms of a complete basis set of operators employed for describing H; and is cho-
sen carefully to compensate the off-diagonality present in H; . Depending on the
choice of the matching conditions, both zero-quantum (ZQ) and double-quantum
(DQ) sequences could be developed in the double cross-polarization (DCP)?* 27
experiments. To minimize the complexity in the derivation of the transformation
function in recoupling experiments, we express the recoupled part of the Hamilto-
nian as a diagonal term in H; 3%, Consequently, the transformation function S;
is chosen only to compensate the off-diagonality due to Hi off_gis- Depending on
the type of experiments (ZQ or DQ), the higher order corrections are calculated
accordingly. For example, in the case of ZQ recoupling sequences, the second or-
der corrections involve a complete set of operators T(O)O(I S), T((Ol))o(l S), T, ((2)0(1 S)

(0) 0)

, T((Ol))o(l ) and T(%))O(S ) that span the ZQ space, while in DQ experiments, the sec-

ond order corrections comprise of the T((g))ﬂ(l S), T((Ol))o([ ) and T(%))O(S ) operators.
A brief description of the underlying spin dynamics in ZQ and DQ recoupling

experiments is presented in the next sub-section.
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Zero-quantum recoupling sequences

In the first order ZQ recoupling experiments, the difference in the RF fields
(|vrpr — Vgpg| = mu,) is matched to the spinning frequency. As described in
the earlier section, the Floquet Hamiltonian is rewritten as a sum comprising of

HOle,dia and Hoff—dia )
_ (m) (n1) (n2)
HO = WTIF +wRF7[]F +wRF,51F (2.19)

Hy o = Glo) (IS)T ) (18) + G (IS)TG)°(18) + G (I9)T5°(1S)  (2.20)
The recoupled part of the Hamiltonian is included in H; 44, while, the off-diagonal
terms are retained in Hi ,ff—gia (Eq. 2.16). Depending on the indices ‘p’ and ‘r’
(in vgp; = pv,vpps = rv ), the Fourier coefficients in the Floquet Hamiltonian
differ and could be deduced from Eq. 2.14. The ‘G’ coefficients present in the re-
coupled Hamiltonian H; 4, , depend on the value of ‘m’ in the matching condition
(|wrps — wrrg| = mw,) ie. form =1, GEIS))O(IS) x w}ls) ,m =2, GE’S) (1S5) x OJIS)
. The off-diagonal contributions/corrections emerging from Hi ,ff_giq are folded
by the transforming function S; as discussed below,

1
: 1 1)q 1 1
Su=i >, |2 ol DITRE (D + D Ol (S)TLE ()

qul q#0 Lm,nq m,na

HZ S© oo L ISHTED | (19)+

k‘ Omn1n2

iy (R L ISR (IS) + CO2 (IS T %, (19)] (2.21)

ni,n2 m,ni,n2 ni,ng
m,ni,ng

The ‘C’ coefficients corresponding to a particular operator Tr(rﬁ 2{11,”2(] S) in the

transformation function S; are obtained by solving Eq. 2.22 and are tabulated in

44



Table 2.3: The ‘C’ coefficients involved in the transformation function, .Sy.

singlespin | CUEL () = o ol (s) = o)
Two-spin (DQ) 07(73,)7317712 (15) = (nlefﬁ%QZZgimer)
o2 L I8) = (*nlwiif)z %awgp(?lmwr)
Two-spin (ZQ) Cr(,]f,)r?l,nz(f S) = (mwﬁiﬁizﬁ (17;92)WRF,S)
Table 2.3
0 = Hioff—dia +1[S1, Hol (2.22)

Subsequently, the second order corrections (represented by Hg(l)) are obtained in

terms of operators by evaluating Eq. 2.18,

HQ(I) :% [S1, Hi,0f f—dia)

=T Ay + T (9) Ay (2.23)

To second-order, the effective Floquet Hamiltonian describing ZQ-CPMAS exper-

iments (see Table 2.4 for coefficients) is represented by,

Hf" =Hy + Hygia + H"
—zT (N4, + zT °(S) Ayt

Gy (IS)T°(18) + Gg " US) Ty (18) + G (IS)TY°(1S) - (2:24)

Employing the effective Floquet Hamiltonian, polarization transfer in ZQ ex-
periments were described in the past using a set of differential equations in the
Floquet-Liouville space. As an alternative, here in this thesis, the polarization

transfer in CP-MAS experiments is described in the Floquet-state space through
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the equations given below,

(S.(0) =T | o (1) S..r| (2.25)
W2 w2 4 (A — Ay)’t
(S.(t)) = o (Aff_ A2)231n2 \/ > (2 ) (2.26)

In Eq. 2.26, ‘w;g’ represents the coefficient associated with the two-spin ZQ
operators. In contrast to the result presented in Appendix-1 (see chapter-1) the
‘dipolar coupling-constant’ is an ensemble average over all possible orientations

present in a powdered sample.

Double-quantum recoupling sequences

In DQ recoupling experiments, the sum of the RF fields employed on the two
channels (‘wRF’ [ T Were S| = muw,) is matched to the spinning frequency. Exper-
imentally, this is realized only when the amplitude of the RF modulations are
incommensurate with the sample spinning frequency. Following the description in

the ZQ case, the recoupled Hamiltonian in D@ experiments is represented by,
Hygia = GPP(IS)TSP(1S) + G2 (19) T2 (18) (2.27)

Depending on the value of ‘m’ in the matching condition (}wRFJ +wRF’S‘ =
mw,), the ‘G’ coefficients in Hy g4, differ i.e. for m = 1, G[(f)ﬂ(IS) = —%w%%
m =2, Gé2)i2(]S) = —%w%Q) . The transformation function S; and the associated
coefficients are derived in an identical fashion as represented in Eq. 2.22. Following

the procedure described in the previous section, the effective Floquet Hamiltonian
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Table 2.4: Coefficients involved in the effective Hamiltonian (Eq. 2.24 & 2.28)

A —g0cMe (G (1)

m,qni —m,—qn1

csa>< csa

GO na(I)GEL 0, (IS)

—m,—ni,—ng

__1_ 07(73)791,@ (IS)G(—lr)n —ni,—n2 (I5)
+ 2\/5 CT(n )n1,712 (IS)G(—T)S,—nh—nQ (IS)
c0 (16500 IS
_+_L m, 761,n2 ( ) m1 ni,— ( )
e ascty ) as)
dipolar xdipolar
A —qC5 0, (9)G0) 7 1, (9)

csaxcsa

won (185G (IS)

m,—ni,—ng

NG PRI DR )
T I e L G el 0 1)

_ 1
i\ 8, s)che (18)

m,—ni,—ng

Chimna(IS)GO0 . (IS) )

dipolarx dipolar
G (18) oim (wis? +wly
G (18) 1s (wis? —wiy
GO (18) 2z (wis? +wly
GP*(1S) LY
G A1) Jwid

describing the spin dynamics in DQ CP-MAS experiment is represented by,

Hi! =Ho + H gia + Hy"

=T Ay + T (9) Ay + GRS TP (18) + GP (18T (19)
(2.28)

Similar to the description in the ZQ case, the polarization transfer in the case of

DQ experiments is described in the Floquet-state space.

(S.(t)) = Tr [p;ff(t).szf} (2.29)
where,
0 = exp { - 21| prt0)exp { 10 (2:30)
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In the above equation, pr(0) =~ I, represents the initial density operator in the
Floquet-state space. Evaluating the above expression, results in a compact ex-

pression.

(S.(t) = - “Is g2 Vosts + (s + A0
’ wis + (A + 4y)° 2

(2.31)

In contrast to the description in the Floquet-Liouville space, the analytic ex-
pressions presented in this section are computationally robust and provide better
insights into the spin physics in CPMAS experiments. In the following section,
the simulations emerging from the analytic theory are compared with numerical

simulations based on SPINEVOLUTION%,

2.3.3 Simulations

Figure 2.2: Crystal Structure of N-Acetyl-L-Valine-L-Leucine
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Figure 2.3: In the simulations presented, polarization transfer from N to 3C is
calculated under constant mixing time, 7,,;; = 2ms. The RF amplitudes employed
correspond to the ZQ matching condition URp 13C —URF’MN‘ = vy with vgp 3¢ =
pv,vgp 15y = 7v . In panel (Al) v, = 10kHz , red (p=5, r=4), blue (p=4, r=5),
(A2) v, = 20kHz , red (p=5/2, r=3/2), blue (p=3/2, r=5/2) (A3) v, = 40kHz , red
(p=4/3, r=1/3), blue (p=1/3, r=4/3) and (A4) v, = 40kHz , red (p=5/4, r=1/4),
blue (p=1/4, r=5/4). The following chemical shift parameters were employed in the
simulations: () = 64.9°, 3(C) = 37.50,4(C) = —28.8% nc = 0.98,6c = 19.4ppm;
ny = 0.17,0y = 10.1ppm, olN) = —83.30, V) = —79.00,(N) = 0.0°. The dipolar
coupling between the spins was set to 890 Hz ( 7, = 1.5A° ) and correspond to the
coupling found in glycine. The solid lines represent the analytic simulations while the
circles represent the numerical simulations based on SPINEVOLUTION0,

Following the theoretical description in the previous section, we outline the
factors that govern the polarization transfer from P N—13C | (see Figure 2.1)
in CP experiments. In all the simulations presented, polarization transfer from
15 N—13C is calculated as a function of the frequency offset (under constant mixing
time, 2ms) at a field strength of 11.7 T (500 MHz ' H-Larmor frequency) under
idealized decoupling conditions (i.e. the heteronuclear dipolar interactions between
BO-1H and YN—'H is neglected). The amplitude of the RF powers employed

in the simulations (constant phase) are in conformity with the current available
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Figure 2.4: The notations and parameters employed are identical to the one employed
in Figure except for dy = 99ppm and dipolar constant of 800 Hz ( 7, = 1.56A° ).
The simulations model the >N (Amide) —!3 C,, system. The solid lines represent
the analytic simulations while the circles represent the numerical simulations based on
SPINEVOLUTION“0.

technology and are chosen to be incommensurate with the spinning frequency.
To illustrate the role of CSA interactions, simulations depicting the polarization
transfer in ' N (glycine)—'? C,, (see Figure 2.3), > N (Amide) —!3 C,, (see Figure
2.4), and N (Amide) —'3 Cj (see Figure 2.5) resembling the spin pair in the
peptide backbone!! is presented at different spinning frequencies ranging from
10-40 kHz. For the sake of illustration, the results emerging from the standard
experiments ( Uppasg = D0kHz, vgp sy = 40kHz, panel Al in Figure 2.3 - 2.5)
are compared with schemes that employ modulations that are incommensurate
with the spinning frequency.

