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Notation

Y/ the set of integers

R the set of real numbers

R"” the Euclidean n-space

C the set of complex numbers

X the characteristic function of the set E

dy the distribution function of the function f

<u, f> the action of a distribution on a function f
IT]|x-y  the norm of the (bounded) operator 7': X — Y

f(n) =a, n'™ Fourier coefficient

Sn(f) partial sum of a Fourier series of function f
f*xg convolution

Dy Dirichlet kernel

P, Poisson kernel

Fy Fejér kernel

A(r) Abel mean

£(€) Fourier transform

LP(X,p)  the lebesque space over the measure space (X, )

Cge the space of smooth functions with compact support
S(R) the Schwartz space

S"(R) the space of tempered distributions on R”

Ly Lebesgue Space( p-norm for finite-dimensional vector spaces)
M, the space of LP Fourier multipliers, 1 < p < 0o

f reflection of a function f

T f translation of a function f by t

D'f dilation of a function f

T 0,1)

B(R™) Euclidean balls

Hf Hilbert transform

Q; Cubes

NOTE : Standard mathematical notations are used.






Abstract

The Hilbert transform is the most important operator in analysis. There is only one
singular integral in 1-D and it is Hilbert transform. The most important fact about
Hilbert transform is that it is bounded on L? for 1 < p < co. The aim is of this thesis
is to study the basic properties of the Fourier series of a function and see whether
partial sums of the Fourier series of a functions converges or not and under what
constraints the series converges(uniform, pointwise and in norm convergence).

Later we will see how Hilbert transform plays a crucial role in L” norm convergence
of the partial sums of the Fourier series. At the end, I will try to see how the results
of 1-D works in the case of double Fourier series (that is, 2-D) and the summability

methods and their convergence.
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Chapter 1

Introduction to Fourier Series and

Integrals

1.1 Fourier series and Fourier coefficients

If f : [0,1] — C then the n'* Fourier coefficient of f is defined by

1
f(n) :/0 f(z)e ™" dy n € Z.

The Fourier series of f is given by

Z f‘(n> 627Tinz' )

n=—oo

The N partial sum of the Fourier series of f is given by

N
Sn(f)(@) = > fln)e.
n=—N
1.1.1 Dirichlet kernel
It is defined for x € R by
N
Dn(ﬂf) _ Z 2mine
n=—N



. It can expressed as follows:

(sin27(N + 1/2)x)

Di() = sin 27 (x/2)

N ~1
Dy(z) = E w" + E w™ where, w = e
n=0 n=—N

1_wN+1 w_N—l
1—w 1—w

w=N _ N+!

1—w

—-N-1/2 _ , ,N+1/2

w w

w12 _ /2
sin(2m(N + 1/2)x)
sin 27 (x/2)

1.1.2 Convolutions

Given two functions f and ¢ in L'(R), we define their convolution f * g by

fglz) = / F()glx — y)dy = / £z — 1)9(y)dy

Let us now see the partial sum of Fourier series in terms of convolutions.

Sn(f)(@) =Y flm)e™

I
(1=
N\
%\
~
—~
s
Q]
b
2
3
<
Q,
Neg
N——
Q]
(&)
3
<
8

1.1.3 Good kernels

A family of kernel{ K,,(x)}22, defined on [0, 1] is said to be a family of good kernels

if it satisfies following properties:



1. For all n > 0,

/01 Ko(2)dz = 1

2. There exists M > 0 such that for all n > 0,
1
/ Ko (2)|dz < M.
0

3. For every n > 0,
/ | Ky (z)|de — 0, as n — o0
|lz|=n

Theorem 1. Let f € L*(R) . Then

lim (f * K,)(z) = f(x)

n—oo

whenever f is continuous at .
Because of the above result, the family K, is sometimes referred as approxrimation
to the identity.

Proof : As fis continuous at z, therefore for ¢ > 0 choose n such that ly| < n
implies |f(x —y) — f(y)| < e. Then by (1) property of good kernels, we can write

(f %K) (@) — f()] = | / Kol —y) — Fo)]ldy
- / Ko —) Sy

K, r—vy)— flx)|d

+/M| W)IIf () — f(a)ldy

1
— / K, (y)ldy + 2B / Ko (y)|dy
0 ly|>n

where B is a bound for f. Using (2) property of good kernels, first term is bounded by
eM and by (3) property of good kernels, second term is < e.

S x K(2)) — f(2)] < Ce

Some Important results:We will be using the following results again and again for

proving further important theorems.



Fubini’s theorem:
Suppose A and B are complete metric spaces. Suppose f(z,y) is A X B mea-
surable. If [, _|f(x,y)|d(z,y) < oo, then

Jo(pwas)as= [ f sor)ar= [ |1t

Dominated Convergence theorem:
Let { f.} be a sequence of real valued measurable functions on a measure space(X, ).
Suppose that the sequence converges pointwise to a function f and is dominated

by some integrable function g in the sense that

()] < g().

Then f is integrable and

n—o0

lim | fudy = / fdu
R R

Holder’s inequality:

Suppose f,g are integrable functions and p, ¢ € [1,00) such that }D + % = 1. Then
1fgller < [Ifllzellgllze

Minkowski inequality:
Let 1 <p < oo. For f € LP(R") and g € L*(R™). We have g * f exists a.e and

satisfies
g * fllze < llgllea | fllzo

Riemann-Lebesgue lemma
If f e L'(R) then
lim f(£) =0
€] =00
Gauss-Weierstrass Summation:
Suppose that f € L'. Then

£(0) = lim / F(€)e e r2a

e—0 (2%)”



1.2 Convergence of Fourier Series

Introduction: The first question which comes to our mind is whether the partial sum

of the Fourier series of f converges to f pointwise. That is

lim Sx(f)(x) = f(x) for every x?

Since we can change an integrable function at one point without changing the Fourier
coefficients, so at this point it is difficult to comment on the above statement. But
what if we take f to be a continuous and periodic function? Answer seems to be a
"yes”, but it came out as a surprise when it was showed that there exists a continuous
function whose Fourier series diverges at a point. What if we add more smoothness
conditions on f: We might assume that f is continuously differentiable. We will see
that in that case the Fourier series of f converges to f uniformly. Let us state few

results that will be used in proving uniform convergence of Fourier series of f.

Theorem 2. Uniqueness of Fourier series
Suppose that f is an integrable function with f(n) =0 for alln € Z. Then f(z¢) =0

whenever f is continuous at the point xy.

