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Abstract

The issue of texture specific Quark mass matrices has been presented here by
incorporating Weak Basis Transformation. We have also thought to look the same

problem from another angle by using Poincare Theorem and Weyls Inequality.






Acknowledgement

I am very thankful to Prof. Manmohan Gupta for guiding me through this project
. His constant encouragement provided inspiration to complete this thesis. I am
deeply grateful to all my professors and especially to Dr.K.P.Yogendran(Patta sir) for
their invaluable support throughout my stay at the Institute. I also extend my thanks

to Imran, Ashish, Abhishekh for their support.

I am very thankful to my Parents and Brother Ashish for having so much faith in my

capability.

A big thanks to all!!

Xi






Contents

1 Introduction 1
2 Weak Basis Transformation 3
2.1 Fermion Mass Matrices . . .. .. ... .. ... ........ 3
2.2 The Mass Matricesof Quark . . . . .. ... ... ....... 4
2.3 TheTechnology . ... ... ... ... . ... ... ...... 6
2.4 The (1,1) Weak BasisZero . . . . . .. . . . ... .. 8
2.5 The (One Three, Three One) Problem . . . ... ... ... .. 11

3 Weyls Ineqaulity 17
3.1 The Poincare Theorem . ... ... ............... 18
3.1.1 The Theorem States . . . . . ... ... ......... 18

3.2 The Weyls Ineqality . . ... ... ... ... .. ... ..... 19
3.3 The More Genaralise Statement of Weyls Ineqality . . . . . . . 21
3.4 The GenaralResult . .. ... .................. 23

xiii






Introduction

The understanding of Fermion masses is one of the important problem of
flavor Physics. The biggest challenge in this theory is understanding of
fermion masses, spanning many orders of magnitudes in a unified frame-
work. The theoretical understanding of fermion masses goes along two
approaches.These are ’top-down’ and ’bottom-up’ approaches. There have
been made large number of attempts from top-down approach like Grand
Unification,Super symmetry,and super strings etc. But almost non of them
provide compelling concept for flavor dynamics. Here i have adopted The’
bottom-up’ approach to understand this problem. In bottom-up approach, we
find phenomenological fermion mass matrices which are compatible with low
energy data i.e. compatible with physical observable like Quark and Lepton
masses. Texture specific mass matrices provide a good example bottom-up
approach.Many attempts have been made to find fermion mass matrices
which are compatible with low energy data and to integrate textures within
grand unified theory. However the findings of fermion mass matrices which
are compatible with low energy data and with texture framework has not

been found yet.

I have made an attempt to understand the fermion mass matrices which are
compatible with low energy data and with texture framework in agreement

with weak basis transformation.






Weak Basis Transformation

2.1 Fermion Mass Matrices

In the standard model of strong, weak and electromagnetic interactions the

elementary particles are quarks and leptons and these are categorized in

three generations.

Ve Vy vV,
Leptons: s s
e n T

The spontaneous symmetry breaking of SU(2) x U(1) gauge group to U(1),
through the Yukawa couplings and the vacuum expectation value of the
neutral Higgs field provides masses to fermions. The Lagrangian of the

Yukawa sector of the standard model is [P1]:
L=Y/Q.pDl +YIQ, Uk + YILL ¢E% + h.c. 2.1)

where ¢ is the Higgs doublet under SU(2) and ¢ = (!
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Here, Y,, Yy, Y. are 3 x 3 matrices with 18 real parameters each. After the
spontaneous symmetry breaking, the Higgs acquire a vacuum expectation
value (VEV) v
1 0 ~ 1 v+h
0= b= 2.2)
V2 |y +h V2 0
which leads to the introduction of sensationalized 3 x 3 quark mass matrices

(at present ignore the lepton part)

v

My = v 2.3)
M7 =2y 2
d \/5 d ( 4)

Each mass matrix contains 18 parameters in general but we know that a
complex matrix can be decomposed in to products of a hermitian and unitary
matrix. so we can write our mass matrices in to products of a hermitian and
unitary matrix. we can absorb the unitary part of it into right handed Quark
fields. Now our Each mass matrices are just a hermitian matrix with total 9

independent parameters.

