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NOTATION

Notation

I = Current
q; = Charge
F= Force

—

E = Electric Field

B= Magnetic Field

p(Z,t) = Charge density at position Z at time ¢
J = Current Density

1o = Permeability of free space

€p = Permitivity of free space

V = Differential operator

d(x — x;) = Delta function at 7 = x;.
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ABSTRACT XV

Abstract

One of the methods to image a sample is to send the radiation of a particular fre-
quency towards the source. The atoms will resonate and send out the signal which can
be used to locate the position of each atom in particular. A gradient field can be used to
determine the position of atoms/molecules in the sample. Such a field can be created by
a number of coil systems. Here we are going to find the field distribution produced by
Helmholtz coils. For our purpose, we will use Finite Element Method as the technique

to solve partial differential equations.
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Chapter 1

Problem Statement

With the rising population of today’s world, the number of diseases spreading across is
also increasing. In this case, we regularly require new tools to diagnose such conditions.
Although we already have many diagnostic tools available, the need for more accuracy

and information is inevitable.

MRI is one such diagnostic tool which can be used to find known and unknown
abnormalities such as, tumors, bleeding, injury, blood vessel diseases, or infection. It
provides more information than other scans, like CT scan, X-ray, etc. It is currently the

most sensitive non-invasive diagnostic tool.

MRI uses magnetic field and radio waves to generate the image of the body. Gradient
magnetic field coils are used to produce the desired, unique over space, magnetic fields.
Gradient coils provide controlled variations to the primary magnetic field to provide

spatial localization of the signals.

A wide variety of coils is used to get the required gradient fields. One such simple
system is of Helmholtz coils. In this design, current is in opposite directions. The coils

are at a distance R from each other, where R is the radius of coil.
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coil | coil 2

75
\ X/

Figure 1.1: Helmholtz Coils

In this project, I will try to find the magnetic field distribution obtained by Helmholtz

coils using the Finite Element Method.



Chapter 2

Theoretical Background

Electromagnetism

2.1 Electric and Magnetic Fields

To the best of our knowledge, there are four forces at play in the universe viz., grav-
itational force, electromagnetic force, weak force and strong force. The basic unit of
electrodynamics is a charge. The charge experiences an electromagnetic force when
placed in an electromagnetic field.

The electric field (E) is a region around a charge (q;) within which force would be

exerted on other charged particles (¢2). This force is given by the Coulomb’s Law -

Fig = = @B, (2.1)

Whereas if the charge is in motion, it creates a magnetic field (é). However there are
other materials as well which set up their magnetic fields, but our primary concern here
is moving electric charges or currents. The most common source of a magnetic field is
an electric current loop. The position 7(t) of a particle with charge q is dictated by the

electric and magnetic fields through Lorentz force law -
F=q(E+7xB) (2.2)

Roughly speaking, an electric field accelerates a particle in the direction of E, while

a magnetic field causes a particle to move in circles in the plane perpendicular to B.

3
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2.2 Charge and Current Density

Each particle carries with itself a number of properties which determine how it interacts
with the four forces. For the force of electromagnetism, this property is a charge. It can
be positive or negative, with a unit Coulomb (C).

To learn about the dynamics of continuous objects we now consider Charge density
(p(Z,t)). Charge density is defined as charge per unit volume. The total charge Q in a
region V is -

Q- /V o, t)dx 2.3)

The movement of such a charge density from one place to another gives rise to another

—

quantity called as Current density (J(Z,t)). For every surface S -

I = / J.dS (2.4)

S
gives the charge per unit time passing through the surface S. I is called the current, i.e.

charge per unit time. The quantity J is defined as the current per unit area.

I .

2.3 Continuity Equation

The most important property of charge is that it is conserved locally, which implies that
the charge cannot just vanish from one part of the universe and appear somewhere else.
The property of local conservation means that charge density can only change over the
course of time if there is a compensating current flowing in or out of the system. We

can express this in the form of continuity equation -
L iv.JI=0 (2.6)

This equation arises whenever a quantity is locally conserved.

