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Introduction

Riemannian Geometry is the study of Riemannian manifolds which are, roughly speak-
ing, smooth manifolds where we can measure the lengths of the tangent vectors. This
helps us to compute lengths of curves in these spaces and talk about shortest paths
etc. Hence, we can do geometry on these spaces.

In this expository thesis after introducing some basic notions of differentiable man-
ifolds (Chapter 1) we define Riemannian metrics and show the existence of metrics on
arbitrary differentiable manifolds (Chapter 2). Then we introduce connections (Chap-
ter 3) and parallel transport. We incorporate a complete proof of the Levi-Civita’s
theorem on the existence and uniqueness of symmetric connections compatible with
the metric. Then using the connections we define geodesics on Riemannian mani-
folds (Chapter 4). We discuss exponential maps after that and prove Gauss lemma.
The thesis ends with introducing curvature of Riemannian manifolds. We show that
the sphere S? and the hyperbolic plane H? have constant sectional curvature. An
important feature of the thesis is that we discuss many examples to illustrate the
concepts.

However, no originality is claimed on the part of the author. The results and
concepts dealt with in this thesis are quite standard. We have closely followed do
Carmo’s Riemannian Geometry and Barrett O’neill’'s Ssemi-Riemannian Geometry

all the time.



14



Chapter 1

Some prerquisites

1.1 Definition

A topological space is second countable if it has a countable basis. A neighborhood
of a point p in a topological space M is any open set containing p. An open cover of

M is a collection {U,}.ca of open sets in M whose union U,c U, is M.

1.2 Topological manifold

A topological space M is said to be locally Euclidean of dimension n if every point
p in M has a neighborhood U such that there is a homeomorphism ¢ from an open
subset V of R™ onto U . We call the pair (U, ¢) a chart, U a coordinate neighborhood
or a coordinate open set, and ¢ a coordinate map or a coordinate system on U. We say
that a chart (U,p ) is centered at p € U if ¢(p) = 0.For any p € U the coordinates of
¢~ Yp) = (x1,..,x,) are said to be the coordinates of p.Note that x;’s are functions

U — R. The pair (U, (x1,..,x,)) is also referred to as a coordinate system.

1.3 Definition

A topological manifold is a Hausdorff, second countable, locally Euclidean space. It

is said to be of dimension n if it is locally Euclidean of dimension n.

15



1.4 Differentiable manifold

We define a smooth atlas on a locally Euclidean space M of dimension n as follows :
A collection {(U,, ¢,)} of coordinate charts is called an atlas if it satisfies the following
two properties:-

L. Uatpa(Ua) = M;

2. for any pair «, 8 with ¢, (U,) N ¢5(Us) # 0,the map

b 0 05" p(Ua NUs) = ¢a(Ua NUp)

is a smooth map.

An atlas is called mazximal if it is not contained in any other atlas. A locally Euclidean
space M of dimension n with a smooth atlas {(Us,, ¢o)} is called a differentiable or
smooth manifold of dimension n.

Remark : property 1 together with 2 is called differentiable structure on M.

1.5 Example

Differentiable structure on spheres. Let

n+1

S" = {x = (11,72, ..., Tpy1) € R*T: fo =1}

i=1
A smooth atlas is given by stereographic projections from the north pole and the south

pole. Let N = (0,0, ..., 1) be the north pole of S™. We define (¢ : R* — S™ —{N}) by
¢(x) = (L + [l2]*) 7 (1, 22, ooy T, [|2]* = 1)

where = := (1,29, ...7,,0) € R™. Similarly let S := (0,0, ..., —1).Define (¢ : R* —
§" —{5}) by
U(@) = (L4 o)) (@, 22,20, 1 = [l2]?).
Note that (S™ — N) U (8™ — S) = S™ and the transition map ¢po¢p=! : (UNV) —
»(UNV) given by
¢ oy (a) = [|z]| 7 (21, 22, .2, 0)

which is smooth.So (¢, U) and (¢, V) define a differentiable structure on S™.
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Smooth maps between Manifolds: Let M and N be smooth manifolds of

dimension m and n, respectively. A continuous map F' : M — N is smooth at a point
p in M if there are charts (V) about F(p) in N and (U, ¢) about p in M such that
the composition ¢ o F o ¢~ a map from the open subset ¢(F~*(V)NU) of R™ to
R™, is smooth at ¢(p). The continuous map F': M — N is said to be smooth if it is
smooth at every point of M.
Diffeomorphism: Let M and N be smooth manifolds.A mapping F' : M — N is
a diffeomorphism if it is differentiable,bijective,and its inverse F'=! is differentiable.If
F : M — N is diffeomorphism then dF), : T,M — Tpq)N is an isomorphism for all
p e M.

REMARK: We C*°(M) as the set of all real-valued smooth function on M.

1.6 Tangent space and tangent bundle

Let M be a smooth manifold. For all p € M let 8p be the set of all real valued
functions defined on some neighbourhood of p and differentiable there clearly ¢, has
an R-algebra structure. A tangent vector to M at the point P is an R-linear function

D : 60p — R which satisfy the Leibniz rule :

D(fg)(p) = f(p)(Dg) + g(p)(Df).

The set of all tangent vectors at p € M is called tangent space of M at p. We denote
it by T»M .This has a natural vector space structure. Mention dim7,M = R".

A smooth map F' : M — N induces a linear map dF, : T,M — Trg N such that
d(id), = idy and it satisfies chain rule.

Vector Field : A vector field X on a differentiable manifold M is an assignment of
tangent vectors to each point ¢ € M.A wvector field is calld smooth or differentiable if
X f is smooth for f € C>(M).

Theorem: If (U, (xy,..,2,)) is a coordinate system at p € M then

0 0
(G o 5 o
forms a basis of T, M for all p in U.And 8%1, e %. are called coordinate vector fields.