2.2 The Mass Matrices of Quark

The matrices My and Mp are for the up and down sector of quarks.These
mass matirces total of 18 independent parameters , larger in number com-
pared to only 10 physical observables.These ten observables are six quark
masses, three mixing angles and CP violating phase. In the general case mass
terms are quadratic in terms of fermion fields. The quark mass terms, below

the electroweak symmetry breaking, is

Qu, MyQuy, + Qp, MpQp, (2.5)

Chapter 2 Weak Basis Transformation



where Qu, (g and Qp, (r) are left handed (right handed) quark fields for up
sector (u, ¢, t) and down sector (d, s, b) respectively. The matrices M and Mp
are for the up and down sector quarks respectively. The above equation has
to be re-expressed in terms of physical quark fields to make any sense. This is

achieved by diagonalizing the mass matrices via bi-unitary transformations.

Vi My Vi, = My™®9 = diag (m.,, me, m;) (2.6)
VgLMDVDR = Mdeg = dlag (md, meg, mb) (27)

where m,, my, etc. are eigenvalues of the quark mass matrices which corre-
spond to physical quark masses. The equation (1.5) can be re-written using

Egs. (1.6) and (1.7) as
Qu, Vi, Mi“V Quy, + Qp, Vo, ME“V Qu, (2.8)
which in terms of physical fields are
Qphys Mdmg Qphys Qphys Mdzag Qphys (29)

where Qphys VULQUL and Qphys ng ()p, and so on. The mismatch in
the diagonalization of up and down matrices leads to the definition of quark
mixing matrix, known as the Cabibbo-Kobayashi-Maskawa (CKM) matrix,
given by

Verm = VJLVDL (2.10)

The CKM matrix describes the weak interaction eigenstates (d’, s/, ) of the

quarks in terms of their flavour eigenstates (d, s, b), e.g.,

d/ Vud vus Vub d
s = Ve Ves Ve s (2.11)
b Via Vis Vi b

The CKM matrix is a unitary matrix which describes the transition of one

n(n—1)
2

quark into another. A general n x n unitary matrix has n? parameters,

2.2 The Mass Matrices of Quark
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of these are the Eulers angles and remaining “ ”“)

are the phases. However,
some of these phases can be rotated away. So, in a n x n we are left with only
W measurable phases. Thus, in the case of three families of quarks,
the mixing matrix is expressed in terms of three angles and one phase, the

latter being responsible for CP violation.

The SM imposes the unitarity constraint on the quark mixing matrix. The
unitarity of CKM matrix leads to nine relations, three being the normalization
conditions and the rest six are non-diagonal relations which are defined in

the follwing way

> ViV = (2.12)
a=d,s,b

Z ‘/ia‘/iz = 5aﬁ (2.13)
1=u,c,t

where the Greek indices run over the down type quarks (d, s, b) and the Latin

ones run over the up type quarks(u, ¢, t).

2.3 The Technology

The mass matrices in the Standard Model are completely arbitrary 3 x 3
complex matrices. However, they can be reduced to hermitian matrices with
less no. of indpendent parameters . However, the above prescription still
leaves us with 18 independent parameters which are still in excess when
compared to the number of physical observables -six quark masses, three
mixing angles and a CP violating phase. To account for this redundancy,
we require some additional assumptions. In this context the concept of
textures was introduced implicitly by Weinberg [S2] and explicitly by Fritzsch
[F1], where in certain elements of the mass matrices are assumed to be
highly suppressed or can be considered zero also. The zero elements of the
mass matrices can be characterized as texture zeros defined in a particular

manner.

