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Abstract

Clifford algebra of a quadratic space (V,q) is the quotient of the tensor algebra of V'
by the two-sided ideal I(V,q), generated by {z® z — ¢q(z).1 |z €V }.

In [Sus77], A.A. Suslin defined a sequence of matrices whose size doubles at each step.
Using Suslin construction, for v,w € R™! we get a matrix of size 2" x 2". Moreover,
each Suslin matrix S has a conjugate Suslin matrix S such that S = SS = (v.w?)Ien.
In [Chil5], V.R. Chintala showed that Suslin matrices can be used to construct Clifford
algebra of H(R") with the quadratic form determined by the bilinear form b(v, w) = v.w? .
Suslin identities are used to define standard involution on the Clifford algebra. As an

application of Suslin matrices, we obtain a proof of the following exceptional isomorphism

[Chil5],

Spina(R) = SLa(R) x SLa(R) , Sping(R) = SL4(R)

Suslin matrices are defined in an inductive way. We tried to generalize the idea of
Suslin matrices to a more general set up of central simple algebras. For that, a new set
was defined called Suslin set with certain properties that are satisfied by Suslin matrices.
We looked at algebras that are isomorphic to Man(F'). Let A be an algebra isomorphic
to Man(F') by the map ¢. Then, by taking inverse image of Suslin matrices under ¢, we
indeed obtain a Suslin set. We hope that Suslin sets could be useful to understand Suslin

matrices.



Chapter 1

Quadratic Forms and Clifford

Algebras

In this chapter we define some basic notions in the algebraic theory of quadratic forms.
In first section, we recall quadratic forms and some of their basic properties. In next

section, we discuss about Clifford algebras of quadratic spaces and involutions on it.

1.1 Quadratic Forms

Let F be a field with char(F') # 2 and V' be a vector space over F'. An F valued function
q on V is called a quadratic form on V if there exist a symmetric bilinear form b on V.
such that ¢(z) = b(x,z) , for all x € V. A vector space equipped with a quadratic form
is called a quadratic space (V,q). Each symmetric bilinear form on V' defines a quadratic

form on V.

Proposition 1.1.1. Different symmetric bilinear forms defines different quadratic forms.



Proof Let q(z) = b(x,x), then we have

gz +y) = blz+yz+y) =0z 2)+bxy) +blyz)+by,y)

= q(v) +q(y) +2b(x,y)

from which we get b(z, y) = 3(q(z+y)—q(z)—q(y)). Also, b(z,y) = 5(q(x+y)—q(z,y)).
These equations are called Polarization Formulae . Thus g determines b uniquely. |

The symmetric bilinear form b is called the bilinear form associated with ¢. For each
b, we can define a mapping, I, : V. — V* as l(v1)(v2) = b(v1,v2). Rank of b is considered
as the rank of the linear transformation l,. This same rank is taken as the rank of q. A
quadratic form ¢ is called non-singular quadratic form if the associated bilinear form is
non-singular. Quadratic form is called regular quadratic form if it is non-singular. Then

the quadratic space is called reqular .

1.1.1 Orthogonality

Let (V,q) be a regular quadratic space, with associated bilinear form b. For x,y € V, we
say x is orthogonal to y and write x L y if b(x,y) = 0. Since b is symmetric, L y if and
only if y L x. Also, we have z L y if and only if ¢(x + y) = ¢(x) + q(y). If A is a subset of
V, we define the orthogonal set A+ by At = {x |z L a,for all a in A}.

We can see that,

1. Al is a linear subspace of V.

2. If A C B, then A+ D B+.

3. A+ D A and AL = A,

4. F = F++ for F, a linear subspace of V.

5. FNF- =0and V = F @ F* for F, a linear subspace of V.



1.1.2 Diagonalization

Theorem 1.1.2. Every quadratic space (V,q) over F can be represented by orthogonal

sum of one dimensional spaces.

Proof We prove this by induction of V. If dimV=1, then there is nothing to prove.
Suppose that dimV = n and the theorem is true for n — 1 dimensional spaces. Let us
consider two cases.

Case I : If g(v) = 0 for all v € V, then result is trivially true.

Case I : If ¢(v) # 0 for some v € V, say v1. Let q(v1) = a # 0. Then, Let W = {v;}+.
Then V' = span(vy) ® W, with dim(W) = n — 1. Since restriction of g to W is a quadratic
form on W, the result follows from inductive hypothesis. ]

So, there exists basis (v1,...v,) such that ¢(v;) = a; where a; € F' and b(v;,v;) = 0 if

i # j. Then for x = Zle V5,
n
i=1

We denote this as

q=<a1,02,...,0y >

If (Vi,q1) and (Va,q2) be two quadratic forms, then we can define quadratic form on

Vi@ Vo by q(z1 + 22) = q1(21) + qa(2).

Definition 1.1.3. A 2n-dimensional quadratic form ¢ is called hyperbolic if it can be

represented as nx < 1,—1 >.

