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Abstract

Gravitation plays a major role in the formation of bounded objects in the universe
[15]. For their formation, virialized objects had to overcome the expansion of universe.
This can be easily done if they grow from initial overdensities. If we have a model for
gravitational collapse, the abundance of virialized objects can give information about
the initial fluctuation spectrum. Almost all bounded objects like stars are formed
inside collapsed, virialized dark matter halos which are condensed out of these initial
density fluctuations. Current models of structure formation work with the assumption
that structure formation happens hierarchically from small, initial Gaussian density
fluctuations. Formation of dark matter halos and their properties can be studied
using N-body simulations as well as analytical models. An important prediction that
one can have from hierarchical structure formation is the mass function: i.e., the
number density of objects as a function of their mass, M. Shape and evolution of the
mass function of bound objects can be predicted using Press-Schechter and Excursion
set approach. But the predicted mass function from these models is accurate only
at the high mass end. It has been shown that this discrepancy between theory and
simulation can be reduced if bound structures are assumed to form from an ellipsoidal
rather than from a spherical collapse. In the case of an ellipsoidal collapse, there is
an effect of environment on the halos from the local shear, which is not relevant in

spherical collapse model [22].
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Chapter 1

Introduction

Current galaxy formation models work with the assumption that the gravitational
clustering is due to density perturbations in the initial density field. Low mass halos
are formed at the early stages, and these merge and accrete mass to grow into large
gravitationally bounded dark matter halos. Objects like stars and galaxies are formed
in these halos as the gas inside it cools down [1]; [2]; [3]. If we need to study the
evolution of these objects, it is essential to study the properties of dark matter halos
[4].  Among them, an important property is the halo mass function. It gives the

number density of dark matter halos as a function of mass, n(M) [5].

n(M)dM = dM (1.1)

2o
M|dM
where |dF'/dM]| is the fraction of volume occupied by virialized halos having mass in
between M and M +dM [6]. First model of mass function was proposed by Press and
Schechter [7]. Press-Schechter approach can be related to the concept of random walks
[19]. But the mass function calculated using theory and simulation do not match for
low mass halos. This model under predicted high mass halos and over predicted low
mass halos. This discrepancy is not surprising since some approximations are used
in this model that may not be valid. In particular, the perturbations in Gaussian
random fields ! are inherently triaxial. By introducing ellipsoidal collapse, these dis-
crepancies were reduced [15].

Press and Schechter (1974) argued that collapsed halos at a late time can be identified
by looking at the initial density field. Bond et al. (1991) work with the assumption

Lwe will introduce Gaussian random fields in section 2.2



that objects form by spherical collapse, this assumption may be combined with as-
sumption that the initial density fluctuation was a Gaussian random field. Main
assumption that they use is: (i) collapse of a region happens when the initial over-
density within the region exceeds a critical value, d,. and this critical value depends
only on time, not the initial size of the region.

Even though this spherical approximation works well for initial collapse, it is not ac-
curate since perturbations in the Gaussian density fields are inherently triaxial [20].
Here in the formation of non-linear structures, shear field plays a major role. In el-
lipsoidal collapse model, the evolution of the triaxial perturbation is influenced by
large-scale tidal shear. In case of [8], in the linear regime, the initial conditions and
external tides are chosen to recover Zel’dovich approximation. According to [15],
including non-sphericity introduces a mass dependence on critical collapse density.
Hence the introduction of ellipsoidal dynamics in the theory of mass function must
take into account the environmental effect because of the tidal field generated by the
large scale environment.

In this report, we compare spherical and ellipsoidal collapse models: how the models
work and how the halo and environment are connected. In the first part we start
by introducing the linear theory, how it works. After that we introduce two models
to calculate dark matter halo mass functions (Press-Schechter and Extended Press-
Schechter). In the last part, we study the effect of environment on halos using specific

examples for power spectrum.



Chapter 2

Gravitational collapse

2.1 Linear theory

2.1.1 Background informations
Comoving Coordinates

Comoving distance and Proper distance are the two measures used in cosmology.
Proper distance, r(t) is the physical distance to the present location of a distant
object. This distance can change over time due to expansion of the universe. The
comoving distance, x(¢) is defined such that it does not change over time due to the

expansion of the universe. These are related as follows:
r(t) = a(t)x (2.1)

where a(t) is the scale factor that describes the expansion of the universe, r is the phys-
ical coordinate which gives the location and x is the comoving position of the object in
consideration. For the present epoch, a(t) is chosen so that a(ty) = ag = 1. The uni-
verse we are considering here is the FLRW (Friedmann-Lemaitre-Robertson-Walker)
universe and it refers to an isotropic and homogeneous, expanding or contracting
universe [16]. These are solutions of Einstein’s field equations of General Theory of

Relativity [10].



Density perturbations

Perturbations are present in various physical quantities. We will focus on perturba-
tions in density p(r,t), where r gives the location. Let us denote the background
density of the universe as p(t) and the local density as p(r,t). In an unperturbed
universe, value of the density will be the same at all points. Density perturbation in

comoving and physical coordinates can be defined using the equation

p(x,t) — p(t)
plt)

Studying the growth of §, we can have an idea regarding the formation and evolution

5(x,t) = (2.2)

of collapsed structures. In an unperturbed universe where p(r,t) = p(t), d(x,t) = 0.
Density contrast can be positive or negative. In the first case, density contrast can
grow limitless. There is nothing to prevent this. But in case of negative fluctuations,
there is a boundary. We can’t go below § = —1. Because, something emptier than
empty does not exist.

