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Abstract

This dissertation is an exposition of the theory of branch groups. We organized this
study in two parts. In first part, we discuss the construction and distinctive properties
of a finitely generated branch group, the Grigorchuk group. The second part is the
study of the characterization theory of branch group. We also see the classification of

the just infinite group in which branch groups form a partition.
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Introduction

The concept of branch groups is introduced by R. I. Grigorchuk at St. Andrews
Group Theory Conference in Bath 1997. He defines branch group as a group whose
lattice of subnormal subgroups is similar to the structure of a spherically homoge-
neous rooted tree. In [Gri00], he gave a second, equivalent definition, based on a
geometrical point of view: branch groups are groups acting spherically transitively on
a spherically homogeneous rooted tree T and having subnormal subgroups similar to
the corresponding structure in the full automorphism group Aut(7T’) of the tree T.

The class of branch group is an important area of research. This class contains
groups which are answers to a number of long-standing problems in group theory.
They provide easiest counterexamples to general Burnside problem, solutions to John
Milnor’s question on the existence of a group with intermediate word growth, examples
of groups which are amenable but not elementary amenable, examples of groups with
finite width etc.

Branch groups are defined in both abstract and profinite cases. The interest of this
dissertation is limited to the study abstract branch groups. Our primary objective is
to discuss the characterization theory of branch group developed by P. D. Hardy in
[Har02].

This thesis is organized into three chapters. The first chapter is an introduction
to spherically homogeneous rooted trees. Here, we see some definitions of subgroups
of a group acting on a rooted tree and discuss their properties.

The second chapter is a detailed survey of the Grigorchuk group G, which is
treated as one of the most famous examples of a finitely generated branch group. The
Grigorchuk group is an automorphism group of the regular binary rooted tree. It first
appeared in [Gri80] by Grigorchuk at 1980, as a counterexample to general Burnside
problem. We see that the Grigorchuk group is a finitely generated infinite group in



which every element has finite order. We study some of the normal subgroups of G
and show that G has congruence property, the word problem of G is solvable and G
is not finitely presented. This chapter also deals with the description of the terms of
the derived series of G' [Gri00] and compute their indices in G.

The Grigorchuk group has other remarkable properties like; it is the first con-
structed group with intermediate growth [GP08],[Gri85], it has bounded width prop-
erty [BGT00], it is an example of amenable group which is not elementary amenable
[Gri98], etc. Prominent examples of branch groups are studied in [BGS03].

The theory of branch group is studied in the last chapter of this dissertation. This
chapter is divided into two parts, titled as just infinite groups and structure theory
of branch groups.

Branch group naturally arises as a subclass of just infinite group, these are the
infinite groups in which every proper quotient is finite. The class of just infinite group
is of great importance because every finitely generated infinite group can be mapped
onto a just infinite group (see Proposition (3): [Gri00]). In the first part we discuss
the fundamental work of Wilson [Wil71], [Wil00] on the classification of just infinite
groups. We also study the following trichotomy established by Grigorchuk in [Gri00]:
every just infinite group G is either a branch group, or G contains a finite index
normal subgroup that is isomorphic to the direct product of a finite number of copies
of a group L, where L is either simple or hereditarily just infinite (residually finite
groups with all finite index normal subgroups are just infinite).

The second part of the third chapter is a generalization of Wilson’s work on just
infinite groups to a larger class of groups. We end this study with the proof of the
characterization of branch group.

The class of branch group is connected to other fields such as analysis, geome-
try, combinatorics, probability and computer science. Many branch groups show the
property of self-similarity; hence it is the starting point of the study of the fractal
theory [Nek05].



Chapter 1

Spherically homogeneous rooted

trees

In this chapter, we define some of the subgroups of a group acting on a rooted tree and
study their properties. We follow [Nek05] for definitions and notations. For further
details one may refer to [BGS03] and [Gri00].

1.1 The trees

Let m = {m, }°°, be a sequence of integers with m,, > 2 and let X = {X,,}°°, be a
sequence of alphabets with | X,,| = m,,.

We define a word w of length n over X as a sequence of letters of the form
w = 1% ...T, where x; € X; for all i. The length of the word w is denoted by |w].
Let X* denotes the set of all finite words over X, including the unique zero length
word, the empty word, (.

We introduce a partial order on X* by the prefiz relation <, ie., u < v if u =
UL Up, V= 01...05, n <k, then u; = v; for all i < n, where u,v € X*. The
partially ordered set of words X* is called a spherically homogeneous rooted tree, Tp,.
The sequence m is called the branching index of Tj;. The set of all words of length n
forms the nth level of Ty and is denoted by L,. The product N,, = my---m, gives
the number of vertices of the level L,,.

If all m; are equal, to say m, and all X; are equal, to say X, then the resulting

tree is said to be a reqular rooted tree and it is denoted by T,,.

3



T1,m, 22,1

Figure 1.1: The tree Ty, where X; = {z;1, ..., Zim, }-

For any v € X*, T,, denotes the subtree hanging below the vertex u with v as the
root. If |u| = n, then for any v € L,, we have T, = T,. We use the notation T}, to

denote the tree isomorphic to all subtrees with root vertex u, where u € L,,.

A map f: X* — X* is an endomorphism of the tree T}, if f preserves the prefix
relation and the root. A bijective endomorphism is called an automorphism of the
tree Ty,. It can be easily observed that f permutes the vertices of L,, of the tree T}
for every n > 1. The set of all automorphisms of the tree T}; forms a group and is
denoted by AutTy. The automorphism group of the subtree T;, (T},y) is denoted by
Aut(T,) (AutTy, respectively) for all vertex u € Ly,.

1.2 Group acting on a rooted tree

Let G be a group acts on a rooted tree T" = Ty, by the automorphism of the tree T
The action of G on T is said to be faithful if the kernel of the action is trivial. Then

G can be viewed as a subgroup of Aut(7).

Definition 1.2.1 Let G <Aut(7) be an automorphism group of the rooted tree



. An action of a group G by automorphisms of the tree T is said to be level-

transitive if it is transitive on every level L,, of the tree T

The vertex stabilizer is the subgroup Stg(v) = {g € G : g(v) = v}, where v is a

vertex of T'.
The nth level stabilizer is the subgroup Stg(n) = (¢, Sta(v).

The rigid vertex stabilizer of a vertex v of T' is the subgroup RiStg(v) = {g €
G:g(u)=uforal u¢T,}.

. The nth level rigid stabilizer RiStg(n) is the subgroup (RiStg(v) : v € Ly)

generated by the union of rigid stabilizers of the vertices of the nth level.

Proposition 1.2.2 Let G be a level transitive automorphism group of the rooted tree

T =1Ty;. Then

1.

2.

A wvertex stabilizer Stg(v) for a vertex v of T is a subgroup of index |L,| in G.

For every vertex v of T and g € G , g- Stg(v) - g7' = Sta(g(v)) and
g- RiStg(v) - g~' = RiSt(g(v)).

The level stabilizers Stg(n) are normal finite index subgroups of G and

N~ Ste(n) = 1.

If u,v be two vertices of Tz, and u < v then St(v) < St(u) and
RiSt(v) < RiSt(u).

If u,v be two vertices of Ty, which are not comparable then

RiSt(u) N RiSt(v) = [RiSt(u), RiSt(v)] = 1.

The level rigid stabilizer RiStg(n) is a normal subgroup, which is equal to the

direct product || RiSt(v) of its subgroups.

vEL,

Proof:

(1) It can be easily proved that Sts(v) for a vertex v of T is a subgroup of G.

Consider the action of G on L,. Clearly, for all v € L,, stabilizer of v under the

action of G on L, is the subgroup Sts(v). By orbit-stabilizer theorem we have

Gl

— L jorbit
stabg(o)] — lorPit()]



But orbit(v) = L, since the action of G on L,, is transitive. Hence we get,

Gl

Stabg(v) = Ll

(2) Let g € G and h € Stg(v). Consider the action of ghg™' on g(v).
ghg ™ (9(v)) = gh(g™'g(v)) = gh(v) = g(v).

Since g and h were arbitrary, we have g - Stg(v) - g~ < Sta(g(v)).
Now, consider ¢’ € Sts(g(v)). Then

g g g(v) = v.

This gives g '¢g'g € Stg(v) and ¢’ € g-Stg(v)-g~'. Hence Stg(g(v)) < g-Stg(v)-g*
and we get the equality.
Similarly, we can show that g - RiStg(v) - g~ = RiSt(g(v)) for v € Tp,.

(3) Let g € G and ¢’ € Stg(n). Consider the action of gg'g~! on a vertex v € L,.

99’97 (v) = g4’ (97 (v)) = g(g™ " (v)) = v,

since g7 (v) € L,, and ¢’ acts trivially on it. The set of all conjugates of the elements
of Stg(n) by the elements of G is in Stg(n), hence Stg(n) < G.

We define a homomorphism ¢ from G to symmetric group of |L,| elements. The
function is well defined since the action of G on L, is transitive. Clearly, the kernel
of this homomorphism is the subgroup Stg(n). By first isomorphism theorem,

G
ker(0)

where image(¢) is a subgroup of Sym(|L,|). Hence the subgroup Stg(n) has finite

= image(¢),

index in G.
Let 1 # g € Stg(n). Then there exists some vertex z in T with |x| = m such that
g(z) # x. Hence g ¢ Ste(m), so that g ¢ (.~ Ste(n). Therefore (2, Sta(n)

(4) Let u,v € T and v < v. If ¢ € G fixes v, then it has to fix u. Thus
Sta(v) < Ste(u). Similarly, RiStg(v) < RiStg(u).

(5) The result is an easy consequence of the definition of the subgroup RiSts(v)

of a vertex v of the tree T



(6) The normality of the subgroup RiSts(n) can be proved as similar to that of
the subgroup Stg(n). It follows from the result above that

RiSta(n) = (RiSta(v) 1 v € Ly) = [] RiSt(v).






Chapter 2

The Grigorchuk first group

Here we discuss the construction and some of the distinctive properties of the Grig-
orchuk group. All the discussions of this chapter are based on chapter VIII of [dLHO00].
The chapter does not include the study of the growth property of the Grigorchuk
group. One may refer to [Gri85] and [dLHOO0] for the details.

2.1 Preliminaries

Let G be a group and S be a non-empty subset of G.

The normal closure of the set S in G is the smallest normal subgroup of G which
contains S. It is denoted by (S)¢. If S is subgroup of G, then we use the expression
S% to denote the normal closure of S in G. We write Ng(S) for the normalizer of S

in G.

The set S is called a generating set of G if every element of G can be expressed

as a product of finitely many members of S and their inverses. We write G = (S) and
G = {g €G: g:sil "'8?781' € S7€i € {17_1}}

The group G is said to be finitely generated if the cardinality of S is finite.

Let F' be a free group on a set X of generators. A letter is an element of the set

X UX™t A word w is a finite string of letter of the form w = x5 - - - x,, where

9



x; € X U X1 We denote the identity element of F' by 1. Each element of F' other
than the identity element can be represented by a unique element called the reduced
word. A reduced word w is of the form w = z129- - - 2,, in which no two successive
letters z;z;,, form an inverse pair x;x; Lor x; L2, We denote the length of a reduced

word w by |w|.

Presentation of groups: Suppose there is a one to one correspondence between
the set of generators, X, of ' and the set of generators, S, of G. The identification
of the set generators of F' with GG extends to an epimorphism ¢ : FF — G. By first
isomorphism theorem G is isomorphic to the quotient of F' by the kernel of ¢. If there
exists a subset R of F such that (R)F is equal to the kernel of ¢, then the group G
can be determined up to isomorphism by the sets X and R. The expression (X|R) is
called a presentation of G, where X is identified with a set of generators of G and R
is identified with a set of relators of G. If the cardinality of X and R are finite then

G is said to be finitely presentable.

Free products: Let G = (Xg|Rg) and H = (Xy|Ry) be two groups with XN Xy =
¢. The free product of G and H is the group G * H which is defined to be

Gx*xH = <XG UXH|RG @) Rg>
Let 1 # g € G x H. The element g has a unique expression of the form

g =3192---Gn,

where g; € (GU H) — {1} and g;, g;+1 do not belong to the same group G or H.
For further clarification in the definitions of group presentation and free product, one

may refer to [Bog08].

Let H be a subgroup of G. We use the notation H <; G to denote H is a sub-
group of finite index in G and we write H <; G for H <G and H <; G.

Definition 2.1.1 A group G is said to be residually finite if for any 14 # g € G,
there exists a homomorphism ¢ : G — A such that ¢(g) # 14, where A is a finite

group.

10



Proposition 2.1.2 G is residually finite if ﬂHng H=1.

Proof: For any 1 # g € G there exists a normal subgroup H of finite index in G
such that ¢ ¢ H. Then the epimorphism from G to G/H maps g to a non-trivial
element in G/H. O

Definition 2.1.3 A group G is said to be Hopfian if every epimorphism from G to

G is an isomorphism.
Proposition 2.1.4 FEwvery finitely generated residually finite group is Hopfian.

Proof: Suppose that G be a finitely generated residually finite group and ¢ : G — G
be an epimorphism which is not injective. Let gy be a non-trivial element in GG such
that go € ker(¢). Since G is residually finite there exists a homomorphism, say ,
from G to a finite group A such that image of gg in A is non-trivial. For each n > 1,
we may choose g, € G such that ¢"(g,) = go, where ¢" is the composition of ¢ n
times. Define a homomorphism =, : G — A as m,(g) = 7(¢"(g)) for any g € G.

Then we have

Consider m > n. Then m,,(gm) # 1.

Tn(gn) = 7(¢™(gn)) = (""" (S(¢"(90)))) = T(6"™ " (d(g0))) = 1.

Thus all 7; are distinct. This gives infinite number of homomorphisms from G to A.
Since G is finitely generated and A finite, only finite number of homomorphisms are

possible from G to A. Hence we get a contradiction, and the result follows. O

2.2 The Grigorchuk group

The Grigorchuk group G acts faithfully on a regular binary rooted tree T" and can thus
be regarded as a subgroup of the full automorphism group Aut(7"). Let X = {0,1}
be a 2-element alphabet. The set X* of words over X (i.e., finite sequence of symbols
in X, including the empty word) can be identified naturally with the vertices of T

The action of G, generated by a,b,c,d € Aut(T), is given recursively as follows:

a(0w) = 1w, a(lw) = Ow; b(0w) = Oa(w), b(lw) = le(w);

c(0w) = 0a(w), c(lw) = ld(w); d(0w) = Ow, d(1w) = 1b(w),

11



for any w € X*.

The element a permutes the vertices in the first level. The element b fixes the first
level and acts as (a, ¢); i.e., on the first tree hanging from the root b acts as a, and on
the second tree it acts as c. Similarly, the elements ¢ and d fix the first level and act
as (a,d) and (1,b) respectively.

Using induction the following can be verified:
ad=0=c=d =1,
bc=cb=d,bd =db=c,cd=dc=0.

This implies the subset {1,b,¢,d} forms a subgroup of G which is isomorphic to
Z]27 x 7)2Z, the Klein four-group (V). Every element of G can be expressed as a
reduced word of the form

S0AS81AS20 * * * Sy 1G4Sy,
where s; € {b,c,d} fori=1,...,m—1 and sg,s1 € {1,b,¢,d}. The set of all reduced
words in letters of {a, b, c,d} can be seen as a free product of {1,a} and {1,b, ¢, d}.

Hence G is isomorphic to a quotient of the free product (Z/2Z) x V.

Denote Ste(1) to be the subgroup, stabilizer of first level, of G which is defined as
Sta(l) ={g € G:g(x) =z for all x € X}.

Clearly, a ¢ Stg(1) and it consists of those elements of G which have even number
of occurrence of the element a. Hence the subgroup Sts(1) of G is generated by the

elements b, ¢, d, aba, aca and ada. We have,

b= (a,c) aba = (c,a)
¢ = (a,d) aca = (d,a)
d=(1,b) ada = (b, 1).

This induces a homomorphism from Sts(1) into G x G as follows:

P = (¢o, 1) : Ste(l) — G x G,

¢o(b) = a ¢1(b) =c ¢o(aba) = ¢ ¢1(aba) = a
Po(c) = a $1(c) =d ¢olaca) =d ¢1(aca) = a
Po(d) =1 ¢1(d) =b polada) = b ¢1(ada) = 1.