Although, the recoupled dipolar Hamiltonian is identical in all of the ZQ
schemes presented (Figures 2.3 - 2.5), the bandwidth of polarization transfer dif-

fers. This difference in the bandwidth is due to the presence of residual longi-
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Figure 2.5: The notations and parameters employed are identical to the one employed
in Figure 2.3 except for ¢ = —76ppm,diy = 99ppm and dipolar constant of 900 Hz (
715 = 1.56A% ). The simulations model the 1> N (Amide) —!3 Cj system found in the
peptide backbone. The solid lines represent the analytic simulations while the circles
represent the numerical simulations based on SPINEVOLUTION 40,

tudinal single spin operators (say I.), resulting from the second order contribu-
tions emerging from the cross terms between the chemical shift off set terms (say
[I*t,I7] o< I,). This behavior is prominently observed in schemes that employ

modulations that are incommensurate with the spinning frequency and could also

G
be deduced from the ‘C" coefficients, C&)fil(l ) = (meT’;ll(iz) (see Table 2.4) asso-

ciated with single spin operators. Hence, the bandwidth decreases progressively
as we go from ny = 3/5,1/5, /4 as depicted in Figure 2.3 corresponding to the panels
A2, A3 and A4 respectively. The decrease in the efficiency of transfer could be
quantitatively explained based on the effective Hamiltonians and the analytic ex-
pressions presented in the previous section. As described in Eq. (2.26), when the
magnitude of the coefficients associated with the longitudinal single spin operators

(see Aj, Ay ) in the effective Hamiltonian (see Eq. 2.24) are larger in comparison
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Figure 2.6: Analytic simulations depicting the polarization transfer in >N (Amide)
—13 0y system in the absence of the CSA x CSA cross terms. The notations and
parameters employed are identical to the one employed in Figure 2.5.

to the recoupled dipolar Hamiltonian (dipolar coefficients), the prefactor in Eq.
(2.26) decreases in magnitude. Hence, the efficiency of transfer decreases with
increase in the off-sets.

To illustrate the effects of CSA interactions, additional simulations depicting
polarization transfer in '* N (Amide) —!3 C,, and * N (Amide) —'3 C were per-
formed. The ZQ matching conditions and other dipolar parameters are similar
to the ones employed in the simulations depicted in Figure 2.3. As depicted in
Figures 2.4 and 2.5, the efficiency of transfer decreases along with a dip in the
exchange profile with increase in the magnitude of the CSA interactions. This dip
is particularly severe (see Figure 2.5) when the magnitude of the CSA interactions
of both 13C and N are dominant. To explain this observation, it is important
to understand the other anisotropic contributions to the longitudinal single spin

operators. To second order, the corrections to the longitudinal single spin oper-
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Figure 2.7: In the simulations presented, polarization transfer from N to 3C is
calculated under constant mixing time, 7,,;; = 2ms. The RF amplitudes employed

correspond to the DQ matching condition Upp 1sc T URp 15N
pv,vgp 15y = rv . In panel (Al) v, = 60kHz , blue (p=4/5, r=1/5), red (p=1/5,
r=4/5), (A2) v, = 60kHz , blue (p=3/4, r=1/4), red (p=1/4, r=3/4) (A3) v, = 60kHz
, blue (p=2/3, r=1/3), red (p=1/3, r=2/3) and (A4) v, = 60kHz , red (p=1/2, r=1/2).
The CSA and dipolar parameters are identical to those employed in Figure 2.3. The
solid lines represent the analytic simulations while the circles represent the numerical
simulations based on SPINEVOLUTION 0.

= v, with vpp13c =

ators result from (a) cross terms between the isotropic chemical shift terms (b)
cross-terms between the CSA interactions (c) cross-terms between the dipolar in-
teractions (see Table 2.4). In particular, the ‘C" coefficients associated with the
isotropic chemical shift and CSA interactions are dependent on the indices ny
and ny (i.e. COE]) o« (mu, £ nqvy) ", COEL(S) o (mw, + nyvs)”" When the
amplitudes of the RF modulations employed on the two channels are incommensu-
rate with the spinning frequency, the magnitude of the cross-terms ([I*, 7]  I,)
increase, resulting in lower transfer of polarization. This is in agreement with
the simulations depicted in Figures 2.4 - 2.5. As depicted in Figure 2.5, with the

increase in the magnitude of the CSA interactions, the dip observed is more pro-
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Figure 2.8: In the simulations presented, the D(Q matching condition

= v, is satisfied. The value of ‘p’ and ‘r’ in the panels (A1-A4) are

‘URF,BC + Ugp 15y
identical to the one employed in Figure 2.7. The CSA and dipolar parameters are iden-
tical to those employed in Figure 2.4. The solid lines represent the analytic simulations
while the circles represent the numerical simulations based on SPINEVOLUTION4.

found resulting in lesser transfer efficiencies. At the exact resonance condition (i.e.
13C-offset frequency is zero) the magnetization exchange is diminished due to the
presence of the non-zero cross-terms between the CSA interactions associated with
the two spins. As the magnitude of the chemical shift off-set terms increase, the
cross-terms between the chemical shift off-set terms compensate the cross-terms
resulting from the CSA interactions of the two spins resulting in a symmetric pat-
tern of transfer as depicted in Figure 2.5 (see panels A1, A2). This explanation is
justified through analytic simulations (see fig 2.6) wherein, the cross-terms from
the CSA interactions (both ¥C and > N) have been ignored. In ZQ experiments,
the residual difference term (A; — As) associated with the longitudinal single spin

operators are primarily responsible for both depolarization and the observed dip in
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Figure 2.9: In the simulations presented, the D(Q matching condition

= v, is satisfied. The value of ‘p’ and ‘r’ in the panels (A1-A4) are

‘URF,BC + Ugp 15y
identical to the one employed in Figure 2.7. The CSA and dipolar parameters are iden-
tical to those employed in Figure 2.5. The solid lines represent the analytic simulations
while the circles represent the numerical simulations based on SPINEVOLUTION4.

the profile. As depicted in Figure 2.6, in the absence of the CSA cross-terms, there
is no dip observed in the profile and the off-resonance behavior observed is solely
due to the cross terms between the chemical shit off-set terms. In comparison
to experiments that are chemical shift selective, the fractional matching condi-
tions are suitable for studies in systems where broadband transfer is preferred in a
controlled fashion. Such modifications are less feasible in the standard sequences
(p =5, ¢ = 4) due to the synchronization conditions.'® Hence, the bandwidth in
ZQ experiments is mainly controlled by a residual term (A; — As) proportional to
the difference in the effective fields associated with longitudinal single spin opera-
tors resulting from the cross terms between the transverse components (inclusive

of CSA and chemical shift off set) of the single spin interactions.
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Figure 2.10: Analytic simulations depicting the polarization transfer in DQ experi-
ments corresponding to *Cp—'°N (Amide) system at v, = 30kHz . The notations and
parameters employed are identical to the one employed in Figure 2.9

To design experiments at faster spinning frequencies, we explore the double-
quantum (DQ) matching condition. Although chemical shift selective versions of

27,41-43 and heteronuclear recoupling** schemes

double quantum (DQ) homonuclear
exist in the literature, the theory presented along with the simulations, predict the
existence of a band-selective heteronuclear DQ recoupling scheme. As described
in the previous section, the recoupling in DQ experiments is achieved by matching
the sum of the RF fields to the spinning frequency. The polarization transfer in
DQ experiments is depicted in Figures 2.6 - 2.8. In contrast to the ZQ recoupling
schemes, the spinning frequencies employed in the DQ schemes are higher and are
extremely useful for high field solid-state NMR experiments with faster MAS fre-
quencies. Additionally, the efficiency of polarization transfer in the DQ sequences
is much higher in all the CSA regimes (see Figures 2.7 - 2.9).

Analogous to the ZQ recoupling sequences (depicted in Figures 2.3 - 2.5), the
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bandwidth in the D(Q sequences could be altered by suitable choice of p and r
as depicted in Figures 2.7 - 2.9. In the extreme CSA regimes, the efficiency of
polarization transfer observed in the DQ experiments (Figure 2.9) is higher than
those observed in ZQ experiments (Figure 2.5). Hence, the DQ experiments could
be important at higher magnetic field strengths wherein the CSA interactions
play an important role in the spin dynamics. To explain the better performance
of DQ over ZQ recoupling sequences, simulations depicting the DQ polarization
transfer at lower spinning frequency (say v, = 30kHz ) is presented in Figure
2.10. The simulations depict the polarization transfer in the high CSA regime
corresponding to the >N (Amide) —'3 Cj system. As depicted, the efficiency of
transfer decreases with a pronounced dip in the exchange profile. This decrease
in the efficiency is due to the presence of the longitudinal single spin operators
resulting from the cross terms between the CSA interactions. In contrast to the
ZQ recoupling schemes, the coefficients associated with depolarization are propor-
tional to the sum of the effective fields (A; + As) resulting from the second order
cross terms between single spin interactions (namely CSA, chemical shift off set).
Since, the residual contributions to the depolarization emerging from the CSA in-
teractions are additive, the efficiency of transfer is significantly diminished in DQ
recoupling sequences. Hence, the implementation of DQ DCP experiments entails
faster spinning frequencies. Depending on the spinning frequency, several Z(Q and
DQ matching conditions could be designed from the effective Hamiltonians and
the ‘C" coefficients presented in Table 2.4 and the theory presented herein could

serve as a guiding tool to develop better schemes.

o7



The analytic theory presented, provides a convenient framework for quantitative
interpretation of the exchange trajectories in DCP experiments that employ mod-
ulations incommensurate with the spinning frequency and could be employed of
measuring *C'—1°N distances in uniformly labeled solids. The implementation
of DCP experiments based on first order recoupling at faster spinning frequencies
could be of extreme importance in the design of sequences without decoupling
field on the proton channel. Such an approach minimizes sample-heating effects

and could in principle improve the efficiency of polarization transfer.

