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Abstract

The main goal of this thesis is to understand the paper E] on “Division Algebras
of Degree 8 with Involutions” by S. A. Amitsur, J.P. Tignol and L.H. Rowen. To
this end we set up the foundations of central simple algebras and explore their
properties. We shall discuss the Artin-Wedderburn Theorem, the Skolem-Noether
Theorem, and some consequences of the same. Further in, we shall define the
Brauer group of a field, and what it means to split a central simple algebra. We
shall discuss the existence of Galois splitting fields, and then move on to discuss

Brauer Groups of certain fields, concluding with Chevalley’s Theorem.

For a central simple F-algebra A, the dimension [A : F] is a perfect square, say
n?. The number n is called the degree of the central simple F-algebra. A central
simple F-algebra is defined to be a quaternion algebra, if n = 2. An involution
(of the first kind) of A is an antiautomorphism of degree 2 fixing F. It can be
shown that, any central simple algebra with involution has degree 2™ for some m.
A tensor product of quaternion sublagebras with involutions results in a central
simple algebra of degree 2™, with the natural involution. Conversely, if a central
simple F-algebra with an involution has degree 2™ for some m, can it always be
written as a tensor product of quaternion F-algebras? We set up the necessary
and sufficient conditions for a central simple F-algebra to have involutions, and
to be tensor products of quaternion algebras. We use these conditions on “generic
abelian crossed products” to construct a counterexample; a division algebra of
degree 8 with involution, which cannot be expressed as the tensor product of

quaternion subalgebras.

LS. A. Amitsur, L.H. Rowen, J.P. Tignol, Division Algebras Of Degree 4 And 8 With Involu-
tion, Israel Journal Of Mathematics, Vol.33, No.2, 1979.
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Chapter 1

Preliminaries

In this chapter, we open up with some preliminaries, discussing the basic structure
of semisimple and simple rings. Using the Artin-Wedderburn theorem, one can
lay out a definitive structure for all finite dimensional central simple algebras. We
shall briefly discuss the lemmas and propositions necessary to prove the Artin-
Wedderburn theorem and its consequences. The proofs which are omitted in this

chapter can be found in [IJ.

1.1 Semi-Simple Modules

Definition 1.1. Let A be a ring. An A-module M is said to be simple if it has
no non-trivial submodules. An A-module M is semi-simple if it can be written as

a sum of a family of simple A-submodules.

Lemma 1.2 (Schur). Let A be a ring and f: M — N be an A-linear map, where
M and N are A-modules.

a) If M is simple, then either f =0 or f is injective.

b) If N is simple, then either f =0 or f is surjective.

Corollary 1.3. The endomorphism ring of a simple module is a division ring.

1



2 Semi-Simple Modules

Remark. The homomorphic image of a semi-simple module will also be a semi-
simple module. This is a simple consequence of Schur’s Lemma; any map between
two simple modules is either an isomorphism or trivial. Thus, the image of a semi-
simple module M can be written as a sum of simple modules, which are isomorphic

images of simple submodules of M.

We state the following theorem without proof;

Theorem 1.4. Let A be a ring, and M an A-module. Then, the following condi-

tions are equivalent:

a) M is a semi-simple A-module.

b) M is a direct sum of simple modules.

c) Every submodule of M is direct summand of M.

Corollary 1.5. Every submodule of a semi-simple module is semi-simple.

Remark. a) If M = % ., S; with S; simple and S is a simple submodule of M,

then S is isomorphic to S; for some 7 € I.

by f M =5 ®S® S, =Ti®Ty®---T,, then n = m and there exists a
permutation o of {1,2,3---n} such that S; = T,;), for all i € {1,2,3---n}.

Definition 1.6. Let S be a simple A-module. An A-module M is said to be
isotypical of type S, if M is the sum of a family of simple submodules each of

which is isomorphic to S.

Let M = @,.;S;, where S; is simple for all i« € I. By collecting all isomorphic

el

Si’s together, we can write M = @__ M, where each M, is the direct sum of

yel’
submodules isomorphic to S,, where S, # S, for v # . The submodules M,
are called the isotypic components of M. It can be further shown that every M,

is the sum of all submodules of M which are isomorphic to S,.

We state the following without proof;



3 The Artin-Wedderburn Theorem

Theorem 1.7. Let M be a semi-simple A-module with isotypical components

{M,}rer. Then, Enda(M) = [ op Enda(M,).

Theorem 1.8. Let M be an A-module and M = My & My & - - - M,,, where each
M; is isomorphic to an A-module N. Then Enda (M) = M, (Ends(N)).

Corollary 1.9. Let M be semi-simple A-module of length n, isotypical of type S.
Then Enda(M) = M, (D), where D denotes the (division) ring of endomorphisms
of S.

1.2 The Artin-Wedderburn Theorem

Definition 1.10. A ring A is semi-simple if it semi-simple as a left module over

itself.

Remark. a) It can be shown that a ring A is semi-simple if and only if every

A-module is semi-simple.

b) Every semi-simple ring can be written as a direct sum of a finite number of

simple left ideals.

Theorem 1.11. A semi-simple ring is a finite direct product of matrixz rings over

division rings.

Proof. Let A be a semi-simple ring. Then, we can write A as a finite direct sum
of simple ideals, say; A = S1 ® Sy @ S3 D ---S,. We observe that A as an A-
module will have finite length as a result. Let M, Ms,--- M, be the isotypical
components of A. Then, as we have seen before, End(A) = [[_, Enda(M;).
Since Enda(A) = A°, (where A° is the opposite ring of A), and Enda(M;) is
isomorphic to a matrix ring over a division ring, it follows that A° is isomorphic
to a finite product of matrix rings over division rings. Therefore, A must be

isomorphic to a finite product of matrix rings over division rings. O]

Definition 1.12. A ring A is said to simple if it is semi-simple and has no non-

trivial two-sided ideals.



4 The Artin-Wedderburn Theorem

Theorem 1.13 (Wedderburn). A ring is simple if and only if it isomorphic to
M, (D), for some division ring D. The integer n and (upto isomorphism) the

division ring D are uniquely determined.

Proof. For the sake of brevity, we shall omit the proof of uniqueness from the
theorem. Let A be a simple ring. By the Artin-Wedderburn Theorem, it must be
isomorphic to a finite product of matrix rings over division rings. But, since A
has no non-trivial two-sided ideals, the number of factors is such a decomposition

must be one. Therefore A = M, (D), for some integer n and division ring D.