1.1.3 Isotropy

A vector v € (V,q) is called isotropic if q(z) = 0 and anisotropic otherwise. We denote
the set of all isotropic elements by Iso(V,¢) and all anisotropic elements by An(V,q). If a

linear subspace U of V is contained in Iso(V, q), then it is called totally isotropic.
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1.1.4 Isometry

Let (Vi,q1) and (Va2,q2) be two quadratic spaces. A linear map 7' : V; — V5 is called

isometry if
1. T is injective, and

2. @(T(x)) = q1(x) for all x € V4.
By the polarization formula, (2) is equivalent to
3. bo(T(x),T(y)) = b1(z,y) for all z,y € V.
Isometry is an injective map. If the space (V,q) is regular, condition 2(or 3) implies the

map is injective.

1.1.5 Orthogonal Group

Isometry of a space to itself is called a orthogonal mapping . T~ is defined since the map is
surjective. 7! is also an isometry. Orthogonal mappings forms a group which is denoted

as O(V, q) and called Orthogonal Group.

1.2 Clifford Algebras

Let (V,q) be a quadratic space and A be a unital algebra. A Clifford mapping j is an

injective linear mapping j : V — A such that
L1 ¢ j(V)> and
2. (j(2))? =q(z).1 =q(z), forall z € V.

If j(V) generates A, then A together with the map j is called a Clifford Algebra for (V, q).

Let j be a Clifford mapping, then



J(@)iw) + i) = j@+y)?—i)®—iy)
= (qz+y)—qlx) —q(y))1

= 2b(z,y).1
If ¢ 1 y then zy = —y=x.

Example 1.2.1. Let us consider the simplest case when ¢ = 0. Then take A = A*V
(Exterior Algebra), and j(x) = z. Since z Ax = 0 = g(x) for all z € V, j is a Clifford
Mapping and since V' generates A*V | Exterior Algebra is a Clifford Algebra of ¢ = 0.

Example 1.2.2. Suppose (V,q) of one-dimension space with ¢(v) = —1. Let A = C,
where C denotes the algebra of Complex Numbers. Consider the map j(Av) = Ai. Then,
j(W)? = =A% = g(\v). Then j is a Clifford mapping and C is a Clifford algebra of (V, q).

0 -1
We can also consider C as a subalgebra of My(R) with 1 = and ¢ = , SO
0 1 10
r -y
a typical element of A looks like z =z + iy =
y

Example 1.2.3. Let (V,q) be one-dimensional with some with w € V' such that ¢(w) = 1.
Here take A = R? with multiplication defined as (x1,y1)(z2,y2) = (71y1,22y2). Then,
identity element will be 1 = (1,1). Let j(Aw) = (A, —A). Then 1 ¢ j(V'), and

FOw)? = \3(1,1) = ¢(Ow).1

so, A =R @R is a Clifford algebra with mapping j.

Here also, we can consider A as subalgebra of Ms(R) with 1 = and j =
0 1



A Clifford algebra A(V,q) is called a Universal Clifford Algebra if whenever there is
an isometry T from (V, q) to (W, r), it extends to an algebra homomorphism 7" of Clifford
algebras. That is, if B(W,r) is a Clifford algebra of (W, r), then

vV —L—w
| |
A(V,q) —L B(W,r)
Since V generates A(V,q), T is unique. If we take T as identity map on V, then we
have universal Clifford algebra is unique.
Let V be of dimension d and {vi,ve,...,v5} be a orthogonal basis. Then we have
Vv = —vjv;. It is easy see that {v;,vi,..v5, |1 <i1 <ip <--- < i <dand 1 <k <d}is
the basis for Universal Clifford algebra (now onwards Clifford algebra) and empty product

d
as identity element. So, the dimension of Clifford algebra is ZZ:O =27,

k

We can consider the Clifford algebra A(V,q) as a quotient of ®*V of the ideal I gen-
erated by all x ® z — q(x) with z € V.

Let ¢ be the inclusion mapping V — ®*V, and let us denote the Clifford mapping from
V to a universal Clifford algebra A(V,q) by ja. By universal property, there is a unique
algebra homomorphism k4 from ®*V into A(V,q) such that k407 = jga, since V' generates
A(V,q), ka is surjective.

Let I, be the ideal in V' generated by the elements z @ x —¢(z).1, let C(V,q) = ®*V/I,
be the quotient algebra, and let 7 : ®* V — C(V,q) be the quotient mapping. Let us
set jp = moi. Then I, is in the null-space of k4, and so there exists a unique algebra
homomorphism

J: C(V,q) = A(V,q)

such that k4 = Jonm . Then jao = ksoi=Jomoi=Jojg. Again, J is surjective. If

x € V, then J(jp(x)) = ja(x), so that 1 # jp(V) . Further,
(jB(2))* =7(z @ 2) = n(z @z + q(2).1) — 7(g(x).1) = ¢(x).1

6



so that jp is a Clifford mapping of V' into C(V,q). Since (V) generates @*V, jp(V) =
m(i(V')) generates C(V,q), and so C(V,q) is a Clifford algebra for (V,q). Since A(V,q) is
universal, there exists a unique unital algebra homomorphism p : A(V,q) — C(V,q) such
that pojs = jp. It follows that J is an algebra isomorphism of C(V, q) onto A(V, q), with
inverse p. Thus C(V,q) is a universal Clifford algebra for (V,q).

