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(c1, ¢2) correspond to the N=1, R? condition. The panels (al, bl,
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b2, ¢2) represent the polarization transfer in the corresponding two-
spin (C-C) systems along with the damping term, exp(-t/T), used to
match the intensity in the five-spin systems (panels al, b1, c1). The
simulations in panels (a2, b2, ¢2) are generated using Liouville matrix
(solid line) and the reduced density matrix theory (dots) (Eq. 3.34).
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ms (a2), 61lms (b2) and 19 ms (c2) respectively. All the remaining
simulation perimeters are given in Table 2.4. . . . . . . . . .. .. ..
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match the intensity in the five-spin systems (panels al, bl, c1). The
simulations in panels (a2, b2, ¢2) are generated using Liouville matrix
(solid line) and the reduced density matrix theory (circles) (Eq. 3.34).
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corresponding to strong, medium and weak coupling regimes are 54
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The figure depicts the polarization transfer in five-spin systems (Figure
3.5: a (panel, al), b (panel, bl), ¢ (panel, c1)) in the presence of TPPM
decoupling on ! H-channel under N=1, R? conditions. Panels (al, b1,
cl) consist of the analytic simulations generated under the TPPM
(solid line) and the CW decoupling (dots) schemes in five-spin systems
at the RF, 100kHz with the phase difference (A¢), 15°. The analytic
simulations (panels: a2, b2, c¢2) depicting the polarization transfer
in the corresponding isolated two-spin (C-C) systems are presented
for comparison. All the remaining simulation perimeters are given in
Table 2.4. . . . . . L
The figure depicts the polarization transfer in five-spin systems (Figure
3.5: a (panel, d1), b (panel, el), ¢ (panel, f1)) in the presence of
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spin (C-C) systems are presented for comparison. All the remaining
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The figure depicts the pulse sequence employed for the implementation

of fractional R? experiments. The sequence involves four pulses of flip
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The figure depicts the spinning frequency dependent polarization trans-
fer from Vg, to Veg, 2.54 A(al, a2), from Vi, to Vi, 3.90 A(b1, b2)
and from Leuc, to Vg, 5.44 A(cl, c2) represented in the model sys-
tems in figure 2.3. The analytic simulations in panels ((al, Tmix=10ms),
(b1, Tmix=80ms), (c1, Tmix=100ms)) represent the polarization ex-
change phenomenon for N=3 and the panels ((a2, Tmix=30ms), (b2,
Tmix=100ms), (¢2, Tmix=250ms)) for N=4, R? condition in a two-
spin (C-C) system under constant mixing time. The analytic simu-
lations are based on the Eqgs. (2.17) & (2.18) in chapter-2. All the
remaining simulation perimeters are given in Table 2.4 in Chapter 2. .
The figure depicts the CSA dependence of Carbonyl carbon in spinning
frequency dependent polarization transfer from Vi, to Vg, 2.54 A
(al, a2), (0554= -8589Hz), from Vi, to Vi, 3.90 A (b1, b2), (6554=
8589Hz) and from Leuc, to Veg, 5.44 A (cl, ¢2), (0554= -8500Hz)
represented in the model systems in panels (a), (b) and (c) of figure
2.3, respectively. The magnitude of the CSA interactions are varied in
all the simulations as the following: 100% (solid line), 60% (dotted line)
and 30% (broken line). The simulations depicted in panels (al, b1, cl)
correspond to the N=3 condition, while the simulations correspond
to the N=4 are illustrated in panels (a2, b2, ¢2). All the remaining
simulation perimeters are given in Table 2.4. . . . . . . . . .. .. ..
The figure depicts the spinning frequency dependent polarization trans-
fer from valine carbonyl carbon to valine beta carbon (Ve, — Vg, 2.54
A) in a two-spin (C-C) system under N=1, 2, 3 and 4, R? conditions.
The figure depicts the spinning frequency dependent polarization trans-

fer from leucine carbonyl carbon to valine beta carbon (Leuc, — Vg,
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5.44 A) in a two-spin (C-C) system under N=1, 2, 3 and 4, R? conditions. 106

The figure depicts the mixing time dependent polarization transfer in
the strong (Vo, to Veg, 2.54 A), medium (Ve, to Vi, , 3.90 A) and weak
coupling (Leuc, to Ve, 5.44 A) regimes in isolated two-spin systems
under N=3 and N=4, R? conditions. All the remaining simulation

perimeters are given in Table 2.4. . . . . . . . . ... .. ... .. ..
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The figure depicts the polarization transfer from Iy to I (Vi, — Vg,
2.54 A; panel al), (Vg, — Ve, 3.90 A; pane bl) and (Leuc, — Vg,
5.44 A; panel cl) in two-spin systems under ZQ fractional R? conditions
((K'=3.144, g = 270°, t, = 15us, panel al); (kK'=3.1516, § = 270°,
t, = 15us, panel bl) and (k'=3.144, § = 270°, t, = 15us, panel cl))
emerged from the multiple-pulse sequence (Figure 4.1) as a function
of mixing time. All the remaining simulation perimeters are given in
Table 2.4. . . . . . .o
The figure depicts the role of the CSA interactions (CSA magnitude)
in the polarization transfer from I; to Iy (Voo — Vg, 2.54 A; pan-
els (al, bl, cl); 6554= -8589Hz), (Voo — Vi, 3.90 A; panels (a2,
b2, c2); 6554= 8589Hz) and (Leuc, — Veg, 5.44 A; panels (a3, b3,
3); 6594= -8500Hz) as a function of mixing time in two-spin systems
under N=3 (al, a2, a3), N=4 (b1, b2, b3) and fractional rotational
resonance (k'=3.144, cl; k'=3.1516, c2; k'=3.144, c3) conditions. In
the simulation depicted, the magnitude of the CSA interactions (car-
bonyl CSA) is varied as the following: 100% (solid line), 60% (dotted
line) and 30% (broken line). All the remaining simulation perimeters
are given in Table 2.4. . . . . . . ... oo
The figure depicts the role of the CSA interactions (CSA orienta-
tions) in the polarization transfer from I; to Iy (Vo, — Vg, 2.54
A; panels (al, b, c1)), (Voo — Vi, 3.90 A; panels (a2, b2, ¢2)) and
(Leuc, — Veg, 5.44 A; panels (a3, b3, ¢3)) as a function of mixing time
in two-spin systems under N=3 (al, a2, a3), N=4 (b1, b2, b3) and frac-
tional rotational resonance (k'=3.144, c1; k'=3.1516, c2; k'=3.144, ¢3)
conditions. In the simulations depicted, the CSA orientations («, 3, )
of I; and Iy are varied as the following: (0,0,0; 0,90,0)(dotted line),
(0,90,0; 0,0,0) (broken line) and original (solid line). All the remaining

simulation perimeters are given in Table 2.4. . . . . . . . . .. .. ..
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4.10 The figure depicts the role of the resonance condition in the polariza-

5.1

0.2

2.3

0.4

2.5

tion transfer from I, to Iy in strong (Voo — Vg, 2.54 A; panel al),
medium (Vo = Vs, 3.90 A; panel bl) and weak (Leuc, — Ves, 5.44
A; panel c1) coupling regimes under ZQ fractional R? conditions as a
function of mixing time in two-spin systems. In all the panels, simu-
lations correspond to the exact resonance (blue) conditions (k'=3.144,
al; kK'=3.1516, bl; k’'=3.144, c1) and with the mismatch in the spinning
frequency about + 25Hz (red, green) are depicted. . . . . . . . . . ..

The figure depicts the polarization exchange between the carbons (C-
C=2.54 A: al, bl) and (C-C=5.44 A: a2, b2) as a function of mixing
time in a two-spin (C-C) system. The panels (al, a2) represent the
polarization exchange without powder averaging (single crystal) and
the panels (b1, b2) represent the polarization transfer with powder
averaging (powder sample) under N=1, R? condition. The analytic
simulations (dots) presented here are based on Egs. 5.2 & 5.3. . . . .
The figure depicts the five-spin model systems correspond to the strong
(Fig. a) and weak (Fig. b) C-C coupling regimes. . . . . .. .. ...
Schematic diagram depicting the CW (Fig. a) and TPPM (Fig. b)
decoupling during the dipolar mixing time in R? experiments . . . . .
The figure depicts the polarization transfer from I, to I, (C-C=2.54 A,
al) and (C-C=5.44 A, a2) as a function spinning frequency in model
five-spin systems depicted in Figure 5.2. The simulations depict the
polarization transfer under CW (blue, circles) as and TPPM (solid
line) decoupling schemes. For illustrative purposes, the polarization
transfer in an isolated two-spin system (red, dots) is depicted in both
the panels. . . . . . . . . . ..
The schematic diagram depicting the multiple-pulse sequence employed

for the implementation of fractional R? experiments. . . . .. .. ..
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5.6 The figure depicts the polarization transfer from I; to I, (C-C=2.54
A, al) and (C-C=5.44 A, a2) as a function of mixing time in two-
spin systems. The simulations depicted in dotted line (N=3, black)
and broken line (N=4, red) correspond to integer R? conditions, while

solid line (k'=3.144, blue) denotes ZQ fractional rotational resonance. 117
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Abstract

An analytic framework integrating the concept of effective Hamiltonians and Reduced
density matrix theory is proposed for describing polarization transfer in solid-state
NMR. Specifically, the magnetization exchange between 3C' nuclei in Rotational Res-
onance (R?) experiments is described in the presence of coupling to protons reser-
voir. The factors responsible for depolarization in R? experiments and the role of
heteronuclear decoupling schemes during the dipolar mixing are thoroughly inves-
tigated. Additionally, implementation of fractional R? experiments are discussed.
The simulations emerging from the proposed analytic model are well substantiated
through simulations emerging from exact numerical methods. The framework pre-
sented in the thesis is well-suited for describing both homonuclear and heteronuclear

experiments in solid-state NMR.



Chapter 1

Introduction

1.1 Background

Although from a historical perspective, the phenomenon of nuclear magnetic reso-
nance originated from the pioneering experiments of Rabi! in 1936 and culminated
in the design of the NMR spectrometer in 194623, from an experimental perspec-
tive, the genesis of solid-state nuclear magnetic resonance (SSNMR) spectroscopy
began only in 1958 through the discovery of Magic Angle Spinning®® (MAS) experi-
ment. In contrast to solution NMR spectroscopy, the NMR spectra in the solid-state
are broadened by the anisotropic nature of the spin interactions. To overcome the
spatial anisotropy imposed by the inherent restricted mobility, Andrew et al.* and
Lowe,® independently proposed an ingenious approach of mechanically rotating the
sample along an axis inclined at an angle 54.7° with respect to the static magnetic
field. The resulting NMR spectrum under sample spinning comprises of a center-
band (at frequency wy, determined by the isotropic parts of the spin interactions)
and a series of spinning sidebands (due to anisotropic part) disposed symmetrically
with respect to the center-band at integer multiples of the spinning frequency®?®.
With increase in the spinning frequency, the anisotropic parts of the interactions get
more or less averaged resulting in isotropic liquid like spectrum. In combination with
the cross-polarization? (CP) technique, CP-MAS'? experiments along with multiple-

811727 methods have become an integral building

pulse based heteronuclear decoupling
block in the study of less-abundant nuclei. Nevertheless, it was soon realized that the

improved spectral resolution afforded by MAS arises at the expense of the structural
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information inherent in the anisotropic interactions (i.e. the anisotropic interactions
get wiped out under spinning conditions). In particular, the detection of through-
space contacts, which presents an attractive option to probe structural parameters
in the solid-state, is averaged under MAS. Unlike solution NMR spectroscopy, where
the measurement of the Overhauser effect®® between neighboring nuclei (usually ' H)
provides the desired constraints to determine the molecular structure, the dipolar
interactions in the solid-state encode the spatial information and play a central role
both in the spectral assignments as well as in experiments that involve measurement
of interatomic distances. Hence, reintroduction of dipolar interactions (both homonu-
clear and heteronuclear) under MAS conditions has remained the major emphasize
in the last couple of decades.

Employing sophisticated multiple-pulse schemes (commonly referred to as dipolar

29735 the averaging effect of MAS is partially compensated

recoupling experiments
during the dipolar mixing time. Subsequently, the dipolar interactions are rein-
troduced under MAS conditions in a controlled fashion depending on their role in
SSNMR experiments. For e.g, in the case of spectral assignment studies, the local
connectivity (or correlation) between different nuclei is established through broad-
band dipolar recoupling sequences (all the dipolar interactions in a system are rein-
troduced simultaneously). By contrast, in selective dipolar recoupling methods, the
dipolar interactions are reintroduced in a controlled fashion (between spin pair) and
are primarily designed for measuring interatomic distances. Here in this thesis, we
confine our discussion to homonuclear dipolar recoupling methods tailored towards
the measurement of interatomic distances in solid samples. In particular, we restrict
our attention to Rotational Resonance (R?) experiments in solid-state NMR.

After the successful design of MAS experiments in 1958, Andrew and cowork-
ers®%37 reported (in 1963) an interesting effect relating the spectral line broadening
and sample spinning frequency in MAS experiments. Specifically, when the sam-
ple spinning frequency (or integral multiples of it) is adjusted to match the isotropic
chemical shift difference between a pair of nuclei, distorted line-shapes (corresponding
to that particular pair of resonances) along with line broadening were observed. This
condition is commonly referred to as the Rotational Resonance (R?) condition in SS-
NMR experiments. Due to the presence of intermolecular spin interactions (*' P, 100%

natural abundance), the distortions in the line-shape reported by Andrew et al. could
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never be quantified. To address this issue, Griffin and co-workers®*? introduced the
concept of employing labeled (**C') spin pair samples (diluted in natural abundance
to minimize intermolecular effects) to mimic an isolated homonuclear spin pair sys-
tem. As reported earlier,3” the resonances corresponding to the selected spin pair
were broadened under Rotational Resonance (R?) conditions (i.e. |u; — vs] = Nug).
Since dipolar interactions were responsible for the observed broadening in the spec-

t4 could serve as a method for extracting

trum, it was realized that the R? experimen
interatomic distances in solid-state NMR.#>™* To achieve this objective, monitoring
the magnetization exchange between a pair of *C nuclei was employed as a strategy
for extracting internuclear distance information in R? experiments. In a typical longi-
tudinal magnetization exchange experiment, an initial state of difference polarization
is prepared along the rotating frame z-axis, and the time-evolution of this state is
examined as a function of the dipolar mixing time.

Very often, the magnetization exchange trajectory resulting from such experi-
ments depend on several parameters that includes the dipolar coupling constant, the
orientation dependence arising from the chemical shift tensors in addition to the un-
desired residual heteronuclear dipolar interactions (say *C-!H) resulting from insuf-
ficient decoupling. Subsequently, to minimize the complexity in the data analysis, a
phenomenological damping constant®® (zero-quantum relaxation, Tz¢g) was employed
to fit the experimental magnetization exchange trajectories in R? experiments. Under
idealized conditions (in cases where the chemical shift tensors are known), the dipolar
coupling constant along with the damping constant were employed to fit parameters
required to fit the experimental trajectories. Employing this approach, 3C — 13C
distance information in the strong and intermediate coupling regimes were obtained
in wide range of systems through selective labeling. Nevertheless, the extension of
the R? method for extracting distances in the weak coupling limit is less straight

forward owing to the uncertainties involved in the data analysis*6:47.

1.%® proposed the rotational resonance width (R*W)

As an alternative, Costa et a
experiments to improve the accuracy of the distances estimated from R? experiments.
In contrast to the standard mixing time experiments, the magnetization exchange in
R?W experiments were monitored as a function of the spinning frequency under

constant mixing times. Employing this approach, interatomic distances in selectively

labeled samples were extracted both in the weak and strong coupling regimes with im-
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proved accuracy. Since extensions in larger biological systems entail the measurement
of multiple constraints (**C —13C" and 3C' — N distances), the R*W approach was
subsequently integrated with two-dimensional spectroscopy for measuring multiple
BC — B distance constraints in a uniformly *C, N - labeled dipeptide.*® Since
then, rotational resonance based experiments*”*9 52 have almost become a routine
for measuring 3C — 3C distances in biological systems ranging from simple pep-

50:52 While these experiments have found utility

tides 16474951 6 membrane proteins.
in the study of larger biological systems, the reliability of the constraints estimated
through theoretical models based on two-spin framework (inclusive of phenomeno-
logical damping terms) deserves a careful review.

As the number of measurable constraints available in the solid state is inherently
limited by resolution, the fitting of the R? experimental data (in the weak-coupling
regime) becomes important in studies involving larger biological systems. To this end,
Meier and coworkers®® proposed an effective two-spin model that includes the dipolar
coupling of interest, zero-quantum relaxation rate in addition to a phenomenological
offset to account for the strongly coupled surrounding environment. In an alternate
formulation, Baldus and coworkers®! proposed the multi-spin (MS) analysis approach
based on numerical methods for describing the effects of protons in R? experiments.
Employing approximate molecular geometry (in the form of 3C — 'H distance in-
formation), the experimental data for a given system was simulated with the dipolar
coupling constant as a free-fit parameter. Although, their studies reveal the impor-
tance of neighboring protons on the exchange dynamics, the implementation of the
MS analysis is time consuming and less insightful.

In a contrasting attempt, Ladizhansky and co-workers®! demonstrated the mea-
surement of *C'—13C distances in polypeptides and membrane proteins®? using homo-
geneously broadened R? conditions. Employing moderate decoupling field strengths
on the proton channel, the R? matching conditions were broadened and the result-
ing trajectories were simulated using the standard two-spin approach (inclusive of the
phenomenological damping term). Interestingly, the magnitude of the damping terms
employed in their studies were significantly higher in comparison to earlier studies
on similar systems under identical experimental conditions.*” This variation in the
magnitude of the damping terms was also corroborated in a recent theoretical study

by Ramachandran and co-workers. > Hence, an alternate analytic theory is indispens-

4
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able for resolving the conflicting results reported in the literature with regard to the
mode of inclusion /role of *C' —'H dipolar interactions in the R? experimental data
analysis.

From a theoretical stand point, analytic description of multi-spin effects®®>7 ob-
served in NMR experiments have always been fraught with difficulty, owing to (a)
the presence of time-dependent interactions (b) the dimension of the spin system.
For e.g., in the state space description®® of the spin dynamics, the density operator
is described in a vector space of dimension 2 (where ‘M’ denotes the number of
spins (I=1/2) present in the system), while in the operator space (or Liouville space)
description, the density operator is expanded and expressed in terms of 22" operators
defined in a vector space of dimension 22" . Hence, the dimensionality of the problem
increases with the number of spins both in the state and operator space description of
the spin dynamics. Additionally, the spin Hamiltonians in multiple-pulse based MAS
experiments have complicated time-dependence owing to the simultaneous presence
of sample rotation and RF pulses.

As an alternative to these treatments, an analytic theory combining the effective

99:60 is proposed to

Hamiltonian approach with the concept of reduced density matrix
elucidate the effects of protons in R? dynamics. The approach presented in the thesis
is quite general and is suitable for describing both homonuclear and heteronuclear re-
coupling experiments in SSNMR. In the proposed method, effective Hamiltonians%'-%2
to the desired order (say second-order) are derived utilizing the contact transforma-

63,64

tion procedure. To circumvent the complexities involved in the multi-spin analy-

sis of R? experimental data, effective Hamiltonian based Reduced density matrices %
are proposed for describing the polarization transfer observed in R? experiments.
Employing this formalism, the polarization transfer observed in R? experiments is
described in terms of single-spin density matrices. The coupling with the proton
reservoir is incorporated through the effective Hamiltonians and is included in the
derivation of the density matrices for individual spins. The analytic results emerging
from the proposed approach are computationally less intensive and are quite useful
in the fitting of experimental trajectories. Employing suitable model systems and
interaction parameters, the polarization transfer in R? experiments is studied theo-

retically and the results emerging from the analytic theory are compared and verified

with simulations emerging from exact numerical methods®%. A brief outline of the
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thesis is presented in the following sections.

1.2 Objectives and Motivation

To determine the 3D-structure of a system, measurement of interatomic distances
remain vital. In this regard, the R? experiment remains the only reliable technique
in SSNMR for measuring *C — 3C distances in uniformly labeled solids. Although,
many theoretical formalisms do exist in the literature,*>47:54:5% the following issues of-
ten remain unaddressed: (i) the physical basis of phenomenological damping terms (ii)
role of heteronuclear dipolar interactions and decoupling sequences during R? mixing
times (iii) multi-spin contributions resulting from overlapping R? matching condi-
tions between different spin pairs. Since the number of constraints that are available
in the solid-state are limited by the resolution factor, the accuracy of the estimated
constraints become very crucial in the overall refinement of the 3D-structure. From a
theoretical standpoint, interpretation (or fitting) of the magnetization exchange tra-
jectories are complicated by the presence of both the spin interactions of the system
of interest as well as its coupling to the neighboring proton reservoir. Since the num-
ber of fit parameters increase with the spin system, phenomenological models have
become the method of choice to minimize the computational time in such studies.
As described in the previous section, the validity of such models deserve a thorough
review before it becomes operationally valid. To this end, the following problems are

addressed in this thesis:

1. An intuitive analytic model based on the concept of reduced density matrix is

proposed for describing the magnetization exchange in R? experiments.

2. Employing a model system comprising of N-protons, the effect of ¥C — 1H

dipolar interactions in R? experiments is discussed.

3. Derivation of higher order /fractional R? conditions in solid-state NMR exper-

iments.

In the following section, the general methodology adopted in this thesis is outlined

with few illustrative examples.
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1.3 Methodology

In quantum mechanics, description of an experimental phenomenon entails the pres-
ence of a framework wherein the states of the physical system are described through
parameters that are logically consistent and are of operational significance. Since
measurements in NMR spectroscopy are made on bulk samples (or large collection of
identical quantum mechanical systems), the density matrix formalism has remained
the preferred approach for studying the dynamics of spins.

Accordingly, the state of a system is described in terms of the density operator,

p(t) and the time-evolution of the system is studied through the Quantum-Liouville

equation.
L dp(t
n 2 (a1 (1) ) (1)
i faeaf e
py=e 0 p(0)e (12)

In this thesis, we confine our discussion to the NMR experiments in the solid-state. In
contrast to solution NMR spectroscopy, the spin Hamiltonians in SSNMR are time-
dependent both due to sample rotation as well as RF irradiation. To facilitate analytic
description of the spin dynamics involving time-dependent Hamiltonians, effective

67-75

Hamiltonians%"%? based on the Floquet theory and the contact transformation

methods®*%* have been proposed in the past to describe the experiments*” in solid-

state NMR.

w20 = g1, 1) (13)
plt) = = #Hsst p(0)er lerst (14)

In spite of this accomplishment, the density operator formalism remains less suitable
for analytic description beyond two-spins. To overcome this limitation, we propose
a solution that is built on the concepts of reduced density matrices and effective
Hamiltonians.