Conversely, we need to show that A = M,,(D) is simple, for an arbitrary division
ring D and any integer n. Let S; = Y | DE;;. Clearly, every S; is a left ideal
of A, and A =S5, ® S, @ ---S5,. It can be shown that each S; is simple as well.
Furthermore, all S; are clearly isomorphic to each other, so A is a simple ring of

length n, and we are done.



Chapter 2

Central Simple Algebras

In this chapter, we shall explore the basic properties of central simple algebras in
depth. Again, we closely follow the notes written by R. Sridharan [I]. We shall
evaluate the tensor product of two central simple algebras and discover that it
too, is a central simple algebra. We shall find ways to create new central simple
algebras over extended fields, and then prove the well known result; the dimension
of the central simple algebra over its base field is a perfect square. We shall
prove the famous Skolem-Noether theorem, and discuss some of its consequences.
Further on, we define the Brauer Group of a field, and show how the structure is
formulated. We use this concept to define what it means to split a central simple

algebra, and then discuss the existence of Galois splitting fields.

Throughout this chapter, K will denote a (commutative) field and all tensor prod-
ucts are taken over K unless mentioned otherwise. By a K-algebra, we shall
mean an associative algebra over K. Unless otherwise stated, the K-vector space

dimension of every K-algebra A, denoted by [A : K], will be assumed to be finite.

Let A be a K-algebra. The natural homomorphism K — A (given by k& — k1)
is a K-algebra monomorphism and we shall often identify K with its image in A

under this monomorphism.



6 Properties of Central Simple Algebras

2.1 Properties of Central Simple Algebras

Definition 2.1. Let A be a K-algebra. A is central if the center of A coincides

with K. Furthermore, A is central simple if A is central and simple as well.

We shall call a ring A quasi-simple if it has no non-trivial two-sided ideals. Notice

that, any finite dimensional quasi-simple algebra is simple.

Lemma 2.2. Let B be a quasi- simple ring. Then, the matriz ring M, (B) is

quasi-simple for any integer n > 1.

Proof. Let A € M,,(B) be a non-zero two-sided ideal. Let A’ be the subset of
all elements in B such that an element of A’ is an entry in some element of
A. It is a simple matter of computation to show that A’ is a two-sided ideal
as well. Therefore, A’ = B, and E;; € A for all 4,5 € {1,2,3,---n} (since
Ex = Egp Egp Epy, for all 1 < k, k' 11" < n). Therefore, M, (B) is quasi-simple as

well.
0

Theorem 2.3. Let A be a central simple K -algebra. Then if B is a (not necessarily

finite dimensional) quasi-simple K-algebra, then A ® B is quasi-simple as well.

Proof. Since A is simple, by Wedderburn’s Theorem, there exists a division ring
D such that A = M, (D). Notice that D is a central division algebra over K. We
have;

A® B=M,(D)® B=M,(D® B)

If D ® B is quasi-simple, the above lemma would imply that the same is true of
A ® B, and the theorem would be proved. So, it is enough to prove the theorem

in the case when A is a central division algebra.

Let then D be a central division algebra and let A be any non-zero two-sided ideal

of D® B. Let (e4)acr be a basis of B over K. Clearly, any element a € A can be
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written uniquely in the form a = Zae 1 0o @ eq, With a, € D, a, = 0 for almost

all a.

Let us write J(a) = {a € I : a, # 0}. Then for each a € A, J(a) is a finite subset
of I.

Let ¢ =)/ Ca ®eq be a non-zero element of A such that J(c) is minimal in the

set {J(a):a € A a#0}.

Multiplying ¢ by an element of D, we can clearly assume that at least one c,, say

cg, is equal to 1. Since A is a two-sided ideal, we have, for any d € D,

c/:(d®1)c—c(d®1):Z(dca—cad)@)eaEA

acl

Since ¢g = 1, dc, = ¢od and thus J(¢’) C J(c). Hence, by the minimality of J(c),
it follows that ¢ = 0, or, dc, = c,d for all a.. Since d is arbitrary and D is central,

it follows that ¢, € K. In other words c € AN (1 ® B).

Thus AN (1® B) is a non-zero two-sided ideal of 1 ® B. Since B is quasi-simple,
it follows that AN(1® B) = 1 ® B. In particular, 1®1 € A, or, A = A® B, and

the theorem is proved.
m

Definition 2.4. If A is any ring and F is a non-zero subset of A, then we define

the commutant E of E as the set {a € A : ae = ea,Ve € E}.

The following lemma is stated (using the notation given in the above definition)

without proof;

Lemma 2.5. Let A and B be two K-algebras. If C C A and D C B are K-
subalgebras, then (C ® D) =C'® D'.

Corollary 2.6. a) If A and B are K-algebras, then Z(A® B) = Z(A) ® Z(B),
where Z(C) denotes the center of any K-algebra C.
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b) If A and B are central simple K-algebras, then A ® B is a central simple K-

algebra as well.

c) Let L be a finite field extension of K, and A be any central simple K -algebra,

then L ® A is a central simple K -algebra as well.

d) If A is a central simple K-algebra, then [A : K] is always a perfect square.

Let A be a central simple K-algebra and A° be the opposite ring of A. Clearly,
A° is again a central simple K-algebra. For any a € A, let L, denote the K-
linear endomorphism of A given by left multiplication by a. Similarly, let R,
denote right multiplication by a. The mappings ® : A — Endg(A) and ¥ :
A° — Endg(A) given respectively by ®(a) = L, and ¥(a°) = R, are K-algebra
homomorphisms. Since every element of ®(A) commutes with every element of
W(A°), we have an induced K-algebra homomorphism 0 : A ® A° — Endg(A)
defined by 0(a ® b°) = ®(a)¥(b°) = Lo Ry. A® A° is called the enveloping algebra
of A, and it is isomorphic to Endg(A) under the above induced homomorphism.

Notice that if [A: K] = m, then A ® A° = M,,(K) as a corollary.

2.2 The Skolem-Noether Theorem

First, we state without proof, a small corollary of the Artin-Wedderburn Theorem:;

Corollary 2.7 (Artin-Wedderburn). Let D be a division ring. Suppose M and N
are two M, (D)-modules which have the same dimension as vector spaces over D.

Then M and N are isomorphic as M, (D)-modules.

Theorem 2.8. Let A be a central simple K-algebra, and let B be a simple K-
algebra. If f,g : B — A are K-algebra monomorphisms, then there exists an

invertible element u € A such that, for any b € B, g(b) = uf(b)u~.