So we can write any vector field X as X = ), Xi% on U.It is easy to check that

17



X1, ..., X,, are smooth function on U if and only if X is smooth.
Tangent bundle: Let M be a smooth manifold then we define the tangent bundle

of M as follows.As a set

TM = {(p,v);p € M,v € TpM}.

Topology on T'M : Let m : TM — M be the canonical projection.Let (U, (z1, .., x,))

be a coordinate system on M. Every v € T,M,p € M can be written asv = ), a,;% »

where a;’s are real numbers.Define a map

Q: 7r_1(U) — R

@(Z ai%) = (21(7(v)), .., zp(w(V)), a1, .., a,).

We define the weakest topology on TM such that ¢ are homeomorphism onto their

image.

Now we will give differential structure on TM. Let M be a smooth manifold .Let
{(za,Uqs)} be smooth atlas on M .Coordinates on U, are denoted by (z1°, .., z,*)and
, basis of tangent space at x,(U,) is given by

0 0
{8951‘1’ o 8:1;na}'

Define the map F,, : Ua x R" — T'M for each a by
a a o o n 0
Fa(xl’”’xn’al’”’an) = (ZL’a(flfl,..,l‘n),Z aim)
i=1 i

where (ay, ..., a,) € R".

Now we are going to prove that {(U, x R"), F,,)} is smooth structure on M. Since

24(Us) cover M and ((dzqa)q(R™)) = Ty, (oM where g € U,. we have that

UaFa(Uy x R™) = TM.
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Where z, : R" = U, and (dzy)q : T,(R") = T}, oM.
Now we have to check that transition map should be smooth:

so let (p,v) € Fo(Uy x R™) N F3(Ug x R™) then

(p,v) = (Ta(qa); dva(ua)) = (25(qs), dzs(ug))

where ¢, € U, , qg € Ug and v,,v5 € R™.

Therefore

Fy™" 0 Fylgas va) = Fy " (a(ga), dea(v)) = (257" 0 22)(da), d(xs ™" 0 24)(v0)).

so clearly Fj~' o F, is differential . Hence TM is smooth manifold with smooth struc-

ture {(U, x R"), F,,)}.

1.6.1 Partition of unity

Let M be a manifold and U = {U, };ca be an open cover of M.A collection of smooth
functions {f, : M — R},c4 is called partition of unity subordinate to U if it satisfies
the following property:

(a). 0 < fo(x) <1Va€ Aand all z € M.

(b). Suppf, C U,.

(¢). The collection of supports, {Suppfa}taca, is locally finite.

(d). > pea falr) =1forall x € M.

Theorem: Let M be a smooth manifold and U = {U,}ica be an open cover of
M.Then there exist a smooth partition of unity subordinate to U.

We omit the proof.
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Chapter 2

Riemannian metric on manifolds

2.1 Definition

Let M be a smooth manifold of dimension n.A Riemannian metric on M is a family

of inner products

(\Vg: T,M xT,M - R, ge M

such that
q— ((X(9),Y(9)))q

defines a smooth function M — R for all smooth vector field X ,Y on M.

2.2 Examples

1. Let (U, (z1,..,x,)) be a coordinate system on all of R then Riemannian metric on

0 6>

92,7 Bz,

R™ is given by ( ije
Immersed manifolds : Let F': N — M be an immersion , which means :
(1). F is differentiable .

(2). dF, : T,N — TpyM is injective Vp € M.

If M has a Riemannian metric then N also has a Riemannian metric induced from F

defined by (u,v), = (dFy(u), dF,(v))rp) Yu,v € T,N.
2. Induced Riemannian metric on S? from R?3.

Let S2={z cR®:Y,_ “z;% =1}
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Let ¢ : R? — S? — {N} be the inverse of the stereographic projection from the

north pole and it is given by

¢(p) = (7,4, 2)
where
2u 2v
r =
u2+v2+1’y u?+v2+1
and
B w?+0v2 =1
w402+ 1

where p = (u,v) € S%

So the metric on S? induced from R? is given by (2, 2) := (dg(2), de(L).

Now,

0 or 0 Oy 0 0z 0

d¢(%) au'ax—i_@u'ay ou 0z

and

d, 0Ox 0 8y£ 0z 0

do(—) = —. —=. —
¢<8v) ov 8x+8v 8y+8v 0z
Now a simple computation shows that

o 0 4

<%a%> - (u2+v2+1)25uv'

2.3 Basic definitions :

1. A smooth manifold M with given Riemannian metric is called Riemannian mani-

fold.
2. Let M and M’ be Riemannian manifolds. A diffeomorphism ¢ : M — M is called

an isometry if :

(v, w), = (dge(v), dgq(w)) .

forall g e M and v, w € T, M.

Local diffeomorphism and induced Riemannian metric: Let M and M’ be Rie-
mannian manifolds. Let 7 : M — M be a diffeomorphism.Let (,) be a Riemannian

metric on M then there exists a unique Riemannian metric (, )l on M’ such that 7 is
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local isometry.

This follows from the fact that local diffeomorphisms are immersions.

2.4 Existence of Riemannian metric.

Proposition : Any smooth manifold M has a Riemannian metric.