In the reduced density matrix formalism®®, the system of interest (i) is con-
structed by the partial trace operation over all the unobserved spin variables (¢)
present in the combined system, p(t) (i.e., by taking the matrix elements of the total
density matrix which are diagonal in the unobserved variable ‘4" and summing these

elements over all ‘7”). The reduced density matrix, p(1, t) and its elements are defined
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by,
(Wl p(,8) ) = D Py | p(t) |dit)s) (1.5)

i

Subsequently, the observable associated with the system of interest is calculated

through single-spin density matrices as given below.

(Op(1)) = Tr {p(¥,t)O,} (1.6)
In the following sections, the utility of the reduced density matrix formalism is dis-

cussed through some known examples in the literature.

1.4 Spin interactions in NMR

To extract molecular information in NMR experiments, it is important to have a
description, wherein, the evolution of the system solely guided by its own internal
Hamiltonian. From a mathematical standpoint, this is accomplished through the
rotating wave approximation (RWA) of Rabi. In RWA of Rabi, the internal Hamil-
tonians are transformed into an interaction defined by the dominant terms (Zeeman
term) present in the external Hamiltonian. In this new frame, the contributions
from the Zeeman interaction are absent and the terms that commute with H; are
retained (commonly referred to as high field approximation). The Zeeman interac-
tion represents the interaction between the nuclear spin magnetic moment and the
static magnetic field and is quantum mechanically represented through the Zeeman
Hamiltonian, H.

HZ = —,LLZBO = —h’)/IZBO = —th]Z (17)

where g is the magnetic moment, # is the plank’s constant divided by 27, v is the
gyromagnetic ratio, By is the strength of the static magnetic field and wq is the
Larmor frequency.

In a similar vein, the interaction of the nuclear spin with the oscillating magnetic
field applied (along the x-direction) is represented through the RF Hamiltonian given
below,

Hpp(t) = —2hyBy cos(wreft + @)1, = —2hwy cos(wrest + @)1, (1.8)

where w; = B; is the nutation frequency of the RF field and ¢ is the phase. De-
pending upon the amplitude of RF field and its duration, the excitation band width

is classified into broadband (shorter duration) and selective (longer duration).

8



Introduction

The chemical shift interaction depicts the interaction between the nuclear spin
magnetic moment mediated through the surrounding electronic cloud (environment).
In a typical liquid sample, the chemical shift interaction is represented by a scalar

quantity and is purely isotropic.
H;s, = —hAwl, (1.9)

where, Aw denotes the offset frequency.

In the case of solids (or polycrystalline samples), the chemical shift interaction is
orientation dependent and is characterized by the anisotropy as well as the asymmetry
parameter.

Hcs(t) - Hiso + Haniso(t) (110)

Under MAS conditions, the anisotropic part of the chemical shift interaction is time-
dependent.

2
Haniso(t) = HCSA(t) = Z wz‘(m)eimwrt[z (111)

m=—2,m#0

where w, is the spinning frequency of the sample. The time-dependent components

of the chemical shift anisotropy (CSA) interactions are represented by

2
W™= 3 R Donima (2par) - Do (18- (Brn) (1.12)

mi,mg,m=—2

with (3, denoting the magic angle.

In the above equation, Rg??ﬁ g denotes the irreducible spatial tensor defined in the
PAS (Rgl?P 45 = Oaniso and Rgliﬁ AS = —%&misgn where 04,50 and 7 are anisotropy
and asymmetry parameters respectively). D(2) represents the Wigner rotation ma-
trix® with rank=2 and €2, the set of Euler angles employed in the transformation
from the Principal axis system (PAS) to the Lab frame. A more detailed description
of these interactions are well documented in literature”® and have been consciously
omitted in this thesis to avoid repetition.

The interaction between nuclei are often pairwise and take place either through
bond or through space. Due to inherent tumbling motion, the through space inter-
actions are generally averaged (to first order) in liquids. By contrast, the restricted

mobility in the solid-state renders the through space interaction anisotropic. In MAS
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experiments, the dipolar Hamiltonian is time-dependent and is represented by,

2 m) 1
Hot)= 3 wipemert [ghzzgz -3 (117 + I;I;)] (1.13)
m=—2,m#0

Analogous to the CSA interactions, the anisotropic components of the dipolar inter-

actions are represented through Wigner rotation matrices.

2
W)= 3 REP asi9Doms (Qpar)- Doy (a1 1) oo (B (1.14)

mi,mg,m=—2

The only non-zero term, R%?,QAS,H = V6bia(by = poyyeh/An|Fel® (rad/s) is the
dipolar coupling constant) represents the spatial tensor in the dipolar PAS. In the case
of heteronuclear dipolar interactions, the flip-flop operators in the above Hamiltonian
are ignored under secular approximation.

As described in Eq. (1.2), when the Hamiltonian is time-independent, the solution

to the quantum-Liouville equation reduces to a simpler form.
plt) = e 11 p(0)ei!™ (1.15)

with p(0) denoting the density operator at time, t = 0.

Since the Hamiltonians under MAS are time-dependent, the evaluation of the
density operator gets complicated. In the numerical based approaches, the evolution
of a system under a time-dependent Hamiltonian is split and expressed as a product
through approximate time-independent Hamiltonians. Although, such methods are
computationally feasible, they are less insightful with regard to providing analytic
insights into the spin dynamics.

To this end, analytic methods based on AHT %™ and Floquet theory® " have
formed extensive utility in the design and interpretation of experiments in SSNMR.
Although, such approaches have improved our understanding of the spin dynamics,
analytic description beyond two-spin framework has remained elusive.

In the state-space description of the spin dynamics, the density operator is ex-
pressed in terms of a matrix spanned by the number of spin basis states. For a
system composed of ‘N’ coupled spin I=1/2 nuclei, the combined density matrix is

constructed from the direct product between individual spin density matrices.

P =p1® Pa...... ® PN (1.16)

10
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In the above equation, p denotes the density operator for the combined system (2% x
2V) and py, the individual spin density matrix (2x2). In the |I'm) basis, the density

matrix for a single spin [=1/2 is represented by,

Pa,a (t) Pa,p (t)

(1.17)
Ps.alt) pss(t)

with
Pas(t) = (a] e i p(0)ei " | ) (1.18)

representing the element of the density matrix at some arbitrary time ‘t” and H, the
Hamiltonian of the spin system.

As depicted above, the dimension of the problem increases with the number of
spins and limits the utility of the method beyond the isolated two-spin framework.
By contrast, in the operator-space (or Liouville space) description of the spin dynam-
ics, the density operator is expressed in terms of operators. For a composite system
comprising of N spin I=1/2 nuclei, the density matrix is expressed in terms of 4%
operators. Subsequently, the time-evolution is described through a set of rate equa-
tions corresponding to the operators employed in the expansion of the density matrix.
Consequently, analytic description of the spin dynamics gets intractable (both in the
state as well as in the operator space) with the increase in the number of spins. To
overcome this limitation, a solution built on the concepts of reduced density matrices

and effective Hamiltonians is proposed in this thesis.

1.5 Reduced density matrix

To describe the utility of the reduced density matrix approach, we begin our discussion
with a composite system comprising of two subsystems, with ‘¢’ representing the
subsystem of interest and ‘¢’ the other undetected /unobserved system. Let us assume
that there exists some interaction between the two subsystems (or equally that the
systems have interacted in the past) such that the system of interest is often in
some mixed state. The states of the composite system are expressed in terms of
the direct product between the basis states of the two subsystems. Employing the

combined basis states, the elements of the composite density operator are constructed

11
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as represented below.

(@utpy | T() | @ithy) = (Woyr[ L) [5) - Ouri (1.19)

Our objective in this exercise is to reconstruct the density matrix of the system of
interest from the composite system. To evaluate the reduced density matrix of the
system of interest, the initial step involves the evaluation of the density operator of
the composite system governed by some Hamiltonian, at time ‘t". Following this pro-
cedure, the reduced density matrix for the desired system is calculated by projecting
the combined density matrix into the subspace of interest. In general, the reduced
density matrix®® for a given system of interest is constructed by the partial trace
operation over all the unobserved spin variables present in the combined system (i.e.,
by taking the matrix elements of the total density matrix which are diagonal in the
unobserved variable ‘" and summing these elements over all ‘4”). As described earlier,

the expectation value is evaluated by the following procedure.

(I(¢, 1)) =Tr [p(t) I ()]
= > (Ruty|p(t) Dt )(Psro; I () [ Rirtdyr)

ZZ]]

—Z [Z D1y |p(t) @W] (W[ 1 () [y

Z{ [Z (®ilp(t >|<I>i>] rwj>}<wjlf (¥) |ty
:Z{<¢j,|p<¢,t> ) HWi | T () [y0) (1.20)

In the above representation, the reduced density matrix, p(1,t) and its elements are

defined by
(Wil p(, 1) 1) = D Qityr| p(t) [ity) (1.21)

i
To illustrate this concept, let us consider a composite system comprising of two spin-
1/2 nuclei. The composite system is represented by a matrix (p(t)) of dimension 4x4

(or in general, 2V x 2&V). Based on the above description, the reduced density matrix

for the individual spins is deduced and represented below.

Pacaa(t) + Pasas(t)  Pac,sa(t) + passs(t)
p(I1,t) = (1.22)

PBaaall) + Pas.as(l)  Psasal(t) + pasps(t)

12
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and

Paa,aa (t) + PBa,Ba (t) Paa,aB (t) + PBea.BB (t)

P([27 t) =

Pasaa(t) + ppspal(l)  Pasas(t) + passs(t)

In a similar vein, for a composite system comprising of three spin I=1/2 nuclei, the

(1.23)

reduced density matrices for the individual spins are calculated as represented below.

and

p<]1’t) =

p(Iz,t) =

Paca,aaa (t) + Paap,aaB (t)
+Papa.apalt) + paps.ass(t)

PBaa,aaa (t) + PBaB,aap (t)
+p8Ba,aBa(t) + Pas,ass(t)

Paaa,aan (t) + Paap,aaB (t)
+pBaa,Baa(t) + Psas,sas(t)

Papa,aaa(t) + papsaap(t)
+ppsapaa(t) + pass.pas(t)
Paca,aaa (t) + PaBa,aBa (t)

+Ppacpaalt) + ppsa.ppa(t)

Paap,aaa(t) + Paps.apa(t)
+psas,paalt) + pssp.ppalt)

Paaa,faa (t) + PaafB,Baf (t)
+Papa,spalt) + Papp,ps(t)

PBaa,Baa(t) + pas,pas(t)
+pspa.68a(t) + pass.pes(t)

Paaa,afa (t) + PaaB,aBp (t)
+hpaa.ssalt) + psas,sss(t)

Papa,apa(t) + pPaps.aps(t)
+pspa.68a(t) + pass.pes(t)
Paaa,aaf (t) + PaBa,aBB (t)

+ppac,pap(t) + Pasa,ps8(t)

Paap,aaf(t) + Pasp,aps(t)
+ppas.pas(t) + pssp.eps(t)

(1.24)

(1.25)

(1.26)

In the following section, the utility of the reduced density matrix approach in the

theoretical description of NMR experiments is presented with few examples.

1.5.1 Detection of NMR signal

To begin with, let us consider a composite system comprising of two spin, 1=1/2

nuclei. The Hamiltonian for such a system is represented by,

H = w1, +wols, + Ji211. 1o,

(1.27)

For the sake of illustration, the flip-flop operators are ignored in the scalar inter-

actions. In the conventional description of the spin dynamics, the NMR signal is

13
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calculated using the identity operator of the composite system.

(I (1)) =Te {p()I}
=Tr {e_%Htp(O)e%Ht.Ifr}
4 . .
= > (dule T p(0)er™ [6;) (511 i) (1.28)
ij=1

where p(0) = aly, + bla,, is the initial condition of the system at time t=0. Since,
the Hamiltonian is diagonal in the basis chosen, the solution to the above equation
is straight forward.

<Il+(t)> = ae™" cos (212) t (1.29)

In a similar vein, the signal corresponding to spin-2 is evaluated .

(1) =T {p(t) 1}
=be2" cos (J212) t (1.30)

Alternatively, in the reduced density matrix approach, the NMR signal for the com-
posite system is calculated by evaluating the density operator of individual spins.
Based on our earlier description, the reduced density matrices for the individual

spins are calculated and represented below.

0 ae 1% cos (%) t
o 1) = (131)
ae'* cos (%) t 0
and
0 be~ 2% cos (JT) t
p(I,t) = (1.32)
bel“2t cos (‘]12) t 0

The signal corresponding to individual spins is evaluated separately through the Trace

operation described below.

(1) =T {p(h, 1)1} }
et cog (‘]212>t (1.33)

<fz+<t>> v ol )15 }
be?t cos (‘]212> ‘ (1.34)
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1.5.2 Polarization transfer experiments in NMR

To extract molecular information (or parameters), polarization transfer experiments
are routinely employed in NMR spectroscopy. The molecular parameters in such
experiments are extracted by quantifying the polarization transfer /exchange among
spins. For demonstrative purposes, let us consider a coupled two-spin (spin-1/2)

system governed by the following zero quantum (ZQ) Hamiltonian.
H = wil: +wslo. + Jio {oTow + ST Iy + 17 1)} (1.35)

For the sake of clarity, the above Hamiltonian is represented in a compact form as

described below.
H = w1y, +wyly, + DL, + DEM Iy + DRI LS (1.36)

where D% = Jip, DEM = Z2 (‘PM’ for plus-minus) and Di” = 22 (‘MP’ for
minus-plus).

Our objective in this section is to calculate the polarization transfer between the
two spins. To begin with, let p(0) = aly, + bls, represent the initial state of the
composite system. In case of longitudinal polarization transfer experiments, the z-
component of the magnetization is measured using the composite density matrix,
p(t).

(I12(t)) = Tr{p(t) 1.} (1.37)
In the above equation, p(t) denotes the composite density matrix after time ‘t>. To

obtain a closed form of solution, the standard BCH (Baker-Campbell-Hausdorff) %%

formula is employed.

[ (atb) 0 0 0
0 (a—b){}—DRMDYFne ] pt)ss 0
0 p(t)s) —(a—b){§ - DRMDYPatl g
0 0 0 o
(1.38)
where

p(t)gg = —(a, — b)DSM {(wlng) sir;xt + Zsmizt}

p(t)s2 = —(a — b)DMP {<W1;w2> Sirfzwt _ Z‘SinQixt}

15



Introduction

Using this result, the expectation value (i.e, the z-component of polarization) for

the individual spins is calculated.

(-(t)) =Tr {(P(t))4x4(]1z)4x4}

sin?xt
=a — (a — b)DEM DM o (1.39)
2
where z = \/(wl;”) + DM Dis”
(L22(8)) =Tr {[p(t)]sxalL22)axs}
sin?xt
=b+ (a — b)DEM DMF o (1.40)

From the above expression, it is clear that the flip-flop operators in the scalar Hamil-
tonian are primarily responsible for the propagation of polarization among spins in
NMR spectroscopy. With increase in the number of spins, the above approach be-
comes intractable for analytic calculations. Hence, we revert to the reduced density
matrix approach.

Based on our earlier description, the reduced density matrices for the individual
spins are derived from the complete density matrix through the partial trace oper-
ation. For example, the first element of the reduced density matrix (refer to Eq.
1.22) is evaluated by calculating a set of matrix elements of the combined density
matrix. Employing BCH expansion, the elements of the reduced density matrix are

constructed from the combined density matrix as described below.

Pacaa(t) + Papas(t)  Paa,sa(t) + passs(t)
(I, 1) = (1.41)
Ppasaalt) + Pss.as(t)  Ppasa(t) + pspps(t)

For the demonstrative purpose, let us evaluate the first element, paa,aa(t) + Pag,as(t)-

Pacaa(t) = (aal e i p(0)ei ! |aa) (1.42)
(o e nHt = [cos (@) t —isin (W) t} (o (1.43)
p(O) = aIlZ + b[gz (144)

16
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o) = [os (52) e+ isn (252) o) (109

Now, paa,aalt) = (a—zi_b)

In a similar vein,

Pasan(t) = (af e 1 p(0)er " o) (1.46)
(ap| e~ nHt = [cos xt — ZW sin xt] (aB] — [Z’D%M sin xt] (Ba (1.47)
p(0) = ali, + bl (1.48)
et |af) = [cos ot + 2(6012;002) sin xt} laf) + [Z’Dfp sin xt] |Ba) (1.49)
Now,
2 :
Pas.as(t) =(a— b); [cos?xt + Egii - Zzig; i g %ZZDD gi sinzt — 2D0M D%PSII;%]
=(a —b) B - D{DQMD%PSifft] (1.50)

2
where z = \/(wlgw) + DM DMP
Combining these two elements, the first element of the reduced density matrix cor-
responding to spin-1 is derived.

b 1
(a2 )—i—(a—b) 5~ DDy

: 2
psSin“xt
72

paa,aa(t) + paﬁ,aﬁ(t) = (151)

Following the above procedure, the reduced density matrix for the individual spins are
calculated and the longitudinal single-spin polarizations are evaluated independently

through their individual reduced density matrices.

(L)) =Tr{(p(11,1)) o5 (11 )px0 )

(a+b)+
2 . L 0
(afb){ifo;MD%P su;zxt} . O
2
=Tr
1 pPMMPsinZat 0 _%
*(“*b){§*D12 D75 T}*
0 (a+b)
2
s g pSinZat

xr2

17
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2
where x = \/("Jlg‘”) + DEM DMP

Similarly the signal corresponding to spin-2 is calculated by,

(I (1)) =Tr {(p(12, 1)) (122)}

(atb)
? 1 ) O
(a0 { §-pp DYy} -
2
=Tr
1 _pPMpMPsin’at 0 —%
(“_b){ﬁ_Dm Diz T}_
0 (atb)
2
s g p SN2t

12

The analytic expressions for the expectation values of the individual spins calculated
from the reduced density matrix approach are in accord with those employing full
density matrix methods.

In contrast to the description involving the composite density matrix (p(t)), the
reduced density matrix (p(1,t)) approach is comparatively less intense and its utility
in the description of polarization transfer in SSNMR experiments will be discussed

extensively in this thesis (refer Appendix-I(a) for expressions under DQ conditions).

1.6 Organization of the thesis

In this thesis, an analytic model integrating the concepts of effective Hamiltonians
and Reduced density matrix is proposed to describe the multi-spin effects arising in
SSNMR experiments. The approach presented is suitable to treat both homonuclear
and heteronuclear dipolar recouping experiments and could be employed to quantify
the experimental results emerging from such experiments.

For demonstrative purposes, the phenomenon of R? is re-examined using the re-
duced density matrix formalism. To date, the R? experiment remains the method
of choice for measuring *C — 13C distances in uniformly labeled solids. In the R?

experiment, the dipolar interactions between spin pairs are reintroduced in a con-

18



Introduction

trolled fashion and have routinely been employed to measure interatomic distances in
systems of varying complexities. Since the number of structural constraints available
in the solid-state are restricted due to limited availability of resolution, the estima-
tion of constraints /interpretation of experimental data become important. With
this objective in mind, a thorough analysis of the magnetization exchange between
spins in R? experiments is described in this thesis. In contrast to other existing
descriptions in the literature,>4749°1°55 the analytic model presented in this thesis
is computationally less intense and provides a better framework for elucidating the
role of residual *C' — 'H dipolar interactions on the exchange dynamics. Through
rigorous comparison with simulations emerging from exact numerical methods, the
validity of the analytic results is verified.

In the second chapter, the theory of R? experiments is explained with in the
framework of the reduced density matrix. Integrating the concepts of reduced den-
sity matrix and effective Hamiltonians, polarization transfer between a spin-pair is
described analytically through expressions that resemble to those derived by Rabi.™
Additionally, polarization transfer in band selective experiments is described using a
model system comprising of three carbons.

In the third chapter, the role of *C —1'H dipolar interactions in R? experiments is
discussed. In the past, the effect of protons were incorporated through phenomenolog-
ical damping constants. As an alternative, employing model systems I; — I, — Sy and
I, — I, — Is — Sy, the polarization transfer in R? experiments is described analytically
through the reduced density matrix approach without increasing the complexity.

In the fourth chapter, the phenomenon of higher order and fractional Rotational
resonance conditions are discussed. Employing multi-mode Floquet theory, the phe-
nomenon of fractional R? conditions in multiple-pulse based R? experiments is dis-
cussed and illustrated with few examples. The results obtained in the thesis are

summarized in the final chapter along with possible extensions of the present work.
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1.7 Appendix-1

a. Polarization transfer in Double-quantum experiments

To describe the mechanism of polarization transfer experiments involving effective
Hamiltonians involving double-quantum operators (e.g. double-quantum version of
SPECIFIC CP®#! experiment, RRTR experiments 3419 etc.), let us consider a cou-

pled two-spin (spin-1/2) system governed by the following equation.
H=wl, +welo, + D301, + DI + DM I I (1.54)

To start with, let p(0) = aly, + bls, be the initial state of the composite system
at time, t=0. In the reduced density matrix approach, the longitudinal single-spin
polarizations (corresponding to Iy operators) are evaluated independently through

their individual reduced density matrices under the DQ Hamiltonian (Eq. 1.54).

(h:(t)) =Tr{p(I1,t).11.}

2

(a=b) 0
(a=t) -
2
=Tr
(a—b) 0 _%
0 T2 T
.2
(a+b){%—pgp DgMSHZTM}
sin?xt
P

S b (1.55)

xr2

In a similar vein, the polarization build up on spin-2 is evaluated as given below.
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(Io=(t)) =Tr {p(l2,t).I2.}

:inzx
(a+0){ §- Dy DY st |- .
(a=b)
2 1
T 2 !
=Tr
(a—b) 0 —%
0 2
'in2:t
()] §- D DYy et |
sin®at
PP MM

2
where x = \/(”1;“’2) + DEPDMM . When p(0) = aly., the above equations reduce

to a much simpler form.