Corollary 1.1. If f € L*(R) and f(n) = 0 for alln € Z, then f = 0.

1.2.1 Uniform convergence of Fourier series

Corollary 1.2. Suppose f € L'(R) and that the Fourier series of f is absolutely
convergent , Y oo |f(n)| < oo. Then, the Fourier series converges uniformly to f,
that is,
A}im Sn(f)(x) = f(z) wniformly in x.
—00
Proof : The assumption Y~ |f(n)| < oo implies that the partial sums of the

Fourier series of f converges absolutely and uniformly, and therefore the function g

defined by
o) = 32 fmem = fim 3 fln)er
n——oo n=—N
is integrable. As a consequence of the uniform convergence of the series, the Fourier
coefficients of g are f (n) since we can interchange the integral with the infinite sum.
Therefore, the previous corollary can be applied to the function f — g yields f = g, as

required.



1.2.2 Pointwise Convergence

Theorem 3. Let f be an integrable function on an interval [0, 1) which is differentiable

at a point xo. Then Sn(f)(xg) — f(xo) as N — oo.

ISS03]

Proof Define
fl@o—t)—f(z0) -
=== ift #0and [t] < 1/2

~

= —f(xo) if t =0.

First F is bounded near 0 since f is differentiable there. Second, F is integrable in

the interval [—3, 3]. We know Sy(f)(z0) = (f * Dn)(x0), where Dy is the Dirichlet

kernel. Since fol Dy =1, we find that

1/2
Sn(f)(zo) = f(wo) = —1/2 f(zo —t)Dn(t)dt — f(xg)
1/2
= /_1/2[f($0 — t) — f(x())]DN(t)dt

1/2

= / F(t)tDy(t)dt.
—1/2

We recall that

tDn(t) = sin(2n(N +1/2)¢),

sin 27 (t/2)

where the quotient  is continuous in the interval [—1/2,1/2], as sin function

t
sin2m(t/2
is continuous on R. Since we can write

sin(2m(N + 1/2)t) = sin2w(Nt)cos2m(t/2) + cos 2w (Nt) sin 27 (t/2),

Now by applying Riemann-Lebesgue lemma to Riemann integrable functions F'(t)tcos2n(t/2)/sin2m(t/2
and F(t)t we get the desired result.

1.2.3 Convergence in norm

We will discuss about the norm convergence of the Fourier series of f in detail in later

chapters.



1.3 Summability Methods

Since we have seen above that Fourier series may fail to converge at some points. Let

us try to overcome this failure by taking another summability criteria.

1.3.1 Cesaro Summability

Suppose we are given a series of complex numbers

Now define the n'* partial sum s,, by

n
Sp = E Ck.
k=0

We define the average of the first N partial sums by

So+ 81+ ..o..e. + Sy_1
ON = .

oy is called the N** Cesaro sum of the series ZZOZO ci. If o converges to a limit o as

N tends to oo, we say that the series Y ¢, is cesaro summable to o.

Fejér’s kernel

We know by definition N** Cesaro mean is

Since S, (f) = f * D, we find that

on(f)(x) = (f = Fy)(x),

where Fy(z) is the N-th Fejér kernel given by




Another expression for Fejér kernel is

1 sin*2n(Nz/2)
Fyle) = N sin® 27 (z/2)

which can be shown as follows:

Let w=¢e

So,

2mix

=(w ™+ Fw )+ (T+w + . + w™)
. w—n_l 1 wn—H
=w
wl—1 1—w
Cwh =1 1 wntl
o 1l-w 1—w
,wn wn+1
N 1—w
N-1 —-n n+1
w —w
NF =
N () nz:; T
1 N—1 N—1
_ n __ n+1
e OUAED W)
n=0 n=0
1 w N -1 1—wN
= —w
1l—w\w?l-1 1—w
1 w N —w 1 —wV
C1l-—w 1—w 1—w
N

1 (wN/Q _ w—N/2)2
@ (P

(wN/2 _ w—N/2)2
(w2 — w1/2)2

_ —4sin®27(Nz/2)
—4sin? 27 (z/2)
1 sin® 2m(Nx/2

Fi(z) = N sin? 27<r(x/é)>

8



Lemma 1.1. The Fejér kernels, Fiy are good kernel.

Proof Since fol 2™t — 1 if n = 0 and otherwise 0, we can clearly see that
fol Fx(t)dt = 1 and from the expression of Fy we can see that Fy > 0 and thus

fol |[Fn(t)|dt = 1 for all N. Since Fy(t) < £min(N? t"?) using the property that

|sinnt| < n|sint|. So now we have
/ Fn(t)dt < CN~ ' 2dt < C(nN)™*.
[t[=n [t]=n

As N — oo, integral tends to zero. Thus Fejér kernel is a good kernel.

Theorem 4. If f € LP,1 < p < o0, orif fis continuous and p = oo, then
Tim o f — fll, = 0.

Proof Fy are good kernel, so [ Fy =1, by Minkowski’s inequality we see that

1/2
lowf — fllp = / =D = OB

< /|t|<6|!f(. —t) _f(-)||pFN(t)dt—|—2||f||p/ Fx(t)dt.

o<|t|<1/2

Since for 1 < p < oo,

lim [[f(- =) = f()ll» = 0,

t—0
and the same limit holds for the case p = oo and f is continuous, the first term can
be made as small as possible by choosing a suitable §. And by the (3) property of Fiy

being a good kernel i.e,

lim Fy(t)dt =0if 6 >0,

N=oo Js<lt|<1/2

therefore for fixed 9, the second term tends to 0.

1.3.2 Abel Summability

A series of complex numbers > /7 ¢ is said to be Abel summable to s if for every
0 <r <1, the series

[e.9]

A(r) = Z cxrt

k=0
9



converges, and

lim A(r) = s.

r—1

The quantity A(r) are known as Abel means of the series.

The Poisson kernel

We define Abel mean of the function f(x) ~ >°7  q,e*™ " by

n=—oo

[e.9]

A(f)(x) =D rMla,er

n=—oo

Just like Cesaro means, Abel means can be written as convolutions

Ar(N)(x) = (f x P) (),

where P,(x) is the Poisson kernel given by

PT(.T> _ Z T\n|627rinz‘

n=—oo

In fact,

Ar(f)(x) _ i r\n|an€27rinx

00 1
— Z rn|(/ f(gp)e—Qm'ncpdgp>627rinx
n=-—00 0
1 oo A
= / f(so)( > r'"'e—%"(w-z))dw,
0

n=-—oo
Poisson kernel can be expressed in another form as below:

1—172

P.(0) = .
() 1 —2rcos2mf + r?