Chapter 2 Weak Basis Transformation



A particular texture structure is said to be texture n zero, if it has n number of
non-trivial zeros,for example, if the sum of the number of diagonal zeros and

half the number of the symmetrically placed off diagonal zeros is n.

The Fritzsch’s-like texture specific hermitian quark mass matrices have the

following form.

0 Ay O 0 Ap O
MU = A*U DU BU ) Mp = A*D Dp Bp (214)
0 B*U CU 0 B*D C’D

Here, A; = |A;|exp*® and B; = |B;|exp’ with i = U, D. Each of the above

matrix is texture 2 zero type.

One particular facility available to achieve texture zeroes is of the Weak Basis
Transformations. Branco et al [B14] initiated the idea of WB transforma-
tions to introduce the texture zeroes compatible with the SM so as to lend
predictability to the general mass matrices. Initially, texture zeroes were
introduced as ansatz. However, efforts have been made to deduce these
from symmetry considerations as well as from general considerations. In
this chapter we would attempt the introduction of textures though general

considerations.

In the SM one has the freedom to make a unitary transformation I/ on the

quark fields e.g.,
qr = Uqr, qr = Uqg, q;, = UqL, qz — Udx (2.15)

under which gauge currents

d
Ly = jﬁ(u, oty | s | W.+he (2.16)
b

L

2.3 The Technology

7
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remain real and diagonal but the mass matrices transform as

M, — UM, U, My — U MU (2.17)

2.4 The (1,1) Weak Basis Zero

In this section we present the results of Branco et al. [B14]. We discuss the
zeroes occurring at (1,1) position in up and down quark mass matrices. The

most general transformation that leaves the mass matrices hermitian is:

M, — M = UM, U (2.18)
My — M), =U"MU (2.19)

where U is an arbitrary unitary matrix. In such a basis, we can always find
a set of unitary matrices {U,, U;} which can diagonalize the mass matrices

such that

D! = UiM,U, (2.20)
D!, = Ul MU, (2.21)

where D, = diag (m,, m.,m;) and D, = diag (mg4, ms, m;). We choose to

work in basis where M, is diagonal and M, is hermitian, i.e.

M, = D, (2.22)
M, = VD, V1 (2.23)

The matrix V is an arbitrary unitary matrix. Effecting a WB transformation

with U, under which M, and M, transform as:

M, — M! =U'D,U, (2.24)
My — M, = U'VD,VIU (2.25)

Chapter 2 Weak Basis Transformation



that (M/);1 = (M})11 = 0. This requires the solution of the following system

of equations.
my | Un P4+me | U P4+my | U 2 = 0 (2.26)
ma | Xu P +my | Xo P +mp | Xa P = 0 (2.27)
[Un P+ U P+ |Us P = 1 (2.28)

where X = VU and thus:

[ Xaa” = [Viil*[Una|* + [Vas | U [* + | Vii | Usa |+
2Re(Vi;U11VaiUyy ) + 2Re(V;Un VaiUsy) + 2Re(Vo;Uai VaiUsy ),
i=1,2,3)
(2.29)

The system of Egs. (2.9) has a real solution only if, at least one of the mass
parameters m,,, m., m; and one of the parameters mgy, m,, m,, is negative. For
the arbitrary mass matrices M, and M, one has to find a unique U satisfying
(2.9). It is not always possible to find analytic solutions for (Eqn 2.9). For the

simple case, when V' = 1, X = U and we obtain the following solutions:

memypy — Mgy

| U [P = A (2.30a)
| U [P = =t (2.30b)
| Uy |2 = Tl — MM (2.300)
A
where

A = (my —my)(my — mg) — (my — me)(my — my) (2.31)

Next, if we choose V' to be a realistic CKM matrix

cosf@ sinf 0

Vi =|—sinf cosd 0 (2.32)

0 0 1

2.4 The (1,1) Weak Basis Zero



In this case, Egs.(2.9) become

| X1 |2 = cos®0 | Uy |? +sin0 | Uy |* —sin260 Uy, Uy

| X21 |2 = sin28 | U11 |2 +COS29 | U21 |2 +sm26’ U11U21

| Xs1 | = | Us |?