. 2 t
(I.(t)) = a — aDEP DMM Slr;f (1.57)
sinZxt
(I5.(t)) = —aDLF DMM p (1.58)

In contrast to the polarization transfer in ZQ process (Eq. 1.53), the polarization
transfer in DQ experiments has a negative sign (Eq. 1.58). Here, the reduced density
matrix approach provides better analytic insights into the mechanism of polarization

transfer in NMR experiments.
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Chapter 2

Description of R? phenomenon
using Rabi oscillations and

Reduced density matrix theory

2.1 Rotational Resonance

2.1.1 Background

In 1963, Andrew and coworkers'? reported an interesting phenomenon depicting the
dependance of 3! P nuclear relaxation times on sample spinning frequency in magic
angle spinning (MAS)3? experiments. Under normal experimental conditions, in a
magnetic field of strength 0.5 T, the spin-lattice relaxation times (7}) of the ' P nu-
clei in solid phosphorous pentachloride (comprising of tetrachloride and hexachloride
ions) were estimated to be 6 ms and 0.6 ms, respectively. Interestingly, when the
sample spinning frequency coincided with the chemical shift separation between the
two #! P nuclei, the measured T} relaxation times were identical (0.6 ms) for both the
31 P nuclei. However, for all other spinning frequencies, the two phosphorous nuclei
in phosphorous pentachloride tend to relax independently with different relaxation
times. This intriguing observation was explained in terms of the exchange of spin
energy between the two 3! P nuclei through the flip-flop operators present in the dipo-

lar Hamiltonian and was subsequently termed as Rotational relaxation resonance or

nuclear cross-relaxation through sample rotation. Since the energy imbalance cre-
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ated by the flip-flop processes was compensated through the mechanical rotation of
the sample, it was proposed that this new form of rotation induced cross-relaxation
should be possible in both homonuclear and heteronuclear spin systems. In addi-
tion to the T relaxation time measurements, Andrew and coworkers also reported
broadening of the peaks under these special conditions. Due to intermolecular spin
interactions (3! P, 100% natural abundance), their experimental results could never
be utilized for extracting any molecular parameter of interest.

After a hiatus of almost two decades, Griffin and co-workers® 7 introduced a novel
approach of employing *C- enriched spin pair samples (e.g. doubly labeled ZnAc)
for replicating the line broadening effects observed by Andrew and coworkers!? in
MAS experiments. To mimic an isolated spin pair and minimize the intermolecular
effects, the doubly labeled sample was diluted in natural abundance. In accord with
earlier observations,? strong distortions to the line shapes along with splitting of the
individual resonances were observed in the vicinity of the rotational resonance (R?)
matching conditions (i.e., |v; — vo| = Nvg). In contrast to the experimental results
reported by Andrew and coworkers, the strategy of employing magnetically dilute
samples provided the luxury of quantifying the experimental observations under R?
conditions. With this objective, Griffin and coworkers®” proposed an experiment
(commonly referred to as longitudinal magnetization exchange), wherein the differ-
ence magnetization between the two spins in the sample was monitored as a function
of the mixing time. For the very first time in the literature, the resulting dipolar tra-
jectories were successfully simulated using molecular parameters such as the chemical
shielding tensors (magnitude and orientations) and dipolar coupling constants within
an isolated two-spin framework.

In a remarkable coincidence, Ernst and coworkers® reported a novel method for
enhancing the spin diffusion among carbons in solid state MAS NMR experiments.
In a typical solid sample, spin diffusion takes place through the flip-flop operators
present in the dipolar Hamiltonian and could serve as an important experimental tool
for obtaining the structural information at the atomic level. Owing to the favorable
chemical shift dispersion, diffusion measurements among *C nuclei were preferred in
spite of its lower natural abundance and low diffusion rate constants (0.01 s™!) avail-
able in the solid-state. In the conventional spin diffusion experiments (PDSD),%!"

the energy imbalance resulting from the flip-flop processes involving carbons is pro-
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vided through the interaction with the surrounding proton bath. Interestingly, when
the sample spinning frequency (multiple of it) was adjusted to the chemical shift dif-
ference between specific sites, their spin diffusion rates get enhanced. Subsequently,
this mode of spin diffusion was termed by Ernst and coworkers as ‘rotor-driven’ spin
diffusion (RDSD)® in solid-state NMR. In contrast to the PDSD experiments, the dif-
fusion in RDSD experiments takes place at faster time-scales and are chemical shift
selective. Since the energy mismatch (resulting from the flip-flop processes) in RDSD
experiments are compensated by the mechanical rotation of the sample, coupling to
the proton bath is detrimental. Consequently, it was realized that MAS experiments
implemented at R? conditions could present an attractive solution for chemical shift
selective polarization transfer among nuclei and could serve as a tool for extracting
interatomic homonuclear distances in solid-state NMR.

To this end, the initial attempt to describe the spin dynamics under R? con-
ditions in MAS experiments was provided by Gan et al''. In the model proposed
by Gan et al, the polarization transfer between two spins under R? conditions was
explained through a psuedo-spin model comprising of virtual spin states. Following
this approach, Levitt et al'? presented a model for describing the spin dynamics in
the Liouville space. To minimize the complexity in the Liouville space, Levitt et al
proposed an approach, wherein the spin dynamics in the Liouville space is described
in a reduced subspace (commonly referred to as "zero-quantum" subspace) through
a simple vector model (comprising of the set of operators I5;, I35 and I3;) defined
on the basis of the fictitious spin operator framework.!? The z-component of this
vector comprises of the difference longitudinal magnetization, while the transverse
components comprise of the flip-flop operators. At the exact resonance condition,
the longitudinal magnetization is flipped to the transverse plane and the dynamics is
very similar to the standard description of single-pulse experiment using Bloch-type
equations. In the transverse plane, the magnetization decays with a rate constant!'?
(r= Tz_clg) and was presumed to be similar to the 75 spin-spin relaxation encountered
in standard NMR experiments. Although, such an approach minimizes the compu-
tational time and is quite handful in the description of isolated spin pair systems,
the framework presented is less suitable for quantitative purposes. Additionally, the
proposed model only presents a framework for the inclusion of a phenomenological

damping rate constant without any physical basis.
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As an alternative to the existing descriptions based on Average Hamiltonian theory
(AHT), "' Vega and coworkers'® provided a theoretical framework based on Floquet
theory. '™ 2° In their approach, the spin dynamics under R? conditions was explained
through the concept of level-crossings between the dressed Floquet states. Although,
the approach presented is refreshingly new, the description is semi-analytical and does
not present a comprehensive framework for describing the underlying spin dynamics
in R? experiments. In an alternate approach, Ramachandran and coworkers?%27
proposed a model for describing the spin dynamics in R? experiments in the Floquet-

2325 of Floquet theory, the

Liouville space. Employing the multipole formulation
polarization transfer among spins in R? experiments was described using a set of
coupled differential equations corresponding to ZQ coherences of rank 0,1 and 2.
Though the approach presents a framework for a complete description of the spin
dynamics, the dimension of the problem increases drastically with the number of
spins present in the system. This limitation forms the main motivation behind this
thesis. To circumvent the problems encountered in other existing treatments, a new
analytic method based on the reduced density matrix?® theory is proposed?’ in this
thesis. The framework outlined in this chapter is quite general to any experiment in
solid-state NMR and is not limited by the number of spins present in the system. For
demonstrative purpose, in this chapter we confine our discussion to the description of

R? experiments (see Fig. 2.1) in isolated spin pair systems under idealized conditions

of heteronuclear decoupling.

1H T‘ Decoupling |

13C cP t, | Mixing
et ——

Figure 2.1: Pulse sequence depicting the Rotational resonance (R?) experiment.

2.2 Definition of the problem

As an alternative to other existing descriptions in the literature, a sophisticated

version of the density operator formalism is proposed for describing the dramatic
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effects observed under R? conditions in MAS experiments. Since, the Hamiltonians

17-25

under MAS are time-dependent and periodic, Floquet theory is employed to

describe the underlying spin dynamics. To reduce the complexity in the Floquet

3031 are derived through the method of

description, effective Floquet Hamiltonians
contact transformation.3*33 In general, the polarization transfer among a pair of
spins in R? experiments is not an isolated phenomenon. To alleviate the complexities
encountered in the brute force density matrix calculations (mainly due to the spin
dimension of the problem), the concept of reduced density matrix (RDM)?® is invoked
in this thesis. Employing the effective Floquet Hamiltonians (to the desired order of
accuracy), effective reduced density matrices for the individual spins are proposed?
to describe the spin dynamics under R? conditions. The advantages of the proposed

approach is illustrated below with a rigorous comparison with simulations emerging

from exact numerical methods.

2.3 Theory

2.3.1 Description of R? in isolated spin pair (I; — I5)

To describe the magnetization exchange between *C nuclei under R? conditions, a
model system comprising of two-spins (I; and Iy) is employed in this section. The

time-dependent MAS Hamiltonian for the same is represented by,

H(t) = HS o (t) = > (0 + wi(h)) Lix + wia(t) (202D — ST Iy + 17 1))
- 2.1)
For demonstrative purposes, the residual interactions between neighboring spins are
neglected in the present treatment (i.e ideal heteronuclear decoupling is assumed).

In the above equation, wi(o) represents the isotropic chemical shift and w;(t), the
time-dependent components of the anisotropic interactions (such as chemical shift

2 )
anisotropy, dipolar interactions) are represented by, w;(t) = 2 wgm)e’mw. The

m=—2,m##0
components of the anisotropic interactions are discussed in chapter-1.

To deduce the R? matching conditions, the Hamiltonian in the rotating frame

(Eq.(2.1)) is transformed into an interaction frame defined by the transformation
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operator, Uy = einwrtliz g—inwytlss
) .

H(t) =U,Ht)U; !

2 2
=(w” — nw ), + (W + nw, ) I, + > wMeimert [ 4
i=1 m=—2,m#0
2
S Wy [QIlzfzzelmwrt -3 (If[2 eilmA2nwrt | = [+ eilm %W)] (2.2)
m=—2,m##0

In the interaction frame, the dipolar interactions (the flip-flop operators) have an
additional time-dependence resulting from the transformation operator. When the
index ‘n’ is adjusted to satisfy the conditions m + 2n = 0 or m — 2n = 0, one of the
components of the dipolar flip-operator is time-independent and is responsible for the
flip-flop processes observed under R? conditions.

To present an accurate description of the spin dynamics, the time-dependent
components of the CSA and dipolar interactions have to be incorporated in the de-
scription. To this end, we employ an analytic approach based on Floquet theory for
describing the spin dynamics under R? conditions. In contrast to Average Hamil-
tonian theory (AHT),*'® Floquet theory!'”2° provides a more general framework
for describing time-dependent phenomenon in quantum mechanics. In the Floquet
formalism, the time-dependent Hamiltonian is transformed into a time-independent
Hamiltonian via Fourier series expansion. Employing the Floquet operators (which
are constructed from the direct product between the spin and Fourier operator), the
time-independent Floquet Hamiltonian is derived. To circumvent the complexity im-

posed by the infinite dimensionality in the Floquet-space, effective Hamiltonian3%:3!

based on the contact transformation procedure??33

is employed in the present study.
Since the contact transformation is an operator equivalent of the standard Rayleigh-
Schrodinger perturbation theory, the Floquet Hamiltonian is split and re-expressed
as a sum comprising of a zero-order and a series of perturbing terms arranged in a

decreasing order of magnitude.
Hp =Hy+ Hy = Hy+ (Hi1q+ Hi0q) (2.3)

In the above equation, H 4 and H; o4 represent the diagonal and off-diagonal Floquet

Hamiltonians, respectively. The operators that are diagonal in the Fourier dimension
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are included along H, 4, while the off-diagonal terms are included along Hj ,4.

Hy =w, Ip (2.4)

Hy g =" — nw,) [y + @ + nw,) [Ty +

i3] + G115, 25)
2 2 2
Hl,od = Z Z Gl(m) [Izz]m + Z GY;) [Ilzj2z]m+
m=—2,m#0 i=1 m=—2,m#0
2
> (G in], , +emp ], ) @

The Ir operator in Eq. (2.4) represents the identity operator in the infinite dimen-
sional Floquet space (i.e. [r = § n|n) (n|, where |n) represents the Fourier ket).
In a similar vein, the Floquet spizl_(:[;::rators are constructed by taking the direct prod-
uct between the spin (/,) and Fourier operators (i.e. [I,],, = I, ® ioj |n) (n +m|).
The notations and conventions are very similar to the one that is Z;n_;i)oyed in refer-
ence [23].

The choice of the zero-order and perturbing Hamiltonians play an important
role in determining the accuracy of the predictions /results emerging from analytic
treatments based on effective Hamiltonians. In the present description, the time-
independent component of the dipolar Hamiltonian (containing the flip-flop opera-
tors) is included as a diagonal term in the perturbation, H;. The non-zero coefficients
in the Floquet Hamiltonian are tabulated in Tables 2.1 & 2.2. In the contact trans-
formation procedure, the above Floquet Hamiltonian (Eq. 2.3) is transformed by a
single or a series of unitary transformations. In the present study, a single unitary

transformation defined by S7 is employed as illustrated below.

Heff :ez)\Sl HFefz)\Sl

=gV + oY + Y + (2.7)

In contrast to the Rayleigh-Schrodinger perturbation theory, the perturbation cor-
rections in the contact transformation procedure are obtained in terms of operators
(as opposed to matrix elements) resulting in effective Hamiltonians. Employing BCH
(Baker-Campbell-Hausdorff) expansion and combining like terms, the various orders

of correction to the effective Hamiltonians are derived systematically as illustrated
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below.
HSY
HY

H{Y

In the above equation, H ) denotes the effective Hamiltonian to order 'n’ derived from

the first transformation (S).

role in the effectiveness of the method and is carefully chosen to compensate the

off-diagonality in H; s4.

2 2
S= % z’{ZC
m=—2,m#0 i=1
2
s o)
m=—2,m##0

The ‘G” and ‘C’ coefficients employed in the Floquet Hamiltonian and the transfor-

—H,

The transformation function, S; plays an important

:H2 +Z[51,H1] -

m+2n

:H1 + Z [Sl,Ho]

(m—2n)
012 MP

mation function, S are tabulated in Tables 2.1 and 2.2.

515151, Ho]

[[;[;}mzn}

N=1, R?

G(m) l(M) Gz(';n) _ le(;n)
G(12/13),PM = W((?%/Lfs) GEPQ/B),MP = w((f%/m)
Gl12/13),pM = %w((1_22/)13) G12/13),mp = %w((1_22/)13)
Gg)z/w),PM = W((B/w) GE?)Q/B),MP = W((g/w)
Ggg)z/lg),PM = w((121/)13) G(12/13),MP = W((121/)13)

Gipar = — 3055 Gifinrp = — 30055
Oy = St Clhip = e

Table 2.1: The table depicts the G and C-coeflicients involved in the Floquet Hamiltonian

and the transformation function, Sy, for N=1 R? condition.
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N=2, R?

G = G = 2
G(12/13),PM = W((f%/m) GE?)Q/B),MP = w((f%/m)
G(12/13) PM — 1w((122/)13) GE1_24/)13),MP = 1(")((122/)13)
Gg)z/w),PM - ((3/13) GE;21/)13),MP - ((3/13)
Gg)z/m),PM = W((lzl/)m) GEIQB/)IS),MP = W((121/)13)

Gg:?}DM = _gwégn) Gg?kp = %Wégn)

e m e m

Cih = S Cliup = S

Table 2.2: The table depicts the G and C-coeflicients involved in the Floquet Hamiltonian

and the transformation function, S;, for N=2 R? condition.

Following the procedure described above, the second order corrections (refer Table
2.3 for more details) are evaluated and the effective Hamiltonian to second-order is

derived.

Heypp =H" + HV + HYY
Hf ) :Hl,d

1
) =5 [S1, Hyod (2.10)

As depicted in Eq. 2.10, the effective Floquet Hamiltonian comprises of corrections

to both single-spin (longitudinal) and two-spin flip-flop operators.

Hepp = wilp+ sz AilLo)y + [Duopu | I 15 | + Do |17 1] | (2.11)

i=1
In contrast to the untransformed Floquet Hamiltonian (Eq. 2.3), the effective Flo-
quet Hamiltonian described above is block-diagonal in the Floquet-space. Following

23,26,27

the standard procedure described in the literature, the spin dynamics in the

Floquet-space is confined to the super block corresponding to the Fourier index (n=0).
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The validity of these approximations have been well tested with experimental results
and have been employed in the present study.

In the brute force density matrix approach, the dimension of the problem increases
with the spin dimension. For e.g. in the case of a two-spin system, the density matrix
is described by a matrix of dimension 4 x 4. To minimize this complexity and provide
additional insights, we employ the reduced density matrix approach. As described
in chapter-1, in the reduced density matrix approach, the reduced density matrix
for a particular spin ‘i’ is constructed from the complete density matrix by taking
the partial trace over all other unobserved spins in the description. In the present
case, the complete density matrix in the Floquet-space is evaluated by the following
expression.

plt) = e s p(0) i esst (212)

Subsequently, the reduced density matrix for spin-1 (p(1,t)) is calculated by taking

the trace over the spin-2.

2 2
Y Lo oM 0™ (l) 2Py a0 5 o0 (L)
P a1 P, 7011(1)7: = 041<D,L- 7ﬂ1q)i
o0 = | 5 S (213
Z; pﬁ@gl),m@gl)(t) Z; pﬁlégl),51¢§1)(t)

In the above equation, p_ IO (I’(l)( ) represents the matrix element <0z1<I>(1)’ p(t) ’a1@§1)>
with <I>§ ) representing the spin state of the second spin, I (say CID( ) = = |ag), @gl) =
|f2)) with the superscript denoting the total number of spins other than the one

observed (say I, in this example).

1-— ‘Df' sinxt 0

p(1,t) = (2.14)

0 —(1— ‘Dx”' sin®zt)

In a similar vein, the reduced density matrix for spin I (p(2,t)) is derived by taking
the partial trace over the spin states corresponding to ;.
-2

>y
p(2,t) =| '3 5
P

= \ (2.15)
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In the present study, polarization transfer is calculated from spin I to I (i.e. p(0) =
I.). In contrast to the standard description, the expectation value of the desired
observable in the reduced density matrix approach is calculated by employing only

the corresponding reduced density operator as illustrated below.
(O1(t)) = Trlp(1,£).01] (2.16)

Subsequently, the polarization transfer from spin I; to I, under R? conditions is

calculated by evaluating (1,), as illustrated below.

D 2
(I.(t) =1— | l}j’ sin’xt (2.17)
D 2
(I.(1)) = %gin%t (2.18)
T

In the above equations, the coefficient ‘x’ comprises of the dipolar and chemical shift

2
offset terms i.e. z = \/|D12’2 + ((1412;@)) .

At the exact R? conditions, the dominant first-order contributions contained in
single-spin operators tend to zero (see Table 2.3) resulting in maximum transfer
of polarization. Far from the R? matching conditions, the contributions from the
single-spin operators dominate and decrease the efficiency of transfer. The result
depicted in Eq. 2.18, resembles to the one derived by Rabi®* for an isolated two-level
system. In contrast to other analytic methods, the analytic expressions (Eq. 2.17 &
2.18) are computationally less intense and provide a better picture of the resonance

phenomenon in R? experiments.

2.3.2 Description of R? in three-spin (I; — I, — I3) system

The next stage in our study was to describe the multi-spin effects arising from a
neighbouring carbon, a situation often encountered in band-selective transfer of po-
larization in R? experiments. To this end, a model system comprising of three carbons
was employed in the present study. The Hamiltonian for such a system is represented
by,
3 3 1
H) =Y (00 +w®) T+ Y wy®) (inzsz ST+ Iin*)> (2.19)
i=1 ij=1;i<j
Accordingly, the above spin Hamiltonian is transformed into an interaction frame

through an unitary transformation, U; = e?wrtliz g—inwrtlzz o—inwrtls:  The transformed
y ) 1
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Hamiltonian in the interaction frame is represented by, H(t) = Uy H (1)U .

3
H(t) :(w§0) —nw, )1, + (wgo) + nw, ) I, + (wgo) + nw, ) I3, + wam)ezmw’"t]iz
=1
2 . 1 . .
> Wy {ﬂlzfmmw — o (LI eitmeomert ffI;e“m—?“W)] +
m=—2,m#0 2
2 . 1 . .
>l ot = L (e o gt
m=—2,m=#0 2
SR 1
m) _imw — _
3 wgyeiment [21%132 -3 (1;13 + I I;)

m=—2,m7#0

(2.20)

As described in the previous case, the above Hamiltonian is transformed into a time-
independent Floquet Hamiltonian in which the zero order and the perturbation terms

are represented by

HO :wrfp (221)

Hyg =(wi” —nw,) 1)y + (@8 + nw,) [To:]y + (@8 4 nw,)[I.]y+

3
(G [ 1] + [T (2.22)
=2
2 3 3 2
Hl,od = Z ZGEm) [Izz]m + Z Z ngm) [Iizljz]m+
m=—2,m#£0 i—1 ij=1,i<j m=—2,m=0
3 2

DY (Gg’;j;ﬁ) (L] G }m%) +

=2 m=—2,m#0
2
> (WEE] +65 LI ) (2.23)
m=—2,m##0
The transformation function, S; (off-diagonal) is chosen to compensate the off-diagonal

terms present in H; ,q as represented below.

2 3 3 2
Si= Y Yo"+ Y Y oI, ¢
m=—2,m=#£0 i=1 i,j=1,i<j m=—2,m=£0
3 2

> % (]

i=2 m=—2,m=£0

2
> (Cwpu|L ]+ e LI (2:24)

m=—2,m#0

+ O [T 1] mM) +

m+2n

The ‘G and C’ coefficients involved in the Floquet Hamiltonian and the transfor-
mation function, S; are tabulated in Tables 2.1 and 2.2. Following the procedure
described, the effective Floquet Hamiltonian for the model three-spin system is de-

rived and represented below and see Table 2.3 for all the corrections depicted in
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Heff

3 3
Hepp =" Aili: + Y [Dypu i I, + Dyurly 1] (2.25)
j=2

i=1
Employing the the reduced density matrix formalism, the polarization transfer

from spin I; to I, and I3 is calculated and expressed in terms of analytic expressions

given below.

Dy Dy* .
<Ilz(t)> =1-— ZL‘12|2S1H2I17(12)1€ — | 13| 2S1H2I17(13)t (226)
1,(12) T1,(13)
Dio |2
(I2:(t)) = D ZSiH2$1,(12)t (2.27)
T1,(12)
Dial?
(I3.(1)) :L%Sin%l,(m)t (2.28)
L1,(13)

The ‘2’ coefficients in the above equations have the following definitions.

A — A\’
21,a2) = || D12|? + <(122)> (2.29)

A — A9\’
T1,13) = ]D13\2 + <(123)> (2.30)

2.4 Results and Discussion

To substantiate the analytic theory and demonstrate its utility in the interpretation
/analysis of R? experiments, the dipeptide N-acetyl- (U-13C !> N) -L-valine-L-leucine
(VL) was employed (Fig. 2.2) as a model system in our studies. Being a prototype
of a typical biological system, such model systems have been routinely employed
in the past for testing NMR methodologies and pulse schemes. To illustrate the
magnetization exchange under R? conditions, the model system depicted in Figure
2.2 is further split into smaller models (see Figure 2.3), representative of the strong,
intermediate and weak coupling regimes encountered in R? experiments.

