Growth of Groups

Jitendra Rathore
MP14009

A dissertation submitted for the partial fulfilment of

MS degree in Science

IN PURSUIT OF KNOWLEDGE

Indian Institute of Science Education and Research Mohali

April 2017






Certificate of Examination

This is to certify that the dissertation titled “Growth of Groups ” sub-
mitted by Mr. Jitendra Rathore (Reg. No. MP14009) for the partial
fulfilment of MS degree programme of the Institute, has been examined
by the thesis committee duly appointed by the Institute. The commit-
tee finds the work done by the candidate satisfactory and recommends

that the report be accepted.

Prof. I. B. S. Passi  Prof. Kapil Hari Paranjape  Dr.Pranab Sardar

(Supervisor)

Dated: April 21, 2017






Declaration

The work presented in this dissertation has been carried out by me
under the guidance of Prof. I. B. S. Passi at the Indian Institute of

Science Education and Research Mohali.

This work has not been submitted in part or in full for a degree, a
diploma, or a fellowship to any other university or institute. Whenever
contributions of others are involved, every effort is made to indicate
this clearly, with due acknowledgement of collaborative research and
discussions. This thesis is a bonafide record of original work done by

me and all sources listed within have been detailed in the bibliography.

Jitendra Rathore
(Candidate)
Dated: April 21, 2017

In my capacity as the supervisor of the candidate’s project work, I cer-
tify that the above statements by the candidate are true to the best of

my knowledge.

Prof. 1. B. S. Passi

(Supervisor)






Acknowledgement

It gives me immense pleasure to thank my advisor Prof. 1.B.S. Passi. It is with
deep sense of gratitude that I acknowledge the help and constant support, whether
mathematical or non-mathematical, I received from him.

I would like to thank my research progress committee members Prof. Kapil Hari
Paranjape and Dr. Pranab Sardar for their support and encouragement.

I take this opportunity to thank the Head of the department and faculty members
for providing a lively atmosphere for research. I am thankful to the non-academic
staff of the department for helping me with administrative formalities.

I would like to thank Dr. Abhay Soman and Swathi Krishna for correcting my
thesis. Also, I affectionately thank Sagar Kalane and Pinka Dey. I much appreciate
their constant encouragement and the extra effort that they put in for me.

I take this opportunity to thank my classmates, especially Pratyush Mishra.
Last but not the least, I owe the greatest debt to my parents for their patience

and kind-hearted support.



il



Contents

1__Introduction| 3
2 _Growth| 7
2.1  Preliminaries . . . . . . . . . . ... 7
[2.1.1  Word metric on Cayley graph I'(G,S)| . ... ... ... ... 8

2.1.2 Growth Functiond . . . . . . ... ... o oo 9

[2.1.3  Quasi-isometry| . . . . . .. ... 10

2.2 Growth types . . . . . . . ... 11
2.3 Some Group Theory| . . . .. ... .. ... ... . 20
[2.3.1 Nilpotent Groups| . . . . . . . . . . . ... ... ... 20

[2.3.2  Soluble and Polycyclic Groups| . . . . . . ... ... ... ... 25

[3 Growth of finitely generated Solvable groups| 33
[3.0.3  Growth of finitely generated nilpotent groups . . . . . .. .. 41

[3.0.4  Classification of Growth type of finitely generated solvable groups| 57

4  Groups of Polynomial growth| 59
[4.0.5  Asymptotic cone of a finitely generated group| . . . . . . . .. 61

4.0.6  Gromov’s theoreml . . . . . . . . . .. ... . ... ..... 74

[>  Groups of Intermediate growth| 87
[>.1  Grigorchuk Group|. . . . . . . . . . . . ... ... 88
[>.1.1  Growth of Grigorchuk group|{. . . . . .. ... ... ... ... 97

[>.2  Gupta-Sidki group| . . . . ... 103
[5.2.1  Growth of Gupta Sidki Group| . . . . . . . ... ... ... .. 111

[ Bibliography| 113

il






Abstract

Let G be a finitely generated group with a finite generating set {si, so, ..., Sp}-
We define the length (I(g)) of ¢ € G to be the number of generators required in
the shortest decomposition of g = y1y>...yx, Where each y; is either a generator or
the inverse of generator. Then we can define a metric d on G given by d(g,h) =
I[(gh™'). Now, if B(e,r) denotes the ball of radius r centred at identity, then define
a function v¢(r) : N — N given by 74(r) = |B(e, )|, which counts the size of balls.
The growth rate of group is the study of the asymptotic behaviour of this function
va(n). Depending on the nature of this function, we can classify the growth type into
polynomial, exponential and intermediate. Here, we try to understand these growth
functions and their properties. The asymptotic nature of this function provides us

with a lot of information pertaining to the group.






Chapter 1

Introduction

The topic of growth entered group theory, with a geometric motivation, in the middle
of the last century. The concept of growth of groups deals with the study of finitely
generated groups. This was introduced by A.S. Schwarz and then independently by
J. Milnor. The notion of growth seems to be a very natural one, it arose first not
in pure group theory, but in a geometric application; when it was noted that the
rate of volume growth of the universal cover M of a compact Riemannian manifold
M coincides with the rate of growth of the fundamental group 7 (M). J.Milnor and
J.A.-Wolf demonstrated that the growth type of the fundamental group gives some

important information about the curvature of the manifold.

Analogously, we can associate a metric space to each finitely generated group and
then study the asymptotic behaviour of size of the balls. We define the growth of

group to be this asymptotic behaviour of size of these balls.

In 1968, the problems raised by Milnor initiated a lot of activity and opened up

new directions in group theory and other areas of its applications.

Problem 1.0.1 What are the groups of polynomial growth?

Problem 1.0.2 Is it true that the growth function of every finitely generated group

is mecessarily equivalent to a polynomial or to the function 2™ ¢

In 1968, Milnor [3] and Wolf [9] proved that if a finitely group soluble group G
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does not have exponential growth, then G has a nilpotent subgroup of finite index.
Then in 1972, H. Bass[2] showed that finitely generated nilpotent groups have poly-
nomial growth. So Bass’s result gave a partial answer of [[.0.1} The complete answer
was given by M. Gromov in 1981, who proved that groups of polynomial growth
have a nilpotent subgroup of finite index. In the light of these results, we can say that

a group has polynomial growth if and only if it has a nilpotent subgroup of finite index.

Till 1980, each finitely generated group turned out to be of either polynomial
growth or exponential growth. In 1980, Rostislav Grigorchuk [7] constructed a finitely
generated infinite torsion group and in 1984 it was proved by Grigorchuk [8] that it
has intermediate growth. Along with the intermediate property of the Grigorchuk
group, it also gives a negative answer to the Burnside problem : whether a finitely
generated group in which every element has finite order must necessarily be a finite
group. Gigorchuck group was first constructed as an example for Burnside problem.
Only later was it noted that it has intermediate growth. Later on in 1983, Narain
Gupta and Said Sidki constructed, for each odd prime p, a finitely generated infinite
torsion group and later on they turned out to be of intermediate growth. The existence
of groups of intermediate growth made group theory and other areas of its applications
much richer. Eventually it led to the appearance of new directions in group theory:

self-similar groups, branch groups, and iterated-monodromy groups etc.

The second chapter includes the notion of growth and properties of growth func-
tion. In this chapter, we also discuss some basic results regarding nilpotent groups,
soluble and polycyclic groups. In chapter 3, we discuss the growth of finitely gen-
erated soluble groups. In the first section, we discuss the following result: a finitely
generated soluble group G, which does not have exponential growth, has a nilpotent
subgroup of finite index. The second section includes the proof of the theorem of
Hymann Bass, which says that a finitely generated nilpotent group has polynomial
growth. Chapter 4, includes the proof of Gromov’s theorem, which says that groups
of polynomial growth have a nilpotent subgroup of finite index and the last chapter
discusses the groups of intermediate growth. In the first section of this chapter, we
discuss the Grigorchuk group and show that it has intermediate growth. We also

look at its properties like, it is a finitely generated infinite 2-group, it is residually
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finite, has solvable word problem etc. The Second section of this chapter is devoted

to Gupta Sidki groups, its properties and intermediate nature of it’s growth.






Chapter 2

Growth

2.1 Preliminaries

Definition 2.1.1 A graph is a pair I' = (V, E) , where V consisting of a set of
vertices and F, the set of edges, together with a incidence function r that associates

with each edge of I' an unordered pair of vertices of T'.

Definition 2.1.2 (Cayley Graph) Let G be a finitely generated group and S C G
be a generating set for G. The Cayley graph I'(G, S) of G with respect to the generating
set 'S’ is the graph "Cay(G,S)” whose set of vertices are the elements of G and set
of edges are {(g,9.s) | g€ G,s € SUS™}.

Note that, two vertices in a Cayley graph are adjacent if and only if they differ
by an element of generating set. Cayley graph of finitely generated group gives us a

means by which a finitely generated group can be viewed as a geometric object.

Remark 2.1.3 Cayley graph is not just a geometric object but we can make it into

a topological object(indeed a metric space) by defining a suitable metric.

So, now we will define a metric on I'(G, 5).



2.1.1 Word metric on Cayley graph I'(G, S)

First we will define, the length of a word g € G' with respect to some generating set

S, if we denote [(g) to be the length of g, then it is defined as follows
I(g) =min {n € N |3 s1,82,....,8, € SUS™ | g=5159...5,}

Now, let G be a finitely generated group with a finite generating set S C GG. Then a
map dg : G X G — R on G with respect to S is a metric on G associated with the

Cayley graph I'(G, S), given by
ds(g,h) =1l(gh™") Vg,hed

1. ds(g,h) =0 l(gh™) =0 ght=cs g=nh.

2. dg(g,h) = l(gh™") since gh™! = s155...5,,, which implies that hg™' = s, s 1, ...s7"

T
and therefore I(gh™) = I(hg™') = ds(h, g)

3. Let g,h,k € G such that n = ds(g,h), m = ds(h, k) so gh™! = s1s5...s, and

hk=! = s|s,...s,, therefore gk™' = (gh™')(hk™') = s189...5,8)5h...5",

it follows that,
ds(g, k) <n+m
Therefore, we have
ds(g,k) < ds(g, h) + ds(h, k)

Hence, these three properties shows that dg gives a metric on G, called word metric

on I'(G, 5).

Observation 2.1.4 I'(G,S) is metric space with word metric. In general, the word

metric on a given group depends on the chosen set of generators.

Example 2.1.5 The word metric on Z corresponding to the generating set {1} coin-

cide with the metric on Z induced from the standard metric on R.

Let BS9(e) = {g € G | I(g) < r} denote the ball of radius 7 centred at the identity
e of G.



2.1.2 Growth Function:

Let G be a finitely generated group and S C G be a finite generating set of G. Then
the growth function 72 of G with respect to S is defined as 72 : N — N given by
v2(r) = |B%5(e)|, where | BS%(e)] is the number of elements in the ball BS“(e). If
we denote ag(n) be the number of elements of group G having length r and ¢ (r) be

the number of elements of G of length at most r. i.e..

va(r) = Zag(i). (2.1)

Example 2.1.6 If G =Z and S = {1}. Now we will calculate ag(n) and sg(n)

Take S = {1}. Clearly a¢(0) = 1 and ag(1) = 2, as the generators have length 1.
Since every integer n can be written 1 4+ 1 + 1.. + 1(n copies) if n is positive and
(=1) 4+ (=1)+ ... + (—=1) ( n copies) if n is negative, n and —n are the only numbers
which can be formed by using the n copies of generator such that the length is n.
Hence ag(n) = 2 for all n except 0. By the equation (1), we have 7¢(0) = 1 and
Ya(n) =" gaq(i) =14+24+2+ ... 4+ 2( n copies) = 1 +2(n) = 2n + 1. O

Example 2.1.7 Let G =Z, S = {2, 3}, then the growth function is given by v2(r) =
1ifr=0,5¢f r=1 and 6r+1 if r > 1.

g

Proposition 2.1.8 A group G is finite if and only if ag(n) is eventually 0, equiva-

lently if and only if vo(n) is eventually constant.

Proof: 1f G is finite group say G = {a1, as, ...a, } then we calculate length of each q;

i.e. I(a;) and take the maximum of all such length, say k. i.e.
k =max{l(a;)|i =1,2..,n}

and hence ag(m) =0 V m > k. Then Certainly v¢(m) is constant for all m > k. Now

conversely if v (n) is eventually constant, then ag(n) must be eventually 0(otherwise
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sa(n) would no longer be eventually constant) as since in equation (1), at each stage
n, 7¢(n) be the addition of sg¢(n — 1) with ag(n). Now assume ag(n) is eventually 0,
i.e. 3 k € Z such that ag(n) =0 V n > k. If we show that for each integer ¢ there
are only finitely many elements of length ¢, this will complete the proof. Let z be
an element of length ¢ and write = y;ys...y; where each y; is either s; or (s;)~! for
some 1 < j <mnand 1 <7 <t Since choices for such s; are finite and hence number
of elements of length ¢ are finite, So for each 1 < ¢t < k we have only finite numbers
of element of length ¢, and since ag(n) = 0 V n > k which shows that the elements

in a group G is finite. Therefore, G is finite group. U

Remark 2.1.9 n|2.1.6] and|2.1.7], we noticed that growth function of a finitely gen-

erated group depends upon the generating set. But we will prove that the growth
type of finitely generated group G does not depend upon generating set of a group
i.e. the growth type of G remains the same with respect to any finite generating set.
Let’s make this statement to be more precise. For this we will define the concept of

Quasi-isometry between two metric spaces (X, dx) and (Y,dy).

2.1.3 Quasi-isometry

Let f:(X,dx) — (Y,dy) be a map between two metric spaces (X, dx) and (Y, dy) is

said to be a ”"quasi-isometric embedding” if there are constants ¢,b € R.( such that

Sdx(r,a) < b < de(f(2) @) < cdx(ea) +b Y ad € X

A map f': X — Y has finite distance from f if there is a constant ¢ € R, with

dx(f(2), f(2')) < .
Then the map f is called a quasi-isometry, if it is a quasi-isometric embedding for
which there is a quasi-inverse i.e. a function g : ¥ — X such that gof : X — X has

finite distance from idx and fog has finite distance from idy .

Two metric space X and Y are said to be quasi-isometric if there exists a quasi-

isometry between X and Y. In this case, we write X ~ Y.
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Example 2.1.10 Let X = R, dx = Fuclidean metric and Y = 7Z,dy = FEuclidean
metric, in this case the inclusion map @ : Z — R is a quasi-isometric embedding
and g : R — Z be defined as g(x) = [x], the greatest integer function, then g is a

quasi-inverse of f and hence Z ~ R.
0

Observation 2.1.11 Fvery non-empty metric spaces of finite diameter is quasi-isometric
. Moreover, if a space X is quasi-isometric to space of finite diameter then X must
be of finite diameter as well. Hence, Cayley graphs of any two finite groups are quasi-
wsometric. In other words, if we look at the Cayley graphs of finite groups from far

away, they all looks similar in quasi-isometric sense.

If G is a finite group, then there are finitely many vertices in its Cayley graph
which implies that its Cayley graph is quasi-isomteric to a point. Hence, finite groups
are of no interest to us. Therefore, we are interested in finitely generated infinite
groups.

Now, we will define the Growth type and will prove that the Growth type is indepen-

dent of the choice of generating set.

2.2 Growth types

Definition 2.2.1 ( Quasi-equivalence of generalised growth function) A gen-
eralised growth function is an increasing function from R>o — Rsq. Let f,g: Rsg —
R>¢ be generalised growth function. we say that g quasi-dominates f if there exist

¢, b € Rxg such that
f(r)y<cgler+b)+b V reRs,.

If g quasi-dominates f, then we write f < g. Two generalised growth functions

f.9:Rso = R are quasi-equivalent iof f < g and g < f.

Note that a quasi-equivalence defines an equivalence relation on the set of all gen-

eralised growth functions.
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Growth function yield generalised growth function : Let G be a finitely
generated group with a finite generating set S. Then the function R>y — R defined
as 1 — y&([r]), where ([r] is the greatest integer function) associated with the growth

function 75 : N — N indeed is the generalised growth function.

Equivalence of Growth function: Let G and H be finitely generated groups
with finite generating sets S and T' respectively. Then we say 72 and 7% are quasi-
equivalent if their associated generalised growth function are quasi-equivalent. Hence,

we have a notion of quasi-equivalence class of growth function.

Now, In the next proposition, we will prove that this class does not depend upon

the generating set.

Proposition 2.2.2 Let G and H are finitely generated groups with finite generating
sets S and T respectively.

1. If there exist a quasi-isometric embedding (G,ds) — (H,dr), then v& < k.

2. In particular, if G and H are quasi-isometric, then the growth functions vz and

%?I are quasi equivalent.

Proof: Let f: G — H be a quasi-isometric embedding, hence there is a constant

c € R such that

“ds(9.9) — ¢ < dr([(9), f(9)) < cslg. ) + e ¥ 4.4 €G

We write ¢/ = f(e) and let » € N. Using the estimates above we obtain the following

If g € B95(e) then dr(f(g),€') < c.ds(g,e) + ¢ < ecr+c and thus
f(BES(e)) c BET (&) ¥ g, €G
with f(g) = f(¢’), we have

ds(g,9") < c(dr(f(9), f(g) +c) =

since the metric dr on H is invariant under left translation, it follows that

72 (r) < 1BE®(e)|[Beie(e)]

c.r+c

=2(c)nler +o)
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which shows that 72 < % since 72(c?) does not depend on the radius 7.

Now, interchanging the role of G, S with H, T, we can have 7% < 2. Therefore,
we get 7o ~ Y. O

Corollary 2.2.3 Let G be a finitely generated group and let S and T be two finite

generating sets of G, and 2, v& be their respective growth function. Then v ~ v&.

Proof: Take ¢ = max {dr(e,s) | s € SUT}. Since S and T are finite so ¢ is finite.
Let g,h € G and let n = dg(g,h). Then we can write g~'h = s18s...5, for certain
51,59, ...5, € SUS™L. Using the triangle inequality and the fact that the metric dr is

left invariant by definition, we obtain

dr(g, h) = dr(g, g.51.52...5n)
< dr(g, g9-51) + dr(g-51,9.51.52) + ... + dr(g.51.-50-1,9-51.-5n—1.5n)
= dr(e,s1) +dr(e, s2) + ... + dr(e, sp)
=dr(e,s1) +dr(e, s2) + ... + dr(e, sp)

<ecn

= C-dS(g7 h)

Now, interchange the role of S and T', we will have
ds(g,h) < .dr(g,h) for some ¢ > 0 and hence we conclude that idg : (G,ds) —
(G, dr) is a quasi-isometry. By we have 72 ~ L. O

Our main interest is in the questions related to the order of magnitude of growth

functions, and in that connection we are going to define some terms.

First, note that by writing a word of length m +n as a product of a word of length

m and a word of length n, we get that ag(m + n) < ag(m)ag(n).Therefore

lim (ag(n))Y/" (2.2)

n—oo

exist and it is finite, since G is finitely generated, and we call it w(G) = lim,, ;oo (ag(n))/™.

Similarly we define, s(G) = lim, . (s(n))/", and since sq(n) > ac(n), so we have

13



s(G) > a(G). If we take G to be an infinite group G then ag(n) > 1 V n and therefore
w(G) > 1, so given any € > 0, we have w(G) +¢ > (ag(n))"/™ or (w(G)+e)" > ag(n)

for large enough n. Hence sg(n) = ag(0) + ag(1) + ... + ag(n), therefore we have

sa(n) <1+ (w(G) + &)+ (w(G) +e)? + ...+ (w(G) +¢)"

sq(n) < n(w(G) +¢e)"
So (s(n))Y/™ < nY/"(w(G) + €) and it follows that

s(G) = lim (s(n)"" <w(G)+€e ¥V e>0

n—oo

Thus, s(G) < w(G). So we get

s(G) = w(Q) (2.3)

So if a finitely generated group G is generated by d elements, for every n > 0, we
have a(n) < 2d(2d — 1)""!. So we have w(G) < 2d — 1. The exact value of w(G)
depends not only on GG, but also on the set of generator S, and if that dependence is

important, we will use the notation wg(G).

Definition 2.2.4 A group G has exponential growth if w(G) > 1, and subexpo-
nential growth if w(G) = 1, and G is said to be of polynomial growth if there

exist numbers ¢ and s such that sg(n) < cn®, for all n.

If s = 1 we say that G has linear growth and if s = 2 then we say that G has
quadratic growth. In the case of polynomial growth, its degree d(G) is defined as:

logs(n
d(G) =inf{s|3 ¢ | sa¢(n) <cn’} = limsup logg((n;

Definition 2.2.5 We say that G has intermediate growth, if its growth is neither

exponential nor polynomial.

Proposition 2.2.6 Let G be a finitely generated group, and let H be a finitely gen-
erated subgroup of G. If T and S be finite generating sets of H and G respectively.
Then v5 < 42, where ¥4 and ~& are growth functions of H and G with respect to T

and S respectively.
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Proof: Let 8" = SUT, then S’ is still a finite generating set of G. If r € N, then
for all h € B®T(e), we have dg:(h,e) < dp(h,e) <r,
and so BT (e) ¢ BSY (e).

In particular, we have

and thus 74, < 72 . But we know that (G, dg) and (G, dg) are quasi-isometric, hence
VH G

by we get 78 ~ 78
Therefore, v < 2. In other words, growth of group dominates the growth of

subgroup. O

Basic Properties of growth function : Let G be a finitely generated

group and let S C G be a finite generating set.

Proposition 2.2.7 1. If G is an infinite group, then 72 is a strictly increasing
function, in particular v&(r) >r ¥V r € N,
2. For all r € N, we have
5]

16 (r) < Vi) =1+ (\S|——1)<<2'|S’ -0 =1

Proof: Let G be an infinite group. In order to prove (1), it is enough to show that
W& (r +1) > 7g(r).
Let us consider the ball of radius » + 1 around e and consider the ball
Bi(r+1)={geq|ls(g) <r+1}

So, there exists g € B2(r + 1) such that Is(g) = r + 1 (otherwise we can take B2(r))
and hence g ¢ B2(r) so

|B&(r +1)| > |B&(r)|
it follows that
Ya(r+1) > ~43(r)
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So, 72 is strictly monotonically increasing function. Now, ys(1) > 1 since e € B2(1)

Assume that v2(r) > r then,

Ve(r +1) > 75(r) >

Ve (r+1) >
Therefore, we have
ve(r+1)>r+1

2. Let F'(S) be the free group on a generating set S of G. So we have a homomor-

phism ¢ : F'(S) — G characterised by ¢|s = ids. Moreover ¢ is surjective, because

any g € G can be written as combination of s{'.s3>...s\* (say |S| = k), and then we can

€1

pull back each s{',s3, ..., si* and we will get required word ‘w’ such that ¢(w) = g.

Therefore, we obtain

1) = [BES (o)
= [6(BF ()|
= [BI 5]

= Yr(s),5(T)

Therefore, y5(r) < 7;?(5) (r) V r € N but the growth function of a free group F of

finite rank k = |S|, where k > 2, with respect to a free generating set S is

Vi) (r) = 1B/ (e)l = {g € F(S)[i(g) <7}

i.e. we have to count all the words of length 0,1,2...7.,

Since we are in a free group, there is no non-trivial relation and hence, we have

fy;(s)(r) =14 2|S| +2|S](2|S| — 1) 4+ 2|S|(2|S| — 1)* + ... + 2|5|(2|S| — 1)

=14 2IS|[1+2|S| =1+ (2|S| —1)? + ...+ (2|S] — 1)

—14 2|S”(22|f<1||_—11)1_11
_ 2|5 .
=1+ m(@m -1)"=1))

k .
o) () =1+ m[(% - 1) -1
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Therefore, v5(r) < 75(5)(7”) =1+ %((%ﬂ -1 -1))

So, ’y}?(s)('r’) =1+ %((ﬂﬂ — 1)" — 1)) is an exponential growth function if

r>2. U

Corollary 2.2.8 The Free group of rank n has an exponential growth for n > 2.
Proposition 2.2.9 (Submultiplicativity of growth functions) Prove that

ve(r+1') < 2(r)ag(’) Vo’ €N
Proof: Define a map

f:B2(r) x Ba(r') — Ba(r +1')

given by f(g,h) = gh. Since lg(gh) < ls(g) + ls(h) < r+1', gh € B2(r +1/),
Next we will show that f is surjective. Let g € B2(r + ') ie. ls(g) < r+ 1.
g = 81.89...8¢, t < r+r'. If either t > r or t > 7’ in either case we can pick a subword
out of g of length less than or equal to r and 7’ respectively say wy, wo.
then f(wy,ws) = wywy = g where lg(wy) < r and lg(wy) < 7. If t < randt <7’
then g = s;.55...5; where I5(g) =t <17 so g € B2(r) and f(g,e) = g. In either case,

f is surjective.