Using unitarity, we can write

(2.33a)
(2.33b)
(2.33¢)

(mu — mt) | U11 |2 +(mc — mt) | U21 |2 —i—mt :(2343.)

(mgcos*0 + mysin®0 —my) | Upy |* +mgesin®0 + mgcos*0 —my) | Us

Parametrizing the solutions as:

vVmy —my, Upp = \/my coso
vmy —my, Usy = /my sing

Denoting

a = my— (my — mgsin®d — mgcos®0)

b = (ms—my)

1
(
+(m3 — md) sin20 U11U21 +my = 0

V (me = my) (mg —m,)

c = my— (mp — mycos*d — mysin®0)

|2
2.34b)

(2.35a)
(2.35b)

(2.36a)

(2.36b)

(2.36¢)

introducing z = tan ¢, the solution is given by the quadratic equation

az’4+bz+c=0

If 9 =0and V = 1, we recover the results of Egs. (2.11).

10 Chapter 2 Weak Basis Transformation
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2.5 The (One Three, Three One) Problem

In this section we present our attempts and partial results to obtain texture
two zero matrices from the most general 3 x 3 unitary matrix using the recipe
of weak basis transformations. Fritzch in his paper [F2] had discussed the

possibility of achieving the texture two form given below,

EU AU 0 ED AD 0
MU = A;} DU BU 5 MD = AE DD BD (238)
0 By Cuy 0 B Cp
starting from the hermitian mass matrices,
Eq Aq Fq
My=1| A; D, B, |,(q=UD) (2.39)
Fr B C,

through a common unitary transformation. We tried to find out the exact
form of the unitary matrix which accomplishes this task. We start by choosing

a basis in which My, is diagonal and M hermitian.

my; 0 0 11 fao€™M2  iy5€Ms
MU = O m22 0 s MD == M1267in12 M22 M23€i7723
0 0 Ms3 Mlsg*ims “236*i7723 L33
(2.40)

The unitary matrix for effecting the weak basis transformation is the following

COS (¥ COS 7Y sin a cos 7y

U=U | —sinacosfB — cosasinsinye® cosacos 3 — sinasin 3 sin ye®

— cos asin B — sin a cos 3 sin ye®

(2.41)

sin asin B — cos av cos 3 sin ye™

2.5 The (One Three, Three One) Problem

sin ye(@3=9)
sin (3 cos 7y

cos 3 cosy

11



where U; and U, are given by

1 0 0 gir 00
U=\ 0 eilea—as) 0 , Uy = 0 ez (2.42)
0 0 eilas—as) 0 0 elos

The result of the weak basis transformation on the matrices is the following.

M|, = UTMyU (2.43a)
My, = U'MpU (2.43b)

Since, we are interested in only (M];);3 and (M},)3, we study the transfor-

mation of only those elements.
(Mp)13 = U':(Mp)i;Ujs (2.44)
,wherei,j =1,2,3 or

(Mp)iz = UT11{M11U13 + MyoUss + Mi3Us3 }+
Ule{MmUm + MooUss + MosUss (2.45)
UT13{M31U13 + M3oUss + M33Uss }

12 Chapter 2 Weak Basis Transformation



which translates into

(Mp)13 = 0 = pu11 cos avcos 7y sin yel(@3—o179) ¢

[122 8in 3 cos y(sin a cos B — cos asin [ sin ye ) el@3 1)

+ /133 cos 3 cos y(sin asin § — cos avcos 3 sin ye ) et(@3 1)
+pt12]cos a cos® y sin Beilea—artmz)

+siny(sin o cos B — cos asin ye 0 )el2asmar—ai—m2=9))  (2.46)

+J113]cos ar cos 3 cos? yel(@aaitms)