10



As

P.(0) = Z w" + Z @™ with w = re*™™
n=0 n=1

B 1 . W
Cl—w 1—w

l—w+(1—w)w

= w)(i—w)
C1—wl?
- wf?
1—1?

- 1 — 2rcos 27wl + r?

1.4 Distribution Function

Definition 1.1. For a measurable function f on X, the distribution function of f is

the function dy defined on [0,00) as follows:
d(a) = p({z € X : |f(z)] > a}).

The distribution function provides us with the information about the size of f but not

about the behaviour of f itself.

Proposition 1.1. Let (X, u) be a o-finite measure space. Then for fin LP(X, n),0 <

p < 00, we have

I =» [ @ ds(a)de
0
Proof : Let E, = {x:|f(z)| > a}

p/ ap_ldf(oz)doz:p/ ozp_l/ Xg, du(z)da
0 0 X

:/X/Olf(m)pap_ldadu(x)
= [ a@ran
— II£1

11



Definition 1.2. For 0 < p < oo, the space weak LP(X, u) is defined as the set of all

pu-measurable functions f such that

CP
| fllzpee = Inf{C > 0: ds(ar) < v for all a > 0}

= sup{yds(7)"/" : v > 0}

is finite.

12



Chapter 2

Fourier Transform and Schwartz

Space

2.1 L! theory of Fourier transform

Introduction: In the previous chapter we have seen that the theory of Fourier series
applies to a periodic functions on R, or equivalently to functions on the circle. Here
we will develop an analogous theory for the study of functions which are non periodic
on the entire real line.Let us recall the Fourier coefficients a,, of a function f defined

on the circle which is given as follows

1
an:/f(x)e_zmmd:v.
0

Roughly speaking, continuous version of Fourier coefficients is Fourier Transform.

Definition: Given a function f € L'(R), we define the Fourier transform as
fle) = [ fwye s

Fourier transform has some nice properties. Let f,g € L'(R).

13



1. If h(z) = f * g(z), then

/ —2miat / Fly y)dydz
/ ~2mE (1)) d /62””59( )dz

h(€) = f(£)4(&)
CIf Taf(z) = flz + h), then 7o f(€) = f(£)e2mins
If h(x) = f'(x), then h(&) = 2mig f(€)
Proof :
= /N f(x)e 2™ dy
—-N
N

= (e Yy 4 2t [ fla)e i
—-N

As N — oo we get the desired result.

. If f € LY(R), then f is continuous

Proof : For f € L', using Dominated Convergence Theorem,

| g_{_ h | _ /f —2miz(§+h) —27rix§)dx

_/|f:c )| —1|dw

which tends to zero as h — 0 as |e"2™2¢| = 1

. ﬁ(f) =rf(¢),ifreR; f/—l—\g(f) = f(€) + §(€), so f is a linear operator.
Al < Il

Proof : [f(&)| = [, f(x)e?mistdg| < [ | f(x)e 2mi¢|dg = ||f||,
Therefore,

sup [ f| < £l
14



I fllzee < |1f]| e

2.2 Schwartz functions and Fourier transform on
P

Roughly speaking, a function is Schwartz if it is smooth and all its derivatives decay
faster than the reciprocal of any polynomial at infinity.
Definition: A C'*° complex valued function f on R™ is called a Schwartz function if

for every pair of multi indices «, 8 there exists a positive constant C, g such that

paplf) = sup a°0° f(2)| = Cus < o0,
reR™

where 2% = (2", 252, 25%, - - - 29) and 9° = (%—BB.

The quantities p, s(f) are called the Schwartz seminorms of f. The set of all Schwartz
functions on R™ is denoted by S(R")

Key Point: The Fourier transform is often introduced as an operator on L. Since the
Schwartz functions are C'™ functions whose derivatives decay faster than any poly-
nomials. Since D is sense in L' space, Fourier transform and its properties remains

same for Schwartz functions.

2.2.1 The Schwartz Topology

The topology on S(R) is generated by the family of semi-norms {p, g}. . The functions

{pap} are semi-norms on the vector space S(R), in the sense that

Pap(f +9) < pas(f) + pas(g)

and

Pas(2f) = 2pap(f)

for all f,g € S(R), and z € C. For this semi-norm, an open ball of radius r centered
at some f € S(R) is given by

Bpas(f;r) =19 € SR) : pas(gf) <r}

15



Thus each p, g specifies a topology 7(c, ) on S(R). A set is open according to 7(«, /3)
if it is a union of open balls. The topologies 7(«, $) put all together, generate the
standard Schwartz topology 7 on S(R). This is the smallest topology containing all
the sets of 7(«, §) for all o, § € Z.

2.2.2 The Fourier transform on S

The Fourier transform of a function f € S is defined by

oo

f(6) = / f(@)e i,

We use the following notation
flz) — f(8)

which means that f is the Fourier transform of f. Some properties of the Fourier

transform are stated in the following proposition.
Proposition 2.1. If f € S(R), then:

(i) f(z+h) — f(&)e™ " whenever h € R.

(i) f(x)e 2™ — f(¢ + h) whenever h € R.
(iii) f'(z) — 2mi& f(€).

(iv) —2mizf(x) — &f(€).

() | fllz= < |fll

(vi) ftz) — t7Lf(t1E) whenever t > 0.

Example: If f(z) = e ™, then f(£) = f(£).
Proof: Let us first check
/ e dy = 1.

16



To see this let us proceed as follows:

and using the above calculation we see that F(0) = 1. Using result (iv) of previous
proposition and the fact that f'(x) = —2mx f(x), we see that

/ f(x)(=2miz)e ™ dy = i / f(z)e ™" dy

And again by using the(iii)property of the above proposition, we find that

F'(€) = i(2mi€) f(§) = —27EF (€).

Let us define G(§)

= F(&)e™, and we see that G'(€) = 0, which shows that G is a
constant. Since F(0) = 1, we get the constant equals to 1, therefore F(§) =

_7r52

2.2.3 Some Important Results

(i) Multiplication Formula: If f, g € S(R), then

| t@itads= [ fo

(ii) Fourier Inversion Formula: If f € S(R), then

- [ foemae

17




2.2.4 The Fourier transform on L, 1 <p <2

Theorem 5. Plancherel theorem

The Fourier transform is an isometry on L*; i.e, for f € S

1Fll2 = 11£1]2

Proof For f € S(R), define g(z) = f(—x). Then §(€) = f(£). Let h = f % g. Then
we have
(€)= F©3(6) = |F©)F and o) = [ |#(a)do.