2.4 Maxwell’s Equations

Until the 19*" century, Electricity and Magnetism were considered as different phe-

nomenon, but are now known as components of a unified theory of Electromagnetism.
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The complete unification of electric and magnetic phenomena in a mathematical theory
was given by Maxwell, in a set of four equations. These four equations describe how
electric and magnetic fields interact with the objects and how they propagate in space.

Following is the set of four Maxwell’s equations -

vE="2 (2.7)
€0
V.B=0 (2.8)
0B
E=—— 2.
V X T (2.9)
E
V x B = M0J+/L0€088—t (210)

2.5 The potentials and Wave equation
Now, we want to solve the Maxwell’s equations. We start with eqn.(2.8) -
V.B=0 (2.11)
This implies that B is the curl of something
B=VxA (2.12)

We can use this form of B in eqn.(2.9) -

0
E=—— A 2.13
V x 8tv X (2.13)
or
0A
\Y E+—|=0 2.14
X < t 5 ) (2.14)
Since curl of the vector quantity £ + % is zero, we can define it equal to the gradient
of something.
0A
E+—=-V 2.15
+5 =V (2.15)
or
0A
E=-V¢—-— 2.16
- (2.16)

Here ¢ is called Scalar Potential and A is known as Vector Potential.

Now using both, eqn.(2.12) and eqn.(2.16) in eqn.(2.10) we get,

0 0A
V x (V X A) = /JJQJ + ,Uzoﬁ(]a (—V(ﬁ — E) (217)



6 CHAPTER 2. THEORETICAL BACKGROUND

V(V.A) = V?A = poJ — Qw— oA (2.18)
: = Ho Ho€o It Ho€o o2 .
1 0¢ 1 0%A 9
Using Lorentz gauge -
1 0¢
A=——=— 2.2
v 2 ot (2.20)

we get the following equation, known as the ’Inhomogeneous Electromagnetic Wave
Equation’-

— = = VA = pyJ (2.21)

dr'dt’ (2.22)

Source of wave at time t’
Wavefront at timet >t

The source of the wave occurs at time ¢ and propagates in a circular wavefront as time

increases for t > t'.



Chapter 3

Solving The Wave Equation

In the last chapter, we arrived at the following differential equation -
——— — VA =] (3.1)

The solution of this equation provides us the information about how the wave propa-
gates. We know the analytical solution of this as Eqn.(2.22), but now we wish to solve
this numerically/computationally.

There are a variety of methods available to solve different kinds of PDEs. For eg., Fi-
nite Difference Method, Finite Volume Method, Gradient Discretisation Method, Finite
Element Method, Monte Carlo Method, etc. Finite Difference Method can solve simple
problems neatly, but as soon as complexity is added, it becomes unwieldy. FEM, how-
ever, is a sophisticated technique but can deal with complicated problems. Here we’ll

solve the above hyperbolic equation via Finite Element Method.

3.1 Finite Element Method

To analyze a system, a mathematical model is developed which describes the system.
This mathematical model usually consists of differential equations and provided condi-
tions. The solution to these equations is generally difficult to obtain. With the advance-
ment of technology and high-performance computers, it is now possible to solve such
differential equations. Several numerical techniques have been developed and applied
to solve various mathematical problems to get their solutions.

The finite element method has been one of the major numerical solution methods.

It can easily be used to analyze different kinds of problems. The FEM requires division

7
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of problem domain into many sub-domains. Each sub-domain is referred to as a finite
element.
Since we don’t know the solution of the equation we are solving, as a first step we

approximate the solution. Weight Residual is one of such techniques.

3.1.1 Methods of Weighted Residual

The methods of weighted residual are useful to obtain approximate solutions to differ-

ential equations. To explain the method, we will use the following differential equation

d*u

where,

Step 1: We first need to assume a trial function, consisting of unknown coefficients
to be determined later. The function is chosen such that it satisfies the boundary condi-
tions. To improve the approximate solutions, we can add more terms to the trial function.

For Eqn.(3.2) we choose the following function -
= azx(l —x) (3.3)

Generally, the accuracy of an approximated solution is dependent upon the proper se-
lection of trial function.