Density perturbations in different components of the universe behave differently. Ra-
diation, baryonic matter, dark matter and dark energy are some of the components
and each of them has its own evolution. Hence we can say that total density p(r, 1)

in the universe is the subtotal of all components and it can be written as:

p(r,t) = ppr(r,t) + praa(r,t) + pp(r,t) + ppe(r, t). (2.3)

But we generally consider the contribution from the dominant components and by
combining the matter components together, this equation (2.3) will become p,, =

pB + ppu, where B is for Baryons.

Pressure perturbations

Pressure gradients due to perturbations have great influence on the evolution of per-
turbations in the early universe. The idea of gravitational instability plays a major
role in the growth of density perturbations. Pressure perturbations travel as sound
waves. Total pressure has three major components. From baryonic matter, radia-
tion and dark energy. Dark matter is non-relativistic and hence its pressure can be

ignored. The total pressure can be written as:
P(r,t) = Pg(r,t) + Paa(r,t) + Ppr(r,t). (2.4)

4



Since dark energy is not expected to have significant perturbations at small scale,
contribution to pressure gradient comes from radiation and baryonic matter. Radi-
ation is subdominant at z < 10% and baryons also constitute only 4.5% of the total

energy density. Hence pressure perturbations may be ignored to first order.

Velocity perturbations

We know that, in an FLRW universe, everything moves with Hubble expansion and

it is described by Hubble parameter, H (t)
Ht) =1 (2.5)
a
and it has Hubble velocity, vy (r) given by
vy(r) = H(t)r. (2.6)
There is an additional component of velocity called peculiar velocity, v. Hence the
total velocity, u of an object can be written as
u(r,t) = vg(x,t) + v(x,t). (2.7)

We have taken r = a(t)x(t). We can write

_dr
o dt

u =ax + a%x = vy(x,t) + a(t)x. (2.8)

From here, we have an expression for peculiar velocity:

v = a(t)x. (2.9)

Potential perturbations

Potential and density are related via Poisson equation and hence density perturbation
imply perturbations in the gravitational potential ®. In general, we need to consider
the contribution from matter, radiation and dark energy. Here we are considering the

field due to radiation to be weak. In the Newtonian limit:
3P
V2(®) = 471G (p(r,t) + —2) . (2.10)
c

In case of matter dominated universe, we can neglect the pressure, however dark
energy contributes a pressure term. Here the background potential is denoted by @,
where

d, = —iix. (2.11)



The potential get contribution from different components and the potential pertur-

bation ¢ is given by the equation

1
o(x,t) = P(r,t) — éadx2 (2.12)
and the Poisson equation is
V24 = 4nGpa’s. (2.13)

2.1.2 Equations of motion

Using the background information from section (2.1.1), we can fully describe the evo-
lution of structures in the universe. When we are studying the formation of structures
on large scales (r > 1pc), we may consider the matter as a continuous fluid. The
evolution of the fluid can be described in terms of three main fluid equations.

The Continuity equation which describes the conservation of mass, Euler equation
which gives the acceleration of the fluid element due to gravitational force and pressure
gradients in the fluid and finally the Poisson equation which gives the gravitational
potential. Also required is the Equation of state: the relation between density and
pressure. The following calculations have been done for a matter dominated universe
in physical coordinates. The quantities are density p(r, ) at a point r, total velocity
u(r,t), total gravitational potential ®(r) and pressure of the medium, P(r,t) (refer

to [9], [10]).

Continuity equation

Continuity equation gives the idea of conservation of mass. According to this equation,
the growth of mass in a volume is equal to the net amount of matter flowing in (total
flux). In the case of a non-relativistic matter component we have,

dp

.pu = 0. 2.14
5 T Vrpu=0 (2.14)

As we can see, equation (2.14) connects the density of the medium p(r,¢) and velocity

of the flow u(r,t).



Euler’s equation

Euler’s equation is the equation of motion for ideal fluids which includes gravitational

force as well as force due to pressure gradients in the medium.

ou 1
— . =—-V,P-V.,®. 2.1
BT + (u.V,)u pV,, 2 (2.15)

Equation of state

The pressure exerted by a medium usually depends on the density and entropy of the

medium and is given by the equation of the state,
P = P(p,S) (2.16)

where S is the entropy of the medium. FEach constituent of the universe can be
modeled as a barotropic fluid, i.e., the contribution from different components in the

universe is given by the a constant w,
P(p) = wpc? (2.17)

where ¢ is the speed of light. In case of matter, pressure is negligible and hence w,,, = 0.
But in case of radiation, w,,q = 1/3 and for dark energy, —1 < wpgp < —1/3.

If there are no perturbations, the solution of the equations (2.14), and (2.15) is

1 - 271G
poxa i u= 2r7 o = 7T—prQ. (2.18)
a 3
If we consider perturbations then,
p=p+pl,u=Hr+v,®=>+¢ (2.19)

Where ¢ is the density contrast and H is the Hubble’s constant. We have already
defined the comoving coordinate x = r/a(t) and proper time, dr = dt/a. Substitut-
ing these back in the equation, we get the following set of equations where all the

derivatives are now in terms of 7 and x:

5+ V. (1+6)v) =0, (2.20)
dv a 1
w_ S _Iyp- 2.21
o -V pV Vo, (2.21)
and
V2p = 4nGpa*s. (2.22)
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We can linearize the above equations when perturbations are very small. We get:
5+ Vv =0. (2.23)

Combining the equations (2.20) — (2.22), we get the following equation for density
contrast:

1
—= +2-— = 47Gpd + V7 (2.24)
a a

where ¢, = \/W is the speed of sound. In equation (2.24), the second term on
the left-hand side is the damping term due to expansion of the universe, first term
on the right-hand side is the gravitational driving term and the second term on the
right denotes the pressure support.