Proof : We know that M has a smooth partition of unity sub-ordinate to any open
cover. Let {V;} be an open cover of M , and let {¢;} be a smooth partition of unity
on M subordinate to {V;}.Without loss of generality we may assume that V;’s are
contained in coordinate neighborhoods U/s ,where (U;,1; : V; — R") is coordinate
charts.Now, we know
1. ¢; >0, ¢;,=0o0nthe M -V,

2. >, ¢ilp)=1Ype M.
We can define a Riemannian metric on each V; pulling back the metric from R"™ since
¥; : V; = R™ is diffeomorphism on an open set. Let (,); denote the inner product on

each T,,M thus obtained.Then we can define a metric on M by setting
(v, w) =Y di(p) (v, w);

Vpe M and u,v € T,M. O
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Chapter 3

Connections on manifolds

3.1 Definitions

Affine connections: An Affine connection V on a smooth manifold M is a mapping

Vo X(M) x X(M) — X(M)

(X,Y)>VxY

satisfying the following properties :
a) Vx(Y +2) =VxY + VxZ .
b) Vx(fY) = fVxY + X(f)Y.
¢) VixigvZ = fVxZ + gVyZ,

for all f,g € C*(M) and XY, Z € X(M).
Lemma : If XY € X(M) and X (p) = 0 then VxY(p) = 0.

Proof: Let U be a coordinate neighborhood of p and let (z1,..,2,) denote the
coordinates on U. Let f be a bump function at p where V' C U. This means f = 1 on

a neighbourhood V of p and f =0 on U¢. Now ,
Vf2Xy == vZfQXZBLzZY
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= Vi)Y
=) (fX)V;aY = (1)
Note : X; € C*(U) , fX; € C®(M) 7fa%i € X(M) where {%,..,%} are coor-

dinate vector fields.

Also
fPVxY =VpxY —(2)

Now from equation (1) and (2) we have
PVyY = Z(in)Vf%Y

on M.

Now evaluate both sides at p :
LHS = f(p)?VxY|, = VY],
RHS = Y(/ X))V, 0 Y],

= Zf(p)Xz‘(p)vfa%iY|p =0
since f(p)X;(p) = 0 Vi.

And similarly we can show that if Y = 0 on an open set U # ) then VxY = 0 on
U for all X € X(M).

Corollary : If X,Y € X(U) then VY is a well defined element of X(U). We
also note that the properties (a),(b) and (¢) of affine connection hold VXY, Z € X(U)
and f € C>(U).

Local Expression of VxY : Let U be a coordinate neighborhood of p with
coordinate (z1,..,z,) and let X; = 6%. Let X,Y € X(U) then we have

X = Zl‘le,Y = Zy]XJ
i J

Let Vx, X, =), Fiij 1 Where Fijk are smooth functions and then we have that

VY =Y O ey Ty + X (yk)) X

k i
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By the using properties (a),(b) and (c) of affine connections.

3.1.1 Covariant Derivative

Proposition : Let M be a smooth manifold with an affine connection V. There

exist a unique vector field 2 i W associated with each vector field W along a smooth

t

curve v : I — M such that the following hold:
If g is any smooth function on I and V' is another vector field along v then
a) Z(gW) = GW + g5
b) G(V+W) =57 + &F

c) If W is given by W(s) = X(v(s)) where X € X(M) , then

Dw
REMARK : % is called the covariant derivative of W along ~.

Proof : First we prove the uniqueness of covariant derivative assuming the exis-
tence.Let U be a coordinate neighborhood with coordinates (z1, .., z,).Suppose ()N
U # 0. Let y(t) = (x1(¢), .., 2,(t)). Then we can write the vector field W locally as
W=5 wjt)X;,j=12,.,n, where X; = X;(7(t)).

By properties (a) and (b), we have

Dw dwﬂ
= . X ij

J

By (c) and the properties of affine connection we have ,

DX;
a Vet

27



= —Vx, X
i dt Xi<\jg
where 7,7 =1,2,....n
Hence, we have
DW dw’ dx;
— = —X ‘wVx. X 1
ar e dl 2 e VaX =)

The equation(1) shows that the operator Q is unique.

Now we shall prove the existence of 2 —.

To show existence define 2 in U by equation (1). The properties (a), (b) and (c)
can be checked without any difficulty. Let U’ be another coordinate neighbourhood
with U N U’ # () then by the uniqueness of D W the definition agree in U N U’. Hence

we can extend the definition of £ W to all of M. This completes the proof.[]

3.1.2 Examples

Affine connection on R" :
Let (z1,..,x,) be the usual coordinates on all of R".Let X,Y € X(R").Let YV =
> Y;z2-. Then define

VxY = XY,
X Z (%]
Note that X (Y;) is the directional derlvatlve of Y; with respect to X.It is easy to verify

the properties of affine connections.

3.2 Parallel transport

3.2.1 Definition :

Let M be a smooth manifold of dimension n with an affine connection V and let
v : I — M be a smooth curve in M. Let W be a smooth vector field on M along this

. e DW _
curve then we say that W is parallel along v it == =0Vt € I.

Proposition: Let M be a smooth manifold of dimension n with an affine con-

nection V. Let W, is a tangent vector in T, \M , tg € I. where v : [ — M is a
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smooth curve in M. Then there exist a unique parallel vector field W along ~ such
that W(to) = WO .
we called this W(t)is the parallel transport of Wy along the curve 7.

We omit the Proof.

Equation of parallel transport in coordinate system : Let M be a smooth
manifold with an affine connection V. Let (U, ¢) be a coordinate system in M. Suppose
W is a parallel vector field along a smooth curve v in U. Let y(t) = (z1(t), .., zn(t))
and X; = %. Let W =3, w’ X then from equation (1) we have ,

DW <~ duw dz;

T R T A R
J 2y

’LUjVXin =0.

Now putting Vx, X; = >, Fiijk and replacing j with k in the first sum we have a

system of n differential equations in w"(¢)

o dt — dt

ij,-jk, k= 1, 2, .., n.

Lemma : Suppose (U, (z1,..,x,)) is a coordinate system on a manifold M with
an affine connection V.Suppose X is a vector field on M.We call it parallel on U if
Vx,X = 0Vi=1,2,..,n. Given a function f € C*°(M) and Y € X(M) we have
VyfX =Y(f)X on U if X is parallel in U.