12



The homomorphism v, defined as above is injective and ¢; : Stg(1) — G is onto
for i = {0,1}. Injectivity is clear from the definition of v,. Surjectivity is followed
from the fact that the image of Stg(1) under 1); contains the elements a, b, ¢, d which
generate the whole group G. Then group G has a proper subgroup which is mapped
onto G so that G can not be finite. Hence the Grigorchuk group G is infinite.

We can generalize the notion of the level stabilizer St¢(1) and the homomorphism
¢y associated to it. We define Stg(n), the nth level stabilizer, as the subgroup of
G consists of all those elements that stabilize the vertices of the nth level. The

homomorphism ), is defined as

Sta(n) — GEx---xG
1/}71 - (¢0,...,07 R ¢1 ..... 1) : )

g — (90,...,07 .. ,91,...,1)n

where the subscript n indicates that there are 2" copies of G, where 2"-uplets are
indexed by the {0, 1} sequence of length n, and where ¢;, ;. is in fact the composition
of ¢;, 0---0¢;, . Asin the case of n = 1 above, 1, is injective and ¢;, _;, : Sta(n) — G

is onto.

Proposition 2.2.1 ()2 Stg(n) = 1.

Proof: By Proposition 1.2.2 (3). O
Corollary 2.2.2 G s residually finite.

Proof: For each n > 1, the normal subgroups Stg(n) are of finite index in G. Hence

the result follows by Proposition 2.1.2. U
Corollary 2.2.3 G is Hopfian.

Proof: By Proposition 2.1.4. O
Theorem 2.2.4 Every g € G there exists n € N such that g*" = 1.

Proof: For any g € G we have the following representation:
g = S0a51a82a - Sy _1ASm,,

where s; € {b,c,d} for i =1,...,m — 1 and s¢, $;, € {1,b,¢,d}. We define length of
g as the number of non-unit generators in the shortest representation of g. We will

proceed by inducting on the length £ of g.

13



1,a,b,c,d are the elements of length one in G. Clearly, ¢ = 1 for k = 1. For

k = 2 consider the elements ab, ac and ad.
(ad)' = ((b,1)(1,0))* = (b,b)* = 1
(ac)® = ((d, a)(a,d))" = (da,ad)* =1
(ab)lﬁ

((c,a)(a,c))® = (ca,ac)® = 1.

The other elements of length 2 are the conjugates of above elements hence have the
same order.

For k > 3, assume that for any g € G of length less than equal to k there exists
n € Nsuch that ¢?" = 1. Let g = 50a51a52a - - - 5,105, be the shortest representation

for g. There are three possibilities:

1. g starts and ends with a: take the conjugate of g by a which is of length k& — 2.
2. first and last letter of g belong to {b,c,d}: consider the conjugate of g by first
letter of g which represent a word of length £ — 1 or k — 2.
In both cases, induction hypothesis apply.

3. g starts with a and ends with an element of {b,c,d} (after conjugating, if nec-

essary g by b, c or d).

Then,

g = as1as2a- - - a2, for s; € {b,c,d}.

Now, there are two more cases.

Case 1: k/2 is even.
We can write g as g = (asia)-s2-(assa) - - - s/2 = (9o, 91), where as;a € {b, ¢, d} x{a, 1}
and s; € {a,1} x {b,c,d}. The length of g; < k/2 for i = {0,1}. Then by induction
hypothesis, there exists n € N such that ¢2" = ¢¢" =1

g =g .9i) =1
Case 2: k/2 is odd.
We have ¢* = (asia) - so - (asza) - - - (askj2a) - 1 - (asea) - - sg2 = (ho, h1), and the
length of h; <2-k/2 =k for i = {0,1}.

We will consider three more cases.

14



(i) Some of s; is equal to d.
We will have once d = (1,b) and once ada = (b,1). Then the length of h; < k — 1.
By induction hypothesis there exists n € N such that h2" = h?" = 1. This implies

=1

(ii) Some of s; is equal to c.
Then s; = (a,d) and as;a = (d,a). Each of h; has length less than k or is equal to
a word of length k involving d. In the first case we apply induction hypothesis, for
second case use (i).

(iii) If neither (i) not (ii) holds, then g = abab- - - ab, which is of order at most
16.

Every element of G is of order a power of 2. Hence G is an infinite 2-group. O

Remark 2.2.5 It can be observed that for 1 # g € Stg(1) and ¥1(g9) = (90, g1)1, We
have I(g;) < % for i € {0,1} and gy # g and g1 # g.

2.3 Some normal subgroups of GG

We write g to denote the conjugation of g by h for g,h € G and (g)“ to denote the
normal closure of ¢ in G.

Let x = (ab)?,y = (bd*)?, z = (b°d)? be the elements of G. We define two normal
subgroups of G as B = (b)“, K = ((ab)?)® and D = (a,d). D is a copy of the dihedral
group of order 8.

Proposition 2.3.1 The group B is generated by the elements b, b, y, z and has index
8 in G.

Proof:  Cleraly, b,b0* € B. We can write y = [b,d*| and z = [b,d*]*. Hence y,z € B
because B contains the subgroup [B, G].

Let By = (b,b% y,z). Then B; < B. We will show that B is normal in G. Then
by minimality of B we get By = B. To prove the normality of By, it suffices to show
that the set of all conjugates of the generators of B; by the generators of GG is in Bj.
Since ¢ = bd we only need to check for the conjugation by a,b and d.

Clearly, all the conjugates of b are in By. An easy verification shows that the

conjugation of the generators of By by a and b are also in Bj.
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We have,

Now,

db®d = b*(b*d)* € By
dyd = (1,b)(z,1)(1,0) = (x,1) =y € By
dzd = (1,b)(1,2)(1,b) = (1, (ba)?) = (1, (ab)"*) = 2" = 27! € By.

The last step follows from the fact that ab is of order 16. This completes the first
part of the proof.
Now we will show that B has index 8 in G.

Let G denotes the quotient of G by the kernel of the canonical homomorphism
from G to the symmetric group of 8 vertices of the third level of the binary rooted
tree. Let 1,2,...,8 denote the vertices (0,0,0),(0,0,1),...(1,1,1) of the third level.
Then,

7(a) = (1,5)(2,6)(3,7)(4,8)
7(b) = (1,3)(2,4)(5,6)

7(e) = (1,3)(2,4)

(d) = (5,6).

This generate the group G = G/St(3) and is isomorphic to ((Z/2Z)0(Z/2Z))(Z/2Z).
Let B denotes the image of B under 7. The group B is generated by the elements

The elements 7(y) and 7(z) are contained in the centre of B, and they generate a

group of order 4. Furthermore, (7(b)7(b*))? = m(y)n(z). Thus B is a group of order

16



16, so that |G : B| = 27/2* = 23. Hence
|G : B > 2? (2.1)

Now consider a map from G to G/B. Clearly, b maps to the identity element.
Since ¢ = bd, the image of ¢ in G/ B equals to the image of d in G/B. Thus the group
G /B is generated from the image of a and d. Therefore,

|G : B] < 2%, (2.2)
since a,d is the dihedral group of order 8. From the equations (2.1) and (2.2) we get
|G : B| = 2°.

This completes the proof. U

Proposition 2.3.2 The group K s generated by the elements x,y, z and has index
16 in G.

Proof: ~ The elements y, z are in K since y = ab[(ab)?, djba and z = y*. Let K,
denotes the group generated by the elements z,y, z. Then K; < K and it suffices to
show that K; < G. The following calculations show that the set of all conjugates of
the generators of K; by the generators of G are in Kj.

a(ab)’a = (ba)?, a(bd*)?a = (b*d)?, a(b*d)*a = (bd")?,
b(ab)?b = (ba?), b(bd*)*b = (bd*)~? b(bd)*b = (ab) " 2(b*d)*(ab)?,
d(bd®)2d = (bd®)2,  d(bd*)?d = (bd®)?,  d(b*d)*d = (b%d)~2.

Then K is normal in G, so is in B. Now consider the group B/K. The group is
generated by the image of b which is of order two in B/K. Thus |B : K| =2 and

IG:K|=|G:B||B:K|=2"2=2%

We use the notation K, to denote the direct product of 2™ copies of K.

Proposition 2.3.3
1. Stg(3) < K < Ste(1).
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NS

. K is self-replicating, that is K geometrically contains the direct product K x K
(i.e., K = K x K).

3. For the element (ac)* € K we have the following relations:
(ac)® = (ad)®* mod K,
(ab)* = (ac)* mod Kj.
4. The group K/K; is isomorphic to the cyclic group of order four and is generated
by the image of (ab)?.
5. The equality K' = Ky holds and Stg(5) < K' < Sts(3).

6. For each n > 1, Stg(n) contains the subgroup K, which is the product of 2"

copies of K acting on the subtrees of the binary tree which begin at the nth level.

Proof: (1) The generators of K are contained in the subgroup Sts(1), hence K <
Stg(1). Let K denote the image of K under m, where 7 is the homomorphism as

defined earlier. We have |7(G)| = 27 and |7 (K)| = 23.
7(@) : 7| = |G/ Ste(3) : (K - Sta(8))/Sta(3)] = [ K - Sta(3)] = 2°

But, K is of index 2! in G and K < K - Stg(3). This implies K = K - Stg(3) hence
Ste(3) < K.

(2) We have y = ((ab)?,1) € K. Since ¢; is an epimorphism from St (1) to G, for
any g € G there exists an element 7 in Stg(1) (hence in K) such that 11(v) = (g, *),

where * be an element of GG. Then,

Uiy ™) = (g(ab)g~", 1).

This implies (((ab)?)“, 1) is contained in 1 (K), i.e., K x 1 < ¢;(K). Similarly, for
z = (1, (ab)?) we get 1 x K < ¢ (K). Hence K x K < 9;(K). We say that K contains
K x K geometrically and is denoted by K > K x K.

(3) Note that (ad)* ¢ K. If (ad)> € K then ad = da(modK). The elements a
and d commute in G/K. This is a contradiction to the fact that index of K in G is

16. Consider the conjugate of (ab)? by ca.

ac(abab)ca = acabada = acacdada = (ac)?(ad) 2.

18



Then (ac)?(ad)™? is a conjugate of (ab)? in K, hence the relation (ac)? = (ad)?
mod K. Thus (ac)? ¢ K. Since (ab)* = ((ca)?, (ac)?), we have (ab)* ¢ K. Also since
(ac)t = ((da)?, (ad)?), it follows that (ab)? = (ac)* mod K;. Therefore (ac)* € K,
and (ab)® = ((ca)*, (ac)?) € Kj.

(4) Consider the quotient of K by K. Clearly, the elements y and z are identity
in K/K,; and the group is generated by image of (ab)?. We see that (ab)* ¢ K, but
(ab)® € K;. Hence (ab)? is of order 4 in K/K;. The quotient K/K; is isomorphic to
the cyclic group of order 4.

(5) The derived subgroup K’ of K is generated from the elements [z, y], [z, z] and
ly, z]. They have the following decomposition;

[%, y] = ((ba)27 L1, 1)2;
[I, Z] = (17 17 17 ((bad)2>7l<ab>2)2;

[y, 2] = (1,1,1,1),.

Clearly, the above elements belong to K x K x K x K = Ky, hence K’ < K.
Using the argument as in the proof of Proposition 2.3.3 (2), we can show that
({((ba)*)¥,1,1,1) is contained K’ since ((ba)?,1,1,1) € K’. Thus K x {1} x {1} x{1} <

K'. Furthermore, we have

b, ylb = (1, (b, 1, 1) (23)
alz,yla = (1,1, (ba)?, 1)s; (2.4)
ablz, ylba = (1,1, 1, (ba)?)s. (2.5)

The equations (2.3) to (2.5) together imply that Ky < K’. Hence we get the equality
K/ == KQ.

It is easy to see that

wn(Stg(n + k)) = Stg(k?) X+ X Stg(k),

(2" factors respectively for each vertex of level n).

From Proposition 2.3.3 (1) we get,

o (Sta(5)) = Sta(3) x Stg(3) x Stq(3) x Sta(3) < K x K x K x K = K'.
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From the decomposition of the generating elements of K’ we can see that they belong
to Ste(3) . Consequently, Sta(5) < K' < stq(3).

(6) The proof proceeds by induction on n of Stg(n). For n =1 we have seen that
K < Ste(1) and K x K <4 (K). Thus Stg(1) contains K x K. Assume that K, is
contained in Stg(n).

Let

r, = ((bd*)*1,...,1), € K, < Sta(n).
T, € Stg(n + 1) since (bd*)? € Stg(1). So we can apply 9,41 to z, and get
wn-i-l(mn) = ((ab)27 17 R 1)n+1-

This gives K x {1} -+ x {1} < Stg(n+1). Thus the direct product of 2"*! copies of
K is contained in Stg(n + 1) follows from the fact that G acts transitively on 7. O

Theorem 2.3.4 For any n € N, there exists g € G such that ¢*" # 1.

Proof: We will first prove the following result.
For an integer n > 1 and an element g, € K such that g2" # 1, then there exists an

element h,, € Stg(5) < K such that

wg,(hn) = (gn, 1, RN 1)5 ~ K5

and the element ¢, = (ab)®h,, € K satisfies 927—1:11 # 1.

Suppose g, € K such that g>* # 1. From Proposition 2.3.3 (6) we have K5 < St (5).

In particular,

K x {1} x ---{1} < Sts(5),
with 25 — 1 copies of {1}. Thus we can choose h,, € Stg(5) such that

¢5(hn) = (gn, ]_, ey 1)5 < K5.

For convenience we may write

1/)4(hn) = ((gnv 1)’ (17 1)7 sy (1’ 1))4 € Ky.
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Set gny1 = (ab)®h,, € K. We have,

Pu((ab)®) = (a,c,a,c,a,c,a,c,a,ca,c, a,c,a,c),
¢4(gn+1) ( (gm ) (gn’ 1)7 C(la 1)0(1’ 1)7 s 7a(17 1)@(1, 1)’ C(l’ 1)0(17 1))4
((1 gn)(gnu ) (17 1)7 R (17 1))4
= (gn, In, 1,...,1)s.
Consequently,

2n+1

Us(gnar ) = (9 20n » 1, 1)s # 1€ G*.

Hence g, Hl # 1 in G. Now, the proof of the theorem follows by induction on n. [

2.4 Congruence subgroups of G

We define a congruence subgroup of G' as a subgroup which contains Stg(n) for large

n.

Theorem 2.4.1 Any normal subgroup of G distinct from {1} is a congruence sub-

group.

Proof: Let 1 # g € G and N be the normal closure of g in G. By Proposition 2.2.1
we can find an integer n > 1 such that g € Stg(n) but g ¢ Stg(n+ 1). Let

Since g ¢ Sta(n+ 1), at least one component of g which is not contained in Stg(1).

We may assume that go__ o ¢ Ste(1). Thus we can write

.....

where h € Ste(1) and 91 (h) = (ho, h1). By Proposition 2.3.3 (6) we can choose k € K
and u € Stg(n + 1) such that

wnJrl(u) = (k7 L., 1)n+1 = ((kv 1)7 (17 1)7 T (17 1))ﬂ

Then
Un([g,u]) = (95" 0(k, 1) g0, 0(k, 1), (1,1) ..., (1,1)),,
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where

-----

= a(ho, ln) ' (k, 1) (ho, h)a(k, 1)
= a(hy 'k ho, )a(k, 1)
= (1,hy 'k ho) (K, 1)
= (k,hy 'k ho).
Hence
Uni1(lg,u]) = (khg k™ ho, 1,y .
Now, we choose | € K and v € Stg(n + 1) such that
Uy = (L1, D).
Then
Suia(llgs o)) = (1, 1,1 D

Since N is normal in G, [N,G] < N. Hence we have [[g,u],v] € N and for any

element m € K’ we can find ¢t € N such that
Ung1(t) = (m, 1, .., Dy,
(as k and [ are arbitrary in K).
Hence, K’'x {1} x---x {1} <N,

with 27! — 1 copies of {1}. It follows from the fact that G acts transitively on the
levels of T,
K'x---xK <N

with 27! copies of K’. By Proposition 2.3.3 (5),
Sta(5) x -+ x Stg(h) <N
with 2"+ copies of Stg(5). But we have
Unt1(Sta(n +6)) = Sta(5) x - -+ x Sta(5),

thus
Sta(n+6) < N.
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2.5 The derived series of (¢

The derived series G™, n > 1 of the group G is defined as follows:
GY =G =[G, q],
G+l — [G(”), G(”)].
Theorem 2.5.1 The following relations hold:
1. GY = (la,d],K) and GV /K = C,.
2. GO = (y?,yz, KY) and G® /KW = Cy x Cy.
3. K, = (y,G?) and K,/G? = C,.
4. G = Ky, 5 if n > 3.