Let us decompose 4 in terms of plain wave modes, §(x,t) = >_ 6,¢™** where we define
A = 2ma/k in the physical coordinates. At large scales, gravity dominates whereas
at small scales, pressure is more important. When the scale exceeds Jeans scale, the
perturbation is unstable and Jeans scale is given by, A; = ¢ m, where G is
Newton’s gravitational constant. In case of dark matter, the matter pressure term

vanishes and equation (2.24) takes the form

d*s ado

— 4+ 2—— = 47Gpj. 2.2

gz g T Amer (225)
Consider an Einstein-de Sitter universe where {2,, = 1, the scale factor grows as

a o< t?? and p = p,, o< a”3.

There are two solutions for equation (2.25), these are:
§ o< t¥% and 6 o t~!. In a model with the cosmological constant, this dominates over
matter at late times and the the solution is § ~ constant.

We can say that, the density contrast grows as t>/3 during the matter dominated era.
Figure 2.1 gives the variation in density fluctuation with scale. Linear theory breaks
when the fluctuations are large enough such that 6 ~ 1. In this regime, equations

(2.14) and (2.15) can’t be solved analytically for general initial conditions and we

need numerical simulations.



0 L IIIIJ L LI Illll L] LI Illll T T 1 Illll H
1= i X =
: o Cluster :
- 0.1 plags abundance
@ -1 E Interpalacti * E
g E hydrog T -
- o -
© L clumpin —— .
= L e Gravitational —— A
3] lensing
= 0.01 " : —
e = P, Cosmic E
= E microwave
‘E i background ]
g SDSS =
0.001 & galaxy E
E . — =
F clustering =
L [ ] i
L 3 4
0.0001 1 =
_I !lllJJ] 1 L lll]lll 1 1 IllIJII 1 1 JIIJIII 1 L IIJIIII_
10 100 1000 10000 108

Scale (millions of lightyears)

Figure 2.1: Data points give the power spectrum measurements, and blue curve gives
the theoretical predictions for the amplitude of density fluctuations as a function of

scale [11].

2.2 Gaussian random fields

Random fields and processes are common in Astronomy. The distribution of stars
and galaxies, distribution of disturbances in the sun, the distribution of electrons in
a CCD image; all are random processes. In astronomy, we use statistics to describe
these processes. Random field is actually a stochastic process which takes values
in a Euclidean space and is defined in a parameter space of dimensionality at least
one. Almost all models of structure formation work with the assumption that initial
fluctuations generated during the time of inflation constitute a Gaussian random
field. A one-point Gaussian probability distribution function is the most fundamental
distribution function[9] and is defined as the probability at any point inside a volume
with a value Y, = [y, y+dy| where Y is a Gaussian stochastic process with the average

value y. and dispersion o. Then the probability for the process Yo = [y,y + dy] is

9



given by

P(y)dy = L exp —Mdy. (2.26)

When this process concerns an entire region of the space, it leads to the idea of a
Gaussian Random field. In a homogeneous Gaussian random field, the probability
at any one location in a volume with the value Y5 = [y, y + dy] is given by the one-
point Gaussian distribution in the equation (2.26). Also in case of a Gaussian random
field, there will be questions regarding the probability of the field at X; with a value
Y (z1) = y1, at Xy, a value Y (x2) = yo, and so on for n points, i.e., Y (z,) = y, at X,,.
Here, two-point probability distribution function, P(y1%2),

1

yl
(y192)dyrdy: (2m) (V) P ( Y1 Y2 )M

/2| dyndy,  (2.27)
Y2

where M ~! is the inverse of the correlation matrix M,

M £0)  &(yiy2) _ o? &(r) (2.28)

§yy2)  €(0) §(r) o’

with £ as the correlation function. A random field in general requires all the n-point
probability distributions for a complete description. If the distribution is Gaussian,

this means

Y1
1

Py, ..., y)dy..dy, = ——————exp | — Mo 2| dyi, ..., dy,.
(yl 92) Y1..ay, (QW)(\/W) P <y17 y Y2 ) / n Y

(2.29)

2.3 Spherical collapse

Gravitational instability and resulting collapse is the primary mechanism for structure
formation in the universe. Gravitational instability is collapsed under the influence of
self-gravity, where matter falls towards the center of mass. Spherical collapse model is
the simplest model for the formation of non-linear, gravitationally bound structures.
Imagine a spherical region with density higher than the density of the background
in an Einstein-de Sitter universe. According to general theory of relativity, evolution

of a spherical overdensity is independent of the background evolution and it evolves

10



like a sub-universe with the local density guiding the evolution. In other words,
the evolution of a spherical density perturbation is identical to the evolution of the
universe with a matter density equal to the density of the initial perturbation. If we

have a spherical perturbation, then in the Newtonian limit,

d?r _GM

dez 2

(2.30)

Where M is the mass contained in the sphere and r is the radius of the sphere.