Proof: Define Y in UasY = Y Y;-=2. Now f: M — R is a smooth function so we

171 9x;

have :
Vy(fX) = inYi%fX on U
0
- ZYifVa%X+ ZYiXa—mi(f) on U
L0 (3.1)
= ; za—xz(f) on U

=Y(f)X onU.
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3.2.2 Parallel transport in R” :

Let (z1,..,2,) be the usual coordinates on all of R". Then % are parallel vector

fields.This can be easily seen by the definition of affine connection on R" :

VyY = Z X(Y, 8%

Since Y; are constant functions in this case. Hence

0
=0
VX om Oz,

for all X € X(R"), 1 <i<n.

3.3 Riemannian connection:

An affine connection V on M is said to be compatible with the metric if for all X, Y, Z €
X(M)

X(Y,Z) = (VxY,Z)+ (Y,VxZ).

REMARK : It is easy to see that this is equivalent to the following:

Given a curve o : I — M and X ,Y two vector field on « then

DX D
Cixz) = (X o

3.3.1 Symmetric connection :

If V is an affine connection on a smooth manifold M then it is called symmetric if

VxY — Vy X = [X,Y] VX,Y € X(M).

3.3.2 Levi-Civita connection or Riemannian connection:

Levi-Civita’s theorem : On a Riemannian manifold M there exist a unique affine

connection V satisfying the following conditions :

30



(p). VxY — VyX = [X,Y]
(a) - XY, Z) = (VxY,2) +({Y,VxZ)
VXY € X(M).

Proof : To prove this theorem we will use the following lemma :

Let us denote X*(M) by the set of all dual form on M.

Lemma : Let M be a smooth manifold . For X € X(M) let X* be the one form
on M such that :
X*(Y) = (X,Y) VY € M.

Then the function X +— X* is C°°(M) - linear isomorphism from X(M) to X*(M).
Uniqueness : First we will prove the uniqueness of such connections by assuming

the existence. Suppose D is another connection satisfying (p) and (g). Then:

X(Y,Z) = (DxY,Z)+(Y,DxZ) (3.2)
Y(Z,X) = (DyZ,X)+ (Z, Dy X) (3.3)
Z(X,Y) = (DzX,Y) + (X,DzY) (3.4)

Now by adding (3.2) and (3.3) and subtracting (3.4). We find the following expression:

2DyY,Z) = X{Y,Z)+ Y{(Z,X)— Z(X,Y)

—(X,[Y,Z)) + (Y. [Z, X))+ (Z,[X,Y)).

which is called the Koszul formula. Hence we have
(VXYa Z) = (DXK Z)

Now from the lemma above we have V = D.

Ezistence: Now we will prove the existence of a such V.

Denote the right hand side of equation(*) by G(X,Y,Z).For fixed vector fields X
Y in X(M) the map Z — G(X,Y,Z) is clearly C*°(M)-linear.Hence by the above
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lemma there exist a unique vector field VxY such that G(X,Y, Z) = (VxY, Z)VZ €
X(M).Now we have to verify that VxY satisfies all all the necessary conditions.

All these properties are easy to prove .For instance , we prove the symmetry

condition of V as follows: Let X,Y € X(M).Then

2 (VxY —VyvX,Z) = G(X,Y,Z) — G(Y,X,Z)

= <Z7 [X? Y]> - <Z7 [YvX]>

= 2 ([X.Y],2).

VZ € X(M). This shows VxY — Vy X = [X,Y]. O
REMARK : The connection V given by Livi — Clivita’s theorem called the Livi —

Civita connection.

3.4 Induced Connection:

Let M and N be smooth manifolds of dimensions m and n respectively. Let F': M —
N be an immersion. If N has a Riemannian metric then F induces a Riemannian

metric on M as mentioned before,

(v, w)p = (dF,(v), dFy(w)) (3.5)

(»)

for all v, w € T,(M).

Moreover F induces a connection on M as follows :

Let V' be the Riemannian connection on N and let (U, ¢) be a coordinate system
at p in M such that ¢(U) is submanifold of N and is contained in a coordinate
neighborhood V of N.Hence we pretend that U C V. Let X, Y € X(U). We can
extend X , Y to the whole of V say to X and Y so that X' [,= X and Y |,=Y
Vp € U. Then we define

VxY(p) = (Vi Y)"
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where (V/X,YI)T denotes the tangential component of (V/X,Y/).
We can easily prove that V is a well defined Riemannian connection on M with respect
to the induced metric from N as follows:

First we prove that V is compatible with the metric that is it satisfies :

XY, Z) = (VxY,Z)+{Y,VxZ).

We have for all p € U:

X(Y,Z)(p) =X (Y, Z")(p) = (VXY , Z)(p) + (Y ,Vx'Z ) (p) (3.6)

And we have X'(p) = X , Y'(p) = Y and Z'(p) = Z Vp € U so equation(3.6)
gives:

XY, Z)(p) = (VX'Y', Z)(p) + (Y, Vx'Z ) (p) (3.7)

Now VxY(p) = (V/X,YI)T is given and the inner product of vector field Z and Y
with normal components give zero. Hence we have :

X(Y, Z)(p) = (VoY) Z)(p) + (Y, (Vi Z)T)(p)

= (VxY, 2)(p) + (Y, Vx2Z)(p)

(3.8)

This shows that V satisfy the compatibility condition.