Step 2: We know that the trial function will not solve the differential equation. There
will be some residual which can be estimated by substituting @ in the main equation. The

residual can be written as -

R—@—&—l—x——2a—ax(1—x)+x (3.4)
 da? B '

Step 3: To make the above residual zero we need to find the value of ’a,” which best
approximates the trial solution to the exact solution. To this end, we select a weight-

ing/test function and set the weighted residual over the problem domain to zero.

1 1 d2ﬂ
I:/ wRdx:/ w(—Q—fL—i-x) dz (3.5)
0 0 dx
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1
I:/ w(—2a—azx(l—z)+x)dr =0 (3.6)
0

Step 4: Now we define the weighting/test function. There are a number of ways to

define the test function.

1. Collocation Method : The Dirac Delta function is used as a .

w=0(xr — x;) (3.7)
The sampling point x; must be within the domain.

2. Least Squares Method : The test function is defined from the Residual such that -

dR
- 3.8
w=-—_ (3.8)
3. Galerkin’s Method : The test function is derived from the -
du
- - 39
W= (3.9)

Here we just have one unknown constant, so we need just one test function. In general,

we need the same number of test function as that of unknown constants.

3.1.2 Strong and Weak Formulation

The formulation described in the last section is called the strong formulation. In Eqn.(3.5),
it is required to solve the highest order of derivative term in the differential equation.
This formulation puts conditions on the chosen trial function, such that it should be
differentiable twice and the second derivative must not vanish.

In order to reduce the conditions on the trial function, integration by parts is applied

to the strong formulation, i.e. eqn.(3.5) -

1 d2~
1:/ w(—Z—a+x>da: (3.10)
0 dz
L/ dwda da]’
I — Wi d —| =0 3.11
/0 ( Jr dn wu+xw) x+[wde (3.11)

In Eqn.(3.11), the trial function only needs to be differentiable once. As a result, the
requirement for the trial function is reduced. This is called as weak formulation.
The weak formulation has an advantage for Galerkin’s method. If the governing

differential equation is a self-adjoint operator, Galerkin’s method along with the weak
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formulation results in a symmetric matrix in terms of the unknown coefficients of the
trial function. However, the same solution is obtained by both weak and strong formu-

lations.

3.1.3 Trial Function

Regardless of the formulation used, the accuracy of solution heavily depends on the
choice of trial function. Choosing the trial function can be difficult, especially if there
is a significant variation over the problem domain.

To overcome such difficulties, a trial function can be described using piecewise con-
tinuous functions. For a one-dimensional domain, the piecewise linear functions can be

defined as -
(x —xi9)/hi xio <o <y

¢i(z) = { (g1 —2)/hiy1 v < v < i (3.12)

0 otherwise

3.2 Solving Poisson’s equation

Poisson’s as well as Laplace’s equations are common field-governing equations to de-
scribe various physical natures. These differential equations can represent wave equa-
tion, heat conduction etc.

Viu=yg (3.13)

for Laplace’s equation g = 0.

3.2.1 Poisson’s Equation

In 2D, the Poisson’s Equation can be written as -

Pu u .
Here g(x,y) is the force term. u is the dependent variable which doesn’t have different
x and y components.

The boundary conditions are -

g—z:éj on I, (3.15)
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and
u=u on [, (3.16)
For the boundary -
r.ul, =r (3.17)
and
r.nT,=10 (3.18)

3.2.2 Method of weighted residual for Poisson’s equation

Applying the method of weighted residual and doing integration of the differential equa-
tion (eqn. 3.14) -

*u  O%u du

We apply integration by parts to develop the weak form.

o0%*u Y2 22 92y
fo(5) 2 /m ([ i) a

ow Ou
v ade j{w—nmdf

(3.20)

We get a similar expression for the y-component. Therefore, for the first two terms in

eqn.(3.19) we get,

v 0*u ow 8u ow Ou
/Qw (8x2 8x2> ds) = —/ (89& o oy 8y> ds) + %w—df (3.21)

This equation is also known as Green's Theorem.

Using eqn.(3.22) in eqn.(3.19) we get,
Oowou  Owdu ou
I= —/Q (%% + — 3y 8y) dQ) — /ng(x,y)dQ—l—/Fw%dF (3.22)

3.2.3 Linear Triangular Element

To discretize the 2D domain one can use rectangular or triangular elements. We want
to use the triangular linear element. The triangular element has three nodes and the

variable interpolation between the nodes is linear in x and y.