2.4 Conclusions

In summary, a theoretical formalism for describing sequences that employ RF mod-
ulations that are incommensurate with the spinning frequency has been presented.
The underlying spin physics in the ZQ and DQ case is thoroughly investigated in
terms of effective Hamiltonians and could be employed as a tool for understanding
the performance of DCP experiments at different conditions. The simulations pre-
dict the requirement of higher spinning frequencies for the implementation of DQ
DCP experiments. The factors responsible for depolarization are outlined in terms
of operators resulting in better understanding of the experiments. We believe, that
the theory presented herein could be employed as a tool for quantitative interpre-
tation of DCP experiments. The analytic model based on the Floquet approach
presented in this article is suitable for describing the dynamics of spins subjected
to multiple modulations and provides avenues for better design of sequences at

higher magnetic field strengths with faster spinning frequencies.
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Appendix-2

Table 2.5: Multipole Operators for coupled spin systems

Single spin system

(1=1h)

Two - spin system

(Ih = I = 1)

l)q

} Single spin Operators

T(l)q(IO), T(l)q(Ol)} Single spin Operators

T(Z)q(11)7 T(l)q(ll), T(O)O(l 1)} Two spin Operators

Three - spin system | 7{ha(100), 7})(010), {O}Q(om)} Single spin Operators
= = = 1

(h=L=1I=10) T5)(110), 7(1)(110), ()" (110)
{l}q(l()l) {1}q(101) T{(%O(lol) Two spin Operators
T011), 7} (011), T (011)
TH(11), TH)(111), T (111)

T{(f}q(lll), {Hq(lll) TE?%O(Ill) Three spin Operators
Tl (111)
Note: T4 is representative of all operators ranging from g = —k to + k.
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Chapter 3

Description of phase-modulations
in heteronuclear recoupling
experiments in solid-state NMR

3.1 Background

Following the description presented in the previous section, the next stage in our
study was to develop a formalism for describing multiple pulse experiments in
ssNMR using Floquet theory!. In the past, multiple pulse experiments in ssNMR
were extensively designed using AHT?3. To facilitate analytic description, the
cycle time of the multiple pulse scheme is synchronized with the MAS rotor pe-
riod. Subsequently, employing Magnus expansion, a time averaged Hamiltonian
to the desired order of accuracy is derived over the MAS rotor period. Although
the AHT approach has been quite successful in the design of sophisticated pulse

356 its extension to pulse schemes at faster spinning frequencies is less

schemes
straightforward. Specifically, at faster spinning frequencies, the concept of a time-
averaged Hamiltonian breaks down due to competing nature of the MAS rotor

period and the cycle time of a multiple pulse scheme. Under such conditions, the

analytic insights emerging from AHT?? could be misleading. From an experimen-
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tal perspective, implementation of ssNMR experiments (as described in chapter-2)
at faster spinning frequencies is essential for both improving the resolution as well
as extending its utility in the study of biological systems. With this objective, an
analytic framework is presented in the following sections to elucidate the effects of
multiple pulses in MAS NMR experiments. Specifically, we confine our discussion

to multiple-pulse based implementation of CP experiments.

3.2 Definition of the problem

(S E]
—
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Figure 3.1: Pulse sequence depicting the polarization transfer in CP experiments with
phase-modulated RF amplitudes. (A) No phase difference between the RF amplitudes
on the two channels, (B) phase difference of 180° between the RF amplitudes on the
two channels.

As described in chapter-2, the CP-matching conditions under MAS are ex-
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tremely sensitive to the sample spinning frequency. Depending on the amplitudes
of the RF fields employed on the two channels, the sample spinning frequency is
adjusted to satisfy one of the matching conditions corresponding to the first and
second-sidebands in a typical CP profile. Although, such an approach facilitates
the reintroduction of the dipolar interactions under MAS, they are extremely sen-
sitive to the RF inhomogeneities present in the system. Hence, alternate strategies
in the form of amplitude and phase modulations were developed in the past to
broaden the CP matching condition in addition to improving the matching con-
dition corresponding to the centre band in the CP profile” 8. From a conceptual
viewpoint, the theory of multiple-pulse based CP schemes remains a challenge
owing to the complexity introduced by the time-dependent RF fields in the rotat-
ing frame. This aspect has been the main motivation behind our investigation.
For demonstrative purposes, we employ the phase modulated version of the CP
experiment in our study. The utility of the synchronisation condition (imposed
by AHT) in PM-CP MAS experiments is thoroughly investigated to elucidate the
mechanism of polarization transfer in CP experiments. To realize this objective,
we employ the concept of effective Hamiltonians based on multimodal Floquet
theory!?. The theoretical framework presented in this chapter is quite general
and could be extended to describe RF modulations that are independent of the

MAS frequency.
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3.3 Discussion

3.3.1 Theory

To illustrate the effects of phase modulated RF fields, we begin our discussion with
a model system comprising of two spins. Following the description in chapter-2,
the Hamiltonian in the rotating frame is transformed into a tilted frame defined by
the transformation function, U;. Although the form of the internal Hamiltonians
are identical to those depicted in chapter-2, the amplitude of the RF fields in the
tilted rotating frame are time-dependent. Hence, the transformation into the RF
interaction frame is less straight forward. To facilitate analytic description, and
elucidate the role of the time-dependent fields on the internal Hamiltonians, the
amplitude of the RF modulation in the rotating frame is expanded and expressed
in terms of a Fourier series. In the rotating frame, the amplitude of the RF field
resembles a square-wave modulation and is conveniently expressed in terms of a

Fourier series expansion, as illustrated below.

4 C :
(J.)RFJ(Zf) = ;UJRF’] Z nl—lsmnlet (31)
n1=1,3,5
(where, wrp denotes the amplitude of the RF field and w; the frequency of
the modulation on the i'® channel). The methodology presented in this chapter is

equally applicable to any kind of periodic modulations (either phase or amplitude

or both). In a similar vein, the RF modulation on the S channel is expressed by,

4 .
Wrrs(t) = —WRRS > Lsinngwst (3.2)
n2=1,3,5
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To describe the evolution of the system under RF fields, the Hamiltonian is further
transformed into the RF interaction frame. In the RF interaction frame, the
internal Hamiltonians are modulated by both the sample spinning frequency as
well as the modulation frequency of the RF fields. The final form of the various

spin Hamiltonians in the RF interaction frame are illustrated below.

1 2 0o

Z Z Z \_/_%wyn)l-T(l)q(I)eimwrteinlwteiquF,zth(lll)q(]) (3.3)

q=—1,#20 m=—2n1=—o00

1 2

Z Z Z \—/_%wgm)Z-T(l)q(s)ezmwrtemgwst IQWRF, Stgr(m) (S) (34)

q=—1,#20 m=—2na=—00

The terms g4 /(1) and g )q(S ) represent the coefficients in the RF interaction

frame and are derived using the Bessel function approach?®2!. In the case of the
dipolar interactions, the Hamiltonian in the RF interaction frame is modulated by

the two modulation frequencies (wy, wg) in addition to the MAS frequency (w;).
(1) = Hzg(®) + Hog(t (3.5)

W TRO(15)x
zmwrt injwrt inowgt

Faolt) = 5 S (T [atas) s

ei(WRF,J —WwRF,s)t

w%)T@)q(IS) *

imwyrt _injwrt inowgt

o) =—3 > S0 S | [ g (15) (37)

m=—2,m#0 g=—2 ny,ng=—00

.q
el (WrF,1+wWRF,5)t
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As an alternative to the AHT approach, we employ multimode Floquet theory to
describe phase modulated CP experiments. Such an approach provides a frame-
work for describing modulations that are commensurate/incommensurate with the
spinning frequency.

Extending the procedure described in chapter-2, the Floquet Hamiltonian for
the PM-CP experiment comprising of three modulations is derived and is repre-

sented below.

Hp = w I + oI5 + weI

1 2
+ Z Z Z Gmn10 mn]7 Z GmOng TYS’LIOHQ(S)
q=—1,g#20 m=-2 | ni=-—o00 ng=—00
2 0o
+ > > (G L USTE? L (18) + G, (IS)T2), 2, (15)]
m=—2,m#0 ni,ng=—00
2 oo GT(T”: n1,n2 (IS)Tﬁ%Ol,ng (IS)+

2
k=0 m=—2,m#0 ni,ng=—0o0 (_1) G (k)0 ([S) k:)O ([S)

m,mni,ng m,ni,nz

(3.8)

In the above equation the Fourier indices, m,nq, ny represent the coefficients
associated with MAS, RF modulations on channels I and S respectively. In con-
trast to the CWCP experiment, the Floquet Hamiltonian in PM-CP experiments
is highly off-diagonal and as such is unsuitable for any analytic description. To
this end, we propose an effective Floquet Hamiltonian based on the method of
contact transformation procedure. As discussed in the previous chapter, the zero
order Hamiltonian mainly comprises of operators that are diagonal in the Fourier
dimension. The off-diagonal contributions due to MAS and RF modulations are

incorporated along H;. Subsequently, employing the standard procedure the effec-
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tive Floquet Hamiltonian to the desired order is derived systematically as described

below,

H" = H, +i[S), H]
" 1 (3.9)
H, :Hz‘f'i[SlaHl]_5[517[8171'-]0“
1) 1 i
Hy" = —5 [Su[51, Hi]] = 6 [S1, [51, [S1, Holl]
In cases where the off-diagonal contributions to second order are significant, a
second transformation in the form of exp(iA2S,) is applied to the Hamiltonian. The

transformation function ‘Ss is chosen to compensate the off-diagonal contributions

to order A\? and does not affect the corrections to order \.