Proof. Suppose, A is a matrix algebra M, (K) over K. Then, to say that we are

given two K-algebra monomorphisms f,g : B — M, (K) is the same as saying
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we are given two B-module structures on K. Call them V; and V, given by the
actions; bov = f(b)v, if v € Vyor bov = g(b)v, if v € V,, for all b € B. By
the above corollary, these two B-modules will be isomorphic. However, they are

isomorphic as K-modules as well. Therefore, we must have an invertible element

u € M, (K), such that, for any b € B and v € K",

u(f(b)v) = u(bov) =bou(v) = g(b)u(v)

Since this holds for all v € K™, uf(b) = g(b)u, for all b € B.

We shall use the above case to finish the proof. Since we know that A ® A° is
a matrix algebra over K, we shall obtain the induced K-algebra monomorphisms
f@1°,g®1°:— A® A°, (where 1° is the identity map of A°). Since we have an

invertible element in A ® A°, say u, we have;

(gR1)b®a’) =u(fR1°)(b®a)u™"

for every b € B and a° € A°.

First, substitute b = 1, and we notice that u commutes with every element in
1® A% sou € (1® A°) = A® 1. So, we have an invertible element ¢t € A such
that u =t ® 1.

Next, substituting a® =1 and u =t ® 1, we get;
gel)bel)=(tel)(fel)bal)(t 1)
and so, pulling back the map from the induced tensor, we get g(b) = tf(b)t~* for

all b € B, as required. O

Corollary 2.9. Fvery K-algebra automorphism of a central simple K -algebra is

an inner automorphism.

Theorem 2.10. Let A be a central simple K-algebra and B be a simple K-
subalgebra of A. Let B’ be the commutant of B in A. Then B’ is simple, B” = B,
and [B: K|[B': K| =[A: K].
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Proof. Consider Endg(B), the K-vector space endomorphisms of B, as a K-
algebra. Notice that, it is a matrix algebra over K, so it is a central simple K-
algebra. Therefore, A® Endg(B) must be a central simple K-algebra as well. The
inclusion of B in A induces a K-algebra monomorphism f: B — A ® Endg(B).

On the other hand, B can be embedded in End(B) under the map b — L;, where
Ly is the left multiplication by b. This induces a K-algebra monomorphism g :
B — A® Endk(B) such that g = (I(u))o f (where I(u) is the inner automorphism
of A® Endg(B) given by u). Thus I(u) maps f(B) isomorphically onto ¢g(B) and
hence the commutant f(B)’ onto g(B)’. But, it is clear that f(B) = B'®FEndg(B)
and g(B) = A® B°. Thus B'® Endk(B) = A® B°. Since B° is simple, it follows
that A ® B° is simple and hence B’ ® Endg(B) is also simple, which implies that

B’ is simple.

Equating dimensions of B’ ® Endyk(B) and A ® B°, we get
[B': K|[B: K]?=[A: K|[B: K]

which gives

[B'": K|[B: K]=[A: K]

. Applying this formula to the simple subalgebra B’, we get [B” : K|[B' : K| =
[A : K] so that we get [B” : K| = [B : K]. Since B C B”, it follows that B = B”,
and this completes the proof of the theorem. O

Corollary 2.11. a) If B is a central simple K -subalgebra of a central simple K-
algebra A, then B’ is also central simple over K and the inclusions B — A,and

B — A, induce an isomorphism B ® B’ <> A.

b) Let A be a central simple K-algebra and let L be a commutative subfield of A
containing K. Then the following conditions are equivalent:
i) L is a mazimal commutative subring of A.

it) L coincides with its commutant.

iii) [A: K] =[L: K]
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c) Let D be a central division algebra over K. If L is a maximal commutative

subfield of D containing K, then [D : K] = [L : K]?.

2.3 Brauer Groups And Splitting Fields

Definition 2.12. We say that two central simple K-algebras are equivalent (or
Brauer equivalent), and write A ~ B, if there exist matrix algebras M,,(K) and
M, (K) such that A @ M,,(K) = B ® M, (K), or, M,,(A) = M, (B). It can be

checked that this is an equivalence relation on the set of central simple K-algebras.

Remark. Let A, B be central simple K-algebras and let D4 and Dpg denote the
division algebra of A and B respectively. Then A ~ B if and only if Dy =
Dp. This reduces the study of central simple algebras to their respective division

algebras.

The set of equivalence classes of central simple K-algebras is denoted by Br(K).
For any central simple K-algebra A, we shall denote its equivalence class by [A].
If A and B are central simple K-algebras, then it follows that A ® B is again
central simple over K. We define a binary composition in Br(K) by setting

[A]o[B] = [A® B]. Tt is a simple task to check that this operation is well-defined.

With the above composition Br(K) is an abelian group. The identity of this group
is [K], the class of K and consists of all matrix algebras over K. The inverse of

[A] is [A°].

Definition 2.13. Let L be a field extension of K and A be a central simple K-
algebra. We say that L is a splitting field for A or that L splits A if L ® A is
L-isomorphic to M,,(L) for some n. (For example, if L D K is an algebraically

closed field, then L splits any central simple K-algebra A).

Theorem 2.14. Let L|K be a finite field extension. For any central simple K -

algebra A, the following conditions are equivalent :

a) L is a splitting field for A.
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b) L is a mazimal commutative subring of some central simple K -algebra equiva-

lent to A.

Proof. Let ® : L® A <+ Endr (V) be an L-isomorphism, where V' is a finite dimen-
sional L-vector space. Since L is finite dimensional over K, V' is finite dimensional
over K and Endg(V) is a central simple K-algebra containing Endr (V). Let C
be the commutant of (1 ® A) in Endg (V). Since the commutant of ®(L ® A) in
Endy(V)isclearly L (L1) and 1® A C L®A, it follows that C' D L. Since (1®A)
is central simple it follows that C is central simple and that A® C' = Endg(V),or,
A~ C°. If we set B = C"°, then clearly B D L and we would be through provided
we show that L is a maximal commutative subring of B. It is enough to show that

[B: K| =|[L: KJ* But we have [B: K] =[C : K| and

[A: K][C: K|]=[Endg(V): K] =[End,(V): K][L: K]
=[L® A:K][L: K]
=[L: K]*[A: K]

which shows that [C': K| = [L: K2,

Conversely, let L be a maximal commutative subring of some central simple K-
algebra equivalent to A. It is enough to show that if L is a maximal commutative
subring of A, then L splits A. We know that A ® A° = Endg(A). Since L C A
and L is commutative, it follows that L C A°. The commutant of 1® L in A ® A°
is A® L. On the other hand, the commutant of L in Endk(A) is Endy(A). Thus
A® L= FEndy(A) =M, (L) with n = [A: L], and this finishes the proof. O

Corollary 2.15. Any mazimal commutative subfield of a central division algebra
D s the splitting field for D.
We state the following lemma without proof, for the sake of brevity;

Lemma 2.16. Let D # K be a central division algebra over K. Then D contains

a separable algebraic extension of K containing K properly.
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Theorem 2.17. Every central division algebra D over a field K contains a maz-

imal commutative subfield which is separable over K.