—00

Now using Fourier Inversion Formula for x = 0,

o) - | " E)de = / " i,

This implies
1£1l2 = £l

Parceval’s Identity: For f, i in S(R)

/ f (@) h()de = / F(&)h()de
S(R) S(R)

2.3 The Class of Tempered Distributions[SW71]

The dual space(i.e the space of continuous linear functionals on the sets of test func-

tions) we introduced is denoted by
(S(R™))" = S"(R")

Elements of S'(R") are called Tempered Distributions.That is, it is a set of all
functions
f:SR)—C
which are linear and continuous.
e lf< flap+by>= a< fio>+b< f,0>for all p,9 € S(R) and a,b € C,

then f is linear.

o If ¢ = lim, 0o ¢, in S(R), then < f o >= lim, oo < f,, >, then f is

continuous.

18



Definition: A linear functional u on S(R™) is a tempered distribution iff there exists

C > 0 and k,m integers such that

| <u, f>1<C DY pas(f), for feSRY
la|<m

1Bl<k

where action of distribution u on f is represented as < u, f >= u(f).

Definition 2.1. Let u € S’ and « is a multi-index. Define
<%, f>= (—D <, 0vf > .

The derivative in the sense of distributions is known as distributional derivatives.

Definition 2.2. For a tempered distribution u, we define the Fourier transform u and

Inverse Fourier transform u” by
<, f>=<uf>and <u’,f>=<u,f' >

Definition 2.3. The dilation D'u, the translation T'u and the reflection @ of a tem-

pered distribution u is defined as follows:

<tlu, f > = <u, 71 f >,
1
<D, f> =<u,t "Dif >,

<uf> =<u,f>,

fort e R"

Definition 2.4. Let u € S" and h € S.Define the convolution h * u by
<hsu,f>=<uhxf> feS

Next proposition will extend the properties of Fourier transform to tempered dis-

tributions.

Proposition 2.2. Given u,v in S'(R"), b a complex scalar, o a multi-index and
a > 0, we have

—

(i) u+v=1u+0,
19



(ii) bu = ba,
(iii) (0)" = (@)7,
(iv) (@) = u,
(v) Fru=fa
(vi) fu=f*,
(vii) (TVu)" = e 2",
(viii) (¥ mvu) = 794,
(iz) (D) = (), = t"D" '@,
(x) (0%u)" = (2mig)*a,

(zi) 0% = ((—2mix)*u)".
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Chapter 3

Hardy-Littlewood Maximal

Function

Introduction: The Hardy-Littlewood maximal function M f : R" — [0,00) of a
locally integrable function f : R™ — (—o0, 00) is defined by

Mf(z) = suprsoe [ 1£()ldy,

Bl /b,

where sup is over all » > 0. Here |B,| = |B(0,r)| denotes the volume of the ball
B(0,r).
We may also define maximal functions over cubes centered at x and cubes containing

For n =1, M and M’ coincide. Furthermore, since the n-dimensional volumes of the
unit cube and unit ball are equal upto a multiplicative constant depending only on n,

it is immediate that Mf and M’f are comparable in the sense that
oM f(x) < Mf(x) < C,M f(2).

for constants ¢, and C,, depending upon n. In fact, we can define a more general

maximal function

1
M (@) = sungss /Q F()ldy.
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One sometimes distinguishes between M’ and M” by referring to the former as the

centered and latter as the non-centered maximal operator.

3.1 Hardy Littlewood Maximal Theorem

Lemma 3.1. Vitali Covering Lemma
Let By, By, Bs,....,By be balls in R™ then there exists a sub collection of pairwise
disjoint balls, B,;, such that

M m
U Ba C U sz
a=1 j=1
where B* is the ball with same centre as B, but three times the radius of B.

Proof We have a finite collection of balls B = {B,}X . Now select B,, to has a
radius as large as possible(chosen from the given M balls). Having selected B,,, we
select B,, subject to two conditions that (1) it be disjoint from B,, and that (2) it
has a radius as large as possible.

Continue in the preceding fashion. If By, Ba,, Bas,......,Bo, have been selected, then
a,+1 Such that (1) it is disjoint from B,,, Ba,,.....Ba, and (2) it has a radius

as large as possible i.e

we select B

j—1
B., N (|JB.,) =0
=1

Clearly, this process must stop because we have finite balls.

Let B = {Ba,; }72, be the sub collection of balls from the above selection process.
First, by design, the sub collection B is pairwise disjoint.

Second, whenever a ball B, from the original collection is not chosen, then it must
intersect some chosen ball B, and be of smaller radius.Let B be one of the dilated
{3B,,} balls.

Claim: These dilated balls cover each of the original B, balls

Proof of the claim: If B, is equal to one of the selected balls By, then of course it is
covered by the dilated balls {3B,, }. If instead it is not one of the selected balls, then
let By, = B(ca,;7a,) be the first selected ball that intersect B, = B(cqs,74). Then the
radius of r,, of B,, must be at least as great as the radius r, of B,, otherwise we

would have selected B, instead of B,, at the ¢ step. Now it follows from triangle

22



inequality 3B(ca,,7a,) = B(ca,, 37a,) covers B(cy, 7o) Therefore,

M m
U Ba C U B;j
a=1 j=1

Lemma 3.2. Covering Lemma
Let {I,}aea be a collection of intervals in R and let K be a compact set contained in

their union. Then there exists a finite sub collection {I;} such that

K C UIj and ZXIj(x) <2
J

Proof {I,}aca is a collection of open intervals. Using compactness of K, we can
say that {I,} will be an open cover of K and therefore, there is a finite subcover
I;5=1,2,...n

=Kcl|/JL,

j=1

To prove : ) Aj (r) <2
Denote {/,,} = {l.}
Let us take an interval {1} = (a,b) with maximum length possible. Now, define
one interval {I,} whose right bound is equal to the right most extreme point possible
(greater than b) and covering some part of {I;}. Similarly, define another interval
{I,} whose left bound is equal to the left most extreme point possible(less than a)

and covering some part of {I;}. Intervals are selected in such a way that

and those intervals which are completely inside one of the intervals can be removed
completely.