Now we will check the symmetry. For all p € M we have |
(VxY = Wy X)(p) = (Vi ¥ = Vi XV (p) = XY T7(0) = X, V() (39)

The last equality of equation(3.9) can be proved in local coordinates: Let (U, (xl, oy Tp))
be a system of coordinates.Then we can write X = Z Xi -and Y = > Y, ;Y Bx and

similarly we can take X' =3, X;-2 70. and Y =Y Y M NOW we have
,OY; 8X’ 0
= (X, )T
8:1:Z 83:'Z Ox;
3,7=1
(9Y-/ (9X iy 0

(3.10)

- <Zm2n“@ o, }a;p] )

ay; GXJ 0
Z {X ox; 8% 890])

4,j=1 v
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since VxY (p) depends only on X(p) and Y along the integral curve v : I — M of X
through p. Then last equality of equation(3.10) gives :

XYV = [X,Y]%

Thus V satisfies the compatibility and symmetry so it is a Riemannian connection.

Lemma : Let M? C R? be an embedded surface in R with induced Rieman-
nian metric.Let v : I — M be a smooth curve on M and let V be a vector field
tangent to M along v ; V can be thought of as a smooth function V : I — R3
, with V() € Ty4»(R?).V is parallel in M if and only if dd‘t/ is perpendicular to
T

Ly (M) C Ty (R3) where 22 is the usual derivative of V.

dt
Proof : (a) We know that V is parallel if 2¥ = 0.Let (U, (21,22, 23)) be a coordinate
system on R®.Then we can write V' = >, v;X; where X; = % , v;’s are smooth func-
tions and X; = X;(7(t)). Now from the equation of parallel transport in a coordinate

system we have :

DV dv; dz;
0=—~"- — _’Xi J i 3.11
&t~ 4 dt '%N & VX (3:11)
Rewrite as follows:
DV /
0=— o = VaV = (VQV)T
d d
UZX Z > UZVX
A2
et
av
= ()
This shows that if V is parallel then (47)” = 0 this implies that
av
2+ Dow

Let S ={z € R? : |[z| = 1}. Let 7 : R — S? be the smooth curve given by,

t — (cost, sint, 0)
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and
dy

V:
dt

= (—sint, cost,0).

Since

av
dt

av. _ 2
, ‘- = 0 on 5=

= (—cost, —sint,0)

is parallel to (cost, sint,0)

Christoffel symbols : Let M be a Riemannian manifold with Riemannian con-
nection V. Let (U, (z1,...,x,)) be a coordinate system and let X; = % , 1 <i<n.
Then Vx,X; = >, I'}; X} where I'};’s are smooth functions on U. T'},’s are called the

Christoffel symbol and are given by:

1 0 0 0
) 2 Ek :{6557, gjk + ax]’ gkz axkgzj }g (3 3)

where g;; = (X;, X;) and (¢"™) is the inverse of (gr).

REMARK : I'}; = T'%, by the symmetry property , 1 < Vi, j,k < n.

Example : We know that in R" the g;; = d;; ,1 < 4,5 < n with respect to usual

ij
coordinate (z1, .., z,). Hence T'}; = 0.

The next proposition shows that Riemannian connections are preserved under (local)
isometries:

Proposition: Let F' : M — N be an isometry then pull back of the Riemannian
connection from N is the Riemannian connection of M that is VxY = Vgpx)dF (Y)
for all X|Y € X(M).

Proof : Let X, Y be vector fields on M. Then dF'(X),dF(Y) € X(N). Let (U, (21, ..,x,))
and (V, (y1, .., yn)) be coordinate systems at p and F'(p) respectively such that z;(q) =
y;(F(q)) for all ¢ € U. We can do this since F is a diffeomorphism. It follows that we

have dF(52-) = z- Let X =3, Xiz2- and Y = dF(X) = 33, Yj52-. Then

j = J Ox;
Yi(F(q)) = Yrg(yi) = (dF(Xg))y: = Xo(yi 0 F) = Xy(:) = Xi(q). (3.14)
It follows that the components of X and Y are also preserved by F.Since F is an
isometry, metric is also preserved which means g;;’s are preserved. So from equa-

tion(3.13) Christoffel symbol are also preserved.Then from the expression of VxY in

a coordinate system we are done. [J
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Chapter 4

Geodesics

A parametrized curve v : I — M is called a geodesic at a point s € I if 2(%) = 0

ats. If 2 (i—:) is zero for all s € I then 7 is called a geodesic.

REMARK : By the property (q) of Levi — Civita connection we have that :

d dvy dvy

4y dy Ddy dy
dt ' dt’ dt

) = 2<EE’ E> = 0. (4.1)

This means v has constant speed.

4.1 Equation of Geodesics in local coordinates

Let (U, (1, ..x,)) be a coordinate system at v(s) in M. Let the local expression of

v(t) = (z1(t), .., z,(t)) . Then 7 is a geodesic if and only if
D dy d?xy, d:xZ dr: O
— (=L = —r r,* J = 4.2
dt(dt) zk:( e z]: Yodt dt)axk ! (42)

by the equation of parallel transport in coordinate system.This implies

Z R AL N PP S (4.3)

dt2 Ut dt

Hence a solution of the above second order differential equations give a geodesic.

37



4.2 Example

Geodesics in R™ : We know that Christoffel symbols Ffj are zero for R™. So from

equation(4.3) the equation of geodesics become d;t”g"‘ =0, 1 <k <n. It follows that

the geodesics of R™ are straight lines.

Homogeneity property of geodesic: Let us define 7,(t) as 7,(0) = p € M and

v ,(0) = v. If the geodesic 7,(t) is defined on the interval I = [0, 8] then the geodesic
Yeu(t) for ¢ > 0 is defined on the interval [0, %] such that :

Yeo(t) = Yo(ct). (4.4)

MAXIMAL GEODESIC : A geodesic v : I — M with initial point p and initial veloc-
ity v € T,(M) is called maximal in M if I is the largest possible domain, that is if
v1 : J — M is another geodesic with initial point p and initial velocity v then we

have J C I such that vy =~ |;.