1.2.1 Involutions on Clifford algebra

Let (V,q) be a quadratic space, with Clifford algebra CI(V,q). Let m(z) = —x for x € V,

so we have

Cl(V,q) — CIU(V.q)

take m(a) = a/. The map a — o’ is an automorphism, and a” = a. So this is a
involution, called principal involution .

Let us define

Clt={a|la=d}and CIT ={a|a=—d'}

Then we have Cl = CIT & Cl~, CI" is a subalgebra of Cl called even Clifford algebra

. We can see that

Clt.clt =Cl~.Cl” =CI" and CIT.CI~ =CI”.CI" = CI~
In tensor algebra of V', consider the anti-automorphism
V1 QU2 R - QUp = Uy QUp—1 &+ Q1.

Since the ideal I(V,q) is invariant under this reversal, this operation descends to an anti-
automorphism of CI(V, q) called transpose, let us denote its image by x!. We define z* =

m(z!) = m(zx)?, this is an involution on CI(V, q) called standard involution .



Chapter 2

Suslin Matrices and Link to

Clifford Algebras

In this chapter we discuss about Suslin matrices and their connection with Clifford
algebra. In first section, we look at how the Suslin matrices are constructed and some of
its properties. In next section, we discuss about how the Suslin matrices can be used to

construct Clifford algebra of a particular quadratic space.

2.1 Suslin Construction

In [Sus77], A.A. Suslin defined a sequence of matrices called Suslin matrices with the
property that, size of those doubles in each step. For each Suslin matrix S, he defined

another matrix S such that SS and S + S are scalar matrices.
Let us check how to construct S, (v, w) of size 2" x 2" from two vectors v, w € R" 1.

Let v = (ag,v1), w = (by, w1) where v, w;jare vectors in R™. Define

8



a( (%1
So(v,w) = ag, Si(v,w) =

—Ww1 b()
and
aglon— Sn—1(v1,w
S (v, 1) = 0don—1 1(v1,wy)
—Sp—1(wy,v1)T bolgn—1
and S is defined as
_ bolon— —Sp_1(v1,w
S, (0,w) = Sn(w,v)T = 0Lon—1 1(v1, wr)
Sn_l(wl, ’Ul)T aoIQn—l
Example : v = (ag,a1) and w = (bg, b1)
ag a1 — bo —a1
S(v,w) = and S(v,w) =
—b1 by bi ag
Example : v = (ag, a1, a2) and w = (bg, b1, ba)
ag 0 ap a bp 0 —ap
0 a —by b _ 0 b b
S(v,w) = ° 2 7 and S(v,w) = ‘ ?
*bl a9 bo 0 bl —a ag
_b2 —aq 0 b() bg aq 0

Example : v = (ag, a1, a2, a3) and w = (bg, by, b, b3)

9

—a9

by

ao



0 ap 0 0 0 al —bg bQ

0 0 ag 0 —by a3 by O
. 0 0 0 ap —bs —az 0 b
b1 0 as a3z by 0 0 0
0 by —b3 by O bo 0 0
by a3z a1 O 0 0 by O
—b3 —as 0 a3 O 0 0 b
bo 0 0 0 —ag 0 —as —as
0 bo 0 0 0 —a; by —by
0 0 bo 0 bp —asz —-bp O
- 0 0 0 bo b3 a2 0 —b

—bl 0 —agy —as a 0 0 0
0 *bl b3 *bg 0 an 0 0
b2 —a3 —ai 0 0 0 ao 0

b3 a9 0 —aq 0 0 0 ag
It is easy to see that S(v, w) is also a Suslin matrix. S(v,w) = S(v',w’) where v’ = (bg, —v1)
and w' = (ag, —w1).

The following are properties of Suslin matrices ([Sus77], Lemma 5.1).

Theorem 2.1.1. For S, = S, (v,w), we have S,S, = (v.w?)Ilon = S, S,.

Proof It is easy to see that by induction, n = 0 is clear. Let us assume for it is true till

Sn_1, then

Lyt Sua(on, _
Sulwaw)= | D) d S, w) =

b0I2n—1 —Sn_l(vl,wl)

—Sn_l(vl,wl) b()Ianl Sn_l(vl,wl) aOIan

10



and

_ _ aoby + (vi.w?)Iyn- 0
$.5. —5.5, — | % (v1.wy ) Ign—1
0 apbo + (Ul.’w{)Ianl
[ |
B
Lemma 2.1.2. Let S = where A, B,C, D € My(R) , are such that AB = BA.
C D
Then detS = detl’, where T = DA — CB.
Proof First of all, we have
A B A B I 0 A BA
det .detA = det .det = det
C D C D 0 A C DA
A BA 0
then can be transformed to by elementary row transformations.
C DA 0
Then we have
detS.detA = det A.detT
[ |

By using induction n and using above Lemma, we get

2n71

detS, = (v.w’)

The set of Suslin Matrices of size 2" x 2™ is a R-module under matrix-addition and

scalar multiplication given by 7S, (v, w) = Sy (rv,rw).