Multiplying by 7 and integrating the above equation, we have

2GM
7= —— +C. (2.31)
r
Equation (2.31) gives the first integral and is related to energy [12]. This equation

has the following parametric solution;
r=A(1— cosb) (2.32)

t = B(0 —sinb) (2.33)
where 6 is a parameter. The constants A and B are given by

QmO

A= ™m0
2(Qpo — 1)

(2.34)
QmO

B =
2Ho(Qo — 1)3/2

(2.35)

where €),,0 > 1 is the density parameter of the universe and H, is the Hubble’s
constant. We study the behavior of the system at early times. Perturbation initially
expands with the Hubble’s flow. For § — 0, r = A#?/2 and ¢t = B6#*/6. Hence
0% = 8r3/ A3 = 36t2 /B2, or r3 = (9/2)GMt*. Now r? = 3M /47p, so we get 67Gp = 2.
In order to relate this to the overall cosmic expansion, we have H?> = 87Gp/3 and
67Gp = (9/4)H? and we get (9/4)H?* = t*> or t = 2/3H. This is exactly the time
evolution of an Einstein-de Sitter universe. At early times when 6 is small, our
spherical model evolves like a {2 = 1 universe. The initial mass of the system is
M = 47pr3/3. 1f the density is enhanced by a factor §, radius must shrink (by dr) in

order to conserve the enclosed mass:

M = %ﬂp(l +6)(1 + 6r)°. (2.36)

11



Equating the initial and final masses gives (1 + §)(1 + dr)3 = 1. Expanding to first

2/3
t
§ ~ —30r = i% (%) (2.37)

We can use these formulas to explain the events in the perturbation’s history. In the

order leads to

initial phase, it is undergoing Hubble expansion. Then it breaks away due to self
gravity and reaches a maximum radius at § = m; i.e., r = 24 and t = 7B. Final
collapse occurs when 6 = 2w, r =0, and t = 20 B = 2t;4. Hence we can estimate the

linearly extrapolated density contrast at turnaround and collapse as:
6tu7‘naround = (3/20)(67T)2/3 = 1.06 (238)

Scotapse = (3/20)(12m)%/% = 1.69. (2.39)

When linearly evolved density contrast of a perturbation exceeds unity, it turns around
and begins to contract. The corresponding number for collapse is 1.69.

The point at which expansion stops is defined as the time of turn-around. In the
non-linear solution, we have

9 2
(14 074) = 1—2 = 5.55. (2.40)

The collapsing phase leads to virial equilibrium. In realistic perturbations, deviations

102
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Figure 2.2: Density evolution of a spherical top-hat perturbation as a function of scale

factor [12].

from spherical symmetry ensure that it doesn’t collapse to a point, but virialize. Time

12



of the collapse, t..; = 2t74 and from virial equilibrium condition we can show that

the radius is 7.y = r7a/2. The density contrast is
(14 eoyy) = 187% =~ 178. (2.41)

These events are described in figure 2.2. Here, the red line shows the evolution of the
background universe where p o< a=3. Dark blue line is same for spherical perturbation
and the dashed line shows the evolution approximately after virialization. Time for

turn around, non-linearity and collapse are also indicated.

2.3.1 Press-Schechter theory

The evolution of mass function of the bound objects was first proposed by Press-
Schechter. Press-Schechter theory is the most used analytic formula in cosmological
galaxy formation theory. The theory is based on the excursion sets of F(r, Ry),
the four-dimensional initial density fluctuation field with the continuous hierarchy
of filters of radii Ry. The basic idea of Press-Schechter theory is that, halos forms
out of peaks in the density fluctuations. In the linearly evolved spherical collapse
model, the density contrast at collapse is 1.69. Press Schechter theory assumes this
correspondence till the density contrast reaches this value and then it is labeled as a
collapsed halo. Hence at any time, all the regions that have a density contrast of 1.69
or higher will be in collapsed halos. Hence the fraction of mass that is in halos of
mass > M is given by the fraction of Gaussian distribution of RMS, o, that exceeds

1.69:

1 & 2
>M)= — dre " /2, 2.42
2 ) \/%/1.69/% e ( )

The fraction of mass that is in halos between M and M + dM is given by df /dM.
Defining dv(M) = 1.69/0,,

df L ode e peee 1 dv 2

_ =0 _ 1OV 2.4
AM ~ o dM© v=v = o dM© (2.43)

The number density of such haloes is same as the number density of all halos (pg/M)

times the fraction of mass in halos from M to M + dM:

dn— po df  po 1 o2 dv

— 02 _ = 2.44
dM  MdM M \/2x dM. (244)

13



dlogv __ M dv
dlogM ~— v dM>’

1 dn dn po 1 V2/2< dlogv )
= e :

MdM ~ dlogM — M /2r" dlogM

Substituting

(2.45)

According to Press-Schechter theory, the halo mass function associated with spherical

o) =2(2) s (2) »

where v = d4.(2)/o(m), the ratio of critical density for collapse to the fluctuation.

collapse can be written as:

2.4 Correlation function and Power Spectrum

Galaxy correlation function in cosmology is a measure of the degree of clustering
in the spatial ({(r)) or in the angular (w(f)) distribution of galaxies as compared
to an uncorrelated homogeneous distribution. In a homogeneous distribution, the
correlation function vanishes at all scales. But in the presence of inhomogeneities,
the correlation is non-zero and varies with distance. Two-point correlation function
gives the excess probability of one point with a certain distance 'r’ from another point
as compared to a random distribution of points. The Fourier transform of the two-
point correlation function gives the power spectrum. Power spectrum is an important
quantity that is used to characterize a random field. It is the only quantity required to
completely specify a statistically homogeneous and isotropic Gaussian random field.
The amplitudes of fourier components in such a field are distributed independently.
Power spectrum is proportional to the root mean square amplitude. By definition,
power spectrum is the Fourier transform of correlation function and these are related
by the equation

E(r) = 1 dkk2P(k)M.