Hop= e(i,\QSQ)e(iksl)HFe(*ix\Sl)e(*i/\QSﬂ (3.10)

Hepp = e [+ B + 2HD + N HD | o) (3.11)

Equating like powers of ‘A’ the following relations are obtained.

X — HYY = HSY = H,
N HP = BV — 1 408, Hy
A= HP = HY 4i[S,, H] (3.12)
N B = B 408, Y|
1
N o HP = HY +i S, B = 2 (82, 52, H)
In the above equations, the perturbation corrections are expressed in terms of

Hamiltonians ‘H J(»k)’ with ‘57 denoting the order and the super-script ‘k” depicting

the number of transformations.
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Depending on the sample spinning frequency and the modulation frequencies
employed on the two channels, the form of the effective Hamiltonian differs. For
e.g, when the modulation frequency is equal to the spinning frequency (7. = 7,),
the effective Hamiltonian to zeroth-order comprises of both the dipolar and the

CSA interactions as described below.

Hepp = wo I8 4+ w5 + wgl e

L[S i [T+ G [T+

+
a=—La20 | GO (S)i[TV(S)], , + Gy ()i [TM(S)]

0,0

Gg)_qu_l([S) [T@)q(IS)LﬁLil—i— (3.13)

+
=52 | GO (19)[T(19)]

—2,1,1

GY_(IS)[T™0(19)],

+

2 —1,-1
+
=0 | G55, (18) [T™0(IS)]
A detailed description of the various matching conditions along with simula-

tions is described in the following section.

3.3.2 Simulations

To illustrate the role of phase modulations in CP experiments, a set of simula-
tions under different experimental conditions is presented in this section. In all
the simulations presented, polarization transfer from N to 3C' is calculated as
a function of mixing time under constant spinning frequency and RF amplitudes.
As described in the previous section, the dipolar Hamiltonian in the RF interac-
tion frame depends on the magnitudes of the sample spinning frequency (w,) and

the modulation frequencies employed on the two channels (say w; and wg). Based
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on this description, in the absence of CSA interactions, the efficiency of transfer
should depend only on the matching condition and be independent of the magni-
tude of the RF amplitudes employed on the two channels. This result is verified

through a set of simulations depicted in Figure 3.2.

i (A1) i (A2)

o
in

Intensity

o
in

]
6 8 10
Mixing time (ms)

Figure 3.2: In the simulations presented, polarization transfer from N to 3C is cal-
culated as a function of mixing time, 7,,;,. The RF amplitudes employed correspond to

= v,. In all the panels, black corresponds

the ZQ matching condition |vpp 13 — Ugp 15y
to v, = 10kHz, URp1sg = 50kHz, Upp 15N = 40kHz, and red corresponds to v, = 10kHz,
Upp 1s¢ = 30kHz, vpp 15 = 20kHz with variation in the modulation frequencies, (A1)
wr =0, and wg = 0 (CWCP), (A2) w; = w;, and wg = wr, (A3) wy = % and wg = %,

(A4) wr = §5 and ws = §5. The CSA interactions were ignored in the simulations and

the dipolar coupling between the spins was set to 292 Hz ( r{, = 2.188A% ). The solid
lines represent the simulations from SPINEVOLUTION??, while the dots represent the

analytic simulations.
For illustrative purposes, the simulations emerging from CW-CP experiments
(see panel (Al)) are compared with PM-CP schemes employing modulation fre-

quencies, w, panel (A2), <= panel (A3) and 5 panel (A4). In the case of zero-

quantum (ZQ) CW-CP experiments, the dipolar interactions are reintroduced
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under MAS when the RF amplitudes are adjusted to satisfy one of the matching
conditions given by the relation |wpp; —wWrpg| = w, or 2w,. Interestingly, in
the case of PM-CP experiments, the matching condition depends on both the RF
amplitudes as well as the modulation frequencies. For example, in the case of ZQ
PM-CP experiments, the matching condition in the RF interaction frame is gov-
erned by the relation, mw, +wpp; — wrp s+ niwr +nws, while in the DQ version
the matching condition is given by, mw, + wrpr + Wrrs + Miwr + naws. As de-
picted in Figure 3.2, the simulations emerging from our analytic theory (Eq. 2.26)
are in excellent agreement with those emerging from exact numerical methods. In
the absence of CSA interactions, the efficiency of transfer in PM-CP experiments
is lower (0.5) than that of CW-CP experiments (0.7). This decrease in efficiency
is attributed to the fact that the CW-CP experiment is v encoded?®, whereas the
PM-CP experiment in non-y encoded (i.e. both the m = 1 and 2 components of
the dipolar interaction are reintroduced under MAS).

The next stage in our study was to elucidate the role of CSA interactions in
the exchange dynamics. In Figure 3.3 the effect of CSA interactions is illustrated
through simulations depicting the polarization transfer fron 1° N to 13C. The CSA
parameters employed in the simulations correspond to the amine/amide nitrogens
and aliphatic/aromatic carbon atoms encountered in a typical amino acid residue.

Although, the CSA matching conditions in the case of CW-CP experiments
have been carefully avoided in the simulations, the efficiency of transfer decreases
with increase in the magnitude of the CSA interactions. This decrease in efficiency

is mainly due to the presence of longitudinal single-spin operators (refer to chapter-
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2) resulting from second order cross-terms between the CSA interactions. By
contrast, the CSA interactions in the case of PM-CP experiments seem to have
a profound role in the exchange dynamics. As depicted in Figure 3.3 (panel
(A2)), the efficiency of transfer decreases drastically when the magnitude of the
modulation frequency is equal to the sample spinning frequency. This decrease
in efficiency is due to the reintroduction of CSA interactions in the exchange
dynamics and could be explained based on the analytic theory presented in the
previous section. In the RF interaction frame, the CSA interactions in PM-CP
experiments are introduced to first-order when the RF amplitudes and modulation
frequencies satisfy one of the matching conditions i.e. mw, +wp r; T mwr. In the
PM-CP schemes depicted in Figure 3.2 (see panels (A2), (A3) and (A4)), the
CSA interactions are reintroduced to first order and are primarily responsible for
the decrease in the efficiency of transfer. When the magnitude of the modulation
frequency is comparable to the sample spinning frequency (see panel A2), the
efficiency of transfer decreases drastically. At lower modulation frequencies (panels
A3, A4), the scaling factor asssociated with the CSA Hamiltonian is reduced
resulting in better transfer of polarization. As depicted, in the higher CSA regimes,

the drop in efficiency is significant in all the four panels.
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Figure 3.3: In the simulations presented, polarization transfer from N to B3C is
calculated as a function of mixing time, 7,;,,. The RF amplitudes employed cor-
respond to the Z(Q matching condition URp 13 — URF715N’ = v,. In all the panels,
v, = 10kHz, Uppisc = 50kHz, URp1sN = 40kHz, with variation in the modula-
tion frequencies, (Al) wy = 0, and wg = 0 (CWCP) (A2) w; = w,, and wg = wy,
(A3) wy = § and wg = %, (A4) w; = 5 and ws = §5. The following chemi-
cal shift parameters were employed in the simulations: black no = 0.0,6c = 0.0ppm;
ny = 0.0,y = 0.0ppm, red e = 0.98,0¢c = 19.4ppm; ny = 0.17, 5y = 10.1ppm, green
ne = 0.98,6c = 19.4ppm; ny = 0.17,6ny = 99ppm, blue nc = 0.98,c = —76ppm;
ny = 0.17,6y = 99ppm. The following orientation parameters were employed for
the CSA interactions in the simulations: o{¢) = 64.99, 3(C) = 37.50 4(C) — _9g.80.

PM PM PM

alV) = —83.30,/31(311\9 = —79.00,7;11\\? = 0.0%. The dipolar coupling between the spins

PM
was set to 292 Hz ( ry5 = 2.188AY ). The solid lines represent the simulations from

SPINEVOLUTION?2, while the dots represent the analytic simulations.

To minimize the role of CSA interactions, implementation of CP experiments
at faster spinning frequencies seem mandatory. From an experimental aspect,
this is accomplished when the amplitudes of the RF fields employed on the two
channels are phase-shifted by 180° (see Figure 3.1, panel (B)). As depicted in
Figure 3.4, the efficiency of transfer decreases in both CW (panel Al) and PM-

CP (panels A2, A3) with the inclusion of the CSA interactions. In contrast to
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CW-CP experiment, the depolarization effects due to CSA interactions are quite
significant in the PM-CP schemes depicted in panels A2 and A3. At the outset,
this result seems intriguing considering the observation that the CSA interactions

remain unaveraged even at faster spinning frequencies (say 50 kHz).
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Figure 3.4: In the simulations presented, polarization transfer from N to 3C is
calculated as a function of mixing time, 7;,,;,. The RF amplitudes employed correspond

to the ZQ matching condition Ugp13g — URp sy | = Ur- In all the panels, v, = 50kHz,

Upp 1sc = 20kHz, Upp 15y = 30kHz, with variation in the modulation frequencies, (A1)
wr =0, and wg = 0 (CWCP) (A2) wr = wr, and wg = wy, (A3) wy = 5 and ws = 5,
(A4) wr = ¥5 and wg = F5. The following chemical shift parameters were employed
in the simulations: black no = 0.0,dc = 0.0ppm; ny = 0.0,y = 0.0ppm, red noc =
0.98,6¢c = 19.4ppm; ny = 0.17,6n = 10.1ppm, green nc = 0.98, ¢ = 19.4ppm; ny =
0.17, 65 = 99ppm, blue no = 0.98,6c = —76ppm; Ny = 0.17,65 = 99ppm. The Euler
angles and dipolar coupling employed correspond to those used in fig. 3.3. The solid
lines represent the simulations from SPINEVOLUTION?2, while the dots represent the

analytic simulations.