2.1.1 Useful sequence of matrices J,

In [Sus77], Suslin defines another sequence of matrices,

11



1 forn=0
Jn-1 0
for n even
Jn = 0 —Jn-—1
0 Jn 1
for n odd
—Jn—1 0
By simple calculations, we get
detJ =1 and JT = J7L = (—1)"%

so, J is symmetric for n = 4k and n = 4k + 3 and J is skew-symmetric for n = 4k 4+ 1

and n = 4k + 2.

n ([Sus77], Lemma 5.3) it is noted that the following formulae are valid

for n=4k :(Sp(v,w)J,)T = Sp(v,w)J,

for n=4k 4+ 1 :S, (v, w)J,Sn(v,w)T = (v.w®)J,
for n=4k 4+ 2 :(S,(v,w)J) T = —=Sn(v,w)J,

for n=4k 4+ 3 :S, (v, w)J,Sp(v,w)l = (v.wl)J,

from which we can deduce,

S for n even

JST T =
S for n odd

this can be used to define involution on the Clifford algebra.

Remark 2.1.3. For simplicity, we drop the subscript and write J or S (or S(v,w)).

2.1.2 Fundamental Property of Suslin Matrices

Lemma 2.1.4. Let R be a commutative ring and let v, w, s,t € R"!. Letv = (ag, a1, ...

w = (bo, b1, ..., by). Then,

12



Sr(v> w) + S(w7 U)T = {aO + bO}IZT
S, (5,8)Sy(w,v)T + S, (v,w)S,(t, )T = {<s,w>+<v,t>}o

Sy (w,v)T Sy (s,t) + Sp(t, )T Sp(v,w) = {<s,w>+ <v,t>}or

Proof See [JR06], Lemma 3.1

Now, the Fundamental property of Suslin matrices.

Lemma 2.1.5. Let v = (ao,al,...,ar) = (ao,vl), w = (bg,bl,...,br> = (bo,w1), s =
(co,€1y-es¢r) = (co,81) and t = (do,dy,...,d,) = (do,t1) for some vi,ws,s1,t1 € (R").

Then

Sr(8,8)Sr(v,w)Sr(s,t) = Sp(v),w)
Sy (t,8)Sr(w,v)S,(t,s) = Sp(w,0v)

for some v',w' € R, which depends linearly on v,w and quadratically on s,t. Con-

sequently, v'.w' = (s.t7)2(v.w?).

Proof See [JR10], Lemma 2.5
Definition 2.1.6. A Suslin matrix S, (v, w) is called special if < v,w >=v.w? = 1.

Definition 2.1.7. The Special Unimodular Vector Group SUp, (R) is the subgroup of

SLar(R) generated by the special Suslin matrices.

An involution on SU,,, (R)

Let us define an involution on SUp,, (R). Let o =[]} S; where S; are special Suslin

matrices then define, & = Hll:n Si.

13



When 7 is even, a — & is well defined involution, by Suslin identities
S, (v,w) = J. Sy (v,w) T J 1

Hence, & = J.a®J 1, only depends on a. So if it has some other representation, say

/

1 A 1 1
a =[S =][2, S, then & =[[;_, Si = [[;—, S;-
This applies only if r is even. When r is odd, this A can be only defined upto a unit wu,

with v2 = 1.

Lemma 2.1.8. LetS,(v,w) , r > 2 be a Suslin matriz. If it has the following property that
Syr(z,y)Sr(v,w) = Sp(p,q) for any spacial Suslin matriz S,(x,y), then S,(v,w) = ulyr . If

<wv,w>=1, then u®> = 1.

Proof See [JR10], Lemma 3.1

Corollary 2.1.9. Let o = H?:l S; where S; are special Suslin matrices and & = Hl S;.

i=n

If a = Iyr, r-o0dd, then & = ulyrwith u? = 1.(If r is even, & = Ior ).

Proof See [JR10], Corollary 3.2

2.2 Link to Clifford Algebras

As we can see Clifford algebra as quotient of tensor algebra, we have the following universal
property.
For any associative algebra A over R with a linear map j : V — A such that j(z)? =

q(z) for all x € V, then there is a unique algebra homomorphism
f: Cl(V,q) — A such that foi=j.

Theorem 2.2.1. Clifford algebra for V.= H(R™), hyperbolic quadratic space equipped with
the quadratic form q(v,w) = v.w? is CI(V,q) = Man(R).

14



Proof Consider V = R" with the quadratic form g¢(v,w) = v.w’.

We have to find a linear map 6 : V' — Man(R) such that
1. (V) generates Man(R)
2. 0(v)? = q(v) for allv € V

Proceeding by induction, n = 0 case is trivial.