A Riemannian manifold M is called geodesically complete if every maximal geodesic

is defined on R.For example R" is geodesically complete.

drp

g yx then we have the following

In the equation (4.3) of geodesics if we put
system of first order differential equation :

dl’k

dyy k : :
1 It = - Eij Izjyzy]

So these second order differential equation in any coordinate neighbourhood U

determines the first order differential equation in TU.
Lemma : There exists a unique vector field G on T'M such that 7 : TM — M
gives a one to one correspondence between the geodesics of M and the integral curves

of G on TM.

Proof: We will use the following two results in this proof :
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Result 1 :For any tangent vector v € T, M there exist a neighborhood I of 0 in
R and a neighbourhood N in TM and a C'** mapping v : [ x N — M such that the
curve t — 7,(t) is the unique geodesic of M with 4'(0) = v and v(0) =p = 7(0).

Result 2 : For any two geodesics v : I — M and 0 : J — M if we have %(a) =

B («) for € I N J. then we have vy =6 on I N J.

Suppose G, is the initial velocity of the curve t — ~.(t) for v € TM then by
result(1) G is a smooth vector field on T'M.

Claim (1): If v: [ — M is a geodesic in M | then we have 7/ is an integral curve

of G.

Proof: For all t , suppose a(t) = +/(t) and for arbitrary fixed s suppose v'(s) = w
and 3(t) = ~,,(t). Then by result(2) we have (s 4+ t) = 7,(t) this shows that we
have a(s +t) = B(t). Then we have o' (s +t) = 3 (t) by taking derivative.

So we have

This shows that 7 is an integral curve of G.

Claim (2): If 4 is an integral curve of G then 7 o v is a geodesic in M.

Proof: 1f a(0) = v then by the uniqueness of integral curve shows that we have
Toa =moy, = 7, in a neighborhood of 0 since t — 7, (t) is also integral curve
of G by claim(1). For arbitrary s let n be another integral curve of G with initial
velocity v. Then o and 7 have same velocity then we have a(s +t) = n(t) so we have
7o a(s +1) = 7 on(t) = 1o (t):
so the maps moy = v and 7 — 7' are inverses of eac other so we have if 7" is integral

curve of G then 7 o~ is geodesic in M.
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4.3 Exponential map

Let U, C T, M to be a set of vectors v in T, M such that the geodesic with initial

velocity v is defined on the interval [0,1]. Let exp, : U, — M be the map defined by

exp,(v) = v,(1),Yv € T, M. (4.7)

This is called the exponential map of M on U,.
If we define a geodesic as t — 7(at) where a € [0, 1] then this geodesic has initial

velocity av.Then by homogeneity of a geodesics we have

exp:C((lU) = '7&11(1) = ’Vv(a)' (48)

If a Riemannian manifold M is geodesically complete then U, = T, M.
Proposition: For each z € M exp, is a diffeomorphism from an open neighborhood

U’ of 0 in T, M to an open neighborhood U of x in M.

Proof : First we will prove that exp, : T,M — M is smooth on a neighborhood
of 0 e T, M.
We have exp,(v) = ~,(1) for v in T, M and ~,(1) is a geodesic which satisfy equa-
tion(4.3) which gives smooth solution and exponential map is just evaluation of v at

t = 1 which is clearly smooth.
Now we will prove the existence of U’ :

We have 7 : T'M — M which is the cannonical projection map which is smooth.
Let p € M.Let (U, ¢) be a coordinate neighborhood of p.Then by the topology on
TM we have 7~(U) is open in TM and denote this by V. So U = T,M N7~ (V) is
an open neighbourhood in T, M.

Now the differential of exponential map defined by (dexp,) : To(T, M) — T, M is
an isomorphism of Ty(T, M) to T, M :

40



derp(v) = & (expa(tv)) o

d

= %(%ﬁu(l))lt:()

d

= E(%(tmt:o

=.
Now we will prove that there exist a neighbourhood W of x such that for all q in W
the map dexp,|, : To(T, M) — T, M is an isomorphism.

This is an easy consequence of following lemma :

Lemma : Suppose M , N are smooth manifolds of dimension n and f: M — N is
smooth. Let p € M be such that df, : T,M — Ty, N is an isomorphism.Then there
exist a neighborhood p € U C M such that df|, : T,M — Ty, N is an isomorphism

for all x in U.

So by this lemma the differential of exponential map is also an isomorphism in a

neighbourhood of x. Now we apply the inverse function theorem to complete the proof.

Normal neighbourhood : In R a set U’ containing 0 is called starshaped about
0if forallv € U', tv € U for all t € [0,1]. If U C T,M is starshaped such that

exp, : U — U C M is diffeomorphism then U is called a normal neighbourhood of x.

Let (ey,..,e,) be an orthonormal basis of T,M. The normal coordinate system
(x1,..,2,) determined by (ey,..,e,) assign to each point p € U the vector v =

exp, *(p) , since exp, is diffeomorphism such a v exist can be written as

v=erp, (p) = in(p)e@--

Example : Exponential map for R”
The geodesics in R”™ through p are given by v(t) = p + tv 7' (0) = v. So exp, :
T,(R") — R" is defined for any v € T,(R").In fact we have

expy(v) = 1w(l) = p+o.
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Clearly this map is diffeomorphism from 7},(R™) — R".

4.4 Gauss Lemma.

Definition. A two parameter smooth mapping f : W C R? — M is called a
parametrized surface. If (u,v) are the usual coordinates on R? then we call u
y(u,vg) the u -parameter curve for v = v,.Similarly we define v-parameter curve for
U = U,.