Repeat the above process and as there are finite sub collection of intervals, process
will end. Above selection of intervals shows that any point z can be in maximum of

two intervals. Thus,

> X (x) <2
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Theorem 6. The operator M is weak (1,1) and strong (p,p),1 < p < 00,1i.e
(1) There exists a constant C' > 0 depending only on n, such that for every f € L*(R"),

o € B Mf() > 0 < 7l i > 0

(2)For 1 < p < oo, there exists a constant C, > 0 depending only on p and n, such
that for every f € LP(R™)

IM fllp < Gyl £

We will now see that maximal function has importance in the study of approxi-

mation of the identities which can be shown by the following result.

Proposition 3.1. Let ¢ be a function which is positive, radial, decreasing (as a

function on (0,00) ) and integrable. Then
sup |y * f(x)] < [|o]1 M f(x).
>0
Proof Let us assume that ¢ is a simple function, that is, it can be written as

o(x) =D a;Xp, (x)
J

with a; > 0. Let us check that ¢ satisfies the hypothesis.
Since a; are positive, therefore ¢(x) > 0. Radial property of ¢(z) can be seen as
follows:
For  # 2’ we have d(z,0) = d(2/,0). But Xp, (2) = Xp, () V r;, thus ¢(z) = ¢(z').
Also to show decreasing property we need to show that for y > x we have p(y) < ¢(x)
This is easy to see because if x € B,,, then for all m' > m, v € B, , Let us take y > x
and y € B,, then k > m and for all K > k', y € B, , Thus,

¢(x) = Z a;

Tt

and

o(y) = Z%‘

j=k

since a; > 0,
o (o]
E a; < E aj;
j=k j=m
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= ¢(z) < 4(y)

Now,

1
¢x f(z) = Z%!Brﬁm?@”  f(x) < ol M f ()

since [|¢][y = > a;|B,,| as a; > 0
An arbitrary function ¢ satisfying the hypothesis can be approximated by sequence
of simple functions and any further dilation ¢; will be another function with same

properties and same integral and thus satisfying the same inequality.

3.2 Marcinkiewicz Interpolation Theorem

Theorem 7. Let (X, u) and (X, v) be measure spaces and let 1 < py < p; < oo. Let
T be a sub-linear operator defined on the space LP°(X) + LP(X) and taking values in

the space of measurable functions on Y. Assume that there exist two positive constants

Ay and Ay such that
[T ()| 2rooe (YY) < Aol fll1ro(X) for all f € LP(X),

[T () lrree(Y) < As|[flle (X) for all f e LP'(X).

Then for all pg < p < p1 and for all fin LP(X) we have the estimate

1T e (V) < All fll2e (X)),

where

A= 2( P, 2 )pAO”O_“Af’O_“.
P—DPo P1—DP

[Gralj)]

Proof : Given f € LP, for each A > 0 decompose f as fy + f1, where

fo= fX{x:If(x)\>C>\} ’

t = P poncons
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the constant ¢ will be fixed later. Then fy € LP°(u) and f; € LP*(u). Furthermore,

THI < Tl + T,

which implies

{yeY TN > AL E{yveY [T(fo)w)| > A2t U{y e Y  [T(f1)(y)| > A/2},
and therefore
dr()(A) < dr(g)(A/2) + drp)(A/2)

Let us consider 2 cases.

Case 1: p; = oo. Choose ¢ = ﬁ, where A is such that ||T9]lcc < A1]|g]|co- Then

arp (A/2) = 0. Using weak (po, p1) inequality,

A Ppo
oro2) < (201l )

hence,

||Tf||£ < / )\p—l—po(QAo)po/ |f(£L‘)|p"d,ud)\

0 x:| f(z)|>cA

|f(@)|/c
—p2d) [ If@P [T e
X 0

P B
T (240)7 (241)" || fIIE.
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Case 2: p; < oo Using given hypothesis and proposition 1.9 we obtain that
AP0 AR
drin(N) < o [ @) () + i [ @) du()

1T < p(2A0)™ / RPEINT / @) du(z)dx

0 [ f]>cA

T p2A,) / I / (@) da(z) A

0 [f1<eA

L1f (@)
— p(24o) /X F@)P /0 NP ()
T p(2A,) / )P / N1 ()

|f (@)l

24,)
- 2L [ @@ dnte)
2A p1
22 [ @ ante)

=p(p(2A°)p° L p2A)” f)ufnm,

D—po PO pr—p

Interchange of integrals can be done using Fubini’s theorem which uses the hypothesis

that (X, u) is a o-finite measure space. We pick ¢ such that

1

cP—po

(2Ap)P°

= (24,)Pr P,

Thus proving the result for p; < co.
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Chapter 4

Hilbert Transform

4.1 The conjugate Poisson kernel

Let us define a Poisson kernel on the upper half plane;

Iy
T2 +y?

F(z,y) = Py(z) =

Poisson kernel on the upper half plane is a harmonic function. Harmonic function is
a twice continuously differentiable function which satisfies Laplace equation, i.e.

AF = 0.

Let us check that Poisson kernel is a harmonic function:

To prove:
O*F  0*F
— + =5 =0
ox?  0y?

oF 1 2xy

dr (g2
PE 2 [(562 +yH)%y — dz?y(z? + yQ)}

or2 (22 4+ y2)*
2 [y° — 3aty — 2223
I (xQ + y2)4
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Similarly,

OF  a*—y°
TR AT
O’F 2 {31‘43/ + 2223 — y5]

ox2 7 (22 4 y?)4
N O*F N PPF 0
ox2 = Oy

We know that f € 5, fE S, then

f(x) = /R F(€)ermintag

and N
c — 7|£‘ ) = 1
(—1 n x2> (&) = ce™ %, where cis such that o, xQda: :
Similarly,
1
Py(x) = _P(E)
) Y
_ Y9
o y2 + 22
= Py(g) = ce2mylel
where, P(z) = =% Given a function f in S(R), u(z,y) = P,* f(z) is also an harmonic

function which can be proved using the following convolution property

D(f+g)=Dfx*g=[f* Dy,

where f € L'(R) and g is a differentiable function with bounded derivative.
Proof of the property:

. frglx+h)—fxrglx) glr+h—y)—glx—y)
il}g(l) A = }ng(l) f(?/) h

dy
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We can take the limit inside the integral using DCT provided f is in L' and D, is
bounded and differentiable.Thus,

i L ¥ 9@+ 1) — fxg(2) /h

lim ) ) (x+h—y)—g(x—y)dy

h—0 h

/f ) i & g(x+h— y)—g(m—y)dy

h—0 h

D(f+g) = [f*Dyg

We can also write:

0
Qﬂizfdg + / f(5)62ﬂi2§d€7

9= [ e
[ i [ i
IRE

277iz§6727ry\§|d§

where z= x+iy. If we now define,
oo 0
= [ Hoemac- [ jeenas
0
v(z) = / (—i) f(€)e*m =8 de — / £)e*™ = d¢, (multiply by — i on both sides)
0
U(Z) _ /Ooo( )f(f) 2mixé —27ry§d€ / 27rwc§ 27ry$d€
o) = [ =isgn(©c () ae),

which is equivalent to
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as

w>—/ﬂwﬁ>m@mwmwa
/% £)e2mE(€)

:34[@&wamﬂﬁmﬂ®
:A[@wﬁM“NWQ
- [ Qe —nsiv

and Fourier transform of Q, is defined as Q, € L*(R) which can be proved as follows:
If we prove P, = ﬁ is in L*(R), then we know that after dilation also function
belongs to L*(R) and

1
Plla= | ———d

2

sec” 6

= / I 9d0 substituting x = tanf
R S€C

= / cos? 0df
R
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which is finite and thus P,

Inverse Fourier Transform

Qy(z) =

€ L*(R)

18:

+o0
/—isgn(f)e%yge%mgdf

-T—ooo 0

/ —je” 2Ty 2minl e 4 / je ImYE 2mint ¢
0 o

+o00 0
/_@'e2fr€(yiz)d€+ /ieQﬂg(erix)df

0 S

_je2mtly—iz) | ;o2mé(y+iz) |0

—27(y —ix) |, + 2m(y +ix)|_

—i i
27 (y — ix) N 271 (y + ix)
1 [(—y+ —iz+t—ix
%( Y2 +a? )
—2i%x

27 (y? + 22)
xr

(y? + x2)

Qy(z) = %#ﬂﬂ’ is also known as the conjugate Poisson kernel. Now similar to u, v is

also harmonic in R? and both u and v are real if f is. Furthermore, u + iv is analytic,

s0 v is the harmonic conjugate of u and u+iv = 2 [ f(£)e?™#d(€) is analytic.u + i

is analytic can be proved using Morera’s Theorem:

Morera’s Theorem:

Continuous complex valued function f defined on a connected open set D in the

complex plane that satisfies

ﬁ f(2)dz =0,
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for every closed pointwise curve v in D must be holomorphic on D.

Proof of Analyticity:

¢ 7 foe=aie) = [ ;40 Feem=<d(e) 1)

=0 (2)

First step is using Fubini’s Theorem and Second step is using Cauchy Integral Theorem
which states that:

If f(z) is analytic in some simply connected region R, then

éf(z)dz =0

for any closed contour vy completely contained in R.

4.2 Principal value of 1/x

We define a tempered distribution called the principal value of 1/x, abbreviated

p.v.1/x, by

pvi(gb) = lim de, pes.

FOJIspg>e X

To see that this expression defines a tempered distribution, we rewrite it as

p.v.l(gb) — de+/ Mdm;
z |z|>1

lz|<1 Z €z

this holds since the integral of 1/x on € < |z| < 1 is zero(odd function).Further

‘pvé((b)‘ = /x|<1 Mdz+ @dm‘

€z |z|>1

L T

< /m|<1 qb(a:);qb(o)dx) +‘/|x|>1 :v¢(:ﬂ)dx‘

12

1 /
p0.~(6)] < C(16 e + l2ll);
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where we get first term by Mean Value Theorem and second expression is bounded

as — is integrable.
x

Proposition 4.1. In S, lim Qy = Lpw.t
y—0 m z

Proof For each € > 0, the functions ¢c(x) = 27 ' Xyz>ey are bounded and define

tempered distributions. It follows at once from the definition that in S,
lim . = p.v.—.
e—0 €T
Therefore, it will suffice to prove that in S’
I ( 0 1 " ) _ 0
lig (Q, = ~vy) =0
Fix ¢ € S; then

7@y = 1)) = [ 52 a0 - /| B o) g,

Ry2+a:2 xT

— /|I|<y yxff”} dr + /x|>y <y2 j_ ol é)qb(:x)d:v

_ zp(yx) , ¢(y)
a /|m|<1 1+ 22 e /x|>1 (1 + 2?)dx.

If we take limit as y — 0 and apply DCT, we get two integrals of odd functions on

symmetric domains. Hence, the limit equals 0.

4.3 Different equivalent expressions for Hilbert Trans-

form

Suppose,
T:L*(R) — L*(R)

is an operator which satisfies following conditions:
(1) commutes with translation(is a multiplier)
(2) commutes with dilation and

(3) anti-commutes with reflection
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(3") commutes with reflection

An operator satisfying condition 1,2,3" is an Identity Operator,

T = CI
m(L*(R) ~ L>®(R) and

(TF)ME) =m(&)f(£).

Now,
TDsf = DsTf, where Dsf = f(dz)
(Daf(€) = [ o) s
— 5 [ 1weay
1€
gf(g)
Then,
T(Dsf)" (&) = m(&)(Dsf)"(€)
IS
— (@ ()
and

m($)7)
= m(&) =m(3), W5 >0
Now by Anti-Reflection property,
Rf(x) = f(—a)
RTf(x) = ~TR{()
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and
(Rf)™E) = (=€)
The above equation will imply
m(§) = —m(=¢)
If all the three conditions 1,2 and 3 are satisfied, then the multiplier is given by
m(§) = esgn(§).

We take ¢ = —i and m(§) = —isgn(§).