The simulations depicted in Figures 2.4 and 2.5 represent R? simulations in a
powder sample. The powder simulations were performed using a three-angle Euler set
(ZCW) comprising of 6044 crystallite orientations. The analytic expressions derived
in Eqs. 2.17 & 2.18 were employed in the present study. To test the validity of
the analytic simulations, simulations emerging from exact numerical methods (SPIN

EVOLUTION) were employed in the present study.
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Coefficients || First - order Second - order

0 1 - 1 -
Ay (‘”% - ”Wr) 5 (Cg.LJ)DMG(m%P Cfg?g)prgzr;}u) + 9 (Cigf})’MG(m,yXI)P Cl(HL[PGUP\I)

Dipolar(13C'—13C) x Dipolar(13C'—13C)

1 : )
0 m —m m m
Ay (Wé 't nwr) 3 (C£2,})3MG(12,M)P - 012 MpG: PM)

Dipolar(13C—13C) x Dipolar(13C—13C)

0 m m —m
As (Wé ot nwr) (01(3 PMGH MP CI(S,;\VIPGSS,PBW)

Dipolar(13C—13C) x Dipolar(13C'—13C)

k 1 T — ”m 1 — 7 —7
Dispa —Lwly 5 (C1GLR = G ) = 5 (GG — ClpnGE™)
CSA(13C)xDipolar(13C-13C)
" 1 B 1 B b
Disip —lwfy —5 (O GLp = CinpGT™) + 5 (GG p — ClipGy™)
CSA(13C)xDipolar(13C—13C)
1 (k) 1 (m) ~(—m) -m 1 (m) ~(—m) m —m
Dis.par —Lwfs 5 (C1G Ry = Clspn G ) = 5 (GGl By — Ol G5™)
CSA(*3C)xDipolar(13C—-13C)
k 1 m _ —m 1 m —-m m —m
Disarp ~1wf —5 (CTVGis e = CEpGT™) + 5 (GG e = ClihpGE™)

CSA(13C)xDipolar(13C—-13C)

Table 2.3: The table depicts the first-order and second-order corrections (for N=1 & 2
conditions) involved in the effective Hamiltonians (Eqns. 2.11 and 2.25). Depending on the
matching conditions (|v; — va] = Nwpg), the "k" indices are (a) N=1 (n=1/2): k= -1 and
+1 (b) N=2 (n=1): k= -2 and +2 for Dyy(13),pps and Dyy(13) pp respectively. The ‘G’ and
‘C’ coefficients in the above table are identical to those listed in Tables 2.1 & 2.2.

40



Description of R?> phenomenon using Rabi oscillations and RDM theory

Figure 2.2: Schematic diagram of N-Acetyl-L-Valine-L-Leucine derived from the crystal

structure?®.

We begin with simulations depicting the polarization transfer from spin I; to Is.
In the mixing time experiments, the polarization transfer is monitored as a function of
mixing time under constant spinning frequency. As depicted in Figures 2.4 & 2.5, the
polarization transfer profile is oscillatory in nature. This behavior is substantiated by
the analytic expressions (Eqs. 2.17 & 2.18) presented in the previous section. When
the magnitude of the dipolar coupling increases, the dipolar oscillations increase and
the time of equilibration between the spin polarizations decreases in time (i.e. the
polarization between the spins equilibrate at shorter mixing times). In contrast to the
profile depicted in Fig. 2.4, the dipolar oscillations in the N=2 matching condition
(Fig. 2.5) are highly oscillatory and tend to equilibrate at longer mixing times. This
trend is prominent in the medium and weaker coupling regimes (panels bl, cl in
Fig. 2.5). The analytic expressions depicting the polarization transfer resemble to
those derived by Rabi®* for describing transition possibilities in a two-level system.
In the original description by Rabi , the transition probability from the ground state
to the excited state was calculated using time-dependent perturbation theory. In the
absence of dissipation, the transition probabilities oscillate back and forth without
any drop in intensity. To mimic the observations observed in experiments, Rabi
proposed an approach of including an exponential damping term (exp(-t/T)) along

the calculated transition probabilities. Depending on the magnitude of the damping
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!/” \‘/7 !// ]
2.54A : 3.93A 5.44A

Figure 2.3: Model systems constructed from Fig. 2.2 for describing the polarization
transfer in R? experiments among ¥C nuclei. The models depicted in panels (a), (b)
and (c) resemble the Iy — I3 system and correspond to the strong, intermediate and weak-
coupling regimes, respectively. The models depicted in panels (d) and (e) are representative
of the I; — Is — I3 system. The dipolar coupling constants between spin pairs are depicted

in all the models.

terms, the transitions probabilities oscillate with a decrease in their amplitude with
time.

Interestingly, the dipolar oscillations in the polarization transfer profile depicted
in Figures 2.4 & 2.5 decrease with time. At the outset, this result (emerging from
simulations) seems intriguing and counter intuitive owing to the fact that the system
under consideration is an isolated two-spin system and resembles very much to the
two-level system employed by Rabi in his calculations. This discrepancy results
from the spatial anisotropy of the dipolar interactions in the solid-state. In a typical
polycrystalline sample, due to restricted mobility, the dipolar coupling constants vary
across the sample and interference effects emerging from different spin pairs (of the
same kind) are responsible for the damping observed in the profiles depicted in Figures
2.4 & 2.5. To the best of our knowledge, such a description of the R? phenomenon
does not exist in the literature.

To justify this explanation, simulations employing a single orientation are de-
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Intensity

0O 30 60 90 120 150 0 30 60 90 120 150
Mixing time (ms)

Figure 2.4: The figure depicts the polarization transfer between '3C nuclei in a two-spin
system (from spin-1 (red) to spin-2 (blue)) as a function of mixing time under constant
spinning frequency (N=1, R? condition) with powder averaging. For illustrative purposes,
polarization transfer in the strong (Vo, — Vg, 2.54 A; panels: al, a2), intermediate
(Voo = Vo, 3.90 A; panels: bl, b2) and weak (Leuc, — Vg, 5.44 A; panels: cl, c2)
coupling regimes are depicted. The role of CSA contributions (absent) is highlighted in
panels (a2, b2, ¢2). The analytic simulations (based on Eqgs. (2.17) & (2.18)) are depicted
through dots, while the numerical simulations are denoted by solid lines. All the simulation

parameters are given in Table 2.4.

picted in Fig. (2.6). As depicted in this figure, in the absence of powder averaging
(contributions from all crystallites), the polarization transfer oscillates back and forth
without any damping. In accord with the simulations depicted in Figures 2.4 & 2.5,
the frequency of oscillations decrease with the dipolar coupling constant. Hence, the
damping observed in a typical polycrystalline sample could be interpreted as an in-
terference effect (i.e. superposition of different sine curves) emerging from dipolar
coupling constants associated with different crystallite orientations. In contrast to
other existing descriptions, the present approach provides a framework for unravel-
ling the phenomenon of decoherence frequently encountered in SSNMR, experiments

involving powder samples. Since, a real system comprises of other interactions result-
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CSA Parameters
Spin1 | & (ppm) n Qpw (deg) Spin2 | & (ppm) n Qpw (deg)
Voo 68.3 1.0 | (160, 33, 90) Vg 11.3 0.91 (119, 94, -13)
(137, 25, 105) Veyr -15.3 0.0 (-41, 26, 48)
(160, 33, 90) Veq 11.3 0.91 (119, 94, -13)
(-100, 23, 047) Les 24.0 0.92 (-49, 48, -170)
(-132, 35, -4) Loy 11.3 0.91 (138, 88, -75)
Leo -67.6 0.99 | (104, 50, 130) Ves 11.3 0.91 (148, 89, -75)
Spin pair (**C) Chemical shift difference (kHz)
Veo - Ve 18
Veo - Veyt 19
Lco - Vg 18
Veo - Vea; Voo - Lep 15, 17
Vo - Vep; Veo - Loy 18, 18.2

Table 2.4: The figure depicts the CSA and chemical shift parameters (Ref. 26) of the

models depicted in Figure 2.3, used in various simulations in this thesis.

1'2 introduced the inclusion

ing from insufficient heteronuclear decoupling, Levitt et a
of a phenomenological damping term (77¢) to account for the depolarization (due to
insufficient decoupling) observed in R? experiments.

In the model presented in this chapter, the damping observed in experiments
could be incorporated by including an exponential damping term (as proposed by
Rabi) along the final expressions in the calculations presented in the previous section
(see Eqgs. 2.17 & 2.18). As illustrated in Figure 2.7, inclusion of the exponential
damping term decreases the intensity and amplitude of the oscillations. Although
such phenomenological models yield results that resemble to those obtained from
experiments, the physical basis for such effects needs to be investigated in greater
detail. Additionally, from a conceptual viewpoint, inclusion of a uniform damping
term for all the spin pairs in a polycrystalline sample seems highly inappropriate and
unjustifiable. A more rigorous description incorporating the effects of neighboring

protons will be presented in chapter-3. As depicted in Fig. 2.7, the observed damping

seems to be drastic in the weak coupling regime. Since long range distances (>4A)
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Figure 2.5: The figure depicts the polarization transfer between '*C nuclei in a two-spin
system (from spin-1 (red) to spin-2 (blue)) as a function of mixing time under constant
spinning frequency (N=2, R? condition) with powder averaging. The role of CSA contri-
butions (absent) is highlighted in panels (a2, b2, ¢2) and the description is similar to which

is given in Figure 2.4. All the simulation parameters are given in Table 2.4.

yield important constraints in refining the side chain orientations, careful analysis of
such schemes is very essential at least in the weak coupling regime.

As an alternative to mixing time experiments, Costa et al® proposed a method
(Rotational resonance width, R?*W) wherein, the magnetization exchange is moni-
tored as a function of sample spinning frequency under constant mixing times. The
constant time experiments were presumably designed to minimize the effects of re-
laxation in the data analysis of R? experiments. In Figures 2.8 & 2.9, polarization
transfer in R?W experiment is described both for the N=1 and N=2 condition. As
depicted, the width of the resonance (off-resonance magnetization exchange) increases
with an increase in the coupling constant and is maximum for the N=1, R? condition.
Far away from the R? condition, the detuning effect introduced by the longitudinal
single-spin operators (w; — wq + 2nw, ) increases and decreases the efficiency of trans-
fer. This effect is very similar to the detuning frequency (2 = w—wy) defined by Rabi

with regard to the transitions observed in a two-level system. As depicted, in the
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Figure 2.6: The simulations depict the polarization transfer observed in a two-spin system
in R? experiments (both N=1 & 2) when powder averaging is ignored. In the absence of
powder averaging, the polarization exchange is oscillatory and resembles to the famous Rabi
oscillations. Additionally, the oscillations are periodic and undamped. All the simulation

parameters are similar to those given in Fig. 2.4 and Table 2.4.

absence of the CSA interactions (see panels (a2, b2, ¢2) in Figures 2.4, 2.5, 2.8 & 2.9),
the efficiency of transfer more or less seems unaffected. However, at higher magnetic
field strengths, the second-order cross terms between CSA and dipolar interactions
might reduce the efficiency of transfer between the spin pair. As discussed earlier,
the inclusion of experimental damping just decreases the efficiency of transfer (Fig.
2.10).

The next stage in our study was to elucidate the role of the neighbouring carbons
in the R? exchange dynamics. In the band-selective transfer of polarization from
carbonyl carbon to aliphatic carbons, there could be an overlap of the R? matching
conditions. In the simulations depicted in Figures 2.11 & 2.12, polarization transfer
from I; (representative of the carbonyl carbon) to Is, I3 (representative of the carbons
in the aliphatic region) is depicted. Since, the chemical shifts of the carbons in

the aliphatic region are very similar, only band-selective transfer of polarization is
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Figure 2.7: The figure depicts the role of phenomenological damping terms (solid line)
on the magnetization transfer observed in R? experiments (both N=1 & 2). The following
damping parameters have been included in the simulations: T7g=21ms (panels: al, a2),
T70=23.7Tms (panels: bl, b2) and Tz9=24.6ms (panels: cl, c¢2). The simulations depicted
in dots correspond to the undamped case. All the simulation parameters are similar to

those given in Fig. 2.4 and Table 2.4.

possible. The chemical shifts of the carbons present in the models depicted in Figure
2.3 (panels d, e) correspond to this situation and present an excellent system to verify
the validity of our analytic theory (Equns. 2.27 & 2.28)). In Figure 2.11, polarization
transfer from the valine carbonyl carbon to the aliphatic carbons (valine alpha carbon,
Leucine beta carbon (Voo — Vg, 1.50 A and Vg, — Leg, 3.24 A) is depicted (panel
(d1) for N=1, (d2) for N=2).

Although, the model system (see Figure 2.3d) comprises of both a stronger and a
weaker coupling, the effects of dipolar truncation are absent in the isolated three-spin
system ([, — Iy — I3) (panels, d1 & d2). i.e, the efficiency of transfer from Vi, — Lo
(r=3.24 A) remains uneffected in the presence of the stronger Vg, — Vi coupling.
To further substantiate this aspect, simulations depicting polarization transfer from
valine carbonyl carbon to the aliphatic carbons (valine beta carbon, Leucine gamma
carbon (Vo, — Vg , 2.54 A and Vi, — Ly, 3.26 A ) are depicted in Figure 2.12,
panels el (N=1) and €2 (N=2). In contrast to the previous model (Figure 2.3d), the
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Figure 2.8: The simulations depict the spinning frequency dependent polarization in R*W
experiments (N=1) under constant mixing times. All the simulation parameters are similar

to those given in Fig. 2.4 and Table 2.4.
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Figure 2.9: The simulations depict the spinning frequency dependent polarization in R>W
experiments (N=2) under constant mixing times. All the simulation parameters are similar

to those given in Fig. 2.4 and Table 2.4.
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Figure 2.10: The figure depicts the role of phenomenological damping terms (solid line)
on the magnetization transfer observed in R?W experiments (both N=1 & 2). The following
damping parameters have been included in the simulations: T7g=21ms (panels: al, a2),
T70=23.Tms (panels: bl, b2) and Tz9=24.6ms (panels: cl, c¢2). The simulations depicted
in dots correspond to the undamped case. All the simulation parameters are similar to

those given in Fig. 2.4 and Table 2.4.

resonance conditions in the chosen system (Figure 2.3e) are highly overlapping.

As depicted, the extend of overlap decreases with an increase in the resonance
condition. In contrast to other descriptions based on the Liouville space, the analytic
simulations based on the reduced density matrix approach are in excellent agree-
ment with the numerical simulations and present an attractive tool for simulating
experimental data in band-selective R? experiments. Additionally, the simulations
emerging from the reduced density matrix approach are computationally less intense
and could be employed to fit experimental data with multiple fit parameters that
include chemical shift anisotropic parameters (magnitude and orientation), dipolar
coupling constants etc. A more detailed description of the spin dynamics in the

presence of heteronuclear decoupling will be discussed in chapter-3.
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Figure 2.11: The simulations depict the role of neighboring carbons in the polarization
transfer observed in R? experiments. The polarization transfer from valine carbonyl carbon
to valine alpha carbon and leucine beta carbon (Vo, — Vg, 1.50 A and Vg, — Leg,
3.24 A) as depicted in Figure 2.3(d). The numerical simulations (solid line) are from
SPINEVOLUTION?" and the analytic simulations (circles) are performed using the three-
spin RDM expressions (Eqns. 2.27 & 2.28). All the simulation parameters are given in
Table 2.4.
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Figure 2.12: The simulations depict the role of neighboring carbons in the polarization
transfer observed in R? experiments. The polarization transfer from valine carbonyl carbon
to valine beta carbon and leucine gamma carbon (Vo, — Vg, 2.54 A and Vg, — L¢y, 3.26
A) as depicted in Figure 2.3(e). The numerical simulations (solid line) are from SPINEVO-
LUTION®" and the analytic simulations (circles) are performed using the three-spin RDM
expressions (Eqns. 2.27 & 2.28). All the simulation parameters are given in Table 2.4.
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2.5 Conclusions

In summary, the reduced density matrix approach presents a simplified yet accurate
description of the R? phenomenon observed in MAS experiments. In contrast to other
existing methods, the analytic expressions resemble to those derived by Rabi and are
computationally robust and facilitate simulations involving multiple fit parameters.
Although, quantitative description of relaxation has not been attempted, the model
presented in this chapter illustrates the shortcomings that arise from the inclusion of
phenomenological damping terms. A more detailed description of the R? dynamics
in the presence of coupling to the surrounding bath of protons will be discussed in

the following chapter.
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Chapter 3

Description of multi-spin effects
and the role of heteronuclear

decoupling in R? experiments

3.1 Background

To extend the utility and reliability of R? experiments in structure determination,
quantifying experimental data remains essential. Since the number of 3C — 3C' dis-
tance constraints estimated from R? experiments are limited by the lack of sufficient
resolution, the precision of the measured *C — 13C' distances play an important role
in the overall structure refinement. In a real system, polarization transfer between
13C nuclei under R? conditions takes place in the presence of abundant protons. To
minimize the role of protons in the magnetization exchange, strong decoupling fields
are applied on the proton channel during the R? dipolar mixing period.'™* Although
such methods improve the efficiency of polarization transfer under R? conditions, the
effects of the residual heteronuclear dipolar interactions (**C' — ' H) can not be elim-
inated altogether. Hence, the inclusion of a phenomenological damping term (7. Z’é)
in the R? simulations within an isolated two-spin framework was proposed as a solu-
tion. In the analytic model proposed by Levitt et al.®, the spin dynamics under R?
conditions is described through a vector model defined in the Z(@Q subspace. In the
7.Q) subspace, the spin dynamics is described within an isolated spin-pair framework

through components of angular momentum vector defined along the z, y, z axis in
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the ZQ subspace. The recoupled dipolar Hamiltonian depicts a vector in the trans-
verse plane while the longitudinal difference polarization is defined along the z-axis.
Analogous to the Bloch model of relaxation, a phenomenological damping term in
the Z(Q subspace is included to compensate for both experimental imperfections and
inaccuracies in theoretical descriptions.

In the strong coupling regime, the exchange dynamics is predominantly influenced
by the reintroduced dipolar interactions. Under near idealized decoupling conditions,
the multi-spin effects seem less influential. On the contrary, in the weak-coupling
regime, the efficiency of transfer is inherently slow and the effects of relaxation come
into play. Since important measurements constraining the orientation of side chains
with respect to backbone are contained in the long-range contacts, extreme care needs
to be exercised in the interpretation of experimental data in the weaker coupling
regime.' ™ To this end, Costa et al.® proposed constant mixing time experiments to
minimize the effects of relaxation. Although, constant mixing time experiments seem
to be an attractive solution, the effects of multi-spin interactions cannot be eliminated
altogether. Hence, the validity of phenomenological damping models employed in the

existing treatments needs to be revisited.

3.2 Definition of the problem

To settle this issue and present a comprehensive description of the exchange dynamics
under R? conditions, a model system (comprising of N-protons in the form of I, — I, —

Sy and I} — I, — I3 — Sy) was employed in the present study. Employing the reduced

density matrix approach, the role of different heteronuclear decoupling schemes” 2

(during R? mixing period) is described analytically through effective Hamiltonians.

3.3 Theory

3.3.1 Effect of CW heteronuclear decoupling

A. 1; — I, — Sy system

To elucidate the role of protons in the magnetization exchange between 3C' nuclei

in R? experiments, we begin our discussion with a model system (I; — I, — Sy)
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comprising of two carbons (denoted by I) coupled to N-protons (denoted by ).
Figure 3.1 depicts the CW ™ field employed to decouple the heteronuclear dipolar

(3C — 'H) interactions during R? mixing time.

Cw

H

130 | mixing |

K—tmix —

Figure 3.1: Schematic diagram depicting the CW decoupling during the R? mixing time.

The time-dependent MAS Hamiltonian for such a system is represented by,
H(t) = Hgystem<t) + H,Scy;gm—Bath<t> + Hﬁath@) + HII;IF (31)

In the above representation, H§, .,,(t) denotes the Hamiltonian of the system of
interest (*C') comprising of the chemical shift and dipolar interactions.
2 2

Hgystem(t) = Z ng’l)eimwrt]iz_’_

m=—21i=1

2
S Wt (20 L, — W I + I I)) (3.2)

m=—2;m#0

In a similar vein, HZ ., (t) denotes the interactions present among the surrounding
bath of protons.
2 N
Hpn(t) = D Y wg e™'Sj.+
m=—2j=1

2 N

3 3 ng"gkeimw (25,25 — (S;2Ske + S;ySky)) (3.3)

m=—2;m#0 j,k=1;j<k

The coupling of the system with the surroundings is represented by Hgy_sgm_ Batn(t)

and comprises of the heteronuclear dipolar interactions.

2 N
Hgy;tl-elmeath (t) = Z Z Z w§%’)] eszTt2[iszz (34)

m=—2;m=#£0 i=1 j=1

To improve the efficiency of magnetization exchange between the *C nuclei, intense

RF fields (also referred to as decoupling fields) are applied along the proton channel
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to minimize the interaction between the carbons and the surrounding proton bath.
This action is represented quantum mechanically by
N
Hlp = > wnSe (35)
j=1
To deduce the R? matching conditions and describe the effects of RF irradiation, the
Hamiltonian in the rotating frame (Eq. (3.1)) is transformed into an interaction frame

N 7w ) .
defined by the transformation operators, Uy = 3. ¢'2 and U, = eim@rth:g=inwrth:

j=1
as represented below.

H(t) = U,U H (U U (3.6)

ﬁ@) = ﬁgystem( ) + HSystem Bath( ) + ﬁgath@) + FII}%IF (37)

A detailed representation of the Hamiltonian in the interaction frame is given below.

ﬁgymm(t) :(ng) — nw,) Iy, + (wg)) + nw,) Lo, + Z Zw (m) gimert 4

m=—2;m#0 i=1

i wg’?}l |:2jlzj2zeimwrt . % (]f—]Q—ei(m—OQn)wrt + ];I;€i(m_2n)wrt)}

m=—2;m##0

(3.8)
2 2 N )
H.S'ystem Bath(t) = - Z Zwl zmthQ[ S (39)
m=—2;m#0 i=1 j=1
2 N (
m) imwyt
Hp(t) == > ZWSJ e jot
m=—2j=1

2

N
3 S Wi et (28558 — (SisSke + SiySky))  (3.10)

m=—2;m#0 j,k=1;j<k

N
Hilp =Y wsS;. (3.11)

j=1
As described in chapter-2, to minimize the complexity arising from time-dependent

Hamiltonians, Floquet theory is employed to transform the Hamiltonian (Eq. 3.7)

into a time-independent Hamiltonian as defined below.
Hp =Hy+ Hy = Hy+ (Hiqg+ Hia) (3.12)

In the above Floquet Hamiltonian, H; 4 and H; .4 represent the diagonal (diagonal
in the Fourier dimension) and off-diagonal contributions and have the following defi-

nitions.