The indices satisfies
)

2% ifn=1
[G:G™] =97 jfp =2

22 TER2 iy > 3,

Proof: Through out in this proof we assume that G is a 3 generated group and G
is generated from the elements a, b, d.

(1) Let P := {[a,d], K), where K is generated as the normal closure of the element
(ab)? in G. Since (ab)? = [a,b] € GW, it is clear that P < GM. We have G =
(la,d], [a,b])®. We will prove that P is normal in G, then G < P, since G is the
minimal normal subgroup of G containing [a,d] and [a,b]. To prove the normality of
P, it suffices to show that the conjugates of [a,d]| and [a, b] by the generates of G are
in P:

la,d)* =[d,a]; [a,d]*=]d,a]; a,d’=(b"d)?[a,d] € P.
As [a,b] = (ab)? € K and K < G, the set of all conjugates of [a,b] are in P. Hence
the result follows and GV = P.

Now, we have G = ([a,d], K). Consider the canonical epimorphism from G
to GM/K. Then, GW/K is is isomorphic to the image of [a,d] in GV/K, since
[a,d] ¢ K (from Proposition 2.3.3 (3)), i.e., GV /K = C,.
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(2) Let Q := (y* yz, KW). It follows from the fact that G = ([a,d], K) and
K= (2,y,2);

G® = [G(1)>G(1)] = [([a,d], K), ([a, d], K)]
= <[[a7d]’K]>K(1)>
= ({[la, d], ], [la, d}, y], [[a,d], 2]) %, KD).

But [[a, d], 2] = (L, (ab)*) = [[a, d], y]", so
G = (([[a.d], ], [[a, d], y))®, KV).

Since {{[[a, d], 7], [[a,d],y])¢ and KM are normal in G so are in G®. Thus we have,
G = ([[a,d], 2], [[a,d],y))" - K.

An easy computation shows that ([[a,d], z])*® = yz and [[a, d],y] = y?. This gives the
one way inclusion, Q < G®.

The reverse inclusion follows from the normality of () in GG. If we can show that @)
is normal in G then (([[a, d], z], [[a, d], y])¢ < @, and since K’ < @ we have G® < Q.
We prove the normality of () by showing that [Q,G] < Q. Since KV is normal in G
it suffices to show that the set of all conjugates of y? and yz by the generators of G
are in ). We do the computations as similar to the case of P and get the equality,
G® = Q.

We have G® = (y?,yz, K). Consider a canonical epimorphism from G to
G? /KM, Then G? /KW is generated from the image of yz and »? in G® /KM,
But,

y* = (" 1) = ((ca)*, (ac)*, 1,1) = 1 mod K,

(y2)* = (2*,2*) = (1,1) = 1 mod KW(from Proposition 2.3.3(3)).

And since [yz,y?] = 1 mod K the image of yz and y? commute in G® /KM,
Thus G? /KM = (image(y?)) x (image(yz)) = Cy x Cj, as image(y?) has order 2 in
G® /KM and image(yz) has order 4 in G® /KM,

(3) Let R := (y,G®), with G® = (2, yz, K1),
It follows from Proposition 2.3.3 (2) that KV = K, < K. Furthermore, y = (x,1); €

K; and z = (1,x); € K. So the group R is contained in the group Kj.

24



Since K contains the elements y and x, K; together with x generates K. Then we

have,

K = (z,K;)
K1 =K xK-= <I,K1> X <$,K1>
Ky = <(1],1)1,(1,ZE)1,KQ>

= (y,z,K(l)).

Clearly, K1 < R. Thus the equality follows. Now consider the canonical epimorphism

from K, to K;/G®. Then the group K;/G® is generated from the image of y in

K,/G®. From Theorem 2.5.1 (2) above it is clear that y ¢ G®. Hence K,/G® = C,.
(4) The proof proceeds by induction on n, of G(™.

Let n = 3. We will prove that G® = K3. By definition G® = [G?, G?)]. Using the

expression for G® and the fact that K" = Ky = ((x,1,1,1)s, (y,1,1,1)2)%, we get

GO = [l yz KO), (7 yz, KO)]

v, yZ] [y, KW, ][yz, KW, K@)

(

(y*, KW, Jlyz, KO, K@) (- [P yz] = 1)
(2l W2 < vzl [ye, ¢ G, KP)

(W2l [y ¢ [yl [ye, )Y - K@ (- K® 26),

where n = (x,1,1,1)y and ¢ = (y,1,1,1)s = (z,1,1,1,1,1,1,1)s.

We have the following decomposition:

[y2a 77] = [(127 1)17 (x7 L1, 1)2] = [(Ca)zv (ab)Q]’ L1, 1]

=(x ' 2,1,1,1,1,1,1)3 € K3

[yz, 77] = [(.I, 13)1, (xv 17 17 1)2] = ([(CCL)2, (ab> L 17 17 1)
=y 1, 1,1)y= (27" 1,1,1,1,1,1,1)3 € K3,

and [y%, 7] - [yz,n] = (1,2,1,1,1,1,1,1)3. As G acts transitively on the levels of T,
K3 < GO,
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Moreover,

[y, ¢] = [(z% 1)1, (z,1,1,1,1,1,1,1)3] = [[(ca)?, (bd*)?], 1, 1,1]
= (271127 17 17 17 17 17 17 1)3 € KS
lyz, (] = [(z,2)1, (2,1,1,1,1,1,1,1)3] = [[ca, (bd*)?],1,1,1]

=(r,z,1,1,1,1,1,1)3 € Kj.
For the reverse inclusion it remains to show that K < K 3. Indeed we will show that
K® = K, < Kj.
K@ — [K(l), K(l)] = [K;, Ky

= [<(‘T? 17 17 1)27 (yv 1a 17 1)2>G’ <($? 17 17 1)27 (yv 1a 17 1)2>G]

= <[(ZL“, 17 17 1)27 (ya 1a 17 1)2]>G7

where

[(:Ea 17 17 1)27 (ya 17 17 1)2] = ([:U7y]7 17 17 1)2
= (ya 17 1a ]-7 17 17 1a ]-)3

= (2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1),.

Consequently, K® = K,, which implies G® < K3 and the equality G®) = K.
Now, assume for n > 3, G™ = K,,_5. We will prove for n 4+ 1, G"t1) = Ko(ni1)+43-
G(nJrl) = [G(n)a G(n)] = [K2n737 K2n73]
= [((33', 17 ceey 1)2n—37 <y7 17 EIR) 1)2n—3>G7 <(:Ea 17 HR 1)2n—3a (y7 17 ) 1)2n—3>G]

= ([(z,1,..., Dans, (,1,...,1)gn_3]),

where

[(33, 17 R 1)211—37 (ya 17 ) 1)2n—3] = ([:U7 y]? 17 EIR) 1)271—3
(y, 1, ey 1)2n—2

- (l‘, 17 R 1)271—1 S K2n—1‘

Thus Gt = Ky, | = Ks(n41)-3. Hence the proof is completed by induction.
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We have K G <G, This induces a canonical epimorphism from G/K to G /G™M
with the kernel G /K. Then the first isomorphism theorem implies that,

G/K _
GO/K ~ G/GY and,
o] w _ |G/K]
G: GV =1|G/GY| GO/K]
=242 =2} (from Theorem 2.5.1(1) and (2)).

Now, we get a chain of subgroups with finite indices
G® 9 K1 952 K 9, G Dy G

Thus,
G:G¥]=2.22.2.23 =297,

For n > 3, G = K,,_3 and observe that |K,, : K,;1| = 4%". Then one may get the

following chain;

Kop—g Qyoon—a Kop—gy Qppn—s ... K3 Qo2 Ko Ly Ky <y K 0a G

[G . G(n)] = [G . Kgn_g]

22n—5 22n—4

— 9t 4.42.42 .. .4 4

_ 24 . 4(20+21+22+“.22n75+22n74)

(1_221'1,73))

=94 .y
_ 24 . 4(22n—3_1)
—_ 24 . 22271_272

_ 22277,72_’_2

The theorem is thus proved. Il

2.6 Word problem for ¢

Let S = {a,b,c,d} be the set of generators of G. Let S* denotes the set of all finite
words in S including the empty word ), and S, denotes the set of all reduced words
of S*. The set S, is in one to one correspondence with the free product (Z/27Z) x V.

T

For a word w € S*, w denotes the element in G represented by w.
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A word problem for a group G with respect to a set of relations of its elements is
the algorithmic problem of deciding whether two given words w, w’ € S* represent the
same element w = w’ in G (or equivalently the word w € S* represents w =1 € G).

Let |w|; denotes the number of occurrence of the letter ¢ in a word w € S*, where

i € {a,b,c,d}. We define a length function, [, for any w € S* and g € G as follows,
[:S*"—N
l(w) = [wla + [w]y + [wle + |w]a,
and
[:G— N
l(g) = inf{l(w)|w € S*,w = g}.
Let 7 : S* — S* , denotes the reduction map and S5%=° := {w € S%, : |w|,is even}.

The set S:e’gzo can be identified with the set of words in {b, c,d, aba, aca,ada}. Let

b, d1 = 59" — S* be two maps defined recursively by

do(b) = a h1(b) = ¢
Go(c) = a o1(c) = d
do(d) = 0 é1(d) =a
o(aba) = d é1(aba) = a
dolaca) = d é1(aca) = d
do(ada) = b b1 (ada) = 0

and qgj (uwv) = q%(u)é](v) foru € {b, ¢,d, aba, aca, ada}, and v is a word in {b, ¢, d, aba, aca, ada},
where |v| < |uv.
The following observations can be easily verified.

Observations:

*,a=0

1. we Stg(l) <= w e S5

=0
2. For w € S)77", we have

<Z§0(w) = ¢0(w) and le(w) = ¢1(w)-

3. For w € S}, we have

lwl, is even and ¢j(w) =1€ G for j € {0,1} = w=1€ G,
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4. For ) #w € S50, set w; = r(¢;(w)),g = w and g; = ¢;(g)(= wy) for j =0,1.

(a) We have [(w;) < l(wgﬂ.

(b) If w starts with a and ends with some u € {b, ¢, d}, then [(w;) < @

(c) Ugy) < Mgt

(d) If g is not a conjugate to an element of shorter length in G, then I(g;) < @.

For any w € S* we develop an algorithm to decide whether w represents 1 of G or

not as follows:

1. Compute |w|q4,
If |w]|, is odd then w # G.
If |wl, is even, compute r(w),
if r(w) is empty then w =1 € G,
if [(r(w)) > 1 go to next step.

2. Compute w; = r(¢;(w)) for j = {0,1} and return to step (1) and repeat the

algorithm for w;.

It is clear from the observations above that the algorithm terminates. Thus the word

problem for G is solvable.

2.7 Presentation of G

Let 7 : (Z/27Z) x V. — G defines an epimorphism by mapping w € (Z/2Z) * V to

w € G, as the set S’ is in one to one correspondence with (Z/2Z) V.

For each w € S*

re:

4 Wi with j = j1,..., jx where j; € {0,1} defines a set of reduced
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words as follows
wy = w

r(¢j (w)) if w € S
w]‘l =
is not defined otherwise

~ . . *,a=0
(P (Wi, gi_y)) 1wy, ., is defined and wy, 5, € Si
Wiy ,gh1de

is not defined otherwise .
Let K, :={w € Sty wj..5. =0, Y ji,...,jn €{0,1}}, for each n > 1. Clearly,

K, < ker(rm) for each n > 1.

-----

Lemma 2.7.1 For each n > 0, the set K,, is a normal subgroup of (Z/2Z) xV and

Ky={1} <K < <K, < Kppy <+ < | J K, = ker(m).
n=0

Proof: Set F' = (Z/27) V.
It is clear from the definition that K, < K, for n > 0. We will prove the lemma in

the following three steps.

1. For each n > 0, K, is a subgroup of F.
The proof proceeds by induction. For n = 0, K, = {1} is a subgroup of F.
Assume that K,,_; is a subgroup of F. We identified K,, with a subset of F' as,

K, ={we F :|wl|, is even and wy,w; € K,,_1},
where w; = r(¢;(w)) for j = {0,1}.
Let w € K,, with wqg, w; € K, _1. Then wo_l, wl_1 € K, as K,,_ is a subgroup
of G. Observe that wy' = (w™)y and w;' = (w™!); = w™! € K,.
For any w,w" € K, we have wg, wy,w), w; € K,_1. Hence ww' € K, since

wowy, wywy € K,—1. Thus by induction, we get K, as a subgroup of F for each

n > 0.

2. For each n > 0, K, is a normal subgroup of F'.
The proof proceeds by induction. For n =0, Ko = {1} < F. Assume that K, ;

is a normal subgroup of F' and we have
K, ={w € F: |w|, is even and wy, w; € K,_1}.
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For any w € K, we will show that conjugates of w by the set of generators
{a,b,¢,d} of Fis in K,,. This gives that the conjugate of w € K,, by any word
in {a,b,c,d} is in K,,. Thus K,, < F.

For w € K,, , we will compute |awalq, |bwb|p, |cwc|. and |dwd|,.

Note that for any w € K, |w|, is even.

We get

lawa|, = |w|.(mod 2),
|bwb|, = |cwe|. = |dwd|, = |w|q,

and

(awa)y = (awa), =
(bwb)o = awpa (bwb); = cwyc
(cwe)o = awpa (cwe); = dwnd
(dwd)y = (dwd); = bwib.

It follows from the induction hypothesis that awa, bwbd, cwe, dwd € K,,. Hence

the result follows.

3. Ur—y K = ker(m).
Clearly, |J,~, K, < ker(m). Let w € ker(w). Then w = 1 € G. By the algo-
rithm developed for the word problem of GG above there exists n > 1 such that
,,,,, i = 0. Thus w € K,, and ker(m) < J;~, K,. Hence the equality follows.
Thus the proof is completed. O

Lemma 2.7.2 For each n > 0, K,, s strictly contained in K.

Proof: Let & be a function defined on the set of generators {a,b,c,d} of Sk, as,

This will extends as a transformation o : S;,; — S}y of the set of all reduced words.

Observe that,
1. The image of gzgo o in S}, is in bijection with Zsg * Zy as

Qg() © 6-(@) = dv QbNO © 5(b> =1, ng © 5-(0) =a, ggﬂ © 5(d) = a.
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2. The image of ¢y o & is the identity map as,

prod(a)=a, ¢10a(b)=b, ¢106(c)=c, ¢ oa(d) =d.

Let 6™ denotes the nth iterate of 5. For all n > 0, we will prove that 5"((ad)?*) is in
K,+1 and not in K, (for each n > 0, K,, is viewed as a subset of S},,).

For n = 0, consider (ad)* = (b%,b*); = (1,1);, which is contained in K; and not in
K.

For n = 1, consider 5((ad)*) = (acac)* = (da,ad)}, which is contained in K, and not
in K;.

For n = 2, consider 52((ad)?),
5%((ad)*) = 5((acac)*) = (acab)® = (da,ac)} = (1,1, (da)?, (ad)*)y = (1,1,1,1,1,1,1,1)s.

Thus %((ad)*) € K3 and not in K.

Assume that n > 3 and the hypothesis is valid upto n — 1.

Set w = ¢"((ad)*). We use the algorithm developed for solving word problem of G to
compute w. By the definition of &, |w|, is a multiple of 8. Since |w|, is even, go to
the second step of the algorithm and compute w; = r(([ﬁj(w)) for j = 0,1. It can be
seen from the observation (1) above that wy is a reduced word in a and d of exponent
4. Hence wy € (a,d), which of exponent 4 in G. We get wy = 1. Observation (2)
provides w; = 7(6" 1 (ad)*). By induction hypothesis, w; is contained in K, and not
in K,,_1. Hence we get w € K, ;1 and w ¢ K,,. Since we can identify the subset K,

with the subgroup K, of I, the proof is completed by induction. O

Remark 2.7.3 The containments in the lemma Lemma 2.7.1 are strict.
Theorem 2.7.4 The group G is not finitely presentable.