Since biophysical applications of ssNMR entail the availability of higher mag-
netic field strengths (for improved resolution), minimizing the role of CSA in-

teractions is very essential in enhancing the overall polarization transfer in CP

76



experiments. Interestingly, the efficiency of polarization transfer in the simula-
tions depicted in panel A4 remains unaffected in the presence of CSA interactions.
This observation (through numerical simulations) could be explained by a com-
parison of the various coefficients present in effective Hamiltonian depicted in Eq.
3.13. When the modulation frequency is much lower than the sample spinning
frequency (see panel A4), the CSA contributions in the effective Hamiltonian (Eq.
3.13) are scaled significantly (higher order Bessel functions), resulting in enhanced
efficiency of polarization transfer. However, as the modulation frequency of the
multiple-pulse scheme increases and competes with the sample spinning frequency
(see panels A2, A3), the depolarization effects due to the recoupled CSA interac-
tions become prominent (higher scaling factors) and are primarily responsible for
the poor transfer efficiencies observed in the simulations. Hence, to maximize the
efficiency of polarization transfer in CP experiments (at faster spinning freqeun-
cies), the modulation frequencies employed on the two channels have to be much
smaller in comparison to the sample spinning frequency. This principle could be
employed in the design of the cycle times in multiple pulse schemes and could
be employed as an optimization procedure in the design of MAS experiments at

faster spinning frequencies.

3.4 Conclusions

In summary, the analytic framework describing the effects of multiple-pulses in
ssNMR experiments yields results in agreement with simulations emerging from

exact numerical methods. In the rotating frame, the Fourier series expansion of
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the RF interaction seems to be an attractive approach towards the derivation of
effective Hamiltonians in the RF interaction frame. In contrast to the AHT ap-
proach, the framework presented in this chapter does not impose any restrictions
on the choice of the cycle time of a typical multiple pulse scheme. We believe that
the Fourier decomposition of the RF Hamiltonian in the rotating frame could be
quite handful in the derivation of effective Hamiltonians in schemes that employ
adiabatic and RAMP modulations of the RF fields. In contrast to constant ampli-
tude CW-CP experiments, the phase-alternated PM-CP experiment seems to be
a better alternative for improving the efficiency of polarization transfer at higher
magnetic field strengths and faster spinning frequencies. In systems with larger
chemical shift anisotropies, implementation of PM-CP depends on (a) the RF
amplitudes (b) spinning frequency and (¢) modulation frequency. The methodol-
ogy presented in this chapter is quite general and could be extended for studying

experiments that employ both phase as well as amplitude modulations.
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Chapter 4

Understanding Multispin effects
in Cross-Polarization (CP) NMR

experiments through Dipolar
Truncation

4.1 Background

Understanding the mechanism of polarization transfer among nuclear spins re-
mains an exciting area of research!™, primarily due to its utility in design and
interpretation of NMR experiments/experimental data. Although, measurements
in NMR are made in bulk, the underlying theory routinely employed to de-
scribe/interpret experiments, often comprises of finite number of spins. In general,
analytic description of polarization transfer in a strongly coupled spin system is
complicated due to the presence of non-commuting Hamiltonians in the system.
From an experimental view-point, quantifying polarization transfer in strongly
coupled systems is hindered owing to the co-existence of stronger and weaker cou-
plings in the system. Consequently, polarization transfer to weakly coupled spins
is diminished by the influence of other stronger couplings in the system, a phe-

nomenon commonly referred to as dipolar truncation in NMR. Hence, analytic
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treatments based on isolated spin-pair models yield ambiguous results and are of
limited utility in the weak-coupling regime. To this end, thermodynamic models®
based on the concept of spin temperature®® have also been invoked in the past to
explain the experimental observations in CP experiments.

As an alternative to existing methods, an analytic model built on the concept
of “dipolar truncation” is proposed to explain the propagation of spin polarization

in CP experiments.

4.2 Definition of the Problem

Figure 4.1: Model systems employed for describing the polarization transfer in CP
experiments.

To describe the propagation of spin polarization from 'H— 3C in CP experi-
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ment, a pedagogical description comprising of two (C,Hg, ), three (C,CgHg, ), four
(CaCpHgp,Hp,; C,CsHp Hy; C,H,CpHg,) and five (C,H,CgHg Hp,) spin model
systems is employed (See Figure 4.1. Since the *C—'H, 'H—'H dipolar coupling
constants in the chosen model systems are prototypes of the coupling constants
prevalent in typical amino acid residues/peptides, we believe that the current
study would improve our understanding of the mechanism of polarization transfer

among spins in ssSNMR experiments.

Intensity

1 T T 1
0 1 2 0 0.5 1 0 0.5 1

Mixing time (ms)

Figure 4.2: CP Simulations depicting the polarization transfer to C, in the model sys-
tems presented in Figure 4.1. The RF amplitudes correspond to v S = 40kHz,vp A=
20kHz and the phases shifted by 180°. All the simulations were performed at v, = 60kHz
. The solid lines correspond to analytic simulations, while dots represent numerical sim-
ulations (6044 angle-sets) based on SPINEVOLUTION.”

To begin with, numerical simulations (based on SPINEVOLUTIONT) depict-
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ing polarization transfer from 'H—!3C in first-order CP experiments are pre-
sented in Figure 4.2. To facilitate the implementation of experiments at faster
spinning frequencies (for better resolution), the amplitudes of the RF fields em-
ployed in the simulations were adjusted to satisfy the Z(Q matching condition
|Vgps — Vrpr| = Ur, ie. (Up = 60kHz,vpp; = 20kHz,vpps = 40kHz) and
are phase shifted by 180° (i.e. the signs of the amplitudes differ in the rotating
frame). To explain the nuances of polarization transfer in first-order based CP
experiments, we begin our discussion with the profiles depicted in panels B and
C (Figure 4.2). As depicted, polarization transfer to *C, in the three-spin sys-
tem C,CsHp, (see panel B) is diminished significantly in contrast to the isolated
spin pair system (panel A). This decrease in the CP efficiency is attributed to the
presence of the stronger C3 — Hpg, dipolar coupling and is commonly referred to
as dipolar truncation? in ssNMR. Interestingly, inclusion of an additional proton
to the beta carbon (Cg) (four spin model, Figure 4.1(C)) improves the overall
transfer efficiency to C, (see Figure 4.2(C)). This result seems counter-intuitive in
view of the fact that the model three-spin system, C,CgHp, (Figure 4.1(B)) com-
prises of fewer stronger couplings (Cs—Hg,) in comparison to the four-spin model
CoaCsHp, Hp, (stronger couplings in the form of C3—Hpg, and Cs—Hpg,). Hence,
an analytic theory is essential for understanding the mode of polarization transfer
from multiple spin sites (say 'H) to the desired target spin (say *C) in strongly

coupled systems.
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4.3 Discussion

4.3.1 Theory

To elucidate the mechanism of polarization transfer in CP-MAS experiments, a
model system (IxSys) comprising of N-carbons (I =" C) and M-protons (S =!
H) is employed. Under sample rotation, the nuclear spin Hamiltonian is time-
dependent,® and is conveniently expressed in the rf interaction frame in terms of

single-spin and two-spin interactions.
H(t)= ) H(t)+ Hs(t) + Hpp (4.1)

A=I,S

As discussed earlier, the single-spin Hamiltonian depicts both the isotropic and

anisotropic chemical shift interactions and is expressed in terms of single-quantum

(SQ) operators.

3 N+M—2
Hsingie(t) = — \%(\/5)
2 N iTWY(L) exp (i [mw, + wrrt)
P 02
m=——2 i=1 —iTW=Y(L) exp (i [mw, — wrrt)

In a similar vein, the two-spin interactions comprising of Homonuclear and Het-
eronuclear dipolar interactions are expressed in terms of zero-quantum (ZQ) and

double-quantum (DQ) operators.
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T@2(1,8, e t
(1:5;) exp (Z { (WrrI + WRES)

m0 T2(I,5;) exp (2 { e 1 t)

(WrFI + WRES)
(4.3a)

L1O0(F,5;)
TWO(LS;) | «
T@O(L,S;)

exp (z { Zﬁ; ~ wnrs) ] t) (4.3b)

==t mese ST 07,6y
TWO(LS;) | «
—|—%T(2)0(IZSJ)

exp (] T t
L P (wRF,I—wRF,S) i

P9 (1) = — g.(\/i

N+M-2
Homo )

§ 5 [ e 2l ],
3,j=1 m=-—2, ( ’[J eXp( [mwr —2. wRFI] t)
i<j  m#0

. 3 N+M-2 .
HI('{Zo?n)o(t) = \/g ( ) Z Z wy, I)T @01, ;) exp (imw,t)  (4.4b)

i,j=1 m=-2,
1<j  m#0

Following the description in chapter-2, the corresponding Floquet Hamiltonian
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for the above model system is derived.

1

XYY A

m,n1 i=1 q=—1,q#0
2 k

S S5 (G (T () (452)

1,j=1, m,n1 k=0 q=—k
1<J

M 1
HY =33 3" GO (ST Ve (S)+

m,n2 i=1 g=—1,q#0

Z YoX D (G (S:S)TI(S:5))] (4.5D)

1,j=1, m,n2 k=0 q=—k
1<j

The ‘G’ coefficients in Eq. 4.5 could be deduced from the coefficients described in
Eqns (4.2 - 4.4) inclusive of the numerical constants and are similar to our earlier

descriptions in chapter-2.