Hence, we have

|B&(r + )| < |B&(r)||B&(r)|
which follows that

ve(r +1') <2 (r)aar)

Observe that, we have



and it follows that,

1< lim (ys(m)Y™ < ~v4(1)

m—o0

1/m m

and let lim,, oo (75(m))"™ = eg(say). So, eg > 1. If eg > a > 1, we have yg(m) > a

for all sufficiently large m.

Lemma 2.2.10 Let S and T be finite subsets of a group G and suppose that <'T" >
C < S >. Then there is an integer a > 0 such that yp(m) < yg(am) for all m > 0.

Hence er < (eg)”.
Proof: Let S and T be finite subsets of G and < T > C < S > and
yr(m) ={g € <T > |lr(g9) <m}]
also we have
yr(am) = [{g € <S> |ls(g) < am}|

Choose a = 1+ max {lg(t) | t €T}

Let h € Br(m), write h = t{*t5*..t%»n <m, t; €T

ls(h) = lg(t 432 t0n)
< |ar|ls(t) + as|ls(ts) + ... + an)ls(ty)
<la|(a — 1) +as|(a— 1) + ... + |ay|(a — 1)
< (a—=1)(Ja1| + |az| + ... + |an|)
< (a = 1)ir(h)
<(a—1)m

< ma.

which follows that

Br(m) C Bg(am)

yr(m) < vs(am)
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Therefore, we have
yr(m)™ < ys(am)™ < (ys(am)tem)”

Now applying limit m — oo, we get e < eg. Il

Remark 2.2.11 If G =< S >=<T >, thenes > 1 < epr > 1. In this case we

say that G has exponential growth.

As we have seen that the group G = Z has polynomial growth. Now we will see

that not only Z, but Z" also has polynomial growth.

Proposition 2.2.12 Let T' = {1, T2, ...T»} be a minimal generating set for a free

abelian group Z" of rank n. Then the growth function

s =£(0)(2)

Proof: : Here, G = Z™ = < 11,7y, ...T, >. Let yr(m) be the growth function of G.
For every integer | > 0, let P, denote the function on non-negative integers given by
Py(m) = 1Vm > 0 and if [ > 0, then each of the P(m) is the number of distinct
sequences (ay, as, .., a;) of positive numbers with a; + as + ... + a; < m. Observe that
Py(m) = (}) and if I > 0 then each of the P,(m) sequences give rise to a subsets
{a1,a1+az, ...,a1 +as+ ...+ a;} of cardinality [ in {1,2,...,m}. Conversely if a subset
of cardinality [ in {1,2,...,m} is put in ascending order it is seen to be of the form
{ai,a1 + ag,...,a1 + as + ... + a;}.

Hence, there is a bijection between sequences (ay, as,..,a;) of positive numbers

with a3 + as + ... + a; < m and subsets of cardinality [ in {1,2,...,m}.

Thus, F(m) = (T) = l!(nTil)! = m(mfl)(m*l?!)---(mf(lfl))

so, Pi(m) is a polynomial function of degree [ with positive leading coefficient on

the non-negative integers.
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Observe that yp(m) = > Ny(m), where N;(m) denote the number of distinct ex-
li

—0
pressions 711 752...7% > la;| < m, such that exactly [ of the a; are non-zero.

Let U = {uy,us,...,u;} be any of the (TZL) subsets of T" with exactly [ elements.

ai, az

So by the definition of P}, there are precisely P(m) distinct ui'us?...u)", a; > 0 and
3" a; < m changing the signs of the a; at each place, there will be precisely 2'P,(m)
ai  as

distinet ui'us?...w)", a; > 0 with a; # 0 and > _|a;| < m ( because for each a;, possi-

bility of choice is 2)
Thus, N;(m) =2' (7) Pi(m) and we have, yr(m) = 3 Ny(m)
=0
Therefore, yr(m) = > 2'(1) P(m) =X 2'(7) (}) 0
i=0 i=0

Hence, we have seen that the free abelian group of rank n has polynomial growth

and we also know that finite group has eventually constant growth function.

Corollary 2.2.13 If G is a finitely generated abelian group then G has polynomial
growth.

0
We know that abelian groups are precisely the nilpotent groups of class 1. So the
natural question arises that whether the finitely generated nilpotent group have poly-
nomial growth. We will see in the next chapter that it is indeed the case. Moreover, in
1972, Hymann Bass calculated exactly the degree of that polynomial. So before going

into details of the proof, we will look at some interesting properties of nilpotent groups.

2.3 Some Group Theory

2.3.1 Nilpotent Groups

Definition 2.3.1 : The lower central series v;(G) of a group G is defined as

G =1(G) 2 (G) D .. Dy(G) D ... (2.4)

20



where v;11(G) = [G,v(G)].Then a group G is said to be nilpotent if there exist a
positive integer p such that v,11(G) = {1}. Moreover if p is the smallest such number

then we say that G is a nilpotent group of class p and denote cl(G) = p.

Proposition 2.3.2 Let G be a finitely generated nilpotent group and H be any sub-
group of G. Then H is finitely generated.

Proof: Let H be a subgroup of finitely generated nilpotent group G. Consider the

lower central series
Claim: 7;(G)/7i+1(G) is an abelian group.

First, let’s check that v;11(G) < (G). If ¢ € v41(G),h € v(G) and v,41(G) =
|G, 7i(G)]. Then hgh™ = (hgh™'g7")g € 7::1(G)

S0, %‘+1(G) <17;(G). Hence, %(G)/%‘H(G) 1s a group.

Let 27i41(G), y7i41(G) € %(G)/7i41(G), where z,y € v(G)

then

1

zyr~ 'y~ = [2,9] € 1i41(G)

Y41 (G)yYir1 = ¥Yir1(G)zi

Hence, 7;(G)/7:4+1(G) is an abelian group, which proves our claim. Since we have

lower central series G = 71 (G) 2 12(G) 2 ... 2 1, (G) D .. where, v;11(G) = [G,7:(G)]

Now we will prove that H is finitely generated by applying induction on nilpotency
class of G.

If p =1, G is an abelian group, hence we know that subgroup of a finitely generated
abelian is finitely generated. So assume this holds for all groups with class p or less
than p.

Let G be a group of class p + 1, then

G =71(G) > 72(G) > ... > (G) > Yp41(G) B Ypi2 = {1}
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Given a subgroup H of GG, we can obtain

H=HNy(G)NH>HNY(G)>...0 HNy(G)> HN vy (G) > {1}

But HNv(G) is finitely generated, by induction (class < p), and is isomorphic

__H

HM2(G)

to a subgroup of G/v,(G)

; S <
HNy(G)  1G) ~ %G)

But G is finitely generated, so G /v,(G) is a finitely generated abelian group. Hence,

( )

H N ~,(G) is finitely generated. Since we know that if we have N <G such that both
N and G/N are fintely generated, then G is finitely generated.
Therefore, H is finitely generated. U

If G is a finitely generated nilpotent group, then v;(G)/7i+1(G) is a finitely gen-

erated abelian group for each i .

Lemma 2.3.3 Let XY and Z be subgroups of an arbitrary group G, and suppose
that [X,Y, Z] = [[X,Y],Z] = 1 and [Y,Z,X]| = [[Y,Z],X] = 1. Then [Z,X,Y] =
[Z,X],Y] =1

Proof: ~We want to show that | [Z, X],Y] = 1 or equivalently, that every element
of the group [Z, X] commutes with every elements of Y. So we will show that the
commutators [z,z| for every z € Z,x € X, centralize each element y € Y. This
is sufficient because Cg(y) is a subgroup of G, and so it contains all the elements
generated by these commutators. It is therefore, enough to show that [z, z,y] = 1 for
all v € X,y € Y,z € Z Equivalently, it suffices to show that [z,z71,y] =1V z €
XyeY zeZ

Now [z,y7'] € [X,Y] and so [z,y7',2] € [X,Y,Z] = 1 and similarly we have
1

ly, 27t a] =1so, [wy 2l =y e,y 2]y =1

-1

Similarly, [y, 27!, z|* = 27y, 27, z]z = 1

Since we have Hall-Witt Identity: [x,y™", 2)¥ [y, 274, z]* [z, 27, y]® =1
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1 1

[z,y71], 2] = [z yay ™" 2] = ya~ly e e yay 2

[y, 27, 2] = [y teyzt 2] = zy ety ly gy e

[z, 27, y] = [z twza Yy = w2z oty teza Yy
Now [z,y~ 1, 2]Y [y, 274, z]* [z,27 1, y]* =1
So, using this identity, we get [z,27!,y] = 1. Hence [Z, X, Y] =1 O

Lemma 2.3.4 (Three Subgroup Lemma) Let N be a normal subgroup of a group
G and let X,Y,7Z C G be arbitrary subgroups. If [X,Y,Z] C N,[Y,Z, X] C N, then
[Z,X,Y] C N.

Proof: Let G = G/N and we know that [H, K| = [H, K| for all subgroups H and
K of G.

Then,
(X.Y.Z|=[X.Y].Z| = [[X,Y].Z) = [X,Y. Z] = 1
Similarly,
V.2, X =Y, 2, X| =Y. 2],X] =Y, Z, X] = 1
So, by the previous lemma, we have [Z, X, Y] = 1, which follows that [Z,X,Y] =1

and [Z,X,Y]N = N
[Z, X, Y]C N
O

Theorem 2.3.5 If G* and G’ denote the i*" and j'* term of the lower central series

of a group G. Then [ G',G7] C G for integersi,j > 1.

Proof: We proceed by induction on j, which is the superscript on the right in the

commutator [G*,G’]. Since G! = G, we see that if j = 1, the formula we need is
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(GY,G] = G C G'!. We can assume that, therefore that j > 1 and so we can write

G7 =[G, G]. Then
GG =[G =[G, GG

and to show that this triple commutator is contained in the normal subgroup G*7 it

suffices to prove that by [2.3.4] [G,G?,G'™] C G and [G*, "1, G] C G we have
[G, Gi, Gj—l] _ [GZ, G, Gj_l][GH_l, Gj_l] C G(i-i—l)-‘r(j—l) — Gt

where the containment is valid by the inductive hypothesis. Also, [G%,G'~!, G| C
[Gi-i—j—l, G] — Gz‘+j
Hence, by [2.3.4) we have [G*, |G, G'7!]] = [G', G'] C G"™/, and it follows that

(G, GI) € G

Proposition 2.3.6 Let G be a finitely generated nilpotent group. Then we can choose
a finite set T of generators of G such that if s,t € T then s~ € T and [s,t] € T.

Proof:  Let GG be finitely generated nilpotent group. So we have finite generating
set S = {s1,89,...5,}. Take S’ = S U S™! is finite set that generates G, where S~ is
the set of inverse of elements of S. So S" = {s1,5,...5,,57 ", 85 ,...5.1} . Since G is

a nilpotent group, so 3 k € N such that vy4.1(G) = (1) where 111(G) = [G,7(G)].

ie. [G,[G,[G,...|G,G]]..] = (1) where number of brackets are k. For each 1 < i <
k, if we use i square brackets then number of all possible pairing of brackets is finite,
and for each 1 < i < k we have ¢ empty places and we have 2n elements to fill these ¢
places which can be done in finite number of ways. Since if we use number of brackets
more than k, then the resultant element would be identity. Hence, if we include all
such elements for each 1 <7 < k in S, we call such a set T" which has the following

property that s,t € T = s~ € T and [s,t] € T O
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2.3.2 Soluble and Polycyclic Groups
A group G is soluble if it has a normal series

1=G,<G,1<..<1G; =G (2.6)
with abelian factor groups G;/G,y1. A group G is said to be polycyclic if each factor

G;/Giyq is cyclic.

Remark: Polycyclic groups are soluble groups but not conversely. If we take
G =< a,blab = b’a >

then G is soluble but not polycyclic.

Now we prove some important properties of polycyclic groups and soluble groups.

Proposition 2.3.7 Let G be a finitely generated nilpotent group then G is polycyclic.

Proof: Let G be a finitely generated nilpotent group. Then G has a lower central

series of the form

G = 1(G) > (G > oo b (G) 5 i (G) = {1}

such that v;(G)/7i+1(G) is a finitely generated abelian group. So each quotient can
be refined in such a way that the quotient of the new series becomes cyclic. Hence,

G is polycyclic. O

Proposition 2.3.8 A group G is polycyclic iff G is soluble and all of its subgroups

are finitely generated.
Proof: If G is polycyclic, then certainly, it is soluble. Suppose, we have
G:G()ZGlZGQZZGrzl

Let H be any subgroup of G and H; = H N G; So, we have



Using third isomorphism theorem of groups[17], we have

Hiy  Hiy _, Hi ~ GiH;_,

H ~_HNG, G,nH,_, G,

is cyclic. (- G;NH,_y =G N(Gi-1NH)=G;NH). So we can choose x; € H; 4
so that H; 1 =< H;,z; >. Thus T = {x1, x5, ...z} is a finite generating set for H.

Hence, our claim is proved.

Conversely, suppose G is soluble and all its subgroups are finitely generated. So,

we have a series
G=Gy>G >Gy>..>G, =1

with G; < G;_1 and G,;_1/G; is abelian. Since each subgroup is finitely generated, so
G,;_1 is finitely generated and hence G;_1/G; is finitely generated abelian group. So
we can interpolate between each GG;_; and G; a finite number of subgroups to produce

a series with cyclic factor groups. Hence, G is polycyclic. U

Proposition 2.3.9 If G is a group with a subgroup H such that H is normal in G,
H and G/H 1is polycyclic group, then G is polycyclic.

Proof: Given that,H be a normal and polycyclic subgroup of G. So we have
{1} <Hy<Hy<..H. 1<H.=H
with H;yq/H; is cyclic. Since G/H is polycyclic so, we have
H<H'YH<H?)H<H?/H<..<H'/H=G/H

with
Hi+l /H Hi-i—l
Hi/H ~— H

is cyclic. By subgroup correspondence theorem|[17]
H<HY <«HP .  «HY =G

and
HY HY/H

(2 3
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is cyclic. Hence, we have a series for G.

{1} < Hy<Hy<..H,_1<H, = H<1H1(1) <1H2(2), < H® = G with successive cyclic
quotient. Therefore, GG is polycyclic. U

Proposition 2.3.10 If G is polycyclic group. Then G s finitely presented.

Proof: 1f G is polycyclic, then we have G = Go> G > Gy > ... > G, = {1} such that
G;/Giyq is cyclic. Also, G,_1/G, == G,_; is cyclic. so G,_1 =< a,_1 | R,—1 > and

also G,_3/G,_1 is a cyclic group. Therefore, we have
GT—2/GT—1 =< ar—2G'r—1 ‘ RT‘—QGT—I >

Let g € G,_2/G,_1, so we have

Qr_2
gGrfl = arig r—1

—1 ar_2

. g a,,,72 6 GT‘—I

. — Ol — O —
hence, we can write g 'a;, 5> = a; 7"

9=a,"5'a")
with relations R,_1, R._5. So continuing in this way, we will get

G=< g, A1, A9, ...Gr_1 | Ry, Ry,..R.—_1 >

Hence, G is finitely generated and finitely related. So, G is finitely presented. O

Now we will define some terminologies which will be used in further discussion.

Definition 2.3.11 (Virtually P): A group G is said to be virtually P if G has a

subgroup H of finite index such that H has property P.

Definition 2.3.12 : A group G is said to be virtually nilpotent if G has a nilpotent
subgroup of finite index. G is said to be virtually solvable if G has solvable subgroup
of finite index.
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Since we know that nilpotent groups are solvable, so virtually nilpotent groups are
virtually solvable groups. If G is finite group. Then G is both virtually nilpotent and

virtually solvable because we can take trivial subgroup to be of finite index subgroup.

Example 2.3.13 If G is nilpotent, then certainly G is virtually nilpotent but not con-
versely. Take G = Ss3, the symmetric group of order 6 is not nilpotent but G is virtually
nilpotent. Similarly each solvable group is virtually solvable but not conversely. Take,

G =7 x Sy is virtually solvable but G is not solvable.

Now we will prove one interesting fact about finitely generated group that we will

use in later.

Proposition 2.3.14 If G is a finitely generated group, then G has only finitely many

subgroups of a given index.

Proof: Let G be a finitely generated group and let d(G) be the minimal cardinality
of a generating set for G. Let a,(G) be the number of subgroups H C G such that
|G : H| = n. Let H be any subgroup of index n and

G/H - {H792H792H7 7g7‘LH}

set of all left cosets such that |Q2] = n. We can define a action G x Q — Q given by
(9,9;H) — gg;H and label H by 1 and the other elements of Q by 2,...,n. So this
action induces a homomorphism ¢ : G — S, and ¢(G) is a transitive subgroup (.’
action is transitive) and stabg(1) = H. Keep the label of H to be 1, and vary the
other labelling of Q. So there are (n— 1)! such labelling, and each labelling gives a ho-
momorphism ¢ : G — S,, such that ¢(G) is a transitive subgroup and stabg(1) = H.
So, a subgroup H of index n leads to (n — 1)! homomorphism ¢ : G — S,, such that
®(@G) is transitive subgroup and stabg(1) = H.

Conversely, let ¢ : G — S, be any homomorphism such that ¢(G) is transitive
subgroup i.e. we have action of G on Q(|Q2] = n), such that action G x Q —

is transitive. i.e. orbg(l) = n and |G/stabg(1)| = |orbs(1)| so H = stabg(1) is a
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subgroup of index n. Hence if we denote t,(G) = [{¢ : G — S,, ¢(G) is transitive

subgroup}| then, a,(G) = (t;ﬁcl;))'

If G is finitely generated then number of all possible
homomorphisms from G — S, is finite. Because G has d minimal generating set, a
homomorphism ¢ will be completely determined by the value of ¢ at the generators.

Hence, number of such maps will be at most (n!)¢. So, ,,(G) < (n!)?

which is finite. U

Corollary 2.3.15 If |G : H| = s is finite, then H contains a finite index subgroup K

that is normal in G, and if G is finitely generated, we can take K to be characteristics

m G.

Proof:  Let K be the intersection of all the conjugates of H, or, if G is finitely

generated, the intersection of all subgroup of G of index s. O

Proposition 2.3.16 If G is a finitely generated group and H is a subgroup of G of
finite index, then H 1is finitely generated.

Proof: Let G be a finitely generated group say by finite generating set {z1, xa, ..., x4}

and H < G with |G : H| = s, and let {a; = 1,...,as} be a set of representatives for
right cosets of H in G. Let x = y;...y, be any element of (G, where each y; is one
of the generators or their inverses. Let a;, be the representatives of Hy;, and write
T = yia, 1a,-1y2...yn, then let a;, be the representatives of Ha; y2, and write x =
ylai_ll.ailyga;.amyg...yn, etc., finally obtaining x = ylai_ll.ailyga;....ainflyna;l.ain..
Here the terms a;ya; * lie in H, so if x € H, we have a;, = 1, and x is written as a
product of the finitely many triple product ajykal’l

g

Corollary 2.3.17 Let H be a subgroup of G of finite index and r be the mazximal

length of coset representatives, then
sa(n) <|G:Hl|sgn+7r) <|G: H|sy((r+ 1)n)
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Proof: Let H be a subgroup of G of finite index, let » be the maximal length of
the elements in a system of representatives for the cosets of H. Given an element in
G of length at most n, write it as xu, where x € H and u belongs to our system of
representatives. Then k = [(z) < n+r. Write x = y...yx, where each y; is either a

generator or an inverse of a generator. Then

-1 -1 -1
T =Y1Uy - U1Y2Uy - UY2...YrUy -

, for some u; in our system of representatives. This shows that relative to the gener-

ators of the form (by [2.3.16]) of H, we have [(x) < k, and therefore
sa(n) <|G:Hlsgn+71r) <|G: Hl|sy((r+1)n)
O

Theorem 2.3.18 Let G be a finitely generated group of polynomial growth. Then the

commutator subgroup G' of G is also finitely generated.

Proof: Suppose G be a finitely generated group, therefore G /G’ is a finitely generated
abelian group, it is a direct product of finitely many cyclic groups and we can refine
this quotient so that quotient becomes cyclic. It will thus suffice to show that if N<G
and G/N is cyclic, then N is finitely generated.

If G/N is finite group, then by , N is finitely generated. So we can assume that
G/N is an infinite cyclic group.

G/N=<zN>=Z

Given any generators {z1, T, ..., x4} of G, we can write them in the form z; = z%y;,
where y; € N, and then z,y, ..., yq generate G. If we denote the normal closure of y;
for 1 <¢ <d. Then it is clear that K C N.

Since we have a natural map n : G — G/K, So G/K is generated by the set
{n(x),n(y1),....,n(ya)} = {1,2K}, if suppose xK has finite order and K C N, then
N has finite order, which is contradiction. So G/K is infinite cyclic and G/N is an
infinite cyclic factor group of it, which is possible only if K = N.

Let K; be the subgroup generated by all the conjugates x~"y;2", then N >< Ky, ..., K4 >,

and the latter subgroup contains vy, ...,y4 and is invariant under conjugation by all
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the generators of GG, hence it is equal to N. It will thus suffice to prove that each K;
is finitely generated. If we denote y for y;, and consider the products xy® xy®z...y°",
where each e; is 0 or 1. There are 2™ such words, all of length 2n or less, and the
polynomial growth implies that if n is large enough, two of these words are equal.
Let us consider the minimal n at which equality occurs, say, the word above equals
a similar one with exponents f;. By minimality, e, # f,. Write y(k) = z*y2=, and

write the equality in the form

y(D)y(2)2.y(n)a" = y(1)1y(2)"..y(n) 2"

Since e, # fn, this shows that y(n) can be expressed as a product of y(1),...,y(n —
1). Therefore y(n + 1) = zy(n)z~! can be expressed in terms of y(2),...y(n), and
substituting the expression of y(n) we see that y(n + 1) also belongs to the subgroup
generated by y(1),...,y(n — 1), and an obvious induction shows that all the y(n), for
n > 0, belongs to the same subgroup. Replacing x by its inverse, we see that the
subgroup generated by the y(n) for negative n is also finitely generated, hence so k;
and hence N is finitely generated.

O
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Chapter 3

Growth of finitely generated
Solvable groups

Now, in this chapter we will discuss the growth of finitely generated solvable groups
and finitely generated nilpotent groups and will prove the main theorem of this chap-

ter, which was given by J. Milnor[3] and J. Wolf[9]

Theorem 3.0.19 (Milnor-Wolf) If G be a finitely generated soluble group not of

exponential growth then G is virtually nilpotent.
We will prove this theorem in two steps: First, we will prove theorem [3.0.20]

Theorem 3.0.20 [3] If G is finitely generated group not of exponential growth and
if G is solvable then G must be polycyclic

and then we will prove the theorem (3.0.21

Theorem 3.0.21 [2] If G is finitely generated polycyclic group not of exponential
growth then G must be virtually nilpotent

So the proof of the theorem [3.0.19| directly follows from [3.0.20| and [3.0.21, So we will
devote this chapter in proving theorms [3.0.20| and [3.0.21] In order to prove these

results, we need several theorems and lemmas:-

Lemma 3.0.22 Let 1 - A — B % C — 1 be a short exact sequence of groups,

where A is abelian group and B is finitely generated. If B does not have exponential
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growth, then for an each o € A and 8 € B, the set of all conjugates *aB=% for

k € Z, spans a finitely generated subgroup of A .