Proof: Suppose G has a finite presentation. That is G can be presented by the finite

set of generators {a, b, ¢, d} and a finite set of relators {ry,re,..., 7k},
G = <a,b,c,d,|a2:b2202:d2:bcd:r1 :r2:~~:rk:1>.

But this would be a contradiction to Lemma 2.7.1 and Lemma 2.7.2. Thus G does

not have a finite presentation. O
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The group G has a finite recursive presentation of the form
G = <a,b, c,d,ja> =b" = =d* = bed = 1,wk = (wpyw,1)* = 1(n > O)>

where (wy,)n>0 is a sequence of words defines as wy = ad and w, 1 = 6(w,) (refer

[Lys85)).
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Chapter 3

Branch groups

In this chapter, we state the two equivalent definitions of branch group. Here, we
explicitly discuss the classification of just infinite group by John Wilson and [Wil00]
R. I. Grigorchuk [Gri00]. We will see how this work of Wilson is generalized by P. D.
Hardy to derive the structure theory of branch group [Har02].

Definition 3.0.1 (R. I. Grigorchuk, [Gri00]) The group G is a branch group if
it has trivial centre and contains descending chains of subgroups {H,}2%,,{L,}%,

where each L, is a subgroup of H, and such that the following hold:
1. H, is normal in G, the index |G : H,| is finite and () —, H, = {1}.

2. There is a sequence {N,}22, of natural numbers such that N,, divides N1,
and there are subgroups Lg), e ,LgN”) of G, each isomorphic to L, = Lg),

such that H,, can be represented as the direct product
H=1LV x...x LN (3.1)

in such a way that the product decomposition (3.1) of H,; refines that of H,;
that is, each factor LY from (3.1) contains a product of m, 11 = N,,4+1/N,, factors
Lff;)rl, (t — Dmyyq +1 < j < imyyq from the corresponding decomposition of

Hpp.

3. When G acts on itself by conjugation, for each n =1,2,... the factors in (3.1)

are permuted transitively among themselves.

Definition 3.0.2 (R. I. Grigorchuk, [Gri00]) A faithful action of a group G on a

rooted tree T' = T}, is said to be a branch action if G satisfies the following conditions:
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1. The action of G on T is level-transitive,
2. |G : RiStg(n)| < oo, for all n > 1.

A group G is said to be a branch group if there is a branch action of G on some rooted

tree T
Remark 3.0.3 Definition 3.0.1 and Definition 3.0.2 are equivalent.

Example 3.0.4 The first Grigorchuk group is a branch group. It follows from Propo-
sition 2.3.3 that each subgroup Sts(n) of G contains 2" copies of the subgroup
K = ((ab)®)¢, for all n > 1. We have seen that Stg(n) are normal subgroups of
finite index in G, and () —, Stg(n) = 1. Therefore by Definition 3.0.1, Grigorchuk

group is a branch group.

One may refer to [BGS03] for more examples of branch groups.

3.1 Just infinite branch groups

A group G is said to be just infinite if G is infinite and all of its proper quotients are
finite. A residually finite group G is hereditarily just infinite if every normal subgroup
of finite index is just infinite [see [Gri00]].

The main theorem of this section is the ternary classification of the just infinite
groups by John Wilson and Grigorchuk. The structure theory of just infinite group
was developed by J. S. Wilson [see [Wil71], [Wil00]]. According to his work the just
infinite group splits into two classes. The trichotomy of just infinite groups were later
proved by Grigorchuk in the paper [Gri00]. The notations, definitions and results we
follow here are based on the paper [Wil00].

3.1.1 Subnormal subgroups

Let G be a group and T be a subset of (. For a subgroup H of G’ we denote HT for
the subgroup (H'|t € T'). We use the expression corex(H) to denote the subgroup
N(H'|t e T).
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A subgroup H of G is said to be subnormal (H sn G) if there exists a finite chain of

subgroups of the form
H=G,<G,.1<-- <G <Gy =G, (3.2)

We write H <" GG and least such n is called the defect of H in G. We recursively
define the terms of a normal closure series for the subgroup H in G as Hy = G and
H,., = H for r > 1. Clearly, H,,, < H,. It can be easily observed that if the chain
(3.2) exists then H, < G, for each r and H is subnormal in G if and only if H,, = H.

The next result is by Wielandt [see chapter 1 of [Sto87]].
Lemma 3.1.1 Let H, K sn G and suppose that H < (H, K). Then (H,K) sn G.
Proof: Let H <™ G and

H=H,<xH, <---<H <Hy=G (3.3)

be the normal closure series of H in G. We claim that K normalizes each term of the
normal closure series (3.3). Clearly, K normalizes G and observe that K normalizes

H since H <1 (H, K). Thus for each r > 1, we get
HE = ()< = (HX) = (H) = H,.

Hence for each » > 1, (H,, K) = H,K and H,,; < H,K. Since K sn H.K we get
H, 1K sn H.K. Consequently,

(H,K) = H,K sn --- HiK sn H)K =G.
O

Lemma 3.1.2 Suppose that each subnormal subgroup of G has only finitely many
conjugates in G. If H K sn G then (H, K) sn G.

Proof: Let J = (H, K) and
H=H,<---<1H <J

be the normal closure series of H in J. The proof proceeds by induction on the defect

nof Hin J. f n=0then H =J and J sn G. If n = 1 then H < J and the result
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follows from Lemma 3.1.1. Assume that n > 2. Since H has only finitely many conju-
gates in GG, H has only finitely many conjugates in H,,_». As H <1 H,,_; each of these
conjugates is normal in H, ;. Thus H,,_; is the product of finitely many conjugates
of H in H, 5. Then it follows from finitely many application of Lemma 3.1.1 that
H, 1 sn G. Hence proof is completed by induction. O

One may refer to the paper [Sto87] for more details of subnormal subgroups.

3.1.2 B-closed and Nj-closed classes

Let X be a class of groups. As follows from [Wil00] the class X' of groups is said to
be B-closed if whenever H, K are normal subgroups of their join and both H N K and
HK arein X, then H € X. We recursively define a set of classes of groups by setting
X0 = X and X("+Y) = (XY for n > 0, where X" is defined to be the class of groups
all of whose normal subgroups are in X.

All the results we state here are from [Wil00] except Theorem 3.1.8 which is proved
in [Wil70].

Lemma 3.1.3 If X is B-closed, then so is X™ for each n > 0.

Proof: As X are defined recursively it suffices to show that &” is B-closed. Assume
that H, K < (H, K) and both H N K and HK are in X’. Let L < H. We will show
that L € X. Set L, = L. Since HK = KH, we get

LY = (L") = (LMX =LF = L,.

Therefore Ly < HK. Consequently, L1 € X as HK € X’. Similarly, LN K € X as
LNK<HNK € X'. Now, consider the subgroups L(L; N K) and LN (L; N K).
As L < L) < LK, we have L(LiNK) = LiyNLK = Ly and LN (L1 N K) =
(LN L;)N K =LNK. Observe that L; and L N K are in X, and, L and L; N K are
normal in Ly = (L, L; N K). Since X' is B-closed L € X. Hence we can show that all
normal subgroups of H are in X. That is H € X’ so that X’ is B-closed. O

Lemma 3.1.4 The class of just infinite group is B-closed.

Proof: Let X be the class of just infinite groups. Assume that H, K < (H, K) and
HK and H N K are just infinite, so that H N K <1y HK. Let 1 # L < H and suppose
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LNK =1. Wehave |LK : K| <|HK : K| < oo. By second isomorphism theorem,

LK L
K ~LNK

I

L.

Since L<H and |[HK : H| < oo L has only finitely many conjugates in H K and all of
them are normal in H. Set L; as the join of all conjugates of L in HK. Then L, is a
finite normal subgroup of H K. This is a contradiction to the just infiniteness of H K.
Thus LN K # 1. As L < H and H N K is just infinite, we get |[HNK : LN K| < 0.
This gives |H : L| < oo and hence H € X. So, X' is B-closed. U

Let H <> G and let T be a subgroup of G. Then H! < H® for each t € T, and
the group HT is the product of these subgroups. We use the following result of
[Wil70] to prove Proposition 3.1.6

Lemma 3.1.5 Let H<1?*G and let T be any set of elements of G. Write T = T'U{1}
and H* = HN (H™). Then (H*T'H)Y(H™) = H”, and (H*" H) N (H") = H*T .

Proposition 3.1.6 Suppose that X is B-closed. Let G € X' and Gy <y G. Then
Gy € X'

Proof: Let 1 # H <1 Gy and S be a transversal to G in G. Then H® <1 G and thus
H® € X. Choose a non-empty subset T of smallest cardinality such that H” € X
for all H <1 Gy. We replace T' by Tt," for some t;' € T and assume that 1 € 7.
Set 7" =T\ {1} and H* = HN H". Then H” € X and H*" € X. It follows from
Lemma 3.1.5 and the fact that X is B-closed, HT' € X for all H<1G. This contradicts
the minimality of 7. Hence 7" = T'\ {1} is empty, so that 7" = {1}. Therefore, for all
H <Gy, H<G. Thus Gy € X', O

Corollary 3.1.7 Let X be a B-closed class. If G is just infinite and every normal

subgroup of G is in X, then every subnormal subgroup of G is in X.

Proof: Given that G is just infinite and G € X’. Assume that G € X for some
n > 1. It is clear from Lemma 3.1.3 that X"~V is B-closed. Since X™ = (XY
and G is just infinite, by Proposition 3.1.6 we get each normal subgroup of G is in
X ™ Therefore G € X1 which means all subnormal subgroups of G of defect n+1

are in X'. Now, the result follows by induction. O
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Let G be a group. We write GG satisfies max-n, if G satisfies the maximal condition

for normal subgroups.

Theorem 3.1.8 (J. S. Wilson, [Wil70]) Let G be a group. If G satisfies maz-n,

then so is each normal subgroup Gy of finite indez.

Proof:  Let (H;) be an ascending chain of normal subgroups of Gg. Suppose that Gy
does not satisfy the maximal condition for normal subgroups. Since Gy <y G, we can
choose a finite set T" of elements of G such that H! <1G for each normal subgroup H;
of Go. As G satisfies max-n, (H]') stabilizes after finite length. Pick a subset T with
minimal cardinality such that for any ascending chain (H;) of normal subgroups of Gy,
the chain (H]) stabilizes after finite length. We may assume that 1 € T" and by the
ongoing assumption on Gy, the subset 77 = T'\ {1} is non-empty. Set H} = H;NH}".
Then (H}) is an ascending chain of normal subgroups of Gy and by the definition of
T the chain (H;7) stabilizes after finite length. By the application of Lemma 3.1.5
shows that (H]") stabilizes after finite length. This contradicts the minimality of T

and thus G satisfies max-n. O

Theorem 3.1.9 Let G be a just infinite group. Then every subnormal subgroup of
G satisfies maz-n, and for each n the group G satisfies the maximal condition on

subgroups K satisfying K <" G.

Proof: Let X be the class of groups satisfy max-n. It can be seen that X is B-closed.
Assume that G is just infinite. Clearly, G € X and it follows from Theorem 3.1.8 that
all normal subgroups of G are in X'. Then by Corollary 3.1.7 all subnormal subgroups
of G are in X. Therefore every subnormal subgroup of G satisfies max-n. Now, the

second assertion of the theorem is easily followed from this. O

As defined in [Wil00] we say a class of groups X' is Ny closed if HK € X, when-

ever H, K are normal subgroups of a group and H, K € X.

Lemma 3.1.10 Let G be a just infinite group, let H sn G and let X be an Ny-closed

class containing H. Then the normal subgroup of G generated by H is in X.
Proof: Assume that the defect of H in G is n and
H=H,<---<H <xHy=G (34)
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be the normal closure series of H in G. We will prove the result by induction on n.
For n = 0 and n = 1 the results trivially holds. Let n > 2. Assume that for all
subgroups K of G of defect less than or equal to n — 1 the hypothesis holds. Let
g € H,_5 of the chain (3.4). Then HY < H,_;, so that H < (H, H9). We get an
ascending chain of normal subgroups of H,_; formed by the product of conjugates of
H by elements of H,, 5. Being a subnormal subgroup of G, H,,_; satisfies max-n, so
that the chain of normal subgroups of H, _; get stabilized after finite length. Hence
set U as the normal subgroup of H, _; which is maximal subject to being a product
of finitely many conjugates of H in H,,_5. As X is Ny-closed, U € X. But H,_ 1 =U
since H,_, = H""-2 and U < H,,_,. Thus by induction hypothesis Hffl =H e X,

and hence completes the proof. Il

Corollary 3.1.11 Let G be a just infinite group. Then
1. G has no non-trivial finite subnormal subgroups.

2. If G has a non-trivial abelian subnormal subgroup, then G has a finitely generated

abelian normal subgroup of finite index.

Proof:

(1) Let X be the class of finite groups. It is easy to see that X is Ny closed.
Assume that K be a non-trivial finite subnormal subgroup of G and K € X. Then by
Lemma 3.1.10, K¢ € X. But K¢ <y @, since G is just infinite. This is a contradiction

to finiteness of K. Thus G has no non-trivial finite subnormal subgroups.

(2) Let X be the class of nilpotent groups. It follows from Fitting’s theorem that
the class X is Ny closed. Suppose H is a non-trivial abelian subnormal subgroup of
G. Clearly, H € X. By Lemma 3.1.10, H is a non-trivial nilpotent subgroup of
G. Since non-trivial nilpotent group has a non-trivial centre, the centre of H is a
normal abelian subgroup of G which is finitely generated as GG satisfies the maximal
condition on normal subgroups. O
Here onwards we assume that G is a just infinite group having no non-trivial abelian
subnormal subgroups. For the details of just infinite groups with non-trivial abelian

normal subgroups, one can refer to the paper [McC68].
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3.1.3 Near complements for subnormal subgroups

We are following the results of [Wil00]. Let G be a just infinite group having no

non-trivial abelian subnormal subgroup.

Definition 3.1.12 Let H be a subnormal subgroup of G. A near complement to H
in GG is a subnormal subgroup D of GG such that

(H,D) =H x D and |G : H x D| < 0.

Lemma 3.1.13 Let 1 # H <> G. Then H has a near complement D in G satisfying
D < HE.

Proof:  Let |G : H| < oco. Then we may choose D = 1 as a near complement to
H in G. Assume that |G : H| is not finite. As G satisfies the maximal condition
for subgroups M such that M <?> G, we may suppose that each subgroup satisfying
H < M has a near complement N with N <« M“. Since G is just infinite we have
|G : HY| < oco. Hence H has only finitely many conjugates in GG and they intersect
trivially. Let K be an intersection of conjugates of H such that K # 1 and HNK = 1.
Thus (H,K) = HK = H x K. Since H < HK <* G, HK has a near complement in
G. Let N be the near complement of HK in G such that N <t (HK)% = H®. That is
we have,

(HK,N)=HK x N and |G:HK x N| < .

But HK = H x K, so that
(Hx K,N)=HxKxN=(H,KN) and |G:H x K x N|< oc.
Thus K N is a near complement to H in G and KN <1 HE. U

Proposition 3.1.14 Let H <" G with n > 3. Then there is a subgroup K <y H with
K <*G.

Proof: Suppose that defect of H in G is n and let
H:HnQHn_lﬂ"'QHlﬂHQZG (35)

be the normal closure series of H in G. We proceed by induction on n. As G satisfies

the maximal condition for subgroups M such that M <™ G, we may further assume
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that each subgroup M such that H < M satisfies the conclusion. We write H; = HY
and Hy = HH,
Case 1 Let Hy <; G. Set N =(,.,H5. Then 1 # N <y G, so that NN H <; H.

Take the intersection of each term in (3.5) with N, we get
HAN=H,NN<H, ,ANN<--<H,ANN=GNN =N. (3.6)

Therefore H N N <" 2 N <G, as N < H,. By induction hypothesis, there exists
a subgroup L <y H N N with L <* G. Thus we have L <; HN N <; H. Take
K = (\yey L™ and observe that K <1y H and K <* G.