4.3.2 Effective Floquet Hamiltonians for first-order and
second-order CP experiments

As mentioned in the previous chapter, when the amplitudes of the RF fields are

adjusted to one of the matching conditions® 1! (

|UrFs + UrE 1| = v, Or 20,), a part
of the two-spin Hamiltonian (refer to Eq. (4.3)) becomes time-independent under
MAS conditions (commonly referred to as ‘recoupled Hamiltonian’) . In such

12,13

cases, the recoupled Hamiltonian is included as a diagonal contribution along

H; and the transformation function is carefully chosen only to compensate the
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off-diagonal contributions in H;. The second-order corrections (Hél)) to the zero-
order Hamiltonian comprises of single-spin, two-spin and three-spin operators.
For a given system, the single-spin operators (to second-order) result from cross-
terms between (a) single-spin operators (say CSA X CSA) (b) two-spin operators
associated with the same spin pair. The cross-terms between single-spin and
two-spin operators in (CSA X dipolar interactions) result in two-spin operators.
The cross-terms between different pairs of dipolar interactions (with at least one-
spin being common) result in three-spin operators. A detailed description of the
second-order contributions is summarized in Table 4.1 (Appendix-4), along with
a generalization to N-coupled spin (I = 1/2) systems.

Employing the results summarized in Table 4.1(Appendix-4), the first-order
contribution to the effective Hamiltonian in CP experiments is expressed in terms

of two-spin operators.

2
H" = H, 4, = ZA )TWO(I,8;) (4.6)

1 j=1 k=0

=
.

~
Two—Spin

In a similar vein, the second-order contributions are composed of single spin and

three-spin operators as represented below

H(l) Z ZB(I)O ATWO(N\) +

A=I,S i
Singletspin
N M (4.7)
SNBSS, TR0(1:8;8,) ZZBk)OIIS T®(L,1,S,)
% 7", j=1 i,j=1 r=1
o j<r 1<j P

Three —Spin

Based on Eq. 2.24, the effective Hamiltonian describing first-order CP experiments
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is represented by
g =gV + 5V + 5 (4.8)

Depending on the choice of the model spin systems, the number of opera-
tors increases in the effective Hamiltonian framework. Consequently, descriptions
based on the effective Hamiltonian approach are less suited for studying polariza-
tion transfer among strongly coupled spin systems. To alleviate this problem, an
alternate approach in the form of “truncated effective Hamiltonians” employing

fewer operators is proposed in the following section.

4.3.3 Concept of Truncated Effective Hamiltonians

To describe the mechanism of polarization transfer in strongly coupled systems, the
effective Hamiltonians derived in the previous section are restructured based on the
phenomenon of dipolar truncation. Employing this approach, truncated effective
Hamiltonians are proposed by retaining only the dominant contributions in the
effective Hamiltonians. Although, such an approach facilitates the description in
the Floquet state-space, the validity of such approximations could only be verified
through a comparison between analytic simulations emerging from the truncated
Hamiltonians and the exact numerical simulations comprising of the entire spin
system of interest. Employing the model systems depicted in Figure 4.1, trun-
cated effective Hamiltonians are proposed for describing the polarization transfer

observed in first-order and second-order CP experiments.
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First-order CP experiments

As illustrated through the simulations depicted in Figure 4.2(B), the stronger dipo-
lar interaction due to Cs—Hg, (woym,, ) truncates the polarization transfer to C,
(i.e. WogHg, > WCOaHg, ) in the three-spin system C,CzHg,. Consequently, a trun-
cated effective Hamiltonian (in the form H Fe IOT ) comprising of T®O(C3Hg,) and
single-spin operators TWO(Cy), TWO(Hg,) is proposed for describing the polariza-
tion transfer observed in C,CsHg, (Figure 4.1(B)). Due to the smaller magnitude
of the second-order coefficients (see Table 4.1), the contributions from the three-
spin operators are neglected and the truncated effective Hamiltonian comprises

only of single-spin and two-spin operators:

Hi e, = ZA< (CoHy ) T®O(CoHg,) + > BYOAGTMO(N)  (4.9)

A=Cg,Hp,

Such approximations simplify the description in the Floquet-state space and
result in analytic expressions similar to those derived in chapter-2. To test the va-
lidity of this approach, analytic simulations based on Eq. 4.9 depicting polarization
transfer from Hg to C, and Cg in the model three-spin system C,CgHpg, are com-
pared in Figure 4.3 with exact numerical simulations (inclusive of all three-spins).
For illustrative purposes, the analytic simulations emerging from truncated (panel
B1) Hamiltonian is compared with exact numerical simulations. In contrast to the
effective Hamiltonian approach, polarization transfer to Cg (depicted in panel B1)
is simulated within a reduced subspace comprising of spins Cz and Hg,. Hence,

the truncated effective Hamiltonian approach provides an alternate framework
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for describing the dipolar truncation effect observed in C,CgHg,. To explain the
enhanced polarization transfer observed in C,CgHg Hg,(see Figure 4.2(C)), we
propose a model, wherein, polarization transfer to Cg results from only one of the
protons, say Hg, in C,CgHg Hg,. Consequently, the polarization from Hpg, is read-
ily transferred to C, without the destructive influence of the stronger Cg — Hg,
dipolar coupling. Based on this model, the truncated effective Hamiltonians de-

scribing polarization transfer to Cg and C, is derived and represented by

His four s = ZA (CsHp ) T™(CsHg) + Y BYOOTWO(N) (4.10)

A=Cp,Hp,
HEDT = ZA (CaHp ) TW(Cog) + Y BYONGTMON) (4.11)
A=Cq,Hg,

Intensity
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0 0.5 1
Mixing Time (ms)

Figure 4.3: Simulations depicting the polarization transfer to C, (red) and Cg (black)
in the model three-spin system (C,CgHg,). The analytic simulations from truncated
Hamiltonian are compared with the numerical simulations (indicated by dots).

In a similar vein, the stronger coupling in the form of Cg — Hpg, (we,m,, ) trun-
cates the Cs — H, dipolar coupling in C,CgHg, H, (Figure 4.1(D)) and facilitates
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the propagation of spin polarization to C,. Hence, based on the truncated effec-
tive Hamiltonian approach, polarization transfer to Cg and C, in the model four-
spin system C,CgHg, H,, should result primarily from Hp (Hpg, — Cs through
T®O(CyHpg,)) and H,, (H, — C, through T®°(C,H,)), respectively.

To verify the validity of the proposed models based on truncated effective
Hamiltonians, analytic simulations emerging from truncated Hamiltonians are
compared with exact numerical simulations. Since the truncated effective Hamil-
tonians comprise of only single-spin and two-spin operators, the polarization trans-
fer to the desired spin in the Floquet-state space is conveniently described using
the analytic expressions derived in chapter-2 (see Eq. 2.26). In contrast to the
Floquet-operator space approach, the analytic expressions in the Floquet-state
space are computationally less intensive and could be beneficial in the fitting of
experimental trajectories involving multiple fit parameters. In Figure 4.4, polar-
ization transfer to C, in C,CgHpg Hg, is calculated from the truncated effective
Hamiltonian and compared with exact numerical methods (indicated by dots). As
depicted (in Figure 4.4), the analytic simulations emerging from the truncated
effective Hamiltonians (comprising of C, and Hg,) are in good agreement with
the four-spin numerical simulations in C,CgHg, Hg,. Hence, the truncation effect
imposed by the stronger Cg — Hp, coupling on Cg — Hg,, indirectly influences
(facilitates) the transfer of polarization from Hg, to C, in C,CgHg Hg,. While
the efficiency of transfer from Hg, — C, in C,CgHpg, Hg, is higher in contrast to
the three-spin simulations depicted in Figure 4.1(B), it is still diminished in com-

parison to the simulations depicting polarization transfer in an isolated spin pair
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(see Figure 4.2(A)). This reduction in efficiency is attributed to the influence of
the passive spin Hg, through the Hg, — Hpg, dipolar coupling in C,CsHpg, Hp,. Al-
though, matching conditions (say wgrps = sw, ) corresponding to the reintroduc-
tion of Hg, — Hp, dipolar interactions are avoided in CP-MAS experiments, their
manifestations through second-order cross-terms are inevitable in strongly cou-
pled systems. As summarized in Table 4.2, second-order cross-terms between the
'"H—'H dipolar interactions (Hy,, g, X Hp,,—n,,) result in longitudinal single-
spin operators TWO(Hyp, ) and have been incorporated in the truncated effective
Hamiltonians (Eqns (4.7- 4.8)) for better agreements with exact numerical simula-
tions. Hence, the truncated effective Hamiltonian approach provides an adequate
framework for the inclusion of both passive and active spins in a reduced subspace

within the Floquet-state space. In general, depending on the magnitude of the

1-—

Intensity
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Figure 4.4: Simulations depicting polarization transfer to C, in C,CgHg, Hg, . The
analytic simulations emerging from the truncated effective Hamiltonian (comprising of
only C,Hg,) are compared with the exact numerical simulations (dots) involving all the
four spins in C,CgHg, Hp, .
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LH-13C dipolar-coupling constants, the influence of passive spins in CP experi-
ments varies. To illustrate this aspect, polarization transfer to C, in C,CgHg, Hg,
(Figure 4.5(A1)), C,CgHg, H, (Figure 4.5(B1)) and C,H,CsHg, (Figure 4.5(C1))
is depicted (see Figure 4.5) both in the presence (indicated red) and absence (indi-
cated in blue) of the second-order cross-terms resulting from the ' H—!H dipolar
interactions. As depicted in Figure 4.5, the analytic simulations from the truncated
effective Hamiltonians (indicated in red) are in good agreement with the numerical
simulations (dots) in all the model four-spin systems. Due to smaller magnitude
of the C, — Hg, dipolar coupling constant, the second-order cross terms resulting
from 'H—'H dipolar interactions have a prominent role in the efficiency of polar-
ization transfer in C,CszHpg, Hg,(depicted in blue in panel Al). Hence, polarization
transfer to C, in the model four-spin systems (depicted through Figures 4.1(C-E))
could in principle be described within an isolated two-spin framework comprising
of C, — Hg,, C, —H, and C, — H, dipolar couplings, respectively. The truncated