U = ay + asr + azy (3.23)
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(5,5)

(X3-%3)
(xg:}"z} i

Figure 3.1: Linear Triangular Element

or
451
w= [1 . y} s (3.24)

a3

a; here is the constant, which is to be determined later. For the three nodes of a triangular

element we can write -

Uy 1z wn ap
Uy ¢ = |1 x9 Y2 as (325)
Uus 1 z3 ys3 a3

u; here is the nodal variable with x; and y; being the coordinate values. We can find the

value of constants a;’s by just taking the inverse of square matrix and multiplying it on

both sides.

a1 . ToYs — X3Y2 T3Y1 — T1Ys T1Y2 — T2l Uy
ay 0 =57 | Y2—Us Ys — i1 Y1 — Yo Us (3.26)
as T3 — T2 Tr1 — T3 To — T us
where
X Iz y
A= §d6t 1 x4 Y2 (327)
1 x3 ys

Here A gives the area of the linear triangular element. However it’s value is positive
or negative depending upon the direction of nodes (anti-clockwise or clockwise respec-

tively). Substituting the eqn.(3.26) in eqn.(3.24) we get -

U= Hl(Ia y)ul + HQ(xv y)u2 + Hg(l',y)lbg (328)
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where H;(x,y) is called as shape/test/weighting function for linear triangular element,

given as -
Hy = i[(fcwa — 23y2) + (Y2 — Y3)T + (73 — 12)Y] (3.29)
Hy = i[@?’yl —z1ys) + (Y3 — Y1)z + (x1 — 23)y] (3.30)
Hs = i[(%m — Tay1) + (Y1 — y2)z + (22 — 21)Y] (3.31)

Shape functions also satisfy the following condition -
Hi(xj,yj) = 5ij (332)

or

> Hi=1 (3.33)

3.2.4 System Matrix

The first integral in Eqn.(3.22) represents the system matrix. It contains the geometrical
and material properties of the domain. It also represents the resistance put by elements
to change when subjected to external force. System matrix, however, is the assembled
form of element matrices. For a linear triangular element as shown in Fig.(3.1), the

element matrix is computed as -

owou Owou
K] = ——+—— ] dQ
K] /Qe(axaijay@y)d

oty oty
ox dy (3 34)
— OHo OH1 OHo OH3 + O0Ho OHq O0H> OH3
Q ox ox ox ox oy oy oy oy
ox oy

Here w = H; is the shape function and €2, is the element domain. On performing the
integration we get [K| as a 3 X 3 matrix with elements consisting of z; and y;. By
calculating the above element matrix for each triangular element in the domain, we can

calculate the System Matrix (K K).

3.2.5 System Vector

The other domain integral which is to be calculated is -

[F] = /ﬂwg(x, y)ds (3.35)
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[F] here denotes the ’element vector.” This integral gives us the R.H.S. force term of the
equation. The integral will be calculated for each triangular element, and everything is

assembled at the end which provides us with the System Vector (F'F).

3.2.6 Boundary Integral

For the boundary integral, we’d solve -

ou ou
wo—dl =) / wo—dl (3.36)

Ty 3n

Where I',, denotes the natural boundary of the domain and I'. denotes the element bound-
ary. Over the element boundary, we first calculate the above integral (L.H.S.). So we
find the value of above integral for all the boundary nodes and then add this value to its

corresponding place in the A K matrix.

3.2.7 MATLAB : Data and Results

Following are the general steps followed to obtain a graphical solution on MATLAB.
Step 1 : Discretize the domain using the trial function elements. We use piecewise
linear, linear triangular and tetrahedral elements quite often for 1D, 2D, and 3D respec-
tively.

Step 2 : In aloop for all triangles, find Area Eqn.(3.27), shape function Eqn.(3.29-3.31),
system matrix Eqn.(3.34) and system vector Eqn.(3.35).

Step 3 : Also in the same loop assemble K matrix and F vector over the full domain.
Step 4 : Apply boundary conditions. Add this matrix, B, to KK (assembled K) matrix.
Step 5 : To get the final answer, take inverse of KF (KK + B) matrix and multiply with
FF (assembled F) vector.