Proof: For each sequence i1, 49, ...i,, of 0's and 1’s. consider the expression Sa’ Sa®...fa’™ €
B. In this way, we have 2™ expressions. If these 2™ expressions all represent distinct
elements of B, then the growth function gg of B with respect to any generating set
S for B which containing both 5 and fa, would satisfy: gs(m) > 2, but this leads
to B having exponential growth, which is a contradiction to our hypothesis. Hence,
there must exist a non-trivial relation of the form Sa™ fay,...0c;,, = fa' fay,...Bay,,
for some integer m. Now, we will introduce a convenient abbreviation a;, = f¥a37*,

hence using this abbreviation we have
aftal a2 B" = (fa” 57 (B0l ) (0l 570).. ("l 57)
= Ba’ fa2... Baim
Therefore, we have the relations
allal aim B = oftad? . adm T

i1 19 im __ J1,.J2 j
altoy ..oy = oqtag . PBadm

in A. Since A is abelian, so we can put as together i.e.

PR aimim =1 4y G € {0,1) for 1 < k < m and i, —j, € {0,1, —1} and
all 7y — jp are not zero. In fact we can choose a small m so that we may assume that
11 # 71 and iy, # jn. It follows that «,, can be expressed as a word in aq, s, ..., 1.
Conjugating by f it follows that «a,,+1 can be expressed aa a word in as, ...c,,, and
hence as a word in oy, g, .1 . (. Qg1 = B af™ M) = B(Bmaf )BT =

Bay 1)

Continuing inductively we see that every o with k& > m can be expressed as a
word in aq, g, ...au,—1. Similarly, every a4 with & < 0 can be expressed in terms
of ap, 0, .c.am 1k = 1,1 > 0, = prap™ = g7lap! = (Bla"1p)t =
(Ya=ty™H =t where 8 = v~ !) Hence, T" = span {S*aB~" | k € Z} is finitely gen-
erated. 0

Lemma 3.0.23 Let1 — A — B % C — 1 be a short ezact sequence of groups, where

A is abelian group and B is finitely generated. If C = B/A has a finite presentation,
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then there exists finitely many elements a,...aq € A so that every element of A can

be expressed as a product of conjugates of the «;.

Proof:  Since C' = B/A has finite presentation, so C' has finitely many generators
and finitely many defining relators.

C=<¢B1),-0Br) | 71,7, -7 >. Since we chose (i, ..., Br be a generator for B
50, ¢(B1), ..., ¢(Br) be generator for ¢ = B/A, C has finite number of defining relations.

N(@(B1)--0(Pr) = . = N(P(Br--0(Bk)) = 1

Setting a; = v; (51, ...0k). Let a € A C B and ¢(a) = 1. Since 7, ...y, are defining re-

lators ¢(a) can be written as product of conjugates 1 (¢(51), ..., D(Bk));s s Y1(A(51), ooy D(B))-
.. a can be written as product of conjugates of Y1 (51, ..., Bk)s s V(B vy Br)-

Hence, aq, as, ..., a; are the required elements. Il

Lemma 3.0.24 Let 1 - A — B % C — 1 be a short exact sequence of groups,
where A is an abelian group and B is finitely generated. If C is polycyclic and B does

not have exponential growth, then B must be polycyclic.

Proof: Since C' is polycyclic group so by [2.3.10] , C' is finitely presented. Choose
generators 7y, Vs, ..., Y, for C' so that each element of C' can be expressed as a prod-

uct 7{1%1...7;,” with 41,19, ...,4, € Z. choose elements /1, ..., 5, € B so that ¢(51) =
Y1, 0(B2) = Y2, .., @(Bp) = 7p-(¢ is onto). Now according to [3.0.23] there exist ele-

ments aq, s, ...,y € A so that every element of A can be expressed as a product of

conjugates of the a;. Let b € B, ¢(b) = Ny A= p(B B
So, b(B]*...007) 7 € kergp = Im(A)
and it follows that

BB .)€ A

b= alF7 - 5) )
Now,
b_lozjb:( ?l...ﬁg”)a_laja( Yl..ﬂ;’p)_l)
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, where a € A and since A is abelian, therefore

= (878 ) oy (B ..80)

so clearly each conjugate of o; can be written as in the above form. Let Ay denote
the subgroup of A spanned by aq, ..., a;. Applying to the elements «; and f,
we see that there exist a finitely generated group A; which is spanned by all conju-
gates of the form 51_“04]-5? with 1 < j <[, € Z. Similarly applying [3.0.23| to each
generator of A; and B, we see that all of 8, (8, " ;3] B5?) span a finitely generated
group Ay. Continuing inductively we can construct A, C Ay C ... C A, and it fol-
lows that A = A, is also a finitely generated abelian group. Since we have already
prove that each conjugate of a; can be written as (8i...57) oy (Bi...37)), So A is a
finitely generated abelian group, so by A is polycyclic group. Since C' = B/A
is polycyclic so by we conclude that B is polycyclic group. O

Now we will prove our theorem [3.0.20)

Proof: Since G is a solvable group, we have derived series G = Gog D G; D ... D
Gi = {1} where G, = |G, G|, Gi41 = [G;, G;]. Consider a short exact sequence

1—>G1/G2—>G/G2 —>G/G1 —1

Since quotient of the derived series G1/Gs is an abelian group and G is finitely
generated, G/Gs is finitely generated and G/G; = G/|G, G| is finitely generated
abelian group. So G/G is polycyclic. Suppose we assume that G is not of exponential
growth, then G /G2 can not have exponential growth. Since we know that G/N
has exponential growth, G has exponential growth. Then by , G /Gy must be

polycyclic. Now take another short exact sequence:
1— Gg/Gg — G/Gg — G/G2 — 1

Again, G5/Gj3 is abelian (. successive quotient of derived series is an abelian group)
and G/Gs is a finitely generated abelian group so it is polycyclic. So by either
G /G35 has exponential growth or G/Gj is polycyclic. By the same argument above, we
have G/Gj is polycyclic. Continuing in this way, we will get G/Gy = G is polycyclic

but this is contradiction to our hypothesis. Hence, G must be of exponential growth,
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which is again contradiction which proves our result. O

Therefore, if G is finitely generated solvable group which is not of exponential

growth. Then G must be polycyclic. Next we will prove theorem [3.0.21}

Proof: Let G be a finitely generated polycyclic group. By G is solvable and

all of its subgroups are finitely generated. So consider the derived series of a group G
G:G02G12G2220p+1:{1}

Each subgroup is finitely generated and so its successive quotient is finitely generated
abelian group. Let r denote the sum of their (torsion-free) ranks and it is called rank
of group GG. We will prove our result by induction on r. If » = 0, then successive
quotient is finite abelian. Hence G is finite group. Therefore GG is virtually nilpotent.
Suppose r > 0, i.e. some quotient has copy of Z, if G/G, = Z*®T , 7Z* is free abelian
group and T is torsion-part. Then by Subgroup-correspondence theorem [I7], there

exist a subgroup H of GG such that, we have

H/G,27Z'eT

. G/Gi , 2T
G/H— H/G1 o ZS_IEBT

12

Z

So we have found a subgroup H such that G/H = Z. If G/Gy = T, where T is the
finite part and G1/Go = Z° @ T;. Then again, H, /Gy =2 Z*~' & T} and

G1/Gy ., 2T
Hl/GQ - Zsil@Tl

G1/H, = ~ 7,

and |G : G1] < co. So this time, we have a subgroup G of finite index in G such that
G1/H, = Z and a subgroup H; of G. Since r > 0, replacing G' by a subgroup of finite
index, if necessary we can find an infinite cyclic quotient G/H of G i.e. G/H = Z.

So we have a short exact sequence

1—>H—>Gi>Z—>1

If ¢ € G maps onto a generator of G/H = 7. If define pu : Z — G given by u(1) = t,
i is a homomorphism and also Ao p(1) = A(t) = 1,80 G = Hx <t >. So G is the
semidirect product of H with the cyclic group < ¢ > generated by ¢. Since rank(H)=
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r — 1, because one copy of Z is outside H. It follows by induction that H contains
a nilpotent subgroup N of finite index i.e. |G : N| < co. Since, we know that H is
finitely generated and by [2.3.14] we know that H has only finitely many subgroups of
index [H : N]. So it follows that N has only finitely many conjugates in G. Because
conjugates subgroups have same index as N has, since there are only finite subgroups
of index [H : N]say Ngi, Nga, ...Ng;. If we take their intersection N’ = N:_; Ng; which
is still of finite index, since each Ng; has finite index in H, because if we have N, Ny
such that |H : Ni| < coand |H : Na| < oo, then |H : N\NNy| = |H : Ny||Hy : NN Ny|

N NN,
N,NNy, N,

Since |H : Ny| < 00 so |[N1Ny : Ny| < oo it implies that |H : Ny N Ny| < oc.
Similarly hold for any finite intersection. Hence N’ is normal subgroup of G which
has finite index in H. So we may therefore assume N is normal in G which has
finite index in H. Note that N. < ¢ > has finite index [H : N] G, since we have
G = H. <t > and therefore |G: N. <t >|=|H. <t> N.<t>|=|H:N| <o
so we may assume that G = N. < ¢t >(". upto finite index). Because in order to
prove G is virtually nilpotent if we are able to show that G has a subgroup H of
finite index such that H is virtually nilpotent. Then we are done since in that case
we have |G : H| < oo and |H : N| < oo which implies that |G : N| < co. Now our

G = N. <t >. So N has lower central series
N =7%(N)2%(N) 2 .. 27 (N)={1}

. Refine this lower central series of N to chain N = N; D Ny D ... D .. of G-invariant
subgroups such that Nj, /Ny is either finite or else such that Ny /L is finite for any

G-invariant subgroup L with
Npt1 CLC N,

Np/Npy1 2 Z" BT, there exists a subgroup H/Npy 1 of Ny /Npyq such that H/Np 1 =
Z" and |Nj : H| < oo The latter condition just means that the G-module M), =
Ny, /Npy1 is torsion free and Q ®z M), is an irreducible Q[G]-module.

Lemma 3.0.25 Let < t > be an infinite cyclic group . Let M be a < t >-module

which s finitely generated and torsion free and such that Q ®z M is irreducible.
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Suppose that the semi-direct product M with < t > does not have exponential growth.

Then some power of t acts trivially on M.

Proof: Here, we have < t > = Z be an infinite cyclic group. Let M be < t > module
which is finitely generated torsion free and such that Q ®7 M is irreducible. Let a be
an automorphism of M induced by ¢t: <t > xM — M so ¢, : M — M 1is given by
¢¢(m) = t.m. Since, Q ®z M is irreducible, End(Q ®z M) is a division Q-algebra.
Now consider the subalgebra of End(Q®z M) generated by «, which is Q[a], @ induces
a endomorphism at the level of Q ®7 M namely

1¢:Q@z M — Q®z M
given by

1®¢(Zai®m) :Zai@)&(m)

Since, we know that M be a < t >= Z module which is finitely generated and

torsion-free i.e. (M = Z9) so
@@ZMQQQ?Zng@d

i.e. a € End(Q®zM = Q?) i.e. there are scalars, not all zero, such that - 8,0’ = 0
for B; € Q, it follows that

6(] + ﬁlOé + ...+ ﬂd_HOéd—H =0

We can always choose a constant 3; # 0 such that 8+ S 10 +.. 4+ B¢t = 0.

So without loss of generality, choose 5y # 0

Bo = —(Bra+ ... + Bapra®™™)

1= _(ﬁo_lﬁloz + ...+ /6()_15d+104d+1)
d

at = (BB + ...+ By Baiat) = — Z cia’ € Qlo]
i=0

So, Q[a] = Q(«). Hence, the subalgebra generated by « is a field namely Q(«).
Since, o € End(Q ®z M), we can view « as a d x d matrices over Z. So it satisfy its
characteristic equation. Hence «, is an algebraic integer. Also, a satisfies some monic

polynomial, therefore so Q(«) is a finite extension over Q and we can embed Q(«a) in
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C. Now we wish to prove that a is a root of unity. Suppose « is not a root of unity.
Then we can see « as an embedding of Q(«) in C such that |a| # 1. Now replacing «
by a power of @ (and ¢ by the same power of t), we can further arrange that |a| > 2
(if Ja| > 1) otherwise we can consider Q(a™1)( |a~!| < 1). Now, choose z # 0 in
M. Since, Q(«) is the subalgebra generated by a of End(Q ®z M). So Q(a).x is a
submodule of Q ® M but Q ®z M is irreducible. Therefore, Q ®z M = Q(«).x

Now, by our given hypothesis that the semi-direct product of M with < ¢ > does not
have exponential growth, we can apply by interchange the role of ¢,z in the

place of § and «. Hence, we have a relation of the form
0=eyr +er02 + ... + 1™ o+ o™z

where each e; = 0,1 or —1. This implies that,

m 1

ar = —(egx + erax + ... + €10 )

a™ = —(eg +e1a+ ...+ epmo1a™ )

Therefore,

™ <1+ a4+ ... + (Jap)™ !
(Jaf)™ -1
la| =1

,Since |a| > 2, we have |a| — 1 > 1 it follows that Ia\%l <1

eI < o™ = 1<
So, |a|™ < leg+era+ ... + €p_1a™ ] < |a|™ which is contradiction, because || > 2.
Hence, « is a root of unity. Since « is an automorphism of M induced by ¢, some
power of ¢ acts trivially on M. Now, let’s apply the above lemma to finish our proof.
Now, note that N acts trivially on N, because N), is a G—invariant subgroup. Since
N is nilpotent group by [3.0.25 some power of ¢ likewise acts trivially on M. Thus
there is a power t? of ¢ which acts trivially on all the M,,. If we take G' = N'. < t9 >,

then

[G", Np] = [N. <17, N}] € Ny Vh
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Since t7 acts trivially on M}, = Nj,/Np41 and N acts trivially on M,Vh. Since
G',G'|=[N.<t!, N.<t]]CN=N,
and

=[G, [G, G C G N C N,
(3 = [G[G GG C[G No] € Ny

We proceed like this and since N is nilpotent group so there exist £ € N such that

Now, |G : G| = |3=&| = ‘|<<tz>>‘| = ¢. So, GG’ is a nilpotent subgroup of G of finite

index ¢. O

3.0.3 Growth of finitely generated nilpotent groups

In this section, we will prove our main result which says that if G is finitely gener-
ated nilpotent group then the growth type of G is polynomial, not only that we will

calculate the degree of that polynomial.

To prove this, first let’s make the definition of polynomial growth to be more pre-

cise.

Definition 3.0.26 (Polynomial growth) Let G be a group, S a finite generating
set of G. Suppose that there are polynomials P, Q) with positive leading coefficients
such that P(m) < ys(m) < Q(m) for all m >> 0.

If d = deg(P) and e = deg(Q), then it is clear that there exist constants A, B > 0
such that Am? < yg(m) < Bm€ for all m >> 0. Suppose that T is another finite
generating set of G. By there are integers a,b > 0 such that vs(m) < yr(am)
and yr(m) < vyg(bm) for all m. The latter condition implies that yr(m) < (Bb)m*
for m >> 0 and the former condition implies that yr(m) > vr(a[2Z]) > A([Z)(.

m > a[Z] > ~vs([2]) Since, [2]% = [2 — 1+ 1]%, where [z] is the greatest integer

a
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function. As we know [z] — 1 <z <[z]+1

ARt = A - D7

(. if ™ € Z then [2]4 > (m — 1)

and if ™ ¢ Z then [%]d > (% _ 1)d>

So, we have yr(m) > 4 (m — a)? for m >> 0. Thus y7 is bounded above and

below by polynomials of the same degree with positive leading coefficients.

Let d be a positive integer. We say that G has polynomial growth of degree d if
there exists constants A, B > 0 such that Am? < yg(m) > Bm¢ for all m >> 0 and
this notion does not depend upon the choice of S.

Now, just before writing a main theorem, we fix some notations which we will use

throughout this section.

Let G be a finitely generated nilpotent group with lower central series
G=G12G22..DG, DG ={1}

Let 7, denote the rank of the finitely generated abelian group G},/Gpy1 and write
d(G) = > 51 hrp. Then the theorem says that:

Theorem 3.0.27 [H. Bass, [2]] Let G be a finitely generated nilpotent group with

lower central series
G:GlgGQQQGPQGp+1:{1}

Let ry, denote the rank of finitely generated abelian group Gy /Gpy1 and write d(G) =
> ns1hrn. Then G has polynomial growth of degree d(G). In other words there is
finite generating set T' of G and polynomial P and Q of degree d(G) such that P(m) <

yr(m) < Q(m).

We will prove this theorem in two steps. Our first step will be to prove P(m) <

~r(m) and second step will be to prove yr(m) < Q(m). Let’s start with first step. In
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order to prove it, we need a small proposition.

Proposition 3.0.28 If A and B are subgroup of G whose commutator [A, B] lies in
the centre Z(QG), then the commutator map A x B — [A, B] is bimultiplicative.

Proof: Let A, B < G such that [A4, B] C Z(G), and a map ¢ : A x B — [A, B] given
by ¢(a,b) = a"'b"tab.

é(ad’,b) = (ad' )b taa’b = a/"ta b raad'b

o(a,b)p(a’,b) = a b taba’ b ta'b

Now,

d(ad’,b) = a'ra b aa'b
=ad Ha b rab)b rd'b(- a7 ab € Z(Q))
=a b abd b7 1a'b

= Qb(a’: b)¢(a’/) b)

Similarly, we have ¢(a,bb’) = a='0/"1b" abl/

6(a,b)d(a, 1) = a~ b aba Y aly

Now, ¢(a,bt') = a= ' ta(a™ b tab)b) = a o~ taba 0" al = ¢(a,b)o(a,b) [
a 'b"lab € Z(G)] . So, ¢ is bimultiplicative. O

Now, let’s start the proof of first step. Since we know that by [2.3.5] we have
[Gh,Gk] g Gh+k- NOW7 we will apply 3.0.28 to A = Gh/Gh-H and B = Gk/Gk+1,

Now,

Z(G/Gh+k+1) = {gGh+k+1 € G/Gh+k+1 : GGk 1hGhgirr = WGk 19Ghg k1 VRG g € G/Gh+k—

= {9Ghik11 € G/Ghirsr : ghg 'h™ € Ghypa}
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Z(G/Ghiit1) ={9 € G : g, h] € Gryp1Vh € G
Claim: [Gh/Gthl, Gk/GkJrl] g Z(G/Gh+k+1>

Now,

[Ghy Gr]Ghrra < GrakGhirir _ Gk

Gr/Ghy1, G /G = -
(Gh/Ghi1, G/ Groa) Gttt Ghiks1

Ghik1
Let ¢Ghik+1 € G/Ghriks1, and h € G, since we have [G1, Gpik] C Grixsi], [9,h] C

Ghik+1- So by we have
¢ Gn/Ghy1 X Gi/Gryr = [Gr/Ghyksr, Gr/Ghryia]

given by
&(9Ghiks1, hGhiks1) = [g, h|Ghigy1 is bimultiplicative. So by the universal property

of tensor product , we have a map:

G
VY Gp/Ghi ® Gi/Grpr = [Gr/Ghgis1, G/ Ghgrg) C e hk

h+k+1

and therefore we have a map

VY Gh/Ghi1 @ G /Grs1 — [Gr/Ghiks1, Gi/Ghaks]

~ Gn/G ~ GL/G
Gn  ~ Gn/Gnikt1 and -Gk k/Ghtk+1

= = so we define
Ghi1 Gr/Ghikt1 Gri1 Gri1/Ghryrs1’

Since
VY Gr/Gry1 @ Gr/Grir — [Gr/Ghirst, Gr/ Ghokra)

given by ¥(9Ghy1,9'Gry1) = [9,91Ghins1: if k =1, ¢ 1 Gu/Ghpn @ G1/Gy —
Ghi1/Grao ‘Then ¢ is surjective, because if ¢Gji2 € Gpi1/Ghio, where g € Gy =

(G, Gy], write
g = [, ] [w2, y2] [T,y ]

where z; € G,y; € Gj. Now each [z;,y;] has preimage x;Gp+1 ® y;G2 such that
V(iGhir ® YiGa) = [24, Yi]Ghyz

Since 1) is bimultiplicative, ¥ (z{'Gpi1 ® y;G2) = [T, Yi] " Ghio
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Similarly,

T

YO (@ G ® 4iGa)) = w1, 51]7 (2, 1] % [, 0] G

i=1
Hence for k = 1, f is an onto homomorphism. It follows by induction that if T}
is a finite set in GG, whose image generates GG1/G5 and if we define T}, inductively :
Thi1 = {[s,t] = sts™'t"! | s € T},t € T},}. Then T}, is a finite subset of G}, whose
image generates Gj/Gp11, Now we have Gy, — Gp/Gpy1 given by Ty, — G/Ghriq
similarly G; — G1/G3, So,

Gn/Gry1 ® G1/Gs onf?> Gri1/Gryo.
Here,
gGQ = t?l.t(;Q...tngz

therefore g1 ({1.152...12") € Gy

g =t 5% (LTl ) (T s [t (13 t]]) € T

.'.G:<T1>

Lemma 3.0.29 Let h,m and n be integers such that h > 1,m > 0 and | n |< m".
Let t € Ty. Then there is an element t™ € G, such that t™) = t"mod Gyi1 and

lTl (t(n)) < 8=1Im.

Proof: ~ We will treat only the case n > 0. If n < 0, m = —n > 0, then
tm) = t=n) = ()= Now if h = 1, we put t € T and |n| < m then t™ = ¢
Clearly Ir, (t™) < n and n < 8'"'m = 8"m, by hypothesis.

Suppose by induction, the lemma holds for A > 1. We wish to prove it for A+1. Given
u € Thyr and 0 < n < mM*! we seek u™ = u"mod G4y with Ip, (u™) < 8"m. Let
n =am+ b with 0 < b < m and then 0 < a < m". (Otherwise, n < m"*! so a < mh,
if a > mh = ma > m"* a contradiction). Now u € Tj,y1 = {[s,t] | s € T1,t € Ty} ,
say u = [s,t], ¢ : G1 X Gy = Gpy1/Ghya, given by ¢(a,b) = [a,b|Gj12 and the map
¢ is bilinear. So using the bilinearity of ¢, we have ¢(ad’, b) = [a, b][d, b] (=:modG},42)
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ie. [a% b] = [a,b][a, b](mod Gjia) = [a?,b] = [a, b]*(mod Gjs)

Similarly,
[a®,b?] = [a, b*]*(modG)12)
= [a, b]*(modG,42)

Hence, we have u™ = [s, t]om+?

Now,

[s™ t[s", t] = [s™, t%][s, t]"(mod G} i)

[S? ta] " [3’ t] ’ (mOdGh+2 ) )

[s,1]°™[s, t]°(modGh2))

[5,1]*™ " (modGh i)

u" = [s, 1]t = [s™, 1][s%, 1]

= [s™, tD][s, t](modG)12))
Since, 0 < a < m”", by induction, we have

u" = [s™,t"[s°, 1]

= u"(modGp42))
Then,
I, (u™) < 2m + 2p, (£™) + 2b + 217, (1)
< 2m 4 2m + 20, (tD) 4 2y, ()] Iy, (HD) < 8"
<dm+28""'m+28""m
<4m+4.8"'m = 4m(1 + 8" < 8"m
Hence, u™ is the required element in the lemma, which completes the proof. U

Now, fix an integer m > 0, for each h > 1 choose elements tp,,th,, ..., tn, € Tj
which are linearly independent modulo G}.1. Since, r, = rank of finitely generated
abelian groups G},/Gp1( torsion-free part), we can choose elements tp,,, tp,, ..., th,, €

T}, which are linearly independent modulo Gj41. i.e. whenever ¢3!, 7%, ... t;" € Gy
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which imply that oy = 0,0 = 0,...,,,, = 0. Consider the set S}, of elements

t(ql) t(Q2) (qrh)

m o thy s b, with |g;| < m" for 1 < i < rj, and there are (2m” + 1)™ distinct

elements in S,. Suppose

v 1 5 (gr,)
) ) = g ) (modG,))

tglqll—fﬁ)7 tglq;—q;)’ - tgf;h_qrh) = 1<mOdGh+2)>

but {tn,,thy; .- th,, } is a linearly independent set modulo Gpy2. So, ¢1 = ¢, ..., ¢, =
q;,- So there are (2m”+1)™ distinct elements in S, because ¢; has (2m"+1)"™ choices
and each of T}- length < 7,.8"'m or less . Now consider the sets 57,52, ...5,
for each h =1,2,...,p and

Sp= {0

Claim: The product map is S; x Sy x ... x S, = G is injective.