Let V = H(R" 1) with g(v,w) = v.w! and there exists a 6 as above, then take

V=HR")=V® < x,y >with ¢(Ax + py) = Au. Consider the map,

A B
Arbitrary element of Man(R) looks like where A, B,C,D € My.-1(R). A can

C D
be written in terms of 6(v) , v € V, then
~ ~ A 0
0(A)=A=
0 A*

using this,

A B ~~ s e
( ) = A0(z)0(y) + BO(x) + 0(y)C + 6(y) DO ()
C D

So, {0(v), v € V} gencrates H(R™).

15



~ 0(v Al ~ 2 v) + A 0

Now, §(v+Az+py) = (v) and (0(2} + Az + ,uy)) = (o) A
pl =6(v) 0 q(v) + A
|
Let ¢ : H(R™) — Man(R) be the linear map given by
0 Sp—1(v,w) _ T
pv,w)=| where Sy,_1(v,w) = Sp—1(w, v)
Sn—l(va w) 0

then ¢ (v, w)? = q(v, w)Izn, then by universal property, ¢ extends to a homomorphism

o : Cl(H(Rn),q) — M. n(R).

This map is given in [Chil5] and it is actually an isomorphism.
The quadratic space (V, q) is said to be embedded in A if V' C A and there is an isometry
: 'V — V such that

va(v) = a(v)v = ¢(v)

Our quadratic form in H(R") is ¢(v,w) = v.w? and we can take our « as

a: Sp(v,w) = Sp(v,w)

then (v, w) — S(v,w) is an embedding of H(R") into Man-1(R).
With this embedding o : H(R™) — A, consider the R-linear map

Theorem 2.2.2. The above defined 1 is injective, hence an isomorphism.

16



Proof We know that the Clifford algebra of H(R") with q(v,w) = v.w? is Man(R). So,
we prove that the map Man(R) — My(A) is injective. Every ideal of Man(R) is of the
form Man(I) for some ideal I of R. Then ker(y)) = Man(I), but the map v is R-linear
and is identity on R which implies I = 0. By dimension arguments, it is clear that ¢ is an
isomorphism. |

The following theorem is done in [JR10] is a consequence of properties of Clifford

algebra, ([Chil5], Theorem 3.4)

Theorem 2.2.3. Let X and Y be Suslin matrices, then XY X is also a Suslin matrix with
XYX =XYX.

Proof For 21,29 € H(R™),

2 2 .2
< z1,29 >=z129+ 2021 = (21 + 22)° — 2] — 25

is an element in R. Multiplying by , we get

21 < 21,29 >= z%zz + 212221

0 X
we have z% = ¢(z1) which implies z1202; € H(R"). Take z; = | and z9 =
X 0
0 Y 0 XYX
o , then z12021 = . |
Y O XY X 0

2.2.1 Involution in CI
We have CI(H(R"),q) isomorphic to Man(R) via map v given by
0 Sp—1(v,w)

Snfl(vaw) 0

The map (v, w) — (—v, —w) induces standard involution in CI(H (R"),q).
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Theorem 2.2.4. Let M € Cl = Man(R). Then the standard involution™ is given by

M* = J,MTJT

Proof It is clearly an involution (J;! = JI). We know that vector space generates
Clifford algebra, it is enough to check with (v, w). Therefore, it is enough to check with

the matrices of the kind

0 Sp—1(v,w)
1#(7),11)) =1 _
Sn—l(va w) 0
whether it is multiplication by —1.
Let us define a new Suslin matrix,
/ 0 Sn—l(U7 U)) / ’
S, =Sp(v,w)= | _ where v' = (0,v) and w' = (0, w)
_Snfl(va w) 0
then,
’ ’ Izn—l 0
P(v,w) = AS,, = —5,\ where A =
0 _Izn—l
observe that gln =5
. S, for n even
(s =14""
-5,  for n odd

n

when n is even,

! ! !

Yo, w)* = (AS))* = (S,) A = S, A= —AS,,

when n is odd,



so, for any n,

Y(v,w)* = —AS, =

n

—(v, w).

Let us find out what happens to an arbitrary element of Clifford algebra. Let M =

A
C D

as 2 x 2 block matrix and using above theorem, we have

A B
C D

D*

-C*

A*

— B*

—DBx
A*
—C*

D*

19
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Chapter 3

Action of Spin Group on Suslin

Matrices

In this chapter we discuss about how Spin group acts Suslin matrices. In first section,
we define Spin group of a Clifford algebra. In next section, we discuss about the action of

Spin group. Here we consider two separate cases, when n is even and odd.

3.1 Spin Group

Let (V,q) be a quadratic space over k with orthogonal group O(g) and Clifford algebra
Cl(q). Since —id € O(q), it induces an isomorphism in Clifford algebra level, Cl(—id) : Cl(q) —
Cl(q). Let us denote it by «. Consider the set :

I'={scC(q)": v(s)Vs ! =V} where C(q)* is the group of invertible elements.

' is actually a subgroup of C(q) called Clifford group of q.

So, each s € I'(q) defines a automorphism «g of V' which can be defined as z

20



I'(s)xs~!. This we have a group homomorphism « : I'(g) — Aut(V) which takes s to as.