effective Hamiltonians are represented by,

2
HADT =3 AW, HITO(CH) + Y BOOO)ITO0)  (4.12)

k=0 A:C(X7H(¥
HiN o, = ZA (CoHp)TW(CsHg,) + > BOONATOO(N)  (4.13)
A= CﬁvHB1

In a similar vein, polarization transfer to C, in the model five-spin system
CoH,CsHp Hp, was simulated using truncated effective Hamiltonians (see Fig-
ure 4.6). Based on the extensive analytic simulations, a schematic decomposition
of polarization transfer in the chosen model systems is summarized through Fig-
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Figure 4.5: Simulations highlighting the role of "H—'H-homonuclear dipolar interac-
tions on polarization transfer to C, in (A1) C,CgHg, Hp, (B1) C,H,CgHp, and (C1)
CoHaCgHg,. The analytic simulations based on the truncated effective Hamiltonian
(solid lines in red) are compared with the exact numerical simulations (dots) involving
all the four spins in the chosen model systems. The analytic simulations depicted in
blue represent the absence of second-order cross terms resulting from the 'H—'H dipolar
interactions in the truncated Hamiltonian.

ure 4.7. Hence, in a strongly coupled system, dipolar truncation seems to be
the driving force behind the propagation of spin polarization in first-order based
CP experiments.In the following section, we explore the suitability of truncated
effective Hamiltonians in understanding the propagation of spin polarization in

second-order CP experiments .
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Figure 4.6: Simulations depicting polarization transfer to C, in the model five-spin
system (CoHoCsHg Hg,). The analytic simulation (solid lines) comprising of the trun-
cated effective Hamiltonians are compared with five-spin numerical simulations.

Second-order CP experiments

To minimize the effects of sample heating (due to RF fields) and facilitate imple-
mentation of CP-MAS experiments at faster spinning frequencies, schemes based
on second-order recoupling were preferred over first-order CP experiments. In con-
trast to first-order based schemes, the three-spin operators (see Table 4.1) resulting
from cross-terms between different pairs of dipolar interactions such as (a) Het-
ernonuclear X Heteronuclear dipolar interactions (say C;—H;XC;—Hj) (b) cross
terms from Homonuclear X Heteronuclear interactions (such as C;—H;XH;—Hy)
facilitate the propagation of polarization in second-order based schemes. For e.g.
in PAIN-CP ' type experiments, polarization transfer from carbon to nitrogen is
mediated through a proton that is coupled to both the spins (i.e. second-order

cross-terms resulting from C;—H;XN—H;), while in SOCP!* experiments cross-
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Figure 4.7: Schematic decomposition of polarization transfer in the model systems
depicted in Figure 4.1.

terms from both (a) and (b) aid polarization transfer. In Figure 4.8, analytic
simulations (based on effective Hamiltonians) depicting polarization transfer to
Co in SOCP experiments in model three (C,Hg Hpg,), four (C,CsHg Hg,) and
five-spin (C,H,CsHg Hpg,) systems is compared with exact numerical simulations
(represented by dots).

Based on the effective Hamiltonian approach, polarization transfer in SOCP ex-
periments is described in the Floquet-Liouville space through differential equations

comprising of single-spin (e.g.(I)(()l)()\, t),\ =11, 15,5) and three-spin polarizations
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Figure 4.8: Simulations depicting the polarization transfer to C, in (A1) C,Hg Hg,

(B1) C,CgHg, Hp, and (C1) C,H,CsHg, Hg, based on second-order recoupling (SOCP).
The simulations were performed at v, = 60kHz and vgrrc = vrr,rg = 18kHz.

(O (11,5, 1))

zh <1> =" PONLLS) B0 (1S, 1)
(4.14)

m%«pgﬂ (L1;S, 1) = > PPOLLS) B (A ) + Y POV (LIS, 1)

Since polarization transfer in SOCP experiments is facilitated through three-spin
operators, analytic descriptions based on the concept of effective Hamiltonians
become less insightful when extended to larger groups of spin systems.

To explore the utility of truncated effective Hamiltonians in SOCP experi-
ments, we begin our discussion with numerical simulations depicting polarization
transfer to C, in (A1) C,Hg Hg, (B1) C,Hg H, and (C1) C,H,Hg, in Figure 4.9.
The above three-spin models have been carefully chosen to illustrate the combined
effects of homonuclear and heteronuclear dipolar couplings in the propagation of
spin polarization in second-order CP experiments. Since three-spin operators (re-

sulting from (a) C;—H; X C;—Hy) (b) C;—H; X H;—H,)) facilitate the propa-
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gation of spin polarization in SOCP experiments, the simulations depicting the
polarization transfer to C, in C,Hpg Hpg, are bit counter-intuitive, given that the
magnitude of the second-order three-spin coefficients (refer Table 4.1) in C,Hg, Hg,
is greater in comparison to the three-spin models depicted in panels B1 and C1.

To explain this anomalous result, we revisit the differential equations presented in

Eq. 4.15.

11 @Ay ' I (C1)
> N = 2 ]
D wn w0
S 05 § 0.5 - 5 0.5
: : K
0 T .|—- - 1 0 T | T 1 0 T T T 1
o . 5 10 0 75 15 0 2.5 5
Mixing time (ms) Mixing time (ms) Mixing time (ms)

Figure 4.9: Simulations depicting the polarization transfer to C, in model three-spin
systems (Al) C,Hg Hg, (B1)C,Hg H, and (C1) C,H,Hp, based on second-order re-
coupling (SOCP). The simulations were performed at v, = 60kHz and vprc = vrrH =
18kHz.The analytic simulations depicted in blue represent the absence of second-order
cross-terms resulting from 'H—'H dipolar interactions in the truncated effective Hamil-

tonian.

In accord with the description of first-order based schemes!'® 22, the coupled

differential equations (see Eq. 4.15) reduce to a much simpler form, when the
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magnitude of the coefficients associated with single-spin operators exceeds the

magnitude of the three-spin coefficients (i.e. PMO(1;) > P®O(L1;9)).

d
ih oM (A1) =0

(4.15)

d o) mo(g k1)
ih— @ (1i1;8,t) = ) | P (1:1;5,1)

Consequently, transfer of polarization among spins is inhibited in CP experiments.
This aspect is exemplified in Figure 4.9 through a series of analytic simulations
both in the presence (red) and absence of (depicted in blue) the second-order
cross-terms resulting from the 'H—'H dipolar interactions. As illustrated (see pan-
els 4.9(B1), 4.9(C1)), in strongly coupled systems (a condition satisfied in systems
comprising of directly bonded 3C' and 'H) the second-order cross-terms due to
'H—'H dipolar interactions are of lesser consequence. Hence, in the weak-coupling
limit, the stronger homonuclear coupling (!H—'H) truncates the heteronuclear
coupling ('*C—'H) and is primarily responsible for the depolarization observed in
both first-order and second-order CP experiments. The above observations are in
accord with our earlier description of polarization transfer from carbon to nitrogen
in presence of protons!3. Hence, the magnitude of the single-spin operators, have
a profound effect on the efficiency of polarization transfer in both first-order and
second-order schemes. To further substantiate the utility of the truncated effective
Hamiltonians, polarization transfer to C, in model four-spin systems (depicted in
Figure 4.10) were investigated.

To minimize the complexity in the description, truncated effective Hamilto-
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Figure 4.10: Simulations depicting the polarization transfer to C, in model four-spin
systems (Al) C,CgHg Hg, (B1)C,CgHgp H, and (C1) C,H,CsHp, based on second-
order recoupling (SOCP). The simulations were performed at v, = 60kHz and vgrc =
vrr,H = 18kHz.The analytic simulations depicted in black are derived from the three-
spin model based on reduced effective Hamiltonian. The simulations depicted in red

correspond to the four-spin model with solid lines depicting the analytic simulations
(complete effective Hamiltonian) and dots denoting four-spin numerical simulations.

nians comprising of T"°(CyHgyHg,) and single-spin operators (i.e. the stronger
coupling due to T"WO(CsHgyHpy) (resulting from cross-terms between CgHg, x
Hpg Hp, ) truncates ((resulting from cross-terms between C,Hpg, x Hg Hg,)) were
employed to describe the polarization transfer observed in C,CgHg Hg, . As de-
picted in Figure 4.10, the analytic simulations based on the truncated effective
Hamiltonians (indicated in black) are in better agreement in C,CzHg Hpg, (panel
Al) and C,H,CsHpg, (panel C1)). The deviations observed in C,CgHpg, H, (panel
B1), may be due to stronger correlations among protons and are of lesser conse-
quence in real systems. Hence, the polarization transfer to C, in C,H,CgHpg, is
modeled by

2
HEDT o =" AW(C,Hy, Hy) TW(Co Hy, Ho )+
k=0

> BTN (4.16)
A=Co,Hg, ,Ha
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In contrast to first-order based schemes, the 'H—'H dipolar interactions play an
influential role in the propagation of spin polarization in second-order CP ex-
periments. When the magnitude of the homonuclear coupling (among protons)
exceeds the heteronuclear coupling, truncation (through second-order cross-terms)
is observed both in first-order and second-order based schemes. On the contrary,
as illustrated through models depicted in Figures 4.1(C) and 4.1(D), the dipolar
truncation between heteronuclear spin pairs (!3C—'H) facilitates the propagation
of spin polarization in first-order based CP schemes. Hence, dipolar truncation re-
mains the main driving force behind the propagation of polarization among spins

in strongly coupled systems.