Proof. Let L be a subfield of D which is a maximal separable extension of K. We
assert that L is a maximal commutative subfield of D. For, if not, let L' # L be
the commutant of L. Then L’ can be thought of as a division algebra of center
L. By the above lemma there exists a proper separable extension of L. contained
in /. But this is a contradiction to our assumption on L. This shows that L is

maximal commutative subfield, and the theorem is proved. O

Corollary 2.18. a) Let K be a field and L O K be a separably algebraically closed
field (a field which has no proper separable algebraic extensions). Then L splits

any central simple algebra over K.

b) Every central simple algebra A over a field K admits a splitting field which is
a (finite) Galois extension of K.

Proof. a) Let A be any central simple algebra over K. Then L&A = M, (D) where
D is a (finite) central division algebra over L. If D # L, D must contain, by
the above theorem, a proper finite separable extension of L. This is however

impossible, since L is, by our assumption, separably algebraically closed. Thus

D = L and L splits A.

b) Let D be the division algebra of A. By the above theorem, D contains a
maximal commutative subfield L which is separable over K. The field L splits
D, and hence splits A also. Now, let L* be the normal closure of L. Clearly
L* is finite and a Galois extension of K which splits A.



Chapter 3

Central simple algebras with

involutions

Let R be a central simple algebra over a field F. If deg(R) = 2, R is called a
quaternion F-algebra. We can find elements a;, as, in R such that 0 # a? € F,0 #
a2 € F, ajay = —asa; and R = F + Fa; + Fay + Faja;. R has an involution (),

given by;

(71 4 7201 + Y302 + Y40102)" = Y1 — Y201 — Y302 — V4Q102

A tensor product (over F') of m quaternion F-algebras is of degree 2" and has
the natural involution. On the other hand, any central division algebra D with
involution has degree 2™ for some m, and it is possible to show that D is a tensor
product of quaternion sublagebras when m = 2. Conversely, we would like to

answer;

If a central simple F-algebra with an involution has degree 2 for some m, is it

isomorphic to a tensor product of quaternion subalgebras?

14



15 Tensor product of quaternions

3.1 Tensor product of quaternions

Let R be a central simple F-algebra. A set S = {r;} is called a quaternion

generating set, or a g-generating set if;

a) 0£r?eF
b) rir; = :l:rjri

c) If i # j, there exists r; € S commuting with either one of r; or r;, and

anticommuting with the other.

It is easy to check that a g-generating set S of a central simple algebra R is F'-
independent. Furthermore, if {ry, 72} is a q-generating set, then {1, ry, 75,7112} is
also a g-generating set and the induced structure () = F' 4+ F'ry + Fry + Fryrs is

a quaternion F-algebra.

Theorem 3.1. Suppose deg(R) = 2'. R is a tensor product of quaternion F-
algebras, iff R has a g-generating set S containing 4' elements (in which case, S

is a base of R).

Proof. Let R be a tensor product of quaternions 1 ® --- ® @),, where each Q);
is of the form Fro; + Fri; + Fro; + Frs;, where ro; = 1 and ro; = r1;79;. Then,
S = {riirie - rilie = 0,1,2,3} forms a base for R. Conversely, suppose R has
a g-generating set S satisfying the hypothesis. Take r,7y € S such that they
anticommute, and let )1 be the quaternion subalgebra generated by these two
elements. Then, R = ()1 ® R, R; being the centralizer of )1 in R. If we show that
SN R, is a g-generating set for Ry, having 4°~! elements, induction will finish the
proof, since deg(R;) = 2!~!. For any r, € S, either 7, € Ry, or r, ¢ Ry. Suppose,
ru ¢ Ry. Either ryr, = —r,ry or rory = —1yre. Let vy = fo + fir1 + fars + f3rire,
where each f; € R;. We see that exactly one of the f;’s must be non-zero, and
so S =Ty UTir1 UTsry UTsrire, with each T; C R;. The number of elements in

each T; will be at most 471, since the elements are F-independent. Since the total
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number of elements is 4, Ty = SN R; will have 47! elements, and is a q-generating

set for R;. n

3.2 Abelian Crossed Products

Suppose R is a crossed product having a maximal subfield K which is Galois over
F, with an abelian Galois group G = (o1) @ (02) ®- - - (0,), where each o; has order
2 in G. We shall define N;(z) = zo;(z), as the norm with respect to o;. Notice
that NN; is multiplicative and commutes with all o; and N;.

From the Skolem-Noether theorem, we can find z; € R such that o;(z) = zzz;
for all x € K. Define u;; = zizjzi’lzj’l, and b; = zf. Notice that all u;; and b;
are in K since they are in the centralizer of K. Write U = {u;|1 < i,j < ¢},
B = {b]1 < i < ¢q}. It is possible to show that the following conditions are
satisfied;

(A) Ui — 1, uij = Uj_il

(B) oiujn)oj(ur)on(uij) = ujpupiui;
(C) Ni(Nj(ui;)) =1

(D) o(bi)b; " = Ni(uy;)

(2

On the other hand, suppose K is an abelian extension of F' with Galois group
G = (01) ® (02) ® - - - (04), where each o; has order 2 in G, and the sets U, B C K
satisfy conditions - @, then it is possible to determine a unique central simple
F-algebra R with K as its maximal subfield, and {z;} C R satisfying all the above
properties. Since (K, G, U, B) are enough to completely understand R, we denote
Rby (K,G,U,B).

Remark. a) If U, B satisfy conditions , , @, then U satisfies .

b) If U satisfies conditions - (), then there exists a set B whose elements are
determined uniquely upto multiplication by elements in F, satisfying (D]). This
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is obtained from a generalization of Hilbert’s Theorem 90, and in particular,

we have elements a;, such that akoi(a,;l) = N (uix), and we choose by, = a,;l.