N
H() = LUT]F + Zwrf[sz]o (313)

j=1

o8



Description of multi-spin effects and the role of heteronuclear decoupling in R?

Hyg = — nw,) 1]y + (Wi + nw,)[Lo.]o+

GIIIQ PM [If15]0 + Gg?)IQ,MP [Iffﬂo (3.14)
2 2
ch,;zc = > > szn izl T Z G1112 (215, +
m=—2,m#0 1=1 m=—2,m#0
2
3y (ngm L)+ Gk I I+}m_2n) (3.15)
m=—2,m##0
2 N 2 o
HO =Y Y (GY8zp[lST] + G 2a| 1S5 ) (3.16)

i=1 j=1 m=—2,m#£0

N 2
B =3 3 (G8hls], 4 0ghls], )

N
Z Z (Gs 519725k, + Gs S, PM [S;Sk } + Gs Sy, MP [Sg_sﬂm)

(3.17)
2 2
St =t Z Z Clzm) [Ilz]m + i Z C11112 [113122]
m=—2,m#0 i=1 m=—2,m#0
2
2 N 2
5SS (Caelsi], + ] )+
i=1 j=1 m=—2,m=0
N 2
3 5 (cblsr], cirhlsi] )
j=1m=-—

N 2
i Y X (CEReeSTSE] T OSS an[S7SE] )+

N 2
i Z > (CER1S5:5k) + C8 g e |STSE| + O3, ap | STSH] )
(3.18)

Employing the contact transformation procedure, the above Floquet Hamilto-
nian (Eq. 3.12) is diagonalised by a single unitary transformation defined by the
transformation function, S;. The ‘G’ and ‘C’ coefficients employed in the Floquet

Hamiltonian and the transformation function, S; are tabulated in Table 3.1. The
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remaining coefficients presented in Eqs. (3.12) & (3.18) are similar to those defined
in chapter-2 (refer to Tables 2.1 & 2.2).

G-coefficients C-coefficients
(m)
a1 m) o _ Gs,,p
S]‘7P - 2 Sj Sj,P - mwr+wyf
m) _ 1w otm) . Csju
S;j,M — %S, SiM T mwr—w, g
G(m)
(m) _ (m) (m) _ 1;8,zP
Glis;zp = —WIs, CLS,2P = o tony
G(m)
G(m) _ _w(m) C(m) _ 1;8,Z2M
1;8;,ZM 1;S; I;S;,ZM MWy —Wr £
G(m)
G(m) — §w(m) C(m) — 5% PP
Sj Sk, PP~ 4™S;Sy S;Sk, PP — mwr+2w;
G(m)
G Bm | olm) TS
SjSk,J\/I]\/[ 4 S7Sk SjSk,]\/[M - Mwr—2wr
G(m)
G(m) _ ;w(m C(m) __ _5jSk,PM
SjSk,PM 4 S_,'Sk S]'Sk,PM - mws
G(m) o lw(m) C(m) _ TSjSkMP
885, MP = 1W5;8, S8k MP = " mwr
(m)
am — _m) am _ %55
Sjsk — SJSk Sjsk - mwy

Table 3.1: The table depicts the ‘G’ and C-coefficients involved in the Floquet Hamiltonian
(Eq. 3.12) and the transformation function, S; (Eq. 3.18).

Coefficients || First - order Second - order
Dys, 0 5 (Cé,,}DGgisj12A1 - Cis?ZMGEG_,,P)) b} (C(sj,}wGisjﬁ)ZP - CE,S),,ZPGFS,,A}>
CSA(*H)xDipolar(13C—1H)

Table 3.2: This table depicts the heteronuclear dipolar coefficients (Dj,s;) involved in the
effective Hamiltonians (Eqgs. 3.19 & 3.44). See Table 3.1 for all the ‘G’ and ‘C’ coefficients

with the corresponding Fourier indices (m) in the above table.

Following the procedure described in the previous chapter, the effective Hamilto-
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nian for the model (I; — Iy — Sy) system is derived and represented below.

2 N
Hepy = ; Apliz]o + ;er[sjz]o + [Dnnen|[IT I | + Drpor [T |+

2

Z i\[: Dy,s,1i25;:],, (3.19)

i=1j=1
The coefficients involved in the above effective Hamiltonian are tabulated in Tables
2.3 & 3.2. In contrast to the description involving only carbons (}3C'), the effective
Hamiltonian for the model systems involving protons (* H), comprises of second order
contributions resulting from cross-terms between the heteronuclear dipolar interac-
tions (13C-'H) and the CSA of the protons. The role of these cross-terms will be
discussed in the following sections.

To elucidate the role of protons in the exchange dynamics and demonstrate the
utility of the reduced density matrix approach, we begin our discussion with a model
three-spin system comprising of two carbons and a single proton (I; — I, — S).

Following the procedure described in the previous chapter, the reduced density
operator for I; (p(Iy,t)) is derived systematically by taking the partial trace over the

other spin variables (I and \S) present in the combined system.

4 4
2 Payo® ay6 (t) Z (

A= g g (3.20)
El pﬁlq’gz):al‘bf)(t) g ERISNR IS (t)

(t) represents the matrix element <041CI>Z- ‘p t) )a1¢§2)> with @

representing the spin state of the remaining spin system, I,&S (say <I>§2)

where Py a® oy 0
= |azas),

= |agfs), oY) = |facxs) and P = |B233)) with the superscript denoting the
total number of spins other than the one observed. Accordingly, the polarization

transfer from spin I; to I (i.e. p(0) = Iy,) in the presence of a single proton is

calculated.

|D[1[2| sin :Elt O

:EZ

0 ~ (2= 1Dnnl? & 25t )

In a similar vein, the reduced density matrix for I is derlved by taking the partial

p(Iy,t) = (3.21)

trace over the other spin variables (I; and 5).

4 4
Y Po® 0, @0, (E) 2 Pe@,, @5, (1)
p([Q,t) = Zil i 2,%, 2 Zil i 2,%; ,62 (322)
izz:l pq’§2>ﬁ27‘1’§2)°‘2(t) 7,; Po®p, 03 s, (t)
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2 2 sin?z;t
1Dnnl” 2 #55 0
1=

oI, t) = (3.23)

2,
Subsequently, the polarization transfer from spin I; to I in the presence of a single
proton under R? conditions is calculated by evaluating (I.) as shown below (normal-

ization factor, (2)*? where K=number of spins in the system is included).

(0:(1)) = Trlp(1,1).0] (3.24)
<hxw>=1—wD%h|§;$§?J (3.25)
<@@wﬂmf';“l? (3.26)

In contrast to an isolated spin pair, additional oscillatory terms due to the residual

13C' —1H dipolar interactions are present in the ‘x’ coefficients.

2(A;, — Ap) + (D - D 2

Ir = ’D[112|2 + ( ( h 12) 4( 15 IQSl)) (327)
%A, — Ap) — (Drs, — Dps)\’

Lo |DI112|2 ( ( I 12) 4( 1151 1251>> (328)

Following the above approach, the reduced density matrices for the spins Iy, I sur-

rounded by ‘N’ protons in the model spin system, I; — I, — Sy is derived as represented

below.
22 22 1
2 Poa® @™ () P s 5 e (1)
plIy 1) = | G S (3.29)
_ E Ps, 6™ o6 (E) El Ps, 6™ g0 (t) |
[ 2> 22 ]
E ’0<I>(>‘)o¢ q)(./\>a (t) E pCI:'(.)‘)a <I>(.>‘> <t)
pll,t) = | LTt SR e (3.30)
i Z; p@?%z,@ﬁ”az (t> lg p<I>§>‘>,32,<I>§)‘),32 (t) ]

In the above equation, the superscript ‘A’ denotes the total number of spins other
than the one observed. Employing the effective Hamiltonian (Eq. 3.19), the reduced

density matrices corresponding to [; and I, are evaluated.

2

2V
| @ Dt e 0 .
(I, t) = = o 3.31
0 - (@ = 1Dy )
- -
D 3 st 0
p(I27t) = - 92N (332)
0 _|DI112| ; %
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Subsequently, the polarization transfer from I; to I in the presence of coupling to
neighboring proton bath is calculated.

_ |D[1]2|2 27 Singl’it

(Q)K_Q i

(L) =1

(3.33)

” D=

As described above (see Egs. 3.33 & 3.34), the analytic expressions for a system

(3.34)

coupled to N-protons comprises of 2V ‘z;” coefficients.

2A;, — A %
%:Jme+<(h w+y) (3.35)

4

For a given ‘z;’, the corresponding ‘y;” coefficients are sequentially deduced from the

scheme depicted in Fig. 3.2.

/Y1 = (Dl,S, =Dy )+ (DI,S2 - DlgSz)

= (Dl,s, - DIZS, )

Yy = (Dl,s, - DIZS, )— (Dl,s2 - DIZSZ)

/NN

»=0
V3= _(Dllsl - D’25| )"’(Dlls2 - DIZS’l)/
// N
Yy = _(D1,s, - DIIS‘)
\Y4 = _(DIIS‘ - DlzsI )= (D1,52 - Dlzs2 )/
N\
(cC) (CCH) (CCHH)

Figure 3.2: The figure depicts the flow chart for deriving the ‘y’ coefficients described in
Eq. (3.35).

The analytic expressions depicted in Egs. 3.33 & 3.34 could be employed to fit
experimental exchange curves employing multiple fit parameters such as *C — 13C

distance, the orientation, magnitude of CSA tensors (both carbons and protons) and

BC —1H distances.
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B. Il - 12 - 13 — SN system

To describe the multi-spin contributions arising from neighboring spins, a model
system comprising of three spins I; — Iy — I3 (all ¥*C nuclei) coupled to ‘N’ protons (! H)
was employed in continuation to the ideal three-spin system (I; — I — I3) discussed in
chapter-2. The model serves as a prototype for describing band-selective polarization
transfer from the carbonyl carbons (1;) to the aliphatic carbons ([s, I3) found in a
typical amino acid /polypeptide sequence. Accordingly, the time-dependent MAS

Hamiltonian for the model system is represented by,

H(t) = Hgystem( ) + HSystem Bath( ) + Hgath(t) + H}gF (336)
c & (0) 1
HSystem == 21 (W + wz ) Izz + ; wz] <2] I, — 5([{’—]]_ + ];If))
i= i,j=1;i<j
(3.37)

Hj Batn(t Z Z W lmthSj =T

m=—2j=1
2 N )
3 S Wi et (285,80 — (SjeSke + SjySky))  (3.38)

m=—2;m#0 j,k=1;j<k

2 3 N
Hgy;gm—Bath(t) = g 7&0‘21 leggiezmwﬁ2]izsjz (339)
m=—2;m#0 i=1 j=
N
HIJ;IF = Zwrfij (340)
j=1

Analogous to the description employed in the model system (I; — Iy — Sy), the
Hamiltonian in the rotating frame (Eq. 3.36) is transformed into an interaction frame

defined by the transformation operators, U; = Z 25 and Uy = enwrtliz gminwrtla, g—inwrtls.

=1
N ’
and U = 3 e™rstSiv,
j=1 B
H(t) = UsUsU H (U U U (3.41)
F](t) = ﬁgystem(t) + ggy;gm—Bath(t) + ﬁgath(t) (342)
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A detailed representation of the Hamiltonian in the interaction frame is given below.

3
H(t) =(\” — nw )1, + (W + nw) Lo, + (W + nw,) I3, + Zw§m)ezm”rt]iz

i=1
2
m , 1 : .
> Wy {2112122(3%“” — 5 (TG et 4 f{f;e“m—?mw)] +
m=—2,m#0
2 m . 1 . .
Z WE?, ) |:2[1Z[3261mwrt _ 5 (Iii-[?)—ez(m—i—?n)wrt + [1— [;-ez(m—2n)wrt)] +
m=—2,m7#0
2
m) imw 1 - —
> wllemet 2hty, - S (1 + 1517 (3.43)
m=—2,m##0

The other spin interactions in the interaction frame remain identical to those depicted
in the previous section (refer to Egs. 3.9, 3.10 & 3.11). Following the standard
procedure (Floquet theory and the contact transformation methods), the effective
Hamiltonian for the model system was derived and are represented below.
2 N 3
H.pp = Z; Ap L], + 2‘1 wr[S;2]y + 22 \Drsy i |[IT I3 |+ Drowee | IT 15| |+
i= = =

2

Z%Dlisj [[iZSjZ]o (3.44)

i=1j=1
The coefficients involved in the above effective Hamiltonian are tabulated in Tables
2.3 & 3.2.

Analogous to the description presented in the previous section, the polarization

exchange in the model system (I; — Iy — I3 — Sy) is described using the following

expressions.
sin? Xi( sin? X ( t

(L-()) =1 = | Dy, z¢ |Dry i, ? z*““ (3.45)
i=1 $1(1112) i=1 xl(flls)
sin?x; t

(L2()) = Dr|” Zﬁ (3.46)

i=1 xl(hb)

sin? T t

(Is:()) =| D, 27“3) (3.47)

i=1  Li(I1l3)
In the above calculation, polarization transfer from spin-1 is calculated to the other
spins (l2&13).
In accord with our earlier description, the inclusion of protons introduces additional

oscillatory terms and are responsible for the depolarization observed in R? experi-
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ments. The general expressions for x; (j,1,) and w; (j,1,) is represented by,

2A;, — AL) +v; 2

Ti(l D) = |D1112|2+< (s IZ) y’”””) (3.48)
2A, — AL) +vi 2

Ti(h13) = |DI113|2 + ( ( L IZ) Y ’(11[3)> (349)

The ‘y;’ coefficients depicted in Eqs. 3.48 & 3.49 could be systematically deduced
from the general scheme depicted in Figures 3.3 & 3.4 respectively.

Vi) = (Dllsl - DIZS, )+ (DllsZ - Dljsz)

7\

yl-(lllz) = (Dllsl - Dlel )

/N

Yoy = (DllS, - Dlzsl)_ (Dlls2 - DIZSZ)
Vi = 0
Vi) = _(Dllsl - Dlzsl)"'(Dl,s2 - Dlzs2 )<
yzv(1112> = _(DIISI - DIZS, )
Yaqn) = _(Dl,s‘ - Dl;S.)_ (D’wsz - Dlzsz)\
(cce) (CCCH) (CCCHH)

Figure 3.3: The figure depicts the flow chart for deriving the ‘y’ coefficients described in
Eq. (3.48).

In contrast to other existing descriptions of the spin dynamics, the analytic expres-
sions based on the reduced density matrix formulation are computationally robust

and provide a simplified description of the magnetization exchange in R? experiments.

3.4 Results and discussion

3.4.1 R? phenomenon under CW decoupling

To elucidate the role of protons in R? experiments and to verify the validity of the
analytic treatment presented in the previous sections, polarization exchange between

carbon nuclei were investigated in the presence of protons through the model systems
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Yy = 129,
\ Vo = (D = D) <
iy = 0
P
Yoty = 123
\ Yoy = (DIS +DIS ) —_—
(cce) (ccch) (CCCHH)

Figure 3.4: The figure depicts the flow chart for deriving the ‘y’ coefficients described in
Eq. (3.49).

depicted in Fig. 3.5. The model systems depicted in Fig. 3.5 were constructed from
the dipeptide, N-acetyl- (U-13C,"®N) -L-valine-L-leucine (VL) (Fig.2.2). In all the
simulations depicted in this section, polarization transfer from the carbonyl carbons
to the aliphatic carbons were evaluated under constant mixing time by varying the
sample spinning frequency. All the simulations presented in this study were performed
at spectrometer frequency of 500 MHz (* H frequency) with system parameters such
as CSA, dipolar parameters obtained from Ref. (2).

To minimize the effects of protons, strong CW decoupling fields (of strength
100kHz) were employed on the proton channel during the dipolar mixing time. In
Figure 3.6 (panels a, b, ¢), numerical simulations depicting polarization transfer in the
model five-spin systems is presented. For illustrative purposes, the simulations emerg-
ing from the isolated two-spin model (panels: al, bl, c¢1; dotted line) are compared
with the model five-spin systems comprising of protons. Although, the simulations
depicted in Figure 3.6 were performed at faster spinning frequencies (say 17-20 kHz)
and involved strong decoupling fields on the proton channel, the residual *C-'H

dipolar interactions seem more influential in the weak-coupling regime (see panel c1).

Based on the analytic expressions (see Eqs. 3.33-3.35) and the coefficients listed
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Figure 3.5: Model systems constructed from N-acetyl-L-Val-L-Leu (Figure 2.2) for de-
scribing the role of protons in R? experiments. The models depicted in panels (a), (b) and
(c) resemble the I} — Iy — Sy system and correspond to the strong, intermediate and weak-
coupling regimes, respectively. The models depicted in panels (d) and (e) are representative
of the Iy — Iy — I3 — S system. The dipolar coupling constants between spin pairs are

depicted in all the models.

in Table 3.2, this depolarization effect results from the D;g coefficients associated
with the longitudinal two-spin operators, I..S,. The longitudinal two-spin operators
in the effective Hamiltonians (see Eq. 3.19) result from second-order cross-terms be-
tween the CSA interactions of the protons (654 = 2500Hz, n =0.3, 500MHz (*H
frequency)) and the heteronuclear *C-'H dipolar interactions (i.e. 'H-CSA X 3C-
'H dipolar interactions). Consequently, in the absence of the ' H-CSA interactions,
the efficiency of transfer should improve at least in principle. This inference of ours is
vindicated in the simulations depicted in the adjacent panel in Figure 3.6 (panels a2,
b2, ¢2). The solid lines in the simulations (Figure 3.6, panels a2, b2, ¢2) represent the
numerical five-spin simulations sans ! H-CSA interactions, while the analytic simula-
tions (dotted line) are based on the two-spin expressions derived in the chapter-2 (see

Eq. 2.18). Hence, decoupling schemes that minimize /remove ' H-CSA interactions
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Figure 3.6: The figure depicts the role of ' H-CSA interactions in the R? experiments. The
solid lines (black) represent the simulations from SPINEVOLUTION,?” while the analytic
simulations (based on Eq. 3.34) are indicated by dots (red). The simulations depicted
in panels (al, a2), (bl, b2) and (cl, c¢2) correspond to the model systems (a), (b) and
(c) depicted in Figure 3.5, respectively. The numerical simulations depicted in panels (al,
bl, c1) compare the magnetization exchange observed in the model five-spin system (solid
lines) with the isolated two-spin system (broken lines) comprising of only *C nuclei. The
simulations depicted in panels (a2, b2, ¢2) represent numerical five-spin simulations (solid
lines) in the absence of ' H-CSA interactions. In the absence of ! H-CSA interactions (6§54
= 2500Hz, n =0.3, 500MHz (! H frequency)), the simulations involving the model five-spin
system resemble to that of an isolated two-spin system (indicated by red dots). In all
the simulations presented, polarization transfer from the carbonyl carbon to the aliphatic
carbon is calculated satisfying the appropriate N=1, R? conditions. All the remaining

simulation perimeters are given in Table 2.4.

are beneficial in improving the polarization transfer efficiencies in R? experiments.
Since, ' H-CSA interactions are non-zero in real experiments, incorporation of the

CSA interactions along with the residual '3C' — ' H dipolar interactions is essential

to quantify the magnetization exchange observed in R? experiments. In addition to

decreasing the efficiency of transfer, the inclusion of the residual heteronuclear dipo-
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Figure 3.7: The figure depicts the polarization transfer from valine carbonyl carbon to va-
line beta carbon (Voo — Vg, 2.54 A) based on the model system CvoCvsHysHyoHy . (see
Figure 3.5a). The role of protons on the exchange dynamics is illustrated through simula-
tions comprising of two (al, Cy,Cy ), three (a2, Cv,CygHy), four (a3, Cv,CyvgHygHy )
and five (a4, Cv,CygHygHyoHy~) spin systems. The analytic simulations (dots) were
based on Eq. (3.34) and correspond to the N=1, R? condition. All the remaining simula-

tion perimeters are given in Table 2.4.

lar interactions (3C' — 'H) broadens the R? exchange profile. This observation is
important, since, the standard approach of employing isolated two-spin models along
with phenomenological damping terms does not replicate the broadening observed
in the exchange trajectories in R? experiments. Additionally, the ambiguity associ-
ated with the magnitude of the damping terms limits the utility of such methods
in the estimation of distances. Since biophysical applications of SSNMR entail the
measurement of long-range interactions /couplings, interpretation of the exchange
trajectories is very crucial in the weak-coupling regime. To address this issue, Bal-
dus and co-workers® proposed the multi-spin (MS) analysis approach for quantifying
the experimental trajectories obtained under R? conditions. Employing certain stan-
dard geometric parameters (that includes both the orientation and magnitude of the
residual heteronuclear dipolar interactions), the exchange trajectories were numer-
ically simulated with few neighboring protons. Interestingly, the reduced density
matrix formalism presented in this thesis, provides a convenient yet accurate descrip-

tion of the exchange dynamics in the presence of protons. To illustrate the effects
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/role of neighboring protons on the exchange trajectories, polarization transfer under
different coupling environments (with regard to *C — 13C' couplings) were investi-
gated through model systems comprising of two carbons coupled to finite number of

neighboring protons i.e. I} — Iy — Sy system.
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Figure 3.8: The figure depicts the polarization transfer from wvaline carbonyl car-
bon to valine gamma carbon (Voo — Vey,, 3.90 A) based on the model system
CvoCvy1HygHyoHy~ (see Figure 3.5b). The role of protons on the exchange dynamics is
illustrated through simulations comprising of two (b1, Cy,Cy~1), three (b2, Cy,Cyy1Hy ),
four (b3, Cv,Cv~1HysHy+1) and five (b4, Cy,Cy 1 HygHy o Hy 1) spin systems. The ana-
lytic simulations (dots) were based on Eq. (3.34) and correspond to the N=1, R? condition.

All the remaining simulation perimeters are given in Table 2.4.

In Figure 3.7, polarization transfer from the valine carbonyl carbon to valine beta
carbon (Voo — Vg, 2.54 A) in the model five-spin system (Figure 3.5a) is presented.
The effect of protons on this model system is depicted methodically by increasing
the number of neighboring protons through panels ‘a2, a3 and a4’, respectively. As
depicted, the decrease in the efficiency in the presence of neighboring protons is only
marginal (decreases by 20%) when compared to the isolated two-spin case (see panel
al).