Step 6 : Plot the solution on the discretized domain using appropriate command.
Following are the steps that I used to solve the Poisson equation, for constant source

V3¢ = 3.03 (3.37)

with the boundary condition -
99 _ 140 (3.38)
on
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1. Using the pdetool’ in MATLAB, I first chose a domain and discretize it. There is

a total of 709 nodes making 1328 triangles.

5] T
R AW W W Wk
. Sy !
4 - 4 il -
2 2
4
2 3
4 i
2t .
4
2 5
- 4
= ok 2 5 -
8 :
2 7
3
2 i)
_2 B 3 2 7
2 9
3
2 o
-4 3 4 b
’ VAN AWAWAWAN '
6 I I 1 I I
-6 4 2 0 2 4 8
X-axis

Figure 3.2: Mesh discretized with triangular element

2. Atnode 449, I put some value for the force vector. For rest of the nodes, it is zero.

009

0.05

0.07 |

vale

1 1 1 L 1 1 1
1] 100 200 300 400 500 B00 700 800

node label

Figure 3.3: Force vector
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3. The K F~! matrix which is to be multiplied with the right-hand side is then ob-

tained to be -

[°qE] 3pou

100 200 300 400 s00 500 700

Figure 3.4: K K~! matrix

4. The solution hence obtained U = KF~'FF

Figure 3.5: Solution of eqn.(3.37)
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3.3 Solving the ’Inhomogeneous Electromagnetic Wave
Equation’
The inhomogeneous EM wave equation as mentioned earlier is -
S (221)

To reduce the complexity of above equation I change it to -

2 w?
Let
A =i+ ) (3.40)
J=Jyi+J,j (3.41)

Substituting A and J in eqn.(3.39) -

Pu v w?

Using the method of weighted residual as in eqn.(3.5),

0*u 0% w? w?
I—[)(Ul@—l—Uga—yQ) dQ—F/Q(O'lgU"—O'Q?U) d)

(3.43)
+ / Ho (Uljm + U2Jy> - / (Ul¢z + UQ(by) dr
Q Le
where o is the shape function for & component and o5 is for 7.
We used -
U H, 0 Hy, 0 H; 0
(" ’ ’ (3.44)
v 0 H1 0 HQ 0 H3
and
H, 0
0 H
o Hy 0
b I (3.45)
09 0 HQ
H; 0
0 H;

Compute H; from eqn.(3.29) - (3.31).
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On formulating the weak form of eqn.(3.43), we get

0o, 00U  Ooy OU / w? w?
I =— ———+ —=— ] dQ — —
A(@x@x—i_ayay)d + 9(0102u+02c2v

(3.46)
+/,LL() <01Jx+0'2Jy> dQ+/ (01¢x+02¢y) dF
Q r.
We can define -
K+C+B=-F (3.47)
01 01
%y Oy (3.48)
o
e %) (%)
oz 0 o7
Q Y 5
w? u
¢= 4% Ax 2 (Ul UQ) v (3.49)
du
B= / (o1 o) (7 ) ar (3.50)
. o
on
where g—z = ¢, and g—:’L = ¢,
Ju
F= % (gl 02) (3.51)
Jy

u
To find the solution we calculate K 4+ C' + B and find the inverse of it. Then we
v

multiply it with the RHS.

I followed the following steps in MATLAB to find the solution -

1. Tused the following mesh with 312 triangles and 177 nodes -
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Figure 3.6: Mesh

2. T used the following parameters -

(a) c=3 x 108 m/s

(b) o =47 x 10~7 N/A2

(¢) w=10 MHz

(d) J=1000 pA/p m? =10° A/m?

3. Following is the solution obtained after computing K, C, B, F.
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Figure 3.7: Solution

Shown in red is the vector flow. Vector direction depends on the location of point.

4. If another current density of same magnitude is placed on the other side, then we

get the following results -
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Figure 3.8: Solution for two current densities

The result shown in Fig.(3.8) is similar to what we would get if we take the projection

of Helmholtz coils.