Suppose

(2) (2) (») )

W . ar b
(1) ...tigi))(tgll Lty )ttt ) = {1}

and also we have G D G2 D G3 D ...G, D Gp1 = {1} Reducing the equation over

Go, we get

(2) (2) (p) (p)
(48 A G (18 152 )G (1t )G = G,

1ry 2rg

since, we have

(2) ()
(tgll ...lfqr2 ) C Gy, T3 C G C GQ...Tp C Gp C Gy

2rg

we get t‘fll...t%fll Go = Go, since {t11, t12, ..., t1,, } is a linearly independent set modulo

Gy. Soq1 =0,90=0,...,¢,, = 0. Now we have left

(2) (2) (p) (p)
(3 - t5,2).(th tph) = {1}

Now reduce the equation over G5, we get q§2) = 0...q(2) = 0. Similarly, q(”) =0V1<

2ro 7

1 < ry. Therefore, the product map

A7



S1 xSy x ... xS, = G is injective. So its image consists of
P(m) = H(th + 1)
h>1
distinct elements and each of Ti-length at most
Z 8 trym = m(z 8" try) = em
h>1 h>1

for some c.
Thus, P(m) < 7, (cm)

Since, P(m) = [],s,(2m" + 1)™. So P(m) is a polynomial of degree }=,., hr), =
d(G) with leading term 2°m?, e = Y7, ., 7. Since the notion of growth does not
depend upon choice of generator, P(m) < ~yp(m), where degP(m) = d(G), which
completes the proof of first step.

Now we will prove the second part of theorem [3.0.27|i.e. vr(m) < Q(m), where
Q(m) is a polynomial of degree d(G).

Proof:  Since G is finitely generated and a nilpotent group, so by [2.3.6, we can
choose a finite set T' of generators of G such that s,t € T = s' € T and [s,t] € T.
We have the lower central series G = G; O G2 2 Gs.... 2 G, D Gy = {1}. We put
T, =T NGy, for h > 1, so that

T=T12Ty,2..2T, 2T, ={1}, and G, =< T}, > for all h > 1 because
our T is the set of all possible commutators. Let’s recall [2.2.12] P.(m) be the growth
function of a free abelian group of rank r with respect to a standard basis i.e. There-
fore, P,(m) =3 2'(7) (") is a polynomial of degree r with positive leading coefficient.

To prove yr(m) < Q(m), where Q(m) is a polynomial of degree d(G) , we need a

proposition from which it will directly follow:
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Proposition 3.0.30 There exist constants Ay, Ao, ..., A, with the following property:
given integers ¢ > 1 and h with 1 < h < p, there exist integers c; > 1, for h < j <p,
such that ~yr, (emh) < Ay, [15h Pry(cjm?) for all m.

Proof: Suppose h =1,sincem <cm (c>1)and T =T, (T1' =TNG, =TNG =1T)
we conclude from the proposition that yr(m) < Ay. [, P, (¢;m/) . Since we know

that

Py, (e;m) =_ Z : C]) (Cj;nj)

i=0
So, P,,(¢;m7) is polynomial of degree jr; and Ay [] i Py (¢;m?) is polynomial of degree
Y. jrj =11+ 2.y + ... it implies that

> j>1Jrj = d(G). Hence, A;. 1], P, (c;m’) is a polynomial with positive leading
coefficient of degree .-, jr; = d(G). So it follows that y7(m) < Q(m), where Q(m)
is a polynomial of degree d(G).

Now fix, 1 < h < p. List the elements of T}, /Tp1 : t1,t2, ..., t; so that t1,ta, ..., 1,
are linearly independent modulo Gj.; because rank(Gj/Gpi1) = r,. Therefore,
Gy/Gpe1 = 7' @ T where Z™ is the free part and T is torsion part. So, <
ti,te, .. ty, > = Z™ and < ty,t9,...,t,, > Ghy has finite index, say N, in G,
(.- 3 subgroup H of G), such that H/Gpyy 2 7™ |, Gp/H = T with |G}, : H| < 00).

Now we will define some terminology:

By a word in T},, we mean a finite sequence w = (sy, Sg, ...s,,) of elements of T},.
It is said to represent |w| = s12...8, € Gj,. We say w is prenormalized if it is of the
form

w = (tl,tl,..tl,...tl,tl,..tl,v) (31)

where first a; coordinates are of ¢;, for 1 < i <[, and v is a word in T}, ;. We say w
is normalized if further a; < N for r, < j <[. Now, let w = (s1, s2,..5,) be a word in

Ty. If S C Tj, let degs(w) be the number of s for which s; € S. Put g =p—h +1
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and let d = (dy, ...,d,) € Z9, we write deg(w) < d = (dp, ..., d,) if degr,\7,,, (w) < d;

for h <i<p.

Let Gi(d) = Gy(dp, ..., d,), denote the set of words w such that deg(w) < d, and let
G, (d) be the set of words in Gj,(d) that are normalized and elements of G}, represented
by these sets will be denoted |Gp,(d)| and |G),(d)| , respectively. If w € G}, (dp, ..., d))

is normalized word as above with a; = deg;, (w), then
ap + as + ... + a; = degy, (w) + degy, (w) + ... + degy, (w)

since, t1,ta,...,t; € Ty \ Thy1 and degp\1,,, (W) = a1 +az + ... +a; (. degp\1,., (W)
be the number of elements ¢; such that t; € T}, \ T4 and since a; = deg; (w) and
v & Tj, \ Thy1 so v would not contribute to degr,\1,,,(w)). So, ay +as + ... +a =
degr\1,., (w) < dy (w € Gy, (dp, ..., dp) also deg(w) < d ie. degp\1,,,(w) < dij,h <
i < p, In particular, i = h and degrp,\7, ., (w) < dy). Hence, we have a; +as+...+a; =

degr,\1,,, (w) < dp. It follows that

Card]Gﬁl(dh, ceey dp> |§ A’hP,ﬂh(dh).C’a'rd ‘ Gh+1(dh+1, ey dp)‘ (32)

where A} = (I — 7)Y + 1. Let 7 : Z? — Z7 be the endomorphism defined by :

7(dp, dpyr, ooy dy) = (0, dp, ... dp_y)
T((dn, oy dp) + (dy, dyy iy, oy dy)) = T(dn + dyy, . dp + )
=7(0,dp, +dy,....dp 1 +d,_,)
= (0,dn, ..., dp—1) + (0,dy,, ..., d,, )
= 7(dp, ... dp) + 7(d}, dj 4, ... )

Hence, 7 is an endomorphism.

Lemma 3.0.31 Letd = (dy,...,d,) € Z% and put d' = (I+7")%(d),w € Gy(d). Then
there is a word wy € Gy(d') such that |wy| = |w|, deg, (w1) = degy,(w) for 1 < j <1

and wy is prenormalized.
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Proof: Consider an occurence of ¢, in w, say (..., s, t1,..). We have st; = t;s[s™1 t7]

so we can write st; = tys[s7 ¢t and [s7 7 € Ty, (s e T, =G,NT,s € Gy
and t; € Tj, C Gy), since |Gy, Gy] C Gap, and [s71,t71] € Gop, Ty, = T N Gy, since
s,t; € T, = TNG), where s,t; € T but T has the property s, ;' € T = [s7', ;'] €
T, hence [s7', ;'] € TN Gap, = Top.

" [871,t1_1] € Toy,.

we can replace (s, 1) in w by (t1, s, [s7',¢;']) so t; occurs before s.

So we do not alter the group element represented and we move t; one step to-
wards the left at the cost of an extra term [s~!,#;']). Note that we have not changed
the degree in the ;1 < j < 1. (.- [s7, 4] € Ton = [s7 447" & T \ Thia). Mov-
ing t; all the way to the left therefore yields a new word w’ such that |w'| = |w],
deg,;(w') = deg,;(w') for 1 < j <[ and such that the term of w’ are those of w plus
one extra term of the form [u~!,#']), for each u in w originally occurring to the left

of our t;. If u € T then [u™,#,"] € Thyp.

cu€el, =TNGLu€e Gk,tl_l eTl,=TnN Gh[ufl,tl_l] € Gpig,u,t € T[u,t] €
T and [u ' t;'] € TN Ghap = Thyx). It follows that deg(w') < (dp,...,d,) +
(0,..,dp, ..,d,1), Since 7 : Z¢ — Z¢

T(dh, ceey dp) = (0, dh, ory dpfl)

™(dp, ...,dy) = (0, ...,0,dp, ..,d,_p,), where first h coordinate are 0.

Also I(dy, ...,d,) = (d, ..., d,), where I is the identity map.

So
deg(w') < (dp, ..., dp) + (0, .y dpy oy dpp) < (I +7")(d) (3.3)

This is because T; \ Tj41 degree of w’ is augmented over that of w by the terms [u™!, ¢!]

by at most d;_j, in number, where u € T}, \ Tj_441. Put a; = deg;, (w). By the above
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procedure we first move all a; occurrences of ¢; to the left, then all ay occurrences
of t9, and a; occurrences of ¢;. The result will be a prenormalized word w; such that
|w1| = |w| and deg(t;(w1) = a; for 1 < 5 <. Moreover it follows from above that

deg

(w1) < (I4+7"(ar)...(I +7")(a)(d)

< (I +7)(dp)d = d

(. a1+ as+ ...+ a; < dp) which proves the lemma’s proof. Hence, we have a word w;
which is prenormalized and deg,;(w;) = deg;; (w) and they represent the same word.

i.e. |wirvert = |w| .

Now, in order to normalize prenormalized words, for each j = r, + 1,7, + 2, ...,
we choose a word s; in {t1,...,t,,} U Tj41 representing tj-v. Choose a constant & > 0
such that that deg (s;) < k = (k,k,...,k) Vj. Now let w and w; be as in the previous
lemma, wy; = (t1,t1, ..., t1.....t, .13, v) is prenormalized, a; = deg;,(w) and |wi| = |w|
for rp, < j <, we divide a; by N.

We may write a; = b;N + ¢; with 0 < ¢; < N. Then replace (¢;,t;,...,t;) in wy by

(84,85, ..., S5, tj,..t;) where b;, ¢; are the number of s; and ¢; copies for r;, < j <1 (-

where |s;s;...8;t;...t;] = s?jt? but s; represent ¢tY. So, |s;s;...5t;..t;] = tjybﬁcj =ty
So the result is a new word wy with the following properties : |wy| = |wy|, and

degy,(ws) < N for rp < j <1 and

deg(ws) < d' + () < j < Ib)k

Th

<d + () ak

1<j<1

<d +dyk

Now if e,e’ € Z9 , we denote e < €', if e; < €Vj. In this case, when d;, < d; for j > h.
dpk = (dpk, dpk, ..., dyk)

kd = (kdy,kdpya,...,kdy) since d, < d; for j > h and kd, < kd;Vj > h
= dpk < kd. Since Th(d)<0, ey 0, dp, u,dp—h)

52



(I +7")(d) = (dn, ooy dy) + (0, oo, dp, ooy )

= (dn, dnt1, s don—1, dnihs oy dprp—n)
so, dyk < kd < (I + 7")%(kd) and since d' = (I + 7")%(d), we have d’ + dpk =
(I + 77 (d) + dpk

< (I + 7" (d) + dk
< (I + 7" (d) + (I + 7)™ (kd)

< (1+k)(I + ") (d). We conclude therefore, if d; > dj, for j > h, then
deg(ws) < (1+k)(I + ") (d) = d” (say) (3.4)

Next we again apply to wy ,to obtain a new prenormalized word ws with
the following properties: |ws| = |wa| = |wi| = |w|, degy,(w3) = deg,(w) < N for
r, < j < 1. From the equation(4), deg(ws) < (I + 7")¥»(d”) = d”. Note in partic-
ular that ws is normalized, then d”j, = (1+k)d;, and so, d” = (14 k) (I +7")+Rde(d).

(. deg(ws) < (I+7) 100 (d) < (T+7) 0T k)dy, < (14k) (T+7") 2R (d)).
Then, we have shown that w € G (d) , there exist ws € G} (d") such that | ws|=| w],
provided that d; > dj for j > h.

One can say that, given d = (dy, .., d,)Z? with that d; > d, for j > h, we have

|G (d)| C| Gh(e) |, wheree = (1 + k) (I + )@ HRdn () (3.5)

Now, let ¢ be a positive constant and assume that d = (cm”, ..., emP) (dj, = em™).
Put M = (2 + k)dj, = (2 + k)em”

Then, e = (1 + k)(1 + 7") @R (q)

e=(1+k)(I+7)"(d)

e=(1+k)I+ ") ™+ (Y) 2+ ..)(d)
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(-1 = M=) — i =
So, e < (1+k)(I +Mr"+ ]\2/[—!27'2h +...)(d) since, 7 : Z9 — 71
7(d) = (0,dp, ...,d,_1) and therefore 7"(d) = (0,0, ...dy, ...,d,_1,) and (77(d)); = 0,

[ (]\1/[) M _ M, (]E/[) o M!  MM-1)(M-2)....M—(j—1)) < Mj]

(7"(d))ny1 = dj, and similarly we have (7"(d)),—n = dp_p. In general, (7"(d)); = d;_p,
for h <1¢ < p. Then we have
e < (1+k)(I+ Mr"+ 22020 4 )(d)

e; < (1+ k) (d; + Md;_p, + 22d; o, + ...)(d)
the term Aj—!jdi_jh being understand to be zero if © — jh < h and is otherwise equal to

L2+ k)em!emi—h = el@Hhd

[ Th(d) = (07 ) a07 dhv ) dp—h)

12+ R)em!Pem™3t = F[(2+ k)lm"em? ="

= %[(2 + k)’ em’

= C?,“l [(2+ k)c)’ , and put M = (2 + k)em™]. Then put z = (2 + k)c, we have

e < (L+k)em'(1+z+2 +..)

< (1 + k)(ce”)m’. This proves that if ¢ is a constant (¢ > 0) and if d = ¢4,

§ = (mh,...,mP), then
(1+E)(I + 710 (d) < 6, whered = (1 + k)ce®Pe (3.6)

It is just by looking at equation no.(3.5), Now from equation (3.5) and (3.6), we obtain

|Gr(em”, ... ;emP)| C |G} (dm", ..., d'mP)| (3.7)
and from equation (3.2), we have

Card|G),(dm",...,dmP)| < A} P, (¢m")Card|Gpi1(dm", ...d'mP)| (3.8)

where A} is a positive constant. Now, we will prove our main result vr(m) < Q(m),

just by using these result which mentioned in equations (3.2),(3.5),(3.6),(3.7) and in-
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duction.

Claim: There is a constant A, > 0 such that given ¢ > 0, there are constants
Ch, ---, Cp > 0 such that
Card | Gi(em”, ...,cmP) |< A, H P, (¢;m’) Ym (3.9)
i>h
Since by equation (3.7), we have
Card | Gy(em”, ...,emP) |C| G} (¢m", ..., ¢'mP) | and from equation (3.8), we have
Card | Gy (dm", ..., dmP) |< A} P, (¢m")Card | Ghy1(dm"™L...dmP |. So, we obtain

from these two equation; there are constants Aj > 0 and ¢’ such that
Card|Gp(cm”, ...,cmP)| < A}, P, (em™)Card | Gyoq (¢m L .dmP |

if h =p, Ay = A = Alc, = . In that case A, [[ -, P (¢;m?) = A P, (c;mP),

j>p Ty

Card|Gy(emP)| < ApP,, (dmP) = Ay P, (c,mP)

Hence h = p proves our claim. If h < p, then we apply induction to A + 1 and ¢
to obtain A4y > 0 and ¢p44, ..., ¢, > 0 such that
Card|Ghyi(dm"™, .. dmP)| < A H P, (¢c;m’)
j>h+1
Therefore, the claim follows by taking A, = A} .Api1c, = ¢ and
Card|Gy(em”,...,emP)| < A} P, (¢m") A H P, (¢;m’)
J>ht1

S A/h-Athl H Prj (ijj>

Jjzh
Call A, = A} Ap41 new constant. So, our claim is proved i.e. there is a constant
Ap, > 0 such that given C' > 0, there are constants ¢y, ..., ¢, > 0 such that
Card|Gy(em”,....emP)| < A, H P, (c;m’)Vm
Jj=h
To prove it suffices to show that ~z, (cm") < Card|(Gy(emh, ...,cmP)|. But

h

this is clear, because each element of T}, length < e¢m” is represented by a word w in
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Ty, of length < em” and evidently, w € Gj(em”,...,emP). (w € Gph <

em™ < em’h < i < p so,

degTh\Th+1 (U)) < th

deg(w) < em”

w € Gp(em”, ..., emP)

So,

vr, (em™) < Card|Gy(em”, ..., emP)|....eq(10)

Hence from (3.9) and (3.10), we have
vr, (em") < Card | Gi(em”, ...,emP) |< A, H P, (¢c;m?)

i>h

yr(em™) < Ay, H P, (¢c;m?)

i>h

which proves the proposition [3.0.30, Now, T =T NG =T

yr(m) =[{g € G : lr(g) <m} |

Claim: yp(m) < 7, (emh) soif h=1,m < cm, T =T,

yr(m) < yr,(em) < AT B (eym)

Jj=h

yr(m) < Ay H P, (c;m?)

Jj21

... < pand

(3.10)

Now, let Q(m) = Ay.[[;5, Pr,;(c;m’) be a polynomial of degree ), hry, = d(G).

Then we have yp(m) < Q(m), where Q(m) is polynomial of degree d(G), which com-
pletes the proof. Now, from first step of theorem [3.0.27, we have P(m) < ~r(m),

where P(m) is a polynomial of degree d(G) and from second part, we have yr(m) <

Q(m). Hence yr(m) is polynomial function. Hence we have our main result that if

G is finitely-generated nilpotent group, then GG has polynomial growth and degree of

growth is d(G), where d(G) = ), -, hry, and 1, = rank(Gr/Ghy1).
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3.0.4 Classification of Growth type of finitely generated solv-
able groups

In this section, we will completely classify the growth types of finitely generated solv-
able groups by using the results in previous section. Let G be a finitely generated
solvable group. Then G may have a exponential growth or not. Suppose G does
not have exponential growth. Then by [3.0.24] G must be polycyclic. Now , if G is
a finitely generated polycyclic group which does not have exponential growth, then
by G must be virtually nilpotent i.e. G has a nilpotent subgroup(say H) of
finite index and |G : H| < co. We know that by Milnor-Svarc lemma [19, 91|, H is
finitely generated, G and H are quasi-isometric. So, H is finitely-generated nilpotent
group. So by [3.0.27, H has polynomial growth. Now, since by we know that
Quasi-isometric groups have same growth type. So G and H have same growth type.
Hence, G is of polynomial growth. i.e. if GG is finitely generated solvable group and
G is not of exponential growth then G must be of polynomial growth. So, we have
classified the growth type of finitely generated solvable groups. Hence, the possible
type of growth of a finitely generated solvable is either polynomial or exponential.

Hence finitely generated solvable group can not have Intermediate growth.
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Chapter 4

Groups of Polynomial growth

So far, we have seen that finitely generated nilpotent groups have polynomial growth,
but we still don’t have the complete answer for Milnor’s question (What are the groups
with polynomial growth?). In this section, we will answer this question in more gen-
erality. In 1981, M. Gromov completely classified the groups with polynomial growth
and proved that if a finitely generated group has polynomial growth then it must have
a nilpotent subgroup of finite index. In light of the previous result and Gromov’s re-
sult, we have: A finitely generated group has polynomial growth if and only if it is
virtually nilpotent. In this section we will prove our major theorem namely Gromov’s

theorem:

Theorem 4.0.32 (Gromov’s) [J] Let G be a finitely generated group of polynomial
growth, then G has a nilpotent subgroup of finite index.

We know that we have a metric space associated with any finitely generated group.
Gromov’s idea was to construct a sequence (X,,) of metric space such that distance
between two points in X, is closer than the distance between the same points in X,
and then he constructed a limit space of that sequence, called the asymptotic cones(in
which two points are too close). Not only did he define that space, he also gave a very
nice action of a group GG on that space X and deduced many interesting properties
of the group. In particular if the limiting space is nice (homogenous, path-connected,
locally connected, complete, finite dimensional , locally compact) and our group G has

polynomial growth then from that action we can deduce that G is virtually nilpotent.
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This proof involves techniques of non standard analysis namely filters, ultrafilters, ul-
traproduct, asymptotic cone etc. and it stimulated a lot of activity in different areas
of mathematics. His proof used the idea of the limit of a sequence of metric spaces,
as well as Montgomery and Zippin’s solution of Hilbert’s 5 problem|[I1] and Tits
Alternative[I5].

Later on, there are various proofs given by many people namely Van den Dries and
Wilkies in 1984, who used the same approach but a slightly improved version, and
then by Bruce Kleiner in 2010, whose proof relies on harmonic analysis without using
Zippin’s solution of Hilbert 5* problem. Y. Shalom and Terrence.Tao in 2010 gave
another proof which also depends harmonic analysis. Here, I present the proof of

Gromov’s which uses the theory of Asymptotic cones.
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4.0.5 Asymptotic cone of a finitely generated group

Let’s start with the definitions of filters, ultrafilters etc,

Definition 4.0.33 Let S be any non-empty set. A filter on S is a family F of subsets
of S with the following properties:

(i) ¢ F

(ii) if A, B € F then AN B € F (closed under intersection)

(i1i) if A€ F and A C B then B € F (closed under superset inclusion,).

Example 4.0.34 Let S = {1,2,3}. Consider F1 = {{1},{1,2},{1,2,3},{1,3}} is a
filter on S but U = {{1},{2},{3},{1,2},{2,3},{1,3},{1,2,3}} is not a filter on S
because {1} N {2} = 0.

Observation 4.0.35 1. Filter can not contain two disjoints subsets.

2. Filter always contains at least one element (namely set itself).

3. Union of two filters need not be a filter on S. Take Fy = {{2},{1,2},{2,3},{1,2,3}}
and F3 = {{3},{1,3},{2,3},{1,2,3}}, and FoUF; = {{2}, {3}, {1,2},{2,3},{1,3},{1,2,3}}
s not a filter on S.

4. Symmetric difference of two filters need not be a filter.

Consider Fo A\ F3 = {{2},{3},{1,2},{1,3}} is not a filter.

Proposition 4.0.36 The Intersection of two filters on a set S is always a filter on a

set S.

Proof: Let F', F"” be two filters on S. Since, S € F',F" = S € FFnF' ie.
F'N" is a non-empty set. Also, () does not belongs to both so § ¢ F' N F". Let
A Be FNF' =ABeF . F'=AnB e F,F” and hence ANB € F nF"
Suppose A € FFNF" and A C B, since A € F' = B € F' and similarly we have
A e F" = B e F" and hence we get B € F'NF". Thus, F' N F" is a filter on S.

Definition 4.0.37 A maximal filter on a set S is called an ultrafilter.
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Example 4.0.38 Fi, Fy and F3 are ultrafilters on S = {1,2,3} but S = {{1,2,3}}
is not an ultrafilter on S( S C JFy).

We have seen in the above example that ultrafilter on a set is not unique.

Definition 4.0.39 The family of all subsets of S containing a fized element s € S,

is termed as a principal filter.

Remark 4.0.40 Our definition of principal ultrafilter demands that the set of all
subsets containing a particular element forms a filter. Infact, we can easily prove that

this set forms a filter and indeed an ultrafilter.