We need to determine the conditions for a central simple algebra to possess in-

volutions. The following theorem is stated without its proof, but for a detailed

proof, refer [2] and [3].
Theorem 3.2. Let 7 € G and R = (K,G,U, B). Then the following conditions
are equivalent;
i) R has an involution of the first kind.
ii) R has an involution whose restriction to K is T.
iii) If we adjust the conditions of {U, B}, we can write R = (K,G,U, B) satisfy-
ng;
(E) T(Uij)O'iO'j(Uij> = 1, fOT all Z,]
(F) 7(b;) = b;, for all i
Therefore, the six conditions that determine our central simple F-algebra R with
involution, denoted by (K,G,U,B,7), are given by;
(A) Ui; = 1, Ui = u;il
(B) oi(uj)oj(uni)ow(uij) = ujnunius
(C) Ni(Nj(ui;)) =1
(D) o;(b:)b; " = Ni(uji)
(E) T(uij)aiaj(uij) = 1, for all Z,j

(F) 7(b;) = by, for all i
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Denote the central simple F-algebra R with involution henceforth as (K, G, U, B, 1)

with the restriction of involution to K being 7. For the reminder of the section,

q= 37 K = F(£17£2>€3)7 with 512 € F and O"L(gl) = _g’i?O-j(gi) = &7 for 4 # .7 Let
S denote the permutation group of three elements, and for any 7 € Ss, sgn(m),

the sign of .

Theorem 3.3. Suppose U C K satisfies , and for T = 010905. Define
Un(3) = ufrg(rf)(:()z), for all m € S3. Then, the following hold;

1) The v;’s satisfy the following relations;

Z) V1UV2V3 = +1

ii) N;i(v;) =1, for all i

2) The exists a set B = {by,be,bs}, uniquely determined upto multiples of F,
satisfying;

i) 0n(1) (0 (2)brz) = N2) (Vr(z)) "

3) The set {U, B} satisfies - ().

Proof. Notice that 7 = 010203 = 07(1)0x(2)0r(3), SO by , we have;

1 =071)0x(2)0(3) (uﬂ(l)w(2))0-7r(1)o-7r(2)(uﬂ(l)ﬂ(Q)) = Uw(l)aw@)(Nﬂ(S)<Ufrg(;)(7r)))

Thus, is satisfied. Furthermore, o;(v;) = v; ! for all 4, and implies
that;

Uflvz_lvg_l = 01(v1)02(v2)03(v3) = 01(U23)02(Uusz1)03(U12) = UszUsiUra = V1U2V3

Therefore, vivsv: = 1, and we are done.
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Observe that U satisfies as well, since;

N1 Nr(@) (tr(1)r() = Nty Na(@) (Ur(3)* 7" ™ = Ny Ny (07105 3)) "™

= N2 Na() (0r (1)) ™" N1y Nia) (0r(2)) 7™ = 1

Therefore, by an earlier remark, it is possible to determine a set B which satisfies
@. Trivially, we get o;(b;) = b; from @, and the other condition is clear by

definition of the v;’s.

It remains to show that B satisfies as well. This is achieved by seeing that;

07r(2)(b77(1))b;(11) — Nﬂ(l)(vﬂ(3))—sgn(7r) — Nw(l)((Uﬂ(nvﬂ(g)))sg"(”)
= ﬂ(l)((vﬂ'(Z)))sgn(ﬂ)

= 03 (bx(1)) b

So, aﬁ(g)(bw(l))b;é) = aﬂ(g)(bﬂ(l))b;(ll). Therefore, since o;(b;) = b;, we have;

T(bx(1)) = Or(1)Tr(2)0x3)(bx1)) = Tr2)0r3)(br1)) = bx(1)

and B satisfies as well. O

The converse of this theorem holds as well;

Theorem 3.4. Given vy, vq, v3 satisfying conditions and in|Theorem 3.5

we can define ufrg(qf)(:é) = Un3) and u; = 1. Then, U = {u;;} is well defined, and for

T = 010903, U satisfies (A, and (E), and hence all conditions of[Theorem 3.3,

Proof. Clearly, U is well defined and satisfies . Notice that, by the proof used
in of [Theorem 3.3 we get,

0x(1)0x(2)(Na(s) (V2757)) = On(1)0m(2) 0 (3) (U (1)0(2)) O (1) T (2) (U 1)m(2)) =
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so, U satisfies (E)). Also, o1 (v1)o2(v2)o3(vs) = vy vy 3" = vivevs, and we are

done, since U satisfies as well. O

The above two theorems present interesting consequences on the elements of B,

as we shall see.

Corollary 3.5. Let B = {by, by, b3} be determined in the nature of |Theorem 3.5,
Then, br(1y € F(&r@)&n3) N F (&) Ny (K).

Proof. We have that o(1)(br1)) = bx(1), by the conditions of the hypothesis. We
had seen earlier that o(2)(bx(1)) = 0r(3)(br1)). Therefore, by is invariant under

Or1) aNd Or(2)0x(3), 50 br(1) € F(&r2)6n(3))-

By Hilbert’s Theorem 90, we can obtain y € K such that vy = ox@)(y)y

Since O'W(Q)(bﬂ(l)) = Uﬂ(g)(bﬂ(l)), we have;

22 (bx(1))V5 ) = () (br 1))y = N (Vr(3) "™ = Nogay (0w (y)y ) 7™

proving that w = bﬂ(l)NW(l)(y)Sgn(”) is invariant under o). But both by and
Nra)(y) are invariant under o), proving that bruy € F(&r2))Nra)(K), since
w e F(fﬂ-(z)). ]

By varying 7w, we can see that;

(G) b1 € F(&85) N F (&) N1 (K) N F(&)N1(K).

The converse for the above holds as well.

Theorem 3.6. Suppose b exists in K satisfying . Then, there exists a set
V = {v1,v9,v3} satisfying and and a corresponding set B = {by, by, b3}
satisfying and of |[Theorem 8.5. Furthermore, by = b.