4.4 Conclusions

In summary, the current study elucidates the important role of dipolar truncation
in the propagation of polarization from protons to carbons in CP experiments.
Based on the phenomenon of truncation, an alternate framework in the form of
truncated effective Hamiltonians is proposed to describe the propagation of spin
polarization in strongly coupled systems. In contrast to the effective Hamiltonian
approach, the present model facilitates the analytic description even in strongly
coupled systems. Employing this approach, polarization transfer in first-order
based CP experiments is described by a pseudo two-spin model comprising of the
active (1*C', 'H) and passive spins. The effects of the 'H—'H dipolar interactions
are incorporated through the longitudinal single-spin operators (protons) within

the two-spin framework. In contrast to first-order based schemes, the 'H—'H-
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dipolar interactions play a dual role in the propagation of the spin polarization in
second-order schemes. Hence, in a strongly coupled network, propagation of spin
polarization across the sample is predominantly facilitated through the weakly
coupled protons (‘H—'H interaction) in the system. The current study presents
a probable mechanism of propagation of spin polarization in CP experiments and
could well be employed to build theoretical models for quantifying polarization

transfer in strongly coupled spin systems.
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Appendix-4

In the following page Table 4.1 depicts the Second-order corrections to the ef-
fective Hamiltonian for a model three-spin system I,1,S. The spherical tensor
operators have been constructed by sequential coupling?® of the angular momen-
tum vectors between the spins?*. The constant ‘N’ in the pre-factors associated
with the operators represents the number of spins and the results presented could
be generalized for N-coupled (spin 1/2) systems. The indices p and r (can be inte-
gers/fractions) defined in the operators are due to wrr; = pw,, Wrrs = Tw,. In all

the calculations and simulations in this chapter the following values of p and r have

1

been employed: p = 2,7 = ¢ (in first-order schemes) and p = r = 1 (in second-

order schemes). The indices p and r correspond to the indices n; and ny in eq. 4.5.
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Table 4.1:

Summary of Second-order corrections

Types of commutators Coefficients Operators
Single-spin operators
(1)+1 (1)F1 N
o [ ()71 Gy (1) Gy (1) 1 (1)0
(i) {Tmip <]1)7Tfm¢p<]1>} - I;nwr:twR;i]p + V2 T{l} (1)
CSAXCSA
.. (2)+2 2)F GErll?p([llﬂ G(—QrLIQp(h]Q) L\ Y2 [0 (1)0
(11) |:Tmi2p(]1[2)7T—mIQp([ll >:| mWr:'ZQWRF,I i<ﬁ) 2 |:T{ 1} (Il) + T{l} <I )]
DQHnmo X DQHomo
(2)£2 2)F2 ;
G (IS).G (I,S) N-2
(2)+2 ©2)F mtptr —mFpFr) 1 710 710
(111) |:T;nipir<lls)7T mq:p:F7)(Ils):| mfwrinF,IinFS + NG % {0} ([1) +T {0} <S>
DQHet XDQet
Three-spin operators
45T DLS) + 5515 (1S (L 1S
G(Z)iz (IL115). G(z) (I1S) N_3 e {2}< o 2\[ . \/T) {2} .
. m=2, —mFpFr T
(i) {Tyﬁzp(flfz) %, (115)} L T,Mrf)wR;If (ﬁ) 3
DQHomo X DQHet 20 o 00
_—FT{(” (L1S) F 75T (hDS) - 75T (L DS)
- . TN (LS) + 35T (DS) % 1 /376 (1)
Griop(I112). ('7 . +(12S) N-3.
(i) [T L), TR (Bs)]  —2 ,,iwrﬂwg,jf (%) ¢
DQtomo < DOt
| tae fT{f;U(MQS) + fo” (LDS) + 5 LT((?;O(IIIZS) ]

(i) [T, (15), T ()]

Gl (19).677

e #5100 (00S) F AT (1S) + LT (15S)
2

DQpet X DQpe

—mFpFr) < 1 \71
mwy inF,Ii“’HF.S V2 2

— T (L BS) + ST (L DS)
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Operators

Types of commutators Coefficients
Three-spin operators
(2)0 (2)0 ;
] G (I112).GZ) 1 (1LS) N3, 20 20
(i¥) [T 1), T (1S L (&) [Tl (1ns) + 4TS (1LS) - 5T (1S)]

ZQHomo X ZQiet

[0 1), 16 (125

ZQHomo % ZQet

W) [T (1), T (1)

ZQHomo* ZQHet

m

[T (1 1), T (12S)]

ZQHomo X ZQHet

(vi) [T (1), T5 e (125)]

ZQtet X ZQHet

(viD) [T (1), Ty (S|

ZQret X ZQHet

(vii) [T (15),

—n)r(q:pir (IZS>]

ZQet X ZQHet

(0)0

(i) [T (18). T (12S)]

ZQHet X ZQHet

(2)0 (2)0 :
AND).GO0 (BS) NN T
(ﬁ) 2 [72ﬂT{2} (h1:5) ~

mwy

Gm) (I112). G<—7)n¥p:(:r<lls)
mwy

A5G0 L (1S)

mwy

2)0
Gﬁnipq:r (118). G(—znqipil (125)
mwy

2 0)
G(m)ip¥r(11 S). G(—m¥pi7 (LS5)
mwy

C(O)O

mip¥r(lls) G(—m¥pir(IZS>

mwr

ng)ip¥r(l S) G—3n¥pi7 (I S)
mwy

ST (0S) + 55T (11125)}

2v67 {1}
N-3 ,
(i) 3 [7%7}(22;0(11[25) - 7T{12}U(11125)]

Lo, IZS)]

N-3, @)
) 5[ $T0y (h1S) + 75T

(7)N735 [ fT{l} (I 12S) — TT{(?io(IIIQS)]

5

(%)JL 3 [ZT{f) (L15) = 517 (f;O(IlIZS)]
(%)‘\'735[ STEPLLS) — ST (1 18)]
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Chapter 5

Summary and Conclusions

Development of analytic methods to study the dynamics of coupled spins in NMR
spectroscopy is essential for both quantifying experimental results as well as de-
signing new experiments. With the advent of higher magnetic field strengths and
faster spinning modules, the stringent conditions of synchronization (between the
MAS rotor period and the cycle time of a multiple pulse scheme) imposed by
AHT seem less useful in the optimal design/implementation of ssNMR, experi-
ments. As an alternative, we explore the role of Floquet theory in the design of
NMR experiments. In the past, analytic descriptions based on Floquet theory
were limited primarily owing to the complexity arising from the infinite dimen-
sionality of the problem in the Floquet Hilbert space. However, the advent of
effective Hamiltonians derived from the contact transformation procedure seems
to have totally mitigated the problem of infinite dimensionality in Floquet de-
scriptions. For demonstrative purposes, the CPMAS experiment is employed as a
case study in this thesis. In contrast to existing descriptions based on AHT, the
effective Floquet Hamiltonians derived in this thesis predict the existence of sev-

eral matching conditions that presumably would be impractical within the AHT
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framework. The matching conditions (both zero-quantum and double-quantum)
derived from our theory facilitate the implementation of CP experiments at faster
spinning frequencies with nominal RF requirements. The predictions emerging
from our theory are thoroughly substantiated using numerical simulations under
different experimental conditions.

The second stage of our study focuses on the development of an analytic ap-
proach for describing multiple-pulse experiments under MAS. In contrast to de-
scriptions involving constant RF amplitudes, analytic theory of multiple pulse
experiments is complicated due to varying RF amplitudes in the rotating frame.
In a typical multiple-pulse sequence, the phase and amplitude of the oscillating
magnetic field plays an important role in the time-evolution of the spin system
of interest. In particular, understanding the role of the modulation frequency
(encountered during phase modulation/amplitude modulation experiments) with
respect to the sample spinning frequency is essential in the optimal design of ex-
periments. Often the synchronization condition imposed by the requirements of
AHT seem to be the main hindrance in the design of new experiments. To address
this issue, an alternate framework based on multimode-Floquet theory is presented
in this thesis for describing multiple pulse experiments in ssNMR. As a test case,
phase modulated CP experiment was employed in our study. The framework pre-
sented in this thesis is quite general and well suited for analytic description of
schemes that involve modulations both synchronous and asynchronous with re-
spect to the sample spinning frequency. The interplay between the modulation

frequency and spinning frequency is outlined in terms of effective Hamiltonians
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are well corroborated through exact numerical simulations. The final stage of our
study focussed on developing mathematical models for quantifying polarization
transfer among spins in ssNMR. As the number of constraints available in the
solid state is limited due to limited spectral resolution, the accuracy of the mea-
surements/interpretation of the experimental results becomes very critical. Based
on the phenomenon of “dipolar truncation”, truncated effective Hamiltonians are
proposed to account for the multi-spin effects observed in a strongly coupled net-
work. In contrast to the effective Hamiltonian approach, this model facilitates
analytic description even in strongly coupled systems. Employing this approach,
polarization transfer in first-order based CP experiments is described by a pseudo
two-spin model comprising of the active (1*C, 'H) and passive spins. The ef-
fects of the 'H—'H dipolar interactions are incorporated through the longitudinal
single-spin operators within the two-spin framework. Hence, in a strongly coupled
network, propagation of spin polarization across the sample is predominantly facil-
itated through the weakly coupled protons ("H—'H interaction) in the system. To
test the validity of the models, analytic simulations are compared with numerical
simulation programs based on SPINEVOLUTION. The current study presents a
probable mechanism of propagation of spin polarization in CP experiments and
could well be employed to build theoretical models for quantifying polarization
transfer in strongly coupled spin systems. Such possibilities need to be explored

in the near future.
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