In fact a4 is an isometry and kernel of o mapping is k*.

1=k =T(q) 3>0(q) =1

We can define a canonical involution 7 on Cl(q) by 7(x1x2 - - x}) = TxTk—1 - - - 1 Where
x; € V and extend it to Cl(q) linearly. From this we get norm N on Cl(q) by N(s) = 7(s)s.
For z € V, N(x) = g(x). This norm can be also extended to Cl(g). It is easy to check that
if s € I'(q), then N(s) € k*and N(v(s)) = N(s). We define Pin(q) = ker(N : I'(q) — k*).

Then we have the following exact sequences,

1=k =T(q) > 0(q) — 1
1 — Pin(q) —» T'(q) D k* — 1

combining these results in

1 1 1
1 +1 Pin(q) —— a(Pin(q)) —— 1
k* I'(q) »O(g) — 1
N Vsn
M . K
(k*)? y k F R y 1
1

The homomorphism sn : O(q) — ]i% induced by the norm is called spinor norm .

The inverse image a~!(SO(q)) is called the special Clifford groupand is denoted as
ST'(q). In fact ST'(q¢) C Clp(gq) and the intersection is Spin(q) = ST'(¢) N Pin(q) is called
the spin group of the quadratic space (V,q).

Now, we can define Spin group in our concerned Clifford algebra.
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Recall that Clifford algebra is Zs graded algebra Cl = Cly & Cly. Under the map v,

A 0 0 B
elements of Cly and Cl; corresponds to and respectively.

0 D C 0
Consider the following groups,

U (R) = {z € Cly | zz* = 1} ( Corresponding to Pin(q))

and

I'(R)={zecCl|z*Va~t =V}

where V' is H(R™). Taking intersection, we get spin group,

Spingn(R) = {x € U, | Va2~ =V}

0
Let 9 € Sping,(R). Using last identities from last chapter,
0 g2
)
91 0
. for n even
g 0} 0 g5
0 g2 gs 0
? for n odd
0 g

3.2 Action on Suslin Matrices

We can use the Suslin matrices to prove results of Spin groups. The following is from
[Chil5).

We consider two cases when the n is odd and even.

3.2.1 When n is odd

Consider the group
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Gr(R)={g9 € GLar(R) | gS(v,w)g" is a Suslin Matrix for all Suslin Matrices S € Mar(R)}

We also consider the subgroup SG,(R) consisting of g € G,(R) which preserves the
norm v.w’ for all (v,w) through the action. It is actually isomorphic to corresponding

Spin Group. Here n = dimV is odd and r =n — 1 is even.

A B D* -—-B*
For M = € Mayn(R), we have M* . Therefore for (g1,92) =
C D -C* AT
I € UY (R), we have
0 g2

(91,92)" = (93, 97)

since elements of U3 (R) has unit norm, that is (g1, g2)(g1,92)* = 1. Then,

g2 = (g7)"

Spin Group, Spins,(R) is precisely the subgroup of UY (R) which stabilizes H(R")
through conjugate action.

If (g, (g*)_l) € Sping,(R), then for any Suslin Matrix S € Myn-1(R) there exist a
Suslin matrix 7" € Myn—1(R) such that,

g 0 0 S gt 0 _ 0 T

0 (gH)7 1) \S o 0 g T 0
0 gSg* 0 T
(91)~'Sg~t 0 T 0

Hence, for any Suslin Matrix S € Mya—1(R) and (g, (¢%)™") € Spingn(R) , then gSg*
is a Suslin matrix.

Let us define,
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geS=gSg"

Consider,
Gn-1(R) ={g9 € GLyn-1(R) | goS is a Suslin Matrix for all Suslin Matrices S € My.—1(R)}

Then one can define a homomorphism,

X : Spingn(R) — Gp_1(R)

(9:(6)7) = g
But, the map is not surjective.
Now, we define a length function on the space of Suslin matrices as,
1(S) =SS = v’

then norm preserving subgroup of G,—1(R) will be

SGr-1(R) ={g € Gh-1(R) | l(g® S) = 1(S) for all Suslin Matrices S € Myn—1(R)}

Suppose g € SGn—1(R), then I(gg*) = 1. Then one can expect (g, (g*)~") to be an

element of Spin group.

Theorem 3.2.1. The homomorphism x : Spingn(R) — SGrn_1(R) is an isomorphism.

Proof We first show that if g € SG,,_1(R), then (¢*)~! € G,,_1(R).

Let T=geS, then T =T"! = (g7)~! e S. Now, we can write a general Suslin matrix
as a linear combination of unit-length Suslin matrices using the linearity of e it follows that
T = (g})~' @ S for a general Suslin matrix S. Consider the map SG,,—1(R) — Spina,(R)
by g — (g, (g*)_l), and it is actually inverse of Y.
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3.2.2 When n is even

Let (g1, 92) € Spina,(R) , then for any Suslin matrix S, there exist a Suslin matrix T,

g1 0 0 S\ (g7t 0 0 T
0 ¢/ \S 0 0 g5° T 0
0  ¢1Sgy 0T
gg?gl_l 0 T 0

Here also we consider the homomorphism

X : Spingn(R) — Gp-1(R)
(91,92) = @

This projection has non trivial kernel. Let (1,g) € ker(x). If we take S = 1, then g is

1

a Suslin matrix. So, for any .S, Suslin matrix g and Sg~" are Suslin matrices. By Lemma

2.1.8, when n > 2, we have g = ul where v € R and u? = 1.