Case 2: Let |G : Hs| is infinite. It follows from Lemma 3.1.13 that G has a subnormal
subgroup 1 # D such that D is a near complement to H, and D <« H® = H,. The

normal closure series (3.5) gives
HxD<"2H,xD<H, <G. (3.7)

Since all the subnormal subgroups of GG larger than H satisfies the result we can find
a subnormal subgroup L of G such that L <ty H x D and L <? G. Now, set CL(D)
as the centralizer of D in L. The C(D) has the requires properties, hence completes

the proof. O

Let A, B be two subgroups of G. The commutator of the subgroup A and B is denoted
by [A, B], which is defined as

A, B] = <[a,b] LacAbe B>.
For a,a’ € A and b € B, we have the commutator identity
[ad’,b] = [a,b]% [, b)].

Thus we get,
[a,b]” = [ad’,b][a’, 0] € [A, B].

Therefore [A, B] is normalized by A. Similarly, observe that [A, B] is normalized by
B.

Lemma 3.1.15 Let K sn G and let |H : K| be finite. Then any subnormal subgroup
D of G satisfying [D, K] =1 also satisfies [D, H| = 1.
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Proof: Let |H : K| = n. We will prove for n = 1, then the result follows from
induction. Assume K < H.

Let C' = Cg(K). Consider CN K, which is equal to Cx (K'). The subgroup Ck (K)
is normal in K and K is subnormal in G, so that C'N K is subnormal in G. Then by
ongoing assumption on G the subgroup C'N K must be trivial. As K <y G, we get
1=CNK <y CNH and so that C'N H is finite. Then by Corollary 3.1.11 C'N H is
also trivial.

Suppose D be a subnormal subgroup of G. Since H sn G, H is subnormal in
(H,D) and let

H=H,<H, 1<---<14Hy<1Hy=(H,D) (3.8)

be the normal closure series of H in (H, D). We recursively define a set of commutator
subgroups as \g = D and A\, = [\,_1, H| for r > 1. The assumption [D, K| = 1 implies
that D < C. Observe that C' is normalized by H, as C' = Cg(K) < Ng(K) and
H < Ng(H). Hence we get \y = [D, H] < [C, H|] < C. Another observation shows
that \y = [D, H| < (H, D). Consequently,

Xy = [\, H] = [[D, H], H] < [D, H] = Ay.

Now, it follows from an easy induction that A\.,; < A, for each r > 1.
We have, H, = Ho = HH:P) = H[D, H] = H),. Assume that H, = H), for some
r > 1, then

H, = HY = g = g* = O]\, H] = H\.1.

Then by induction, H, = H\, for each » > 1. In particular, H, = H\,,. But H = H,,
sothat \,, < H. Thus \, <CnNH=1.

Suppose that n > 2 and set F' = \,,_;. Then [F, H] = [\,_1, H] = A, = 1. Observe
that

[[F, H], An—2] = [An, An—2] = 1,

[[Fa )\an]aH] = H)\nfla)\anLH] < [)\nflaH] =1
It follows from three subgroup lemma that [[A\,_o, H], F] = [F,F] = 1, ie., F is
abelian.

Since defect of H in (H, D) is n, we can find an element u € H,,_ such that H* £
H. As H is subnormal in G, H" is subnormal in G. Furthermore H, H* < (H, H"),
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so that (H, H*) = HH" sn G by Lemma 3.1.1. We have F' = \,_; = [\,_2, H] <
(H\p—2) = H\,—2 = H,_5 and HH" < H,,_5. Hence we get HH" N F < HH". As
HH" < H, 1 = H\,_1 = HF, we can write HH" = HH*"NHF = HHH"N F).
Since H is strictly contained in HH", HH" N H is non-trivial. Thus HH* N F is a
non-trivial abelian subnormal subgroup which is a contradiction to the assumption
on G. This implies n = 1 and H < (H, D), so that [D, H| < C'N H = 1. The proof is
thus completed. Il

Corollary 3.1.16 If H sn G then H has a near complement in G.

Proof: Let H <" G. If n = 1, then D = 1 is a near complement to H, as
H <4 G. For n = 2, the result follows from Lemma 3.1.13. Assume that n > 3. By
Proposition 3.1.14 H has a normal subgroup K of finite index such that K <? G.
Then Lemma 3.1.13 implies that K has a near complement D in G with D <1 K% i.e.,

(K,D) =K xD and |G:K xD|< 0.
Thus [K, D] = 1 and it follows from Lemma 3.1.15 that [H, D] = 1. Observe that
(H,D)=H xD and |G:H x D| < o0.
Hence D is a near complement to H. U
Corollary 3.1.17
1. Each subnormal subgroup H of G has only finitely many conjugates in G.

2. The join of two subnormal subgroups of G is again subnormal.

Proof:

(1) Let H be subnormal subgroup of G and D be a near complement to H in G.
We have |G : H x D| < co. Thus H << H x D <; G and so H has only finitely many
conjugates in G.

(2) Let H and K be two subnormal subgroups of GG. The first part of this corollary
and Lemma 3.1.2 together imply that (H, D) sn G. O

Corollary 3.1.18 Let H, K be two subnormal subgroups of G. Then H N K =1 if
and only if [H, K] = 1.
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Proof:  Suppose that [H, K] = 1. Then H N K is a non-trivial abelian subnormal
subgroup of GG, which is a contradiction to the ongoing hypothesis on G. Thus we get
HNK=1.

Now, let H N K = 1. There exists finite index subgroups Hy and Ky in H and
K respectively such that Hy <? G and Ky <? G. Set N = HS N K§. If HS N K§ is
trivial set N as the subgroup (H§, K§)¢. Clearly, N is a normal subgroup of finite
index in G and Hy and K| are normalized by N. Now, consider the subgroups HyN N
and Ky N N. Replace Hy by HyN N and Ky by Ko N N. Then Hy, Ky << N. Since
HNK =1, HiN Ky = 1 and we get [Ho, Ko) = 1. As Hy <y H sn G and [Hy, K| = 1,
we get [H, Ko] =1 (by Lemma 3.1.15). Again by the application of Lemma 3.1.15 to
the subnormal subgroup K we get [H, K| = 1. O

Corollary 3.1.19

1. If Hy, Ho, K are subnormal subgroups and HyNK = HyNK = 1 then (Hy, Hy)N
K =1.

2. If Hy, ..., H, are subnormal subgroups such that H; N H; =1 for i # j then

<H1,...,HH>IH1X“’XHH.

Proof:

(1) By Corollary 3.1.18 H; N K = if and only if [H;, K| =1 and HoN K = 1 if
and only if [Hy, K] = 1. Thus [(H;, Hs), K] = 1 as K commutes with both H; and
Hy. Then by Corollary 3.1.17 and Corollary 3.1.18 we get (Hy, Ho) N K = 1.

(2) Let Hy, Hy, H3 be subnormal in G. Since Hy N Hy = 1 we have [Hy, Hy] = 1,
and (Hy, Hy) = Hy x Hy. We also have H; N Hy = 1 and Hy N Hy = 1. Thus
(Hy, Hy) N Hy = 1 so that [(Hy, Hy), H3] = 1. Hence (Hy, Hy, H3) = Hy X Hy X Hj.

Similarly, the result follows for all finite values of n. 0

3.1.4 The classification of just infinite groups

We are now in a position to prove the main theorem of this section: the trichotomy

of just infinite groups.

Theorem 3.1.20 (R. I. Grigorchuk, [Gri00]) Let G be a just infinite group. Then

either G 1s a branch group, or G contains a normal subgroup of finite index which s
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isomorphic to the direct product of a finite number of copies of a group L, where L is

either simple or hereditarily just infinite.

Proof: We continue to assume that G is a just infinite group having no non-trivial

abelian subnormal subgroups. We recall the following results:

1. Each subnormal subgroup H of G has only finitely many conjugates in G' (Corol-
lary 3.1.17)

2. If Hy,...,H, are subnormal subgroups such that H; N H; = 1 for ¢ # j then
(Hy,...,H,) = Hy x---x H, (Corollary 3.1.19).

Assume that G is not hereditarily just infinite and contains no simple normal subgroup
of finite index. Then we can find two subgroups K and @ of G such that K <,,Q <;G.
We may further assume that G acts on its subgroups by conjugation. For the subgroup
K, O(K) denotes the orbit of K under the action of G. By Corollary 3.1.17 O(K)
is finite. We choose a subset R C O(K) such that R is maximal subject to ({ K :
K9 € R} # 1. Now, set

L = ﬂ KoY.

K9€R
Let L{,L? be two disjoint conjugates of L; in G. Then L{ N L" = 1, otherwise, it
is a contradiction to the maximality of R. Therefore the intersection of any pairs of

disjoint conjugates of L is trivial. By Corollary 3.1.19
(L1 :L{ € O(Ly)) = DTL{EO(Ll)Lélya
where Dr stands for the abbreviation of the direct product. Set
Hy = Drpscor,) L.

Clearly, H; contains more than one term. Otherwise, L; becomes normal in G and
hence Ly <y G, so that K <; G. Observe that H; <7 G.

We will proceed by induction on n of H,. For some n > 1 assume that

Gl>f Hn = L’Sll) X oo X Lg’LNn)’

(4)

where Ly, are the isomorphic copies of a subgroup L,, and Lg), cee L%N”)

are permuted

transitively under the action of G. Then there are three different cases for L,,:
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(1) L, has a simple normal subgroup of finite index. In this case, we get one of
the conclusions of the theorem.

(2) L, has a non-trivial normal subgroup K, of infinite index. In this case, we
treat K, as we did for K. Since K, is subnormal, O(K,) is finite. We find a subset
R C O(K,) such that R is maximal subject to ([{K? : K¢ € O(K,)} # 1. Set

Lny1 = Ngsep K, and we get

Hypy = <L£+1 : L£+1 € O(K,) = DTLLIGO(K,L)L?;H-

Observe that H,11 <y G. It is also easy to observe that the decomposition of H, 4
refines the decomposition of H,,. Thus we obtain a strictly decreasing chain {H,}>°,
of normal subgroups of finite index in GG. The subgroup H,, has the required decom-
position as in the Definition 3.0.1 and the factors of H,, are permuted transitively
under the action of G. Furthermore ()~ , H, is trivial as G is just infinite. Therefore,
in this case, GG is a branch group.

(3) Suppose that neither case (1) nor case (2) holds. Then L, contains proper
subgroups of finite index, and every such subgroup is just infinite. We now consider
the intersection of all finite index subgroups of G and denotes it by H,. Assume that
H, is non-trivial. Clearly, H, is a normal subgroup of GG, hence H, has finite index
in G. We have H,, < H,. Set M = H, N L,,. Observe that 1 # M <y L,,. Thus M
is just infinite and there exists a proper subgroup P of M such that P <1y M. Thus
the subgroup H,, contains the direct product D := Dri<;<n, P%, where P(’s are the
distinct conjugates of P under the action of G and PO < Lgf) foreach 1 <i < N,,.
But as D is normal in G, D has finite index in G, so that H, < D. This implies
P = M, which is a contradiction to the choice of P. Hence H, = 1 and G is residually
finite. So in this case GG is hereditarily just infinite.

Thus the proof is completed. U

3.1.5 A criterion for a branch group to be just infinite

We have seen that just infinite groups split into branch groups. But this does not
mean that every branch group is just infinite. Here we will prove the theorem by
Grigorchuk given in the paper [Gri00], this gives a criterion under which a branch

group becomes just infinite. The second part of this theorem is an important result
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on branch group.

Theorem 3.1.21 (Grigorchuk, [Gri00]) Let G be a branch group acting on a rooted
tree T = Ty, with branch structure ({L,}>%,,{H,}:2,). The group G is just infinite
if and only if for each n > 1, the index of the commutator subgroup L' in L, is finite.

Moreover, every non-trivial normal subgroup P of G contains a subgroup H], for some

n.

Proof: Suppose that G is just infinite. Further, assume that commutator subgroup
L/ has infinite index in L,, for some n. Then the subgroup H) = L/ x --- x L! is a
normal subgroup of infinite index in GG. This is a contradiction to the just infiniteness
of GG. Thus one direction of the proof is clear.

To prove the reverse case, suppose that L/, has finite index in L, for allm > 1. Let 1 #
g € G and P denotes the normal closure of the element ¢ in G. By Proposition 1.2.2
we can find n such that g € Stg(n) but g ¢ Stg(n+1). Let

g = <g17-~-7gl;---7gNn)n

be the decomposition of g. Since g ¢ Stg(n + 1), at least one factor of G does
not belong to the subgroup StAutT(m(l). Assume that ¢; be the factor of g which
is not contained in Staur,, (1). Select the vertex u of length n of the tree T' such
that g acts as ¢g; on the subtree T,,. Thus put ¢, = g,. Then we can write g, = ha,
where h € St AutT (1) and a is a non-trivial element of the symmetric group of m, 1
elements. Since a is non-trivial we can find two distinct letters x,y in the alphabet
X411 such that a(z) = y. As defined for the subgroups of Grigorchuk group, we
define the homomorphism v, : Stg(n) — G™ for each n > 1, where G™ denotes
the NN, copies of the group G. Observe that the homomorphism 1), is injective and it
is surjective on each component of GG. Therefore for any arbitrary element ¢ € L,

we can find an element f € Stg(n 4+ 1) such that

f=0,....1 fu, 1,.... 1)y, (3.9)
fu=(1,..., 1, 1,00 1)y, (3.10)
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where f, is in position u in (3.9) and ( is in position z in (3.10). Consider the element

9, f1;

[gaf]:(17‘"’lv[guyfu]alv"'vl)n

=(1,....La ' h f  haf, 1, .. 1),

:(17"'717<7h{1}717"'7<.717"-71)n+17

where the element hg,; denotes the factor of h in position of x and the elements
(M=} ¢ are in position of the vertices uy and ux respectively. Furthermore the
element [g, f] € P as P is normal in G.

Now consider another elements n € L, 1 and h € Stg(n + 1) such that
h=(1,....Ln1,. ... Dpp
where 7 is in position of the vertex ux. Then,
g, fl,h] = (1,...;1,[C,n],1,...,1),.
Since ¢ and 7 were arbitrary elements of P, we get
P>1x---x1xLy 4 x1x---x1.

As the action of G on each level is transitive we conclude that P contains IV, factors

of the subgroup L _, i.e.,
P> Ly XX Loy X X Ly = Hy oy

It follows from our assumption on the index of L], that H)_, has finite index in G.

Thus the normal subgroup P is of finite index in G. Hence the result follows. O

3.2 Structure theory of branch group

In the paper [Wil00] John Wilson developed a structure lattice (a quotient of lattice of
subnormal subgroups) for a just infinite group and characterized just infinite groups
with finite and infinite structure lattice. Later, P. D. Hardy in his Ph.D. thesis [Har02]
generalized the results of the paper [Wil00] together with results of the paper [GWO03]

to a more large class of groups.
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Let G be a group and P be a property. The group G is said to be just non-(P) if
all proper quotients of G have the property P, but G does not have the property P.
In the paper [GWO03] Grigorchuk and Wilson showed that branch groups belong to
the class of just non-(virtually abelian) groups having no non-trivial virtually abelian
normal subgroups. Hardy used the methods of [Wil00] to this class of groups and
derived a structure theory of branch group which is purely based on the internal
group-theoretical structure of the group. The aim of this section is to prove the struc-

ture theory of branch groups developed in [Har(02].

We will first prove the result: every branch group G is a just non-(virtually abelian)

group having no non-trivial abelian normal subgroups.

Theorem 3.2.1 (Grigorchuk, Theorem 4: [Gri00]) Let G be a branch group act-
ing on a rooted tree T' = Ty,. Fvery non-trivial normal subgroup of G contains the
commutator subgroup (RiStg(n))" for some n. Consequently, every proper quotient of
G is virtually abelian.

Proof:  Let ({L,}52 1, {RiStz(n)}2,) be a branch structure of G, where L, is the
rigid vertex stabilizer of a vertex in the nth level of the tree T. It follows from
Theorem 3.1.21 that each non-trivial normal subgroup of G contains the commutator
subgroup (RiStg(n))" for some n.