+ sin y(sin asin § — cosasin B sin ye ™ )el2as—as—a1=m3=0)]
+Ja3]cos B cos y(sin o cos B — cos arsin (3 sin ye ™) ei(@sHas—aa—aitns)

+sin 3 cos y(sin asin B — cos a cos ff sin ye 0 )ell@atas—asmar—nzs)]
Similarly, the other equation is:

(M{;)13 = 0 = my; cos a cos 7 sin yeilas—a1—9)

+1mg9 sin 3 cos y(sin a cos f — cos asin B sin ye)ell@s 1)
+1m3 cos 3 cos y(sin asin f — cos o cos 3 sin ye " )el(@3 )

(2.47)

Now, we have to simultaneously solve Egs. (2.27 & 2.28). We make the

following assumptions to simplify the above equations.

a3 = (1
0=0
oy — oz +m2=0 (2.48)

as — a3z + 113 =0

as — oy + 123 =0

The assumptions of Eqn. (2.29), along with v = 0 reduces Eqn. (2.28) to

Moo Sin arsin 25 + mgz sinasin 25 = 0 (2.49)

2.5 The (One Three, Three One) Problem

13



— either sina = 0 or sin 23(magy + mg3) = 0. If sin  # 0,then
sin 2B(m22 + mgg) =0 (2.50)
which gives 8 =0, 7. v = 0 and 3 = 0, reduces Eqn. (2.27) to

J413 COS & + pgz sina = 0 (2.51a)

tana = —ns (2.51b)
23

whereas v = 0 and 3 = 7, reduces Eqn. (2.27) to

tan o = —H2 (2.52)
23

On the other hand, if sina =0 = a =0

We obtain yet another solution with « = 0 and « = 0 which is

tan 5 = —F12 (2.53)
13

Withy =0 8= 7 and tana = %, the matrix U becomes

123 _ 12
\/N?2+“§3 \/“?fﬂugs
U= 0 0 1 (2.54)
_ H12 _ H23
\/“%2 +1“33 \/“?2#“%3

By virtue of Eqn. (2.24a), M|, becomes

7721331112 772111!1%23 m323,u12l2123 _ m121/t12l2123 0
HIatHa3 HIgtHHa3 Kipt+Hos HiptHa3
[ m33/412 /423 mi1/120423 ma1pd m33pa.
MU - 2;:_ g - 2;:_ g 2+ 122 2 4 223 0 (255)
HioTHa3 HioTHa3 HigTH23 HigTH23
0 0 mMo9

Similary, Eqn. (2.24b) leads to

14 Chapter 2 Weak Basis Transformation



(952)

Sl N BT A _

cey] : — 0
€Ty (427
4 [4
e WA LA il Sl N il Sl N B2l A B2l A
€T - [ - [ €T, 01 — /eg, el €T, 01 - €Ty, 01 €2, C1 - €T, 01 €T, C1
] T B Toi N B Tl A o G+l N B Bl A . Al e mi\zl - Z Nx\/l ¢t Ni\zl eer
€eeed  €ldold el Cldtid €EHeCi  ©ldold el [4tANT]
€Cyf4 C1 €3Gy CL €C,/, C1 €Ty 1
e+ mi\/ ¢+ Ni\/ it mi\/ o et mi\/

€EMTI €T el

€T Tl €T T

€EHTTr €Cri€Tr

(A% 4%] €Cri 1T

0 €2, Cly €2, Tl T, T, €214 Cly - €21 Cly €214 0Ly €21 Cly €21 Cly
AN m\/ I m\/ - 4 N\/ 4 m\/ o~ I m\/ 4 N\/ o 4 m\/ z m\/ -
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We notice that M, has been put in the texture two zero form (Eqn. 2.19)
though the weak basis transformation but the same form couldn’t be achieved
for M,. We have additional zeroes on symmetrical positions (2,3) & (3,2).
Efforts were made to get rid of these zeroes using another weak basis trans-

formation but that couldn’t be achieved without destroying zeroes at (1,3) &

(3,1) position.