To substantiate the validity of the analytic results, additional simulations depict-
ing polarization transfer in the intermediate (transfer from valine carbonyl carbon to
valine beta carbon, Vg, — Ve, 3.90 A) and weak-coupling regimes (transfer from

leucine carbonyl carbon to valine beta carbon, Leuc, — Vg, 5.44 A) were further
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Figure 3.9: The figure depicts the polarization transfer from leucine carbonyl car-
bon to valine beta carbon (Leuc, — Veog, 5.44 A) based on the model system
CroCvsHygHyoHrq (see Figure 3.5¢). The role of protons on the exchange dynamics is
illustrated through simulations comprising of two (c1, Cr,Cyg), three (c2, Cr,CyvgHya),
four (c3, Cro,CvgHysHy) and five (c4, CroCysHygHyvoHq) spin systems. The analytic
simulations (dots) were based on Eq. (3.34) and correspond to the N=1, R? condition. All

the remaining simulation perimeters are given in Table 2.4.

investigated and are depicted in Figures 3.8 and 3.9, respectively. In contrast to
the intermediate coupling regime, the depolarization effects arising from neighboring
protons is severe in the weak-coupling regime. Since, the magnitude of the dipolar
coupling constant decreases with increase in the interatomic distance, quantification
of results in the weak-coupling regime entails accurate description of the underlying
spin dynamics. Additionally, off-resonant polarization exchange (broadening of the
R? condition) is observed prominently in the weak coupling regime.

As depicted, the analytic simulations (Figures 3.8-3.10) emerging from the reduced
density matrix approach are in excellent agreement with numerical simulations. In
contrast to exact numerical methods, the analytic simulations are computationally
less intense and present an attractive tool for simulating exchange trajectories involv-
ing an isolated spin pair coupled to a surrounding bath of protons (model I1 —I,—Sy).
The damping effect introduced by the surrounding protons, depend on the magnitude
of the residual ¥ C-'H interactions in addition to the !H-CSA’s and vary depend-

ing on the spin topology and other external parameters (such as decoupling field
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strengths, magnetic field strengths, spinning frequencies etc.) employed in the simu-
lations. Hence, the practice of employing uniform damping constant (T¢) for all the
data points in the resonance width experiments seem inappropriate. Although, such
approaches could result in appreciable results in the strong coupling regime, they are
of limited utility in the weak-coupling regime and could well be the reason behind the

inaccuracies reported in the measurement of long-range distances in the literature. '™
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0.2 = =
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Figure 3.10: The figure depicts the polarization transfer from Vg, — Vig, 2.54 A (al,
a2), Voo = Vi, 3.90 A (b1, b2) an Leuc, — Veg, 5.44 A (cl, ¢2) correspond to the
N=1, R? condition. The panels (al, bl, c1) represent the polarization transfer in five-spin
systems in model systems shown in Figures 3.5 (a, b, c¢) respectively. The panels (a2, b2, c2)
represent the polarization transfer in the corresponding two-spin (C-C) systems along with
the damping term, exp(-t/T), used to match the intensity in the five-spin systems (panels
al, bl, c1). The simulations in panels (a2, b2, c2) are generated using Liouville matrix
(solid line) and the reduced density matrix theory (dots) (Eq. 3.34). The phenomenological
damping constants (734) used in the simulations corresponding to strong, medium and weak
coupling regimes are 72 ms (a2), 61ms (b2) and 19 ms (c2) respectively. All the remaining

simulation perimeters are given in Table 2.4.

To illustrate this aspect, simulations emerging from isolated two-spin models in

the presence of phenomenological damping terms are compared with the chosen model
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five-spin systems both in the N=1 (Fig. 3.10) and N=2 (Fig. 3.11) R? matching
conditions. As depicted in the Figures 3.10 & 3.11, the simulations emerging from
the isolated two-spin model (inclusive of phenomenological damping terms) are in
complete disagreement (in particular for the N=1, R? conditions, see Figure 3.10)
with those emerging from the model five spin systems in all the regimes. Although,
the inclusion of a damping term lowers the intensity in the simulations based on
the isolated two-spin framework, the broadening induced by the presence of residual

heteronuclear dipolar interactions is not reproduced.

N=2
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Figure 3.11: The figure depicts the polarization transfer from Vg, — Vg, 2.54 A (al,
a2), Voo — Von,, 3.90 A (b1, b2) an Leuc, — Vog, 544 A (cl, ¢2) correspond to the
N=2, R? condition. The panels (al, bl, c1) represent the polarization transfer in five-spin
systems in model systems shown in Figures 3.5 (a, b, c¢) respectively. The panels (a2, b2, c2)
represent the polarization transfer in the corresponding two-spin (C-C) systems along with
the damping term, exp(-t/T), used to match the intensity in the five-spin systems (panels
al, bl, cl). The simulations in panels (a2, b2, ¢2) are generated using Liouville matrix (solid
line) and the reduced density matrix theory (circles) (Eq. 3.34). The phenomenological
damping constants (7;4) used in the simulations corresponding to strong, medium and weak
coupling regimes are 54 ms (a2), 40 ms (b2) and 18 ms (c2) respectively. All the remaining

simulation perimeters are given in Table 2.4.

Interestingly, the simulations in the N=2, R? experiments, seem to have a better
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agreement between the two models. Although, the discrepancy is prominent in the
weaker-coupling regime (see panels cl, ¢2 in Fig. 3.11), the agreements are satisfac-
tory in the strong and medium coupling regime. Since existing theoretical models
employ an isolated two-spin framework for data analysis, implementation of R? ex-
periments for measuring interatomic 3C — 13C distances have always been limited to
the N=2 matching conditions.? Often in such descriptions, the inaccuracies in the
estimation of distances in the weak-coupling regime have been incorrectly attributed
to experimental imperfections and other reasons such as zero-quantum relaxation
etc. The present study clearly highlights the limitations of existing theoretical mod-
els and also explicates the actual reason behind the non-implementation of the R?

experiments at the N=1 matching conditions.

N=1 N=2

oor @) T (a2)
> =
= | |
2 5 18 185 85 9 9.5
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Figure 3.12: The figure depicts the polarization transfer from Vo, — Vg, 2.54 A (N=1,
al; N=2, a2) in a five-spin model system (Figure 3.5a) and from Leuc, — Vog, 5.44 A
(N=1, bl; N=2, b2) in a five-spin model system (Figure 3.5¢) in the presence of different RF
decoupling amplitudes [50kHz (circles), 100kHz (triangle up) and 150kHz (diamonds)]. For
comparison purposes, polarization transfer in corresponding two-spin system (C-C) (black,
solid line) are depicted in all the panels under N=1 & 2, R? conditions. All the remaining

simulation perimeters are given in Table 2.4.

To illustrate the role of the RF amplitudes involved in heteronuclear decoupling
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schemes in R? experiments, simulations depicting polarization transfer under different
RF amplitudes is presented in Figure 3.12. As depicted, the decrease in the magnitude
of the RF amplitude broadens the R? matching condition, and is currently termed as
homogeneously broadened R? experiment. Employing this approach, ¥C — 3C dis-
tance measurements in proteins have recently been demonstrated by Ladhizhansky
and coworkers.??? Employing an isolated two-spin model and a phenomenological
damping term, the polarization transfer under N=2, R? conditions has been em-
ployed to extract interatomic distances. The inaccuracies in their measurements
have been attributed to multi-spin effects and other relaxation mechanisms during
the experiments. However, our investigations contradict their claims on the inaccu-

racies involved in the 3C' — 3C distance measurements based on R? experiments.
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Figure 3.13: The figure depicts the polarization transfer from valine carbonyl carbon to
valine alpha carbon and leucine beta carbon (Vo, — Vg, 1.50 A and Vo, — L¢cg, 3.24
A) based on the model system CvoCvaCrgHrgHroHy o (see Figure 3.5d). To illustrate
the multi-spin effects observed in band-selective experiments, polarization transfer corre-
sponding to both N=1 (panels d1, d2) and N=2 (panels d3, d4) matching conditions are
depicted. Additionally, simulations both in the absence (panels d1, d3) and presence of
protons (panels d2, d4) are also depicted. The analytic simulations (dots) were performed

based on Eqgs. 3.46 & 3.47. All the remaining simulation perimeters are given in Table 2.4.
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To further substantiate the validity of the analytic theory presented in this thesis,
the role of neighboring carbons in the R? magnetization exchange experiments were
investigated. The Iy — I, — I3 — Sy spin system serves as a suitable model system
for describing band-selective transfer of polarization from carbonyl carbons to the
aliphatic carbons encountered in typical biological solids. In the simulations depicted
below, polarization transfer from I; (representative of the carbonyl carbon) to I, I3
(representative of the carbons in the aliphatic region) is depicted in the presence of
coupling to the surrounding proton reservoir. Since the chemical shifts of the carbons
in the aliphatic region are very similar, only band-selective transfer of polarization is

possible.

tensity

875 5 Sbsars =ehs
Spinning Frequency (kHz)

Figure 3.14: The figure depicts the polarization transfer from valine carbonyl carbon to
valine beta carbon and leucine gamma carbon (Vg, — Vg, 2.54 A and Ve, — Lcy, 3.26
A) based on the model system CvoCvsCryHysHr Hyq (see Figure 3.5e). To illustrate
the multi-spin effects observed in band-selective experiments, polarization transfer corre-
sponding to both N=1 (panels el, e2) and N=2 (panels e3, e4) matching conditions are
depicted. Additionally, simulations both in the absence (panels el, e3) and presence of
protons (panels, €2, e4) are also depicted. The analytic simulations (dots) were performed

based on Egs. 3.46 & 3.47. All the remaining simulation perimeters are given in Table 2.4.

The chemical shifts of the carbons present in the models depicted in Figure 3.5

(see panels d, e) correspond to this situation and present an excellent system to verify
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the validity of our analytic theory (see Eqs. 3.45-3.47). In Figure 3.13, polarization
transfer from the valine carbonyl carbon to the aliphatic carbons (valine alpha carbon
and Leucine beta carbon, (Voo — Ve, 1.50 A; Ve, — Leg, 3.24 A)) is depicted both
in the absence (see panel d1 for N=1; d3 for N=2) and presence of the neighboring
protons (see panel d2 for N=1; d4 for N=2).

Although, the model system (Figure 3.5d) comprises of both a stronger and a
weaker coupling, the effects of dipolar truncation are absent in the isolated three-
spin system (I; — Iy — I3) (panels: d1, d3). However, in the presence of protons,
the efficiency of transfer from Vg, — Leg (1=3.24 A) gets diminished (panels: d2,
d4) owing to the residual 3C-!H interactions (refer to Eq. 3.47) as opposed to the
stronger Vi, — Vo coupling. To further substantiate this aspect, simulations de-
picting polarization transfer from the valine carbonyl carbon to the aliphatic carbons
(valine beta carbon, Leucine gamma carbon (Ve, — Veg, 2.54 A; Veo — Ly, 3.26
A)) is depicted is Figure 3.14, both in the absence (see panels el, e3) and presence
of neighboring protons (see panels €2, e4). In contrast to the previous model (Figure
3.5d), the resonance conditions in the chosen system (model 3.5¢) are strongly over-
lapping. As depicted, the analytic simulations based on the reduced density matrix
approach are in excellent agreement with the numerical simulations and present an
attractive tool for simulating experimental data in band-selective R? experiments. In
comparison to numerical methods and other operator-space based analytic descrip-
tions of the spin dynamics, the simulations emerging from the reduced density matrix
approach are computationally less intense and are suitable for fitting experimental
data with multiple free-fit parameters inclusive of interatomic distances and CSA

parameters.

3.4.2 R? phenomenon under TPPM decoupling

To improve the efficiency of polarization transfer, an alternate decoupling scheme in
the form of TPPM!! was employed during the R? mixing period. In contrast to the
CW experiment, the TPPM sequence (Fig. 3.15) comprises of two pulses that are
phase shifted by a constant factor (A¢), the flip angles of the two pulses are chosen
to be 180° with a phase difference of 15°.

In Figures 3.16 (panels: al, bl, cl) & 3.17 (panels: dl, el, f1), polarization
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Figure 3.15: Schematic diagram depicting the TPPM!! decoupling during mixing time

in R? experiments
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Figure 3.16: The figure depicts the polarization transfer in five-spin systems (Figure 3.5: a
(panel, al), b (panel, bl), ¢ (panel, c1)) in the presence of TPPM decoupling on ! H-channel
under N=1, R? conditions. Panels (al, b1, c1) consist of the analytic simulations generated
under the TPPM (solid line) and the CW decoupling (dots) schemes in five-spin systems
at the RF, 100kHz with the phase difference (A¢), 15°. The analytic simulations (panels:
a2, b2, ¢2) depicting the polarization transfer in the corresponding isolated two-spin (C-C)
systems are presented for comparison. All the remaining simulation perimeters are given

in Table 2.4.

transfer in R? experiments under CW and TPPM decoupling sequences is illustrated.
As depicted, the efficiency of polarization transfer is enhanced and is very similar to

those obtained for an isolated spin pair (panels: a2, b2, ¢2 and panels: d2, e2, {2).
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Specifically, the enhancement in the weak coupling limit is appreciable. The dotted
lines in panels al, bl, ¢l (Figures 3.16 & 3.17) represent the transfer under CW
decoupling while solid lines represent simulations from TPPM decoupling scheme.
To explain the better performance of the TPPM decoupling scheme, an analytic
theory is presented in the Appendix-II(a). In contrast to the description in the CW
case, the RF Hamiltonian in the rotating frame is time-dependent with modulation

frequency, w,.

06 (d1) - (d2)
0.4} —
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Figure 3.17: The figure depicts the polarization transfer in five-spin systems (Figure 3.5: a
(panel, d1), b (panel, el), ¢ (panel, f1)) in the presence of TPPM decoupling on ! H-channel
under N=2, R? conditions. Panels (d1, el, f1) consist of the analytic simulations generated
under the TPPM (solid line) and the CW decoupling (dots) schemes in five-spin systems
at the RF, 100kHz for strong and intermediate (panels: d1, el) and 150kHz for weak C-C
coupling regimes (panel, f1) with the phase difference (A¢), 15°. The analytic simulations
(panels: d2, e2, £2) depicting the polarization transfer in the corresponding isolated two-
spin (C-C) systems are presented for comparison. All the remaining simulation perimeters

are given in Table 2.4.

To elucidate the role of the modulation frequency, the RF Hamiltonian on the pro-
ton channel is initially transformed using the transformation function, S;. Employing

the transformation function (S), the internal Hamiltonians such as heteronuclear
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dipolar interactions are further transformed resulting in two modulation frequencies,
w, & wy,,. Employing the procedure described, the effective Hamiltonian was derived
(see Appendix-II(a)). As described, the residual heteronuclear dipolar interactions
and the ' H-CSA interactions are scaled significantly and are primarily responsible for
improving the efficiency of transfer in R? experiment. As described in Figures 3.16
& 3.17, the analytic simulations emerging from the TPPM decoupled scheme yield
results that are in excellent agreement with those emerging from exact numerical
methods. As depicted in Figures 3.16-3.17, in the presence of TPPM decoupling, the
exchange trajectories obtained in the model five-spin system resemble to that of the
isolated two-spin system. Hence, in the presence of TPPM decoupling, the depolar-
ization effects due to residual heteronuclear dipolar interactions (intramolecular) are

removed from the R? experiments.

3.5 Conclusions

In summary, the reduced density matrix approach presented in this thesis is well
suited for describing the multi-spin effects arising in the polarization transfer experi-
ments involved in R? experiments. The equations are very similar to those derived for
an isolated spin pair and are well suited for simulations involving multiple fit parame-
ters. The factors responsible depolarization in CW experiments are analyzed in detail
and are well described through comparisons with analytic and numerical simulations.
The depolarization resulting from heteronuclear dipolar interactions are significantly
removed in the TPPM decoupling scheme. Hence, the depolarization observed in
experiments (under TPPM) would result from other factors such as inter-molecular

effects and are presently beyond the scope of this thesis.
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3.6 Appendix-II

a. Effect of TPPM decoupling

The basic TPPM ! sequence involves two phases, +¢ with 7 pulses of length, t, =
s (see Figure 3.15). Since, there is a phase variation on the 'H channel during
the mixing time of ¥C nuclei, the heteronuclear dipolar interactions are periodically
modulated by both the MAS as well as the RF pulse sequence.

To describe the role of protons under TPPM decoupling in the polarization ex-
change between 3C nuclei in R? experiments, a model system (I; —I,—Sy) comprising
of two carbons (denoted by I) coupled to N-protons (denoted by S) was chosen. The

time-dependent MAS Hamiltonian for such a system is represented by,
H(t) = Hgystem<t> + Hgy;tgm—Bath(t) + Hgath(t) + HgF<t) (350)

In the above Hamiltonian, Hgystem(t> denotes the Hamiltonian of the system of in-
terest (13C — 3C) comprising mainly of the chemical shift and dipolar interactions.
In a similar vein, HZ ., (t) denotes the interactions present among the surrounding
bath of protons. The coupling of the system with the surroundings is represented by
Hgy;gm_ Ban(t) and comprises of the heteronuclear dipolar interactions. The quan-
tum mechanical representation of all these interactions are similar as given in the
previous sections.

The time-dependent RF Hamiltonian with the Fourier series form of the two phase
modulation is represented by

N N 00
Hp(t) = w,pcosdp > Sj, + isimﬁz > 1 sin(nwp,t)S; (3.51)

7=1 j=1n=—o00,0dd

To deduce the R? matching conditions and describe the effects of phase modulated
decoupling, the Hamiltonian in the rotating frame (Eq. 3.50) is transformed into an
interaction frame defined by the transformation operators, U; = e™wrtlizg=inwrtlz: apd

N .«m
Uy, =Y 2% a5 represented below.
j=1
H(t) = U,U H(t)U; UG (3.52)

H(t) = HS o () + HS ol pan () + Ho () + Hpor! (1) + Hpp (3.53)

82



Description of multi-spin effects and the role of heteronuclear decoupling in R?

A detailed representation of the RF Hamiltonian after the transformation defined

above is given below.

HEL(t) = w,pcos Z Si. + sin ¢ Z Z 1 sin(nwy,t) Sy (3.54)

j=1 Jj=1n=—o00,0dd

All the representations corresponding to the remaining interactions are similar to
those given in the earlier sections.

Under the assumption that the modulation frequency (wy,) is equal to the static
part of the RF Hamiltonian, the Hamiltonian in Eq. (3.53) is transformed into the

modulation frequency frame defined by the transformation operator, Us = Z giomtSi

j=1
as represented below.
H(t) = U H(t)U; ! (3.55)
H(t> = ﬁgystem( ) HSystem Bath( ) + ‘Elgath( ) + HBath ( ) + HgF (356)
The detailed form of an each interaction is given below.
2 2 N
HSysmm Ban &) =— > > Z wr, WWQ [1;2S}z cOs wpt — 1;,.S}, sin wy,t]
m=—2;7#01=1 j=1
(3.57)
. 2 N
Hiw®) == > > w(ST)eme’"t Sjz COS Wt — Sy sinwp,t) (3.58)
m=-2j=1

~ 2 N
Hga_tlf](t) = Z Z nggkezmwrt [ szskz — sm me (ijSky + Sijkx)}Jr
. . Tod

59:15)‘;@ ement [Sin2wmt (284 Sky — Sijkz)} +

[M]
AL
&

2 N
S Wl et [cosPwnt (2570 Ske — SjySky)] (3.59)

“singd Y 1 [sin(n + 1wyt + sin(n — 1)w,,t]Sj,+
m

Jj=1n=—o00,0dd

72r sin ¢ f: i :L [cos(n — 1)wp,t — cos(n + 1)w,t]S;s (3.60)

j=1n=—o0,0dd

where [n — 1| # 0 (n # 1) in the above RF Hamiltonian.
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To simplify the description the Hamiltonian is transformed by an unitary trans-

formation function, U, = Z 6125”

J=1
H(t) = UH(t) U} (3.61)
f:{(t) = I:[gystem(t) + Flgy;gmeath(t) + ﬁgath(t> + F[ga_tf{{@) + ggF (362)

The detailed form of an each interaction is given below.

= 2 2 N
Hgy;fém_Bath(t) = — Z Z Z “W’“tQ 11,5}, cos wmt — 1;,S}, sin wy,t]
m=—2;0 i=1 j=1
(3.63)
2 N
Hgath =— > ngﬂ)ezmmrt S}z COS Wyt — Sy, Sin wyy,t) (3.64)
m=-2j=1

x 2 N

T H— m mwyt 3

Hgat}?(t) = Z Z wéjgk [ szSkz - isjysky - S]xSk:p -
=1

m=—2;#0 j,k=1;5<k
2 N (m) 3
m
e 0 2t (5.5, + S,k
m=—2;#0 j,k=1;j<k

2 N
m 1mMw. 1
Z Z nggke rt 5 [cos 2wt (825K + SjySky)] (3.65)

2
HEL(1) = sing y_ Sj.+
j=1

2 o1
Zsing Y Y —[sin(n+ Dwpyt + sin(n — 1)w,t]S;,+
s

Jj=1n=—o0,0dd
2 X o= 1
Ssing» Y. —[cos(n — Dwyt — cos(n + 1)wy,t]S;. (3.66)
T Jj=1n=—o0,0dd
where [n — 1| # 0 (n # 1) in the RF Hamiltonian.
The time independent Hamiltonian after employing the Floquet theory is repre-

sented by
Hp =Hy+ H, + Hy=Ho+ Hy + (Haqg + Ho,00) (3.67)

where H; and H, are the perturbation Hamiltonians coming from RF phase modu-

lation and the MAS respectively.

Ho = w, I8 + wn I + G985 (3.68)
N
=Y > (GRS +GEn S +GEYS;.) (3.69)

j:l ni=even
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Hag = (@ = nw) 1. + (@) + nw,) . + GO o I Iy + GOy p I IS (3.70)

)

2 2
Hyol' = 3 Z oL, + Z GO I+

m=—2,#0 1=1 m=—2,#0
2
2n,0) 2n,0)
S (GURER I I + GNP I T (3.71)
m=—2,7#0

(3.72)
N 2
HE =3 > Y (G898 +GEES) + GES)y) (3.73)
j=1lm=—-2n==%1
N 2 ( (
HQI{OEH - Z Z (GSmST;: ZZS]ZSkz Ggmsz PM5+S )
j,k=1,j<k; m=—2,#0 n=0,32
N 2 (
> X (G55 vp ST SE) +
j,k=1,j<k; m=—2,70 n=0,£2
N 2
Z Z (GS S, PPS+Sk + Gs M MSJ-_S,;)—F
g,k=1,j<k; m=—2,20 n=0,£2
N 2 o)
> - (GSTSZ zpSj=Si + Gs St " oSSk )
7,k=1,7<k; m=—2,#0 n=
N 2 o)
Y X X (GEEesS S+ GEEnaST Sie) (3.74)

4, k=1j<k; m=—2,%0 n=+2

The ‘G’ coefficients employed in the Floquet Hamiltonian and the transformation

function, S; are tabulated in Table 3.3 and the remaining coefficients (related to

I —I) presented in Eq. (3.67) are similar to those defined in Tables 2.1 & 2.2 in

chapter-2.