If we take = {u € R | u? = 1}, we get a exact sequence when n > 2 and n even

1 — p— Spingn(R) — GLgn-1(R)

When n is even, (g1, 92)* = (97, 93)-

3.2.3 Spiny(R)

ar a
2 x 2 Suslin matrix for v = (a1, a2) and w = (b1, b2) is S(v,w) = e So, for any
—by b

pair (g1,92), 91595 His a Suslin matrix for S € My(R). Also, by definition norm for 2 x 2

matrices is determinant.

(91, 92)(91,93) = (detgy, detgo)
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then we have,

SpiTM(R) = SLQ(R) X SLQ(R)

3.2.4 Sping(R)

Theorem 3.2.2. Sping(R) = SL4(R)

Proof We show that SGo(R) = SL4(R). First we show that, for any 4 x 4 matrix M, the

product is MSM* is a Suslin matrix is S is a Suslin matrix.

a Sl A B
Take S = . and M = . For 4 x 4 matrices,
-S1 b Cc D
A* =C*
M* =
-B* D~

a
To show MSM* is a Suslin matrix, it is enough to show with M M* and

0 b
0 5
M| M* are Suslin matrices. We have
=51 0
a 0 aAA* —bBB* —aAC* + bBD*
M M* =
0 b aCA* —bDB* —aCC* +bDD*
and
0 S —BS1A* — AS1B* BS,C* + AS,D*
M B M* = B B
=51 0 —DS1A* - CS51B* DSC*+ CS1D*
Ty _
We know, any 2 x 2 matrix X = is a Suslin matrix and X* = X =
zZ w
)

. Also, X + X* and X X* are scalar matrices.
-z x
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Now, if g € SGa(R), then det(g) = 1. By definition, [(S)? = det(S) for any Suslin
matrix S € My(R). From this, we get det(g) = I(ggx) = 1.
For 4 x 4 matrices, it is easy to show that {((MM*) = det(M). We have,

AA* — BB* —AC* + BD*
CA*—-DB* —-CC*+ DD~

MM* =

and

I(MM*) = AA*DD* + BB*CC* + AC*BD* + DB*C A*
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Chapter 4

Suslin Set

In this chapter we try to generalize Suslin matrices. First, we define a new set with
some properties that are satisfied by Suslin matrices. In next section, we identify Suslin

sets in split matriz algebras Maon (F').

Let us consider a finite dimensional F'—algebra, where F' is a field. For any subset S

of F'—algebra A. we shall define

Cx(S)={a€ A|as=saforall s S}

which is called the centralizer of S in A. It is always a subalgebra of A. As a special

case of this, we shall define Z(A) = C4(A), called the center of the algebra A.
Definition 4.0.1. 1. A is called F—central (or central over F) if Z(A) = F (= F.1).
2. A is called simple if A has no two-sided ideal other than (0) and A.
3. Ais called central simple algebra (CSA) over F' if A satisfies both (1) and (2).

Basic examples are:
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Example 4.0.2. For any n—dimensional F'—vector space V', the endomorphism algebra

A =End(V) = M,(F) is always a CSA over F.

Example 4.0.3. Let a,b € F*. We define the quaternion algebra Q) = (a,b)r to be the

F—algebra on two generators i, j with the defining relations,

Then, @ = (a,b)r is a F—algebra with dim@ = 4.
Quaternion algebra A = (‘}b>is also a CSA over F.

Clifford algebras are CSA over some fields [Lam05]. Suslin matrices are defined in an
inductive way. We try to generalize the idea of Suslin matrices to a more general set up of

central simple algebras.

Definition 4.0.4. Let (A, 7) denote a central simple algebra A with involution 7. A
subspace S of A is called a Suslin set of (A, T) if,

1. S is 7 stable. That is for x € S, 7(z) € S.
2. S generates A as algebra.

3. For all XY € S, XYX € S. (A special property seen in Suslin matrices Theo-

rem 23)

Example 4.0.5. Let S(n) be set of Suslin matrices of size 2" x 2™ and S € S(n). Suslin
S
S 0

generates Myn+1(R) which implies Suslin matrices generates Man(R). Consider the map

matrices form a vector subspace of Man(R). We know the matrices of the kind

7:8 = S, it is an involution. Since Man(R) is generated by Suslin matrices, we can
consider the map 7 in Man(R) as X = S1S9---S,, = §,S,_1 -+ Siwhere S1,95,...,S, €
S(n). So, T becomes an involution in Man(R). By Theorem[2.2.3] if X, Y € S(n), XY X €
S(n). So, S(n) is a Suslin set for Mon(R) with involution 7.
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Example 4.0.6. Let Q = (a,b)r is a quaternion algebra with standard involution (i +—
—i,j— =], k— —k).