Given a function f € S, we define its Hilbert transform such that

(Hf)"(€) = —isgn(&) f(£). (4.1)

Other equivalent expressions for Hilbert Transform are:

Hf=1lm @y« f (12)
Hf = %p.vé * f, (4.3)

where as a result of above proposition we get that

. 1 flx —1t)
lim Q f(z) = —lim . ——

and using equation (i) we get

—

(zpe)(©) = —isgn(e)

The first expression also lets us define the Hilbert Transform of functions in L2R; it

satisfies
|H fll2 = || fl]2, (4.4)

H(Hf) =, (45)
/Hf.g = —/f.Hg (4.6)
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Proof : Equation (4.4): Using Plancherel’s Theorem,

I1H fll2 = [|H fll2
= [Ifl- (from equation (4.1))
= £ll2
Equation (4.5):

(H(H))(6) = —sgn(€) (Hf)(€)
= (—1sgn(&))(—sgn(€)) £ (€)
= —:f(€)

Now, (H2f) = (H(HJ)) = (=f(€)) =—f for f€ S
Equation (4.6):

Hf € L? and g € L?. Now,

(Hf.g)=(Hf,q)
= (—usgn()f(.), )
= (f,es9n()g(.))
= —(f, Hg)

4.4 Theorem of Kolmogorov

[Duo01]
Theorem 8. For f € S(R), the following assertion is true:
H is weak (1,1):
C
e € R:[Hf(z)] > AH < LlIf]]-

Before proceeding further, we need the following lemma:

Lemma 4.1. Calderon Zygmund Lemma
Let f >0, f e LYR) & X\ > 0 There exists a countable collections of cube with sides

parallel to the awis,Q); with disjoint interior such that for each j,

1
A< — (x)dz <27\
|QJ| Qj
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Proof of theorem 8:
Fix A > 0 and f is non negative and integrable function. Now, partition the space

into cubes of equal size.Notation,

1
fo = @/Qf(x)dl’

. If fo > A, choose the cube and if fo < A divide it further unto 4 sub-cubes and
repeat the process as we have countable cubes.

So, 2 = UQ);, where picked up Q’s are enumerated as ();. @); are mutually disjoint
a.e. Now, let us define éj as a bigger cube of which @), is one of the part out of four.

Form the Calderéon- Zygmund decomposition of f; this yields a sequence of disjoint
cubes {Q;} such that

1

o3
1
d A
2"’@]| Q; fla)de <
Therefore, X
A< — dz dr < 2"\,
<y Ly, @t < g [ fte <
Let F' = R*\Q and
1 1
<Yl <5 [ s < 51l (4.7

Now we decompose f as the sum of two functions, g and b, defined by

f(x) if x € F,
ZfQjXQj((L‘) if € Q; fQJ \Q]\ fQ] df,

and
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Then g(z) < 2"\ almost everywhere, and b; is supported on @);. Since H f = Hg+Hb,
Hrx e R:|[Hf(x)] > A} < |{:13 eR:|Hg(x)| > }|+|{ZB eR:|Hb(x)| > }|

We estimate the first term of the equation (4.8):

mmzﬁwwfﬁémwmx

First term of the above expression can b written as :

[ sty = [ sy
< )\/Ff(:z:)dx

< Al

Second term can be written as :

L@ =3 [ (o yar

SQ”)\Z/ fo,dx
j Qi

< [l

Therefore,

/m@ﬁmscﬂml
R
Now
|{xER:|Hg( )| > }|< /|Hg |dz

)\2 g(x)de

C//
< _||f||1 (4.9)

Let us now estimate the second term of the equation (4.8):
b](:B) = (f(l’) - fQj)XQj
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and

Now,

Hb:H(ij)

— Z Hb,(in the sense of L?)

J

As,
{z e R: |Hbj(x)] > A} < [Q + [{z ¢ Q: [Hbj(x)] > A}

Replace (2 by ©* and @ C Q" = UQ)7, where @} has same center as @; and of length
twice.

Now,
Q31 <> Qs
j=1

=2> Q)]
j=1
— 2/0)| (4.10)

Let us take ¢ Q* (x ¢ Q7).

J

Hbj(z) = /EQ_ z](_xz)/

/ { b(y) _ b(y) ]dy (where ¢; is the center)
yeQ;

rT—y T—c

Yy—G

/yer e r———

Since,

1
|%—MS§W—%| (4.11)
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and

|z —yl < |z — ¢ —|ej — vl

1
> 5]3: — ¢ (Using equation 4.10)
Therefore,
b:()|11(Q;
i< [ BOIQI,
YEQ; |ZL’ - C]|
1
|Hbj(2)] < cl(Qy) — | 1bi)ldy
R\Q" - >2uQy) [T = ¢il* Jg,
1
< dUQ;)——]b;
( J)Z(Q]) || ]Hl
< byl (4.12)
Now,

o g Q) Hy@I > M <5 [

|Hbj(x)|dz
R\Q*

C
< 1051l (4.13)

As b is support on @),
151l =~ 1165l

So now,
1
{o ¢ 9" Hb(x) > A} < 1 Hbl,

1
S YMLCOIE

<3 / S | H, ()| de

\Q* j
>/
— Hb.(x)|dx
T [ )

c : :
< 3 Zj: 1611 (Using equation (4.13))

IN
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As,
bj 1 < ] — j d
bj < f(z) — ; dx
<2 z)|dz
= Ej /J|f( )|

< 2[|f]lx

Therefore,
. C
[{o & Q7 Hb(x) > MM < [l

From equation (4.9) and (4.14) we can say that:

C/
[{z € R |Hbx)| > A} < [l

This proves the weak(1,1)inequality:

o e R [Hf@)] > M < SIflL

4.5 Norm convergence of Fourier Series

Theorem 9. For f € LP(R"),1 < p < o0,
Let

Snf(z) = [ f()e* e dg

— o —

XH[—N,N} Jg(f)eszxdf

]Rn

Then,
Snf —> fin L norm as N — o0 i.e

If f is such that supp f 1s compact then for large N, Sxf = f
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To Prove:

dim [[Snf = fll, =0
One of the key idea is that if we can show that the operators Sy are uniformly bounded
in LP(R).
Let us assume
[Sn| < C

for C' be some constant independent of N. Start with F' € LP, approximate by a
g € S with compact support ¢g. Then,

1F = Snllp < WIf =gl +llg = Snallp + 1Svg = Sn flly

€

< |8 —
< ISwllS — oll + -5

€ €
<0
=090 T a0
<€+€
=373
<e€

second term gets zero for large N. Now let us prove that Sy are uniformly bounded

operators on LP.

We know
Snf(x) = / XN f(€)ermerdg
R

and

H(€) = ~isgn(€)(€)
Let us take,

(S1f(€)" = X< () F(6)-
We see that .
Koo (€) = 1 —|—2zH

and .

X(foo,ﬂ)(g) = ! _QZH-

Therefore, X(g00)(§) and X(_o0)(§) are multipliers too. Product of the two will be

multiplier too.