Chapter 2 Weak Basis Transformation



Weyls Ineqaulity

Within the framework of Grandunified theories We can Express The mass

matrices M, and M, as

My=H+F (3.1)

M,=H - 3F (3.2)

Under the condition when CP Vialation is ignored

H and F are symmertic coupling matrices with real entries.We know M, and
M, both are hermitian Matrices. To understand the same problem with which
we have been struggling in above chapter, here we may look it from a different
angle. To investigate the problem from this end we need to understand some
theorem of linear algebra. The theorems are about, given two hermitian

operators(Say A & B) with their know values of Eigen values.

What will be the relationship between the eigenvaules of Operator which is
linear combination of those two operators (Say a A + b B) and eigenvalues

of A & B.

17
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3.1 The Poincare Theorem

Consider a Hermitian operator A acting on an 'n’ Dimensional Vector Space
H. Let the Eigenvectors of Hermitian Operator Ala; > s are complete basis

set of space H with Eigenvalues a; > ap > ........ > .

3.1.1 The Theorem States

A. You can not Choose a k Dimensional Subspace M in H such that all its

Unit vector has

< X|A|X >> o (3.3)

Proof : The proof is simple. souppse we span the subspace M by Egenvectors

of A then We need ot choose k vector out fn |a; >, |ag >, ...... la, > .

Even if we choose first k eigen vectors, It will include |a; > hence <a;|A|a,>
= ay. In all other cases you have to choose atleast one |a; >such thati >
k

then in all those cases it Fallows

< X|A|X >< ay (3.4)

B. You cannot choose a k Dimentional subspace in H such that all its unit

vectors has < Y |A]Y > < a, 1.

Chapter 3 Weyls Ineqaulity



Proof : By using the same proof as above, but now from opposite end of

3.2 The Weyls Ineqgality

Consider three Hermitian operatrs A, B, C actingn on 'n’ Dimentional Vector

space where C = A + B.

Here we are intrested in understanding the realationship between Eigenvalue

of Operator C with eigenvalues of A & B .

Let |a; >, |ag >, ...... la, >, and|b; >, |by >, ...... |b, >and [c; >, |cy >, ...... lc,>
be the Eigen vectors and a;,as, ...... a,, and by,b,, ...... b,and cy,cs,......c,be the

Eigenvalues of A, B, C reespectively . Then The Weyls ineqality is

Citj—1 = Q; +b; (3.5)

where

i+j—1<n (3.6)

Proof : To Understand this inequality consider 3 subspaces L, M, P spaned by

{la; >, ... la, >},{|b; >, ...... |b, >}and {|c; >, |ca >, ...... lcp>1.

The dimention of each subspace is n-i+1, n-j+1 and k. If k = i+j-1 then
L Intrscsn Mintrscsn P 2 ¢ As sum of Dimentions is 2n+1 thus there are

vectors in L. M P say X Such that X belnong to L. M P.

3.2 The Weyls Ineqality

19



Then Poincare Theorem Says

Cirj—1 << X|C|X >=< X|A+ B|X >=< X|A|X >+ < X|B|X > (3.7)

But we know

<X |A|X > €lay, a (3.8)
< X|B|X > €[by, bj] (3.9)

and
< X|C|X > E[Ci+j_1, Cl] (310)

thus

Cirjo1 << X|C|X >=< X|A+ B|X >=< X|A|X >+ < X|B|X ><a; +

(3.11)
Citj—1 < a; + bj (312)

ie
(&1 S aj + b1 (313)

Chapter 3 Weyls Ineqaulity



3.3 The More Genaralise Statement of Weyls

Ineqality

Cnsidering the same situation as above.Now we will study the more genar-

alised form of Weyls Ineqaulity.

a; + bn S C; S a; + b1 (314)

Proof : The right part of this Ineqaulity is trival and can be derived from

Weyls Ineqality by just puttingj = 1.