Then the following sets are the only Suslin sets,
o i+ Fj

o ['i+ Fk

o Fj+ Fk

o '+ Fi+ Fj

o '+ Fi+ Fk

o '+ Fj+ Fk

o i+ Fj+ Fk

Remark 4.0.7. The above sets will be Suslin sets for orthogonal involution also.

4.1 Algebras isomorphic to My (F)

Let A be an algebra isomorphic to Man (F') through a map ¢ and — denote the involution
S + S. Then there exists an involution 7 on A which makes the following diagram

commutative,

A2 Mou(F)

oL
By taking inverse image of Suslin matrices under ¢, we get a Suslin set of A and an

involution 7 on A.

Proposition 4.1.1. Consider Q@ = (1,1)p. Then QR Q ® - Q = Man(F) and the

n times
involution T as above corresponds to 0 Q@ 1d @ id Q - - - ® id, where o is standard involution

n—1 times
and id is identity map.
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Proof We have an isomorphism @ — Ms(F) by mapping
‘ 1 0 ] 0 1
7 and j —
0 -1 10
By tensor product of matrices,

a11bir  anbiz aebin  azbio

ail a2 @ bi1 bi2 a11ba1  a11baa  ai12bar  ai2b2n

a1 G2 ba1  bao a21b11  a21bi2  azsbir  abiz

a21ba1  a21baz  azsbar  azzbar

we get the isomorphism Q ® Q ® -+ ® Q = Man (F).

n times

o My(F)

Recall that 2 x 2 Suslin matrix for v = (ag,a1) and w = (b, b1) is

a _ by —a
S(v,w) = M) and S(v,w) = 0 !
—b1 by b1 ap
Then
S= B0+ Gk + Dk )+ R -4
P o g W
and

f_ao . aj , . bl . b(] .
5—2(1 i) 2(]+k) 2(k: ])+2(1+z)

then 7is (i = —i, j +— —j, k — —k), which is the standard involution in Q. But,

any 2 X 2 matrices are Suslin matrices then the Suslin set is whole of Q.
[ ] M4(F)
Recall a 4 x 4 Suslin matrix for v = (ag, a1, a2) and w = (bg, b1, ba) is

31



where S’ is a 2 x 2 Suslin matrix.

Then

b 1 1 _
S = %(1®1+i®1)+§(1®1fz'®1)+§(j®S’+k®S’)§(k®S/fj®S/)

koS —j®s)

_ b 1 1
S = %(1@1—i®1)+§(1®1—|—2’®1)—§(j®5'+k®5’)—§

The involution 7 is ¢ ® id , where ¢ is standard involution and ¢d is identity map.
[ ] M2n (F)

2" x 2™ Suslin matrices look like,

a S _ b -9
S = _, and S = [ _

-S b S a

where S is a 21 x 2"~ Suslin matrix and elements in Q ® Q ® - -- ® Q will be

n times
a ) b .
S = 5(1®1®-~®1+z®1®1®---®1)+§(1®1®-~®1—z®1®1®-~®1)
—_— —_— —_— —_—
n times n—1 times n times n—1 times
1 1 _ _
+§(j®5’+k:®s’)+§(k®5’—j®s/)
_ b
S = %(1@1@“'@1—i®1®1®'-‘®1)+5(1@1@'-'®1+i®1®1®-~®1)
—_— —_— —_— ~—_—
n times n—1 times n times n—1 times

1 1, _
—§(j®s’+k®s’)—§(k®5’—j®s’)

then here the involution 7 is 0 ® 1d ® id ® - - - ® id, where ¢ is standard involution and

n—1 times
id is identity map. [ ]
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Remark 4.1.2. We can consider another isomorphism in 4 x 4 matrices. Here also, 7 is

o ®id.
For @ = (1,1)p, take the isomorphism,

$:QRQ — M(F)=EndQ)

TRY = Ozey

where 0,gy(v) = z.0.y.

4 x 4 Suslin matrix for v = (ag, a1, a2) and w = (bg, b1, b2) is

this corresponds to the following element of () ® @,

b b b
%(1®1+¢®¢)+§°(1@1—i®i)—§1(i®k+j®1)+%(j®1—i®k)—§2(i®j+k®1)+%(i®j—k®1)
and
bo 0 —a1 —ag
N 0 by by —b
S(0.w) = 0 2 1

this corresponds to the following element of Q) ® Q,

ay

ag
2

b
5 (j®1—¢®k)+§(¢®j+k®1)—%(¢®j—k®1)

b b
(1@ 1-i@i)+ 5 (101+i@i)+ o (i9k+j1)
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The the involution in @ ® @ is

1®1 — 1®1
1R = —i®1
IR — —i®j
1Rk — —i®k
ji®l » —j®l

this is ¢ ® id, where o is standard involution and id is identity map.

We get the Suslin set in QQ ® @ as,

Spanp{l®1,i®i,i® j,iQk,j® 1,k 1}.
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