52 " (2.47)
Where the wavenumber k and the scale or wavelength A are related by k = 27 /A. It is
assumed that, fluctuations are statistically isotropic and hence we can integrate over
angles in k-space. If the field we are considering is a density field, where we can draw
the fluctuations from the Gaussian distribution, complete statistical distribution of

the fluctuation is given by the power spectrum. Power spectrum can also be written

as

P(k) o {|6%]) (2.48)

14



where the averaging is over all k for a given | k | and this power per decade, A%(k) is

defined as
k3P (k)
2 _
A*(k) = PO

(2.49)

2.5 Power spectrum of density fluctuation

The origin of initial fluctuations which lead to to the formation of structures in the
universe is not completely understood. One popular explanation is that they are
quantum fluctuations which are stretched up to large scales due to rapid expansion in
the early universe. This phase of rapid expansion is known as inflation. The ampli-
tude of these fluctuations on different mass scales are given by the power spectrum.
Inflationary theories predict that P(k) o k™. 1i.e., the primordial power spectrum
has power law dependence. The scale-invariant power spectrum with spectral index
n = 1 was proposed by Zeldovich and Harrison [13]. The fluctuations here on dif-
ferent scales correspond to same amplitude in gravitational potential. Most models
of inflation predict 0 < (1 —n) < 1. The growth of fluctuations on different scales
can be obtained from the relation between self gravitation, pressure and damping
processes. With this, the evolution of this fluctuation can be studied using tranfer
function T'(k, z)

P(k; ) = AK"T(k, 2) (2.50)

where A is the normalization factor that can be determined observationally. An
important scale in the theory of gravitational collapse is the Jeans length. It is
a critical radius of a gas cloud: fluctuations on scale larger than Jeans length are

unstable against the contraction under gravity.

2.6 Ellipsoidal collapse

2.6.1 Zel’dovich approximation

Zel’dovich in 1970 introduced a simple approximation to describe weakly non-linear
stages of structure formation. In this approximation, initial matter distribution is

considered to be homogenous and collisionless. If the initial, unperturbed coordinates
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(Lagrangian) of the particles are denoted by q, the corresponding Eulerian coordinates

of the particle at time t are given by

r(q,t) = a(t)[q + b(t)s(q)] (2.51)

where a(t) is the expansion factor, b(t) is the growing rate of linear fluctuation given
by the equation (2.25) and s(q) is the velocity term which gives the displacement of
the particle with respect to its initial position. s(q) can be related to the potential

¢(q) due to the initial density perturbations,

s(q) = Vo(q). (2.52)

Equation (2.51) can be explained as follows: let us consider a pressureless, homoge-
neous medium with a gravitational interaction. The relation connecting the Eulerian
x and Lagrangian position q of the particles in this system at time ¢ can be written
as,

x(q,t) = v(q)t +q, (2.53)

where v(q) is the initial velocity and q is the initial coordinate. Equation (2.53) is
analogous to the Zel’dovich approximation (2.51) with extra factor a(t) which accounts
for the cosmic expansion and b(t) which replaces time ’t’. It can be shown that b(¢)
is the growing solution for density contrast in linear perturbation theory [14]. At late
times, there will be significant density inhomogeneities such that p(r,t)dr = podiq

and the density field in terms of Lagrangian coordinates is,

p

0ij + (1) 5o

or
p(a,t) = po | 7a | = (2.54)

Here Or;/0q; is the deformation tensor. p is the mean density and is equal to p =

(ag/a)’ po. When b(t)s(q) < 1, equation (2.54) can be modified to

p(a,t) ~ p[l = b(t)V,.s(q)], (2.55)

which is equivalent to linear evolution. The deformation tensor is a real symmetric
matrix and hence its eigen vectors actually refer to the set of three principle orthogonal
axes and it can be written in terms of three eigen values \i(q), A2(q) and A3(q) after

diagonalization,

p
1 — ()M (q)][1 — b(t)A2()][1 — b(t)A3(q)]
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such that A\j(q) > Aa(q) > A3(q). This ordering can be done without the loss of
generality. From the nature of eigen values, it is clear that the first singularity occurs
where A\ attains its maximum value, let us denote it by A,q.. In general density is
singular at A\; = 1/b(t). This is the equation of a surface and hence we get sheets
of infinite density in this model. Such high-density sheets are called pancakes, where
contraction happens mainly along one of the three principle axes. Hence pancakes are
considered to be the first structure formed during gravitational collapse. Filaments
and knots are the other types of structures that form due to the contraction along

two and three axes respectively [14].

2.6.2 Extended Press-Schechter theory

Press-Schechter theory works over a wide range of mass scales from dwarf galaxies
to clusters, to better than a factor of two when compared with simulations. How-
ever the theory tends to systematically underpredict large mass halos and overpredict
small-mass ones. In 2008, Sheth and Tormen [15] modified the standard formalism
by generalizing to ellipsoidal collapse.