The Hamiltonian (Eq. 3.69), H; is a part of the Floquet Hamiltonian and their

G-coeflicients are derived from the time-dependent RF Hamiltonian (Eq. 3.66). The

index ny has £(n + 1) and £(n — 1) values where n # 1 when ny = |n — 1|.

Employing the contact transformation procedure, an unitary transformation de-

fined by the transformation function, S; is performed to go into the RF interaction

frame (Eq. 3.69).

Hp = e Hpe ™ (3.75)
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G-coefficients

: i (mm) _  1n, (M) ~(mn) 1 n, (M), ~(mn) 1 (m) ~(00) _ 2 .
Single-spin (.5) st,P = Tam¥a; 7Gs,-,M = il 7Gs,-,z = Wy, 7GS]-,Z = Zsing
i (m,n) _ 1n, (m), ~(mn) 1n, (m), ~(mn) (m)
Two-spin (I — 5) GIiS,-,ZP = TaYs; s ;G $;,ZM = 2[n[¥s; Gflsj,zpz —Ws;
(m,0) 3, ,(m) . ~(m0) 5, (m) . ~(m,0) 5, (m)
Gs Sk 77 = 2Ws;8; Gs SpPM = T gWs,5,) Gs iSp,MP = T gWs;s,
(m0) 1, (m)  ~(m0) _ 1, (m)
Gs Sp,PP = 8Ws;8, Usis M = 3Ws; S,
(mn) 3, (m) ~(mn) _3q (m)
Two-spin (S — S) stsk,zp = T8 nYS;5 GS]-Sk,ZM = 8 Tn]¥S;5%
(mn)  _ 3n, (m) ~(mn) _ 3n (m)
stsk,Pz = T8 |Ws Si Gs SeMZ = 3 |n|Ws Sk
(mm) 1 ,(m) . ~(mn) 1 ,m) . ~mn) 1,,m)
S Sk ZZ — 4 S S S Sk P]\/I 16 S]S S Sk ]WP 16 SjSk
G m,n G(m m 1 (m)
S]‘Sk,PP 16 S Sk7 S Sk,]\/[]\/f EijSk
C-coefficients
0,n1) G(O n1) C On1) G(O nl) 0,n1) Gg_),;rbzl)
S;, P ,,,7G(0 0) PSLM T w,,,+G00 ) S],Z T niwm

Table 3.3: The table depicts the G-coefficients involved in the Floquet Hamiltonian (Eq.
3.67).

where the transformation function, S; is represented by
N
Si=iy, > (C9WS. +cisy +cin)sy) (3.76)
j=1ni=even
The index ny in Sy is same as that of H; and the C-coefficients are given in the Table

3.3.
Accordingly, the transformed Floquet Hamiltonian (Hp) in the RF interaction

frame is represented by,

ﬁF = Ho + (ﬁz,d + FIQ,od) (3.77)
where
Hy = w, If™ + wn I + (G + R ) ;. (3.78)

Hog = () = nw) s + (@) 4+ nw) Lo, + GO oy I Iy + GO yp I I (3.79)
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ASC = Z ZGE,T’OI + Z GO I+

m=—2,#0 1=1 m=—2,7#0
2
m+2n,0) 2n,0)
S (GUIEI I L + G T I (3.80)
m=—2,7#0
2 N 2 00,0dd ( ) | ( )
2 od Z Z Z Z (Rliéj,szlzzSJZ + Rl S QZPIZZS;_ + RIiS},QZMIisz_)
i=1 j=1 m=—2,7#0 no=—00,7#0
(3.81)
_ N 2 00,0dd
gL, =3 > > (BYYVS. + RS + RGPS (3.82)
j=1m=—2ngo=—00,7#0
H2 od = Z Z Z ( SmSZQ%ZszSkz + RngZQPM5+Sk + RSmSZQJ)\/[pS- S]j)

J.k= 1,]<k m7—2,7£0 n2=-—00

o0,even

" Z Z Z ( SmSZZPP5+S++RSmSZZMMS Sk )
J’k 1,j<k; m=—2,240 no=—00

o0, even

Z Z Z ( gm§2?%stzs++RSmSZQZMSJZS )
J,k= 1,J<k m=—2,#0 ng=—00
SEEDDS (RG'2p2S) Sz + RE54255 Si2) (3.83)

J,k=1,7<k; m=—27£0 ng=—00

In order to carryout the second transformation and to derive the effective Hamilto-

nian, the transformed Floquet Hamiltonian (Hy) is re-written as given below.
Hp =Ho + H,
=My + (Hy g+ Hi0q) (3.84)

In the above equation, Hl,d = I:IM and FIl,od = I—ifgpd.
Employing the Contact transformation method again, the second transformation
(S3) was performed in order to derive the effective Hamiltonian which is diagonal in

both the MAS (m) as well as the phase modulation (n) indices.
Heff = 62'/\S2}~IF€7MSQ (385)

Here the second transformation function (S2) was chosen to diagonalyse the off-

diagonal terms ([ ,4) in the transformed Floquet Hamiltonian (Hx). The function,
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Sy is defined as given below.

2 2 2
So=i Y YoV i Y OO0+
m=—2,m7#0 i=1 m=—2,m#0

2
i Y (CHnp Iy + O T I )+
m=—2,m=#0
2 2 00,0dd
iy Y Y (Cr LS + Ol P LSt + CFSh1iaS; ) +

i=1 j=1 m=—2,#0 no=—00,7#0

N 2 00,0dd
ZZ Z Z (Cmngsjz+omngs++cmn2)s)
j=1m=—2,#0 no=—00,#0

2 00,even
(m,n2 m,na + (mn2) +

> Z ( ;5. ZZSJZSkZ + Cs S, PMS S +Cs,8,.:pP5; Sk >+
=—2
o0,eVEN

S (O ST S 4 O, STST) +

s .Sy PP k S Sk, MM®Pj Pk
7,k=1,7<k; m=—2,#0 ng=—00
N 2 00,even

. (m,na + m,n2
i > Z ( S5k, ) S St + CS Sk, ) 1S5Sy )

G k=1,j<k; m=—2,20 ng=—00
2 00,even

N
P> > > (CEE LS S+ CE S5 ;) (3.86)

J,k=1,j<k; m=—2,£0 ng=—00

The ‘R’ coefficients of the Floquet Hamiltonian (Eq. 3.77 & Eq. 3.84) and the ‘C’
coefficients of the transformation function, Sy (Eq. 3.86) are tabulated in Tables 3.4
and 3.5 respectively.

Following the Contact transformation procedure described in the previous chapter,

the effective Hamiltonian under TPPM decoupling is derived.

2 2 N
Hepp=> Al + [Dhlg,PM[fr[{ + DIIIQ,MPIfIﬂ +> 3 Brs;1i2S;.  (3.87)

i=1 i=1j=1

The coefficients involved in the above effective Hamiltonian (Eq. 3.87) are given in

Table 3.6.
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R-coefficients
GoY L+ 209 efn + . +
(myn2)
Rs]722 G [Csmi} {200"1 —Cé(;:?>}+§{conl (Cum C’O"l Com CSOE)} _l_
G [o63 {acfi + e} + 1{egn” (e85 e + e ki) + -]
Gmil [C[Jm COm COm %{C (4007“ C[Jm +Com CZI))}7]+
R(s:n,ﬁz) G(Sﬁ [ C(O"I {Com Csmz'& 50_(9?:%1/)02‘?121)} %{Cﬂ"l )(C(Jm)c()m +400n1 05071?1)} _l_l_
GTf\i{l [ C()m C(]m ]
ag7" o5 - 5087 0gn 3 {esn (1083 e + 570G ) -+
Rg;ff) ij:l [ CSO?\})CSOX} %_
Gg;lﬁfl)[ COm {C(]m C(OR} COm C(]m} %{COnl (C()m C(]m +4COT“ 0507\][)} ]
G 7y [L+205720con) + .+
Rlﬂémzz ng_;i}p [C(Om {20 0,n1) Cé(]m }+%{C(0m (C(Onl COm _\_400”1)0‘%0?\})} “]_
iR
G [C53 {2080 + c&} + 1{cgn” (65 ey + e ki) + ]
Glrr;iéz [COnl O()nl C(]m %{C (405[]”1 S(jyfyz\} +C(]n1 C()m)} }+
RIW;TLZZP ng_lgi;p [1_00n1 {Cﬂnl)C‘(SOT’L& COm C[]m} l{cﬂm (Cﬂm COnl +4COm Cﬁ?&)} }‘F
5 .
Ggrgiéw[ C[]m COnl ]
Giszr [=Csa = 3055 e — H{osm (seg s + e es ) - ]+
R(I:’;:JMZ)M G(m,il) [ COm C[)m }+
58;,zp | ~Ys;am Vs T
Glrr;iéM [1-\-00"1) {C()nl C(Jm C(]m C(Unl} %{C(}m )(C(Jm)c()nl +4C(0n1 05071{11)} }

Table 3.4: The table depicts the R-coefficients involved in the Floquet Hamiltonian (Egs.

3.77 & 3.84).
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C-coeflicients
R(W"Q) (m,ng)
C(m,nZ) o 5.2 C mme) _ ;55,22
SiZ T mwptnowm 1i5§,22 — muwr+nawm
(m,n2) Rgrrl’;ﬁ (myn2) (171;n2Z>P
Cgp” = ’ 1.8,2p = o
s Mwr+nowm— (ng’_?;&—ﬁ%ﬁé) 97, Mwyr+nowm— (G(O ,0) +R<H )Z)
R(m ng) (m,ng)
C (myng) S;,M (mng) 1;5;,ZM
S;M- = L,S;,ZM =
J mwyr+nowm+ (G(O 0) +R(O 0) ) J mwy+nowm+ <G(O 0) R(O 0) )

Table 3.5: The table depicts the R-coefficients involved in the second transformation

function, So (Eq. 3.86).

Coefficients | First - order Second - order

1 C(mnz) —m, nz)_C1nn2) R m —n2)\ _
Brs 0 : Rzt = Ol 7 ) CSA (*H) x Dipolar (*C—'H)

iy

1 (mn2 —m,—n2) m,na) m,—ng)
2 (CS M S ZP CIS ZPRS 1\[

Table 3.6: This table depicts the heteronuclear dipolar coefficients (Bj,s;) involved in

the effective Hamiltonian (Eq. 3.87). See Table 2.3 in chapter-2 for all the remaining

A-coefficients.
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Chapter 4

Description of higher-order and

fractional R? experiments

4.1 Background

The next stage in our study was to explore the possibility altering the resonance
conditions in R? experiments. In the first-order based R? experiments (N=1, 2),
the resonance conditions are highly dependent on the isotropic chemical shift differ-
ences between nuclei. Such stringent conditions are detrimental in cases where the
chemical shift separation is much smaller than the CSA interactions. To address
this issue, experiments such as Rotational Resonance in the tilted rotating frame!
(R?TR) were conceived in the past. In contrast to the conventional R? experiments,
a weak RF field (to preserve the selectivity) was employed in the R*T R experiments
to facilitate polarization transfer under modified resonance conditions. In addition
to zero-quantum (ZQ) matching conditions, new matching conditions corresponding
to single-quantum and double-quantum were identified in such experiments. Due to
lower scaling factors, the R?T' R experiments were of limited utility in the estimation
of 3C — 13C distances in uniformly labeled solids. In a contrasting attempt, exper-
iments such as DARR? (Dipolar Assisted Rotational Resonance) were proposed to
broaden the matching conditions in R? experiments. To facilitate broadband trans-
fer of polarization, the amplitude of the CW fields employed in such experiments
were chosen to be integer multiples of the sample spinning frequency. Although, the

DARR experiments have found extensive applications in multi-dimensional spectral
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Description of higher-order and fractional R? experiments

assignment studies, their extension in the estimation of *C — 3C' distances was lim-
ited due to the presence of multiple-spin interactions in the exchange dynamics. As
an alternative, the possibility of employing multiple-pulse sequences is discussed in
this chapter. The motivation for the present study stems from the multiple-pulse
experiments®?* of Griffin and coworkers® in 1994. In their experiment, the stringent
conditions on the sample spinning frequency (imposed by the chemical shift differ-
ence in R? experiment) were modified through periodic multiple-pulse sequences. By
careful choice of the RF amplitudes, flip angles and the cycle time of the pulse se-
quence, modified resonance conditions (hereby referred to as ‘fractional resonance’
conditions) were proposed with chemical shift selectivity. To minimize the effects of
sample spinning during the multiple pulse sequence, the cycle time of the sequence
was deliberately chosen shorter than that of the MAS rotor period. The feasibility

and practical implementation of such schemes would be described in this section.

4.2 Definition of the problem

To develop a general framework for describing multiple-pulse based rotational reso-
nance experiments in solid-state MAS experiments. Employing the concept of effec-
tive Hamiltonians, the optimal conditions (that includes the choice of the spinning
frequency, modulation frequency, flip angles of the pulses) that are required for the

implementation of such schemes would be discussed.

4.3 Theory

4.3.1 Higher-order Rotational resonance (N=3, 4)

To describe the magnetization exchange between '*C nuclei under higher-order R?
conditions (N>2), we begin our discussion with a model system comprising of two-
spins (I; and I5). In contrast to the N=1& 2, R? experiments, the dipolar interactions
are averaged out to first-order in higher-order R? experiments. Following the general
procedure®'* described in chapter-2, the Floquet Hamiltonian is derived and is re-

expressed as illustrated.
Hp = Hy+ Hy = Hy+ (H1 4+ Hi0q) (4.1)
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HO :w,,IF (42)
Hy g =(w® = nw,)[L2)y + (@8 + nw) L], (4.3)

2
Hl,od = Z Z G zz] + Z Gg’g []12']22]m+

m=—2,m#0 1=1 m=—2,m#0
2
m+2n) — m—2n —
> (GglleM [ITIQ ]m+2 + G1112 e [[1 [ﬂm—2n> (4.4)
m=—2,m=#0

In the above equation, for the N=3 & 4 matching conditions (i.e. w3 —ws = Nw,), the
corresponding ‘n’ values are 3/2, 2 respectively. The diagonal part of the Hamiltonian
comprises of only single-spin longitudinal operators. Employing the transformation
function, Sy, the off-diagonal part of the Hamiltonian is folded through the standard

procedure described in the previous chapters.

2
Sl = Z {Z C(m zz + Clllg [IlzI2z]m}+

m=—2,m##0 =1

2

> demng), L romiig], L, @)
m=—2,m%0

The form of the ‘G’ and ‘C’ coefficients present in the Floquet Hamiltonian and the
transformation function, S; are tabulated in Tables 4.1 and 4.2.

Accordingly, the effective Hamiltonian®1¢ to second order are evaluated through

the higher-order expressions /terms in the contact transformation procedure!”!%.
Hepp =H" + H" + HYY
HY =H,
1
HV =5 (51, Hi] (4.6)

Analogous to our earlier description, the effective Hamiltonian comprises of single-
spin and two-spin operators.
2

Hepy = Z;Alijiz + {Dlllz,PMfffi + Dhlg,MP[f[ﬂ (4.7)
In contrast to first-order based R? experiments (N=1, 2), the two-spin operators in
the effective Hamiltonian result from second-order cross-terms between the CSA (of
carbons) and the dipolar interactions. When the chemical shift difference between
the spins is equal to 3w, (i.e. w3 —ws = 2nw, = Nw,; for n=3/2 or N=3), both the

m=1, 2 components of the CSA and dipolar interactions play an important role in

95



Description of higher-order and fractional R? experiments

G-coeflicients
(m) _, (m) (m) _ o, (m)
Gli =Wy, th = 2wy 1,
(5) _ 1,2 4) _ 1,
Grnnpy = —39nn | Gnnpv = —59n1,
(1) _ 1 (-2 (2) _ _1,,(=D
G1112,PM = —3Wnr, G1112,PM = —57Wnr,
(-1 _ 1.2 (-2 _ 1,
GI1127MP — T 2% G1112,MP - T 2%nLDn
(=5) . 1,.(-2 (—4) _ 1, (=D
G1112,MP = —3%¥nn Gh[g,MP = —3Wnr,
C-coefficients
(m) (m)
otm _ 95 om _ G
I; mwy I 1 mwy
C(m) _ Gliy Py C(m) _ Ghhup
Iil2,PM —  mw, Lo, MP ™  mw,

Table 4.1: The table depicts the G and C-coeflicients involved in the Floquet Hamiltonian

and the transformation function, S;, for N=3, R? condition

G-coeflicients

G =y Gy, = 2wpy,
G(I?)IQ,P]W = - %Wi(rf)b Gg?)IZ,P]\/I = _% %)12
Gg)lg,PM = _%WEII? G(I?)Ig,PM = —%wgz?
G(I:IQZ),MP == %Wx(rf)b Ggl_l?;),MP = _% %)12
G§fg),Mp = _% Wf‘ff? (I;Ii),MP = —% WEIIQ)

C-coefficients

(m) (m)
C m) — sz‘ C(m) — Gy
Ij mwy 1112 mwy
(m) (m)
C(m) _ Lo Py C(m) _ “nnmp
I112,PM mwy I1I2,MP mwy

Table 4.2: The table depicts the G and C-coefficients involved in the Floquet Hamiltonian

and the transformation function, S;, for N=4, R? condition
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the reintroduction of the dipolar interactions. In a similar vein, when the chemical
shift difference equals to 4w, (i.e. w; —wy = 2nw, = Nw,; for n=2 or N=4), the
cross-terms between the m = 4+2 component of the CSA and the m = 4+2 component
of the dipolar interactions are responsible for the two-spin operators in the effective
Hamiltonian. Hence, the CSA interactions play an important role in the higher-order
(integer) resonance conditions.

The coefficients contained in the effective Hamiltonian (Eq. 4.7) are listed in
Table 4.3. Employing the reduced density matrix theory, the polarization transfer
from spin I; to I, is described through the equations illustrated in chapter-3. The
higher-order R? conditions described in this section rely on the CSA interactions.
As an alternative, the possibility of higher-order R? matching conditions through

multiple pulses will be discussed in the following section.

Coefficients | First - order Second - order

1

(C;:r;Z,PI\/TG(I:Zl,)MP - CﬁzﬁwPG(r;;Z)P/w) +5 (C;z;);,PJ\rTG(I:Z??\/iP - C;:r;l,1‘LTPG(I;IT,)/DJ‘VI)

2

Dipolar(13C—13C)x Dipolar(13C—13C)

Ap (wg?) - nwr) %

1
0 m -m m -m
A, (Wfrz) + nwr) 3 (C§1 Ii,PMG(h Izjwp - Cﬁ Ii,MPG(h 12,)PM)

Dipolar(13C—13C) x Dipolar(13C—13C)

L m) A(=m) m) m)\ L am) A(=m) m) —m
Dp1,pu 0 3 <C§1 Gl — Cﬁ B.puGi, ) D) (Cf({z Ghppn — C§112<PMG§2 ))
CSA(*3C)xDipolar(13C-13C)
L m) A(=m) m)  A=m L Am) A(-m) m)  A-m)
Dh[g,MP 0 _5 (Ch GhIg.MP - CIJQ,MPGH ) + 5 (CIQ GI]I‘Z,A[P - CI]IQ.I"IPGIQ )

CSA(13C)xDipolar(13C-13C)

Table 4.3: This table depicts the first-order and second-order corrections for N=3 and
N=4, R? conditions involved in the Eq. (4.7). For all the ‘G’ and ‘C’ coefficients and the
Fourier indices (m) in the above table, see the Tables 4.1 & 4.2 for N=3 and N=4, R?

conditions, respectively.

4.3.2 Fractional Rotational resonance

To derive alternate matching conditions, multiple pulse schemes were employed to
interfere with the rotor induced magnetization exchange. The feasibility of such

schemes (see Fig. 4.1) is discussed below in this section.
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1H Decoupling

<l

130 L y Yy ]
T, > e— 21, —f = T~ "

Figure 4.1: The figure depicts the pulse sequence employed for the implementation of
fractional R? experiments. The sequence involves four pulses of flip angle f = wit, and

opposite phases with a total cycle time, 7, = 47, + 4t,,.

To begin with, the Hamiltonian for an isolated spin pair in the presence of a
periodic multiple-pulse scheme is depicted by,
2 2
H(t) = Z > {w + ™ Zm“’"t} L.+
—2,m#0 i=1
=
S w21 0o, — (Iip Doy + Tnyloy)] + Hrpe(t) (4.8)
m=—2,m7#0
In the above equation, Hrp(t) represents the Fourier series expansion of the multiple-

pulse sequence depicted in Fig. (4.1). For the pulse sequence depicted in Figure 4.1,

the Fourier series expansion is depicted below.

8w el 1 o,
Hgr(t) = :F > (4) +1ns n? (T”) cos(nwpt) [I1y + Loy (4.9)
n=1,3,5..

In the above equation, ‘t,” represents the duration of the pulse, wgrp is the am-

plitude and w,,, the modulation frequency of the multiple-pulse sequence (w,, = 2*,

Tm
where 7, = 47, + 4t,, is the cycle time of the pulse sequence). In contrast to the de-
scription presented in the previous section, the presence of a multiple-pulse sequence
alters both the resonance condition and the behavior of the spin system. Conse-
quently, the evolution of the system is governed by an effective Hamiltonian that is
different from the internal Hamiltonian of the system. From an experimental per-
spective, the form of this effective Hamiltonian could be tailored by the appropriate
choice of the spinning frequency, RF amplitude, duration of the pulse and the cycle
time of the experiment. In this section, we present an analytic approach to deduce
the matching conditions through effective Hamiltonians.

To describe the effects of the multiple-pulse scheme on the internal spin interac-

tions, the Hamiltonian in the rotating frame is transformed into an interaction frame
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defined by the RF interaction. In the past, Average Hamiltonian theory (AHT)!92!
was employed to describe the spin dynamics under certain conditions. To facilitate
analytic description, the cycle time (7,,) of the pulse sequence is often synchronized
with the MAS rotor period, 7. As an alternative, a more general framework (without
synchronization conditions) based on Floquet theory® !4 is presented in this section.
In the Floquet framework, the time-dependent Hamiltonian is recast into a time-

independent Hamiltonian, as represented below.
Hp =w,I I O O
F =Wrlp + Wipdp, + Wy [ 1z]0,0 +ws [ 22]0,0+

2 2
> G e+ Y GY L0t

m=—2,m=#0 m=—2,m=#0

2
S {GYNeDu g + GER s o + GV iy o) )+

m=—2,m7#0
> G o, + o, b (4.10)
n==+1,+3,%+5..