Example 4.0.41 Consider the all subsets of S = {1,2,3} which contains 1 say F; =
{{1}.{1,2},{1,2,3},{1,3}}. Similarly we can define F; for i =1,2,3. and these are

all examples of principal filters on S.

It is clear that the set of all subsets containing a particular element s € S forms
a filter say F,. Now we will prove that it is indeed an ultrafilter on S.
Suppose Fy is not an ultrafilter on S i.e. there exist a filter ) which contains F; as a
proper subset i.e. 3 A € Y such that A ¢ F, but by the definition of F,, s ¢ A and
since {s} € Fs C Y = {s} N A = (), which contradicts that ) is a filter on S. Hence,

F, is an ultrafilter on a set S.

Now, we have seen that all principal filters on a set S are ultrafilters but the
natural question arises that whether the converse holds? We will see in the next

proposition, that converse holds if S is a finite set.

Proposition 4.0.42 If S is a finite set, then all ultrafilters are of principal type.

Proof: L.et F be an ultrafilter on S = {ay, as, .., a, }, then certainly S € F. Consider
a set T is the set of all those subsets of S which contains a;, where a; € T =) Jerd
since 1" is non-empty so we can pick some a; € T and consider the filter F,,, the

set of all subsets of S which contains a;. Consider F,, UT. First we will prove

that F,, U T is a filter. Clearly 0 ¢ F,, UT. If A € F,, UT and A C B, if
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Ace F=BeF=BeF,UT andsimilarly it B€ T = B € B € F,, UT and
it A,Be F,,UT. Since a; € A,B = a; € AN B and T contains all those subsets
which contains a; € 7 so, ANB €T C F,, UT. So F,, UT is filter on S. But since
Fa, € Fo,UT and F,, is an ultrafilter on S so we have F,, C F, UT = F,, = T C F,,

and since F,, is principal ultrafilter and so we get T = F,,.

Now, if S = {aj,as,...,a,}, then all ultrafilters on S are of the form F,, for
1=1,2,...,n and these are the only n ultrafilters on S but if S is an infinite set then

it is possible for ultrafilter to be non-principal.

Example 4.0.43 If S is an infinite set, then the family of all cofinite sets is a filter.

Consider F = {A € P(S) | A = B¢, where B is a finite set}. Clearly ) ¢ F because
)c = S is not finite set. Now, if A, B € F,i.e.A = A{, B = B, where | A; |< o0
and | By |< oo, then AN B = AN Bf = (A; U By)© and since A, By are finite set
so is A; U By, therefore AN B € F, and if A € F, A C C for some C € P(S) then
since we have A = A§ where | A; |< 00, so A] C C' = Ay D C° since A; is finite and

sois C°¢ = C € F. Hence, F is a filter on S and this filter is called the cofinite filter. [J

Now we will construct a non-principal ultrafilter on the infinite set S. Now con-
sider A = {U | U is a filter on S s.t. F C U, where F is the cofinite filter on S}.
Since the cofinite filter F € A, A is a non-empty set. Let’s define an ordering on
A as Uy < Uy if Uy C Us. Tt is clear that A, with this ordering becomes a partially
ordered set. Let S be a partial ordered subset of A and take X = (J;,cq¥, which
is a filter on S and it contains the cofinite filter F i.e. F C X. So, S satisfies the
condition of Zorn’s lemma and hence S has a maximal element say Z, which is filter
on S containing F. Since Z is a maximal filter on S, it is an ultrafilter. But Z cannot
be a principal filter, otherwise there exists s € S such that {s} € Z and since F C Z,
({s})e e F, {s}° € Z it follows that {s} N ({s}) = 0, which is a contradiction.

Hence, Z is a non-principal ultrafilter on S.

Remark 4.0.44 The above result guarantees only the existential part of such a filter,
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but we don’t have any explicit non-principal ultrafilter on infinite set, not even an

explicit construction of any non-principal ultrafilter is known.

Lemma 4.0.45 IfU is a family of non-empty subsets of S which have finite inter-

section property, then U s contained in some filter on S.

Proof: Consider F = {B C P(S) | B 2 (., 4; for some n € N and for some
A; € U}. Clearly, any finite intersection of members of U is non-empty. So, the sets
containing these intersection are also non-empty and therefore ) ¢ F. If A, B € F
ie. AD N, C; for some C; € U and B D (2, D; for some D; € U, then ANB D
(N, C) N (N2, D;). Also, if A€ Fand A C B then B D A D (), E; for some
FE; € U. Therefore, B € F. Hence, F is a filter containing U/. U

Roughly speaking, a filter contains all large subsets and an ultrafilter divide the

set into large and colarge sets.

Proposition 4.0.46 A filter is an ultrafilter if and only if it satisfiesthe following

whenever A C S, then either A or the complement S — A s in F.

Proof:  Assume that for any A C S, either A or S — A is in F, but F is not an
ultrafilter i.e. 3 another filter F’ such that F C F’, i.e. 3 some B € F’ such that
B ¢ F but by given condition S\ B € F C F" which implies that BN (S\ B) = 0,
a contradiction. So F is an ultrafilter. Conversely, suppose if F is an ultrafilter. Let
ACS. If A€ F, then we are done. So suppose A € F. Then F U A can not be
filter because F is an ultrafilter. So F U A can not have finite intersection property,
because if it had, then it would be contained in some filter which would contradict
the maximality of 7. So 3C C F such that ANC = () which implies that C C S\ A
(. C € F) it follows that S\ A € F, which completes the proof. O

Proposition 4.0.47 Let F be an ultrafilter with T € F and T = A1 U A, U ... U A,.
Then A; € F for some i € {1,2,..,n}.

Proof: Let T € F, where F is an ultrafilter and 7' = A; UAsU...UA,,. Suppose A; ¢
F forany 1 < i <n. Then (4;)¢ € F (by Prop) = T° = (A;)°N(A42)°N...N(A,) € F
. This implies that T',7° € F , which is not possible.
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Roughly speaking, last two propositions say that every element of an ultrafilter is
either a large set or its complement is a large set, and we can not write a large set as

a union of colarge sets.

Lemma 4.0.48 Cofinite filter on an infinte set S is the intersection of all non-

principal ultrafilters on S.

Proof: Let F be a cofinite filter and let F,, be any non-principal ultrafilter on S. Let
x € S such that {x} & F, (" F is non-principal). Then S\ {z} € F, Va €A. Let F
be any finite subset of S say F' = {x1, 29, ..., x,} and we have S\ F = (_, S\ {z;} €
FoVae Aso, FCF,Vae A= FC(),en Fa-

Converse is easy to check. U

Now, we are going to define some notions of limit in the sense of filter. We now
fix a non-principal ultrafilter 7 on N. Let T' be any topological space and let {z,}
be a sequence in T. For each x € T, and each neigbhourhood U of x, we write

O(z,U)={neN:z, €U}

Definition 4.0.49 We say x is the F-limit of the sequence {x,}, if for each neigh-
bourhood U of z, the subset O(xz,U) € F. Then we write x = F lim z,,

Remark 4.0.50 This notion of F-limit is not arbitrary, but it has familiarity with
the notion of convergence in real analysis sense. In real analysis, a sequence y, — y
if for any small neighbourhood containing y, almost(except finite) all of z,, lie in that
neighbourhood. We say vy, converge to y. We have the same analogy here, i.e. for
any neighbourhood U of y, if almost (belongs to F i.e large set) all the terms of x,,

belong that neighbourhood, then we say x = Flim x,.

Proposition 4.0.51 Let x,, be a sequence in R. Then x, convergent to x if and only

if x = Flimx, for all non-principal ultrafilter F on N.

Proof: Let F be any non-principal ultrafilter on N and suppose x,, converges to x

in the real analysis sense. Then for any neighbourhood U of z, 3m € N such that
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x, € U foralln > mie Ox,U)={mm+1m+2,..} = ({1,2,.m—1})is a
cofinite set and since the cofinite filter is contained in every non-principal ultrafilter
on N, O(z,U) € F. Hence x = F lim z,,.

Conversely, let z = F,lim z, for all « € A. Then for any neighbourhood U,
of x we have O(z,U,) = {n € N : z, € U,} € F,. Suppose x, does not converge
to x in the real analysis sense i.e. 3 a neighbourhood U, of x such that for any
no € N, 3m € N such that z,, € Uy for m > ng(similarly we can choose some integer
after m). So we will have infinitely many integers j such that z; ¢ U,. Consider
O(z,Up) = {n € N |z, € Uy} € F = N\ S € F where S’ is an infinite set of
N, but by , for a cofinite filter on F = (1, o Fa, Where F, are non-principal
ultrafilters. So N\ S" € F,Va € A = N\ S € (,en Fa = N\ S € F = 5 must be

aEN

finite, which is a contradiction. Therefore x, converges to x in real analysis sense. [

Proposition 4.0.52 1).If T is a Hausdorff space, the F—limit is unique.

2). If T is compact, then each sequence F— converges.

Proof: 1). Let z,y € T be two F-limit of a sequence x,. Since T is Hausdorff
space, there exist disjoint open sets U, and U, containing = and y respectively. Since
r = Flim z,, O(z,U,) = {n : z,, € U,} € F and similarly for y, we have O(y,U,) =
{n:z, €U} € Fbut O(z,U,) and O(y,U,) are disjoint elements of F, which gives
us a contradiction. Hence F-limit is unique.

2). Suppose there exists a sequence {z,} that does not converge to any point = € T,
i.e. for each x € T there exists a neighbourhood U, of = , such that O(z,U,) ¢ F.
Then O*(z,U,) ={n:x, ¢ U,} € F. Since {U, : © € T} is a cover of T" and since T’
is compact, there exists finitely many z; € T for 1 < ¢ < n such that {U,, : 1 <i <n}
covers T i.e. Consider Y = (., O*(x;,U,,) , so Y is non-empty and hence there exist
J € N such that such that z; € U,, for 1 < ¢ < n, which contradicts to the fact

{U,, : 1 <i < n}is a finite cover of T. Hence, each sequence F- converges. U

Corollary 4.0.53 Any bounded sequence of real numbers F -converges and its F —limit

1S UNIqUE.

Proof:  Let z, be a real bounded sequence i.e. z, € [m,M] for some m, M € R

Since [m, M] is a compact Hausdorff space and by above proposition, we get x,
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converges to a unique point. U

There are certain properties which is very easy to prove.

Proposition 4.0.54 Let z, and y, be two bounded real sequences, and c be a real
number:

a). Flim(x, + y,) = Flim(x,) + Flim(y,)

b). Flim(cx,) = cFlim(y,)

c). If x, <y, for alln, then Flim(z,) < Flim(y,).

We are now heading to define Asymptotic cone. So we now consider a metric space

(T, dr) and fix some base point e € T'. Let F be a non-principal ultrafilter on N.

Definition 4.0.55 A sequence {x,} € T is said to be moderate if it satisfies d(x,,,e) <

A.n for some constant A.

Example 4.0.56 Let R be a Euclidean metric space with distance d and base point
e =0. Consider x, = =, we have d(x,,0) = |+ —0| <1 < 1.n (choose A=1). More
generally, this sequence is moderate with respect to any point e € R. Take y, = n,
and d(y,,0) = |n — 0| < 1.n and hence {y,} is also a moderate sequence, But if we
take z, = n* then d(z,,0) = n? and there does not exist any constant A € R such that

n? < An holds for allm € N. Hence {z,} is not a moderate sequence.

Remark 4.0.57 we observed that a moderate sequence does not mean that it cannot

go to infinity, it can but in a very controlled manner.

Let M denote the set of all moderate sequences in T". So given two moderate sequences

a = {x,} and f = {y,} we define the distance between them is as :

d(a, B) = Flim (P2

n

Take T' = R with Euclidean metric space and e = 0 and F be a non-principal ultrafilter

on N. Let a = {z,} = {n} and 8 = {y,} = {n + 1}, then

d(a, ) = flim(M> _ Flim(w) _ flim(%)

and since 0 is the limit of % in the real analysis sense, by |4.0.51}, we have 0 = J’-‘lim(%,

it follows that d(«, 5) = 0. So it is possible to have two different moderate sequences
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which are zero distance apart. Now we can define a relation on M for o, § € M, we
say a ~ [ (equivalent) if d(«, 8) = 0. We can easily show that ~ is an equivalence
relation. Clearly, it is reflexive, and suppose « and [ are represented by {z,} and

{yn} respectively, then

d(a, ) = ]—"lim(w) - Flim(%’xn)) — d(8,a)

and if v € M, represented by {z,}, is another moderate sequence, then if

(dT(xn’ yn))

a~ fB=da,p)=Flim - =0
and 8~ = d(8,7) = Flim(“2¥2)) = 0, then
dT(xn7 Zn) S dT($na yn) + dT(yna Zn)
and we have
dT(CUm Zn) < dT(fL‘n7yn) + dT(ymzn)
n n n
d mny n . d mny n . d mny n
- flimT(xTz) < flzmT(xTy) + }"lzm% —04+0=0

Hence o ~ 7. Therefore, ~ is an equivalence relation on M and it divides the set M
into disjoint equivalence classes. Let K denote the set of all equivalence classes of M
and now we can define a distance on the elements of K as

d((al, [8)) = Flim(ZEn80),

n

First, we will prove that this notion of distance does not depend upon the choice of

representatives. Let a ~ ay and § ~ 3y i.e. d(o, ) = 0 and d(5, 1) = 0. Then,

d(a, B) < d(o, 1) +d(ay, p1) +d(Br, B) < 0+d(ay, f1) + 0 = d(a, 51)

Similarly, if we change the role of & by a1 and S by 1, we will have d(«, 51) < d(a, B).
Therefore, we get d(a, ) = d(a1, 51). Since the distance d on M is metric so this is
also a metric on K.

The space K with this distance d is called an Asymptotic cone of (T,dr) with base

point e € T'.
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Definition 4.0.58 Let F be a filter on S, and let A be any set. Consider the set
AS = {f: fis function from S to A }. Two functions f, g are said to be related(f ~ g)
(or almost equal) if the set {s : f(s) = g(s)} € F. Then the set of equivalence classes,
A5/ ~ is called the reduced power of A mod F, and if F is an ultrafilter, we call it

the reduced power set to be an ultraproduct.

In particular, if S = N, and A = R, then two sequence o = {x,} and 5 = {y,}
represent the same element in ultraproduct if {n € N : z,, = y,} € F. In other words,

dT(fEnv yn)
n

d(a, B) = Flim =0

because if
X={neN:z,=vy,}, Y={neN:dx,,y,) =0}

then X C Y and X € F, therefore Y € F and hence d(«, 3) = 0. It says that if we
change the elements of a sequence {z,,} on a set B ¢ F, then its equivalence class
does not change in Asymptotic cone K.

Now, we will define the asymptotic cone of a finitely generated group. Let G be a
finitely generated group and S be a finite set of generators. Let (G, dg) be a metric
space, where dg is the word metric on GG and take the identity e € G as the base point
of the space and let F be a non-principal ultrafilter on N. Then the space K obtained
from the metric space (G, dg) is called the asymptotic cone of a finitely generated
group G.

Let z,, = s be a constant sequence of in G =< .S > , where S is finite set and s € S.

Then

ﬂ“‘):fmmﬁﬂ)zfmml%=0

d(xp,e) = Flim( " " "

Now take G = Fy, the free group of rank 2 and S = {a,b}. Consider z, = a" and
Y, = € (constant sequence). Then
d(a™, e) I(a™)

ﬂ%#%:fmm n)zfmwn)zfm&gzﬂméﬁﬂ

n

d(xp, yn) = Flim(

So the sequence x,, and ¥, represent the same element in the asymptotic cone.

First, we can observe that the word metric on G depends upon the chosen set of
generators and so the asymptotic cone of a finitely generated group G depends upon
the chosen generators. But we will prove in the next proposition that geometry of the

space is independent of the choice of generating set.
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Proposition 4.0.59 Let G be a finitely generated group and Sy and Sy be two finite
generating sets of G and let F be non-principal ultrafilter on N'. Let K, and K, be
two asymptotic cones of G with respect S and Sy respectively. Then Ky and Ky are

quasi-isometric.

Proof: We need to define a map
[ (K, di) = (Ko, do)

such that

—1

Zdl(aaﬁ) - B S d2(f(a)>f<5) § Adl(aaﬁ> + B
for some constant A, B € R with A # 0Va,5 € K1 .
Let dg, and dg, be the word metrics on G corresponding to S; and S respectively.
So the space (G,ds,) and (G,ds,) are quasi isometric i.e. 3 and quasi-isometry
¢ : (G,ds,) — (G,ds,) such that we have Ztdg, (z,y) — B < ds,(¢(x), ¢(y)) <

Adg, (x,y) + B for some constant A, B € R with A # 0 for all x,y € G. If a and 3
are represented by {z,} and {y,} then we have

—1

Idsl (xna yn) - B < dSz (¢($n); (b(yn)) < AdSI (:L’n, yn) + B

for some constants A, B € R with A # 0 for all z,,,y, € G

L Zlds @) B _ ds(6(@n) 0Wm) 4 ds: (@nipn)

A n n _ n n

B
+ —VneN
n

= Flim(—r @) By gy A (0@0) W)y o gy g 951 @nit) | By o Ty

A n n n n n A
1 ds, (T, Yn -~ ds, (d(xn), d(Yn -~ ds (T, Yn 1
N Iﬂm(#) < Flim(* (qb(”“"n) )y A}"l@m(#)vn & N(. Flim(L) = 0)

= —rh(0,5) < da(F(0), F(5) < Adu(a ).

Definition 4.0.60 A homogeneous space for a group G is a non-empty topological

space X on which G acts transitively. Elements of G are called the symmetries of X.

Now we will see that G acts on K by isomteries.
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Define, G x K — K by (g,a) = ga where o = {x,}, ga = {gx,}. This is clearly

a group action and it induces a homomorphism
O K - K

by ¢g(a) = ga.

Now,

h(0y(), 65(9)) = dh(g0,98) = Flim( DI Iy iy W)y _ o 5) < (o, )

So ¢, is an isometry. So this action gives a homomorphism v : G —Iso(K), where
Iso(K) is group of isometries of metric space K and the map 1 need not be injective

so let N denote the kernel of this map.

Proposition 4.0.61 The asymptotic cone(K ) of finitely generated group G is a ho-

mogeneous space.

Proof:  Let’s take o and B are two elements of K that are represented by the
sequences {z,}, {y.}. Then consider the elements v of K represented by {y,z.'}.
Then ¢4(o) = ga = {ynz;, Han} = {ynx, v} = {yn} = B. Hence K is homogeneous
space. l

Define, for each x € G, the displacement of x by

D(x;r) = maz(d(a,ra)) = maz{l(a " za) | a € G,l(a) < 1}

Here r be any natural number. If x = e, then D(z,r) = 0. More generally if x is an

element in the center of G, then D(z,r) = 0.

Example 4.0.62 G =Z, x = 1, r = 2. Then D(0,2) = maz {l{(a"za) | I(a) < 2}
=l(1) = 1. Now consider G = Fy =< x1,29 >, the free group of rank 2, and take

r =1, 7 =2, then D(x1,2) =maz d(a,r1a) =maz {{(a " r1a) | a € G,l(a) <2} = 5.

If v € H < G, and we restrict a from above to lie in H, we write Dy (x,7) =max{l(a ' xa) :

l(a) <r;x,a € H}. Consider G = Fy =< a,b >, the free group of rank 2, and take
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r=a,r=2 and H =< a >, then Dy(z,2) =max{l(¢g~'zg) : I(9) <rjz,g€ H}. =

l[(a) =1.( because b € H and hence commutes with a.)

Proposition 4.0.63 If z € N, then Flim, 2% = 0.

Proof: For each r, choose an a, such that i(a,) < r and l(a, 'za,) = D(x,r). The
sequence o = {a, } is moderate. If z € N, since we have a map ® : G — [ with kernel

N given by ®(z)(a) = za, za = a.

Therefore, D(wr) _ War'way) _ d(ar.zar)
Now,
D d T T
r r

Proposition 4.0.64 The function D(z,r) is bounded if and only if x has only finitely

many conjugates in G, and in that case x € N.

Proof: If x has only finitely conjugates in G say y1, 2, ..., i, then
D(z,7) = maz{l(a  za) | l(a) < r} < max{l(y1), 1(y2), ..., L(y)}

is bounded. Conversely if f(r) = D(z,r) is bounded, i.e. 3 M > 0 such that
D(z,r) < MVr € Nie max{l(a 'za | I(a) < r} < MVr € N. Suppose z has
infinitely many conjugates say 21, 23, .... We know that a finitely generated group can
have only finitely many words of given length. So let &, denote the number of con-
jugates of length n. Then there exists a conjugate of length greater than M (because,
number of conjugates is infinite and K, is finite for each n), which is contradiction.

Therefore, x has only finitely conjugates.

Definition 4.0.65 An element g € G is said to be an FC element if g has finitely
many conjugates in G. The set of all FC' elements of a finitely generated group G
forms a normal subgroup of G and this subgroup is called the FC centre of G.

It is clear that if x € H < G is an FC element of G then z is also a F'C element

element of H but converse need not be true. We will show that if H is subgroup of
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G of finite index then any F'C' element of H is also an F'C' element of G.

Proposition 4.0.66 Suppose that | G : H |< oo andx € H. Then D(x,r) is bounded
if and only if Dy (z,r) is bounded.

Proof: 1t is clear that, if D(x,r) is bounded then Dg(z,7) is bounded. Conversely,
suppose x has finitely many conjugates in H i.e. | {h™'zh | h € H} |< co. Since we
know that

G=aHUaHU..Ua,H, g€ G and g= a;h,

| {(ga; V) ta(ga; ') g€ G,i=1,2,.,k} |<

=| {a;i(¢g7 xg)a; ' i =1,2,.,k,g € G} |< o0

i.e. for each i, | {a;(g7'xg)a;' : g € G} |<

Claim: | {g7'zg : g € G} |< 0.

Suppose, {g txg} = {t1,ta, ... t,, ...}, say

Fix i, Then {a;(¢g7'zg)a; " : g € G} = {a;t1a; ', aitaa;, ..., aitra; ', ..}
= ie. aitjaf = aitlaglj,l >r =t =1

=|{g7'zg: g€ G} |<

= x has only finitely many conjugates in G. Therefore D(z,r) is bounded.

Proposition 4.0.67 Forz,y € G and integer r, s, we have D(x,r+s) < D(x,r)+2s
and D(y~‘xy,r) < D(z,r) + 2l(y).

Proof: Let l(a) <r+s. Then we can write a = be with {(b) <, l(c) < s. Then

d(za,a) = d(xbc, be) < d(xbe, xb) 4+ d(xb, b) + d(b, be)
< d(be,b) + d(xb,b) 4 d(b, bc)

IN

d(zb, b) 4 2d(be, b) (. d(be,b) = l(c) < s)

Therefore d(za,a) < D(z,r)+2s < D(z,7) + 25

Therefore, we have

D(z,r+s) < D(x,r) +2s
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ii). if I(a) < 7, then

d(y~'zya,a) = d(z(ya), (ya)) < D(z,r +1(y))
< D(z,r)+ 2l(y)

D(y—lx% r) < D(x,r) 4+ 2l(y)

Theorem 4.0.68 (B.H.Neumann) : A group G cannot be the union of finitely

many cosets of subgroups of the infinite index.

Proof: Let Hy, Ho, ..., H; be the subgroups of infinite index. Let ¢1,¢gs,...,9x € G
such that {G : H;} = oo and G = Hygy U Hago U ... U Hygg. We use induction on
k. If k=1, G = Hyg; = H; which is contradiction since H; is a proper subgroup.
If £ > 1. Let H be one of the subgroups involved. Since {G : H} = oo, So, some
coset Hx does not occur in the union, and since it is disjoint from the cosets of H
that do appear, it is contained in the union of the cosets of the other subgroups.i.e.
Hx C Hygo U Hygs U ... U Hyg, if Hy = H, then any coset Hy can be written as
Hzx.x7'y, and this shows that Hy is also contained in finite union of cosets of other
subgroups. This implies that all the cosets of H occuring in the union are contained
in the finite unions of cosets of other subgroups, and thus G is the union of finitely

many cosets of k — 1 subgroups, and this contradicts the inductive hypothesis. U

4.0.6 Gromov’s theorem

In this section, we will prove Gromov’s theorem [4.0.85| In order to prove it, we need

some results, which we are stating without proof..