The gravitational collapse of homogeneous ellipsoids has been studied by many au-
thors, ([17], [18]). Main effect of including the dynamics of ellipsoidal rather than
spherical collapse is to introduce a simple dependence of critical density required for
collapse on halo mass. Here the model in which the evolution of the perturbation is
assumed to be better described by the initial shear field instead of density field. Initial
conditions and external tides are chosen to recover the Zeldovich approximation in
the linear regime and virialization is defined as the time when the third axis of the
ellipsoid collapses.

In this approach, a position is randomly chosen in space and is smoothed on some
scale R. Then the smoothed density is plotted as a function of R. A random tra-
jectory is generated with steps, which are correlated and the nature of the trajectory
is dependent on the smoothing filter and the nature of initial fluctuation field. This
procedure is repeated for every position in space and it results in an ensemble of tra-
jectories, each one of which starts from §(R = oo) = 0: the universe is homogeneous
on large scales. Then for each trajectory, a region of size R where the smooth den-

sity field lies above some critical density which depends on R is taken to correspond
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to a collapsed halo. An object of mass M o R? is associated with the trajectory.
Excursion set approach assumes that the mass fraction of halos will be equal to the
fraction of walks which cross the threshold or the barrier for the first time when the

smoothing scale is R, and is given by the following equation [19]:

M dn

Where dn/dM denotes the number density of halos of mass between M and M +dM.
(M/p)(dn/dM), denotes the mass fraction in such haloes and p is the background
density of matter. The cosmological background model that we consider here is the
Einstein-de Sitter model. The evolution of an ellipsoidal perturbation is given by
three parameters, three eigen values of the deformation tensor. i.e., initial ellipticity

e, prolateness p, and density contrast 0. The expansion factor at collapse as a function

O'J.f’:.O'*
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. ) ) ®
8, = 1.686,/40 Y.
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&
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Figure 2.3: Evolution of ellipsoidal perturbation in an Einstein-de Sitter universe [15].

of e and p, for a region with initial density 0 = 0.04215 in Einstein-de Sitter universe
is given in figure 2.3. There are three different types of circles in the figure (big,
medium and small). For a given value e, the largest circles show the variation of two
quantities at p = 0. The medium sized circles show the same at | p |< e/2, and

the smallest circle show the relation at | p |> e/2. It is clear from the figure that,
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virialization occurs later when e increases and for a particular value of e, it happens
earlier when p decreases (given by the central line). Using this plot, equation for the

threshold density contrast for ellipsoidal collapse, d.. can be constructed.

2 vy
=1+ B|5(e? ip%% . (2.58)

sC

Secle, p)
686

Where 5 = 0.47, v = 0.615 and d,, is the critical density for spherical collapse. The
solid curve in figure 2.3 shows the value given by equation (2.58) for v = 0.615 and
for p = 0 and two dashed curve shows the value for | p |= e/2. The goal here is to
consider the collapse of ellipsoids from an initially Gaussian fluctuation field. Effect
of ellipsoidal collapse in standard formalism can introduce a dependence of the critical
density required for collapse on the halo mass as well as ellipticity and prolateness.
We explain the approach in this section. The scatter between predicted and actual
masses of halos can be reduced by using ellipsoidal collapse.

Consider a Gaussian random field smoothed on scale R; and let o(Ry) be the rms
fluctuation of the smoothed field. Every point in this field is associated with a per-
turbation potential ¢ and according to Zel’dovich approximation, second derivative
of this potential is the deformation tensor. Let A\j,A\y and A3 be the eigen values of
this tensor such that \; > Ay > A\3. The value of different \;’s at different positions
in the smoothed field will be different. According to [20], the probability p(A1, A2, A3)

for eigen values is:

153 —372 151
(A1, A2, A3) = ( L 2

8rv500 P\ o2 Tﬂ) X (A= A2) (A2 = Az) (A — Ag) - (2.59)

where 0 = o(Ry), [T = M + Ao+ A3, Io = Mo+ AoA3 + A\ A3 are invariants of
the deformation tensor. In the linear regime, let  be the initial density fluctuation
and it is related to the potential by Poisson’s equation, 6 = [;. By integrating
P(A1, A2, 0 — Ay — Ag) over (6 — A1)/2 < Ay < A; and then over §/3 < A < oo,
taking care of the fact that the eigen values are ordered, it is easy to show that the

distribution of § is Gaussian with o2

as the variance. In linear theory, 02 < 1 and
| § |[< 1. Hence the smoothing scale Ry can be associated with mass, M o Ri’c. Here,
the shape of a region can be characterized by its ellipticity, e, and prolateness, p as
e = A —A3/25 and p = \; + A3 — 2)\y/26. From the above relations, it is clear that

the ordering of eigenvalues means that e > 0 if § > 0 and —e < p < e. For a spherical
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region, e = 0 and p = 0. Hence the distribution of e and p for a given 9, g(e, p|d)dedp

can be written as

1125 O\° 562 gy
dlespld) = Je(er = ) (2 ) e B (2.60)

It can be seen that, on integrating equation (2.60) over —e < p < e and then over
0 < e < oo will give unity with 6 > 0. Value of this distribution peaks at p = 0 for
all values of e and when p = 0, the maximum occurs at

emp(p = 0[0) = U—\//g. (2.61)
So there is a relation between e,,, and o/d. ie., €,, — 0 when §/0c — oo which
means; for a given Ry, denser regions are more likely to be spherical than less dense
regions and also at a fixed ¢, larger regions are more likely to be spherical than smaller

ones. We can write:
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Figure 2.4: Variation of 6../d0s. and o/o, with v

collapse and the formation of bound objects happens when a region has an overdensity,
Jdee such that e, = (a/éec(emp, z)/\/g) which means o = o?(Ry). i.e.,
Lo o’y) 1
" declemp, 2) VB
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which means R?} o M and thereby e oc M, where M is the mass of halo. Also it is

clear that .. oc e. Hence it is possible to relate d.. and M as d.. ox M

See(0,2) = 6,0(2) (1 + Lj (22)} 7). (2.63)