Let (z1,..,x,) be the coordinates on f(W) C M then we can write,

(4.10)

Proposition . (Symmetry) Let M be a Riemannian manifold with connection V.Let

D of

5, 5. denote the covariant derivative of % along the v-parameter curves of the two-

parameter parametrized surface f : W — M .Similarly we define %%. Then

bof _ Dof
ovou  Oudv’

We omit the Proof.

Lemma. (Gauss) Let M be a Riemannian manifold and p € M. Let z be a non zero

tangent vector in 7, M and v,,w, € T,(T,M) then we have:

(dexp,(vy,), dexpy(w,)) = (v,,w,) (4.11)

where v, is radial.
Proof . We can take v = z since v, = tz, for some t > 0. Let us define a parametrized
surface in T, M by

y(t,s) = t(v+ sw).

Now we define a parametrized surface in M as follows:

(t,5) = capy(t(v + sw)).
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Now we have y(1,0) = v, and ys(1,0) = w,, hence §,(1,0) = dexp,(v,) and g,(1,0) =

dexp,(w,). So we claim that

<gt(1> 0)> ?j5<17 O)> = <U? w>'

The mapping ¢t — g(t, s) defines a geodesic.Hence its acceleration is zero that means
7w = 0. So we have

(T, 9) = (v+ sw, v+ sw).

Now using previous proposition we have following :

o, . _ o .
— (U, Us) = U, Ust) = (Ui Ups) =

o . .
ot g@uyﬁ- (4-12)

DO | —

Now putting the value of (g, 7;) in above equation we have

9,
(a@t,ys»(t,o) = (v,w) Vt.
Now
tliinogjs(t,()) = t@o(dexpp(tvv))tw: 0.

Hence we have
<gt7 st><0, O) = 0.

Thus by some elementary calculus we have (g, Js)(t,0) = t(v,w). We put t = 1 to
complete the proof.[]
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Chapter 5

Curvature

Let M be a Riemannian manifold with Riemannian connection V. The mapping R :

X(M) x X(M) x X(M) — X(M) given by

R(X, Y)Z = [Vy,VX]Z + V[X,y}Z

(5.1)
=VixyZ — Vx,Vy]Z.
is called the curvature of M.
Proposition 1 :
(1.) If f,g € C°(M) then ,
R(fX1 4 gX2,Y1) = fR(X1, Y1) + gR(X3, Y1) (5.2)
R(X1, fY1+gYa) = fR(X1,Y1) + gR(X1, Y2).
where X, Xo, Y}, YoX(M).
(2.) If fe C®(M) and X,Y,Z, W € X(M) then ,
RX,)Y)fZ = fR(X,Y)Z
(5.3)

RX,Y)Z+W)=R(X,Y)Z+ R(X,Y)W.
Proof : The proof is just simple calculation using the properties of Lie bracket

and Riemannian connection V. Hence we omit it.

Bianchi Identity :
RX,)Y)Z+ R(Y,Z) X+ R(Z,X)Y =0. (5.4)
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Proof : For proving this we will use Jacob: identity which is

[X,Y], 2] +[[Y, 2], X] + [[Z, X],Y] = 0. (5.5)
Now, we have
R(X,Y)Z = [Vy,Vx]Z + VixyZ. (5.6)
R(Y,Z)X = [Vz,Vy]X + Vi 5Z. (5.7)
R(Z,X)Y = [Vx, VY + VizxZ. (5.8)

now adding (5.6) + (5.7) + (5.8) and using symmetry property (VxY — Vy X =
[X,Y]) we get the desired identity.[]
Proposition 2. Let (R(X,Y)Z,T) = (X,Y,Z,T). Then we have :
). (X, Y, Z2,1T)+ (Y, Z,X,T)+ (Z,X,Y,T) = 0.
Gi). (X,Y,2,T) = —(Y,X,Z,T)
(ii). (X,Y,2,T) = —(X,Y,T,Z)
(iv) . (X.Y,Z.T) = (2, T, X,Y).
Proof : The proof is just simple calculation using properties of V and the Lie

bracket. Hence we omit the proof.

Expression of curvature in local coordinates :

Let (U, ¢) be a coordinate system at p € M. Let us denote X; = %. Then we have

R(X;, X)) Xy = ZRZ]le (5.9)
Using Vx,X; = >, I';X; and the expressions for R(X;, X;)X) and from the
equation(5.1) we have,
s l l s s a s
1 7
We simply put
(R(X;, X;) X1, X Zkagls = Rijs. (5.11)

REMARK : The value of (X,Y, Z, T) at p depends only on the values of X (p), Y (p), Z(p)
and T'(p).
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5.1 Sectional curvature

If x,y € T,M then we define

2 Ayl = Izl — (2,5

This is the area of parallelogram in 7}, M spanned by x.y.

Proposition 3. Let €2 be a 2 - dimensional subspace spanned by v,w € T,M.
The real number

v, W, v, W)

K(v,w) = ( EYNTE (5.12)

is independent of choice of the linearly independent vectors v,w € ). Hence it is

reasonable to write K (v, w) = K ().
REMARK : It is called the sectional curvature of € at p.

Proof: Let {v,w} be a basis for ). Let z,y € Q be two linearly independent
vectors. Then z = Mv + Aw and y = v + pow for some Aj, Ao, i1, 2 € R where

Ape — pp A # 0. A simple calculation shows that

(z,9,2,9) = Mpa — 1 ha)’ (v, w,v,w)

and

@ Ayl = (Apa = o) *|v Awl,

Hence from (40) we have K(z,y) = K (v, w).