Proof. Let b = asNy(y2) = asNy(y3'), where a; € F(&) and y; € K. Define

vy = 09(y3) 'y, v3 = 03(y2) ly2 and v; = (v9u3)~t. By definition, vjvovy = £1.
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We see that N;(v;) =1 for i = 2,3. For, i = 1, we have;

Ni(vg)™" = Ni(y2) 'os(Ni(y2)) = b o3(b) = b~ o2(b)
Ni(v3) = Ni(ys) 'oa(Ni(ys)) ™t = b~ as(b) = b~ 'oa(D)

Therefore, Ny(vy) = Ni(v2) ' Ni(v3)™t = 1, so N;(v;) = 1 for all i. B satisfies
and by the conditions of the hypothesis. If we show that b and b; differ by a

multiple of an element in F', we can replace b by b; as desired. To do this, we see

that;
a2 (bby ) (bby ") = Ni(vs) ™' Ni(vs) = 1
a3(bby 1) (b 1) = Ni(v2) "' Ni(wn) =1
Therefore, bb; ' € F, and we are done. n

3.3 Generic abelian crossed products

with involutions

Let K be an abelian extension of a field F' with Galois group

G = (01) ® (02) @ - - - (0,), where each o; has order 2 in G, and U C K satisfies
conditions - . The "generic ableian crossed product” is constructed as
follows [4]:

Consider the ring of polynomials K[z, xs - --x,] with non-commutative variables
satisfying z;k = 0;(k)z;, for all k € K and x;x; = w;;x,x;, for all ¢, 7. It can be
shown that K[z, zs--- x4 is an Ore domain whose quotient division ring, written

as K(xq1,x9---x,), has the following structure:

From an earlier remark, it is possible to determine B = {b;, - - - , b, }, which satisfy
(D). Define y; = b; 'z?. We have Cent(K (v1,22---x4)) = F(y1, -+ ,y,) which will
be denoted by F’. The algebra K(x1,xs- - x,) turns out to be a crossed product
by the earlier notation, given by (K’,G,U, B'), where B’ = {2?|1 < i < ¢} and
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K' = K(y1,---vy,), with the automorphisms ¢ € G extended to K’, given by
o(y;) = y; for all i. Clearly, the invariant field of K’ will be F(yy,--- ,y,). Since
B’ is equivalent to B in our case, the set {U, B} satisfies - (]ED Furthermore,
if we allow U to satisfy for some 7 € G, the algebra K(x1,xs---z,) has an
involution as well, if B satisfies . However, the last requirement is superfluous
if we take ¢ = 3 and 7 = g10903. We shall now denote the generic crossed product

(K',G,U,B',7) by (K,U, ) from this point forwards.

Denote Klx1,xq---x, by K[z]. For any element f € K[z], f can be written
uniquely as Y k,zi" - 24, Let v(f) denote the element k,z{*--- x4 with the

largest (p1 - - - ptq), ordered lexicographically. The involution (%) now acts on K|[z]

by (2 k- - aq®)" =Yg - - ' (k).

Theorem 3.7. If the algebra A = (K,U,T) can be written as a tensor product
of quaternions, then A has a g-generating set S containing 47 elements of the

following form: Each element of S has the form k;xi* --- 24, where k;, € K and

i, phe -+ pg € {0, 1}

Proof. Since A has degree 29, A must have a g-generating set, say, {ai, as, - - a4q }.
Let a; = f;g; ', where g;’s are in the centre, for all . Then {fi, fo, - fiua} is
a q-generating set, therefore, {v(f1),v(f2), - v(fsa)} is as well. We know that
cach v(f;) can be uniquely written in the form a;z ---zl, where a; € K. Let
¢ =yt oyl where j, = [in/2], for all n. Now, v(f;)c; ! is in the desired form,
kit -+ ah?. Since each ¢; isin F', {v(f1)er v(fe), - - - v(fucy )} is a g-generating

set as well.

We are now in a position to determine when the algebra A = (K, U, ), can be

written as a tensor product of quaternions.

Theorem 3.8. Suppose T = g10903, U satisfies , , , and B s chosen to
satisfy @ Then the generic abelian crossed product A = (K, U, 1) is a product
of quaternions iff by € FN{(K).
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Proof. If A is a tensor product of quaternion subalgebras, then A has some set of
square-central elements ay,- - - ags, independent over Cent(A) with a;a; = *a;a;
for all 7, 7. Consider the g-generating set of A, which would contain some element
kxzy, and so (kz)? € F', which is Cent(A). But, (kx1)? = ko (k)23 = ko (k)biy;.
Therefore, koy(k)by € F'NK = F, and b; € FN;(K).

Conversely, if koy(k)b; € F for some k in K, then (&, kz1) is a g-generating set
of A. A has an F’-quaternion subalgebra )1, thus A = Q)1 ®p A’, where A’ is the
centralizer of (1 in A. A has exponent 2 in the Brauer group, so A’ has exponent

2. Therefore, A’ is a product of quaternions, so A is a product of quaternions.

Therefore, for our purposes, we need to find b which satisfies (G), but b ¢ FN;(K).
Then there is a generic abelian crossed product A = (K, U, 7) for some U, such
that A is a division algebra of degree 8, with involution, which is not isomorphic

to a tensor product of quaternion algebras.

3.4 Equivalent conditions

To simplify the proofs necessary to show the existence of such a b and a field K
that satisfy our propositions, we weaken them with some equivalent conditions.

We introduce some notation here that will be used throughout this section.

Suppose H is a finite field extension of L, and T is a subset of H. Write
N(T;H/L) = {norm(x)|x € T}, where the norm is taken from H to L and
denote N(H; H/L) by N(H/L). Take K = F(&1,£2,&3), and I} = F(&¢&3).

Lemma 3.9. N1<K) N F1 = N(F(fl)/Fl)N(Fl(5152)/F1)
Proof. Suppose a = Ny(u) € Fy, where u € K. If u € Fi(&), then we are done.

Suppose not, then u = uy(us + &), for some uy, us € Fi (&), since 1 and & form

a base of K over F(§;). Now, we can write a = Ny(u) = Ny(ug(uz + &2)), which
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is in Fj. Therefore, Ni(uy + &) € Fj, since the norm is multiplicative. Now,
Ni(ug + &) = Ny(us) + &a(ug + 01 (usz)) + £, and so, us + 01 (uz) = 0. We can now

say that uy = wés for some w in F}. Finally;

a = Ni(u) = Ny (u1)(=Ni(w)é] + &) = N (ur&) Ni(w + &)
which is in N(Fl(glgg)/Fl) ]

Corollary 3.10. If b € FN{(K) N F(&¢&3), then;

N(b; Fi/F) € N(F(&)/F)[N(F(&&)/F) 0 N(F(£85)/F)).