*

Where we set 0.(2) =05.(z). Using the above equation, it is easy to study the relation
between .. and ¢ with v = 0.615,0.5 and § = 0.47 and is shown in figure 2.4.
From figure 2.4, it is clear that the value of critical density for ellipsoidal collapse
increases when o /o, increases. i.e., they are directly proportional. The improvement
in the mass function from ellipsoidal collapse than the spherical collapse model can
be seen from the graph of simulation (Mpa0V s(Mspherical) 07 (Meitipsoidar)) given below

[15]. From this figure, we can see that, points in the panel on the right populate the
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1000 | ]
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e b 4
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Zr"'v'l-'l-'l'\ Al v [“:J_':I'[1"1“1‘1““-{.“:”; S il Lol ! ;

10 100 1000 10 100 1000

spherical Mellipsoidal

Figure 2.5: Mass of the halo, My, is plotted with the mass predicted by spherical
(left panel) and ellipsoidal (right panel) collapse models [15].

upper left half only. Where, . is independent of the My,,. Hence it is clear that
the correlation between Mjq, and Myregictea 1 stronger in the ellipsoidal than in the
spherical collapse model.

Finally Sheth and Tormen [15] came up with an approximation for the halo mass
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function using GIF simulations, and is given by

vi(v) = 2A(1 + %) (;) 1/2exp (-”;) (2.64)

where ¢ = 0.3 and A = 0.322. While comparing GIF mass function (2.64) with the
mass function obtained from the ’standard’ model (2.46), we can see that they differs

forq=0and A =1/2.
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Chapter 3

Environmental dependence

In our discussion, we have not considered the influence of environment on the collaps-
ing halos. But in any realistic case, there will be influence of environment on the halos
under consideration. This is mainly due to the large scale shear field which plays a
major role. Hence there is a serious need to take it into account. In this section, we

will discuss the effects of environment on halos using various properties of the tidal

field.

3.1 Smoothing of fields

Excursion set approach was developed to relate the power spectrum with the abun-
dance and clustering of non-linear structures. ’Excursion sets’ refers to the sets of
regions with density contrast above some threshold. Suppose we choose a random
point in the initial density field. We can smooth the field around it with a filter
of scale R. When we change R, the smoothed/averaged overdensity inside it will
change. For very large R, the overdensity in the smoothed filter must be negligible as
the universe is homogeneous on large scales. As R decreases, the overdensity will vary.
Sometimes increasing and decreasing at other times. This variation can be modeled
as a random walk.

In order to relate the initial density field and collapsed halos of different masses, it
is important to define density field smoothed at different length scales. This can be

done using window functions W (#, R). Using a window function, smoothed density
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field, §(Z, R) can be defined as

!

i(x,R) = /5(x W (x —x; R)dx (3.1)

In Fourier space;

o(k; R) = 6(k)W (k; R) (3.2)

In cosmology, three window functions are used very often. Among them, most com-

mon is the spherical top-hat filter. It is defined as

1 1 |z|€R

W (x: R) = ——
ri(x R) Viw | 0 |2 |>R

where volume Vyy = 47 R? /3. Its Fourier transform is

3(sinkR — kR coskR)

WTH(k,R) = (kR)3

(3.4)
Mass for this window function is
M(R) = pVru(R) (3.5)

where R is the co-moving smoothing radius and p is the mean matter density in the
universe. It is assumed that initial density contrast is very small and may be ignored
as compared to unity. In the linear regime, § is a Gaussian random field. Variance of

the smoothed field is given by:

o2(R) 2%2 / K P ()T (I R)?% (3.6)
:/AZ(k)W(k;R)Q%. (3.7)

We sample different parts of the universe and can calculate the variance of mass

contained in a volume with radius R. Mass field:
M(x; R) = p(x; R)Vru(R) (3.8)

where, Vry(R) is the volume of the window function. We have dimensionless mass

variance, o - %Z (]\M#)Q (3.9)
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At the same time, we can write the entire mass as;

M(x; R) = [1 4+ 6(x; R)|pVru(R) (3.10)

M = pVru(R) (3.11)

which means

M(x;R)— M oM

= =i(x: R 3.12

. (3.12)
From the equation (3.11) we can write

o*(M) = c*(R) (3.13)

o2(M) = <(W)2> - /A?(k)mk;; R)?d—: (3.14)

For a power-law power spectrum, P(k) o< k™

o} (M) oc M~(3)/3, (3.15)

For n > —3, we can ensure that o?(M) don’t diverge on large scales.

3.2 Basic concepts

As we discussed in section (2.3), in case of spherical collapse, only a single parameter,
density contrast is needed to fix the epoch of structure formation: the halo collapses
when the linear density contrast reaches a critical threshold. Spherical approximation
works well only until the first crossing. First crossing refers to the walks that first
crosses 0g.. This is because, Gaussian density fields are triaxial, and in the formation
of non-linear structures, shear field plays a crucial role along with the density field.
Ellipsoidal collapse is based on the evolution of triaxial perturbations. With the idea
of the inclusion of ellipsoidal collapse conditions in the Press-Schechter approach, we
have introduced a simple dependence of the critical density for collapse on the halo
mass.