Now lets understand the left part

a; + b, < ¢ (3.15)
Again consider 3 subspaces P Q R spaned by { |¢; >, ...... lc,>}, {la; >,
...... la; >} and {|bi; >, ......|b, >}.The dimention of each subspace is n-i+1,

i,n-i+1.

The dimension of these subspaces are

n—it1+14+i+n—i1+1=2n+2—1>n (3.16)

3.3 The More Genaralise Statement of Weyls Ineqality

21



So Intersection of these 3 subspaces is not empty. Let say X belong to all

these spaces, Then

¢ >< X|C|X >=< X|A+ B|X >=< X|A|X >+ < X|B|X > (3.17)

But we know

< XlA’X > G[CLZ', al] (318)
< X|B|X > €[b,, b;] (3.19)

and
< X|C|X > €|ey, ¢ (3.20)

thus
¢ >< X|A|X > + < X|B|X >> a; + by. (3.21)
¢ > a; + by (3.22)

Thus The form more genaralised form of Weyls Ineqaulity.

a; + bn S C; S a; + b1 (323)

22 Chapter 3 Weyls Inegaulity



Eg:
C1 S ay + b1 (324)

Cp > Qy + by, (3.25)

3.4 The Genaral Result

Consider Three Hermitian operatrs A, B and C actingn n dimentional linear
vectr space Where C = A + B.Here we are intrested in understanding the

realationship between Eigenvalue of Operator C with eigenvalues of A & B

Let |a; >, |ag >, ...... la, >, and|b; >, |by >, ...... |b, >and |c; >, |cy >, ...... lc, >
be the Eigen vectors and a;,ao, ...... a,, and by,b,, ...... b,and c;,co,......c,be the

Eigenvalues of A, B, C reespectively .

Clex >= (A+ B)|eg > (3.26)
< ¢j|Clex >=< ¢j|] A+ Bley > (3.27)

We can write
|k >= Z < ailey, > |a; > And < ¢;| = Z < ¢jla; >< a; (3.28)

(2 7
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< Cj’CA'|Ck >= Z < Cj’CLZ' >< CLJ(A -+ B) Z < CL[|Ck > ’CL[ > (3.29)
7 l

= ZZ < ¢jla; >< aj|ex >< a;|(A+ B)|a; > (3.30)

i l

= ZZ < Cj’&i > aqr|cg >< ai]A\al > +ZZ < Cj‘CLZ' > aqrcg >< CLAB’CL[ >

% l 7 l
(3.31)

= ZZ < cj\ai > aq|cg > aldf + +ZZ < cj\ai > qcg >< ai\Blal >
A ! A !
(3.32)

Fork =j

cp = Z | < ¢jlar > ||Pa; + ZZ < cgla; >< ai|ex, >< ay|Bla; > (3.33)
] Pl

But note

< a;|A, Bla; >=< a;|(AB + BA)|a; > (3.34)
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—< a;|(AB)|a; > + < a;|(BA)|a > (3.35)

=a; < a;| Bla; > +a; < a;| Bla; > (3.36)

Putting this result in above Eqation

Cr = Z” < C]gLOJl > H2Cll+zz < CkLCLi > achk > CLiI_A,BL(Zl >
; -

i1 a; —i—al'
(3.37)
If we knw the anticmmutator f A & B say t then
=Yl <erla > 1% +Y Y < erlai >< @l >< ai[t|a > i a
l i1 i !
(3.38)
t
a=Y_| <l > 1% 33 < aklai >< aler >< aila; > i a
1 i1 i !
(3.39)
¢ .
= | <ala>Pa+d <cala><ala > 9 (3.40)
. . a; + ay
t
CL = Z H < Cp Lal > H2CL1 —+ Z %H < ¢ LCL[ > H2 (3.41)
! ! l

3.4 The Genaral Result
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1
Cr = Z | <ecrla > ||2(al + A’BQTLZ) (3.42)
l
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