Let P be a non-trivial normal subgroup of G. Suppose that (RiStg(n))” < P for some

n. Observe that
RiStg(n) - P G
e <2
P P
Since
RZStg(n) - P ~ RzStG(n)
P - RiStg(n) N P

and (RiStg(n)) < RiSte(n) N P, we get RiStg(n) - P/P is abelian. Therefore G/P

contains an abelian subgroup of finite index. Hence G/P is virtually abelian. U

Lemma 3.2.2 (Grigorchuk, Wilson, Lemma 2: [GWO03]) Let G be a branch group
acting on a rooted tree T = T, and let K be a subgroup of G. If K < K¢ and K is
abelian then K = 1.
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Proof: Suppose that K # 1. Set Q = K. Let 1 # k € K. Then we can find one
vertex u of T' with length n, such that k(u) # w. Therefore k ¢ RiSts(u). Choose an
element 1 # f € RiStg(u) N Ng(K). Now, consider the elements k=!, K/ € K. For

any vertex v of the subtree T, we have

FE () = R () = £ R () = £ ),

(since k~! does not fix the vertex v, f acts trivially on it and thus the third equality

follows)
KU (0) = K TR f(0) = KR (0) = f(0),
(since kf(v) & T,, f~* acts trivially on it, thus the third equality follows).

Since K is abelian the elements k! and &/ commute, so that

As v was arbitrary we get f~! = f for all f € RiStg(u)NNg(K). Therefore the order
of any non-trivial element of the group RiStg(u) N Ng(K) is 2, hence RiStg(u) N
Ng(K) is an elementary abelian 2-group. Observe that the group RiStg(u) N Q
is also elementary abelian 2-group as ) < Ng(K). Similarly, we can show that
RiStg(g(u)) NQ is elementary abelian 2-group for all elements g(u) in the orbit of u
under the action of G. Therefore the group

A= ] (RiSta(g(w)NQ)
is abelian. Then,

A=( JI Ristalew))NQ

g(u)€Orbit(u)

=LNQ,

where L = [, ) comiw) FiStc(g(u)) = RiSta(n).
Suppose that A is non-trivial. That is G has a non-trivial abelian normal subgroup.
Let 1 # a € A. Then we can find a vertex v’ of length m in the tree 7" such that

a(u') # u'. As similar to the above argument for A, we get a subgroup

A= ( ] RiSta(g())) N Na(A),

g(u')€O0rbit(u’)
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is abelian. But Ng(A4) = G and [, (,cominw) iSta(g(w)) = RiStg(m), hence we
get that the subgroup RiSts(m) is abelian. Choose a vertex v’ in the subtree 7).
Then the subgroup RiSte(v') is normal in RiStg(m) as RiStg(m) is abelian. We

now have the condition
RiStG(v’) < RzStG(m) <t G.

The subgroup RiStq(v') has at most f conjugates in G. But RiStq(v')? = RiSta(g(v'))
for any ¢ € GG. This implies the orbit of v' under the action of the group G on the
tree T' contains at most f elements, which is a contradiction since GG acts transitively
on each level of the tree T'. Thus the subgroup A must be trivial.

Assume that A = {1}. Thus we get,

L-Q L
Q LNQ
=L

I

By Theorem 3.2.1, L - @ / @ is virtually abelian in G, so that L is virtually abelian
in G. Since L is a normal subgroup of finite index in G, we get G itself is virtually
abelian. That is not the case because, if G has a non-trivial abelian subgroup then
by the same argument of Corollary 3.1.11, G contains a non-trivial normal abelian

subgroup. Hence we conclude that K = 1. U

Remark 3.2.3 Let GG e a branch group acting on a rooted tree T' = Ty,. Then the
group G is a just non-(virtually abelian) group having no non-trivial virtually abelian

normal subgroups (follows from Theorem 3.2.1 and Lemma 3.2.2).

Here onwards we assume that G is a just non-(virtually abelian) group having
no non-trivial virtually abelian subgroups, unless otherwise stated. Observe that a
just infinite group with no non-trivial virtually abelian normal subgroup belongs to
the class of just non-(virtually abelian) groups having no non-trivial virtually abelian
subgroups. Thus the results of the paper [Har02] is generalization of the paper [Wil00]
and the results of the paper [Har02] apply to just infinite group with no non-trivial

virtually abelian normal subgroups.
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3.2.1 The lattice L

Let G be a just non-(virtually abelian) group having no non-trivial virtually abelian
normal subgroups. We will define a lattice IL for the subnormal subgroups of the
group G. We restate the results of the sections (3.1.1), (3.1.2) and (3.1.3) for the
members of the lattice L, without detailed proofs. For further description, one can
refer to the paper [Har02].

Let L = L(G) denotes the collection of subnormal subgroups of G which have only

finitely many conjugates.
Lemma 3.2.4 [f H, K € L then (H,K) € L.

Proof: The result is a direct consequence of Lemma 3.1.2. U

For the subgroups H, K € L we define H V K = (H,K) as the join of the sub-
groups and H A K = H N K as the meet of the subgroups. Then the collection L
becomes a lattice of subnormal subgroups of G with respect to subgroup inclusion.

Let X be a class of groups. We recall the definition of Ny-closed class: if whenever
H, K are normal subgroups of a group and H, K € X then HK € X. Then we have

the following result.
Lemma 3.2.5 If H € L. and X is an Ny-closed class containing H then HY € X.
Proof: Refer Lemma 3.1.10 O

Proposition 3.2.6 If L contains a non-trivial virtually abelian element H then G

has a non-trivial virtually abelian normal subgroup.

Proof: The result directly follows from Corollary 3.1.11 as H contains a non-trivial

abelian subgroup of finite index. O

Let H K € L and let K < H. We use the expression K <., H if K contains a
commutator group H{, where H; <; H. That is H/K is virtually abelian. We write
K<, Hif K <, Hand K <H. For a subgroup K < G, we use the notation C¢(K)

for the centralizer of K in G.
Theorem 3.2.7 Let H, K € L with K <,, H. Then C¢(K) = Ce(H).
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Proof: Write C = Cg(K), and the result follows by replacing the subgroup D by C
in the proof of Lemma 3.1.15. U

We now have the following two corollaries which are same as Corollary 3.1.18 and

Corollary 3.1.19, the only difference is the assumption about G.

Corollary 3.2.8 Let H K € .. Then HN K =1 if and only if [H, K] = 1.

Corollary 3.2.9 Let Hy,..., H, € L.
1. If K €L and HiNK =1 for each i, then (Hy,...,Hy, K) = Hy X -+ x H, x K.

2. If H;NH; =1 foralli# j, then (Hy,...,H,) = Hy x --- X Hp.

3.2.2 Pseudo-complements

Let G be a just non-(virtually abelian) group having no non-trivial abelian normal
subgroups. As defined in [Har02] a pseudo-complement for an element H € L is a

subgroup D € L such that (H, D) = H x D <, G.
Proposition 3.2.10 Fach H € IL has a pseudo-complement.

Proof: ~ Assume that H = 1. Then G itself is a pseudo-complement for H in
L. Suppose that H # 1 and coreg(H) # 1. Since G is just non-(virtually abelian),
coreq(H) <y, G. Therefore H <., G as coreqg(H) < H. Then we may choose 1 € L as
a pseudo-complement for H in G. Now, consider the case H # 1 and coreq(H) = 1.
Thus we can find a subgroup Hy € L such that Hj is the intersection of distinct
conjugates of H in GG and it is maximal subject to the condition 1 < Hy < H. Set
M as a conjugate of Hy which is not contained in H. Clearly, Hy N M is trivial
otherwise, we get a contradiction to the maximality of Hy. Let D denotes the join of
all conjugates of M. Observe that D € L and (H, D) = H x D (by Corollary 3.2.9).
As D is the join of all conjugates of M that are not contained in H, H x D contains
all conjugates of M in G. That is we have H x D > M% <., G. Hence H x D <., G

and D is a pseudo-complement for H in L. Il
Proposition 3.2.11 Let H, K € L, with K < H. The following are equivalent:
1. K Sva H;

25



2. Fach series K = K, A K, 1 J--- Ky = H of members of I has virtually

abelian factors,
3. There exists K; € I such that K = K,, <yu K1 <yo - <po Ko = H.
If H = G then these conditions are equivalent to the condition corey(K) = 1.

Proof:  For any element K € L with K < H has only finitely many conjugates in

H, thus there exists a finite series of the form
K=K,<dK, 1<---<dKy=H. (3.11)

Assume that (1) holds, i.e., K <., H. That is there exists a subgroup M of finite
index in H with M’ < K. Observe that for all K € L, Ng(K) has finite index in G,
as K has only finitely many conjugates in G. Thus Ng(K;) If G for each term K;
of the series (3.11). We may choose the subgroup M as the intersection of H with
the intersection of all Ng(K;). Then M has the properties as described above and
M normalizes each term of the series (3.11). Thus K; < M K; for each K;. We get
MK;/K; = M/(MNK;) and the quotient M /(M N K;) is abelian as M’ < (M N K;).
Since K; A K, 1 N MK; <; K;_; and (K;,_1 N MK,;)/K, < MK,;/Ki is abelian, and
so K;_1/K; is virtually abelian. Thus (1) implies (2).

The implication of (2) to (3) is clear from the existence of the series (3.11).

Now assume that (3) holds. There exists a subgroup D € L, such that D is a pseudo-
complement for K. Therefore (K,D) = K x D <, G (by Proposition 3.2.10). By
repeated application of Theorem 3.2.23 to the series (3.11), we get Cq(K) = Ce(H).
This implies [H, D] = 1, so that H N D = 1 by Corollary 3.2.8. Since (K,D) =
K x D <, G, we can find a subgroup B of finite index in G and B’ is contained in
(K, D). Then

(BNHY <BNH<(KxD)NH=K(DNH) =K,

(second last equality follows from the modular law: Let a,b,c € L then (a V b) A c =
aV(bAc)). As (BNH) <y H, we have K <, H. Thus (3) implies (1).

Now consider the case H = G. Let K <,, H = G. Then K contains the commutator
subgroup of a subgroup H of finite index in G. Observe that 1 # H| < coreg(K), as
G is not virtually abelian and H|| is normal in G. Now suppose that coreq(K) # 1.
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By the ongoing assumption on G, we get G/coreq(K) is virtually abelian. That is
there exists a abelian subgroup P/cores(K) of finite index in G/coreq(K). Therefore

P <; G and P’ < coreqg(K) < K. Hence K <,, G and the proof is completed. O
Corollary 3.2.12 Let H, K, L € L. and suppose that K < H.

1. K <., H if and only if Cq(H) = Ce(K).

2. L <, K and K <,, H then L <,, H.

Proof:
(1) Let K <., H. Then Proposition 3.2.11 implies the existence of the series

K:Kn SlvaKn—l Slva"'ﬁvaKOZH-

By the repeated application of Theorem 3.2.23, we get Co(H) = Cg(K).

Now assume that Cg(H) = Cg(K). Let D € L be a pseudo-complement for K,
such that (K, D) = K x D <., G. Then [H, D] = 1 which implies H N D = 1 by
Corollary 3.2.8. Choose a subgroup B of finite index in G, such that B’ is contained
in (K, D). Then

(BNHY <BNH<(KxD)NH=KDNH) =K,
by modular law. As (BN H) <; H, we have K <, H.

(2) The result is a clear consequence of Proposition 3.2.11. O

3.2.3 The structure lattice of G

Proposition 3.2.13 The following are equivalent for H, K € LL:
1. HNhK <,, H, K,
2. H,K <,, (H, K),
3. H and K have a common pseudo-complement,

4. The set of pseudo-complements for H and K coincide.

Proof: ~ Assume that H N K <., H,K. Choose a pseudo-complement D € L
for H. By definition of D, we have (H,D) = H x D and H x D <, G, so that
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(HNK,D) = (HNK) x D. Since (HNK) <y H, (HNEK) x D <y Hx D <., G.
Therefore D is a pseudo-complement for H N K. But H N K <,, K, so that by
Corollary 3.2.12 Co(H N K) = Cg(K). Thus [K, D] = 1, which implies K N D =1
by Corollary 3.2.8. Consequently (K, D) =K xD. As K xD > (HNK)x D <, G,
K x D <,, G. Hence D is a pseudo-complement for K. Thus (1) implies (3) and
which implies (4).

Now assume that (3) holds. That is H and K have a common pseudo-complement,
say D. Then we have (H,D) = H x D <, G and (K,D) = K x D <, G. We can
find a subgroup B of finite index in G and B’ is contained in (K, D). Then

(BN(H,K)) < B N{H,K)< (K xD)N{H K)=K(Dn(H K)) =K,

and BN (H,K) <; (H,K). Thus K <,, (H,K). Now replace K by H we get
H <. (H, K). Hence (3) implies (2).
Now assume that (2) holds. By Proposition 3.2.11 we have

H:Hn SlvaHn—l Slva"'ﬁva HO: <H7K> (312)

Take the intersection of each term of the series (3.12) with K, we get H N K <, K.
By the same argument, we can show that H N K <, H. Thus (2) implies (1), and

the proof is completed. O

Let H, K € L. If H, K satisfy any of the equivalent statements of Proposition 3.2.22,

then we say H is equivalent to K and is denoted by H ~ K.

Lemma 3.2.14
1. ~ is an equivalence relation.
2. Let Hy,Hy, K1, Ky € I and suppose that Hy ~ Hy, K1 ~ Ks.
(a) HiN Ky~ HyN Ks.

(b) <H1;K1> ~ <H2,K2>.

Proof:
(1) Clearly, H ~ K is an equivalence relation because H and K have the same set

of pseudo-complements.
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(2) (a) As Hy ~ H,, we have H; N Hy <., H;. Then Proposition 3.2.11 there

exists a sequence of the form
HiNHy = N, <a Ny Dy - Jva No = Hiy. (313)

By intersecting each term of the series (3.13) with K and by Corollary 3.2.12 we get
Hi N HyN Ky <., H; N K;. Similarly, consider the case K1 N Ky <., K, intersect the
corresponding series of K1 N Ky in Ky with Hy and get Hy N K1 N Ky <, H N K.
But

(Hl ﬂ Hg) ﬂ (Kl ﬂ Kg) — (Hl F‘l HQ ﬂ Kl) F‘l (H1 ﬂ Kl F‘l KQ) Sva H1 ﬂ K17

so that (H; N Hy) N (K1 N Ky) <yu Hy N K;. Similarly, we can show that (H; N Hy) N
(K1 N Ks) <ya Hy N Ky. This implies that Hy N K, ~ Hy N Ks.

(b) Set M = (H1NHy, K1NK>). Let D be a pseudo-complement for M in L. That
is (M, D) = ((H, N Hy, Ky N K3), D) = M x D <\, G. Thus (H, N Hy) N D = 1,which
gives [H; N Hy, D] = 1 by Corollary 3.2.8. But H; N Hy <., Hy, so that [H;, D] =1
(by Corollary 3.2.12). Again by Corollary 3.2.8, H; N D = 1. In the same way we
get K1 N D = 1. Now Corollary 3.2.9 implies that (Hy, K1, D) = (Hy, K1) x D, and
(Hy, K1) x D <y, G since (H, K1) x D > M x D <, G. Hence D is a pseudo-
complement for (Hy, K;). Similarly, we get D as a pseudo-complement for (Hs, Ks).
As (Hy, K;) and (Hy, K5) have a common pseudo-complement, (Hy, K1) ~ (Hs, Ks).

0

Observe that ~ is a congruence relation on the members of .. We will now define
another collection of subnormal subgroups of G as the quotient set £ =1L/ ~. For an
element H € L, the equivalence class [H| of H represents the corresponding element

in L. For [H],[K] € L, we define
[H]V[K] = [H VK]

as their join and

H) A K] = [HAK]

as their meet. Clearly, the join and meet of two elements in £ is well defined by

Lemma 3.2.14. Then £ becomes a lattice and is called the structure lattice of G
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(refer [Wil00], [Har02]). The partial ordering on the lattice £ is given by [K] < [H]
if and only if [H] A [K] = [K]. This is equivalent to say that [K] < [H] if and only if
HN K ~ K. Observe that [G] and [1] are the unique greatest and least elements of
L.