A recent study, [22] has indicated that halos in higher density regions form at a higher
redshift for a given halo mass. Some other studies have shown that the dependence
of clustering on formation time at a fixed mass is strong for halos with mass less than

the characteristic mass M, and this dependency weakens for M > M, [21]. As we
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discussed in the previous section, in an ellipsoidal collapse model, the time required
for virialization increases monotonically with shear. Here we discuss how the tidal

force exerted by the surrounding mass distribution affects the collapse.

3.2.1 Environmental effect from the initial shear

Using the ideas discussed in sections (2.6.1) and (2.6.2), we can analyze the effects of

environment on halos using different statistical properties of the initial shear.

Spectral parameter

We introduced the correlation function in section (2.4). Here we start with the two-
point correlation function of the shear tensor. These functions have the following

form:

< &ij(w)&(r) >= 115(5@'% + 0ir0ji + 0q0jk), (3.16)

where §;; and &, are the components of shear that are smoothed on different comoving

scales Ry and R; respectively, «v is the spectral parameter which is defined as

§ = 1/oodznkAﬁ(k)W(Ro,k)W(Rl,k) (3.17)

0001 .Jo

and d;;’s is the Kronecker delta function, which is defined as a function of two variable
such that;

0 ifi#J,

1 iofi=j.

51lj -

Spectral parameter gives the strength of correlation between different scales, and is
in the range 0 < v < 1. A} = k*Ps(k)/27? is dimensionless, matter power spectrum
[25]. 09 and oy are the rms values of the density fluctuations smoothed on scales Ry
and R; respectively. Here onwards, we use the subscript 0 for environment and 1 for
halos. 7 quantifies the correlation in density field at the two scales. As mentioned
earlier in section (3.1), W(R;, k) denotes the window function at the corresponding

scale R; along with M; = (47)/3p,,R3. In this calculation, we will use top-hat filter

as the window function, (3.4).
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Bias

Bias gives the relation between spatial distribution of galaxies and the underlying
dark matter density. So the galaxy density contrast can be written in terms of a

function of underlying density contrast for matter,

5, = f(5). (3.19)

If f is a linear function of d, we can define galaxy bias b as the ratio of the mean

overdensity of galaxies to the mean over density of mass. i.e.,
dg = b0. (3.20)

Bias b depends on the luminosity, morphology, colour and redshift of the objects under
consideration. In terms of correlation function, b can be defined as:

(& 1/2
- ()

where b is bias of galaxies relative to dark matter and &4, is the dark matter correlation
function. Galaxy bias, b > 1 means: galaxies are clustered more strongly than dark

matter.

Calculations

The power spectrum that we use here is a fitting function [23], where P (k) is defined

as
Bk
P(k) =
(%) 11+ [ak + (Dk)3/2 4 (ck)?]V]2/v’
where the constants a = (6.4/T')h'Mpc, b = (3/T)h~'Mpc, ¢ = (1.7/T)h~'Mpc and

(3.22)

v = 1.13. We use the model with A, the cosmological constant. In this case with
A >0, T = Q,h. Other constants are €,, = 0.3 and h = 0.7. The value of B
is fixed using the observed C'M B anisotropies or the amplitude of fluctuations at a
fixed scale like 8h~'Mpc [17]. The power spectrum is shown in figure 3.1. We can
calculate spectral parameter v using equation (3.17). In figure 3.2, curves from top to
bottom shows the correlation strength v as a function of Ry for five different values
of Ry: 0.1,0.5,2,6 and 12h~*Mpc. These are for the model with index n, = 0.96
and og = 0.83 normalisation has been done using the fitting formula given in [26].

From 3.2, we can see the dependence of environment (Ry) on the halos (R;). Value of
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Figure 3.1: Power spectrum

spectral parameter decreases when the ratio Ry/R; increases. When it reaches unity,
Ry become equal to Ry and the correltion between halo and environment is high. The
spectral parameter decreases slowly for smaller values of R;.

We can extend this to other cases using different power spectra. We use power law
power spectra with a Gaussian cutoff and do the same calculations. The Power

spectrum that we use here is,
P(k) = Ak"e "Ik, (3.23)

Where n is the spectral index which take three values n = —2, —1,0 and ky = 1Mpc~!.
The value of constant A is taken such that the condition o(8Mpc) = 1 is satisfied,
where Ry = 8Mpc. The results that we obtained after the calculations are given

below, where we can see that the same trend is followed here:
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Chapter 4

Conclusions

From the plots presented in the last chapter, I can make the following conclusions:

All the graphs show that, environment has effects on halos. The shear at different
scales is correlated as seen from the spectral parameter v and its variation with scale.

This can be seen in case of all power spectra used here.

From figure 3.2, we can see that as the scale representing the environment, Ry de-
creases, the correlation between halo and environment increases. When Ry becomes
Ry, i.e., both the environment and halo are of same scale, they are highly correlated
with spectral parameter, v = 1. In this figure, five coloured curves stand for three

values of R;. For a single value of Ry, this correlation increases as R; decreases.

Figures 3.3, 3.4 and 3.5 shows the same power spectrum for three different values of
spectral index. Here we can see that the correlation between halo and environment
is strong for small value of spectral index. It is also clear that the spectral parameter
falls off faster for larger n and for a given n, the variation with scale is mainly due to

the Gaussian cutoff in the power spectrum.
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