X11)(8) = Xo,00) (1 = &) » XMooy (€ = 1).
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So we can write S; = H{ H>
Now,

1S1[r— e = [|Hillr—re | Ha Lo 1o

As we know that Hilbert transform is bounded on LP for 1 < p < oo, therefore we
can see that Sp is bounded on LP for 1 < p < oo. Due to scale invariance each Sy
has same norm as X is scale invariant (value is 1 irrespective of interval length) thus
we can say that Sy is uniformly bounded in LP. Now using Uniform Boundedness
Principle which states that:

Let X,Y be Banach spaces.Let {T,} be a family of bounded linear maps from X into
Y . If

sup [|[Thz|| < oo

for all z € X, then
sup ||T.|| < oo

Now we can say that Sy are uniformly bounded operators on LP(R)
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Chapter 5
Double Fourier Series

[Kra99] Definition: The Fourier series of f(x,y) can be written in the following form:

oo
E Cm e 2i(mz+ny)

m,n=—00

mn_4 2//fxy zmx—l—nydl,dy
7

Method of Partial Summation: Square Summability

f(e,m) = / / f (., y)e e 2y

SSQf :E y Z f £, 77 27r1(f$+?7y)

En<N

where,

Now we define,

So basic question will be whether Sf,qf(x,y) — f(x,y) as N — o0o. So before
answering this question let us see how Fourier multiplier can be used to get the

answer of the above question.
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5.1 Application of Fourier Multiplier to summa-

tion of double Fourier series

Lemma 5.1. Fiz 1 < p < 00. Let Qr be the R-fold dilate of the unit cube Q. If Mg
is bounded on LP(R™), then the operator

MQR e [XQRﬂV

is bounded on LP(R™), independent of R.

Corollary 5.1. If Mg is bounded on LP(R™) for some 1 < p < oo, then the operator

Mg : f — ZXQR(_j)f(j)ezjx

=/

is bounded on LP(R™), is independent of R.

Proof : We take f to be in S(R") which is certainly dense in L”, so we need not

worry about the convergence of the integrals. Now

Yo f1' (@) = (2m) ™ [ Xoy(€)f(e =<t
= RY(2m) " [ Ko (RO FRE g

— RV@m) Y / Xo(€)aRF () ()= de
— R¥[Mo(a™f))(Rx).

We have substituted & = R¢ in 2" step of the above calculation and in the third
step fr(x) = Rf(Rz) = (T,.f)x so here we have denoted T, = off that is, off is an
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operator.Now let us calculate the LP norm:

1/p
|MowfllLr = RY [ / |MQ[aRf1<Rx>|pdm}

1/p
=11 [ gla” (o) ]
<C-RY- R a |

1/p
= C-RN~R‘N/”l/]R‘Nf(R‘1x)|pdx}

1/p
= C~RN~RN/7’l / RN . R7N7| f(x)|pdx1

~c| [1stra] v

So we have proved the bound on the L? norm of My, f, depending on f and indepen-
dent of R.

Theorem 10. Let P be a point of R* v € R? be a unit vector, and set
E,={ze€R*:(z—P)-v>0}

Then the operator

A

fr—(Xg, - f)’

15 bounded on LP,1 < p < oo.

Proof We have proved in the previous chapter that Hilbert transform is bounded
on LP(R) and we have used the operator, M = (I + iH) because of its simple
multiplier m = Xjp ). So now we will express the multiplier for a half space as an
amalgam of multipliers for the half-line using Fubini’s theorem. After the composition
of translation and rotation, we bring point P to the origin and v is the vector (0, 1)

which is shown as below:

M, f(x) = ™ f(x)
(M. )(€) = f(€—a)

(HM,f)ME) = (Maf)"(€)Xjo,00) (&) — (Maf)"(€) X =000/ (),
= f(€ — @) Xjpooy(€) — F(€ — Q)Xo 0)(€)
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[M_o(HM)I(E) =

—~

HM,f)"(& + a)
M, f)ME + a) Kooy (€
(&)X, 0m<£+a> fex

|
— =

+a) = (Mo f)"(§ + a)X(—00)(€ + @)
) —00,0] (§+a)

and an anti-clockwise rotation of a function by an angle implies that its Fourier
transform is also rotated anti-clockwise by the same angle.

Fix 1 < p < oo. Take f to be in S(R) since Schwartz functions are dense in L?(R?).
Notation fxl(azg) = f(xl,xg) Now we calculate
(XEf) (w1, x2) fo Jo Jo Jo [(t1,t1) x efitigif2tz dt, dty e~ 181 e 8272 ¢, dE, .
The two mtegrals give rise to a Schwartz function, so all integrals converge absolutely.

By Fubini’s theroem, the last line equals

% f]R f]R [% fooo [f]R t17t1 ngdt?} Zm?d&} e_i&mldflei&tldtl

= Jo Jo M(f1)(z2)etr&1dt e~i6121dE; .
(5.1)

Also,

| MO <C [ Ol
t1e

t1€R

— CIfI2 o

In particular, for almost every w9, the function

ty —> sz(tl) = M(fh)(xZ)

lies in LP(R). We can write the right hand side of equation (5.1) as

; 1 181 —i€1z1 ,—el€]?
lg%A%AFmZ(tl)e dtie e dé,

using Gauss-Weierstrass summation. But this equals

. 1 —1L1T —€ 2
hm—/FXQ(—&) G de, = F,(a4)
R

for almost every x; and we have proved that the latter function is norm dominated
by Clf||zrr2)
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Theorem 11. The method of square summation is valid for double trigonometric

series i LP morm, 1 < p < oo.
Proof : Let
By ={(z,y) € R*: (=1,0) - [(z,y) — (1,0)] > 0},

By ={(z,y) €R*: (1,0) - [(w,y) — (~1,0)] = 0},
Es = {('Tay) eR?: (07 _1) ) [(mvy) - (07 1)] 2 O}’
Ey={(z,y) eR*: (0,1) - [(w,y) = (0,~1)] = 0}

So the common intersection of the above 4 half planes is a unit square @ = {(z,y) :

lz| < 1,]y| < 1} in R2 Let T} be the multiplier operator associated to X, ,that is,

A

T'Jf—>(XE]f)v

Then the multiplier operator associated with this closed square is T} o Ty o T3 o T}.
As we have proved earlier that each 7j is bounded on LP,1 < p < oco. As a result
Ty 0Ty 0 T3 0Ty is certainly bounded on LP. Since the multiplier operator associated
with the unit square is bounded, we can say that square summation is valid for double

Fourier series, 1 < p < oo.
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