Now consider the equivalence class [1]. Let 1 # K € L € [1]. That is 1 ~ K. This
implies 1 <, (K, 1) = K. There exists a subgroup Gy <; G such that G, < 1. Thus
we get G, = 1 and G is abelian; this is a contradiction to Proposition 3.2.6. Hence
[1] ={1}.

We will now recollect some definition from [CD73] for the lattice £. Let 1,0 are the
greatest and least elements of the lattice £. A complement to an element a € L is an
element b € £ such that a Vb =1 and a A b = 0. If every element of £ has a unique
complement, then £ is said to be uniquely complemented. For any elements a,b,c € L

with a < ¢, if the following condition is satisfied
aV(bAc)=(aVb)Ac)

then L is called a modular lattice. The lattice £ is said to be distributive if the
operators V and A satisfy the distributive laws. A lattice is called Boolean if it is

uniquely complemented and distributive.
Lemma 3.2.15 The lattice L is uniquely complemented.

Proof:  Choose an element [K| € L, where 1 # K € L. By Proposition 3.2.10 K
has a pseudo-complement in L. Let D be a pseudo-complement for K in .. We have

(K,D) =K x D and K x D <, G. Then,
K]V [D] = [KV D] =[K x D] = [G]

and

(K] A[D] = [K A D] =[KnD]=[1].

Thus [D] is a complement to [K] in L.

Now, suppose that [B] is also a complement to [K] in £. Then by definition we have
[B]V[K]=[BVK]=[BxK]=I[G]

and

[BIA[K] = [BAK]=[BnK]=]1].
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Thus (K,B) = K x B <., G, so that K is pseudo-complement for B in L. Since
B and D have a common pseudo-complement K in L, [B] = [D] € L. Hence L is

uniquely complemented. U
Lemma 3.2.16 L is a modular lattice.

Proof:  Suppose that a,b,c € £ and a < ¢. Let a = [A],b = [B],c = [C] where
A, B, C are non-trivial basal subgroups in L. As a < ¢, we have AN C ~ A. Thus
we may assume that A < C. Then Dedekind’s modular [CD73] law implies that
A(BNC)=ABNC. Now, taking equivalence classes of subgroups on the each side
of the equality, we get the result. U

Theorem 3.2.17 L is a Boolean lattice.

Proof:  Uniquely complemented modular lattice are distributive [CD73]. Thus the

result follows from Lemma 3.2.15 and Lemma 3.2.16. O

Now, we define a finite sublattice Ly of the lattice £, as
Ly ={[H]|H <N}, where N<;G.

It is showed in Proposition (10.1.2), [Har02] that the sublattice Ly is a finite Boolean
sublattice of L.

3.2.4 Basal subgroups

Let M be a non-trivial subgroup of G and 1 # g € G. The subgroup M is said to
be basal if and only if M has only finitely many conjugates in G and M N M9 = 1
whenever M # M?9. That is, M is basal if and only if MY is the direct product of
finitely many conjugates of M. If M € L then M said to be is basal if and only
if distinct conjugates of M intersect trivially [refer [Wil00], [Har02]]. We defines a
subcollection M of L as,

M = M(G) ={[M] € L|1 # M is basal}.

Lemma 3.2.18 If 1 # K € L then K contains a non-trivial basal subgroup M
satisfying K ~ (M9)g € G,M9 < K).
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Proof: ~ Observe that normal subgroups of G are trivially basal. Suppose that
coreq(K) is non-trivial. Then coreg(K) is a basal subgroup that is contained in K.
Since K > coreq(K) <y, G, coreg(K) ~ G.

Let coreq(K) = 1. We can find a subgroup M which in an intersection of conjugates
of K such that M is maximal subject to the condition 1 < M < K. Clearly, M € L.
If we choose any conjugate M9 of M such that M9 # M, then the subgroups M and
MY intersect trivially; otherwise, it is a contradiction to the maximality of M. Thus
distinct conjugates of M intersect trivially, and M is basal.

Let MY be a conjugate of M and M9 « K. Then M9N K =1 by the same argument
as above. By Corollary 3.2.9 the intersection of the product of all these conjugates,
say B, with K is trivial. Let C' denotes the direct product of all conjugates of M
which are contained in K, i.e., C = (M9g € G,M9 < K). Then BC = M¢ <, G.
The quotient map from G to G/BC induces a homomorphism from K to G/BC with
K N BC as the kernel. But K N BC = C(K N B) =C. Thus K/C = G/(BC), so
that K/C' is virtually abelian and K ~ C. U

Lemma 3.2.19 Let M, N be two basal subgroups of G.
1. M NN is basal.
2. If 1 # M < N then Ng(M) < Ng(N).
3. If M ~ N then Ng(M) = Ng(N).
4. If N¢(M) < L < G then M* is basal and Ng(M*) = L.

Proof:

(1) Assume that (M N N)? # M N N for some g € G. Thus either MY # M or
N9 # N. Since M and N are basal we have M N M9 =1 or NN NY = 1. We get
(MNN)N(MNN)Y =1, so that M N N is basal.

(2) Choose an element g € G which is not contained in Ng(NN). Thus N9 # N,
so that N9 YN = 1, since N is basal. As M < N, we get M9 N M = 1. Hence
g & Ne(M).

(3) We may suppose that M and N are non-trivial basal subgroups. Since M ~ N
we have M NN ~ M, N. Furthermore, M N N is basal from (1) above. Thus we may
assume that M < N. From (2) above we have Ng(M) < Ng(N), so that it suffices
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to show that Ng(N) < Ng(M). Let g € Ng(N). Then M9 <, N as M <, N.
Consequently M N M9 <., N. Hence M9 N M is non-trivial otherwise, this is a
contradiction to Proposition 3.2.6. As M is basal, we get MY = M and g € Ng(M).
We conclude that Ng(M) = Ng(N).

(4) The statement is trivial for M = 1. Let M be a non-trivial subgroup of G.
Suppose that (M*)9 N M’ is non-trivial. The subgroups M* and (M*)9 are the
direct product of subgroups of the form M! and MY for [ € L, as M is basal. Thus
(M™9 MY # 1 implies M"9 = M" for some I,,l, € L,so that l,gl;* € Ng(M).
But Ng(M) < L, hence g € L and we get M* is basal. Now, let g € Ng(M%). Then
g € Las (M*)9 N ME = MY # 1. Hence we get the equality Ng(M*’) = L, since
L < Ng(MF). O

Corollary 3.2.20 M satisfies the maximal condition.

Proof: Consider an ascending chain ([M3]);>; of elements in M, where M; are non-
trivial basal subgroups of G. For each ¢, M; 1 ~ (M;_1NM;) < M;. By Lemma 3.2.19
we have Ng(M;_1) = Ng(M;—1 N M;) < Ng(M;), so that Ng(M;) normalizes M; for
all i. Therefore we can find a normal subgroup of finite index in G which normalizes
each M;. Let N<4;G. Then M; ~ (M;NN)<N, and [M;] = [M;NN] € Ly. Since Ly
is finite the chain ([M;]);>1 get stabilized after a finite length. Therefore M satisfies

the maximal condition. O

Now we will put one more assumption on G. We assume that G is residually fi-
nite. Then we obtain an important theorem on the cardinality of £ and M. The

proof of the theorem uses the following results.

Lemma 3.2.21 (refer Lemma (10.3.2),[Har02]) Let r be a positive integer and K
be a residually finite group having no non-trivial normal subgroups. If every finite
quotient of K has an abelian normal subgroup of index at most r then K is finite of

order at most r.

Proposition 3.2.22 (refer Proposition (10.3.3), [Har02]) Suppose that G is resid-
ually finite and consider infinite descending chains (B;) of normal subgroups of finite
index with the following properties: By = G, and B;/B;y1 has no non-trivial abelian

normal subgroup of finite index less than i for each i.
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1. Such chain exists.

2. The intersection of the terms of any such chain is trivial.

Theorem 3.2.23 If G is residually finite then M and L are countable.

Proof: By Proposition 3.2.22 we can choose a chain (B;) of normal subgroups of
finite index in G. Suppose that there exists a non-trivial basal subgroup M of G such

that B; € Ng(M) for each i. Let b; € B; \ Ng(M). Then for each i,
1= [M,M"%] =[M,M] mod B;,

so that [M, M] < (), B, = 1. This is a contradiction to Proposition 3.2.6. Thus for
each i we have B; < Ng(M). Therefore M N B; ~ M where M N B; is a normal
subgroup of B;. This implies M € Lp,. Hence M C |J, L, and since Lp, is finite for
each 7, M is countable. Then Lemma 3.2.18 implies that £ is countable. U

Theorem 3.2.24 L is finite if and only if the subgroup N = (\(Ng(M)|M basal) has
finite index in G.

Proof: Suppose that L is finite. Then £ contains finitely many equivalence classes of
members of L. In particular, there are only finitely many equivalence classes of basal
subgroups. By Lemma 3.2.19 the number of distinct normalizers of basal subgroups
is also finite. Thus N <; G as each normalizer has finite index in G.

Now, assume that N has finite index in G. As N < G, we get N <, G. Thus for
any non-trivial basal subgroup M we have M NN <., M. But M " N < N, so that
[M] € Ly. Therefore M < Ly. Then by Lemma 3.2.18 £ < Ly and hence L is
finite U

This is an important result on the characterization of the group G with finite struc-
ture lattice. Let a € L is called an atom if a is minimal non-zero element. It is proved
in Proposition (11.1.1) of [Har02] that £ is finite if and only if £ has an atom. We
now concentrate on the study of the group G with infinite structure lattice. One can

refer to [Har(02] for details of groups with finite structure lattices.
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3.2.5 Structure theory

We continue with the assumption on G. We further assume that £ is infinite. The
results are based on the action of the group G on the structure lattice £ of G. For any
1# K €L, and g € G we have [K]? = [K9). Thus the action of G on £ is induced
by the action of GG on itself by conjugation. We start the discuss with the observation
that rigid vertex stabilizer RiStg(u) for any vertex u of the rooted tree T is a basal

subgroup of G (see Proposition 1.2.2).

Proposition 3.2.25 Suppose that G acts faithfully on a rooted tree T = Ty. If
1 # K € L then there is a vertex uw of T' such that [RiStg(u)] < [K].

Proof: Let k be a non-trivial element in K. We may choose a vertex u in 71" such
that k(u) # v and set v = k(u). As K € L, Ng(K) <; G. Thus we can find a normal
subgroup H of finite index in G such that H normalizes K. Let f,g € HN RiStg(u).
Then,

(g7 F € (RiStg(u))* = RiSta(k(u)) = RiStg(v).

The elements (g71)* and f commute as RiSt(u) is basal and RiStg(v) is a conjugate

of RiStg(u). Thus we get,

[k, 9], f1=1g")g, f1 =g, f[g, f]1 = lg. 1.

But [[k,g], f] € K as H normalizes K, so that [g, f] € K. Since g, f were arbitrary
we have (H N RiStg(u)) < K. Hence

[RiSte(u)] = [H N RiSta(w)] = [(H N RiSte(w))] < [K).

Lemma 3.2.26 Let M be a basal subgroup of G then stabg([M]) = Ng(M).

Proof:  Assume that M is a non-trivial basal subgroup. Let g € Ng(M). Then
(M9 = [M9] = [M], so that g € stabg([M]). Hence Ng(M) < stabg([M]). Now,
suppose that g € stabg([M]). That is [M]? = [M?9)] = [M] which implies M9 ~ M.
Thus M9 N M <., M9, M. Therefore M9 N M is non-trivial otherwise, this is a con-
tradiction to Proposition 3.2.6. As M is basal, we get M9 = M and g € Ng(M) and
the result follows. U
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We will state the following result without proof. One can refer to Lemma (7.4)

of [Wil00] and Lemma (12.1.2) of [Har02] for details.
Lemma 3.2.27 Let N be a normal subgroup of finite index in G.

1. Let My be a non-trivial subgroup of L and N < Ng(M,). Then there is a non-
trivial basal subgroup M < My such that [M] is minimal in L\ {1} with respect
to being stabilized by N .

2. Suppose that M is a non-trivial basal subgroup and that [M] is minimal in L\{1}
with respect to being stabilized by N. If N < K <G then M*¥ is basal and [M*]
is minimal in £\ {1} with respect to being stabilized by K.

Lemma 3.2.28 Suppose that L is infinite.
1. The partially ordered set M has no minimal elements.

2. G has a chain
G:G0>G1>G2"' (314)

of normal subgroups of finite index.

Proof:

(1) Let m € M. Clearly, m is not an atom in £ as £ is infinite. Thus we can find
a non-trivial element k£ € £ such that k& < m. Suppose that k = [K] for K € L. Then
by Lemma 3.2.18, K contains a basal subgroup M;. If m; = [M;] then m; € M and
my < m. Hence M has no minimal elements.

(2) Suppose that G does not contain a chain of the form (3.14). Any chain of
normal subgroups of finite index in GG get stabilized after finite length. Thus G sat-
isfies minimal condition on these subgroups. There exists a normal subgroup N of
finite index such that NN is contained in all other subgroups of finite index. Hence
(N (M)|M basal) > N <; G, which is a contradiction to the assumption on £ by
Theorem 3.2.24. 0

Structure tree

Let G be a just non-(virtually abelian) group having no non-trivial virtually abelian
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normal subgroup with infinite structure lattice £. Set F = (G});>0 as a strictly de-
creasing infinite chain of the form (3.14). We now develop a structure tree from L
and the characterization of GG is based on the action of GG on the structure tree. The
descriptions are as similar to the papers [Wil00] and [Har02]

Let m € M is called a vertex if there is an integer ¢ such that m is a minimal element
of £\ {1} stabilized by G;. The smallest such i is called the depth of the element m.
Let 7 = T (F) denotes the set of all vertices. Clearly, 7 is non-empty as [G] € T.
Let z,y € T be two vertices in T with depth(z) = i, depth(y) = j and y < =.
Observe that ¢ < j. Suppose to the contrary that ¢ > j thus G; < G, which implies
G, stabilizes y and that is a contradiction to the minimality of . We define a graph
structure on T by introducing edges between vertices. For any pair (x,y) of vertices
in 7, z is connected to y by an edge if y is maximal in the set {u € T|u < x}. Clearly,
x is connected to vertex which is strictly smaller than x in £. The set of vertices T (F)
together with these set of edges form a directed graph and is called the structure tree
of G and is denoted by T.

Let g € G and z € M. Suppose that there is an integer i such that depth(z) = 4, then
29 is normalized by G; and z¢ forces to be minimal with respect to being normalized
by G;. Therefore x is a vertex if and only if distinct conjugates of x are also vertices
having depth equal to that of x.

The action of G on the structure tree 7 is induced by the action of G on the structure

lattice £. We will now show that the structure tree T is a tree.
Lemma 3.2.29 Let x,y € T with y < x. The following statements are equivalent:
1. (x,y) is an edge;

2. x = [MF] and y = [M] for some basal subgroup M and an integer i > 0, where
1+ 1 is the depth of y.

Proof: Suppose that (1) holds. Set x = [X] and y = [Y], where X, Y are non-trivial
basal subgroups in L. As (z,y) is an edge, y is maximal in the set {u € T|u < a}.
Thus 1 # y < a, which implies Y N X ~ Y # 1. By Lemma 3.2.19 Y N X is a
non-trivial basal subgroup, so that we may assume Y < X. Since y < [G], we have
0 =depth([G]) < depth(y). Thus we may assume that depth(y) = i+1 for some ¢ > 0.

It follows from Lemma 3.2.27 that Y,¢ is basal and [Y'%] is minimal with respect to
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being normalized by G;, as G;, G;11 IG and G411 < G;. Now, let depth(x) = j. Then
Jj<i+1lasy<uz, sothat G; < G;. Therefore x is stabilized by G; and hence X is

normalized by G;. We have,
y=[Y] <[V < [X%] = [X] =z

The maximality of y implies that [Y¢] = x and hence (1) implies (2).
Now suppose that y = [Y] and x = [Y%] for a non-trivial basal subgroup Y and
depth(y) =i+ 1,4 > 0. By Lemma 3.2.27, [Y%] is a vertex and depth of [Y%] is at
most 4, so that y < x. Let 2 = [Z], with 1 # Z € L, be a vertex in T and y < z < .
Suppose that depth(z) = j < i+ 1. Thus G; < G, and Z is normalized by G;. Since
Y] < [Z], we have

r=[Y9 < [Z2%] =[Z] = =

Therefore x < z so that x = z. Hence y is maximal in the set {u € T|u < x} so (z,y)

is an edge.