Lemma (K (Q)'s determine R :) Let F' : W x W x W — W and F' : W x
W x W — W be tri-linear mappings satisfying the properties of Proposition 2 |
where W is a vector space of dimension > 2. with an inner product.Let us denote
(z,y,w,2) = (F(z,y)w, 2) and (z,y,w,2) = (F (x,y)w, z). If {z,y} are two linearly
independent vectors then we define K (z,y) = K(Q) and K (x,y) = K'(Q) by equa-
tion(5.12) , where € is two dimensional subspace of W. If K(Q) = K'(Q) for all Q
then F = F'.
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Lemma 4 : Let M be a Riemannian manifold.Define a tri-linear mapping C' :

T,M x T,M x T,M — T,M by
<C(XvY7T)vZ>:<X7T><Y7Z>_<KT>><X’Z>7 (513)

where p € M and X,Y,T,7Z € T,M. Then M has constant sectional curvature equal
to K, if and only if R = K,C' where R is the curvature of M.

Proof . The proof follows from an easy calculation by using Propostion 2 and the

previous lemma.[]

Corollary 5.: Let M be a Riemannian manifold with connection V. Let T, M be
a tangent plane at p € M. We have K(p,Q) = K, for all 2-dimensional subspace
Q C T,M if and only if

Rijii = Ko(0irdji — 6adk) (5.14)

where R, = (R(e;, ej)er, e),,j,k, 1 =1,..,n where (ey, .., e,) is an orthonormal ba-
sis of T, M and ¢;;s denote the Kronecker delta.
It follows that K(p,Q) = K, for all Q@ C T,,M if and only if R;;;; = K, for all i # j

and R;jp; = 0 for all other cases.

Theorem : Let M and N are Riemannian manifolds of dimension m and n respec-
tively.Let f : M — N is an isometry. Then curvature is preserved by this isometry.

Proof : Proof follows from isometry preserves connection.

Examples :

1. Let 8" == {x = (21, %9, ..., Tpy1) € R S22 — 1} with the induced

=1 "1
metric from R™*!. Then S™ has constant sectional curvature equal to 1.

We demonstrate it for S?.We use the same notation as in the example in section 2.2.

Then

4
g11 = go2 = m,
g2 =921 =0
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and the Christoffel symbols are :

2u
R
IR
2v
2 2
Iy =-T5 = T+ w2t o2
9 (5.15)
Fl _ 1‘\1 _ —2U
12 =0 T T
—2u
=TIy =——.
12 21 1 +u2 +U2
We have the following equations ,
z]ks Z R@]kgls
P (5.16)
ik = ZF Zrkrzsl+ _8_a:i Sk
we put k=14 =1 and s = j = 2 then using above equations we have
Risis = Ry g12 + Rig 922 = Ry 920 (5.17)
since g12 = 0. And we have from the second part of equation(5.16) ,
1 2 2 12 1 2 2 12 9 o 9
Riy =T T5, + T35, — Ty 0%, — 15,15, + %Fll - %Fm- (5.18)
Now putting the values of all Fffj and after a simple computation we have ,
4 4
Ro191 =R = X
2121 1212 Q+u2+02)2  (1+u2+02)2 (5.19)

= Ko(911~922)-

After putting the values of g;; and geo we have Ky = 1.Similarly we can show that
R;jis is zero for other cases. We note that SO(3,R) acts transitively by isometry on

S? Hence we are done by previous theorem.

2.
The upper half plane H? = {(z,y) € R*y > 0} has constant sectional curvature

equal to —1.
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The metric on H? is given by

1
9112922:E;912:g21:0-

The Christoffel symbols are given by

F%1:F%2:F%2:0a

1
e ==, (5.20)
-1
FiQ = FgQ =
We use similar calculation as we did in the previous example.
Now here we put ¢ = k=2 and 7 = s = 1. so we have
Ris12 = Roio1 = Ryyy 12 + R3y5 922 = B3y, goo- (5.21)
Since g1 = 0. Now we have ,
2 1l 2 il 11 2 il 9 9
Ra1p = Tl + 15,1 — Piol'yy = Tl + -1 — -1, (5.22)
ox Jy
Now putting the values of I' fj and by simple computation we have
1
Ro191 = ——
y (5.23)
= K,(g11-922)-
Now putting the values of g;; and go5.We have K, = —1.Similarly we can show

that R;jis is zero for other cases.

Change of Curvature under scaling of metric :

Proposition 6. Suppose M is a Riemannian manifold with a Riemannian metric ()

and k > 0 is a constant. On M change the Riemannian metric (,) to (,) as follows :

!

(u,v), = k{u,v),

(5.24)

for all p € M and u,v € T,M. For any linearly independent z,y € T,M if K(x,y)

is sectional curvature for the metric (,) and K (x,y) is sectional curvature for the

metric (,) then we have K'(z,y) = —K(z’y)-
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Proof : Let (U, (x1,..,2,)) be a coordinate system on M. In U the Christoffel

symbols with respect to (,) are given by ,

a B -~
Z{ 9k g axkgij}g’“ (5.25)

where g;; = (22, 52) and (¢*™) is the inverse of (gin). Let us denote the metric

tensor etc. by the same symbols with a prime for the new metric. Then g;j = kgij

this implies (¢'%) = (g;j)_1 = 2(g"¥)71. It is clear that ['*;; = % for all 4, j, k. Hence

/

R ;t1 = kRijr. Thus for any pair of linearly independent vectors x,y € T,M we have

(R(z,y)z,y) = +(R (z,9)z,y).

Therefore,

(5.26)

Hence, K'(z,y) = &4 O

Example : We shall use Proposition (6) to calculate the sectional curvature of
52(7‘) ={(z,y,2) € R3: 2%+ y2 422 = 7“2}.

Since the induced metric on S?(r) from R? is equivalent to scaling the metric of

S2(1) by a factor of r?, S?(r) has constant curvature -5
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