Theorem 4.0.69 (Gleason-Montgomery-Zippin: solution of Hilbert’s Fifth
Problem): Let T be a finite dimensional, locally compact, connected and locally con-
nected, homogeneous metric space. Then the group of isomteries of T" can be given

the structure of a Lie group with finitely many components.

74



Theorem 4.0.70 Let G be a Lie group with finitely many components with center of
group denoted by Z.

a). G has a normal abelian subgroup Z, such that G/Z is isomorphic to a subgroup
of GL(k,C for some k.

b). For each natural number n, there exist an open neighbourhood of the identity in

G which does not contain any non-identity element of finite order less than n.

[ |

We also recall the definition of the topology that makes the isometry group a Lie

group. Fix some base point e € T'. For any two positive number A and e, let O(A,e)

be the set of all isometries o such that d(o(z),z) < ¢, for all x such that d(z,e) < A.

The sets O(A,¢) are taken to be a basis for the neighbourhood of the identity in
Isom(T).

Theorem 4.0.71 Let G be a finitely generated infinite group, let K be an asymptotic
cone of G and I = Isom(K ). Then there exists a homomorphism ® : G — I with
kernel N such that one of the following holds:

i). G/N is infinite.

it). N is abelian-by-finite

iii). For each neighbourhood O of the identity in I there exists a homomorphism

oo : N — I, such that Im(¢o) N O contains non-identity elements.

Proof: Since we have an isometric action of G on K, it gives a homomorphism
® : G — I given by ®(x) = o,, where 0, : K — K is an isometry given by
o.(a) = za. Let N be the kernel of this homomorphism. If | G : N | is infinite, then
we are done. So assume that | G : N | is finite.

Then by 2.3.16, N is a finitely generated group, say generated by yi1,ys, ..., ya i.e.
N =< y1,92,...,ya >. If D(y;,r) is bounded for each j, then y; has only finitely
many conjugates for each j. Hence, the centralizer of each y; is of finite index, i.e.
| N Caly;) |[< 0o V1 < j <r=|N:()_ Caly;) | is finite. Since y; are generators,
Nj=1 Ca(y;) = Z(N), where Z(N) is the center of group N, hence | N : Z(N) | < cc.
Hence N is abelian by finite. So case (ii) holds.
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So assume that D(y;,r) is not bounded for some j i.e. there exist some non FC
element say y;,. Then we may assume that none of the generators is an F'C' element
( if some generator y; is an F'C' element , then y, y; is a non FC element). Since
FC' elements form a subgroup, we can always do that. Fix some integer r and some
¢. For each t between 1 and d, the set of elements y of N such that D(y ‘yy) < er
is equal to the set of elements such that [(a~'y~lyya) < er for all @ € G such that
l[(a) < r. It means that the conjugate of y/* of y; is one of the finitely many elements
and therefore the elements ya lies in one of the finitely many cosets of Cg(y), in
particular taking a = 1, we see that y itself lies in one of the finitley many cosets.
Since each of yi,...,y; has infinitely many conjugates in N, i.e. its centralizer has
infinite index, the last proposition shows that N is not the union of finitely many
cosets of the centralizers of the generators and so there exists some z,. € N such that
D(z 'y, ) > er for all ¢.

We write z, as a word in 1, and choose the first initial subword z, of z, for which
D(z; 'y, ) > er for some t. We choose for each r one such index ¢ = ¢(r) and
for each i < d, we write S(i) = {r | t(r) = i}. There finitely many sets S(7)
partition N, therefore one of them, say S(ig), lies in F. Let [ be the maximum
length ofy; in the generators of G. We may take r to be large enough, and then
D(y;,r) < er, by Proposition we have x, # 1, and we can write x,, = w,y, where w,
is the initial subword of z, preceding z, and y in some generator. Then by [£.0.67 we
have D(z 'y, r) < D(w, 'y;w,, r)+2l < er+2l. This holds for each ¢, but for iy we
also have D(z, 'y, x,,7) > er. It follows that F lim M = e¢. We always have
[(z) < D(z,r), for every r and thus the previous inequality shows that I(z, 'y,x,) <
er + 21 for each ¢, and so if y € N has length m in the y;. We have I(zlyx,) < mer +
2ml. Therefore left multipication by the sequence {z 'yz,} preservesthe moderate
sequence and induce an isometry on K. We define ¢(y) as the isometry. Then ¢ is a
homomorphism N — I. Then by [4.0.63] to this homomorphism shows that ¢(y;,) # 1,
because Flim 2= %) £ o O the other hand d(¢(y;(a).0) < € for all a € K,
which shows that ¢(y;,) can be made to lie in any given neighbourhood of the identity

in I, by taking a small enough e.

Proposition 4.0.72 Let G have polynomial growth of degree d. Then there exist
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infinitely many n such that for all i < n, we have log s(2") <logs(2"') +i(d + 1),

where logarithm are to the base 2.

Proof: By the definition of d, we have s(n) < Cin?. So for large enough n,

logs, < dlog(n), l;‘i}s(%) < d + 1/2. In particular if we write [(n) =logs(2"), i.e.

% =1 g 41/2
=1I(n)<nd+n/2=1n)—nd—n/2<0

= l(n) —n(d +1) < —n/2 and thus, lim, (l(n) — n(d + 1)) = —oo. For each

negative integer k, let n(k) be the first integer n such that [(n) —n(d+1) < k. Then

for each n = n(k) and i <n, we have l(n) —n(d+1) <k <Il(n—1i)— (n—1i)(d+1).

Therefore, we have

l(n) <ln—1)+i(d+1)

. log s(2™) < log s(2"™") +i(d + 1)

Since the n(k) takes on infintely many value, the proposition is proved.

We write S for the set of all integers n satisfying the inequality of the log s(2") <
log s(2"7") + i(d+ 1) and T = {2" | n+ 1 € S}. We choose our ultrafilter F to

contain 7.

Lemma 4.0.73 Let G be of polynomial growth, let F be chosen as described, and
let € be small enough and K be the asymptotic cone of G. Then the following are
equivalent

1). If a closed ball of radius 1 in K contains k distinct points, such that the closed
ball of radius € around them are disjoint, then k < (1)@,

2). If a closed ball of radius 1 in K contains k distinct points, such that the distance

between any two points are bigger than 2e, then k < (1)2(d+1),

Proof: 'We prove that the two properties are indeed equivalent. Suppose (1) holds.
Let k be as in (2) such that distance between any two points are bigger than 2e So,
balls of radius € around any two points are disjoints (because they are separated by at
least 2e distance) So by (1), k < (1)@ which proves (2). assume if (2) holds, given
any k points as in (1), suppose that two of them are at least a distance of § < 2e.

Then by the Prop(7.4) there exist a continous path f(«) between these two points
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such that d(f(a), f(8)) < (8 — a)d.
Then d(f(0), f(1/2) < 1/20 < e and d(f(1/2), f(1)) < 1/2.2¢ < e. So f(1/2) lies in

the ball of radius e around both points, a contradiction, which proves (1).

Lemma 4.0.74 For any o, € [0,1] with o <  and any n € N, we have [na] —
np] <n(f—a)+1.

Proof: Suppose «a, 3 € [0,1] are not zero and o < . Let n be any natural number.
If suppose @ < < and 8 < . Then [na] = [nf] = 1 so L.H.S. is 0 and R.H.S. is a
positive number, and in that case we are done. Suppose if a < % and g > %, then
ng < nf < ng+ 1, therefore [nf] = ng so LLH.S. =ng+1—1=ny and R.H.S. =
pn—an+1=pn+(1—-an)>ny=LHS. Now suppose that « > % and g > 1
so ng < nao < ng+1and myg < npf < mg—+1, so LLHS. = mg— ng and R.H.S. =
nf —na+1since na <ng+1andnf <mog+1=nb—na>mog—ng—1>mg—ng

= L.H.S. Hence we have [na] — [n8] < n(8 — a) + 1. O

Proposition 4.0.75 The Asymptotic cone of a finitely generated group G is pathwise

connected and locally connected.

Proof:  Let a represent a sequence {x,}, and for each n, length of z, is denoted by
[(z,). Let 0 < o < 1, and for each word w of length k in generator X, write w(«) for
the word consisting of the first ka letters in w. Now, define f : [0,1] — K given by
fla) ={z. ()}, f(0) =[e] = e and f(1) = {z,} = a Moreover, if 0 < «, 8 < 1, By
the previous lemma, we have (f—a)l(z,)—1 < d(w(a),w(B)) < (f—a)l(z,)+1 . Since
l(x,) < An, this implies that d(f(«), f(5)) < A(S—«), and therefore f is continuous.
This shows that K is pathwise connected. Moreover, d(e, f(3)) < Sd(e,a), and thus
the path from e to a is contained in the ball of radius /(a) around e. This shows that
each ball around e is pathwise connected. By homogeneity, this holds for all balls,

hence K is locally connected. O

Proposition 4.0.76 the Asymptotic cone of a finitely generated group G complete

metric space.

Proof: The proof refers to [1] [ |
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Definition 4.0.77 A group G is said to be linear if G is isomorphic to a subgroup of

the general linear group GL(n, F), for some natural number n and some field F'.
Now we will state some theorems without proof.

Theorem 4.0.78 (Tit’s Alternative) [1]] Let G be a finitely generated linear
group. Then either G contains a non-abelian free subgroup, or G contains a soluble

subgroup of finite indez.

Theorem 4.0.79 (Jordan’s theorem) [20] A finite subgroup of Gl(n,F), where F

is a field of char(F) = 0 has an abelian sugroup of index bounded in terms of n only.
[ |

Definition 4.0.80 A topological space has dimension 0, if each point has an open
netghbourhood with empty boundary. It has dimension at most n, if each point has an
open neighbourhood with boundary of dimension at most n— 1. The dimension equals

n, if it is at most n, but it is not at most n — 1.

Theorem 4.0.81 If G is of polynomial growth, the asymptotic cone K is finite di-

mensional.

Proof: The proof refers to [1]
|

Proposition 4.0.82 If G is of polynomial growth, the asymptotic cone K 1is locally

compact.

Proof: In order to show that K is locally compact, it suffices to show that K is
compact. Since K is a metric space, in order to show the compactness of K, it is
enough to show that K is sequentially compact. Let x,, be any sequence in B, where
B is a closed unit ball. Lets cover B, for each i, by k; balls of radius 1/2°. Take
i = 1, let’s cover by k; balls of radius 1/2, then one of the balls contains infinitely
many points of the sequence, say a subsequence z,,, of sequence z,,. Now consider the

sequence n, and for i = 2, cover the ball B by ks balls of radius 1/22, then one of
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and

the balls among ks, contains infinitely many points of the sequence x,, say <n,

continue like that. At the mth stage, cover the ball B by k,, points of radius 1/2™,
then one of the balls contains infinitely many points of the sequence x,, .~  and

so on. Now choose one point from the sequence Ly, SAY Y1, and second point from

Ty, ngy SAY Y250, m'™ point from the sequence Ty, ky say Ym, then the sequence

,,,,, km
yn is a Cauchy sequence, because tail of this sequence belongs to balls of small radius
1/2™ as m — oo. Since K is a complete metric spaced.0.76} so y,, is convergent. Since
Yn is a subsequence of x,, K is sequentially compact. Therefore, K is compact and

therefore K is locally compact. U

Theorem 4.0.83 Let G be an infinite group of polynomial growth. Then there exists
a Lie group I' with finitely many components, and a natural number k, such that G
contains a normal subgroup C' of finite index, for which one of the following holds:
i). C has an infinite abelian factor group.

it). C has an infinite factor group in GL(k,C).

iii). There exists homomorphisms ¢, : C — T', for all natural number n, such that

C
| Keray 27

Proof: Let G be a finitely generated infinite group. So the asymptotic cone K of G
is connected, locally connected4.0.75, homogeneoudd.0.61} Since G is of polynomial
growth so K is also locally compactfd.0.82) and has finite dimensionald.0.81} So, by
, the isometry group I = Isom(K') of K has the structure of a Lie group with
finitely many components. Since we have an isometric action of G on K, it gives a
homomorphism ¢ : G — [ given by ®(z) = o, where 0, : K — K is an isometry
given by o, (a) = za. Let N be the kernel of this homomorphism. So, ¥ : G/N — I
be a monomorphism defined as W(gN) = ®(g). Since [ is a Lie group with finitely
many components, by , I has a normal abelian subgroup Z, such that /7
is isomorphic to a subgroup of GL(k,C) for some k. Now consider the subgroup
L = U=YZ) which contains N. We have G/N SN N I/Z, hence we got a map
no®:G/N — I/Z and the kernel of this map no ® is L/N, so f;—j\\; is isomorphic to
a subgroup of I/Z, since G/L = CL;;—]]\\,[ — 1/Z — Gl(k,C).

1). If G/L is infinite, then take C = G, |G : C| =1 and G/L — GL(k,C), So C
has an infinite factor in GL(k, C), which says that (ii) holds.
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2). If G/L is finite, then there are two possibility of G/N, either G/N is finite or

infinite

Case(a): If G/N is infinite, and since G/L = % . In this case take C' = L.
So |G/N| = |G/L||L/N]|, so L/N is an infinite group. Since we have a monomor-
phism ¥ : G/N — I so if we restrict to L/N, it would stil be a monomorphism
VN : L/N — I and the image of ¥ /n(IN) = ¢(1)Z € Z. So V. n(L/N) C Z,

since Z is an abelian group and L/N is an infinite group, so C' = L has an infinite

abelian factor, which proves that (i) holds.

Case(b): If G/N is finite so G/L is finite and N C L. Now apply [Them 7.5],
then (i) and (ii) can not hold, (iii) must holds, then N is virtually abelian say C' i.e.
| N : C |< oo and since |G : N| < 0o = |G : C| < oo, if we take the conjugate of C,
then it becomes the characteristics subgroup of N, So C' char N and N<G = C<G
and |G : C| < 00
. C/(e) = C is an infinite abelian group. So we are done. Now, suppose (iii) of
holds, i.e. for each neighbourhood O of the identity in I, 3 a homomorphism
¢o : N — I, such that Im(¢o) N O contains a non-identity elements. Now, take
C = N, I is a Lie group with finitely many components. so for each n € N, 3 an open
neighbourhood of the identity in I which does not contain any non-identity element
of finite order less than n. So n € N, we have O, ( neighbourhood of id in I, so if
g € O, = o0(g) >n). So ¢o, : N — I such that Im(¢o) N O,, contains a non-identity
elements, but we know that, if suppose x be a such that x € O, be a non-identity

element, then O(z) >n = {1,z,2% ..., 2", .} C Im(¢o,) = kef%

and it follows that

|C': Ker(¢,)| > n.

Theorem 4.0.84 Let G be an infinite group of polynomial growth. Then G contains

a subgroup of finite index which has infinite cyclic homomorphic image.
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Proof: Let G be an infinite group of polynomial growth and the isometry group I =
Isom(K) of K has the structure of Lie group with finitely many components4.0.69}
So, by previous theorem, we have an isometric action of G on K, that gives a homo-
morphism ® : G — [ given by ®(x) = 0, where 0, : K — K is an isometry given
by o,(a) = xa. Let N be the kernel of this homomorphism. So, ¥ : G/N — I be a
monomorphism defined as W(gN) = ®(g). Since [ is a Lie group with finitely many
components, by I has a normal abelian subgroup Z, such that I/Z is isomor-
phic to a subgroup of GL(k,C) for some k. Now consider the subgroup L = ¥~1(2)
which contains N. Now by the above theorem, GG contains a normal subgroup C' of

finite index which satisfies one of three conditions of previous theorem.

Case I: 1f suppose C satisfies (i) of , i.e. C has an infinite abelian factor

group. Let’s say that C' contains a normal subgroup 7', such that C/T = Z & F,
where F' is an abelian group. Hence, we have a natural map n : C' — C/T and an
epimorphism f : C/T — Z. Since |G : C| < oo, we have an epimorphism from finite
index subgroup C', fon:(C — Z. Hence we are done.
Case II: Suppose C' satisfies (ii) of , C' contain an infinite factor in G(k, C) for
some k € N. From case(ii) of the above theorem, our C'= G and C has a subgroup L
such that G/ L is isomorphic to a subgroup of G(k,C). So G//L is an infinite subgroup
of Gl(k,C), Then by the Tit’s alternative, either G/L contains Fy or it is virtually
solvable. If it is the former case, then GG/L has exponential growth and so G has
exponential growth, which is a contradiction. Hence, G/L must be virtually solvable
and since G/L has polynomial growth so by ,G /L must contain a nilpotent
subgroup of finite index say H/L.

G/L,
L) = |G/Hl < o

Now, since H/L is nilpotent, H/L is solvable. Consider the derived series of H/L say
LaHY/LaH®Y/La...«HY/LaH"Y /L. <«H/L
HG+1)/L

HO /L
H/L| < 0o, G/L is finite, a contradiction to the fact that G/L is infinite group. So

such that is abelian. If suppose H/L is a finite group, then since |G/L :

H/L is an infinite group and therefore some quotient in the derived series of H/L
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contains a copy of infinite cyclic group Z. Let 7 be the maximum natural number

H(J'+1)/L

TOL contains a copy of Z. Since

such that the quotient

HG+D H(j“)/L

ao - oy et

where T is an abelian group and |H/L : HU*Y/L| = |H : HU*Y| < oo and Therefore,
|G/L:HY™Y /L = |G/L: H/L|.|H/L : HY*Y/L| < 0.

So, HU+Y /[, is a finite index subgroup of G/L, which implies that HU+1 is a finite

index subgroup of G and since % ~ 7 @®T, HUtY has Z as an epimorphic image.
Hence, we are done in this case.

Case III: If case (iii) of the previous theorem holds and take C' to as of case(iii). Let
¢n : C'— I be a homomorphism for each n € N and let K,, denote the kernel of the
map ¢, for each n € N. Since By I contains a normal abelian subgroup Z
such that I/Z is isomorphic to a subgroup of GI(k,C) for some k. Let L, = ¢, (Z),
it is clear that L,, O K,. Since we have a homomorphism ¢, : C' — [ and k, is
the kernel of this map, it implies that, we have a monomorphism ¢ : C /K, — I and
¢n(Ln/K,) C Z, so L,/K, is an abelian group. Since ¢,(Z) C Z, which induces

another map
¢, C/K, —~1/Z

and if we restrict this map to subgroup L, /K,, then it becomes injective and since

1/Z is a subgroup of GL(k,C). Therefore, we get that, L(’: L/ /I[(g; is a linear group. Since

we have

C/K,

L.k, = C/L,

it follows that C'/L,, is linear. Since, in case(iii) of the previous theorem, G/Ker(¢)
is finite, it also follows that G/ K, is finite.

|G : L,| =|G: K,|.|K, : Ly,|
and since G/ K, is finite, |G : L,| is finite for each n. Also, we have
|G : L,| =|G:C|.|C: Ly,
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and since G/L,, is finite, |C' : L,| is finite for each n. Now applying theorem(6.5),

C/L, contains a subgroup H,/L, such that |;7L//LL"H| = |C : H,| is bounded say
|C': H,| < My, where My is a real constant which depends upon on k not on n. Since
by prop, for infinitely many n, H/ s are isomorphic, say H, = H for infinitely many
n. Then we have H/L, is abelian for infinitely many n. Then

the order of |H : L,| tends to infinity as n — oo. Since, we have a natural map

n:H — H/L, and since H/L,, is abelian, n factors through H/H’, i.e. we have
i H/H — H/L,

and if |H/L,| tends to infinity as n — oo, H/H' must be infinite, and therefore H
has Z as an epimorphic image and since |G : C| < oo and |C : H| < oo and G has
finite index subgroup H which has Z as an epimorphic image.

If the size of H/L, is bounded, then again by the , for infinitely many n, L,

coincides with a subgroup equal to R(say). Since we have
|G : K,|=|G:C||C: K,|

and since by case(iii) of previous theorem, |G : K| tends to infinity as n — oo and

|C': R| is fixed number, |C' : K,,| tends to infinity as n — oco. Now we have
|C: K,|=1|C:R||R: K,|

and since |C' : R] is a fixed number, therefore |R : K| tends to infinity as n — oo.
Now we have natural map 6 : R — R/K, and since L,/K, = R/K, for infinitely
many n and since L, /K, is abelian for all n. Therefore, the map 6 factors through
R/R', i.e. we have § : R/R' — R/K, and since |R : K,| tends to infinity as n — oo,
R/R’' must be infinite group. Hence, R has Z as an epimorphic image. Since |H : R)|
is bounded and |G : H| is finite, it follows that R has finite index in G and R has 7Z
as an epimorphic image, which completes the proof

g

Theorem 4.0.85 A group of polynomial growth is nilpotent-by-finite.

Proof:  Let G be a finitely generated group of polynomial growth say of degree

d. We will use induction on d to prove that G has a nilpotent subgroup of finite
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index. If d = 0, then by2.1.8 G is a finite group and it is clear that finite groups
are virtually nilpotent. Suppose if d > 0, then G is infinite group. Therefore by the
previous theorem, GG contains a finite index subgroup H such that H has Z as an
epimorphic image, i.e. there is normal subgroup N of H such that H/N = Z. Since
H is of finite index in GG, H is finitely generated and also H has polynomial growth
and H/N = 7Z, so by N is finitely generated and N has degree of growth d — 1
or less, so by induction N contains a nilpotent subgroup K of finite index. By[2.3.15
, we may assume that K is characteristic subgroup in N and hence normal in H.
Then H/K contains the finite normal subgroup N/K, with infinite cyclic factor. Let
H/N =< N >. Write C =< K,z >. Then H/K = C/K.N/K, hence, |H : C| is
finite. Since C'/K is infinite cyclic, C' is soluble. Then by [3.0.20| and [3.0.21] We get C'

is virtually nilpotent. Therefore, G is virtually nilpotent group, which completes the
proof. O
Therefore, Gromov’s theorem completely characterized the groups of polynomial

growth: In the view of theorems [3.0.27 and [£.0.85] a finitely generated group has

polynomial group if and only if it has nilpotent subgroup of finite index.
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Chapter 5

Groups of Intermediate growth

So far, we have seen that virtually nilpotent groups have polynomial growth and non-
abelian free groups have exponential growth and we have only dealt with those finitely
generated groups which have either polynomial or exponential growth. In 1968, Mil-
nor asked that Is it true that the growth function of every finitely generated group is
necessarily equivalent to a polynomial or to the function 2™”%. This was answered in
the negative by R. Grigorchuk in 1983, who constructed a 3— generated group, whose
growth is neither polynomial nor exponential but lies somewhere in between polyno-
mial and exponential. This group not only gives the answer to Milnor’s question but
it also gives the answer to Burnside problem: Can we have a finitely generated infinite
group in which every element has finite order. The Grigorchuk group is 3- generated

infinite torsion group.

Apart from Grigorchuk group, we will also see another family of groups of inter-
mediate groups namely Gupta-Sidki groups. These are the finitely generated infinite
torsion p-groups for each odd prime p. This family also gives the answer to the Burn-

side problem.
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5.1 Grigorchuk Group

First, we will define the Grigorchuk group. Then we will see its various interesting
properties. This group was defined as the subset of the set of Lebesgue preserving

transformations of the collection of the open unit interval (0,1). Consider the unit

interval I = (0,1) and remove the set of all rational points {3, Z, g -t in (0,1), call
this set S. So
S = U - i) = (0,1/2) U (1/2,3/4) U (3/4,7/8) U
2n 17 2n ) ) )

Let E denote the identity transformation on each subinterval i.e. this transformation
fixes each point of the interval and let P denote the transformation which inter-
changes the two halves (0,1/2) and (1/2,1) i.e. a point z is mapped either to x +1/2
if v € (0,1/2) or to x —1/2if x € (1/2,1). Let E; denote the identity transformation

on I and P; denote the interchange of two halves of I.