Corollary 3.2.30 The vertex |G| has in-degree 0, whereas all other vertices have
in-degree 1 (here in-degree stands for the number of edges coming into a particular

vertex).

Proof: By the definition of edge and maximality of G’ implies G has in-degree zero.
Suppose that y = [Y] € M is a vertex of £ with depth(y) =i+1,7 > 0. Let (x,y) and
(71, y) be two edges coming into the vertex y. Then by Lemma 3.2.29 = [Y %] = z,.
Hence the proof is completed. U

Theorem 3.2.31
1. T has no cycles.

2. Let x,y be vertices of T with depths i, respectively. If y < x in L, then there is
a unique path in T from x toy. This path has length at most j—1. In particular,
there is a unique path from [G] to y of length at most j.

Hence T s a tree.

Proof:
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(1) Suppose to the contrary that 7 has a cycle. Let y be a minimal vertex in this
cycle. Then y is connected to two distinct vertices x and z; by the edges (z,y) and
(x1,y). But this is a contradiction to Corollary 3.2.30, so that 7 has no cycles.

(2) Set x = [X] and Y = [Y] where X and Y are non-trivial basal subgroups in
L. Asy <z, we have X NY ~ Y and X NY is a non-trivial basal subgroup. Thus

we assume without loss of generality that ¥ < X. We have
y < [Y9] < [X9) = .

Clearly, [Y'“i] is stabilized by G;, then the minimality of x implies that [Y¢i] = .
Since j = depth(y) > depth(x) = 4, there is a finite chain G; < Gj_; < -+ < Gy <

G of normal subgroups of the chain F and we get
Y] =y <[yS] < <Y < Y = [X]. (3.15)

Each term of the chain (3.15) is a vertex in 7 by Lemma 3.2.27. Let [V 1] < [YC¥]
be a part of the chain (3.15). Suppose that depth([Y¢*+1]) =1+ 1 < k + 1. Then
([Y Crr1]% [V Er+1]) is an edge by Lemma 3.2.28. Observe that ([Y &x1]¢t ([Y%k+1]) =
([Y&], [YEk+1]), so that [Y¥k+1] is maximal in the set {u € Llu < [Y¢]}. As [ < k,
we have [YE+1] < [YO] < [Y9]. Then the maximality of [Y%*1] implies that
[YE] = [Y%]. Thus ([Y],[Y%+1]) is an edge. Each pair of distinct vertices in
the chain (3.15) is connected by an edge. Therefore we get a path from = to y of
length at most 7 — ¢ and the uniqueness is followed from the part (1) of this theorem.
Consequently, [G] is connected to all vertices of 7. Then (1) and (2) together implies
that 7 is a tree. O

Proposition 3.2.32 Let x,y be vertices of T, of depths i,j with i < j. Write x =
[(X],y = [Y] where X and Y are non-trivial basal subgroups in 1. The following are

equivalent:
1.y<zinL;
2. The path in T from [G] to y passes through x;
3. X and'Y do not centralize each other.

Proof:  Assume that (1) holds. There are paths in 7 from [G] to z, [G] to y and z
to y (by Theorem 3.2.31). These paths form a cycle in 7. As T is a tree the path

69



from [G] to x and the path from x to y concatenate to the path from [G] to y. Thus
(2) holds.

Suppose that (2) holds. Since edges pass through vertices of smaller size in £, it is
clear that y < z. Thus (1) and (2) are equivalent statements.

Again assume that (1) holds. Then X NY is a non-trivial basal subgroup of L. If
(¢) holds then X NY is an abelian element of L, which is a contradiction to Proposi-
tion 3.2.6. Thus (1) implies (2).

Finally, suppose that (3) holds. Then [X,Y] # 1, so that X N Y # 1 by Corol-
lary 3.2.8. Thus X NY is a non-trivial basal subgroup of L, and is normalized by G;
(as X and Y are normalized by G;). But [1] < [X NY] < [Y], then the minimality
of [Y] with respect to being stabilized by G; implies that [X NY] = [Y]. Therefore
Y] =[XNY] <[X], ie., y <z hence completes the proof. O

We will now consider the action of G on the tree 7.
Proposition 3.2.33

1. For each vertex x of T write S(x) = {y € T|(x,y) is an edge}. Then either
S(x) is empty or there exists an integer j > 0 such that the elements of S(x)
have depth j + 1 and are permuted transitively and non-trivially by G;. In the

latter case |S(x)| is a divisor greater than 1 of |G, /G4l

2. For each i > 0, G acts on the set of vertices of depth v with at most one orbit.
Thus the orbits of G in its action on T are the non-empty sets of elements of

equal depth.
3. For each i > 0, T has only finitely many vertices of depth i.

Proof:

(1) Let = be a vertex of 7 with depth ¢ > 0. Assume that S(z) is non-empty. We
choose a vertex y € S(x) with the smallest depth. Set y = [Y] with Y is a non-trivial
basal subgroup in L and depth(y) = j + 1, for some j > 0. Let g € G;. Then
(9,9y9) = (x,99) is an edge, where 29 = x as G < G;. Suppose that y? = y for all
g € G;. Then Y is normalized by G;, so that z = [Y'%/] = y (where the first equality

follows from Lemma 3.2.29). This is a contradiction since (x,y) is an edge. Therefore
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(x,y7) is an edge distinct from (x,y) and so the cardinality of S(z) is greater than or
equal to two.

Now assume that (z, z) is an edge with z = [Z], where Z is a non-trivial basal subgroup
in L. Suppose that depth(z) = k + 1, which is greater than j + 1 =depth(y) by the
choice of y. Observe that [Z] < [Y%], as 2 < a = [Y%]. Thus ZNY% ~ Z # 1.
Since Y is basal, there exists some g € G, such that ZNY?9 # 1. Clearly, Y9 and
[Y]¢ have depth j+ 1. Then Z NYY is normalized by Gg.1. But [ZNYY] < [Z], and
so the minimality of Z implies [Z NYY] = [Z]. Therefore

2] =1Z2nY <[y =[Y],

so that z < y9. Suppose that z < y9. Then the vertices z,y?, z form a cycle in T
as (z,z) and (x,y?) are edges. Hence z = y9, and the set S(z) is exactly the orbit
of y under the action of G;. Observe that the action of G; on S(z) is transitive and
non-trivial. Therefore

[S(z)| = |G; : stabg, (y)],
so that |S(z)| divides |G : Gj;1| as Gj41 < stabg; (y).

(2) The action of G on the tree T is induced by the action of G on £. Thus G
acts on the set of vertices of equal depth. Assume that ¢ > 0 and the set of vertices of
depth i is non-empty. Let x = [X],y = [Y] be two vertices of depth i with X, Y are
non-trivial basal subgroups in L. Then [1] < [Y] < [G] = [X¢], so that Y N X #£ 1.
We can find g € G such that Y N X9 # 1. Clearly, [Y N XY] is normalized by i. But
Y N X9 <y,x9 then the minimality of y, 29 implies that y = [Y N X9] = 29. Hence
the set of vertices of equal depth forms an orbit under the action of G.

(3) Let S; denotes the set of vertices of depth i for each i > 1. We have seen that
the action of G on the set S; is transitive. This induces a homomorphism from G to
S;. Clearly, the index of the kernel of this map in G is equal to the cardinality of the
set S;. Therefore |.S;| is finite as the kernel of the above homomorphism contains the

subgroup G; 45 G. U

Till now we have assumed that G is a just non-(virtually abelian) group having no
non-trivial virtually abelian normal subgroups, and the structure lattice £ of G is
infinite. We further assume that G satisfies the following restriction on the chain F

and get an important result about the structure of the tree T
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(F): Each basal subgroup of G is normalized by a member of F.

Lemma 3.2.34 If G is residually finite then G has infinite descending chains of
normal subgroups of finite index which satisfy the condition (F).

Proof: Tt follows from Theorem 3.2.23 that M is countable as G is residually finite.

Then we can index the set M as
M = {[M;]|i € N}.

As Ng(M;) has finite index in G for each i, we can choose a normal subgroup N; of

finite index in G such that M; is normalized by N;. Set

then G,, is a normal subgroup of finite index in G. Thus we get a chain of normal
subgroups of finite index in G of the form G; > G5 > --- Suppose that this chain get

stabilized after finite length. Then for some integer n, we have

=1 =1

But (;2, N; is contained in the subgroup N = ((Ng(M)|M is basal), as N; <
N (M;) for each i. Hence we get N <y G, and by Theorem 3.2.24 £ is finite. This
is a contradiction to the assumption on £. Therefore the chain G; > Gy > --- is
infinite. By avoiding the repeated terms, we get the required series. By construction

F satisfies the condition (F). d
Proposition 3.2.35 If F satisfies the condition (F) then T has no minimal vertices.

Proof: Let x = [X] be a vertex of T, with X is a non-trivial basal subgroup in L.
It follows from Lemma 3.2.28 that there is a non-trivial basal subgroup M; that is
contained in M and [M;] < [M]. As F satisfies the condition (F), G; < Ng(M;) for
some integer ¢. By Lemma 3.2.27 we can find a non-trivial basal subgroup My < M,

such that [My] is a vertex in 7. Thus [Ms] < [M] and T has no minimal elements.

i

Theorem 3.2.36 Suppose F satisfies the condition (F') then T is a rooted tree and

G acts transitivity on each layer of its levels.
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Proof: The Proposition 3.2.35 implies that 7 is infinite. We have seen that T is a
tree and the vertex [G] has in-degree zero. Furthermore, for any vertex x € T there
is a unique path from [G] to x. The sets S; of vertices of depth i constitute distinct
levels of T. Clearly, [G] is the only vertex in the level zero of 7. We label the vertex
[G] as the root. Then the tree T becomes a rooted tree and G acts transitively on

each level of 7 by Proposition 3.2.33. O

Lemma 3.2.37 Let N be the subgroup ((Ng(M)|M is basal). Suppose that F sat-
isfies condition (F). Then N is the kernel of the action of G on T , and if N =1

then the rigid stabiliser of each vertex of T is non-trivial.

Proof: Let E denotes the kernel of the action of G on T. Clearly, E = ((stabg(z)|z €
T). Let x = [X], with X is a non-trivial basal subgroup in L. Then by Lemma 3.2.26
we have stabg(z) = Ng(X). Therefore N < E.

Let z € E and M be a non-trivial basal subgroup in L. As F satisfies condition (F),
there is an integer ¢ such that M is normalized by G;. It follows from Lemma 3.2.27
that M contains a non-trivial basal subgroup M; such that [M;] is a vertex of T.
Then x € Ng(M;) < Ng(M), so that E < N. Hence we get the equality.

Assume that N = 1. Let = [X] be a vertex of 7 with X is a non-trivial basal
subgroup of L. Choose a vertex y = [Y] with Y is a non-trivial basal subgroup in
L such that y does not belong to the subtree 7, hanging below the vertex x. There
are two possibilities either z < y or x € y. If z £ y, then Proposition 3.2.32 implies
that X and Y centralize each other. If z <y then X < Ng(X) < Ng(Y). Hence X
normalizes each vertex of 7 \ 7, so that Y < RiStg(x) # 1. O

As defined in [Har02], a rigid normalizer of any non-trivial basal subgroup C' of

G is the subgroup R (C) = ((Ng(M)|M basal, M N C = 1).

Lemma 3.2.38 Let C,Cy, Cy be non-trivial basal subgroups of G.
1. C < Rs(C) < Ng(CO).
2. ]f 01 ~ 02 then R(;(Cl) = RG(OQ)

3. If[C1] < [Cs] then Ra(Ch) < Re(Ch).
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4. If R = Rg(C) then R< RY <G and R has only finitely many conjugates; thus
Rel.

Proof:

(1) Let M be a non-trivial basal subgroup and M N C' = 1. By Corollary 3.2.9
[M,C] =1 and C < Ng(M) so that C < Rg(C). Since C' is basal, C¢ < G is the
direct product of finitely many conjugates of C' in GG. As distinct conjugates of C'
has trivial intersection with C, Rg(C') normalizes each of them. Thus C has to be
normalized by R¢g(C).

(2) C; ~ Cy implies that C7 N Cy <, C1,Cy. By Corollary 3.2.12 Cg(Cy) =
Cq(Cy N Cy) = Cg(Csy). For any two non-trivial basal subgroups M and C' we have
[M,C] =1 if and only if M NC = 1, thus the result follows.

(3) Since [Cy] < [Cy], C1NCy ~ Cy. Thus C; N Cy is a non-trivial basal subgroup
of G and by (2) above Rg(Cy N Cy) = Re(CY). Hence we may assume that C; < Cb.
Now the result is a clear consequence of the definition of rigid normalizer.

(4) Let g € G. We have
RY = (\(Nea(M?)|M basal, MNC = 1) = ((Na(M)| M basal, MNC? = 1) = Ra(CY).

Since C' is basal, C' has only finitely many conjugates in GG, so is for R and thus R € L.
From the definition of R and part (1) of this lemma we get R < Ng(Rg(C?)). Hence
R<RY4G. O

Proposition 3.2.39 Suppose that G acts faithfully on a rooted tree T and that the
rigid stabilizer of each vertex is non-trivial. Then Rg(RiStg(u)) = RiStg(u) for each
ueT.

Proof: By the first part of Lemma 3.2.38, we have RiStg(u) < Rg(RiStg(u)).

Let u € T. Suppose that h € Rg(RiStg(u)) we will show that h € RiSts(u). We
have seen that Ng(RiStg(u)) = stabg(u), so that h fixes u. We choose a vertex
v € T\ T,. Then either u < v or u ﬁ v. If u < v, the h must fix v as h fixes u.
If u £ v then RiSt;(u) N RiStg(v) = 1. As h € RiStg(u), h normalizes RiStq(v).
Thus h € stabg(v). Therefore h fixes all w € T \ Ty, so that h € RiSts(u). Hence we

get the equality. Il

Theorem 3.2.40 Let G be an abstract group. Then G is a branch group if and only
if each of the following conditions hold:
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1. G is just non-(virtually abelian) with no non-trivial virtually abelian normal

subgroups;
2. N(Ng(M)|M basal) = 1;

3. For each non-trivial basal subgroup C, the normal closure in G of the subgroup

(Ng(M)|Mbasal, M NC = 1) has finite index in G.

Proof: Let G be a branch group. As a consequence of Theorem 3.2.1 and Lemma 3.2.2
we have seen that G is a just non-(virtually abelian) group having no non-trivial vir-
tually abelian normal subgroups. We will now show that G also satisfies (2) and (3).
As G is a branch group, G acts faithfully on a rooted tree T;, = T'. Let u be a vertex
of T. Then RiStq(u) is a non-trivial basal subgroup of G. But [J(Ng(M)|M basal) <
N(Ng(RiStg(u))|u € T) = (\(stabg(u)|u € T') = 1. Thus (2) holds.

Suppose that M is a non-trivial basal subgroup of G. By Proposition 3.2.25 we can
find a vertex u € T such that [RiStg(u)] < [M]. Now it follows from Lemma 3.2.38
and Proposition 3.2.39 that

RiStG(u) = R(;(Rlstg(u)) g R(;(M)

Clearly, (Rg(M))% has finite index in G.

Now assume that G satisfies the conditions (1) and (2). This implies £ is infinite and
G is residually finite. Then it follows from the results 3.2.34, 3.2.35, 3.2.36 and 3.2.37
that GG acts faithfully on the rooted tree T, the action of G on T is transitive on each
level of £ and all rigid vertex stabilizers are non-trivial. If G satisfies (1) and (2) then
G is said to be a generalized branch group. Now suppose that condition (3) holds.
Let u be a vertex of 7. By Proposition 3.2.39 Rg(RiStg(u)) = RiStg(u). Thus
Ra(RiStg(u))Y has finite index in G by the condition (3). But (Rg(RiStg(u)))¢ =
RiSt(n) <y G, for |u| = n. Hence G is a branch group by Definition 3.0.2. O
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