Proof. Let b = da, where d € F and a € Ni{(K) N F;. By the above lemma,
a € N(F(fl)/F)N(F1<€1€2>/F1) Notice that,

N(N(F(&)/F); Fi/F) = N(Fi(&)/F)
= N[ (Fl(gl)/F(gl)) (51 /F]

)

)
N(F(&)/F)
N(N(F(&&2)/F1); Fi/F) = N(Fi(&&)/F)
N[N(Fi(&&)/F(&&2)); F(&&)/F]
N(F(&&)/F)
N(Fi(§&)/F) = N(N(Fi(&&2)/F1); Fi/F)
C N(F/F)

Therefore, we must have;

N(b; F1/F) € d*N(F(&)/F)IN(F(&8)/F) N N(F/F)
N(F(&)/F)[N(F(&&)/F) NN (F(&58)/F)]

]

Lemma 3.11. Letb € F(Sg,gg), then b € F(fg)Nl(K) ZﬁNg(b) S N(F(fl,gz)/F(fg))
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Proof. For some as € F(&) and k € K, let b = as N1 (k). We have;
N3(b) = N3(azN1(k)) = azN1(N3(k)) = Ni(azN3(k))

s0 agN3(k) € F(&1,82).

Conversely, suppose N3(b) = Ni(kg), for some kg € F(&1,&). Let k = b+ ko. To
simplify notation, let k' = ko + o1(ko) € F(&). Then;

Ni(k) = Ny(b+ ko) = b* + bk' + Ni(ko) = b* + bk’ + N3(b) = b(b + o3(b) + K).

Notice that (b+ o3(b)) + k' € F(&). If b = —k, then take ky = 1, otherwise, we

are done. O

Corollary 3.12. Ifb € F(&€3), then b € F(&)N1(K) N F(&)N(K) iff;

Na(b) = N3(b) € N[F(&1,62)/F(&)] N N[F(&1,83)/F(83)]

3.5 The counterexample

Let F' = Q()), the field of rational functions in the indeterminate A over Q. Take
E=-1,&=—N+1)and & = \. Set b = &&3 € F(&E3). Then, we have;

Na(b) = Na(b) = AN + 1)
- izvl (LA —1-&) +(A—1+&)&))

= Ni[(&1, &) (A& — 1)]

Therefore, we must have b € F(&¢&3) N F(&)N1(K) N F(&)N1(K). Suppose, to

the contrary,

N(b; Fi/F) = Ni(f1)[N(fo; F(&&2)/F)] = Ni(f1)[IN(F(fs;683)/ F)]
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for appropriately chosen fi, fo, f3. For some polynomials g, g1, 92, 93, 94, 95, 96 €

Z[A], we must have fi ' = (g1 4 ¢261)97", fo = (g3 + 92612)g ™", and
f3 = (g5 + g6&2&3)g~ L. Clearing out ¢!, we obtain;

AN +1)(g7 +93) = g5 — (N + 1)gi = g5 + AN+ 1)g;.

We assume that none of the g;’s have any common divisor, but this proves to

7
be impossible, as seen by taking the cannonical homomorphism into ﬁ[)\], and

7 _ _
nullifying all g;’s. (Note that in YA &+ d* = (c+ d)?*). We have;

AA+1%(g1+ @) = (g3 + A+ 1)ga)? = g5° + A(A + 1)°g>.

Since all the powers of A in the middle are even, but odd on the other sides, by
unique factorization, all sides must be zero. Therefore, i = g2, g3 = (A + 1)du,
G52 = M) +1)%2gs2. We can apply the same argument to the last equation, and
obtain g5 = g = 0. Therefore, 2|gs and 2|gs, implying that 4|gZ + A\(A\? + 1)g2,
and similarly, 4|¢g5 — (A\* + 1)gj, 4]A(A\* 4+ 1)(g7 + ¢3). For appropriately chosen
polynomials hy, hy, write g1 = go + 2hy and g3 = (A + 1)g4 + 2hs.

We see that 4|2¢2 + 4gohy + 4h3 and 4]2)g3 + 4(\ + 1)gahe + 4h3. Therefore, 2|g;,

2|ga, 2|93, 2|94, and we obtain a contradiction.



Appendix A

Brauer groups of some fields

Let A be a central simple algebra over a field K and let L be a splitting field for
A. Choose an L-isomorphism ¢ : L ® A <> M,(L). For any x € A the element
det(®(1 ® z)) is independent of the isomorphism ®. In fact, if &' : L ® A <
M, (L) is another L-isomorphism, then by Skolem-Noether theorem, there exists
an invertible element u € M, (L) such that ®'(z) = u®(z)u~! for every z € L® A
so that

det(®' (1 ® z)) = det(u®(1l ® zu™t) = det(®(1 @ z))

We will call det(®(1 ® x)) the reduced norm of x (with respect to L) and denote
it by NE(z).

We shall show that N%(z) belongs to K, and that it is independent of L. Let
L, I be splitting fields for A and let # : L. — L' be a K-monomorphism. Let
®: L ® A<+ M,(L) be an L-isomorphism. Then there exists an L’-isomorphism;

O L RAXL @, LA+ L' @, M, (L) =2 M,(L)
such that & o (®1) = M,,(0) o ®. It follows from this that we have for any = € A,

N (2) = 0(N5(x))

27
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Let now L be a Galois splitting field for A. Then, for any element ¢ € &(L|K),
we have that,

Nya(@) = o(Nyg())
This shows that N (x) belongs to K.

Let now L' be any splitting field of A. There exists a field extension L” of K and

K-monomorphisms 6 : L — L", 0" : L' — L”. Therefore,

0'(Nf3(2)) = NJ (2) = 0(Ny5(2)) = Nig(w)

This shows that N (z) is independent of L', and we call it the reduced norm of

x and denote it by N,4(x).

Theorem A.l. Let A be a central simple K -algebra of dimension n*. Then, for

any x € A, if L, denotes the left multiplication by x in A, we have det(L,) =
(Nra(2))"-

Proof. Let L be an extension of K such that L ® A = M,,(L). Since det(Lig,) =
det(L,), we assume by replacing A by L ® A that A is a matrix algebra over K.
Thus, we have to show that if z € M, (K'), and L, denotes the left multiplication by
x in M,,(K), then det(L,) = (det(x))™. Let M,(K) = S@---@® S (n times), where
S is the unique simple (left) M, (K)-module. If [, denotes the endomorphism of
induced by z, then we have det(L,) = (det(l,))". But, with respect to a suitable

K-basis for S, we can choose the matrix of [,, as x itself. This proves the theorem.

]

Let H denote the algebra of quaternions over R. For any x € H, given by x =
a+ bi+cj+ dk, denote T = a — bi — ¢j — dk. It is easy to show that H is a central

division algebra over R.