Now we will define four transformations a, b, ¢, d:

e o denotes the transformation P on S as just the interchange the two halves of S

e b denotes the transformation PPEPPEPPE... on S i.e. b acts on S like P on
first interval, P on second interval, £ on third interval and P on fourth interval so

on.

e ¢ denotes the transformation PEPPEPPERP... i.e. ¢ acts on S like P on first

interval, E/ on second interval, P on third interval P on fourth interval and so on.

e d denotes the transformation EPPEPPEPP.. on S i.e. like F on first interval,

P on second interval, P on third interval, P on fourth interval and so on.
Here, the first interval means first half of S i.e. (0,1/2), second interval means

next half of the remaining i.e. (1/2,3/4), third interval means that next half of the

remaining i.e.(3/4,7/8) and so on.
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In particular, suppose S = (0,1/4) U (1/4,1/2) U (1/2,3/4) U (3/4,1). Name the
subinterval (0,1/4) as 1, (1/4,1/2) as 2, (1/2,3/4) as 3 and (3/4,1) as 4. Then the
action of @ on S as P, i.e. interchange of the two halves of (0,1) i.e. (0,1/2) <> (1/2,1)
acts like the permutation (1,3)(2,4) b acts on S like P on first half (0,1/2), P on
next half (1/2,3/4) and E on (3/4,1) i.e. b acts like permuatation (1,2)(3)(4) ¢ acts
on S like P on first half (0,1/2), E on next half (1/2,3/4) and P on (3/4,1) ¢ acts
like permuatation (1,2)(3)(4), d acts on S like E on first half (0,1/2), P on next half
(1/2,3/4) and P on (3/4,1) i.e. d acts like permuatation (1)(2)(3)(4).

Definition 5.1.1 Consider the group I' generated by the transformations a,b,c,d of
S. We call this group T', the Grigorchuk group

Since a is the transformation that interchange the two halves, a? is the identity
transformation E. Similarly, b acts on S like PPEPPEPPE.., so b* acts on S like P?
on first halves, P? on remaining next half, E? on remaining half and so on, but P? is
the identity transformation, and so is £? is. So b? is the identity transformation. Sim-

ilarly c?, d? represent identity transformation. Hence, we have a? = b = ¢ = d* = 1.

Now consider the transformation be, first take the action of ¢ then of b, i.e. ¢ acts on
S like PEPPEPPERP... and then apply b, which acts like PPEPPEPPE.... So the
transformation bc acts on S like P.P = P? = E on first half, E.P = P on remaining
next half, P.E = P on remaining next half, P.P = P? = E on remaining next half
and so on. Then the complete action of bc on S would be like EPPEPPFEPP... which
is the same action as of d, hence bc = d, similarly if we consider the transformation
cb, cb acts on S like P.P = P? = E on first half, P.F = P on remaining next half,
E.P = P on the third half, P.P = P? = E on remaining next half and so on. So
the complete action of cb would be like FPPEPPFEPP..., which is again of d. Hence
bc = cb = d. Similarly we can get dc = c¢d = b and bd = db = c.

Now we have a group I' which is generated by 4 elements, say a,b,c and d, and
each generator has order 2, and we have the relations a? = b = 2 = d* = 1,
bc = cb=d,db=bd = c and cd = dc = b. Any arbitrary element of I' can be written

in the terms of a,b,c and d, because of the relations a?> = b*> = ¢ = d?> = 1, each
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generator would have exponent at most 1 in the expression of any arbitrary element.
Also, due to the relations bc = ¢b = d, dc = ¢d = b and bd = db = ¢, if any two of
b, c, d come together, we can replace it by new generator. So an arbitrary element of

I' can be written as a occurring between b, ¢ and d.

Since a interchanges the two halves of (0,1/2) and (1/2,1) and b, ¢, d fix both in-
tervals, so it follows that each element of I' either fixes both of them or interchanges,
then so consider the set of all elements of I' which fixes the both intervals, they form
a subgroup, say H. Also it is clear that this subgroup H has index 2 in I'. Hence, H

is a normal subgroup of I'.

Lemma 5.1.2 The subgroup H defined above is generated by the elements b, ¢, d, aba, aca, ada.

Proof: ~ 'We know that b, c,d fixes the two subinterval, so b,¢,d € H and since a
interchanges the two halves, even occurrence of a fix the two subintervals. Therefore
the elements b, ¢, d, aba, aca,ada € H. Now let g € H, then g can be expressed in

terms of b, ¢, d, aba, aca, ada. Il

Since (0,1/2) and (1/2,1) are both bijective with (0,1), we can also define the
same kind of group using similar transformations of these subintervals. Suppose I’
and I', denote the Grigorchuk groups on intervals (0,1/2) and (1/2,1) respectively.
The elements of subgroup H fix the interval (0,1/2) and (1/2,1). So if we restrict
the action of H on (0,1/2), it will give a subgroup of I';, and similarly the action of
H on (1/2,1) will give a subgroup of T,.

First, we will see how this restriction is gives a subgroup of Grigorchuk group.

Lemma 5.1.3 Elements b, c,d, aba, aca, ada of H induce transformations a;, a;, 1;, ¢;, dy, by
on (0,1/2) respectively and the transformations c,,d,, by, a,,a,, 1, on (1/2,1) respec-
tively(where suffiz 1, r just emphasising that they are the transformation of the interval

(0,1/2) and the interval (1/2,1)).

Proof:  As we know that b acts like PPEPPEPPE... on S, i.e. acts like P on
first half (0,1/2) and acts like PEPPEP... on remaining half and if we restrict the
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action of b on (0,1/2) i.e. it will induce the transformation a on (0,1/2) i.e. we
write a;, and the restriction of b on (1/2,1) will induce the transformation ¢ and
write ¢.. Now consider the transformation c, it acts like PEPPEPPEP... on S i.e.
acts like P on first half (0,1/2) and EPPEPPEPP... on second half (1/2,1), so the
restriction of ¢ induce the transformation a on (0,1/2) say a; and d on (1/2,1) say
d,. Similarly the restriction of d on (0,1/2) and (1/2,1) induce the transformation
1; and b, respectively. Consider the transformation aba, since a acts like interchange
the two intervals and b acts like PPEPPFEPPE..., so aba, first swap the two halves,
and then acts like b, and then again swap, so the resultant action would be like ¢
on first half (0,1/2) and @ on second half (1/2,1). Similarly, the transformation aca
induce the transformation d on (0,1/2) and a on (1/2,1) write d; and a, respectively.
Also the transformation ada induce the transformation b on (0,1/2) and a on (1/2,1)

write b; and 1, respectively. U

Proposition 5.1.4 T is an infinite group.

Proof: ~ We have noticed that H induces the transformations ay, a;, 1;, ¢, d;, by on
(0,1/2). The subgroup generated by a;, a;, 1;,¢;,dj, by in Ty is equal to ', the Grig-
orchuk group on (0,1/2), and I' = I'; (just renaming of the elements). Hence, we have
amap ¢ : H — I'; defined as ¢;(g) = gi(the restriction of g on (0,1/2). By previous
lemma, this map is an epimorphism. Since H < I' and I' 2 I';, hence we have an
epimorphism from a proper subgroup of I' to I'. Therefore, we conclude that I' is an

infinite group. U

Similarly, we also have a map ¢, : I' — I, defined as ¢,.(¢g) = g-(just the restric-

tion of g on (1/2,1)), which is also an epimorphism.

So Now we have a map ¢ : H — I'; x I, given by ¢(z) = (2, 2,). Clearly, this
map is injective, if some element acts like identity on (0,1/2) and (1/2,1), it must
acts like identity transformation on S. So the kernel is trivial. Hence, ¢ is embedding

of HinI'y xT,.

Since a? = d* = 1 and ¢(adad) = ¢(ada)p(d) = (b,1)(b,1) = (b,b), so ¢((ad)*) =
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1, since ¢ is injective, So ad has order 4. It is clear that the subgroup D =< a,d >,

is the dihedral group of order 8

Lemma 5.1.5 Let B =<b >" be the normal closure of <b > inT. Then |T : B |<

8.

Proof:  Since we have bc = ¢cb = d and I' =< a,b,d >. Since B is normal subgroup
of I', so the quotient group I'/B is generated by the images of a,d, and since by the
previous lemma, we know that the subgroup generated by < a,d > is of order 8.

Therefore, B is normal subgroup of I' of at most index 8. U

Theorem 5.1.6 T is 2- group i.e. for x € G, In € N such that z*" = 1.

Proof: We know that, I' is generated by 4 elements a, b, c and d. Let x € T, then
x € I" can be expressed as a product of a, b, ¢, d with alternate occurrences of a.

We will use induction on length I(x) of = to prove that x is an element of order 2 for
some s € N. If [(x) = 1, then x € {a,b, c,d}, then we have a? = V* = * = d* = 1,
we are done. Now assume that [(x) > 1. If the first generator in the expression of z
is u(say), where u € {b,c,d}, then z = uw, where w is a word in {a,b,c,d}. Then
the conjugate uzu of x is of either same length (if last letter in  is a) or has shorter
length( if last letter in z is not a). Since the conjugate elements have same order,
so if uzu has shorter length, then by induction, it has order power of 2, then x also
has order power of 2, and if uxu has same length, then the word uzu starts with an
element different from the initial one and if a is not present in the expression, then
2% =1, Since, < b,c,d > = V,, the non-cyclic group of order 4. In that case we are
done.

So we can assume that number of occurrence of a in x is non-zero, and hence by the
above argument, we can assume that z starts with the element a. Now suppose [(x) =
2, then z € {ab,ac,ad}. If x = ad, then by lemma 4.5, we know (ad)* = 1, if z = ac,
then ¢((ac)?) = (da,ad),= ¢(ac)® = ((da)*, (ad)*) = (1,1), since ¢ is injective, so
(ad)® =1 and if = = ac, then ¢((ab)?) = (ca,ac),= ¢(ac)'® = ((ca)?, (ac)®) = (1,1),
since ¢ is injective, so (ad)'® = 1. Hence if I(z) = 2, then z has order power of 2.

Now assume that [(z) > 3. If = also ends with a, then z is of the form awa for some
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word w a, b, c,d. Hence x is conjugate to a shorter word w and by induction, w has
order power of 2, so does x. Now assume that x ends with b, ¢, d, therefore x has even

length 2k, where k is the number of pairs av, where v € {b, ¢, d}.

Case 1: If k is even , then x has even number of a’s. So x € H. Then, we have
a embedding ¢ : H — T' x T', ¢(x) = (x;,x,), where x; and x, are have length at
most %l(m) Hence by induction hypothesis, suppose x; has order 2° and z, has order

25 .28

2!, then if suppose s > t, then ¢(z*) = (27" ,2%) = (1,1) and since ¢ is injective.

Therefore, > = 1, which shows that order of x is a power of 2.

Case 2: If k is odd, i.e. x has odd number of occurrence of a, then 2% has even
number of occurrence of a i.e. 22 € H, so ¢(x?) = (y1,y,), each of y;,y, has length at

most (z).

Case 2.a Suppose first that,  involves the letter d. Since z? has length 2{(z) and
is periodic with period I(z), occurrence of d will be at least twice, at position that
differ by () = 4r + 2, one in the form d, and the other in form of ada. That means
that when we write 22 as product of generators of H, i.e. b,c,d,aba,aca,ada, then
both d and ada will occur. Then in y;, the generators d becomes 1, and in y,, the
generator ada becomes 1, and so both y; and y, have shorter length than x, and by
induction hypothesis, 22 has order power of 2, and order of 22 is twice that of z, so

has order power of 2.

Case 2.b Suppose = does not involve d but involves c. As before, ¢ will appear
either in the form of ¢ or in the form of aca, in any case either y; or y, involves d or d
will disappear by cancellation. Now suppose without loss of generality, y; contains d,
then either y; belongs H or not. If y; € H, then by Case 1, we get y; has order power
of 2 and if y; ¢ H, then y? belongs H. Then again we can write ¢(y?) = (2, 2,) and
where [(2),1(z.) < I(y;), since y? involves d, so by case 1 and induction y? has order
power of 2 ad hence y; has order power of 2. Similarly, we will have y, of order power

of 2. Therefore z? has order power of 2 so x has order power of 2.

Case c: If z does not involves d, ¢, then z = (ab)* for some k € N, and since
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(ac)'® =1, so = has order power of 2. d

Definition 5.1.7 A group G is said to be residually finite, if for any g € G, there
exist a finite group H and an epimorphism ¢ : G — H such that g & ker(¢).

More generally, If X is a certain family of groups, then a group G is termed as
Residually- X if for any distinct elements g, h € G such that there exist a surjective
group homomorphism ¢ : G — H such that ¢(g) # ¢(h) for some H € X.

The above condition is equivalent to showing that for any g # 1 € G, there ex-

ist a surjective group homomorphism ¢ : G — H, such that ¢(g) # 1 for some H € X.

Proposition 5.1.8 Let X be a certain class of groups. Then the following conditions
are equivalent:

1. A group G is Residually-X

2. For any g # 1 € G, there exist a surjective group homomorphism ¢ : G — H such
that ¢(g) # 1 for some H € X.

Proof: 1f (1) holds, then for g # 1 € GG, we will have a surjective homomorphism ¢
: G — H such that ¢(g) # ¢(e) = € for some H € X which proves (2). Conversely if
(2) holds and suppose g, h € G are two distinct elements of G i.e. g # hie. gh™! # 1,

and hence by (2)‘1¢, there exist a surjective homomorphism ¢ : G — H such that
d(gh™) # 1 for some H € X, hence ¢(g) # ¢(h) which proves (1). O

Definition 5.1.9 Let G be a Residually-X group. Then we say that

1. G is Residually finite if X is the class of finite groups.

2. G 1s Residually nilpotent if X is the class of nilpotent groups.

3. G 1s Residually solvable if X s the class of solvable groups.

4. G is Residually-p if X is the class of finite-p groups.
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Similarly, we can define any Residual class, but the above four residually proper-

ties are very important.

If X is a certain class of groups, then any group G € X is Residually- X, because
in that we can take H to be G and ¢ to be the identity map. In particular, every
finite group is Residually finite, every nilpotent group is Residually nilpotent etc.

Proposition 5.1.10 If X and Y are two classes of groups such that X C Y, then

any group G which is Residually-X must also Residually-Y .

Proof:  Suppose G is Residually-X and g € G be any non identity element of G.
Then there exist a surjective group homomorphism ¢ : G — H such that ¢(g) # 1
for some H € X but X CY,so H €Y and hence, G is Residually-Y. O

Corollary 5.1.11 FEvery Residually nilpotent group is Residually solvable because ev-

ery nilpotent groups is solvable.

Corollary 5.1.12 FEvery Residually-p group is Residually nilpotent because every fi-

nite p group 1s nilpotent.

But the converse of any of the two is not true in general. We will see some exam-

ples but before that we need to prove a small proposition:

Proposition 5.1.13 The following two conditions are equivalent:
1. A group G is Residually finite
2. If C = {N|N <G and | G/N |< oo} then (\yee N = {e}.

Proof: ~ Assume (1) holds, Let suppose g € (\yeo IV, if g # e then there exist
a homomorphism ¢ : G — H such that ¢(g) # e for some finite group H. Then
g € Ker(¢) and since Ker(¢) <G and Ker(¢) is of finite index. Therefore Ker(¢) € C
and hence g € Ker(¢) which is a contradiction. Conversely assume (2) holds, and
suppose that G is not Residually finite i.e. 3 g # e such that for any surjective group
homomorphism ¢ : G — H for any finite group H, we have ¢(g) = e i.e. g € Ker(¢).
In particular, if we take natural projection 7 : G — G/N for any N € C. Then g € N
for all N € C. Hence, g € (\yee IV = {1}, gives a contradiction, which proves (1). [
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Theorem 5.1.14 Let I' be the Grigorchuk group, then I' is a residually finite group.

Proof:  Let {(0,1/2),(1/2,3/4),(3/4,7/8), ..., (2;:1, 21;;1)} be a partition of the
interval (0, 1) into 2* subintervals. Elements of the group I" permute these subinter-
vals, and so we will have a homomorphism 1 : I' — Sy, the symmetric group on 2*
letters. Let Hy be the kernel of this homomorphism. Let g € Ker(v), this g fixes each
2k subintervals, if suppose g € (o, Ker(¢x), i.e. g fixes each point of the interval,
because any point lies in one the subintervals, so g must be the identity.

Therefore (,—, Ker(¢y) = 1. Thus by the above proposition, we conclude that, I is
a residually finite group. O

Theorem 5.1.15 Let I' be the Grigorchuk group, then I' has solvable word problem.

Proof:  Let g be any word of I'. If [(g) = 1, then g € {a,b, ¢, d}, then we can decide
easily whether g is 1 or not. Suppose if I(g) > 1, then write g in terms of a,b, ¢, d.
Let n(a) be the number of occurrence of a in the expression of g, If n(a) is odd then
g ¢ H. Therefore g can not be the identity. Suppose if n(a) is even, then g € H,
and by the previous embedding, write ¢(g) = (g, g-), where g, and g, have shorter
length than of g. Therefore by induction , we can decide whether g; or g, represent

the identity or not, and g represent the identity if and only if ¢ =1 and g, =1. O
Proposition 5.1.16 The Grigorchuk group I" is commensurable with I" x T'.

Proof: We have the embedding ¢ : H — I'; x I',. given by ¢(z) = (2, z,). Since the
elements of B can be generated by the conjugates of b i.e. aba, cbe, dbd, but

¢(badab) = ¢(b)o(ada)p(b) = (a, c)(b,1)(a,c) = (aba, cc) = (aba, 1)
¢(abadaba) = ¢(aba)p(d)p(aba) = (c,a)(1,b)(¢c,a) = (ce,aba) = (1, aba)

Also, we have

¢(abaadaaba) = ¢(aba)p(ada)p(aba) = (¢,a)(b,1)(c,a) = (cbe, 1)
¢(bdb) = $(b)d(d)p(b) = (a, c)(1,b)(a, c) = (1, cbe)

Similarly,
¢(acaadaaca) = ¢(ada)p(aca)p(ada) = (d,a)(b,1)(d,a) = (bdb,1) and ¢(cdc) =
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o(c)p(d)op(c) = (a,d)(1,b)(a,d) = (1,dbd) and so the image of ¢ contains (1, B)
and (B, 1) and therefore contains all the generators of B x B. Hence, ¢(H) contains
B x B. Since |[I': B| < 8,50 |[I' xI': Bx B| <88 =64. So ¢(H) is of finite index
inT'xT and ¢ : H — ¢(H) is an isomorphism. Therefore, I' is commensurable with

I'xT. U

Lemma 5.1.17 Let v € H, and write ¢(z) = (v, x,). Then l(z;) and (x,) are at
most 3(I1(z) +1).

Proof: ~ We know that H is generated by the transformation b, c,d, aba, aca, ada,
and also any element of I" can be expressed in a, b, ¢,d with alternate occurrence of
a, So any element x € H can be written as the product of the form u and ava, with
u,v € {b,c,d}. Let the length of z in I be 4k + r, where k is the number of pairs
(u, ava), present in the expression of € H, and r € {0, 1} and each pair contributes
4 to length of x (I(x)).

Now consider the map ¢ : H — I'; x I, defined as ¢(x) = (z;, z,). Since any generator
of H map to elements x; or x, at most length 1, so each pair, which has length 4, map
to elements a; or @, of at most length 2. If = 0, then I(x;), () < 3l(z) < 3(I(2)+1).
If r = 1, then the remaining factor has length 1 or 3 and is mapped to single generator

aorl 0

5.1.1 Growth of Grigorchuk group

Now, we will show that the Grigorchuk group I' has neither polynomial growth nor
exponential growth, i.e. the growth function of I' dominates every polynomial func-
tion and is strictly dominated by functions f(n) = a™ for any real number a > 1. Let’s

first prove that I does not have polynomial growth with the help of Gromov’s theorem.

Theorem 5.1.18 Let I' be the Grigorchuk group, then I' does not have polynomial
growth.

Proof: ~We have seen that I' is 3-generated infinite torsion group. Suppose I' has
polynomial growth, then by Gromov’s theorem I' must have nilpotent subgroup of

finite index. Let N be a nilpotent subgroup of finite index in I'. ie. |I': N| < oc.
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Then since by [2.3.16] N is finitely generated group. Since by [2.3.2) N is finitely gen-

erated nilpotent group. So consider the lower central series of N

N =7(N) 27(N) 2 ... 27(N) 2 (N) =1 (5.1)

where v;11(N) = [N,v(N)] and 7;(N)/7i+1(G) is finitely generated abelian group.
Also N is torsion group as I' is torsion group. Therefore each successive quotient of
lower central series is a finite abelian group, since the extension of finite group by
finite group is finite group, i.e. if 7;(N)/v;11(INV) is finite and v;,1(N) is finite then
vi(NN) is finite. Now apply this, since v, (N)/vn+1(N) is finite, and ~,,1(N) is finite,
50 7,(N) is finite, Repeating this argument n times, we get that N is finite group.
Using |I' : N| < oo, T is finite group, which is a contradiction. Hence, I does not

have polynomial growth. U

Now it remains to show that growth I' is subexponential (less than exponential).

We have an index 2 subgroup H of I' generated by b, ¢, d, aba, aca, ada and we have
an embedding ¢ : H — ' x I given by ¢(z) = (z;,2,). Since | I' : H |= 2, so
|I'xT': Hx H |=22=4. Now consider the set K = {x € H : ¢(x) € (H x H)}.
Since ¢ is injective, then |H : K| = |¢p(H) : ¢(H)N(H x H)| < 4. Now K is a
subgroup of H of index at most 4.
Therefore, |I' : K| = [I' : H||H : K| < 2.|H : K| = 2.4 = 8, which shows that
K is subgroup of I' of index at most 8. Now consider a new set L = {z € K :
¢(r) € K x K}. Then L is a subgroup of K, hence a subgroup of H. Now
|K : L| = |¢p(K) : ¢(K)N (K x K)| < 4.4 = 16., Therefore, we have |I' : L| =
II': K||K : L] <816 = 128.

If z € L, then ¢(z) € K x K, i.e. ¢(x) = (xg,x1), where zg,21 € K, By the
definition of K, we have ¢(xg) = (xgo, xo1) where zgo, zo1 € H. Now we have a map
¢ H — T xT, then ¢(xo0) = (200, Too1), Where oo, o1 € I'. Similarly, we can
apply ¢ three times on x;.

So if x € L, then we have a map defined as
¢:H—>TxT x..xT (8times)
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given by
3
¢ ($) = (1’000,33001,x0107$011,513100,%01795110,1’111)

where each coordinate in the octet belongs to I'. For simplicity, we can write if z € L,

&*(x) = (v1, T2, T3, T4, Ts, Tg, T7, Tg), Where z; € T O

Lemma 5.1.19 Ifz € L, and ¢*(z) = (21, ..., x5), then we have 35, I(x;) < 3(x)+
8.

Proof: 1f x € L, then ¢(z) = (x;,2,), and ¢(x;) = (x1,,21,), and ¢(z,) = (2, Tpy),

and again apply, we get ¢(xll) = (x1117x112> ) ¢($12) = (xlmvxlm) ) ¢<x7"1) = ('rhl?xhz)
and ¢(z,,) = (Try,, Try,). Therefore, We have

¢<$> - (xlu y Lligy Loy s Tlags Lrygy Lrygs Lrgg s xr22)
((l(xh) + 1)7 l(xlm)a l(l’122) < _((l<xlz> + 1)

) 1) < 5 ((0n) 1), L), 1) < 5 () +1)

N o —

Let qb(x) - (xlll ) xlm? ‘/L‘lzlu I1227 x?‘n ) 'r'r‘lga x'r‘gla x'f’QQ) - (.Tl, X2, T3,T4,T5,Te, X7, xS)(SaY)
then, we have

Z l<$l) = l(‘rlll) + l(‘rl12) + l<I121) + l($122) + l<x7'11) + l(lez) + Z(IT21) + l($T22)

The number of occurrence of either b, ¢ or d in x is between $(I(z)—1) and 1 (I(z)+1).