The Fourier indices, ‘m, n’ in the above Floquet Hamiltonian are representative
of the modulations imposed by MAS and multiple pulses, respectively.

To illustrate the effects of the RF modulation on the internal Hamiltonians, the
RF Hamiltonian in the Floquet framework is transformed using the transformation
function, S;. The procedure described below is the Floquet equivalent of the RF
interaction frame transformation in NMR spectroscopy. To realize this, the Floquet

Hamiltonian represented in Eq. (4.10) is re-expressed as a sum of two terms.
Hp = H® + HEF (4.11)

The effective RF Hamiltonian is derived by re-expressing the HEY in terms of a

zero-order (HT) and perturbing Hamiltonians (H{¥") as illustrated below.

RF

HY = > Gy, + o, b (4.12)
n==+1,£3,%+5..

To compensate the off-diagonality in HF', a suitable transformation function in

the form of S; is employed.

Si=i > Oy, + T2, (4.13)
n==+1,+3,45..
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(n)
G
where Cl(ﬁg = _LAF

nwm

The effective RF Hamiltonian is obtained by transforming the untransformed

Floquet Hamiltonian, as illustrated below.
HEL = e HF e A5 (4.14)

In this framework, the effective Hamiltonian describing the RF interaction reduces
to a much simpler from, Hil, o = wp 1 12
To describe the effects of the multiple-pulse scheme, the internal Floquet Hamil-

: F
tonian (H;,

) is transformed by S;.
it _ (iAS1 print ,—iAS: (4.15)

In the RF interaction frame, the internal Hamiltonians are modulated by both
MAS and the modulation frequency (w,,) imposed by the multiple pulse scheme.
Consequently, the internal Floquet Hamiltonian in the RF interaction frame is labeled
through indices ‘m,n’ (representative of the w, and w,, modulations). For illustrative
purposes, the derivation of the internal Floquet Hamiltonians in the RF interaction

frame is described below.

i. Isotropic chemical shift:

In the RF interaction frame, the isotropic part of the chemical shift acquires time-
dependence due to the multiple pulse scheme. The unmodulated part of the chemical
shift interaction is represented through the [I.], operator, while the modulated part

is represented by [L.],,, & [L],, operators.

,n

Hpiso =00 111.]0 + w122, (4.16)
}NIF 150 :ei)\51 HF isoe_i)\s1
: (iA)?
=Hpiso + 1A [S1, Hpiso| + o1 (5151, HFisol] + --- (4.17)

The unmodulated part of the isotropic chemical shift interaction is scaled by the
multiple-pulse sequence with the scaling factor derived by evaluating the even terms

in Eq. (4.17).

[L=]o {1 + (2|) rrCRE + (4,) rFCRFCRPCRE + } (4.18)
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The coefficients are chosen such that the conditions n; +ns = 0 and ny + ne +
ng +ny =0 (with n; = £1, £3, £5..) are satisfied. In addition to the [L.], , operator,
additional operators in the form [I.]; ., (where n; = £2,43..) do exist and become
operationally valid depending on their scaling factors.

In a similar vein, transverse components of the chemical shift interaction are

derived by evaluating the odd-terms present in Eq. (4.17).

(iA)’

L] {(M) [S1, [L:]o] + [S1 [S1 [, [L]o]]] + } (4.19)

The description presented above is equally valid for the chemical shift anisotropic
(CSA) interactions. In addition to the MAS modulation, the CSA interactions in the
RF interaction frame are modulated by the RF-pulses and are represented through

[1.] [L.],.., and [I;] ., operators. The coefficients corresponding to these op-

m,0?

erators are derived systematically from Eq. (4.17). The final form of the chemical
shift interaction in the RF interaction frame along with scaling factors is represented

below.

Hp oo =kw(” [I1:)g 0 + k5 0P [112] 0 + k"”wim L]y o+
kw@[@z]w+k?’w§">[122] kW [1%] (4.20)

In a similar vein, the CSA Hamiltonian in the RF interaction frame is derived

and expressed below.

HFCSA k:wl [Ilz] + k‘n [Ilz] n + kn []133] //+
ks 2], + k;”' UM Dos) e + 55 w08 [Toe] (4.21)
ii. Dipolar Hamiltonian

Analogous to the description in the previous section, the dipolar Hamiltonian in the
RF interaction has operators with Fourier indices associated with MAS and multiple

pulse modulations. A brief description of this procedure is illustrated below.
ﬁF,dip = ei’\sl HRdipeiMSl (422)

In the rotating frame, the dipolar Hamiltonian comprises of the [/1.15.],, 5, [[12122],,

and [1,15,],, , operators. In the RF interaction frame, the [I1,15,]  , operators remain
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—_

= 0), while the transformed [I1.15.],,  and [l1,12.],,

invariant (since [51, []1y12y]m,0}

are evaluated by the procedure described below.

—_—

[]12122]7”70 :6'0\51 [IlzIQZ]mpe_i)\Sl

=G I:To:),y 0 + K GG e,y + K G { (ia o)y + (T Taa) o}
(4.23)

—_—

[[leh]m’o :ei)\S1 [leIZ:c] —iAS

mOe
=G Talaa, g + K7 G Tl + 85 G e as) i + (1o o]
(4.24)

Combining these expressions, the dipolar Floquet Hamiltonian in the RF interac-
tion frame is represented by,
ﬁF,dip =1 g e
—k{GT) . I.),, o + G [T GO Iy, I
ZZ[ 1:12:],, 0 + Gxx[D1al2a] 0§ + Gyy [Ty L2y, 0t
kn {GZZ [[1z[2z]m n' + GXX [[1131250] } +
k?;b (GZZ + ngn))() {[IIIIQZ]mm// + [Ilzl2m]m,n”} (425)
The scaling factors involved in the chemical shift and dipolar interactions are iden-
tical. To derive the effective Hamiltonian, the internal Hamiltonian is diagonalized
using the contact transformation procedure. Accordingly, the internal Hamiltonian
is re-expressed as a sum of zero-order and perturbing Hamiltonians.
[j[F,int =Hy + H,
Hy :Wr]}m) + Wmlig«“n) + kWEO) [Ilz]op + k‘wéo) [12z]o,o
Hy =Hp g+ Hros + Hrosa (4.26)
In the above equation, the scaled isotropic chemical shift (unmodulated) inter-

action is included along H,. Employing a second transformation function S;, the

Floquet Hamiltonian in the RF interaction frame is diagonalized.
HL = €™ Hpjgpe™ ™ (4.27)
The form of the transformation function (Ss) is deduced by the following equation,
HY = Hy +i[S,, Hy| (4.28)
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or in other words, i [Sy, Hy) = —H;. To second-order, the corrections to the effective

Hamiltonian are derived using the standard procedure described in the thesis.
i
HyY = 5 S, Hi (4.29)

The form of the effective Hamiltonian and the expressions employed in the calcula-
tions are similar to those derived in chapter-2. The validity of the analytic description

presented in this section is discussed through simulations in the following section.

4.4 Results and Discussion

To describe the higher-order R? phenomenon (N=3, 4), polarization transfer from
I to Iy in the model systems (see Fig. 3.5 in chapter-3) is depicted in Fig. (4.2).
In the simulations depicted, polarization transfer is monitored as a function of spin-
ning frequency under constant mixing time. Since the re-introduction of the dipolar
interactions result from a second order effect, the time required for polarization trans-
fer is longer in comparison to first-order based R? experiments (N=1 & N=2). As
depicted, the width of the resonance profile is significantly reduced in the higher-
order R? matching profiles depicted in Figures 4.2 & 4.3. In contrast to first-order
R? experiments, the orientation and magnitude of CSA tensors play an important
role in the higher-order R? exchange dynamics. The simulations depicted in Fig.
(4.3) highlight the role of CSA interactions and corroborate well with the analytic
predictions described in the previous section. From an experimental perspective,
the implementation of resonance width experiments at higher R? conditions seems
less practical owing to the narrower width (see Figures 4.4 & 4.5) observed in the
profiles. This is illustrated through Figures 4.4 & 4.5 wherein the R?width profiles
corresponding to the N=1, 2, 3 & 4 conditions are depicted. The decrease in width is
more profound in the weak-coupling limit. Hence, mixing time experiments (Fig. 4.6)
seem to be a better option for the implementation of higher-order R? experiments.
Additionally, since the exchange trajectories (at higher R? matching conditions) are
extremely sensitive to the magnitude and orientation (of chemical shift tensors) of
the CSA interactions, prior knowledge of their magnitudes /orientations is essential.
Hence, higher-order R? experiments seem to be of lesser utility in the measurement

of interatomic distances in solids.
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Figure 4.2: The figure depicts the spinning frequency dependent polarization transfer
from Vi, to Vg, 2.54 A(al, a2), from Vg, to Ve, 3.90 A(b1, b2) and from Leuc, to Ve,
5.44 A(cl, c2) represented in the model systems in figure 2.3. The analytic simulations in
panels ((al, Tmix=10ms), (b1, Tmix=80ms), (c1, Tmix=100ms)) represent the polariza-
tion exchange phenomenon for N=3 and the panels ((a2, Tmix=30ms), (b2, Tmix=100ms),
(c2, Tmix=250ms)) for N=4, R? condition in a two-spin (C-C) system under constant mix-
ing time. The analytic simulations are based on the Egs. (2.17) & (2.18) in chapter-2. All

the remaining simulation perimeters are given in Table 2.4 in Chapter 2.

As an alternative, multiple-pulse based techniques remain a better option for im-
plementing higher-order R? experiments. In Figure 4.7, polarization transfer between
spins based on the multiple-pulse scheme is depicted. Depending on the choice of the
experimental parameters (spinning frequency, RF-offsets), both ZQ and DQ polar-
ization transfer profiles are observed. As depicted, the efficiency of transfer is on par
with the higher-order N=3, 4 R? matching conditions. Additionally, the polarization
transfer takes place at a faster timescale. In the RF interaction frame, the isotropic
chemical shifts are scaled resulting in modified resonance conditions. In addition
to the dependence on the chemical shifts, the resonance conditions depend on the
modulation frequency of the pulse sequence employed.

In the case of multiple-pulse based experiments, the resonance condition corre-
sponds to k (w; —wy) = mw, + nw,, (where m = +1,4+2 and n = +1,4+2, £3......),

which in turn could also be expressed as (w1 — we) = k'w, with &’ being a real number.
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Figure 4.3: The figure depicts the CSA dependence of Carbonyl carbon in spinning
frequency dependent polarization transfer from Vg, to Vg, 2.54 A (al, a2), (6ng: -
8589Hz), from Ve, to Von,, 3.90 A (b1, b2), (6554= 8589Hz) and from Leuc, to Vg,
5.44 A (c1, ¢2), (6§54= -8500Hz) represented in the model systems in panels (a), (b) and
(c) of figure 2.3, respectively. The magnitude of the CSA interactions are varied in all the
simulations as the following: 100% (solid line), 60% (dotted line) and 30% (broken line).
The simulations depicted in panels (al, bl, c1) correspond to the N=3 condition, while the

simulations correspond to the N=4 are illustrated in panels (a2, b2, c2). All the remaining

simulation perimeters are given in Table 2.4.

Although, the efficiency of polarization transfer under fractional R? condition
is promising, from a practical perspective, implementation of the scheme is very
demanding owing to narrow resonance conditions. The resonance conditions are
extremely sensitive to the precise setting of the sample spinning frequency. This
aspect is highlighted in Fig. (4.10), through a set of simulations with wherein the
mismatch in the spinning frequency about 4+ 25Hz. This trend is exhibited both in
the strong and weak coupling regimes. The resonance conditions for a given sequence
is determined only through precise evaluation of scaling factors based on higher-
order (beyond second-order) perturbation theory. From a practical perspective, this
extreme sensitivity to the spinning frequency, could be the main limiting factor in

the implementation of fractional R? experiments in solid-state NMR.
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Figure 4.4: The figure depicts the spinning frequency dependent polarization transfer

from valine carbonyl carbon to valine beta carbon (Vo, — Vg, 2.54 A) in a two-spin

(C-C) system under N=1, 2, 3 and 4, R? conditions.
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Figure 4.5: The figure depicts the spinning frequency dependent polarization transfer
from leucine carbonyl carbon to valine beta carbon (Leuc, — Vg, 5.44 A) in a two-spin

(C-C) system under N=1, 2, 3 and 4, R? conditions.
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Figure 4.6: The figure depicts the mixing time dependent polarization transfer in the
strong (Voo to Vg, 2.54 A), medium (Vg, to Ve, 3.90 A) and weak coupling (Leuc, to
Ve, 5.44 A) regimes in isolated two-spin systems under N=3 and N=4, R? conditions. All

the remaining simulation perimeters are given in Table 2.4.
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Figure 4.7: The figure depicts the polarization transfer from I; to Iy (Voo — Vg, 2.54 A,
panel al), (Voo = Vo, 3.90 A; pane bl) and (Leuc, — Veg, 5.44 A; panel c1) in two-spin
systems under ZQ fractional R? conditions ((k'=3.144, 3 = 270°, tp = 15us, panel al);
(K'=3.1516, B = 270°, t, = 15us, panel bl) and (k'=3.144, B = 270°, t, = 15us, panel c1))
emerged from the multiple-pulse sequence (Figure 4.1) as a function of mixing time. All

the remaining simulation perimeters are given in Table 2.4.
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Figure 4.8: The figure depicts the role of the CSA interactions (CSA magnitude) in

the polarization transfer from I; to Is (Voo — Vg, 2.54 A; panels (al, bl, cl);

CSA__
500 -

-8589Hz), (Voo — Vo, 3.90 A; panels (a2, b2, ¢2); 6554= 8589Hz) and (Leuc, — Vg,

5.44 A; panels (a3, b3, c3); (58;%: -8500Hz) as a function of mixing time in two-spin systems
under N=3 (al, a2, a3), N=4 (b1, b2, b3) and fractional rotational resonance (k'=3.144,

cl; k'=3.1516, c2; k'=3.144, ¢3) conditions. In the simulation depicted, the magnitude of
the CSA interactions (carbonyl CSA) is varied as the following: 100% (solid line), 60%

(dotted line) and 30% (broken line). All the remaining simulation perimeters are given in

Table 2.4.
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Figure 4.9: The figure depicts the role of the CSA interactions (CSA orientations) in

the polarization transfer from I to I (Voo — Vg, 2.54 A; panels (al, b1, cl)), (Voo —
Ve, 3.90 A; panels (a2, b2, c2)) and (Leuc, — Veg, 5.44 A; panels (a3, b3, c3)) as a

function of mixing time in two-spin systems under N=3 (al, a2, a3), N=4 (bl, b2, b3)

and fractional rotational resonance (k'=3.144, c1; k¥'=3.1516, ¢2; k'=3.144, ¢3) conditions.

In the simulations depicted, the CSA orientations («, 3,7) of I; and Iy are varied as the

following: (0,0,0; 0,90,0)(dotted line), (0,90,0; 0,0,0) (broken line) and original (solid line).

All the remaining simulation perimeters are given in Table 2.4.
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Figure 4.10: The figure depicts the role of the resonance condition in the polarization
transfer from I to Iy in strong (Vo, — Veg, 2.54 A; panel al), medium (Vg, — Ve s
3.90 A; panel bl) and weak (Leuc, — Veg, 5.44 A; panel c1) coupling regimes under ZQ
fractional R? conditions as a function of mixing time in two-spin systems. In all the panels,
simulations correspond to the exact resonance (blue) conditions (k'=3.144, al; k'=3.1516,
bl; k'=3.144, c1) and with the mismatch in the spinning frequency about + 25Hz (red,

green) are depicted.

4.5 Conclusions

In summary, the analytic framework presented in this chapter is suitable for explain-
ing the resonance conditions in higher-order and fractional based R? experiments. In
contrast to first-order based R? experiments, the higher-order (N=3, 4) conditions are
extremely sensitive to the CSA interactions (Figure 4.8 & 4.9). Although, multiple-
pulse based R? experiments (or fractional R? conditions) have less dependence on the
CSA interactions, precise setting of the spinning frequency seems to have a potential
role in the efficiency of transfer. From a practical perspective, we believe that such

schemes could be of limited potential when employed for distance measurements.
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Chapter 5

Summary and conclusions

In summary, an analytic framework integrating the concepts of effective Floquet
Hamiltonians and the Reduced density matrix theory is proposed to account for the
multi-spin effects observed in solid-state NMR experiments. Employing rotational
resonance (R?) experiments as a case study, the phenomenon of dipolar recoupling
and the effects of depolarization arising from multi-spin interactions (mainly for *C —
'H dipolar interactions) are explained in terms of Rabi oscillations. To the best of our
knowledge, no such descriptions exist in the literature. The theory presented in this
thesis is well-suited to describe both homonuclear and heteronuclear dipolar recouping
experiments in solid-state NMR. A brief summary of the problems addressed in thesis

is presented in the following sections.

A. Description of R? phenomenon in terms of Rabi oscillations

and Reduced density matrix theory.

To minimize the complexity in the description of spin dynamics in R? experiments,
an analytic model based on the reduced density matrix theory is proposed to describe
the magnetization exchange from spin I; to I5. The effective Hamiltonian describing
the magnetization exchange is derived from the contact transformation procedure.
2
Hepp = Ailis + [Diops i Iy + Dio Iy I3 | (5.1)
i=1
The polarization transfer from spin I; to I in R? experiments is described through

the following equations.
| Dia” .

——sin’xt (5.2)
X
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(I, (t)) = Msin%t (5.3)

T2

The coefficient z = \/ | Do + (%)2, comprises of the dipolar and chemical-shift
offset terms. The analytic expressions described above resemble to those derived by
Rabi. In Fig. (5.1), the polarization transfer in the strong and weak coupling regimes
in two-spin systems (from Figure 5.2) is presented both in single crystal and powder
samples. The damping observed in the powder sample results from the interference
effects arising from the different orientations present in a powder sample. Hence,
phenomenological damping terms are not essential to observe the damping observed

in real samples.
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Figure 5.1: The figure depicts the polarization exchange between the carbons (C-C=2.54
A:al, bl) and (C-C=5.44 A: a2, b2) as a function of mixing time in a two-spin (C-C) system.
The panels (al, a2) represent the polarization exchange without powder averaging (single
crystal) and the panels (b1, b2) represent the polarization transfer with powder averaging
(powder sample) under N=1, R? condition. The analytic simulations (dots) presented here

are based on Eqgs. 5.2 & 5.3.

B. Description of multi-spin effects in R? experiments.

To improve the accuracy of the estimated 3C' — 3C distances from R? experiments,
an analytic model based on reduced density matrix theory is proposed to describe

the magnetization exchange between spins, I; & I coupled to a bath of surrounding
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protons. Employing a model system [; — I, — Sy, polarization transfer between spins

Figure 5.2: The figure depicts the five-spin model systems correspond to the strong (Fig.
a) and weak (Fig. b) C-C coupling regimes.

I; and I in the presence of CW decoupling field is described in a reduced dimen-
sion through the expressions give below. The equations describing the polarization
transfer resemble to those derived for an isolated spin pair and are computationally
robust.
2 2 N
Hepp = Apli + {Dlllg,PMIf_IQ_ + Dlllg,MP]f];_] +>.Y Dis 1S (5.4)
i=1 i=1j=1
’D[1]2‘2 27 SiIlZLCZ't
(2)K_2 P

(I.(t)) = |Dp, | & sin’at
v @25 @

As described in the above equations, for a system (K=total number of spins) com-

(L=(t)) =1 (5.5)

(5.6)

2N¢

prising of N-protons, the x; coefficients have the following definitions with ‘y;’

representing the heteronuclear dipolar (*C' — ' H) coefficients.

2(A;, — AL) +v; 2
xi:\lthIg|2+< ( I 12) y) (57)

4
The analytic expressions depicted in Egs. 5.5 & 5.6 could be employed to fit experi-
mental exchange curves employing multiple fit parameters such as *C —3C distance,
the orientation, magnitude of CSA tensors (both carbons and protons) and *C' —'H

distances.

C. Effect of heteronuclear decoupling in R? experiments.

To improve the efficiency of transfer in R* experiments, an analytic theory based on

effective Floquet Hamiltonians is proposed to elucidate the factors responsible for
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Figure 5.3: Schematic diagram depicting the CW (Fig. a) and TPPM (Fig. b) decoupling

during the dipolar mixing time in R? experiments
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Figure 5.4: The figure depicts the polarization transfer from I to I (C-C=2.54 A, al)
and (C-C=5.44 A, a2) as a function spinning frequency in model five-spin systems depicted
in Figure 5.2. The simulations depict the polarization transfer under CW (blue, circles)
as and TPPM (solid line) decoupling schemes. For illustrative purposes, the polarization

transfer in an isolated two-spin system (red, dots) is depicted in both the panels.

depolarization observed in R? experiments. In contrast to CW decoupling schemes,
the improved transfer efficiency (see Fig. 5.4) observed in R? experiments in the
presence of TPPM decoupling is explained through better compensation of second-

order terms emerging from ' H-CSA and 3C — 'H dipolar interactions.

D. Description of higher-order and fractional R? experiments.

An analytic framework is presented to explain the reintroduction of dipolar interac-
tions observed at higher-order (N=3, 4) R? matching conditions. The dependence of
CSA interactions on the higher-order R? matching conditions is discussed in model

systems with strong, medium and weak C-C coupling regimes. Employing Multi-
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mode Floquet theory (MMFT), the phenomenon of fractional R? matching condi-
tions observed in multiple-pulse based R? experiments (Fig. 5.5) is discussed and
illustrated with few examples (FIg. 5.6). The optimum conditions required for the
implementation of ZQ and DQ fractional R? experiments are discussed in terms of

operators and are described elaborately.

H Decoupling

~<

130 L y Y|y ]
T, > e— 21, —> e T, > A

Figure 5.5: The schematic diagram depicting the multiple-pulse sequence employed for

the implementation of fractional R? experiments.
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Figure 5.6: The figure depicts the polarization transfer from I to Iy (C-C=2.54 A, al)
and (C-C=5.44 A, a2) as a function of mixing time in two-spin systems. The simulations
depicted in dotted line (N=3, black) and broken line (N=4, red) correspond to integer R?

conditions, while solid line (k'=3.144, blue) denotes ZQ fractional rotational resonance.

We believe that the analytic theory presented in this thesis would be beneficial
in improving the accuracy of 3C — 13C distances estimated from R? experiments.
Furthermore, the analytic framework should provide the necessary impetus for quan-
tifying experiments involving broadband dipolar recouping experiments and would

enable in the better design of SSNMR experiments.
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