It is easy to check that v +y = T + ¥ and 7y = yx for x,y € H. This means

that x — T defines an isomorphism of H onto its opposite H°. Hence we have an
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R-algebra isomorphism of H ®r H onto H ®g H° and the latter is isomorphic to
M, (R). This shows that the class of H in Br(R) is of order 2. This gives us some

motivation for the following theorem.

Theorem A.2. The Brauer group of R is cyclic of order two and is generated by
the class of H.

Proof. Let D be any finite dimensional division algebra over R. The center K
of D, being a finite algebraic extension of R, is isomorphic to either C or R. In
case K = C, we have D = C, since C is algebraically closed. Suppose K = R.
Then any maximal subfield of D being a proper extension of R is isomorphic to C.
Hence, we must have dimg (D) = 4. We fix a maximal subfield L of D and choose
i € L such that i? = —1. Then L = R(7). By the Skolem-Noether Theorem, the
automorphism z — Z of L, given by a 4+ tb — a — ib, can be extended to an inner
automorphism of D. This means that there exists an element u € D such that

uzu~! = Z for all z € L. Since z — Z is an automorphism of order 2, we have

u?z = zu? for all z € L. Since L is a maximal subfield of D, we have u? € L. We
claim that u? is actually in R. For, if u? ¢ R, then R(u?) = L and uzu~! = z for
all z € L, which is a contradiction. Hence u? € R. We assert that u? < 0. Indeed,
if u> = a > 0, then v = 4+/a. This is impossible. Hence u*> = —a for some a € R,
a > 0. We put j = u/+y/a and ij = k. Then we have j* = —1. Since j lij = —i,
we see that k = ij = —ji and k? = ijij = —i%j> = —1. Moreover k ¢ L, since
k € L implies j € L. Since dimy(D) =2, {1, 7} is a basis for D as a vector space
over L. Hence {1,4,j,k} is a basis for D over R. Thus we have shown that any

finite dimensional division algebra over R is isomorphic to C,R or H. Thus the

only central division algebras over R are R and H. O]

Definition A.3. Let f be a form (a homogeneous polynomial in one or more
variables) over a field K. A field K is said to be C; if every form f(Xy,---,X,,)
in n variables and of degree d, with n > d’, has a non-trivial zero in K there exist

ai,--- ,a, € K, not all zero, such that f(ay,---,a,) =0.

The following lemma is stated without proof;
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Lemma A.4. Let K be a Cy field. Then Br(K) = {1}.

We shall use this in order to prove that the Brauer Group of a finite field is always

trivial. If we show that all finite fields are C';, then we are done.

Theorem A.5 (Chevalley). A finite field is Cy.

Proof. Let K be a finite field of characteristic p and let ¢ = p” be the number of
elements in K. For a polynomial f € K[Xy,---,X,], let Z(f) denote the number
of zeros of f in K™. We may assume that f is a non-constant polynomial. In the

field K, we have the identity

The polynomial F(Xy,---,X,)=1— f1(Xy, -+, X,,) is of degree d(q —1). We

write,

For a;,..,, € K, let,

F = E ail...inXil cee X:L"
z‘1+~~-+i"§d(q—1)

The above formula can be written as;

Z(f)-1= Z Ay, Z gt

i1+ +in<d(g—1) (1, xn)EK™

We have,

> = (e e ()

(21, ,xn)EK™ z€K z€K zeK
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Since iy + - +1i, < d(g—1) <n(qg—1), we have i, < g — 1 for some k. Consider
Yowerc T iy < q—1. If i = 0, then >, 2™ = ¢ = 0. Suppose iy > 0. Since K
is finite, K* is cyclic. Let 0 € K* generate K*. We then have

rzeK rxeK* 0<m<q—2 0<m<qg—2

Now,
@ =1 3 @)= -1=0
0<m<q—2

Since i), < ¢ — 1,0% # 1. Hence,

o) =0

0<m<q—2

Thus >, x 2™ = 0. This shows that Z(f) -1 =0, so Z(f) = 0(mod p). This

proves the theorem. O

Corollary A.6. If K is a finite field, then Br(K) = {1}.



Appendix B

Construction of abelian crossed

products

In this chapter, we shall talk about how the properties - @ (modify b; = 2},
instead of b; = z?) determine a unique abelian crossed product, for some Galois
extension K over F' with Galois group G = (01) @ (02) @ - - - (0,), where each o;

has order ¢;, for all r, in G.

Consider the ring of polynomials K[zq,xs - z,| with non-commutative variables
satisfying z;k = o;(k)z;, for all k € K and z;x; = w;jz;x;, for all 4,5. Call this
domain A,. Consider the left ideal M of A, generated by {x% — b;|1 < i < r} and
M; = (x% — b;). Notice that these ideals are both two-sided ideals. The algebra
(K,G,U, B) is defined as the quotient ring A,/M. It remains to show that it is

an abelian crossed product.

Write m = (mq,mg,---m,) for a set of non-negative integers m;, and a™ =
ai"ay?---a" for elements of a group or ring a = (ay,as,---a,). Notice that

all elements in G have the form ¢™ (m is not fixed for each element) and x™
forms a basis for A, over K. For some a € K, we can see that z™z™ = ax™*".
Therefore, any monomial az™ has a unique degree, and the product ax™bz™ has

degree deg(azx™) + deg(bx™).

32
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We shall now show that z™ = 2™ + M forms a basis of A,/M over K. For any
flz] € A,, we can write f[z] = glz](z! — b;) + hlz], where each monomial i has
degree less than ¢; in z;. Therefore, 2™ spans A, /M. It now suffices to show that
any for monomial f[x] in M that has degree less than ¢; will automatically be 0.
Let fla] = Y27, hy[z](z] — b;). We can assume that each h; other than h, has
degree less than ¢, in z,. But, h,[z](z% —0b,) has degree more than ¢, in z,, unless

h, = 0. Inductively, we can see that flz] = 0.

Therefore, [A,/M : K| = qiq2-+-q- = n, and [A,/M : F] = n?. A,/M has its
maximal subfield as K and its center as F'; if a(}_ a,2™) = (O amz™)a, for all
a € K, then > a,,(a—c™(a))z™ = 0. Thus, if a,, #0,a = oc™(a), for alla € K, so
m = (0,0---0). Therefore, we must have ay € K. If a is central, then az™ — z™a

or 0™(a) —ais 0 for all m, so a € F. This concludes the construction of the

abelian crossed product from our hypothesis.
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