Let us write (), [.(z) and [4(x) for the number of occurrence of b, ¢ and d respectively.

We saw that on applying ¢, we get

1 1

) +Uzp) < S(U2) +1) + 5 (H(2) +1) = (z) +1

. But each occurrence of d, either as itself or in ada, becomes 1 in either x; or x,.

Therefore we have to subtract l4(z) from the sum. Next, each occurrence of ¢ in x
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becomes d in either x; or x,. (but not in both). it is possible that on reducing x; and z,
this occurrence of d disappears, but if it does not, it becomes 1 on applying ¢ again.
Then when applying ¢?, we have to subtract also I.(z) and similarly, on applying ¢,
we subtract also ,(x). But we can not subtract both [.(z) and [,(z), because ¢ and b
may cancel out together. Therefore we can subtract either l.(x)+1,(x) or lg(x) +1(x).

Since at least one of these is at least (I,(2) + l.(x) + la(x)) otherwise if

) +1o(x) < G (0(2) +1o(a) + ()
(@) + L) < S(b(a) + () + La(2)
= 2p(a) 1) @) < () + () + ()

lb(ZL‘) <0

which is not possible. So either lq(x)+1y(z) > 5 (ly(z) +1c(2) +la(2)) or l(2) +1.(z) >
$(Iy(z) + lo(x) + lg(z)). Now, since we have

) o) o) = 5(U) — 1)
and if
@) + (o) = 5(0(2) + (@) + ()
> 10(x) 1)
Now,

Therefore, we have S°°_| I(z;) < 3(x) + 8.
U

Theorem 5.1.20 Let I' be the Grigorchuk group, then I' has subexponential growth.

Proof: Let sp(n) be the growth function of I' and w(T") = lim(sp(n))"/™.

In order to show that I' has subexponential growth, we need to show that w(I') = 1.
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Let L be the subgroup defined above and we also saw that | : L| < co. Let k be
an upper bound for the length of a set(7T) of representatives of cosets of L, by
we can take |I' : L| = k. Two different elements can give rise to the same element y
only if they lie in different cosets because if x1, 29 € T'( 21 # x3), then 27 = yz; and
To = Y2zo s0 if z; and zy are same that would lead that x; and z, are same, which is

a contradiction. We denote s} (n) for the number of elements of L of length (in T') at

most n. Therefore by [2.3.17 we have
sp(n) <sj(n+k)|T:LJ.
Consider an embedding ¢ : L — ' x I' x ... x I ( 8 times) given by

() = (21,2, ..., Tg),

, where x € L. So by this embedding, = can be completely determined by the action
of z; for each 1 <7 <&.

Let I(z;) = n;. Then it is clear that n; < n by lemma. Since the action of some of the
x; could be trivial i.e. x; could be identity. So n; = I(z;) € {0,1,2,...,n}. Therefore

the number of possibilities for the octet (ni,ns,...,ng) is at most (n + 1).

For any
such octet, the number of possibilities for (z1,...,25) is [[; sr(n;). Write w = w(I).

Since we have w = (sp(n)),
w" < sp(n) < (w+¢)"

for large n enough.

Then there exists a constant A such that sp(n) < A(w + €)" for all n. Given an
octet (ny,ns,...,ng) as above, this implies that number of possibilities for the octet
(21, T2, ..., 75) is at most [[°_, A(w + €)™,

8
H Alw + €)™ = AB(w + €)™ T < A¥(w + €)™ < C(w + ¢)
i=1

n

e

where C' = A®(w + €)%, Now,
w" < sp(n) < sh(n+ k)L L] < T LIC(n +k + 1)%(w + €)3"*8

taking n'* roots and letting n go to infinity and € go to 0, we have w < wi. This
implies that w = 1, which shows that the Grigorchiuk group has subexponential

growth. O
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Corollary 5.1.21 Let I' be the Grigorchuk group, then I' has intermediate growth.

Proof: By the theorem [5.1.18] I' does not have polynomial growth and by [5.1.20, "

has subexponential growth. Therefore, I' has intermediate growth.. Il

Theorem 5.1.22 There exist number 0 < o, < 1 and A, B > such that A" <

sp(n) < B".

Proof: The proof refers to [1] 0
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5.2 Gupta-Sidki group

Now, we will define a new family of groups of intermediate growth. These groups
were first constructed by Narain Gupta and Said Sidki in 1983. Along with the in-
termediate nature of these groups, these groups also gives a answer to the Burnside
problem. For each odd prime p, Gupta - Sidki groups is a p-generated infinite torsion
group and it has intermediate growth. First, we will define it, then we will see some
interesting properties. These groups were defined as the subgroup of automorphism

group of p - regular rooted tree.

Fix p be an odd prime. A tree is a connected graph which has no circuits. A
regular p -rooted tree is a tree T'(0), which has one base vertices (say 0), and from
the vertex 0 , there are p vertices say (0,1),(0,2),...,(0,p) attached to the vertex
0, and from each p vertices (0,7), where 1 < i < p, there are again p vertices say
(0,4,1),(0,4,2), ..., (0,1, p) vertices attached to it, and so on. In other words, the sub-
tree hanging from any of the vertices of the tree T(0) looks similar to be as their
parental tree 7'(0). Let 7'(0) be an infinite regular p-rooted tree with initial vertex at

0 ( also called as the root of a tree).

Definition 5.2.1 An automorphism ¢ of a tree T is map ¢ : T — Twhich is a
bijection on the set of vertices, Such ¢ takes the vertices to vertices and if u,v be any
two wvertices such that [u,v| is the direct edge between u and v, then [p(u), p(v)] must
be the direct edge between ¢(u) and ¢p(v). The automorphism group of a tree T' is the
set of all automorphism of tree T' and is denoted by Aut(T).

Let T'(0) be an infinite regular p - rooted tree. Now we will define Gupta - Sidki
group as the subgroup generated by two particular type of automorphisms, say ¢(0)

and a(u) inside the group Aut(7(0)).

Suppose T'(0) is a infinite regular p - tree with initial vertex 0 and if u is any
vertex of this infinite tree 7°(0), we denote T'(u) be the tree hanging at the vertex wu,
which is also a regular p - rooted tree and looks like as of parental tree T'(0). So, there

are p-regular subtrees say 7°(0,1),7(0,2),...,7(0,p) with roots (0, 1), (0,2), ..., (0,p)
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respectively, whose initial vertices are direct connected with initial the root 0 of the

tree 1°(0).

In order to define an automorphism ¢ of tree 7'(0), it is sufficient to know the
image of vertices under the action of ¢. Now we will define an automorphism #(u).

For each vertex u of T'(0),

we define t(u) : T'(u) — T'(u) by

t(u)(T'(u,j)) = T(u,j+1)forj =1,2,....,p—1,and
t(u)(T'(u,p)) = T(u,1)
The automorphism ¢(u) fixes the vertices u, and cyclically permutes the vertices

(u,1), (u,2), ..., (u,p), so after iterating p times, the action of ¢(u) becomes trivial so

t(u) is of order p. Now, we will define the another automorphism

a(u) : T'(u) = T(u)
a(u)(T(w, )) = o, 1)t~ (u, 2)i(, )i, p — Da(u, p)
where t(u, 1) is an automorphism defined above which cyclically permutes the vertices

(u,1,1), (u,1,2), ..., (u,1,p) and t~'(u,2) is the inverse of t(u,2) and a(u,p) is an

automorphism,

a(u,p) : T'(u,p) — T(u, p) defined as a(u)(T (u, p, 7)) = t(u, p, 1)t (u,p, 2)i(u,p,3)...i(u, p, p—

1)a(u,p,p). So the action of a(u) on T'(0) acts recursively in terms of the automor-

phism #(u) and a(u).

Since we have an infinite regular p-rooted tree, and the action of a(u) like ¢(0, 1) on
(u,1), t71(u,2) ,identity automorphism i(u,3) on (u,3),..., and a(u, p) acts on (u,p)

as the same way as a(u) on wu.

Definition 5.2.2 Let p be an odd prime. Consider the subgroup generated by two
automorphisms t(0) and a(0) in the group Aut(T(0)) and denote it by G,(0). Then
Gp(0) is the Gupta - Sidki group.
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Since we have fixed a prime p. So we use the notation G(0) instead of G,,(0). Now
we will see some interesting properties of G(0). More generally, for any vertex u of

T(0), let G(u) denote the group generated by the automorphism #(u) and a(u).

Theorem 5.2.3 : The group G(0) generated by t(0) and a(0) is an infinite group.
Proof: We defined a(0) as

a(u) : T(0) — T(0)
a(0)(T(0, 7)) = £(0, 1)t7(0,2)i(0,3)...i(0, p — 1)a(0, p)

Since, ¢(0,1) is an automorphism of tree 7'(0,1) (rooted at (0,1)), ¢(0,1) €
G(0,1). Similarly ¢t71(0,2) is an automorphism of tree 7'(0,2) (rooted at (0,2)) and
so t71(0,2) € G(0,2). In the same way i(0,3) € G(0,3),...,i(0,p — 1) € G(0,p — 1)
and a(0,p) € G(0, p).

Since t(0,1) is an automorphism of the 7°(0,1). So, it fixes all other vertices
(0,2),(0,3), ..., (0,p). Similarly t71(0,2) is automorphism of the 7'(0,2) and it acts as
the identity transformation on the tree 7'(0,1),7°(0,3),...,7(0,p). The identity auto-
morphisms (0, 3), ...,7(0,p — 1) acts trivially on each subtree and the automorphism
a(0,p) acts as the identity transformation on 7°(0,1),7°(0,2),...,7(0,p — 1).

Therefore,

a(0) = t(0,1)t71(0,2)i(0, 3)...i(0,p — 1)a(0, p)

€ G(0,1) x G(0,2) x G(0,3) x ... x G(0,p — 1) x G(0,p)

where, G(u) is the group generated by #(u) and a(u). Let’s denote the automor-
phism

a(0) = t(0,1)t71(0,2)i(0, 3)...i(0,p — 1)a(0, p)

by a = (t,t71,4,...,a). Also, let’s denote ¢t77(0)a(0)#/(0) = a; for each j =
0,1,....,p — 1, then ag = t %a(0)t* = a(0) = (t,t71,4,4,...,a)

Since, t79(0)a(0)t°(0) = a(0) = (t,t7 1,4, ..., a),
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Now consider the action of t~*a(0)t!, on the following:

on T(0,1): The automorphism ¢~ (0)a(0)¢'(0)(7'(0,1)) = t~*(0)a(0)(T(0, 2)), since
a(0) acts like the automorphism ¢(0) on 7'(0,2) and since ¢~*(0) is the inverse of ¢*(0),
so t71(T(0,2) = T(0,1). Hence the automorphism ¢~1(0)a(0)¢'(0) on T'(0, 1) acts like
t71(0), denote by ¢!

on T(0,2): The automorphism ¢ ~*(0)a(0)¢'(0)(7(0,2)) = t~*(0)a(0)(T'(0, 3)), since
a(0) acts like the automorphism #(0) on 7(0, 2) and since t~*(7(0, 3)) = T(0,2), hence
the automorphism ¢~1(0)a(0)t!(0) on T'(0,2) acts like ¢(0), denote by 4.

on T(0,3): The automorphism ¢~ (0)a(0)¢*(0)(7(0,3)) = t~*(0)a(0)(T(0,4)), since
a(0) acts like the identity automorphism i(0) on 7'(0,4) and since t~(7°(0,4)) =
T(0,3), hence the automorphism ¢~1(0)a(0)t'(0) on T(0, 3) acts like i(0), denote by

i.

on T(0,p-1): The automorphism ¢~ (0)a(0)¢' (0)(T(0,p—1)) = t~1(0)a(0)(T(0, p)),
since a(0) acts like the automorphism a on T'(0, p) and since t 1 (T'(0,p)) = T(0,p—1),
hence the automorphism ¢~'(0)a(0)¢!'(0) on T'(0,p — 1) acts like ag, denote by ag.

on T(0,p): The automorphism ¢~(0)a(0)t*(0)(T(0,p) = t=*(0)a(0)(T(0,1)), since

a(0) acts like the automorphism ¢(0) on 7'(0, 1) and since ¢t~ *(7'(0,1)) = T'(0, p), hence
the automorphism ¢~1(0)a(0)¢!(0) on T(0,p) acts like ¢(0), denote by t.

Therefore, we have

a; = t71(0)a(0)t*(0) = (t71,4,4, ..., ap, t)

Similarly, we can have
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as = t72(0)a(0)#*(0) = (4,4, ..., ag, t,t ")

as = t3(0)a(0)£3(0) = (iy4, ..., a0,t, 8", 0)

a,—1 =t~ P7V(0)a(0)t®=1(0) = (ag, t,t 1, ...,i,1)

Since by definition of ag,as,...,a,_1, these p elements of Aut(7'(0)) belongs to
G(0). Consider the subgroup generated by these p elements, call it H(0), say H(0) =

< Ao, A1y eeey Ap—1 >

Proposition 5.2.4 The subgroup H(0) generated by ag,ay,...,a,—1 forms a normal

subgroup of index p in G(0).

Proof: ~ Clearly, the generators H(0) is closed under the conjugation action of
t(0). So, H(0) is a normal subgroup. Now we will show that |G(0) : H(0)| = p,
Since H(0) is a normal subgroup of G(0), G(0)/H(0) has natural group structure.
Therefore we have natural map n : G(0) — G(0)/H(0) given by n(a(0)) = 1 and
n(t(0)) = ¢(0)H(0), where 1 represent the identity element of G(0)/H(0). Since
G(0) =< a(0),t(0) >, G(0)/H(0) is generated by t(0)H(0) order p in G(0). Cer-
tainly, (¢(0)H(0))? = t?(0)H(0) = H(0) and also no power less than p (say ), exist
for which t* € H(0), because t' just the permutation of first level, and since elements
of H(0) permutes at least one branches at each level. Sot' & H(0) V0 < i < p. Hence,
t(0)H(0) has order p. So {G(0) : H(0)} = p. Therefore, H(0) is normal subgroup of
G(0) of index p. O

Definition 5.2.5 Let G and H be two groups. A subdirect product of G and H s
a subgroup K of the external direct product G x H such that the natural projections

g K — G and 7y : K — H is surjective homomorphisms.

Lemma 5.2.6 If H is the subdirect product of G1, Gy, ...,G,, where each G; = G for
some group G and H is a proper subgroup of G, then G is an infinite group.
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Proof: Here, G1,G5, ...,G, be the isomorphic copies of a group G. Since H is the
subdirect product of G, Gy, ...,G, i.e. H is a subgroup of Gy x Gy X ... X G}, and the
projections map m; : H — G; given by m;(¢g1, g2, ..., gp) = ¢; is onto. Since G; = G and
H < G; = G. Hence, We have an epimorphism from a proper subgroup H of G to G.

Therefore, G is infinite group. U
Proposition 5.2.7 The group H(0) is the subdirect product of G(0,1),G(0,2), ..., G(0,p).

Proof: 'We know the subgroup H(0) generated by ao, a1, ..., a, is a normal subgroup
of index p in G(0) and each a; € G(0,1) x G(0,2) x G(0,3) x ... x G(0,p). Therefore
H(0) is a subgroup of € G(0,1) x G(0,2) x G(0,3) x ... x G(0,p). We have a natural
projection m; : H(0) — G(0, 1) given by m1(hq, ha, ..., h,) = hy. Since

mi(ag) = m(t,t7 i, ... a0) =t
mi(a, 1) = m(ao, t,t7", ... 4,4) = ag
Since G(0,7) = G(0) for each 1 < i < p, and image of m; contains the generating
set. Hence ,m is surjective map. Similarly each =; is surjective. So H(0) is the
subdirect product of € G(0,1) x G(0,2) x G(0,3) x ... x G(0,p), each G(0,7) = G(0)
and H(0) is a proper subgroup of G(0).

Hence, by previous lemma, G(0) is an infinite group.

Now we will prove that every element in G(0) is of finite order. First we will
see that any arbitrary element g € G(0) must be of the form g = ht/, where h =

h(ag, ay, ...,ap—1) is a word in ag, ay, ..., a,—1. Since, we have the relation
t77(0)a(0)#(0) = a; = t/(0)a(0) = a_,;#(0) (5.2)
Using induction, suppose #/(0)a™(0) = h(ag, a1, ..., a,)t"(0), Now consider
t(0)a™"1(0) = #(0).a™(0).a(0) = h(ag, a, ..., a,)t"(0)a(0) = h(ag, a1, .., ay)a_.t"(0)

Hence, using the equation number (9), we can write arbitrary elements g of G(0) as

g = ht?, where h = h(ag,ay,...,a,-1) is a word in ag, ai, ..., ap_1.
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Thus we may consider g € G(0) as an element of (< ag > * < a3 > *..% < ap_1 >

)3 <t>. O
Theorem 5.2.8 G(0) is a torsion group.

Proof: ~ We will prove that any element g € G(0) has order power of p. Let
g € {t(0),a(0)}. We have seen that the automorphism ¢(0) has order p. Since we
know that a(0) = #(0,1)t71(0,2)i(0,3)...2(0,p — 1)a(0, p), iterating p times of a(0),
action on the subtree T°(0,1) becomes trivial, similarly on 7(0,2),...,7(0,p — 1) and
on the last subtree on the first level i.e. T'(0, p), it acts like a(0, p). Since we apply it

recursively, we get that a(0) has order p.

Let A(k) be the length contributed by ay, and then the syllable length of word
h(ag, a1, ...,ap—1) is A(0) + A(1) + ...+ A(p — 1).
Now we will use induction on the syllable length of g to prove that g has order power

of p

Suppose our claim holds for all the words upto syllable length m i.e. all the ele-
ments of syllable length at most m have elements of order power of p and suppose g

is an element of syllable length m + 1 > 2.

Case I : If g = h(ag, a1, ...,ap—1)t"7,j € {1,2,...,p — 1}. . Since we have

g= hiP—I
G° = ht?™I ptPI . P
= h.(tP IRt ) AP htP
= h.(t T ht?).(tP"H ptP ). htP I
N N S e A W
—p htj htzj ht(;D—Q)j
(. = (=15 pp=i — ¢=(=1ip(P=1)j y=(p=1)j+p—j

_ ptPY pitite—i ht(p—l)j)
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Therefore, we have
g = h.ht Rt

is an element of H(0) (since generator of H(0) remains in H(0) after taking the
conjugation by t). Therefore the syllable length of each the conjugate t=*ht*/ for
j € {0,1,...,p — 1} is same as the syllable length of h i.e. the syllable length of
g =m+m-+ ...+ m = mp. Also, a takes the all values a; for i € {0,1,....k}
after conjugating all the p — 1 powers of ¢t and therefore has the property that the
length contribution due to each ay, is A(0) + A(1) + ... + A(p — 1) = m. Since, we can
write each h!” in p tuple, so expressing ¢gP as a p-tuple, shows that for each j, the
G(0, j)-component of gP is an element of H (0, j) of syllable length at most m and if
the component has syllable length A(p— 7), then by induction hypothesis, it has order
power of p. If the component has A(p — j) + 1 = m + 1, then m = 1. Now consider

the following cases:

Case a: If A\(p—j)+1<m

A(p—7) <m—1<m. So each component has order power of p

Case b: f A(p—j)+1>m

AP =g +1=m

but, since A(0) + A(1) + ...+ AX(p—J) + ...+ Ap—1)=m+1

if \(p—7)+1 > m++ 1, which implies that A(p — j) > m (not possible) (at least some
AMEk)#0for ke {l,2,...,p—1}). So, A(p—j)+1=m+1=Ap—j)=m

Therefore, this component has length m so it has order power of p.

Case II: Let g = h(ao, ..., ap—1) € H(0). Suppose h has syllable length m + 1 =
A(0) 4 ...+ A(p—1). Now express h as in the form p tuple, which shows that G(0, 7)-
component has syllable length A\(p—j), then by induction hypothesis, it is a p element
( since A(p—j) < m). if the component has length A(p—j)+1and A(p—j)+1 < m,
then again by the induction hypothesis it is a p element. If the component has length
AMp—j)+1=m+1, then m =1 and it is a p element by Case I and the induction
hypothesis. Thus, g is a p element. Therefore, in any case g is an p element. Hence,

G(0) is a torsion group. O
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So we have seen so far, for each odd prime p, the Gupta-Sidki Group is finitely

generated infinite torsion group.

5.2.1 Growth of Gupta Sidki Group

Now we will prove that the Gupta Sidki group has intermediate growth. We will prove
it in two steps first by showing that this group does not have polynomial growth and

in the next step we will show that this group has subexponential growth.

Theorem 5.2.9 For each odd prime p. Let G(0) be the Gupta Sidki group, then G(0)

does not have polynomial growth.

Proof: We have seen that G(0) is finitely generated infinite torsion group. Suppose
G(0) has polynomial growth, then by Gromov’s theorem, G(0) must have nilpotent
subgroup of finite index. Suppose N be a nilpotent subgroup of finite index in G(0).
i.e. |G(0): N| < oo. Then since by N is finitely generated group. Since by
, N is finitely generated nilpotent group, also N is torsion group because G(0) is

torsion. So consider the lower central series of N

N =7(N) 27%(N) 2 .7 (N) 2 1 (N) =1 (5.3)

where ;11 (N) = [N,v;(N)], since 7;(N)/vi+1(G) is finitely generated abelian group.
Since N is torsion group. Therefore each successive quotient of lower central series is
finite abelian group, since the extension of finite group by finite group is finite group,
i.e. if v(N)/7i+1(N) is finite and 7,41 (N) is finite then v;(NV) is finite. Now apply
this, since 7,,(N)/Yn+1(NV) is finite, and 5,11 (V) is finite, so v, (N) is finite, Repeating
this argument n times, we get N is finite group. Since |G(0) : N| < oo, .. G(0) is
finite group, which is a contradiction. Hence, G(0) does not have polynomial growth.
O

Here we will prove that the Gupta - Sidki group has subexponential growth. In
order to prove it, we will use some result regarding Splitter Mixer Group[I4]. So Let’s

define the splitter mixer group.
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Let w = {1, ...,d} be a finite set; the set wx of finite sequences over w is naturally
(the vertex set of) a d-regular rooted tree, rooted at the empty sequence, if one
connects for all o; € w the vertices o;...0,, and 0;...0,,.0,41. Let A be a subgroup of
the symmetric group of w = Sy; let B be a finite group, and let B = B; x By X ... be the
direct product of countably many copies of B; let ¢1, ¢s, ..., 41 be homomorphism
B — A, and let ¢4 : B — B be the one-sided shift (b, b, ...) = (1,b1,bs,...). Write
@ for the restriction of ¢; to B,,. Now we define a action of A and B on wx as follows:

the action of a € A is
(0109...0,)* = (01)%0q...0,

and the action of b € B is defined inductively by

(0109...0,)° = 01(010...0,) % ®),

Let G be the subgroup of Aut(w%) generated by A and By, i.e. the largest quotient
of A x By that acts faithfully on w*. Such a group G is called a splitter-mixer group.

Theorem 5.2.10 [T}/ Let G be a splitter-mizer group as defined above, then G has

subexponential growth.

Proof:  Proof refers to [14]

Theorem 5.2.11 Let G(0) be the Gupta-Sidki group, then G(0) has subexponential

growth.

Proof: ~We will use the theorem to prove that the Gupta-Sidki group has
subexponential growth. Since the Gupta Sidki group G(0) can be obtained in above
setting by taking w = {1,2,...,p} forp >3, A=<z =(1,2,...,p) > and B = A, and
O =izl =2, 05 = ... = ¢y 1, which implies that G(0) is a splitter-mixer group
and hence by [5.2.10f G(0) has subexponential growth.

Corollary 5.2.12 Let G(0) be the Gupta-Sidki group, then G(0) has intermediate

growth.

Proof:  Since by [5.2.9, G(0) does not have exponential growth and by [5.2.11] G(0)

have subexponential growth. Hence, GG has intermediate growth. U
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