Chapter 4

COMSOL Multiphysics

COMSOL Multiphysics is a FEM based solver and simulation software. One can sim-
ulate the results by defining the type of physics they want to study and the domain of
the geometry. Further one has to make a geometry and apply the physics and boundary
conditions. One simple example is of a charge density in a 2D domain pointing out of

the plane. For such a system the magnetic field distribution will be -

Figure 4.1: Magnetic field of a point source

For a pair of current densities pointing in opposite directions -

21
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Figure 4.2: Magnetic field of two point sources

4.1 Helmbholtz coil design

The main aim of the project was to find the magnetic field generated by a set of coils
as shown in Fig.(1.1). For this purpose, I use COMSOL Multiphysics. Using the mf
(magnetic fields) Physics in COMSOL I made the following 3D geometry including

two coils and one sphere.

Figure 4.3: 3D coil geometry for Helmholtz coils

Whatever is inside the sphere makes the problem domain. Next, I discretized the
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domain using linear tetrahedral elements. I used air as the ’material’ throughout the
domains.

Coil Specifications -

1. Coil Radius = 0.5 [cm]

2. Distance between coils = 0.5 [cm]

3. Coil Current = 2.5 [A]

4. Number of turns in each coil =5

5. Coil wire cross-section area =1 x 1075[m?]
6. Coil conductivity = 6 x 107[.S/m] (Copper)

For a system with current in same direction in both the coils we will get the following

result -

Figure 4.4: Field Distribution for Helmholtz coil with currents in same direction

For a pair with currents in opposite direction, with following coil specifications -
1. Coil Radius =1 [cm]
2. Distance between coils = 1 [cm]

3. Coil Current = 1.0 [A]
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4. Number of turns in each coil = 1
5. Coil wire cross-section area =1 x 1075[m?|
6. Coil conductivity = 6 x 107[.S/m] (Copper)

1 obtained -

Figure 4.5: Field Distribution for Helmholtz coil with currents in opposite direction

Following is the line graph of magnetic field distribution z-axis -
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Figure 4.6: Field Distribution along z-axis
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The gradient thus obtained here is 5.33 [mT/m] or 5.33 [ T/mm)].

For similar coil design with following specifications -

1. Coil Radius =1 [cm]

2. Distance between coils = 2 [cm]

3. Coil Current = 1.0 [A]

4. Number of turns in each coil =2

5. Coil wire cross-section area = 1 x 1075[m?]

6. Coil conductivity = 6 x 107[S/m] (Copper)

I obtained -

L

Figure 4.7: Field Distribution for a coil with currents in opposite direction

Following is the line graph of magnetic field distribution z-axis -

25
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Figure 4.8: Field Distribution along z-axis

The gradient thus obtained here is 1.254 [mT/m] or 1.254 [ T/mm)].

4.2 Other Coil Designs

With the above mentioned design of coil, we got a gradient in only one direction, i.e.
y-direction. We can add two more pairs of coils to this design and can obtain a gradient

in all the three directions.

As shown below I added 4 other coils, with each pair having currents in opposite

direction -
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/]

Figure 4.9: 6 coils design

Coil Specifications -

1. Coil Radius = 0.4 [cm]

2. Distance between coils = 1.0 [cm]

3. Coil current=1 [A]

4. Number of turns in each coil =2

5. Coil wire cross-section area = 1 x 1075[m?]

6. Coil conductivity = 6 x 107[S/m| (Copper)

Following is the field distribution obtained in xy plane -

27
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Figure 4.10: Field Distribution in xy-plane
be adjusted accordingly.Following is the field distribution along the axes -
1. Field Distribution along x-axis
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Figure 4.11: Field Distribution along x-axis

The gradient thus obtained along x-axis is 12 [ T/m] or 12 [ T/nm].
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2. Field Distribution along y-axis
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Figure 4.12: Field Distribution along y-axis

The gradient thus obtained along y-axis is 12 [ T/m] or 12 [ T/nm].

3. Field Distribution along z-axis
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Figure 4.13: Field Distribution along z-axis

The gradient thus obtained along z-axis is 50 [ T/m] or 50 [ T/nm)].
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4.3 Conclusion

For a gradient close to /' T/m the coil should be large in size and the distance between

coils is needed to be large. The coil current and number of turns can be adjusted accord-

ingly.
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